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Moments of ensembles of unitaries play a central role in quantum information theory as they capture the
statistical properties of dynamics of systems with some form of randomness. Indeed, concepts such as
approximate t-designs arise when comparing how close an associated moment operator of a given unitary
ensemble is to that of another, reference ensemble. Despite the importance of moment operators,
their properties have not been as explored for quantum channels. In this work we develop a theoretical
framework to compute moment operators for ensembles of quantum channels, for all moment orders t,
with a special focus on determining ensembles that can be used as points of reference. By deriving
hierarchies between ensembles, via inequalities of their moment operator norms, we give them operational
meaning and define useful concepts such as that of channel t-designs. Finally, we perform theoretical and
numerical studies which show that different types of noise can decrease the norm of the moment operators
(e.g., depolarizing noise), as well as increase it (e.g., amplitude damping noise), and generalize noise-
induced concentration phenomena to channel-design-induced phenomena. Along the way, we find a
block-orthogonal basis for permutations, which greatly simplifies our analyses, and may be of independent
interest in moment calculations.
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I. INTRODUCTION

Quantum experiments, whether intrinsically or by
design, can involve randomness. Thus, each repetition
samples a distinct evolution from an ensemble and applies
it to the system. The statistical properties of such experi-
ments are captured by the moment operator, i.e., the
superoperator given by the ensemble-averaged adjoint
action (the twirl). Focusing on the moment operator allows
one to study ensembles independently of initial states and
final measurements. Moment operators arise often in quan-
tum information science, including in quantum-supremacy
experiments [1–7], quantum chaos [8–11], transitions of
quantum correlations [12–14], variational quantum algo-
rithms [15–24], concentration phenomena [15–20], ran-
domized benchmarking [25–30], error mitigation [31,32],

and as Markov process matrices in analyses of fixed points
of ensembles [9,10,21,33–51].
Within this context, given an ensemble, it is often useful

to quantify its proximity to a reference ensemble.
Mathematically, this reduces to comparing their moment
operators under a chosen distance measure. This problem
has been extensively studied for ensembles of unitaries,
where we say that an ensemble forms a t-design with
respect to a reference if their moments match up to the t-th
order [38,40,43–45,47,52–61]. A priori, computing and
comparing moment operators are very demanding—often
intractable—tasks. The situation simplifies when the
reference ensemble is a group as the associated moment
operator is the projector onto the group’s commutant,
and its properties admit analytic characterization via
Weingarten calculus [62,63] (see [64] for a quantum
information-oriented overview). Of particular relevance
is the ensemble drawn from the Haar measure on the
unitary group. Not only is this a natural comparison point
for other ensembles, it also enjoys desirable extremal
properties: there is a hierarchy between unitary ensembles
arising from inequalities between moment-operator
Hilbert-Schmidt norms, with the Haar ensemble at the
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base [65]. Equivalently, the Haar ensemble minimizes
frame potentials [66], which quantify how evenly spread a
set of unitaries is.
The previous studies, however, have been almost

entirely restricted to ensembles of strictly unitaries. In
contrast, ensembles of completely positive trace-preserv-
ing maps, or quantum channels, have been largely unex-
plored [67–72]. For instance, it is still unknown whether
hierarchies and desirable properties for reference ensem-
bles of more general operators can be found. Ultimately,
exact forms of moment operators are necessary to deter-
mine the most appropriate reference ensemble. Indeed,
there are many important open questions concerning
ensembles that must be addressed, such as: What is the
most natural generalization of the uniform (Haar) dis-
tribution of unitaries to channels?, or, Is there a reference
ensemble of channels that plays a privileged role over
other ensembles?
In this work we take steps toward answering the

previous questions by presenting a framework to study
moments of ensembles of quantum channels (see Fig. 1).
In Sec. II, we introduce our formalism and notation, which
captures as a special case ensembles of strictly unitaries,
thus allowing us to borrow inspiration from the standard
literature. In Sec. III, we start by generalizing the arche-
typal reference ensemble of the Haar measure over the
unitary group, i.e., sampling uniformly at random from
the set of all unitaries, and we consider the ensemble of
the Lebesgue measure [70] over quantum channels, i.e.,
sampling uniformly at random from the set of all quantum

channels. This study prompted us to consider a para-
meterized family of reference channel ensembles [71]
which we dub the “channel Haar” (cHaar) ensemble. The
cHaar ensemble is shown to interpolate between two
reference ensembles of interest, the Haar reference ensem-
ble of strictly unitaries, and what we dub as the Depolarize
reference ensemble, where the maximally depolarizing
channel is applied with unit probability. By deriving the
exact forms and spectral properties for the associated
moment operators, we compute deviations of the cHaar
ensemble from the Haar and Depolarize ensembles. Such
calculations indicate that random quantum channels are on
average, inherently depolarizing, with perturbative non-
unital behavior, and interpolate with environment dimen-
sion between unitary and depolarizing behavior. Finally,
given these insights, we deduce a hierarchy between these
ensembles, with the Depolarize ensemble found to be at
the base of the hierarchy. Thus, we argue that the
Depolarize ensemble is the most appropriate reference
ensemble for quantum channels.
Expanding on these studies, we explicitly calculate the

extent to which quantum circuits consisting of random
unitaries, and fixed unital or non-unital noise, form
approximate Depolarize t-designs. Here, we observe that
certain types of noise can decrease the norm of the moment
operator (e.g., unital Pauli noise), or can increase it (e.g.,
non-unital amplitude damping). Finally, we study concen-
tration of expectation values. We find that what has
previously been attributed to be noise-induced concen-
tration phenomena [19], can be more generally thought of
as channel-design-induced concentration phenomena. To
complement our theoretical studies, in Sec. IV we conduct
numerical studies of several noisy quantum circuits of
interest, consisting of layers of parameterized unitary and
fixed noise components. In this setting, we demonstrate
the convergence of a circuit’s statistical properties as a
function of circuit depth. Finally, in Sec. V, we interpret the
derived average behaviors of random quantum channels
and discuss several future applications of our formalisms.

II. PRELIMINARIES

In this section we present the notation used throughout
this work, with additional details in Appendix A.

A. Moments of ensembles of channels

Here, we denote d-dimensional quantum Hilbert spaces
as H ¼ Cd, the space of linear operators acting on H as
B½H�, and the space of linear superoperators acting
on B½H� as B½B½H��. We also make use of the linear
vectorization map which transforms operators to vectors,
vec∶ B½H� → H ⊗ H, and whose action on X∈B½H� is

X ¼
X

α;β∈ ½d�
Xαβjαihβj ⟶vec jX⟫ ¼

X
α;β∈ ½d�

Xαβjαβ⟫; (1)

(a)

(b)

FIG. 1. Schematic representation of our results. (a) We present
a framework to study the statistical properties of an experimental
setup where, at every run, a channel is sampled from some set
according to a given probability distribution. (b) Our formalism
centers around the moment operator, as it encodes the statistical
properties arising from evolving states according to the ensem-
ble, and performing a measurement at its output; and is also the
central object used to define t-designs.
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where ½d�≡ f0; 1;…; d − 1g. The (Hilbert-Schmidt) inner
product between two vectorized operators X; Y ∈B½H�
is ⟪XjY⟫ ¼ Tr½X†Y�, and given the identity operator
Id ∈B½H� on H, we normalize it as

χdðX; YÞ ≔
⟪XjY⟫

d
; χdðXÞ ≔ χdðId; XÞ: (2)

The vectorization map induces an action over linear
maps, vec∶ B½B½H�� → B½H ⊗ H], which allows us to
represent superoperators as matrices. Given a quan-
tum channel Λ∈B½B½H�� (a completely positive, trace-
preserving linear map), its action in terms of Kraus
operators fKΛg is

Λð·Þ ¼
X
KΛ

KΛð·ÞK†
Λ ⟶

vec
Λ̂ ¼

X
KΛ

KΛ ⊗ K�
Λ; (3)

and superoperators satisfy jΛðXÞ⟫ ¼ Λ̂jX⟫. Finally,
t-copies of channels have corresponding superoperators,

dΛ⊗t ¼
X

KΛ0 ;���;KΛt−1

KΛ0
⊗ � � �⊗KΛt−1 ⊗K�

Λ0
⊗ � � �⊗K�

Λt−1 : (4)

In this work, we will analyze ensembles of quantum
channels C ⊆ B½B½H��, namely sets of channels
fΛ∈B½B½H��g accompanied with a probability distribu-
tion dΛ, with ensemble averages of channel-dependent
quantities FðΛÞ,

hFðΛÞiC ¼
Z
C
dΛFðΛÞ: (5)

Note that here we have assumed that the ensemble is
continuous, leading to an integral over C. The discrete case
follows by simply replacing the integral by a summation.
In particular, we will consider scenarios where an initial

state ρ is evolved under the action of a channel Λ, sampled
from C, at whose output we measure an observable O. The
statistical properties of this setup are captured by t-th order
moments of this expectation value, of the form�

Tr½ΛðρÞO�t�C: (6)

For example, expectation value means and variances
are μC ¼ hTr½ΛðρÞO�iC and σ2C ¼ hTr½ΛðρÞO�2iC −
hTr½ΛðρÞO�i2C.
General t-th order moments of expectation values can be

more conveniently rewritten as

hTr½ΛðρÞO�tiC ¼ hTr½Λ⊗tðρ⊗tÞO⊗t�iC
¼ Tr½hΛ⊗tðρ⊗tÞO⊗tiC�
¼ Tr½T ðtÞ

C ðρ⊗tÞO⊗t�; (7)

in terms of the t-th order twirl operator T ðtÞ
C ∶ B½H⊗t� →

B½H⊗t�, whose action on operators X∈B½H⊗t� is

T ðtÞ
C ðXÞ ¼ hΛ⊗tðXÞiC ¼

Z
C
dΛΛ⊗tðXÞ: (8)

We can then define the t-th order moment operator as
the superoperator of the t-th order twirl,

T̂ ðtÞ
C ¼

Z
C
dΛdΛ⊗t; (9)

such that �½Tr½ΛðρÞO�t��C ¼ ⟪O⊗tjT̂ ðtÞ
C jρ⊗t⟫: (10)

The moment operators of Eq. (9) are central in our
theory, as they allow us to study the statistical properties of
ensembles independently from the initial state and meas-
urement operator. Moreover, we can use them to study
experiments involving k concatenations of several random
channels Λ, each sampled identically and independently
from C according to dΛ. In this case, we obtain expectation
values ⟪O⊗tjT̂ ðtÞk

C jρ⊗t⟫, with the moment operator
replaced by its k-th power,

T̂ ðtÞ
C → T̂ ðtÞk

C ; (11)

and consider ensemble statistics with respect to d; t; k.
At this point, we find it important to remark that we can

always express the moment operator as

T̂ ðtÞ
C ¼ D̂⊗t

d þ Δ̂ðtÞ
C ; (12)

where we have defined an explicit trace-preserving term,
and extraneous terms mapping to non-identity operators,

D̂⊗t
d ¼ 1

dt
jI⊗t
d ⟫⟪I⊗t

d j; (13)

Δ̂ðtÞ
C ¼ 1

dt
X

P∈S
ðtÞ
C

nfI⊗t
d

g
S∈S

ðtÞ
C

τðtÞC ðP; SÞjP⟫⟪Sj; (14)

in terms of an appropriate ensemble-dependent basis of

operators P; S∈SðtÞ
C . The ensemble-dependent coefficients

τðtÞC ðP; SÞ correspond to the entries of a transfer matrix that
represent how an element of the basis is mapped to
different elements of the basis by the moment operator.
To finish, we note that analytically evaluating the

moment operator can lead to intractable calculations. In
these cases, one can instead opt to study how ε-close in
norm the moment operator of C is to that of a reference
ensemble C0. This allows us to introduce the notion of an
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(additive) ε-approximate t-channel design, with respect to
C0, as the case when the difference of moment operators
satisfies ��T̂ ðtÞ

C − T̂ ðtÞ
C0
�� ≤ ε: (15)

The choice of norm k · k is task-dependent, and unless
noted, we use the Hilbert-Schmidt norm as it is overall the
simplest to compute. Moreover, we consider ε to be the
additive error, but our definition can readily be adapted to
the relative error. Importantly, we will also see below that
in many cases of interest, the evaluation of Eq. (15) leads
to analysis of the moment operator norm,��T̂ ðtÞ

C

��: (16)

We note, however, that our definition can readily be
adapted and translated to the diamond norm via the
inequalities (please refer to Appendix B for a proof),��T ðtÞ

C −T ðtÞ
C0
��⋄≤dt

��T̂ ðtÞ
C − T̂ ðtÞ

C0
��
2
≤dt

��T̂ ðtÞ
C − T̂ ðtÞ

C0
��
1
; (17)

with the different norms having different operational
meanings. Indeed, additive error under the ⋄-norm at
the basis of the inequality chain has a clear interpretation
in terms of how easy it is to distinguish states at the output
of channels drawn from the ensembles. Suppose two t-th
order moment operators have additive error of ε under the
⋄-norm. Then for all quantum algorithms that make only
one query of a channel from C or from C0, the output state
of the channel is at most ε-away under the 1-norm [45].
More generally still, we can also consider relative errors,
defined as

ð1 − εÞT ðtÞ
C0 ⪯ T ðtÞ

C ⪯ ð1þ εÞT ðtÞ
C0 ; (18)

where T ðtÞ
C0 ⪯ T ðtÞ

C denotes that T ðtÞ
C − T ðtÞ

C0 is a completely
positive map. Now, suppose two t-th order moment
operators have a relative error ε. Then for all quantum
algorithms that make k queries of channels from C or from
C0, the output state of the channels is at most 2ε-away
under the state 1-norm [45].
At this point, we find it important to note that a moment

operator can be thought of as a Markov transfer matrix-like
process [9,10,21,33–51]. In particular, given some basis of
operator space, the moment operator says how the chan-
nels maps a given basis element onto a linear combination
of other basis elements due to the randomness in the
ensemble. When concatenating multiple ensembles, each
channel is typically sampled independently, thus leading to
a memory-less process. As an aside, other than explicit
relevance to statistics, we note an immediate interpretation
of moment operators that is relevant to randomized

benchmarking [73], and follows from the relationship
between superoperators and their associated Choi states.
In particular for pairs of channels, inner products between
their superoperators correspond to inner products between
their Choi states. It follows that the norm and trace of
moment operators correspond respectively to the average
overlap between the Choi states, and the average entan-
glement fidelity of the Choi states [73], of the channels
from its ensemble. Concurrently, design properties of
ensembles of unitaries have been attributed to their
expressive power within variational quantum algorithms
[18,66,74,75]. However it remains to be seen whether
similar notions of capability or utility of ensembles of
quantum channels directly follow from their design prop-
erties. Other questions regarding operational interpreta-
tions will arise within this work once exact forms for
moment operators over specific ensembles of quantum
channels are derived.

B. Special case: Esembles of unitaries

Since unitaries represent the evolution of closed quan-
tum systems, the study of moments of ensembles of
unitaries has received considerable attention within the
field of quantum information [62,76–79]. Here we review
some well-known results concerning ensembles of
unitaries.
First, we recall that the t-th order moment operator over

unitary ensembles U can now be expressed as

T̂ ðtÞ
U ¼

Z
U
dUU⊗t ⊗ U⊗t�; (19)

where dU denotes the probability distribution over U. For
the simple case when U contains a single unitary U (which
is sampled with probability one), we readily find

T̂ ðtÞ
U ¼ U⊗t ⊗ U⊗t�; and

��T̂ ðtÞ
U

��2 ¼ d2t: (20)

For the case when U ¼ G is a group, and dU ¼ dμðUÞ
its associated Haar measure, one can use Weingarten
calculus [63,64,80] to evaluate moment operators.

Now, T̂ ðtÞ
G is a projector onto the t-th order commutant,

defined as

comðtÞðGÞ ¼ fX∈B½H⊗t�∶ ½U⊗t;X� ¼ 0; ∀ U∈Gg; (21)

and hence satisfies

T̂ ðtÞ
G T̂ ðtÞ

G ¼ T̂ ðtÞ
G and

��T̂ ðtÞ
G

��2 ¼ dimðcomðtÞðGÞÞ: (22)

Equation (22) is extremely useful for bounding the
difference between moment operators with respect to some
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ensemble U, and with respect to a reference ensemble
of the Haar-distributed group G, whenever U ⊆ G. Note
that U does not need to form a group itself. Such
comparisons are central when studying approximate
ε-t-designs. Indeed, we say that U is an ε-t-design over

G if and only if kT̂ ðtÞ
U − T̂ ðtÞ

G k ≤ ε, where the choice of
norm depends on the task at hand [38,81]. In the 2-norm
case, combining Eq. (22) along with the left- and right-
invariance of the Haar measure, we find that for all
ensembles U ⊆ G,

T̂ ðtÞ
G T̂ ðtÞ

U ¼ T̂ ðtÞ
U T̂ ðtÞ

G ¼ T̂ ðtÞ
G ; (23)

from where it then follows that��T̂ ðtÞ
U − T̂ ðtÞ

G

��2 ¼ ��T̂ ðtÞ
U

��2 − ��T̂ ðtÞ
G

��2; (24)

and hence,

dimðcomðtÞðGÞÞ ≤ ��T̂ ðtÞ
U

��2: (25)

In addition, one can also readily find that any k
concatenations of the Haar ensemble are invariant,

T̂ ðtÞk
U ¼ T̂ ðtÞ

U : (26)

Notably, Eq. (25) can be used to establish a partial
ordering between the norms of the moment operators
for the Haar measure over groups. In particular, given
groups G1; G2;… such that fUg ⊆ G1 ⊆ G2 ⊆ � � � ⊆ UðdÞ
then��T̂ ðtÞ

UðdÞ
��2 ≤ � � �≤ ��T̂ ðtÞ

G2

��2 ≤ ��T̂ ðtÞ
G1

��2 ≤ ��T̂ ðtÞ
U

��2 ¼ d2t (27)

Here, we denote UðdÞ as the unitary group of all
unitaries acting on H with uniform Haar measure, hence-
forth referred to as the Haar ensemble. Equation (27)
implies that the more “unstructured” a group G is (i.e.,
the less symmetries it has) the smaller the norm of its
moment operator. Thus, the Haar ensemble UðdÞ, at
the base of such a hierarchy of unitary ensembles, serves
as an appropriate reference ensemble for other subsets
of unitaries. Moreover, we note that such norm inequa-
lities appear within the context of variational quantum
algorithms [82,83] and quantum machine learning [84,85]
as a measure of the expressiveness of the ensemble
of unitaries arising from a parameterized circuit
[15,40,47,51,66,72]. In this context, it has been shown
that the smaller the norm, the greater the concentration
(and the more difficult the optimization) of the variational
landscape [17,18,66,74,86,87].
Given the privileged role that the Haar ensemble of

unitaries UðdÞ plays, we find it convenient to recall some

of its properties [64]. To begin, the t-th order commutant of
UðdÞ is given by the system-permuting representation

comðtÞðUðdÞÞ ¼ SðtÞ
d of the Symmetric group St, namely

all permutations of t copies a space H⊗t. Moreover, given
a permutation σ∈St, the system-permuting representation

Vd ∶ St → SðtÞ
d ⊂ B½H⊗t� is,

VdðσÞ ¼
X

α0;���;αt−1∈ ½d�
jασ−1ð0Þ; � � � ;ασ−1ðt−1Þihα0; � � � ;αt−1j; (28)

with associated normalized inner products, or characters,

χðtÞd ðσ;πÞ ¼ ⟪VdðσÞjVdðπÞ⟫
dt

∶ χðtÞd ðσÞ ¼ χðtÞd ðe;σÞ; (29)

where e denotes the identity permutation with representa-
tion VdðeÞ ¼ I⊗t

d . For t ≤ d then dimðcomðtÞðUðdÞÞÞ ¼ t!,
and for any unitary group G, we have the bounds

t! ≤
��T̂ ðtÞ

G

��2 ≤ d2t: (30)

To finish, we note that since T̂ ðtÞ
UðdÞ is a projector [51,64],

we can express the Haar ensemble moment operator as,

T̂ UðdÞ ¼
1

dt
X

σ;π∈St

WðtÞ−1
d ðσ; πÞjVdðσÞ⟫⟪VdðπÞj; (31)

where the t! × t! transfer matrix WðtÞ−1
d is known as the

Weingarten matrix, the inverse of the Gram matrix WðtÞ
d

with entries of the overlaps, WðtÞ
d ðσ; πÞ ¼ χðtÞd ðσ; πÞ.

Moreover, given the norm hierarchy and invariance proper-
ties in Eq. (23), the moment operator of any unitary
ensemble, U ⊆ UðdÞ, has support on the projector Haar
ensemble moment operator,

T̂ ðtÞ
U ¼ T̂ ðtÞ

UðdÞ þ � � � : (32)

III. RESULTS

In this section, we present the main results of this work,
with additional details in the appendices. Specifically, we
define reference ensembles of quantum channels, derive
their relationships and properties (Appendixes A and B),
calculate moments of specific ensembles of quantum
channels (Appendix C), and investigate concentration
phenomena arising in the context of noisy variational
quantum algorithms (Appendix D).

A. Reference ensembles

As previously discussed, it is convenient to introduce
reference ensembles to define concepts such as
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approximate t-designs. Here, we consider three candidate
reference ensembles for quantum channels and derive their
properties and relationships. Ultimately, such properties
allow us to determine whether a hierarchy exists between
these ensembles that suggests the most appropriate refer-
ence ensemble for quantum channels.
For our first candidate reference ensemble, we take the

Haar ensemble of unitaries, given its place at the base of
the unitary ensemble hierarchy. We will denote it as the
Haar ensemble UðdÞ, with a t-th order twirl of,

T ðtÞ
UðdÞðXÞ ¼

Z
UðdÞ

dUU⊗t X U⊗t†; (33)

and an associated moment operator of,

T̂ ðtÞ
UðdÞ ¼

Z
UðdÞ

dUU⊗t ⊗ U⊗t�: (34)

For our second candidate reference ensemble, we recall
the definition of the Stinespring dilation [88,89], where
any quantum channel Λ∶ B½H� → B½H� can be expressed
as a unitary UΛ∶ H ⊗ E → H ⊗ E acting on the tensor
product of the system Hilbert space H of dimension d and
an environment Hilbert space E of dimension dE, with the
environment being in a pure state νE ¼ jνEihνEj∈B½E�.
Thus the action of any quantum channel is

ΛðXÞ ¼ TrE½UΛðX ⊗ νEÞU†
Λ�; (35)

where the environment E is partially traced out. A key
advantage of working with the Stinespring dilation is
that we can now analyze ensembles of random quantum
channels in terms of the random Stinespring unitaries UΛ
that generate such channels. Sampling quantum channels
can thus be directly related to sampling unitaries in larger
composite spaces. Notably, it has been shown that a
consistent measure dΛ for quantum channels exists that
is equivalent to sampling unitaries UΛ according to the
Haar measure dU over UðddEÞ [71]. Here, we note that the
specific choice of environment state νE is arbitrary (due to
the invariance of the Haar measure) [90]. In fact, when
dE ¼ d2, this measure dΛ is the Lebesgue measure over
quantum channels.
Given this Stinespring dilation-based approach, we

define our second candidate reference ensemble as the
environment dimension dE-parameterized family of
ensembles of channels, which we denote as the channel-
Haar or cHaar ensemble Cðd; dEÞ, with a t-th order
twirl of,

T ðtÞ
Cðd;dEÞðXÞ ¼

Z
UðddEÞ

dUTrE⊗t

�
U⊗tðX⊗ ν⊗t

E ÞU⊗t†Þ�; (36)

and an associated moment operator of,

T̂ ðtÞ
Cðd;dEÞ ¼ ðI⊗2t

d ⊗ ⟪I⊗t
dE
jÞ T̂ ðtÞ

UðddEÞ ðI
⊗2t
d ⊗ jν⊗t

E ⟫Þ: (37)

Finally, we can readily use our expansions for Haar
moment operators in terms of the Haar ensemble commu-
tant of permutations in Eq. (31) to find,

T̂ ðtÞ
Cðd;dEÞ ¼

1

dt
X

σ;π∈St

χðtÞdE ðσÞW−1
ddE

ðσ;πÞjVdðσÞ⟫⟪VdðπÞj: (38)

Above we have used the fact that under a simple reordering
of the Hilbert space ðH ⊗ EÞ⊗t → H⊗t ⊗ E⊗t [46] we can
express jVddEðσÞ⟫ → jVdðσÞ⟫ ⊗ jVdEðσÞ⟫, as well as the
fact that ⟪VdEðπÞjν⊗t

E ⟫ ¼ 1, ∀ π∈St and ∀ jνEi∈ E.
For our third candidate reference ensemble, we recall

the depolarizing channel

DdðXÞ ¼
Tr½X�
d

Id; (39)

that has been shown to describe the trace-preservation
component in all ensembles and will be key to our
analysis. We thus define our third candidate reference
ensemble as the ensemble containing only the depolarizing
channel with unit probability, which we denote as the
Depolarize ensemble DðdÞ, with a t-th order twirl of,

T ðtÞ
DðdÞðXÞ ¼ D⊗t

d ðXÞ ¼ Tr½X�
dt

I⊗t
d ; (40)

and an associated moment operator of,

T̂ ðtÞ
DðdÞ ¼ D̂⊗t

d ¼ 1

dt
jI⊗t
d ⟫⟪I⊗t

d j: (41)

Quantum circuits to experimentally implement each of the
three candidate reference ensembles are shown in Fig. 2.
In the following sections, after deriving explicit

moments of each ensemble, we will compare the Haar,
cHaar and Depolarize reference ensembles, and deduce
their hierarchy.

