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Magic state cultivation is a state-of-the-art protocol to prepare ultra-high fidelity non-Clifford resource

states for universal quantum computation. It offers a significant reduction in spacetime overhead compared

to traditional magic state distillation techniques. Cultivation protocols involve measuring a transversal
logical Clifford operator on an initial small-distance code and then rapidly growing to a larger-distance
code. In this work, we present a new cultivation scheme in which we measure the fold-transversal

Hadamard of the unrotated surface code, and leverage unitary techniques to grow within the surface code

family. Using both stabilizer and state vector simulations we find that this approach achieves the lowest

known spacetime overhead for magic state cultivation. Practical implementation of our protocol is best

suited to architectures with nonlocal connectivity, showing the strength of architectures where such

connectivity is readily available.

DOI: 10.1103/gpvl-1g4c

L. INTRODUCTION

Surface codes are a popular choice for quantum error-
correction due to their high thresholds and local, low-
weight stabilizers [1-4]. A major bottleneck for scalable
quantum computation with the surface code is the cost to
implement fault-tolerant non-Clifford operations [5]. The
most effective way to realize non-Clifford operations with
these codes is by teleporting in high-fidelity magic
states—that is, an eigenstate of a Clifford operator [6].
The logical error rate (LER) required for these magic states
depends on the target quantum algorithm. For example,
recent resource estimates for factoring large integers
require input magic states with an infidelity of roughly
1077 [7,8]. The spacetime cost to reach such low LERs
with surface codes can be debilitatingly large.

Magic state cultivation (MSC) has recently emerged as
an extremely resource-efficient method for preparing high-
quality magic states [9—12]. However, it requires a code
that has a transversal implementation of a Clifford oper-
ator. Since the rotated surface code does not have access to
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a transversal Clifford gate, MSC with the surface code
needs to start in a different code that can later be morphed
or grafted into a rotated surface code.

MSC protocols proceed as follows. Initially, the eigen-
state of a Clifford operator is injected into a small-distance
code. This injection step is inherently noisy. Subsequently,
the logical Clifford operator is measured transversally
multiple times in order to cultivate a higher-fidelity magic
state in the small code via postselection on non-trivial
measurement outcomes. Finally, the small code is rapidly
grown to a larger-distance rotated surface code for later use
in a logical circuit. It is imperative that this final growth
step does not significantly add to the LER of the protocol.
Therefore, further postselection is used in this step.

Note that the size of the initial code and number of logical
Clifford measurements fixes the protocol’s fault distance f.
This is the minimum number of physical errors that may
cause a logical error without introducing non-trivial syn-
dromes. A protocol in which the Clifford operator is
measured on a larger code has a higher achievable fault
distance and is thus capable of producing a higher-fidelity
magic state. However, this introduces increased spacetime
overhead (STO) due to the use of additional qubits, more
measurement rounds, and ultimately, more postselection.

In this work, we present a new method for cultivating a
high-fidelity Hxy = (X +Y)/ /2 state in the rotated sur-
face code. Our protocol is summarized in Fig. 1. We
observe that the unrotated surface code has a fold-
transversal logical Hxy gate [13,14]. We leverage this
property for cultivation in the unrotated surface code,
along with a method for unitarily transforming between

Published by the American Physical Society
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FIG. 1. Magic state cultivation with a fault distance f = 3. The procedure interleaves unitary steps (light blue labels) and

measurements on which postselection occurs (maroon labels). 1. Injection: prepare an eigenstate of Hyy = (X + Y)/v/2 on the
distance-three rotated surface code Rot(3), and measure its stabilizers. 2. Cultivation: transform to the distance-three regular surface
code Reg(3), and measure the fold-transversal Hyy operator twice via a GHZ ancilla. Then, measure the stabilizers of Reg(3).
3. Escape: transform to Rot(5) via unitary growth, then use stabilizer measurements to grow to Rot(7). Decode, and post-select on the
associated complementary gap. If desired, unitarily grow to a larger final code.
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FIG. 2. Cultivation under uniform depolarizing noise. (a) Curves show the expected number of cultivation attempts of fault distances
f = 3 (triangles) and f = 5 (pentagons) to prepare a state with a particular logical error rate. The f = 3 protocol is described in Sec. II,
and its extension to f = 5 in Appendix C. Our scheme for |Y) state cultivation (dark pink) requires a lower number of expected attempts
for any target LER compared to Refs. [9,10] (blue and purple, respectively). The exact simulation of |Hyy) magic state cultivation for
f = 3 (green) is in good agreement with |Y) state results. (b) Expected spacetime volume (qubits x gate count x expected attempts) of
|Y) state cultivation for fault distances f =3 and f = 5, compared to Refs. [9-12]. For a fair comparison, the f = 3 protocols are
normalized to the same final code distance dy;,, = 13, and the f = 5 protocols to dy;,, = 15. The expected volume in the absence of gap-
based postselection (light pink) is shown, along with the component expected volumes for injection (dark pink), cultivation (purple)
and escape (blue). Additional gap-based postselection is required to cultivate states with logical error rates of 2 x 10~ for f = 3 (silver)
and 10~ for f = 5 (gold). Our scheme has a significantly lower overhead, owing to the efficient cultivation and escape steps that use
nonlocal operations.

rotated and unrotated surface code variants [15]. Our
choice of initial code, magic state, and simplified growth
technique allows us to achieve lower logical error rates and
significantly lower spacetime overheads compared to
previous schemes.

Importantly, our scheme is most naturally implemented
with nonlocal gates. These are native to quantum comput-
ing platforms such as neutral atoms [16] and trapped ions
[17]. More recently, high-fidelity nonlocal gates have also

been demonstrated in superconducting circuits [18,19].
Our work demonstrates the dramatic reduction in require-
ments for scalable quantum computing with surface codes
when nonlocal gates are available.

The performance of our magic state cultivation scheme
is summarized by Fig. 2(a). This is quantified by the
expected attempts required to obtain a magic state of a
particular LER. Here, our results are compared to existing
cultivation protocols for which the equivalent data were
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available [9,10]. We find that our procedure requires a
lower number of expected attempts for any target LER.
The overhead relative to all current protocols [9-12] is
shown in Fig. 2(b). This is measured by the expected
spacetime volume. We calculate the “baseline expected
volume not accounting for the additional postselection
after the escape stage—as well as the expected volume
required to obtain a magic state with an error rate of 2 x
107% and 10~°. The use of nonlocal operations allows us to
reduce the expected volume of injection, cultivation, and
escape. As such, we obtain a much lower STO compared to
existing work.

The remainder of this paper is structured as follows. In
Sec. II we describe our MSC protocol in detail. In Sec. III
we benchmark our protocol against previous work by
simulating cultivation of the logical Y eigenstate,
|Y) = S|+). In addition, we use a combination of state
vector and stabilizer simulations to accurately benchmark
cultivation for the logical magic state, |Hxy) = T|+). We
also investigate the performance of our protocol under
physically motivated noise models. We conclude in Sec. I'V.

II. PROTOCOL

Our MSC protocol prepares a high-fidelity eigenstate of
the logical operator Hyy = (X +Y)/v/2 in a rotated
surface code. We label magic states by the operator for
which they are a +1 eigenstate. Here, the magic state is
|Hxy) = (|0) 4 '*|1))/+/2, which is used to implement
the logical T = e~""#/3 gate via teleportation. Figure 1
illustrates our protocol for cultivating the |Hyy) state with
a fault distance f = 3. The protocol has three main stages:
injection, cultivation and escape.

Injection—In this stage, we prepare a logical magic
state in a small-distance rotated surface code, Rot(3).
While there are several ways to achieve this, here we use a
unitary encoding circuit, followed by a round of stabilizer
measurements. The encoding circuit, which uses one
physical non-Clifford T gate and nonlocal Clifford oper-
ations, is provided in Appendix A. This injection stage has
a fault distance f = 1.

Cultivation—In this stage, another unitary circuit is
used to transform Rot(3) into an unrotated surface code,
Reg(3). This circuit is simply the first two steps of a
stabilizer measurement round on Rot(3) [20]. Note that
this technique requires the introduction of additional
qubits to act as the ancillae for Reg(3). How this is
achieved depends on underlying physical hardware. It is
most naturally realized in architectures with reconfigura-
ble qubits, such as neutral atom arrays [16].

After this transformation, the fold-transversal logical
Hx~ operator is measured twice using a three-qubit ancilla
GHZ state. This operation uses some three-qubit gates, as
shown in Appendix A. Unlike previous proposals
[9,10,12], our logical Clifford measurement procedure is

designed to minimize the wait time for code qubits while
operations are being carried out only on the GHZ ancillae.

Following this logical Clifford measurement, we per-
form a round of stabilizer measurements at Reg(3). Post-
selecting on both the stabilizer measurements and the
decoded GHZ measurements increases the fault distance
of the protocol to f = 3. At this point, we have produced a
high-fidelity magic state on a small-distance code.

