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Quantum code surgery is a flexible and low-overhead technique for performing logical measurements on
quantum error-correcting codes, which generalizes lattice surgery. In this work, we present a code surgery
scheme, applicable to any qubit stabilizer low-density parity check (LDPC) code, that fault-tolerantly
measures many logical Pauli operators in parallel. For a collection of logically disjoint Pauli product
measurements supported on t logical qubits, our scheme uses O

(
tω(log t + log3 ω)

)
ancilla qubits, where

ω ≥ d is the maximum weight of the single logical Pauli representatives involved in the measurements
and d is the code distance. This is all done in time O(d) independent of t. Our proposed scheme preserves
both the LDPC property and the fault-distance of the original code, without requiring ancillary logical
codeblocks, which may be costly to prepare. This addresses a shortcoming of several recently introduced
surgery schemes, which can only be applied to measure a limited number of logical operators in parallel
if they overlap on data qubits.

DOI: 10.1103/gj8x-n5gg

I. INTRODUCTION

Topological codes, specifically surface codes, have long
been the leading candidates for the practical implemen-
tation of large-scale fault-tolerant quantum computation.
Recently, experiments have demonstrated subthreshold
scaling of surface codes [1,2] and logical operations on 2D
color codes [3–5]. Despite their many desirable properties,
topological codes in flat space have a notable limitation:
their low encoding rate leads to a significant space over-
head in achieving fault tolerance. This limitation motivates
the study of quantum low-density parity check (LDPC)
codes (see Ref. [6] for a recent review), which have higher
rate and therefore serve as candidates for low-overhead
fault-tolerant quantum memories [7,8].

For topological codes, particularly surface codes
[9], methods for logical computation are well-studied
[10–12]. Logical computation with quantum LDPC codes,
however, is an ongoing research area. Several methods
have been proposed, such as constructing codes with
native transversal gates [13–25], homomorphic logical

*Contact author: akcowtan@gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

measurements [26,27], and generalized surgery [28].
Transversal gates can in principle be performed in con-
stant time [29,30] and with no additional overhead on
the quantum code given a sufficiently powerful decoder,
but cannot be universal by the Eastin-Knill theorem [31],
and also require a quantum code to have particular struc-
ture [32]. Homomorphic measurements and generalized
code surgery (also known as LDPC code surgery or sim-
ply code surgery) are both techniques that perform logical
Pauli measurements on logical qubits, which makes them
well-suited to Pauli-based computation [33] where Pauli
measurements and magic states together enable univer-
sal quantum computation [34]. Nonetheless, homomorphic
logical measurements are, thus far, restricted to topological
codes and homological product codes. By contrast, gener-
alized code surgery is applicable to any LDPC code [35].

To perform code surgery, we initialize an ancilla sys-
tem, consisting of new qubits and stabilizer generators, to
deform the quantum code in such a way that chosen logi-
cal operators are decomposed into stabilizers, a procedure
that can be viewed as gauge-fixing or weight reduction
[28,36–41]. Code surgery performs a logical measurement
on the decomposed operators, which can be made fault-
tolerant by measuring all of the new stabilizer generators
for a sufficient number of rounds (typically taken to be the
code distance d) to prevent timelike errors. After obtaining
the logical measurement outcome, we then measure out the
ancillary qubits and return to the original code.
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FIG. 1. An example logical circuit with three timesteps of
Pauli product measurements. Each timestep contains logically
disjoint Pauli products, meaning that they act on different logi-
cal qubits, see Definition 1. The logically disjoint Pauli products
are measured in parallel.

In this work, we present a code surgery scheme that
performs parallel measurements of logical Pauli operators,
applicable to any LDPC codes. For a collection of logi-
cally disjoint Pauli product measurements (see Definition
1 and Fig. 1) supported on t logical qubits, our scheme uses
O

(
tω(log t + log3 ω)

)
ancilla qubits, where ω ≥ d is the

maximum weight of the single logical Pauli representatives
involved in the measurements.

This provides access to a wide array of parallel logi-
cal operations, which can be complemented by transversal
magic gates or magic state preparation to achieve universal
fault-tolerant quantum computation.

A. Related literature

In this work, we build upon substantial recent improve-
ments to quantum LDPC code surgery, which we nonex-
haustively review here, eliding many subtleties. Quan-
tum LDPC code surgery was first investigated by Cohen
et al. [28] using Tanner graphs, with a space overhead of
O(ωd) ≥ O(d2) per logical qubit to be measured, given
logical operator representatives with weight ω. This space
overhead was required to guarantee fault tolerance. We call
this the CKBB scheme from now on. Cowtan and Burton
[42] took a different approach, using homology, yielding
a similar construction where fault tolerance is not guar-
anteed but the overhead is reduced. This was found to be
sufficient to preserve the distance in small practical cases
[43]. Shortly after Ref. [43], the independent work of Cross
et al. [44] showed that if the measured logical operators
have suitable expansion properties, then the overhead of
the CKBB scheme can be qualitatively reduced without
a guarantee that the deformed code is LDPC. Later, Ide
et al. [41] and Williamson and Yoder [40] independently
proposed that one can directly construct an ancilla sys-
tem with sufficient expansion (instead of relying on the
existing expansion properties of the operators) to measure
an arbitrary Pauli logical operator with space overhead

O(ω log3 ω), where the log3 ω factor comes from graph
decongestion [45] and the deformed code remains LDPC.

Remark 1. More precisely, the decongestion overhead
was not discussed in Ref. [41], beyond stating that it is
polylogarithmic, as they found that in practice it was not
required for the codes of interest. In the first arXiv preprint
version of Ref. [40] it was erroneously claimed that the
decongestion overhead was O(log2 ω).

Performing Pauli product measurements of disjoint log-
ical operators was further improved by using adapters to
connect their ancilla systems in Swaroop et al. [46], build-
ing on earlier ideas of bridging from Ref. [44] and applying
the gauging measurement directly to disjoint logical oper-
ators in Ref. [40]. In summary, current methods require
O(rω log3 ω) ancillary qubits to measure the product of r
logical Pauli operators that are disjoint on the physical data
qubits.

Unfortunately, while there have been vast improvements
to the original O(dω) overhead of the CKBB scheme,
parallelization has presented a persistent obstacle. This
obstacle is present because, generically, the logical oper-
ators to be measured in a high-rate LDPC code overlap
substantially on data qubits as in Fig. 2(b), with the overlap
growing with the rate and distance of the code. Conse-
quently, deforming a code without drastically increasing
stabilizer weights or stabilizer overlap, and thereby losing
the LDPC property, is challenging.

To address the parallelization challenge, Zhang and Li
[47] proposed techniques called brute-force branching and
devised sticking, such that logical operators of the same
type, say Z̄ Pauli product measurements, can be measured
in parallel using a single ancilla system. At a high level,
brute-force branching uses branching stickers to create
new, disjoint representatives of logical operators on ancilla
qubits, which are then measured using the CKBB scheme.
Devised sticking, on the other hand, measures all logical
operators in a region of the code at once using the CKBB
scheme, but requires additional checks and qubits to avoid
measuring unwanted logical operators.

Zhang and Li’s techniques have three main limitations:
(a) they use the CKBB scheme for measurement, which
leads to worst-case space overheads of O(tω(log t + d))
and O(t2ωd) for measurement by brute-force branching
and devised sticking respectively, both of which are at
least quadratic in d as ω ≥ d [48]. (b) Their scheme cannot
measure operators containing Y terms in parallel without
using ancillary logical |Y〉 states, as proposed by Ref. [49,
Fig. 10] in the context of twist-free lattice surgery. To pre-
pare these logical |Y〉 states, Zhang and Li required that
the LDPC code used must support a transversal logical S
gate which is a nontrivial assumption. Distillation, as an
alternative, would be much more costly. Moreover, even
to measure operators containing a mixture of X and Z
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FIG. 2. A summary of our core construction. (a) We start with an arbitrary quantum low-density parity check code and a standard
logical basis [50] in which X̄i and Z̄j intersect on exactly δij ∈ {0, 1} qubits. (b) Our goal is to measure a set of logical Paulis that,
when decomposed in the standard basis, are qubit-wise-commuting, by which we mean that the operators’ supports on each logical
qubit are either equal or identity. (c),(d) Use low-density parity check surgery techniques, brute-force branching [47] and thickening
[40], to create completely disjoint representatives of the logical basis operators that are required. (e) Apply gauging measurement
[40], possibly with adapters [46] between disjoint components, to measure the desired set of logical Paulis. Most generally, to instead
measure arbitrary commuting sets of logical Paulis, we can use this core construction a constant number of times in sequence, see
Sec. III F.
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terms in parallel Zhang and Li required ancillary logical
|0〉 states. (c) Their scheme is specific to Calderbank-Shor-
Steane (CSS) codes, rather than more general stabilizer
codes.

B. Contributions

Our surgery scheme features two important improve-
ments. First, we use the gauging measurement scheme
of Ref. [40] instead of the CKBB scheme, which leads
to a significantly lower space overhead and more rigor-
ous guarantees on fault tolerance. Second, we consider
the problem of measuring a logically disjoint collection of
Pauli product operators, defined as follows.

Definition 1. For a quantum stabilizer code, suppose
we fixed a basis of X -type and Z-type logical opera-
tors X̄1, . . . , X̄k and Z̄1, . . . , Z̄k for the k logical qubits,
thereby fixing Y-type logical operators X̄1Z̄1, . . . , X̄kZ̄k up
to scalars. A logical Pauli product operator P is simply a
product of these single logical qubit operators, up to multi-
plication by stabilizers. The logical support of P is the set
of logical qubits on which P acts nontrivially. A collection
of logical Pauli product operators P1, . . . , P� is logically
disjoint if their logical supports are disjoint.

Intuitively, logically disjoint Pauli product operators act
on different logical qubits, i.e., there is no overlap in the
logical qubit support. For example, X̄1 ⊗ Z̄2 and Z̄3 ⊗ X̄4,
as shown in the first timestep of Fig. 1, are logically dis-
joint, but X̄1 ⊗ Z̄2 and Z̄2 ⊗ Z̄3, shown in timesteps 1 and
2, respectively, are not. Logically disjoint Pauli product
operators need not act on different physical qubits, and the
physical qubit supports may overlap substantially.

Our scheme can measure logically disjoint mixed type
operators that contain logical Y terms in parallel without
using ancilla |Y〉 states or codeblocks. This is a stronger
result than the scheme for measuring operators of the same
type (X or Z) introduced in Ref. [47]. In the same vein,
our scheme can also measure logical operators in parallel
on stabilizer codes which are not CSS.

We combine several elements from the recent literature
to obtain our results. First, we use a particular basis [50,
Sec. 4.1] and a generalized version of brute-force branch-
ing from Ref. [47] to obtain copies of the logicals to be
measured. Then we construct ancillary expander graphs for
each measurement, following Refs. [40,41], and use the
adapters from Ref. [46] to connect the ancillary systems to
generate product measurements.

At a high level, the overall space overhead of our
scheme comes from the fact that brute-force branching
t logicals, with weight up to ω each, costs O(tω log t),
and then measurement requires a further O(tω log3 ω). The
overall scheme described in this paper is summarized in
Fig. 2.

There are two ways to extend our scheme to measure
more general collections of Pauli operators.

(1) While we state our result in terms of logically
disjoint products, the same procedure applies to
nondisjoint Pauli products that have the same or
identity action on every logical operator. For exam-
ple, we can measure X̄1Z̄2Ī3 simultaneously with
Ī1Z̄2X̄3, but not X̄1Z̄2Ī3 with Z̄1X̄2Ī3. In this slightly
more general case, the asymptotic space overhead
of O

(
Tω(log T + log3 ω)

)
is the same except T is

now the total number of nonidentity logical Pauli
terms in the Pauli products (e.g., T = 4 for the above
example, the sum of the logical weights of X̄1Z̄2Ī3
and Ī1Z̄2X̄3).

(2) In Sec. III F, we extend our scheme to measure
arbitrary commuting subgroups of logical Pauli
operators, using twist-free surgery techniques from
Refs. [47,49]. These techniques require ancilla log-
ical states, which can be encoded in the same code
block or additional code blocks. The ability of our
scheme to directly measure logical Y terms in par-
allel significantly reduces the overhead in prepara-
tion of such logical ancillary states as compared to
Ref. [47].

In Table I, we compare prior schemes to our own. Col-
umn 1 is the CKBB scheme [28] and similar schemes,
including Ref. [44]. Column 2 contains the parallel mea-
surement schemes from Ref. [47], which use brute-force
branching and devised sticking, respectively. As brute-
force branching has a lower asymptotic overhead we
use that overhead for the comparison. Column 3 con-
tains the various schemes based on expander graphs,
Refs. [40,46,51]. There are many subtleties not included in
the table. For example, in columns 1 and 2, Refs. [28,47]
require moving to a subsystem code, which can prevent a
threshold, while Ref. [44] is not guaranteed to be LDPC,
but can obtain improved overheads in practical cases. In
column 3, Refs. [40,46] apply to generic stabilizer codes,
while Ref. [51] is specified only for CSS codes. Lastly,
there are two different definitions of parallelism used in
Ref. [47]:

(1) “Conventional” parallelism, whereby logical oper-
ations are applied simultaneously if they act on
different logical qubits, see Definition 1.

