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Moments of ensembles of unitaries play a central role in quantum information theory as they capture the
statistical properties of dynamics of systems with some form of randomness. Indeed, concepts such as
approximate #-designs arise when comparing how close an associated moment operator of a given unitary
ensemble is to that of another, reference ensemble. Despite the importance of moment operators,
their properties have not been as explored for quantum channels. In this work we develop a theoretical
framework to compute moment operators for ensembles of quantum channels, for all moment orders ¢,
with a special focus on determining ensembles that can be used as points of reference. By deriving

hierarchies between ensembles, via inequalities of their moment operator norms, we give them operational

meaning and define useful concepts such as that of channel #-designs. Finally, we perform theoretical and
numerical studies which show that different types of noise can decrease the norm of the moment operators
(e.g., depolarizing noise), as well as increase it (e.g., amplitude damping noise), and generalize noise-
induced concentration phenomena to channel-design-induced phenomena. Along the way, we find a
block-orthogonal basis for permutations, which greatly simplifies our analyses, and may be of independent

interest in moment calculations.

DOI: 10.1103/grdp-jph9

L. INTRODUCTION

Quantum experiments, whether intrinsically or by
design, can involve randomness. Thus, each repetition
samples a distinct evolution from an ensemble and applies
it to the system. The statistical properties of such experi-
ments are captured by the moment operator, i.e., the
superoperator given by the ensemble-averaged adjoint
action (the twirl). Focusing on the moment operator allows
one to study ensembles independently of initial states and
final measurements. Moment operators arise often in quan-
tum information science, including in quantum-supremacy
experiments [1-7], quantum chaos [8—11], transitions of
quantum correlations [12-14], variational quantum algo-
rithms [15-24], concentration phenomena [15-20], ran-
domized benchmarking [25-30], error mitigation [31,32],
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and as Markov process matrices in analyses of fixed points
of ensembles [9,10,21,33-51].

Within this context, given an ensemble, it is often useful
to quantify its proximity to a reference ensemble.
Mathematically, this reduces to comparing their moment
operators under a chosen distance measure. This problem
has been extensively studied for ensembles of unitaries,
where we say that an ensemble forms a 7-design with
respect to a reference if their moments match up to the #-th
order [38,40,43-45,47,52-61]. A priori, computing and
comparing moment operators are very demanding—often
intractable—tasks. The situation simplifies when the
reference ensemble is a group as the associated moment
operator is the projector onto the group’s commutant,
and its properties admit analytic characterization via
Weingarten calculus [62,63] (see [64] for a quantum
information-oriented overview). Of particular relevance
is the ensemble drawn from the Haar measure on the
unitary group. Not only is this a natural comparison point
for other ensembles, it also enjoys desirable extremal
properties: there is a hierarchy between unitary ensembles
arising from inequalities between moment-operator
Hilbert-Schmidt norms, with the Haar ensemble at the
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FIG. 1. Schematic representation of our results. (a) We present
a framework to study the statistical properties of an experimental
setup where, at every run, a channel is sampled from some set
according to a given probability distribution. (b) Our formalism
centers around the moment operator, as it encodes the statistical
properties arising from evolving states according to the ensem-
ble, and performing a measurement at its output; and is also the
central object used to define ¢-designs.

base [65]. Equivalently, the Haar ensemble minimizes
frame potentials [66], which quantify how evenly spread a
set of unitaries is.

The previous studies, however, have been almost
entirely restricted to ensembles of strictly unitaries. In
contrast, ensembles of completely positive trace-preserv-
ing maps, or quantum channels, have been largely unex-
plored [67-72]. For instance, it is still unknown whether
hierarchies and desirable properties for reference ensem-
bles of more general operators can be found. Ultimately,
exact forms of moment operators are necessary to deter-
mine the most appropriate reference ensemble. Indeed,
there are many important open questions concerning
ensembles that must be addressed, such as: What is the
most natural generalization of the uniform (Haar) dis-
tribution of unitaries to channels?, or, Is there a reference
ensemble of channels that plays a privileged role over
other ensembles?

In this work we take steps toward answering the
previous questions by presenting a framework to study
moments of ensembles of quantum channels (see Fig. 1).
In Sec. II, we introduce our formalism and notation, which
captures as a special case ensembles of strictly unitaries,
thus allowing us to borrow inspiration from the standard
literature. In Sec. III, we start by generalizing the arche-
typal reference ensemble of the Haar measure over the
unitary group, i.e., sampling uniformly at random from
the set of all unitaries, and we consider the ensemble of
the Lebesgue measure [70] over quantum channels, i.e.,
sampling uniformly at random from the set of all quantum

channels. This study prompted us to consider a para-
meterized family of reference channel ensembles [71]
which we dub the “channel Haar” (cHaar) ensemble. The
cHaar ensemble is shown to interpolate between two
reference ensembles of interest, the Haar reference ensem-
ble of strictly unitaries, and what we dub as the Depolarize
reference ensemble, where the maximally depolarizing
channel is applied with unit probability. By deriving the
exact forms and spectral properties for the associated
moment operators, we compute deviations of the cHaar
ensemble from the Haar and Depolarize ensembles. Such
calculations indicate that random quantum channels are on
average, inherently depolarizing, with perturbative non-
unital behavior, and interpolate with environment dimen-
sion between unitary and depolarizing behavior. Finally,
given these insights, we deduce a hierarchy between these
ensembles, with the Depolarize ensemble found to be at
the base of the hierarchy. Thus, we argue that the
Depolarize ensemble is the most appropriate reference
ensemble for quantum channels.

Expanding on these studies, we explicitly calculate the
extent to which quantum circuits consisting of random
unitaries, and fixed unital or non-unital noise, form
approximate Depolarize 7-designs. Here, we observe that
certain types of noise can decrease the norm of the moment
operator (e.g., unital Pauli noise), or can increase it (e.g.,
non-unital amplitude damping). Finally, we study concen-
tration of expectation values. We find that what has
previously been attributed to be noise-induced concen-
tration phenomena [19], can be more generally thought of
as channel-design-induced concentration phenomena. To
complement our theoretical studies, in Sec. IV we conduct
numerical studies of several noisy quantum circuits of
interest, consisting of layers of parameterized unitary and
fixed noise components. In this setting, we demonstrate
the convergence of a circuit’s statistical properties as a
function of circuit depth. Finally, in Sec. V, we interpret the
derived average behaviors of random quantum channels
and discuss several future applications of our formalisms.

II. PRELIMINARIES

In this section we present the notation used throughout
this work, with additional details in Appendix A.

A. Moments of ensembles of channels

Here, we denote d-dimensional quantum Hilbert spaces
as H = C¢, the space of linear operators acting on H as
B[H], and the space of linear superoperators acting
on B[H] as B[B[H]]. We also make use of the linear
vectorization map which transforms operators to vectors,
vec: B[H] - H ® H, and whose action on X € B[H] is

X= ) Xyla)pl—1X)= > Xylap). ()

apeld apeld
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where [d] = {0, 1, ..., d — 1}. The (Hilbert-Schmidt) inner
product between two vectorized operators X, Y € B[H)|
is {X|Y) = Tr[X"Y], and given the identity operator
I, € B[H] on 'H, we normalize it as

)=S0 ) e ). @

The vectorization map induces an action over linear
maps, vec: B[B[H]] - B[H ® H], which allows us to
represent superoperators as matrices. Given a quan-
tum channel A € B[B[H]] (a completely positive, trace-
preserving linear map), its action in terms of Kraus
operators {K,} is

AC) =D KAOKL — A=) K\ ®Ki. ()
Ky K

and superoperators satisfy |A(X)) = A|X)). Finally,
t-copies of channels have corresponding superoperators,

A® — Z Kpn® ®Ky ®Ky ®®K; . (4)

KagoKa,

In this work, we will analyze ensembles of quantum
channels C C B[B[H]], namely sets of channels
{A e B|B[H]]} accompanied with a probability distribu-
tion dA, with ensemble averages of channel-dependent
quantities F(A),

(F(A))e = /C N F(A). )

Note that here we have assumed that the ensemble is
continuous, leading to an integral over C. The discrete case
follows by simply replacing the integral by a summation.

In particular, we will consider scenarios where an initial
state p is evolved under the action of a channel A, sampled
from C, at whose output we measure an observable O. The
statistical properties of this setup are captured by #-th order
moments of this expectation value, of the form

(Tr[A(p)O]"),.. (6)

For example, expectation value means and variances
are  pg = (Tr[A(p)O))e  and 62 = (Tr[A(p)O])c -

2
(Tr[A(p)O))e-

General ¢-th order moments of expectation values can be
more conveniently rewritten as

(Tr[A(p) O] )¢ = (Tr[A®(p®) O%'])¢
= Tr[(A®'(p®") O%")]

= Tr[TY (p®) 0%, (7

in terms of the 7-th order twirl operator Tg): BH®] -
B[H®'], whose action on operators X € B[H®'| is

TO0) = (A W)= [dAn®(x). @

We can then define the #-th order moment operator as
the superoperator of the 7-th order twirl,

7 :AdAX@, ©)
such that
([Tr[A(p)O))), = (O[T Y. (10)

The moment operators of Eq. (9) are central in our
theory, as they allow us to study the statistical properties of
ensembles independently from the initial state and meas-
urement operator. Moreover, we can use them to study
experiments involving k concatenations of several random
channels A, each sampled identically and independently
from C according to dA. In this case, we obtain expectation

values (O®' |7A’(C')k|,0®'>), with the moment operator
replaced by its k-th power,

FU - Tk (11)
and consider ensemble statistics with respect to d, ¢, k.

At this point, we find it important to remark that we can
always express the moment operator as

TU = D8 LAY, (12)

where we have defined an explicit trace-preserving term,
and extraneous terms mapping to non-identity operators,

A 1

DF = ZHINCE, (13)
N 1 t

A= S X PsIPYsl a9

(1), (&t
reschigh
SESC

in terms of an appropriate ensemble-dependent basis of

operators P, S € S(CZ). The ensemble-dependent coefficients

rg) (P, S) correspond to the entries of a transfer matrix that

represent how an element of the basis is mapped to
different elements of the basis by the moment operator.
To finish, we note that analytically evaluating the
moment operator can lead to intractable calculations. In
these cases, one can instead opt to study how e-close in
norm the moment operator of C is to that of a reference
ensemble C'. This allows us to introduce the notion of an
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(additive) e-approximate ¢-channel design, with respect to
C', as the case when the difference of moment operators
satisfies

|70 -1¢

| <e. (15)

The choice of norm || - || is task-dependent, and unless
noted, we use the Hilbert-Schmidt norm as it is overall the
simplest to compute. Moreover, we consider ¢ to be the
additive error, but our definition can readily be adapted to
the relative error. Importantly, we will also see below that
in many cases of interest, the evaluation of Eq. (15) leads
to analysis of the moment operator norm,

17 (16)

We note, however, that our definition can readily be
adapted and translated to the diamond norm via the
inequalities (please refer to Appendix B for a proof),
|70~

70|, < |70 -7

t
,<d

i (A7)

with the different norms having different operational
meanings. Indeed, additive error under the ¢-norm at
the basis of the inequality chain has a clear interpretation
in terms of how easy it is to distinguish states at the output
of channels drawn from the ensembles. Suppose two ¢-th
order moment operators have additive error of ¢ under the
o-norm. Then for all quantum algorithms that make only
one query of a channel from C or from (', the output state
of the channel is at most e-away under the 1-norm [45].
More generally still, we can also consider relative errors,
defined as

(1—eTW <7V < (1 +6)TY, (18)

where Tg,) < ’Tg) denotes that 7° g) -7 g) is a completely
positive map. Now, suppose two t-th order moment
operators have a relative error e. Then for all quantum
algorithms that make k queries of channels from C or from
C', the output state of the channels is at most 2¢-away
under the state 1-norm [45].

At this point, we find it important to note that a moment
operator can be thought of as a Markov transfer matrix-like
process [9,10,21,33-51]. In particular, given some basis of
operator space, the moment operator says how the chan-
nels maps a given basis element onto a linear combination
of other basis elements due to the randomness in the
ensemble. When concatenating multiple ensembles, each
channel is typically sampled independently, thus leading to
a memory-less process. As an aside, other than explicit
relevance to statistics, we note an immediate interpretation
of moment operators that is relevant to randomized

benchmarking [73], and follows from the relationship
between superoperators and their associated Choi states.
In particular for pairs of channels, inner products between
their superoperators correspond to inner products between
their Choi states. It follows that the norm and trace of
moment operators correspond respectively to the average
overlap between the Choi states, and the average entan-
glement fidelity of the Choi states [73], of the channels
from its ensemble. Concurrently, design properties of
ensembles of unitaries have been attributed to their
expressive power within variational quantum algorithms
[18,66,74,75]. However it remains to be seen whether
similar notions of capability or utility of ensembles of
quantum channels directly follow from their design prop-
erties. Other questions regarding operational interpreta-
tions will arise within this work once exact forms for
moment operators over specific ensembles of quantum
channels are derived.

B. Special case: Esembles of unitaries

Since unitaries represent the evolution of closed quan-
tum systems, the study of moments of ensembles of
unitaries has received considerable attention within the
field of quantum information [62,76-79]. Here we review
some well-known results concerning ensembles of
unitaries.

First, we recall that the 7-th order moment operator over
unitary ensembles U/ can now be expressed as

T = / dU U®' @ U®™, (19)
u

where dU denotes the probability distribution over U. For
the simple case when U/ contains a single unitary U (which
is sampled with probability one), we readily find

A

TY=ve@Uue, and [TV =d* (0
For the case when &/ = G is a group, and dU = du(U)

its associated Haar measure, one can use Weingarten
calculus [63,64,80] to evaluate moment operators.

Now, ’j'g) is a projector onto the ¢-th order commutant,
defined as

com(G) = {XeB[H®]: [U®,X] =0, Y UEG}, (21)
and hence satisfies
TPTY =78 and |78 =dim(com?(G)). (22)

Equation (22) is extremely useful for bounding the
difference between moment operators with respect to some
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ensemble U/, and with respect to a reference ensemble
of the Haar-distributed group G, whenever U C G. Note
that ¢/ does not need to form a group itself. Such
comparisons are central when studying approximate
e-t-designs. Indeed, we say that I/ is an e-t-design over
G if and only if |7 Z) — ’j—g)H < &, where the choice of
norm depends on the task at hand [38,81]. In the 2-norm
case, combining Eq. (22) along with the left- and right-
invariance of the Haar measure, we find that for all
ensembles U/ C G,

FOF =TT =70, (23)
from where it then follows that
|72 =TS =171 - 1731 e
and hence,
dim(com®(G)) < |73 |*. (25)

In addition, one can also readily find that any k
concatenations of the Haar ensemble are invariant,
Ak A
Tk = 71, (26)
Notably, Eq. (25) can be used to establish a partial
ordering between the norms of the moment operators
for the Haar measure over groups. In particular, given
groups Gy, G,, ... suchthat {U} C G, C G, C--- CU(d)
then

| T l* << ITEIF < ITQ I < 1T =2 @)

Here, we denote U(d) as the unitary group of all
unitaries acting on H with uniform Haar measure, hence-
forth referred to as the Haar ensemble. Equation (27)
implies that the more “unstructured” a group G is (i.e.,
the less symmetries it has) the smaller the norm of its
moment operator. Thus, the Haar ensemble U(d), at
the base of such a hierarchy of unitary ensembles, serves
as an appropriate reference ensemble for other subsets
of unitaries. Moreover, we note that such norm inequa-
lities appear within the context of variational quantum
algorithms [82,83] and quantum machine learning [84,85]
as a measure of the expressiveness of the ensemble
of unitaries arising from a parameterized circuit
[15,40,47,51,66,72]. In this context, it has been shown
that the smaller the norm, the greater the concentration
(and the more difficult the optimization) of the variational
landscape [17,18,66,74,86,87].

Given the privileged role that the Haar ensemble of
unitaries U(d) plays, we find it convenient to recall some

of its properties [64]. To begin, the ¢-th order commutant of
U(d) is given by the system-permuting representation
com) (U(d)) = S<d') of the Symmetric group S,, namely
all permutations of ¢ copies a space H®’. Moreover, given
a permutation ¢ € S,, the system-permuting representation

Vi S, — SY ¢ BH® is,

Vd(a) = Z |ao'_l(0)’ T (10_—1(,,1)><(10, o], (28)

ag, e, €[d]
with associated normalized inner products, or characters,

_ al@lVa(=)h . 0

7 X (29)

24 (0.17) (0) =1 (e.0),
where e denotes the identity permutation with representa-
tion Vy(e) = I%". For t < d then dim(com) (U(d))) = ¢!,
and for any unitary group G, we have the bounds

n< || TN < . (30)

To finish, we note that since T 22 d) is a projector [51,64],
we can express the Haar ensemble moment operator as,

A 1 "
Tua = ZSWER o DVale)Valm)l, B

(1)—1

where the 7! x ¢! transfer matrix W, is known as the

Weingarten matrix, the inverse of the Gram matrix WE;)

with entries of the overlaps, Wff)(o—, 7)) = ;(E;)(o,zr).

Moreover, given the norm hierarchy and invariance proper-
ties in Eq. (23), the moment operator of any unitary
ensemble, U C U(d), has support on the projector Haar
ensemble moment operator,

(1) _ A1)
Z/;: 4o

uld) (32)

III. RESULTS

In this section, we present the main results of this work,
with additional details in the appendices. Specifically, we
define reference ensembles of quantum channels, derive
their relationships and properties (Appendixes A and B),
calculate moments of specific ensembles of quantum
channels (Appendix C), and investigate concentration
phenomena arising in the context of noisy variational
quantum algorithms (Appendix D).