B. Properties of moment operators

Having defined the Haar, cHaar, and Depolarize
ensembles, we now proceed to analyze their moment
operators. First, simply from their definitions, we can
immediately prove the following properties regarding their
relationships:
Proposition 1. (Properties of Reference Ensembles). Let

T̂ ðtÞ
UðdÞ, T̂

ðtÞ
Cðd;dEÞ and T̂ ðtÞ

DðdÞ respectively denote the moment
operators for the Haar, cHaar and Depolarize ensembles.
Then, for t ¼ 1 and any dE, the ensembles are identical,
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T̂ ð1Þ
UðdÞ ¼ T̂ ð1Þ

Cðd;dEÞ ¼ T̂ ð1Þ
DðdÞ; (42)

with such equalities not holding for t > 1. While T̂ ðtÞ
UðdÞ and

T̂ ðtÞ
DðdÞ are self-adjoint projectors for all t and dE,

T̂ ðtÞ
DðdÞT̂

ðtÞ
DðdÞ ¼ T̂ ðtÞ

DðdÞ; T̂ ðtÞ
UðdÞT̂

ðtÞ
UðdÞ ¼ T̂ ðtÞ

UðdÞ; (43)

T̂ ðtÞ
Cðd;dEÞ is not a self-adjoint projector for t > 1 and dE > 1,

T̂ ðtÞ
Cðd;dEÞT̂

ðtÞ
Cðd;dEÞ ≠ T̂ ðtÞ

Cðd;dEÞ; T̂ ðtÞ†
Cðd;dEÞ ≠ T̂ ðtÞ

Cðd;dEÞ: (44)

Moreover, for any t and any dE, the cHaar ensemble is
invariant under any ensemble of unitaries U,

T̂ ðtÞ
Cðd;dEÞT̂

ðtÞ
U ¼ T̂ ðtÞ

U T̂ ðtÞ
Cðd;dEÞ ¼ T̂ ðtÞ

Cðd;dEÞ: (45)

The Depolarize ensemble is right-invariant under any
ensemble of channels C and is left-invariant under
adjoints,

T̂ ðtÞ
DðdÞT̂

ðtÞ
C ¼ T̂ ðtÞ

DðdÞ; T̂ ðtÞ†
C T̂ ðtÞ

DðdÞ ¼ T̂ ðtÞ
DðdÞ; (46)

and is left-invariant under unital ensembles of channels CU ,

T̂ ðtÞ
CU
T̂ ðtÞ

DðdÞ ¼ T̂ ðtÞ
DðdÞ: (47)

Therefore Hilbert-Schmidt norms of differences of
moment operators relative to the Depolarize ensemble are,��T̂ ðtÞ

C − T̂ ðtÞ
DðdÞ

��2 ¼ ��T̂ ðtÞ
C

��2 − ��T̂ ðtÞ
DðdÞ

��2: (48)

These relationships between ensembles already suggest
that the Depolarize ensemble, although not corresponding

to uniformly sampling all quantum channels, is potentially
an appropriate reference ensemble. The relevance of this
Depolarize ensemble for quantum channels follows
partially from its right, and often left invariance under
concatenation with other ensembles. It is also important
to note that any moment operator of any trace-
preserving ensemble involves a Depolarize moment oper-
ator term (which is reminiscent of Eq. (32) and how
the moment operator for any unitary ensembles contains

the term T̂ ðtÞ
UðdÞ).

It is perhaps surprising that the cHaar ensemble, given
its lack of invariance properties, does not appear to be a
natural generalization of the Haar ensemble, and does not
immediately appear to be the most appropriate reference
ensemble for quantum channels. After all, the Depolarize
ensemble only contains a single channel! To fully support
this proposal, we must derive exact properties of the cHaar
ensemble and deduce its place in the ensemble hierarchy,
as a function of the variables dE; t; k
Theorem 1. (Hierarchy of moment operator norms). The

following dimension-dependent relationships between the
Depolarize, cHaar and Haar ensembles hold:

1) The cHaar ensemble, and its k-concatenations,
interpolates with system and environment dimen-
sion between the Haar and Depolarize ensembles.
That is, for all k ≥ 0:

lim
ddE→d

T̂ ðtÞk
Cðd;dEÞ ¼ T̂ ðtÞ

UðdÞ; lim
ddE→∞

T̂ ðtÞk
Cðd;dEÞ ¼ T̂ ðtÞ

DðdÞ: (49)

In fact, the cHaar ensemble moment operator has an
exact closed-form expression, consisting of trace-
preserving, non-unital, and unital terms, expressed
for simplicity in terms of some traceless operators

Tðt;kÞ
d ; Tðt;kÞ0

d ∈B½H⊗t�, and asymptotic scalings of

(a) (b) (c)

FIG. 2. Circuits implementing the reference channel ensembles. (a) The Haar ensemble can be implemented by sending a state ρ
through a random unitary uniformly sampled from UðdÞ. (b) The cHaar ensemble can be implemented via its Stinespring dilation:
Initialize the joint state of the tensor-product Hilbert space H ⊗ E in ρ ⊗ jνEihνEj, apply a joint unitary uniformly sampled from
Uðd; dEÞ, and trace out the environment. (c) The Depolarize ensemble can be applied with a circuit that swaps the state ρ with an
ancillary maximally mixed state Id=d, and then traces out the ancillary registers containing ρ.
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transfer matrix elements,

lim
ddE→∞ T̂ ðtÞk

Cðd;dEÞ ¼
1

dt
jI⊗t
d ⟫⟪I⊗t

d j

þ 1
dt
O
�

1
ddE

�
jTðt;kÞ

d ⟫⟪I⊗t
d j

þ 1
dt
O
�

1
d2dkE

�
jTðt;kÞ

d ⟫⟪Tðt;kÞ0
d j: (50)

2) The cHaar ensemble forms an ε-approximate
Depolarize t-design [as introduced in Eq. (15)],
for ε∈Oð 1

dE
Þ, in the fixed t and the asymptotic

ddE → ∞ limit.
3) In the asymptotic ddE → ∞ limit, there exists a

strict hierarchy between the k-concatenated t-th
order ensembles, via their moment operator norms,
with k ≥ k0,��T̂ ðtÞ
DðdÞ

��2≤��T̂ ðtÞk
Cðd;dEÞ

��2≤��T̂ ðtÞk0
Cðd;dEÞ

��2≤��T̂ ðtÞ
UðdÞ

��2: (51)

As per part 1) and 2) of Theorem 1, in the appropriate
limits, the cHaar ensemble reduces to either the Depolarize
ensemble or the Haar ensemble and can be thought as
interpolating with dimension between these ensembles.
More concretely, for large enough systems and envi-

ronments such that ddE → ∞ (for example if dE is a
function of d, i.e., the maximal dE ¼ d2 necessary to
implement any quantum channel) the cHaar ensemble
approaches the Depolarize ensemble and evenly dissipates
quantum information in all directions of the Hilbert space.
Moreover, even with finite-sized systems and environ-
ments, the perturbative next-leading-order non-unital con-
tributions to the moment operator vanish inversely with
system and environment dimensions and are intriguingly
independent of concatenations. The exact forms for cHaar
moment operators generalize previous derivations of
random quantum channels being asymptotically depola-
rizing [72] and offer a complete depiction of their average
behavior.
On the other hand, for trivial environments such that

dE → 1, the cHaar ensemble reduces to the Haar ensemble.
The hierarchy between ensembles in part 3) of Theorem 1
then implies that concatenating cHaar ensembles decreases
their norm, tending toward the base of the hierarchy set by
the Depolarize ensemble. Thus, as a consequence of the
dissipative nature of tracing out the environment, whereas
cHaar ensembles with a finite environment are not max-
imally dissipative, their behavior can be made more so via
concatenation. (We note that while the hierarchy between
ensembles in Theorem 1 holds asymptotically when
ddE → ∞, we have explicitly verified it for t ¼ 2; 3; 4,
k ¼ 1; 3, and various d; dE in Fig. 10 of Appendix B, and
we conjecture that it holds for all t, k, and d; dE.)

Theorem 1 is derived explicitly in Appendix B by
studying the spectrum of the cHaar moment operator.
Namely, since the cHaar moment operator fails to be a
projector, unlike the Haar and Depolarize moment oper-
ators, its eigenvalues indicate the inherent average
dissipation of information of random quantum channels.
This realization, as well as the derived concatenation-
independent behavior of its next-leading-order non-
unital contributions, prompted us to study the spectral
properties of T̂ ðtÞ

Cðd;dEÞ.
Theorem 2. (Spectrum of cHaar Moment Operator). The

t-th order cHaar moment operator has the exact leading
term of a projector,

T̂ ðtÞ
Cðd;dEÞ ¼

jψ⟫⟪φj
⟪φjψ⟫ þ � � � ; (52)

which implies that it has a leading eigenvalue λ ¼ 1 with
associated right- and left-eigenvectors, given by,

jψ⟫ ¼
X
σ∈St

χðtÞddEðσÞjVdðσÞ⟫; jφ⟫ ¼ jVdðeÞ⟫: (53)

In the fixed t, asymptotic ddE → ∞, the t-th order cHaar
moment operator has a single leading eigenvalue λ ¼ 1
from the above contribution, and all non-leading eigen-
values are, up-to t-dependent factors, λ∈Oð 1

dE
Þ < 1.

We note that a direct consequence of the previous
theorem is that k-concatenations of the cHaar ensemble
will have moment operators with the fixed points,

T̂ ðtÞk
Cðd;dEÞ ¼

jψ⟫⟪φj
⟪φjψ⟫ þ � � � : (54)

Moreover, Theorem 2 implies that the cHaar ensemble
moment operator’s only fixed point is its eigenvector jψ⟫
of Eq. (53). In turn, this leading eigenvector converges
with dimension to the Depolarize channel’s single fixed
point

lim
ddE→∞

jψ⟫ → jφ⟫ ↔ lim
ddE→∞

jψ⟫⟪φj
⟪φjψ⟫ → D̂⊗t

d : (55)

This observation regarding the eigenvectors and the single,
depolarization fixed point of the cHaar ensemble further
underlies the hierarchy between ensembles in Theorem 1.
Proposition 1, and Theorems 1 and 2 have several

important implications that culminate in the Depolarize
ensemble being found to be a natural reference ensemble
for ensembles of quantum channels.
Claim 1. The Depolarize ensemble DðdÞ is a natural

generalization of the Haar ensemble. The invariance
properties of DðdÞ impose that its moment operator is
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present in the moment operators of all quantum channel
ensembles and place the Depolarize ensemble at the
bottom of the moment operator norm hierarchy of all
quantum channel ensembles. Therefore, any ensemble of
channels C satisfies

��T̂ ðtÞ
DðdÞ

��2 ≤ ��T̂ ðtÞ
C

��2: (56)

Claim 2. The Depolarize ensemble therefore serves as
a natural reference ensemble for quantum channels for
defining t-designs. Concretely, an ensemble C is defined to
be an approximate Depolarize t-design with ε additive
error, if and only if

��T ðtÞ
C − T ðtÞ

DðdÞ
��
⋄ ≤ ε; (57)

and an approximate Depolarize t-design with ε relative
error if

ð1 − εÞT ðtÞ
DðdÞ ⪯ T ðtÞ

C ⪯ ð1þ εÞT ðtÞ
DðdÞ: (58)

Importantly, in Appendix E we prove the following
lemma, which connects additive and relative errors, and
provides operational meaning to these moment operators.
Lemma 1. (Additive versus relative error). Any approxi-

mate Depolarize t-design with relative error εrel is a
εadd-approximate Depolarize t-design with an additive
error εadd ¼ 2εrel. Conversely, any approximate
Depolarize t-design with additive error εadd is a
εrel-approximate Depolarize t-design with a relative error
εrel ¼ d2tεadd.
Notably, the previous bounds connecting relative and

absolute errors for quantum channels are as tight as those
known for unitaries [45].
It admittedly remains surprising that from our criteria of

positions within hierarchies of moment operator norms,
the most appropriate reference ensemble for quantum
channels is ultimately found to be the Depolarize ensemble
and not the cHaar ensemble. To explain this outcome, we
recall that only when dE ¼ d2, does the cHaar ensemble
have a uniform Lebesgue measure over quantum channels,
and only when dE ¼ d, is there a resulting uniform
distribution of quantum states output by the cHaar ensem-
ble [71]. However, even at such special dimensions, the
cHaar ensemble still does not share the defining character-
istics of the Haar or Depolarize ensembles that make them
the most appropriate reference ensembles, namely invari-
ance under concatenations. In fact, cHaar ensembles for
sufficiently large environment dimension dE, with non-
leading eigenvalues jλj < 1, will dissipate information
upon concatenation. It is therefore proposed that criteria
of ensemble hierarchies and ensemble invariance, as
opposed to (the admittedly desirable property of)

uniformity of measure, are used when considering future
reference ensembles.
A possible explanation for why the Depolarize ensemble

sits at the bottom of the norm hierarchy for quantum
channels can be offered by the distribution of its Kraus
operators. In particular, the squared Hilbert-Schmidt norm
of the t-th order moment operator can be interpreted as the
t-th moment of the overlaps between the Kraus operators
in the ensemble, or frame potentials,

��T̂ ðtÞ
C

��2 ¼ Z
C×C

dΛ dϒ
X
KΛ;Kϒ

j⟪KϒjKΛ⟫j2t; (59)

where we used Eq. (4). In the unitary case, the Haar
reference ensemble minimizes the frame potentials and
hence maximizes the spread of the corresponding (unitary)
Kraus operators. In the case of more general channels, it is
precisely the Depolarize ensemble that maximizes the
spread of the Kraus operators, offering a geometric inter-
pretation of its privileged role as a reference ensemble.
Our derivations of the properties of the cHaar moment

operator are made possible via a novel analysis of the

transfer matrices τðtÞC of the Haar and cHaar moment
operator in the permutation basis, namely the t! × t!
matrices that map permutations to permutations. In
Appendixes A and B we derive a crucial change of basis,
from non-orthogonal permutations [91], to so-called local-
ized permutations. This novel localized basis consists of
operators, each with support over a strict subset of copies
of the Hilbert space, that are orthogonal to any operators
with non-identical support. Due to its well-defined support
and block-orthogonality, this basis block diagonalizes the
Haar transfer matrix and block lower triangularizes the
cHaar transfer matrix [92,93]. Indeed, this localized basis
is not merely a technical convenience, but the main
structural ingredient that makes Theorems 1 and 2 acces-
sible, and we expect it to be useful more broadly in
permutation-based moment calculations.
The resulting transfer matrix elements are depicted in

Fig. 3, for t ¼ 4 and k ¼ 1; 3 concatenations, obtained
from closed-form expressions and symbolic methods [94].
Shown is the leading-order scaling l of matrix elements
with d. The Haar ensemble transfer matrix is block-
diagonal, with elements that are invariant under concat-
enations. Such structure reflects that its moment operator
is a projector and is support-preserving. The cHaar
ensemble transfer matrix is block-lower-triangular, with
elements that decay with concatenations, except for the
first column which corresponds to its fixed-point leading
eigenvector of Eq. (52). Such structure reflects that
its moment operator is non-unital and is support-non-
decreasing, given it is generated by a support-preserving
Haar ensemble, with its output environment traced over.
Given the exact forms of the transfer matrices, in particular
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the k-concatenated transfer matrices τðt;kÞC , the spectral
properties, norms and traces of the associated moment
operators may be derived in Theorem 2.

C. Moment operators of noisy quantum circuits

Here, we use our formalisms to study the moment
operators of noisy quantum circuits. As per Fig. 4, we will
consider k-layers of random unitaries sampled from a
unitary ensemble U, followed by a fixed noise channel N .

The t-th order moment operator for this evolution

is ðN̂⊗tT̂ ðtÞ
U Þk.

In what follows, we choose an orthogonal basis for
B½H�, denoted as Pd ¼ fId; P;…; Sg. This induces a basis
for B½H⊗t� given by PðtÞ

d ¼ ðPdÞ⊗t. Finally, we define the
operator support ΓP ⊆ ½t� and locality jPj ¼ jΓPj.
Next, we consider a constant noise model acting onH in

the basis P; S∈SN of,

N̂ γη ¼
1

d

26664
1 0 � � � 0

ηdðPÞ 1 − γdðPÞ � � � 0

..

. ..
. . .

. ..
.

ηdðSÞ 0 � � � 1 − γdðSÞ

37775; (60)

where γdðPÞ ≥ γ; ηdðPÞ ≤ η, ∀ P∈Pd, with appropriate
constraints on γd; ηd such that N γη is completely positive
[95]. This noise model is composed of a strictly diagonal
part which reduces the magnitude of operators, and a non-
unital part that maps identity to non-identity operators,
encompasses both unital Pauli-like and non-unital noise
[88,96], and allows us to understand how noise propagates
across copies of Hilbert spaces. In particular, we note that
when d ¼ qn (e.g., for q ¼ 2, an n qubit system), Eq. (60)
should be viewed as an effective model for constant-rate
local noise on n qubits, whereby tensor-product local
unital channels scale an operator of locality l by a factor
ð1 − γÞl, and non-unital channels generate identity-to-non-
identity contributions of order η. The t-th fold tensor-
product superoperator for the noise component acting on

H⊗t in the basis P; S∈SðtÞ
N γη

¼ Pt
d is thus,

N̂⊗t
γη ¼ 1

dt
X

P;S∈SðtÞ
N γη

τðtÞN γη
ðP; SÞjP⟫⟪Sj; (61)

with transfer matrix elements

τðtÞN γη
ðP; SÞ∈ O

	ð1 − γÞjSj ηjPj−jSj
 δΓP⊇ΓS
: (62)

Under this framework, the following theorem holds,
regarding the effect of noise on channel-design properties.
Theorem 3. (Noise-Induced Depolarize t-Designs). For

k-concatenated t-th order unitary ensembles, diagonal
unital noise decreases, and non-unital noise increases
moment operator norms. The respective ensembles
approach and deviate from being Depolarize t-designs.
More explicitly, we can compute the scaling of moment

operator norms. First, consider a unitary ensemble U is an
ε-t-design with respect to a Haar unitary ensemble U 0, with
t-order commutant elements SðtÞ

U 0 with locality ≥ l, and
rank-r moment operators. Next, let N γ denote a diagonal
unital noise channel with noise coefficients bounded by
γdðPÞ ≥ γ, ∀ P∈Pd. Here we have the exact bound,

FIG. 3. Moment operators in a basis that block diagonalizes the
Haar moment operator as a permutation transfer matrix. We show
the scaling of the k-concatenated t-th order moment operators for
the Haar (top) and cHaar (bottom) ensembles for dE ¼ d2, k ¼ 1
(left), k ¼ 3 (right), and t ¼ 4. In this basis, the t! elements are
sorted by their support, from the smallest identity (top-left
corner), to the largest cycle (bottom-right corner). Colors
represent the leading-order scaling l with 1=d of elements

τðt;kÞC ∼Oð1=dlÞ.

FIG. 4. Concatenation of random unitaries and noisy channels.
We study the t-th moment operator of a noisy circuit where we
concatenate k layers of random unitaries sampled from U (blue)
with a fixed noise channel N (brown).
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��ðN⊗t
γ T ðtÞ

U Þk −D⊗t
d

��⋄ ≤ dt ðr − 1þ εÞk ð1 − γÞk: (63)

If the unitary ensemble U is an exact Haar-distributed
group t-design, or consists of randomly parameterized
unitaries GΘ ¼ fUG

θ ¼ e−iθG;G∈Pd; θ ∼ Θg with para-
meters θ ∼ Θ, and a single involutory G with commutant
SG, and we apply a diagonal unital N γ and or non-unital
noise N γη with noise coefficients γdðPÞ ≥ γ; ηdðPÞ ≤ η,
∀ P∈Pd, we have the leading-order scaling,����N̂⊗t

γ T̂ ðtÞ
U

�
k − D̂⊗t

d

���
1
¼ ðr − 1ÞOðð1 − γÞlkÞ����N̂⊗t

γη T̂
ðtÞ
U

�
k − D̂⊗t

d

���2
2
¼ tjPdnfIdgjOðη2Þ����N̂⊗t

γ T̂ ðtÞ
GΘ

�
k − D̂⊗t

d

���2
2
¼ tjSGnfIdgjOðð1 − γÞ2kÞ: (64)

Here, in the γ; η → 0 limit, independent of d; t, the leading-
order Oðγ; ηÞ behavior is due to k concatenations of
the noise component acting on any unitary component
operators of minimum locality l. The leading-order scaling
is thus only dependent on the locality and rank of the
unitary operators and is otherwise independent of the
specific unitary ensemble. Unital noise is inherently
depolarizing, decreasing moment operator norms expo-
nentially with concatenations and converges toward a
Depolarize t-design.
To understand the previous noise-induced behavior,

recall that Haar-distributed unitary ensemble moment
operators are support-preserving and consist of locality-l,
rank-rl ≤ r projectors. Unital noise predominantly
scales such projectors by ∼ð1 − γÞlk throughout the
k-concatenations, leading to an effect proportional to
the total amount of noise, ∼1 − lkγ, independent of the
number of operators scaled. Conversely, non-unital noise
predominantly occurs at the last concatenation, indepen-
dent of k, scaling PdnfIdg number of non-identity basis
operators mapped to from the identity. Any intermediate
non-unital noise that increases support at concatena-
tion s < k would contribute next-leading-order scaling
∼ηð1 − γÞlðk−sÞ, leading to a mixture of unital and non-
unital effects as unitary and noise basis operators are
mapped between each other.
Finally, let us consider a direct application of our

framework to reinterpret the results of [97,98]. Therein,
it has recently been shown that random measurement
probabilities pγ from random circuits with local noise
converge to measurement probabilities from globally
Depolarized noisy circuits p, in average total variational
distance kpγ − pk1 [97,98]. Using the fact that the moment
operator norms serve as bounds for the diamond norm,
which in turn bounds the total variational distance, our
noisy moment operator norms kT̂ − T̂ γk1 are shown to be
interpretable, scaling similarly, and potentially bounding

these variational distance results,

hkpγ −pk
1
iUN γ

∼ Oðe−2kγÞ ≤ hkN γU −Ddk⋄iUN γ
: (65)

Then, since we have derived the bounds,��T ðtÞ
UN γ

−D⊗t
d

��
⋄ ≤ dt

��T̂ ðtÞ
UN γ

− D̂⊗t
d

��
1
∼Oðdtt!ð1− γÞ2kÞ;

(66)

our diamond norm bounds imply that for qudit systems,
depth that is at least linear in system size, n ¼ logðdÞ,

k ¼ Ω
�
t
logðdÞ þ logðtÞ

logð 1
1−γÞ

�
; (67)

is sufficient for t-design Haar unitary ensembles plus unital
noise to converge to Depolarize t-designs. Such loosely
bounded linear scaling depths with n for all t-designs are
comparable to previous derivations of k ¼ Ωðn logðnÞÞ
number of channels, orΩðlogðnÞÞ depth for ε-t ¼ 2-design
Haar unitary ensembles with local noise [97,98]. Our
bounds can potentially be tightened if focusing specifically
on the t ¼ 2 case, given that such moments operators
and their norms can be explicitly calculated. Our explicit
expressions for moment operators also suggest their
1-norm, as opposed to the 2-norm, can possibly be
calculated, leading to tighter bounds on the twirl diamond
norm for non-unital noise or parameterized ensembles.