(2) “Ultimate” parallelism, whereby logical operations
are applied simultaneously if they commute.

In particular, in the latter case the logical operations may
overlap on logical qubits. While the majority of this work
focusses on the former case, which is reflected in Fig. 1
and Table I, we also extend our results to the latter in
Sec. III F. In that extension, the scheme is no longer logical
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TABLE I. Comparison of different surgery schemes. The space cost is the asymptotic space overhead of a scheme to measure t logical
Pauli operators with maximum representative weight ω while maintaining the code distance d. Logarithmic factors are suppressed
by Õ(·) notation. A scheme is labeled parallel when, for a generic low-density parity check code and set of logical operators to be
measured, the scheme maintains the low-density parity check property while measuring the logical operators in O(1) logical timesteps,
each taking up to O(d) rounds of syndrome extraction. A scheme is labeled S gate-free when it does not require transversal S gates or
|Y〉-state distillation. A scheme is stabilizer when it is applicable to generic stabilizer codes, rather than just Calderbank-Shor-Steane
codes. A scheme is logical ancilla-free when the scheme can be applied without requiring any logical ancilla qubits on top of the prior
physical qubit space overhead.

Scheme Refs. [28,44], Ref. [47] Refs. [40,46,51] This work

Space overhead O(tωd) Õ(tωd) Õ(tω) Õ(tω)
Parallel ✗ � ✗ �
S gate-free � ✗ � �
Stabilizer ✗ ✗ � �
Logical ancilla-free � ✗ � �

ancilla-free, but all the remaining rows in Table I are
identical.

Remark 2 (Weights of logical representatives). Exist-
ing methods of LDPC code surgery deform the local code
around logical representatives, hence the cost in terms of
additional qubits and checks is reliant on the choice of
representatives and their weights.

While there are codes for which such Pauli representa-
tives can always be chosen to have weight d, or weights
bounded by O(d) as the blocklength increases, this is not
true in general. 3D toric codes, for example, have X̄ logical
operators, which are asymptotically larger than d [52].

As a consequence, to be fully general, our costs must be
computed in terms of ω, the largest logical representative
weight of the Paulis to be measured, rather than d. Fur-
thermore, our surgery scheme requires the logical operator
representatives X̄1, . . . , X̄k and Z̄1, . . . , Z̄k to satisfy a set
of conditions regarding their supports. While such a basis
always exists in any stabilizer code [50], these representa-
tives could have weights that are asymptotically far larger
than d, bounded by O(n) in general. This is unsurprising,
as we require no additional structure of the LDPC code
which we are performing code surgery on, and good quan-
tum LDPC codes are known to exist [53], hence the logical
representative weights to be measured cannot be bounded
in general by anything less than O(n).

C. The setting

First, we assume that we can modify the qubit connec-
tivity between rounds of logical measurements, so we can
initialize new ancilla systems with very different connec-
tivity for each round of logical measurements without con-
cern. This is different from the setting of Refs. [44,54,55],
in which ancilla systems with fixed connectivity are con-
structed that can be toggled to measure different serialized
Pauli products.

Second, we focus on the asymptotic regime, rather
than considering finite-size codes with specific (pseudo-
)thresholds. For finite-size codes, we expect that our proce-
dure can be substantially optimized to reduce the overhead
far below what the asymptotic upper bound indicates, fol-
lowing Refs. [43,44]. For example, it has been found that a
variety of near-term codes do not require decongestion of
the expander graphs used for measurement [40,41]. Fur-
thermore, while brute-force branching is asymptotically
efficient, the constant factor overheads are formidable and
so minimizing the branching cost is vital for our scheme
to be efficient on low-blocklength codes. We leave such
numerical optimization to future work.

Third, the noise model we consider in our notion of fault
tolerance is a phenomenological Pauli and measurement
noise model, where Pauli faults may occur on data qubits
or measurement outcomes. The phenomenological noise
model is justified in Appendix D.

II. PRELIMINARIES

A. Stabilizer codes and Tanner graphs

Here we introduce some basic definitions and lemmas,
which are used later.

Definition 2. Let Pn be the Pauli group over n qubits.
A qubit stabilizer code Q is specified by an Abelian sub-
group S ⊂ Pn such that the codespace H is the mutual +1
eigenspace of S , i.e.,

U |ψ〉 = |ψ〉 ∀ U ∈ S , |ψ〉 ∈ H.

We say S is the stabilizer group for Q.

A qubit stabilizer code Q can be specified by a stabilizer
check matrix

H = [HX |HZ] ∈ F
r×2n
2 , such that H

(
0 1
1 0

)
Hᵀ = 0,
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FIG. 3. A Tanner graph for the [[9, 1, 3]] Shor code.

where a row [u|v] corresponds to a generator of the sta-
bilizer group, and therefore check on Q, iu·vX (u)Z(v), for
u, v ∈ F

n
2.

Definition 3. A qubit CSS code Q is a qubit stabilizer
code where the generators of S can be split into two sets
SX and SZ . SX contains Pauli products with terms drawn
from {X , I} and SZ terms drawn from {Z, I}.

Thus there is a stabilizer check matrix H for Q such that

H =
(

HX 0
0 HZ

)
, HX Hᵀ

Z = 0.

We commonly conflate a Pauli Z(v) operator with its
vector v in F

n
2, and the same for a Pauli X (u) operator.

Definition 4. An LDPC code family is an infinite fam-
ily of stabilizer codes such that the number of qubits
participating in each check operator and the number of
stabilizer checks that each qubit participates in are both
upper-bounded by a constant.

Logical operators in a stabilizer code are Pauli products
that commute with all the checks of the code. As the sta-
bilizer group is Abelian, all stabilizers are equivalent to
the trivial logical operator. The code distance d of Q is the
minimum Pauli weight of all the nontrivial logical operator
representatives.

We can use Tanner graphs to describe stabilizer codes,
see Fig. 3.

Definition 5. A Tanner graph is a bipartite graph with a
vertex for each qubit and each check. A qubit is connected
to each check in which it participates with an edge labeled
[1|0], [0|1], or [1|1] depending on whether the check acts
on the qubit as X , Z, or Y.

In our convention, data qubits are black circles and
checks are boxes. If a check only measures Z or X terms

then we omit the edge label, and instead label the box with
a Z or X . Therefore for a CSS code we have no edge labels,
and all boxes contain either Z or X labels. In this case, the
condition that all stabilizers commute is the same as saying
that the number of paths between every Z and X check is
even.

Depicting large Tanner graphs directly becomes
unwieldy, so we use scalable notation [56] to make them
more compact. Qubits are gathered into disjoint named sets
Q0,Q1,Q2, . . . , and the same for checks C0, C1, C2, . . . .
An edge between Qi and Cj is then labeled with the sta-
bilizer check matrix of Q restricted to Qi and lifted to Cj ,
so we have

[CX |CZ] ∈ F
|Cj |×2|Qi|
2 .

If that check matrix is all zeros then omit the edge entirely.
If the checks are all of the same type, then we omit the all-
zeros half of the check matrix; for example, if Cj contains
only Z checks then we label the check box Z and the edge

[CZ] ∈ F
|Cj |×|Qi|
2 .

For example, in Fig. 4 we show some basic scalable
Tanner graphs with qubit sets drawn as circles and check
sets drawn as boxes. We have (a) a generic stabilizer code,
(b) a CSS code, and (c) the hypergraph product [57] of a
classical code C, with bits L and check matrix ∂1, by a
repetition code R with blocksize 2 and check matrix (1 1).
See Appendix A 1 for a concise summary of hypergraph
product codes. We use Tanner graphs, particularly scalable
Tanner graphs, extensively to describe our procedures.

Throughout this work, we build on prior literature on
quantum LDPC code surgery. We now recount relevant
elements that we use.

B. Brute-force branching

Brute-force branching is a method for separating logi-
cal operators into new, disjoint supports on the leaves of
a tree, see Fig. 5. These new operators are equivalent to
the original, but are more convenient for performing logi-
cal measurements [47] without losing the LDPC property.
After logical measurements, the branches are removed
by measuring them out. Branching does not perform any
logical operation on the code.

Brute-force branching is formally defined as follows: let
Q be a CSS code. Let I = {vi : i ∈ 1, 2, . . . , t} be a set
of Z̄ logicals with support on some data qubits, and let
V = ⋃

i vi be the union of those supports. Any logical can
overlap with any other, and there may be other logicals J
with support wholly in V other than the vi logicals.

A brute-force branching of V is then a tree, which we
always take to be a binary tree, of small hypergraph prod-
uct patches, called branching stickers, connected to V in
such a manner as to separate all the logicals vi into disjoint
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(a) (b)

(c)

FIG. 4. Examples of scalable Tanner graphs. (a) A generic stabilizer code, (b) a Calderbank-Shor-Steane code, and (c) a hypergraph
product code.

supports. V is then the root of the tree, and each leaf
contains a copy of each vi.

Brute-force branching can be described by a scalable
Tanner graph, as shown in Fig. 6. Explicitly, let T (Q) be
the Tanner graph of Q. Let |I| = t. Take �t/2	 of the logi-
cals in I and let the union of their supports on data qubits
be S1. Let the set of all X -checks incident to S1 be χ1.
Including the edges E1 between S1 and χ1, these generate
a bipartite subgraph G1(S1 ∪ χ1, E1) of the Tanner graph
of Q. Then introduce a new graph Gᵀ

1 (S
ᵀ
1 ∪ χᵀ

1 , E1). This
graph has the same vertices and edges as G1, but each ver-
tex in Sᵀ

1 is a Z-check, rather than a data qubit, and each
vertex in χᵀ

1 is a data qubit, rather than an X -check. Con-
nect Gᵀ

1 (S
ᵀ
1 ∪ χᵀ

1 , E1) to the original Tanner graph of Q by
the introduction of edges (u, u′) for u ∈ S1 and its corre-
sponding u′ ∈ Sᵀ

1 for each u, and the same for v ∈ χ1 and
v′ ∈ χᵀ

1 . Now introduce another new graph H1, which is a
copy of G1. Connect H1 to Gᵀ

1 via edges (u′, u) for each
u′ ∈ Sᵀ

1 and (v′, v) for each v ∈ χᵀ
1 . Thus far, we have cre-

ated a single branch for �t/2	 of the logicals in I . The
creation of this single branch can be viewed as gluing a
hypergraph product code, see Fig. 4(c), to the code Q.

FIG. 5. Illustration of brute-force branching logical represen-
tatives with overlapping support.

Repeat this procedure for the other �t/2
 logicals: given
the union of their supports on data qubits S2 and χ2, all
X -checks incident to S2, construct Gᵀ

2 (S
ᵀ
2 ∪ χᵀ

2 , E2), con-
nect it in a 1-to-1 fashion, then construct H2 and connect it
to Gᵀ

2 in a 1-to-1 fashion [58].
Repeat this process O(log t) times until we have our t

logicals on different stickers on the leaves of the tree. Each
leaf corresponds to an equivalent copy of a logical vi ∈ I .
Hence all t logicals have disjoint support, and we have
preserved the LDPC property. If the initial logicals had
maximum representative weight ω then each level of the
tree uses O(tω) qubits and checks, so the number of addi-
tional qubits and checks required for branching will be at
most O(tω log t).

Of course, if there are logicals in V which have no over-
lap with any other logicals vi , they do not need to be
brute-force branched and can be measured directly. If the
initial code Q has a basis of logical operators of both Z̄
and X̄ type which are disjoint where they commute, as
with, e.g., disjoint surface code patches, then brute-force
branching is unnecessary.

In Appendix B we demonstrate branching in detail on
toy examples.

Lemma 1. Brute-force branching creates a new repre-
sentative on each leaf for each vi ∈ I and introduces no
new logical operators.

Proof. Here we give a proof sketch for readers famil-
iar with the CKBB scheme [28]. In Appendix A 2 we
introduce a new perspective on brute-force branching as
a series of mapping cylinders. This provides an algebraic
and formal proof, but which requires some knowledge of
elementary homological algebra.

For each vi ∈ I , consider the path P down the binary
tree from the root to its corresponding leaf. Multiply vi by
the Z checks connected to data qubits in vi on the first layer,
on the branch in the path P. As vi is a logical operator, this
product of Z checks leaves no support in layer 1 and cleans
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FIG. 6. Scalable Tanner graph for brute-force branching. Start-
ing with a union of logicals V, each layer of the binary tree splits
a union of logicals in two, until we are left with disjoint logicals
on leaves. In this Tanner graph we do not include the checks and
data qubits in the rest of the initial code Q, leaving only dangling
edges on the l.h.s. to suggest their existence. Similarly, we leave
dangling edges on the r.h.s. to suggest the existence of further
branching layers.

vi to one of the branches in layer 2. Continue this procedure
along P, until all support has been moved to the leaf corre-
sponding to vi. This logical is then another representative
of the same operator as vi.

When measuring Z̄ logicals in the CKBB scheme, oper-
ators corresponding to new logical qubits (gauge logicals)
appear precisely at every odd layer of the attached Tanner
graph, that is, Z layers [28]. Let ∂1 be the local code of
Z̄ logicals and incident X checks. Then, in the CKBB
scheme, the data qubits on odd layers and their incident
Z checks form a code ∂

ᵀ
1 . As ker(∂ᵀ

1 ) �= 0 in general,
these can form new gauge X̄ logicals, and indeed these
are the only new logicals that can appear, other than their
anticommuting Z̄ partner logicals [28].