A. Reference ensembles

As previously discussed, it is convenient to introduce
reference ensembles to define concepts such as

033050-5
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approximate 7-designs. Here, we consider three candidate
reference ensembles for quantum channels and derive their
properties and relationships. Ultimately, such properties
allow us to determine whether a hierarchy exists between
these ensembles that suggests the most appropriate refer-
ence ensemble for quantum channels.

For our first candidate reference ensemble, we take the
Haar ensemble of unitaries, given its place at the base of
the unitary ensemble hierarchy. We will denote it as the
Haar ensemble U(d), with a t-th order twirl of,

7Y (X)= | dUU® xU®T, (33)
U(d) ()
and an associated moment operator of,
(1) _ ®t Rt
u(d)_/u(d)dUU ® US™. (34)

For our second candidate reference ensemble, we recall
the definition of the Stinespring dilation [88,89], where
any quantum channel A: B[H] — B[H] can be expressed
as a unitary Upy: H® £ - 'H ® £ acting on the tensor
product of the system Hilbert space H of dimension d and
an environment Hilbert space £ of dimension dg, with the
environment being in a pure state ve = |vg)(vg| € BE].
Thus the action of any quantum channel is

A(X) = Tre[Un(X ® ve) U] (35)

where the environment & is partially traced out. A key
advantage of working with the Stinespring dilation is
that we can now analyze ensembles of random quantum
channels in terms of the random Stinespring unitaries U
that generate such channels. Sampling quantum channels
can thus be directly related to sampling unitaries in larger
composite spaces. Notably, it has been shown that a
consistent measure dA for quantum channels exists that
is equivalent to sampling unitaries U, according to the
Haar measure dU over U(dd) [71]. Here, we note that the
specific choice of environment state v¢ is arbitrary (due to
the invariance of the Haar measure) [90]. In fact, when
de = d?, this measure dA is the Lebesgue measure over
quantum channels.

Given this Stinespring dilation-based approach, we
define our second candidate reference ensemble as the
environment dimension dg¢-parameterized family of
ensembles of channels, which we denote as the channel-
Haar or cHaar ensemble C(d,dg), with a r-th order
twirl of,

ddf ) (X) = /L{(ddg) dU Tree: [U®'(X @ 12)U®T)], (36)

and an associated moment operator of,

Ty = U @ (N T, 1 ® 12)). (B7)
Finally, we can readily use our expansions for Haar
moment operators in terms of the Haar ensemble commu-

tant of permutations in Eq. (31) to find,

P = > AW @ DVANValo)] 9
Above we have used the fact that under a simple reordering
of the Hilbert space (H ® £)®" — H®' ® £®' [46] we can
express Vg4, (0)) = [Va(0)) ® |V, (0)), as well as the
fact that (V,, (7)[v&) =1, V 7€S, and V |vg) €E.

For our thlrd candidate reference ensemble, we recall
the depolarizing channel

Dy(X) = 1y, (39)

that has been shown to describe the trace-preservation
component in all ensembles and will be key to our
analysis. We thus define our third candidate reference
ensemble as the ensemble containing only the depolarizing
channel with unit probability, which we denote as the
Depolarize ensemble D(d), with a t-th order twirl of,

Tr[X]
df

X) = D¥(X) = 1%, (40)

and an associated moment operator of,

A A 1
Thg = DF = Z N (1)
Quantum circuits to experimentally implement each of the
three candidate reference ensembles are shown in Fig. 2.
In the following sections, after deriving explicit
moments of each ensemble, we will compare the Haar,
cHaar and Depolarize reference ensembles, and deduce
their hierarchy.

B. Properties of moment operators

Having defined the Haar, cHaar, and Depolarize
ensembles, we now proceed to analyze their moment
operators. First, simply from their definitions, we can
immediately prove the following properties regarding their

relationships:
Proposition 1. (Propenies of Reference Ensembles). Let
T gz d) T é<> dde) and ’T respectively denote the moment

operators for the Haar cHaar and Depolarize ensembles.
Then, for t = 1 and any dg, the ensembles are identical,

033050-6
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(a) (b)

E: ve)(vel

| | ©
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ﬁé
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d
- ks

FIG. 2. Circuits implementing the reference channel ensembles. (a) The Haar ensemble can be implemented by sending a state p
through a random unitary uniformly sampled from U(d). (b) The cHaar ensemble can be implemented via its Stinespring dilation:

Initialize the joint state of the tensor-product Hilbert space H ® £ in p ® |ve)(

, apply a joint unitary uniformly sampled from

U(d,dg), and trace out the environment. (c) The Depolarize ensemble can be applied with a circuit that swaps the state p with an
ancillary maximally mixed state 1,;/d, and then traces out the ancillary registers containing p.

SV ORI O

U(d) Cldds) = (42)

with such equalities not holding for # > 1. While ’ZA'Z(/;E J)

T (Dt)( q) are self-adjoint projectors for all ¢ and dg,

and

1) () 4 40

D(d)’ uayTuw = Tuwy @3

T (t is not a self-adjoint projector for r > 1 and d¢ > 1,

A

(1) (1)
7 # TC(d.d

(1) (1) (1)t
C(d. d5>T #71 7

clads) # Tetaaey c(d.ds) o (44
Moreover, for any ¢ and any dg, the cHaar ensemble is
invariant under any ensemble of unitaries U/,

3-(1) () _ A1) 4(@1) (1)
Tcw,dg)Tu *T Clddg) = * cld.dg)”

(45)
The Depolarize ensemble is right-invariant under any
ensemble of channels C and is left-invariant under
adjoints,

(46)
and is left-invariant under unital ensembles of channels C;,

(1) 4-(1)
T, TD(d) D(d)’

(47)
Therefore Hilbert-Schmidt norms of differences of
moment operators relative to the Depolarize ensemble are,

|70 -1

pall” = 1T = 17501

D(d) (48)

These relationships between ensembles already suggest
that the Depolarize ensemble, although not corresponding

to uniformly sampling all quantum channels, is potentially
an appropriate reference ensemble. The relevance of this
Depolarize ensemble for quantum channels follows
partially from its right, and often left invariance under
concatenation with other ensembles. It is also important
to note that any moment operator of any trace-
preserving ensemble involves a Depolarize moment oper-
ator term (which is reminiscent of Eq. (32) and how
the moment operator for any unitary ensembles contains
the term 7 Z(Z d)).

It is perhaps surprising that the cHaar ensemble, given
its lack of invariance properties, does not appear to be a
natural generalization of the Haar ensemble, and does not
immediately appear to be the most appropriate reference
ensemble for quantum channels. After all, the Depolarize
ensemble only contains a single channel! To fully support
this proposal, we must derive exact properties of the cHaar
ensemble and deduce its place in the ensemble hierarchy,
as a function of the variables dg¢, t, k

Theorem 1. (Hierarchy of moment operator norms). The
following dimension-dependent relationships between the
Depolarize, cHaar and Haar ensembles hold:

1) The cHaar ensemble, and its k-concatenations,
interpolates with system and environment dimen-
sion between the Haar and Depolarize ensembles.
That is, for all k£ > O:

lim ’Z' — 7

(1)
dm T e uld) lim T D(d). (49)

ddg—0 (

In fact, the cHaar ensemble moment operator has an
exact closed-form expression, consisting of trace-
preserving, non-unital, and unital terms, expressed

for simplicity in terms of some traceless operators

Tg’k),Tg’k)/eB[H@’], and asymptotic scalings of
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transfer matrix elements,

lim 40k

1
ddg—o0 C(d,dg):7|1§l>><<1?t|

+ L 0( )|T”‘ Ol

+ 50 TN 50

2) The cHaar ensemble forms an e-approximate
Depolarize t-design [as introduced in Eq. (15)],
for e€O(;), in the fixed ¢ and the asymptotic
ddg — oo limit.

3) In the asymptotic dds — oo limit, there exists a
strict hierarchy between the k-concatenated f-th

order ensembles, via their moment operator norms,
with k >k,

175t |l

<| (C<>ddg)H2 H <H7 H- (51

d dg)
As per part 1) and 2) of Theorem 1, in the appropriate
limits, the cHaar ensemble reduces to either the Depolarize
ensemble or the Haar ensemble and can be thought as
interpolating with dimension between these ensembles.

More concretely, for large enough systems and envi-
ronments such that ddg — oo (for example if dg is a
function of d, i.e., the maximal de = d* necessary to
implement any quantum channel) the cHaar ensemble
approaches the Depolarize ensemble and evenly dissipates
quantum information in all directions of the Hilbert space.
Moreover, even with finite-sized systems and environ-
ments, the perturbative next-leading-order non-unital con-
tributions to the moment operator vanish inversely with
system and environment dimensions and are intriguingly
independent of concatenations. The exact forms for cHaar
moment operators generalize previous derivations of
random quantum channels being asymptotically depola-
rizing [72] and offer a complete depiction of their average
behavior.

On the other hand, for trivial environments such that
dg — 1, the cHaar ensemble reduces to the Haar ensemble.
The hierarchy between ensembles in part 3) of Theorem 1
then implies that concatenating cHaar ensembles decreases
their norm, tending toward the base of the hierarchy set by
the Depolarize ensemble. Thus, as a consequence of the
dissipative nature of tracing out the environment, whereas
cHaar ensembles with a finite environment are not max-
imally dissipative, their behavior can be made more so via
concatenation. (We note that while the hierarchy between
ensembles in Theorem 1 holds asymptotically when
ddg — oo, we have explicitly verified it for ¢t = 2,3, 4,
k =1, 3, and various d, d¢ in Fig. 10 of Appendix B, and
we conjecture that it holds for all ¢, k, and d, dg.)

Theorem 1 is derived explicitly in Appendix B by
studying the spectrum of the cHaar moment operator.
Namely, since the cHaar moment operator fails to be a
projector, unlike the Haar and Depolarize moment oper-
ators, its eigenvalues indicate the inherent average
dissipation of information of random quantum channels.
This realization, as well as the derived concatenation-
independent behavior of its next-leading-order non-
unital contrlbutlons prompted us to study the spectral
properties of T ) de)"

Theorem 2. (Spectrum of cHaar Moment Operator). The
t-th order cHaar moment operator has the exact leading
term of a projector,

o el
Tewa = oty

+ - (52)

which implies that it has a leading eigenvalue 4 = 1 with
associated right- and left-eigenvectors, given by,

) = > 4. (0) V(o))

c€ES;

o) = [Va(e)). (53)

In the fixed ¢, asymptotic ddg — oo, the #-th order cHaar
moment operator has a single leading eigenvalue 4 =1
from the above contribution, and all non-leading eigen-
values are, up-to t-dependent factors, A € O(dlg) <1

We note that a direct consequence of the previous
theorem is that k-concatenations of the cHaar ensemble
will have moment operators with the fixed points,

o el
Cdds) = ol oD

Moreover, Theorem 2 implies that the cHaar ensemble
moment operator’s only fixed point is its eigenvector |y )
of Eq. (53). In turn, this leading eigenvector converges
with dimension to the Depolarize channel’s single fixed
point

|l//>><(40| ~ @
e o) 7

Am ) = o) < (335)

This observation regarding the eigenvectors and the single,
depolarization fixed point of the cHaar ensemble further
underlies the hierarchy between ensembles in Theorem 1.

Proposition 1, and Theorems 1 and 2 have several
important implications that culminate in the Depolarize
ensemble being found to be a natural reference ensemble
for ensembles of quantum channels.

Claim 1. The Depolarize ensemble D(d) is a natural
generalization of the Haar ensemble. The invariance
properties of D(d) impose that its moment operator is
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present in the moment operators of all quantum channel

ensembles and place the Depolarize ensemble at the

bottom of the moment operator norm hierarchy of all

quantum channel ensembles. Therefore, any ensemble of
channels C satisfies

(1) 12 5(1) 112

1750 1" < 1711 (56)

Claim 2. The Depolarize ensemble therefore serves as

a natural reference ensemble for quantum channels for

defining #-designs. Concretely, an ensemble C is defined to

be an approximate Depolarize t-design with ¢ additive
error, if and only if

|79 =78 | <e (57)

vl

and an approximate Depolarize 7-design with ¢ relative
error if

(1—e)T!)

b < T¢ < (1+e)Tg

Dld)* (58)

Importantly, in Appendix E we prove the following
lemma, which connects additive and relative errors, and
provides operational meaning to these moment operators.

Lemma 1. (Additive versus relative error). Any approxi-
mate Depolarize t-design with relative error e, is a
€a,qq-approximate Depolarize 7-design with an additive
eITor  €,99 = 2€,- Conversely, any approximate
Depolarize t-design with additive error e,y is a
&q-approximate Depolarize t-design with a relative error
Erel = dztgadd'

Notably, the previous bounds connecting relative and
absolute errors for quantum channels are as tight as those
known for unitaries [45].

It admittedly remains surprising that from our criteria of
positions within hierarchies of moment operator norms,
the most appropriate reference ensemble for quantum
channels is ultimately found to be the Depolarize ensemble
and not the cHaar ensemble. To explain this outcome, we
recall that only when dg = d?, does the cHaar ensemble
have a uniform Lebesgue measure over quantum channels,
and only when dg =d, is there a resulting uniform
distribution of quantum states output by the cHaar ensem-
ble [71]. However, even at such special dimensions, the
cHaar ensemble still does not share the defining character-
istics of the Haar or Depolarize ensembles that make them
the most appropriate reference ensembles, namely invari-
ance under concatenations. In fact, cHaar ensembles for
sufficiently large environment dimension dg, with non-
leading eigenvalues |4] < 1, will dissipate information
upon concatenation. It is therefore proposed that criteria
of ensemble hierarchies and ensemble invariance, as
opposed to (the admittedly desirable property of)

uniformity of measure, are used when considering future
reference ensembles.

A possible explanation for why the Depolarize ensemble
sits at the bottom of the norm hierarchy for quantum
channels can be offered by the distribution of its Kraus
operators. In particular, the squared Hilbert-Schmidt norm
of the #-th order moment operator can be interpreted as the
t-th moment of the overlaps between the Kraus operators
in the ensemble, or frame potentials,

ITOF = [ anat 3 (Gkdlk P 69

Kx.Ky

where we used Eq. (4). In the unitary case, the Haar
reference ensemble minimizes the frame potentials and
hence maximizes the spread of the corresponding (unitary)
Kraus operators. In the case of more general channels, it is
precisely the Depolarize ensemble that maximizes the
spread of the Kraus operators, offering a geometric inter-
pretation of its privileged role as a reference ensemble.
Our derivations of the properties of the cHaar moment

operator are made possible via a novel analysis of the

transfer matrices Tg) of the Haar and cHaar moment

operator in the permutation basis, namely the #! x ¢!
matrices that map permutations to permutations. In
Appendixes A and B we derive a crucial change of basis,
from non-orthogonal permutations [91], to so-called local-
ized permutations. This novel localized basis consists of
operators, each with support over a strict subset of copies
of the Hilbert space, that are orthogonal to any operators
with non-identical support. Due to its well-defined support
and block-orthogonality, this basis block diagonalizes the
Haar transfer matrix and block lower triangularizes the
cHaar transfer matrix [92,93]. Indeed, this localized basis
is not merely a technical convenience, but the main
structural ingredient that makes Theorems 1 and 2 acces-
sible, and we expect it to be useful more broadly in
permutation-based moment calculations.

The resulting transfer matrix elements are depicted in
Fig. 3, for t =4 and k = 1,3 concatenations, obtained
from closed-form expressions and symbolic methods [94].
Shown is the leading-order scaling [ of matrix elements
with d. The Haar ensemble transfer matrix is block-
diagonal, with elements that are invariant under concat-
enations. Such structure reflects that its moment operator
is a projector and is support-preserving. The cHaar
ensemble transfer matrix is block-lower-triangular, with
elements that decay with concatenations, except for the
first column which corresponds to its fixed-point leading
eigenvector of Eq. (52). Such structure reflects that
its moment operator is non-unital and is support-non-
decreasing, given it is generated by a support-preserving
Haar ensemble, with its output environment traced over.
Given the exact forms of the transfer matrices, in particular
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t=4 k=1 t=4, k=3
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FIG.3. Moment operators in a basis that block diagonalizes the
Haar moment operator as a permutation transfer matrix. We show
the scaling of the k-concatenated 7-th order moment operators for
the Haar (top) and cHaar (bottom) ensembles for dg = d>, k = 1
(left), k = 3 (right), and t = 4. In this basis, the ¢! elements are
sorted by their support, from the smallest identity (top-left
corner), to the largest cycle (bottom-right corner). Colors
represent the leading-order scaling / with 1/d of elements

P~ o(1/d").

the k-concatenated transfer matrices Tg’k), the spectral

properties, norms and traces of the associated moment
operators may be derived in Theorem 2.

C. Moment operators of noisy quantum circuits

Here, we use our formalisms to study the moment
operators of noisy quantum circuits. As per Fig. 4, we will
consider k-layers of random unitaries sampled from a
unitary ensemble U, followed by a fixed noise channel NV.

.

— AR
— C————
u N

u N u N

k

FIG. 4. Concatenation of random unitaries and noisy channels.
We study the 7-th moment operator of a noisy circuit where we
concatenate k layers of random unitaries sampled from ¢/ (blue)
with a fixed noise channel A/ (brown).

The t-th order moment operator for this evolution
is (N®t’j’1(;))k.