Escape—In this stage, the code is grown to a larger
distance in order to protect the magic state from future
errors. Here, we use a three-step escape strategy. First,
Reg(3) is grown to Rot(5) via a local unitary circuit [15].
Next, Rot(5) is grown to Rot(7) using a conventional
stabilizer measurement approach [21]. Finally, Rot(7) is
unitarily grown to a final larger-distance code. The
stabilizer measurements obtained from the growth to
Rot(7) are used for additional postselection. Shots are
discarded depending on the likelihood of a logical error as
determined by a complementary-gap-based decoder
[22-25].

This three-stage escape allows us to do most of our
growth unitarily, while still extracting the stabilizer infor-
mation necessary for gap-based postselection. The reliance
on primarily unitary circuits is crucial for maintaining a
low spacetime overhead compared to using possibly
slower and lower-fidelity stabilizer measurements on the
larger-distance final code.

We provide further details about the protocol in the
appendices. In Appendix A we provide circuits for key
steps, and in Appendix B we discuss alternative choices for
each stage. These choices include the magic state, injection
strategy, GHZ ancilla size, pre-escape stabilizer measure-
ment code, and escape strategy. In Appendix C we outline
the additional steps required for protocols with a higher
fault distance. These are a straightforward extension of the
f = 3 protocol that we have described above. Note that we
must measure the logical Hyy operator additional times to
achieve a higher fault distance. Other modifications to the
f =5 scheme include a modified logical Clifford meas-
urement circuit, and the use of a local, unitary circuit [26]
for escape.

A. Comparison with other schemes

A summary of the differences between our protocol and
previous schemes is provided in Table I. Here we highlight
the constraints of previous schemes that limit their relative
LER and STO.

Reference [9] uses a technique called grafting to convert
between a color code and the rotated surface code in the
escape stage [27]. This introduces additional postselection
overhead that we bypass by remaining in the Rot—Reg
surface code family. References [10,11] use morphing
circuits to convert, respectively, between RP? and Reg
codes and their self-dual variants. This enables a strictly
transversal logical Clifford measurement using two-qubit
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TABLE I.  Comparison of cultivation schemes for |Hyy) with fault distance f = 5. Initial code: the code chosen for state injection.
Clifford check code: the code in which logical Clifford checks are performed. Clifford check ancilla: the largest ancillary system used
to perform the logical Clifford check, where GHZ(n) = (|0)®" + |1)®")/\/2. Discard rate: the expected discard rate required to
cultivate a |Y) state with LER = 107, where discard rate 1 — 1/(expected attempts). Performance constraints: aspects of each

cultivation scheme that limit their performance relative to ours. Note that all schemes end in a rotated surface code.

Clifford check

Clifford check

Discard rate of |Y)

Scheme Initial code code ancilla state with LER = 10~° Performance constraints

Ref. [9] Color(3) Color [+)®19 99% Planar connectivity, grafting

Ref. [10] RPZ -3 SRP [+)®2 93% Inefficient code morphing

Ref. [11] Rot(3) S — Reg |+)®° 99% Restricted connectivity, <2-qubit gates
Ref. [12] Rot(3) Reg |+)®2! 96% High-overhead logical check
This work Rot(3) Reg GHZ(5) 90%

gates. In contrast, we relax the requirement of morphing to
a self-dual code and allow for the use of three-qubit gates.
Our code conversion within the surface code family is
comparatively more efficient. Reference [11] only allows
operations that can be efficiently realized on a neutral-
atom platform under reconfigurability constraints. While
we consider this as a design principle, we leave exact
optimization to future work.

Figure 2(b) shows that we are able to obtain the lowest
expected spacetime volume for all stages: injection,
cultivation, and escape. We attribute most of our improve-
ments to the use of a more efficient check circuit, and our
three-stage escape strategy. These improvements are dis-
cussed further throughout Appendix B.

III. RESULTS

In this section, we quantify the performance of our
protocol numerically. In Sec. III A, we use stabilizer
simulations of logical |Y) state preparation to benchmark
against previous works. Using the |Y) state as a proxy for
the |Hxy) state avoids simulating non-Clifford circuits.
However, it is yet unclear if this provides robust estimates
of the LER of magic state cultivation. Motivated by this, in
Sec. III B we introduce a handoff approach, where outputs
from a state vector simulator are passed to a stabilizer
simulator. This allows us to study exact |Hyy) state
cultivation for the first time. Finally, in Sec. III C, we
examine the performance of our scheme in an experimen-
tally motivated setting.

A. |Y) state cultivation

To adapt our scheme for the logical |Y) state, we make
two changes to the protocol described in Sec. II. First,
injection is modified to use an S gate instead of a T gate
[10,28]. Second, we measure the logical Y operator in
place of measuring the logical Hxy operator. We provide
the relevant circuits in Appendix A. In this section, we
compare our scheme against other cultivation schemes in

terms of LER vs expected attempts, and expected space-
time volume [9,10]. Circuits for all schemes are simulated
under a uniform depolarizing noise model (SD6) with
physical error rate p = 1073,

Figure 2(a) shows the expected attempts to achieve a
particular LER. For each curve, the leftmost data point
reflects the performance without any complementary-gap-
based postselection during escape. As one progresses right,
increasing amounts of postselection via the complementary
gap drives the LER lower, until the error floor is reached by
fully post-selecting on any nontrivial syndrome. For any
given LER, our protocol consistently requires lower
expected attempts than existing proposals. Additionally,
our scheme is the only one so far for which f = 3 cultivation
has a floor below 107, This brings us slightly closer to the
7 x 1077 LER required for 2048 bit integer factorization
[8]. For our f =15 cultivation, 10 expected attempts are
required to reach an LER of 107, fewer than the 15-90
attempts required by previous proposals.

Figure 2(b) highlights the advantage of our approach in
terms of overhead. We calculate the expected spacetime
volume required for target LERs of 2 x 107® and 10~°, for
protocols with fault distances f = 3 and f = 5, respectively.
The spacetime volume is defined as the qubit-gate product
(the number of active qubits times the number of gate
steps). This metric naturally accounts for differences in
depth and qubit count across protocols and also reflects the
fact that error detection can halt a protocol mid-way rather
than incurring the cost of executing the full circuit. Using
this metric provides a more accurate comparison than the
expected number of attempts. Our protocol demonstrates
significant improvement in spacetime volume compared to
Refs. [9,10]. We refer the reader to Appendix E for further
details on the calculation of expected spacetime volume.

B. |[Hxy) state cultivation

Here, we describe the state vector to stabilizer handoff
simulation that is used to accurately estimate the LER for
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|Hxy) magic state cultivation. In Appendix D we describe
our handoff simulation strategy in detail. We provide a
high-level summary below.

First, we use a state vector simulator from injection up
to the completion of the logical Clifford measurements.
This part of the circuit involves non-Clifford physical
gates but only involves a limited number of qubits. After
the logical measurements, the logical qubit state vector
and the code’s stabilizer eigenvalues are extracted. This
logical qubit state vector is stored offline, and the
stabilizer eigenvalues are passed onto the stabilizer
simulator.

The stabilizer simulator then simulates the rest of the
protocol. The decoder is only given stabilizer measure-
ment information post-handoff and predicts Pauli errors
that have occurred. If the predicted errors differ from the
actual errors by logical Pauli operators, then the corre-
sponding logical Pauli operator is applied to the stored pre-
handoff logical qubit state vector. We compare this final
noisy state to the ideal magic state to determine if the
protocol has succeeded.

Figure 2(a) contains the results for |Hxy) cultivation
with f = 3. Interestingly, the LERs for |Hyy) cultivation
are virtually indistinguishable from those for |Y) state
cultivation. Reference [9] observed a difference between
the LERs of |Y) and |Hyy) cultivation when simulating a
truncated protocol, where the escape stage is excluded. We
also observe a difference for truncated simulations, but this
effect does not carry over to our full simulations that
include escape. We discuss |Y) vs |Hxy) simulations
further in Appendix D.

The state vector simulations are only performed up to
the logical checks in the cultivation stage, which involve a
small number of qubits. This renders handoff tractable for
the f = 3 protocol. However, our handoff strategy is too
expensive to simulate f = 5, which uses roughly 47 qubits
during cultivation. Nevertheless, our demonstration for f =
3 establishes it as a useful tool for estimating the
performance of protocols where the system is limited to
a small number of qubits during non-Clifford operations in
a circuit.

C. Tailoring cultivation to experiments

Finally, we examine the performance of our protocol in
settings inspired by nonlocal architectures such as neutral
atoms. Broadly speaking, in quantum systems with non-
local operations, single-qubit gates are less noisy than
multi-qubit gates, and local gates are less noisy than
nonlocal gates. Moreover, for neutral atoms, idle errors
are an insignificant portion of the error budget. Note that
the measurement of Hyy uses physical three-qubit CCZ
gates. This may be challenging to realize natively in some
hardware platforms. Consequently, in Ref. [29] we inves-
tigate |Hyy) cultivation in a setting where CCZ gate is
decomposed into two-qubit gates [30]. For the remainder
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FIG. 3. Physically motivated noise. Logical error rate of |Y)

state cultivation under three different noise models. A standard
depolarizing noise model (SD6) is compared to two physically
motivated noise models (PM1 and PMS5). In PM1 the noise
strength of single-qubit gates is ten times lower than that of
multi-qubit gates. The same is true for PMS, but the noise
strength of nonlocal multi-qubit gates is five times that of local
multi-qubit gates. PM1 and PM5 have no idle errors.

of this section, we simulate |Y) preparation as, based on
our previous discussion, we expect its trends to extend to
|Hxy) cultivation.