When performing brute-force branching, all these new
gauge logicals are actually stabilizers. For any new gauge
logical g in an odd layer l, apply the corresponding X
checks in layer l + 1. This creates no new X support on
layer l + 1, as g ∈ ker(∂ᵀ

1 ) by definition, but does create
some X support on layer l + 2. This new X operator must
also not violate any Z checks on this layer, as it is a product
of a logical and a stabilizer. Continue applying X checks
until the last layer, at which point there are no new layers
upon which to add X support, and hence the gauge logical
was a product of X checks, and so a stabilizer.

This proof is essentially a cleaning argument, cf.
Ref. [59, Lemma 1]. �

Remark 3. As a consequence of Lemma 1, unlike in the
CKBB measurement scheme, we do not have to move to
a subsystem code when brute-force branching. The CKBB
measurement scheme for a Z̄ operator ends with a layer
of Z-checks, rather than a layer of X -checks when brute-
force branching, which leads to gauge operators which are
inequivalent to stabilizers.

Lemma 2 ([47, Theorem 2]). Brute-force branching
cannot reduce the code distance.

Proof. Assume we are branching Z̄ logicals w.l.o.g. on a
starting code Q with distance d. As there are no new logical
qubits, to prove that the code distance is preserved we only
need to show that multiplying old logicals in the starting
code by stabilizers in the new code does not reduce the
distance.

For the X distance, observe that all new X checks are
on new data qubits, but there are old X checks which have
been deformed to have support on the first layer of the
branching. Applying these old X checks cannot reduce the
weight of an initial X̄ operator’s support on Q below d, as it
only has new support on new qubits. In other words, if we
take an operator �̄X on Q and apply deformed checks CD,
the restriction of CD�̄X to Q must have weight at least d.
The new X checks only have support on new qubits, and so
cannot reduce the weight of any operator on Q. Therefore
the X distance is at least d.

For the Z distance, we start with an arbitrary operator
�̄Z on Q. Applying a new Z check in the first layer moves
the support of �̄Z from support of the check in Q to their
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matching data qubits in the second layer of that branch,
which is an X layer, potentially leaving behind more sup-
port in Q and on the first layer. We can repeat this process,
but there are always X layers after every Z layer so we
always add more support, and so the weight of �̄Z cannot
be decreased, hence the Z distance is at least d. �

Remark 4. The reason why the CKBB scheme [28]
requires O(d) layers to preserve the distance, rather than
only two layers for each branch when brute-force branch-
ing, is also because in the CKBB measurement scheme for
a Z̄ operator, we end with a Z layer rather than an X layer.

To perform brute-force branching of Z̄ logicals, we ini-
tialize all new qubits in the |+〉 basis at the same time
and then measure all checks. For X̄ logicals, the scheme
is dualized and we initialize in the |0〉 basis instead.

Lemma 3. Brute-force branching is a fault-tolerant
operation with fault-distance d, assuming we use at least d
rounds of stabilizer measurements. Unbranching by mea-
suring out ancilla qubits and measuring all stabilizers in
the original code is also a fault-tolerant operation, but only
requires one round of stabilizer measurements.

Proof. See Appendix D 1. �

Despite brute-force branching originally being defined
for X or Z-type operators on a CSS code, it is possible on
any stabilizer code under a suitable condition given below.
This observation is similar to the approach in Ref. [40] for
measurement, but for branching instead.

Lemma 4. Let Q be a stabilizer code. Let I =
{�̄1, �̄2, . . . , �̄t} be a set of t logical Pauli representatives
such that for each i, j ∈ [t] and data qubit α in Q either (a)
�̄i and �̄j act on α with the same Pauli operator or (b)
at least one of �̄i and �̄j act with identity on α. Then all
t logical representatives can be simultaneously branched
onto leaves.

Proof. For each data qubit α in V = ⋃
i �̄i, apply a

suitable single-qubit Clifford Cα to convert the logical rep-
resentative into a Z Pauli on that qubit. This permutes
the bases of incident checks accordingly. As the logical
representatives act with the same Pauli, or the identity,
this simultaneously changes the basis of every logical
representative in I on data qubit α to Z or I .

Now, every check on the code which locally anticom-
mutes with the action of any �̄i on a given qubit α has a
Yα or Xα term. Considering only the Xα component of a
Yα term, construct the branch accordingly as for Z̄ logicals
in a CSS code. Last, convert each data qubit back to the
original basis by applying C†

α .

As the checks all commute in the Z basis, they must
also commute when permuted back to their original basis.
Because there exists a product of checks which cleans each
logical �̄i to a leaf in the Z basis, the same product of
checks must clean that logical to a leaf in the original
basis. �

The basis changing is a step performed offline to com-
pute the checks and connectivity required for the branches;
the local Cliffords are not intended to be physically applied
on a quantum computer.

We illustrate the branch for S1 ⊂ V once the basis has
been changed to the Z basis below:

[AX |AZ] is the check matrix of the code Q restricted to
those checks with X -support in S1. Dangling edges are left
on the l.h.s. to indicate connections to the rest of the code
and on the r.h.s. to indicate connections to the rest of the
branch. There is a similar, overlapping branch for S2 ⊂ V.
Observe that this S1 branch is identical to Z̄ logical branch-
ing in a CSS code, albeit some incident checks to S1 in the
original code have some Z check component, because they
involve measurements in the Y basis. This Z check compo-
nent on the original code does not affect the commutation
relations or multiplication of logical operators through to
leaves by Z checks in odd layers.

Because this more general branching is equivalent to
branching Z̄ logicals up to local Cliffords and an irrelevant
AZ check component on the original code, all previous lem-
mas from this section apply. Another consequence of this
generalized branching is that each logical representative on
a leaf will be a product of Z Paulis, regardless of the basis
it acted on in the original code—whether it is a Z̄, X̄ , or Ȳ
operator.

C. Gauging logical measurements

Our procedure for fault-tolerant quantum computation
also involves gauging logical measurements [40]. Gaug-
ing logical measurements can be applied to any stabilizer
code. In the case where a code is CSS the gauging logical
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measurement framework coincides with the homological
measurement framework of Ref. [41].

Definition 6 ([40]). Let L be a Z̄ logical operator in a
stabilizer code. A measurement of L in the gauging logical
measurement framework uses a set of appended ancillary
qubits and checks forming a graph G(V , E ,F).
G(V , E ,F) has a set of vertices V , which are identified

with Z checks, in 1-to-1 correspondence with data qubits of
L. Each vertex has support on that data qubit in L given by
the correspondence. G also has a set of edges E , which are
identified with data qubits, and some of these are included
in deformed X checks which are incident to L. Lastly, G
has a set of faces F , which form a cycle basis of G. These
faces are for gauge-fixing, are only connected to edges in
E , and do not interact with the original code.

Using a scalable Tanner graph, we have

where L is the original logical operator and S is the set of
all X -checks incident to L. The sets V , E , and F are newly
introduced to perform the measurement, and

(1) F is a matrix defining the connectivity from Z
checks to data qubits in L; for our purposes, F = I .

(2) G is the incidence matrix of the graph G.
(3) M defines the connectivity from X checks incident

to L to new data qubits. M is determined by the
choice of graph and initial logical operator.

(4) N picks out a cycle basis of G, such that ker G =
imN ᵀ.

To perform the measurement, initialize all new edges
in G in the |+〉 basis and measure all stabilizers of the
deformed code.

The auxiliary graph G must satisfy some desiderata to
yield a favorable code surgery scheme.

Theorem 1 ([40,46]). To ensure the deformed code
has exactly one less logical qubit than the original code
and measures the target logical operator Z̄ = Z(L), it is
sufficient that

(1) G is connected.

To ensure the deformed code is LDPC, it is necessary and
sufficient that

(1) G has O(1) vertex degree.
(2) Each stabilizer of the original code has a short

perfect matching in G, and each edge is in O(1)
matchings.

(3) There is a cycle basis of G in which (a) each cycle is
length O(1) and (b) each edge is in O(1) cycles.

To ensure the deformed code has code distance at least the
distance d of the original code, it is sufficient that

(1) G has relative Cheeger constant βd(G, f (L)) ≥ 1.

We elide the details of the expansion properties and per-
fect matchings, as they are not the focus of this work. It
is sufficient for our purposes to say that, given any logical
operator, these desiderata can always be satisfied, and in
fact Ref. [40] proves that it is easy to do so.

The space overhead of such a graph for measur-
ing any arbitrary logical operator with weight O(ω) is
O(ω log3 ω). The log3 ω factor comes from decongestion
[45], whereby the graph is thickened in order to find a low-
weight cycle basis, a procedure which can be performed
efficiently by a randomized algorithm. By thickening, we
add “dummy vertices” which are not connected to the
original code Q but are required to maintain the LDPC
property.

Remark 5. The desiderata above ensure that the
deformed code is LDPC when measuring only one tar-
get logical operator or t disjoint logical operators. If there
are many representatives to be measured, and they overlap
substantially, then Theorem 1 is not sufficient to pre-
serve the LDPC property, as data qubits at the overlap are
involved in O(t) incident checks.

Lemma 5 ([40, Lemma 7]). If all the desiderata of
Theorem 1 are satisfied, the gauging measurement proce-
dure given by initializing all new data qubits in suitable
bases and measuring all stabilizers for at least d rounds of
measurement has fault-distance d.

D. Universal adapters

The last definition we need is that of adapters, whereby
ancilla systems for measuring disjoint logical Paulis using
the gauging logical measurements formalism can be con-
nected to measure their product.

Definition 7 ([46]). Consider two disjoint logical opera-
tors with accompanying graphs Gl and Gr defining gauging
logical measurement systems for each individual operator.
Then a universal adapter A is a set of additional vertices,
edges and faces connected to Gl and Gr. This converts Gl
and Gr into a larger, adapted graph Gl ∼A Gr.
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FIG. 7. Measuring Z̄lZ̄r without measuring either logical oper-
ator individually. The adapter edges joining auxiliary graphs Gl
and Gr into one larger auxiliary graph are those hosting the qubits
Q. The matrices Tl, Tr, Pl, Pr are efficiently determined using the
SkipTree algorithm, [46, Theorem 7]. We do not include in this
diagram qubits or checks outside the supports of the logicals
Z̄l and Z̄r, and instead suggest their existence through dangling
edges.

Theorem 2 ([46, Theorem 11]). Provided auxiliary
graphs to perform gauging measurements of nonover-
lapping logical operators Z̄0, Z̄1, . . . , Z̄t−1 that satisfy the
graph desiderata of Theorem 1, there exists an aux-
iliary graph to perform gauging measurement of the
product Z̄0 ⊗ Z̄1 ⊗ · · · ⊗ Z̄t−1 satisfying the desiderata of
Theorem 1 [60].

This gauging measurement first takes the set of oper-
ators Z̄0, Z̄1, . . . , Z̄t−1 and applies adapters as in Fig. 7
between t − 1 overlapping pairs of disjoint logicals, for
example, Z̄0Z̄1 then Z̄1Z̄2, etc. until all t logicals are con-
nected. In particular, the measurement can be performed
while maintaining the LDPC property and fault-distance
of the code.

This means that so long as we can separate logical
operators to have disjoint support, we can perform Pauli
product measurements of those operators freely. Impor-
tantly, the adapters add no further asymptotic overhead
beyond that of gauging logical measurements, so if we
have t Pauli terms in a logical product measurement we
can measure products of them with O(tω log3 ω) space
overhead.

Remark 6. The gauging measurement can be applied
directly to a product of disjoint logical operators, but in the
worst case this achieves a less efficient scheme than using
adapters. For a product of t terms with maximum represen-
tative weight ω, direct gauging logical measurements uses
O(tω log3 tω) additional qubits, while employing adapters
brings the qubit cost to O(tω log3 ω). Although the adapter
scheme can also be viewed as a large gauging measure-
ment, it structures the creation of the gauging measurement
graph in such a way to reduce the space overhead.

Unlike brute-force branching, we do not make use of the
finer details of gauging logical measurements or universal

adapters, and they can be considered black-box proce-
dures for the purpose of our work. See Ref. [54] for a
high-level overview of the construction of gauging logical
measurements and adapters.

III. THE PARALLEL MEASUREMENT
PROCEDURE

In this section we first consider only measuring single
logical qubits of the same type (X or Z) in parallel on CSS
codes. We then incrementally generalize this result to mea-
surements in different bases including Y. In Sec. III D we
generalize to stabilizer codes. Then in Sec. III E we show
how to measure Pauli products in parallel, and in Sec. III F
we show how to measure arbitrary commuting sets of Pauli
products.

Definition 8 (Individual Pauli operator). Let Q be a
quantum LDPC code, and let B = (C2)⊗k be a choice
of tensor decomposition of the logical space L of Q into
qubits, i.e., B ∼= L. Then an individual Pauli operator acts
on a single copy of C

2 in the tensor decomposition.

In other words, an individual Pauli operator P̄i acts on
only one logical qubit of Q. Clearly, this notion is basis-
dependent: if a different basis is chosen, the same physical
operator on the code could act on multiple (or different)
logical qubits.