In what follows, we choose an orthogonal basis for
B[H], denoted as P, = {I4, P, ..., S}. This induces a basis

for B[H®'] given by Pg) = (P,)®". Finally, we define the
operator support I'p C [¢] and locality |P| = |[p|.

Next, we consider a constant noise model acting on H in
the basis P, S €Sy of,

P) 1—y, (P
’7d(‘ ) 7fd( ) . (60)

na(S) 0 1 —74(5)

where y,(P) > y,n,(P) <n, ¥V P€ P, with appropriate
constraints on y,, 1, such that A/ m 1s completely positive
[95]. This noise model is composed of a strictly diagonal
part which reduces the magnitude of operators, and a non-
unital part that maps identity to non-identity operators,
encompasses both unital Pauli-like and non-unital noise
[88,96], and allows us to understand how noise propagates
across copies of Hilbert spaces. In particular, we note that
when d = ¢" (e.g., for ¢ = 2, an n qubit system), Eq. (60)
should be viewed as an effective model for constant-rate
local noise on n qubits, whereby tensor-product local
unital channels scale an operator of locality / by a factor
(1 —y)!, and non-unital channels generate identity-to-non-
identity contributions of order 7. The #-th fold tensor-
product superoperator for the noise component acting on

H®' in the basis P, SESE\? = P!, is thus,

- 1
®1
N ==

S T (PSIPYSL 6D

P.S eSf@M
with transfer matrix elements
) (P.S) e O((1 — )yl 8 5p . (62)

Under this framework, the following theorem holds,
regarding the effect of noise on channel-design properties.
Theorem 3. (Noise-Induced Depolarize ¢-Designs). For
k-concatenated f-th order unitary ensembles, diagonal
unital noise decreases, and non-unital noise increases
moment operator norms. The respective ensembles
approach and deviate from being Depolarize t-designs.
More explicitly, we can compute the scaling of moment
operator norms. First, consider a unitary ensemble / is an
e-t-design with respect to a Haar unitary ensemble U/, with

t-order commutant elements S(t/) with locality > [, and
rank-r moment operators. Next, let \/, denote a diagonal

unital noise channel with noise coefficients bounded by
va(P) >y, Y PeP,. Here we have the exact bound,
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[NETE Y =D, <d(r—1+e)(1-pF. (©63)

If the unitary ensemble ¢/ is an exact Haar-distributed
group f-design, or consists of randomly parameterized
unitaries Gg = {U§ = ¢ %6, G€P,4,0 ~ ©} with para-
meters € ~ ©, and a single involutory G with commutant
Sg» and we apply a diagonal unital \, and or non-unital
noise N, with noise coefficients y,(P) > y,n,(P) <,
VYV PP, we have the leading-order scaling,

() ot
(7)ot

() ot

= (r=10((1=p)")
= IPAIOG)
S = 1SMIHO((1 =), (64)

Here, in the y, 7 — 0 limit, independent of d, t, the leading-
order O(y,n) behavior is due to k concatenations of
the noise component acting on any unitary component
operators of minimum locality /. The leading-order scaling
is thus only dependent on the locality and rank of the
unitary operators and is otherwise independent of the
specific unitary ensemble. Unital noise is inherently
depolarizing, decreasing moment operator norms expo-
nentially with concatenations and converges toward a
Depolarize t-design.

To understand the previous noise-induced behavior,
recall that Haar-distributed unitary ensemble moment
operators are support-preserving and consist of locality-/,
rank-r; < r projectors. Unital noise predominantly
scales such projectors by ~(1—y)* throughout the
k-concatenations, leading to an effect proportional to
the total amount of noise, ~1 — lky, independent of the
number of operators scaled. Conversely, non-unital noise
predominantly occurs at the last concatenation, indepen-
dent of k, scaling P,\{I,;} number of non-identity basis
operators mapped to from the identity. Any intermediate
non-unital noise that increases support at concatena-
tion s < k would contribute next-leading-order scaling
~n(1 —y)!=%) leading to a mixture of unital and non-
unital effects as unitary and noise basis operators are
mapped between each other.

Finally, let us consider a direct application of our
framework to reinterpret the results of [97,98]. Therein,
it has recently been shown that random measurement
probabilities p, from random circuits with local noise
converge to measurement probabilities from globally
Depolarized noisy circuits p, in average total variational
distance || p, — p/||; [97.98]. Using the fact that the moment
operator norms serve as bounds for the diamond norm,
which in turn bounds the total variational distance, our

noisy moment operator norms ||7° — ’ﬁ,H | are shown to be
interpretable, scaling similarly, and potentially bounding

these variational distance results,
(P, = Pl un, ~ O(e™) < (INJU=Dal| Doy, (63)
Then, since we have derived the bounds,

|1To, ~ Dl < @

T —DF| ~ow@na—y*),
(66)

our diamond norm bounds imply that for qudit systems,
depth that is at least linear in system size, n = log(d),

i = Q(t log(d) —I—llog(t)>’ 67)
log (i)

is sufficient for 7-design Haar unitary ensembles plus unital
noise to converge to Depolarize t-designs. Such loosely
bounded linear scaling depths with n for all ¢-designs are
comparable to previous derivations of k = Q(nlog(n))
number of channels, or Q(log(n)) depth for e-t = 2-design
Haar unitary ensembles with local noise [97,98]. Our
bounds can potentially be tightened if focusing specifically
on the ¢t =2 case, given that such moments operators
and their norms can be explicitly calculated. Our explicit
expressions for moment operators also suggest their
I-norm, as opposed to the 2-norm, can possibly be
calculated, leading to tighter bounds on the twirl diamond
norm for non-unital noise or parameterized ensembles.

D. Channel designs and expectation value
concentration

In this section, we relate concentration of expectation
values to channel-design properties. As previously dis-
cussed, moment operator norms for ensembles of unitaries
have been given operational meaning in the context of
variational algorithms, as they can be directly related to the
concentration phenomena [18]. Here, we extend such
intuition to the case of channels and show that similar
phenomena are exhibited by ensembles of quantum
channels.

In particular, let us define the expectation value

L(p. 0) = TH{A(p)O. (68)
where p is a quantum state, O an observable, and A is a
channel from an ensemble C. We can bound the proba-
bility of £, deviating from its mean pe = (Tr[A(p)O])
by a quantity € >0, in terms of its variance 63 =
(Tr[A(p)O]*)c — (Tr[A(p)O])2, via Chebyshev’s in-
equality

2
Probability[|£, — uo| > €] < % (69)
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Since computing variances ¢4 for arbitrary ensembles of
quantum channels C may be difficult, we can instead study
concentration phenomena by comparing how close Cis to a
reference ensemble C'. In particular, one can show that the
following theorem holds

Theorem 4. (Variance Bounds in terms of Reference
Ensemble). Given an expectation value £, and ensembles
of quantum channels C,(’, the variance of £, over C is
upper bounded by, the variance of L, over C, and
design terms that depend on C being an e-7-design with
respect to ',

ok = o% +6%, (70)

with deviations from the reference ensemble variance,
upper bounded by terms that depend on various choices
of norm,

2) 2 2)
o< min I3 I0|TE -7

p

1
+,min_ 2ucllipl, |01l [ 76" - 76

L, (D

In particular, when p is a quantum state, the observable
O has trace |Tr[O]| < 1 (e.g., a projector or Pauli operator),
the reference ensemble is C' € {C(d, d¢), D(d)}, and the

norms are diamond || - ||, or operator || - ||,, norms,
0( | ) o C=cldd
0 C' = D(d)
2 2 1 1
S0 <NOILITE ~TE o + 25101 TE =T .
or
2 2 1 1
IPIBIOBITE =T oy +2- Il O T =T epe
(73)

These bounds must be considered case-by-case, depend-
ing on which norms of states, observables, and moment
operator differences are optimal. Theorem 4 encompasses
the results for unitary ensembles of Ref. [18] and allows us
to study non-unitary concentration phenomena. For in-
stance, noise-induced barren plateaus in Ref. [19] can be
understood more generally as arising when the ensemble
of noisy channels becomes an approximate z-design with
respect to the Depolarize ensemble. In particular, within
our framework, the key condition underlying the concen-
tration results of Ref. [19] translates to unital noise scales
y > 0, in which case the noisy channel ensemble is driven
toward the depolarizing channel, as per Eq. (64).

IV. NUMERICAL EXPERIMENTS

In this section we present numerical simulations for
ensembles of noisy parameterized quantum circuits.

Specifically, we study the behavior of the norm of 7 é2>
twirls applied to an initial pure state p, for different circuit
depths L and noise strengths y.

We consider the following (noiseless) unitary ansitze
for n qubits: hardware-efficient ansitze (HEA) [99] and
matchgate ansitze (MAT) [100], each with a set of
generators G in terms of the X, Y;, Z; local Pauli operators
acting on qubit i € [n],

Guea = (X} v {Y: 1) U{Z:Ziy 105, (74)

Ovar = {Xi}5g U{ZiZin 5 (75)

The noiseless parameterized quantum circuits {U (5)}5
have a layered structure, obtained from the generators
{G,} via exponentiation as

L—-1K—-1
= ¢~ 0uGr (76)
=0

T
<)

where 6 = (6g, ..., 0 x_1) are variational parameters, dis-
tributed uniformly in [0, 27z], and G € Gypy Or Gyar. As
initial states, for HEA we choose p, = (|0)(0])®", and for
MAT we choose p, = (7“0”'1>)2(<0|+<1”))®".

We also consider the following noise models consisting
of local noise channels acting on qubit i € [n] after each
unitary gate e~"uCk_ In particular, we consider bit-flip
(Al %r), dephasing (A ), local depolarizing (ALD) and
amplitude damping (A/,)) noise. Given a probability y
of noise occurring, also referred to as the noise strength,
the action of these local noise channels is,

Ngr(p) = (1 =7)p + 1 XipX;,

Ap(p) = (1=7y)p+ }’ZiPZi’
Aip(p) =1 =pp+5 3 (XiPXi +YipYi+ ZipZ;),
Njplp) = ADIpKIiIDI + KADZpK,iIDZ’ (77

where the amplitude damping channel Kraus operators are,

10);(0[+ /1 =7 [1)(1]. (78)

In Fig. 5, we plot the (squared) Hilbert-Schmidt norm,
or the purity, of the average of r = 2 copies of states acted
on by channels from the ensemble generated by noisy
circuits, as a function of circuit depth L and noise
strength y. From these results, we can compare the

K,iwl = \/?|0>i<1|’K1i4D2 =
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FIG.5. Effects of noise on | |’Z'é2> (p)||?. We study two parameterized quantum circuit architectures: a hardware-efficient ansitz (HEA)
and a matchgate ansitz (MAT), on n = 7 qubits and L € [L] layers. We take the variational parameters uniformly in [0, 2z], and we
simulate the effect of four different types of single-qubit noise channels, namely, local depolarizing, amplitude damping, bit-flip and
dephasing nose, with noise strengths y € [0, 0.3]. The input states for the HEA and MAT circuits are p, and p_, respectively. We also
plot the value for the Haar, cHaar with dg = d? (i.e., the Lebesgue measure) and Depolarize reference ensembles. These simulations
show that certain types of noise can decrease the Hilbert-Schmidt norm of the 2-order moment operator (e.g., depolarizing), while

others can increase it (e.g., amplitude damping).

behavior of the HEA and MAT ensembles, in both the
noiseless and noisy cases.
First, we consider the noiseless case. We observe that

||T§{2]2: A(po)||* converges with depth toward the Haar ran-
dom value, meaning the circuit becomes an e-approximate
state 2-design [15]. In contrast, ||7'1(\,2L)A‘T(p+)\|2 does not
converge toward the Haar random value, but instead
plateaus at a higher value and does not become a
e-approximate state 2-design. Intuitively, this is a conse-
quence of the fact that the HEA generators in Eq. (74)
produce controllable circuits (meaning that any unitary
from SU(2") can be implemented given sufficient depth
and an appropriate choice of parameters). Conversely, the
MAT generators in Eq. (75) produce free-fermionic evo-
lutions, which are a small subgroup of SU(2") that do not
form state designs.

Next, we consider the noisy case. Under local depola-
rizing noise channels, both HEA and MAT norms converge
with depth to the absolute minimum norm, namely, the
one given by the Depolarize ensemble (as is expected
from previous studies of noise-induced phenomena in
Ref. [19]). Similarly, under local dephasing noise, both
HEA and MAT norms also converge with depth to the
absolute minimum Depolarize ensemble norm. However,
under local amplitude damping noise, interestingly both
HEA and MAT norms decrease when the noise strength is
small and increases with increasing noise strength. Finally,
under local bit-flip errors, both HEA and MAT norms are
decreased, although the HEA norm is driven toward the
minimum Depolarize ensemble norm, whereas the MAT
norm converges to a larger value.

These numerical experiments showcase that certain
types of noise can decrease or increase the norm of the
moment operator and reveal a subtle interplay between
the exact circuit that is run on a quantum computer, and the
type and strength of noise present in the device.

The simulations have been performed with the open-
source library Qibo [101,102]. One of the main technical
issues in numerically evaluating twirl norms, via sampling
from an ensemble, is that the error in such estimations is
often large compared to the norm itself, unless a prohibi-
tively large number of samples are simulated. Hence, we
employ a method to evaluate twirl norms for ¢ = 2 exactly,
avoiding any sampling error. The method is similar to that
in Ref. [103] and is based on the following proposition,
whose proof can be found in Appendix C 3.

Proposition 2. The average adjoint action of U®?, with
U = ¢ ~ Gg, for fixed generators G €G, G*> = I, and a
uniform distribution of parameters 6 € ® = [0, 27], is

1 1
T(gz@)(‘) =Z(-+G®.G®) — §{" G®?} + 5(;(2) -G@,

0| W

where G =GQ®I,+1,® G.

V. CONCLUSIONS

In this work, we introduced a framework for studying
moment operators of ensembles of random quantum
channels. A key contribution is the proposal of three
reference ensembles: Haar, cHaar, and Depolarize, for
which we derived exact expressions for their spectra,
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traces, and norms, and obtained a hierarchy between these
ensembles. In particular, we showed that the cHaar
ensemble interpolates (via the environment dimension)
between the unitary and depolarizing limits. Indeed, we
found that its dominant fixed point is predominantly
depolarizing with a perturbatively non-unital component,
highlighting persistent non-unital effects and the intrinsic
dissipative nature of quantum channels [104—107]. Finally,
instead of uniformity of measure, derived hierarchies
between ensembles, generally arising from invariance
properties of ensembles, are shown to be more versatile
criteria to compare ensembles in these more general
settings. Based on these criteria, we have shown that
the Depolarize ensemble is the most natural reference
ensemble for ensembles of quantum channels.

The norm of the ensemble moment operator plays a
central role in describing relationships between ensembles.
It is natural to ask for further operational interpretation
of this quantity, particularly to describe the capabilities of
random quantum channels. In the case of ensembles of
random unitaries, this quantity has been interpreted as the
expressive power of the ensemble [66]. However, in the
case of ensembles of random quantum channels, given
their inherent depolarizing and therefore not necessarily
useful behavior, this feels less applicable to describe
channel-centric algorithms [108]. The Depolarize or
asymptotic dimension cHaar reference ensembles do
capture in some sense the “uniformity” or “symmetry”
of an ensemble, in terms of its ability to dissipate infor-
mation evenly in all directions, however neither term is
quite satisfactory. Perhaps, as channel-centric algorithms
become more prevalent, similarly to how the laser was
presented originally as a “solution looking for a problem,”
here we have a “property looking for a name.” We leave
finding a nice, operationally meaningful, name for this
important quantity as future work.

Applying the formalism to noisy parameterized circuits
with diagonal unital and non-unital Pauli-like noise, we
observed opposite trends for moment-operator norms.
Unital noise typically decreases such norms, while non-
unital amplitude damping increases them. Circuit depth
drives ensembles toward the appropriate reference designs,
and concentration of observables emerges. Such analysis
ultimately offers a channel-design-centric view on noisy
barren-plateau-type  phenomena  [17-19,64,104,106].
More broadly, this perspective suggests that noise need
not be viewed solely as a passive perturbation. Instead,
by driving channel ensembles toward or away from the
Depolarize reference ensemble, it can itself become the
mechanism governing concentration phenomena.

By establishing the previous clear connection to quan-
tum machine learning, we highlight that our framework
can also be directly relevant to more general hybrid
classical-quantum protocols that rely on sampling and
inversion (e.g., randomized benchmarking, classical

shadows, and error mitigation). Known design parameters
and exact moments can potentially tighten sample-
complexities and guide experimental choices, particularly
when noise models are difficult to characterize within
devices [25,109-113].

Moreover, we note that recent work has shown that
design-like randomness can emerge dynamically in
chaotic many-body systems, even without explicit sam-
pling from a Haar ensemble. In particular, projected
or subsystem ensembles generated by chaotic dynamics
can realize exact or approximate quantum state-design
behavior [11,114-116], and this perspective has also been
explored experimentally [117]. Our framework suggests a
natural channel-level extension for these ideas, whereby
one studies the subsystem quantum channels induced by
chaotic or noisy dynamics on a system plus environment.
Here, one may ask whether the associated channel
moments approach those of a reference channel ensemble,
and if any design properties emerge. This viewpoint is also
closely related to recent work on push-forward designs,
including channel-design constructions arising from
Stinespring-type maps [118].

Likewise, recent results on noisy random circuits
indicate that sufficiently random dynamics can scramble
local unital noise into an effectively global white-noise
contribution, whereas non-unital noise can lead to quali-
tatively different behavior [97,104]. Establishing general
conditions under which chaotic open-system dynamics,
monitored dynamics, or noisy many-body evolution give
rise to approximate channel designs is an interesting
direction for future work.

