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Quantum simulations of strongly interacting fermionic systems, such as those described by the Hub-
bard model, are promising candidates for useful early fault-tolerant quantum computing applications.
This paper presents tile Trotterization, a generalization of plaquette Trotterization, which uses a set of
tiles to construct Trotter decompositions of arbitrary lattice Hubbard models. The tile Trotterization
scheme also enables the simulation of more complex models, including the extended Hubbard model.
We improve previous Hubbard-model commutator bounds, further provide tight commutator bounds for
periodic extended Hubbard models, and demonstrate the use of tensor network methods for this task. We
consider applications of tile Trotterization to simulate hexagonal lattice Hubbard models and compare the
resource requirements of tile Trotterization for performing quantum phase estimation to a qubitization-
based approach, demonstrating that tile Trotterization scales more efficiently with system size. These
advancements significantly broaden the potential applications of early fault-tolerant quantum computers
to models of practical interest in materials research and organic chemistry.
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I. INTRODUCTION

Simulating quantum systems of interacting electrons
is an important and complex challenge in the study of
molecules and materials. Quantum simulation of fermionic
systems is considered one of the most promising applica-
tions of quantum computers [1–3], which has motivated
resource estimates for quantum simulation of complex sys-
tems such as the FeMoco-complex and the cytochrome
P450 enzyme [4–6]. Such studies have investigated the
electronic structure problem in both first and second quan-
tization, using Gaussian, plane wave, or Bloch basis sets
[6–12]. Despite significant advances in recent years, gen-
eral electronic structure simulations of practically relevant
and classically intractable systems are estimated to require
millions of physical qubits and at least billions of T gates
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[5,6], which is far beyond the capabilities of today’s
quantum hardware.

Recently, quantum simulations of the Hubbard model
[13] have received increased attention due to the model’s
relatively low resource requirements, making it a promis-
ing candidate for early demonstrations of practical quan-
tum advantage [14–16]. The Hubbard model is a model
of interacting electrons, which, despite its simplicity com-
pared with the full electronic structure Hamiltonian, is able
to describe important aspects of the physics of real mate-
rials, and has long been considered a potential model for
high-temperature superconductivity [17–19].

Two recent papers by Kivlichan et al. [20] and Campbell
[21] introduce efficient Trotterization schemes [22–24] to
implement time evolution for the Hubbard model. Hamil-
tonian time evolution allows for the calculation of dynam-
ical observables such as Green’s functions, which are used
to access important quantities including the many-body
density of states and spectral functions. Time evolution
is also an important subroutine in quantum phase esti-
mation (QPE) [25–28], statistical phase estimation (SPE)
[29–33], and in other ground-state [34,35] and Gibbs-
state [36] sampling methods. QPE can also be performed
using the more modern qubitization framework [37–39],
which has also been developed for the Hubbard model
[40]. These prior studies focus on the on-site square-lattice
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Hubbard model [20,21,40] and exclude a broader range of
lattices and more complicated electronic interaction mod-
els. Very recently, Ref. [41] introduced an extension to
the square-lattice Trotter scheme in Ref. [21], allowing for
beyond-nearest-neighbor hopping terms and multiorbital
interactions.

Extending these simulation methods to other lattices
enables the simulation of a broader range of real-life mate-
rials with complex electronic behavior. This is especially
relevant for lattices that introduce frustration, such as the
kagome and triangular lattices, which are challenging to
simulate classically and may provide valuable insights
into exotic phases of matter [42,43]. Introducing more
complicated electron interaction models allows for study-
ing the effects of nonlocal electron-electron interactions
on charge order [44,45], charge-density waves [46], pair
density waves [47] and alternative types of superconduc-
tivity [47–49]. The simplest model employed to study the
physics of certain kagome metals is the kagome-Hubbard
model which includes nearest-neighbor electron interac-
tions [46–48,50,51]. Conjugated hydrocarbon molecules
can also be described by the Hubbard model [52,53] or
more complex extensions, such as the extended Hubbard
model [54–56] or the PPP model [57–60]. The electronic
structure of nanographene is especially interesting because
it exhibits topological frustration and strong correlations
leading to unconventional magnetic properties [61,62], and
can be well described by the PPP model [63].

In this study, we introduce tile Trotterization to
extend the applicability of plaquette Trotterization (PLAQ)
(developed by Campbell in Ref. [21]) to arbitrary lattice
Hubbard models, and introduce strategies for including
longer-range interaction terms, used for example in the
extended Hubbard model. Tile Trotterization generalizes
using plaquettes as the components spanning the square
lattice to components of other shapes (called tiles), that
can be used to cover any lattice with nearest-neighbor-
hopping terms to construct efficient Trotter decomposi-
tions. We define a set of tiles based on complete bipartite
graphs, which we show can be implemented efficiently,
contrary to tiles of arbitrary shape that generally have
a high implementation cost. We also provide examples
demonstrating how tile Trotterization can be used to sim-
ulate various hexagonal lattice Hubbard models, including
per-Trotter-step gate costs and Trotter error norms. Tiling-
based approaches have also been considered in the context
of quantum simulation of spin models [64], and these
could potentially also benefit from more advanced tiling
strategies.

We also provide tight bounds on the commutator spec-
tral norms used to estimate Trotter error. In this, we
demonstrate a natural approach to divide the commutator
into operators acting on a limited number of lattice sites,
the spectral norm of which can be estimated by numeri-
cal techniques such as the density-matrix renormalization

group (DMRG) algorithm, or other methods generally. Our
commutator bounds are presented in three lemmas: Lemma
F1 for the standard Hubbard model and Lemmas F2 and
F3 for the extended Hubbard model. We apply these lem-
mas to evaluate tight commutator bounds for the periodic
hexagonal lattice Hubbard and extended Hubbard models.
In Eqs. (31) and (32), we provide expressions for the non-
trivial parts of the Trotter errors for periodic hexagonal
lattice Hubbard and extended Hubbard model Trotter steps.

We analyze the performance of tile Trotterization by
comparing it to a qubitization-based approach. Trotter-
ization and qubitization have different dependencies on
system size and simulation accuracy, leading to interesting
trade-offs when comparing their performance for specific
applications [65]. We construct qubitized quantum walk
operators that are optimized for the Hubbard model on the
periodic hexagonal lattice, building upon previous work
by Babbush et al. in Ref. [40]. We provide further opti-
mizations that reduce the cost of the qubitized quantum
walk operators and present a detailed analysis of gate and
qubit costs. To compare the Trotterization and qubitiza-
tion approaches, we consider the task of energy estimation
by QPE for the periodic hexagonal lattice Hubbard model.
We obtain O(N 3/2ε−3/2) T complexity for implementing
QPE using tile Trotterization, compared to O(N 2ε−1) for
qubitized QPE, where N is the number of lattice sites and
ε is the target accuracy. Contrary to common belief that
qubitization generally is asymptotically more efficient than
Trotterization, we find that tile Trotterization scales bet-
ter when ε is either constant or allowed to scale with the
system size.

Overall, we find that tile Trotterization implementations
of QPE for the Hubbard model and the extended Hub-
bard model can be performed with T-gate costs in the
range 106–107 for classically nontrivial system sizes, mak-
ing tile-Trotterization-based quantum algorithms promis-
ing candidates for early fault-tolerant quantum computing
applications.

The paper is structured as follows: In Sec. II we define
the generalized Hubbard model, including the standard
Hubbard model and the extended Hubbard model used
throughout this paper. Section III introduces tile Trotter-
ization while Sec. IV presents a concrete application of
tile Trotterization. In Sec. V we present our qubitization
approach, and finally, Sec. VI presents a QPE resource
comparison of the simulation methods and models dis-
cussed in this paper.

II. HUBBARD MODEL HAMILTONIANS

We consider generalized Hubbard models of the form

H = Hh + HC, (1)
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with hopping terms given by

Hh = −τ
∑

i,j ,σ

Rij a†
iσaj σ , (2)

where τ represents the hopping parameter. Here, Rij is the
adjacency matrix of the lattice with Rij = 1 if i and j are
neighbors and Rij = 0 otherwise. The operators a†

iσ and aiσ
are fermionic creation and annihilation operators acting on
a spin-σ orbital at lattice site i. The potential energy, or
Coulomb (C), terms have the form

HC =
N∑

i=1

Uini↑ni↓ +
∑

i�=j

∑

σ ,σ ′
Ciσ ,j σ ′niσnj σ ′ , (3)

where Ui is the on-site interaction strength on site i and
Ciσ ,j σ ′ is the interaction strength between electrons in spin
orbitals iσ and j σ ′ on different sites. The number opera-
tor, niσ , is defined as niσ = a†

iσaiσ . The form of HC varies
across the Hamiltonians considered in this paper.

In all systems and models discussed throughout, we rep-
resent the number of lattice sites as N and assign two spin
orbitals, σ ∈ {↑, ↓}, to each lattice site, such that the total
number of spin orbitals is 2N .

A. The Hubbard model

First, we introduce the standard Hubbard model, or
simply the Hubbard model, with Coulomb interactions
between electrons of opposite spin on the same lattice site.
The Hubbard model is defined as

HH = Hh + HI , (4)

with potential energy term given by

HI = U
N∑

i=1

ni↑ni↓, (5)

where U represents the onsite interaction strength.
There are many fermion-to-qubit mappings that could be

applied to this Hamiltonian, including those which exploit
locality [66,67]. In this paper we work with the standard
Jordan-Wigner (JW) mapping, which has been considered
in previous studies of the Hubbard model [20,21]. Here,
the number of terms in the transformed Hamiltonian can
be reduced by 2N by applying a chemical shift to the
interaction term in Eq. (5)

H ′
I = U

N∑

i=1

(
ni↑ − 1

2

)(
ni↓ − 1

2

)
= U

4

N∑

i=1

Zi↑Zi↓, (6)

where Ziσ ≡ 2niσ − 1. The difference between the original
and the shifted on-site interaction term is

H ′
I − HI = −U

2

N∑

i=1

(
ni↑ + ni↓ − 1

2

)
. (7)

In an η-electron subspace, this difference is a constant
energy shift of �EI = (U/2)(N/2 − η), which can be
trivially corrected [21]. Continuing, we use the modified
version Eq. (6) of the on-site interaction and refer to it
as HI .

B. The extended Hubbard model

We also consider the extended Hubbard model where
Coulomb interactions between electrons on neighboring
sites are introduced. We define this model as

HEH = Hh + HI + HV, (8)

with HC = HI + HV. The Coulomb interaction between
neighboring sites is defined as

HV = V
∑

〈ij 〉

∑

σ ,σ ′
niσnj σ ′ , (9)

where V is a parameter for the nearest-neighbor Coulomb
interaction. We define the nearest-neighbor summation,∑

〈ij 〉, as a sum over each each lattice pair {i, j } once, which
corresponds to summing over all bonds in the lattice. The
summation over the spin indices, σ and σ ′, ensures that
we include interactions between all spin orbitals in lattice
pair {i, j }.

The number of terms in the extended Hubbard model
after Jordan-Wigner transformation can be reduced by
applying a chemical shift to HV to obtain

H ′
V = V

∑

〈ij 〉

∑

σ ,σ ′

(
niσ − 1

2

)(
nj σ ′ − 1

2

)

= V
4

∑

〈ij 〉

∑

σ ,σ ′
ZiσZj σ ′ . (10)

The difference between the original and the shifted nearest-
neighbor interaction term is

H ′
V − HV = −V

2

∑

〈ij 〉

∑

σ ,σ ′

(
niσ + nj σ ′ − 1

2

)
. (11)

Given a k-regular interaction graph (all sites having k
nearest neighbors), e.g., periodic lattice models, then∑

〈ij 〉
∑

σ ,σ ′ runs over 2kN nearest-neighbor interactions,
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and the sum over niσ (or nj σ ′) can be rewritten as

∑

〈ij 〉

∑

σ ,σ ′
niσ = 1

2

N∑

i=1

∑

j :j ∼i

∑

σ ,σ ′
niσ = k

N∑

i=1

∑

σ

niσ , (12)

where
∑

j :j ∼i is the sum over j neighbor to i and
∑N

i=1
∑

σ niσ is the total electron number operator.
In an η-electron subspace, Eq. (11) can be written in

terms of the total electron number, η, and the total number
of lattice sites as

�EV = −V
2

(
2kη − 2kN

2

)
= Vk

(
N
2

− η

)
, (13)

which is a constant energy shift. From now on we only con-
sider the shifted version Eq. (10) of the nearest-neighbor
Coulomb interaction term and refer to it as HV.

III. TILE TROTTERIZATION

In this section, we show how to implement the time-
evolution operator of generalized Hubbard models using a
special variant of second-order Trotterization.

Trotter product formulas approximate the time-evolution
operator by decomposing the Hamiltonian into m non-
commuting terms and then applying the time evolution of
these terms sequentially. Hamiltonians of the form H =∑m

j =1 Hj can be approximately evolved for a time t using
the second-order Trotter formula

∥∥∥∥∥∥
e−iHt −

m∏

j =1

e−iHj t/2
1∏

j =m

e−iHj t/2

∥∥∥∥∥∥
≤ Wt3, (14)

where W is the Trotter error norm given by [68]

W = 1
12

m−1∑

b=1

∥∥∥∥∥∥

∑

c>b,a>b

[[Hb, Hc], Ha]

∥∥∥∥∥∥

+ 1
24

m−1∑

b=1

∥∥∥∥∥
∑

c>b

[[Hb, Hc], Hb]

∥∥∥∥∥ , (15)

where ‖ · ‖ is the spectral norm, also known as the operator
norm.

The variant of second-order Trotterization described in
this paper originates from PLAQ [21], which provides an
efficient implementation of the time-evolution operator of
square-lattice Hubbard models by using a specific struc-
ture in both the Hubbard model and the square lattice.
PLAQ uses ideas from the SO-FFFT method developed
by Kivlichan et al. [20], which reduces the Trotter error
norm by diagonalizing the hopping Hamiltonian upon each
application of e−iHht. This allows for a simple Trotter

decomposition into two noncommuting groups consisting
of hopping terms and Coulomb terms.

A similar Hamiltonian decomposition is used in PLAQ,
which also separates the Coulomb and hopping terms.
However, instead of simultaneously diagonalizing the hop-
ping terms, they are further decomposed into noncommut-
ing hopping Hamiltonian sections that each can be more
easily diagonalized, at the expense of a marginally larger
Trotter error norm.

To summarize the strategies available, Fig. 1 visualizes
three Trotterization approaches for the hopping Hamilto-
nian of a 4 × 4 periodic square lattice: (a) the “naive”
approach, (b) PLAQ and (c) SO-FFFT. PLAQ offers a
compromise, increasing parallelism and reducing non-
Clifford gate counts compared to (a), while also offering a
more general approach than (c) (and reduced gate counts in
some scenarios). As we will show, implementing each S1
tile in (a) has a non-Clifford cost of two arbitrary rotations,
while each C4 tile in (b) requires two arbitrary rotations and
eight additional T gates; since (a) uses 32 S1 tiles, while (b)
uses only eight C4 tiles, and given the large number of T
gates required to synthesis an arbitrary rotation, the PLAQ
method results in a significant reduction in non-Clifford
gates.

Below, we introduce tile Trotterization, generalizing the
PLAQ method by allowing quantum simulation of general-
ized Hubbard models on arbitrary lattices, and introducing
a set of tiles to minimize the non-Clifford gate count in this
general setting. Although tile Trotterization can be applied
to three-dimensional lattice models, the focus in this paper
is on two-dimensional models.

A. Tile Trotterization scheme

Given a generalized Hubbard model Hamiltonian of the
form H = Hh + HC, defined in Eq. (1), the time-evolution
operator e−iHt is implemented by separating the hopping
Hamiltonian into S noncommuting hopping Hamiltonian
sections

Hh =
S∑

s=1

H s
h . (16)

Each section, H s
h , consists of Ns tile Hamiltonians in each

spin sector that all commute within the same section

H s
h =

Ns∑

n=1

∑

σ

H tile,sn
σ , (17)

where the hopping Hamiltonian of the n’th tile in section s
is defined as

H tile,sn
σ = −τ

∑

ij

Rtile,sn
ij a†

iσaj σ , (18)
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+

(a)

(b) (c)

+ + +

FIG. 1. Visualization of three Trotterization strategies for implementing Hamiltonian simulation for the hopping Hamiltonian, Hh,
considering a 4 × 4 square lattice with periodic boundaries. The hopping Hamiltonian (for each spin sector) consists of terms for each
“bond” or “link” on the lattice, which do not commute if two bonds share a single lattice site. The figure presents three strategies to
partition terms in Hh when implementing Trotterization. In (a), Hh is partitioned into four terms, each consisting of S1 tiles (single
bonds) for which time evolution can be implemented trivially. In contrast, (c) performs e−iHht exactly by using, e.g., the fast fermionic
Fourier transform (FFFT) to diagonalize Hh, as demonstrated in Ref. [20]. The approach of (b) shows the plaquette Trotterization
method of Ref. [21]; here, Hh is divided into just two terms, and uses C4 tiles, or “plaquettes,” which can be implemented with a
particularly low non-Clifford cost. In the main text we discuss the trade-off between these approaches.

and Rtile,sn is the adjacency matrix of the corresponding tile
Hamiltonian. The tile Hamiltonians, Eq. (18), consist of
hopping terms between neighboring lattice sites and can be
represented as interaction graphs between a set of neigh-
boring lattice points. The decomposition of the hopping
Hamiltonian into sections and tiles corresponds to cover-
ing the entire lattice by tiles of different colors, where the
colors are used as labels for the hopping Hamiltonian sec-
tions. These concepts are illustrated in Fig. 2, which shows
examples of tiles, lattices, and a possible way to divide
these lattices into sections using tiles. The tiles have to
cover the entire lattice, and are distributed such that no two
tiles within a section touch the same lattice site, ensuring
commutativity between all tiles within a section. Note that
it is possible to mix different types of tiles to cover a lattice
section.

The commutativity of the tile Hamiltonians within
a section means that Hamiltonian time evolution of
each section can be implemented without Trotter
approximation as

e−iHs
ht =

Ns∏

n

∏

σ

e−iH tile,sn
σ t, (19)

such that the cost of e−iHs
ht can be obtained by adding

up the cost of implementing each tile within that section,
e.g., the red hopping section of the square lattice in Fig. 2

requires eight applications of e−iH
S1
σ t and two applications

of e−iH
C4
σ t, accounting for the two spin sectors.