Definition 9 (Pauli product). Let Q be a quantum LDPC
code, and let B = (C2)⊗k be a choice of tensor decompo-
sition of the logical space L of Q into qubits, i.e., B ∼= L.
Then a Pauli product may act on multiple copies of C

2 in
the tensor decomposition.

A Pauli product can then be expressed as
⊗

i∈[k] P̄i for
individual Pauli operators P̄i. Each P̄i in a Pauli product is
called a Pauli term, or just term, if it is clear from context.

A. Individual logicals of the same type

We first consider the simple case where we have many
logical qubits in a CSS code to measure simultaneously in
the same basis, either Z or X . For example, measuring Z̄1
and Z̄2 simultaneously. We call these Z-type measurements
and similarly for X -type measurements.

The method first uses brute-force branching, then unlike
in Ref. [47] the measurements on leaves are performed
using expander graphs [40] rather than hypergraph prod-
ucts [28]. We illustrate this procedure in Fig. 8.

Lemma 6. Let Q be a CSS quantum LDPC code. We
can simultaneously measure individual Pauli operators of
the same type (Z or X ), with representative weight at most
ω, on t different logical qubits of Q while retaining fault-
distance d and the LDPC property, using O(tω(log t +
log3 ω)) new data qubits and checks.
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FIG. 8. Branching and gauging measurement for two Z̄ log-
icals. Note that for just two logicals, branching is unnecessary
and the gauging measurement systems can be appended in-place,
but this scalable Tanner graph generalizes to an arbitrary number
of overlapping Z̄ logicals.

Proof. Perform brute-force branching on the logicals
vi ∈ I , using the union V of support on data qubits.
Next, we use gauging logical measurements, appending
expander graphs to the leaves of the brute-force branching
tree, measuring each of the individual logicals we desire to
measure. Any logicals which we do not wish to measure,
but that are contained in V, are not fully branched, so are
left without a leaf or appended expander graph.

By a combination of Lemmas 3 and 5, this procedure
is fault-tolerant with fault-distance d, assuming that the
brute-force branching step and measurement step are each
performed for d rounds of stabilizer measurements.

The brute-force branching process requires O(tω log t)
additional qubits, and the gauging logical measure-
ment a further O(tω log3 ω), resulting in a scaling
O

(
tω(log t + log3 ω)

)
. �

We next consider measuring single logical qubits in par-
allel, but where the measurement bases are a mixture of X s

and Zs. For this we need to branch both X̄ and Z̄ operators
at the same time.

B. Individual logicals of CSS type

Lemma 7. Let Q be a CSS quantum LDPC code. Let
the unions of Z̄ and X̄ logical representatives to be mea-
sured have no overlap, i.e., no Z̄ representative to be
measured intersects with any X̄ representative to be mea-
sured. We can simultaneously measure individual Pauli
operators with representative weight at most ω of either Z
or X type on t different logical qubits on Q while retaining
fault-distance and the LDPC property, using O(tω(log t +
log3 ω)) new data qubits and checks.

Proof. As each Z̄ logical has no intersection with an X̄
logical, each union of Z̄ and X̄ logicals can be branched
independently, and their representative copies on leaves
measured by gauging logical measurement. Formally, we
can apply local Cliffords to each X̄ logical to convert it
into a product of Z Paulis and compute the branching of
all t logicals as though they are Z̄ logicals using Lemma
4, then apply local Cliffords to convert back, to acquire a
valid branching for the logicals of mixed types. Hence we
can apply Lemma 6. �

Unfortunately, representatives of Z̄ and X̄ operators will
generally overlap substantially, even when they commute.
When the representatives overlap, the new checks intro-
duced in Z-type and X -type branches do not commute in
general, as the X̄ logicals are deformed when branching
Z̄ logicals and vice versa [47, Appendix F]. Thus Lemma
7 requires the representatives to be chosen such that no Z̄
representative to be measured overlaps with any X̄ repre-
sentative to be measured. This is always possible when the
logical operators are on different logical qubits, as stated
by the following lemma.

Lemma 8. Consider a CSS code Q with check matri-
ces HX , HZ and parameters [[n, k, d]]. We can find X̄
logical operators x1, . . . , xk ∈ F

n
2 and Z̄ logical operators

z1, . . . , zk ∈ F
n
2 of this code, such that |xi ∩ zj | = δij . Here

∩ denotes intersection as sets.

Corollary 1. In this basis, any set of X̄ and Z̄ operators
acting on different logical qubits have representatives such
that their unions have no data qubit overlap.

Remark 7. We consider this lemma a standard result
for CSS codes and include a proof in Appendix C for
completeness. We are aware of independent proofs, see
Refs. [61, Sec. 4] and [62, Sec. 6]. It is also a special case of
the “standard form” for stabilizer codes given in Ref. [50,
Sec. 4.1].

Remark 8. This choice of basis may give logical opera-
tors with substantially greater representative weight than
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the minimal weight possible for each logical operator.
Lemma 8 gives an upper bound on the representative
weight of a Z̄ logical of n − m − k + 1, so ω ∈ O(n) for
LDPC codes. Similarly, the cleaned X̄ logical represen-
tatives may have larger weight than otherwise. Thus we
emphasize that here ω is the largest weight of these chosen
representatives, not the minimum available for each logical
operator.

Of course, while Lemma 8 shows that there exists a
basis such that the unions of Z̄ and X̄ representatives do
not overlap, there may be many such bases, and many valid
choices of representatives with different weights; consider
for example a surface code patch, which has only one
logical qubit and many different representatives with dif-
ferent weights satisfying Lemma 8. Thus in practice it will
be vital to determine low-weight representatives satisfying
the no-overlap condition.

Remark 9. For general quantum LDPC codes, finding a
logical basis which possesses minimum-weight representa-
tives is NP-hard [63], and hard to approximate [64], even
without stipulating any further conditions such as the no-
overlap condition above. Therefore, with general surgery
schemes for logical measurement, even where the logical
basis does not have conditions on its properties, one must
be careful and compute the overheads in terms of ω, rather
than assuming each representative has weight d.

As an alternative option, rather than choosing new log-
ical operators that satisfy the no-overlap condition, we
could instead start with representatives that do overlap.
Next, branch the Z̄ logicals and track the overlapping
X̄ logicals, which are deformed by the branching. Then
branch these X̄ logicals on top of the deformed code,
so there will be some connectivity between the X̄ and Z̄
branches. When the X̄ logicals commute with every Z̄ log-
ical contained in V = ⋃

i vi, the deformed X̄ logicals will
pick up support in the branches with weight proportional
to the number of checks required to clean them from V.
When they do not commute with every contained Z̄ logi-
cal, which can happen if the logical operator basis is not
the chosen basis given by Lemma 8, then they may pick
up support on up to O(tω log t) new data qubits in the
branches. As O(tω log t) is not bounded by O(n) in gen-
eral, this can be far worse than choosing a suitable basis,
but could be preferable at finite sizes. We discuss this
further in Appendix E.

C. Individual logicals of non-CSS type

We now consider the case when there are also Ȳ Paulis
to be measured. Unlike in Ref. [47] we do not use ancilla
logical qubits or additional codeblocks for this procedure.
Instead, we use the same chosen basis as in Sec. III B.

Corollary 2. Let �̄i and �̄j be any two arbitrary Pauli
operators—X̄ , Ȳ or Z̄—on different logical qubits i, j with
representatives given by Lemma 8. Let α be an arbitrary
data qubit. Either (a) �̄i and �̄j act on α with the same
Pauli operator or (b) at least one of �̄i and �̄j act with
identity on α.

As a consequence, given any set of t ≤ k logical Pauli
operator representatives �̄1, �̄2, . . . , �̄t from Lemma 8 on
t different logical qubits, these can all be branched such
that an equivalent logical operator appears on each leaf.

Lemma 9. Let Q be a CSS quantum LDPC code, with
a chosen basis of logical operators given by Lemma 8.
We can simultaneously measure any Pauli operators on
t different logical qubits individually on Q while retain-
ing fault-distance and the LDPC property. Letting ω be
the maximum representative weight of logicals to be mea-
sured, this uses O

(
tω(log t + log3 ω)

)
new data qubits and

checks.

Proof. First branch using Lemma 4. After branching,
each representative is a product of Z Paulis on each leaf of
the tree. Then use gauging logical measurements to mea-
sure each Pauli term on each leaf. By a combination of
Lemmas 3 and 5, this operation is fault-tolerant with fault-
distance d, given that the branching and measurement steps
were each performed with at least d rounds of stabilizer
measurements. �

D. Individual logicals on stabilizer codes

We now show that our protocol for measuring individual
logical operators in parallel generalizes to stabilizer LDPC
codes which are not CSS codes. For this, we use the “stan-
dard form” of stabilizer codes given in Ref. [50, Sec. 4.1].
Recall that in standard form, which can be obtained by
Gaussian elimination, the stabilizer generator matrix of an
arbitrary stabilizer code Q has the form

H = [HX |HZ] =
[

I A1 A2 B C1 C2
0 0 0 D I E

]
,

where the first three columns are of sizes r, n − k − r, k,
respectively, and so are the second three columns; r is the
rank of HX as a matrix over F2. The two rows are of sizes
r and n − k − r, respectively.

It is then a standard result that we can pick a basis of
logical X̄ representatives given by the matrix,

�X̄ = [
0 Eᵀ I V1 0 0

]
,

where each X̄ logical is a row xi in the matrix, and V1 =
EᵀCᵀ

1 + Cᵀ
2 . Any two rows xi, xj act in the same basis on

any overlapping data qubits. This determines a basis of
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Z̄ logical representatives, which up to stabilizers can be
described by rows in the matrix,

�Z̄ = [
0 0 0 Aᵀ

2 0 I
]

.

Similarly, any two rows zi, zj act in the same basis (the Z
basis in this case) on any overlapping data qubits. Further
observe that any two logicals xi and zj where i �= j overlap
only on up to r data qubits, in which they act in the same
basis. Otherwise, if i = j they anticommute on exactly one
data qubit. Hence Corollary 1 also applies to this basis, and
we acquire the following lemma.

Lemma 10. Let Q be a stabilizer quantum LDPC code,
with a chosen basis of logical operators given by the “stan-
dard form.” We can simultaneously measure any individual
Pauli operators on t different logical qubits on Q while
retaining fault-distance and the LDPC property. Letting ω
be the maximum representative weight of logicals to be
measured, this uses O

(
tω(log t + log3 ω)

)
new data qubits

and checks.

We demonstrate the scheme for parallel measurement
on stabilizer codes in detail in Appendix B 2, using the
[[8, 3, 3]] code.

E. Measuring Pauli products

Measuring logical Pauli products in parallel is a straight-
forward extension of the scheme outlined above to mea-
sure individual logical Paulis in parallel. The extension
is straightforward because we can separate all logicals
included in a set of parallel measurements onto disjoint
supports by brute-force branching, and then applying uni-
versal adapters to the graphs introduced by the gauging
measurement leaves Tanner graph connectivity unaffected
elsewhere in the code, see Fig. 9.

Theorem 3. Let Q be a stabilizer quantum LDPC code,
with a chosen basis of logical operators given by Lemma 8.

FIG. 9. Illustration of brute-force branching followed by gaug-
ing logical measurements, with adapters for Pauli products.

We can simultaneously measure any logically disjoint
Pauli products on t logical qubits on Q while retaining
fault-distance and the LDPC property. Letting ω be the
maximum representative weight of logical terms to be
measured, this uses O

(
tω(log t + log3 ω)

)
new data qubits

and checks.

Proof. To measure Pauli products, we first repeat the
procedure from Lemma 10, branching each logical oper-
ator term in each product and then performing gauging
logical measurements. Now, we also introduce adapters
between the measurement graphs for operators whose
products are being measured. By Theorem 2 construct-
ing adapters to make a single Pauli product preserves the
desiderata of Theorem 1, and so fault-distance and the
LDPC property. As each logical appears only once in any
given product to be measured, by the assumption that we
are measuring t terms on different logical qubits, there are
at most two adapters connected to any measurement graph,
so the LDPC property is preserved for arbitrary sized
products. Similarly, each of the Pauli product measure-
ments acts on disjoint sets of logicals, so the fault-distance
of Lemma 5 carries through. The addition of universal
adapters does not change the asymptotic space overhead,
so the result follows. �

Note that ω is the largest representative weight of a
given Pauli term (X̄ , Ȳ, or Z̄) included in the measurement,
not the largest representative weight of a measured Pauli
product.

F. Arbitrary commuting products

The same procedure for measuring logical Pauli prod-
ucts in parallel described above can be extended straight-
forwardly to the case where we measure logical Pauli prod-
ucts containing terms which have the same, or identity,
action on every logical operator.

In this case, the procedure is the same as for Theorem
3, except that when branching individual representatives
to leaves we extend the branches [as depicted in Fig. 2(d)]
to give multiple copies of each representative on different
leaves. For example, if we wish to measure X̄1Z̄2Ī3 simul-
taneously with Ī1Z̄2X̄3, then we have four leaves in total:
one for X̄1, two for Z̄2, and one for X̄3. Therefore the space
overhead of O

(
Tω(log T + log3 ω)

)
from Theorem 3 car-

ries through, but T is now the number of nonidentity terms
in the set to be measured.