D. Channel designs and expectation value
concentration

In this section, we relate concentration of expectation
values to channel-design properties. As previously dis-
cussed, moment operator norms for ensembles of unitaries
have been given operational meaning in the context of
variational algorithms, as they can be directly related to the
concentration phenomena [18]. Here, we extend such
intuition to the case of channels and show that similar
phenomena are exhibited by ensembles of quantum
channels.
In particular, let us define the expectation value

LΛðρ; OÞ ¼ Tr½ΛðρÞO�; (68)

where ρ is a quantum state, O an observable, and Λ is a
channel from an ensemble C. We can bound the proba-
bility of LΛ deviating from its mean μC ¼ hTr½ΛðρÞO�iC
by a quantity ϵ ≥ 0, in terms of its variance σ2C ¼
hTr½ΛðρÞO�2iC − hTr½ΛðρÞO�i2C, via Chebyshev’s in-
equality

Probability½jLΛ − μCj ≥ ϵ� ≤ σ2C
ϵ2

: (69)
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Since computing variances σ2C for arbitrary ensembles of
quantum channels C may be difficult, we can instead study
concentration phenomena by comparing how close C is to a
reference ensemble C0. In particular, one can show that the
following theorem holds
Theorem 4. (Variance Bounds in terms of Reference

Ensemble). Given an expectation value LΛ and ensembles
of quantum channels C; C0, the variance of LΛ over C is
upper bounded by, the variance of LΛ0 over C0, and
design terms that depend on C being an ε-t-design with
respect to C0,

σ2C ¼ σ2C0 þ δð2ÞCC0 ; (70)

with deviations from the reference ensemble variance,
upper bounded by terms that depend on various choices
of norm,

δð2ÞCC0 ≤ min
1=pþ1=q¼1

kρk2p kOk2q
��T ð2Þ

C − T ð2Þ
C0
��
p

þ min
1=pþ1=q¼1

2jμC0 jkρkpkOkq
��T ð1Þ

C − T ð1Þ
C0
��
p: (71)

In particular, when ρ is a quantum state, the observable
O has trace jTr½O�j ≤ 1 (e.g., a projector or Pauli operator),
the reference ensemble is C0 ∈ fCðd; dEÞ;DðdÞg, and the
norms are diamond k · k⋄ or operator k · kop norms,

σ2C0 ¼
8<: O

�
1

d2dE

�
kρk22 kOk22 C0 ¼ Cðd; dEÞ

0 C0 ¼ DðdÞ
: (72)

δð2ÞCC0 ≤ kOk2∞kT ð2Þ
C −T ð2Þ

C0 k⋄þ 2
1

d
kOk∞kT ð1Þ

C −T ð1Þ
C0 k⋄;

or

kρk22kOk22kT ð2Þ
C −T ð2Þ

C0 kopþ 2
1

d
kρk2kOk2kT ð1Þ

C −T ð1Þ
C0 kop:
(73)

These bounds must be considered case-by-case, depend-
ing on which norms of states, observables, and moment
operator differences are optimal. Theorem 4 encompasses
the results for unitary ensembles of Ref. [18] and allows us
to study non-unitary concentration phenomena. For in-
stance, noise-induced barren plateaus in Ref. [19] can be
understood more generally as arising when the ensemble
of noisy channels becomes an approximate t-design with
respect to the Depolarize ensemble. In particular, within
our framework, the key condition underlying the concen-
tration results of Ref. [19] translates to unital noise scales
γ > 0, in which case the noisy channel ensemble is driven
toward the depolarizing channel, as per Eq. (64).

IV. NUMERICAL EXPERIMENTS

In this section we present numerical simulations for
ensembles of noisy parameterized quantum circuits.

Specifically, we study the behavior of the norm of T ð2Þ
C

twirls applied to an initial pure state ρ, for different circuit
depths L and noise strengths γ.
We consider the following (noiseless) unitary ansätze

for n qubits: hardware-efficient ansätze (HEA) [99] and
matchgate ansätze (MAT) [100], each with a set of
generators G in terms of the Xi; Yi, Zi local Pauli operators
acting on qubit i∈ ½n�,

GHEA ¼ fXign−1i¼0 ∪ fYign−1i¼0 ∪ fZiZiþ1gn−2i¼0 ; (74)

GMAT ¼ fXign−1i¼0 ∪ fZiZiþ1gn−2i¼0 : (75)

The noiseless parameterized quantum circuits fUðθ⃗Þgθ⃗
have a layered structure, obtained from the generators
fGkg via exponentiation as

Uðθ⃗Þ ¼
YL−1
l¼0

YK−1
k¼0

e−iθlkGk ; (76)

where θ⃗ ¼ ðθ0;…; θLK−1Þ are variational parameters, dis-
tributed uniformly in ½0; 2π�, and Gk ∈GHEA orGMAT . As
initial states, for HEAwe choose ρ0 ≡ ðj0ih0jÞ⊗n, and for
MAT we choose ρþ ≡ ððj0iþj1iÞðh0jþh1j�Þ

2
Þ⊗n.

We also consider the following noise models consisting
of local noise channels acting on qubit i∈ ½n� after each
unitary gate e−iθlkGk . In particular, we consider bit-flip
(Λi

BF), dephasing (Λi
D), local depolarizing (Λi

LD) and
amplitude damping (Λi

AD) noise. Given a probability γ
of noise occurring, also referred to as the noise strength,
the action of these local noise channels is,

Λi
BFðρÞ ¼ ð1 − γÞρþ γXiρXi;

Λi
DðρÞ ¼ ð1 − γÞρþ γ ZiρZi;

Λi
LDðρÞ ¼ ð1 − γÞρþ γ

3
ðXiρXi þ YiρYi þ ZiρZiÞ;

Λi
ADðρÞ ¼ Ki

AD1
ρKi†

AD1
þ Ki

AD2
ρKi†

AD2
; (77)

where the amplitude damping channel Kraus operators are,

Ki
AD1

≡ ffiffiffi
γ

p j0iih1j;Ki
AD2

≡ j0iih0j þ
ffiffiffiffiffiffiffiffiffiffi
1− γ

p
j1iih1j: (78)

In Fig. 5, we plot the (squared) Hilbert-Schmidt norm,
or the purity, of the average of t ¼ 2 copies of states acted
on by channels from the ensemble generated by noisy
circuits, as a function of circuit depth L and noise
strength γ. From these results, we can compare the
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behavior of the HEA and MAT ensembles, in both the
noiseless and noisy cases.
First, we consider the noiseless case. We observe that

jjT ð2Þ
HEAðρ0Þjj2 converges with depth toward the Haar ran-

dom value, meaning the circuit becomes an ε-approximate

state 2-design [15]. In contrast, jjT ð2Þ
MATðρþÞjj2 does not

converge toward the Haar random value, but instead
plateaus at a higher value and does not become a
ε-approximate state 2-design. Intuitively, this is a conse-
quence of the fact that the HEA generators in Eq. (74)
produce controllable circuits (meaning that any unitary
from SUð2nÞ can be implemented given sufficient depth
and an appropriate choice of parameters). Conversely, the
MAT generators in Eq. (75) produce free-fermionic evo-
lutions, which are a small subgroup of SUð2nÞ that do not
form state designs.
Next, we consider the noisy case. Under local depola-

rizing noise channels, both HEA andMAT norms converge
with depth to the absolute minimum norm, namely, the
one given by the Depolarize ensemble (as is expected
from previous studies of noise-induced phenomena in
Ref. [19]). Similarly, under local dephasing noise, both
HEA and MAT norms also converge with depth to the
absolute minimum Depolarize ensemble norm. However,
under local amplitude damping noise, interestingly both
HEA and MAT norms decrease when the noise strength is
small and increases with increasing noise strength. Finally,
under local bit-flip errors, both HEA and MAT norms are
decreased, although the HEA norm is driven toward the
minimum Depolarize ensemble norm, whereas the MAT
norm converges to a larger value.

These numerical experiments showcase that certain
types of noise can decrease or increase the norm of the
moment operator and reveal a subtle interplay between
the exact circuit that is run on a quantum computer, and the
type and strength of noise present in the device.
The simulations have been performed with the open-

source library Qibo [101,102]. One of the main technical
issues in numerically evaluating twirl norms, via sampling
from an ensemble, is that the error in such estimations is
often large compared to the norm itself, unless a prohibi-
tively large number of samples are simulated. Hence, we
employ a method to evaluate twirl norms for t ¼ 2 exactly,
avoiding any sampling error. The method is similar to that
in Ref. [103] and is based on the following proposition,
whose proof can be found in Appendix C 3.
Proposition 2. The average adjoint action of U⊗2, with

U≡ eiθG ∼ GΘ, for fixed generators G∈G, G2 ¼ Id, and a
uniform distribution of parameters θ∈Θ ¼ ½0; 2π�, is

T ð2Þ
GΘ
ð·Þ ¼ 3

8
ð·þG⊗2 ·G⊗2Þ − 1

8
f·; G⊗2g þ 1

2
Gð2Þ · Gð2Þ;

where Gð2Þ ¼ G ⊗ Id þ Id ⊗ G.

V. CONCLUSIONS

In this work, we introduced a framework for studying
moment operators of ensembles of random quantum
channels. A key contribution is the proposal of three
reference ensembles: Haar, cHaar, and Depolarize, for
which we derived exact expressions for their spectra,

FIG. 5. Effects of noise on jjT ð2Þ
C ðρÞjj2. We study two parameterized quantum circuit architectures: a hardware-efficient ansätz (HEA)

and a matchgate ansätz (MAT), on n ¼ 7 qubits and L∈ ½L� layers. We take the variational parameters uniformly in ½0; 2π�, and we
simulate the effect of four different types of single-qubit noise channels, namely, local depolarizing, amplitude damping, bit-flip and
dephasing nose, with noise strengths γ∈ ½0; 0.3�. The input states for the HEA and MAT circuits are ρ0 and ρþ, respectively. We also
plot the value for the Haar, cHaar with dE ¼ d2 (i.e., the Lebesgue measure) and Depolarize reference ensembles. These simulations
show that certain types of noise can decrease the Hilbert-Schmidt norm of the 2-order moment operator (e.g., depolarizing), while
others can increase it (e.g., amplitude damping).
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traces, and norms, and obtained a hierarchy between these
ensembles. In particular, we showed that the cHaar
ensemble interpolates (via the environment dimension)
between the unitary and depolarizing limits. Indeed, we
found that its dominant fixed point is predominantly
depolarizing with a perturbatively non-unital component,
highlighting persistent non-unital effects and the intrinsic
dissipative nature of quantum channels [104–107]. Finally,
instead of uniformity of measure, derived hierarchies
between ensembles, generally arising from invariance
properties of ensembles, are shown to be more versatile
criteria to compare ensembles in these more general
settings. Based on these criteria, we have shown that
the Depolarize ensemble is the most natural reference
ensemble for ensembles of quantum channels.
The norm of the ensemble moment operator plays a

central role in describing relationships between ensembles.
It is natural to ask for further operational interpretation
of this quantity, particularly to describe the capabilities of
random quantum channels. In the case of ensembles of
random unitaries, this quantity has been interpreted as the
expressive power of the ensemble [66]. However, in the
case of ensembles of random quantum channels, given
their inherent depolarizing and therefore not necessarily
useful behavior, this feels less applicable to describe
channel-centric algorithms [108]. The Depolarize or
asymptotic dimension cHaar reference ensembles do
capture in some sense the “uniformity” or “symmetry”
of an ensemble, in terms of its ability to dissipate infor-
mation evenly in all directions, however neither term is
quite satisfactory. Perhaps, as channel-centric algorithms
become more prevalent, similarly to how the laser was
presented originally as a “solution looking for a problem,”
here we have a “property looking for a name.” We leave
finding a nice, operationally meaningful, name for this
important quantity as future work.
Applying the formalism to noisy parameterized circuits

with diagonal unital and non-unital Pauli-like noise, we
observed opposite trends for moment-operator norms.
Unital noise typically decreases such norms, while non-
unital amplitude damping increases them. Circuit depth
drives ensembles toward the appropriate reference designs,
and concentration of observables emerges. Such analysis
ultimately offers a channel-design-centric view on noisy
barren-plateau-type phenomena [17–19,64,104,106].
More broadly, this perspective suggests that noise need
not be viewed solely as a passive perturbation. Instead,
by driving channel ensembles toward or away from the
Depolarize reference ensemble, it can itself become the
mechanism governing concentration phenomena.
By establishing the previous clear connection to quan-

tum machine learning, we highlight that our framework
can also be directly relevant to more general hybrid
classical-quantum protocols that rely on sampling and
inversion (e.g., randomized benchmarking, classical

shadows, and error mitigation). Known design parameters
and exact moments can potentially tighten sample-
complexities and guide experimental choices, particularly
when noise models are difficult to characterize within
devices [25,109–113].
Moreover, we note that recent work has shown that

design-like randomness can emerge dynamically in
chaotic many-body systems, even without explicit sam-
pling from a Haar ensemble. In particular, projected
or subsystem ensembles generated by chaotic dynamics
can realize exact or approximate quantum state-design
behavior [11,114–116], and this perspective has also been
explored experimentally [117]. Our framework suggests a
natural channel-level extension for these ideas, whereby
one studies the subsystem quantum channels induced by
chaotic or noisy dynamics on a system plus environment.
Here, one may ask whether the associated channel
moments approach those of a reference channel ensemble,
and if any design properties emerge. This viewpoint is also
closely related to recent work on push-forward designs,
including channel-design constructions arising from
Stinespring-type maps [118].
Likewise, recent results on noisy random circuits

indicate that sufficiently random dynamics can scramble
local unital noise into an effectively global white-noise
contribution, whereas non-unital noise can lead to quali-
tatively different behavior [97,104]. Establishing general
conditions under which chaotic open-system dynamics,
monitored dynamics, or noisy many-body evolution give
rise to approximate channel designs is an interesting
direction for future work.
To finish, we note that our work paves the way for

several future research directions that merit follow-up:
(i) non-asymptotic spectral analyses and representation-
theoretic proofs for the cHaar-Haar hierarchy and related
block structures, with links to Weingarten calculus and
partition algebras [72,91,119]; (ii) characterization of
more specific, physically motivated, and experimentally
relevant ensembles of channels (e.g., Stinespring uni-
taries beyond Haar, structured entanglement, composite
ansätze), and principled criteria for channel designs
[24,48,51,118,120,121]; and (iii) targeted experiments that
probe higher-order moments and benchmark predicted
concentration trends, alongside implications for simu-
lability and noise-assisted or active-error-mitigation
strategies [105,122–125].
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APPENDIX A: SPACES, OPERATORS, AND PERMUTATIONS

In this appendix, we present preliminary definitions, including relevant spaces, operators, norms, and permutation
operators, that will be useful throughout the rest of this work.
In what follows, we will denote the d-dimensional Hilbert space as H ¼ Cd, the set of bounded linear operators

acting on H as B½H�, and the set of bounded linear superoperators acting on operators in B½H� as B½B½H��. For
convenience, we also recall the vectorization map, where given an operator X∈B½H�, its vectorization is
X ¼ P

α;β∈ ½d� Xαβjαihβj⟶vec jX⟫ ¼ P
α;β∈ ½d� Xαβjαβi. Given two operators X; Y ∈B½H�, their normalized inner product,

or overlap is

χdðX; YÞ ¼
1

d
Tr½X†Y� ¼ ⟪XjY⟫

d
;

χdðXÞ ¼
1

d
Tr½X� ¼ ⟪IdjX⟫

d
; (A1)

We will also make use of an orthonormal basis for the space of operators, denoted as Pd ¼ fP; S∈B½H�∶
χdðP; SÞ ¼ δPSg, and which satisfies B½H� ¼ spanCfPdg. To simplify analyses, we assume Id ∈Pd, where Id denotes
the d × d dimensional identity, such that non-identity basis operators P∈PdnfIdg are traceless, χdðPÞ ¼ 0.
The t-fold tensor product of the Hilbert space is denoted asH⊗t, and we define the set ½t� ¼ f0; 1;…; t − 1g. Moreover,

from Pd we define a basis for the space of linear operators B½H⊗t�, which is simply given by Pt
d ¼ P⊗t

d . Given two

operators X; Y ∈B½H⊗t�, their normalized inner product is denoted as χðtÞd ðX; YÞ ¼ ⟪XjY⟫=dt. Note that in what follows,
we indicate t-fold tensor-product generalizations with t or ðtÞ superscripts, and particular copies are denoted with indices
i∈ ½t�. In addition, given an operator X ¼⊗i∈ ½t� Xi ∈B½H⊗t� with tensor-product structure, we define its support ΓX and
locality as the indices of non-identity operators over the t copies of the space,

ΓX ¼ fi∈ ½t�∶ Xi ∉ fIdgg; jXj ¼ jΓXj∈ ½tþ 1�: (A2)

Operators X ¼⊗i∈ΓX
Xi, restricted to a subset of their support Γ ⊆ ΓX, are denoted as XΓ ¼⊗i∈Γ Xi. For general

operators X ¼ P
x Xx with support ΓX ¼∪x ΓXx

, we refer to such operators as localized with definitive support, if
all operators within their expansion have identical support ΓXx

¼ ΓX. We also refer to operators X; Y ∈B½H⊗t� as being
orthogonal with respect to support if they are orthogonal due to having non-identical support, χðtÞd ðX; YÞ ∝ δΓXΓY

.
Next, we will denote the Symmetric group as St ¼ fσ∶ ½t� → ½t�g [126]. We will denote the identity permutation as

e ¼ ðÞ, and transpositions acting on indices i ≠ j∈ ½t� as τ ¼ ðijÞ. Here we find it important to recall that any permutation
σ∈St can be described by the support Γσ ⊆ ½t� and locality lσ ¼ jΓσj ≤ t where they act non-trivially; by their size jσj of
the number of transpositions σ ¼ Q

τ∈ σ τ; or by their cycle structure of disjoint cycles σ ¼ Q
λ∈ σ λ. In addition,

permutations can be related in terms of the size of their overlap jπ−1σj, or in terms of their sub-permutations π ⊆ σ, a
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partial ordering between permutations [127], that corresponds to factorizations σ ¼ ðπÞðπ−1σÞ such that,

π ⊆ σ ↔ jπ−1σj ¼ jσj − jπj: (A3)

Further, the size of permutations satisfies a triangle inequality, with upper and lower bounds satisfied by sub-permutations.
Indeed, for σ; π∈St, one has

jjσj − jπjj ≤ jπ−1σj ≤ jjσj þ jπjj: (A4)

The representation of the symmetric group which permutes copies of the Hilbert space is denoted as

Vd ∶ σ∈St → VdðσÞ∈SðtÞ
d ⊂ B½H⊗t�. From here, we can define the overlap between the representations of permutations

σ; π∈St as

χðtÞd ðσ; πÞ ¼ 1

djσ−1πj
: (A5)

These overlaps form a t! × t! matrix over the permutations, WðtÞ
d , referred to as a Gram matrix, with elements

WðtÞ
d ðσ; πÞ ¼ χðtÞd ðσ; πÞ. The inverse of this Gram matrix exists over the permutations, WðtÞ

d → WðtÞ−1
d , referred to as the

Weingarten matrix, with elements, whose closed-form dependencies on d; t are only known to leading-order [62],

WðtÞ−1
d ðσ; πÞ ¼ cðσ−1πÞ 1

djσ−1πj

�
1þO

�
1

d

��
≤ χtcðσ−1πÞ

1

djσ−1πj
: (A6)

Here for permutations σ, the Möbius function, cðσÞ ¼ Q
λ∈ σ cðλÞ, is the product of the signed Catalan numbers, cðλÞ ¼

ð−1Þjλjcjλj for each of its cycles λ∈ σ, with Catalan numbers of cl ¼ 1
lþ1

ð2ll Þ, and χt is a t-dependent upper bound [119].
To simplify our analysis, we will define the set of character-normalized permutations Ŝt given by,

Ŝt ¼fσ̂¼VdðσÞ=χðtÞd ðσÞgσ∈St
∶ χðtÞd ðσ̂; π̂Þ ¼ χðtÞd ðσ;πÞ

χðtÞd ðσÞχðtÞd ðπÞ
: (A7)

Here, it is important to note that while the elements of St are linearly independent for d ≥ t [64], they are not orthogonal
[91]. Hence, we find it convenient to derive an alternative basis denoted as the localized permutations. The elements of this
basis are in one-to-one correspondence with the original permutations, are localized with definitive support, and crucially
are orthogonal with respect to support.
We can motivate our localized basis by considering a simple example on t ¼ 3. First, let us first recall that the

normalized operator for a transposition τ ¼ ðijÞ acting on indices i ≠ j∈ ½t� is

τ̂ ¼
X
P∈Pd

Pi ⊗ P†
j : (A8)

Then, given the l ¼ 3-cycle λ ¼ ð012Þ, we can decompose it as ð012Þ ¼ ð01Þð02Þ ¼ ð12Þð01Þ. As such, we can express

λ̂ ¼
X
P∈Pd

P0 ⊗ P†
1

X
S∈Pd

S0 ⊗ S†2 ¼
X

P;S∈Pd

P0S0 ⊗ P†
1 ⊗ S†2

¼ Id ⊗ Id ⊗ Id|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
ðÞ

þ
X

P∈PdnfIdg
P ⊗ P† ⊗ Id|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

ð01Þ

þ
X

P∈PdnfIdg
P ⊗ Id ⊗ P†|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

ð02Þ

þ
X

P∈PdnfIdg
Id ⊗ P ⊗ P†|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

ð12Þ

þ
X

P≠S∈PdnfIdg
PS ⊗ P† ⊗ S†|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

ð012Þ
:
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The brackets in the previous equation showcase that the final decomposition contains grouping of tensor products of
operators that match the expansion of λ into its sub-permutations, i.e., fπ ¼ ðÞ; ð01Þ; ð02Þ; ð12Þ; ð012Þ ⊆ ð012Þ ¼ λg.
Importantly, since the decomposition of a permutation into transpositions is not unique, the previous decomposition is also
not unique. However, such expansions suggest there exist general relationships between representations of permutations,
and their sub-permutations. We seek to exploit such relationships to define the basis of localized permutations.
Theorem 5. (Localized Basis for Permutations). Let Ŝt be the set of character-normalized permutations. There exists a

change of basis, ϕt ∶ Ŝt → ½Ŝt�, to a localized permutation basis ½Ŝt�,

σ̂ ¼
X
π⊆σ

½π̂� ↔ ½σ̂� ¼
X
π⊆σ

ϕtðσ; πÞπ̂; (A9)

where the elements of ½Ŝt� ¼ f½σ̂�gσ∈St
depend on sub-permutation relationships π ⊆ σ and obey the following properties:

(i) Change of basis transformation: ϕt ∶ Ŝt → ½Ŝt� is invertible, lower-triangular as per the sub-permutation ordering is
dimension-d-independent and is solely dependent on the structure of the t-th order permutations:

ϕtðσ; πÞ ¼ cðπ−1σÞδσ⊇π; cðσÞ ¼
Y
λ∈ σ

cðλÞ; cðλÞ ¼ ð−1Þjλj cjλj; ϕ−1
t ðσ; πÞ ¼ δσ⊇π: (A10)

(ii) Linearly independent for d ≥ t, and in one-to-one correspondence with permutations: ½σ̂�∈ ½Ŝt� ↔ σ∈St
(iii) Orthogonal with respect to support, and localized with definitive support Γ½σ̂� ¼ Γσ:

χð½Ŝt�Þ
d ¼ ⨁

Γ⊆½t�
χðΓÞd ∶ χðΓÞd ¼

2664 χðtÞd ð½σ̂�; ½σ̂�Þ � � � χðtÞd ð½σ̂�; ½π̂�Þ
..
. . .

. ..
.

χðtÞd ð½π̂�; ½σ̂�Þ � � � χðtÞd ð½π̂�; ½π̂�Þ

3775
σ;π ∈St

Γσ¼Γπ¼Γ

∶
���χðtÞd ð½σ̂�; ½π̂�Þ

��� ≤ c2σ c2π djσjþjπj δΓσΓπ
(A11)

Proof. To prove properties of the localized permutation basis, we use properties of sub-permutations π ⊆ σ such that
jπ−1σj ¼ jσj − jπj, which represent a partial ordering between permutations [127,128], and is transitive, such that if π ⊆ ξ,
and ξ ⊆ σ, then π ⊆ σ, and if π ⊆ ξ ⊆ σ, then π−1ξ ⊆ π−1σ. Concurrently, the number of sub-permutations of an l-length
cycle also corresponds to the number of non-crossing partitions of the set ½l� that respect the order of the permuted indices
[127]. As depicted in Fig. 6, the set of sub-permutations fπ ⊆ ξ ⊆ σg ≅ fe ⊆ ξ ⊆ π−1σg forms a lattice containing all
paths of sub-permutations ξ between some minimum π and maximum σ permutations. We also note that any sub-
permutations fπ ⊆ λg of a cycle λ, with identical support Γπ ¼ Γ ⊆ Γλ and locality lπ ¼ l ≤ lλ, are within a set of
permutations that is isomorphic to the l-order permutations Sl. Further, any subset T ⊆ fπ ⊆ λg of such Γ-support sub-
permutations of λ have a unique smallest common sup-permutation π0 (which is referred to as the join of T in the lattice
literature [129]). Further, given the isomorphism to Sl, this join π0 has Γ-support and is a sub-permutation of the unique
Γ-support, l-length cycle πλ ⊆ λ (joins of T can be seen to preserve common singletons, the elements ½t�nΓ not in the
support of, and acted on trivially by all π∈T [130]).
Further, permutation-dependent quantities can often be partitioned by the support Γσ ¼ Γ ⊆ ½t� and locality lσ ¼ l ¼

jΓj ≤ t of permutations σ. Properties of sub-permutations also hold independently for disjoint cycles, given permutations
π ¼ Q

λ∈ σ πλ can be decomposed into disjoint sub-permutations fπλ ⊆ λgλ∈ σ for any σ ¼ Q
λ∈ σ λ ⊇ π. It follows that sup-

permutation-dependent quantities can often be factorized, such as ½π̂� ¼ Q
λ∈ σ½π̂λ�, and ϕtðσ; πÞ ¼

Q
λ∈ σ ϕlλðλ; πλÞ.