We consider two physically motivated noise models,
denoted PM1 and PMS5. In these noise models, there are no
idle errors, single-qubit gates have uniform depolarizing
noise at a rate p/10, and local multi-qubit gates have
uniform depolarizing noise at a rate p. The two models
differ in the noise strength assigned to nonlocal multi-qubit
gates. In PM1 these gates experience uniform depolarizing
noise at a rate p (the same as local multi-qubit gates), and
in PM5 they have a higher noise rate 5p. We also use a
more natural gate set for neutral atom qubits, and decom-
pose CX gates into CZ gates and local single-qubit
rotations.

Note that cultivation requires the state to be in the +1
eigenspace of all stabilizers. If using measurement-based
injection, this necessitates fast measurement-conditioned
feedback, which may not be experimentally desirable.
Here, we use optimized unitary state preparation followed
by a subset of stabilizer measurements. Importantly, fast
feedback based on the stabilizer measurements is not
required in this injection strategy, which is described in
more detail in Appendix B.

Figure 3 shows the performance of our protocol under
these noise models with p = 1073, compared to the
standard depolarizing noise model (SD6) used in previous
sections. We observe that PM noise models lead to reduced
LERs compared to SD6 even when nonlocal gates are
heavily penalized. This indicates that the protocol is
largely limited by single-qubit gates and idling errors.

033006-5



KAAVYA SAHAY et al.

PRX QUANTUM 7, 033006 (2026)

Furthermore, our protocol requires less expected attempts
for a given LER compared to Ref. [12].

IV. DISCUSSION AND CONCLUSION

In this work, we have presented a fold-transversal
cultivation scheme for the surface code. We have bench-
marked its performance by evaluating |Y) state cultivation,
and for the first time have studied exact |Hxy) magic state
cultivation. Our protocol achieves the lowest known
spacetime overhead for MSC. This improved performance
is due to efficient unitary circuits that allow us to stay
entirely within the surface code family throughout, and
utilize the native fold-transversal Hyxy operator. Both of
these tasks require nonlocal operations. There are some
natural extensions of our work.

The first arises from the reduced sampling cost of our
cultivation protocol. As our scheme reaches lower LERs
with far fewer expected attempts, it is conceivable to
simulate fault distances higher than f = 5. This may enable
us to determine the necessary spacetime overhead to
produce a magic state with much lower LER, perhaps
low enough that further distillation is not even required.

It is also important to study the performance of MSC
under realistic noise models. While we only consider
Pauli errors in our work, real hardware experiences a
variety of other error mechanisms. It would be inform-
ative to analyze performance of our scheme in the
presence of erasure errors [12,31], which is relevant to
neutral atom architectures [32—-35]. Due to the ability to
post-select on erasure, we anticipate further improved
fidelity in this setting. Several platforms also experience
leakage or coherent errors. However, these are more
challenging to simulate.

Throughout this work we used a nonlocal unitary
circuit to grow the surface code, and convert between
rotated and unrotated variants. This contributes to our
lower spacetime overheads. However, nonlocal unitary
growth is not compatible with all qubit platforms. It is
worthwhile to consider low-overhead growth using alter-
native schemes such as the local unitary circuits of
Refs. [26,36]. These circuits have an inherent tradeoff
between gate depth and idling time. If an overhead
reduction is possible via their use, then our protocol
may be better applied to fixed-qubit architectures with
limited nonlocal connectivity.

Beyond these immediate extensions of our work, an
avenue of future research is to extend magic state culti-
vation to other quantum low-density parity check (LDPC)
codes hosting fold-transversal gates [37] and families with
morphing circuits [38].

We expect our work to inspire new surface code
protocols that leverage experimental advances in nonlocal
operations for overhead reduction. At the very least, these

advances call for a more fair comparison between the
surface code and other quantum LDPC codes that have
nonlocal stabilizers. Now equipped with a full computa-
tional suite of accurate decoders, efficient Clifford
operations, and low-overhead magic state generation in
nonlocal architectures, surface codes remain a leading
candidate for practical quantum computation.

Note added. The authors were made aware of two related
publications in the same arXiv posting: an updated version
of Ref. [12] with an investigation of |H) state cultivation
on the surface code, and surface code cultivation using
two-qubit gates from Claes [11].
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APPENDIX A: CIRCUITS

In this section, we provide circuit diagrams for key
stages of our protocol. The circuits used to simulate fault
distance f = 3|Y) state cultivation (Fig. 2) are shown in
Figs. 4, 5, and 7-9 (generated in Stim). Red regions in
these figures represent X detectors (which flip in the
presence of Z errors), and blue regions represent Z
detectors (which are affected by X errors). The Hxy check
circuit for Reg(3) is shown in Fig. 6. This circuit is used to
simulate |Hyy) state cultivation (Fig. 2).

In Appendix C we describe how these circuits are
modified for state cultivation with a higher fault distance
f = 5. A notable modification is the design of the logical
check circuit for Reg(5). In Fig. 10 we show the Hyy
check circuit, and in Fig. 11 we show the equivalent
Y check circuit.

Finally, an alternative unitary encoding circuit is shown
in Fig. 12. This is used to simulate |Y) state cultivation
under physically motivated constraints (Fig. 3).
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FIG. 4. Unitary encoder for Rot(3). The rotation on the central qubit in the second step produces a physical |Y) state. In subsequent
steps this is used to unitarily prepare the logical |Y) state. A subsequent round of stabilizer measurements (not pictured) is used to detect
weight-1 and 2 errors.

FIG.5. Growth from Rot(3) to Reg(3). This is simply the first two steps of the stabilizer measurement circuit for Rot(3). The ancilla
qubits of Rot(3) become data qubits of Reg(3). Additional qubits are required for the Reg(3) code for stabilizer measurements.
Depending on the hardware, these ancilla may be present beforehand (static architectures with nonlocal connectivity), or freshly
initialized qubits may be introduced to the lattice (reconfigurable architectures).
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controlled-SX gates involving the diagonal qubits, and CCZ gates involving pairs of off-diagonal qubits.
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FIG. 7. Logical Y check for Reg(3). The logical observable is highlighted. Note that since the logical ¥ operator is transversal on
Reg(3) (compared to the fold-transversal logical Hxy operator) we only need two-qubit gates.
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FIG. 8. Unitary growth from Reg(3) to Rot(5). This is the first stage of our three-stage escape sequence. The first two steps of
stabilizer measurement circuit for Reg(3) are used to grow and rotate aka growtate the code to Rot(5). As in Fig. 5, the ancilla qubits
of Reg(3) become data qubits of Rot(5), and additional ancilla qubits need to be introduced. Furthermore, two patches of freshly
initialized qubits, used for the second stage of escape, are shown. This second stage involves subsequent rounds of stabilizer
measurements (not pictured) that induce growth from Rot(5) to Rot(7).
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FIG. 9. Unitary growth from Rot(7) to Rot(13). Detectors are omitted for visual clarity. This is the final stage of our three-stage
escape sequence. The logical Y observable is highlighted, showing the increase in its support.
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FIG. 10. Logical Y check for Reg(5). The ancilla GHZ(5) state is supported on the bottom wires, with an additional qubit used as a

flag for fault-tolerant preparation. This circuit ensures that four or less errors on the GHZ state do not propagate to an undetectable
logical error on the code.
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FIG. 11. Logical Y check for Reg(5).
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FIG. 12. Alternative unitary encoder for Rot(3). This circuit only requires the subsequent measurement of three code stabilizers
(detectors shown) to maintain fault distance. It is therefore particularly suited to architectures where measurements are more costly than
gates in terms of speed, fidelity or both.
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APPENDIX B: POTENTIAL MODIFICATIONS

In Sec. II, we described a cultivation protocol that
achieved both low logical error rates and reduced space-
time overhead. This protocol is highly modular, where any
given stage can be modified to use different codes or
subroutines. Here, we describe several alternatives, show-
ing the resultant performance tradeoffs. This discussion is
structured by going through the procedure for cultivation
from beginning to end and considering points where
modifications may be made. In this section and the
remainder of the appendix, logical operators O are denoted
with a bar, to differentiate them from physical operators O.

1. Logical state

In this section, we discuss the logical non-Clifford state
used for magic state cultivation. We restrict ourselves to
considering protocols where the logical state is checked at
Reg(3). In this setting, checking a Hadamard-like operator
presents a natural choice due to its fold transversality on
Reg(3). Here, we briefly digress to first prove the correct-
ness of our implementation of the logical Hyxy on Reg(3)
and then show that Hyy requires less physical gates
compared to Hyy.

In unrotated surface codes, the logical S can be
implemented fold transversally [14,37]. For a dxd
unrotated surface code, let D; be the ith qubit along the
main diagonal where 0 < i < 2d — 2, A be the set of qubits
below the main diagonal (not included), and 7 be the map
that reflects a qubit across the main diagonal. For a qubit
g €A, we call (¢,7(q)) a pair of mirrored qubits. S can be
implemented as

S = (SDOSTDI e STDZd,3 SDZ:]—Z) H CZq~T(q)’ (Bl)

geEA

where S and S* gates alternately act on qubits on the main
diagonal, and CZs are applied to each pair of mirrored
qubits.

