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Benchmarking physical devices and verifying logical algorithms are important tasks for scalable fault-
tolerant quantum computing. Numerous protocols exist for benchmarking devices before running actual
algorithms. In this work, we show that both physical and logical errors of fault-tolerant circuits can even be
characterized in situ using syndrome data. To achieve this, we map general fault-tolerant Clifford circuits
to subsystem codes using the spacetime code formalism and develop a scheme for estimating Pauli noise in
Clifford circuits using syndrome data. We give necessary and sufficient conditions for the learnability of
physical and logical noise from given syndrome data, and show that we can accurately predict logical
fidelities from the same data. Importantly, our approach requires only a polynomial sample size, even
when the logical error rate is exponentially suppressed by the code distance, and thus gives an exponential
advantage against methods that use only logical data such as direct fidelity estimation. We demonstrate the
practical applicability of our methods in various scenarios using synthetic data as well as the experimental
data from a recent demonstration of fault-tolerant circuits by Bluvstein et al. [Nature 626, 7997 (2024)].
Our methods provide an efficient, in situ way of characterizing a fault-tolerant quantum computer to help
gate calibration, improve decoding accuracy, and verify logical circuits.

DOI: 10.1103/ghn4-8y96

I. INTRODUCTION

Quantum error correction (QEC) is crucial for preserv-
ing quantum information in a noisy environment using
redundant encodings. Recent experiments have demon-
strated promising results [1–6] that realize error-corrected
quantum memory and computations. In these experiments,
information is encoded in stabilizer codes. In such codes,
certain Pauli operators are measured and the resulting bits
of information known as the syndrome are decoded to infer
the (Pauli) errors that occurred. These errors can then be
corrected.
When designing fault-tolerant circuits and developing

decoders, the precise physical error model can have a
significant impact on the performance of the fault-tolerant
computation. Typically, the model is assumed to be simple,

single-qubit depolarizing noise [7–10]. However, this
is an idealized model that does not adequately capture
the scenarios present in different physical platforms.
Understanding and learning error mechanisms and error
rates occurring in a physical system is therefore critical in
optimizing the performance of FTCs, specifically, for gate
tune-up, code and circuit design, and improving decoders.
A second, closely related challenge is to assess the quality
of the outcome of an FTC in the presence of said physical
noise channels. This is particularly important in the near
term, when the accessible code distances limit the sup-
pression of the logical error rate.
In this work, we present a practical and scalable method

for learning physical and logical Pauli error rates of fault-
tolerant computations that only uses the naturally available
syndrome data. We show that the logical error rate of fault-
tolerant computations can be learned using a number of
samples that scales polynomially in the distance of the
code. In contrast, direct methods that only use logical data
require an exponential number of samples. We demon-
strate the practicality of our methods by applying them to
experimental data from the recent demonstration of fault-
tolerant computation [1].
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To achieve this, we develop a new systematic frame-
work for learning physically motivated Pauli errors in
general subsystem codes, by further developing the ideas
of Wagner et al. [11,12] which lay the groundwork for our
method. We then apply this framework to general, non-
adaptive fault-tolerant Clifford circuits using the circuit-
to-code mapping [13–16]. This mapping converts the
problem of correcting errors in Clifford circuits into
correcting errors in subsystem codes.
Our work provides a general framework for in situ

characterization of both physical and logical noise in fault-
tolerant quantum computations, using syndrome data.
These problems include fault-tolerant quantum memory
experiments as studied in this work, but also magic-state
distillation, and classically hard logical circuits such as
Clifford operations augmented with magic-state inputs
which we study in part II [17]. Thus, it enables bench-
marking and verifying circuits and algorithms using the
natively available syndrome data.

A. Contributions

Our concrete contributions are as follows. For the
noise model, we give a necessary and sufficient con-
dition regarding the learnability of the total Pauli
channel as well as individual Pauli channels. We prove
for general stabilizer code/Clifford circuits that after
grouping errors into syndrome classes, the total error
rate of each class can be accurately learned with
negligible second-order correction. Moreover, we show
that under circuit-level Pauli noise, if the circuit is fault-
tolerant with respect to the assumed noise model, then
the logical error rates are learnable solely from the
circuit’s syndrome data, enabling efficient estimation of
the circuit’s logical fidelity.
We also analyze the sample complexity, under the

local sparse noise model assumption, for learning both
physical- and logical-level noise from syndrome data as
a function of the circuit’s spacetime volume. For logical
circuits corresponding to quantum low-density parity-
check (qLDPC) codes, we prove that in the low physi-
cal-error-rate regime, the required sample complexity for
physical error rate learning becomes constant. Finally, we
show that in the below-threshold regime, learning the
logical error rate from syndrome data achieves an
exponential sample-complexity advantage over direct
logical-level measurements.
We first demonstrate the efficacy and scalability of our

noise-learning algorithm using numerical benchmarks on
simulated data. We then demonstrate its practicality by
applying it to the experimental data of Ref. [1] where a
fault-tolerant protocol for logical GHZ state preparation
was demonstrated. In particular, we show that the esti-
mated logical error rates are consistent with independently
obtained experimental results.

B. Significance

Our work studies and verifies the effectiveness of the
physically motivated Pauli error model in the context
of fault-tolerant logical circuits, taking advantage of
readily available data from near-term experiments on
fault-tolerance. Within this error model, we prove an
exponential sampling advantage for learning the logical
error rate from syndrome data in a regime of low error
rates. Finally, our work solves an important practical
problem by providing a systematic framework for estimat-
ing logical and physical noise rates with improved accu-
racy using small amounts of syndrome data, without the
need for independent logical measurements. In part II of
this work, we show that these ideas can be extended to
efficiently verifying and benchmarking classically hard
circuits from syndrome data [17].

C. Related work

A large body of work has developed efficient protocols
for benchmarking quantum devices and characterizing
noise. Early scalable approaches, including randomized
benchmarking [18], interleaving benchmarking [19], cycle
benchmarking [20] only estimate global fidelity parame-
ters. More detailed noise-characterization methods have
subsequently been developed, including Pauli channel
estimation [21–23], cycle error reconstruction [24], and
averaged circuit eigenvalue sampling (ACES) [25]. These
protocols aim to reconstruct richer descriptions of the
underlying noise, often at the level of Pauli or cycle error
rates. Cycle error reconstruction and ACES have also been
applied in quantum error-correction settings [26–28].
However, in these applications, they still largely function
as standalone benchmarking or noise characterization
procedures and cannot be applied to syndrome data from
fault-tolerant circuits.
Earlier works attempted to solve the physical noise

learning task from syndrome data for specific codes and
error detection/correction circuits [29–31], benchmarking
circuits with a single parameter using detector data [32], or
for general Pauli noise but in a heuristic way [33]. More
recently, a series of works [34–36] generalized the for-
malism of Ref. [30] to other codes, e.g., when the decoding
graph can be a hypergraph. However, these works focused
on a restricted Pauli error model commonly used in
decoding graphs, often referred to as the detector error
model. This model assumes that each detector flip happens
independently. This implies that the underlying Pauli
errors triggering the detectors occur independently, a
model known also as the inclusive error model since
multiple different Pauli errors can happen at the same time
(see the discussion in Appendix E of [37]). Arguably, a
physically more natural model is to assign each noisy
operation a local Pauli channel, where Pauli errors occur
exclusively, that is, only a single Pauli error can happen at
any time. When translating the inclusive error model to the
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physically natural exclusive model, negative probabilities
can appear. Recently, [35,36] provided analytical solutions
to the general detector-error-model learning problem. In
practice, however, purely analytical solutions can overfit
when syndrome data are limited, leading to degraded
learning precision. Therefore, these results do not address
how to find the right balance between model complexity
and shot noise.
In a parallel series of works, Wagner et al. [11,12,38]

rigorously investigated the sufficient conditions under
which physical and logical error rates can be extracted
from the syndrome of general stabilizer codes in the
channel coding setting under a general, local Pauli noise
model. However, the identifying conditions are not sat-
isfied in many cases, and no efficient algorithms for
estimating noise based on this framework have been
developed for the general case. Our work builds upon
the formalism developed in those works.
Finally, the above works focus on learning error rates

from the syndromes produced during rounds of error
correction. None of the prior literature focuses on the
problem of learning physical- or logical-level Pauli noise
in general fault-tolerant circuits encountered in an algo-
rithm using syndrome data. As a result, a systematic,
broadly applicable framework for exploiting syndrome
information throughout a logical circuit or algorithm has
been lacking prior to our work.

D. Overview

This paper is structured as follows. In Sec. II, we
introduce the Pauli noise model. In Sec. III, we apply the
formalism to the static-code setting, where a single round of
syndrome information is extracted. In this section, we
present necessary and sufficient conditions for the learn-
ability of physical Pauli noise and the sample complexity to
achieve the learning task to a desired accuracy. In Sec. IV,
we apply these results to the problemof learning the noise in
fault-tolerant circuits by using themapping of those circuits
to the spacetime code. We demonstrate the effectiveness
of our method using synthetic and experimental data.
Finally, in Sec. V, we consider the problem of learning
logical error rates in static codes and fault-tolerant compu-
tations. We give learnability conditions, demonstrate the
method, and show analytically and numerically that a
polynomial number of samples is sufficient to learn the
logical error rates in circuits that correspond to qLDPC
spacetime codes under the local sparse Pauli error model.
We conclude with a discussion. All proofs and details are
deferred to the appendixes.

II. MODEL

We denote the Pauli group without phases over n qubits
as Pn ¼ fI; X; Y; Zg⊗n and focus on learning a Pauli error
channel

N ðρÞ ¼
X
e∈Pn

PðeÞeρe†; (1)

acting on an n-qubit state ρ. Here, PðeÞ denotes the error
rate of the Pauli errors e∈Pn. In the most generic case,
learning cannot be efficiently possible as there are 4n − 1
independent parameters that need to be specified. This is
why in practice we focus on a local error model in which
high-weight errors are given by products of individual
low-weight errors.
To be more precise, we define Γ as a set of supports

such that each γ∈Γ is a subset of qubits on which a
Pauli channel N γ acts nontrivially, i.e.,

N γðρÞ ¼
X

e∈PnjsuppðeÞ⊂γ
PγðeÞeρe†: (2)

Here, PγðeÞ are the error rates of the individual channels
satisfying the local condition PγðeÞ ¼ 0 if suppðeÞ⊄γ. The
total Pauli noise channel, now denoted as N Γ, is the
composition of these individual Pauli error channels and
acts as

N ΓðρÞ ¼ ∘ γ∈ΓN γðρÞ: (3)

Since all Pauli channels commute with each other, the
order of the composition does not matter here. An example
of this Pauli noise model is illustrated in Fig. 1(a). Since in
general Γ could contain overlapping supports, the resulting
probability distribution

PðeÞ ¼ �
γ∈Γ

PγðeÞ; (4)

of the total Pauli channel N Γ is the convolution over
all individual error distributions PγðeÞ, denoted by �.
The convolution over the Pauli group is defined by

(a) (b)

FIG. 1. An example of the total Pauli error channel N Γ
as the composition of local Pauli channels N γ (enclosed in
dotted lines) acting on subsets γ∈Γ of qubits (circles), where
Γ ¼ fγ1; γ2; γ3; γ4g. (a) The error rate P is the convolution of the
error rates Pγ of all local error channels. (b) The factor graph of
Pauli eigenvalues of the total channel N Γ can be written as the
product of eigenvalues Λγ of the local channels after performing
Walsh-Hadamard transformation of the error rates in (a).
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Pγ1 � Pγ2ðeÞ ¼
P

e0 ∈Pn
Pγ1ðe0ÞPγ2ðe0eÞ. The structure of

the error rate is sometimes referred to as a “convolutional
factor graph” [11,39]. For analytical convenience, we
make the following assumption about each individual
channel.
Assumption 1. Let a total Pauli error channel N Γ be a

composition of Pauli channels N γ with support γ∈Γ.
We assume for any individual channel N γ, we have
PγðIÞ > 1=2, and for any non-identity error e in N γ with
suppðeÞ ⊆ γ, PγðeÞ > 0.
When considering sample complexity and classical

computational cost, we focus on the case when individual
channels are local. We emphasize that “local” here refers
to the concept of k-locality rather than geometric locality.
To be quantitative, we say that a Pauli channel N Γ is a
ðrΓ; cΓÞ-Pauli channel if each local channel N γ; ∀ γ∈Γ,
acts on at most rΓ qubits and each qubit is only involved in
cΓ channels. Moreover, we call N Γ a local sparse Pauli
channel if both rΓ and cΓ areOð1Þ. In this setting, the noise
channel N Γ is fully described by at most cΓ4rΓn ¼ OðnÞ
parameters. In general, there are gauge degrees of freedom
in the choice of local Pauli channels that give rise to a
given total Pauli channel. We use two sets μ̄ and μ of
irredundant quantities that parametrize the total channel
N Γ and the collection of local channels respectively,
and show the gauge freedom of μ with respect to μ̄ in
Appendix B.
We use this model to describe circuit-level noise by

using a formalism [13–16] that maps a Clifford circuit to a
subsystem stabilizer code referred to as the spacetime
code, see Sec. IVA. Qubits at each circuit layer are
mapped to an additional layer of qubits in the spacetime
code, and therefore each individual Pauli channel defined
here should be thought of as acting on a region of the
circuits in space and time. In the main text, we focus on the
parametrization of the collection of local channels and
the learnable quantities therein, instead of studying the
total channel N Γ (see Sec. III B). This is because bench-
marking is most naturally framed in terms of local noise
processes. In the numerical part of this work, we only
considered non-overlapping local channels when imple-
menting the learning algorithm, in line with the standard
local stochastic Pauli error model typically being used in
the error correction and fault-tolerant literature [7,10,40].

III. EFFICIENT PAULI NOISE LEARNING
ON STATIC CODE

Our learning algorithm takes the framework of
Wagner et al. [11] as a starting point. They considered
subsystem codes in the channel coding setting, where a
single round of Pauli errors is applied to the error-
correcting code followed by perfect syndrome measure-
ment. Their work [11] establishes sufficient conditions on
the noise channels and code properties that guarantee the

learnability of the total channel N Γ from syndrome data.
In the following subsection (Sec. III A), we introduce this
basic framework for learning Pauli noise. We then adapt
this formalism and introduce our algorithm to estimate
physical error rates of arbitrary stabilizer subsystem codes
from syndrome data in the subsequent subsections. We
refer to the noise learning problem in this channel coding
setting as the static code problem. We then show in
Secs. IV and V how to learn circuit-level Pauli noise in
Clifford circuits by reducing it to a static code problem
using the circuit-to-spacetime-code mapping.