Finally, we can count the number of sub-permutations and localized permutations. We note that the number
of sub-permutations, which equals the number of non-crossing partitions, equals the Catalan numbers, cl ¼ 1

lþ1
ð2ll Þ [131].

The number of sub-permutations between permutations π ⊆ σ subsequently are,

cσ;π ¼ jfξ∈St ∶ π ⊆ ξ ⊆ σgj ¼ cπ−1σ δσ⊇π ∶ cσ ¼ jfξ∈St ∶ ξ ⊆ σgj ¼
Y
λ∈ σ

clλ : (A12)

The number of locality-l blocks of permutations is ðtlÞ, and the number of permutations non-trivially permuting their
l-locality support Γ is by definition, !l ¼ bl!e þ 1

2
c, the number of length-l derangements [132].

We will prove each property iÞ to iiiÞ of the mapping between the permutation and localized permutation bases
separately.
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i) To prove the existence of the localized permutation basis, we will show that an invertible relationship exists, also
known as Möbius inversion [129], between Ŝt and ½Ŝt�. Let ϕ−1

t ∶ ½Ŝt� → Ŝt be such a change of basis, with matrix
elements ϕ−1

t ðσ; πÞ ¼ δσ⊇π, which is lower-triangular, with unit diagonal. Its sub-permutation-dependent structure
further impose that its strictly lower-triangular component is t-nilpotent, given the ðσ; πÞ element of its k powers is
the number of paths, of sub-permutations in the lattice formed by π ⊂ σ, of length k, and each path has at most
jπ−1σj < t elements. The change of basis matrix inverse thus exists, ϕt ∶ Ŝt → ½Ŝt�, in fact with a closed-form
Möbius inverse [129], with identical sub-permutation-dependent structure to its inverse, ϕtðσ; πÞ;ϕ−1

t ðσ; πÞ ∝ δσ⊇π.
Such relationships only depend on the overlaps and structure of permutations and are independent of the
representation dimension d,

ϕt ¼
X
k∈ ½t�

ðIt! − ϕ−1
t Þk; ϕtðσ; πÞ ¼ ϕtðπ−1σÞδσ⊇π ∶ ϕtðσÞ ¼ cðσÞ ¼

Y
λ∈ σ

cðλÞ;
X
π⊆σ

ϕtðπÞ ¼ δσe: (A13)
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FIG. 6. Sub-permutation lattice for an l ¼ 5 cycle σ ¼ ð01234Þ. All c5 ¼ 42 sub-permutations e ⊆ ξ ⊆ σ are shown as nodes on a
lattice, each as non-crossing partitions of points, ordered counterclockwise from the leftmost point on an l ¼ 5-polygon. Nodes of the
lattice depict sub-permutations e ⊆ ξ ⊆ σ between minimal e and maximal σ, ordered in l columns, by size 0 ≤ jξj ≤ l − 1, from left to
right. Edges of the lattice depict sub-permutation relationships, from left to right. At a given node ξ, edges and paths to rightward nodes
ξ0 represent larger sup-permutations ξ ⊂ ξ0 ⊆ σ, such that 1 ≤ jξ−1ξ0j ≤ jξ−1σj ≤ l − 1. Such sup-permutations fξ ⊆ ξ0 ⊆ σg of ξ form a
sub-lattice with minimal ξ and maximal σ. Permutations ξ are labeled with their localized permutation change of basis coefficient
ϕlðσ; ξÞ ¼ cðξ−1σÞ, such that

P
π⊆ξ⊆σ ϕlðσ; ξÞ ¼ δσπ. Inset (top right) is the sub-lattices forming a set Sσ, with minimal permutations

π∈Tσ ¼ fπ ¼ ð01Þð23Þ; ð03Þð12Þ ⊂ σ ¼ ð01234Þg, with support Γ ¼ Γπ ¼ f0; 1; 2; 3g ⊂ Γσ ¼ f0; 1; 2; 3; 4g, and a smallest
common sup-permutation πσ ¼ ð0123Þ ⊂ σ ¼ ð01234Þ, such that

P
ξ∈Sσ ϕlðσ; ξÞ ¼

Pπ∈Tσ
π⊆ξ⊆σ ϕlðσ; ξÞ −Pπ¼πσ

π⊆ξ⊆σ ϕlðσ; ξÞ ¼ 0.
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ii) From the invertible relationship between the bases, both the permutations and the localized permutations are
linearly independent for d ≥ t [64], and the localized permutations are in one-to-one correspondence with the
permutations.

iii) To prove that localized permutations are localized, we consider the effect of the support of a basis operator string,
P ¼ ⊗i∈ΓP

Pi ∈Pt
d, with support ΓP ⊆ Γσ ⊆ ½t�, on its overlap with a localized permutation ½σ̂�∈ ½Ŝt�, with

potentially non-localized support Γ½σ̂� ¼ ∪π⊆σ Γπ ¼ Γσ. As per Fig. 7, the overlap between a permutation and an
operator string is the tracefullness of products of operators, in the order of the permuted indices within each cycle.
Such products of operators are invariant under any sup-permutations of the permutation, meaning non-zero overlaps
of operator strings with all permutations π; π0 with a common sup-permutation σ ⊇ π; π0, must be identical,

χðtÞd ðπ̂; PÞ ¼ χðtÞd ðπ̂0; PÞ ¼ χðtÞd ðσ̂; PÞ ¼ 1

χðtÞd ðσÞ
Y
λ∈ σ

χðtÞd ð
Y
i∈Γλ

PiÞ ∝ δΓσ⊇ΓP
δΓπ⊇ΓP

δΓπ0⊇ΓP
∀ σ ⊇ π; π0: (A14)

Therefore overlaps of localized permutations with an operator string reduce to summations of coefficients ϕt over

the subset of permutations, Sσ ¼ fξ ⊆ σ ∶ Γξ ⊇ ΓP; χ
ðtÞ
d ðξ; PÞ ≠ 0g that have non-zero overlap with the operator

string,

χðtÞd ð½σ̂�; PÞ
χðtÞd ðσ̂; PÞ

¼
X
ξ⊆σ

ϕtðσ; ξÞ
χðtÞd ðξ̂; PÞ
χðtÞd ðσ̂; PÞ

¼
X
ξ∈Sσ

ϕtðσ; ξÞ
χðtÞd ðξ̂; PÞ
χðtÞd ðσ̂; PÞ

¼
X
ξ∈ Sσ

ϕtðσ; ξÞ ∝? δΓPΓσ
: (A15)

Given summations of the coefficients ϕt over lattices fπ ⊆ ξ ⊆ σg are non-zero if and only if π ¼ σ, we seek to
express the unknown summations over Sσ in terms of these known summations over lattices, potentially leading to
cancelations. The set Sσ ¼ ∪π ∈Tσ

Sσπ, although not a lattice, can be partitioned into lattices, Sσπ ¼ fξ∈Sσ ∶
π ⊆ ξ ⊆ σg, each defined by a unique minimal permutation, π∈Tσ ¼ fπ∈Sσ ∶ π ⊅ ξ ∀ ξ∈ Sσg, as in the inset of
Fig. 6. As will be crucial, all minimal π∈Tσ have identical support Γπ ¼ ΓP, otherwise they would not be minimal
permutations in Sσ. As such, as above, any subset T ⊆ Tσ of permutations always has smallest common sup-
permutations π0 with ΓP-support, and which is itself a sub-permutation π0 ⊆ πσ, of the unique ΓP-support
permutation πσ ¼

Q
λ∈ σ πσλ ⊆ σ, comprised of disjoint cycles fπσλ∶ πσλ ⊆ λgλ∈ σ. Finally, in the equal support

case, ΓP ¼ Γσ → πσ ⊆ σ, whereas in the strict subset of support case, ΓP ⊂ Γσ → πσ ⊂ σ, and any smallest common
sup-permutations of T satisfy π0 ⊆ πσ.

Given this decomposition of a set of permutations into a union of lattices, we use the inclusion-exclusion principle
[133], that relates counting of unions as counting of intersections, less multiply counted elements in multiple intersections,

X
ξ∈∪π∈TσSσπ

¼
X

fg⊂T⊆Tσ

ð−1ÞjTj−1 X
ξ∈∩π∈TSσπ

: (A16)

FIG. 7. Overlap between an operator string P, and a permutation σ. Overlaps are equal to the tracefullness of the products of an
operator’s components ⊗λ∈ σ

Q
i∈Γλ

Pi, in the order of indices ∪λ∈ σ Γλ permuted by a permutation’s disjoint cycles.
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As one example, in the equal support case, if there is a single minimal permutation π ¼ σ, forming a single lattice,
Sσπ ¼ Sσ ¼ fσg, then trivially

P
ξ∈Sσ ϕtðσ;ξÞ ¼ 1. As another example, in the strict subset of support case, if there is a

single minimal permutation π ⊂ σ, forming a single lattice, Sσπ ¼ Sσ ¼ fπ ⊆ ξ ⊆ σg, then triviallyPξ∈Sσ ϕtðσ; ξÞ ¼ 0. It
is therefore essential to understand any cases of σ; P that yield non-trivial intersections of lattices Sσπ, in order to
understand the summations over Sσ using the inclusion-exclusion principle.
Although intersections of lattices, S0σ ¼ ∩π∈T Sσπ for some T ⊆ Tσ, are not necessarily lattices [134], any

sup-permutation ξ00 ⊇ ξ0 of any permutation in the intersection ξ0 ∈ S0σ is necessarily also in this intersection, ξ00 ∈S0σ.
Therefore, intersections of lattices can be themselves decomposed into new lattices S0σπ, such that S0σ ¼ ∪π0 ∈T0

σ
S0σπ0 , each

defined by a unique minimal permutation, π0 ∈T0
σ ¼ fπ∈ S0σ ∶ π⊅ ξ ∀ ξ∈ S0σg, and crucially π0 ⊆ πσ.

Intersections of lattices can thus be recursively defined as unions of sub-lattices, Sσ → S0σ → � � � → S�σ. Such
intersecting sub-lattices are depicted in Fig. 8, where colored patches and nodes represent their non-intersecting
components, with highlighted minimal elements in one of Tσ → T0

σ → � � � → T�
σ. Given the unique common sup-

permutation πσ of any subsets of Tσ; T0
σ; � � � ; T�

σ, and that each lattice has paths of at most length jσj þ 1 such a sequence of
unions of sub-lattices terminates after at most jσj iterations, yielding a single lattice S�σ ¼ fπσ ⊆ ξ ⊆ σg, with minimal
element T�

σ ¼ fπσg.
Summations over Sσ therefore take the form of summations over lattices, defined by T̄σ ¼ fξ∶ ∃ π∈Tσ∶ π ⊆

ξ ⊆ πσg, weighted by some non-negative multiplicities and signs fnπ; kπgπ∈ T̄σ
. Finally, given summations over ϕtðσ; πÞ

are only non-zero when π ¼ σ, summations over Sσ reduce to summations over the lattice fπσ ⊆ ξ ⊆ σg,X
ξ∈ Sσ

ϕtðσ; ξÞ ¼
X
π∈ T̄σ

ð−1Þkπnπ
X
π⊆ξ⊆σ

ϕtðσ; ξÞ

¼ ð−1Þkσnσδπσσ ∝ δΓPΓσ
: (A17)

Localized permutations ½σ̂� thus have zero overlap with operator strings P with ΓP ⊂ Γσ, meaning localized
permutations are localized, with definitive support, Γ½σ̂� ¼ Γσ,

½σ̂� ¼
X
P∈Pt

d

χðtÞd ð½σ̂�; PÞP ∶ χðtÞd ð½σ̂�; PÞ ¼ ð−1Þkσ nσ χðtÞd ðσ; PÞ
χðtÞd ðσÞ

δΓPΓσ
→ χðtÞd ð½σ̂�; ½π̂�Þ ∝ δΓσΓπ

: (A18)

Intriguingly, such arguments could potentially hold for the localization of other change of bases fX̂g → f½X̂�g
that are in terms of other partial orderings Y ⊆ X between operators, their Möbius inverses ϕt, and their summationsP

Y ∈SX ϕtðX; YÞ, given symmetries of overlaps with sub and sup-operators χðtÞd ðŶ; PÞ ¼ χðtÞd ðX̂; PÞ for Y ⊆ X, P∈Pt
d.

To prove the bounds on the overlap between localized permutations, we recall their definition,

χðtÞd ð½σ̂�; ½π̂�Þ ¼
X
η⊆σ
κ⊆π

ϕtðσ; ηÞϕtðπ; κÞ
χðtÞd ðη; κÞ

χðtÞd ðηÞχðtÞd ðκÞ
↔

χðtÞd ðσ; πÞ
χðtÞd ðσÞχðtÞd ðπÞ

¼
X
η⊆σ
κ⊆π

χðtÞd ð½η̂�; ½κ̂�Þ: (A19)

FIG. 8. Decomposition of Sσ ¼∪π∈ T̄σ
Sσπ into intersecting sub-lattices Sσπ ¼ fπ ⊆ ξ ⊆ σg. Gray, blue, green patches and nodes

depict disjoint subsets of each sub-lattice, with pink nodes for minimal permutations π∈ T̄σ ¼∪ fTσ; T0
σ; � � � ; T�

σg∶ π ⊆ πσ ⊆ σ.
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Given bounds on permutation sizes, jσj þ jπj − jσ−1πj ≤ jσj þ jπj, their overlaps are, χðtÞd ðσ; πÞ=χðtÞd ðσÞχðtÞd ðπÞ ≤ djσjþjπj,
given the monotonicity of the Catalan numbers cl ≤ clþ1, the Möbius functions are, jcðπ−1σÞj ≤ jcðσÞj ≤ cσ, and given

summations are bounded by the largest summand times the number of summands, jχðtÞd ð½σ̂�; ½π̂�Þj ≤ c2σ c2π djσjþjπj δΓσΓπ
.

Finally, we note there is a trade-off in this choice of localized basis. The mapping from the localized permutations to the
permutations has a simple, attractive closed form, with known enumerations of the expansions in terms of sub-
permutations, with unit expansion coefficients. Permutations can equally be expanded in terms of a basis of strings of
orthogonal operators, grouped by their support. However such groupings are not enumerated by the sub-permutations, and
the associated expansion coefficients have no closed form, requiring the algorithms used in this proof. ▪

APPENDIX B: PROPERTIES OF MOMENT OPERATORS

In these appendices, we consider properties of t-th order moment operators for various ensembles, generalizing
previous expressions [18] and adapt approaches for integrating over ensembles of operators [51,62,63].

1. Twirls and moment operators

Here, we denote the t-th order moment operator for an ensemble of channels C ⊆ B½B½H�� as T̂ ðtÞ
C ¼ R

C dΛ
dΛ⊗t. Then,

the moment operator for k-concatenated independent ensembles fCigi∈ ½k� is the product of the moment operators,

T̂ ðtÞ
fCig ¼

Y
i∈ ½k�

T̂ ðtÞ
Ci

¼
Y
i∈ ½k�

Z
Ci
dΛi

dΛ⊗t
i ¼ D̂⊗t

d þ Δ̂ðtÞ
fCig; (B1)

where we defined

D̂⊗t
d ¼ 1

dt
jI⊗t
d ⟫⟪I⊗t

d j and Δ̂ðtÞ
fCig ¼

1

dt
X

P∈SðtÞ
C0
nfI⊗t

d g;S∈SðtÞ
Ck−1

τðtÞfCigðP; SÞjP⟫⟪Sj: (B2)

Here, τðtÞfCig denote the composite expansion coefficients, also known as the transfer matrix elements. These composite

transfer matrices can be expanded in terms of the individual transfer matrices fτðtÞΛi
gi∈ ½k� for each moment operator, and

overlaps χðtÞd between the elements of some ensemble-dependent bases fSðtÞ
Ci

⊆ B½H⊗t�g as,

τðtÞfCigðP; SÞ ¼
X

fPi;Si ∈S
ðtÞ
Ci

gi∈ ½k�
P0¼P;Sk−1¼S

Y
i∈ ½k�

τðtÞCi ðPi; SiÞ
Y

i∈ ½k−1�
χðtÞd ðSi; Piþ1Þ: (B3)

In the case of concatenating k identical ensembles, i.e., when Ci ¼ C ∀ i∈ ½k�, our notation is replaced with k-powers, or
k-superscripts, namely T̂ ðtÞ

fCig → T̂ ðtÞk
C , Δ̂ðtÞ

fCig → Δ̂ðt;kÞ
C , and τðtÞfCig → τðt;kÞC .

To compare two ensembles C; C0, let us define the difference between their t-th order moment operators as

Δ̂ðtÞ
CC0 ¼ T̂ ðtÞ

C − T̂ ðtÞ
C0 → ϵðtÞCC0 ¼

��Δ̂ðtÞ
CC0
��; ϵðtÞC ¼��Δ̂ðtÞ

C

��: (B4)

Various norms k · k� may be chosen, denoted with ϵðtj�Þ superscripts, and unless noted, we use the Hilbert-Schmidt norm.
Our choice of Hilbert-Schmidt norm k · k ¼ k · k2 for moment operators can be motivated, by its intuitive form that

lends itself to simplified calculations, but also due to it bounding the more commonly used diamond norm k · k⋄.
Lemma 2. (Moment Operator Hilbert-Schmidt Norms Bound Twirl Operator Diamond Norms). Given ensembles of

quantum channels C; C0, the completely bounded diamond and Hilbert-Schmidt norm of their twirl operators are bounded
by the Hilbert-Schmidt norm of their moment operators, up to a dimension-dependent scaling,��T ðtÞ

C − T ðtÞ
C0
��⋄ ≤ dt

��T̂ ðtÞ
C − T̂ ðtÞ

C0
��
2
≤ dt

��T̂ ðtÞ
C − T̂ ðtÞ

C0
��
1
: (B5)

Proof. Given vectorizations, quantum channels Λ∈B½B½H�� can also be represented via channel-operator or even
channel-state dualities, as superoperators Λ̂, or Choi states ΦΛ,
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Λ̂ ¼
X
KΛ

KΛ ⊗ K�
Λ ↔ ΦΛ ¼

X
KΛ

jKΛ⟫⟪K�
Λj; (B6)

In particular, superoperator norms and traces correspond to the Choi state’s purity and entanglement fidelity with respect
to unnormalized maximally entangled states jΩi ¼ P

α∈ ½d� jααi∈H ⊗ H → Ω ¼ jΩihΩj∈B½H ⊗ H� [73],

kΛ̂k2 ¼ Tr½Φ†
ΛΦΛ�; Tr½Λ̂� ¼ Tr½ΩΦΛ�: (B7)

More generally, for quantum channels Λ;Λ0 ∈B½B½H��, inner products between their superoperators equal inner products
between their Choi states,

hΛ̂0; Λ̂i ¼ Tr
�
Λ̂0†Λ̂

� ¼ Tr
�
Φ†

Λ0ΦΛ
� ¼ hΦΛ0 ;ΦΛi: (B8)

Finally, given its convexity, the completely bounded 1-norm, or diamond ⋄ norm of a map Λ,

kΛk⋄ ¼ max
jψi∈H⊗H

kðΛ ⊗ IdÞðψÞk1; (B9)

is the p ¼ 1-norm of the operator acting on some normalized pure state jψi ¼ ð1=dÞU ⊗ IdjΩi on the doubled space
H ⊗ H for some unitary U∈UðdÞ [135]. Further, the p-norm obeys Holder’s inequality of k · ·kr ≤ k · kpk · kq for

1=pþ 1=q ¼ 1=r, the 2-norm obeys k · k1 ≤
ffiffiffi
d

p k · k2, and unitaries have∞-norms of the 1-norm one of their columns u,
bounded by kUk∞ ¼ kuk1 ≤

ffiffiffi
d

p
. The completely bounded 1-norm of the difference of quantum channels Λ;Λ0 can thus

be bounded by the 2-norm of their associated Choi states [135], and thus by the 2 and 1-norms of their superoperators,��Λ − Λ0��⋄ ¼ ��ðΛ ⊗ IdÞðψÞ − ðΛ0 ⊗ IdÞðψÞ
��
1

(B10)

¼ 1

d

��ðΛ ⊗ IdÞððU ⊗ IdÞðΩÞÞ − ðΛ0 ⊗ IdÞððU ⊗ IdÞðΩÞÞ
��
1

(B11)

¼ 1

d

��ðId ⊗ U�ÞððΛ ⊗ IdÞðΩÞ − ðΛ0 ⊗ IdÞðΩÞÞðId ⊗ UTÞ��
1

(B12)

¼ 1

d

��ðId ⊗ U�ÞðΦΛ −ΦΛ0 ÞðId ⊗ UTÞ��
1

(B13)

≤
1

d

��Id ⊗ U���
∞

��Id ⊗ UT
��
∞

��ΦΛ −ΦΛ0
��
1

(B14)

≤
1

d

ffiffiffi
d

p ffiffiffi
d

p ��ΦΛ −ΦΛ0
��
1

(B15)

¼ ��ΦΛ −ΦΛ0
��
1

(B16)

≤ d
��ΦΛ −ΦΛ0

��
2

(B17)

¼ d
��Λ̂ − Λ̂0��

2
(B18)

≤ d
��Λ̂ − Λ̂0��

1
: (B19)

▪
For the special cases when the ensembles contain strictly unital operators or have projector moment operators, we can

readily prove how the associated moment operators preserve the support of their inputs.
Definition 1. (Projector Ensembles). Projector ensembles C have self-adjoint projector moment operators:

T̂ ðtÞ
C T̂ ðtÞ

C ¼ T̂ ðtÞ
C ; T̂ ðtÞ†

C ¼ T̂ ðtÞ
C : (B20)
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Lemma 3. (Support Preservation of Unital Ensemble Twirls). Given an orthogonal with respect to support basis Pt
d for

B½H⊗t�, unital ensemble twirls CU are support-non-increasing and projector ensemble twirls CU are support-preserving,

T̂ ðtÞ
CU

¼ 1

dt
X

P;S∈Pt
d

ΓP⊆ΓS

τðjSjÞCU
ðP; SÞjP⟫⟪Sj ↔ τðtÞCU ðP; SÞ ¼ τðjSjÞCU

ðP; SÞδΓP⊆ΓS
(B21)

T̂ ðtÞ
CU
T̂ ðtÞ

CU
¼ T̂ ðtÞ

CU
; T̂ ðtÞ†

CU
¼ T̂ ðtÞ

CU
→ T̂ ðtÞ

CU
¼

X
Γ⊆½t�

T̂ ðΓÞ
CU

∶ T̂ ðΓÞ
CU

¼ 1

dt
X

P;S∈Pt
d

ΓP¼ΓS¼Γ

τðjSjÞCU
ðP; SÞjP⟫⟪Sj: (B22)

Proof. Let us consider consider the action of unital ensemble CU twirls on jXj-local operators X ¼ ⊗i∈ΓX
Xi, given

identity operators are invariant under unital operators,

T ðtÞ
CU
ðXÞ ¼

Z
CU
dΛΛ⊗tðXÞ ¼

Z
CU
dΛ ⊗i∈ΓX

ΛiðXÞ ¼
X

P;S∈P
jXj
d

ΓP⊆ΓS¼ΓX

τðjXjÞCU
ðP; SÞχðjXjÞd ðS; XÞP ¼ T ðjXjÞ

CU
ðXÞ: (B23)

It follows that unital t-order transfer matrices reduce to jSj-order, that are non-zero τðtÞCU ðP; SÞ ¼ τðjSjÞCU
ðP; SÞ ∼ δΓP⊆ΓS

for
P; S∈Pt

d when mapping between basis operators of strictly common support. In the case of projector ensembles CU ,

moment operators are self-adjoint, T̂ ðtÞ†
CU

¼ T̂ ðtÞ
CU
, constraining such twirls to map between operators of identical support.