To measure an arbitrary commuting set � of logical
Pauli products in time independent of t, we cannot branch,
say, X̄1 at the same time as Z̄1 in order to measure X̄1Z̄2Ī3
simultaneously with Z̄1X̄2Ī3. Therefore we instead use the
technique of twist-free surgery from Ref. [49] to sepa-
rate each Pauli product into a pair of commuting products
which do not contain Ȳ terms, but do have additional
support on logical ancilla qubits.
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(a)

(b) (c)

FIG. 10. Implementations of the Pauli product measurement P = iu·vX [u]Z[v] from Ref. [49]. The measurement outcome of P is
determined by the two split Pauli product measurements and the Z measurement. The |Y〉 state in (c) is left unchanged. (a) Pauli product
measurement P = iX [u]Z[v]. (b) Equivalent measurement for u · v even. (c) Equivalent measurement for u · v odd.

While this is the same approach taken as in Ref. [47,
Appendix H], we have two advantages. First, the overall
space overhead of our scheme is lower as a consequence
of using gauging logical measurements and universal
adapters, rather than the CKBB scheme [28]. Second,
this approach uses ancilla |Y〉 states, which are poten-
tially costly to prepare in the context of [47]. The authors
proposed to either use a qLDPC code that supports a
transversal S gate or distil the |Y〉 states which incurs an
additional overhead. The parallel measurement protocol
we have proposed can prepare all required |Y〉 states in
one measurement round. In other words, we bootstrap our
measurement of arbitrary commuting sets off the ability
of our scheme to measure Y operators without using |Y〉
states.

We now describe the procedure to measure arbitrary
commuting products in more detail. We use the twist-
free gadgets [65] from Ref. [49], which first appeared in
Ref. [66]. In such gadgets, we split up a product into two
steps using ancillae. This uses the fact that any Pauli prod-
uct P to be measured can be described as P = iu·vX [u]Z[v]
for some binary vectors u and v defining the support of the
X and Z components. If there are an even number of Y
terms in P, so u · v is even, we initialize a single logical
|0〉 state on qubit A and split P into two products: X [u]XA
and Z[v]XA. If there are an odd number of Y terms, so u · v
is odd, we initialize one more logical |Y〉 = 1√

2
(|0〉 + i |1〉)

state on qubit B and split P into X [u]XAXB and Z[v]XAZB.
This |Y〉 state serves as a catalyst and is left unchanged by
the measurements. These different cases are illustrated in
Fig. 10.

Despite every product in � commuting, the decom-
position above may produce products that anticommute.
That anticommutation presents a problem for parallel

measurements: we would like to measure all the X -type
products in the same timestep and then all the Z-type prod-
ucts. To ensure this does not happen, the operators in �
must satisfy the following condition.

Definition 10 ([47, Definition 10]). The operator set �
is said to be regular if and only if ui · vj = 0 mod 2 for all
Pauli products where i �= j in �.

Example 1. Let � = {X̄1 ⊗ Ȳ2, Z̄1 ⊗ X̄2}. Then

X̄1 ⊗ Ȳ2 = X̄
[

1
1

]
Z̄

[
0
1

]
,

Z̄1 ⊗ X̄2 = X̄
[

0
1

]
Z̄

[
1
0

]
,

ignoring phase factors. In this example � is not regular, as

[
1
1

]
·
[

1
0

]
�= 0,

[
0
1

]
·
[

1
1

]
�= 0.

Although [X̄1 ⊗ Ȳ2, Z̄1 ⊗ X̄2] = 0, [X̄1 ⊗ X̄2, Z̄1 ⊗ Ī2] �= 0,
so the decompositions into X and Z-type products do
not preserve commutation. As a consequence, the X -type
products cannot be commuted through the Z-type products.

Given a general set� of commuting Pauli product mea-
surements, � may not be regular. However, observing that
� forms a generating set for a group of Pauli products 〈�〉,
it is shown in Ref. [47] that an alternative generating set
�′ ∪�′′ of 〈�〉 can always be chosen such that the sub-
sets �′ and �′′ are each regular. Measuring �′ and then
�′′ then performs the same logical operation on the code
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(a)

(b) (c)

FIG. 11. Conversion of the regular set of Pauli product measurements � = {Y1 ⊗ Y2 ⊗ Y3, Z1 ⊗ X2 ⊗ Y3 ⊗ Y4} into twist-free surg-
eries, using the identities in Fig. 10. All X -type measurements are commuted to the start, which is possible because � is regular. The
twist-free surgeries are implemented in two rounds of parallel measurements by surgery, not including the state preparation or final
Z measurements. Note that in this case, the set � required only two logical rounds of measurement, as the set has only two Pauli
product measurements, and so twist-free surgery does not reduce the time overhead. In general, commuting sets may contain up to
k independent Pauli product measurements on k logical qubits. (a) Sequential measurement of Y1 ⊗ Y2 ⊗ Y3 and Z1 ⊗ X2 ⊗ Y3 ⊗ Y4.
(b) Conversion into twist-free surgeries. (c) Commutation of all X -type measurements to the beginning.

as measuring �. We omit the details here, but refer the
interested reader to [47, Lemma 9].

As this is a different set of Pauli product operators than
�, the weights of the Pauli products in the set�′ ∪�′′ may
differ substantially from those in �.

We then separate the measurement of our Pauli products
into four steps:

(1) Measure each X [ui]XA or X [ui]XAXB for each X [ui]
belonging to �′ using a twist-free gadget.

(2) Measure each Z[vi]XA or Z[vi]XAZB for each Z[vi]
belonging to �′ using a twist-free gadget.

(3) Measure each X [ui]XA or X [ui]XAXB for each X [ui]
belonging to �′′ using a twist-free gadget.

(4) Measure each Z[vi]XA or Z[vi]XAZB for each Z[vi]
belonging to �′′ using a twist-free gadget.

We perform each step in parallel. Within each step,
every Pauli product operator to be measured contains terms

which have the same or identity action on every logical
qubit. As a consequence, we can use our previous branch-
ing and measurement scheme, introducing a leaf for each
term to be measured, to perform these measurements in
parallel. Each step requires O(t) |0〉 and |Y〉 ancilla logical
states, and O

(
Tω(log T + log3 ω)

)
additional data qubits

and checks to measure, where T is the total number of
nonidentity terms of Pauli products in that step.

In Fig. 11 we show a circuit where Pauli product mea-
surements are converted into twist-free surgeries, and the
X-type measurements are commuted to the start, such that
steps (1) and (2) may be performed. This separation into
steps using twist-free surgery increases the time over-
head of our scheme by a constant factor. Furthermore,
the preparation of O(t) |Y〉 states, which can be reused
throughout the computation as they are left unchanged
by the twist-free surgery, can be performed in O(d) time
by measuring Ȳ on each of those logical qubits at the
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start of the computation. This removes a major obstacle in
Ref. [47], where the preparation of these |Y〉 states incurs
a significant overhead to distil or requires transversal S
gates.

Finally, we remark that the ancilla logical |0〉 and |Y〉
states can be in the same codeblock on which we are
performing logical measurements, or in separate code-
blocks. The logical measurements involving these states
are performed using the same branching and measurement
scheme, described at the beginning of this section. The
overhead of preparing these additional high-distance code-
blocks is not a major concern, as we only need to prepare
them once, which can be done using parallel measurement
of individual Ȳ logical operators, as specified in Lemma 9.
Either way, we suffer a rate loss of at most a factor of 3,
which is acceptable in the asymptotic regime.

IV. DISCUSSION

In this work we have presented a scheme for parallel
quantum LDPC code surgery to fault-tolerantly measure
logically disjoint Pauli products supported on t logical
qubits using O

(
tω(log t + log3 ω)

)
ancilla data qubits, and

in time O(d), independent of t. This scheme requires no
ancilla logical qubits. We then showed how to leverage this
scheme to bootstrap a measurement protocol for arbitrary
commuting sets of Pauli products, using O(t) ancilla log-
ical qubits, and still not exceeding O(d) time to measure
the commuting set.

Throughout, we assumed that branching and gauging
measurement are separate steps, performed independently,
to aid with the proofs of fault-distance in Appendix D. We
expect that they can be performed simultaneously while
maintaining the fault-distance, but have not proved this.

In practice, for small codes it has been found that decon-
gestion is often not necessary, so the log3 ω factor vanishes
from the overhead [40,41], and in general the upper bounds
on overhead to preserve the distance tend to be very loose
in quantum LDPC surgery [43]. Moreover, recent work
implies that the log3 ω factor can be reduced to logω [67],
although the precise details are yet to be worked out. The
discussion in Ref. [67, Sec. 7.1.2] also gives evidence that
our scheme may have optimal space overhead for a generic
parallel logical measurement scheme, up to polylog fac-
tors, as our scheme can be seen as weight reduction: first of
the checks required to measure the logical operators (gaug-
ing logical measurement), then of the qubits that those
checks overlap on (brute-force branching).

It would be useful to avoid brute-force branching, to
remove the log t factor and the formidable constants asso-
ciated with branches, possibly by combining the gauging
logical measurements framework with devised sticking
[47], rather than brute-force branching. Unfortunately we
could not find a construction for doing so which allowed
us to provably use expander (hyper)graphs with gauged

cycles, and so retain a space overhead sub-quadratic in
d. Reference [68] takes a similar approach, albeit with-
out provable bounds on overhead. We remark that the
use of the logical basis in standard form, along with tog-
gling of connections using single-qubit Cliffords as in
Lemma 4, allow for a different measurement scheme for
logically disjoint Pauli products by devised sticking in
O(min(nd, tωd)) space, an improvement on the O(t2ωd)
of Ref. [47]. This would require moving to a subsystem
code, however. We leave the details for future work.

If parallel LDPC code surgery is to be performed with
branches, it is imperative to minimize the weights of
logical representatives while maintaining suitable overlap
properties. Another desirable improvement is to reduce
the O(d) time overhead [69] of a logical round while
retaining the parallelism of our scheme, without increasing
space overhead substantially. Recent work on fast surgery
accomplishes the reduction to O(1) syndrome measure-
ment rounds, but either at the expense of space [70] or
addressability on logical qubits [71]. Interestingly, the
addressable scheme of Ref. [70] has the same asymptotic
spacetime overhead as the parallel measurement scheme
in this work, suggesting that there may be fundamental
bounds on the asymptotic spacetime volume of distance-
preserving addressable logical measurements on general
quantum LDPC codes.

Recent work has focussed on performing surgery on
quantum LDPC codes in a fixed-connectivity setting
[54,55]. There are aspects of the scheme presented in
this work that function in a fixed-connectivity setting. For
example, branches for each single-qubit individual logi-
cal Pauli operator could be constructed in advance, along
with their expander graphs for gauging logical measure-
ment, then branches deleted when required. However, the
space overhead of doing this will be exorbitant, and includ-
ing all the connectivity for all possible adapters even more
so. How to attain a reasonable degree of parallelism in a
fixed-connectivity regime, either at blocklengths of prac-
tical relevance for large quantum algorithms or in the
asymptotic regime, without increasing space cost substan-
tially remains an open question, which we leave for future
work.

The most important outstanding question for practical
purposes is how much effect the combination of brute-
force branching and measurement has on the circuit-level
threshold of the code. Discerning this requires substantial
circuit-level noise simulations and will depend heavily on
the syndrome extraction circuits and decoder, so we also
defer this to future work.
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APPENDIX A: CONNECTIONS TO
HOMOLOGICAL ALGEBRA

1. Hypergraph products

Hypergraph products [57] are essentially tensor prod-
ucts of chain complexes, where one of the complexes has
been dualized. That is, denoting the hypergraph product
[C, D]• [73] then

[C, D]• := (D ⊗ C∗)•,

where − ⊗ − is the tensor product of chain complexes
[74,75].

Given C• and D• as scalable Tanner graphs,

which are classical codes and so have no Z checks (in our
convention), then the hypergraph product [C, D]• is

in scalable Tanner graph notation.
In particular, if we take the repetition code R• =

R1 → R0, with parity-check matrix

⎛

⎜⎜⎜⎜
⎝

1 1 0 · · · 0
0 1 1 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

⎞

⎟⎟⎟⎟
⎠

,

then the scalable Tanner graph of [R, D]• is

where all horizontal edges carry the label I , i.e., they are
identity maps. We can see that if D• is the classical code
corresponding to a Z̄ logical in a larger code Q, and its
incident X checks, then gluing [R, D]• into Q as a branch-
ing sticker makes another equivalent logical on each odd
layer of this scalable Tanner graph; in particular, there is
an equivalent logical on the very last layer. In brute-force
branching, we initialize trees of such hypergraph products
where each branch uses R• with the check matrix (1 1), but
varying D• to have a classical code decreasing in size, to
give equivalent logicals without overlap, as in Fig. 6.

2. Branching as a series of mapping cylinders

When the initial code Q is CSS, brute-force branching of
all Z or X -type operators can be rephrased in the language
of chain complexes. This appendix assumes the reader is
familiar with elementary homological algebra. By standard
theory [6], Q can be viewed as a chain complex C• over F2,
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where ∂2 = H T
Z and ∂1 = HX , and each vector space is

assigned a basis, such that

C2 = F
mz
2 , C1 = F

n
2, C0 = F

mx
2 ,

where n, mx, and mz are the number of data qubits, X -type
and Z-type stabilizer generators, respectively. Each data
qubit in Q can be identified with a basis element in C1,
and X (Z)-checks can be identified with basis elements in
C0(C2), respectively. The number of logical qubits in Q is
determined by the homology of C• at degree 1, i.e.,

kQ = dim H1(C).