To finish, we note that our work paves the way for
several future research directions that merit follow-up:
(i) non-asymptotic spectral analyses and representation-
theoretic proofs for the cHaar-Haar hierarchy and related
block structures, with links to Weingarten calculus and
partition algebras [72,91,119]; (ii) characterization of
more specific, physically motivated, and experimentally
relevant ensembles of channels (e.g., Stinespring uni-
taries beyond Haar, structured entanglement, composite
ansitze), and principled criteria for channel designs
[24,48,51,118,120,121]; and (iii) targeted experiments that
probe higher-order moments and benchmark predicted
concentration trends, alongside implications for simu-
lability and noise-assisted or active-error-mitigation
strategies [105,122—125].
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APPENDIX A: SPACES, OPERATORS, AND PERMUTATIONS

In this appendix, we present preliminary definitions, including relevant spaces, operators, norms, and permutation
operators, that will be useful throughout the rest of this work.

In what follows, we will denote the d-dimensional Hilbert space as H = C¢, the set of bounded linear operators
acting on H as B[H], and the set of bounded linear superoperators acting on operators in B[H] as B[B[H]]. For
convenience, we also recall the vectorization map, where given an operator X € B[H], its vectorization is
X =3 apeid Xapla) (Bl ;>|X)) = upeld Xaplap). Given two operators X, Y € B[H], their normalized inner product,

or overlap is

gy XD
rat ) = Sy = 10,
1) = i = {450, (a1

We will also make use of an orthonormal basis for the space of operators, denoted as P, = {P,Se€B[H]:
x4(P.S) = 6ps}, and which satisfies B[H] = spanc{P,}. To simplify analyses, we assume I, € P,, where I, denotes
the d x d dimensional identity, such that non-identity basis operators P € P,\{I,} are traceless, y,(P) = 0.

The #-fold tensor product of the Hilbert space is denoted as H®’, and we define the set [¢] = {0, 1, ..., 7 — 1}. Moreover,
from P, we define a basis for the space of linear operators B[H®'], which is simply given by P!, = 73?’. Given two

operators X, Y € B[H®'], their normalized inner product is denoted as )(g) (X,Y) = {X|Y))/d'. Note that in what follows,
we indicate 7-fold tensor-product generalizations with 7 or (¢) superscripts, and particular copies are denoted with indices
i € [7]. In addition, given an operator X =®; | X; € B[H®'] with tensor-product structure, we define its support I'y and
locality as the indices of non-identity operators over the ¢ copies of the space,

Fy={iell: X ¢ {I,}}.  [X|=Irxlel+1] (A2)

Operators X =®;cr, X;, restricted to a subset of their support I' C I'y, are denoted as Xr =®;cr X;. For general
operators X = > X, with support I'y =U, I'y , we refer to such operators as localized with definitive support, if
all operators within their expansion have identical support I'y = I'y. We also refer to operators X, Y € B[H®'] as being

orthogonal with respect to support if they are orthogonal due to having non-identical support, ;(E? (X.Y) « or,r, -

Next, we will denote the Symmetric group as S, = {o: [t] = [t]} [126]. We will denote the identity permutation as
e = (), and transpositions acting on indices i # j € [f] as ¢ = (ij). Here we find it important to recall that any permutation
o € S, can be described by the support I'; C [¢] and locality I, = |[';| < t where they act non-trivially; by their size |o| of
the number of transpositions ¢ = [[,c,7; or by their cycle structure of disjoint cycles ¢ = [],c,4. In addition,
permutations can be related in terms of the size of their overlap |7~ !¢, or in terms of their sub-permutations 7 C o, a
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partial ordering between permutations [127], that corresponds to factorizations ¢ = (z)(z ') such that,
nCo < |nlo] = o] —|a| (A3)

Further, the size of permutations satisfies a triangle inequality, with upper and lower bounds satisfied by sub-permutations.
Indeed, for o, 7 € S,, one has

llo] = |al| < z7'o] < |lo] + |l]. (A4)

The representation of the symmetric group which permutes copies of the Hilbert space is denoted as

Vy:0€S8, - Vy(o)e Sg) C B[H®']. From here, we can define the overlap between the representations of permutations
o, TES, as

1
de '’

These overlaps form a ¢! x ¢! matrix over the permutations, Wff), referred to as a Gram matrix, with elements

;(g) (o,7) = (A5)

Wf;)(a, n) = ;(Ef) (0, ). The inverse of this Gram matrix exists over the permutations, W<dt> - WE;H, referred to as the
Weingarten matrix, with elements, whose closed-form dependencies on d, t are only known to leading-order [62],

1

an’\

w6, ) = c(a‘lfr)da% {1 + (9(%)] <xiclo™'m) ——— (A6)

Here for permutations o, the Mobius function, ¢(6) =[], ¢, c(4), is the product of the signed Catalan numbers, c(4) =

(—l)Wc‘ 4 for each of its cycles 4 € o, with Catalan numbers of ¢; = ;35 +1 ( !), and y, is a t- -dependent upper bound [119].
To simplify our analysis, we will define the set of character-normahzed permutations S, given by,

(®)
8= {6 =Val@) 10 (@)} es, 2 (0.) =22 (A7)
Xa \O ) ( )
Here, it is important to note that while the elements of S, are linearly independent for d > ¢ [64], they are not orthogonal
[91]. Hence, we find it convenient to derive an alternative basis denoted as the localized permutations. The elements of this
basis are in one-to-one correspondence with the original permutations, are localized with definitive support, and crucially
are orthogonal with respect to support.

We can motivate our localized basis by considering a simple example on ¢ = 3. First, let us first recall that the
normalized operator for a transposition 7 = (ij) acting on indices i # j € [1] is

t= > P, ®PL (A8)

PeP,

Then, given the [ = 3-cycle 4 = (012), we can decompose it as (012) = (01)(02) = (12)(01). As such, we can express

A= ZP()@PTZS()@S;: Z PoSo ® P| ® S}

PEP, SeP, PSEP,
=L®LL+ > PRP®I
| Sy S
PEP{L}

0

+ > PRLOPI+ > L,@P®P
Pepd\{ld} (02) Pepd\{ld} (12>

(o1)

+ > PS®P®S.
P£SeP,N\N14} (012)
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The brackets in the previous equation showcase that the final decomposition contains grouping of tensor products of
operators that match the expansion of A into its sub-permutations, i.e., {z = (), (01), (02), (12), (012) C (012) = A}.
Importantly, since the decomposition of a permutation into transpositions is not unique, the previous decomposition is also
not unique. However, such expansions suggest there exist general relationships between representations of permutations,
and their sub-permutations. We seek to exploit such relationships to define the basis of localized permutations.
Theorem 5. (Localized Basis for Permutations). Let S, be the set of character-normalized permutations. There exists a

change of basis, ¢, : S, - [S,], to a localized permutation basis [S,],

=Y Ao 6]=> ¢(0.n) (A9)

nCo nCo

A

where the elements of [S;] = {[6]}, ¢ s, depend on sub-permutation relationships 7 C ¢ and obey the following properties:

(i) Change of basis transformation: ¢, : K. [S' .| is invertible, lower-triangular as per the sub-permutation ordering is
dimension-d-independent and is solely dependent on the structure of the ¢-th order permutations:

$i(o.7) = c(27'0)8 20, c(o) = HC(A)v c(d) = (=) ¢p, #7'(0.7) = 5o (A10)

A€o

(ii) Linearly independent for d > t, and in one-to-one correspondence with permutations: [6] € [S,] <> 6 € S,
(iii) Orthogonal with respect to support, and localized with definitive support I'i; = I';:

A P CRG ) IR P X (G L)
= @al = 6L )| < G det sy Al
I'clt ‘ R . P ; .
2([2), 18) V(@A) | ores,

Fg=Tp=I

Proof. To prove properties of the localized permutation basis, we use properties of sub-permutations z C ¢ such that
|7~16| = |o| — | x|, which represent a partial ordering between permutations [127,128], and is transitive, such that if 7 C &,
and & C o, then 7 C 0, and if 7 C £ C o, then 77 '¢ C 7~ '6. Concurrently, the number of sub-permutations of an [-length
cycle also corresponds to the number of non-crossing partitions of the set [/] that respect the order of the permuted indices
[127]. As depicted in Fig. 6, the set of sub-permutations {7 C £ C 6} = {e C £ C 7 '6} forms a lattice containing all
paths of sub-permutations ¢ between some minimum 7 and maximum o permutations. We also note that any sub-
permutations {z C 1} of a cycle A, with identical support I', =T CT'; and locality I, =1 < [,, are within a set of
permutations that is isomorphic to the /-order permutations S;. Further, any subset 7 C {z C 4} of such I"-support sub-
permutations of A have a unique smallest common sup-permutation 7’ (which is referred to as the join of T in the lattice
literature [129]). Further, given the isomorphism to S, this join z’ has I'-support and is a sub-permutation of the unique
I'-support, /-length cycle z; C A (joins of T can be seen to preserve common singletons, the elements [z]\I" not in the
support of, and acted on trivially by all z €T [130]).

Further, permutation-dependent quantities can often be partitioned by the support I';, = T" C [¢] and locality [, = [ =
IT'| < ¢ of permutations . Properties of sub-permutations also hold independently for disjoint cycles, given permutations
7 =[], e, 7, can be decomposed into disjoint sub-permutations {z; C 1}, , forany o = [[,c, 4 2 7 It follows that sup-
permutation-dependent quantities can often be factorized, such as [#] = [[; [, and ¢,(c.7) = [];c, &1, (4. 73).

Finally, we can count the number of sub-permutations and localized permutations. We note that the number
of sub-permutations, which equals the number of non-crossing partitions, equals the Catalan numbers, ¢; = 1+L1 (zll) [131].
The number of sub-permutations between permutations z C ¢ subsequently are,

Con=HEES, : mCEC O} =Cr1,00,: o =|{EES,: ECo}| = Hcll. (A12)

A€o

The number of locality-/ blocks of permutations is (7), and the number of permutations non-trivially permuting their
[-locality support I" is by definition, !/ = L% + %J, the number of length-/ derangements [132].

We will prove each property i) to iii) of the mapping between the permutation and localized permutation bases
separately.
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FIG. 6. Sub-permutation lattice for an / = 5 cycle ¢ = (01234). All ¢c5 = 42 sub-permutations e C £ C ¢ are shown as nodes on a
lattice, each as non-crossing partitions of points, ordered counterclockwise from the leftmost point on an / = 5-polygon. Nodes of the
lattice depict sub-permutations e C & C ¢ between minimal e and maximal o, ordered in [ columns, by size 0 < |£] < [ — 1, from left to
right. Edges of the lattice depict sub-permutation relationships, from left to right. At a given node &, edges and paths to rightward nodes
& represent larger sup-permutations £ C & C o, such that 1 < |671¢'| < |£7'6| < [ — 1. Such sup-permutations {£ C & C o} of é form a
sub-lattice with minimal £ and maximal ¢. Permutations £ are labeled with their localized permutation change of basis coefficient
¢i(0,E) = c(£7'6), such that > aceco $1(0, &) = 84, Inset (top right) is the sub-lattices forming a set S,, with minimal permutations
neT, = {n=(01)(23),(03)(12) Cc 6 = (01234)}, with support I'=T,=1{0,1,2,3} cI, ={0,1,2,3,4}, and a smallest

common sup-permutation 7, = (0123) C 6 = (01234), such that Y .. 5 ¢,(0,&) = Zﬁgeé”” $i(0,8) = > rcits bi(0, &) = 0.

i) To prove the existence of the localized permutation basis, we will show that an invertible relationship exists, also
known as Mobius inversion [129], between S, and [S,]. Let ¢p;! @ [S,] — S, be such a change of basis, with matrix
elements ¢; ' (¢, #) = 8,5,, which is lower-triangular, with unit diagonal. Its sub-permutation-dependent structure
further impose that its strictly lower-triangular component is ¢-nilpotent, given the (o, z) element of its k powers is
the number of paths, of sub-permutations in the lattice formed by z C o, of length k, and each path has at most
|7'6| < t elements. The change of basis matrix inverse thus exists, ¢, : S, — [S,], in fact with a closed-form
Mobius inverse [129], with identical sub-permutation-dependent structure to its inverse, ¢, (o, z), ¢, (6, &) & Syoy-
Such relationships only depend on the overlaps and structure of permutations and are independent of the
representation dimension d,

¢, = Z (I — ¢t_1)k’ ¢i(o,7) = ¢t(7[_16)502ﬂ Do) =c(o) = ch)’ Z¢z(”) = Oge- (A13)

kel A€o nCo
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FIG. 7. Overlap between an operator string P, and a permutation ¢. Overlaps are equal to the tracefullness of the products of an
operator’s components @, ¢, Hiel} P;, in the order of indices U, ¢, I'; permuted by a permutation’s disjoint cycles.

ii)

1ii)

From the invertible relationship between the bases, both the permutations and the localized permutations are
linearly independent for d > ¢ [64], and the localized permutations are in one-to-one correspondence with the
permutations.

To prove that localized permutations are localized, we consider the effect of the support of a basis operator string,
P = ®,cr, P; €P};, with support I'» CT', C [t], on its overlap with a localized permutation [6] € [S,], with
potentially non-localized support I'y) = Uy, I'; = I';. As per Fig. 7, the overlap between a permutation and an
operator string is the tracefullness of products of operators, in the order of the permuted indices within each cycle.
Such products of operators are invariant under any sup-permutations of the permutation, meaning non-zero overlaps
of operator strings with all permutations 7, #/ with a common sup-permutation ¢ 2 , #/, must be identical,

, . . 1
2 & P) =27 P) =276, P) = —— T[40 (T] P)) & 6ror, 0,01, 61 o, ¥ 0277 (Al4)
Xa (0) = iel,

Therefore overlaps of localized permutations with an operator string reduce to summations of coefficients ¢, over

the subset of permutations, S, = {{ Co: I'; 2Tp, )(g)(f, P) # 0} that have non-zero overlap with the operator
string,

() N
“ Z¢,(6~f = ¢(0.8) g’( ; > ¢i(0.8) « br,r,- (A15)

){d ( ECo ( £€ES, Xa EES,

Given summations of the coefficients ¢, over lattices {# C & C 6} are non-zero if and only if 7 = &, we seek to
express the unknown summations over S, in terms of these known summations over lattices, potentially leading to
cancelations. The set S, = U,c7, S, although not a lattice, can be partitioned into lattices, S,, = {£€ S,
7 C & C o}, each defined by a unique minimal permutation, z€ T, = {z €S, : 7 p £ VEES,}, as in the inset of
Fig. 6. As will be crucial, all minimal 7z € T, have identical support I', = I'p, otherwise they would not be minimal
permutations in S,. As such, as above, any subset 7 C T, of permutations always has smallest common sup-
permutations 7/ with ['p-support, and which is itself a sub-permutation 7z’ C z,, of the unique I'p-support
permutation 7, = [[, <, 7; C 6, comprised of disjoint cycles {z,;: n,; C 1},c,. Finally, in the equal support
case,['p =I'; - n, C o, whereas in the strict subset of support case, ['p C I', — 7z, C o, and any smallest common
sup-permutations of T satisfy z’ C x,,.

Given this decomposition of a set of permutations into a union of lattices, we use the inclusion-exclusion principle
[133], that relates counting of unions as counting of intersections, less multiply counted elements in multiple intersections,

= 3 (e (A16)

feuneT(;S(m {}CTQT,, E€NerSsr
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g

o m T, |—1

FIG. 8. Decomposition of S, =U,c7 S, into intersecting sub-lattices S,, = {n C £ C 6}. Gray, blue, green patches and nodes
depict disjoint subsets of each sub-lattice, with pink nodes for minimal permutations z€ T, =U {T,,T,, -, T:}: n C n, Co.

As one example, in the equal support case, if there is a single minimal permutation z = o, forming a single lattice,
Soz =S, =1{c}, then trivially ) .. ¢,(0,£) = 1. As another example, in the strict subset of support case, if there is a
single minimal permutation 7z C ¢, forming a single lattice, S,, = S, = {7 C £ C o}, then trivially ) .5 ¢,(5,&) = 0.t
is therefore essential to understand any cases of o, P that yield non-trivial intersections of lattices S,,, in order to
understand the summations over S, using the inclusion-exclusion principle.

Although intersections of lattices, S, = N,cr S,, for some T CT,, are not necessarily lattices [134], any
sup-permutation £’ D & of any permutation in the intersection & € S, is necessarily also in this intersection, &’ € SY,.
Therefore, intersections of lattices can be themselves decomposed into new lattices S7,,, such that S, = Uy 7. S, each
defined by a unique minimal permutation, 7’ €T, = {z €S, : x p £ VEES,}, and crucially 7’ C z,,.

Intersections of lattices can thus be recursively defined as unions of sub-lattices, S, — S, — --- — S%. Such
intersecting sub-lattices are depicted in Fig. 8, where colored patches and nodes represent their non-intersecting
components, with highlighted minimal elements in one of 7, — T, — --- — T%. Given the unique common sup-
permutation 7, of any subsets of T, T, - - -, T, and that each lattice has paths of at most length |o| + 1 such a sequence of
unions of sub-lattices terminates after at most |o| iterations, yielding a single lattice S = {n, C £ C ¢}, with minimal
element T = {r,}.