Time evolution of a section, e−iHs
ht, can be implemented

exactly and efficiently if time evolution of the tile Hamil-
tonians can also be implemented exactly and efficiently.
For general tiles, a number of rotations are needed to
diagonalize the tile Hamiltonian and implement time evo-
lution, which for fault-tolerant computation must each be
implemented with a high synthesis cost. We show that the
implementation cost can be significantly reduced for a cer-
tain set of complete-bipartite graph tiles, which include
S1, S2, and S4 (star graphs) and C4 (a circle graph) that
are illustrated in Fig. 2. The non-Clifford cost of imple-
menting time evolution of these tiles is summarized in
Table I. Below, we describe general features of this set
of tiles and in Appendix A we provide a detailed costing
of e−iH tile

σ t. Note, we also include costing of the S3 tile in
Appendix A, demonstrating concretely why certain other
tiles have higher implementation cost.

More generally, we show in Appendix A 6 that time
evolution of any tile Hamiltonian with adjacency matrix
corresponding to a complete bipartite graph of type K2a,2b ,
where a and b are integers, can be implemented with two
arbitrary rotations and 2a+2 + 2b+2 − 8 T gates (recover-
ing the costs given in Table I). Notice that K1,2k = S2k and
K2,2 = C4. When tiling a hopping Hamiltonian on a given
lattice, we require that all hopping terms are covered by
tiles. Therefore, a relevant measure when considering the
efficiency of tiling is non-Clifford cost per bond for a given
tile. A K2a,2b graph covers 2a+b bonds, resulting in an arbi-
trary rotation cost per bond of 2/2a+b and a T-gate cost per
bond of (2a+2 + 2b+2 − 8)/2a+b, meaning that larger tiles
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S1

Red section Gold section

Red section

Blue section

Blue section

S2

S4

C4

Tiles Lattices Lattice sections

4×

4×

1×

1×

Red section Gold section

Blue section

1×

3×

3×

6×

3× 3×

2× 2× 2×

FIG. 2. Illustrations of four tiles, S1, S2, C4, and S4, and how these tiles can be used to cover three examples of lattice fragments:
square, hexagonal, and kagome, in order to create lattice sections. The lattice sections are indicated by different colors: red, blue, and
gold. On the right, we note how many tiles of the different types are used to cover each lattice section.

could reduce the required number of arbitrary rotations.
However, these additional tiles are less relevant for two-
dimensional lattices with nearest-neighbor hopping, and
therefore we focus on S1, S2, S4, and C4 tiles as described
above.

A tile-Trotterization step of generalized Hubbard model
Hamiltonians can be implemented as

∥∥∥∥∥e−iHt − e−iHC
t
2

S∏

s=1

e−iHs
h

t
2

1∏

s=S

e−iHs
h

t
2 e−iHC

t
2

∥∥∥∥∥ ≤ Wtilet3.

(20)

A Trotter step includes applications of e−iHCt, and since
all terms of HC commute, the time evolution of each
term can be implemented without Trotter error using two

TABLE I. The non-Clifford cost of implementing e−iH tile
σ t for

tiles S1, S2, C4, and S4. The number of arbitrary rotations is equal
to the number of nonzero eigenvalues of the adjacency matrix of
a tile. Additional gates are required to diagonalize the tile Hamil-
tonian; for the four tiles considered here, this can be achieved
with a non-Clifford cost of just a few T gates.

Tile Arbitrary rotations Additional T gates

S1 2 0
S2 2 4
C4 2 8
S4 2 12

CNOT gates and one arbitrary Z-axis rotation. The tile-
Trotterization error norm, Wtile, can be bounded using

Wtile ≤ WSO2 + Wh, (21)

as shown in Appendix B, where WSO2 arises from the
decomposition into Coulomb and hopping terms
∥∥∥e−i(Hh+HC)t − e−iHC

t
2 e−iHhte−iHC

t
2

∥∥∥ ≤ WSO2t3, (22)

which is evaluated using the double commutator formula
given by Eq. (15). The terminology “SO2” is taken from
Ref. [21], and indicates the split-operator decomposition of
Coulomb and hopping terms with the ordering employed in
Eq. (22). We evaluate WSO2 as

WSO2 = 1
12

‖[[HC, Hh], Hh]‖ + 1
24

‖[[HC, Hh], HC]‖ .

(23)

This expression is independent of the tiling and captures
the total Trotter error norm if the entire hopping Hamilto-
nian is simultaneously diagonalized. The additional Trotter
error, Wh, depends on the number of sections and the
distribution of tiles within each section

∥∥∥∥∥e−iHht −
S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2

∥∥∥∥∥ ≤ Wht3, (24)

and can be obtained from Eq. (15) by defining hopping
Hamiltonian sections as H1 = H 1

h , H2 = H 2
h ,. . . , HS = H S

h ,
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TABLE II. Comparison of upper-bound estimates of WSO2 and
Wh for different electron-electron interaction parameters of peri-
odic hexagonal Hubbard and extended Hubbard models (U/V =
2). We take τ = 1 and lattice parameters Lx = Ly = 8 (N = 128)
resulting in Wh ≤ 108.6 for each of the examples considered
above (using the S2 tiling shown in Appendix D).

Model parameters

Models U V WSO2 Wh/WSO2

Hubbard 1 – 114.0 0.95
2 – 244.8 0.44
4 – 556.8 0.20
8 – 1382 0.08

Extended Hubbard 1 0.5 158.9 0.68
2 1 369.0 0.29
4 2 942.9 0.12
8 4 2705 0.04

where the subscripts 1, 2, and S denote the order in which
the terms are applied in the Trotter decomposition. In
Appendix C, we explicitly write out Eq. (15) for cases
where lattices can be split into three sections and show
how to compute Wh efficiently. This additional hopping
Hamiltonian decomposition adds low cost in the strongly
interacting regimes. We highlight this point in Table II by
comparing WSO2 and Wh for hexagonal lattice Hubbard and
extended Hubbard models for different values of U and V.
The fact that Wh 
 WSO2 in the strongly interacting regime
is one of the motivations for tile Trotterization over the
SO-FFFT method. However, note from Table II that in the
weakly correlated regime, it can be the case that Wh/WSO2
is close to 1.

IV. APPLICATION OF TILE TROTTERIZATION

Here, we demonstrate how to perform costing of tile
Trotterization in practice. As an example, we consider
the more challenging application of the periodic hexago-
nal lattice extended Hubbard model in the main text. In
Appendix E, we give further examples for the Hubbard
model on arbitrary hexagonal lattice fragments (models
without periodic boundary conditions), and the Hubbard
model on a periodic hexagonal lattice. The two peri-
odic models will then be considered in the QPE resource
analysis in Sec. VI C.

A. Tile Trotterization of the periodic hexagonal lattice
extended Hubbard model: gate counts

We consider the application of tile Trotterization for
simulating the extended Hubbard model on the periodic
hexagonal lattice. We use the periodic hexagonal lattice
model described in Appendix D, which is described by the
parameters Lx and Ly and contains N = 2LxLy lattice sites.

To apply tile Trotterization, we cover the periodic
hexagonal lattice with S2 tiles to divide the lattice into

three sections: blue (b), red (r), and gold (g), as shown
in Fig. 7 in Appendix D. This corresponds to decompos-
ing the hopping Hamiltonian into three sections: Hh =
H b

h + H r
h + H g

h . The number of S2 tiles in each section
is Nb = Nr = Ng = N/4 for all periodic hexagonal lattice
models considered in this paper, which have parameters
Lx = Ly = L.

A single Trotter step of the extended Hubbard model,
defined in Eq. (8), on the periodic hexagonal lattice is
implemented as

e−iHEH t ≈ e−i(HI +HV)
t
2 e−iHb

h
t
2 e−iHr

h
t
2 e−iHg

h t

× e−iHr
h

t
2 e−iHb

h
t
2 e−i(HI +HV)

t
2 , (25)

with HEH = Hh + HI + HV, and where we choose to
implement the sections in the order H1 = H b

h , H2 = H r
h

and H3 = H g
h . Performing r repetitions of this Trotter step

leads to
(
e−iHEH t)r ≈ e−i(HI +HV)

t
2

(
e−iHb

h
t
2 e−iHr

h
t
2 e−iHg

h te−iHr
h

t
2

×e−iHb
h

t
2 e−i(HI +HV)t

)r
ei(HI +HV)

t
2 , (26)

and therefore a single Trotter step for large r requires two
applications of e−iHb

h t/2, two applications of e−iHr
ht/2, one

application of e−iHg
h t, and one application of e−i(HI +HV)t.

Under the Jordan-Wigner transformation, the system is
represented by 2N qubits and e−i(HI +HV)t contains N terms
from HI and 6N terms from HV, which can be implemented
with seven layers of N arbitrary Z-axis rotations, where the
angle of all gates within a given layer are the same, and 14
layers of N CNOT gates.

The cost of implementing the time evolution of the
hopping terms is obtained by counting the number of appli-

cations of e−iH
S2
σ t in each section. The time evolution of the

hopping Hamiltonian is decomposed into five applications
of time evolution of hopping Hamiltonian sections. Each
section contains N/4 S2 tiles, so that we need 5 × N

4 × 2

applications of e−iH
S2
σ t, accounting for the two spin sec-

tors. The time evolution of each S2 Hamiltonian can be
implemented with two arbitrary Z-axis rotations (of the
same angle) and four T gates, as shown in Appendix A.
Therefore, the time evolution of the hopping term can be
implemented with five layers of N arbitrary rotations of the
same angle in each layer. The total non-Clifford gate cost
per Trotter step is

NR = 7N + 2 × 10
4

N = 12N , (27)

NT = 4 × 10
4

N = 10N , (28)

where NR is the number of arbitrary rotations and NT is the
number of T gates.

030348-7



ANDREAS JUUL BAY-SMIDT et al. PRX QUANTUM 6, 030348 (2025)

Arbitrary rotations are expensive to perform on fault-
tolerant quantum computers using the surface code, most
commonly being decomposed into a sequence of T and
Clifford gates. Hamming weight phasing (HWP) can be
used to reduce the number of arbitrary rotations by trad-
ing them for additional ancilla qubits and Toffoli gates.
In particular, HWP is applicable when applying a layer
of repeated rotation gates of the same angle. In this case,
we can introduce ancilla qubits to calculate the Hamming
weight of the logical state, and apply a smaller number of
rotations to this weight [20,69]. See also Appendix E 2 for
more discussion on using HWP for tile Trotterization.

The time evolution of the extended Hubbard model con-
tains 12 layers of N arbitrary rotations, where the angle of
all gates within a given layer are the same. Using HWP, we
choose to implement m arbitrary rotations simultaneously
using m − 1 ancilla qubits, with the requirement that N is
an integer multiple of m, leading to a worst-case total gate
cost of [21]

NR = 12N
m

�log2(m)+ 1�, (29)

NT = 10N + 4 × 12N
m
(m − 1), (30)

where each Toffoli gate has been converted into four
T gates. The total number of qubits required for this
tile-Trotterization implementation with HWP is 2N +
(m − 1).

B. Tile Trotterization: error bounds

The tile-Trotterization error norm, Wtile, is obtained by
summing WSO2 and Wh, where WSO2 can be evaluated from
the commutator bound expression in Eq. (23). In this paper
we introduce new strategies for evaluating commutator
bounds for the Hubbard model and the extended Hubbard
model, resulting in three lemmas in Appendix F. Lemma
F1 can be used to evaluate ‖[HI , Hh], Hh]‖ for any on-
site interaction Hubbard model. Our commutator bound
improves upon previous state-of-the-art bounds and for the
case of the periodic hexagonal lattice Hubbard model, we
improve ‖[HI , Hh], Hh]‖ by 31.5% compared to the bound
in Ref. [21]. Combining Lemma 2 from Ref. [21] with
our improved commutator bound, we obtain the following
final expression for WSO2 for the periodic hexagonal lattice
Hubbard model,

WSO2 ≤ U 2τ

24
‖R‖1 + 9.9Uτ 2

12
N , (31)

where ‖ · ‖1 is the Schatten one norm and R is the adja-
cency matrix of the lattice. We compute ‖R‖1 numerically
and use these results to bound ‖R‖1 ≤ 1.59N for periodic
hexagonal lattices with size 4 ≤ L ≤ 24.

Our second and third lemmas apply for extended Hub-
bard models on periodic lattices where all lattice sites
have k nearest neighbors (e.g., periodic hexagonal, square,
kagome, and triangular lattices). Lemmas F2 and F3 give
expressions that can be used to evaluate ‖[HC, Hh], Hh]‖
and ‖[HC, Hh], HC]‖, with HC = HI + HV. We summarize
the strategies used to obtain these bounds below and give
expressions for obtaining WSO2 for the periodic hexago-
nal extended Hubbard model. For detailed derivations, we
refer to Appendix F.

Our strategy for calculating Trotter-error bounds is to
partition or divide the nested commutators into a sum of
terms acting on a smaller but still nontrivial number of spin
orbitals, for which we can evaluate the spectral norm either
exactly or with very high precision using numerical tech-
niques. We derive expression that allow for constructing
these partitions and which clearly define the resulting sub-
spaces. This is done by evaluating the nested commutators
for a subset of terms in the Hamiltonian using commuta-
tor and anticommutator rules provided in Appendix F 1.
The derived lemmas give a natural way to adjust the parti-
tioning of commutator terms by first partitioning the lattice
appropriately, for which there is significant flexibility.
To obtain numerical bounds in practice, we partition the
nested commutators into exactly equivalent terms (by lat-
tice symmetry), evaluate the spectral norm of the resulting
operator numerically using DMRG, and sum over parti-
tions to obtain the total commutator bound (for details, see
Appendix F).

Combining the numerical results obtained using Lem-
mas F2 and F3, we obtain the following final expression for
WSO2 for the periodic hexagonal lattice extended Hubbard
model with U/V = 2 and L ≥ 4,

WSO2 ≤ 1
12
(
2.4U 2τ + 12.5Uτ 2)N . (32)

We must also evaluate the additional hopping Hamilto-
nian error norm, Wh. We calculate this as derived in
Appendix C, where Eq. (C6) gives a formula for efficiently
evaluating Wh for general tilings of lattices with three sec-
tions. Figure 6 (in Appendix C) plots Wh/τ

3 as a function
of system size using the periodic hexagonal lattice S2-tiling
presented in Appendix D. This yields a linear scaling of
Wh with the hexagonal lattice system size. Numerically,
for even L such that 4 ≤ L ≤ 24, we find

Wh ≤ 0.8532τ 3N . (33)

In Table II we compare Wh and WSO2 for the Hubbard and
extended Hubbard model, for a periodic hexagonal lattice
of size L = 8 (N = 128) for different values of U and V.
These results show that the Trotter decomposition of the
hopping Hamiltonian contributes low additional Trotter
error for systems with U ≥ 4. We also see that Wh com-
prises a smaller fraction of Wtile for the extended Hubbard
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model compared to the standard Hubbard model, due to the
larger value of WSO2 obtained for the former model.

V. QUBITIZATION FOR THE HEXAGONAL
HUBBARD MODEL

The discussion so far has focused on quantum sim-
ulation using tile Trotterization. In order to assess this
approach, we will next consider qubitization, which is a
state-of-the-art approach for performing quantum simula-
tion, therefore providing an important comparison point
[38–40]. In Appendix H, we provide quantum circuits
for the qubitized quantum walk operator for the peri-
odic hexagonal Hubbard model, and include detailed
resource estimates. Our construction of the qubitization
circuit follows that developed in Ref. [40], but we intro-
duce improvements that further reduce resource estimates,
and perform costing of all circuit elements in detail. For
brevity, in this section we briefly summarize the key costs
to perform qubitized QPE using these circuits, which will
be used to perform resource estimation of QPE in Sec. VI.

The quantum walk operator used in qubitization con-
sists of SELECT, PREPARE, and reflection operations.
For the Hubbard model, the asymptotically dominant cost
of performing qubitized QPE comes from implementing
SELECT (controlled on an ancilla). For an Lx × Ly hexag-
onal lattice we obtain a T-gate cost of CS = 40LxLy − 4,
or, expressed in terms of the number of lattice points, N ,

CS = 20N − 4. (34)

Note that the O(N ) term is identical to that obtained in
Ref. [40] for the square lattice, but our circuit removes an
additional O(log(N )) contribution.

The cost of PREPARE is more involved, and we sum-
marize the cost of each circuit element in Table V in
Appendix H. Summing the contribution from each of these
elements, and taking the case where Lx = Ly = L, the total
T-gate cost of PREPARE is

CP = 46�log2 L� + 4�+ 4� − 24ηL − 16, (35)

where ηL is the largest power of 2 that is a factor of L,
� is the number of T gates per rotation in the UNIFORM
state-preparation gadgets, and � is the number of T gates
per each other rotation in PREPARE. Therefore, the cost
of PREPARE is only logarithmic in the lattice dimension,
L. For our resource estimates, we choose � = 10 and � =
40. The controlled reflection operator adds an additional
T-gate cost of

CR = 32�log2 L� + 77, (36)

using the scheme of Ref. [70] to perform the reflection with
a single ancilla qubit.

The controlled walk operator also requires additional
flag and ancilla qubits. Once again taking the case of
Lx = Ly = L, the total number of qubits to implement the
circuits in Appendix H is

Nqubits = 2N + 6�log2 L� + 15. (37)

VI. QUANTUM PHASE ESTIMATION

In this section, we provide resource estimates for QPE
based on tile Trotterization and qubitization. We begin by
describing the QPE schemes used for each method.

A. Trotterized QPE

We follow the quantum phase estimation costing pro-
cedure for Trotterization methods described by Kivlichan
et al. in Ref. [20]. This phase estimation scheme relies on
adaptive phase estimation techniques [71,72], which use
a single control qubit. We define the maximum allowed
error in the energy estimate as ε, and following Ref. [21],
assign xε of the total error to rotation synthesis error and
(1 − x)ε to Trotter and phase estimation error. This allows
us to determine the total number of Trotter steps required
for the phase estimation procedure as [20,21]

NPE = 6.203

√
W

(1 − x)3/2ε3/2 , (38)

where W is the Trotter error norm.
The T-gate cost per Trotter step from synthesis of rota-

tion gates, NRT, using repeat-until-success synthesis [73],
can be evaluated as [21]

NRT = NR

(
1.15 log2

(
NR

√
3W

x
√

1 − xε3/2

)
+ 9.2

)
, (39)

where NR is the number of arbitrary rotations per Trotter
step. The total T-gate cost for performing Trotterized QPE
is given by

NT,Trotter = NPE(NRT + NT), (40)

where NT is the number of T gates per Trotter step that do
not come from the synthesis of arbitrary rotations.