Furthermore, each Z̄ logical operator can be identified with
a vector v ∈ C1, such that v ∈ ker ∂1; for each nontriv-
ial Z̄ logical operator, v ∈ ker ∂1\im∂2. Each equivalence
class of operators (up to Z stabilizers) with representative
Z̄ is associated with [v], the equivalence class in H1(C) =
ker ∂1/im∂2.

Let {Z̄i}i∈I be a set of Z̄ logical operators to branch.
{Z̄i}i∈I can be viewed as a set of F2-vectors vi ∈ C1.

Let A1 ⊂ C1 be a subspace of C1, defined by A1 =⋃
i supp(vi). That is, a basis element of C1 is included in

A1 if and only if it is in the support of a Z̄ operator to be
branched.

Then define a matrix ∂A
1 := ∂1 �A1 , restricting HX to

its support on A1. The codomain of this matrix is A0 =⋃
u∈im∂A

1
supp(u). In other words, A0 has as basis elements

all X checks which are incident to any qubits in the support
of any Z̄ operators to be branched.

The complex A• = A1 → A0 is a subcomplex of C•,
i.e., there is an injective chain map f• : A• ↪→ C•, which
maps basis elements to basis elements. As a commutative
diagram,

Note that the zero object and f2 map can be omitted, as the
map must always be zero. As f1 and f0 map basis elements
to basis elements, each of them has the form

(
I
0

)

up to permutation.

The branch can then be constructed as cyl(f ), where
cyl(·) is the mapping cylinder [75, Sec. 1.5]. Diagrammat-
ically,

where direct sums are taken vertically on the vector spaces.
To orient this construction in terms of quantum codes

and Sec. II B, observe that for any Z̄i with i ∈ I , multiply-
ing by the appropriate element in im∂cyl(A)

1 will shift the
support vi from its location in the original code to the new
data qubits A1 on the top row. That is, there is now an
equivalent representative of Z̄i with support wholly outside
of the original code, and so the mapping cylinder creates a
branch.

By inspection there is an injective chain map α• : C• ↪→
cyl(f ), mapping Ci → Ci.

Lemma A1 ([75], Lemma 1.5.6). The inclusion α• :
C• ↪→ cyl(f ) is a quasi-isomorphism.

That is, the restriction and corestriction of α• to homol-
ogy spaces is an isomorphism, i.e., Hi(α) is an isomor-
phism for all degrees i.

As a consequence, the addition of a branch introduces
no new logical operators. Note that the above Lemma is
stronger than H1(C) ∼= H1(cyl(f )) as vector spaces; it also
dictates that this isomorphism is given by H1(α), which
means that every Z̄ logical operator in C• is also present
in cyl(f ) and the equivalence classes are preserved, so
it is not the case that some logical qubits are removed
and replaced with different ones. See, e.g., Ref. [42] or
Ref. [76, Sec. 2.2.3] for discussion on interpreting logical
maps, i.e., maps between homology spaces, from physical
maps, i.e., maps between chain complexes.

Next, one can make a branch for a different set {Z̄j }j ∈J of
Z̄ logical operators, in the same manner [77]. This second
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branch is still well-defined by checking the diagram,

By iteration, one can build up a series of mapping cylin-
ders on A• and B•, branching all Z̄ logical operators to
have leaves. By applying Lemma A1 sequentially, one
immediately acquires a series of quasi-isomorphisms,

C• →̃ cyl(f ) →̃ cyl(f + g) →̃ · · ·

and so brute-force branching introduces no new logical
operators. This yields an alternative, more algebraic, proof
of Lemma 1.

Remark A1. In Ref. [51, Appendix A] mapping cylin-
ders were suggested as a potential formalism for treating
joint measurement. Here we use them for branching, a
different but related application.

Remark A2. We claim that the same proof via mapping
cylinders also applies to non-CSS stabilizer codes, but this
requires including the symplectic form in the chain com-
plexes explicitly [78], which complicates the construction.
In our case, all the branching on non-CSS codes toggles
check type to make the code locally CSS, see Lemma 4,
which obviates the need for such a formalism for branch-
ing, as Lemma 1 relies only on the code locally around the
representatives being branched.

APPENDIX B: TOY EXAMPLES OF
BRUTE-FORCE BRANCHING

In this appendix we give explicit examples of brute-
force branching and measurement.

1. Brute-force branching Z̄ logicals

We start with a toy set of Z̄ logicals. Consider a CSS
code Q, with Tanner graph T (Q), such that there is a

Tanner subgraph G(Vdata ∪ Vcheck, E),

For simplicity of presentation, we do not consider the rest
of the Tanner graph T (Q) (and therefore do not specify
the actual initial code Q). Crucially, the X -checks in G are
the only X -checks incident to the data qubits in Vdata; oth-
erwise, one can check that the deformed code would not
generally have commuting stabilizers. The data qubits in
Vdata may be incident to Z-checks elsewhere in T (Q), and
the X -checks in Vcheck may be incident to other data qubits
in T (Q).

Observe that there are three independent Z̄ logicals in G:
v1, v2, and v3. We highlight v1 in orange,
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v2 in pink, and v3 in blue.

Each of the Z̄ logicals in G have weight at least 3, including those that are linear combinations. Following the description
in Sec. II B, let I = {v1, v2, v3}, and t = 3. We choose �t/2	 = 2 logicals from I , say v1 and v2. We say that G1(S1 ∪
χ1, E1) is the subgraph of G where S1 = supp(v1) ∪ supp(v2) and χ1 is the set of X -checks incident to any vertex in S1.
Then the branch for the subgraph G1 has the following form:

Call this Tanner graph B1(G). Each data qubit in the support of S1 has a new Z-check in Sᵀ
1 connected to it; each X -check

in χ1 has a new data qubit in χᵀ
1 connected to it, and these have connections between them which mirror G1. Then, each

new Z-check in Sᵀ
1 has another new data qubit connected to it, and each new data qubit in χᵀ

1 has another new X -check
connected to it, in H1, the copy of G1, which is placed on the top left. Note that there is an injection of graphs G ⊂ B1(G),
i.e., we have built on top of the previous subgraph G. In B1(G) each of the logicals v1, v2 can be cleaned to the end of the
branch.
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v′
1, which is v1 after cleaning, is highlighted in orange below,

and v′
2 is highlighted in pink,
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Now, v′
1 and v′

2 are not disjoint from one another, but are disjoint from v3:

As v3, the other �t/2
 = 1 operator, is now disjoint from v′
1 and v′

2, we could leave v3 unchanged, but it is illustrative to
branch v3 as well, to indicate the structure for t > 3. Repeating the branching procedure for v3 yields the following Tanner
graph:
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where v′
3 is highlighted in blue below:

One could then continue, branching out v′
1 and v′

2, which we omit. This explicit Tanner graph is an instantiation of the
more abstract illustration in Fig. 5 before the last round of branching, which would yield disjoint representatives v′′

1 , v′′
2 .

Immediately from this toy example, one can see that for low-distance or low-rate codes, branching may incur a substan-
tial practical cost. However, for codes which are high-distance and high-rate, branching followed by gauging measurement
and adapters is asymptotically efficient.

2. Parallel measurement of mixed logicals

We now give a toy example of brute-force branching and measuring mixed logicals. For this example, we use the
[[8, 3, 3]] non-CSS stabilizer code from Ref. [50, Table 3.3].
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The [[8, 3, 3]] code has the stabilizer matrix,

⎡

⎢⎢⎢
⎣

1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 1 1 0 1 0 0 0 0 0 1 1 1 1
0 1 0 1 0 1 0 1 0 0 1 1 0 0 1 1
0 1 1 0 1 0 0 1 0 1 0 1 0 1 0 1

⎤

⎥⎥⎥
⎦

.

As there are checks with weight 8, the same as the length of the code, there is not a great deal of point in performing
LDPC surgery on the [[8, 3, 3]] code, as there is no sparsity to be preserved. Nevertheless, it is a reasonable toy example
for the purpose of demonstration.

In standard form [50, Sec. 4.1], the logical operators have the structure

⎡

⎢⎢⎢⎢⎢⎢
⎣

X̄1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1
X̄2 1 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0
X̄3 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0
Z̄1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1
Z̄2 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1
Z̄3 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎥
⎦

.

We choose an arbitrary selection of logical operators on disjoint logical qubits to measure in parallel: X̄1, Z̄2, Ȳ3. As
they act on disjoint logical qubits, and the logical basis is in standard form, by Lemma 4 we can branch simultaneously.

For illustrative purposes, we shall partition the terms into {X̄1, Z̄2} and {Ȳ3}, and branch {X̄1, Z̄2} together, then {Ȳ3}.
Then we shall split {X̄1, Z̄2} onto leaves and finally apply the gauging logical measurement scheme to measure X̄1, Z̄2, Ȳ3.

The union of X̄1 and Z̄2 acts as

[
X̄1 ∪ Z̄2 1 1 0 0 0 0 0 0 0 0 1 1 0 1 1 1

]
.

Every check in the code has a component which anticommutes with the action of X̄1 ∪ Z̄2, so the first branch will introduce
five new data qubits, as well as the seven new checks. The local structure of the Tanner graph T (Q) around X̄1 ∪ Z̄2 is

where vertices are labeled according to columns and rows in the check matrix, and edges are labeled according to
Definition 5.
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X̄1 is highlighted in orange,

and Z̄2 in pink,

As the X -component of X̄1 is disjoint from the Z-component of Z̄2, and vice versa, we can toggle the X -component of
the union, on qubits 1 and 2, to act as Z instead, using single-qubit Cliffords (in this case Hadamards), which yields the
local Tanner graph,
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In other words, despite the whole code not being CSS, we can consider the local code around the logicals to be branched
to be CSS and define a subcomplex as in Appendix A 2.

Using Tanner graphs, the branch has the following form:
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Afterwards, to make the local code agree with the rest of Q again, we toggle the X -component of the union in Q back.

Observe that after cleaning to the end of the branch, both X̄1 and Z̄2 act as products of Z Paulis.
Lastly, we can branch X̄1 and Z̄2 to be on distinct leaves, or measure them in-place. The same goes for Ȳ3.
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Focussing first on X̄1,

we follow Ref. [40] and construct a measurement graph,

where new Z-checks are vertices in the measurement graph, new data qubits are edges in the measurement graph, and the
new X -check gauge-fixes the cycle in the graph, cf. Definition 6.
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Repeating the process for Z̄2, we have

where the bottom right X check has two edges associated to it, as the X check has weight 4 on the logical operator Z̄2, see
Ref. [40, Remark 4].

Finally, for Ȳ3 we have
[

Ȳ3 1 0 0 0 1 0 0 0 0 0 0 1 1 0 1 1
]

,

which is also incident to all checks in the [[8, 3, 3]] code; all
of the new checks added to branch X̄1 and Z̄2 commute with
the action of Ȳ3 on each qubit, so Ȳ3 is left undeformed by
the prior branching. The local code, consisting of checks
which anticommute with the action of Ȳ3 on each qubit, is
then

As X̄1 and Z̄2 have been branched away from the support of
Ȳ3, we measure Ȳ3 directly. To do so, permute the actions
of Ȳ3 on data qubits to be in the Z-basis, applying H1 and
V5, where V = HSH and S = √

Z = (
1 0
0 i

)
. The permuted

local code is
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where now Ȳ5 acts as a product of Z Paulis. Then insert the
measurement graph as before,

before finally permuting the bases back by applying H1

and V†
5,

where, to avoid clutter, we have abused notation and kept
the new check measuring Ȳ5 a Z-check, but with a [1|1]
below to indicate the edge which is actually measuring Y.

All told, the scheme for measuring X̄1, Z̄2, Ȳ3 simultane-
ously used 27 new qubits and 30 new checks. This over-
head is largely because the original code is already dense,
so performing LDPC code surgery largely just adds over-
head without preserving any useful property. In practice,
measuring the [[8, 3, 3]] code could be done by adding three
new checks, one for each of the logicals to be measured.

One relevant saving, compared to the upper bounds
on cost, is that because all logical qubits are measured,
and all cycles in the measurement graphs are gauge-fixed,
the deformed code will have k = 0 and therefore d = ∞.
As a consequence the measurement graphs do not need
to be expanding to preserve code distance. All the other
desiderata of Theorem 1 are satisfied. The same princi-
ple applies more generally: the more logical qubits are
measured simultaneously on a quantum code, the fewer
logical operators remain from the original code, so the
less likely it is that cleaning them into the ancilla system
will reduce the distance, see Refs. [40,41]. As a conse-
quence, the higher the rate of measurement, the lower the
expansion of measurement graphs is likely to need to be.
Additionally, the X -checks required to gauge-fix cycles are
small enough that decongestion would not be required to
maintain any sparsity, with the maximum weight of these
checks being 3.

APPENDIX C: BASIS OF LOGICAL OPERATORS
FOR CSS CODES

Lemma 8. Consider a CSS code Q with check matri-
ces HX , HZ and parameters [[n, k, d]]. We can find X̄
logical operators x1, . . . , xk ∈ F

n
2 and Z̄ logical operators

z1, . . . , zk ∈ F
n
2 of this code, such that |xi ∩ zj | = δij . Here

∩ denotes intersection as sets.