As X can be applied fold transversally by applying X on

all qubits on the main diagonal, Hyy = e "/*SX is also
fold transversal. Specifically, Hyy can be written as

HXY = eii”/43')_(

= e~in/4 H (SX)D,- H <STX)D/ H CZ40)

ieven jodd geEA

= [J x| (TYT),, [1¢2,

ieven Jjodd q€A
= H (GxZGY)p, H (GYZG;)D_,- H CZy(q)
ieven Jjodd g€A

(B2)

TABLE II.  Gate count for controlled-H checks. We show the
number of two-qubit gates (1,) and three-qubit gates (n3q) for
different code distances d.

d naqQ for HXY nyqQ for leZ nsqQ

3 5 21 4

5 9 73 16

d 2d -1 4d> —6d + 3 (d—1)>

where Gy =TH, Gy = TSH are single-qubit rotations,
and we have used the gate identity TXTT = e~"#/4SX.

To implement a controlled-Hyy gate for logical mea-
surements, we need a CZ gate (conjugated by Gy or Gy)
for each qubit on the main diagonal, and a CCZ gate for
each pair of mirrored qubit. In total, there are (2d — 1) CZ
gates and (d — 1)> CCZ gates.

The unrotated surface code supports a fold-transversal
Hyx; = (X + Z)/V/2, whose +1 eigenstate |Hy) is also a
magic state that is Clifford-equivalent to the conventional
|T) state. It is implemented as

Hy, = (H SWAPq’,(q)> H®",

gEA

(B3)

where H®" denotes physical Hadamard gates on all qubits,
followed by SWAP gates on each pair of mirrored qubits.
To measure Hyy, its controlled version involves CH
(controlled-Hadamard) gates acting on all data qubits,
and CSWAP (controlled-SWAP) gates on each pair of
mirrored qubit. Each CH can be written as
Ry(z/4)-CZ - Ry(—n/4), and each CSWAP gate can be
decomposed into a single CCZ gate and two CZ gates. In
total, there are (d? + 3(d —1)?) CZ gates and (d — 1)?
CCZ gates. The number of three-qubit gates is the same as
in Hyy, with an increase in the number of two-qubit gates,
as summarized in Table II. Therefore we choose to prepare
the |Hxy) state in this work.

We implement the controlled-Hyy using a combination
of controlled-SX and CCZ gates. Figure 6 shows the Hyy
check circuit for f = 3. Since the decomposition Hyy =
e~"/4SX introduces an extra phase factor, an additional T
gate must be applied to the ancilla qubit. This gate is
placed immediately before the ancilla X-basis measure-
ment. Figure 10 shows the Hyy check for f=35. In
practice, one may prefer the decomposition using CZ,
CCZ, and single-qubit gates as in Eq. (B2). In this form, no
T gate on the ancilla is required; instead, suitable single-
qubit rotations are applied before and after the CZ gates.

2. Injection scheme

In this section, we discuss different ways to inject the
|Hxy) state. Note that we restrict ourselves to injection
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into Rot(3) and not Reg(3) due to its lower spacetime
overhead. We consider the following:
1. Hook injection [40,42]. This injection scheme

consists of two rounds of stabilizer measurements.
In the first round, gates on Z-stabilizers along the
diagonal are deliberately misordered such that a
mid-cycle T gate on an ancilla is converted into a
logical operator. We discard any shots with non-
trivial measurement outcomes on fixed stabilizers—
or conflicting outcomes on unfixed stabilizers
across these two rounds. For a uniform depolarizing
noise model with strength p, the logical error rate of
this scheme is % p. Note that stabilizer-based
injection schemes such as this require a subsequent

measurement-based-fixup operation to ensure that
the codespace is the +1 eigenspace of all stabilizers.

. Lao-Criger injection [43]. This scheme also uses

two rounds of stabilizer measurements and thus has
a similar spacetime overhead to hook injection. For
a uniform depolarizing noise model with strength p,
the logical error rate of this scheme is % p- This is
higher than hook injection, therefore we do not
consider this injection scheme further in this work.
Unitary encoder + stabilizer measurements. Using
a unitary encoding circuit should reduce the space-
time volume of injection. Unlike optimizations
made in Ref. [9], here we consider a naive unitary
encoder with the physical |T) state as a part of the

(a) State injection scheme , (c) Pre-escape stabilizer measurements
102 5
5 ] » Reg(3)
10 ¢ Rot(3)
® Rot(5)
-3
1073 4 10 3
8 ]
© ©
T 1044 o
s 5 107 5
@ @
S 1075 4 S
(o)l (o)l
S S -
10 5
10—6 .
« Basic unitary enc.
4 p=0.0005 * Optimized unitary enc.
10-7 4 = p=0.001 * Folding unitary enc. 107° 3
* p=0.002 Hook injection ]
T T T T T T T T T T T T
1 2 3 4 5 6 7 8 910 1 2 3 4 5 6
Expected attempts Expected attempts
(b) GHZ ancilla size (d) Escape strategy
> ] e Stab. grow Rot(7) + unit. grow Rot(13)
107 5 = Stab. grow Rot(13)
1073 e Unit. grow Rot(9)
E Unit. grow Rot(17)
10—3 .
] 3
C 1044 T 10744
: 5
@ @
© ©
£ 1075 4 L
()] ()]
S 3 1075 5
1076 .
4 p=0.0005 & GHZ(3) B
1077 4 " p=0001 s GHZ(5) 107" 5
e p=0.002
T T T T T T T T T T T
1 2 3 4 5 6 7 8 910 1.5 2 25 3
Expected attempts Expected attempts
FIG. 13.  Alternative choices for cultivation subroutines. Each panel shows the performance of the f = 3|Y) state cultivation, but with

one modified step. The specific step that is modified is indicated by the title of the panels, and the modifications used are stated in the
legend. Our “baseline” choice used in the main text is indicated in bold. A uniform depolarizing noise model with strength p = 0.001 is
used throughout, unless indicated otherwise in the legend.
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initial product state. Note that unitary circuits
intrinsically allow weight-1 errors to spread to
weight-2 along a logical. Consequently, they
generally require a round of stabilizer measure-
ments to detect and post-select out these mech-
anisms.

4. “Optimized” unitary encoder + subset of stabilizer
measurements. It is possible to design an optimized
unitary encoding circuit that minimizes the spread
of damaging errors. This has been done in the
quantum toolkit of Ref. [39]. Using this package,
we obtain an optimized unitary encoder that re-
quires us to measure only three out of the eight
stabilizers of Rot(3) in order to detect weight-1
errors that spread along the logical. This further
reduces the spacetime volume for injection com-
pared to a naive unitary encoder. This injection
scheme is shown in Fig. 12 and discussed in
Sec. III C.

5. Folding unitary encoder + stabilizer measurements.
Other magic state cultivation schemes use a unitary
encoding circuit that first prepares a logical Pauli
state, then “folds” in the logical operator, rotates it
to the |Hyy) state, and then folds it back out
[9,11,12]. This preparation scheme reduces the
number of undetectable logical error mechanisms,
but has a higher overall circuit depth. Stabilizer
measurements are also required in this case to detect
data qubit errors.

Figure 13(a) provides a benchmark of the different
injection schemes described above (excluding Lao-Criger
injection). We plot the performance of f = 3 cultivation in
the presence of uniform depolarizing noise with different
strengths p. We observe a consistent hierarchy of perfor-
mance. For example, for all p, hook injection has the
highest initial expected attempts, and the optimized unitary
encoder has the lowest.

Table III summarizes the relative performance of each
injection scheme at p = 0.001. We focus on two quan-
tities: the number of initial expected attempts and the
lowest logical error rate obtained when fully post-selecting

TABLE III. Comparison of injection schemes under uniform
depolarizing noise of strength p = 0.001. Quantified by the
minimum expected attempts, and the error floors at full gap-
based postselection. Logical error rates have an uncertainty of
roughly 1 x 1077,

Min. expected  Min. logical error

Injection scheme attempts rate

Hook injection 1.62 8 x 1077

Basic unitary encoder 1.49 9x 1077

Optimized unitary 1.46 13 x 1077
encoder

Folding unitary encoder 1.54 7 x 1077

on the complementary gap. We note that that, within error
bars, the folding unitary encoding circuit reaches a logical
error rate of 7 x 1077, This is the required value provided
in Ref. [8] for factoring of large integers. However, it has a
higher initial expected attempts compared to other unitary
encoders.

The naive unitary encoding circuit has a balanced
tradeoff between logical error rate and expected attempts.
Therefore we use it for our simulations in the main text. This
choice may be amended based on the constraints of a given
architecture, along with logical error rates required of the
given application. An injection scheme that achieves opti-
mal performance remains the subject of further investiga-
tion. Finally, we note that unitary-based injection schemes
do not require mid-cultivation classical feedback. As such,
they may be more attractive to physical architectures where
measurement and subsequent classical feedback is slow.

3. Logical measurement

In this section, we discuss the various choices related to
measuring the Hyy operator after it has been injected. It is
important to perform this check efficiently while main-
taining the fault distance of the protocol.