To assess the T-gate complexity, note that the number of
Trotter steps scales as NPE = O(N 1/2ε−3/2) for the Hub-
bard model and extended Hubbard model, and the T-gate
cost per step aside from rotation synthesis is NT = O(N ).
If HWP is applied, then NR = O(log(N )) [from Eq. (29)]
in which case NRT does not contribute asymptotically,
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resulting in a T-gate complexity of

O(N 3/2ε−3/2). (41)

If HWP is not applied then NR = O(N ) [from Eq. (27)],
and the overall T complexity picks up a logarithmic factor

O(N 3/2ε−3/2 log(Nε−1)). (42)

In practice, the precision of rotation synthesis can be
improved with low additional cost, and the number of T
gates per arbitrary rotation is often set as a constant, mean-
ing the logarithmic factor can be disregarded. The scaling
with and without HWP reported here applies for both
the extended Hubbard model (Sec. IV) and the Hubbard
model systems (Secs. E 1 and E 2). The Hubbard model
systems, however, have smaller prefactors coming from
the lower value of WSO2 and fewer arbitrary rotation lay-
ers. Note that the scaling of QPE with tile Trotterization
and HWP matches that for the square lattice with plaquette
Trotterization, see Ref. [21], Eq. (F10).

The phase estimation procedure used for tile Trotteri-
zation requires two qubits in addition to the 2N system
qubits: one for adaptive phase estimation and one for
repeat-until-success synthesis [20,21]. Through numerical
tests of the overall T-gate cost, we find that optimal values
of x are approximately x = 0.03 without applying HWP
and x = 0.01 with HWP.

B. Qubitized QPE

For qubitized QPE, we follow the phase estimation
scheme described in Ref. [6], which uses NW repetitions of
the qubitized quantum walk operator, W , which consists
of the operators controlled SELECT (S), PREPARE (P),
PREPARE† (P†) and controlled reflection (R). The num-
ber of repetitions of the qubitized quantum walk operator
is given by

NW =
⌈
πλ

2ε

⌉
, (43)

where λ is the L1 norm of the Hamiltonian and ε is
the allowed error in phase estimation. For the periodic
hexagonal lattice Hubbard model, the L1 norm is

λ =
(

3τ + U
4

)
N . (44)

The total qubitized QPE T-gate cost is

NT,NW =
⌈
πλ

2ε

⌉
(CS + CP + CP† + CR), (45)

where CQ represents the T-gate cost of operation Q. Note
that our implementation has the same cost for P and P†.

The T-gate complexity of qubitized QPE on the periodic
hexagonal lattice Hubbard model scales as

O(N 2ε−1). (46)

This matches the asymptotic scaling for the square lattice
obtained in Ref. [40], Eq. (61). However, our analysis also
considers the non-Clifford cost of all circuit elements.

Note that this phase estimation scheme uses αPE =
2�log2(NW + 1)� − 1 ancilla qubits for the control regis-
ter [6,74], in addition to the qubits quoted in Eq. (37).
Therefore, the number of qubits depend on the Hubbard
model parameters, U and τ , as well as ε. The unary itera-
tor over the walk operator also requires (4NW − 4) T gates
to implement, in addition to the per-walk operator T-gate
counts given in Eq. (45).

C. QPE resource estimates

In our QPE resource estimates, we disregard the cost of
state preparation, although this is an important and non-
trivial problem [75]. Efforts have been made to efficiently
prepare correlated fermionic states of Hubbard models on
quantum computers [53,76]. The state-preparation prob-
lem, and its cost for Hubbard models, is further discussed
in Yoshioka et al. [14]. We will continue by assuming that
an initial state can be prepared with a sufficient overlap
with the target state.

In Table IV of Appendix G we provide Trotter error
norms, qubit counts, arbitrary rotation costs and T costs per
Trotter step to perform the simulations considered in this
section. The qubitization resource estimates are obtained
from Eq. (45), with the cost of each quantum walk operator
element given by Eqs. (34)–(36).

We begin our QPE resource analysis by comparing the
performance of tile Trotterization (Appendix E 2) with our
qubitization-based approach (Sec. V) for simulating the
periodic hexagonal lattice Hubbard model. This is done
to highlight the difference in scaling and performance of
the two approaches for different system sizes N , and for
different maximum errors, ε. We consider two different
error regimes in our QPE costing analysis: relative and
additive errors. Relative errors are often appropriate for
condensed phase applications, for example, when calcu-
lating the energy per unit cell, while absolute errors are
often considered in molecular quantum chemistry, or when
studying defects in solids. For a more detailed discussion
of this point, we refer to Ref. [20]. The QPE resource com-
parisons are shown in Fig. 3 using either tile Trotterization,
tile Trotterization with HWP (α = N/2 − 1 ancillas), or
qubitization for hexagonal lattice Hubbard models with
parameters Lx = Ly = L, U = 4 and τ = 1.

Figure 3(a) presents the total T-gate count as a func-
tion of the number of lattice sites, N , and taking the
relative error case with ε = 0.005N . The T-gate cost of
qubitized QPE is lower than for Trotterized QPE for
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ε = 0.005 N ε = 0.05 τ 
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FIG. 3. Resource estimates for QPE performed on a periodic hexagonal lattice Hubbard model with Lx = Ly = L, using tile Trotter-
ization (see Appendix E 2), tile Trotterization HWP (Hamming weight phasing; with α = N/2 − 1 ancilla qubits, see Appendix E 2),
and qubitization (see Sec. V). (a) Total T-gate count (including T gates from arbitrary rotation synthesis) as a function of the number
of lattice sites, N , with ε = 0.005N . (b) Total T-gate count (including T gates from arbitrary rotation synthesis) as a function of the
number of lattice sites, N , with ε = 0.05τ . The inset shows the total T-gate count for tile Trotterization HWP and qubitization. Note
that the total T-gate counts of tile-Trotterization-based QPE are upper bounds. (c) The total number of qubits used for each method.
(d) The total number of qubits used for each method, divided by N .

small N (and small ε) but grows linearly with N in the
relative error regime, eventually becoming more expen-
sive than both Trotterization methods. The cost of tile-
Trotterization-based QPE remains constant in this error
regime while the tile-Trotterization HWP simulation also
asymptotically approaches a constant T-gate cost. At small
N , the total T-gate cost of tile-Trotterization HWP is dom-
inated by a log(N ) term from the number of arbitrary rota-
tions per Trotter step, NRT, and therefore the T-gate cost
initially decreases as the logarithmic term is suppressed
by the linearly growing ε. Eventually, the linearly grow-
ing NT dominates the total T-gate cost per Trotter step,
resulting in the total T-gate cost approaching a constant
value.

Figure 3(b) shows the total T-gate count as a function
of N , with an absolute error of ε = 0.05τ . The inset in the

top-left corner shows the T-gate cost of tile-Trotterization
HWP and qubitization only, to more clearly highlight their
different scaling, O(N 3/2) for tile-Trotterization HWP and
O(N 2) for qubitization. In this error regime, we once
again see that the qubitization approach performs better
than tile-Trotterization HWP for the smaller systems, but
tile Trotterization HWP eventually reaches a lower T-gate
cost due to its better system size scaling. These results
only demonstrate the total T-gate cost of periodic Hubbard
model simulations. We note that simulating hexagonal lat-
tice fragments (or nanographene) with tile Trotterization
(Appendix E 1) will have similar costs for models of same
size.

Figure 3(c) presents the number of qubits used for the
three simulation methods, and Fig. 3(d) shows the qubit
count divided by N to highlight the differences in qubit

030348-11



ANDREAS JUUL BAY-SMIDT et al. PRX QUANTUM 6, 030348 (2025)

(a) (b)

T-
ga

te
 c

ou
nt

T-
ga

te
 c

ou
nt

FIG. 4. Upper bounds on the total T-gate count (including T gates from arbitrary rotation synthesis) for performing QPE with tile
Trotterization on periodic hexagonal lattice Hubbard models with Lx = Ly = L and ε = 0.005N , as a function of the number of lattice
sites, N . We compare four different simulation approaches with α = 0, α = N/4 − 1, α = N/2 − 1, and α = N − 1 ancilla qubits for
HWP for (a) the Hubbard model (Appendix E 2) and (b) the extended Hubbard model (Sec. IV).

counts. We have chosen U = 4, τ = 1, and ε = 0.05τ for
the qubitization-based qubit count; the Trotter qubit counts
are independent of these parameters. These figures show
that the qubit counts for the three approaches are compa-
rable and grow similarly with the system size. However,
for small lattice sizes, the qubitization-based approach
requires significantly more ancilla qubits relative to the 2N
system qubits.

Figure 4 presents a comparison between Trotterized
QPE resource estimates for (a) the Hubbard model and (b)
the extended Hubbard model, and also the effect of vary-
ing the number of ancilla qubits, α, used for the HWP
procedure. In these plots we take a relative target accu-
racy of ε = 0.005N . In these QPE resource estimates, we
provide four examples using α = 0, α = N/4 − 1, α =
N/2 − 1, and α = N − 1 ancilla qubits for HWP. Note
that the α = 0 and α = N/2 − 1 results for the Hubbard
model correspond to those also shown in Fig. 3(a). The
difference in T-gate cost for different α is largest for the
small system sizes because the cost in this regime is dom-
inated by log(N ) terms with different constant factors, as
shown in Eq. (E14). These differences are suppressed by
ε growing linearly with the system size. The T-gate cost
of the tile-Trotterization HWP simulations asymptotically
approaches the same constant value dominated by NT, as
given by Eq. (E17).

In the relative error regime with ε = 0.005N , our
upper bounds on the T-gate cost are just below 9 × 106

for the Hubbard model and around 22.5 × 106 for the
extended Hubbard model simulations using a direct tile-
Trotterization approach without HWP (α = 0).

VII. DISCUSSION AND OUTLOOK

This paper presents a Trotterization method that can
be used to implement the time-evolution operator for

generalized Hubbard models on arbitrary lattices. Tile
Trotterization allows for constructing Trotter decomposi-
tions of generalized Hubbard models by using a set of
efficiently implementable tiles to decompose the hopping
Hamiltonian, and provides a straightforward method to
obtain per-Trotter-step gate counts. Tile Trotterization can
also be combined with Hamming weight phasing to sig-
nificantly reduce the number of arbitrary rotation gates
required per Trotter step. In this paper, we focus on sim-
ulations of local two-dimensional Hubbard models, but
the tile Trotterization scheme allows for arbitrary density-
density interactions and can be extended to include longer-
range hopping terms by constructing additional hopping
Hamiltonian sections. The S4 tiles are a natural choice for
constructing sections of the next-nearest-neighbor hopping
graph of the square lattice. The tile Trotterization scheme
can also be applied to simulate three-dimensional lattice
Hubbard models, however, specific examples and opti-
mal tile coverings of three-dimensional lattices are left for
future work.

We demonstrated applications of tile Trotterization for
energy estimation by QPE for both the Hubbard model
and the extended Hubbard model with nearest-neighbor
Coulomb interactions, showing that the method achieves
a T-gate complexity O(N 3/2ε−3/2), where N is the num-
ber of lattice sites and ε is the maximum allowed error in
the energy. We demonstrated the use of numerical simu-
lations, including tensor network methods, combined with
proof techniques to partition the required nested commuta-
tors into sets of smaller but nontrivial operators, allowing
us to achieve tight bounds on the Trotter error. We used
our commutator bounds to evaluate the Trotter error of the
periodic hexagonal lattice Hubbard model and extended
Hubbard model. Our commutator bound lemmas, and the
numerical techniques used to evaluate them, can also
be applied to other local Hubbard models and the same
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complexity can be achieved, e.g., for square or kagome
lattices.

We also constructed and optimized the qubitized quan-
tum walk operator for the hexagonal lattice Hubbard
model and provided detailed Toffoli gate, T-gate, and qubit
counts. These were used to perform resource estimation
for qubitized quantum phase estimation, demonstrating a
T-gate complexity of O(N 2ε−1). The Trotterization-based
QPE approach studied in this paper has better scaling with
respect to system size, which results in lower T-gate counts
for simulations of large systems, especially when ε is
allowed to scale extensively with N .

The results presented here demonstrate that a range
of classically nontrivial model Hamiltonians can be sim-
ulated with 106–107 non-Clifford gates. This is several
orders of magnitude less than found in many resource-
estimation studies of ab initio chemical systems, suggest-
ing that such model Hamiltonians are promising candidate
applications for early fault-tolerant quantum computers.
Going forward, it will be important to consider more
detailed costing of this problem for early fault-tolerant
architectures. Current resource estimates focus on counting
non-Clifford gates, which have historically been expected
to be most expensive to perform under traditional QEC
schemes. However, recent proposals have questioned this
understanding [77]. Previous resource estimates have also
focused on particular architectures where the cost of Clif-
ford gates can be ignored [78], which may not be appro-
priate for early FT devices. Therefore, an interesting and
important task is to consider a more detailed compilation to
an early FT architecture. Here, relevant questions include
how routing can be efficiently performed under lattice
surgery; how gates may be best parallelized; and efficient
schemes for performing rotation gates with lower costs.
An attempt at this was recently performed in Ref. [16],
using the STAR architecture [79] and a Trotter scheme
essentially using S1 tiles.

Performing such a compilation to an early fault-tolerant
architecture will introduce a number of considerations
beyond those discussed in this paper. These include, for
example, the cost of Clifford gates under lattice surgery
and the parallelizability of a given logical circuit. We
expect that the tile Trotterization scheme here is a particu-
larly promising candidate for such early FT applications.
In addition to the low gate count, circuits are relatively
simple, consisting of just a small number of rotation gate
layers per Trotter step (in addition to fermionic swap lay-
ers). Such considerations will also affect the efficiency of
various schemes; for example, the Hamming-weight phas-
ing method considered in this work reduces the number
of rotation gates, but at the cost of additional qubits, two-
qubit T gates and significantly reduced parallelizability.
Indeed, applying HWP to implement a single layer of n
rotation gates requires n − 1 Toffoli gates in adder circuits,
which cannot be readily parallelized; given these costs, it

remains to be seen if applying HWP would give any advan-
tage when implemented in a practical FT architecture.
Similarly, the qubitization implementation is asymptoti-
cally dominated by unary iterators in SELECT consisting
of Toffoli gates, which cannot be easily parallelized. There-
fore, tile Trotterization without HWP may have greater
benefits than represented in Fig. 3, for example. Separately,
we also note that the tile-Trotterization scheme could be
performed in combination with early fault-tolerant algo-
rithms such as statistical phase estimation to significantly
reduce circuit depths compared to those presented here
[32,80]. The scheme presented in this paper also allows
for significantly more complicated model Hamiltonians,
such as the PPP model, which provide a link to ab initio
quantum chemistry. Given all of these benefits, and the
significant challenge of performing dynamics of model
Hamiltonians in strongly correlated regimes by conven-
tional methods, we believe that this is a promising area for
practical quantum algorithms going forward.

ACKNOWLEDGMENTS

This work is supported by the Novo Nordisk Founda-
tion, Grant No. NNF22SA0081175, NNF Quantum Com-
puting Programme. We thank Matthew S. Teynor and Earl
T. Campbell for feedback on the manuscript. We would
also like to acknowledge the anonymous referees of this
manuscript for their careful reviews, which led to changes
that improved our manuscript.

DATA AVAILABILITY

Data files for the numerical calculation of Trotter error
norms are uploaded to Zenodo [81].

APPENDIX A: TIME EVOLUTION OF TILE
HAMILTONIANS

This Appendix describes how to diagonalize and per-
form time evolution of tile Hamiltonians for five examples
of tiles: S1, S2, S3, S4, and C4. We also consider a more
systematic analysis using the abstract set of tiles with adja-
cency matrices corresponding to the complete bipartite
graph Kn,m. The Hamiltonian of a tile is defined as

H tile
σ = −τ

∑

ij

Rtile
ij a†

iσaj σ , (A1)

where Rtile is the adjacency matrix describing the nearest-
neighbor hopping terms contained in the tile Hamiltonian,
meaning Rtile

ij = 1 if the tile Hamiltonian contains a hop-
ping term between site i and j , and otherwise Rtile

ij = 0. The
time-evolution operator can be implemented as

e−iH tile
σ t = eiτ

∑
ij Rtile

ij a†
iσ aj σ t = eiτM tile

σ t, (A2)
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where M tile
σ is defined as

M tile
σ =

∑

ij

Rtile
ij a†

iσaj σ . (A3)

Since the adjacency matrix, Rtile, is real symmetric, it has
real eigenvalues, λe, and eigenvectors, ve, and it can be
diagonalized as Rtile =∑e λevev

†
e . Thus,

M tile
σ =

∑

ij

∑

e

λe(ve)i(ve)j a†
iσaj σ , (A4)

=
∑

e

λe

(
∑

i

(ve)ia
†
iσ

)⎛

⎝
∑

j

(ve)j aj σ

⎞

⎠ , (A5)

=
∑

e

λeb†
eσbeσ , (A6)

for beσ =∑j (ve)j aj σ , where (ve)j is the j ’th element of
eigenvector ve. Whenever an eigenvalue λe equals 0, this
decomposition will reduce the number of required arbitrary
rotations. Throughout this section, we only focus on the
eigenvectors that have nonzero eigenvalues.

Tile Hamiltonians of any type can be diagonalized and
time evolution can be performed without Trotter error.
However, the difference in the cost of the diagonalization
procedure between different types of tiles contribute signif-
icantly to the total cost of implementing e−iH tile

σ t. We show
that tile Hamiltonians with hopping terms corresponding to
star interaction graphs of type S1, S2, and S4 and the circle
interaction graph C4, where the subscript denotes the num-
ber of edges, can be efficiently diagonalized. Figure 5(a)
shows five tiles: S1, S2, S3, C4, and S4. These tiles (except
for S3) are part of the same family of tiles: their adjacency
matrices are complete bipartite graphs of type K2a,2b , where
a and b are integers (the costing of this abstract set of tiles

is presented in Sec. A 6). This structure has two major ben-
efits for the cost of implementing time evolution: (1) they
have a particularly cheap diagonalization procedure and
(2) they all require just two arbitrary rotations. We also
include a costing of the S3 tile Hamiltonian (which is also a
complete bipartite graph but which does not have the same
eigenvector structure) to show an example where the diag-
onalization procedure significantly increases the total cost
of e−iH tile

σ t. There might exist other tiles with an efficient
implementation of e−iH tile

σ t, but the tiles given in Fig. 5(a)
are sufficient for most practical purposes.