Summations over S, therefore take the form of summations over lattices, defined by 7, = {¢&: 3x€T,: n C
& C n,}, weighted by some non-negative multiplicities and signs {n,, k,}, 7 . Finally, given summations over ¢,(c, 7)
are only non-zero when 7z = ¢, summations over S, reduce to summations over the lattice {z, C £ C 6},

D (0.8 =D (~Dn, Y $i(o.€)

£ES, neT, 7CiCo

= (=1)*n,6, 5 « op,r, . (A17)

Localized permutations [6] thus have zero overlap with operator strings P with I', C T';, meaning localized
permutations are localized, with definitive support, I'5) = I,

(1) . P
= S PP A P) = 1, O s ) b ALS)
PeP, Xa (o)

Intriguingly, such arguments could potentially hold for the localization of other change of bases {X} - {[X]}
that are in terms of other partial orderings Y C X between operators, their Mobius inverses ¢,, and their summations
Yoves, $:(X,Y), given symmetries of overlaps with sub and sup-operators ;(((;)(f/, P) = ;(((;) (X,P) for Y C X, PETP,.

To prove the bounds on the overlap between localized permutations, we recall their definition,

X, 1, K X 6 ﬂ'
20 (6. 17) = - du(o.mepi(x.x) (,)”’( @) o G Zxd J. [R])- (A19)
= 2 ) 2oy =

KCrm
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Given bounds on permutation sizes, |6| + |z| — |6~ 'z| < |o| + |z, their overlaps are, ;(d ( )/)(d (o-) ( ) < dlol+ll
given the monotonicity of the Catalan numbers ¢; < ¢;,, the Mébius functions are, |c(z7!6)| < |c(0)| < ¢,, and given
summations are bounded by the largest summand times the number of summands, | ;(EP([&], [#])] < ¢ c2 dlelt orr,.
Finally, we note there is a trade-off in this choice of localized basis. The mapping from the localized permutations to the
permutations has a simple, attractive closed form, with known enumerations of the expansions in terms of sub-
permutations, with unit expansion coefficients. Permutations can equally be expanded in terms of a basis of strings of
orthogonal operators, grouped by their support. However such groupings are not enumerated by the sub-permutations, and
the associated expansion coefficients have no closed form, requiring the algorithms used in this proof. L]

APPENDIX B: PROPERTIES OF MOMENT OPERATORS
In these appendices, we consider properties of #-th order moment operators for various ensembles, generalizing

previous expressions [18] and adapt approaches for integrating over ensembles of operators [51,62,63].

1. Twirls and moment operators

Here, we denote the 7-th order moment operator for an ensemble of channels C C B[B[H]] as T é’) = [.dA A®. Then,
the moment operator for k-concatenated independent ensembles {C;}, < i 18 the product of the moment operators,

179 =11 / dn NS =D+ A B1)
i€ k] i€lk]
where we defined
. 1 " 1
D = US| and AR, = 7 > 70, (P.S)|PY(S|. (B2)

PGS \{1®’} SeSCk ]

Here, T?C)‘} denote the composite expansion coefficients, also known as the transfer matrix elements. These composite

transfer matrices can be expanded in terms of the individual transfer matrices {’L’X)} iepq for each moment operator, and

overlaps )(<dt) between the elements of some ensemble-dependent bases {Sg) C B[H®']} as,

o P.sy= > [ @ns) T 2060 Piv). (B3)
trisie8 ey 1€ K] i€ [k—1]
Py=P.Sj_;=S

In the case of concatenating k identical ensembles, i.e., when C; = C V i € [k], our notation is replaced with k-powers, or

ALY and £ - 709,

k-superscripts, namely T <{2i} -7 é’)k, A({tc),-} - and Tiey ~ T

To compare two ensembles C, ', let us define the difference between their #-th order moment operators as

A =T T80 - b =|AL . < =AY (B4)

Various norms || - ||, may be chosen, denoted with ') superscripts, and unless noted, we use the Hilbert-Schmidt norm.
Our choice of Hilbert-Schmidt norm || - || = || - ||, for moment operators can be motivated, by its intuitive form that
lends itself to simplified calculations, but also due to it bounding the more commonly used diamond norm || - ||.,.
Lemma 2. (Moment Operator Hilbert-Schmidt Norms Bound Twirl Operator Diamond Norms). Given ensembles of
quantum channels C, C’, the completely bounded diamond and Hilbert-Schmidt norm of their twirl operators are bounded
by the Hilbert-Schmidt norm of their moment operators, up to a dimension-dependent scaling,
8-, < @7 -7, s -7

|- (B5)

Proof. Given vectorizations, quantum channels A € B[B[H]] can also be represented via channel-operator or even
channel-state dualities, as superoperators A, or Choi states ®,,
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A=K ®Ky < @y =) [K)(K3l, (B6)
K K\

In particular, superoperator norms and traces correspond to the Choi state’s purity and entanglement fidelity with respect
to unnormalized maximally entangled states [Q) = ", ¢y @) EH @ H — Q = |Q)(Q| € B[H ® H] [73],

[A|]? = Tr[@] @,], Tr[A] = Tr[Qd,]. (B7)

More generally, for quantum channels A, A’ € B[B[H]], inner products between their superoperators equal inner products
between their Choi states,

(A A) = Tr[ATA] = Tr[@],@,] = (@), @,). (B8)
Finally, given its convexity, the completely bounded 1-norm, or diamond ¢ norm of a map A,

All, = A®I , B9
Al = max (A @ L)W, (B9)

is the p = 1-norm of the operator acting on some normalized pure state |y) = (1/d)U ® 1,|/Q) on the doubled space
H ® H for some unitary U €U(d) [135]. Further, the p-norm obeys Holder’s inequality of || - |, < |- |,[| - [|, for
1/p +1/q = 1/r, the 2-norm obeys || - ||; < V/d|| - ||, and unitaries have co-norms of the 1-norm one of their columns ,

bounded by ||U||, = ||u||; £ v/d. The completely bounded 1-norm of the difference of quantum channels A, A’ can thus
be bounded by the 2-norm of their associated Choi states [135], and thus by the 2 and 1-norms of their superoperators,

A=A, = [[(A® L) (w) = (A ® L)), (B10)

1
= (A ® 1)(U ® 1,)() = (N ® 1) (U & 1)) B11)
== [l ® U) (A ® 1)(Q) — (N ® 14)(Q))(1s & UT) (B12)

I
=~ (s ® U (@) — @)1, ® U (B13)

1
<= e @ U[|, [[1a ® U ||, [|@n — @], (B14)
<L VaVi|e, oy, (BIS)
= [loy — @y, (B16)
<d| @y -y, (B17)
=d||A A, (B18)
<d|A-Al,. (B19)
| |

For the special cases when the ensembles contain strictly unital operators or have projector moment operators, we can
readily prove how the associated moment operators preserve the support of their inputs.
Definition 1. (Projector Ensembles). Projector ensembles C have self-adjoint projector moment operators:

() 4-(t) _ A1) >0t _ A1)
cle =4¢ T, =Tg. (B20)
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Lemma 3. (Support Preservation of Unital Ensemble Twirls). Given an orthogonal with respect to support basis P/, for
B[H®'], unital ensemble twirls C;; are support-non-increasing and projector ensemble twirls C;; are support-preserving,

. 1
T = g ST BV(P.S)PYS| < 14 (P.S) =700 (P, S)drcr, (B21)
Trerd
(1) 5() _ A1) At _ A0 A0 _ N4 . Ao ] (s
T Te =Ty,  To =To -7 = o To, =5 > 70 (P.S)PYKSI. (B22)
reclq PSeP!
Ip=lg=I

Proof. Let us consider consider the action of unital ensemble C;, twirls on |X|-local operators X = ®;¢r, X;, given
identity operators are invariant under unital operators,

TE(X) = / dAA®'(X) = / A ®ier, M(X) =Y VPSP =TI X).  (B23)
U Cy Cy S U U
i d
Ipclg=Ty

It follows that unital f-order transfer matrices reduce to |S|-order, that are non-zero T(c;)(P, S) = ng‘)(P, S) ~ dr,cr, for
P, S € P!, when mapping between basis operators of strictly common support. In the case of projector ensembles Cy,

moment operators are self-adjoint, T EZT =7 gu) constraining such twirls to map between operators of identical support.
Projector ensembles can thus be written as a sum of projectors onto I' C [¢]-support spaces. [
Further, we note that via Stinespring dilations, an ensemble of unitaries induces an ensemble of quantum channels.
Definition 2. (Unitary Induced Quantum Channel Ensembles). Unitary ensembles If over a composite space H ® &, and

an environment state v¢ € B[€], induce a quantum channel ensemble C over the system space H, with moment operators,
TV =18 ® (T} 13 ® |1¥"). (B24)

Finally, moment operators of channel ensembles induced by projector unitary ensembles are support-non-decreasing.

Theorem 6. (Support Preservation of Quantum Channel Ensembles Induced by Unitary Ensembles). Moment operators
of channel ensembles C over a d-dimensional space H, induced via Stinespring dilations by projector unitary ensembles I/
over a composite dd¢-dimensional space H ® &, with an environment state v¢ € B[£], are support-non-decreasing,

A 1

T =2 2 2 (PSIPYSI i (P.S) = Y (Tl (P ® I8 Sy ® T¢). (B25)
PSeP!, reep,
Ipolg

Ty =Ts, T,

given orthogonal with respect to support bases P, 73215 for H and &.
Proof. Given composite orthogonal with respect to support basis P! ® 77515 for H ® &, from Lemma 3, projector
unitary ensemble moment operators are support-preserving,

A 1
i = d' ) 73/ (Py ® Pg. Sy ® S¢)|PyPe)(SnSel. (B26)
Py.Sy EPZI
.vg.sgepil
Tp, Upg=Ts, Us,
and the form of the induced channel ensemble moment operators follows directly from their definition. ]

2. Properties of haar and chaar twirls

Here, we derive expressions and properties for moment operators for the Haar, cHaar, and Depolarize ensembles.
Throughout this section, we will use the fact that the #-th moment operator over the representation of a group projects onto
its 7-th order commutant. We begin with the following definitions of the relevant ensembles.

Definition 3. (Haar ensemble). The #-th order twirl over the Haar ensemble U/(d) is defined as the twirl over ¢ copies of
unitaries sampled from the group U(d) according to the Haar measure. The associated twirl and moment operator are
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70, () = /u AU ue o = L LT (B27)

Since the #-th order commutant of the unitary group corresponds to the system-permuting representation of the Symmetric
group we can always express the moment operator as

g = Z‘L’M (o, 7)|oN{n| with ngd)(a,ﬂ):WS)fl(a,ﬂ). (B28)

6n€S

Definition 4. (cHaar ensemble). The #-th order twirl over the channel-Haar (cHaar) ensemble C(d, dg) is defined as a
measure over ¢ copies of random channels and is a uniform, Lebesgue measure when d¢ = d*. Using the Stinespring
formalism, we can re-write this average as a twirl with respect to the Haar ensemble of unitaries acting on ¢ copies of a
composite space, of a system and environment H ® £ of dimensions d, d¢, and a local pure environment state ve € B[E],

A

T () = Trea [Ty, (@8] = T8, =18 @ (1T, 19 ® 12", (B29)

Since the cHaar ensemble is generated by the unitary Haar ensemble over U(ddy), 7 () Cld.de) CAN be obtained by projecting
onto the commutant of I/(ddy), acting on the environment state v¢, and then tracing out the environment. This leads to

N 1 .
T(Ct(d &) = ZS T(c (0. 7)|eh (x|  with Té’()d.dg) (o, 7) :;(gg)(o)rggddg)(a, ). (B30)
o,nE

Definition 5. (Depolarize ensemble). The #-th order twirl over the depolarizing (Depolarize) ensemble D(d) is defined
via a single maximally depolarizing channel D,(-), with unit probability. The associated twirl and moment operator are

A

TrH1®t N T(t) D®Y 1

(1) _
Tp(d)(') - D?’( ) d’ D(d) dt

TGN (B31)
The Depolarize moment operator projects onto an invariant, trace-preserving basis, of solely the identity operator {I?’ 1.
We now derive explicit forms of the Haar, cHaar, and Depolarize moment operators.

Theorem 7. (Haar Moment Operators are Support-Preserving and Block-Diagonal in Localized Basis). The Haar
moment operator is block-diagonal in the localized permutation basis, as per its support,

Fa()
_ ) = u@ . (B32)

where

T =$ > w8 DIBINA]L and oy, (18], [2) = > £ Wy 0 (0), (B33)

o €St oCneES)
Fo=I'z=0" aCKE S

with orthogonal support-dependent block moment operators ’f’g@, spanned by localized permutations [6], [#] € [3 \] with
support I' = 'y = I’z © T C [1], and exact identity and transposition coefficients of,

[ 1

(81 12) = 8pee gl (B 1) = 5 b (B34)

033050-24



PRX QUANTUM 7, 033050 (2026)

MOMENTS OF QUANTUM CHANNEL ENSEMBLES
Theorem 8. (cHaar Moment Operators are Support-Non-Decreasing and Block-Lower-Triangular in Localized Basis)

The cHaar moment operator is block-lower-triangular in the localized permutation basis, as per its support

()
C(d.de)
F{3{igh) 4}
TC(d,dg; Tc(d»jds>
A F({ ik} L 2-({i.j.k})
Tinan = | Teidad T i (B35)
: (1)
: TC(d,dg)
5({111) N 2-([1])
C(d.de) C(d.dg)
where
A N wi- !
Clddg) — Z TC ddg ])H ]»« [7[] |’ and é()d dg) Z )(ddg ddg (’7, K))(((j)(’(>» (B36)
€S , GEV/ZS]
IIZTI"[\ZJII’K\T"I’\ 7CkeS)
with orthogonal support-dependent block moment operators 7 > spanned by localized permutations 6], [7] € [St]
=Ty T I C [1], and exact identity and transposition coefficients of
dg — 1 0 5y — G
’ TC(d,dg)([T]’ [T ]) - dzd% — 51‘:" (B37)

) =ay

1)

with support 'y =T 2 T
=1 1@

Te(a.

ctaag (). 2)
Proof. Let us express the moment operators in terms of the orthogonal with respect to support localized permutation
basis [S,]. In particular, cHaar ensemble moment operators are generated by support-preserving Haar ensemble moment
(B38)

/.
operators in the composite system and environment space
e 3 g (0.7 onoe) G
(B39)

5-(1)
TZ/{(ddg)
EomeS,
1 ! ! I .
i X X 2500V 2t 1a0) (0. 2y, () o eV R IRE
whes LS
F,]ul“/ l“Kul“K -
=Ty ur,,. I=|r|
In particular, we note that the support of the input permutations «,x’ can be changed from
r,uly, = uly -1, Ul 2T UTy, as any coefficients arising from summations over z 2 k,x" will cancel to
zero for ', UT C T, UT,,. Hence, we can write the Haar ensemble moment operator in the composite system and
environment space as
ade) = d,dt > X xR R (B40)
W’l ESI K,;KCfs‘lS
(B41)

nay C(rESl
=Ty Ul I=IL). Tyur, ,ar,(ur)/

ddg (o, o) [[xd [ ) Krpeme -

_dtdt § : E :)(ddg
& ,7,, €Sy €S
i C(rESl IzCr’
r=ryur,, = =[.l=|T]

From here, we can show that the cHaar ensemble moment is support-non-decreasing
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t=3 t=4 t=5

6 ."._...
4
~ 4N
2
9
0 0
7 18
R 14
I 8 12
== - -
zpt.) 4 8
4
0

FIG. 9. Moment operators in a basis that block diagonalizes the Haar moment operator as a permutation transfer matrix. Scaling of
the #-th order moment operator transfer matrix elements for the Haar (top) and cHaar (bottom) ensembles in the localized permutation
basis, for t = 3,4, 5 and dg = d*. Depicted are matrix elements corresponding to all pairs of ¢! permutations ¢, 7 € S,, sorted by their
support, from the smallest identity (top-left corner), to largest cycles (bottom-right corner), with leading-order scaling / (colored

D 0o

o

~ A

gradient), such that, ng (181, [ft]),‘rét()d’ 40 ([8].[7]) ~O(1/ d"). A sparse, support-dependent block-diagonal (Haar) or block-lower-
triangular (cHaar) structure of coefficients occurs, and transposition coefficients (light-purple top-left diagonal) are uniquely diagonal
1/(d* — 1) (Haar), or diagonal and non-unital (dg¢ — &,,)/(d*d% — 1) (cHaar).

féﬁdd>—1®’®«1 N i) 15 ® 18 (B42)

Z > 2500Vt ay (0. WIS ) G V@ W Fr] ) e (B43)

i les; €S,
ni'CoeS; Tall'
=Tl .1=[T|
7

d’d’

d, S @)t (0 D) (B44)
r”('zrr;elg\lr\ Fact
d, S D 20T (0 D (@) s Y[ (B45)

r=r,.0 fr\ T,cr

1

= D Wy (B DI g (81 121) = D7 25 )i O 02 (). (B46)
re e e

To illustrate these properties, we compute the exact ¢ = 3, 4, 5-order Haar and cHaar transfer matrices, for dg = d? [94],
as shown in Fig. 9. Here, we can see that a sparse, support-dependent block-diagonal or block-lower-triangular structure
occurs. Within the transfer matrices, many of the (;) locality-/ blocks, of size !/, are identical and correspond to [ < z-order
twirl blocks, due to isomorphisms between permutations. Such structure is primarily attributed to the localized
permutation basis being orthogonal with respect to support. For the Haar ensemble, the Haar invariance enforces the
support-preserving behavior, and for the cHaar ensemble, the environment space partial trace enforces the support-
increasing behavior. From these results, and inspired by similar discussions in [119], we provide intriguing identities for
permutations o,z €S, of support I' =T, D I', and locality / = |T'|, and general dimensions d, d¢,
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l i
Zﬂf dd\"l dtdg K Zﬂf dd\"l ddg Y(n)x 51) (<)(8r,ar, 84,1 + Or, -1, 8de=1)- (B47)
nKES; nKkES]
n20.k2m n20.k21

Next, we turn our attention to computing the exact ¢ = 1, 2-order moment operator for the k- concatenated cHaar
ensemble. In particular, T é? dde) is not a projector (it is not obtained as the average of a group), then ’T # T and

we are interested in its convergence properties with k. A straightforward calculation leads to the f0110w1ng lemma
Lemma 4. (Exact t = 1, 2-order cHaar Moment Operators). k-concatenated ¢ = 1, 2-order cHaar moment operators, for
all dimensions d, dg, are,

N 1, A
T = Sl
k—1 ) s 2
s L de— 1 L1V 1 & —
Totaay = DN+ |1+ 2 |4 g | IR+ G o e o = . s
where [2] zlf” is the identity operator, and [?] = de—I?2 — Zpepd\{ld}p(ng is the localized transposition
operator.