In this work, logical checks are performed with ancillary
GHZ states. The size of the ancilla system can impact the
fault distance, as well as the expected spacetime volume.
For example, using only a single ancilla qubit for logical
measurements is insufficient as a single error on it may
propagate to multiple errors on data qubits, leading to
logical errors. On the other hand, an ancillary GHZ(n)
state permits fault-tolerant logical measurements in an
n-qubit code because any ancilla error does not propagate
to more than one data qubit. However, this requires an
unacceptably large spacetime volume for the fault-tolerant
preparation of the large GHZ(n) state.

Here we show that a GHZ(3) state is sufficient for
measuring the Hyy operator of Reg(3) with a fault
distance 3. Similarly, GHZ(5) states are sufficient for
Reg(5) with a fault distance 5.

We first prove that in the absence of errors, a GHZ state
of any size can be used to measure Hyy. From Eq. (B2),
we have that a Hyy consists of single qubit gates UZU" for
some U on diagonal qubits and CZ gates on each pair of
mirrored qubits. A controlled-Hyy gate therefore requires
one CZ gate for each diagonal qubit and one CCZ gate for
each pair of mirrored qubits. When an ancilla system is
prepared in an [-qubit GHZ(I) state stabilized by X®',
these CZ and CCZ gates can be implemented with their
control on any of the ancilla qubits. This holds because,
after all CZ and CCZ gates are applied, the stabilizer
becomes

2d-2
X% @ (H ZD[) ® (chmq)), (B4)

i=0 geEA
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which is independent of the particular choice of control
qubits of each gate. Finally, by applying a GHZ decoding
circuit on the ancilla qubits, X®/ is mapped to a single-
qubit X on one ancilla qubit. Measuring this in the X basis
yields the logical measurement outcome of Hyy.

a. Data qubit partitions

To achieve a desired fault distance f, the logical
measurement circuit has to be designed such that any
physical error with weight less than f does not result in an
undetectable logical error. This requires (i) a sufficiently
large ancilla GHZ state [ > f, so that each ancilla qubit
couples to only a limited number of data qubits, and (ii) a
carefully chosen assignment of ancilla-data couplings,
which prevents harmful correlated errors on the data.
We present this assignment as a partition of the data
qubits into / disjoint subsets, with each subset coupled to a
distinct qubit of an ancillary GHZ(!) state. These partitions
are represented by different colors in Figs. 6 and 10.

The partitions are constructed such that no combination
of [f/2] subsets fully supports a logical operator. For
example, in Fig. 6 no single partition is connected to a
pattern of data qubits that support a logical operator on
Reg(3). Otherwise, an error on that partition’s ancilla could
propagate to a logical error on the data, and a subsequent
error on the same ancilla could cancel the first one. This
combination of two errors may introduce an undetectable
logical error, lowering the fault distance of the logical check
circuit. In addition, it is desirable that the partition balances
the number of gates on each ancilla qubit, which enables a
shallow circuit and helps mitigate idle errors.

b. GHZ size

While a GHZ(3) ancilla is sufficient to achieve a logical
measurement circuit with fault distance 3, we also com-
pare its performance with that of a larger GHZ(5) ancilla
in Fig. 13(b). Using a larger ancilla reduces the circuit
depth required during logical measurements, but comes at
the expense of increased spacetime volume to prepare the
ancilla fault-tolerantly. In particular, we must include a
flag qubit to ensure the fault-tolerant preparation of
GHZ(5). The results in Fig. 13(b) include shots discarded
purely due to flagged GHZ(5) preparation, and thus may
overestimate the true overall discard rate. Compared to the
smaller GHZ(3), GHZ(5) offers little advantage in terms
of the expected spacetime volume. Thus, we choose
GHZ(3) in our protocol due to its lower overhead.

c. “Double-check” vs ‘“‘single-check”

Reference [9] uses a “double-check to measure a
transversal Clifford operator twice using a single ancilla
product state. This double-check provides two bits of
information about the logical eigenvalue, along with error
flags. Here, we simply choose to use two GHZ states to

5

Check circuit Double-check circuit

5 5 5

Rot-

Reg| 13 13 13

GHZ(3) check

GHZ(3) check

GHZ(3) check
-

Stabilizer msmt

Logical check using 2 GHZ(3) states Logical double check using [+)®* state

i AmmElE
Rot-| =N ' Rot-| & . = E
Reg| & = 5 Reg| —~ —~ | =
< | =i . = = |,
= || =5 /EH N N 5 1]
™ Ta| 2. o foui 2
N | O E: o O |8
= HE-H 1 8
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;5 H Idling :"E;
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qubits

time

FIG. 14. Spacetime volume of logical checks. We show the
space (vertical) and time (horizontal) cost of different cultivation
steps. The top row shows the space and time costs of the
preliminary gadgets that compose the logical checks. The lower
left shows the spacetime volume of two sequential single-
checks” with pre-prepared GHZ(3) states, showing efficient
pipelining. The lower right shows the spacetime volume of
the double-check” strategy of Ref. [9]. Red dashed lines
represent postselection on measurement outcomes.

check this operator (once per GHZ state). We obtain more
efficient pipelining of operations since we are not required
to wait for decoding and re-encoding of the ancillary
system. Consequently, we bypass the cost of either having
a longer idling time on the initial code during which errors
can build up, or having to do more stabilizer measurements
during this time.

Figure 14 shows a spacetime volume comparison of
these alternative check strategies. The prepared GHZ states
allow more compact cultivation, albeit at the cost of using
more qubits.

d. Higher fault distances

Figure 10 shows a partition of a Reg(5) code into five
subsets that enables fault-tolerant Hyy measurements. For
the partition to be valid, it must prevent any weight-4
physical error from propagating into an undetectable
logical error on the data. To guarantee f = 5, we impose
the condition that the union of any two subsets must not
contain the full support of a logical operator. Similar to the
Reg(3) code, the most dangerous scenario arises when
two errors occur on two ancilla qubits, propagate to the
data, and then two additional errors on the same ancillae
cancel the earlier ones, rendering the error undetectable.

For higher fault distances, we must also increase
the number of measurements of the fold-transversal
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Hyy operator. Specifically, we must measure Hyy at least
f— 1 times for a fault distance f. To see why, consider the
following adversarial error:
1. A single error during injection may cause a logical
error, as the injection circuit is not fault-tolerant.
2. A measurement error on the outcome of Hyy may
hide this logical error, yielding +1 and leading to
the belief that no error has occurred.

If we only measure the logical operator r < f — 1 times,
then we have a logical error on the code with only ¢ + 1
errors. To ensure that logical errors only occur after f
errors, must measure the logical operator f — 1 times. For
f =5, we can achieve this by doing two checks at Reg(3),
and two checks at Reg(5). This design reduces expected
spacetime volume compared to checking four times

at Reg(5).

4. Pre-escape stabilizer measurement

In this section, we discuss different options for
extracting stabilizer information after the logical checks
have been performed, but prior to the escape stage. This is
used for additional postselection in order to achieve low
error rates [44]. For example, in our f = 3 protocol a single
round of stabilizer measurements is needed after the
logical checks at Reg(3). However, it is not strictly
necessary to perform this check at Reg(3), and unitary
circuits may be used to transform to another code where
stabilizer measurements improve performance.

Figure 13(c) shows the performance of cultivation for
three different choices of code in which to perform these
“pre-escape” stabilizer measurements. We consider the
following options: (i) stabilizer measurements at Reg(3)
using a depth-4 circuit, (ii) stabilizer measurements at
Rot(3) using a depth-2 circuit, and (iii) growing to Rot(5)
and then measuring stabilizer using a depth-6. Measuring
at Reg(3) offers the best performance in terms of expected
attempts and logical error rate.

5. Escape strategy

In this section, we discuss different escape strategies.
The primary goal of the escape stage is to expand to a
larger code of distance d, > 2f. This is done as quickly as
possible in order to preserve the error scaling achieved by
cultivation. A secondary goal is to collect stabilizer
information from this larger code in order to post-select
based on the complementary gap. Note that d, is the
minimum code distance necessary to protect the magic
state. This is often going to be different to the final code
distance d;, required for use in a quantum algorithm. It is
most important to grow to d, rapidly; the subsequent
growth strategy to dy, is done after all postselection.

Reference [9] uses stabilizer measurement rounds to
grow directly to dy,. This stabilizer-based escape is

expensive in terms of spacetime volume, since several
gate and measurement layers at dy;, are required. Ref. [10]
also uses stabilizer-based escape, but only to d,, thus
overlooking the possible overhead associated with grow-
il’lg to dfin'

Recently, efficient unitary encoders have been proposed
that enable conversion from small- to large-distance rotated
surface codes in low depth [15,36]. While efficient in terms
of spacetime volume, a unitary escape strategy directly to
dy, does not by itself provide the stabilizer information
necessary for gap-based-postselection. Nevertheless, we can
examine its “theoretical” performance.