Projector ensembles can thus be written as a sum of projectors onto Γ ⊆ ½t�-support spaces. ▪
Further, we note that via Stinespring dilations, an ensemble of unitaries induces an ensemble of quantum channels.
Definition 2. (Unitary Induced Quantum Channel Ensembles). Unitary ensembles U over a composite spaceH ⊗ E, and

an environment state νE ∈B½E�, induce a quantum channel ensemble C over the system space H, with moment operators,

T̂ ðtÞ
C ¼ I⊗t

d ⊗ ⟪I⊗t
dE
jT̂ ðtÞ

U I⊗t
d ⊗ jν⊗t

E ⟫: (B24)

Finally, moment operators of channel ensembles induced by projector unitary ensembles are support-non-decreasing.
Theorem 6. (Support Preservation of Quantum Channel Ensembles Induced by Unitary Ensembles). Moment operators

of channel ensembles C over a d-dimensional spaceH, induced via Stinespring dilations by projector unitary ensembles U
over a composite ddE-dimensional space H ⊗ E, with an environment state νE ∈B½E�, are support-non-decreasing,

T̂ ðtÞ
C ¼ 1

dt
X

P;S∈Pt
d

ΓP⊇ΓS

τðtÞC ðP; SÞjP⟫⟪Sj∶ τðtÞC ðP; SÞ ¼
X

TE ∈Pt
dE

ΓPH
¼ΓSH

∪ΓTE

⟪TEjν⊗t
E ⟫τðtÞU ðPH ⊗ I⊗t

dE
; SH ⊗ TEÞ; (B25)

given orthogonal with respect to support bases Pt
d;P

t
dE

for H and E.
Proof. Given composite orthogonal with respect to support basis Pt

d ⊗ Pt
dE

for H ⊗ E, from Lemma 3, projector
unitary ensemble moment operators are support-preserving,

T̂ ðtÞ
U ¼ 1

dt
X

PH ;SH ∈Pt
d

PE ;SE ∈Pt
dE

ΓPH
∪ΓPE

¼ΓSH
∪ΓSE

τðtÞU ðPH ⊗ PE; SH ⊗ SEÞjPHPE⟫⟪SHSEj; (B26)

and the form of the induced channel ensemble moment operators follows directly from their definition. ▪

2. Properties of haar and chaar twirls

Here, we derive expressions and properties for moment operators for the Haar, cHaar, and Depolarize ensembles.
Throughout this section, we will use the fact that the t-th moment operator over the representation of a group projects onto
its t-th order commutant. We begin with the following definitions of the relevant ensembles.
Definition 3. (Haar ensemble). The t-th order twirl over the Haar ensemble UðdÞ is defined as the twirl over t copies of

unitaries sampled from the group UðdÞ according to the Haar measure. The associated twirl and moment operator are
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T ðtÞ
UðdÞð·Þ ¼

Z
UðdÞ

dUU⊗t ·U⊗t† → T̂ ðtÞ
UðdÞ ¼

Z
UðdÞ

dUU⊗t ⊗ U⊗t�: (B27)

Since the t-th order commutant of the unitary group corresponds to the system-permuting representation of the Symmetric
group we can always express the moment operator as

T̂ ðtÞ
UðdÞ ¼

1

dt
X

σ;π∈St

τðtÞUðdÞðσ; πÞjσ⟫⟪πj with τðtÞUðdÞðσ; πÞ ¼ WðtÞ−1
d ðσ; πÞ: (B28)

Definition 4. (cHaar ensemble). The t-th order twirl over the channel-Haar (cHaar) ensemble Cðd; dEÞ is defined as a
measure over t copies of random channels and is a uniform, Lebesgue measure when dE ¼ d2. Using the Stinespring
formalism, we can re-write this average as a twirl with respect to the Haar ensemble of unitaries acting on t copies of a
composite space, of a system and environment H ⊗ E of dimensions d; dE, and a local pure environment state νE ∈B½E�,

T ðtÞ
Cðd;dEÞð·Þ ¼ TrE⊗t ½T ðtÞ

UðddEÞð· ⊗ ν⊗t
E Þ� → T̂ ðtÞ

Cðd;dEÞ ¼ I⊗t
d ⊗ ⟪I⊗t

dE
jT̂ ðtÞ

UðddEÞ I
⊗t
d ⊗ jν⊗t

E ⟫: (B29)

Since the cHaar ensemble is generated by the unitary Haar ensemble over UðddEÞ, T̂ ðtÞ
Cðd;dEÞ can be obtained by projecting

onto the commutant of UðddEÞ, acting on the environment state νE, and then tracing out the environment. This leads to

T̂ ðtÞ
Cðd;dEÞ ¼

1

dt
X

σ;π∈St

τðtÞCðd;dEÞðσ; πÞjσ⟫⟪πj with τðtÞCðd;dEÞðσ; πÞ ¼ χðtÞdE ðσÞτ
ðtÞ
UðddEÞðσ; πÞ: (B30)

Definition 5. (Depolarize ensemble). The t-th order twirl over the depolarizing (Depolarize) ensemble DðdÞ is defined
via a single maximally depolarizing channel Ddð·Þ, with unit probability. The associated twirl and moment operator are

T ðtÞ
DðdÞð·Þ ¼ D⊗t

d ð·Þ ¼ Tr½·�
dt

I⊗t
d → T̂ ðtÞ

DðdÞ ¼ D̂⊗t
d ¼ 1

dt
jI⊗t
d ⟫⟪I⊗t

d j: (B31)

The Depolarize moment operator projects onto an invariant, trace-preserving basis, of solely the identity operator fI⊗t
d g.

We now derive explicit forms of the Haar, cHaar, and Depolarize moment operators.
Theorem 7. (Haar Moment Operators are Support-Preserving and Block-Diagonal in Localized Basis). The Haar

moment operator is block-diagonal in the localized permutation basis, as per its support,

T̂ ðtÞ
UðdÞ ¼ ⨁

Γ⊆½t�
T̂ ðΓÞ

UðdÞ ¼

2666664
T̂ ðfgÞ

UðdÞ
T̂ ðfi;jgÞ

UðdÞ
. .
.

T̂ ð½t�Þ
UðdÞ

3777775 (B32)

where

T̂ ðΓÞ
UðdÞ ¼

1

dt
X
σ;π∈St

Γσ¼Γπ¼Γ
l¼jΓj

τðlÞUðdÞð½σ̂�; ½π̂�Þj½σ̂�⟫⟪½π̂�j; and τðlÞUðdÞð½σ̂�; ½π̂�Þ ¼
X
σ⊆η∈Sl
π⊆κ∈Sl

χðlÞd ðηÞWðlÞ−1
d ðη; κÞχðlÞd ðκÞ; (B33)

with orthogonal support-dependent block moment operators T̂ ðΓÞ
UðdÞ, spanned by localized permutations ½σ̂�; ½π̂�∈ ½Ŝt� with

support Γ ¼ Γ½σ̂� ¼ Γ½π̂� ∶ Γ ⊆ ½t�, and exact identity and transposition coefficients of,

τðtÞUðdÞð½σ̂�; ½ê�Þ ¼ δσe; τðtÞUðdÞð½τ̂�; ½τ̂0�Þ ¼
1

d2 − 1
δττ0 : (B34)
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Theorem 8. (cHaar Moment Operators are Support-Non-Decreasing and Block-Lower-Triangular in Localized Basis).
The cHaar moment operator is block-lower-triangular in the localized permutation basis, as per its support,

T̂ ðtÞ
Cðd;dEÞ ¼

26666666664

T̂ ðfgÞ
Cðd;dEÞ

T̂ ðfg;fi;jgÞ
Cðd;dEÞ T̂ ðfi;jgÞ

Cðd;dEÞ
T̂ ðfg;fi;j;kgÞ

Cðd;dEÞ � � � T̂ ðfi;j;kgÞ
Cðd;dEÞ

..

. . .
.

T̂ ðΓ;Γ0Þ
Cðd;dEÞ

. .
.

T̂ ðfg;½t�Þ
Cðd;dEÞ � � � � � � � � � T̂ ð½t�Þ

Cðd;dEÞ

37777777775
(B35)

where

T̂ ðΓ;Γ0Þ
Cðd;dEÞ ¼

1

dt
X
σ;π∈St

Γσ¼Γ⊇Γπ¼Γ0
l¼jΓj≥l0¼jΓ0 j

τðlÞCðd;dEÞð½σ̂�; ½π̂�Þj½σ̂�⟫⟪½π̂�j; and τðlÞCðd;dEÞð½σ̂�; ½π̂�Þ ¼
X
σ⊆η∈Sl
π⊆κ∈Sl

χðlÞddEðηÞW
ðlÞ−1
ddE

ðη; κÞχðlÞd ðκÞ; (B36)

with orthogonal support-dependent block moment operators T̂ ðΓ;Γ0Þ
Cðd;dEÞ, spanned by localized permutations ½σ̂�; ½π̂�∈ ½Ŝt�

with support Γ½σ̂� ¼ Γ ⊇ Γ0 ¼ Γ½π̂� ∶ Γ;Γ0 ⊆ ½t�, and exact identity and transposition coefficients of,

τðtÞCðd;dEÞð½ê�; ½ê�Þ ¼ 1; τðtÞCðd;dEÞð½τ̂�; ½ê�Þ ¼
dE − 1

d2d2E − 1
; τðtÞCðd;dEÞð½τ̂�; ½τ̂0�Þ ¼

dE
d2d2E − 1

δττ0 : (B37)

Proof. Let us express the moment operators in terms of the orthogonal with respect to support localized permutation
basis ½Ŝt�. In particular, cHaar ensemble moment operators are generated by support-preserving Haar ensemble moment
operators in the composite system and environment space,

T̂ ðtÞ
UðddEÞ ¼

1

dtdtE

X
σ;π∈St

τðtÞUðddEÞðσ; πÞjσHσE⟫⟪πHπEj (B38)

¼ 1

dtdtE

X
η;η0 ∈St
κ;κ0 ∈St

Γη∪Γη0 ¼Γκ∪Γκ0
Γ¼Γη∪Γη0 ;l¼jΓj

X
η;η0⊆σ∈Sl
κ;κ0⊆π∈Sl

χðlÞddEðσÞτ
ðlÞ
UðddEÞðσ; πÞχ

ðlÞ
ddE

ðπÞj½η̂H�½η̂0E�⟫⟪½κ̂H�½κ̂0E�j: (B39)

In particular, we note that the support of the input permutations κ; κ0 can be changed from
Γη ∪ Γη0 ¼ Γκ ∪ Γκ0 → Γη ∪ Γη0 ⊇ Γκ ∪ Γκ0 , as any coefficients arising from summations over π ⊇ κ; κ0 will cancel to
zero for Γκ ∪ Γκ0 ⊂ Γη ∪ Γη0. Hence, we can write the Haar ensemble moment operator in the composite system and
environment space as,

T̂ ðtÞ
UðddEÞ ¼

1

dtdtE

X
η;η0 ∈St

η;η0⊆σ∈Sl
Γ¼Γη∪Γη0 ;l¼jΓj;

X
κ;κ0 ∈Sl

κ;κ0⊆π∈Sl
Γη∪Γη0⊇Γκ∪Γκ0

χðlÞddEðσÞτ
ðlÞ
UðddEÞðσ; πÞχ

ðlÞ
ddE

ðπÞj½η̂H�½η̂0E�⟫⟪½κ̂H�½κ̂0E�j (B40)

¼ 1

dtdtE

X
η;η0 ∈St

η;η0⊆σ∈Sl
Γ¼Γη∪Γη0 ¼Γσ ;l¼jΓj

X
π∈Sl
Γπ⊆Γ

χðlÞddEðσÞτ
ðlÞ
UðddEÞðσ; πÞj½η̂H�½η̂0E�⟫⟪πHπEj: (B41)

From here, we can show that the cHaar ensemble moment is support-non-decreasing
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T̂ ðtÞ
Cðd;dEÞ ¼ I⊗t

d ⊗ ⟪I⊗t
dE
jT̂ ðtÞ

UðddEÞ I
⊗t
d ⊗ jν⊗t

E ⟫ (B42)

¼ 1

dtdtE

X
η;η0 ∈St

η;η0⊆σ∈Sl
Γ¼Γη∪Γη0 ;l¼jΓj

X
π∈Sl
Γπ⊆Γ

χðlÞddEðσÞτ
ðlÞ
UðddEÞðσ; πÞ⟪I

⊗t
dE
j½η̂0E�⟫⟪πEjν⊗t

E ⟫j½η̂H�⟫⟪πHj (B43)

¼ 1

dt
X
η∈St

η⊆σ∈Sl
Γ¼Γη ;l¼jΓj

X
π∈Sl
Γπ⊆Γ

χðlÞddEðσÞτ
ðlÞ
UðddEÞðσ; πÞj½η̂H�⟫⟪πHj (B44)

¼ 1

dt
X
η∈St

η⊆σ∈Sl
Γ¼Γη ;l¼jΓj

X
π∈Sl

κ⊆π ∈Sl
Γη⊆Γ

χðlÞddEðσÞτ
ðlÞ
UðddEÞðσ; πÞχ

ðlÞ
d ðπÞj½η̂H�⟫⟪½κ̂H�j (B45)

¼ 1

dt
X
σ;π∈St

Γ¼Γσ⊇Γπ ;l¼jΓj

τðlÞCðd;dEÞð½σ̂�; ½π̂�Þj½σ̂�⟫⟪½π̂�j∶ τðlÞCðd;dEÞð½σ̂�; ½π̂�Þ ¼
X
σ⊆η∈Sl
π⊆κ∈Sl

χðlÞddEðηÞτ
ðlÞ
UðddEÞðη; κÞχ

ðlÞ
d ðκÞ: (B46)

▪
To illustrate these properties, we compute the exact t ¼ 3; 4; 5-order Haar and cHaar transfer matrices, for dE ¼ d2 [94],

as shown in Fig. 9. Here, we can see that a sparse, support-dependent block-diagonal or block-lower-triangular structure
occurs. Within the transfer matrices, many of the ðtlÞ locality-l blocks, of size !l, are identical and correspond to l ≤ t-order
twirl blocks, due to isomorphisms between permutations. Such structure is primarily attributed to the localized
permutation basis being orthogonal with respect to support. For the Haar ensemble, the Haar invariance enforces the
support-preserving behavior, and for the cHaar ensemble, the environment space partial trace enforces the support-
increasing behavior. From these results, and inspired by similar discussions in [119], we provide intriguing identities for
permutations σ; π∈St of support Γ ¼ Γσ ⊇ Γπ and locality l ¼ jΓj, and general dimensions d; dE,

FIG. 9. Moment operators in a basis that block diagonalizes the Haar moment operator as a permutation transfer matrix. Scaling of
the t-th order moment operator transfer matrix elements for the Haar (top) and cHaar (bottom) ensembles in the localized permutation
basis, for t ¼ 3; 4; 5 and dE ¼ d2. Depicted are matrix elements corresponding to all pairs of t! permutations σ; π∈St, sorted by their
support, from the smallest identity (top-left corner), to largest cycles (bottom-right corner), with leading-order scaling l (colored

gradient), such that, τðtÞUðdÞð½σ̂�; ½π̂�Þ; τðtÞCðd;dEÞð½σ̂�; ½π̂�Þ ∼Oð1=dlÞ. A sparse, support-dependent block-diagonal (Haar) or block-lower-
triangular (cHaar) structure of coefficients occurs, and transposition coefficients (light-purple top-left diagonal) are uniquely diagonal
1=ðd2 − 1Þ (Haar), or diagonal and non-unital ðdE − δπeÞ=ðd2d2E − 1Þ (cHaar).
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X
η;κ∈St
η⊇σ;κ⊇π

χðtÞddEðηÞW
ðtÞ−1
ddE

ðη; κÞχðtÞd ðκÞ ¼
X
η;κ∈Sl
η⊇σ;κ⊇π

χðlÞddEðηÞW
ðlÞ−1
ddE

ðη; κÞχðlÞd ðκÞðδΓσ⊇Γπ
δdE>1 þ δΓσ¼Γπ

δdE¼1Þ: (B47)

Next, we turn our attention to computing the exact t ¼ 1; 2-order moment operator for the k-concatenated cHaar

ensemble. In particular, T̂ ðtÞ
Cðd;dEÞ is not a projector (it is not obtained as the average of a group), then T̂

ðtÞk
Cðd;dEÞ ≠ T̂ ðtÞ

Cðd;dEÞ, and
we are interested in its convergence properties with k. A straightforward calculation leads to the following lemma.
Lemma 4. (Exact t ¼ 1; 2-order cHaar Moment Operators). k-concatenated t ¼ 1; 2-order cHaar moment operators, for

all dimensions d; dE, are,

T̂ ð1Þk
Cðd;dEÞ ¼

1

d
j½ê�⟫⟪½ê�j

T̂ ð2Þk
Cðd;dEÞ ¼

1

d2
j½ê�⟫⟪½ê�j þ 1

d2
dE − 1
d2d2E − 1

�
1þ

Xk−1
s>0

�
dE

d2 − 1
d2d2E − 1

�
s
�
j½τ̂�⟫⟪½ê�j þ 1

d2
1

d2 − 1

�
dE

d2 − 1
d2d2E − 1

�
k

j½τ̂�⟫⟪½τ̂�j; (B48)

where ½ê� ¼ I⊗t
d is the identity operator, and ½τ̂� ¼ dSd − I⊗2

d ¼ P
P∈PdnfIdg P ⊗ P† is the localized transposition

operator.
From the previous results for individual transfer matrix elements, and overlaps between basis operators, we can bound

the transfer matrix elements for general t-th order moment operators for the k-concatenated cHaar ensemble.
Theorem 9. (Asymptotic t-th order cHaar Moment Operators). k-concatenated t-th order cHaar moment operators, in

the asymptotic limit ddE → ∞, have transfer matrix elements upper bounded by,

jτðl;kÞCðd;dEÞð½σ̂�; ½π̂�Þj ≤
1

djσjþjπjdjσjþðk−1ÞjΓπ j=2
E

Cðl;kÞ
τ δΓσ⊇Γπ

; (B49)

for σ; π∈Sl, l∈ ½tþ 1�, given t; k-dependent constants Cðl;kÞ
τ ¼ 1

l!2 c4l
CðlÞk
λ , and CðlÞ

λ ¼ l!2 χl c7l .

Proof. By definition, for σ; π∈Sl we have bounds for the individual transfer matrix elements and overlaps of,

τðlÞCðd;dEÞð½σ̂�; ½π̂�Þ ¼
X

σ⊆η;π⊆κ
χðlÞddEðηÞW

ðlÞ−1
ddE

ðη; κÞχðlÞd ðκÞδΓσ⊇Γπ
≤

1

djσjþjπjdjσjE

CðlÞ
τ δΓσ⊇Γπ

(B50)

χðlÞd ð½σ̂�; ½π̂�Þ ¼
X

η⊆σ;κ⊆π
cðη−1σÞcðκ−1πÞ χðlÞd ðη; κÞ

χðlÞd ðηÞχðlÞd ðκÞ
δΓσΓπ

≤ d jσjþjπjCðlÞ
χ δΓσΓπ

(B51)

CðlÞ
τ ¼ χl c3l ; CðlÞ

χ ¼ c2σ c2π; (B52)

up to l-dependent constants χl > 0 [119]. We can also bound the Catalan, Möbius, and Weingarten functions as,

cðσÞ ≤ jcðσÞj ¼
Y
λ∈ σ

cjλj ≤ cσ ¼
Y
λ∈ σ

cjλjþ1 ≤ cl ≤ e2l ∶
�
t
l

�
≤ e2l

�
t
2l

�
l

(B53)

WðlÞ−1
d ðσÞ ≤ χl cðσÞ

1

djσj
≤ χl cσ

1

djσj
(B54)

jσj þ jπj � jσ−1πj≥≤ jσj þ jπj; jσj þ jσ−1πj ≥ jσj; ⌈l=2⌉ ≤ jσj ≤ l − 1 (B55)

jfσ ⊇ π∈Slgj ¼ cσ ≤ cl; jfσ ⊆ π∈Slgj ≤ cl−jσj ≤ cl: (B56)
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Then, k-concatenations of l ≤ t-order cHaar moment operators have transfer matrix elements for σ; π∈Sl of the form,

τðl;kÞCðd;dEÞð½σ̂�; ½π̂�Þ ¼
X

fσi ;πi ∈Sli
gi∈ ½k�

Γπi−1¼Γπi⊆Γσi¼Γσiþ1
σk−1¼σ;π0¼π;li¼jΓσi j

Y
i∈ ½k�

τðliÞCðd;dEÞð½σ̂i�; ½π̂i�Þ
Y

i∈ ½k−1�
WðliÞ−1

ddE
ð½π̂iþ1�; ½σ̂i�Þ: (B57)

Given the support constraints fg ⊆ Γπ ⊆ � � � ⊆ Γπi ⊆ Γσi ⊆ � � � ⊆ Γσ ⊆ ½l� of the propagated permutations, the telescoping
of the system dimension scalings canceling from identical scaling of the transfer matrices ∼djσijþjπij and overlaps

∼1=djσijþjπiþ1j, and the environment dimension scalings ∼1=djσijE being bounded by the at least jΓπj-locality minimal
permutations fσi ∶ Γσi ¼ Γπi ¼ Γπ; jσij ≥ jΓπj=2 ≥ jΓπj=2gi∈ ½k−1�, propagating through until the k − 1-th moment
operator, the k-concatenated l ≤ t-order transfer matrix elements are bounded by,

jτðl;kÞCðd;dEÞð½σ̂�; ½π̂�Þj ≤
1

djσjþjπjdjσjþðk−1ÞjΓπ j=2
E

Cðl;kÞ
τ δΓσ⊇Γπ

(B58)

Cðl;kÞ
τ ¼ l!2ðk−1Þ χkl c

3kþ4ðk−1Þ
l ¼ 1

l!2 c4l
ðl!2 χl c7l Þk ¼

1

l!2 c4l
CðlÞk
λ ; CðlÞ

λ ≔ l!2 χl c7l : (B59)

Finally, we note that the simplest non-trivial transpositions are orthogonal, with exact transfer matrices and overlaps of,

τðl;kÞCðd;dEÞð½τ̂�; ½ê�Þ ¼
dE − 1

d2d2E − 1

"
1þ

Xk−1
s>0

�
dE

d2 − 1

d2d2E − 1

�s#
; τðl;kÞCðd;dEÞð½τ̂�; ½τ̂0�Þ ¼

1

d2 − 1

�
dE

d2 − 1

d2d2E − 1

�k
δττ0 (B60)

χðlÞd ð½τ̂�; ½τ̂0�Þ ¼ ðd2 − 1Þ δττ0 : (B61)

▪

3. Spectral properties and hierarchies of moment operators

In this section we derive spectral properties for the moment operators of the reference ensembles. These will allow us to
derive a hierarchy between the Haar, cHaar, and Depolarize ensembles via their moment operator norms.
First, we investigate the leading eigenvectors of the cHaar moment operator.
Theorem 10. (Leading Eigenvectors of cHaar Moment Operators). The t-th order k-concatenated cHaar moment

operator has a unit leading eigenvalue λ ¼ 1, a leading right-eigenvector jψ⟫ of a uniform combination of permutations,
weighted by their characters, and a leading left-eigenvector jφ⟫ reflecting trace-preservation. That is, the cHaar moment
operator

T̂ ðtÞk
Cðd;dEÞ ¼

jψ⟫⟪φj
⟪φjψ⟫ þ � � � ; ∶ jψ⟫ ¼

X
σ∈St

χðtÞddEðσÞjσ⟫; jφ⟫ ¼ je⟫ (B62)

has a leading-order, concatenation-invariant, non-unital, and trace-preserving contribution.
Proof. To confirm that such vectors jψ⟫; jφ⟫ are eigenvectors of the cHaar moment operator, our goal is to show that,

T̂ ðtÞ
Cðd;dEÞjψ⟫ ¼ jψ⟫ and ⟪φjT̂ ðtÞ

Cðd;dEÞ ¼ ⟪φj: (B63)

Given the orthogonality of the characters and Weingarten functions, the invariance of the characters under inverses of

permutations, χðtÞd ðπ; ςÞ ¼ χðtÞd ðπ−1ςÞ ¼ χðtÞd ðς−1πÞ, and letting ς → π−1ς, we find,

T̂ ðtÞ
Cðd;dEÞjψ⟫ ¼

X
σ;π;ς∈St

χðtÞdE ðσÞW
ðtÞ−1
ddE

ðσ; πÞχðtÞd ðπ; ςÞχðtÞddEðςÞjσ⟫ ¼
X

σ;π;ς∈St

χðtÞdE ðσÞW
ðtÞ−1
ddE

ðσ; πÞχðtÞddEðπ; ς−1Þχ
ðtÞ
d ðςÞjσ⟫ ¼ jψ⟫

⟪φjT̂ ðtÞ
Cðd;dEÞ ¼

X
σ;π∈St

χðtÞd ðσÞχðtÞdE ðσÞW
ðtÞ−1
ddE

ðσ; πÞ⟪πj ¼
X

σ;π∈St

χðtÞddEðσÞW
ðtÞ−1
ddE

ðσ; πÞ⟪πj ¼
X
π∈St

δπe⟪πj ¼ ⟪φj: (B64)
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Given the Jucys-Murphy character sums [136],
P

σ∈St
χðtÞd ðσÞ ¼ ðdþt−1

t Þ t!
dt, the eigenvectors have overlaps of,

χðtÞd ðφ;ψÞ ¼ χðtÞd ðψÞ ¼ 1

dt
⟪φjψ⟫ ¼

X
σ∈St

χðtÞ
d2dE

ðσÞ ¼
�
d2dE þ t − 1

t

�
t!

d2tdtE
¼ 1þ

�
t
2

�
1

d2dE
þO

�
1

d4d2E

�
: (B65)

▪
In fact, we can bound all of the eigenvalues, the norm, and the trace of the Haar, cHaar, and Depolarize ensembles, by

making use of the following lemma.
Lemma 5. (Spectrum with respect to Localized Permutation Basis). The spectrum of the cHaar moment operator in the

linearly independent, but not strictly orthogonal localized permutation basis, is,

Spectrum of T̂ ðtÞk
Cðd;dEÞ ¼ Spectrum of

h
τ̃ðt;kÞCðd;dEÞðσ; πÞ

i
σ;π∈St

∶ τ̃ðt;kÞCðd;dEÞðσ; πÞ ¼
X
ς∈St

τðt;kÞCðd;dEÞð½σ̂�; ½ς̂�Þχ
ðtÞ
d ð½ς̂�; ½π̂�Þ

τ̃ðt;kÞ0Cðd;dEÞðσ; πÞ ¼
X
ς∈St

χðtÞd ð½σ̂�; ½ς̂�Þτðt;kÞCðd;dEÞð½ς̂�; ½π̂�Þ
; (B66)

expressed as the spectrum of the modified transfer matrix τ̃ðt;kÞCðd;dEÞ in the localized permutation basis, with bounded
elements,

τ̃ðl;kÞCðd;dEÞðσ; πÞ ≤
1

djσj−jπj
1

djσjþðk−1Þl0=2
E

Cðl;l0;kÞ
τ̃ δΓσ⊇Γπ

(B67)

τ̃ðl;kÞ0Cðd;dEÞðσ; πÞ ≤ djσj−jπj 1

dl=2þðk−1Þl0=2
E

Cðl;l0;kÞ
τ̃0 δΓσ⊇Γπ

; (B68)

given l; k-dependent constants Cðl;l0;kÞ
τ̃ ¼ l!2ðk−1Þ l0!χkl c

3kþ4ðk−1Þ
l c4l0 and Cðl;l0;kÞ

τ̃0 ¼ l!2ðk−1Þ l!χkl c
3kþ4ðk−1Þ
l c4l .