From the previous results for individual transfer matrix elements, and overlaps between basis operators, we can bound
the transfer matrix elements for general #-th order moment operators for the k-concatenated cHaar ensemble.

Theorem 9. (Asymptotic ¢-th order cHaar Moment Operators). k-concatenated #-th order cHaar moment operators, in
the asymptotic limit ddg — oo, have transfer matrix elements upper bounded by,

1 (1k)

|Tc dd )([5'] z])| < &2
o|+|x| glol+(k=1)[T[/2
¢ dlelt ldg

or,or, » (B49)

for 6,7 €S,, | €[t + 1], given 1, k-dependent constants ch = l!zlc? Cy)k, and Cy) =12y c].
Proof. By definition, for ¢, 7 €S; we have bounds for the individual transfer matrix elements and overlaps of,

) (a1 (A1) — ) (-1 (1) 1 0)
Tc(d,dg)([UL [”D = cz: Xdd, (W)deg (ﬂ,K))(d (K)érngr” < W C: 51“”;1",, (B50)
oCn,nCk &
(1) ){(1) (n,x) ()
A = Y o)t n s < gl sy, ®51)
nCo.kCr )(d ('7))([1 (K)
CEI) =y c?, C)((I) = cg c,2,, (B52)

up to /-dependent constants y; > 0 [119]. We can also bound the Catalan, Mobius, and Weingarten functions as,

c0) < le(0) = [[ew<eo=[epm <crse: (;) <e21<2fl)l (B53)

A€o A€o
(-1 1 1
W, (o) < ZIC(O')d—SZZCa i (B54)
|o] |o]
12 |
o] +|z| £ |0~ z[ < lo| + [n]. ol + |07 z[ 2 |o].  [I/2]<l|o| <1-1 (B55)
Ho2re8} = ¢, <c, HoCrneSi} < ey L (B56)

033050-27



DUSCHENES, GARCIA-MARTIN, HOLMES, and CEREZO PRX QUANTUM 7, 033050 (2026)

Then, k-concatenations of [ < r-order cHaar moment operators have transfer matrix elements for o, 7 €S, of the form,

Lk ~ N A A
(GRS S | [E7/ PN (CARCANE | B (N )] (B57)
lojmi €S }ie) i€k i€ [k—1]
P cr,,, Ty
o—1=0.m9=m1;=lq; |

Given the support constraints {} CI', C--- CI', CTI', C---CTI, C [/] of the propagated permutations, the telescoping
of the system dimension scalings canceling from identical scaling of the transfer matrices ~d%!*1%l and overlaps
~1/dei*1minl ) and the environment dimension scalings ~1/ d?il being bounded by the at least |I';|-locality minimal
permutations {o; : I'y, =T, =TIy, |oy[ 2 [T:[/2 > [I;|/2};c e—1}» propagating through until the k — 1-th moment
operator, the k-concatenated / < f-order transfer matrix elements are bounded by,

(LK) a1 e 1 (1K)
[7e(a.a. (6] [71)] < d\al+|ﬂ|d?|+(k—l)lf,,\/2 Cz dr,or, (B58)
1k _ 3kt-d(k—1 1 1 1k !
CHM) = 1120=1) ke AL e =y c*, W=yl (B59)
e e

Finally, we note that the simplest non-trivial transpositions are orthogonal, with exact transfer matrices and overlaps of,

“elaae (-2 =

S 1 d>—1 7k
1 + z |:dg d2 :| 1’ Téléj?dg)([f]’ [T/D = d2 |:d5 d2d2 :| 511/ (B6O)
s>0

dzd2

AV E]) = (1) 6. (B61)

3. Spectral properties and hierarchies of moment operators

In this section we derive spectral properties for the moment operators of the reference ensembles. These will allow us to
derive a hierarchy between the Haar, cHaar, and Depolarize ensembles via their moment operator norms.

First, we investigate the leading eigenvectors of the cHaar moment operator.

Theorem 10. (Leading Eigenvectors of cHaar Moment Operators). The #-th order k-concatenated cHaar moment
operator has a unit leading eigenvalue 4 = 1, a leading right-eigenvector |y)) of a uniform combination of permutations,
weighted by their characters, and a leading left-eigenvector |@)) reflecting trace-preservation. That is, the cHaar moment
operator

s W)l
PO = sz(f) +oo w»—aez&xddg )oY, o) =le) (B62)

has a leading-order, concatenation-invariant, non-unital, and trace-preserving contribution.
Proof. To confirm that such vectors are eigenvectors of the cHaar moment operator, our goal is to show that,

Aggd,dg)h//» =lw) and <(rp|fé‘<>d,dg> = (ol (B63)

Given the orthogonality of the characters and Weingarten functions, the invariance of the characters under inverses of

permutations, )(f;)(ﬂ, ¢) = X;')(nflg) = X&’)(gfln), and letting ¢ — 7~ '¢, we find,

Tohaolvd = 3 20 @Wo (.o (m. iy @le) = D 2 @Wh (. 2l (1. W (©)lo) = lw)

o,n1cES,; 6, 1.cES,
(DI T ey = D 20 @ @Wa (. m)al = > 2 (W (. )al = Y 6l = (ol (B64)
on€S, o,mES, €S,

033050-28



MOMENTS OF QUANTUM CHANNEL ENSEMBLES PRX QUANTUM 7, 033050 (2026)

d+1—1\ t!
+; )t

Given the Jucys-Murphy character sums [136], »_ < ;(g) (o) = ( o> the eigenvectors have overlaps of,

(1) 0 _ 1 _ () _ dzdg+l—1 t! . t 1 1
xa @w) =xa W)= S {olv) = Z)(dzdg(o-) —( , d2’dg_1+ 5 dz—dg+0 i) (B65)

ceS,

|
In fact, we can bound all of the eigenvalues, the norm, and the trace of the Haar, cHaar, and Depolarize ensembles, by
making use of the following lemma.
Lemma 5. (Spectrum with respect to Localized Permutation Basis). The spectrum of the cHaar moment operator in the
linearly independent, but not strictly orthogonal localized permutation basis, is,

A (1)k ~(tk .tk Kk AT fa A1 [a
Spectrum of T(Cr()d,dg) = Spectrum of [T(Ct(d?ds) (o, ﬂ)} s, - T(Ct(d?ds) (0,7) = ng(d,)dg>([0], [G]))(((;)([dv [7])
~(t.k) i, () 1A 127y (1K) AT TATY (B66)
b (o) = S a6l e, (18], 4]
SES;

expressed as the spectrum of the modified transfer matrix %(Ct(‘? de) in the localized permutation basis, with bounded

elements,

(1K) 1 1 LI k)

(
Te(a.ae)(0:7) < Tl gle (=172 C:" 7 or,or, (B67)
£
1 ’
T (0.m) < dietll — e U b o (B68)

I/2+(k=0)l'J2 =7
de

Ll k) _ l!z(k_l) k 3k+4(k—1) (L1 k) _ l!2<k_1) l')(;c C?k+4(k71) o4

given [, k-dependent constants C; 'yjc c;‘, and C /-
Proof. Let T =}, scs7(a, f)|a){(B| be a matrix, expressed in terms of a linearly independent basis S 3 a, 8, with
overlaps y(a, ) = (a|p)). Its eigenvalue equation, given an eigenvector |v)) = >, o sv(a)|a)), and eigenvalue 4, is,

TW) =) = Y w(@&rEpup) =iv@)Va » tv=1v: Hap) =Y t(aEy(Eh). (B69)

EPES EES

Therefore the eigenvectors and eigenvalues of T are equivalent to the eigenvectors of components {v(a)},cs and
eigenvalues 4 of the modified matrix 7, with respect to the basis S.

To bound the modified cHaar transfer matrix elements, we rely on the block-lower-triangular structure of the cHaar
moment operator in this localized basis, The cHaar moment operator can be partitioned into blocks labeled by supports
[T, with associated localities [ =|I'|,/’ = |I"’|, and spanned by permutations c€S; and 7#€S; such that
I', =T DT’"=T,. We also recall that the transfer matrix and overlaps for these blocks have bounds of,

Lk AT Ta 1 1k DAt ra oltlal A
“elae) (01 ()| £ s € b, e (61, 12))| < dite € o (B70)
&

CPY = 120=1) ke PN o) — e, (B71)

033050-29



DUSCHENES, GARCIA-MARTIN, HOLMES, and CEREZO PRX QUANTUM 7, 033050 (2026)

The modified transfer matrix elements, as sums over permutations ¢ € S;, can thus be bounded by,

~(Lk Lk A1 Ay (1) fra1 A Lk A N tal A
Hp(em = > alifl (8L e (@ ) < max |l (6l D] [ (2. 1)
€€,flr . [o=I2I'=I=T,
L\ /2 [>0
1 1 (LI k) (LI'K) (d_df) '=0
< gol gerrinia G O, < 670, | () e 1>0  (B72
I3 d?(kﬂ)(t—z’)/z d‘g’ l/ >0
Cé”’*k) _ l,!Cgl,k) C)((l/) — 201 ')(k 3k+4(k—1) C?/’ (B73)
Lk) D rar ra (Lk A1 T i
W o= Y A e (@) < max  ul () )| [£4,, (. 1)
- :rgfrsglr’:r [o=Lc=I2I"=Iy
g2 (1) -1 [>0
1 4 4 & d&' l/ = 0
o|—|x| (LI k) (LI k)
< d-l PG " " oror, < G20 dr o, ) 2\ ((=2)+0=1)2  1>0 (B74)
C;f,l’,k) l'C( k) C() J12(k=1) Iy k ?k+4(k 1) C?, (B75)

where the final bounds follow from considering scaling separately for each case of I/ = 0,7’ > 0, and from the fact that
I > O-locality permutations ¢ € S; have sizes bounded by 1/2 < [1/2] < |o| <1 —1. L]
We now will make use of the derived bounds for the modified k-concatenated, 7-order cHaar moment operator transfer
matrix elements to bound its spectra, norm, and trace, and assess its overall spectral properties.
Theorem 11. (Spectrum of cHaar Moment Operator). The #-th order cHaar moment operator has a single leading
eigenvalue 4 = 1, and in the asymptotic limit dd¢ — oo, for fixed ¢, all non-leading eigenvalues are upper bounded by,

I
0< < WC§)<1, (B76)

£
and |1| < 1 for sufficiently large dg, given f-dependent constants Cl(ll) =112y, cl7, and some 2 <[ <t.
Proof. Here, we use Gershgorin’s circle theorem [137], in the non-orthogonal, block matrix case. Eigenvalues 4 of the
I"-support, [ > 2-locality, !l-sized diagonal blocks of the cHaar moment operator, satisfy

ET1 (d\7F ]tk 1
A = |2k < |1 9 el < | () e c B77
=< [ st < [ (5) ") ®77)
Clgl,k): l!Cgl.lk) 1'2")(, c}k: /(11)/(’ Cﬁl):l!lecz’ (B78)

given eigenvalues of k-concatenations of a matrix are equal to k powers of the eigenvalues, given the bounds on the

modified k-concatenated transfer matrix elements %(cl(fz.) de)’ and given we can take the kK — oo limit for fixed ¢,d, dc. m

Theorem 12. (Norm and Trace of Moment Operators). The k-concatenated Haar, cHaar, and Depolarize moment
operators have norms and traces, in the asymptotic limit ddg — oo for fixed ¢, k, upper bounded by,

S0k |2 _ 40k g _ Sk (|2 _ o [40k ] _

|| = T ) = o = [ T ] = (B79)
(k|2 L (k) 5 (1)k Lk
Tiao| "< 1+ g i Tr[TC(d’dg)} <1 g O (B80)

given t, k-dependent constants CI(IZ\]\() = ”:!;1 ng)zk’ C%’f?] = (1? - 1)C5t>k, and Cgt) =112y, cl.

033050-30



MOMENTS OF QUANTUM CHANNEL ENSEMBLES PRX QUANTUM 7, 033050 (2026)

Proof. The exact norm and trace of the k-concatenated 7-th order Haar and Depolarize moment operators are given by

T | = 117 | = me[7i] = ZSW 1y (x.0) = 15| (B81)
o,TE
5| = 1750 | = 1e[750 | =1 (B82)

The exact norm and trace of #-th order cHaar moment operator do not appear to simplify, however can be bounded as,

Ok |2 _ ~(Lk)! ~(LK)
TC(dds> - Z Z To(ads) (O ®)¥e(da,) (00 7) (B83)
\r\l;lgzrl’g :[’\]r’ | T Zi:[;rfir”
2 (LK) (ll k) < (t.k)
<2 g
FOk K 2 L~k )
TrT ) = Y A< T+ (112 - 1)2r2§1<xtdkl/2 G <1+— s Cripg (B85)
se(r]
(1.K) o2 1P—=1 (1.k) (1)k (
Ci = -n == ™ o=@ -0 ) =iy (B86)
given the bounds on the modified k-concatenated transfer matrix elements %él(s) de)’ %g(’S?;€>. [

For sufficiently large dg, all non-leading cHaar moment operator eigenvalues are |4| < 1, which agrees with the fact that
all channels have |1 <1 [138]. For [ = 2, we have exactly 1 = dg(d* —1)/(d*d} — 1).
Next, we can find that all trace-preserving moment operators over ensembles C can be expressed as the Depolarize

moment operator ’T ¢ ) plus deviations Ac), and the cHaar C(d, dg) ensemble is invariant under the Haar U/(d) ensemble,

T = Ty + A (B87)
F ey = 15 ® (21T 0 197 © 12 (B8S)

S0 U g Al SN 70 30 SR SV 0 0k _ 40) (0t _ A0
(B89)

From these relationships, and the exact forms of the moment operators obtained above, the following relationships hold:
Corollary 1. (cHaar Moment Operator Limits). The k-concatenated 7-th order cHaar moment operator satisfies,

lim 7% 7 lim 7Wk =gl

)
ddg—d C(dds) u(dy ddeco” Cld.ds) D(d)’ (B90)

Corollary 2. (cHaar Moment Operator Converges to Depolarizing and Non-Unital Channel). The k-concatenated ¢-th
order cHaar moment operator is inherently depolarizing, with next-leading-order concatenation-independent non-unital

behavior, and concatenation-dependent unital terms. For all dimensions, given traceless operators T((;'k), Tg‘k) 'eB [H®1],

1

ddg—oo” Cld:de) d*d-

1k t t 1 1, t 1 [ k)
tim 705 = U1+ 0GOS + 50 )T @

Indeed, in the localized permutation basis, the projector Haar moment operators have an invariant block-diagonal
structure, and the non-projector cHaar moment operators have a block-lower-triangular structure, whose elements decay
with dimension and concatenations. The average behavior of random quantum channels is thus a useful pedagogical tool,
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FIG. 10. cHaar moment operator norm scaling. Norm of the k-concatenated 7-th order cHaar moment operator Hj'g(z) d£)||2 as a

function of the system dimension d, for environment dimensions d¢, concatenations k, and orders ¢. Norms are computed exactly using

the derived closed-form expressions for T &5) de)

d-independent term, and decay monotonically with environment dimension d¢ or with concatenation k, for all 7, from ||f’ g(/;)) II> =1

, and symbolic methods [94]. Norms converge to their leading-order, system dimension

(1 on scaled axis) to H’JA'g(];)) |> =1 (1/t! gray dashed lines on scaled axis). The depicted scalings confirm the bounded behavior, even
for constant environment dimension dg < d, of the cHaar moment operator as it interpolates between unitary and depolarizing
behavior. Further, such results suggest that the conjecture that |7 (cf(z) de) 12 < |7 Z(;(];)) |I> holds absolutely.

given it interpolates with dimension, between trivial environments and unitarity, and large dimensions and depolarization.
In Fig. 10, we numerically illustrate this bounded behavior for moment operator norms, for different ¢, k, and dg.
The previous results indicate that as we concatenate cHaar random channels k times, the resulting composite transfer
matrix elements are suppressed, which intuitively means the moment operator norm should also decrease until it converges
to the norm of a single projector with a unit eigenvalue. In the large dds — oo limit, this intuition is verified, but given that
the cHaar moment operator has no closed form, we instead postulate that the following conjecture should hold.
Conjecture 1. (Hierarchy of Haar, cHaar, Depolarize Ensembles). Given there exists an exact hierarchy between the
k-concatenated, #-th order Haar, cHaar, and Depolarize moment operators in the asymptotic limit dd¢ — oo,

2
<

,j—(t)k

1= C(d.de)

) |2
Tl <

A 2
ol =1 (B92)

it is conjectured that such a hierarchy holds for all concatenations k, orders ¢, and dimensions d, d¢. Further, it is
conjectured that the cHaar norm is monotonically non-increasing with environment dimension and concatenations,

7-()k 2

2 2 a0k
c(d.dy) =

A (t)k/
7 C(d.dg)

> Y d. > de. o VK> k. (BY3)

2 (1)k
‘TC(d.dg)

Given the relationship between trace-preserving moment operators and the invariant Depolarize moment operator,

2

> |7, [ (BO4)

N

2 g0 |12 (1)
|5l 20~ |7

ol
D(d)

and given the partial invariance of the Haar and cHaar ensembles, the conjecture is true if
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2-(0)k 21 ]2 Ay |2 Ak |2 A ( ?
Taas = Thtal[ 20~ |[Tida [ = [T | 2 2(me[ 76000 | = |7 [") 0 (B95)

This conjecture, and this bound on the difference of Haar and cHaar moment operator norms, holds in the asymptotic limit
ddg — oo, where both norms converge to 1. However, our analysis is limited in part by the lack of closed forms for the
Weingarten functions, and from our approaches of (possibly loosely) bounding quantities in terms of maximum cHaar
transfer matrix elements. Different, possibly representation-theoretic-based approaches are necessary to prove this non-
trivial, but important hierarchy conjecture for general d, dg.