Figure 13(d) provides a comparison of unitary-based
and stabilizer-based escape strategies. To benchmark
purely unitary escape, we use a perfect measurement
round at the end of growth to compute a complementary
gap and obtain a logical error rate. Though this is
unphysical due to the perfect round of measurement,
unitary escape has both a lower spacetime overhead and
a lower error floor than stabilizer-based escape. This
demonstrates the limitations imposed by escape. We also
remark that in a setting where measurements are noisier
than gates, such as in neutral atoms, one may further
benefit from using unitary escape instead of measurement-
based escape.

In this work, we utilize a three-stage escape strategy
that is a combination of unitary- and stabilizer-based
growth steps. After the logical checks in Reg, we unitarily
grow to Rot. Then, we use stabilizer-based escape to grow
to Rot(d,), where we post-select on the complementary
gap. Finally, we unitarily grow to Rot(dy,). In doing so,
we avoid the large spacetime overhead of stabilizer
measurement rounds at dy,.

APPENDIX C: FAULT DISTANCE 5

In Sec. II we presented a cultivation protocol for fault
distance f=3. Here, we extend our protocol to a larger fault
distance f=5. This variant of our protocol reaches a lower
logical error rate by further fault-tolerantly checking the
Hyy eigenstate at Reg(5). Similar to previous works, we
find that a simple modification that changes our f =15
scheme to f =4 achieves comparable logical error rate
with lower overhead [9].

We begin by outlining our end-to-end f =5 protocol.
The initial stages are identical to that of f = 3. Specifically,
from injection up to the first two Hyxy checks at Reg(3).
Following this, we add the following steps:

1. Unitarily grow to Rot(5).

2. Perform r; stabilizer measurement rounds.

3. Unitarily grow to Reg(5) and perform two addi-
tional logical Hyy checks using a GHZ(5) ancilla.

4. Three-stage escape to Rot(dy,) which involves r,
stabilizer measurement rounds at Reg(5).
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Figure 2(a) shows the logical error rate of f = 5|Y) state
cultivation under uniform depolarizing noise model with a
strength p = 0.001. Setting (r, r,) = (2,0) we can reach
a logical error rate of 107 in fewer than 10 expected
attempts. This is an improvement over previous works that
require approximately 20 expected attempts in order to
reach this regime. In the following paragraphs, we re-
iterate the protocol from end-to-end for clarity.

Injection—We use a unitary encoding circuit to inject
the |Hxy) state into Rot(3). This is followed by a round of
stabilizer measurements. We post-select on any non-trivial
stabilizer measurement outcomes.

Cultivation—We use a unitary circuit to transform to
Reg(3) and measure Hyy twice with a GHZ(3) ancilla.
We then grow to Rot(5) and perform r; rounds of
stabilizer measurements.

Next, we grow to Reg(5) and measure Hyy twice again,
except this time with a GHZ(5) ancilla. We show the
circuit for this check in Fig. 10 (and the equivalent ¥ check
in Fig. 11). The GHZ(S) ancilla uses an extra flag qubit
such that no single physical error leads to a weight-2 error
on the GHZ(5) state.

At this stage, we may choose to measure stabilizers of
Reg(5) surface code r, times to further lower the LER
before escape. Through numerical search for the mini-
mum-weight error that causes a logical error, we observe
that r, >3 and r, > 1 are necessary to achieve f=15
scaling. This is because high-weight errors may appear in
Rot(5) arising from a single error before growth at
Reg(3). These errors can remain undetected by all
subsequent Hyy checks in Rot(5). They may then grow
to undetectable logical operators in future steps, reducing
the fault distance when r| < 3.

Escape—We use a three-stage escape strategy. First, we
unitarily grow to Rot(9). Next, we use stabilizer-based
growth to Rot(d), using ryq rounds of stabilizer
information for gap-based postselection. Finally, we uni-
tarily grow to Rot(dy,).

For our numerical simulations, we perform rq =5
rounds of stabilizer measurements on an intermediate code
of distance d,;g = 11. We choose a final code distance
dg, = 15 to be consistent with the choice in Ref. [9]. For
the third stage of escape we use the unitary growth circuit
proposed in Ref. [26]. If we were to use the same unitary
growth circuit as in the f = 3 protocol, the code distance
would double in a single step, taking d,;q = 11 to 21,
which exceeds our target final size.

Figure 15 shows the performance of f = 5 cultivation for
different numbers of stabilizer measurement rounds
(r1,r2). We choose (2,0) for our protocol. It has compa-
rable error floor to (2,1) and (3, 1) schemes, but lower
overhead as it involves less stabilizer measurement rounds.
Through exhaustive numerical search, the comparable
error floors of these alternatives are attributed to an
extremely low number of weight-4 logical error

10-3 4 * (2,0)
° (2,1)
. © (3,0
107* 5 3. 1)
1075_
2 107 4
s
o 1077 5
T
Y
g 1078 4
-
1079 5
- A000aapeeess o0
10710 - -
10*11 -
T T T T T T T T T
3 4 5 6 7 8910 20 30
Expected attempts
FIG. 15. Varying stabilizer measurements (r;,r,) for fault

distance f = 5 cultivation. Here, r; is the number of stabilizer
measurement rounds at Rot(5), and r, the number of rounds

at Reg(5).

mechanisms in (2, 0). We also disregard the (3, 0) scheme,
because it has a higher error floor of compared to the (2, 0)
scheme. Since both (3,0) and (2,0) have a fault distance
of 4, we suspect that the increased error floor is due to a
greater number of error mechanisms introduced by the
additional Rot(3) check at (3, 0). Note that all data shown
here include shots discarded due to flags during GHZ(5)
state preparation. Thus, it may overestimate the number of
shots required for cultivation using a set of pre-prepared
GHZ(5) states by about ~1%.

APPENDIX D: HANDOFF SIMULATION

In this section, we describe our handoff”” simulation that
combines both state vector and stabilizer simulators. We
use this technique to simulate the logical error rate of
|Hxy) magic state cultivation scheme. This is to be
contrasted with previous work that instead simulates |¥)
state cultivation as a proxy [9—12]. Our handoff simulation
directly samples noisy logical |Hyy) states produced by
the full protocol without approximations, while remaining
tractable for fault distance f = 3.

We achieve this by splitting our circuit into two parts,
which are simulated by a state vector simulator and a
stabilizer simulator, respectively. The state vector simu-
lation starts with the injection of |Hxy) and ends after the
completion of the Hyy measurements. This part of the
protocol contains all the physical non-Clifford operations
and is supported on a relatively small number of qubits.
The stabilizer simulation starts from the stabilizer mea-
surements after the Hyy measurement and ends after the
completion of the escape stage. This part of the circuit
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contains only Clifford gates and can be simulated effi-
ciently with a stabilizer simulator such as Stim.

In Appendix D 1 we describe the steps of the handoff
simulation, and how we combine the state vector and
stabilizer segments. Then, in Appendix D 2 we prove that
the simulation exactly samples the noisy |Hxy) states.
Finally, in Appendix D 3 we discuss the numerical results
and compare the cultivation of |Y) states vs |Hyy) states.
We remark here that our approach can be considered as an
adaptation of the splitting technique from Ref. [45] to
magic state cultivation.

1. Procedure

In this section, we describe the steps of our handoff
simulation for fault distance f = 3 cultivation.

Each step involves noisy operations unless specified
otherwise. The details of our cultivation protocol are
summarized in Fig. 1 and described in Sec. II.

a. State vector simulation

First, we use a state vector simulation to extract the
noisy state of Reg(3) immediately following Hxy checks.
This is achieved by means of a noiseless round of stabilizer
measurements. These are not the stabilizer measurements
used for postselection. Instead, they are a means of
extracting the logical state of the code, as well as the
state of the data qubits. The simulation proceeds as
follows.

1. Simulate the cultivation protocol up to and includ-
ing the Hyy checks. Post-select on any nontrivial
measurement outcomes. Namely, the outcomes of
the stabilizer measurements during injection and the
Hyy checks during cultivation.

2. Obtain the state vector |y} € C*" that describes the
thirteen data qubits of Reg(3).

3. Perform a round of noiseless stabilizer measure-
ments and obtain the bit string s € {0, 1}!? corre-
sponding to the syndromes.

4. Obtain the (normalized) state vector |y,) € C2" by
projecting |w) onto the subspace defined by s. This
is the state of the data qubits after measuring the
ancilla qubits and obtaining the measurement out-
comes s.

5. Construct a Pauli destabilizer D, by multiplying
strings of physical X and Z operators that cancel all
nontrivial syndromes in s by connecting each non-
trivial syndrome to the bottom or right boundaries
of the code.

6. Rewrite |w,) in the form of a logical state vector
multiplied by the destabilizer D:

|l//s> :Ds(a|0a> +ﬁ|1a>)’ (D1)

where |0,) and |1,) are the logical basis states of
Reg(3) and the coefficients are given by

a = (0,Dly,), (D2)

B = (1,|Dl|w,). (D3)

Remark 1: In practice, steps 2 and 3 above can be
condensed. This is achieved by applying the inverse of the
unitary encoding circuit U,. Applying Ul maps a repre-
sentative of the logical operators X, and Z, onto the X and
Z operators of a single data qubit. Simultaneously, it maps
the product of stabilizer generators onto single-qubit Z
operators on the twelve other data qubits. Therefore, with
appropriate post-processing, the syndrome bit string s and
the logical coefficients @ and f can be determined by
measuring the thirteen data qubits.