The tiles considered here, except for S3, can be diag-
onalized using the fermionic operator Fij [21,82]. We let
Fij act on creation and annihilation operators defined in a
two-spin-orbital subspace as

Fij aiσF†
ij = 1√

2
(aiσ + aj σ ), (A7)

Fij aj σF†
ij = 1√

2
(aiσ − aj σ ). (A8)

These examples are given for annihilation operators and
can be trivially extended to creation operators. Under the
Jordan-Wigner (JW) transformation, the qubit representa-
tion of Fij acting on neighboring fermions i and j in the
JW string is given by [21]

Fij =

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
1√
2

1√
2

0

0
1√
2

− 1√
2

0

0 0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎠
, (A9)

which can be implemented using just 2 T gates as shown
in Fig. 5(b) (also see Fig. 8 of Ref. [20]).

(a) (b)

(c)

FIG. 5. (a) Illustrations of the five tiles considered in this paper: S1, S2, S3, C4, and S4. Each lattice site is indexed with a number
that corresponds to the order of the spin orbitals in the JW string, and the edges represents nearest-neighbor hopping terms between
neighboring lattice sites. The sites are ordered in this way to minimize the number of required fswap operations when implementing
e−iH tile

σ t. (b) Quantum circuit diagram for implementing fermionic operator Fij on a two-qubit {i, j } subspace in the Jordan-Wigner
representation. (c) Quantum circuit diagram for implementing ei θ2 X ⊗Xtei θ2 Y⊗Yt, up to a global phase factor of ei π2 . Note that when
controlling this operation on an ancilla, this extra controlled phase will be a Clifford gate.
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The qubit implementation of fermionic operators under
the JW transformation requires keeping track of the anti-
symmetric fermionic properties during the computation.
The qubit implementation of Fij is nonlocal in the JW
string ordering, such that implementing Fij on nonadjacent
qubits in the JW ordering would introduce additional com-
plexity. This can be solved by using fermionic SWAP gates
to update the JW ordering as needed, so that Fij is only
applied on adjacent qubits. The qubit representation of the
fermionic SWAP gate is given by [20]

fswap =

⎛

⎜⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

⎞

⎟⎠ , (A10)

which can be implemented using a SWAP gate followed by
a CZ gate, having Clifford cost only.

In our costing of e−iH tile
σ t, we assume an initial JW order-

ing constructed to avoid using (or in the case of the S4 tile,
to minimize) fermionic SWAP gates when diagonalizing a
tile Hamiltonian. The initial JW ordering within a given
tile follow the labels of the sites given in Fig. 5(a). In gen-
eral, the Clifford costings for implementing time evolution
of the tile Hamiltonian depend on the initial JW ordering
of the qubits used.

It is also important to note that different hopping sec-
tions will require different JW orderings. Therefore, in a
full implementation we would require layers of fswap gates
in between sections, but we do not account for this Clifford
only cost in this paper.

The rest of Appendix A will show how to diagonal-
ize the tile Hamiltonians and provide quantum circuits for
implementing e−iH tile

σ t for the S1, S2, S3, C4, and S4 tiles.
We provide non-Clifford and Clifford gate counts for the
implementation of each e−iH tile

σ t, and the cost of these are
summarized in Table III.

1. S1 tile

The S1 tile has hopping terms between two spin orbitals
φ1σ and φ2σ , and contains hopping terms encoded by the
adjacency matrix

RS1 =
(

0 1
1 0

)
, (A11)

with eigenvalues λ+ = 1 and λ− = −1 and corresponding
eigenvectors

v+ =
(

1/
√

2
1/

√
2

)
, v− =

(
1/

√
2

−1/
√

2

)
. (A12)

Therefore, M S1
σ can be written as

M S1
σ = b†b − c†c, (A13)

where b and c are given by

b = 1√
2
(a1σ + a2σ ), (A14)

c = 1√
2
(a1σ − a2σ ). (A15)

We can construct b and c using V = F12 as

b = Va1σV†, (A16)

c = Va2σV†, (A17)

and implement e−iH
S1
σ t on |φ1σφ2σ 〉, as

e−iH
S1
σ t = Veiτ(a†

1σ a1σ−a†
2σ a2σ )tV†. (A18)

Under the Jordan-Wigner transformation, we can write

eiτ(a†
iσ aiσ−a†

j σ aj σ )t =

⎛

⎜⎝

1 0 0 0
0 eiτ t 0 0
0 0 e−iτ t 0
0 0 0 1

⎞

⎟⎠ , (A19)

TABLE III. The cost for implementing e−iH tile
σ t for S1, S2, S3, C4 and S4 tiles, assuming an initial JW-ordering of spin orbitals given in

Fig. 5(a). Here, “arbitrary rotations” refers to rotations dependent on time step, t, while “other non-Clifford rotations” are non-Clifford
Z-axis rotations to diagonalize the tile Hamiltonian, not including T gates, which would therefore have a significant synthesis cost.
Note that these tiles require two arbitrary rotations each while the other gate costs scale with the size of the tile. To obtain the cost, we
assume an Fij implementation using the quantum circuit in Fig. 5(b) and an implementation of eiX ⊗X θeiY⊗Yθ , where θ is a parameter
dependent on τ and t, using the quantum circuit in Fig. 5(c). Further optimization of the Clifford gate costs could be performed, for
example by merging gates from Fij with gates from eiX ⊗X θeiY⊗Yθ .

Tile Arbitrary rotations Other non-Clifford rotations T gates CNOT gates Hadamard gates S gates fswap

S1 2 0 0 2 8 6 0
S2 2 0 4 8 20 12 0
C4 2 0 8 14 32 18 0
S4 2 0 12 20 44 24 2
S3 2 4 4 14 32 18 0
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which means Eq. (A18) can be further compiled to

e−iH
S1
σ t = F12eiτ(a†

1σ a1σ−a†
2σ a2σ )tF†

12

=

⎛

⎜⎝

1 0 0 0
0 cos(τ t) i sin(τ t) 0
0 i sin(τ t) cos(τ t) 0
0 0 0 1

⎞

⎟⎠ = ei τ2 X ⊗Xtei τ2 Y⊗Yt.

(A20)

This operation can be implemented using the quantum
circuit given in Fig. 5(c), using θ

2 = τ [see Eq. (18) in
Ref. [83] ]. This results in a non-Clifford cost of two arbi-
trary rotations of the same angle and additional Clifford
cost of two CNOT gates, six S gates, and eight Hadamard

gates for implementing e−iH
S1
σ t.

2. S2 tile

The S2 tile has hopping terms between three spin orbitals
φ1σ , φ2σ , and φ3σ , described by the adjacency matrix

RS2 =
⎛

⎝
0 1 1
1 0 0
1 0 0

⎞

⎠ , (A21)

with eigenvalues λ0 = 0, λ+ = √
2, and λ− = −√

2 and
corresponding eigenvectors

v+ =
⎛

⎝
1/

√
2

1/2
1/2

⎞

⎠ , v− =
⎛

⎝
1/

√
2

−1/2
−1/2

⎞

⎠ . (A22)

We can write M S2
σ as

M S2
σ =

√
2b†b −

√
2c†c, (A23)

where b and c are given by

b = 1√
2

a1σ + 1
2
(a2σ + a3σ ), (A24)

c = 1√
2

a1σ − 1
2
(a2σ + a3σ ). (A25)

Employing the unitary transformation V = F23F12, we can
write

b = Va1σV†, (A26)

c = Va2σV†, (A27)

and so can implement the time evolution of the S2 tile on
|φ1σφ2σφ3σ 〉 as

e−iH
S2
σ t = Veiτ

√
2(a†

1σ a1σ−a†
2σ a2σ )tV†. (A28)

This can be further compiled using the same strategy as
shown in Eq. (A20), leading to the final expression

e−iH
S2
σ t = F23e

i τ√
2

X1⊗X2t
e

i τ√
2

Y1⊗Y2t
F†

23. (A29)

The total gate cost for implementing the time evolution
of the S2 tile Hamiltonian is therefore two arbitrary rota-
tions, four T gates, eight CNOT gates, 12 S gates, and 20
Hadamard gates.

3. C4 tile

The plaquette (C4) tile, which was first introduced in
Ref. [21], has hopping terms between four spin orbitals,
φ1σ , φ2σ , φ3σ , and φ4σ . Using the ordering in Fig. 5(a), the
adjacency matrix is given by

RC4 =

⎛

⎜⎝

0 0 1 1
0 0 1 1
1 1 0 0
1 1 0 0

⎞

⎟⎠ , (A30)

for the Jordan-Wigner string ordering |φ1σφ2σφ3σφ4σ 〉.
This adjacency matrix has two zero eigenvalues, λ+ = 2
and λ− = −2 and corresponding eigenvectors

v+ = 1
2

⎛

⎜⎝

1
1
1
1

⎞

⎟⎠ , v− = 1
2

⎛

⎜⎝

1
1

−1
−1

⎞

⎟⎠ . (A31)

Then, M C4
σ can be written as

M C4
σ = 2b†b − 2c†c, (A32)

with b and c given by

b = 1
2
(a1σ + a2σ + a3σ + a4σ ), (A33)

c = 1
2
(a1σ + a2σ − a3σ − a4σ ). (A34)

Employing the unitary transformation V = F34F21F23, we
can write

b = Va2σV†, (A35)

c = Va3σV†, (A36)

and implement the time evolution as

e−iH
C4
σ t = Veiτ2(a†

2σ a2σ−a†
3σ a3σ )tV†. (A37)

This can be further compiled using the same strategy as
shown in Eq. (A20). Then, the time evolution of the C4 tile
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Hamiltonian can be implemented as

e−iH
C4
σ t = F34F21eiτX2⊗X3teiτY2⊗Y3tF†

21F†
34, (A38)

which requires two arbitrary rotations and eight T gates.

The total gate cost of e−iH
C4
σ t is summarized in Table III.

Note that the initial Jordan-Wigner ordering of the sites
used here saves four fswap operations in the implementation
of the C4 tile time evolution compared to the implementa-
tions in Refs. [21,41] [see Eq. (B21) in Ref. [41] ].

4. S4 tile

The S4 tile has hopping terms between 5 spin orbitals,
φ1σ , φ2σ , φ3σ , φ4σ , and φ5σ , described by the adjacency
matrix

RS4 =

⎛

⎜⎜⎜⎝

0 1 1 1 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

⎞

⎟⎟⎟⎠ . (A39)

This matrix has three zero eigenvalues, λ+ = 2 and λ− =
−2 and corresponding eigenvectors

v+ =

⎛

⎜⎜⎜⎜⎝

1/
√

2
1/(2

√
2)

1/(2
√

2)
1/(2

√
2)

1/(2
√

2)

⎞

⎟⎟⎟⎟⎠
, v− =

⎛

⎜⎜⎜⎜⎝

1/
√

2
−1/(2

√
2)

−1/(2
√

2)
−1/(2

√
2)

−1/(2
√

2)

⎞

⎟⎟⎟⎟⎠
. (A40)

This means M S4
σ can be written as

M S4
σ = 2b†b − 2c†c, (A41)

where b and c are given by

b = 1√
2

(
a1σ + 1

2
(a2σ + a3σ + a4σ + a5σ )

)
, (A42)

c = 1√
2

(
a1σ − 1

2
(a2σ + a3σ + a4σ + a5σ )

)
. (A43)

Employing the unitary transformation V = F45F32F34f 23
swap

F13, we can write

b = Va1σV†, (A44)

c = Va3σV†, (A45)

where f 23
swap is the fermionic SWAP operator that swaps the

electrons in orbitals 2 and 3, such that the orbitals φ1σ
and φ3σ adjacent in the Jordan-Wigner ordering after the

SWAP performed by V†. The following f 23
swap in V returns

the orbitals to the initial JW ordering.
The time evolution of the S4 tile Hamiltonian can there-

fore be implemented on |φ1σφ2σφ3σφ4σφ5σ 〉 as

e−iH
S4
σ t = Veiτ2(a†

1σ a1σ−a†
3σ a3σ )tV†. (A46)

This can be further compiled using the same strategy as
shown in Eq. (A20) (remember that φ1 and φ3 are adjacent
after the SWAP), resulting in the following expression for
the time evolution of the S4 tile Hamiltonian

e−iH
S4
σ t = F45F32F34f 23

swapeiτX1⊗X3t

× eiτY1⊗Y3tf 23
swapF†

34F†
32F†

45, (A47)

which requires two arbitrary rotations and 12 T gates. The
total gate cost is summarized in Table III.

5. S3 tile

Next, we demonstrate a method to implement the time
evolution of the S3 tile and highlight why this is more
costly than for the other tiles described above. The S3 tile
has hopping terms between 4 spin orbitals, φ1σ , φ2σ , φ3σ ,
and φ4σ , described by the adjacency matrix

RS3 =

⎛

⎜⎝

0 1 1 1
1 0 0 0
1 0 0 0
1 0 0 0

⎞

⎟⎠ . (A48)

This matrix has two nonzero eigenvalues, λ+ = √
3 and

λ− = −√
3 and corresponding eigenvectors

v+ =

⎛

⎜⎜⎝

1/
√

2
1/

√
6

1/
√

6
1/

√
6

⎞

⎟⎟⎠ , v− =

⎛

⎜⎜⎝

1/
√

2
−1/

√
6

−1/
√

6
−1/

√
6

⎞

⎟⎟⎠ . (A49)

Therefore, M S3
σ can be written as

M S4
σ =

√
3b†b −

√
3c†c, (A50)

where b and c are given by

b = 1√
2

a1σ + 1√
6
(a2σ + a3σ + a4σ ), (A51)

c = 1√
2

a1σ − 1√
6
(a2σ + a3σ + a4σ ). (A52)

These cannot be constructed through sequential applica-
tions of Fij because this operator only creates superpo-
sitions with a prefactor of 1/

√
2. This can be solved by
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defining a new operator, Gij , that acts on annihilation
operators ai and aj as

Gij aiG
†
ij =
√

1
3

ai +
√

2
3

aj , (A53)

Gij aj G†
ij =
√

2
3

ai −
√

1
3

aj , (A54)

and has matrix representation

Gij =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0

√
1
3

√
2
3

0

0

√
2
3

−
√

1
3

0

0 0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. (A55)

This operator can be implemented using the quantum cir-
cuit shown in Fig. 8 of Ref. [20] when replacing T and T†

with Rz(arccos 1√
3
) and Rz(− arccos 1√

3
). In the standard

fault-tolerant compilation scheme, these rotations must
be synthesized in terms of Clifford + T (approximated
up to a required precision), and therefore Gij becomes
significantly more costly than Fij .

We define V = F34G23F12, which allows us to write

b = Va1σV†, (A56)

c = Va2σV†. (A57)

Then, the time evolution of the S3 tile Hamiltonian can be
implemented on |φ1σφ2σφ3σφ4σ 〉 as

e−iH
S3
σ t = Veiτ

√
3(a†

1σ a1σ−a†
2σ a2σ )tV†, (A58)

which can be further compiled using the strategy shown in
Eq. (A20), resulting in the following expression

e−iH
S3
σ t = F34G23ei

√
3τ
2 X1⊗X2tei

√
3τ
2 Y1⊗Y2tG†

23F†
34. (A59)

This implementation of the time-evolution operator of the
S3 tile Hamiltonian requires two applications of Gij and has
total non-Clifford cost of two arbitrary rotations, four Rz(θ)

rotations of θ = ± arccos 1√
3

and four T gates. Assuming

that we can implement the θ = ± arccos 1√
3

up to required
precision ε with 30 T gates, the time evolution of the S3 tile
has a total cost of two arbitrary rotations and 124 T gates.
This cost is far larger per hopping term implemented than
especially S2, C4, and S4. Note that synthesis of these rota-
tions will also contribute additional errors that we would
need to consider in the QPE costing.

6. K2a,2b tile

Lastly, we consider an abstract set of tiles, which encom-
passes all of the above examples, but also bipartite graphs
in general. The additional tiles in this set are likely not of
practical use (although could be valuable for implementing
beyond-nearest-neighbor hopping), but allow for a more
comprehensive analysis.

The complete bipartite graph Kn,m has vertices
v1 . . . vn+m and edges between vi and vj if and only if
i ≤ n and j ≥ n + 1 or j ≤ n and i ≥ n + 1. Notice that
K1,2k = S2k , K2,2 = C4, and that the S3 tile is given by
K1,3, so this generalization covers all the cases discussed
above. The adjacency matrix RKn,m has rank 2 since it
is off diagonal with 1 in the off-diagonal n × m blocks.
It has eigenvalues ±√

nm, 0 with multiplicities 1, 1 and
n + m − 2, and normalized eigenvectors corresponding to
the nonzero eigenvalues

v+ =
(

1√
2n

1n,
1√
2m

1m

)
, v− =

(
1√
2n

1n, − 1√
2m

1m

)
,

(A60)

where 1k denotes the vector of 1s with length k.
Then, M Kn,m

σ can be written as

M Kn,m
σ = √

nmb†b − √
nmc†c, (A61)

with b and c given by

b = 1√
2n

n∑

i=1

aiσ + 1√
2m

m+n∑

i=n+1

aiσ , (A62)

c = 1√
2n

n∑

i=1

aiσ − 1√
2m

m+n∑

i=n+1

aiσ . (A63)

At this point it is advantageous to consider the case where
n = 2a and m = 2b for non-negative integers a, b. In this
case, we can define V to be

a−1∏

k=0

2a−k−1∏

i=1

F2ki,2k(i+1)

b−1∏

l=0

2b−l−1∏

j =1

F2lj +n,2l(j +1)+nF1,2a+1,

where whenever a = 0 and b = 0 we define the empty
product to be 1. In this definition of V, we ignore fswap oper-
ators that depend on the initial JW ordering of the orbitals.
Then,

b = Va1σV†, (A64)

c = Va2a+1,σV†, (A65)

and we can implement the time evolution as

e−iH
Kn,m
σ t = Veiτλ(a†

1σ a1σ−a†
2a+1,σ a2a+1,σ )tV†, (A66)
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where λ = 2
a+b

2 . This can be further compiled using the
same strategy as shown in Eq. (A20). Then, the time evo-
lution of the K2a,2b tile Hamiltonian can be implemented as

e−iH
Kn,m
σ t = Ṽei λ2 τX1⊗X2a+1teiτY1⊗Y2a+1t λ2 Ṽ†, (A67)

with Ṽ = VF†
1,2a+1, which requires two arbitrary rotations

and 2a+2 + 2b+2 − 8 T gates (since the total number of Fij

operators in Ṽ is 2((2a − 1)+ (2b − 1)) when canceling
F1,2a+1 and F†

1,2a+1). Inserting appropriate values of a and b
one recovers the costing above. The total number of bonds
covered by the tile is 2a+b. Therefore, the cost of imple-
menting time evolution of tiles with adjacency matrices
corresponding to bipartite graphs of type K2a,2b is 2/2a+b

arbitrary rotations per bond and (2a+2 + 2b+2 − 8)/2a+b T
gates per bond. The T-gate cost of a single arbitrary rota-
tion is often in the range 30–50 T gates, thus, using larger
tiles decreases the overall total T-gate cost required for
implementing time evolution of the hopping Hamiltonian.