Proof. Let T̂ ¼ P
α;β∈S τðα; βÞjα⟫⟪βj be a matrix, expressed in terms of a linearly independent basis S ∋ α; β, with

overlaps χðα; βÞ ¼ ⟪αjβ⟫. Its eigenvalue equation, given an eigenvector jν⟫ ¼ P
α∈S νðαÞjα⟫, and eigenvalue λ, is,

T̂ jν⟫ ¼ λjν⟫ →
X
ξ;β∈S

τðα; ξÞχðξ; βÞνðβÞ ¼ λ νðαÞ ∀ α → τ̃ ν ¼ λ ν ∶ τ̃ðα; βÞ ¼
X
ξ∈S

τðα; ξÞχðξ; βÞ: (B69)

Therefore the eigenvectors and eigenvalues of T̂ are equivalent to the eigenvectors of components fνðαÞgα∈S and
eigenvalues λ of the modified matrix τ̃, with respect to the basis S.
To bound the modified cHaar transfer matrix elements, we rely on the block-lower-triangular structure of the cHaar

moment operator in this localized basis, The cHaar moment operator can be partitioned into blocks labeled by supports
Γ;Γ0, with associated localities l ¼ jΓj; l0 ¼ jΓ0j, and spanned by permutations σ∈Sl and π∈Sl0 such that
Γσ ¼ Γ ⊇ Γ0 ¼ Γπ. We also recall that the transfer matrix and overlaps for these blocks have bounds of,

���τðl;kÞCðd;dEÞð½σ̂�; ½π̂�Þ
��� ≤ 1

djσjþjπjdjσjþðk−1Þl=2
E

Cðl;kÞ
τ δΓσ⊇Γπ

;
���χðlÞd ð½σ̂�; ½π̂�Þ

��� ≤ djσjþjπj CðlÞ
χ δΓσΓπ

; (B70)

Cðl;kÞ
τ ¼ l!2ðk−1Þ χkl c

3kþ4ðk−1Þ
l ; CðlÞ

χ ¼ c4l : (B71)
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The modified transfer matrix elements, as sums over permutations ς∈Sl, can thus be bounded by,

τ̃ðl;kÞCðd;dEÞðσ; πÞ ¼
X
ς∈Sl

Γσ¼Γ⊇Γ0¼Γς¼Γπ

τðl;kÞCðd;dEÞð½σ̂�; ½ς̂�Þχ
ðl0Þ
d ð½ς̂�; ½π̂�Þ ≤ max

σ;ς;π∈Sl
Γσ¼Γ⊇Γ0¼Γς¼Γπ

!l0
���τðl;kÞCðd;dEÞð½σ̂�; ½ς̂�Þ

��� ���χðl0Þd ð½ς̂�; ½π̂�Þ
���

≤
1

djσj−jπj
1

djσjþðk−1Þl0=2
E

Cðl;l0;kÞ
τ̃ δΓσ⊇Γπ

≤ Cðl;l0;kÞ
τ̃ δΓσ⊇Γπ

8>><>>:
�

1
ddE

�
l=2 l > 0

l0 ¼ 0

1

dkþðkþ1Þðl−l0Þ=2
E

�
d
dkE

�ððl0−2Þ−ðl−l0ÞÞ=2 l > 0

l0 > 0

(B72)

Cðl;l0;kÞ
τ̃ ¼ l0!Cðl;kÞ

τ Cðl0Þ
χ ¼ l!2ðk−1Þ l0!χkl c

3kþ4ðk−1Þ
l c4l0 ; (B73)

τ̃ðl;kÞ0Cðd;dEÞðσ; πÞ ¼
X
ς∈Sl

Γσ¼Γς¼Γ⊇Γ0¼Γπ

χðlÞd ð½σ̂�; ½ς̂�Þτðl;kÞCðd;dEÞð½ς̂�; ½π̂�Þ ≤ max
σ;ς;π ∈Sl

Γσ¼Γς¼Γ⊇Γ0¼Γπ

!l
���χðlÞd ð½σ̂�; ½ς̂�Þ

��� ���τðl;kÞCðd;dEÞð½ς̂�; ½π̂�Þ
���

≤ djσj−jπj 1

dl=2þðk−1Þl0=2
E

Cðl;l0;kÞ
τ̃0 δΓσ⊇Γπ

≤ Cðl;l0;kÞ
τ̃0 δΓσ⊇Γπ

8>><>>:
dl=2−1E

�
d
dE

�
l−1 l > 0

l0 ¼ 0

1

dkþð1−2kÞðl−l0Þ=2
E

�
d
dkE

�ððl−2Þþðl−l0ÞÞ=2 l > 0

l0 > 0

(B74)

Cðl;l0;kÞ
τ̃0 ¼ l!Cðl;kÞ

τ CðlÞ
χ ¼ l!2ðk−1Þ l!χkl c

3kþ4ðk−1Þ
l c4l ; (B75)

where the final bounds follow from considering scaling separately for each case of l0 ¼ 0; l0 > 0, and from the fact that
l > 0-locality permutations σ∈Sl have sizes bounded by l=2 ≤ ⌈l=2⌉ ≤ jσj ≤ l − 1. ▪
We now will make use of the derived bounds for the modified k-concatenated, t-order cHaar moment operator transfer

matrix elements to bound its spectra, norm, and trace, and assess its overall spectral properties.
Theorem 11. (Spectrum of cHaar Moment Operator). The t-th order cHaar moment operator has a single leading

eigenvalue λ ¼ 1, and in the asymptotic limit ddE → ∞, for fixed t, all non-leading eigenvalues are upper bounded by,

0 ≤ jλj ≤ 1

dl=2E

CðlÞ
λ < 1; (B76)

and jλj < 1 for sufficiently large dE, given t-dependent constants CðlÞ
λ ¼ l!2 χl c7l , and some 2 ≤ l ≤ t.

Proof. Here, we use Gershgorin’s circle theorem [137], in the non-orthogonal, block matrix case. Eigenvalues λ of the
Γ-support, l ≥ 2-locality, !l-sized diagonal blocks of the cHaar moment operator, satisfy

jλj ¼ jλkj1k ≤
�
!l max

σ;π ∈Sl
Γσ¼Γπ¼Γ

���τ̃ðl;kÞCðd;dEÞðσ; πÞ
����1

k
≤
�
1

dkE

�
d
dkE

�l−2
2

Cðl;kÞ
λ

�1
k

≤
k→∞ 1

dl=2E

CðlÞ
λ (B77)

Cðl;kÞ
λ ¼ l!Cðl;l;kÞ

τ̃ ¼ l!2k χkl c
7k
l ¼ CðlÞk

λ ; CðlÞ
λ ¼ l!2 χl c7l ; (B78)

given eigenvalues of k-concatenations of a matrix are equal to k powers of the eigenvalues, given the bounds on the

modified k-concatenated transfer matrix elements τ̃ðl;kÞCðd;dEÞ, and given we can take the k → ∞ limit for fixed t; d; dE. ▪
Theorem 12. (Norm and Trace of Moment Operators). The k-concatenated Haar, cHaar, and Depolarize moment

operators have norms and traces, in the asymptotic limit ddE → ∞ for fixed t; k, upper bounded by,���T̂ ðtÞk
UðdÞ

���2 ¼ Tr½T̂ ðtÞk
UðdÞ� ¼ t!;

���T̂ ðtÞk
DðdÞ

���2 ¼ Tr
h
T̂ ðtÞk

DðdÞ
i
¼ 1 (B79)

���T̂ ðtÞk
Cðd;dEÞ

���2 ≤ 1þ 1

d2E
Cðt;kÞ
kτk ; Tr

h
T̂ ðtÞk

Cðd;dEÞ
i
≤ 1þ 1

dkE
Cðt;kÞ
Tr½τ�; (B80)

given t; k-dependent constants Cðt;kÞ
kτk ¼ t!2−1

t!2 CðtÞ2k
λ , Cðt;kÞ

Tr½τ� ¼ ðt!2 − 1ÞCðtÞk
λ , and CðtÞ

λ ¼ t!2 χt c7t .
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Proof. The exact norm and trace of the k-concatenated t-th order Haar and Depolarize moment operators are given by���T̂ ðtÞk
UðdÞ

���2 ¼ ���T̂ ðtÞ
UðdÞ

���2 ¼ Tr
h
T̂ ðtÞ

UðdÞ
i
¼

X
σ;π∈St

WðtÞ−1
d ðσ; πÞχðtÞd ðπ; σÞ ¼ jStj (B81)

���T̂ ðtÞk
DðdÞ

���2 ¼ ���T̂ ðtÞ
DðdÞ

���2 ¼ Tr
h
T̂ ðtÞ

DðdÞ
i
¼ 1: (B82)

The exact norm and trace of t-th order cHaar moment operator do not appear to simplify, however can be bounded as,���T̂ ðtÞk
Cðd;dEÞ

���2 ¼ X
Γ0⊆Γ⊆½t�

jΓj¼l≥l0¼jΓ0 j

X
σ;π∈Sl

Γσ¼Γ⊇Γ0¼Γπ

τ̃ðl;kÞ0Cðd;dEÞðσ; πÞτ̃
ðl;kÞ
Cðd;dEÞðσ; πÞ (B83)

≤ 1þ ðt!2 − 1Þmax
l0≤l≤t
l≤2

1

dlþðk−1Þl0
E

Cðl;l0;kÞ
τ̃ Cðl;l0;kÞ

τ̃0 ≤ 1þ 1

d2E
Cðt;kÞ
kτk (B84)

Tr½T̂ ðtÞk
Cðd;dEÞ� ¼

X
s∈ ½t!�

λks ≤ 1þ ðt!2 − 1Þmax
2≤l≤t

1

dkl=2E

CðlÞk
λ ≤ 1þ 1

dkE
Cðt;kÞ
Tr½τ� (B85)

Cðt;kÞ
kτk ¼ ðt!2 − 1Þ Cðt;t;kÞ2

τ̃ ¼ t!2 − 1

t!2
CðtÞ2k
λ ; Cðt;kÞ

Tr½τ� ¼ ðt!2 − 1ÞCðtÞk
λ ; CðtÞ

λ ¼ t!2 χt c7t ; (B86)

given the bounds on the modified k-concatenated transfer matrix elements τ̃ðl;kÞCðd;dEÞ; τ̃
ðl;kÞ0
Cðd;dEÞ. ▪

For sufficiently large dE, all non-leading cHaar moment operator eigenvalues are jλj < 1, which agrees with the fact that
all channels have jλj ≤ 1 [138]. For l ¼ 2, we have exactly λ ¼ dEðd2 − 1Þ=ðd2d2E − 1Þ.
Next, we can find that all trace-preserving moment operators over ensembles C can be expressed as the Depolarize

moment operator T̂ ðtÞ
DðdÞ, plus deviations Δ̂

ðtÞ
C , and the cHaar Cðd; dEÞ ensemble is invariant under the Haar UðdÞ ensemble,

T̂ ðtÞ
C ¼ T̂ ðtÞ

DðdÞ þ Δ̂ðtÞ
C (B87)

T̂ ðtÞ
Cðd;dEÞ ¼ I⊗2t

d ⊗ ⟪I⊗t
d jT̂ ðtÞ

UðddEÞ I
⊗2t
d ⊗ jν⊗t

E ⟫ (B88)

T̂ ðtÞ
DðdÞT̂

ðtÞ
C ¼ T̂ ðtÞ†

C T̂ ðtÞ
DðdÞ ¼ T̂ ðtÞ

DðdÞ; T̂ ðtÞ
UðdÞT̂

ðtÞ
Cðd;dEÞ ¼ T̂ ðtÞ

Cðd;dEÞ T̂ ðtÞ
UðdÞ ¼ T̂ ðtÞ

Cðd;dEÞ; T̂ ðtÞk
UðdÞ ¼ T̂ ðtÞ

UðdÞ; T̂ ðtÞ†
UðdÞ ¼ T̂ ðtÞ

UðdÞ:

(B89)

From these relationships, and the exact forms of the moment operators obtained above, the following relationships hold:
Corollary 1. (cHaar Moment Operator Limits). The k-concatenated t-th order cHaar moment operator satisfies,

lim
ddE→d

T̂ ðtÞk
Cðd;dEÞ ¼ T̂ ðtÞ

UðdÞ; lim
ddE→∞

T̂ ðtÞk
Cðd;dEÞ ¼ T̂ ðtÞ

DðdÞ: (B90)

Corollary 2. (cHaar Moment Operator Converges to Depolarizing and Non-Unital Channel). The k-concatenated t-th
order cHaar moment operator is inherently depolarizing, with next-leading-order concatenation-independent non-unital

behavior, and concatenation-dependent unital terms. For all dimensions, given traceless operators Tðt;kÞ
d ; Tðt;kÞ0

d ∈B½H⊗t�,

lim
ddE→∞

T̂ ðtÞk
Cðd;dEÞ ¼

1

dt
jI⊗t
d ⟫⟪I⊗t

d j þ 1
dt
O
�

1
ddE

�
jTðt;kÞ

d ⟫⟪I⊗t
d j þ 1

dt
O
�

1
d2dkE

�
jTðt;kÞ

d ⟫⟪Tðt;kÞ0
d j: (B91)

Indeed, in the localized permutation basis, the projector Haar moment operators have an invariant block-diagonal
structure, and the non-projector cHaar moment operators have a block-lower-triangular structure, whose elements decay
with dimension and concatenations. The average behavior of random quantum channels is thus a useful pedagogical tool,
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given it interpolates with dimension, between trivial environments and unitarity, and large dimensions and depolarization.
In Fig. 10, we numerically illustrate this bounded behavior for moment operator norms, for different t, k, and dE.
The previous results indicate that as we concatenate cHaar random channels k times, the resulting composite transfer

matrix elements are suppressed, which intuitively means the moment operator norm should also decrease until it converges
to the norm of a single projector with a unit eigenvalue. In the large ddE → ∞ limit, this intuition is verified, but given that
the cHaar moment operator has no closed form, we instead postulate that the following conjecture should hold.
Conjecture 1. (Hierarchy of Haar, cHaar, Depolarize Ensembles). Given there exists an exact hierarchy between the

k-concatenated, t-th order Haar, cHaar, and Depolarize moment operators in the asymptotic limit ddE → ∞,

1 ¼
���T̂ ðtÞ

DðdÞ
���2 ≤ ���T̂ ðtÞk

Cðd;dEÞ
���2 ≤ ���T̂ ðtÞ

UðdÞ
���2 ¼ t!; (B92)

it is conjectured that such a hierarchy holds for all concatenations k, orders t, and dimensions d; dE . Further, it is
conjectured that the cHaar norm is monotonically non-increasing with environment dimension and concatenations,

���T̂ ðtÞk
Cðd;d0EÞ

���2 ≥? ���T̂ ðtÞk
Cðd;dEÞ

���2 ∀ d0E ≥ dE;
���T̂ ðtÞk0

Cðd;dEÞ
���2 ≤? ���T̂ ðtÞk

Cðd;dEÞ
���2 ∀ k0 ≥ k: (B93)

Given the relationship between trace-preserving moment operators and the invariant Depolarize moment operator,���T̂ ðtÞ
C − T̂ ðtÞ

DðdÞ
���2 ¼ ���T̂ ðtÞ

C

���2 − ���T̂ ðtÞ
DðdÞ

���2 ≥ 0 →
���T̂ ðtÞ

C

���2 ≥ ���T̂ ðtÞ
DðdÞ

���2; (B94)

and given the partial invariance of the Haar and cHaar ensembles, the conjecture is true if

FIG. 10. cHaar moment operator norm scaling. Norm of the k-concatenated t-th order cHaar moment operator kT̂ ðt;kÞ
Cðd;dEÞk2 as a

function of the system dimension d, for environment dimensions dE, concatenations k, and orders t. Norms are computed exactly using

the derived closed-form expressions for T̂ ðt;kÞ
Cðd;dEÞ, and symbolic methods [94]. Norms converge to their leading-order, system dimension

d-independent term, and decay monotonically with environment dimension dE or with concatenation k, for all t, from kT̂ ðt;kÞ
UðdÞk2 ¼ t!

(1 on scaled axis) to kT̂ ðt;kÞ
DðdÞk2 ¼ 1 (1=t! gray dashed lines on scaled axis). The depicted scalings confirm the bounded behavior, even

for constant environment dimension dE < d, of the cHaar moment operator as it interpolates between unitary and depolarizing

behavior. Further, such results suggest that the conjecture that kT̂ ðt;kÞ
Cðd;dEÞk2 ≤ kT̂ ðt;kÞ

UðdÞk2 holds absolutely.
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���T̂ ðtÞk
Cðd;dEÞ − T̂ ðtÞ

UðdÞ
���2 ≥ 0 →

���T̂ ðtÞ
UðdÞ

���2 − ���T̂ ðtÞk
Cðd;dEÞ

���2 ≥ 2
�
Tr
h
T̂ ðtÞk

Cðd;dEÞ
i
−
���T̂ ðtÞk

Cðd;dEÞ
���2� ≥

?
0: (B95)

This conjecture, and this bound on the difference of Haar and cHaar moment operator norms, holds in the asymptotic limit
ddE → ∞, where both norms converge to 1. However, our analysis is limited in part by the lack of closed forms for the
Weingarten functions, and from our approaches of (possibly loosely) bounding quantities in terms of maximum cHaar
transfer matrix elements. Different, possibly representation-theoretic-based approaches are necessary to prove this non-
trivial, but important hierarchy conjecture for general d; dE.

APPENDIX C: MOMENT OPERATORS OF NOISY ENSEMBLES

In these appendices, we calculate moment operators for ensembles of noisy unitary channels and investigate their
scaling with respect to concatenations, dimension, and noise parameters.

1. Composite noise channels

Here, we seek to calculate moment operators for composite ensembles of channelsN ∘U, where the unitary component
is sampled as U ∼ U, and where the noise component is a fixed noise channel N . The t-th order composite moment

operator, T̂ ðtÞ
UN ¼ N ∘ T̂ ðtÞ

U , then may be concatenated k times,

T̂ ðtÞk
UN ¼

Y
i∈ ½k�

dN⊗t ∘ T̂ ðtÞ
U ¼ D̂⊗t

d þ Δ̂ðt;kÞ
UN (C1)

with trace-preserving depolarization D̂⊗t
d and extraneous Δ̂ðt;kÞ

UN terms of

D̂⊗t
d ¼ 1

dt
jI⊗t
d ⟫⟪I⊗t

d j and Δ̂ðt;kÞ
UN ¼ 1

dt
X

P∈SðtÞ
N
nfI⊗t

d g;S∈SðtÞ
U

τðt;kÞUN ðP; SÞjP⟫⟪Sj: (C2)

The concatenated composite transfer matrices τðt;kÞUN can be expressed in terms of the component transfer matrices τðtÞN ; τðtÞU ,

with respective bases SðtÞ
U ;SðtÞ

N for each component

τðtÞUN ðP; SÞ ¼
X

Q∈SðtÞ
N
;T ∈SðtÞ

U

τðtÞN ðP;QÞχðtÞd ðQ; TÞτðtÞU ðT; SÞ → τðt;kÞUN ðP; SÞ ¼
X

Q∈SðtÞ
U ;T ∈SðtÞ

N

τðtÞUN ðP;QÞχðtÞd ðQ; TÞτðt;k−1ÞUN ðT; SÞ: (C3)

The most appropriate basis for each component, and whether SðtÞ
U ≠ SðtÞ

N , greatly affects their interplay and the ease of

analysis of the scaling of moment operator norms kΔ̂ðt;kÞ
UN k ¼ kT̂ ðtÞk

UN − D̂⊗t
d k, with variables t; k; d.

2. Unital and non-unital noise and haar random unitary channels

Here, we consider random unitary channels from any Haar-distributed unitary ensemble with group structure U,
followed by fixed diagonal unital or non-unital noise N ¼ N γ;N γη, and derive the scaling of their k-concatenated t-th
order composite moment operators with t; k; d; γ; η.
For the unitary component, t-th order moment operators over U are, in an orthogonal basis SðtÞ

U ¼ Pt
d,

T̂ ðtÞ
U ¼

Z
U
dUU⊗t ⊗ U⊗t� ¼ 1

dt
X

P;S∈Pt
d

τðtÞU ðP; SÞjP⟫⟪Sj∶ τðtÞU ðP; SÞ ∝ δΓPΓS
: (C4)

This expansion in a strictly orthogonal basis can be derived, under the assumption the ensemble U, being a Haar-
distributed group, has projector moment operators that are support-preserving. The orthogonal basis transfer matrix

coefficients τðtÞU ðP; SÞ thus also have support-dependent and concatenation-invariant block structure,
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X
Q∈SðtÞ

U

τðtÞU ðP;QÞτðtÞU ðQ; SÞ ¼ τðtÞU ðP; SÞ ∝ δΓPΓS
: (C5)

For the noise component, the noise modelN ¼ N γη moment operator has the special form of diagonal unital noise and
non-unital noise components γdðPÞ ≥ γ; ηdðPÞ ≤ η for P∈SN γη

, in an orthogonal basis SN γη
¼ Pd,

N̂ γη ¼
1

d

26664
1 0 � � � 0

ηdðSÞ 1 − γdðSÞ � � � 0

..

. ..
. . .

. ..
.