A. Basic formalism

We consider a system of n qubits encoded in a
subsystem code, which is a generalization of a stabilizer
code. It is defined by the gauge group G, a non-abelian
subgroup of the Pauli group Pn. The gauge group is the
group of operators that preserve the code space and the
encoded logical information. Considering general subsys-
tem codes will be important when applying our formalism
to circuit-level noise when using the spacetime code
mapping in Sec. IVA, since in that case there are logically
trivial errors in the circuit outside of the stabilizer group of
the spacetime code.
For the purpose of learning physical error rates, it

suffices to consider the stabilizer group

S ¼ ZðGÞ ¼ fS∈GjSG ¼ GS; ∀ G∈Gg; (5)

which is the center ZðGÞ of the gauge group G and
coincides with G for stabilizer codes. An encoded state
in the code, referred to as a codeword, is stabilized by the
stabilizer group, i.e.,

Sjψi ¼ jψi; ∀ S∈S: (6)

We say a stabilizer subsystem code is a ðrs; csÞ-quantum
low-density parity-check code (qLDPC) when there exists
a set of stabilizer group generators such that each generator
acts on at most rs qubits, and there are at most cs
generators acting on each qubit.
The measurement outcomes of stabilizer operators

S∈S, known as the syndrome, provide the information
needed for decoding and error correction. To obtain a
complete syndrome, that is, measurement outcomes for
all S∈S, a generating set of stabilizer operators needs
to be measured. Here, we consider the generic case in
which only a subset of generators fM1;M2;…g is mea-
sured. We denote the resulting measured subgroup as
M ¼ hM1;M2;…i ≤ S. A Pauli error e∈Pn is detectable
if there exists M∈M that anticommutes with e.
The learning algorithm makes use of the fact that the

Pauli eigenvalue, defined as
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ΛðOÞ ¼
X
e∈Pn

½½e;O��PðeÞ; (7)

of the channel for all Pauli operators O∈Pn is a Fourier
transform (Walsh-Hadamard transform) of the probability
distribution PðeÞ over the Pauli group Pn. Here we denote
½½A;B�� ¼ 2−nTr½ABA−1B−1� as the scalar commutator of
two Pauli operators A and B, which takes the value 1 if A
and B commute and −1 if they anticommute. Based on the
local structure of the total error rate shown in Eq. (4) and
the convolution theorem, the Pauli eigenvalue ΛðOÞ of the
total channel N Γ has a structure of a factor graph [see
Fig. 1(b)]

ΛðOÞ ¼ P̂ðOÞ ¼
Y
γ∈Γ

P̂γðOÞ ¼
Y
γ∈Γ

ΛγðOγÞ: (8)

Here, Oγ is the tensor product of components of O∈Pn
restricted to the support γ, and identity operators on all
qubits outside of γ.
All the factors on the right-hand side of Eq. (8) are

contained within the set of all local Pauli eigenvalues,
which provides a complete description of the unknown
channel N Γ. Conversely, for any M∈M, the left-hand
side can be estimated from repeated error-correction
experiments (comprising noise state preparation and syn-
drome measurement), under the assumption that the same
error channel N Γ is applied each time the codeword is
reinitialized. To see this, given the initial state ρ as a
codeword stabilized by S, we have

hMiN ðρÞ ¼ TrMN ðρÞ (9)

¼
X
e

PðeÞTrMeρe† (10)

¼ ΛðMÞhMiρ (11)

¼ ΛðMÞ; (12)

for any M∈M ≤ S. In other words, the Pauli eigenvalue
ΛðMÞ is the expectation value of the syndrome measure-
ment outcomes obtained from repeated measurements
followed by reinitialization.
Given the estimated Pauli eigenvalues of all M∈M

from the syndrome measurement data, one can attempt to
recover the local Pauli eigenvalues ΛγðMγÞ by solving for
the factors on the right-hand side in Eq. (8), in order to
reconstruct the overall Pauli channelN Γ.Wagner et al. [11]
rigorously prove conditions of learnability of N Γ from
syndrome data, and we state their main result (adapted to
our model in Sec. II) here.
Theorem 2. (Wagner et al. [11]). Let a Pauli error

channel N Γ be a composition of local Pauli channels with
support γ∈Γ as defined in Eq. (3). Furthermore, assume

PγðIÞ > 1
2
for all γ. Then N Γ is learnable from the

syndrome statistics if any union γ1 ∪ γ2 of γ1; γ2 ∈Γ only
supports detectable errors.
Another way to phrase this condition is that the

collection of local errors ĒΓ must have nontrivial and
distinct syndromes. Since the product of two errors with
the same syndrome must have a trivial syndrome, it
suffices to check the product of pairwise local errors, thus
the condition in Theorem 2. The notion of pure distance
[11] is central to understanding the sufficient condition of
learnability. It is defined to be the minimum weight of any
undetectable error

dpure ¼ min
e∈NðSÞnI

weightðeÞ; (13)

where NðSÞ is the normalizer of the stabilizer group.
Recall that, in contrast, the distance is the minimumweight
of an undetectable error which also alters the logical
information. If the weight of the product of any two errors
e1; e2 from the local channels is less than the pure distance,
then e1e2 is detectable. Therefore, we see from Theorem 2
that error channels with maximum support size up to

bdpure−1
2
c are learnable from the syndrome expectations of a

pure-distance dpure code.

B. Learning syndrome class total error rate
for generic static codes

In this section, we consider the general case when the
learnability condition in Theorem 2 may fail. We provide
concrete, efficient algorithms that learn the sum of error
rates for errors with the same syndrome and estimate
physical error rates for any subsystem code, under extra
constraints when necessary.
We first establish the notation used throughout this

work. For each local Pauli channel defined in Sec. II with
support γ∈Γ, we denote the set of all non-identity Pauli
errors of N γ as Eγ (e.g., Ef2g ¼ fX2; Y2; Z2g for a single-
qubit error channel on qubit 2 and X2 ¼ I ⊗ X ⊗ I ⊗ …)
and the set of all local errors of the total channel N Γ as

EΓ ¼ ⋃
γ∈Γ

Eγ: (14)

When local channels overlap, there can be distinct local
channels containing the same Pauli error. We distinguish
elements that correspond to the same operator but from
different channels, i.e., each element e∈ EΓ is also
implicitly labeled by its associated local channel, denoted
γe. We denote as ĒΓ the set that does not distinguish the
same Pauli errors from different local channels. ĒΓ ¼ EΓ if
and only if the supports in Γ do not overlap.
We define the vector of both individual and aggregated

local error rates as p⃗γ ¼ ðPγðeÞje∈ EγÞ and p⃗ ¼
ðPγeðeÞje∈ EΓÞ. Similarly, we define the vector of
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individual and aggregated local Pauli eigenvalues as
λ⃗γ ¼ ðΛγðeÞje∈ EγÞ and λ⃗ ¼ ðΛγeðeÞje∈ EΓÞ respectively.
We adopt a convention in which the entries of these vectors
follow the tensor-product ordering of Pauli operators:

ðI; X; Y; ZÞ⊗n: (15)

For example, the vector λ⃗f2;5g has the following order:
λ⃗f2;5g ¼ ðΛðI2X5Þ;…;ΛðZ2Y5Þ;ΛðZ2Z5ÞÞ.
The collection of either local error rates or local Pauli

eigenvalues over all local channels is a succinct description
of N Γ. The two are related by the (inverse) Fourier
transformation

p⃗γ ¼ ðW−1
4jγj Þ0 ð1⃗γ − λ⃗γÞ: (16)

Here, W4k is the Walsh-Hadamard matrix defined
recursively as W4k ¼ W4 ⊗ W4k−1 where

W4 ¼

0
BB@

1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

1
CCA: (17)

ðW−1
4jγj Þ0 refers to the submatrix of W−1

4jγj after eliminating
the first row and the first column. Assuming PγðIÞ > 1

2
for

all local support γ, we arrive at the matrix equation
between expectation values of elements in the measured
stabilizer group and the local channel Pauli eigenvalues:

log Λ⃗ðMÞ ¼ AðMÞ log λ⃗; (18)

by taking the logarithm on both sides of Eq. (8). Here,

Λ⃗ðMÞ ¼ ðΛðMÞÞM∈M and the rows and columns of
matrix AðMÞ are labeled by elements M∈M and e∈ EΓ
respectively. The matrix elements indexed by row M and
column e, denoted AðMÞ½M; e�, have the values

AðMÞ½M; e� ¼
�
1 if Mγe ¼ e;
0 else:

(19)

AðMÞ is not invertible when the learnability condition in
Theorem 2 fails. For example, this happens when error-
correcting codes contain weight-two stabilizer elements or
logical operators, such as in the rotated surface code [41].
Spacetime codes constructed from most Clifford circuits
typically contain low-weight gauge operators that also lead
to a violation of this condition under simple circuit-level
noise models, as will be discussed in Sec. IV.
To understand what can be learned when the learnability

condition in Theorem 3 fails, we transform the set of local
eigenvalues λ into another set of parameters μ which we
refer to as the transformed local eigenvalues. We show that
μ approximates the local error rate, and any transformed

local eigenvalue corresponding to a unique column of the
resulting matrix equation can be identified.
We consider an inverse Walsh-Hadamard transform of

log λ⃗, where λ⃗ is the collection of all local channel Pauli
eigenvalues. This results in an equivalent set (vector) of
transformed eigenvalues μ (μ⃗) describing all local channels:

log μ⃗ ¼ −2
�
⨁
γ∈Γ
ðW−1

4jγj Þ0
�
log λ⃗: (20)

Since log λ⃗ ≈ λ⃗ − 1⃗, from Eq. (16) we have the approxi-
mation to the local error rates

log μ⃗ ≈ −2p⃗: (21)

The deviation is negligible when error rates are low,
i.e., on the order of 10−2 or below, and remains insignifi-
cant compared to the shot noise arising from the finite
sample size.
With the parametrization using the transformed Pauli

eigenvalues, we arrive at a new matrix equation

log Λ⃗ ðMÞ ¼ DðMÞ log μ⃗; (22)

where DðMÞ encodes the commutations between measured
stabilizer elements M and the local errors EΓ and is
referred to as the syndrome matrix. Specifically, the entry
at row M∈M and column e∈ EΓ is

DðMÞ½M; e� ¼ hM; ei; (23)

and he; fi equals 0 when e and f commute and 1
otherwise. We systematically derive the syndrome matrix
D in Appendix B and show in Appendix C that distinct
columns ofDwill be linearly independent. Note that if two
errors e and e0 are in the same syndrome class, then the
columns of e and e0 of the matrix D will be identical.
Therefore, it is natural to partition the error set EΓ into
equivalence classes, which we refer to as “syndrome error
classes” or simply “syndrome classes” and denote the set
of classes as C. Errors are in the same class C∈ C if and
only if they have the same syndrome. Furthermore, we
distinguish the class C0 of trivial syndrome from the set
C� ¼ CnfC0g of classes of nontrivial syndromes. As a
result, we denote as νC the learnable quantity for each
syndrome class C∈ C�, and refer to them as learnable Pauli
eigenvalues:

log νC ¼
X
e∈C

log μe ≈ −2X
e∈C

pe ¼ −2PC; (24)

where we define PC ¼
P

e∈C pe as the syndrome class
error rate for the class C. The learnable Pauli eigenvalues
can be obtained by solving the equation
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log Λ⃗ ðMÞ ¼ D0ðMÞ log ν⃗: (25)

Here, D0 is the full-rank matrix eliminating the redun-
dant columns of D and ν⃗ ¼ ðνCÞC∈ C� . Given a syndrome
class C, we denote ΓC ¼ fγ∈ΓjEγ ∩ C ≠ 0g as the col-
lection of local channels that contribute to the error classC.
We then denote p⃗ ðΓCÞ ¼ ðPγeðeÞje∈ EΓC

Þ as their error
rates grouped into a vector. We have the following results.
Theorem 3. (Learnability conditions). Let a total Pauli

error channel N Γ be a composition of Pauli channels N γ

with support γ∈Γ. Under Assumption 1, using the
syndrome data we have:
(1) The total channel N Γ is learnable if and only if

every error e∈ ĒΓ has a unique and nontrivial
syndrome.

(2) Each individual channel N γ is learnable if and only
if every e∈ Eγ produces a syndrome that is non-
trivial and unique among the syndromes of all errors
in EΓ.

(3) For all nontrivial syndrome error classes C∈ C�,
the sum of syndrome error class error rates
PC ¼

P
e∈C pe can be learned up to an

Oðkp⃗ ðΓCÞk2Þ deviation.
See the proof in Appendix E.
Note that the matrix AðMÞ and DðMÞ have exponentially

(jMj ¼ 2ΘðnÞ) many rows while there are only polynomial
many (transformed) local Pauli eigenvalues λ (μ). We
prove in Appendix C that the number of independent
equations is exactly the number of nontrivial syndromes
jC�j and design an efficient algorithm (Algorithm 1) that
finds jC�j elements in M from the product of correlated
generators of M. We denote the reduced subset of M
as M0. The algorithm ensures that M0 will generate jC�j
independent equations (see Appendix D):

log Λ⃗ðM
0Þ ¼ AðM0Þ log λ⃗; (26)

or

log Λ⃗ðM
0Þ ¼ D0ðM0Þ log ν⃗: (27)

We conclude this subsection by noting a related quantity
for each nontrivial syndrome class C, i.e., the detector
error rate Pdetect

C for a syndrome class C defined as the
probability of an odd number of errors in C occurring. As a
special case, if one assumes every single Pauli error is
independent, then we can exactly learn the detector error
rate as (see Appendix E)

Pdetect
C ¼ 1 − νC

2
; (28)

where νC is the learnable Pauli eigenvalue from Eq. (27).