This section shows that tiles with adjacency matrices
of type K2a,2b have a simple and, in the case of a and/or
b > 0, cheap implementation of time evolution of tile
Hamiltonians per hopping term in a given tile. For the
two-dimensional lattices considered here, we primarily
find the S2 (K1,2), S4 (K1,4), and C4 (K2,2) tiles practi-
cally useful. However, in some cases larger tiles may

be applied, e.g., to tile three-dimensional lattices or to
construct beyond nearest-neighbor hopping sections. The
application of larger tiles will result in a significant saving
in the number of T gates per bond.

APPENDIX B: TILE-TROTTERIZATION
DECOMPOSITION

Here, we show that the Trotter error norm of tile Trot-
terization can be obtained as Wtile ≤ WSO2 + Wh, given
that we can compute WSO2 and Wh that come from the
following Trotter partitionings:
∥∥e−i(Hh+HC)t − e−iHCt/2e−iHhte−iHCt/2

∥∥ ≤ WSO2t3, (B1)
∥∥∥∥∥e−iHht −

S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2

∥∥∥∥∥ ≤ Wht3. (B2)

The tile-Trotterization error norm, Wtile, can be calculated
as

∥∥∥∥∥e−iHt − e−iHC
t
2

S∏

s=1

e−iHs
h

t
2

1∏

s=S

e−iHs
h

t
2 e−iHC

t
2

∥∥∥∥∥

≤ Wtilet3 ≤ (WSO2 + Wh)t3, (B3)

which is shown by the following derivation:

∥∥∥∥∥e−i(Hh+HC)t − e−iHCt/2
S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2e−iHCt/2

∥∥∥∥∥

=
∥∥∥∥∥e−i(Hh+HC)t − e−iHCt/2e−iHhte−iHCt/2 + e−iHCt/2e−iHhte−iHCt/2 − e−iHCt/2

S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2e−iHCt/2

∥∥∥∥∥

≤ ∥∥e−i(Hh+HC)t − e−iHCt/2e−iHhte−iHCt/2
∥∥+

∥∥∥∥∥e−iHCt/2e−iHhte−iHCt/2 − e−iHCt/2
S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2e−iHCt/2

∥∥∥∥∥

≤ WSO2t3 +
∥∥∥∥∥e−iHCt/2

(
e−iHht −

S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2

)
e−iHCt/2

∥∥∥∥∥ ,

≤ WSO2t3 + ∥∥e−iHCt/2
∥∥
∥∥∥∥∥

(
e−iHht −

S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2

)∥∥∥∥∥
∥∥e−iHCt/2

∥∥ ,

≤ (WSO2 + Wh)t3. (B4)

Therefore, the tile-Trotterization error norm can be bounded by a sum of simpler error norms, WSO2 and Wh.
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APPENDIX C: THE HOPPING HAMILTONIAN
TROTTER ERROR NORM Wh

Tile Trotterization splits the hopping Hamiltonian into
S sections and uses the following Trotter decomposition to
implement the hopping Hamiltonian,

∥∥∥∥∥e−iHht −
S∏

s=1

e−iHs
ht/2

1∏

s=S

e−iHs
ht/2

∥∥∥∥∥ ≤ Wht3. (C1)

In the case where it is possible to divide a lattice into
three sections of colors blue, red, and gold, we have that

S = 3 and that the hopping Hamiltonian sections can be
written as H1 = H b

h , H2 = H r
h and H3 = H g

h , where the
subscripts 1, 2, and 3 imply the order in which the terms
are implemented within the Trotter step.

The Trotter error norm, Wh, can be obtained from
Eq. (15), which can be written out using a package pro-
vided by Schubert et al. [84], which automatically writes
out Eq. (15) for an arbitrary number of noncommuting
Hamiltonian terms. We evaluate Eq. (15) for H1 = H b

h ,
H2 = H r

h , and H3 = H g
h as

Wh = 1
12
(‖[[H b

h , H r
h], H r

h]‖ + ‖[[H b
h , H r

h], H g
h ]‖ + ‖[[H b

h , H g
h ], H r

h]‖ + ‖[[H b
h , H g

h ], H g
h ]‖ + ‖[[H r

h , H g
h ], H g

h ]‖)

+ 1
24
(‖[[H b

h , H r
h], H b

h ]‖ + ‖[[H b
h , H g

h ], H b
h ]‖ + ‖[[H r

h , H g
h ], H r

h]‖) . (C2)

This expression can be evaluated from the adjacency matrices of the different sections. The Hamiltonian sections can be
written as

H b
h = −τ

∑

ij σ

Rb
ij a†

iσaj σ , (C3)

H r
h = −τ

∑

ij σ

Rr
ij a†

iσaj σ , (C4)

H g
h = −τ

∑

ij σ

Rg
ij a†

iσaj σ , (C5)

where Rr, Rb, and Rg are the adjacency matrices of the red, blue, and gold lattice sections, respectively. Because the
Hamiltonian section operators are free fermionic, and using the argument of Ref. [21] Appendix A, this expression for Wh
can be evaluated from the adjacency matrices as

Wh = τ 3

12
(‖[[Rb, Rr], Rr]‖1 + ‖[[Rb, Rr], Rg]‖1 + ‖[[Rb, Rg], Rr]‖1 + ‖[[Rb, Rg], Rg]‖1 + ‖[[Rr, Rg], Rg]‖1

)

+ τ 3

24
(‖[[Rb, Rr], Rb]‖1 + ‖[[Rb, Rg], Rb]‖1 + ‖[[Rr, Rg], Rr]‖1

)
, (C6)

where ‖ · ‖1 is the Schatten one norm and τ is the hopping
parameter. This expression can be used to evaluate Wh for
any model where the lattice can be divided into three lattice
sections.

The hopping section error norm, Wh, is evaluated
numerically for the periodic hexagonal lattice using the lat-
tice division described in Appendix D, and scales linearly
in N . This is shown in Fig. 6 for a lattice with parame-
ters Lx = Ly = L in the range 4 ≤ L ≤ 24 for even L and
hopping parameter τ = 1. This figure shows Wh/τ

3 as a
function of the number of lattice sites N , ranging between

N = 32 and N = 1152, demonstrating the linear depen-
dence of Wh on the number of lattice sites. We obtain a
bound on Wh using the largest constant factor: Wh/τ

3N , of
the points plotted in Fig. 6, leading to

Wh ≤ 0.8532τ 3N , (C7)

for periodic hexagonal lattices with even L in the range
4 ≤ L ≤ 24 using the S2 tiling shown in Appendix D.
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FIG. 6. Plot of Wh/τ
3 as a function of the number of lattice

sites, N , for the periodic hexagonal lattice, using the division
described in Appendix D.

APPENDIX D: PERIODIC HEXAGONAL LATTICE
MODEL

We consider the periodic hexagonal lattice model shown
in Fig. 7(a). Each lattice point pair of color white and gray
are labeled by (lx, ly), which is defined from the (x, y) posi-
tions of the lattice pairs as (x, y) = (a · lx, b · ly), where a
and b are the lattice vectors. We define the lattice size using
the parameters Lx = max(lx)+ 1 and Ly = max(ly)+ 1,
such that the number of lattice sites is N = 2LxLy .

All lattices, both periodic and nonperiodic, can be
divided into sections in a number of different ways using
either one type or several different types of tiles. The lat-
tice sections influence both the Trotter error norm, Wh, the
parallelizability and the per-Trotter-step gate count. The
effect of Wh is however insignificant relative to the total

Trotter error norm Wtile. Therefore, to construct efficient
hopping Hamiltonian decompositions we focus on two
aspects: (1) minimizing the number of sections to improve
parallelizability and (2) minimizing the number of tiles in
each section to reduce gate counts (assuming we use S1,
S2, C4, and S4). These two points are generally not possi-
ble to optimize simultaneously. For example, the tiling of
the kagome lattice shown in Fig. 2 can be achieved using
more S4 tiles than the choice demonstrated. This would
reduce the overall gate cost of the hopping Hamiltonian
but with an additional cost of significantly more sections
and reduced parallelizability. Therefore, when choosing
efficient tiling of the lattice models, we aim to keep the
number of sections to a minimum and try to avoid using S1
tiles.

We choose to divide our periodic hexagonal lattice mod-
els into three sections of colors red, blue, and gold using S2
tiles as shown for Lx = Ly = 4 in Fig. 7(b). The dashed
bonds with labels 1 and 1′ indicate a single bond that
ensures periodicity of the lattice. This lattice section divi-
sion ensures that we have Nb = Nr = Ng = N/4 S2 tiles
in each section, which will be the case for all periodic
hexagonal lattice models studied in this paper.

Figures 8(a)–8(c) show the lattice divisions of the peri-
odic hexagonal lattice model for L = 6, 8, and 10, with a
lattice section division following the same structure as for
the L = 4 case.

Note that it is not a requirement that each section con-
tains the same number of tiles, and in fact this does not nec-
essarily give the most optimal implementation. As shown
in Eq. (E1), one Trotter step of hexagonal lattice Hubbard
models with three lattice sections uses two applications of
e−iHb

h t/2, two applications of e−iHr
ht/2 and one application

of e−iHg
h t. Therefore, the gate costings of a Trotter step

might be reduced by putting as many tiles as possible into

x
(0,0) (1,0) (2,0) (3,0)

(0,1) (1,1) (2,1) (3,1)

(0,2)

ab

(1,2) (2,2) (3,2)

(0,3) (1,3) (2,3) (3,3)

y (b)(a) 1 2 3 4

1' 2' 3' 4'

5

6

7

8
8'

7'

6'

5'

FIG. 7. (a) The periodic hexagonal lattice model where each pair of lattice points are labeled with (lx, ly) defined from the (x, y)
positions of the lattice points as (x, y) = (lx · a, ly · b), where a and b are lattice vectors. The size of the lattice is given by Lx =
max(lx)+ 1 and Ly = max(ly)+ 1. For this lattice, we have Lx = Ly = 4 and N = 2LxLy = 32. Periodic boundary conditions are
applied in the x and y directions, which is illustrated through the periodic image in the lattice sketch. (b) The division of a periodic
hexagonal lattice with size Lx = Ly = 4 into three colored sections: blue, red, and gold, using S2 tiles. The dashed bonds with attached
number indicate the bonds that ensure periodicity. For example, the dashed bonds labeled with 1 and 1′ indicate the same bond. Each
section is covered by Nb = Nr = Ng = N/4 S2 tiles
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(a) (b) (c)

FIG. 8. Lattice sections used in this paper for periodic hexagonal lattice models with lattice size Lx = Ly = L, where (a) L = 6, (b)
L = 8, and (c) L = 10, which corresponds to (a) N = 72, (b) N = 128, (c) N = 200. The number of tiles in each section of the periodic
hexagonal lattice models is Nr = Nb = Ng = N/4 S2 tiles.

the gold sections while still maintaining the commutativ-
ity properties of the gold section. This optimization has
not been implemented for the models considered here, but
may be considered for concrete future applications in order
to take full advantage of the tile-Trotterization method.

APPENDIX E: TILE TROTTERIZATION
APPLICATIONS

In the main text we considered tile Trotterization of the
extended Hubbard model on a periodic hexagonal lattice.
Here, we consider the application of tile Trotterization for
two additional systems: the Hubbard model on a nonpe-
riodic hexagonal lattice (hexagonal lattice fragments) and
the periodic hexagonal lattice Hubbard model.

Section E 1 shows that tile Trotterization is applicable
also to nonperiodic lattice models of arbitrary shapes. For
this application, we provide gate counts and Trotter error
norms for a specific class of hexagonal lattice fragments.
Section E 2 presents a simpler version of the main text
application and discusses tile Trotterization of the periodic
hexagonal lattice Hubbard model. In our derivation of the
gate counts, we consider this periodic model as a special
case of the hexagonal lattice fragments in Sec. E 1. The
results obtained in Sec. E 2 are used in the quantum phase
estimation section of the main text (Sec. VI) to generate
the numerical results used in Figs. 3 and 4(a).

1. Tile Trotterization of the Hubbard model on
hexagonal lattice fragments

We consider all nonperiodic hexagonal lattice fragments
with the requirement that all lattice sites are part of at least
one full hexagon. These fragments have two distinct types
of sites: center sites where a lattice site has three nearest
neighbors and edge sites where a lattice site has two nearest
neighbors. We denote the number of center sites by Nc and
the number of edge sites by Ned.

To apply tile Trotterization, we cover the fragments by
S2 tiles and divide them into three sections of colors: blue
(b), red (r), and gold (g). Two examples of fragments and

the division into sections are shown in Fig. 9. We use gray
as the color for the edge sites and black as the color for
the center sites. Continuing, we use Nb, Nr, and Ng as the
number of S2 tiles used in sections b, r, and g.

A single Trotter step of the Hubbard model, defined in
Eq. (4), on these fragments is implemented as

e−i(Hh+HI )t ≈ e−iHI
t
2 e−iHb

h
t
2 e−iHr

h
t
2 e−iHg

h t

× e−iHr
h

t
2 e−iHb

h
t
2 e−iHI

t
2 , (E1)

where we have chosen to implement the sections in the
order H1 = H b

h , H2 = H r
h , and H3 = H g

h . Performing r
repetitions of this Trotter step gives

(
e−i(Hh+HI )t

)r ≈ e−iHI
t
2

(
e−iHb

h
t
2 e−iHr

h
t
2 e−iHg

h t

×e−iHr
h

t
2 e−iHb

h te−iHI t
)r

eiHI
t
2 , (E2)

so that the cost of one Trotter step for large r is two
applications of e−iHb

h t/2, two applications of e−iHr
ht/2, one

application of e−iHg
h t and one application of e−iHI t.

(a) (b)

FIG. 9. (a) Example of a hexagonal lattice fragment covered
by S2 tiles in three lattice sections with Ned = 22 edge sites
(gray) and Nc = 48 center sites (black). (b) Another example
of a hexagonal lattice fragment with a structure inspired by
nanographene molecules studied in Ref. [62], which show inter-
esting π -spin properties. This structure is also covered by S2 tiles
in three lattice sections and has Ned = 20 edge sites and Nc = 28
center sites.
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Using the Jordan-Wigner transformation, the system is
represented by 2N qubits and e−iHI t contains N terms, and
can be implemented with one layer of N arbitrary Z-axis
rotations of the same angle and two layers of N CNOT gates.

The costing of implementing the time evolution of each
hopping section is performed by counting the number

of applications of e−iH
S2
σ t in each section. This Trotter

implementation requires 4Nb, 4Nr, and 2Ng applications
of the time-evolution operator of the S2 tile Hamiltonian,
accounting for both spin sectors. Only counting the non-
Clifford gates, the time evolution of the S2 tile Hamiltonian
can be implemented using two arbitrary Z-axis rotations
and four T gates as shown in Appendix A. This leads to
a total non-Clifford cost per Trotter step of NR arbitrary
rotations and NT T gates,

NR = N + 8Nb + 8Nr + 4Ng , (E3)

NT = 16Nb + 16Nr + 8Ng . (E4)

The tile-Trotterization error norm is evaluated as shown
in Eq. (21), using WSO2 and Wh. First, we find an expres-
sion for WSO2 from Eq. (23), which shows that we only
need to evaluate ‖[[HI , Hh], HI ]‖ and ‖[[HI , Hh], Hh]‖.
These two commutator bounds are given by Lemmas 1 and
2 of Ref. [21]. The first commutator bound is given by

‖[[HI , Hh], HI ]‖ ≤ U 2‖Hh‖ = U 2τ‖R‖1, (E5)

where ‖ · ‖1 is the Schatten one norm and R is the adja-
cency matrix of the fragments. The second commutator
bound can be evaluated as

‖[[HI , Hh], Hh]‖ ≤ U
2

∑

i

(‖[Ti, Hh]‖ + 2‖Ti‖2) , (E6)

where Ti is an operator containing all hopping terms that
interact with site i. Throughout this paper, we use the nota-
tion H i

k (instead of Ti as in Ref. [21]) to represent all
hopping operators interacting with site i, where k denotes
the number of nearest neighbors of site i. The norm ‖H i

k‖ is
only dependent on the character of the specific site i. The
fragments have two distinct sites: center and edge sites,
therefore

∑

i

2‖H i
k‖2 = 2‖H i

3‖2Nc + 2‖H i
2‖2Ned. (E7)

The two norms ‖H i
3‖ and ‖H i

2‖ are evaluated as

‖H i
3‖ = 2

√
3τ , (E8)

‖H i
2‖ = 2

√
2τ , (E9)

using the properties of free fermionic operators shown in
Appendix A in Ref. [21].

The norm of the commutator ‖[H i
k, Hh]‖ is not only

dependent on the character of site i but also on neighbor
sites of i and can be evaluated for each site i as shown in
Appendix A in Ref. [21]. For these models, we find that
max(‖[H i

k, Hh]‖) = 2
√

6τ 2, using the periodic hexagonal
lattice model with Lx = Ly = L = 4 as Hh. Note that the
norm is independent of lattice size for L ≥ 4. The maxi-
mum value of the commutator norm is found for the center
sites that only has center sites as neighbors. We use this to
bound

∑
i‖[H i

k, Hh]‖ as
∑

i

‖[H i
k, Hh]‖ ≤ 2

√
6τ 2N , (E10)

where the equal sign only holds for periodic hexagonal
lattices where all sites have three nearest neighbors (with
Nc = N and Ned = 0).

This leads to the final expression for the second commu-
tator bound

‖[[HI , Hh], Hh]‖ ≤ Uτ 2
(

12Nc + 8Ned +
√

6N
)

. (E11)

We obtain Wh using Eq. (15) and the order of the hop-
ping sections in the Trotter step: H1 = H b

h , H2 = H r
h and

H3 = H g
h . Equation (15) is written out for this splitting

in Eq. (C2) in Appendix C. Equation (C6) shows a for-
mula for efficiently calculating Wh for all tile Trotterization
applications where the lattice can be divided into three
sections.