ηdðPÞ 0 � � � 1 − γdðPÞ

37775
P;S∈PdnfIdg

→ dN⊗t
γη ¼ 1

dt
X

P;S∈SðtÞ
N γη

τðtÞN γη
ðP; SÞjP⟫⟪Sj; (C6)

and appropriate additional constraints on γd; ηd such that N is completely positive [95].
The t-th order noise component transfer matrix τðtÞN γη

, for basis operators P; S∈SðtÞ
N γη

¼ Pt
d, is

τðtÞN γη
ðP; SÞ ¼

Y
i∈ΓS

ð1 − γdðPiÞÞ
Y

i∈ΓPnΓS

ηdðPiÞδPΓSSΓS
∈Oðð1 − γÞjSj ηjPj−jSjÞ δPΓSSΓS

: (C7)

We restrict to this special form (a diagonal component arising from Pauli-like-noise, and a dense first column arising from
a non-unital component) as we seek to understand exact theoretical properties. More general noise models with other non-
diagonal elements, even if initially sparse, become dense and intractable to analyze upon concatenations.
Finally, let us assess the leading-order behavior of the composite and concatenated transfer matrices,

T̂ ðtÞ
UN γη

¼ dN⊗t
γη ∘ T̂ ðtÞ

U ¼ 1

dt
X

P∈S
ðtÞ
N γη

S∈S
ðtÞ
U

τðtÞUN γη
ðP; SÞjP⟫⟪Sj → T̂ ðtÞk

UN γη
¼ 1

dt
X

P∈S
ðtÞ
N γη

S∈S
ðtÞ
U

τðt;kÞUN γη
ðP; SÞjP⟫⟪Sj: (C8)

In particular, given the forms of the individual component transfer matrices, we seek to understand the competition that
arises between the unitary components preserving locality, and non-unital noise components increasing locality.
Lemma 6. (Unital and Non-unital Noise and Haar Random Unitary Channel Moment Operators). Composite ensembles,

consisting of a random unitary component U from a Haar-distributed unitary group, with a basis S∈SðtÞ
U ¼ Pt

d, and a

noise component N γη with a basis P∈SðtÞ
N γη

¼ Pt
d, and with diagonal unital, and general non-unital noise coefficients,

γdðPÞ ≥ γ; ηdðPÞ ≤ η for P∈Pt
dnfI⊗t

d g, have k-concatenated t-th order composite transfer matrices of,

τðt;kÞUN γη
ðP; SÞ ¼ O

	ð1 − γÞkjSjηjPj−jSj
 τðtÞU ðPΓS
; SÞδΓP⊇ΓS

; (C9)

where the leading-order Oðγ; ηÞ behavior is strictly due to the unspecified noise component in the γ; η → 0 limit and
uniformly scales the unitary coefficients by their locality, independent of the specific unitary ensemble itself.
Proof. To begin, we note that the unitary component U is support-preserving, whereas the non-unital noise component

N γη is support-non-decreasing, with individual component transfer matrices, for P; S∈Pt
d ¼ SðtÞ

U ¼ SðtÞ
N γη

, of

τðtÞUN γη
ðP; SÞ ¼

Y
i∈ΓS

ð1 − γdðPiÞÞ
Y

i∈ΓPnΓS

ηdðPiÞτðtÞU ðPΓS
; SÞδΓP⊇ΓS

∈O
	ð1 − γÞjSjηjPj−jSj
τðtÞU ðPΓS

; SÞδΓP⊇ΓS
: (C10)

From locality preservation of the unitary component, diagonal unital noise scaling always occurs, for all ΓP ⊇ ΓS, whereas
non-unital noise scaling only occurs when strictly ΓP ⊃ ΓS, and concatenated operators are constrained to be support-
increasing ΓP ⊇ � � � ⊇ ΓT ⊇ � � � ⊇ ΓS. For instance, the k ¼ 2 transfer matrix elements are
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τðt;2ÞUN γη
ðP; SÞ ¼

X
T ∈Pt

d
ΓS⊆ΓT⊆ΓP

τðtÞUN γη
ðP; TÞτðtÞUN γη

ðT; SÞ (C11)

¼
X
T ∈Pt

d
ΓS⊆ΓT⊆ΓP

Y
i∈ΓT

ð1 − γdðPiÞÞ
Y

i∈ΓPnΓT

ηdðPiÞ
Y
i∈ΓS

ð1 − γdðTiÞÞ
Y

i∈ΓTnΓS

ηdðTiÞτðtÞU ðPΓT
; TÞτðtÞU ðTΓS

; SÞ (C12)

¼ Oðð1 − γÞ2jSj ηjPj−jSjÞ

264 X
T ∈Pt

d
ΓT¼ΓS⊆ΓP

τðtÞU ðPΓS
; TÞτðtÞU ðT; SÞ þO

	ð1 − γÞ

375 (C13)

¼ Oðð1 − γÞ2jSj ηjPj−jSjÞ τðtÞU ðPΓS
; SÞδΓP⊇ΓS

; (C14)

and k-concatenated composite transfer matrices are thus by induction,

τðt;kÞUN γη
ðP; SÞ ¼ Oðð1 − γÞkjSj ηjPj−jSjÞ τðtÞU ðPΓS

; SÞδΓP⊇ΓS
: (C15)

▪
Therefore, the leading-order noise scaling is dictated by the concatenation-invariant unitary components being scaled by

strictly unital noise until the last concatenation, at which point non-unital noise increases the support from ΓS → ΓP.
Intermediate non-unital noise at concatenations 0 < s < k also increases the support ΓS → ΓT → ΓP, however such
intermediate noise contributes next-leading-order unital noise scalingOðð1 − γÞðk−sÞjTjÞ. Intermediate non-unital noise, in
the case it maps unitary component basis operators to larger-support unitary component basis operators, also contributes
dimension-dependent scaling when such concatenations occur between unitary components of differing support.
We now assess the leading-order scaling of moment operator norms for concatenations of composite ensembles.
Theorem 13. (Unital and Non-unital Noise and Haar Random Unitary Channel Moment Operator Norms).

k-concatenations of t-th order ensembles of Haar random unitaries, with commutants with locality-≥ l operators, and
rank-r moment operators, and diagonal unital and non-unital noise, with noise coefficients γdðPÞ ≥ γ; ηdðPÞ ≤ η for
P∈PdnfIdg, have moment operator norms relative to the Depolarize ensemble of,���T̂ ðtÞk

UN γ
− T̂ ðtÞ

DðdÞ
���
1
¼ ðr − 1ÞOðð1 − γÞlkÞ;

���T̂ ðtÞk
UN γη

− T̂ ðtÞ
DðdÞ

���2
2
¼ tjPdnfIdgjOðη2Þ: (C16)

From the previous theorem it follows that as k → ∞, unital noise decreases moment operator norms for γ > 0, and
approaches a Depolarize t-design, whereas non-unital noise increases moment operator norms for η > 0, and never
approaches a Depolarize t-design.
Proof. Moment operator p-norms follow directly from their expansion in an orthogonal basis. Composite unital noise

and unitary component moment operators may be decomposed into support Γ ⊆ ½t�-dependent unitary component

projectors T̂ ðΓÞ
U ¼ ð1=dtÞPP;S∈SðtÞ

U
ΓP¼ΓS¼Γ τ

ðtÞ
U ðP; SÞjP⟫⟪Sj, scaled by unital noise γd ≥ γ, with deviations from the Depolarize

term D⊗t
d ¼ ð1=dtÞjI⊗t

d ⟫⟪I⊗t
d j, scaled by non-unital noise ηd ≤ η,

T̂ ðtÞk
UN γ

¼ T̂ ðtÞ
DðdÞ þ

X
Γ⊆½t�;s¼jΓj≥l

Oðð1 − γÞskÞ T̂ ðΓÞ
U ; T̂ ðtÞk

UN η
¼ T̂ ðtÞ

DðdÞ þ
X

Γ⊆½t�;s¼jΓj≥l
P∈Pd;ΓP¼Γ

OðηsÞjP⟫⟪I⊗t
d j þ � � � (C17)

���T̂ ðtÞk
UN γ

���p
p
¼ 1þ

X
l≤s≤t

�
t
s

�
rs Oðð1 − γÞpskÞ;

���T̂ ðtÞk
UN η

���2
2
¼ 1þ

X
l≤s≤t

�
t
s

�
jPdnfIdgjsOðη2sÞ: (C18)

There are tjPdnfIdgj leading-order 1-locality non-unital terms, and ðtlÞ leading-order l-locality unital terms. For example,
Haar ensemble moment operator projectors have rank rl ¼ !l, and r ¼ t!. ▪
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In fact, we can also obtain bounds on norms of generic composite moment operators,

T̂ ðtÞ
UN γη

→ T̂ ðtÞ
UN γη

¼ N̂ ðtÞ
γη T̂

ðtÞ
U ¼

"
T̂ ðtÞ

DðdÞ 0

N̂ ðtÞ
η N̂ ðtÞ

γη

�
T̂ ðtÞ

U − T̂ ðtÞ
DðdÞ

�#
; (C19)

with ε-t-design unitary components with respect to projector ensembles U,

T̂ U → T̂ ðtÞ
U ¼ T̂ ðtÞ

U 0 þ T̂ ðtÞ
U − T̂ ðtÞ

U 0 ¼
"
T̂ ðtÞ

DðdÞ 0

0 T̂ ðtÞ
U 0 þ T̂ ðtÞ

U − T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ

#
; (C20)

and with generic noise components N ðtÞ
γη ,

dN⊗t
γη → N̂ ðtÞ

γη ¼ T̂ ðtÞ
DðdÞ þ N̂ ðtÞ

η þ N̂ ðtÞ
γη ¼

"
T̂ ðtÞ

DðdÞ 0

N̂ ðtÞ
η N̂ ðtÞ

γη

#
; (C21)

with depolarizing T̂ ðtÞ
DðdÞ, non-unital N̂

ðtÞ
η , and unital components N̂ ðtÞ

γη across the t copies, where,

T̂ ðtÞ
DðdÞT̂

ðtÞ
U ¼ T̂ ðtÞ

DðdÞ; N̂ ðtÞ
η T̂ ðtÞ

U ¼ N̂ ðtÞ
η ; T̂ ðtÞ

DðdÞN̂
ðtÞ
η ¼ T̂ ðtÞ

DðdÞN̂
ðtÞ
γη ¼ N̂ ðtÞ

η N̂ ðtÞ
γη ¼ 0: (C22)

For example, we may consider composite d → qn-dimensional spaces, with local noise,

N̂ γη → N̂⊗n
γη ¼ d�

Dq þN ð1Þ
η þN ð1Þ

γη

�
⊗n ¼

"
T̂ DðqÞ 0

N̂ ð1Þ
η N̂ ð1Þ

γ

#⊗n

¼ T̂ ⊗n
DðqÞ þ N̂ ðnÞ

η þ N̂ ðnÞ
γη ; (C23)

with depolarizing T̂ ⊗n
DðqÞ, non-unital N̂

ðnÞ
η and unital N̂ ðnÞ

γη components. For q ¼ 2 qubits, local noise has, without loss of

generality, non-unital N̂ ð1Þ
η and diagonal unital components N̂ ð1Þ

γη , up to unitaries [105].
Theorem 14. (Unital and Non-unital Noise and Random Unitary Channel Moment Operator Norms). k-concatenations

of t-order moment operators for composite ensembles consisting of, ε-t-design unitary ensembles U with respect to a

reference unitary ensemble U 0, and a generic noise N̂ ðtÞ
γη ¼ T̂ ðtÞ

DðdÞ þ N̂ ðtÞ
η þ N̂ ðtÞ

γη component, have norms of,

���T̂ ðtÞk
UN γη

− T̂ ðtÞ
DðdÞ

���
p
≤

���N̂ ðtÞ
η

���
∞

���N̂ ðtÞ
γη

���k
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
k − 1���N̂ ðtÞ

γη

���
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
− 1

(C24)

þ
���N̂ ðtÞ

γη

���k
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
k
: (C25)

In the case of the reference U 0 having rank-r projector moment operators T̂ ðtÞ
U 0 , with locality-≥ l terms, and strictly diagonal

unital and non-unital noise, with bounded ∞-norms
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
∞
≤ ε;

���N̂ ðtÞ
γ

���
∞
≤ 1 − γ;

���N̂ ðtÞ
η

���
∞
≤ η,

���T̂ ðtÞk
UN γη

− T̂ ðtÞ
DðdÞ

���
p
≤ η

ðð1 − γÞlðr − 1Þ þ ð1 − γÞεÞk − 1

ðð1 − γÞlðr − 1Þ þ ð1 − γÞεÞ − 1
þ ðð1 − γÞlðr − 1Þ þ ð1 − γÞεÞk: (C26)
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Proof. Given generic composite unitary and noise components, and various norm inequalities,���T̂ ðtÞk
UN γη

− T̂ ðtÞ
DðdÞ

���
p
¼

�����T̂ ðtÞ
DðdÞ þ N̂ ðtÞ

η þ N̂ ðtÞ
γη

��
T̂ ðtÞ

DðdÞ þ T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ þ T̂ ðtÞ
U − T̂ ðtÞ

U 0

��
k − T̂ ðtÞ

DðdÞ
���
p

(C27)

≤
���X
s∈ ½k�

�
N̂ ðtÞ

γη

�
T̂ ðtÞ

U 0 þ T̂ ðtÞ
U − T̂ ðtÞ

U 0

��
s
N̂ ðtÞ

η

���
p
þ
����N̂ ðtÞ

γη

�
T̂ ðtÞ

U 0 þ T̂ ðtÞ
U − T̂ ðtÞ

U 0

��
k
���
p

(C28)

≤
���N̂ ðtÞ

η

���
∞

X
s∈ ½k�

���N̂ ðtÞ
γη

�
T̂ ðtÞ

U 0 þ T̂ ðtÞ
U − T̂ ðtÞ

U 0

����s
p
þ
���N̂ ðtÞ

γη

���k
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
k

(C29)

≤
���N̂ ðtÞ

η

���
∞

���N̂ ðtÞ
γη

���k
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
k − 1���N̂ ðtÞ

γη

���
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
− 1

þ
���N̂ ðtÞ

γη

���k
∞

����T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���T̂ ðtÞ

U − T̂ ðtÞ
U 0

���
p

�
k
: (C30)

Let us consider the case of the reference unitary ensemble U 0 having rank-r projector moment operators

T̂ ðtÞ
U 0 ¼ P

Γ⊆½t� T̂
ðΓÞ
U 0 , with locality-jΓj ≥ l terms, and there being strictly diagonal unital N̂ ðtÞ

γη ¼ N̂ ðtÞ
γ and non-unital

N̂ ðtÞ
η noise, with bounded ∞-norms

���T̂ ðtÞ
U − T̂ ðtÞ

U 0

���
∞
≤ ε;

���N̂ ðtÞ
γ

���
∞
≤ 1 − γ;

���N̂ ðtÞ
η

���
∞
≤ η. The diagonal unital noise

N̂ ðtÞ
γ ¼ N̂⊗t

γ thus scales each projective moment operator term according to its locality-jΓj ≥ l, and for s ≥ 0,����N̂ ðtÞ
γ

�
T̂ ðtÞ

U 0 − T̂ ðtÞ
DðdÞ

��
s
���
p
¼

���X
Γ⊆½t�
jΓj≥l

N̂ ðΓÞs
γ T̂ ðΓÞ

U 0

���
p
≤
X
Γ⊆½t�
jΓj≥l

���N̂ ðΓÞs
γ

���
∞

���T̂ ðΓÞ
U 0

���
p
≤
���N̂ γ

���ls
∞

���T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
; (C31)

����N̂ ðtÞ
γ

�
T̂ ðtÞ

U 0 − T̂ ðtÞ
DðdÞ þ T̂ ðtÞ

U − T̂ ðtÞ
U 0

��
s
���
p
≤
����N̂ γ

���l
∞

���T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���N̂ γ

���
∞

���T̂ ðtÞ
U − T̂ ðtÞ

U 0

���
p

�
s
: (C32)

���T̂ ðtÞk
UN γη

− T̂ ðtÞ
DðdÞ

���
p
≤

���X
s∈ ½k�

�
N̂ ðtÞ

γ

�
T̂ ðtÞ

U 0 þ T̂ ðtÞ
U − T̂ ðtÞ

U 0

��
s
N̂ ðtÞ

η

���
p
þ
����N̂ ðtÞ

γ

�
T̂ ðtÞ

U 0 þ T̂ ðtÞ
U − T̂ ðtÞ

U 0

��
k
���
p

(C33)

≤
���N̂ ðtÞ

η

���
∞

X
s∈ ½k�

����N̂ γ

���l
∞

���T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���N̂ γ

���
∞

���T̂ ðtÞ
U − T̂ ðtÞ

U 0

���
p

�
s

þ
����N̂ γ

���l
∞

���T̂ ðtÞ
U 0 − T̂ ðtÞ

DðdÞ
���
p
þ
���N̂ γ

���
∞

���T̂ ðtÞ
U − T̂ ðtÞ

U 0

���
p

�
k

(C34)

≤ η
ðð1 − γÞlðr − 1Þ þ ð1 − γÞεÞk − 1

ðð1 − γÞlðr − 1Þ þ ð1 − γÞεÞ − 1
þ 	ð1 − γÞlðr − 1Þ þ ð1 − γÞε
k: (C35)

If the unitary ensemble is an exact t-design with respect to the reference ensemble, there is the further simplification,���T̂ ðtÞk
UN γη

− T̂ ðtÞ
DðdÞ

���
p
≤

���N̂ ðtÞ
η

���
∞

X
s∈ ½k�

����N̂ ðtÞ
γ

�
T̂ ðtÞ

U − T̂ ðtÞ
DðdÞ

��
s
���
p
þ
����N̂ ðtÞ

γ

�
T̂ ðtÞ

U − T̂ ðtÞ
DðdÞ

��
k
���
p

(C36)

≤
���N̂ ðtÞ

η

���
∞

X
s∈ ½k�

���N̂ γ

���ls
∞

���T̂ ðtÞ
U − T̂ ðtÞ

DðdÞ
���
p
þ
���N̂ γ

���lk
∞

���T̂ ðtÞ
U − T̂ ðtÞ

DðdÞ
���
p

(C37)

≤ η ðr − 1Þ ð1 − γÞlk − 1

ð1 − γÞl − 1
þ ðr − 1Þð1 − γÞlk: (C38)
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3. Unital noise and parameterized random unitary channels

Here, we consider parameterized random unitary channels U ¼ GΘ, and fixed diagonal unital noiseN ¼ N γ and derive
the scaling of their k-concatenated t-th order composite moment operators with t; k; d; γ.
For the unitary component U ¼ GΘ, we assume parameterized unitary channels

GΘ ¼ fUG
θ ¼ e−iθG; θ ∼ Θg; (C39)

generated by single Hermitian, involutory operators G∈Pd, with a distribution of parameters Θ, and a basis for the
generator’s commutant of SG ⊆ Pd:t copies of the parameterized unitaries for involutory generators G have the form,

UG⊗t
θ ¼

X
l∈ ½tþ1�

uðlÞθ GðlÞ ∶ GðlÞ ¼
X
Γ⊆½t�
jΓj¼l

⊗i∈Γ Gi; uðlÞθ ¼ ð−iÞl costθ tanlθ; (C40)

and the associated t-th order moment operators are functions of trigonometric moments of the parameter distribution,

T̂ ðtÞ
GGΘ

¼ hUG⊗t
θ ⊗ UG⊗t�

θ iθ∼Θ ¼
X

l;l0 ∈ ½tþ1�
huðlÞθ uðl

0Þ�
θ iθ∼Θ GðlÞ ⊗ Gðl0Þ�: (C41)

Crucial to this analysis is an understanding of the t-th order commutant of parameterized random unitaries SðtÞ
GΘ
, which

depends non-trivially on the generator commutant SG, and can be described by the locality l∈ ½tþ 1� of its operators,

SðtÞ
GΘ

¼ ⋃
l∈ ½tþ1�

SðtjlÞ
GΘ

∶ SðtjlÞ
GΘ

¼ fX∈SðtÞ
GΘ

∶ jXj ¼ lg: (C42)

A complete understanding of the entire commutant is non-trivial and is left for future work. However, given the form of the
moment operator, and that higher t-th order commutants include lower l ≤ t-locality commutants, therefore the
l ¼ 1-locality local component of commutants is the generator commutant at each of the t copies of the space,

Sðtj1Þ
GΘ

¼ ⋃
i∈ ½t�

SGi
: (C43)

We can also evaluate the trigonometric moments involved in this moment operator exactly for t ¼ 1; 2.
Lemma 7. (t ¼ 1; 2 Twirls of parameterized Random Unitaries). Twirls over t ¼ 1; 2-order parameterized random

unitary ensembles e−iθG ∼ GΘ, given Hermitian involutory generators G, uniform parameter distributions Θ, and
X∈B½H�, are

T ð1Þ
GΘ
ðXÞ ¼ 1

2
½X þGXG� (C44)

T ð2Þ
GΘ
ðXÞ ¼ 1

8
½3ðX þ ðG ⊗ GÞXðG ⊗ GÞÞ − fG ⊗ G;Xg þ ðI ⊗ GþG ⊗ IÞXðI ⊗ GþG ⊗ IÞ�: (C45)

Given these insights into the local component of the commutant, the t-th order GΘ ensemble moment operator is

T̂ ðtÞ
GΘ

¼ 1

dt
X

P∈Sðtj1Þ
GΘ

jP⟫⟪Pj þ 1
dt

X
P;S∈SðtÞ

GΘ
nSðtj1Þ

GΘ

τðt;kÞGΘ
ðP; SÞjP⟫⟪Sj: (C46)

For the noise component, the moment operator N ¼ N γ has the specific form of diagonal unital noise components
γdðPÞ ≥ γ for P∈SN γ

, in an orthogonal basis SN γ
¼ Pd,
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N̂ γ ¼
1

d

26664
1 0 � � � 0

0 1 − γdðSÞ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 1 − γdðPÞ

37775
P;S∈PdnfIdg

→ dN⊗t
γ ¼ 1

dt
X

P;S∈SðtÞ
N γ

τðtÞN γ
ðP; SÞjP⟫⟪Sj; (C47)

The t-th order noise component transfer matrix τðtÞN γ
, for basis operators P; S∈SðtÞ

N γ
¼ Pt

d, is

τðtÞN γ
ðP; SÞ ¼

Y
i∈ΓS

ð1 − γdðSiÞÞδPS ∈Oðð1 − γÞjSjÞ δPS: (C48)

The t-th order noise component basis can also be described by the locality l∈ ½tþ 1� of its operators,

SðtÞ
N γ

¼ ⋃
l∈ ½tþ1�

SðtjlÞ
N γ

∶ SðtjlÞ
N γ

¼ fX∈SðtÞ
N γ

∶ jXj ¼ lg: (C49)

and the local component is the noise component basis at each of the t copies of the space,

Sðtj1Þ
N γ

¼∪i∈ ½t� SN γi: (C50)

Given the transfer matrices for the unitary and noise components, and that their respective bases satisfy

SG ⊆ SN γ
¼ Pd → Sðtj1Þ

GΘ
⊆ Sðtj1Þ

N γ
¼∪i∈ ½t� Pdi , the k-concatenated t-th order composite moment operator is

T̂ ðtÞk
GΘN γ

¼ 1

dt
X

P;S∈Sðtj1Þ
GΘ

τðt;kÞGΘN γ
ðP; SÞjP⟫⟪Sj þ 1

dt
X

P∈S
ðtÞ
N γ

nSðtj1Þ
N γ

S∈S
ðtÞ
GΘ

nSðtj1Þ
GΘ

τðt;kÞGΘN γ
ðP; SÞjP⟫⟪Sj; (C51)

with diagonal k-concatenated t-th order composite transfer matrices, for the local operators P; S∈Sðtj1Þ
GΘ

, of

τðt;kÞGΘN γ
ðP; SÞ ¼

Y
i∈ΓS

ð1 − γdðSiÞÞk δPS ∈Oðð1 − γÞkjSjÞ δPS ∶ P; S∈Sðtj1Þ
GΘ

: (C52)

Finally, we can assess the leading-order scaling of moment operator norms for k-concatenations of composite ensembles.
Theorem 15. (Unital Noise and Parameterized RandomUnitary Channel Moment Operator Norms). k-concatenations of

composite ensembles, consisting of parameterized random unitaries, generated by involutory operators G with
commutants SG, and diagonal unital noise N γ with noise coefficients γdðPÞ ≥ γ for P∈SN γ

nfIdg, have moment
operator norms of, ���T̂ ðtÞk

GΘN γ
− T̂ ðtÞ

DðdÞ
���2
2
¼ tjSGnfIdgjOðð1 − γÞ2kÞ: (C53)

Therefore unital noise decreases moment operator norms for γ > 0, and as k → ∞, approaches a Depolarize t-design.
Proof. Leading-order behavior of the composite moment operators is associated with local operators in the commutant,

Sðtj1Þ
GΘ

¼∪i SGi
. Under the assumption of the intersection of the unitary and noise component bases of Sðtj1Þ

GΘ
⊆ Sðtj1Þ

N γ
, the

local operator components of the associated moment operator transfer matrices are invariant under k-concatenations, up to
scaling by diagonal noise coefficients. The moment operator norm is thus,���T̂ ðtÞk

GΘN γ
− T̂ ðtÞ

DðdÞ
���2
2
¼

X
P∈Sðtj1Þ

GΘ
nfI⊗t

d g
Oðð1 − γÞ2kÞ þ

X
P;T ∈S

ðtÞ
N γ

nSðtj1Þ
N γ

S;Q∈S
ðtÞ
GΘ

nSðtj1Þ
GΘ

χðtÞd ðP; TÞχðtÞd ðS;QÞτðt;kÞGΘN γ
ðP;QÞτðt;kÞGΘN γ

ðT; SÞ (C54)

¼ tjSGnfIdgjOðð1 − γÞ2kÞ þOðð1 − γÞ2kþ2Þ: (C55)

▪

MOMENTS OF QUANTUM CHANNEL ENSEMBLES PRX QUANTUM 7, 033050 (2026)

033050-39



APPENDIX D: MOMENTS AND EXPECTATION VALUES

In these appendices, we generalize previous results [18] and show how to use channel moment operators to bound biases
and variances of expectation values of functions over channel ensembles. Such bounds allow us to study concentration
properties of expectation values, leading to notions of channel-design-induced concentration phenomena.