C. Physical error rate estimation

We can further estimate all individual error rates by
incorporating a prior belief of the relative strength rðeÞ of
errors e with a non-unique syndrome. For example, these
could be obtained from offline benchmarking before
running the logical circuit, or in the absence of any prior
information, they could be simply uniform constraints
rðeÞ ¼ 1, ∀ e∈ EΓ. We express this additional informa-
tion as linear constraints on the error rates:

Bp⃗ ¼ 0⃗: (29)

More specifically, for each nontrivial syndrome error
class Ci ∈ C� for i∈ ½jC�j�, we pick a representative error
eCi

∈C, and then add pairwise constraints between the
error rate peCi

and all other rates pe0 for e0 ∈CineCi
. Each

constraint between eCi
and e0 thus corresponds to a row

of B as

Bij ¼

8><
>:

1; if ej ¼ eCi
;

− rðeCi Þ
rðejÞ ; if ej ¼ e0;

0; else:

(30)

We use the abbreviation ej ≕ ðE⃗ΓÞj where E⃗Γ is the tuple
of all local errors following the order given in Eq. (15). On
the other hand, each error eC0

in the trivial syndrome error
class C0 is independent of the syndrome data and we could
declare it as unlearnable. Alternatively, we could estimate
its error rates as the weighted average over the error rate of
the set of detectable errors E�Γ ≔ EΓnC0 according to the
prior belief rðeÞ:

Bij ¼

8><
>:

1; if ej ¼ eC0
;

−rðeC0 Þ
jE�ΓjrðejÞ ; if ej ∈ E�Γ;

0; else:

(31)

This adds jC0j rows toB in addition to the
P

C∈C�ðjCj−1Þ
rows from Eq. (30).
For estimating general Pauli channels, we resort to the

system of non-linear equations [Eqs. (26), (27) and (29)].
In practice, the empirical expectation values Λ̃ðMÞ do not
lie in the image of AðMÞ due to shot noise, and we
implement least-squares optimization to solve the two
sets of equations:

minimize
p⃗

k log ⃗Λ̃
ðM0Þ − AðM0Þ log λ⃗k2 þ kBp⃗k2;

subject to p⃗ ≥ 0. (32)

Alternatively, optimization can be constructed using the
transformed eigenvalues μ⃗. For low error rates or assuming
the independent errors assumption [Eq. (28)], one could
reduce the number of variables and solve a simple system
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of linear equations Eq. (27) to estimate syndrome class
error rates, i.e., jC�j parameters. Physical error rate can be
estimated using Eq. (29) thereafter. For noisy empirical
syndrome expectation values, a straightforward pseudoin-
verse of D0ðM0Þ will give the least-squares estimate of the
error rates, but may result in negative error rates for large
shot noise. Alternatively, we solve the optimization:

minimize
p⃗

k log ⃗Λ̃
ðM0Þ −D0ðM0Þ log ν⃗k2;

subject to log ν⃗ ≤ 0.
(33)

Most numerical results in this work are generated via
Eq. (32), but Eq. (33) gives comparable results in the
practically relevant error rate regime.

D. Simulation on static code

We simulate single qubit Pauli noise Γ ¼ fγ1 ¼ f1g;
γ2 ¼ f2g;…; γn ¼ fngg on stabilizer codes of n qubits
and solve the optimization problem in Eq. (32). Different
codes with various parameters are chosen to show the
generality of the algorithm. The simulated error rate
of each single Pauli component in EΓ follows a
Gaussian distribution with mean 5 × 10−3 and standard
deviation 10−3.
We begin by simulating the ½½7; 1; 3�� Steane code [42], a

CSS code with both X and Z stabilizer generators on every
plaquette shown in Fig. 2(a). The code has pure distance
dpure ¼ 3 as defined in Eq. (13) since it has stabilizers
with minimum weight 4 and distance 3. This implies

that all the single-qubit errors are learnable from the
syndrome data. Therefore it has an empty trivial syndrome
error class C0, and all nontrivial classes being singlets:
C� ¼ ffX1g;…; ffZ7gg.
We first test the Pauli noise learning based on the

exact syndrome expectation values for M∈M0 from the
simulated true noise p⃗ true:

ΛðMÞ ¼
Y

i∈ suppðMÞ
ΛfigðMiÞ ¼

Y
i∈ suppðMÞ

ðW4 p⃗ true
fig ÞMi

:

(34)

Next, we benchmark the learning algorithm with empir-
ical syndrome expectation values Λ̃ðMÞ obtained from
sampling syndromes N ¼ 100; 000 times and repeat the
learning 30 times with resampled noise rates. As shown
in Fig. 2(a), there is a perfect agreement between the
simulated true error rates and the learned error rates based
on exact syndrome expectation values and good agreement
with the learned error rate based on sampled expectation
values.
We perform a similar test on the rotated surface code

[43], a family of topological codes, defined on a d × d
square lattice with parameters ½½d2; 1; d��. Note that its pure
distance dpure is always 2 for any distance d due to the
stabilizer generators on the weight-2 plaquettes on the
boundary. Every single-qubit error is detectable so C0 is
empty, but there are indistinguishable errors in some
of the nontrivial syndrome error classes. In Fig. 2(b),
we show our learned error rates on the 3 × 3 rotated

FIG. 2. Simulation result on various codes of learning syndrome class total error rates (true error rates in blue) using exact syndrome
expectation values (light blue) and expectation values (red) from 100 k samples. Here, single-qubit Pauli error rates are randomly
generated around the mean. Codes in (a) seven-qubit Steane code and (c) the ½½72; 12; 6�� bivariate bicycle codes with polynomial
Aðx; yÞ ¼ x3 þ yþ y2, Bðx; yÞ ¼ y3 þ xþ x2 have dpure ≥ 3, therefore all error rates are learnable. (b) The 3 × 3 rotated surface code
has weight-2 XX (blue) and ZZ (white) generators on the boundary. (d) The ½½8; 3; 2�� 3D color code has Z stabilizers on the faces and a
single X stabilizer generator X⊗8. Therefore, all Z errors, denoted asZs, are indistinguishable. Both codes in (b) and (d) have dpure ¼ 2,
and the sum of error rates in each syndrome error class can be learned.
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surface codes and compare with the actual true error
rate we simulated. The classes of indistinguishable errors
are fX1; X4g; fZ2; Z3g; fX6; X9g; fZ7; Z8g. Theorem 3
implies that the sum of errors of each syndrome class is
learnable. With the exact syndrome expectation value, we
observe that all syndrome class error rates are learned
accurately. With 100,000 samples, the learned syndrome
class error rates closely match the true error rates.
Figures 2(c) and 2(d) show the simulation on the
½½72; 12; 6�� bivariate bicycle code, where every single
qubit Pauli channel is learnable, and on the ½½8; 3; 2�� 3D
color code where the sum of all Z errors and every other
Pauli error is learnable.

E. Sample complexity for physical error rate learning

In this section, we study the number of samples N
required to learn the syndrome class error rates PC,
which are related to the learnable Pauli eigenvalues by
PC ≈ − log νC

2
. We focus on low error rates for which

− log νC ≈ 1 − νC. The precision in ν depends on the
subset of the stabilizer elements chosen as well as how
one solves Eq. (27) when we have an overdetermined
system of linear equations. A recursive analytic solution is
proposed in Ref. [35] for learning the detector error rate
Pdetect
C in Eq. (28) in an error model where every local Pauli

error is independent. We show in Appendix I 1 that this
method can be generalized to solve the linear equations
Eq. (27) for our more general error model. Furthermore,
we show in Theorem 4 that the sample size required to
achieve a constant additive precision ϵ of estimating
syndrome class error rate can be shown to be independent
of the system size for qLDPC codes and local sparse
Pauli channel.
Given a set of measured stabilizer generators fMigmi

for the measured stabilizer group M ¼ hM1;…;Mmi, we
denote the indices of the stabilizer generators violated
for each syndrome class C∈ C as JðCÞ ⊆ ½m�. We define
XC ¼ log νC and for any S ⊆ ½m�, let YS¼ logΛðQi∈SMiÞ.
The recursive solution in Ref. [35] for any syndrome class
C∈ C can be written as

XC ¼ − X
C0 ∈ C

JðC0Þ⊃JðCÞ

XC0 þ
1

2ðjJðCÞj−1Þ
X

S⊆JðCÞ
ð−1ÞðjSj−1ÞYS: (35)

We show in Appendix I that this solves Eq. (27) using
Gaussian elimination. The subset M0 of stabilizer ele-
ments involved here is the union of elements in the local
stabilizer group, i.e., M0 ¼ ⋃C∈ Cf

Q
i∈ J0 MijJ0 ⊆ JðCÞg.

For a ðrs; csÞ-qLDPC code and a local sparse ðrΓ; cΓÞ-total
Pauli error channel N Γ, we have jJðCÞj ≤ rΓcs and
jfC0 ∈ CjJðC0Þ ⊃ JðCÞgj ≤ rscΓ for any syndrome class
C. Each variable XC, therefore, depends on a bounded
number of YS ’s, and each involved YS has a bounded
additive error from shot noise due to all elements in M0

being constant-weight. With this observation, we show the
sample complexity for learning syndrome class error
rates below:
Theorem 4. (Sample complexity for syndrome class

learning). Consider a local sparse Pauli channel N Γ
on an n-qubit qLDPC code. Given ϵ > 0, there exists a
constant Cc > 0 such that if kp⃗k2∞ < ϵ=ð2CcÞ, the sample
size N required to estimate the syndrome error class PC,
∀ C∈ C� to additive precision ϵ using Eq. (35) is Õðϵ−2Þ,
independent of the system size n.
See the details of the proof in Appendix I 1 using

Hoeffding’s inequality. Note that applying the Chernoff
bound to the Bernoulli distribution (syndrome bit flip)
gives a more precise scaling N ¼ Õðpmax=ϵ2Þ, where
pmax ¼ kp⃗k∞.
We test the quality of learning as a function of sample

size and system size using both the minimalM0 syndrome
data, i.e., the minimal subset M0 with jM0j ¼ rankM
from Algorithm 1, and analytical M0, i.e., the subset M0
involved in the analytical solution Eq. (35). We measure
the quality of learning using the average relative error:

η̄C ¼
1

jC�j
X
C∈ C�

ϵC
PC

; (36)

which compares the learned and true syndrome-class error
rates over all nontrivial syndrome classes C�.
First, we test on the rotated surface code with system

sizes n ¼ 32; 52;…; 232 and sample sizes from 1000 to
6,000,000. Each qubit is subject to a single-qubit
Pauli channel, and the error rate p ∼N ðμ; σ2Þ of each
Pauli component is sampled from a Gaussian distribution
with mean μ¼ 5=3×10−3 and standard deviation
σ¼ 1=3×10−3. We clip negative values to 10−5. We tested
the optimization method based on minimalM0 in Eq. (32)
with uniform constraints B within each syndrome class.
We fit a linear model of η̄C as a function of sample size on
the log scale and estimate the sample size needed to
achieve a fixed precision. As shown in Fig. 3(a), the
optimization using a minimal stabilizer subset requires
nearly constant sample size.
We further compare the optimization method in Eq. (33)

with the analytic solution Eq. (35) and observe two main
factors influencing the precision. On the one hand, the
minimal stabilizer subsetM0 used in Eq. (33) contains the
least noisy syndromes due to their minimal weight, but
also lacks redundancy. On the other hand, we observe that
at smaller sample sizes, the system of Eq. (35) tends to
overfit, i.e., learning the shot noise rather than the actual
noise. Therefore, the gradient-descent-based optimization
on linear equations provides two advantages. On the one
hand, one can tune the number of stabilizers used as long
as the equation satisfies the full-rank condition. Moreover,
one can in principle terminate the optimization before it
starts to overfit. We adopt the simple approach of
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calibrating the termination point by simulating error rates
drawn from the same distribution and recording the
average number of iterations after which the average
relative error starts to increase.
We test the optimization in Eq. (33) on a distance-23

rotated surface code and the ½½72; 12; 6�� bivariate bicycle
codes. We first determine a terminal step number from one
fixed error rate and apply this same number of optimiza-
tion steps to learn 20 other sets of error rates from the same
distribution N ðμ; σ2Þ. In Fig. 3(b), we observe that below
N ¼ 30 k, optimization significantly outperforms the ana-
lytic solution, with the two agreeing once N becomes

large. Moreover, we observe that by optimizing while
minimizing overfitting, using the minimal M0 also has
comparable performance in this low sample size regime
compared with using the larger set from the analytic
solution.

IV. CIRCUIT-LEVEL NOISE LEARNING

To learn circuit-level Pauli noise for Clifford circuits, we
utilize the circuit-to-code mapping, a formalism of con-
verting the problem of correcting circuit-level Pauli errors
into the problem of correcting Pauli errors on the corre-
sponding spacetime code [13–16]. As we focus on non-
adaptive fault-tolerant Clifford circuits here, the method
introduced in Sec. III for static codes with a single round of
syndrome extraction can then be applied to the space-
time code.
We begin by reviewing the spacetime code formalism

and identifying the correct noise model on the spacetime
code from the circuit-level error model in Sec. IVA. We
then demonstrate our method using simulations of circuit-
level noise in Sec. IV, and apply it to experimental data in
Sec. IV C.

A. Mapping to the spacetime code

We first introduce the setup of the spacetime code.
Given a Clifford circuit with n qubits and T time steps, the
spacetime code is a subsystem stabilizer code of nðSTÞ ¼
nðT þ 1Þ qubits. We label each qubit by its spacetime
location ðq; tÞ where q denotes the qubit (i.e., the spatial
label in the circuit) and t denotes the time-coordinate
index. The first and last layers of spacetime qubits are
placed before the first gate layer and after the last gate
layer respectively. The temporal labels t of the spacetime
qubits are 0.5; 1.5;…; T þ 0.5, where the 0.5 shift here
emphasizes that the spacetime qubits are placed before and
after the gates. We illustrate the spacetime mapping for a
simple 4-qubit Clifford circuit that extracts a syndrome of
the 3-qubit repetition code in Fig. 4.
We now introduce the construction of the measured

stabilizer and the logical group in the spacetime code, as
these are relevant to the noise-learning algorithm. One way
to capture the effect of circuit Pauli errors on syndrome
and logical measurements is by checking the commutation
relations of the circuit errors that are forward propagated to
the syndrome and logical measurements at particular
spacetime locations. A more natural way from the per-
spective of the noise model, however, is to capture these
commutation relations in the structure of the spacetime
code, while errors stay local in their spacetime location,
just like in the static code case. This is possible because the
same commutation holds between the errors localized at
their spacetime locations and the backward-propagated
measurements to the relevant layer.