APPENDIX C: MOMENT OPERATORS OF NOISY ENSEMBLES

In these appendices, we calculate moment operators for ensembles of noisy unitary channels and investigate their
scaling with respect to concatenations, dimension, and noise parameters.

1. Composite noise channels

Here, we seek to calculate moment operators for composite ensembles of channels A/ o U, where the unitary component
is sampled as U ~ U, and where the noise component is a fixed noise channel N. The z-th order composite moment

operator, ’fg N = =NoT u , then may be concatenated k times,

Ij—;,;/\[ — HN@[ D®Z+A( k) (C])
i€ [k]

. . . . ARt A (1.k)
with trace-preserving depolarization D" and extraneous A,/ terms of

. 1 1 k
DY =N and ALY =— > P.S)IPN(SI. (C2)
pes\(1%}.ses,)
The concatenated composne transfer matrices 7 jf[) can be expressed in terms of the component transfer matrices Tj(v), r£,>,

with respective bases S ,S for each component

Tp (P, S) = Z (P, Q0. 1) (T, 8) — i (P,5) = e (P, 0 Q. T (T5). (€3

gesYres;) QeS’)TGSX)

The most appropriate basis for each component, and whether Sm ;é Sm, greatly affects their interplay and the ease of

analysis of the scaling of moment operator norms ||A || = ||T — D%'||, with variables 1, k, d.

2. Unital and non-unital noise and haar random unitary channels
Here, we consider random unitary channels from any Haar-distributed unitary ensemble with group structure U,
followed by fixed diagonal unital or non-unital noise N' = N,, NV,,,, and derive the scaling of their k-concatenated 7-th
order composite moment operators with ¢, k,d,y,#.

e

For the unitary component, #-th order moment operators over I/ are, in an orthogonal basis S "
A 1
. /u dUU® @ U™ = - ST a4l (P.S)PYES|: 7y (P.S) o br,r. (C4)

P.SeP,

This expansion in a strictly orthogonal basis can be derived, under the assumption the ensemble U/, being a Haar-
distributed group, has projector moment operators that are support-preserving. The orthogonal basis transfer matrix

coefficients TZ(;)(P, S) thus also have support-dependent and concatenation-invariant block structure,

033050-33



DUSCHENES, GARCIA-MARTIN, HOLMES, and CEREZO PRX QUANTUM 7, 033050 (2026)

Z (P, 0)e)(Q, ) = 7)) (P, S) & br,r,. (C5)

QeSM

For the noise component, the noise model " = \V,, moment operator has the special form of diagonal unital noise and
non-unital noise components y;(P) > y,14(P) < n for PES), , in an orthogonal basis Sy, = Py,

1 0 . 0
. 1| na(S) 1—=ralS) - 0
Nm - E . : . : - NM - E Z Tj\t/)m (P’ S) (C6)
. . . . P,SGS/(\I[L”
nd(P) 0 l_yd<P) P.SePN{I,}
and appropriate additional constraints on y,, 7, such that A/ is completely positive [95].
The ¢-th order noise component transfer matrix 1(') , for basis operators P, S € Sﬁ\t/) =P, is
H (1 —va(P)) H na(Pi)ép, s, € O((1 — y) Sl ylPI=IST) Opp Srg- (C7)

iely ielp\Iy

We restrict to this special form (a diagonal component arising from Pauli-like-noise, and a dense first column arising from
a non-unital component) as we seek to understand exact theoretical properties. More general noise models with other non-
diagonal elements, even if initially sparse, become dense and intractable to analyze upon concatenations.

Finally, let us assess the leading-order behavior of the composite and concatenated transfer matrices,

R — . 1 A (1)k 1 &

Tih, =NH T == >l (PSIPY(SI = T == > ) (P.s)IPY(S. ()
Pe S(\)M Pe Sj\t)m
5551(4) SESZ(/{[)

In particular, given the forms of the individual component transfer matrices, we seek to understand the competition that
arises between the unitary components preserving locality, and non-unital noise components increasing locality.
Lemma 6. (Unital and Non-unital Noise and Haar Random Unitary Channel Moment Operators). Composite ensembles,

consisting of a random unitary component U/ from a Haar-distributed unitary group, with a basis S &€ Sg) =P, and a
noise component N m With a basis P € SX[) = P!, and with diagonal unital, and general non-unital noise coefficients,
m

va(P) > v,n4(P) < n for P€P\{I¥'}, have k-concatenated t-th order composite transfer matrices of,

) (P.S) = O((1 = p)HSlyPI=I80) 20 (P $)6r, . (C9)

m

where the leading-order O(y,n) behavior is strictly due to the unspecified noise component in the y,7 — 0 limit and
uniformly scales the unitary coefficients by their locality, independent of the specific unitary ensemble itself.
Proof. To begin, we note that the unitary component I/ is support-preserving, whereas the non-unital noise component

N ym 18 support-non-decreasing, with individual component transfer matrices, for P, S € P}, = Sg) = SX[) , of
m

ng)\/m(P,S) = H 1 —yq(P H 1n4(P Tu PQ S)5FPDF EO((l —7’)‘5‘ IPI- ‘S‘) (PF ’S)éFPQFS- (C10)

iely i€Tp\Tg
From locality preservation of the unitary component, diagonal unital noise scaling always occurs, for all I'p 2 I'g, whereas

non-unital noise scaling only occurs when strictly I'p D I'g, and concatenated operators are constrained to be support-
increasing ['p D --- 2 I’y 2 --- D I'y. For instance, the k = 2 transfer matrix elements are
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Tg}@”(p, )= Y TW (P.T) thv—y (T.S) C11)
rsif:cpp
= Z H 1—yq(P H na(P H 1=y (T H na(T Tu PFT’T)Tg>(TFS’S) (C12)
TeP!, i€y ielp\I'y iely ielr\Ig
rsnggrp
= O((1 =Sl | ST ) (Pr, T2 (T, ) + O((1 = 7)) (C13)
TeP!
rp=IgClp
= O((1 = ) ylP1=18) 2 (Pr . 8)r o (C14)

and k-concatenated composite transfer matrices are thus by induction,
& _
i, (P.S) = O((1 = y)HSIglPI=) 2 (Pr. $)or, o (C15)

|

Therefore, the leading-order noise scaling is dictated by the concatenation-invariant unitary components being scaled by
strictly unital noise until the last concatenation, at which point non-unital noise increases the support from 'y — I'p.
Intermediate non-unital noise at concatenations 0 < s < k also increases the support ' — 'y — I'p, however such
intermediate noise contributes next-leading-order unital noise scaling O((1 — y) =71 Intermediate non-unital noise, in
the case it maps unitary component basis operators to larger-support unitary component basis operators, also contributes
dimension-dependent scaling when such concatenations occur between unitary components of differing support.

We now assess the leading-order scaling of moment operator norms for concatenations of composite ensembles.

Theorem 13. (Unital and Non-unital Noise and Haar Random Unitary Channel Moment Operator Norms).
k-concatenations of #-th order ensembles of Haar random unitaries, with commutants with locality-> / operators, and
rank-r moment operators, and diagonal unital and non-unital noise, with noise coefficients y,(P) > y,n,(P) < n for
PeP,\{I,}, have moment operator norms relative to the Depolarize ensemble of,

i, = Tha |, = r=no=n®. TN =To|} = P13 o6, (16)

m

From the previous theorem it follows that as k — oo, unital noise decreases moment operator norms for y > 0, and
approaches a Depolarize 7-design, whereas non-unital noise increases moment operator norms for # > 0, and never
approaches a Depolarize t-design.

Proof. Moment operator p-norms follow directly from their expansion in an orthogonal basis. Composite unital noise
and unitary component moment operators may be decomposed into support I C [¢]-dependent unitary component

projectors ’j'( =(1/d") ng erf I 1(4 (P,S) \P))((S |, scaled by unital noise y, > y, with deviations from the Depolarize

term D¥' = (1/d")|18 <n,
A0k _ A4 gy A0 A0k A B
= Tow+ > O =pITY T =Th,+ > OW)IPYIS|+--- (€17
rCi].s=|T|>1 reife=Tna!
~ t t
[T |f =1+ < ) RO =, ||TR L =1+ 2 ( >|7>d\{1d}|30(;72f). (C18)
rip I<s<t S I<s<t s

There are #|P,\{1,}| leading-order 1-locality non-unital terms, and (}) leading-order /-locality unital terms. For example,
Haar ensemble moment operator projectors have rank r; = !/, and r = t!. [
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In fact, we can also obtain bounds on norms of generic composite moment operators,

. 7 0
BN o VO SO l D@ 1 (C19)
UN,, UN,, m<u (1) (1) (4) _ 40) ’
Ny Ny, (Tu TD(d))
with e-f-design unitary components with respect to projector ensembles I/,
R . . A . fj—(f) 0
Tu—T4y) =T +1) - 10 = l DA e (C20)
(0 (1) ) o
0 w T Ty =Ty = Tp
and with generic noise components A %),
5-(1)
NE o R0~ 30 j o f [ Tow O C21)
m D(d) n m J O
m

with depolarizing T (th a4y non-unital /(/' ,(7'), and unital components N ;:7) across the ¢ copies, where,

~ ~

#4040 040 _ R0 (0 R0 _ 40 fr0) _ R0 Rel)
TooTd =18, NI =N TH N =Th N =N)A =o. (C22)

For example, we may consider composite d — ¢"-dimensional spaces, with local noise,

— - Qn
o Sr@n M, ryen _ | To 0 son | Rrn) | oA
Nog =N = (Dq TNy AN ) - [ /(f((1q)> N(l)l =Tpig + Ny + Ny (€23)
n 14

with depolarizing T %’E’q), non-unital /(/' ") and unital /(/ (n) components. For ¢ = 2 qubits, local noise has, without loss of

generality, non-unital N ,(7 and diagonal unital components AN > Up to unitaries [105].
Theorem 14. (Unital and Non-unital Noise and Random Unitary Channel Moment Operator Norms). k-concatenations
of t-order moment operators for composite ensembles consisting of, e-7-design unitary ensembles U/ with respect to a

reference unitary ensemble Uf’, and a generic noise N ;2 = ’ZA—(DI)< ot N ,(]t) + N ;2 component, have norms of,

)~
P

()

T - To |, + |72 - T

T30, < | e "o . (C24)
UN,, D(d)||, = T Yoo || £r(0) A(t) A (1) _ A1)
g N}’ﬂ w( Tu’_ D(d) ‘p"' Tu _Tu’ p)_l
][ (1) _ A () _ A4(@) k
+ ||t oo( T _TD(d)H,, + HTU -7 p) . (C25)

In the case of the reference U’ having rank-r projector moment operators T Z,) , with locality-> [ terms, and strictly diagonal

A

unital and non-unital noise, with bounded co-norms H’ZA' é? -7 z(;’) <e [N }(,[) <1-—y, H/(f ,(f) <,
; ; L=p)'(r=1)+ 1 —p)e) -1
FOk g H <o\ =) r = 1) + (1 —p)e)k. C26
UN,, D)||, = n ((1—7/)[(7—1)—1—(1—}/)8)—1 +(( ) (r )+( 7)8) ( )
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Proof. Given generic composite unitary and noise components, and various norm inequalities,

mnwua+wwmfwwwWﬂ»fm e
< HZM (W (70 + 70 =70) )|+ | (A (730 + ))"Hp (C28)
< |[&0 NO(F0 50 _FON[5 | 0l (|50 240 F0 _ 0]\,
Wv@mwﬂfMﬁmewwhuﬂ
s€k
(C29)
o LS 78], It -], -
e (- 750, T -7 ) -
+ A ([ —ﬁ?(d)Her FO 30 p)k. (C30)

Let us consider the case of the reference unitary ensemble U’ having rank-r projector moment operators
T g,) = qut] f@, with locality-|I'| > [ terms, and there being strictly diagonal unital N }(,;) =N §t> and non-unital

() ()
yt )./\/’”I

N ,(,t) =N ?t thus scales each projective moment operator term according to its locality-|I"| > I, and for s > 0,

~

N ff) noise, with bounded co-norms H’ZA' 5? —ﬁj?

<e, <l-y, <n. The diagonal unital noise
o0 (o9 [s9)

~

Is

A (f A

LGP ) N I ot i M N P T P R
ol o
(0 (39 =78, + 70 -7 < (L7 - 29 + o) 7o 29 ). e
1), < L 0 )| ), o
< [lAy w;}( NN =5 |+ 4|20 -22)))
S (20 i w0 (R P (R (s (C34)
B Rt W 5

(1=9)'(r=1)+ (1 —y)e) -1

If the unitary ensemble is an exact ¢-design with respect to the reference ensemble, there is the further simplification,

S0k A ) SO (30 _ a0 VY (30 _ 30 \\F
T, = Toa), < wzmu@/y (7 -0 | |0 -19,) ] o
se
0 CE o — 30 g0 _ 30
< |17 WZU{] & |17 _TD(d)Hp+ A7 _TW)Hp (€37)
sE
1—p)k—1
<n(r- 1)%+ (r=1(1 =y (C38)
(1-7)—1
]
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3. Unital noise and parameterized random unitary channels

Here, we consider parameterized random unitary channels & = Gg, and fixed diagonal unital noise N' = N , and derive
the scaling of their k-concatenated #-th order composite moment operators with ¢, k, d, y.
For the unitary component I/ = Gg, we assume parameterized unitary channels

Go = {U§ = 796,60~ O}, (C39)

generated by single Hermitian, involutory operators G € P,, with a distribution of parameters ®, and a basis for the
generator’s commutant of S; C P .t copies of the parameterized unitaries for involutory generators G have the form,

Uug® = Z uél) GY: GU = Z Qier Gi, ué” = (—i)! cos'@tan'e, (C40)
le(r+1] refi
M=t

and the associated 7-th order moment operators are functions of trigonometric moments of the parameter distribution,

f’g)g@ = (Ug® @ Ug® )pe = Z <”g)“<el/)*>e~® G @ G, (C4D)
LI € [t+1]

Crucial to this analysis is an understanding of the #-th order commutant of parameterized random unitaries ng), which
depends non-trivially on the generator commutant Sg;, and can be described by the locality [ € [t + 1] of its operators,

Sg=U 8@ sil ={xesy) x| =1} (C42)
le[r+1]

A complete understanding of the entire commutant is non-trivial and is left for future work. However, given the form of the
moment operator, and that higher #-th order commutants include lower / < #-locality commutants, therefore the
[ = 1-locality local component of commutants is the generator commutant at each of the ¢ copies of the space,

silV = U S, (C43)
]

i€t

We can also evaluate the trigonometric moments involved in this moment operator exactly for t = 1,2.
Lemma 7. (t = 1,2 Twirls of parameterized Random Unitaries). Twirls over ¢t = 1, 2-order parameterized random

unitary ensembles e % ~ Gg, given Hermitian involutory generators G, uniform parameter distributions ®, and
X € B[H], are
1
1
T (X) = 5 X+ GXG] (C44)
1
2
T3 (X) = BXH(GCOGX(G®G)~{GOGCX}+(I®G+GR®NX(IR®G+GRI). (C45)

Given these insights into the local component of the commutant, the z-th order Gg ensemble moment operator is

T4 %Z |P>><<P|+$ ST PP s)Py(s. (C46)

pesyy P.SeSH\SG)

For the noise component, the moment operator ' = N , has the specific form of diagonal unital noise components
va(P) 2y for PES) , in an orthogonal basis Sy, = Py,
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1 0 e 0
1|0 T=ya(S) - 0 —
Ny = d|: : - : - NP =7 > T,E\t/zr(P’S) (C47)
: : : : P,SeSf\')/
0 0 V=7a(P) ] pseppiin
The #-th order noise component transfer matrix rm , for basis operators P, S € Sﬁ\t[) =P, is
2 (P.S) = T (1=ra($))8ps € O((1 = 7)) 8ps. (C48)
{eTy
The #-th order noise component basis can also be described by the locality / € [t + 1] of its operators,
). l .
S = U s s\ ={xesy : x| =1} (C49)
L€ [t+1]
and the local component is the noise component basis at each of the ¢ copies of the space,
S\ =Viepy S (C50)

Given the transfer matrices for the unitary and noise components, and that their respective bases satisfy
S6 CESy, =Py~ S(gtl)l) C S/(\t[“) =Uje[ Pa,> the k-concatenated 7-th order composite moment operator is
v

=5 X aeOPG g X Al e sins. (cs)

P,SGS("l> Peq \9’“
)

sesy o \s(’“
with diagonal k-concatenated ¢-th order composite transfer matrices, for the local operators P, S € S tll of

rgon (P.S) =TT (1 =7a(8:)* s € O((1 = 1)) 3ps = P.S€SE). (C52)

ieT;

Finally, we can assess the leading-order scaling of moment operator norms for k-concatenations of composite ensembles.