2. Tile Trotterization of the Hubbard model on the
periodic hexagonal lattice

We use the periodic hexagonal lattice model and the
division into sections shown in Figs. 7 and 8, and described
in Appendix D. This corresponds to decomposing the hop-
ping Hamiltonian as Hh = H b

h + H r
h + H g

h , using Nb =
Nr = Ng = N/4 S2 tiles in each section.

A single Trotter step of the Hubbard model on the peri-
odic hexagonal lattice is implemented in the same way as
for the arbitrary fragments described in Eqs. (E1)–(E2), so
that the cost of one Trotter step (when performing r Trot-
ter steps total) consists of two applications of e−iHb

h t/2, two
applications of e−iHr

ht/2, one application of e−iHg
h t and one

application of e−iHI t. Therefore, the cost per Trotter step
can again be evaluated as in Eqs. (E3)–(E4), but for the
periodic case we can replace the number of tiles in each
section by N/4, simplifying the non-Clifford cost to

NR = 6N , (E12)

NT = 10N . (E13)

Arbitrary rotations are expensive to perform on fault-
tolerant quantum computers because such operations can-
not be protected for arbitrary rotation angles. Hamming-
weight phasing (HWP) [20,21,69] is a method to reduce
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the number of arbitrary rotations required, which can be
applied in the case where many rotations of the same
angle are performed in parallel. HWP allows for trading
m arbitrary rotations of the same angle with m − 1 clean
ancilla qubits and m − 1 Toffoli gates. The Hubbard model
time evolution contains six layers of N arbitrary rotations,
where the angle of all gates within a given layer are the
same. We choose to implement m of these arbitrary rota-
tions simultaneously, where N is an integer multiple of m,
which reduces the number of arbitrary rotations per layer
to NR = �log2(m)+ 1� using NTof = m − 1 Toffoli gates
and α = m − 1 clean ancilla qubits. To implement the total
amount of 6N arbitrary rotations, we need 6N/m layers of
m arbitrary rotations. This leads to a total gate count per
Trotter step of

NR = 6N
m

�log2(m)+ 1�, (E14)

NTof = 6N
m
(m − 1), (E15)

NT = 10N . (E16)

Each Toffoli gate can be converted into four T gates to
obtain a total T-gate cost of

NT = 10N + 4NTof = 10N + 4 × 6N
m
(m − 1). (E17)

Given that we choose m as a fraction of N , the number
of arbitrary rotations per Trotter step scales logarithmi-
cally in N and the number of T gates scale linearly in
N . The total qubit count needed for this tile-Trotterization
implementation is 2N + (m − 1).

Note that choosing HWP with m < N reduces the paral-
lelization of arbitrary rotations in each Trotter step because
only m arbitrary rotations can be performed simultane-
ously. Additionally, choosing m = N comes with a sig-
nificant additional qubit cost so m = N/4 or m = N/2
might be more advantageous depending on the available
resources.

The tile-Trotterization error norm is again evaluated
from Eq. (21), and WSO2 can be obtained from the com-
mutator bounds given by Lemmas 1 and 2 in Appendix C
of Ref. [21]. This leads to the following bounds for the
periodic hexagonal lattice:

‖[[HI , Hh], HI ]‖ ≤ U 2‖Hh‖ = U 2τ‖R‖1, (E18)

where ‖ · ‖1 is the Schatten one norm and R is the adja-
cency matrix of the periodic hexagonal lattice. We note
that ‖R‖1 has at worst case linear scaling in N . Using the
strategies provided by Ref. [21], we can bound the second

commutator by

‖[[HI , Hh], Hh]‖ ≤ U
2

∑

i

(∥∥[H i
k, Hh]

∥∥+ 2‖H i
k‖2)

= (12 +
√

6)Uτ 2N . (E19)

Using that for all sites i in the periodic hexagonal lattice

‖H i
3‖ = 2

√
3τ , (E20)

‖[H i
3, Hh]‖ = 2

√
6τ 2. (E21)

We used the adjacency matrix of the periodic hexagonal
lattice model with Lx = Ly = L = 4 to evaluate Eq. (E21).
We note that [H i

k, Hh] is a local operator and its norm
remains constant for L ≥ 4.

In this paper, we introduce a new way of evaluating the
commutator bound ‖[[HI , Hh], Hh]‖ that improves upon
the commutator bound given by Lemma 2 in Ref. [21]. In
Appendix F, we introduce Lemma F1 that can be applied
to obtain the following bound for the periodic hexagonal
Hubbard model:

‖[[HI , Hh], Hh]‖ ≤ 9.9Uτ 2N , (E22)

which is a 31.5% improvement compared to the bound
given in Eq. (E19). For the QPE resource estimation results
presented in Figs. 3 and 4(a), we use the ‖[[HI , Hh], HI ]‖
given by Eq. (E18) and the ‖[[HI , Hh], Hh]‖ bound given
by Eq. (E22).

The lattice is divided into three sections and we can
therefore obtain Wh using Eq. (C6) in Appendix C. The
hopping Hamiltonian Trotter error norm for the periodic
hexagonal lattice division used in this paper scales linearly
with N , as shown in Fig. 6. In the numerical examples for
the hexagonal lattice periodic Hubbard model given in this
paper with U = 4 and τ = 1, we find that Wh constitutes
around 16% of the total Trotter error norm Wtile.

The results presented in this section are used to obtain
the QPE resource estimates for the Hubbard model in
Sec. VI.

APPENDIX F: COMMUTATOR BOUNDS

The tile-Trotterization error norm of generalized Hub-
bard models is a sum of WSO2 and Wh. In this Appendix,
we show how to evaluate commutator bounds used to cal-
culate WSO2. The WSO2 Trotter error is evaluated using the
expression

WSO2 = 1
24

‖[[HC, Hh], HC]‖ + 1
12

‖[[HC, Hh], Hh]‖.

(F1)

030348-24



FAULT-TOLERANT QUANTUM SIMULATION OF GENERALIZED. . . PRX QUANTUM 6, 030348 (2025)

The generalized Hubbard models used throughout this
paper are defined as

H = Hh + HC, (F2)

with the Coulomb term given by HC = HI for the Hub-
bard model and HC = HI + HV for the extended Hub-
bard model. In the commutator bound derivations for the
extended Hubbard model, we limit ourselves to lattices
where all sites have the same number of nearest neighbors
(k-regular graphs), which allows us to use the modified
interaction term defined in Eq. (10). For the commutator
bounds presented here, we use the following definitions of
the terms Hh, HI , and HV

Hh = −τ
∑

i,j ,σ

Rij a†
iσaj σ , (F3)

HI = U
4

N∑

i=1

Zi↑Zi↓, (F4)

HV = V
4

∑

〈ij 〉

∑

σ ,σ ′
ZiσZj σ ′ . (F5)

For i �= j , we also define the hopping operator Bij σ (hop-
ping term from spin orbital iσ to spin orbital j σ ) as

Bij σ = −τa†
iσaj σ , (F6)

and define Bij as

Bij =
∑

σ∈{↑,↓}
Bij σ . (F7)

Continuing, we write the sum over spins as
∑

σ∈{↑,↓} =∑
σ . Using the Bij notation, we can write Hh as

Hh =
∑

〈ij 〉
(Bij + Bji), (F8)

where
∑

〈ij 〉 runs over (k/2)N nearest-neighbor terms for
all lattices where each lattice site has k nearest neighbors.

Before evaluating the commutator bound ‖[[HI , Hh],
Hh]‖ in Sec. F 3, ‖[[HC, Hh], Hh]‖ in Sec. F 4 and
‖[[HC, Hh], HC]‖ in Sec. F 5, we establish a set of com-
mutator and anticommutator rules used for the derivations
(Sec. F 1). In Sec. F 2, we describe our procedure for
evaluating the spectral norms. Finally, in Sec. F 6, we eval-
uate the commutator bounds of interest exactly for the
one-dimensional Hubbard and extended Hubbard model
periodic chain to give some intuition for the tightness of
the bounds.

1. Commutator and anticommutator rules

In the following derivations, we will need to consider
the commutator and anticommutators between Coloumb
terms (of the form ZiσZj σ ′ for iσ �= j σ ′) and hopping terms
(of the form Bij σ = −τa†

iσaj σ for i �= j ).

To aid in this task, we establish a set of commutator and anticommutator rules,

[Zmσ1Znσ2 , Bij σ ] = 0 if spin orbitals mσ1, nσ2, iσ , and j σ are all different, (F9)

[ZiσZj σ , Bij σ ] = 0, (F10)

{ZiσZlσ ′ , Bij σ } = 0 if spin orbitals iσ , j σ , and lσ ′ are all different, (F11)

{ZiσZlσ ′ , Bjiσ } = 0 if spin orbitals iσ , j σ , and lσ ′ are all different. (F12)

In words, if the spin orbitals in the Coulomb term are
both the same or both different to the spin orbitals in the
hopping term, then the commutator is zero. In contrast, if
one and only one of the spin orbitals is shared between
the Coulomb and hopping term, then the anticommutator
is zero. This gives the intuition for these results, which we
now proceed to derive.

The commutator in Eq. (F9) is trivially true because all
operators in the expression act on different spin orbitals.

Equations (F10) and (F11) can be shown by using the fol-
lowing anticommutation relation that applies for σ �= σ ′
or i �= j ,

{ZiσZj σ ′ , a†
iσ } = {(2niσ − 1)(2nj σ ′ − 1), a†

iσ }
= (2nj σ ′ − 1){(2niσ − 1), a†

iσ }
= 2(2nj σ ′ − 1)({niσ , a†

iσ } − a†
iσ ). (F13)
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This expression can be evaluated by calculating the anti-
commutator

{niσ , a†
iσ } = {a†

iσaiσ , a†
iσ } = a†

iσaiσa†
iσ+a†

iσa†
iσaiσ

= a†
iσaiσa†

iσ=(1 − aiσa†
iσ )a

†
iσ=a†

iσ (F14)

using {a†
iσ , aiσ } = 1. Inserting this result back into

Eq. (F13), we obtain

{ZiσZj σ ′ , a†
iσ } = 0, (F15)

which can also be shown for aiσ instead of a†
iσ to obtain

{ZiσZj σ ′ , aiσ } = 0. (F16)

Now we can prove Eq. (F10) using the identity [A, BC] =
{A, B}C − B{A, C} and Eqs. (F15)–(F16)

[ZiσZj σ , Bij σ ] = −τ [ZiσZj σ , a†
iσaj σ ]

= −τ
(
{ZiσZj σ , a†

iσ }aj σ − a†
iσ {ZiσZj σ , aj σ }

)
= 0.

(F17)

Equation (F11) can be shown using Eq. (F15) and that,
under the conditions given, ZiσZlσ ′ commutes with aj σ :

{ZiσZlσ ′ , Bij σ } = −τ {ZiσZlσ ′ , a†
iσaj σ }

= −τ {ZiσZlσ ′ , a†
iσ }aj σ = 0. (F18)

Finally, Eq. (F11) is equivalent to Eq. (F12) by taking the
Hermitian conjugate

{ZiσZlσ ′ , Bij σ } = 0 ⇔ {ZiσZlσ ′ , Bjiσ } = 0. (F19)

2. Evaluating spectral norms numerically

In the following sections we will derive lemmas that can
be used to bound Trotter error for Hubbard models, cal-
culated as spectral norms of nested commutators. These
lemmas take a nested commutator and partition it into
a sum of operators acting on a reduced number of spin
orbitals, or qubits. The triangle inequality is then applied
to bound the Trotter error as a sum of spectral norms of
these reduced operators. The spectral norms of the reduced
operators are calculated numerically.

Our numerical calculations of the spectral norm are
obtained using the density-matrix renormalization group
(DMRG) algorithm, using the Block2 [85] code. For each
result, we construct the desired operator O using Open-
Fermion [86], converting it to a qubit operator using the
Jordan-Wigner transformation. We ran Block2 in Pauli
mode where quantum numbers are not used. Since the
operators under consideration are always Hermitian, the

spectral norm is equal to the maximum of the absolute
values of the eigenvalues of O. We can calculate this
numerically by finding the lowest eigenvalue of both O
and −O, and taking the maximum of the absolute values of
the two. For operators acting on a sufficiently small num-
ber of qubits, this can be achieved using exact eigenvalue
solvers. In the following we consider somewhat larger par-
titions such that this is not possible, and instead use the
DMRG method.

It is possible that DMRG may fail to converge, or else
converge to a local minimum. In general, it is also neces-
sary to ensure the maximum singular value is found over
all symmetry sectors. We include all input and output files
on Zenodo (see data availability statement) for Block2
simulations to demonstrate convergence, and the simula-
tion parameters used. We additionally verified this method-
ology by comparing DMRG results to those from exact
eigenvalue solvers for smaller partitions. In testing, we
also performed DMRG on operators in both fermionic and
qubit operator representations, ensuring consistent results
between the two.

We next proceed to derive lemmas to bound Trotter
errors in the Hubbard and extended Hubbard models.

3. Hubbard model: ‖[[HI, Hh], Hh]‖
In this section, we show that the commutator bound:

[[HI , Hh], Hh] from Ref. [21], given in Eq. (E19), can be
further tightened by partitioning the nested commutator
into a sum of operators acting on small subsystems for
which we can compute the spectral norm exactly. We con-
sider the commutator bound for [[HI , Hh], Hh], which can
be expressed as

[[HI , Hh], Hh] = U
4

∑

i

[[Zi↑Zi↓, Hh], Hh]. (F20)

We wish to provide a tight bound on the spectral norm
of this nested commutator. Evaluating the bound exactly
is computationally intractable for all but the smallest lat-
tices, as the operator acts on all 2N qubits. Instead, we
choose to partition the expression into smaller sets, for
which the spectral norm can be evaluated exactly. The sim-
plest approach would be taking the norm of Eq. (F20) and
applying the triangle inequality,

‖[[HI , Hh], Hh]‖ ≤ U
4

∑

i

∥∥[[Zi↑Zi↓, Hh], Hh]
∥∥ . (F21)

However, for some lattices we may also be able to evalu-
ate the spectral norm for larger sets of operators, acting on
more qubits. In this case, we may include a set of neigh-
boring on-site interactions and define a partition of this
set. We write P = {X1, X2, . . .} such that each Xi is a set,
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which may contain more than one lattice site. The triangle
inequality then yields

‖[[HI , Hh], Hh]‖ ≤ U
4

∑

X ∈P

∥∥∥∥∥
∑

i∈X

[[Zi↑Zi↓, Hh], Hh]

∥∥∥∥∥ .

(F22)

In the derivation of the commutator bound expression
‖[[HI , Hh], Hh]‖ (as well as ‖[[HC, Hh], Hh]‖ for the
extended Hubbard model), it is useful to consider the
following local hopping operator around site i

H i
k =

∑

l∼i

(Bil + Bli), (F23)

where
∑

l∼i is a sum over l neighbor to i. The operator
H i

k contains all hopping terms between site i and its near-
est neighbors, with the subscript indicating the number of
nearest neighbors k.

Lemma F1. For a Hubbard model Hamiltonian with
HH = Hh + HI , defined in Eqs. (F3)–(F4),

‖ [[HI , Hh], Hh] ‖

≤ U
2

∑

X ∈P

∥∥∥∥∥
∑

i∈X

Zi↑Zi↓
(
[H i

k, Hh] + 2(H i
k)

2)
∥∥∥∥∥ . (F24)

Proof. We evaluate the nested commutator as

[[HI , Hh], Hh] = U
4

∑

X ∈P

[[
∑

i∈X

Zi↑Zi↓, Hh

]
, Hh

]
. (F25)

We begin by evaluating the commutator [
∑

i∈X Zi↑Zi↓, Hh]
using the commutator and anticommutator relations in
Eqs. (F9)–(F12)

∑

i∈X

[Zi↑Zi↓, Hh] =
∑

i∈X

(
2Zi↑Zi↓H i

k

)
. (F26)

We nest the commutator with Hh and use the identity
[AB, C] = A[B, C] + [A, C]B
∑

i∈X

[[Zi↑Zi↓, Hh], Hh]

=
∑

i∈X

(
2Zi↑Zi↓[H i

k, Hh] + 2[Zi↑Zi↓, Hh]H i
k

)
. (F27)

Then, we reapply Eq. (F26) and simplify the expression
∑

i∈X

[[Zi↑Zi↓, Hh], Hh] = 2
∑

i∈X

Zi↑Zi↓
(
[H i

k, Hh] + 2(H i
k)

2) .

(F28)

Next, we multiply the above expression by U/4, sum over
the partitions, take the spectral norm and apply the triangle
inequality, proving Lemma F1. �

When making use of Lemma F1 in practice, it is useful
to define the active space of the operator on the right-hand
side of Eq. (F28). To do this, note that the surviving terms
of [H i

k, Hh] will be localized around site i up to next-nearest
neighbors.

Numerical Result F1. Periodic hexagonal lattice: We
choose to partition the periodic hexagonal lattice sites into
N/4 equivalent parts containing four lattice sites in each X
with an S3 star graph connectivity. The resulting S3 parti-
tion operator is a 38 spin-orbital operator and we compute
its norm numerically using DMRG as described in Sec. F 2,
resulting in the following spectral norm of the S3 partition
operator:
∥∥∥∥∥
∑

i∈X

Zi↑Zi↓
(
[H i

3,↑, Hh] + 2(H i
3)

2)
∥∥∥∥∥ ≤ 79.1τ 2. (F29)

This commutator bound is identical for all S3 par-
titions meaning that the entire commutator bound
‖[[HI , Hh], Hh]‖ can be evaluated by summing over N/4 S3
partition commutator bounds, resulting in

‖[[HI , Hh], Hh]‖ ≤ U
2

· N
4

79.1τ 2 = 9.9Uτ 2N . (F30)

Note that this result is valid for all periodic hexagonal lat-
tices with Lx = Ly = L ≥ 4 as defined in Appendix D. The
commutator bound in Eq. (F30) improves upon the com-
mutator bound that can be obtained using Lemma 2 from
Ref. [21] by 31.5%.

4. Extended Hubbard model: ‖[[HC, Hh], Hh]‖
We begin by rewriting the on-site interaction term as

HI = U
4

N∑

i=1

Zi↑Zi↓ = U
4k

∑

〈ij 〉
(Zi↑Zi↓ + Zj ↑Zj ↓), (F31)

where k is the number of nearest neighbors of each lattice
site and

∑
〈ij 〉 runs over kN/2 nearest-neighbor terms. This

allows us to write the full Coulomb term as a sum over
lattice bonds, as

HC =
∑

〈ij 〉

⎛

⎝ U
4k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ V

4

∑

σ ,σ ′
ZiσZj σ ′

⎞

⎠ .