(a)

(b)

FIG. 3. Numerical results of relative error of learned single-
qubit error rates vs sample size. The true error rates are sampled
from p ∼N ðμ; σ2Þ, where μ ¼ 5=3 × 10−3, σ ¼ 1=3 × 10−3.
(a) Estimated sample size needed for surface code with various
code distances using the optimization in Eq. (32) with uniform
constraints B within each syndrome class. This does not involve
avoiding overfitting, and only the minimal stabilizer subset is
used. Sample size is almost constant with respect to code size n.
(b) Result of optimization while avoiding overfitting. We test the
relative error of learning for surface code d ¼ 23 (blue) and the
½½72; 12; 6�� bivariate bicycle codes (orange). With the same
stabilizer subset M0, the optimization (diamonds) outperforms
the analytical solution (dotted lines) in Eq. (35) at low sample
sizes (N ≤ 30 k) and is comparable to it at larger sample sizes.
Using only a minimal stabilizer subset gives similar performance
(crosses) at low sample size. The result is the average of 20 sets
of error rates from the normal distribution N .
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Formally, the spacetime stabilizer and logical operators
are objects referred to as back-cumulant [15] (or spackle
[13,14]) of some Pauli operatorO∈PnðTþ1Þ and we denote
it as O⃖. For t∈ f1;…; T þ 1g, the components O⃖t ∈Pn of
O⃖∈PnðTþ1Þ at the layer t are given by

ðO⃖Þt−0.5 ¼
Yt

t0¼Tþ1
U†

t;t0Ot0−0.5Ut;t0 : (37)

Here, Ut;t0 ¼
Q

t0−1
s¼t Ut is a product of the gates Us from

layer t to t0 − 1 and we let Ut;t0 ¼ I if t0 ≤ t.
We begin by constructing the spacetime stabilizer

operators. We assume the input to the Clifford circuit,
up to a possible flip of the syndrome values, is a codeword
of a stabilizer code with stabilizer group SðiniÞ, i.e., a state
jψi satisfying SðiniÞjψi ¼ �jψi, ∀ SðiniÞ ∈SðiniÞ. We ficti-
tiously add a layer of perfect syndrome measurement
SðiniÞ ∈SðiniÞ at t ¼ 0 to record the initial syndrome. This is
then followed by the Clifford gates and Pauli measure-
ments in the circuits. One can efficiently track how the
stabilizer group and the group of logical operators change
after each operation’s action [44].
The spacetime stabilizer operators are then constructed

from the linear constraints that the measurement results
of a noise-free circuit satisfy. Given an initial stabilizer
group with s generators and m measurements in the
circuit, we denote the measured operators by E⃗ ¼
ðSðiniÞ1 ;…; SðiniÞs ;MðcircÞ1 ;…;MðcircÞm Þ. The measurement
results of these operators are stored in a binary vector
o⃗∈Zsþm

2 , where we assign oi ¼ 0 when the value of Ei is
þ1 and oi ¼ 1 if it is −1. In the absence of circuit errors,
whenever a stabilizer element is measured, the

measurement result is deterministic and depends on
previous measurement outcomes. The measurement
result o⃗ in the circuit therefore needs to satisfy consis-
tency relations, or parity checks O⊥ ¼ fu⃗g, in that every
set of noise-free measurement outcomes o⃗ satisfies u⃗ ·
o⃗ ¼ 0 for all u⃗∈O⊥. Circuit errors can be detected from
flips of those parity checks, which coincide with the
notion of detector [29,45].
The generators of the measured spacetime stabilizer

group MðSTÞ are then constructed from the parity con-
straints u⃗∈O⊥ of the circuit as

MðSTÞðu⃗Þ ¼
Ysþm
i¼sþ1

κtEi−0.5ðE
ui
i Þ

 �����������
; (38)

where κtðOÞ∈PnðTþ1Þ denotes the operator obtained by
embedding O∈Pn at layer t and tensor product with
identity In for all other layers. tEi

denotes the layer where
Ei is measured (for initial stabilizer generators SðiniÞ,
tSðiniÞ ¼ 0). One notable property of MðSTÞðu⃗Þ is that it is
bounded by the time involved in the parity constraint
u⃗∈O⊥ (Lemma 8 in Ref. [15]), i.e., for all
ðq; tÞ∈ suppðMðSTÞðu⃗ÞÞ we have

min
j∈ ½sþm�∣uj¼1

tEj
< t < max

j∈ ½sþm�∣uj¼1
tEj

: (39)

We now introduce the measured logical group of the
spacetime code. We emphasize that we want to understand
the logical errors only on the relevant logical measure-
ments of the circuit. This makes the spacetime code a
subsystem code since, in general, the set of undetectable

FIG. 4. Circuit-to-code mapping illustrated using a syndrome extraction circuit for the 3-qubit repetition code. (a) r rounds of 3-layer
syndrome extraction circuits that measure X1X2 for the repetition code with stabilizer group SðiniÞ ¼ hX1X2; X2X3i. The last qubit is the
ancilla qubit for syndrome readout. (b) The spacetime codewith 4 × ð3rþ 1Þ qubits mapped from the circuit in (a). Pauli operator in blue
is a measured stabilizer generator of the spacetime code due to the parity constraints on the first and third measurement results (blue
squares). The stabilizer elements are local within the associatedmeasurements in the temporal direction. One logical representative X̄ ðSTÞ

as the back-cumulant of X̄ at the last layer is shown in black. It will be ameasured spacetime logical operator if the first qubit is eventually
measured. CorrelatedZZ error on the CNOT gate shown in (a) ismapped toZZ errors at t ¼ 3.5 (in red). Its syndrome and logical effect are
given by the commutation with the spacetime stabilizer and logical operator respectively. The gauge group GðSTÞ contains errors with
trivial syndrome and logical effect. GðSTÞ is non-abelian in general (see a pair of errors in light and dark orange).
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yet logically trivial errors in the circuits corresponds to a
non-abelian subgroup in PnðTþ1Þ for the spacetime code.
See example of such errors in Fig. 4(b). These logically
trivial errors generate the gauge group GðSTÞ of the
spacetime code. See Appendix G for the construction.
In a subsystem code, logical Pauli operators that

commute with the gauge group encode the logical infor-
mation and are called the bare logical operators. In
contrast, dressed logical operators commute with the
stabilizer group but may anticommute with some gauge
operators [46]; these are the logical errors of the code.
Unless otherwise specified, we use “logical operators” to
mean bare logical operators. In this work, we focus on a
subgroup of spacetime logical operators L0ðSTÞ correspond-
ing to the logical Pauli measurements in the circuit. In a
Clifford circuit with mL logical measurements, we denote
the logical measurement outcome as o⃗L ∈ZmL

2 . In a
noiseless circuit, each logical Pauli measurement result
oLi will depend on a set of physical measurement results as
oLi ¼ u⃗L · o⃗ for some binary vector u⃗L ∈Zsþm

2 . Here, the
non-zero elements of u⃗L correspond to the physical
measurements involved. u⃗L corresponds to a generator

L0ðSTÞðu⃗ LÞ ¼
Ysþm
i¼sþ1

κtEi−0.5ðE
uLi
i Þ

 �����������
(40)

of the group of measured logical operators L0ðSTÞ in the
spacetime code. See Fig. 4 for an example. The detailed
generic algorithm of constructing O⊥, MðSTÞ, and LðSTÞ is
explained in Appendix G.
Pauli errors in the circuit can also be mapped onto

the spacetime code. A circuit error represented as
eðcircÞ ¼ ðet ∈Pn∣t∈ ½T þ 1�Þ, i.e., inserting Pauli error
et before each circuit layer t, can be mapped to the error
eðSTÞ ∈PnðTþ1Þ in the spacetime code as

eðSTÞ ¼
Y

t∈ ½Tþ1�
κt−0.5ðetÞ: (41)

Throughout the remainder of the text, we identify circuit
errors eðcircÞ with their corresponding spacetime-code Pauli
errors eðSTÞ ∈PnðTþ1Þ via equation Eq. (41) and its inverse

relation eðcircÞ ¼ ðeðSTÞt ∣t∈ ½T þ 1�Þ.
We now define the circuit-level Pauli error model in a

way that admits a natural representation as a Pauli noise
model (Sec. II) on the spacetime code by identifying each
spacetime location ðq; tÞ in the circuit with the spacetime
qubit labeled by ðq; tÞ.
Definition 5. (Circuit-level Pauli error model). We

define a circuit-level Pauli model by a set of spacetime
supports ΓðSTÞ ¼ fγigi. Each support γ∈ΓðSTÞ is a set of
spacetime locations fðq1; t1Þ; ðq2; t2Þ;…g in the circuit
labeling the spacetime qubits. Each support is associated

with a Pauli error distribution Pγ∶ PnðTþ1Þ → ½0; 1� and
PγðeÞ ¼ 0 if suppðeÞ⊄γ. The circuit-level Pauli error
model is then a distribution of Pauli errors over the whole
circuit given by the convolution of local distribu-
tions PΓðSTÞ ¼ �γ∈ΓðSTÞPγ.
Pauli error models on the spacetime code correspond to

circuit-level noise models on the circuit with errors
correlated in space and time, depending on the structure
of the set of spacetime supports ΓðSTÞ. Therefore, a general
Pauli noise model could, in principle, capture features of
correlated errors, leakage errors, and non-Markovian
errors, but the practical application for more complicated
error models will be out of the scope of this paper. In the
remaining numerical and experimental results, we instead
consider the Pauli noise model on the spacetime code
according to the standard circuit model in the fault-
tolerance literature, where errors are only correlated
between qubits involved in each circuit location defined
below.
Definition 6. (Circuit location). We define circuit loca-

tions as the indivisible operations in a circuit, including
idling, state preparation, gates, and measurements. Each
location is associated with a time step and a set of qubits it
acts upon. Locations at the same time step do not share
any qubit.
Definition 7. (Standard circuit-level Pauli error model).

The standard circuit-level Pauli noise model is a restricted
version of the circuit-level Pauli noise model in
Definition 5. In this mode, a w-qubit Pauli error channel
is placed before every w-qubit circuit location except for
state preparation locations, where the error channel is
applied afterward. The channel acts on the same w qubits
involved in the corresponding location.
The standard circuit-level Pauli noise model, apart from

the state preparations at the beginning, corresponds to a
non-overlapping Pauli error channel N Γ on the spacetime
code. Specifically, N Γ is the composition of w-qubit Pauli
channels, each acting on the w spacetime qubits at time
t − 0.5 corresponding to a circuit location involving those
w qubits at time t. For example, a noisy CNOT gate at circuit
layer t on qubits i and j corresponds to a local Pauli
channel N fði;t−0.5Þ;ðj;t−0.5Þg on the spacetime code.

B. Simulation on circuit-level noise learning

We first test our noise learning algorithm on the
spacetime code of the Clifford circuits by performing
simulations on surface code quantum memory circuits,
constructed as follows. We initialize in the initial logical
state of the 3 × 3 rotated surface code in the logical j0̄i
state, and place one ancilla qubit in the state j0i for each
plaquette of the rotated surface code. A single round of
syndrome measurement has seven layers of gates, con-
sisting of performing Hadamard gates on the X syndrome
ancillas, using CNOT gates to entangle ancilla and data
qubits, and measuring ancilla qubits in the correct basis to
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read out the syndrome bits, see Fig. 5(a). Here, the order of
CNOTS is chosen to maximize parallelism and ensure fault
tolerance [47]. We perform several rounds of syndrome
extraction before a final transversal measurement in the
computational basis to perform a fault-tolerant logical Z̄
measurement. For simplicity, we do not perform ancilla
qubit reset between rounds of syndrome extraction, but
simply keep track of all measurement records [48]. The
spacetime stabilizer measurement values (detectors) are
calculated based on these records.
Given a Clifford circuit, there are different ways of

selecting a set of generators for the measured spacetime
stabilizer group MðSTÞ corresponding to different bases
that implement the same parity check matrix O⊥ on the
measurement outcomes. With the property in Eq. (39), we
optimize the set of generators such that the weight of each
MðSTÞðu⃗Þ is constant by constructing a generating set of
fu⃗g for spanðO⊥Þ that involves measurements in a local
time window. Specifically, for the surface code syndrome
extraction circuit in Fig. 5(a), we define the local space-
time stabilizer generators based on the following parity
constraints: For the first two rounds (r ¼ 1; 2) of syndrome
extractions, we set each u to encode the parity of an ancilla

measurement result and the corresponding initial stabilizer
value. For syndrome measurements at round r > 2, we set
each u to encode the parity of an ancilla result at round r
and round r − 2. Lastly, the transversal Z measurement at
the end also creates Z type spacetime generators. For each
Z stabilizer generator Sz of the surface code, we set an
additional parity check u as the parity of the final data
qubit bit strings for Sz and the corresponding ancilla
measurement at the last two rounds. We construct the
local spacetime generators with these parity checks u
according to Eq. (38). A r-round 3 × 3 surface code EC
circuit has 8rþ 4 local spacetime stabilizer generators. We
feed these generators into Algorithm 1 to find the minimal
set of equations in Eq. (26). Under the standard circuit-
level Pauli noise model for a 9-round syndrome extraction
circuit, we obtain 961 independent equations correspond-
ing to jC�j ¼ 961 nontrivial syndrome error classes.
We simulate the standard circuit-level Pauli error model

where each Pauli component of single-qubit and two-qubit
channels has an error rate following a Gaussian distribu-
tion centered at near-threshold error rates 0.001=3 and
0.01=15, fluctuating with standard deviation 0.0002=3 and
0.002=15 respectively. After converting the circuit into a