Theorem 15. (Unital Noise and Parameterized Random Unitary Channel Moment Operator Norms). k-concatenations of
composite ensembles, consisting of parameterized random unitaries, generated by involutory operators G with
commutants S, and diagonal unital noise A, with noise coefficients y,(P) >y for P €Sy, \{,}, have moment
operator norms of,

A A 2
T = Th|] = dSe\ O = ™). (€53)

Therefore unital noise decreases moment operator norms for y > 0, and as k — oo, approaches a Depolarize ¢-design.
Proof. Leading-order behavior of the composite moment operators is associated with local operators in the commutant,

Sg(')l) =U; Sg,. Under the assumption of the intersection of the unitary and noise component bases of S t“ CSy I“ , the

local operator components of the associated moment operator transfer matrices are invariant under k- concatenatlons, up to
scaling by diagonal noise coefficients. The moment operator norm is thus,

T -Thali= X oY e .0k (Pooyk (1s) (s
Pesg“)\{lg?’} PTES( \S"I
© SQ55< >V\S<r\7>

= 1|S\{La}O((1 —)*) + O((1 —7)**2). (C55)

|
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APPENDIX D: MOMENTS AND EXPECTATION VALUES

In these appendices, we generalize previous results [ 18] and show how to use channel moment operators to bound biases
and variances of expectation values of functions over channel ensembles. Such bounds allow us to study concentration
properties of expectation values, leading to notions of channel-design-induced concentration phenomena.

1. Statistics of ensembles

In what follows, given an operator X € B[H®'], we will denote as X, = A®'(X) the action of the -th fold tensor-product
action of a channel A. Further, for p, O € B[H], the following property holds Tr[p, O] = Tr[p O:].
Given a channel-dependent function F(A), for A ~C, its ¢-th order moments with respect to an ensemble C are

(FA)), = / dAF(A). 1)

C

and we denote its mean as y, = (F(A))e, and its variance as 63 = (F(A)?), — (F(A))2.
Given that F(A) is a random variable over the ensemble C, Chebyshev’s inequality allows us to upper bound the
probability that F(A) deviates from its mean, in terms of its variance, as

N|(‘1m

PUF(A) = pel Z €) < (D2)

Here, we study the mean and variance of channel-dependent functions, which generally depend on so-called inherent
terms, which are due to taking expectation values over large spaces, and depend on so-called design terms, which are due
to design properties of ensembles with respect to reference ensembles. Such expressions are with respect to quantum
state inputs p € B[H], and Hermitian observables O € B[H] that act non-trivially in a subspace VW C H of dimension
dyy < d, with complement space YV C H of dimension dy;, = d/d,y. Such expressions are also with respect to reference
ensembles C', such as the cHaar C' = C(d, d¢) or Depolarize C' = D(d) ensembles. To bound various quantities, we
will use Schatten norms [|A||; = Tr[|A|7]. p €[1. o] for A, B € B[H®'], which satisfy monotonicity [|A], < [|All,. ¢ < p,
sub-additivity [|A + Bl|, < [|A]l, + [|B]|,» sub-multiplicativity |AB||, < [|Al|,|B||,,» and Holder’s [|AB|, < [|All,lIB]l,.
1/p+1/q =1/r, and von-Neumann |Tr[AB]| < [|A|,|[Bl|,,1/p + 1/q = 1 inequalities [139].

Let us also recall the t = 1, 2-order twirls <P%t>c’ of the specific reference ensembles C’ considered, with respect to input
states p € B[H], given the identity 7, and swap operators S, acting on H.

For the cHaar reference ensemble C' = C(d, dg),

(PA)c(aa) Tf Il 14 (D3)

1 1 1 1 1
<p%2>6(d,d5) = dzl—iw HTr2 [p] — dd; Tr[pz]} I®2 + i { ﬂTr2 [p] + TrLoz]] Sd] , (D4)

and for the Depolarize reference ensemble C' = D(d),

(Pa)pia) = —TrLD] (DS)

1
(PR Vo) = 25 TEIPIIT (D6)

Finally, we recall that 7-th order twirls of ensembles C, with respect to input states p € B[H], can be written in terms of

reference ensembles ', as (p¥) . = (P& + Agg, (p®"), where the deviation has a p-norm of ectclf (p®) = ||Acc’( -

2. Expectation value bias

Let us consider the channel-dependent function F(A) = £, of an expectation value, with respect to input states
p € B[H] and Hermitian observables O € B[H],
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La(p. 0) =Tr[p,0). (D7)

First, we can study how much expectation value means (L,), and (L))~ differ. Concretely we bound the bias

(I£7 = pel)e where per = (Lp)er-
Theorem 16. (Expectation Value Bias). Let C, C’' be ensembles of quantum channels, let p be a quantum state, and let O

be an observable that acts non-trivially on a subspace W C H of dimension d),;, with complement space W. The following
bound on the expectation value £, bias holds

(ILA(p, O) = e (p. O))c < vo(p, O) + ace(p, O), (D8)

where, given S, is the swap operator acting on WV, and I, is the identity operator acting on W, the inherent v and
design ap expectation value bias terms are respectively,

ve(p, 0) = \JTr[(p$2)e = (P)&)(Sa, ® IF2)] /oy [0 (DY)
ace(p, 0) = \/Tr[(Aé? (p®%) — Ace (p) @ (Pa)e — (Pa)e ® Ace(p))(Say, ® 1?;)] Vaw 0]l (D10)

Proof. To simplify our analysis of the bias of expectation values, we will denote the deviation of a transformed input
p — pa € B[H], where A ~ C, from its mean with respect to a reference ensemble ', as

Pale = Pa — (Pa)e (D11)

and the = 1, 2-order moments of these deviations, with respect to an ensemble C, are

(Paic)e = Ace(p) (D12)
P)e = (02 — ()8 + A (022) = A (p) ® {pa)e — (Pa)e ® Aee (p). (D13)

The average expectation value bias can then be bounded using the following norm inequalities,

(1£A(p. 0) = e (. 0) ) = ([Trlpa0 ® 1) = (Trlps0 @ e e (D14)
= (|Tr[paic O ® 1]])c (D15)
= (|Tryy[Try [paic]Oll)e (D16)
< (I Tey Paell, 101l (D17)
< (I, [T el 10 )e (DI8)
= (\ITrlonel 1), a1, 10l (D19)
< U Bael e Il 10 (D20)
= T[T aelle a1, 101 (D21)
=/ (Tryyee [T 5128, ] Iy 1, 10l (D22)
= T 952 Sa @ 1] ) a1, 101l (D23)
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= /T[S (Say @ I52)] 14,1, 10l (D24)

= TR0 — (018 + A (02?) — Bee (0) ® (pa)e — (Pa)e ® Bee(9) (S ® 1) [, [0l (D25)

< (VIR — @) (Sa, © 1)

+ T (AR = A (p) ® (pade — (Pa)e ® e (9)) (S, ® 152)]) ], 110 (D26)
=ve(p, 0) +ace(p. 0). (D27)
]

Corollary 3. (Expectation Value Bias for Reference Ensembles). For specific observables O and reference ensembles C',
the expectation value mean is

0 Tr[O] = =C(d,dg)
Tr[p] Tr[O] L Tr[0] = =C(d. dg)
Help 0) = —— 17— =19 ¢ Tr[O]—O,C’: D(d) (b28)
L Tr[0] =1.C' =D(d)
and the inherent v and design ape expectation value bias terms are respectively,
@) 0 C' =C(d,d
ooy L O(ViE) Iolalol. ¢ =ca.an o0
0 C' =D(d)
@ (1
ace(p. 0) < \Je& ol +2 b ol 0]l (D30)
under the assumption that the # = 1-order twirl for a reference ensemble C’ is proportional to the identity, (p5)o = TIT[”]I .
Proof. The expectation value mean follows directly from its definition u. (p, O) = (L(p, O))e = Tr[(pa)e O], and

substituting in the assumption that the r = 1-order twirl for the reference ensemble C' is (pp)p = Tr[”] 1.

The expectation value bias inherent term follows from the deviation <p A >C, —(p ,\>C, ofthe r =2 moment for specific

reference ensembles C', given the forms of their respective ¢ = 1, 2-order twirls (p% )C/ (pr) & o -
For the cHaar reference ensemble C' = C(d, d¢),

1 1 1 1 1 1
®2 ®2 2 21| 72 20 2 D
WX etae) = Phcaa 1 —‘d‘zd*z Hd2d2 Trlpl = ddg ad; "’ ]] i de [ ddg Telp) +Trlp ]] Sd} (3D

73 , (D32)
d2 HpHZ dd g d

and for the Depolarize reference ensemble C' = D(d),

1 1 ®2
<P%2>D(d) - </)A>%(2d) = 3 Tr2[p] %% — <2 Tr[p] Id) =0. (D33)

It follows that the expectation value bias inherent term is,

ve(p. 0) = \/Tr[(<ﬂ}?2>a—<m>?2)(5dw ® 1) 114,11, 10lles (D34)
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X2 ®2 .
_ \/ﬁ (0(z) TrlSa, ® 152+ O (1) TrlIS? @ Su,)| Vaw Il 0]l € = Cld. d) 35)
0 ' =D(d)
_o(Vi) ntlol. ¢ =ca.a) o6
0 C' = D(d)

The expectation value bias design term follows from the following norm inequalities,

2
aee (p. 0) = \JTr[(AD(0%2) — Ace () ® {pader — (Pa)e ® B (9) (S, ® 122)] 1, I, 10l (D37)
. 2 l
< min V&P ol + 287 loae ol 1y, 14l 101l (D38)
(2 (1
< /2ol + 2 e ol 101l (D39)
| |

3. Expectation value variance

Here we study the variance of expectation values,
o3(p. 0) = (La(p. 0)*)c — {La(p. 0))2. (D40)

Theorem 17. (Expectation Value Variance). Let C, C’ be ensembles of quantum channels, let p be a quantum state, and let
O be an observable. The expectation value £, variance is,

62(p. 0) = c%(p, 0) + Pec(p. 0), (D41)

where the inherent 6(2:, and design S expectation value variance terms are respectively,
o5 (p, 0) = Tr[(pR?) 0 0%2] = Tr[(p) &2 0%?] (D42)
Pec(p. 0) = Tr[A(p82)0%2] —Tr[Ace (p) O] — 2 Trl(pr) O] TrlAce (p) ). (D43)

Proof. The expectation value variance can be derived from its definition,

o3(p, 0) = (Lx(p, 0)*)e — (LA(p, 0))F (D44)
= Tr[(p%?)c0%%] — Tr[(ps)§* 0%?] (D45)
= (Tr[(p2%)0 0] + Tr[AD (082)0®2)) — Tt[((pa)er + Acer () B20%2) (D46)

= (Tr[(p$)0 0%2) — Tr(pa)F20%2)) + (Tr{AG (p®2) 0] — Tr[Ace (p)®20%?)
— (Tr[((pa)e ® Acc(p))O®*] + Tr[(Ace (p) ® (pa)e) O%%]) (D47)
= 6% (p. 0) + TH{AR (p®2) 02 — T [Ace (p) O] — 2 Tr[Ace (0) O] e (p. 0). (D48)

given twirls over ensembles C can be written in terms of reference ensembles C' as, (p§'). = (p§")¢ + Agc)’ (p®). =
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Corollary 4. (Expectation Value Variance for Reference Ensembles). For specific observables O with |Tr[O]| < 1, and
reference ensembles C', the inherent expectation value variance is

0y = | e ([0 - iRl [ el + Rl ToY] ¢ =)
0 C' = D(d)

o) Iel3 0l ¢ = c(d. de) (D50)
0 ¢’ = D(d)

and the design f.» expectation value variance term is bounded by,

Bee (p. 0) < [Te[AR) (p®%) 02| + 2[Tr[(pa) 0 O] Tr[Ace (0) O (D51)

. I 2Pp) 12)
Smm{nonm(w 10le2 +2 e, 101 (I3l +2 el )}. (D52)

Proof. The expectation value variance inherent term follows, for specific reference ensembles C', given the forms of the
t = 1,2-order twirls (p¥)., and given |Tr[0]| < 1,

0. 0) = dlzl_i_SHd,d,Tr2[p] lsTr[pzﬂTﬁ[O]+dig[—ﬁgTr2[p]+TrL02]]Tr[02]} C’:C(d,dg)’ o53)

0 C' = D(d)

O(7) IelIBI0IE ¢ = cld.de)
0 ¢’ =D(d)

(D54)

The expectation value variance design term follows from the following norm inequalities, given the forms of the
t = 1,2-order twirls (p%¥')., and given |Tr[0]| < 1, and C' € {C(d,d¢), D(d)},

Bee(p, 0) = Tr{AR (p®%) 0] = Tr A (p) O] = 2 Tr[(p) O] Tr[Ace (p) O] (D55)
< |Tr{AG (p22) 02| + 2[Tr[{py) ¢ O] Tr[Ace (p) O] (D56)
2
< min e’ (p®)]| Ol + min 2(Tr((pr)c Ollece” (PO, (D57)
(2 1
< min il lo]2 " + min 2ATel(p)e Ol 0], es” (D58)
) @ 1 (1
< min Al IO, g™ + 2 ZITplITOllllpll, 101, ce™ (D59)

P a1 P2 92
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< min{

@ 1 (1
ol 1013 ege” +2 = [Trlp)lITHO][0ll e

@ 1 (12)
Pl 1013 ece” +2 —{Tepl[TrO) O]l ege”.

(D60)
lol3 1013 et 2§|TrLo]||Tr[ 0l e,
lol3 1013 eger” 2$|Tr[ﬂ]|lTr[ [0l eqe”
}
< min{
|0||w(||p||2||0||meci'f 2L el?).
10112 e + 2— 011, et
loll3 1013 ele” 2f 10l €.
|0||2<|p||2||0||2ec’é'? F2Lefl),
b (D61)
| |

APPENDIX E: RELATIONSHIPS BETWEEN ADDITIVE AND RELATIVE ERRORS

In these appendices, we derive relationships between additive and relative errors for quantum channel ensemble twirls.
Given an ensemble of quantum channels C, let an additive &,4q-approximate Depolarize f-design in diamond norm be

1Ty - T%HQ < €adds (E1)
and a relative ¢,44-approximate Depolarize r-design be

(1 - grel)Tg)(d) = Tg) = (1 + grel)T(Dt)(d) — grelT Té’) - de =< grelT(Dt)(d)’ (EZ)
or alternatively, using the Choi-Jamiolkowski isomorphism, given the d-dimensional normalized maximally entangled

state |®@) = \/.Zae[d laa) EH @ H — @ = |®)(®| € B[H ® H],

—era(Tip ) ® 19)(@%) < (T @ 19)(0%) — (T}, ® I$) (@) < e (T iy, ® 15)(®P). (E3)

Using these definitions, we will prove that the following Lemma holds.

Lemma 8. (Additive versus relative error). Any approximate Depolarize t-design with relative error ¢, is a
€a.da-approximate Depolarize 7-design with an additive error €,4q9 = 2¢,. Conversely, any approximate Depolarize
t-design with additive error e,4q is a &,-approximate Depolarize ¢-design with a relative error &,y = d*'e,q4.

Proof. To simplify our derivation, let us define the difference of moment operators as,

T T(l)

(1)
A Da)"

hy = (E4)

Then, by definition of the diamond norm as a maximization over pure states |¥) € H®' ® H®' and the one norm in terms
of projectors I, onto the positive and negative eigenspaces of its arguments, we have
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o || _ )
[a8||. = max| 2, & 2| (ES)
_ (1) ®t _ (1) ®1
=, max,, mgx [Tr[m(ACD( o ® I9(¥)] — THM_ (AL, ® I (\P)]] . (E6)

If we assume relative error €., then using Eq. (E2) along with the fact that IT, < I?z’ we obtain
T (AL ) ® I9(P)] < e TrIL(T ) ® I9(P)] < e Tr((Th ) ® 19'(¥)] = £ (E7)
From this bound, we see that,
1AG @, < 26 (E8)
and hence relative error ¢, implies additive error
€add = 2€rel- (E9)
Next, let us define the states as those output by twirls over the quantum channel ensembles acting on @,
O = (T4 @ IF)(@%), gy = (T, ® I3)(@%). (E10)

One can readily verify that the Depolarized state is

1
Dpy) = ﬁ@z’, (E11)
with a smallest eigenvalue of
1
Amin(Pp(a)) = pIE (E12)

Hence, if we have an approximate Depolarize 7-design with additive error €,4y

1AE o I, < eada (E13)
this implies
e Y1 I e P

Then, using the minimum eigenvalue of the Depolarized state in Eq. (E12), we find
—£,0dl§ < D — D) < £,0alS7. (E15)
which can be combined with the equality 1$* = d*®p, [from Eq. (E11)], to obtain
—£,4qd* Pp(g) < P — Pp(y) < €300d> Ppyg)- (E16)
As such, additive error €,qq implies relative error

Erel = d¥£444. (E17)
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