Proof. Let mZ and mX be the rank of HZ and HX ,
respectively. Let us row-reduce the matrix HZ to the form
HZ = [ImZ , RZ], where ImZ denotes an identity matrix and
RZ is a mZ × (n − mZ)matrix, discarding any all-zero rows
[79]. Let LZ be a k × n matrix whose rows are a basis of Z
logical operators of the code Q, and similar for LX . Stack
HZ with LZ to form the following (mZ + k)× n matrix:

MZ =
[

ImZ RZ
LZ

]
.

Perform row-reduction on MZ , but with the following rule:
we can add any of the top mZ rows (corresponding to rows
of HZ) to any of the bottom k rows, and we can add any of
the bottom k rows to any of the bottom k rows. We are not
allowed to add any of the bottom k rows to any of the top
mZ rows. Up to permutation of columns, we can reduce MZ
to have the form

MZ =
[

ImZ RZ
0k,mZ Ik L′

Z

]
,

where L′
Z is a k × (n − mZ − k) matrix and 0k,mZ denote

a k × mZ matrix of zeros. Note that n − mZ − k = mX .
From here on, we will fix the ordering of columns and no
longer permute them. These last k rows are our Z logical
operators zi.
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Now consider the matrix HX . We know that the rows of
HX span the dual space of the row space of MZ . Therefore,
let us write down a basis of this dual space, which will be
an equivalent set of X-stabilizer generators of Q. Let

H ′
X = [

RX ImX

]
,

where RX is a mX × (n − mX ) matrix. We need to find RX
such that every row r of H ′

X satisfies MZr = 0.
Let us write RZ = [RZ,1, RZ,2], where RZ,1 is a mZ × k

matrix and RZ,2 is a mZ × mX matrix. Then

MZ =
[

ImZ RZ,1 RZ,2
0k,mZ Ik L′

Z

]
,

and we will take

H ′
X = [

(RZ,2)
� + (RZ,1L′

Z)
� (L′

Z)
� ImX

]
.

One can check that MZH ′
X = 0, which means the rows of

H ′
X form a valid basis of X-stabilizers. We can now stack

H ′
X with LX and get

MX =
[

RX ImX
LX

]
,

and we apply stabilizers to operators such that

MX =
[

RX ImX
L′

X J 0k,mX

]
,

for some k × mZ matrix L′
X and k × k matrix J . Note that

the last k rows of MX form a basis of X-logical operators
of Q.

We claim that J must be full-rank. If not, there exists
a vector x generated by the last k rows of MX that has
the form x = [x′, 0, . . . , 0], where x′ is a length mZ vector.
Consequently, HZx� = x′, which contradicts the assump-
tion that HZM�

X = 0. Therefore J must be full rank, we
can reduce the last k rows (only adding these last k rows
among themselves) of HX to

[
L′′

X Ik 0k,mX

]
.

These vectors are the X logical operators xi of Q, which
satisfy the desired intersection rules with the Z logical
operators. �

APPENDIX D: FAULT-TOLERANCE PROOFS

For all our proofs of fault-tolerance, we closely fol-
low the approach in Ref. [40]. For this it is necessary to
recall some definitions and conventions from the litera-
ture. We follow the general approach to fault-tolerance
via repeated syndrome measurements [29], and the fault-
distance is taken with respect to phenomenological noise;
that is, there are faults on data qubits that can occur at any
timestep, including initialization and measurement, and
there are measurement faults on syndrome qubits that can
occur at any timestep.

The choice of phenomenological noise is justified as fol-
lows. Consider performing bare ancilla syndrome extrac-
tion, introducing a qubit for each check, entangling the
incident data qubits, then measuring out the check qubit.
When the spacetime code is LDPC, the syndrome extrac-
tion circuit fault-distance is lower-bounded by d/c, where
d is the phenomenological fault-distance of the spacetime
code and c is a constant. See, for example, the discussion
in Ref. [80, Sec. 5], or Ref. [81, Sec. 6.3]. The constant
c is of vital importance in practice, and syndrome extrac-
tion circuits must be optimized to reduce it, but for the
purposes of asymptotics it can be ignored. Moreover, as
our parallel measurement scheme is generic, applicable to
any stabilizer LDPC code, it is unfeasible to use circuit
fault-distance directly, as we do not presume syndrome
extraction circuits are defined in advance for the initial
codes.

All our procedures begin at time t0 followed by at
least d rounds of syndrome measurement in the initial
distance-d code Q. Then there is a code deformation step
at time ti with d rounds of syndrome measurement in
the deformed code. When branching, we do not deform
back immediately, but instead leave at least d rounds of
syndrome measurement before future gauging logical mea-
surements are applied. Then finally the code is unbranched
at time to.

As the fault-tolerance of gauging logical measurements
was proved in Ref. [40], we do not prove it here, but
instead take as given that following branching there is
an intermediate series of rounds of syndrome measure-
ment such that upon exit of the gauging logical measure-
ments procedure we then unbranch the code, ready for the
next timestep in the logical circuit. That is, we have the
circuit
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where between each procedure and at each end there are
d syndrome measurement rounds, labeled “Idle.” These
“padding” steps are required for the proofs to prevent
timelike errors entering the spacetime in which each code
deformation procedure is performed; however, we expect
they are not always necessary in general [82]. Indeed, we
expect that the entire circuit above can be performed by ini-
tializing all new ancilla qubits, measuring all new checks
for d syndrome measurement rounds and then measur-
ing out all ancilla qubits, i.e., using only approximately d
syndrome measurement rounds in total,

This more compact procedure would then be a single par-
allel gauging logical measurement, where the Z checks
used to infer a given Z̄i logical measurement include those
which clean an initial vi to its final location on the leaf of a
branch. We do not prove that this is possible here, as such
a proof would be cumbersome, and it does not affect the
asymptotic time overhead.

We also follow Ref. [83] and use the convention that the
initial and final rounds of measurement in the branching
and unbranching procedures are perfect, which is justi-
fied by the “padding” as any fault that involves two code
deformations, or both a code deformation and the initial or
final boundary conditions, must have weight greater than d
[40, Remark 29].

Definition D1 (Space and time faults). A space fault is
a Pauli error operator that occurs on some qubit during the
implementation of a code deformation. A time fault is a
measurement error where the result of a measurement is
reported incorrectly during the implementation of a code
deformation. A general spacetime fault is a collection of
space and time faults.

We consider state initialization faults to be time faults
that are equivalent to space faults by decomposing them
into a perfect initialization followed by an error operator.

Definition D2 (Detectors). A detector is a collection of
state initializations and measurements that yield a deter-
ministic result, in the sense that the product of the observed
measurement results must be +1 independent of the indi-
vidual measurement outcomes, if there are no faults in the
procedure.

Remark D1. Some detectors have an empty collection
of state initializations, i.e., they consist only of measure-
ments: for example, repeated measurement of a stabilizer
check constitutes a detector. Other detectors include both
state initializations and measurements: for example, ini-
tialization of a CSS code in the |0〉⊗n state, followed by
measurement of Z-type checks. In our case, we have both

classes of detectors; the latter class arises from initializ-
ing new data qubits in the ancilla system then performing
measurements upon them.

Definition D3 (Syndrome). The syndrome caused by
a spacetime fault is defined to be the set of detectors
that are violated in the presence of the fault. That is, the
set of detectors which do not satisfy the constraint that
the observed measurement results multiply to +1 in the
presence of the fault.

We follow Ref. [40] in our convention for labeling time
steps, whereby detectors and space errors occur at integer
timesteps, but syndrome measurements and measurement
errors occur at integer + half timesteps. Thus the first code
deformation measurements are made at timestep ti + 1

2 ,
and the final measurements before d rounds of padding are
made at timestep to + 1

2 .
Check sj is the j th check in the original code and s̃j the

(possibly deformed) check from the original code in the
new deformed code.

We consider the ancillary system to be an incidence
structure, i.e., a chain complex, called C. While this inci-
dence structure is not generally a cell complex, we never-
theless associate new Z checks to vertices, new data qubits
to hyperedges and new X checks to faces; this is a labeling
to match the similar proof in Ref. [40], where the incidence
structure is strictly a cell complex.

We call a new Z check in the branching procedure an Av
check, corresponding to a vertex v. Similarly we have a Bp
check on a face p in the X basis at time t.

Ze and Xe act as Z and X Pauli operators on ancillary
qubits associated with a hyperedge e. Xi and Zi act as X
and Z Pauli operators on a data qubit in the original code
labeled i.

1. Proof of Lemma 3

Assume we are brute-force branching Z̄ logicals. This
does not lose generality, as the generalized branching from
Lemma 4 is equivalent to branching Z̄ logicals up to single-
qubit Cliffords, using the same arguments as in Ref. [40].
Before time ti we have the code Q, with distance d. All
new data qubits are initialized in the |+〉 state at time ti,
and all checks are measured from time ti + 1

2 to to + 1
2 .

All new X checks, in the absence of errors, deterministi-
cally return the +1 outcome. The new Z checks, however,
return random outcomes due to the |+〉 input states. This
scenario is slightly different from the scenario of gauging
logical measurements, as there we know that the product
of the new Z checks must yield the outcome of the logi-
cal measurement, in the absence of errors. Here we do not
know the product of the outcomes. These outcomes dictate
which Pauli frame [84] we are in, and so we can reinter-
pret consistent −1 outcomes as +1 consistent outcomes; in
other words, there are detectors between each successive Z
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measurement, but not a detector given by the first Z mea-
surement and the initialization of the new qubits in the |+〉
state. Hence these outcomes are very similar to the state
preparation of |+̄〉⊗k in a CSS code: the Z measurements
induce a Pauli frame, which must then be consistent.

Throughout the discussion of the spacetime code, detec-
tors (placed at integer timesteps) are always induced by at
least one check. Therefore we use the notation that for a
check C at time t + 1

2 or t − 1
2 a corresponding detector at

time t which uses that check is labeled Ct.

Lemma D1 (Spacetime code for branching). The fol-
lowing form a generating set of the local detectors in the
fault-tolerant branching procedure:

For t < ti

(1) st
j which is given by repeated sj checks in the

original code at times t − 1
2 , t + 1

2 .

For t = ti

(1) Bt
p which is given by the measurement of Bp at time

ti + 1
2 together with the initialization of new qubits

in the |+〉 state at time ti − 1
2 .

(2) s̃ti
j which is given by the measurement of sj , together

with the initialization of new qubits in the |+〉 state
at time ti − 1

2 , and the measurement of s̃j at time
ti + 1

2 .

For t > ti

(1) At
v which is the repeated measurement of an Av

check in the deformed code at times t − 1
2 and t + 1

2 .
(2) Bt

p which is the same for a Bp check.
(3) s̃t

j which is the same for an s̃j check.

Proof. Away from the initial and final steps of the
code deformation, the brute-force branching procedure
consists of repeatedly measuring the same checks. In this
setting any local detector must contain a pair of mea-
surements of the same check. Any detector formed by
the measurement of the same check at times (t, t + k)
can be decomposed into detectors at time steps (t, t + 1),
(t + 1, t + 2), . . . , (t + k − 1, t + k). In other words, the
time component of the spacetime code constitutes a rep-
etition code [69].

During the code deformation there are also detectors
involving the initialization of new qubits. Due to measure-
ment of Av terms during the code deformation, any detector
involving the initialization of new qubits in the X basis
must include a collection of new qubits that corresponds to
a product of Bp and s̃j checks. Any such detector can be
decomposed into those listed above which involve qubits
at time ti, combined with repeated measurement checks.

Local detectors that cross the deformation step at ti must
include a check sj from the original code before or after
the deformation, along with a deformed version s̃j . Such
a detector can be decomposed into repeated measurement
detectors and one of the detectors involving new qubits
listed above. �

Spacetime faults can be organized according to the
spacetime syndromes they create:

For t < ti

(1) An sj measurement fault at time t + 1
2 violates the

detectors st
j and st+1

j .
(2) A Pauli Zi(Xi) fault at time t violates the st

j detectors
for all incident sj which do not commute with Zi(Xi).

For t = ti

(1) A Pauli Zi(Xi) operator fault at time t violates the
s̃t

j detectors for all s̃j which do not commute with
Zi(Xi).

(2) A Pauli Ze fault at time t violates the Bt
p detectors

for all p incident to e and the s̃t
j detectors for all s̃j

checks which anticommute with Ze.
(3) A |+〉e initialization fault at time t − 1

2 is equivalent
to a Pauli Ze operator fault at time t and so violates
the same detectors.

(4) An s̃j fault at time t + 1
2 violates the detectors s̃t

j and
s̃t+1

j .

For t > ti

(1) A Pauli Zi fault at time t violates the s̃t
j detectors for

all s̃j which do not commute with Zi.
(2) A Pauli Xi fault at time t violates the s̃t

j detectors
for all s̃j which do not commute with Xi, and the At

v

detectors for all Av which do not commute with Xi.
(3) A Pauli Xe fault at time t violates the At

v detectors
for all incident Av checks.

(4) A Pauli Ze operator fault at time t violates the Bt
p

detectors for all incident Bp checks, and s̃j detectors
for all incident s̃j which anticommute with Ze.