FIG. 5. (a) Error correction circuit for the 3 × 3 rotated surface code and its corresponding spacetime code. The surface code starts
from its logical j0̄i state and we simulate r rounds of syndrome extractions followed by a transversal Z measurement. The learning
algorithm converts the whole circuit into a spacetime code where spacetime qubits (empty circles) are placed before every layer of
gates. (b) The relative error η̄C of the learned syndrome class total error rate averaged over all classes. We simulated for different rounds
of syndrome extraction. (c) Relative error η̄layer of the estimated average single-qubit (1Q) and two-qubit (2Q) error rates per layer. The
true circuit-level error rates are sampled from a Gaussian distribution (μ ¼ 0.001=3; σ ¼ 0.0002=3 and μ ¼ 0.01=15; σ ¼ 0.002=15 for
the Pauli error components of single-qubit and two-qubit locations respectively).
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spacetime code, we apply our learning algorithm Eq. (32)
for static code under various extra constraints B using
sample sizes N ¼ 103; 104; 105; 106.
To evaluate the quality of circuit noise learning, we first

study how well we can learn the total error rates of the
syndrome class of the corresponding spacetime code.
Errors within each syndrome class correspond to cir-
cuit-level errors that violate the same parity constraints
(detectors) ∀ u∈O⊥. Here, we use the optimization
method Eq. (32) instead of the approximation method in
Eq. (33) as we observe the result from optimization is
slightly better, although the latter is more efficient in terms
of classical computational cost. We use the simple extra
assumption B which assumes uniform noise for all local
Pauli errors, i.e., rðeÞ ¼ 1, ∀ e∈ EΓin Eqs. (30) and (31).
In Fig. 5(b), we show the average relative error η̄C ¼
1
jC�j

P
C∈ C� ηC of the predicted syndrome class total error

rates to the true error rates. With around N ¼ 1000
samples, the learning algorithm can learn the orders of
magnitude of the syndrome class total error rates. By
increasing the sample size to N ¼ 104 to 105, we achieve
better relative precision, and the estimation quality
remains stable as the number of syndrome extraction
rounds increases. We note that we expect the accuracy
can be substantially improved for sample sizeN ¼ 1000 to
10000 if techniques of reducing shot noise are used,
according to the comparison of circles and dotted lines
shown in the Fig. 3(b) in the code capacity setting.
We also estimate the average error rate for single-qubit

locations and two-qubit locations (CNOT gates) per layer,
and we expect it to require a smaller sample size to reach
the same relative precision compared with estimating
syndrome class total error rates. We implement the
optimization in Eq. (32) with B following the average
noise ratio of single-qubit and two-qubit gates, i.e.,

rðeð1QÞÞ ¼ 1, rðeð2QÞÞ ¼ 10. We consider η̄ ð1QÞlayer and

η̄ ð2QÞlayer which represent the relative error of our estimated
single-qubit and two-qubit error rates per layer averaged
over all layers, and they are shown in Fig. 5(c). With 1000
samples under this noise setup, the learning algorithm can
estimate single-qubit and two-qubit gate average error
rates per layer within 0.2 relative error.
Furthermore, we investigate how well the learning

algorithm could perform under time-dependent noise.
In time series analysis, one could model discrete time-
dependent noise as an average over a series of Markov
chains pt ¼ 1

M

P
M
m¼1 p

m
t ; t ¼ 0; ::; T. Here pm

t is of the
form [49,50]:

pm
t ¼ θmpm

t−1 þ σηt; t ¼ 1;…; T; (42)

where ηt are i.i.d. random variables following the standard
normal distribution and θm is a parameter from 0 to 1. One
could approximate the noise signal with spectral density

SðfÞ ∼ 1=fα if θm follows a certain distribution para-
metrized by α [Eq. (15) in Ref. [50] ]. With θm ¼ 0,
we have non-correlated noise, also known as white
noise, whereas when θm ¼ 1, we have noise exhibiting
the 1D randomwalk (SðfÞ ∼ 1=f2). For simplicity, we sim-
ulate the 3 × 3 surface code circuit with unbiased Pauli
errors that only distinguish single qubit operations (includ-
ing measurement and idling noise) and two qubit

gates with initial total error rate pð1QÞ0 ¼ 3 × 10−4 and

pð2QÞ0 ¼ 5 × 10−3, respectively. We model 1Q and 2Q
noise separately, each being uniform in every layer and
evolving as a random walk with parameter M ¼ 1; θ ¼ 1;
σ
p0
¼ 0.1.
Similarly, we use the gate-based extra constraints in the

B matrix for the optimization, i.e., rðeð1QÞÞ=rðeð2QÞÞ ¼
pð1QÞ0 =pð2QÞ0 . We note that we have worse predictions of
average error rates per layer for less noisy processes, e.g.,
single-qubit gates, when error rates are highly time-
dependent. On the other hand, the algorithm can capture
the error rates for the noisy process, i.e., two-qubit gates in
this case. In Fig. 6(b), we show the result of the learned
two-qubit gate errors from both exact syndrome expect-
ations and syndrome expectations from N ¼ 10 K sam-
ples. The learned error rates averaged at every layer are
consistent with the true error rates, even at this small
sample size. This exceeds our naive expectation that noise
is only resolved between different syndrome extraction
rounds, as we only have one round of measurement at
the end of the depth-7 syndrome extraction circuit. The
resolution can be explained by the short temporal span of
the syndrome error classes, as shown in Fig. 6(a). Out of
961 syndrome error classes, 331 classes are contained in a
single layer and 297 classes involve only two consecutive
layers, whereas a single EC cycle includes 7 layers
of gates.

C. Learning from experimental data

We consider learning the circuit-level noise model of a
fault-tolerant circuit performed on theHarvard neutral atom
platform [1] that prepares a logical 4-qubit GHZ state, as
shown in Fig. 7(a). The logical circuit is encoded in four
blocks of seven-qubit Steane code by the non-fault-tolerant
j0̄i preparation circuit and then fault-tolerantly verified
by the other four blocks of logical ancillas in j0̄i. Then, the
logical GHZ state is prepared using logical Hadamard and
CNOT gates, which are transversal for the Steane code.
To correct errors and verify logical fidelity, the direct
fidelity estimation [51] on the logical level was performed
by measuring all elements of the logical stabilizer
group hZZII; IZZI; IIZZ; XXXXi of the logical GHZ state.
The logical measurements in the Z̄ basis, i.e.,
hZZII; IZZI; IIZZi, can be done simultaneously with a
single logical circuit; therefore, 9 logical circuits are
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executed in total. The initial stabilizer generators of the
circuit are X1; X2; X5; X6; X3X4; X3X7, which propagate to
the stabilizer generators of the Steane code for each data
code block, along with all single-qubit X operators for the
ancilla blocks. These are provided as input toAlgorithm2 to
construct the measured spacetime stabilizer group of each
logical circuit.
To get a reasonable estimate of gate error rates, we

impose extra constraints B using previously reported
gate fidelities [52] as a reference. Specifically, for errors
within each syndrome class of the spacetime code,
we differentiate them by the prior belief rðeÞ Eqs. (30)

and (31), i.e., a relative strength between errors of different
circuit location type, as r ¼ 1; 3; 10; 20 for idle, single-
qubit, two-qubit, and measurement errors respectively.
Each logical circuit is repeated and postselected on
successful initialization, resulting in a sample size N of
less than 3000 times, and these sampled measurement
bitstrings are used to obtain the expectation values of the
spacetime code syndrome, i.e., the empirical Pauli eigen-
values. Part of the learned logical CNOT gate error rates is
shown in Fig. 7(b). To estimate the uncertainty of the
learned noise, we simulate sampling syndrome with the
same number of samples as in the experiment and apply
the learning procedure to these simulated syndrome data.
The resulting error bars represent the standard deviation
of the learned error rates over 30 repetitions. We can
distinguish the relative noise strength of different gates and
Pauli components with a certain confidence. This can be
useful to identify potential circuit defects to perform gate
tune-up. One of the features we observe in common with
the learned error rates in this collection of circuits is that
the gate fidelity tends to diminish over time. We hypoth-
esized that this is caused by atom loss. See Appendix L,
Figs. 16 and 17, for the complete estimated error rates for
the logical ZZZZ measurement circuit.

V. LEARNING LOGICAL ERROR RATES
AND LOGICAL FIDELITY FROM

SYNDROME DATA

In the previous section, we showed how to explicitly
characterize physical circuit-level errors in fault-tolerant
circuits using syndrome data. In this section, we ask if that
same data can also be used to benchmark the quality of the
implemented logical circuits. We extend the results of
Wagner et al. [12] from the channel-coding setting to non-
adaptive Clifford circuits, allowing arbitrary stabilizer
codewords as inputs and logical measurements. Given a
Clifford circuit that is fault-tolerant to the assumed circuit-
level Pauli error model (Definitions 5 and 9), we first prove
that with respect to the set of logical measurements, the
total error rate of the classes of logically equivalent errors
with a given syndrome is learnable using the syndrome
expectation values. We emphasize that this is a decoder-
independent quantity.
Consequently, with a decoder, we show that logical error

rates for the set of logical measurements are learnable.
In practice, we take the estimated physical error rates
that satisfy the syndrome expectation, as described in
Sec. III C, and perform Monte Carlo simulations using any
relevant decoder to learn the logical error rates. Notably,
the input state of the circuit can be any codeword (e.g.,
non-stabilizer state) since errors of logical measurements
in Clifford circuits can be characterized from the commu-
tation relation between circuit errors and the spacetime
code logical operators (see Appendix G).

FIG. 6. (a) The temporal span of 961 nontrivial syndrome error
classes C� for the 9-round 3 × 3 surface code EC circuit
[Fig. 5(a)] with circuit level noise. The vertical position is
arbitrary as we focus on the resolution in time, and the colors are
only for distinguishing different classes. 331 classes are con-
tained in a single layer and 297 classes involve only two
consecutive layers. (b) The estimated average two-qubit (2Q)
error rates per layer using the simulated syndrome data. We apply
a time-varying error rate that follows a random walk for 1Q and
2Q errors independently. The extra constraints encoded in B

[Eq. (32)] are set according to the initial ratio of pð1QÞ0 and pð2QÞ0 .
We observe that the learned error rates both from the exact
syndrome (orange dots) and from N ¼ 10; 000 samples (green
dots) match the true error rates and serve as good estimates of the
time-dependent noise.
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A. Logical error rate learnability

We consider an ideal logical circuit with a set of mL

logical measurements ML ¼ fM̄igi implemented by a
physical fault-tolerant Clifford circuit. For example, for
the logical GHZ preparation circuit shown in Fig. 7(a) with
Z basis measurements, the set of logical measurements is
ML ¼ fZIII; IZII; IIZI; IIIZg at the final layer. The
ideal logical circuits can be thought of as a quantum-to-
classical channel. Given an input state, the channel can be
described by a distribution over the output classical bit-

strings o⃗ ðidealÞL ∈ZmL
2 corresponding to the ideal logical

measurement outcome. When there is a circuit-level Pauli
error channel, the logical output is obtained by first
applying additional Pauli correction to the circuit based
on the observed syndrome using a decoder and then
determining the corrected logical outcome. The errors
and the subsequent correction introduce an additional bit-
flip channel on the ideal logical measurement outcomes,
which can be described by a distribution Pfail over the
possible logical errors, i.e., bit flips f⃗L ∈ZmL

2 . The final

logical output is then given by o⃗ ðidealÞL ⊕ f⃗L. We now show
that given any decoder, the bit-flip channel on logical
measurement outcome, described by the logical error rate
Pfailðf⃗LÞ, is learnable from syndrome data under a fault-
tolerant condition.
Given the physical error rates, we quantify the proba-

bility of a logical error happening for logical

measurements using the spacetime code picture introduced
in Sec. IVA. We map the physical circuit into an
nðSTÞ-qubit spacetime subsystem code. In particular, we
have the parity checks O⊥ in the physical measurements
mapped to the measured spacetime stabilizer groupMðSTÞ,
and the logical measurements ML mapped to the group
of measured spacetime logical operators L0ðSTÞ using
Algorithm 2. The effect of any circuit Pauli error on the
syndrome and logical measurement can be captured by the
commutation between the corresponding error e∈PnðSTÞ in
the spacetime code and the spacetime stabilizer and logical
elements (see Lemmas G.3 and G.4 in Appendix G). As a
result, an error e∈PnðSTÞ is undetectable and logically
trivial to the logical measurements if and only if e is in the
gauge group G0ðSTÞ ¼ NðL0ðSTÞÞ of the spacetime code.
Therefore, any two Pauli errors that differ by elements of
the spacetime code gauge group are indistinguishable and
logically equivalent. For each Pauli error e in the space-
time code, we define its logical error class as the coset
eG0ðSTÞ in PnðSTÞ and we denote it as C̄s⃗;l⃗. Here, s⃗∈Zr

2 and

l⃗∈ZmL
2 are the syndrome and logical component of the

error e respectively:

siðeÞ ¼ he;MðSTÞi i; (43)

liðeÞ ¼ he; L0ðSTÞi i; (44)

FIG. 7. Logical GHZ state preparation experiment and physical error rate learning. (a) The box on the left shows the encoding circuit
for logical j0̄i of the ½½7; 1; 3�� Steane code. A series of logical circuits for preparing the 4-qubit encoded GHZ state and logical stabilizer
measurements are shown in the middle. Here, logical Hadamard and CNOT gates are transversal gates acting on code blocks. The lower
four code blocks fault-tolerantly verify the prepared j0̄i. The last two layers implement direct fidelity estimation in experiments where
logical Clifford gates are applied and then qubits are measured transversally in the Z basis. The box on the right shows the physical
circuit of the transversal CNOT gates of the enclosed logical CNOT gate. Empty circles shown in the physical circuits are qubits of the
spacetime code, susceptible to errors from gates to their right in the diagram. (b) Learned Pauli error rates of the CNOT gates enclosed in
the middle logical circuit for the logical ZZZZ measurement circuits are shown. The learning algorithm is applied based on the
syndrome data of the spacetime stabilizer (detectors) constructed without the knowledge of the initial logical state of the data blocks.
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where fMðSTÞi gri generates the measured stabilizer group.

fL0ðSTÞi gmL
i is the set of measured spacetime logical

operators from the logical measurements. Furthermore,
we denote the probability of each logical error class as

P̄ðs⃗; l⃗Þ ¼
X

e∈ C̄s⃗;l⃗

PðeÞ ¼
X

g∈G0ðSTÞ
Pðes⃗;l⃗ gÞ; (45)

where es⃗;l⃗ is any error satisfying s⃗ðeÞ ¼ s⃗ and l⃗ðeÞ ¼ l⃗.
Note that the number of degrees of freedom of P̄ is the
number of cosets of G0ðSTÞ, i.e., reduced by a factor of
jG0ðSTÞj compared with the physical error rate PðeÞ. In
contrast to generic physical error rates that are determined
by all Pauli eigenvalues in PnðSTÞ , one only needs Pauli
eigenvalues ΛL0 of the logical operators in L0ðSTÞ to
determine P̄. In fact, they are related by a Walsh-
Hadamard transform W:

P̄↔
W

ΛL0 : (46)

See [12] and Appendix H for details. Wagner et al. [12]
showed the sufficient condition of the learnability of P̄ in
the channel coding setting.
Theorem 8. (Wagner et al. [12]). Let a Pauli error

channel N Γ be a composition of Pauli channels with
support γ∈Γ as defined in Eq. (3). The probabilities P̄ of
logical error classes are learnable from the syndrome data
if any union γ1 ∪ γ2 of two channel supports γ1; γ2 ∈Γ only
supports trivial logical operators.
We emphasize that the values of P̄ðs⃗; l⃗Þ are decoder-

independent quantities that depend only on the logical
equivalence relation in the code, i.e., the gauge group and
the physical error rates. To define the logical error rate Pfail
of the logical measurements, we need a decoder. A decoder
takes the syndrome s⃗ of the circuit as input and returns a
logical class l⃗decðs⃗Þ. Then, the probability of a logical
error corresponds to the bit-flip f⃗L ∈ZmL

2 of the ideal
logical measurement outcome averaged over all possible
syndromes is

Pfailðf⃗LÞ ¼
X
s⃗

P̄ ðs⃗; f⃗L ⊕ l⃗decðs⃗ÞÞ: (47)

We show that syndrome expectation values in the circuit
suffice to determine the logical error class probability, and
hence the logical error rates, of fault-tolerant Clifford
circuits (in the sense of Definition 9) under the assumed
circuit-level Pauli noise model.
Definition 9. (Fault tolerance). Consider a circuit-level

Pauli error model defined by a set of spacetime supports
ΓðSTÞ as in Definition 5. We denote the set of individual
spacetime Pauli errors of the model by EΓðSTÞ. We say a non-
adaptive Clifford circuit is fault tolerant to a circuit-level

Pauli error model for a set of logical measurements ML
if and only if for any undetectable error e, either in EΓðSTÞ or
as a product e ¼ e1e2 for any e1; e2 ∈ EΓðSTÞ, the error e on
the circuit does not change the distribution of logical
measurement outcomes in ML for any input codeword to
the circuit.
Theorem 10. (Learnability of logical errors). Given a

non-adaptive Clifford circuit with a set of logical mea-
surements ML under a circuit-level Pauli noise model
(satisfies Assumption 1 on the spacetime code), the logical
error class probabilities P̄ forML can be learned from the
syndrome expectation value if and only if the circuit is
fault-tolerant (Definition 9) to the noise model forML. As
a consequence, given a decoder of the circuit, the asso-
ciated logical error rates Pfail for the set of logical
measurements ML can be learned from the syndrome
data if the circuit is fault-tolerant to the noise model
for ML.
The proof using the spacetime code mapping is in

Appendix H. A naive way of learning the logical error rate
would be to solve for ΛL0 from the syndrome expectation
values and then perform the inverse Walsh-Hadamard
transformation in Eq. (46) involving an exponentially
large matrix. In practice, we first learn any set of physical
error rates compatible with the syndrome expectations and
then perform Monte Carlo simulations to estimate the
logical error rate.
In addition to benchmarking logical measurements,

estimating the fidelity of a prepared logical state is also
of interest. We show that given the learned logical noise
rates, we can estimate the logical fidelity [1,3,53,54] of the
noisy output state ρ̃ with the target output state ρ ¼ ψ̄ ,
which is assumed to be pure. We define the logical fidelity
FL as the physical fidelity after correcting the output state
ρ̃ back to the code space, see [53] for a detailed discussion.
We denote by S the stabilizer group of the output state ρ,
and by L ¼ NðSÞ the group of logical operators. We
denote the set of representatives of each coset of S in L as
L̂. In the case when the logical circuits are performing
direct fidelity estimation by measuring logical operators in
different bases [51], we have

FL ¼ TrfRðρ̃Þρg (48)

¼ 1

2n

X
O∈Pn

hOiRðρ̃ÞhOiρ (49)

¼ 1

2k

X
L0 ∈ L̂

hL0iRðρ̃ÞhL0iρ: (50)

Here, R is the CPTP map of syndrome measurement
followed by error correction, and we denote by hOiρ the
expectation value of O with respect to the target output
state ρ. We can learn the logical fidelity FL from the
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syndrome data of the family of circuits. This is because
Pfail can be learned according to Theorem 10, and hL0iRðρ̃Þ
depends on the Walsh-Hadamard transformation of Pfail
and the ideal expectation value hL0iρ as

hL0iRðρ̃Þ ¼
0
@ X

f⃗L ∈ZmL
2

ð−1Þα⃗ðL0Þ·f⃗LPfailðf⃗LÞ
1
AhL0iρ; (51)

where α⃗ðL0Þ∈ZmL
2 is the binary vector whose nonzero

entries indicate which measurement outcomes are used to
compute hL0i. When ρ is a stabilizer state, denote its full
stabilizer group as Sρ > S and denote by Ŝρ a set of
representatives of the cosets of S in Sρ then the logical
fidelity reduces to FL ¼ 1

2k

P
S∈ Ŝρ
hSiRðρ̃Þ. In Sec. V C, we

compared the learned logical fidelity from syndrome data
with the experimentally measured fidelity [Fig. 7(a)] of the
logical GHZ state from logical direct fidelity estimation.
When there is no sufficient set of logical measurement

bases implemented at the end, syndrome constraints will
not be sufficient to uniquely identify the logical fidelity.
One can still estimate the logical fidelity by using addi-
tional constraints [Eq. (31)] to first estimate all physical
error rates and simulate the noisy circuit with a final round
of perfect syndrome measurement and recovery. This is
still expected to be accurate, particularly when several
rounds of error correction are performed to accumulate
sufficient syndrome data, except for the final round.

B. Benchmarks

We first test the logical error rate learning with the data
from various simulated surface code syndrome extraction
circuits in Sec. IV B, ranging from a single round r ¼ 1 up
to r ¼ 9 rounds of syndrome extractions. The logical error
rate at the end of the 9 circuits is evaluated from the
simulation of the syndrome measurement, decoding, and
final correction of the whole circuit with Stim and
PyMatching [55,56]. The physical error rates are estimated
using Eq. (32), where we use different B matrices for the
extra constraints. We denote by Bgate the one that assumes
a fixed ratio between pairs of errors in each syndrome error
class consistent with the error rates without added
Gaussian fluctuation. The other matrix asserts uniform
noise within each syndrome error class, denoted as
Buniform. Finally, we use Bconsist, which asserts constraints
consistent with the true noise. As shown in Fig. 8, the
learned circuit noise predicts the logical error rate well
with uncertainty ϵPfail

≤ �3 × 10−4 for a single round
syndrome extraction, and ϵPfail

≤ �2.2 × 10−3 for nine
rounds of syndrome extraction. Importantly, notice that
the logical failure rate is independent of the extra con-
straints used to fix the error rates of individual Pauli errors
in the same syndrome classes.

C. Logical error rates in experiments

We now use our algorithm to learn the logical error rates
from the syndrome data of the experiments reported in
Ref. [1]. We estimate the logical fidelity from the learned
physical error rates [using Eq. (32)] of all 9 logical GHZ
preparation circuits with different logical measurement
bases shown in Fig. 7(a), Sec. IV C. We perform
Monte Carlo simulations on stim [56] to sample meas-
urement bitstrings from our estimated physical error rates
of all the circuits. The simulated logical measurement
results, corrected using the correlated decoding technique
[1,57], are extracted. We note that these simulated logical
measurement results encode the learned logical error rates,
and the logical bitstrings from the experimental data are
never used. In addition, we implemented “sliding-scale
error detection,” where we rank data block syndromes
based on the probability of their most likely error and
perform partial postselection based on a cutoff threshold,
see [1] for details. To mitigate shot noise from the
syndrome expectation value due to the small sample size,
we also implemented the optimization in Eq. (32) with

FIG. 8. (a) Logical error rate estimation from simulation of
surface code error correction circuits. We apply two-qubit Pauli
error channels on two-qubit gates and single-qubit Pauli channels
on other locations with near-threshold error rates fluctuating
(20%) around 0.01 and 0.001, respectively. Logical error rates
are estimated by Monte Carlo sampling. (b) An enlarged view of
the learned logical error rates corresponds to 9 rounds of
syndrome extraction [box in (a)] for different extra constraints
B and sample sizes. Learned logical error rates for different B
constraints match the true value.
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added intraclass uniformity constraints (Appendix K)
denoted by “ �” in Figs. 9(b) and 9(c).
Comparing our learned GHZ state logical fidelity from

the circuit syndrome with the experimental result obtained
from direct fidelity estimation, we find them in good
agreement, as shown in Fig. 9. For postselection on the
trivial syndrome, the estimated logical fidelity is within the
experimental error bars. The protocol also gives a good
estimation in the case of error correction with partial
postselection, as most experimental results fall in the range
error bar of the learned data, and we see better agreement
for the learned data with extra uniformity constraints. We
speculate that the deviation from the experimental result is
due to shot noise from the limited sample size and our
simplified noise model. Nevertheless, the overall good
agreement shows that the local Pauli error model is a valid
error model in the setting of error-corrected logical
quantum information processing for these experiments.

D. Exponential sample complexity advantage
at very low logical error rates

The threshold theorem of fault-tolerant quantum com-
putation [8,40,43] shows that there exist families of
codes with growing distance d, such that if the physical
error rate p is below some threshold pth then one can
exponentially suppress the logical error rate as a function
of the distance of the code. Under the uniform single-qubit
error model assumption and in the asymptotically low
physical error rate regime, the logical error rate follows
the formula [58,59]:

Pfail ¼ Ad

�
p
pth

�dþ1
2

; (52)

where Ad ¼ polyðdÞ is some constant independent of p.
When estimating such exponentially suppressed logical

error rates directly at the logical level, for example, using
direct fidelity estimation, an exponential number of sam-
ples is required to resolve the signal. Quantitatively,
sampling from a binomial distribution with probability
pbin, the sample size N needed to obtain an estimate of pbin
with relative error η is given by

N ¼ 1 − pbin

η2pbin
≈

1

η2pbin
: (53)

Since multiplicative errors scale linearly under expo-
nentiation, the asymptotic formula in Eq. (52) suggests that
achieving a logical-level relative error within ηL only
requires improving the physical-level multiplicative pre-
cision by a factor proportional to the code distance. This is
much more desirable since the physical error rates typi-
cally do not decrease with increasing number of qubits,
and we have

Nphysical ≈
d2

η2Lp
: (54)

In this section, we make the statement precise for
Clifford circuits under the local sparse Pauli error model
described in Sec. II.
Theorem 11. (Sample complexity of logical error

estimation). Consider a non-adaptive logical Clifford
circuit with n physical qubits and physical depth T that
corresponds to a qLDPC spacetime code. We assume the
circuit is fault-tolerant to a circuit-level noise that corre-
sponds to a local sparse Pauli channelN Γ on the spacetime
code, for a set of logical measurements ML. Denote the
vector of true error rates by p⃗ and the minimal syndrome
class error rate by PCmin. Then we can learn the logical
error rates Pfail for ML with relative error within ηL using
a sample size

FIG. 9. Comparison of logical direct fidelity estimation between experimental results and learned noise models from syndromes. (a)
Error-detection results for the logical GHZ fidelity, from experimental measurement, from the learned logical fidelity, and from the
learned fidelity with extra intraclass uniformity constraints (denoted �). (b),(c) The same comparison under partial postselection on the
syndrome, conditioned on the number of ancilla blocks having a nontrivial syndrome (flag). See Fig. 18 for results with various
numbers of flags.
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N ¼ Õ
�

n2T2

η2LP
2
Cmin

�
; (55)

if the positivity condition in Lemma F.4 is satisfied and

kp⃗k∞ ≤ min
�

2

LHKGB

;
�
ηLPCmin

4jΓjCc

�1
2

�
; (56)

for constants LH;KGB
; Cc defined in Eqs. (F28), (F29)

and (I17).
See Appendix I 2 for details of the proof. Again,

applying the Chernoff bound gives a more precise scaling
N ¼ Õð pmax

P2
Cmin
Þ, where pmax ¼ kp⃗k∞, with respect to the

physical error rates. It reduces to Oð1=pÞ under the
uniform error rate case as expected.
The logical error rate estimation method considered in

the proof makes use of the solution in Eq. (35) and
approximates the syndrome-class error rate to first order
via PC ¼ − 1

2
log νC þOðkp⃗k2Þ. The true error rates p⃗

require a positivity condition (Lemma F.4) that can be
satisfied, for example, if there exists some pmax ¼ Oð1Þ
such that p2

max ≲ p ≤ pmax for all entries p of p⃗. Since
better physical error rate learning precision is required as
spacetime volume increases in the proof, we require the
upper bound on kp⃗k∞ to decrease as ∼1=ðnTÞ. This is
reflected in the number of local channels jΓj in the
denominator of the upper bound in Eq. (56).
Nevertheless, for a fixed sufficiently low physical error
rate, the theorem still yields an exponential sampling
advantage for finite-size systems. This first-order approxi-
mation can be avoided by using optimization methods
to solve Eq. (32). Therefore, we believe the sampling
advantage holds more generally in this case.
In the regime where the physical error rate is well below

the fault tolerance threshold, the sample complexity
scaling approachesOðd2Þ instead ofOðn2T2Þ. This scaling
arises because the fault patterns are dominated by the
minimum weight uncorrectable errors in the circuit, which
requireOðdÞ independent error events happening in the set
of local errors EΓ.
To test if the advantage holds in practice, we perform

numerical simulations to study the accuracy of logical
error rate learning on rotated surface codes of distance
d ¼ 3; 5; 7; 9 in the code capacity setting. We sample
single-qubit error rates from a Gaussian distribution
N ∼ ðμ ¼ 10−3; σ ¼ 1

2
× 10−3Þ. As shown in Fig. 10, with

N ¼ 3000 samples, one can estimate the logical error rate
with good relative precision on the order of 10−11 if the
code/circuit is fault-tolerant to the noise model. We
simulate learning error rates with different sample sizes
and different surface code distances and perform a linear
fit of the multiplicative precision with the sample size for
each code on the log scale. In Fig. 10(b), we show the

estimated samples needed for relative error η ¼ 1 and see a
clear advantage compared to 1=Pfail as in Eq. (53).
Finally, learning the probability of different logical error

classes corresponding to different Pauli errors with a
certain syndrome is also of interest. This is because
post-selection on syndromes is also widely used in many
protocols and is a general means of improving logical
fidelity in the near term [1,60–63]. All logical error class
probabilities can be learned with good relative precision
since they can all be written as a polynomial in the physical
error rates, similarly to the logical error rate averaged over
syndromes. We observed from numerical simulations, as
shown in Fig. 11, that all 64 logical class error rates P̄ of
the ½½5; 1; 3�� of different orders of magnitude can be
learned with N ¼ 8000 samples to good relative precision.
This allows one to estimate the logical error rate condi-
tioned on any subset of syndromes one postselects on,
using syndrome data from a small number of samples.