(F32)

We define a constant, α = V/U, and write the Coulomb
term as

HC =
∑

〈ij 〉

⎛

⎝ U
4k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ αU

4

∑

σ ,σ ′
ZiσZj σ ′

⎞

⎠

030348-27



ANDREAS JUUL BAY-SMIDT et al. PRX QUANTUM 6, 030348 (2025)

= U
4

∑

〈ij 〉

⎛

⎝1
k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ α

∑

σ ,σ ′
ZiσZj σ ′

⎞

⎠ .

(F33)

Once again, to provide a bound on the spectral norm
of this operator, we partition the lattice into smaller sets,
for which we can evaluate the spectral norm exactly. The
simplest partition would be the following choice:

‖[[HC, Hh], Hh]‖ ≤ U
4

∑

〈ij 〉

∥∥∥∥∥∥

⎡

⎣

⎡

⎣1
k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ α

∑

σ ,σ ′
ZiσZj σ ′ , Hh

⎤

⎦ , Hh

⎤

⎦

∥∥∥∥∥∥
. (F34)

To further tighten this bound, we may include multiple nearest-neighbor interaction terms inside the norm. We define the
partitioning P = {X1, X2, . . .} such that Xi may contain more than one nearest-neighbor pair of sites. This allows us to
write a bound which will be tighter in general,

‖[[HC, Hh], Hh]‖ ≤ U
4

∑

X ∈P

∥∥∥∥∥∥

∑

(i,j )∈X

⎡

⎣

⎡

⎣1
k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ α

∑

σ ,σ ′
ZiσZj σ ′ , Hh

⎤

⎦ , Hh

⎤

⎦

∥∥∥∥∥∥
. (F35)

We also define two additional local hopping operators around lattice site i, similarly to the operator defined in Eq. (F23),

H i
k,σ =

∑

l∼i

(Bilσ + Bliσ ), H ij
k−1,σ =

∑

l∼i,l�=j

(Bilσ + Bliσ ), (F36)

where H i
kσ contain all hopping terms of spin-σ between site i and its k nearest neighbors and H ij

k−1,σ contains hopping
terms of spin-σ between site i and k − 1 of its neighbors (all hopping terms except for the terms between neighboring sites
i and j ). The local hopping operators H i

k, H i
k,σ and H ij

k−1,σ are used along with the rewritten Coulomb term in Eq. (F32)
in the following lemma on the spectral norm of the nested commutator [[HC, Hh], Hh], for extended Hubbard models.

Lemma F2. For an extended Hubbard model Hamiltonian HH = Hh + HI + HV, defined in Eqs. (F3)–(F5), with α =
V/U, on a lattice with N lattice sites where all sites have k nearest neighbors, then

‖[[HC, Hh], Hh]‖ ≤ Uα
2

∑

X ∈P

∥∥∥∥
∑

(i,j )∈X

(
1

kα
Zi↑Zi↓

(
[H i

k, Hh] + 2(H i
k)

2)+ 1
kα

Zj ↑Zj ↓
(
[H j

k , Hh] + 2(H j
k )

2)

+ Zi↑Zj ↓
(
[H i

k,↑ + H j
k,↓, Hh] + 2(H i

k,↑ + H j
k,↓)

2)+ Zi↓Zj ↑
(
[H i

k,↓ + H j
k,↑, Hh] + 2(H i

k,↓ + H j
k,↑)

2)

+
∑

σ

ZiσZj σ
(
[H ij

k−1,σ + H ji
k−1,σ , Hh] + 2(H ij

k−1,σ + H ji
k−1,σ )

2)
)∥∥∥∥. (F37)

Proof. We evaluate the nested commutator as

[[HC, Hh], Hh] = U
4

∑

X ∈P

⎡

⎣

⎡

⎣
∑

(i,j )∈X

⎛

⎝1
k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ α

∑

σ ,σ ′
ZiσZj σ ′

⎞

⎠ , Hh

⎤

⎦ , Hh

⎤

⎦ . (F38)

We first evaluate the commutator of the Coulomb terms and Hh using the commutator and anticommutator relations in
Eqs. (F9)–(F12),
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⎡

⎣
∑

(i,j )∈X

⎛

⎝1
k
(Zi↑Zi↓ + Zj ↑Zj ↓)+ α

∑

σ ,σ ′
ZiσZj σ ′

⎞

⎠ , Hh

⎤

⎦ = 2α
∑

(i,j )∈X

(
1

kα
(Zi↑Zi↓H i

k + Zj ↑Zj ↓H j
k )+ Zi↑Zj ↓(H i

k,↑ + H j
k,↓)

+ Zi↓Zj ↑(H i
k,↓ + H j

k,↑)+
∑

σ

ZiσZj σ (H
ij
k−1,σ + H ji

k−1,σ )

)
,

(F39)

where we used the H i
k, H i

k,σ , and H ij
k−1,σ defined in Eqs. (F23) and (F36) to simplify the expressions. Note that for the two

interaction terms between spin orbitals of the same spin, the commutation relation in Eq. (F10) shows that the hopping
terms between those spin orbitals commutes with the interaction term, leading to the difference between opposite spin
interaction terms and same spin interaction terms in the commutator.

We nest the above commutator with Hh and then sum over the partitions to obtain [[HC, Hh], Hh]. We use the identity
[AB, C] = A[B, C] + [A, C]B and reapply the above equation, leading to

[[HC, Hh], Hh] = Uα
2

∑

X ∈P

∑

(i,j )∈X

(
1

kα
Zi↑Zi↓

(
[H i

k, Hh] + 2(H i
k)

2)+ 1
kα

Zj ↑Zj ↓
(
[H j

k , Hh] + 2(H j
k )

2)

+ Zi↑Zj ↓
(
[H i

k,↑ + H j
k,↓, Hh] + 2(H i

k,↑ + H j
k,↓)

2)+ Zi↓Zj ↑
(
[H i

k,↓ + H j
k,↑, Hh] + 2(H i

k,↓ + H j
k,↑)

2)

+
∑

σ

ZiσZj σ
(
[H ij

k−1,σ + H ji
k−1,σ , Hh] + 2(H ij

k−1,σ + H ji
k−1,σ )

2)
)

. (F40)

We take the norm and apply the triangle inequality. �

We wish to evaluate the spectral norm of the X -subspace
numerically. Therefore, it is useful to define the active
space of the operator on the right-hand side of Eq. (F40).
The surviving terms of the commutator [H i

k, Hh] contain
operators acting on lattice sites localized around site i and
j up to next-nearest neighbors. This allows us to choose a
partition of the entire lattice of which the spectral norm of
each individual and localized part can be evaluated exactly.

Numerical Result F2. Periodic hexagonal lattice: We
choose to partition the lattice into S3 parts such that each X
contains three (i, j ) pairs forming an S3 star graph. We have
to sum over N/2 completely equivalent partitions to obtain
the entire commutator bound. We evaluate the norm of
the S3 partition for parameters V/U = α = 1/2 and k = 3
(each site in the periodic hexagonal lattice has three neigh-
bors). The resulting operator acts on a 38 spin-orbital or
qubit subspace and we compute its spectral norm numeri-
cally using DMRG as described in Sec. F 2, resulting in the
following bound:

‖[[HC, Hh], Hh]‖|U
V =2 ≤ 12.5Uτ 2N . (F41)

Note that this result is valid for all periodic hexagonal
lattices with Lx = Ly = L ≥ 4 as defined in Appendix D.

5. Extended Hubbard model: ‖[[HC, Hh], HC]‖
We next consider [[HC, Hh], HC], which can be

expressed as

[[HC, Hh], HC] =
∑

〈ij 〉

∑

σ

[[HC, Bij σ + Bjiσ ], HC]. (F42)

Our goal is to provide a tight bound for the spectral norm
of this operator. We again choose to partition the expres-
sion into smaller sets for which the spectral norm can be
evaluated exactly. A simple approach would be to take

∥∥∥∥∥∥

∑

〈ij 〉

∑

σ

[[HC, Bij σ + Bjiσ ], HC]

∥∥∥∥∥∥

≤
∑

〈ij 〉

∥∥∥∥∥
∑

σ

[[HC, Bij σ + Bjiσ ], HC]

∥∥∥∥∥ . (F43)

For some lattices we may also be able to evaluate the
spectral norm for larger sets of operators, acting on more
qubits. In this case, we may take the set of all bonds,
〈ij 〉 = {(i, j ) | i and j are neighbors}, and again define a
partition of this set. We label this partition as P. Then,
we can write P = {X1, X2, . . .}, such that each Xi may con-
tain more than one bond on the lattice, for example, we
might have X1 = {(1, 2), (2, 3)}, which contains two lattice
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bonds. Note that this partitioning of the bonds on the lattice
is simply a form of tiling of the lattice. Then,

∥∥∥∥∥∥

∑

〈ij 〉

∑

σ

[[HC, Bij σ + Bjiσ ], HC]

∥∥∥∥∥∥

≤
∑

X ∈P

∥∥∥∥∥∥

∑

σ

∑

(i,j )∈ X

[[HC, Bij σ + Bjiσ ], HC]

∥∥∥∥∥∥
. (F44)

If each element X ∈ P contains multiple bonds then
Eq. (F44) will in general provide a tighter bound than
Eq. (F43). We then need only ensure that the operators,
O, inside the spectral norm ‖O‖, act on sufficiently few
qubits, or are sufficiently sparse, such that this norm can
be calculated numerically. In general, this will depend on
the lattice under consideration.

We write an expression for all the Coulomb interaction
terms (from HI and HV) that interact with spin orbitals on
lattice sites i and j

HC,ij = U
4
(
Zi↑Zi↓ + Zj ↑Zj ↓

)+ V
4
(
Zi↑Zj ↑ + Zi↑Zj ↓

+ Zi↓Zj ↑ + Zi↓Zj ↓ + (Zi↑ + Zi↓)�i + (Zj ↑ + Zj ↓)�j ) ,
(F45)

where we define �i as the sum over the Z operators on
the nearest neighbors of i other than site j , and similarly
we define �j as the sum over Z operators on the nearest
neighbors of j other than i. These operators are defined as

�i ≡
∑

σ∈{↑,↓}

∑

l∼i,l�=j

Zlσ , �j ≡
∑

σ∈{↑,↓}

∑

l∼j ,l�=i

Zlσ . (F46)

The operators�i and�j contain 2(k − 1) operators of type
Zlσ . To further simplify the commutator bound expres-
sions, we choose to give the bounds for the case where
the factor between the interaction parameters U and V is
constant. We define V/U = α and use this to rewrite HC,ij
as

HC,ij = Uα
4

(
1
α

Zi↑Zi↓ + 1
α

Zj ↑Zj ↓ + Zi↑Zj ↑ + Zi↑Zj ↓

+ Zi↓Zj ↑ + Zi↓Zj ↓ + (Zi↑ + Zi↓)�i + (Zj ↑ + Zj ↓)�j
)

,

(F47)

We also establish a commutator relation, which is use-
ful for this commutator bound. Using the commutator and
anticommutator relations given by Eqs. (F10)–(F12), we
evaluate the commutator between HC,ij and the hopping

operators Bij σ and Bjiσ

[HC,ij , Bij σ + Bjiσ ] = Uα
2

(
1
α

Zi↑Zi↓ + 1
α

Zj ↑Zj ↓ + Zi↑Zj ↓

+ Zi↓Zj ↑ + Ziσ�
i + Zj σ�

j
)
(Bij σ + Bjiσ ). (F48)

Finally, we define Cij ≡ (1/α)Zi↑Zi↓ + (1/α)Zj ↑Zj ↓ +
Zi↑Zj ↓ + Zi↓Zj ↑, which is used to rewrite the commutator
in Eq. (F48) as

[HC,ij , Bij σ + Bjiσ ]

= Uα
2
(
Cij + Ziσ�

i + Zj σ�
j ) (Bij σ + Bjiσ ). (F49)

Using these relations, we provide a lemma for the commu-
tator bound [[HC, Hh], HC] for extended Hubbard models.

Lemma F3. For an extended Hubbard model Hamil-
tonian HEH = Hh + HI + HV, defined in Eqs. (F3)–(F5),
with α = V/U, on a lattice with N lattice sites where all
sites have k nearest neighbors,

‖ [[HC, Hh], HC] ‖

≤ U2α2

4

∑

X ∈P

∥∥∥∥∥∥

∑

σ

∑

(i,j )∈X

(
Cij + Ziσ�

i + Zj σ�
j )2

× (
Bij σ + Bjiσ

)
∥∥∥∥∥∥

, (F50)

Proof. We evaluate the commutator as

[[HC, Hh], HC] =
∑

X ∈P

⎡

⎣

⎡

⎣HC,
∑

(i,j )∈X

(Bij + Bji)

⎤

⎦ , HC

⎤

⎦ .

(F51)

We begin by evaluating the commutator: [HC,
∑

(i,j )∈X
(Bij σ + Bjiσ )]. We know from the commutation relation
in Eq. (F9) that Bij σ and Bjiσ commute with all Coulomb
terms that do not interact with sites i and j , meaning we can
evaluate the commutator as

∑
(i,j )∈X [HC,ij , Bij σ + Bjiσ ].

Using the result of Eq. (F49), we obtain
∑

(i,j )∈X

[HC,ij , Bij σ + Bjiσ ]

=
∑

(i,j )∈X

Uα
2
(
Cij + Ziσ�

i + Zj σ�
j ) (Bij σ + Bjiσ ).

(F52)

The commutator in Eq. (F52) is nested with HC. We use
that the Coulomb terms commute to evaluate the nested
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commutator

[[HC,
∑

(i,j )∈X

(Bij σ + Bjiσ )], HC]

=
∑

(i,j )∈X

Uα
2
(
Cij + Ziσ�

i + Zj σ�
j ) [Bij σ + Bjiσ , HC],

= −
∑

(i,j )∈X

U 2α2

4
(
Cij + Ziσ�

i + Zj σ�
j )2 (Bij σ + Bjiσ ).

(F53)

Then, we obtain [[HC,
∑

(i,j )∈X (Bij + Bji)], HC] by sum-
ming over σ in Eq. (F53),

[[HC,
∑

(i,j )∈X

(Bij + Bji)], HC]

= −U 2α2

4

∑

σ

∑

(i,j )∈X

(
Cij + Ziσ�

i + Zj σ�
j)2 (Bij σ + Bjiσ

)
.

(F54)

Next, we sum over the partitions to obtain

[[HC, Hh], HC] = −U 2α2

4

∑

X ∈P

∑

σ

∑

(i,j )∈X

(
Cij + Ziσ�

i

+ Zj σ�
j )2 (Bij σ + Bjiσ

)
, (F55)

and take the norm and apply the triangle inequality

‖[[HC, Hh], HC]‖ ≤ U 2α2

4

∑

X ∈P

∥∥∥∥∥∥

∑

σ

∑

(i,j )∈X

(
Cij + Ziσ�

i

+ Zj σ�
j )2 (Bij σ + Bjiσ

)
∥∥∥∥∥∥

, (F56)

which concludes the proof of Lemma F3. �

In the above we have considered a strict partition
of the set 〈ij 〉 = {(i, j ) | i and j are neighbors} into P =
{X1, X2, . . .}. However, we could also define a set P =
{X1, X2, . . .} such that each bond in 〈ij 〉 appears n times
in total, for some integer n. In this case, we only need to
divide the right-hand side of Eq. (F56) by n to account
for this multiple counting. This is equivalent to simply
multiplying and dividing by n on the right-hand side of
Eq. (F42). In terms of terminology, this is no longer strictly
a partition of the set 〈ij 〉, but this does not affect its prac-
tical use (equivalently, this could be viewed a partition
of the multiset where each bond on the lattice appears n
times). We will use this in the numerical result below. For
simplicity, we continue to use the term “partition.”

Numerical Result F3. Periodic hexagonal lattice: We
choose to partition the lattice into C6 parts such that each
X contains six (i, j ) pairs forming a C6 circle graph. Each
bond is contained in two C6 partitions, meaning we have
to sum over N/2 completely equivalent C6 partitions and
divide by two to avoid double counting the bonds when
evaluating the entire commutator bound. We evaluate the
norm of the C6 partition for V/U = α = 1/2. The result-
ing C6 partition commutator is a 24-qubit operator and we
compute its spectral norm numerically using DMRG as
described in Sec. F 2, resulting in the following bound:

‖[[HC, Hh], HC]‖|U
V =2 ≤ 4.80U 2τN . (F57)

Note that this result is valid for all periodic hexagonal
lattices with Lx = Ly = L ≥ 4 as defined in Appendix D.

6. Example: One-dimensional lattices

To demonstrate the tightness of the bounds in Lemmas
F1, F2, and F3 for an example, we consider the Hubbard
and extended Hubbard model on periodic one-dimensional
lattices. Here, it is straightforward to calculate the spectral
norms exactly for a number of small lattice sizes, which
can then be compared to bounds from the above lemmas.

The numerical results are plotted in Fig. 10. Exact com-
mutator norms are calculated up to 10 lattice sites, which
can be compared to the bounds calculated using Eqs. (F30),
(F41), and (F57). For the Hubbard model commutator

[[HI,Hh],Hh] numerical bound

[[HC,Hh],Hh] numerical bound

[[HC,Hh],HC] numerical bound
[[HC,Hh],Hh] exact

[[HC,Hh],HC] exact

[[HI,Hh],Hh] exact

FIG. 10. Numerical results for the spectral norm of commuta-
tors considered in Appendix F, presented for a one-dimensional
periodic lattice with varying number of sites. Exact norms are
calculated for lattices up to 10 sites, and plotted as solid lines.
These are then compared to bounds derived in Lemmas F1, F2,
and F3 (plotted as dashed lines). We take a partition with two
neighboring lattice sites for ‖[[HI , Hh], Hh]‖ and a partition con-
taining two neighboring bonds for the extended Hubbard model
bounds.
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bound, we take a partition containing two neighboring lat-
tice sites, and for the extended Hubbard model bounds we
take a partition with two lattice bonds. The correspond-
ing norms in these equations are calculated exactly by first
constructing a sparse matrix representation of the opera-
tors. The results demonstrate that the bounds are always
tight within a factor of at most 2, and often by a much
smaller factor. These bounds could be made tighter by tak-
ing larger partitions in the above expressions, at the cost of
performing spectral norm calculations for operators acting
on more qubits.