Remark 2: The noiseless stabilizer measurement out-
comes s are used only for the purposes of handoff; we do
not use s for decoding.

b. Stabilizer simulation

At this point, we handoff the results to a stabilizer
simulator. The purpose of the stabilizer simulator is to
sample logical Pauli errors that may occur after the Hyy
checks. As such, the stabilizer simulator only takes the
destabilizer D, as input from the state-vector simulator.
The logical state vector coefficients a and f are stored in
order to reconstruct the noisy magic state at the end of the
protocol. The simulation proceeds as follows.

1. Prepare the logical state |0,) € C2" of the Reg(3)
code using a noiseless unitary encoding circuit [46].
Then, apply the destabilizer D obtained from the
previous state vector simulation.

2. Proceed with the remainder of the protocol. Perform
anoisy round of stabilizer measurements of Reg(3)
and post-select for the trivial syndrome. If success-
ful, proceed with escape, obtaining measurement
outcomes g along the way.

3. Terminate the simulation at the end of MSC with a
round of noiseless stabilizer measurements on
Rot(dy;,) and obtain the measurement outcomes gq.

4. Propagate D, and the physical Pauli errors that were
sampled in the stabilizer simulation to the end of
line on each physical qubit in software.

5. Use two bits x and z to record whether the
propagated error anticommutes with the logical
operators of Rot(dy,), denoted X, and Z,. Here,
True is recorded as 1.

6. Decode using the syndrome information obtained
from the stabilizer measurements made during
escape, g and ¢g. Recall that this is another point
of postselection, depending on the confidence of the
gap-based decoder. From this, we obtain the cor-
rection operator R.
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7. Store two bits xp and zp to record whether the
recovery R anticommutes with X, and Z,. Again,
with True being recorded as 1.

c. Magic state reconstruction

Finally, we combine the two simulations. The noisy
magic state sampled by the handoff simulation is
|Hxy) =X, 2, (]0,) + B|1,)).  (D4)
where |0,) and |1,) are the logical basis states of Rot(d,).
Recall that @ and S are obtained from the state vector
simulation, while the bits x, z, xz, and z are obtained from
the stabilizer simulation. We declare whether a logical
error has occurred by comparing the noisy magic state to
the ideal magic state |Hyy) = (|0,) + e/*|1,))/v2. A
logical error has occurred when we find that

[(Hxy|Hxy)]* < 1. (D5)

2. Working principle

In this section we prove that our handoff simulation
exactly samples the noisy |Hyxy) states without approxi-
mation. First, we show that inserting a round of fictitious”
and noiseless stabilizer measurements after the Hyy
checks on Reg(3) does not disturb the outputs of the
noisy cultivation circuit. Intuitively, this is because any
state vector collapse caused by the noiseless measurements
happens regardless due to the actual noisy stabilizer
measurements performed shortly thereafter.

Consider the state |y) of the data qubits following the
logical checks. It is convenient to rewrite this state as

= chh//s)’
B

where |y,) is the state after projection onto the subspace
defined by the syndrome bit string s, and ¢, is a complex
coefficient. The noisy syndrome extraction circuit may be
expressed in the form

(D6)

C = PyaPuncC, (D7)
where C is the noiseless circuit, and P4, and P, are Pauli
errors on the data and ancilla qubits, respectively. The
noiseless syndrome extraction circuit C maps the syn-
dromes s onto the ancilla qubits:

ch ws) ® s))

The noisy circuit C has the following action on the data
and ancilla qubits:

Cly) @ [0)®") (D8)

Cllw) ® |0)®")

PddthncZ

= ch Pdat|l//s> ® Panc|s>)'

(lws) ® Is))
(D9)

Upon measurements of the ancilla qubits, we obtain the
state Py |w,) @ Panc|s) with probability |c,|%.

Now we will show that the handoff circuit with noiseless
stabilizer measurements preserves the same state and
statistics as Eq. (D9). As before, the initial state is
lw) ® |0)®"ae, First, we perform the round of noiseless
stabilizer measurements that are used for handoff. From
Eq. (D8), measurement of the ancilla qubits projects onto
the state y,) ® |s) with probability |cs|2 Then, we apply
the noisy syndrome extraction circuit C:

® ’O>®nam) = PdatPanc(|l//s> ® |S>)
= Pdat|l//s> ® Panc|s>v

C(lwy) (D10)

which is the same state as Eq. (D9). The noiseless circuit
C, followed by ancilla measurement, and then the noisy
circuit C result in the same state Py |y,) ® Pyc|s) with
the same probability |c,|?. Therefore, the noiseless stabi-
lizer measurements do not disturb the outputs of the noisy
stabilizer measurements in the cultivation stage, nor the
outputs of the rest of the circuit.

After the stabilizer measurements we are left with a state
lw,) that is confined to a two-dimensional subspace
defined by the syndrome bit string s. A basis for this
two-dimensional subspace is D|0,) and D,|1,), where D,
is the Pauli destabilizer defined in step 5 of the state vector
simulation.

We can write the state as

‘Ws) = Ds(a|0a> +ﬁ|1a>)’

where @ and f are given by Egs. (D2) and (D3). In this way,
the syndrome bit string s and the complex coefficients a
and f completely determine state |y).

We now wish to simulate the evolution |y) through the
rest of the cultivation protocol. While |y) is not guaran-
teed to be a stabilizer state, we will see that the measure-
ment outcome statistics of the stabilizer simulation are
unchanged if the state |y) is replaced by a stabilizer state
D,|0,). This is because the remaining Clifford circuit is
constructed to measure either stabilizers or operators that
anticommute with stabilizers, and not logical operators.
The sampling of measurement outcomes can be achieved
in the stabilizer simulator by preparing D,|0,), or indeed
any logical Pauli state.

The final noisy magic state is obtained from Eq. (D4).
Note that this depends on the logical coefficients a and f
(extracted from the state vector simulation), and the bits x,

(D11)
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FIG. 16. Comparing |¥) and |Hxy) state cultivation (a) including the escape stage and (b) excluding the escape stage. Simulations use
the fault distance f = 3 protocol, with uniform depolarizing noise of strength p. When we exclude escape, the two states have different

logical error rates.

Z, xp and zp (extracted from the stabilizer simulation).
Only the syndrome bit string s from Reg(3) is passed
between the two simulations, in the form of the destabilizer
D,. Finally, we point out that if the non-Clifford gates
transform Pauli errors in a simple way, then magic state
preparation can be exactly simulated on a stabilizer
simulator. Specifically, by rewriting the magic state den-
sity matrix into a linear combination of the density
matrices of pure stabilizer states [47].

3. |Y) vs |[Hxy) H cultivation

Here, we further compare |Y) and | Hxy) state cultivation
for our f = 3 scheme. Figure 16(a) shows the logical error
rate of cultivation for the two states under uniform depola-
rizing noise of different strengths p. We find that the
relationship between the LER of cultivation and the
expected attempts is very similar for the two different states.

In previous work, a truncated state vector simulation
was used to estimate the relative performance of Clifford
and non-Clifford state cultivation [9]. In these simulations,
the injection and cultivation stages are truncated by a
perfect round of stabilizer measurements and there is no
escape stage. Figure 16(b) shows the results of such
simulations for our protocol. We find that |¥) and
|Hyy) state cultivation performs differently in this setting.
Additionally, we observe that, at higher p values magic
state cultivation has a lower logical error rate and corre-
spondingly more expected attempts than the Clifford state.
This behavior is in contradiction to what is seen in
previous work [48]. To verify that our truncated state
vector simulation is performing reliably, we have also used
a stabilizer simulator for the |Y) state. This stabilizer
simulation agrees with the state vector simulation.

Taken as a whole, these simulations suggest that the
logical error rate of the protocol is dominated by error

mechanisms during escape. It follows that the truncated
simulations are thus not a reliable indicator of the true end-
to-end performance of cultivation protocols dominated by
error mechanisms during escape.

APPENDIX E: NUMERICAL SIMULATIONS

In this section, we present details as to how we obtain and
plot the data we show in the main text. Note that sample
code and circuits are included at Ref. [41]. Data were
generated using sinter and PyMatching [49,50].

1. Complementary gap plots

Data from other schemes—We obtained the data for
Fig. 2 from the Zenodo repositories of Refs. [9,10]. Note
that Ref. [10] uses 2D soft outputs in terms of the
parameters (Ppp2, Ppq), instead of the 1D complementary
gap. For plotting purposes we convert the data to a 1D
complementary gap using the function G = ¢gp:+
0.2¢p,4. To the best of our knowledge, these converted data
are near-indistinguishable from the optimized points chosen
from the 2D space shown in the original manuscript.

Error bars—The error bars shown are calculated using
an inbuilt sinter function, highlighting a region within a
factor of 1000 of the maximum likelihood. Note that for
handoff we performed 50 fewer state vector shots, and
oversampled the Clifford circuits on these outputs.

Final, perfect measurement—Our simulations include a
final perfect round of measurements in an actual MSC
protocol, such perfect syndrome measurement is not
present, and thus cannot contribute to the computation
of the complementary gap G. In order to verify that our
results do not rely on this noiseless information for the
computation of the complementary gap, we tested different
numbers of stabilizer measurement rounds during escape.
Note that the complementary gap plots for only unitary
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TABLE IV. Noise models. Channels are applied after the
unitary operation or reset, or before measurement.