E. Correlated noise from rare events

In this section, we discuss scenarios that violate the
model in Sec. II or the learnability condition in
Theorem 10. With some additional assumptions, we
discuss potential methods for estimating both practically
relevant and theoretical models.
In practice, one such violation arises from events that

cause correlated noise across a large region. Examples of
experimentally observed events are ionizing radia-
tion caused by cosmic rays [64–70] and mechanical

FIG. 10. (a) Rotated surface code logical error rate Pfail

initialized in j0̄i for various distances d and physical single-
qubit error rates in the code capacity setting (average error rate p̄
with σ ¼ 0.3p̄). The black markers are the true logical error rates
from the minimum weight perfect matching decoder. The
colored markers are the learned values from N ¼ 3000 samples
of syndrome data. (b) Estimated sample size needed for direct
fidelity estimation at the logical level (dark blue) vs the one
needed (from interpolation of results shown in (a) with different
N at average physical error rate 10−2) for the logical error rate
learning algorithm (light blue) if one requires η ¼ 1 rela-
tive error.
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vibrations [70,71]. It is of high interest and an active area
of research to prevent such events from happening, as the
elimination of these highly correlated events is necessary
for reliable fault-tolerant computation. In the case of
cosmic rays, for example, several groups have developed
engineering/mitigation strategies for superconducting
qubits [72–78].
The error mechanism of high-energy radiation is com-

monly attributed to producing phonons and quasiparticles
that cause T1 decay across many qubits in the chip
[64,65,79]. Conditioned upon such an event happening,
after Pauli twirling or randomized compiling, the resulting
error channel can still be described by a local-sparse Pauli
channel, albeit with a much higher error rate over an
extended period of time [80]. Without any postselection of
such events, the error channel will be a classical mixture of
low error rate and high error rate local-sparse channels,
thus falling outside of the model assumption in Sec. II.
However, such events are easily detected, and even
characterized in real time from the time series of syndrome
histories by looking at the syndrome expectation in a
local time window average over large regions of the
system [31,47,81–84].
Another scenario, motivated more theoretically, is the

violation of the condition for learnability of the logical
error rate: the correlated Pauli error with a weight larger
than bd−1

2
c, where d is the code distance. Here, we consider

a simplified scenario where a depolarizing channel
N RðρÞ ¼ ð1 − pRÞρþ pR

4jRj−1
P

e∈PR
eρe†, concatenated

with a local-sparse Pauli channel, acts on a subset R ⊆ ½n�
of an n-qubit qLDPC code. To break the condition in
Theorem 10, we need jRj ¼ ΩðdÞ. We define GR as the set
of stabilizer generators that overlap with the region R, and
define the measurement result Xg ∈ fþ1;−1g for g∈GR,
then conditioned on the event that a nontrivial error

happens in N R we have

EðXgÞ ¼ −e−ΩðjRjÞ ≈ 0; ∀ g∈GR; (57)

which deviates significantly from the noiseless value
of 1. Therefore, detection is possible by calculating the
average syndrome expectation M ¼ 1

m

PG
g Xg. We show

in Appendix J 2 that the signal-to-noise ratio for such
detection increases as we increase the system size
if jRj ¼ ωð ffiffiffi

n
p Þ.

Furthermore, if the region R contains a logical operator,
we show that N R has a logical-error contribution of order
pR, and one can bound the logical error rate given the
ability to detect such high-weight Pauli errors and

the ability to learn the logical error rate PðbgÞfail due to the
background local Pauli channel (Theorem 10) by post-
selecting syndrome data.
Lemma 12. If the support R of the depolarizing channel

N R has total error rate pR and contains some (dressed)
logical operator L, then up to some exponentially small
correction in jRj, the logical error rate is bounded by

ð1 − pRÞPðbgÞfail þ
1

2
pR ≤ Pfail ≤ ð1 − pRÞPðbgÞfail þ pR:

(58)

See the proof in Appendix J 1. As a result, the errors
from N R can be reliably detected for jRj ¼ ωð ffiffiffi

n
p Þ and

in this case the logical error rate can either be learned
when d ¼ ωð ffiffiffi

n
p Þ and jRj ¼ Oð ffiffiffi

n
p Þ, or bounded when

jRj ¼ ωð ffiffiffi
n
p Þ according to Lemma 12.

On the other hand, for a region jRj not containing any
logical operator, the logical error rate would highly depend
on the decoding methods and the potential use of erasure
decoding. We leave the details of this case for future work.
Finally, the two types of correlated events can in principle
be distinguished by examining the correlation among the
syndrome data [35].

VI. DISCUSSION

In this paper, we study the problem of learning Pauli
noise in fault-tolerant Clifford circuits from syndrome
data. To this end, we analyze the noise-learning problem
for general subsystem codes and map Clifford circuits to
spacetime (subsystem) codes. We rigorously show that the
total error rates of every equivalence class of circuit-level
Pauli noise, i.e., the syndrome class where errors have the
same syndrome, can be learned from the syndrome data of
a fault-tolerant Clifford circuit. In fact, we are able to
prove that local sparse Pauli channels in the circuit can be
learned from a constant number of samples when the
spacetime code of the circuit is qLDPC.
Complementing these analytical results, we design a

general algorithm to estimate circuit-level Pauli error rates

FIG. 11. (a) Learned 64 logical class error rate of the ½½5; 1; 3��
code. Each true single-qubit Pauli error rate is sampled from
p ∼N ðμ; σ2Þ, where μ ¼ 10−3; σ ¼ 5 × 10−4. With N ¼ 8000
samples of syndrome data, every logical class error rate can be
estimated close to the true value in multiplicative precision.
(b) The logical error rate of both error correction and error
detection in (a) can be estimated to high precision.
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of Clifford circuits given syndrome data. We do so by
turning the noise learning problem into a least-squares
optimization on a system of noisy non-linear equations
(without approximation)/linear equations (with approxima-
tion), which allows us to adaptively adjust the redundancy
as well as terminate early to reduce overfitting. To improve
the accuracy of our learning algorithm, one could design
better optimization schemes and potentially dynamically
adjust the effective degrees of freedom in the noise model to
further reduce overfitting from shot noise.
Our work provides a complementary method for

benchmarking gate errors compared to randomized
benchmarking, gate-set tomography, and cycle error
reconstruction [24,26,85–87]. These methods effectively
magnify physical error rates by increasing the number of
gate layers. In the context of our work, this is essentially
trading measurements with gates, thus holding an advan-
tage if measurements are slower than gate implementa-
tions. However, compared to these methods, our approach
requires no pre-calibration and provides in situ estimates
of the gate error rate for the target computational task. In
addition, our method is able to capture non-Markovian or
time-dependent effects such as drift, while offline bench-
marking methods typically make a Markovian or time-
independent assumption about the noise.
We further show that the logical error rate of the circuit is

determined by the syndrome data if the circuit is fault-
tolerant to the noisemodelwe are learning. This allows us to
learn logical error rates and estimate the logical fidelity of
circuits without information from a logical measurement.
This includes logical circuits with Clifford gates encoded in
any stabilizer code, subsystem codes, and dynamical codes
containing rounds of fault-tolerant syndrome extraction.
Notably, we show that our method of extracting logical
error rates from syndrome information provides an expo-
nential sample advantage compared with tomography/
fidelity estimation at the logical level only. This becomes
important when logical error rates are suppressed by larger
code distances.We do so using numerics and give a proof in
the regime of low error rates. We note that an important
problem remains unsolved: developing efficient classical
algorithms to estimate the logical error rate of larger
systems given the learned physical error rates. A series
of works based on the splitting method and Metropolis
sampling algorithms can potentially be such a complemen-
tary tool to our work [58,88,89].
Many works that estimate error rates from syndrome

data use the detector error model (DEM) [30,34–36],
typically in the decoding community. It is then natural
to ask what the relationship is between the detector error
model and the Pauli channel error model in our work. The
use of the Pauli channel arises naturally when randomized
compiling is used for circuit execution [90,91]. Detector
error model, being a concatenation of Bernoulli Pauli
errors, is a subset of the general Pauli channel. Note that
our sufficient and necessary condition of the learnability

results Theorems 3 and 10 applies to the generic Pauli
channel and therefore subsumes the detector error model.
To make both the sample and computational costs scalable,
we introduce the local and sparse condition for the
Pauli channel, obtained by concatenating individual chan-
nels. On the other hand, the detector error model also needs
to satisfy certain sparsity conditions. We leave the detailed
comparison and inclusion relation to the sparse DEM
model, e.g., used in Ref. [36] in the efficient case, to
future work.
Our work opens up several directions for future

research. Learning circuit-level noise directly benefits
decoding since one could obtain a more accurate prior
for the decoder. The improvement for the optimal decoder
will be optimal within the learned noise model, since we
uniquely determine the total Pauli error rates for each
logical error class. On the other hand, one could develop a
framework beyond the standard Pauli noise model to
account for more realistic and specific noise models, such
as coherent errors and crosstalk, where syndrome data
may not provide enough information but will still be an
important input to the learning protocol. Moreover, we
point out the possibility of estimating logical error rate
under a toy model of regional depolarizing noise outside
the code’s correctability which violates the condition for
Theorem 10. We note that several open questions remain.
One important regime is the borderline case in which the
affected region has size Oð ffiffiffi

n
p Þ, where the simple syn-

drome-average detection criterion is not sufficient to give a
clear asymptotic separation. Another direction is to relax
the regional depolarizing-noise assumption and develop
guarantees for more general correlated noise models,
possibly with analyses tailored to specific code families.
An exciting future direction is to go beyond non-

adaptive Clifford circuits and estimate physical and logical
errors in circuits with quantum advantage or circuits
enabling universal quantum computation. In our upcoming
work, part II, [17], we progress toward this goal by
adapting the noise-learning algorithm to verify logical
Clifford circuits with magic state injection and extending
Pauli noise learning to non-Clifford circuits. Investigating
these future directions would potentially lead to a more
comprehensive noise learning algorithm and an efficient
verification of quantum advantage in the context of
encoded logical circuits.
Note: After finalizing this work, we became aware of

Ref. [92], where the authors study learning the logical
error rate from syndrome data.
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APPENDIX A: OVERVIEW

The appendixes present the proofs of the theorems in the
main text, along with the lemmas used in the proofs and the
algorithms used for noise learning. Figure 12 illustrates
the structure of the main results in this paper. In particular,
we show two routes that start from the syndrome expect-
ation values generated from the true error rates to learning
physical error rates, and eventually learning the logical
error rates. The first route, in solid blue lines, represents an
exact solution that uses nonlinear equation solving via
optimization. The second route in dotted green lines
represents the first-order linear approximation method,
where we are able to prove, in a certain error regime, an
exponential advantage of sampling complexity in learning
the logical error rate from syndrome data, compared with
learning from logical measurement results.
We now explain the structure of the appendixes.

The essential results are represented by Theorems 3, 10,

4, and 11. These are results on the learnability at the
physical and logical levels, along with their sample
complexities.
Appendix B introduces the basis transform from Pauli

eigenvalues Λ to the transformed eigenvalues U, which
allows us to have a minimal set of parameters describing
the total error channel and the local channels. The matrix
D of the linear equations matrix in this new basis has a nice
structure that allows us to prove learnability conditions.
Appendix C describes the structure of the linear equations
from syndrome data, and proves the rank of the correspond-
ing matrices, i.e., the minimum number of irredundant
stabilizer elements needed to extract noise information
from a given Pauli noise model. Appendix D describes
an efficient algorithm to find the minimal subset of
stabilizer elements.
Appendix E presents the proof of Theorem 3, where we

show that syndrome-class error rates can be approximately
determined from the syndrome data under the assumption
of low error rates. This observation also provides a way to
linearize the equation between syndrome class error rates
and syndrome data directly. We show that in the case of the
detector error model/inclusive error model [34,35] where
all errors are assumed to be uncorrelated, the detector error
rate, i.e., probability that an odd number of errors occur
for each syndrome class, can be learned exactly for any
stabilizer code.
Appendix F proves Lemma F.4, which shows that there

always exist error rates that satisfy both the syndrome
constraints and extra constraints under low physical error

FIG. 12. An overview of the structure of the lemma and theorems. (a) The graph relates different quantities throughout the physical
and logical-level noise learning process. p⃗ are the true physical error rates. Λ⃗ are the syndrome expectation values (Pauli eigenvalues of
the channel). ν⃗ are the learnable transformed eigenvalues that approximate the syndrome class error rates P⃗C ≈ − log ν⃗

2
:p⃗ 0 are the error

rates that are consistent with ν⃗ and the extra constraints Bp⃗ 0 ¼ 0 within each syndrome class. ˜p⃗ are the estimated physical error rates
based on the estimated P⃗C and the same extra constraints. A solid black arrow from A to B indicates that B can be derived from A,
whereas a dashed black arrow indicates that A and B are approximately related in the low-error regime. Some edges are labeled with the
lemmas and theorems used in (b). The solid blue line shows the path of learning the logical error rate without low-error rate
approximation by solving the non-linear equation (circled 1 and 2) using optimization methods, but we do not have a proof for the
sample complexity in this case. The dotted green line shows the path along which one can linearize log ν and ignore second-order
corrections to obtain error rates from linear equations; we can then prove the sample complexity in this case for sufficiently low
physical error rates. (b) Lemmas and theorems, starting from the syndrome equations, eventually lead to the sample-complexity scaling
for learning the logical error rate from the syndrome.
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rates. Appendix G describes the spacetime code formu-
lation that maps Clifford circuits to stabilizer/subsystem
codes in more detail, and we give an algorithm that
generates the stabilizer and logical operators of the
spacetime code. Appendix H proves Theorem 10, which
shows that if the Clifford circuit is fault-tolerant to the
Pauli error model we consider, then any error rates in this
model that satisfy the syndrome constraints must give rise
to the same true logical error rate with respect to the logical
measurements in the circuit.
Appendix I proves the sample complexity scaling for

learning physical syndrome class error rate (Theorem 4)
and logical error rates (Theorem 11) in the low physical
error rate regime. We show that the original solution [35]
for solving detector error models assuming independent
error mechanisms can be used to learn syndrome class
error in our more general Pauli model with constant sample
complexity (with increasing system size) if the spacetime
code of the circuit is qLDPC and the Pauli channel is local
and sparse. On top of that, we show that the logical error
rate can be learned with a polynomial sample size, where
the polynomial overhead arises from the relative error
propagation from the physical to the logical levels. This
then has the exponential advantage in sample complexity
for learning logical error rates from syndrome data over
direct fidelity/tomography estimation at the logical level.
This is because logical error rates decrease exponentially
with the distance of the code and therefore require an
exponentially large sample size to learn the logical error
rate within a finite relative error. The proof requires a
decreasing upper bound on the physical error rates as the
system size increases; in the practically relevant case when
physical error rates are fixed, this sample-complexity
advantage is only proven up to some finite size.
However, we believe this advantage holds in general when
using the non-linear optimization method without a first-
order approximation. Finally, Appendix K describes a
method used in the experimental analysis of adding
intraclass uniform constraints that reduce overfitting in
the higher shot noise regime.