1. Statistics of ensembles

In what follows, given an operator X∈B½H⊗t�, we will denote as XΛ ¼ Λ⊗tðXÞ the action of the t-th fold tensor-product
action of a channel Λ. Further, for ρ; O∈B½H�, the following property holds Tr½ρΛO� ¼ Tr½ρOΛ† �.
Given a channel-dependent function FðΛÞ, for Λ ∼ C, its t-th order moments with respect to an ensemble C are

hFðΛÞtiC ¼
Z
C
dΛFðΛÞt; (D1)

and we denote its mean as μC ¼ hFðΛÞiC, and its variance as σ2C ¼ hFðΛÞ2iC − hFðΛÞi2C.
Given that FðΛÞ is a random variable over the ensemble C, Chebyshev’s inequality allows us to upper bound the

probability that FðΛÞ deviates from its mean, in terms of its variance, as

pðjFðΛÞ − μCj ≥ ϵÞ ≤ σ2C
ϵ2

: (D2)

Here, we study the mean and variance of channel-dependent functions, which generally depend on so-called inherent
terms, which are due to taking expectation values over large spaces, and depend on so-called design terms, which are due
to design properties of ensembles with respect to reference ensembles. Such expressions are with respect to quantum
state inputs ρ∈B½H�, and Hermitian observables O∈B½H� that act non-trivially in a subspace W ⊆ H of dimension
dW ≤ d, with complement space W̄ ⊆ H of dimension dW̄ ¼ d=dW . Such expressions are also with respect to reference
ensembles C0, such as the cHaar C0 ¼ Cðd; dEÞ or Depolarize C0 ¼ DðdÞ ensembles. To bound various quantities, we
will use Schatten norms kAkpp ¼ Tr½jAjp�; p∈ ½1;∞� for A; B∈B½H⊗t�, which satisfy monotonicity kAkp ≤ kAkq; q ≤ p,
sub-additivity kAþ Bkp ≤ kAkp þ kBkp, sub-multiplicativity kABkp ≤ kAkpkBkp, and Holder’s kABkr ≤ kAkpkBkq;
1=pþ 1=q ¼ 1=r, and von-Neumann jTr½AB�j ≤ kAkpkBkq; 1=pþ 1=q ¼ 1 inequalities [139].

Let us also recall the t ¼ 1; 2-order twirls hρ⊗t
Λ iC0 of the specific reference ensembles C0 considered, with respect to input

states ρ∈B½H�, given the identity Id, and swap operators Sd acting on H.
For the cHaar reference ensemble C0 ¼ Cðd; dEÞ,

hρΛiCðd;dEÞ ¼
1

d
Tr½ρ� Id (D3)

hρ⊗2
Λ iCðd;dEÞ ¼

1

d2
1

1 − 1
d2d2E

��
Tr2½ρ� − 1

ddE
Tr½ρ2�

�
I⊗2
d þ 1

dE

�
− 1

ddE
Tr2½ρ� þ Tr½ρ2�

�
Sd

�
; (D4)

and for the Depolarize reference ensemble C0 ¼ DðdÞ,

hρΛiDðdÞ ¼
1

d
Tr½ρ� Id (D5)

hρ⊗2
Λ iDðdÞ ¼

1

d2
Tr2½ρ� I⊗2

d : (D6)

Finally, we recall that t-th order twirls of ensembles C, with respect to input states ρ∈B½H�, can be written in terms of

reference ensembles C0, as hρ⊗t
Λ iC ¼ hρ⊗t

Λ iC0 þ ΔðtÞ
CC0 ðρ⊗tÞ, where the deviation has a p-norm of ϵðtjpÞCC0 ðρ⊗tÞ ¼ kΔðtÞ

CC0 ðρ⊗tÞkp.

2. Expectation value bias

Let us consider the channel-dependent function FðΛÞ ¼ LΛ of an expectation value, with respect to input states
ρ∈B½H� and Hermitian observables O∈B½H�,
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LΛðρ; OÞ ¼ Tr½ρΛO�: (D7)

First, we can study how much expectation value means hLΛiC and hLΛiC0 differ. Concretely we bound the bias
hjLΛ − μC0 jiC where μC0 ¼ hLΛiC0 .
Theorem 16. (Expectation Value Bias). Let C; C0 be ensembles of quantum channels, let ρ be a quantum state, and let O

be an observable that acts non-trivially on a subspaceW ⊆ H of dimension dW , with complement space W̄. The following
bound on the expectation value LΛ bias holds

hjLΛðρ; OÞ − μC0 ðρ; OÞjiC ≤ νC0 ðρ; OÞ þ αCC0 ðρ; OÞ; (D8)

where, given SdW is the swap operator acting on W, and IdW̄ is the identity operator acting on W̄, the inherent νC0 and
design αCC0 expectation value bias terms are respectively,

νC0 ðρ; OÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr
�ðhρ⊗2

Λ iC0 − hρΛi⊗2
C0 ÞðSdW ⊗ I⊗2

dW̄
Þ�q ffiffiffiffiffiffiffi

dW
p

kOk∞ (D9)

αCC0 ðρ; OÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr
�ðΔð2Þ

CC0 ðρ⊗2Þ − ΔCC0 ðρÞ ⊗ hρΛiC0 − hρΛiC0 ⊗ ΔCC0 ðρÞÞðSdW ⊗ I⊗2
dW̄
Þ�q ffiffiffiffiffiffiffi

dW
p

kOk∞: (D10)

Proof. To simplify our analysis of the bias of expectation values, we will denote the deviation of a transformed input
ρ → ρΛ ∈B½H�, where Λ ∼ C, from its mean with respect to a reference ensemble C0, as

ρ̃ΛjC0 ¼ ρΛ − hρΛiC0 ; (D11)

and the t ¼ 1; 2-order moments of these deviations, with respect to an ensemble C, are

hρ̃ΛjC0 iC ¼ ΔCC0 ðρÞ (D12)

hρ̃⊗2
ΛjC0 iC ¼ hρ⊗2

Λ iC0 − hρΛi⊗2
C0 þ Δð2Þ

CC0 ðρ⊗2Þ − ΔCC0 ðρÞ ⊗ hρΛiC0 − hρΛiC0 ⊗ ΔCC0 ðρÞ: (D13)

The average expectation value bias can then be bounded using the following norm inequalities,

hjLΛðρ; OÞ − μC0 ðρ; OÞjiC ¼ hjTr½ρΛO ⊗ I� − hTr½ρΛO ⊗ I�iC0 jiC (D14)

¼ hjTr½ρ̃ΛjC0O ⊗ I�jiC (D15)

¼ hjTrW ½TrW̄ ½ρ̃ΛjC0 �O�jiC (D16)

≤ hkTrW̄ ½ρ̃ΛjC0 �k1 kOk∞iC (D17)

≤ hkIdWk2 kTrW̄ ½ρ̃ΛjC0 �k2 kOk∞iC (D18)

¼
D ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kTrW̄ ½ρ̃ΛjC0 �k22
q E

C
kIdWk2 kOk∞ (D19)

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hkTrW̄ ½ρ̃ΛjC0 �k22iC

q
kIdWk2 kOk∞ (D20)

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hTrW ½Tr2

W̄
½ρ̃ΛjC0 ��iC

q
kIdWk2 kOk∞ (D21)

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
TrW⊗2

�
TrW̄ ½ρ̃ΛjC0 �⊗2SdW

��
C

q
kIdWk2 kOk∞ (D22)

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
TrðW⊗W̄Þ⊗2

�
ρ̃⊗2
ΛjC0 SdW ⊗ I⊗2

dW̄

��
C

q
kIdWk2 kOk∞ (D23)
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¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr
�hρ̃⊗2

ΛjC0 iC
	
SdW ⊗ I⊗2

dW̄


�q
kIdWk2 kOk∞ (D24)

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ðhρ⊗2

Λ iC0 − hρΛi⊗2
C0 þ Δð2Þ

CC0 ðρ⊗2Þ − ΔCC0 ðρÞ ⊗ hρΛiC0 − hρΛiC0 ⊗ ΔCC0 ðρÞÞðSdW ⊗ I⊗2
dW̄
Þ�

q
kIdWk2 kOk∞ (D25)

≤
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Tr
�ðhρ⊗2

Λ iC0 − hρΛi⊗2
C0 ÞðSdW ⊗ I⊗2

dW̄
Þ�q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr
�	
Δð2Þ

CC0 ðρ⊗2Þ − ΔCC0 ðρÞ ⊗ hρΛiC0 − hρΛiC0 ⊗ ΔCC0 ðρÞÞ
	
SdW ⊗ I⊗2

dW̄


�q �
kIdWk2 kOk∞ (D26)

¼ νC0 ðρ; OÞ þ αCC0 ðρ; OÞ: (D27)

▪
Corollary 3. (Expectation Value Bias for Reference Ensembles). For specific observablesO and reference ensembles C0,

the expectation value mean is

μC0 ðρ; OÞ ¼ Tr½ρ�Tr½O�
d

¼

8>>>><>>>>:
0 Tr½O� ¼ 0; C0 ¼ Cðd; dEÞ
1
d Tr½O� ¼ 1; C0 ¼ Cðd; dEÞ
0 Tr½O� ¼ 0; C0 ¼ DðdÞ
1
d Tr½O� ¼ 1; C0 ¼ DðdÞ

; (D28)

and the inherent νC0 and design αCC0 expectation value bias terms are respectively,

νC0 ðρ; OÞ ¼
8<:O

� ffiffiffiffiffiffi
d2W
ddE

q �
kρk2kOk∞ C0 ¼ Cðd; dEÞ
0 C0 ¼ DðdÞ

(D29)

αCC0 ðρ; OÞ ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð2j⋄ÞCC0 kρk21 þ 2 ϵð1j⋄ÞCC0 kρk1

q
kOk∞; (D30)

under the assumption that the t ¼ 1-order twirl for a reference ensemble C0 is proportional to the identity, hρΛiC0 ¼ Tr½ρ�
d I.

Proof. The expectation value mean follows directly from its definition μC0 ðρ; OÞ ¼ hLΛðρ; OÞiC0 ¼ Tr½hρΛiC0O�, and
substituting in the assumption that the t ¼ 1-order twirl for the reference ensemble C0 is hρΛiC0 ¼ Tr½ρ�

d I.
The expectation value bias inherent term follows from the deviation hρ⊗2

Λ iC0 − hρΛi⊗2
C0 of the t ¼ 2 moment for specific

reference ensembles C0, given the forms of their respective t ¼ 1; 2-order twirls hρ⊗2
Λ iC0 ; hρΛi⊗2

C0 .
For the cHaar reference ensemble C0 ¼ Cðd; dEÞ,

hρ⊗2
Λ iCðd;dEÞ − hρΛi⊗2

Cðd;dEÞ ¼
1

d2
1

1 − 1
d2d2E

��
1

d2d2E
Tr2½ρ� − 1

ddE
Tr½ρ2�

�
I⊗2
d þ 1

dE

�
− 1

ddE
Tr2½ρ� þ Tr½ρ2�

�
Sd

�
(D31)

¼ 1

d2
kρk22

�
O
�

1

ddE

�
I⊗2
d þO

�
1

dE

�
Sd

�
; (D32)

and for the Depolarize reference ensemble C0 ¼ DðdÞ,

hρ⊗2
Λ iDðdÞ − hρΛi⊗2

DðdÞ ¼
1

d2
Tr2½ρ� I⊗2

d −
�
1

d
Tr½ρ� Id

�
⊗2

¼ 0: (D33)

It follows that the expectation value bias inherent term is,

νC0 ðρ; OÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ðhρ⊗2

Λ iC0 − hρΛi⊗2
C0 ÞðSdW ⊗ I⊗2

dW̄
Þ�

q
kIdWk2 kOk∞ (D34)
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¼

8><>:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
d2

h
O
�

1
ddE

�
Tr½SdW ⊗ I⊗2

dW̄
� þO

�
1
dE

�
Tr½I⊗2

dW
⊗ SdW̄ �

ir ffiffiffiffiffiffiffi
dW

p kρk2 kOk∞ C0 ¼ Cðd; dEÞ
0 C0 ¼ DðdÞ

(D35)

¼

8><>:O
� ffiffiffiffiffiffi

d2W
ddE

q �
kρk2kOk∞ C0 ¼ Cðd; dEÞ
0 C0 ¼ DðdÞ

: (D36)

The expectation value bias design term follows from the following norm inequalities,

αCC0 ðρ; OÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr
�ðΔð2Þ

CC0 ðρ⊗2Þ − ΔCC0 ðρÞ ⊗ hρΛiC0 − hρΛiC0 ⊗ ΔCC0 ðρÞÞðSdW ⊗ I⊗2
dW̄
Þ�q
kIdWk2 kOk∞ (D37)

≤ min
1
pþ1

q¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð2jpÞCC0 kρk2p þ 2 ϵð1jpÞCC0 khρΛiC0 kpkρkp

q
kIdWkqkIdkq kOk∞ (D38)

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð2j⋄ÞCC0 kρk21 þ 2 ϵð1j⋄ÞCC0 kρk1

q
kOk∞: (D39)

▪

3. Expectation value variance

Here we study the variance of expectation values,

σ2Cðρ; OÞ ¼ hLΛðρ; OÞ2iC − hLΛðρ; OÞi2C: (D40)

Theorem 17. (Expectation Value Variance). Let C; C0 be ensembles of quantum channels, let ρ be a quantum state, and let
O be an observable. The expectation value LΛ variance is,

σ2Cðρ; OÞ ¼ σ2C0 ðρ; OÞ þ βCC0 ðρ; OÞ; (D41)

where the inherent σ2C0 and design βCC0 expectation value variance terms are respectively,

σ2C0 ðρ; OÞ ¼ Tr
�hρ⊗2

Λ iC0O⊗2
� − Tr

�hρΛi⊗2
C0 O

⊗2
�

(D42)

βCC0 ðρ; OÞ ¼ Tr
�
Δð2Þ

CC0 ðρ⊗2ÞO⊗2
� − Tr2½ΔCC0 ðρÞO� − 2Tr½hρΛiC0O�Tr½ΔCC0 ðρÞO�: (D43)

Proof. The expectation value variance can be derived from its definition,

σ2Cðρ; OÞ ¼ hLΛðρ; OÞ2iC − hLΛðρ; OÞi2C (D44)

¼ Tr½hρ⊗2
Λ iCO⊗2� − Tr½hρΛi⊗2

C O⊗2� (D45)

¼ ðTr½hρ⊗2
Λ iC0O⊗2� þ Tr½Δð2Þ

CC0 ðρ⊗2ÞO⊗2�Þ − Tr½ðhρΛiC0 þ ΔCC0 ðρÞÞ⊗2O⊗2� (D46)

¼ ðTr½hρ⊗2
Λ iC0O⊗2� − Tr½hρΛi⊗2

C0 O
⊗2�Þ þ ðTr½Δð2Þ

CC0 ðρ⊗2ÞO⊗2� − Tr½ΔCC0 ðρÞ⊗2O⊗2�Þ
− ðTr½ðhρΛiC0 ⊗ ΔCC0 ðρÞÞO⊗2� þ Tr½ðΔCC0 ðρÞ ⊗ hρΛiC0 ÞO⊗2�Þ (D47)

¼ σ2C0 ðρ; OÞ þ Tr½Δð2Þ
CC0 ðρ⊗2ÞO⊗2� − Tr2½ΔCC0 ðρÞO� − 2Tr½ΔCC0 ðρÞO� μC0 ðρ; OÞ; (D48)

given twirls over ensembles C can be written in terms of reference ensembles C0 as, hρ⊗t
Λ iC ¼ hρ⊗t

Λ iC0 þ ΔðtÞ
CC0 ðρ⊗tÞ. ▪
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Corollary 4. (Expectation Value Variance for Reference Ensembles). For specific observables O with jTr½O�j ≤ 1, and
reference ensembles C0, the inherent expectation value variance is

σ2C0 ðρ; OÞ ¼
8<: 1

d2
1

1− 1

d2d2
E

hh
1

d2d2E
Tr2½ρ� − 1

ddE
Tr½ρ2�

i
Tr2½O� þ 1

dE

h
− 1

ddE
Tr2½ρ� þ Tr½ρ2�

i
Tr½O2�

i
C0 ¼ Cðd; dEÞ

0 C0 ¼ DðdÞ
; (D49)

¼
8<:O

�
1

d2dE

�
kρk22 kOk22 C0 ¼ Cðd; dEÞ
0 C0 ¼ DðdÞ

: (D50)

and the design βCC0 expectation value variance term is bounded by,

βCC0 ðρ; OÞ ≤ jTr½Δð2Þ
CC0 ðρ⊗2ÞO⊗2�j þ 2jTr½hρΛiC0O�Tr½ΔCC0 ðρÞO�j (D51)

≤ min
�
kOk∞

�
kρk21kOk∞ϵð2j⋄ÞCC0 þ 2

1

d
ϵð1j⋄ÞCC0

�
; kOk2

�
kρk22kOk2ϵð2j2ÞCC0 þ 2

1

d
ϵð1j2ÞCC0

��
: (D52)

Proof. The expectation value variance inherent term follows, for specific reference ensembles C0, given the forms of the
t ¼ 1; 2-order twirls hρ⊗t

Λ iC0 , and given jTr½O�j ≤ 1,

σ2C0 ðρ; OÞ ¼
8<:

1
d2

1
1− 1

d2d2
E

hh
1

d2d2E
Tr2½ρ� − 1

ddE
Tr½ρ2�

i
Tr2½O� þ 1

dE

h
− 1

ddE
Tr2½ρ� þ Tr½ρ2�

i
Tr½O2�

i
C0 ¼ Cðd; dEÞ

0 C0 ¼ DðdÞ
; (D53)

¼
8<:O

�
1

d2dE

�
kρk22 kOk22 C0 ¼ Cðd; dEÞ
0 C0 ¼ DðdÞ

: (D54)

The expectation value variance design term follows from the following norm inequalities, given the forms of the
t ¼ 1; 2-order twirls hρ⊗t

Λ iC0 , and given jTr½O�j ≤ 1, and C0 ∈ fCðd; dEÞ;DðdÞg,

βCC0 ðρ; OÞ ¼ Tr½Δð2Þ
CC0 ðρ⊗2ÞO⊗2� − Tr2½ΔCC0 ðρÞO� − 2Tr½hρΛiC0O�Tr½ΔCC0 ðρÞO� (D55)

≤ jTr½Δð2Þ
CC0 ðρ⊗2ÞO⊗2�j þ 2jTr½hρΛiC0O�Tr½ΔCC0 ðρÞO�j (D56)

≤ min
1
pþ1

q¼1
ϵð2jpÞCC0 ðρ⊗2ÞkOk2q þ min

1
pþ1

q¼1
2jTr½hρΛiC0O�jϵð1jpÞCC0 ðρÞkOkq (D57)

≤ min
1
pþ1

q¼1
kρk2p kOk2q ϵð2jpÞCC0 þ min

1
pþ1

q¼1
2jTr½hρΛiC0O�jkρkp kOkq ϵð1jpÞCC0 (D58)

≤ min
1
p1
þ 1

q1
¼1 1

p2
þ 1

q2
¼1

kρk2p2
kOk2q2 ϵ

ð2jp2Þ
CC0 þ 2

1

d
jTr½ρ�jjTr½O�jkρkp1

kOkq1 ϵ
ð1jp1Þ
CC0 (D59)
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≤ minf
kρk21 kOk2∞ ϵð2j⋄ÞCC0 þ 2

1

d
jTr½ρ�jjTr½O�jkOk∞ ϵð1j⋄ÞCC0 ;

kρk21 kOk2∞ ϵð2j⋄ÞCC0 þ 2
1

d

����Tr½ρ�jjTr½O�jkOk2 ϵð1j2ÞCC0 ;

kρk22 kOk22 ϵð2j2ÞCC0 þ 2
1

d
jTr½ρ�jjTr½O�jkOk∞ ϵð1j⋄ÞCC0 ;

kρk22 kOk22 ϵð2j2ÞCC0 þ 2
1

d
jTr½ρ�jjTr½O�jkOk2 ϵð1j2ÞCC0 ;

g

(D60)

≤ minf

kOk∞
�
kρk21 kOk∞ϵð2j⋄ÞCC0 þ 2

1

d
ϵð1j⋄ÞCC0

�
;

kOk2∞ ϵð2j⋄ÞCC0 þ 2
1

d
kOk2 ϵð1j2ÞCC0 ;

kρk22 kOk22 ϵð2j2ÞCC0 þ 2
1

d
kOk∞ ϵð1j⋄ÞCC0 ;

kOk2
�
kρk22 kOk2 ϵð2j2ÞCC0 þ 2

1

d
ϵð1j2ÞCC0

�
;

g: (D61)

▪

APPENDIX E: RELATIONSHIPS BETWEEN ADDITIVE AND RELATIVE ERRORS

In these appendices, we derive relationships between additive and relative errors for quantum channel ensemble twirls.
Given an ensemble of quantum channels C, let an additive εadd-approximate Depolarize t-design in diamond norm be

kT ðtÞ
C − T ðtÞ

DðdÞk⋄ ≤ εadd; (E1)

and a relative εadd-approximate Depolarize t-design be

ð1 − εrelÞT ðtÞ
DðdÞ ⪯ T ðtÞ

C ⪯ ð1þ εrelÞT ðtÞ
DðdÞ ⟺ − εrelT

ðtÞ
DðdÞ ⪯ T ðtÞ

C − T ðtÞ
DðdÞ ⪯ εrelT

ðtÞ
DðdÞ; (E2)

or alternatively, using the Choi-Jamiolkowski isomorphism, given the d-dimensional normalized maximally entangled
state jΦi ¼ 1ffiffi

d
p

P
α∈ ½d� jααi∈H ⊗ H → Φ ¼ jΦihΦj∈B½H ⊗ H�,

−εrelðT ðtÞ
DðdÞ ⊗ I⊗t

d ÞðΦ⊗tÞ ⪯ ðT ðtÞ
C ⊗ I⊗t

d ÞðΦ⊗tÞ − ðT ðtÞ
DðdÞ ⊗ I⊗t

d ÞðΦ⊗tÞ ⪯ εrelðT ðtÞ
DðdÞ ⊗ I⊗t

d ÞðΦ⊗tÞ: (E3)

Using these definitions, we will prove that the following Lemma holds.
Lemma 8. (Additive versus relative error). Any approximate Depolarize t-design with relative error εrel is a

εadd-approximate Depolarize t-design with an additive error εadd ¼ 2εrel. Conversely, any approximate Depolarize
t-design with additive error εadd is a εrel-approximate Depolarize t-design with a relative error εrel ¼ d2tεadd.
Proof. To simplify our derivation, let us define the difference of moment operators as,

ΔðtÞ
CDðdÞ ¼ T ðtÞ

C − T ðtÞ
DðdÞ: (E4)

Then, by definition of the diamond norm as a maximization over pure states jΨi∈H⊗t ⊗ H⊗t and the one norm in terms
of projectors Π� onto the positive and negative eigenspaces of its arguments, we have
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���ΔðtÞ
CDðdÞ

���⋄ ¼ max
Ψ

���ðΔðtÞ
CDðdÞ ⊗ I⊗t

d ÞðΨÞ
���
1

(E5)

¼ max
0≤Π�≤I⊗2t

d

max
Ψ

h
Tr½ΠþðΔðtÞ

CDðdÞ ⊗ I⊗t
d ðΨÞ� − Tr½Π−ðΔðtÞ

CDðdÞ ⊗ I⊗t
d ðΨÞ�

i
: (E6)

If we assume relative error εrel, then using Eq. (E2) along with the fact that Π� ⪯ I⊗2t
d we obtain

Tr½Π�ðΔðtÞ
CDðdÞ ⊗ I⊗t

d ðΨÞ� ≤ εrelTr½Π�ðT ðtÞ
DðdÞ ⊗ I⊗t

d ðΨÞ� ≤ εrelTr½ðT ðtÞ
DðdÞ ⊗ I⊗t

d ðΨÞ� ¼ εrel: (E7)

From this bound, we see that,

kΔðtÞ
CDðdÞk⋄ ≤ 2εrel: (E8)

and hence relative error εrel implies additive error

εadd ¼ 2εrel: (E9)

Next, let us define the states as those output by twirls over the quantum channel ensembles acting on Φ,

ΦC ¼ ðT ðtÞ
C ⊗ I⊗t

d ÞðΦ⊗tÞ; ΦDðdÞ ¼ ðT ðtÞ
DðdÞ ⊗ I⊗t

d ÞðΦ⊗tÞ: (E10)

One can readily verify that the Depolarized state is

ΦDðdÞ ¼
1

d2t
I⊗2t
d ; (E11)

with a smallest eigenvalue of

λminðΦDðdÞÞ ¼
1

d2t
: (E12)

Hence, if we have an approximate Depolarize t-design with additive error εadd

kΔðtÞ
CDðdÞk⋄ ≤ εadd; (E13)

this implies

εadd ≥
���ΔðtÞ

CDðdÞ
���⋄ ¼ max

Ψ

���ðΔðtÞ
CDðdÞ ⊗ I⊗t

d ÞðΨÞ
���
1
≥
���ΦC −ΦDðdÞ

���
1
≥
���ΦC −ΦDðdÞ

���
∞
: (E14)

Then, using the minimum eigenvalue of the Depolarized state in Eq. (E12), we find

−εaddI⊗2t
d ⪯ ΦC −ΦDðdÞ ⪯ εaddI

⊗2t
d ; (E15)

which can be combined with the equality I⊗2t
d ¼ d2tΦDðdÞ [from Eq. (E11)], to obtain

−εaddd2tΦDðdÞ ⪯ ΦC −ΦDðdÞ ⪯ εaddd2tΦDðdÞ: (E16)

As such, additive error εadd implies relative error

εrel ¼ d2tεadd: (E17)

▪
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