Abbreviation SD6 PM1 or PM5
Name Standard depolarizing  Physically motivated
Noisy gateset CX(p) CZocal(P)
CY(p) CZnonlocal (p or 517)
CCZ(p) CCZ(5p)
AnyClifford, (p) AnyClifford, (p/10)
Initz(p) Initz(p)
Mz (p) Mz(p)
Idle(p) Idle(0)

growth-based escape solely rely on this perfect round and
are thus unphysical.

Baseline scheme used in Figs. 13(c) and 13(d)—In these
figures, the state preparation was achieved by means of

hook injection, instead of a unitary encoder used in other
simulations. Due to the modularity of MSC, we expect that
the relative hierarchy of performance between the curves
should not change if we were to use a unitary encoder.

2. Noise models

In Table I'V, we show the noise models used in this work.
A noisy unitary operation on n qubits is associated with the
relevant depolarizing Pauli channel {I,X,Y,Z}®"\[®"
occurring with the stated probability. For measurement
and reset in the Z basis, we apply a probabilistic X error
before and after the operations, respectively.

Note added: In a previous version of this manuscript,
reported f = 5 data incorrectly did not have idling errors at
a subset of circuit locations. Specifically, idles were
excluded on Reg(3) qubits that did not participate in

TABLE V. Spacetime volume comparison for f = 3 for different protocols. Each protocol is divided into multiple stages with their
corresponding overhead. Dot-product notation indicates qubit - steps, while expressions with an explicit “x indicate repeated execution
of the circuit. For example, A x (Q T) denotes a circuit with Q qubits and T time steps repeated A times. Note that in all circuits, the
preparation of a |+) state is implemented as preparation of |0) followed by a Hadamard gate, taking two steps. Similarly, each X-basis
measurement is counted as two steps.

Protocol Stage Spacetime volume Description
This work Inject 9-6+17-8 Unitary encoding of Rot(3).
Grow 13-4 Unitary growth to Reg(3).
Check x2 2x[2(3-4)+16-3] Hxy check; includes encoding/decoding GHZ(3).
Stabilize 25-8 Stabilizer measurements of Reg(3).
Grow 25-4 Unitary growth to Rot(5).
Stabilize X3 3x(97-8) Stabilizer-based growth to Rot(7).
Grow 169 - 4 Unitary growth to Rot(13).
[9] Inject 13-15 Stages defined as in Fig. 15 (left) of Ref. [9].
Stabilize 14-10
Check 2x(13-7)
Stabilize 3 x(337-12)
Escape and stabilize 3x(337-12)
[10] Inject 9-34+19-9 Stages defined as in Fig. 14(a) of Ref. [10].
Stabilize 19-9
Morph 15-5
Check 2x(24-9)
Morph and expand 343-10
Stabilize 3 x (337-8)
[11] Inject 9-10 Stages defined as in Fig. 1(a) of Ref. [11].
Stabilize 17-8
Deform 21-10
Check 2x(26-12)
Undeform 26-10
Stabilize 3 x (337-8)
[12] Stabilize 17-8 Stages defined as in Ref. [12].
Inject and stabilize 17-17
Grow 17 -4
Check 2x(24-9)
Grow 17 -4
Escape and stabilize 3 x (337-8)
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TABLE VI. Spacetime volume comparison for f = 5 for different protocols. Each protocol is divided into multiple stages with their
corresponding overhead. Notation identical to that of Table V. ("Note that this stage uses the unitary growth circuit from Ref. [26]).

Protocol Stage Spacetime volume Description
This work Inject 9-6+4+17-8 Unitary encoding of Rot(3).
Grow 13-4 Unitary growth to Reg(3).
Check x2 2x[2(3-4)+16-3] Hyy check; includes encoding/decoding GHZ(3).
Grow 25-4 Unitary growth to Rot(5).
Stabilize x2 2 x (49 -8) Stabilizer measurements of Rot(5).
Grow 49 -4 Unitary growth to Reg(5).
Check x2 2x(6-8+54-5+5-5) Hyy check; includes encoding/decoding GHZ(5).
Grow 81-4 Unitary growth to Rot(9).
Stabilize x5 5x(241-8) Stabilizer-based growth to Rot(11).
Grow 225-4 Unitary growth* to Rot(15).
9] Inject 13-15 Stages defined as in Fig. 15 (left) of Ref. [9].
Stabilize 14-10
Check 2x(13-7)
Stabilize 3 x(38-12)
Check 2% (39 12)
Stabilize 5% (449 - 12)
Escape and stabilize 5x (449 -12)
[10] Inject 9-3+19-9 Stages defined as in Fig. 14(a) of Ref. [10].
Stabilize 19-9
Morph 15-5
Check 2% (24-9)
Morph and grow 57-14
Stabilize 51-9
Morph 35-6
Check 2x(50-12)
Morph and expand 250 - 14
Stabilize 5 x (449 - 8)
[11] Inject 9-10 Stages defined as in Fig. 1(a) of Ref. [11].
Stabilize 17-8
Deform 21-10
Check 2x(26-12)
Undeform 2610
Expand and stabilize 25-4449-8
Deform 57-10
Check 2 x (66-17)
Undeform 66 - 10
Stabilize 5% (449 -8)
[12] Stabilize 17-8 Stages defined as in Ref. [12].
Inject and stabilize 17-17
Grow 17 -4
Check 2x(24-9)
Grow 17 -4
Grow 25-13
Stabilize 49 -8
Grow 49 -4
Check 2x(62-11)
Grow 49 -4
Grow and stabilize 5% (449 -8)
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FIG. 17. Survival of shots during cultivation. Fraction of activated qubits (blue) and survival rate of shots (pink) throughout the
protocol. We calculate this for a target logical error rate of (a) 2 x 107 with f = 3, and (b) 10™ with f = 5. This includes gap-based

postselection and unitary growth during the escape stage.

the logical CY check for the duration of the check. These
are the same qubits absent in Rot(3). This has now been
corrected, leading to a slight increase in the number of
expected attempts for f = 5 data, and a higher error floor
for the (3,0) scheme in Fig. 15.

3. Spacetime volume

We calculate the expected spacetime volume of protocols
in the following way. For a cultivation circuit, let M denote
the number of postselection stages which divide the circuit
into M + 1 segments labeled C;. Each segment C; has a
spacetime volume V;, defined as the product of the number
of active qubits and the number of gate steps (circuit depth).
Let f; denote the fraction of shots that proceed through the
first i postselection stages, with f;, = 1 by definition. At the
end, a fraction f,, of shots successfully passes all post-
selection stages, so on average the protocol has to be
repeated 1/f,, times to obtain a successful shot.

The expected spacetime volume per successful shot is
V= fLM Zf‘i o fiVi.Eachterm f;V; accounts for the expected

cost of executing segment C;, weighted by the fraction of
shots that reaches it. The prefactor 1/ f; accounts for the fact
that multiple attempts are typically required before obtaining
a kept shot. Note that when there is no circuit required after
the last postselection stage, such as complementary-gap-
based postselection in Refs. [9-12], V,;, = 0.

To make a fair comparison of the expected spacetime
volume at a fixed final code distance in Fig. 2(b), we
estimate the volume of the protocols in Refs. [9-12] at
dg, = 13 (for f = 3) and dj, = 15 (for f = 5). All stages
prior to the final escape are independent of the final
distance, so only the escape stage requires adjustment. In
the escape stage, the spacetime volumes of the escape
circuits themselves can be straightforwardly rescaled to
dg;,- For the final success rates, we note that in our protocol

the tradeoff between logical error rate and expected
attempts, shown in Fig. 2(a), does not depend strongly
on the final code distance. Guided by this observation, we
adopt the reported curves from Refs. [9-12] with different
final distances as estimates of the final success rates for our
desired dj,. For the protocols that implement escape via
stabilizer measurements, we assume three rounds for f = 3
and five rounds for f = 5.

The circuit depth of each segment in different protocols
depends on the specific implementation of gates and may
be reduced through circuit optimization. To estimate the
spacetime volumes V; for the protocols in Refs. [9,10],
we use their reported Stim circuits and count the circuit
depth without any further optimization. For our protocol,
we perform the same analysis using the circuits provided
in Appendix A. The number of active qubits and the
circuit depth of each segment for different f =3 and
f =5 protocols are summarized in Tables V and VI,
respectively.

4. Shot survival

Figure 17 shows the survival” of shots for the complete
cultivation process, including gap-based postselection. We
do this for a target logical error rate of 2 x 10~ (f = 3) and
10~ (f =5). The cultivation procedure is divided into
multiple stages, each corresponding to one round of qubit
measurements, following the convention in Ref. [9]. In our
plots, we assume that the final unitary growth is applied
only when the shot passes the gap-postselection. The orange
curve indicates the fraction of qubits activated in each stage
of the protocol, while the blue curve shows the survival rate
of shots as the process progresses. The final acceptance rate
is determined by the survival rate in the last stage, where the
code has successfully passed all postselection checks, and
has reached the target logical error rate.
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