(5) An s̃j measurement fault at time t + 1
2 violates the

detectors s̃t
j and s̃t+1

j .
(6) An Av measurement fault at time t + 1

2 violates the
detectors At

v and At+1
v .

(7) A Bp measurement fault at time t + 1
2 violates the

detector Bt+1
p .

Definition D4 (Spacetime logical fault). A spacetime
logical fault is a collection of space and time faults that
does not violate any detectors.

Definition D5 (Spacetime stabilizer). A spacetime sta-
bilizer is a trivial spacetime logical fault in the sense that it

020325-34



PARALLEL LOGICAL MEASUREMENTS VIA QUANTUM. . . PRX QUANTUM 7, 020325 (2026)

is a collection of space and time faults that does not violate
any detectors and does not anticommute with any logical
faults.

Lemma D2. The following form a generating set of
local spacetime stabilizers:

For t < ti

(1) A stabilizer check operator sj at time t.
(2) A pair of Xi (or Zi) faults at time t, t + 1 together

with measurement faults on all checks sj that do not
commute with Xi (or Zi) at time t + 1

2 .

For t = ti

(1) A stabilizer check operator sj or Xe at time t.
(2) A pair of Zi faults at time t, t + 1 along with mea-

surement faults on all checks s̃j and Av that do not
commute with Zi at time t + 1.

(3) A pair of Xi faults at time t, t + 1 along with mea-
surement faults on all checks s̃j that do not commute
with Xi at time t + 1.

(4) A pair of Ze faults at times t, t + 1, together with
measurement faults on incident Av checks and all
incident s̃j checks that do not commute with Ze at
time t + 1

2 .
(5) A |+〉e initialization fault at time t − 1

2 together with
a Ze fault on that qubit at time t.

(6) An Xe fault at time t + 1 along with Av measurement
faults for all incident v at time t + 1

2 .

For t > ti

(1) A stabilizer check operator s̃j , Av, or Bp , at time t.
(2) A pair of Zi faults at time t, t + 1 along with mea-

surement faults on all checks s̃j that do not commute
with Zi at time t + 1.

(3) A pair of Xi faults at time t, t + 1 along with mea-
surement faults on all incident Av checks, and all
checks s̃j that do not commute with Xi at time t + 1.

(4) A pair of Ze faults at time t, t + 1 together with mea-
surement faults on all incident Bp checks and all
incident s̃j checks that do not commute with Ze at
time t + 1.

(5) A pair of Xe faults at time t, t + 1, together with mea-
surement faults on all incident Av checks at time
t + 1.

Proof. First, recall from the organization of spacetime
faults that all initialization errors are equivalent to Pauli
operator errors. Then, any nonempty local spacetime stabi-
lizer must involve a Pauli operator error, as otherwise the
stabilizer would have to include all repeated measurement
errors of some check.

A nonempty spacetime stabilizer containing a Pauli
operator must either be a space stabilizer or contain a Pauli

operator at another time. The product of the Pauli oper-
ators from all time steps involved must itself be a space
stabilizer. Any local spacetime stabilizer of this form can
be constructed from a product of the spacetime stabilizers
introduced above by first reconstructing the operators at
the earliest time step at the cost of creating matching oper-
ators at the next time step, and so on until the final time
step, where the product of the operators must now become
trivial. This leaves a local spacetime stabilizer with only
measurement errors, which must also be trivial. Hence,
the original fault pattern is a product of the introduced
spacetime stabilizers as claimed. �

Definition D6 (Spacetime fault-distance). The space-
time fault-distance is the weight, counted in terms of single
site Pauli errors and single measurement errors, of the min-
imal collection of faults that does not violate any detectors
and is not a spacetime stabilizer.

Lemma D3 (Time fault-distance). The fault-distance for
measurement and initialization errors is at least (to − ti).

Proof. All pure measurement logical faults must start
at the code deformation step at time ti and end at time to.
Otherwise, a measurement fault at time step t must be fol-
lowed and preceded by another measurement fault on the
same type of check at time steps t − 1, t + 1. Thus a mea-
surement and initialization logical fault must have distance
at least (to − ti). �

Lemma D4 (Decoupling of space and time faults). Any
nontrivial spacetime logical fault is equivalent to the prod-
uct of a space logical fault and a time logical fault, up to
multiplication with spacetime stabilizers.

Proof. Let F be an arbitrary spacetime fault. The space
component of F can be cleaned into a chosen single
timestep ti ≤ t ≤ to by multiplication with the spacetime
stabilizers listed from Lemma D2 that involve like Pauli
operator faults at time steps t, t + 1 along with the appro-
priate measurement faults. Therefore we can clean all the
space component of F to time ti.

In the cleaned spacetime logical fault all measurement
errors must occur in the time steps ti ≤ t ≤ to as measure-
ment errors outside this time window must propagate to the
initial or final time boundary, which has no measurement
errors by assumption. The measurement faults now form
strings that propagate through time from ti + 1

2 to to + 1
2 ,

terminating at an Av or Bp measurement fault, and so are
time logical faults forming codewords in the repetition
code timelike component of the spacetime code. �

Lemma D5 (Spacetime fault-distance). Brute-force
branching is a fault-tolerant operation with fault-distance
d, assuming we use at least d rounds of stabilizer
measurements.
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Proof. Let F be any spacetime logical fault that is not
equivalent to a spacelike logical fault. Then F must have
support on all time steps t + 1

2 such that ti ≤ t ≤ to, and so
if to − ti ≥ d then their weight is bounded below by d.

Now let F be a spacetime logical fault that is equiva-
lent to a spacelike logical fault. We will clean F to become
a spacelike logical fault using the spacetime stabilizers.
Observe that we can always clean F to become a space-
like logical fault using the spacetime stabilizer generators
from Lemma D2 without increasing the weight, as each
stabilizer preserves the parity of space and initialization
faults at a fixed location. That cleaned spacelike logical
fault must have weight at least d, by Lemma 2. Therefore
the weight of F must be at least d. �

That unbranching after a gauging logical measurement
is also a fault-tolerant operation can be deduced in a similar
manner, where now every new data qubit is measured out
in the X basis at time t = to. Unbranching only uses one
stabilizer check round of measurements, but we assume
d rounds of padding before and after, as previously. This
gives a similar spacetime code.

Lemma D6 (Spacetime code for unbranching). The fol-
lowing form a generating set of the local detectors in the
fault-tolerant unbranching procedure.

For t < to

(1) At
v which is the repeated measurement of an Av

check in the deformed code at times t − 1
2 and t + 1

2 .
(2) Bt

p which is the same for a Bp check.
(3) s̃t

j which is the same for an s̃j check.

For t = to

(1) Bt
p which is the measurement of Bp at time to − 1

2
along with the measurement of Xe on each incident
hyperedge data qubit at time to + 1

2 .
(2) s̃to

j which is the measurement of s̃j at time to − 1
2

along with the measurement of Xe on each incident
hyperedge data qubit, and sj at time to + 1

2 .

For t > to

(1) st
j which is given by the collection of repeated sj

checks in the original code at times t − 1
2 , t − 1

2 .

Observe that the spacetime detectors for t < to are the
same as for t > ti when branching. The same is true for
spacetime faults and spacetime stabilizers for t < to. Sim-
ilarly, the spacetime detectors, faults, and stabilizers for
t > to are the same as for t < ti when branching.

The spacetime faults at t = to, along with the spacetime
syndromes they yield, are given by

(1) An Xi (or Zi) operator fault at time t violates the s̃t
j

detectors for all s̃j which do not commute with Xi
(or Zi).

(2) A Ze operator fault on a new data qubit at time t vio-
lates the s̃t

j and Bt
p detectors for all s̃j and Bp which

do not commute with Z.
(3) An Xe-measurement read-out fault at time t + 1

2 is
equivalent to a Ze operator fault at time t and violates
the same detectors.

(4) An sj measurement fault at time t + 1
2 violates the

detectors s̃t
j and st+1

j .
(5) A Bp measurement fault at time t + 1

2 violates the
detector Bt−1

p .

The spacetime stabilizers at t = to have the generating
set

(1) A stabilizer check operator s̃j , Av or Bp at time t.
(2) A pair of Xi (Zi) operator faults at time t, t + 1,

together with measurement faults on all checks sj
which do not commute with Xi (Zi).

(3) A Pauli Ze fault on a hyperedge data qubit at time t,
along with an Xe-measurement read-out fault at time
t + 1

2 .
(4) A Pauli Xe fault on a hyperedge data qubit at time t.
(5) A Pauli Xe error on a hyperedge data qubit at time

t − 1 along with measurement errors on incident Av
checks at time t − 1

2 .

Together with the spacetime detectors, faults, and sta-
bilizers before and after the unbranching, one can then
use the same arguments as in Lemma D5 to conclude
that unbranching has fault-distance d. Because of the
“padding,” we need only measure out the new data qubits
and pre-existing stabilizers once. We argue that, as with
branching and gauging logical measurements, this padding
is typically unnecessary in practice.

APPENDIX E: SIMULTANEOUS BRANCHING

Consider the case where we wish to perform Z̄ and
X̄ measurements on t different logical qubits in parallel,
but the representatives we have chosen are overlapping.
In this case, we can still brute-force branch the Z̄ logi-
cals, say, but the X̄ logicals which overlapped with them
will be deformed to have new support on the branch [47,
Appendix F].

In particular, let {v1, v2, . . . , vtZ } be the Z̄ logicals, and
V = ⋃

i vi be the union of data qubit support of these
logicals.

Lemma E1. Let each X̄ logical wj to be measured com-
mute with each Z̄ logical contained in V. Then each X̄
logical can be deformed such that it picks up support in
the first layer of the Z-type tree.
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Proof. There are two branches attached to V, one with
support on u1 and one on u2, with u1 and u2 being the
unions of support for the first �t/2	 logicals and the last
�t/2
, respectively. We have u1 ⊂ V and u2 ⊂ V. For the
first branch, let ∂1 be HX restricted to u1. Then the first
layer of the first branch is a Z layer, with a code from data
qubits to Z checks given by ∂ᵀ

1 . An overlapping wj will
now anticommute with the Z checks in the first layer in
correspondence with wj ∩ V. As wj commutes with each
logical in V, wj ∩ u1 ∈ ker(∂1)

⊥, and hence wj ∩ u1 is in
the column space of ∂ᵀ

1 . Therefore there is some set of new
data qubits in the first layer such that extending wj to these
data qubits, i.e., applying X to those data qubits, turns off
the Z checks in bijection with wj ∩ u1. As the next layer is
an X layer, there are no further anticommuting checks.

Repeating this procedure for the other branch gives a set
of qubits in the first layer of that branch as well. �

We can see that, in the best case, wj only overlaps with
u1 and not u2, so only new qubits in one branch are added
to the support of wj ; in the worst case wj could have sub-
stantial overlap with both subsets and hence needs support
on both branches. In the best case, the number of new
qubits required is equal to the number of checks c which
are applied to clean wj from V; in the worst case it could
be 2c.

Also observe that strictly speaking we do not need wj to
commute with every Z̄ logical in V: only each Z̄ logical in
u1 and u2. Therefore if the first layer of branching results
in codes ∂1 and ∂2, which remove Z̄ logicals which wj anti-
commuted with then the deformation to the first layer still
applies.

Lemma E2. Let each X̄ logical wj to be measured com-
mute with each v1, v2 · · · , vt. Then each X̄ logical can be
deformed such that it picks up support in the Z-type tree.

Proof. In this case there are some anticommuting Z̄ log-
icals contained in V, but wj still commutes with the logicals
to be measured. When wj commutes with every Z̄ logical
in u1 and u2 we can merely add support on the first layer as
before. When it does not, we can add support to the second
layer of the first branch in bijection with wj ∩ u1 to satisfy
the Z checks in the first layer. This then anticommutes with
the Z checks in the third layer. Continue until we have sup-
port extending through the tree, until at some layer every Z̄
logical which anticommuted with wj has been removed. In
the worst case we add the remaining support to wj on the
last Z layer, which is the penultimate layer of the tree, as
the last layer is an X layer with only each vi on leaves, and
[wj , vi] = 0.

Then repeat this procedure for the other branch with
support on u2. �

In the worst case the X̄ logical wj can pick up support on
O(tω log t) new qubits. This is because wj can pick up sup-
port on each level of the branching tree, with up to weight
O(tω) on each level, and there are O(log t) levels.

We can then branch the deformed X̄ logicals to mea-
sure them separately, so in one logical Pauli measure-
ment timestep we branch Z̄ logicals and X̄ logicals and
then measure with gauging logical measurements. As the
deformed X̄ logicals have no support on the leaves, this
X -type branching leaves the Z̄ measurements unaffected.
Because the procedure may increase the weights of X̄ to
be measured by O(tω log t), and the procedure gives no
clear method to measure Ȳ logical operators in parallel, we
focus on the method of choosing a suitable basis and rep-
resentatives for our logical operators which avoid overlap,
thereby avoiding these problems.

In finite-size practical cases, the fact that the representa-
tives to be measured could be much smaller initially than
those given by Lemma 8 could lead to branching with
overlap being more efficient.

We argue that, as in Appendix D, the branches can
be initialized simultaneously, at the same time as the
data qubits required for gauging measurements, and the
whole procedure performed with d timesteps in total while
maintaining fault-distance d, but we do not prove this here.
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