APPENDIX G: TILE-TROTTERIZATION ERROR
NORMS AND RESOURCE REQUIREMENTS

In Table IV we provide the tile-Trotterization error
norms (Wtile), the total number of qubits (NQ), and the

number of arbitrary rotations (NR) and T gates (NT)
required per Trotter step for the hexagonal lattice Hubbard
model simulations considered in Figs. 3 and 4. We use
Hubbard model parameters U = 4, V = 2, and τ = 1. The
nearest-neighbor interaction parameter, V, is only used in
the extended Hubbard model. All systems use the periodic
hexagonal lattice model described in Appendix D with
parameters Lx = Ly = L and 4 ≤ L ≤ 18, for even L. The
hopping Hamiltonian Trotter-error constitutes 16% of Wtile
for the Hubbard model and 10% of Wtile for the extended
Hubbard model.

APPENDIX H: QUBITIZATION CIRCUITS

In this section we describe how qubitization circuits
may be implemented for the Hubbard model on a peri-
odic hexagonal lattice. Our qubitization approach builds

TABLE IV. Tile-Trotterization error norms (Wtile), qubit counts (NQ), arbitrary rotation costs (NR), and T-gate costs (NT) for perform-
ing a single Trotter step for periodic hexagonal lattice Hubbard models with lattice parameters Lx = Ly = L, where 4 ≤ L ≤ 18 for
even L, and Hubbard model parameters U = 4, V = 2, and τ = 1. The Hubbard model parameters only affects the Trotter error norms.
We show data for the resources required to implement tile Trotterization for the periodic Hubbard model and the periodic extended
Hubbard model without HWP (α = 0) and with HWP using α = N/4 − 1, α = N/2 − 1 and α = N − 1 ancilla qubits. The data from
this table can be used to reproduce the tile-Trotterization costings shown in Figs. 3 and 4.

N = 2L2 32 72 128 200 288 392 512 648

Hubbard model Wtile 166 374 665 1041 1497 2039 2663 3371
Extended Hubbard model Wtile 262 592 1052 1644 2367 3222 4208 5326
Hubbard model, α = 0 NQ 64 144 256 400 576 784 1024 1296

NR 192 432 768 1200 1728 2352 3072 3888
NT 320 720 1280 2000 2880 3920 5120 6480

Hubbard model, α = N
4

− 1 NQ 71 161 287 449 647 881 1151 1457

NR 96 120 144 144 168 168 192 192
NT 992 2352 4256 6704 9696 13 232 17 312 21 936

Hubbard model, α = N
2

− 1 NQ 79 179 319 499 719 979 1279 1619

NR 60 72 84 84 96 96 108 108
NT 1040 2400 4304 6752 9744 13 280 17 360 21 984

Hubbard model, α = N − 1 NQ 95 215 383 599 863 1175 1535 1943
NR 36 42 48 48 54 54 60 60
NT 1064 2424 4328 6776 9768 13 304 17 384 22 008

Extended Hubbard model, α = 0 NQ 64 144 256 400 576 784 1024 1296
NR 384 864 1536 2400 3456 4704 6144 7776
NT 320 720 1280 2000 2880 3920 5120 6480

Extended Hubbard model, α = N
4

− 1 NQ 71 161 287 449 647 881 1151 1457

NR 192 240 288 288 336 336 384 384
NT 1664 3984 7232 11 408 16 512 22 544 29 504 37392

Extended Hubbard model, α = N
2

− 1 NQ 79 179 319 499 719 979 1279 1619

NR 120 144 168 168 192 192 216 216
NT 1760 4080 7328 11 504 16 608 22640 29 600 37 488

Extended Hubbard model, α = N − 1 NQ 95 215 383 599 863 1175 1535 1943
NR 72 84 96 96 108 108 120 120
NT 1808 4128 7376 11 552 16 656 22 688 29 648 37 536

030348-32



FAULT-TOLERANT QUANTUM SIMULATION OF GENERALIZED. . . PRX QUANTUM 6, 030348 (2025)

upon previous work by Babbush et al. in Ref. [40]. In
Sec. VI we compared the cost of QPE performed with
both tile Trotterization and qubitization-based approaches.
Here, we provide a brief introduction to the qubitization
approach, and present the implementations and costing
of SELECT and PREPARE operators used for our QPE
resource estimates.

In Trotter-based QPE, we perform phase estimation with
a Trotterized approximation of the time-evolution opera-
tor, U = e−iHt. QPE allows us to estimate the eigenphases
of this unitary, and therefore the energies of H . However,
it is equally possible to perform phase estimation with
other unitaries that encode the Hamiltonian. In qubitiza-
tion, the unitary of interest is the walk operator, W , which
has eigenvalues

e±i arccos(En/λ), (H1)

where En are the eigenvalues of H and λ is the L1 norm of
H . From these, we can obtain estimates of energies, En.

The quantum walk operator is built from SELECT and
PREPARE operators. Consider a Hamiltonian

H =
L−1∑

l=0

wlPl, λ =
L−1∑

l=0

|wl|, (H2)

where wl > 0 are coefficients and Pl are (tensor prod-
ucts of) Pauli operators. Then, SELECT defines a block
encoding of H/λ. In particular,

SELECT =
L−1∑

l=0

|l〉〈l| ⊗ Pl, (H3)

where |l〉 are flag qubit states. Each state |l〉 flags a cor-
responding term in the Hamiltonian, Pl. The PREPARE
operator acts on the |0〉 state of the flag qubits and prepares
a state that encodes the coefficients of H . More formally,
it prepares the signal state that flags the block encoding of
H/λ. It can be defined by

PREPARE|0〉 =
L−1∑

l=0

√
wl

λ
|l〉. (H4)

The walk operator can be expressed in terms of the
SELECT and PREPARE operations, and a reflection oper-
ator. In particular, it has been shown that the walk operator
controlled on a single ancilla qubit can be expressed by the
following operations:

|l〉
W

|ψ〉

=

Z

|l〉
SELECT

PREPARE† PREPARE

|ψ〉

Below we will describe the implementation and costing of
each of these operations.

We will consider the following form of the Hubbard
Hamiltonian, where the Jordan-Wigner mapping and a
chemical potential shift are applied:

H JW
H = −τ

2

∑

〈p ,q〉,σ

(
Xpσ

−→
Z Xqσ + Ypσ

−→
Z Yqσ

)

+ U
4

N∑

p=1

Zp↑Zp↓, (H5)

where X , Y, and Z are Pauli operators. We label the Hamil-
tonian by JW and relabel the site indices as p and q in order
to distinguish from the fermionic Hamiltonians defined in
II. The operators

−→
Z indicate a string of Z operators acting

on all qubits between pσ and qσ in the JW ordering.

The gate cost of qubitization-based QPE scales with
the L1 norm of the Hamiltonian. For the Hubbard model
Hamiltonian, the L1 norm, λ, is given by

λ = 2τ × no. of bonds + U
4

× no. of sites. (H6)

The number of sites is N and for the periodic hexagonal
lattice the number of bonds is 3N/2, and therefore,

λ =
(

3τ + U
4

)
N . (H7)

1. SELECT

We first consider the implementation of SELECT
for the Hubbard model on a periodic hexagonal lat-
tice. We index terms in the Hamiltonian using the flag

030348-33



ANDREAS JUUL BAY-SMIDT et al. PRX QUANTUM 6, 030348 (2025)

log Lx

log Ly

log Lx

log Ly

control S†

U

px Inpx

py Inpy

pc Inpc

α Inα Inα

qx Inqx Inqx

qy Inqy Inqy

qc Inqc Inqc

|ψ〉 −→
Z Ypxpypcα

−→
Z Xqxqyqcα Zqxqyqc1

FIG. 11. Controlled SELECT circuit for the Hubbard model
on an Lx × Ly periodic hexagonal lattice.

registers |U〉 |px〉 |py〉 |pc〉 |α〉 |qx〉 |qy〉 |qc〉. We then define
the action of SELECT as

SELECT|U, p ,α, q〉|ψ〉

= |U, p ,α, q〉

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Zp0Zq1|ψ〉 U ∧ (p = q) ∧ (α = 0)

−Xpα
−→
Z Xqα|ψ〉 ¬U ∧ (p < q)

−Yqα
−→
Z Ypα|ψ〉 ¬U ∧ (p > q)

UNDEFINED otherwise.

The labels p and q are lattice site indices that also include
the “color” label, c, coming from the white and gray
labels of the lattice points in each (lx, ly) pair, as shown in
Fig. 7(a). We define the ordering p = px + pyLy + pcLxLy
and q = qx + qyLy + qcLxLy . Note that all c = 0 terms
come before all c = 1 terms within this ordering. Also note
that for use in qubitized QPE, the action of the UNDE-
FINED block must be such that the total action of SELECT
is Hermitian.

The quantum circuit to achieve this definition of
SELECT, controlled on an ancilla qubit, is presented in
Fig. 11, and consists of three unary iterators. The Toffoli

U

px

py

pc

α

qx

qy

qc

temp

temp

log Lx

log Ly

logLx

logLy

|0〉U RY

|0〉px UNIFORMLx

|0〉py UNIFORMLy

|0〉pc H

|0〉α H

|0〉qx −1

|0〉qy −1

|0〉qc

|0〉
PREP00+01+10

|0〉

FIG. 12. PREPARE circuit for the Hubbard model on an Lx × Ly hexagonal lattice. Note that the controlled “−1” operations on the
|qx〉 and |qy〉 registers can be performed mod 2�log2 Lx� and mod 2�log2 Ly �, respectively. They do not need to be performed mod Lx and
mod Ly , as one might expect. This is discussed further in the text of Appendix H.
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cost of the first two unary iterators are 4LxLy − 1 each,
while the Toffoli cost of the final iterator, which has two
additional controls, is (2LxLy − 1)+ 2 = 2LxLy + 1, and
so the total Toffoli cost combined is 10LxLy − 1. This leads

to a T-gate cost of CS = 40LxLy − 4. Expressing this
in terms of the number of lattice points, N , we obtain
CS = 20N − 4. This is asymptotically the most expensive
subroutine in the walk operator.

2. PREPARE

The action of PREPARE is defined to act on the flag qubits prepared in state |0〉 as

PREPARE |0〉 =
√

U
4λ

Lx−1∑

px=0

Ly−1∑

py=0

1∑

pc=0

|1〉U|px, py , pc, 0〉|px, py , pc〉

+
√

t
2λ

Lx−1∑

px=0

Ly−1∑

py=0

1∑

σ=0

|0〉U
(|px, py , 0, σ 〉|px, py , 1〉 + |px, py , 1, σ 〉|px, py , 0〉

+ |px, py , 0, σ 〉|px − 1, py , 1〉 + |px − 1, py , 1, σ 〉|px, py , 0〉
+ |px, py , 0, σ 〉|px, py − 1, 1〉 + |px, py − 1, 1, σ 〉|px, py , 0〉) . (H8)

TABLE V. The cost of various circuit elements to perform the controlled quantized walk operator for the Hubbard model on the
Lx × Ly periodic hexagonal Hubbard model. The T-gate counts include the cost of converting Toffoli gates into T gates. The “ancilla
qubits” column is the total number of ancilla qubits for each circuit element, without reusing qubits, and not including flag qubits.
The value ηLx (ηLy ) is the largest power of 2 that is a factor of Lx (Ly ), � is the number of T gates per rotation in the UNIFORM state-
preparation circuits, and � is the number of T gates used to implement each of the other rotation gates in PREPARE. The “concat.
success qubits” element refers to concatenating the success qubits from the two UNIFORM operations, which SELECT must be
controlled on. The “reflection” step uses the result from Ref. [70] to perform a Z gate with n controls in 2n − 3 Toffolis, with a single
ancilla. In practice, ancilla qubits can mostly be shared between subroutines. The only ancillas that are not reused are the rotation qubit
and success flag qubit from each UNIFORM state preparation, the concatenated success qubit and a qubit prepared in the |T〉 state
in the controlled Hadamard operation. Otherwise, subroutines in PREPARE can use the �log2Lx� + �log2Ly� + 3 ancillas required by
SELECT. Therefore, the total number of ancilla qubits required is �log2Lx� + �log2Ly� + 9, in addition to 2�log2Lx� + 2�log2Ly� + 6
flag qubits. Compared to the Hubbard model qubitization circuits of Ref. [40], our implementation removes a term in SELECT that is
logarithmic in the lattice size, and also a flag qubit.

Circuit element Toffoli count T count (incl. Toffolis) Ancilla qubits

Controlled SELECT 10LxLy − 1 40LxLy − 4 �log2Lx� + �log2Ly� + 3

PREPARE:

UNIFORM
1√
Lx

∑Lx−1
l=0 |l〉 3�log2 Lx� − 3ηLx − 3 4× Toffoli count +2� �log2Lx� − ηLx + 2

UNIFORM
1√
Ly

∑Ly −1
l=0 |l〉 3�log2 Ly� − 3ηLy − 3 4× Toffoli count +2� �log2Ly� − ηLy + 2

concat. success qubits 1 4 1
controlled Hadamard 1 4 2
controlled −1 on qx register �log2Lx� 4�log2Lx� �log2Lx�
controlled −1 on qy register �log2Ly� 4�log2Ly� �log2Ly�
Two controlled swaps �log2Lx� + �log2Ly� 7�log2Lx� + 7�log2Ly� 0
RY(θ) – � 1
PREP00+01+10 – 3� 1

Reflection 2(2�log2 Lx� + 2�log2 Ly� + 10)− 3 4× Toffoli count 1
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The quantum circuit to achieve this definition of PRE-
PARE is shown in Fig. 12. This consists of a number
of circuit elements that we will briefly explain. The final
Toffoli and T-gate costs and ancilla costs for each circuit
element are summarized in Table V.

The UNIFORM operations perform uniform state prepa-
ration, and can be implemented using amplitude amplifica-
tion by the approach described in Appendix A of Ref. [6].
However, we make a slight modification to the approach
described there. In particular, Ref. [6] implements the
ancilla rotation by using a phase-gradient ancilla regis-
ter, which requires bn ancilla qubits and bn − 3 Toffoli
gates. However, as noted in Appendix A of Ref. [87],
when the rotation angle β is known classically, as is the
case here, this can also be implemented efficiently using
rotation synthesis. Here, we use this alternative approach,
requiring just a single ancilla for the rotation synthesis. For
this gadget, the rotation synthesis can be lower precision
than elsewhere; we define � to be the number of T gates
used for each rotation in each UNIFORM state prepara-
tion, which is separate from the number of T gates used in
synthesis of other rotations in PREPARE, which we denote
�. As described in Ref. [6], the Toffoli cost consists of two
inequality tests and a reflection. Of the ancillas required,
the rotation and success qubits are flag qubits and cannot be
reused by other routines. We also note that the walk oper-
ator’s reflection is controlled on the rotation and success
qubits, which are included in the final Toffoli count.

The circuit to perform a controlled Hadamard gate is
shown in Fig. 17 of the same paper by Lee et al. [6],
which requires two ancilla qubits and one Toffoli gate. One
of the ancilla qubits is prepared in a |T〉 state, which we
choose to preserve for future applications of the walk oper-
ator; therefore, this ancilla qubit cannot be reused, which
is accounted for in the total qubit count.

It is also necessary to prepare the state

|�00+01+10〉 = 1√
3
(|00〉 + |01〉 + |10〉), (H9)

which we achieve using a circuit of the form in Fig. 13,
using three rotation gates. We denote the number of T gates
per rotation in this subroutine as �. For our costing in
Sec. VI, we set � = 40.

|0〉 Ry(θ2) Ry(θ3)

|0〉 Ry(θ1)
=

|0〉 Ry( θ2+θ3
2 ) Ry( θ2−θ3

2 )

|0〉 Ry(θ1)

FIG. 13. Demonstration of how PREP00+01+10 can be implemented. This requires three rotation gates, which can be implemented to
precision ε with an expected T-gate count of 1.15 log(1/ε)+ 9.2 each. In the text, we denote the number of T gates used to implement
each of these rotations by �, which we set to 40. The required rotation angles are θ1 = 2 tan−1(1/

√
2), θ2 = π/4, and θ3 = 0, with

Ry(θ) = e−iθY/2.

We next consider how to perform the controlled “−1”
operation. One might expect that we actually have to
perform “−1 mod Lx” or “−1 mod Ly” operations to prop-
erly enforce periodic boundary conditions, similarly to the
PREPARE circuit of Ref. [40]. However, we can avoid this
complication. To see this, consider the case of an L × L
periodic lattice, and let us consider the “−1” operation on
the |qx〉 register. This register will consist of n = �log2 L�
qubits. Before this operation, the register will hold a uni-
form superposition of states |l〉, for 0 ≤ l ≤ L − 1. For
l ≥ 1 the “−1” operation will act in the expected manner.
For l = 0 it will instead give the state |2n − 1〉. By peri-
odic boundary conditions, we need lattice sites with x = 0
to be connected to sites with x = L − 1, and so this may
seem incorrect. However, provided that SELECT is imple-
mented appropriately, this ultimately leads to the correct
circuit. In particular, the SELECT circuit consists of unary
iterators, which are designed to act on |l〉 for l ≤ L. The
action of a controlled unary iterator on |l〉|�〉 is

|c〉|l〉|�〉 → |c〉|l〉(Pl)
c|�〉, (H10)

where |c〉 is the control qubit. In Ref. [40], the authors
introduce optimizations to the basic SELECT circuit. This
is achieved by removing “runs” of the OFF controls on the
right side of the circuit. These result in the well-established
“sawtooth” circuits, which can be implemented in L − 1
Toffoli gates. However, removing these OFF controls also
allows us to simplify our circuits as described above. In
particular, in this case it can be seen that

|c〉|2n − 1〉|�〉 → |c〉|2n − 1〉(PL−1)
c|�〉. (H11)

In words, if the value l = 2n − 1 is provided to the unary
iterator, it is guaranteed to select the l = L − 1 term, which
is the desired behavior to enforce periodic boundary con-
ditions. This is a convenient benefit of the optimized
iterators, which avoids us needing to perform modular “−1
mod L” addition, and instead allows us to simply perform
“−1 mod 2n” addition.

The adder circuit can be further simplified, due to the
fact that it always subtracts 1. For an n-bit binary number,
subtracting 1 is equivalent to adding 1112 . . . 1n. Therefore
each bit of the value added is 1, and we can prepare and
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unprepare a single ancilla qubit by using two Toffoli gates
to incorporate the two controls for the adders. Then we
use the circuit from Ref. [87] (Fig. 18) to perform addi-
tion with respect to this ancilla, the Toffoli cost of which is
�log2 L� − 2. Therefore, the total Toffoli costs of the two
controlled adders are �log2 Lx� and �log2Ly�.
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