APPENDIX B: THE TRANSFORMED
EIGENVALUE BASIS

One of the central questions we want to understand is
given the Pauli eigenvalues ΛðMÞ of the Pauli channelN Γ
for elements in the measured stabilizer groupM, what can
we learn about the total channel N Γ and the individual
noise channels N γ, ∀ γ∈Γ? Wagner et al. [11,12] used
the canonical factors F of the Pauli eigenvalues, which is a
linear transformation logΛ → logF, to parametrize the
total error channel N Γ and showed that there is effectively
jEΓj degrees of freedom. They further proved the sufficient
condition of learnability of NΓ. Our work is based on

another linear transformation of logΛ, denoted as logU,
and we refer to U as the transformed eigenvalues. logU
serves as another parametrization of the channel N Γ and
shares similar properties to the canonical factors logF.
Based on logU, we have a simple proof of the learnability
results Theorem 2 with the additional necessary condition
for learnability, and more importantly, answer the ques-
tions (Theorem 3) of what we can generally learn about the
parameters of the local channelsN γ, when the learnability
condition in Theorem 2 is not satisfied. See Fig. 13 for an
illustration of the basis transforms. In this appendix
section, we first introduce the canonical factors logF
[11,12], and then introduce the transformed eigenvalues
logU used in this work.

1. logF: Basis of the canonical factor [12]

Given the convolutional factor graph structure Fig. 1 of
the noise model, we have the eigenvalue ΛðOÞ of any Pauli
O∈Pn for the total error channel N Γ decomposed as a
factor graph (see Fig. 1):

ΛðOÞ ¼
Y
γ∈Γ

ΛγðOÞ ¼
Y
γ∈Γ

ΛγðOγÞ; (B1)

where the local eigenvalues ΛγðOÞ ofO only depend on its
restriction on the support γ, i.e., ΛγðOÞ ¼ ΛγðOγÞ.
To understand the degrees of freedom in both the total

Pauli error rates P and in each local error rate Pγ, Wagner
et al. [12] consider factors in another basis where we refer
to the canonical basis from the canonical factors as defined
typically in a factor graph [12,21,94].

FIG. 13. An overview of the basis transform to the transformed
eigenvalues U. The Pauli eigenvalues Λ⃗ of the error channel are
obtained from the Walsh-Hadamard transform of the true
physical error rates. Wagner et al. [12] perform a transformation
to get the canonical moments F that parametrize the total channel
N Γ. Our work performs an inverse Hadamard transform on log Λ⃗
instead and obtains the transformed eigenvalues μ̄ and μ as
parametrization of the total channel N Γ and the local channels
N γ respectively.
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Definition B.1. (Canonical factor [12]). The canonical
factors FðOÞ, ∀ O∈Pn of the total Pauli channel with
eigenvalues ΛðOÞ, ∀ O∈Pn is defined as

FðOÞ ¼
Y
O0≤O

Λð−1ÞjOj−jO
0 j ðO0Þ; (B2)

where a ≤ b if and only if a is a Pauli substring of b,
i.e., bsuppðaÞ ¼ a.
Equivalently, this can be written as a linear trans-

formation of logΛðOÞ, ∀ O∈Pn:

logFðOÞ ¼
X
O0≤O
ð−1ÞjOj−jO0j logΛðO0Þ: (B3)

Similarly, the local canonical factors FγðOÞ, ∀ O∈Pn
of a local Pauli channel in a system of n qubits with
support γ with eigenvalues ΛγðOÞ ¼ ΛγðOγÞ, ∀ O∈Pn

are defined as

logFγðOÞ ¼
X
O0≤O
ð−1ÞjOj−jO0j logΛγðO0Þ: (B4)

Property B.2. The (local) canonical factors F (Fγ) have
the following properties [12]:
(1) The canonical factors are the product of local

canonical factors, or equivalently:

logFðOÞ ¼
X
γ∈Γ

logFγðOÞ: (B5)

(2) Local canonical factors logFγðOÞ ¼ 0, if
suppðOÞ⊈γ. For the global canonical factors we
have logFðOÞ ¼ 0, if suppðOÞ⊈γ, ∀ γ∈Γ.

(3) The linear transformation in Eq. (B3) is full
rank. The eigenvalue of local Pauli channels for
operator O can be written as products of all the
canonical factors of substrings of O: logΛγðOÞ ¼P

O0≤O logFγðO0Þ. Similarly, the eigenvalues of
the total channel are given by [12]: logΛðOÞ ¼P

O0≤O logFðO0Þ.
As a result, fFðeÞj ∀ e∈ EΓg is an irredundant set that

parametrizes the total Pauli channel N Γ. Similarly, for
each local channel γ∈Γ, fFγðeÞje∈ Eγg parametrizes the
local channel N γ. Note that there is gauge freedom in
general for each local channel if one only fixes the total
channel N Γ. One benefit of looking at the canonical
factors F as opposed to the Pauli eigenvalue Λ is that
the gauge freedom is straightforward, as shown in
Eq. (B5). More explicitly, whenever we have two non-
overlapping distinct channel supports γ1; γ2 ∈Γ and Pauli
error e such that suppðeÞ ⊆ γ1 ∩ γ2, we have associated
gauge freedom α:

logFγ1ðeÞ→ logFγ1ðeÞþα and

logFγ2ðeÞ→ logFγ2ðeÞ−α;
(B6)

such that the total channel stays invariant. And given the
total Pauli channelN Γ, one could determine the local Pauli
channel N γ if and only if γ ∩ γ0 ¼ 0 for all other local
supports γ0 ∈Γ. This is the case mostly considered in the
main text when mapping standard circuit-level Pauli noise
to the spacetime code.

2. logU: Basis of the transformed eigenvalues

Here, we introduced the alternative basis that allows us
to design the linearized approximate algorithm for noise
learning and prove the theorems in this work. In the main
text, we defined the set of transformed local eigenvalues μ,
used to approximate the physical error rates. In this
section, we introduce the formalism more systematically
by first introducing the associated global quantities, the
transformed eigenvalues of the total channel UðOÞ,
∀ O∈Pn, whose logarithm is the inverse Walsh-
Hadamard transform of the Pauli eigenvalues logΛ of
the total channel N Γ:

logUðOÞ ¼ − 2

jPnj
X

O0 ∈Pn

½½O0; O�� logΛðO0γÞ: (B7)

The extra −2 factor here is a convention that gives a
simple binary form of the matrix D in Eq. (23). For each
individual channel N γ, we similarly define the trans-
formed eigenvalues UγðOÞ of the individual channel, or
simply the transformed eigenvalues as

logUγðOÞ ¼ − 2

jPnj
X

O0 ∈Pn

½½O0; O�� logΛγðO0γÞ: (B8)

Here are some properties of the transformed eigenvalues
U and Uγ analogous to Property B.2:
Lemma B.3. (Properties of U and Uγ). For any O∈Pn:
(1) logUðOÞ ¼P

γ∈Γ logUγðOÞ.
(2) For any local support γ∈Γ, logUγðOÞ ¼ 0, if

suppðOÞ⊈γ. And logUðOÞ ¼ 0, if ∀ γ∈Γ,
suppðOÞ⊈γ.

Proof. To prove the first property, note that for the Pauli
eigenvalues ΛðOÞ ¼Q

γ∈Γ ΛγðOÞ, therefore we have
logΛðOÞ ¼P

γ∈Γ logΛγðOÞ. Since the logarithms of
the transformed eigenvalues logU and logUγ are the same
linear transformation of logΛ and logΛγ respectively,
property 1 follows directly.
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To prove property 2, for any support γ∈Γ:

logUγðOÞ ¼ − 2

jPnj
X

O0 ∈Pn

½½O0; O�� logΛγðO0γÞ (B9)

¼ − 2

jPnj
X

O0
γc
∈Pγc

½½O0γc ; Oγc ��
X

O0γ ∈Pγ

½½O0γ; Oγ�� logΛγðO0γÞ

(B10)

¼ −2
4jγj

X
O0γ ∈Pγ

½½O0γ; Oγ�� logΛγðO0γÞ; (B11)

where we denote the complement of the support γ
as γc ¼ ½n�nγ, and Pγ is the subgroup of Pn containing
all Pauli operators supported on γ. SinceP

O0
γc
∈Pγc
½½O0γc ; Oγc �� ¼ 0 if O ∉ Eγ, logUγðOÞ ¼ 0 if

suppðOÞ⊈γ. And if ∀ γ∈Γ, suppðOÞ⊈γ, then logUð0Þ¼0
due to property 1. ▪
This motivates us to define the set of transformed local

eigenvalues for the total channel as μ̄ ¼ fUðeÞje∈ ĒΓg and
the corresponding vector ⃗μ̄ ¼ ðUðeÞje∈ μ̄Þ with entries in
the order of Eq. (15). This set of transformed local
eigenvalues is the set of values of logUðeÞ of the local
errors e∈ ĒΓ, and it is the set of nontrivial factors that
determine the total channel N Γ. This is because for all
e ∉ ĒΓ ∪ fIg, we have logUðeÞ ¼ 0 according to
Lemma B.3, while for e ¼ I, logUðIÞ depends on the
values in μ:

logUðIÞ ¼ −X
e∈ ĒΓ

logUðeÞ; (B12)

since logΛðIÞ∝P
e∈Pn

logUðeÞ¼P
e∈ ĒΓþfIg logUðeÞ¼0.

In particular, for any Pauli eigenvalue ΛðeÞ, ∀ e∈Pn
we have:

logΛðeÞ ¼ − 1

2

X
e0 ∈Pn

½½e0; e�� logUðe0Þ (B13)

¼ − 1

2

�
logUðIÞ þ

X
e0 ∈ ĒΓ

½½e0; e�� logUðe0Þ
�

(B14)

¼
X
e0 ∈ ĒΓ

−½½e0; e�� þ 1

2
logUðe0Þ (B15)

¼
X
e0 ∈ ĒΓ

he0; ei logUðe0Þ (B16)

¼
X
e0 ∈ ĒΓ

he0; ei log μ̄e0 : (B17)

Here, we define the binary commutator for Pauli
operators hA; Bi as

hA; Bi ¼
�
0 if A; B commute
1 else:

(B18)

Here, the third equality follows from Eq. (B12).
Therefore, for any setH of Pauli operators, we can write

log Λ⃗ ðHÞ ¼ D̄ ðHÞ log ⃗μ̄; (B19)

where D̄ ðHÞ is a jHj by jĒΓj matrix with entries:
D̄ ðHÞ½h; e� ¼ hh; ei; h∈H; e∈ ĒΓ.
Similarly, to parametrize local channels, we define the

set μ ¼ fUγeðeÞje∈ EΓg and the corresponding vector
μ⃗ ¼ ðUðeÞje∈ μÞ and we have

log Λ⃗ðHÞ ¼ DðHÞ log μ⃗; (B20)

where DðHÞ is a jHj by jEΓj matrix with entries:
DðHÞ½h; e� ¼ hh; ei; h∈H; e∈ EΓ. We refer to the matrix
D as the syndrome matrix for the collection of local
channels.
Note that there is intrinsic gauge freedom in log μ of the

form similar to Eq. (B6):

logUγ1ðeÞ→ logUγ1ðeÞþα and

logUγ2ðeÞ→ logUγ2ðeÞ−α;
(B21)

whenever we have two non-overlapping distinct channel
supports γ1; γ2 ∈Γ and Pauli error e such that
suppðeÞ ⊆ γ1 ∩ γ2. However, working with the local chan-
nels using the transformed local eigenvalues log μ is more
natural for physical level benchmarking, since log μ is an
approximation of the Pauli error rates associated with
physical circuit operation (see Appendix E).
In Appendix C, we prove the rank of matrices A and D,

which gives the minimal number of measured stabilizer
elements needed to solve for the system of linear equations.

APPENDIX C: RANK OF MATRIX A AND D

Given a Pauli error model with a set of supports Γ and
the group of measured stabilizer M, we constructed
Eq. (18) that connects local Pauli eigenvalues to the
syndrome expectation values. In this section, we present
more details of the structure of this system of linear
equations represented by the matrix AðMÞ by performing a
basis transform to the syndrome matrixDðMÞ [Eq. (B20) in
Appendix B] and show that the ranks of AðMÞ andDðMÞ are
the number of nontrivial syndrome classes jC�j. Therefore
one only needs to select a subset M0 ⊆ M of jC�j many
stabilizer elements such that the rows of AðM0Þ and DðM0Þ
are all independent. We give a formal definition of
syndrome class with respect to a set of Pauli operators:
Definition C.1. (Syndrome error class). Given a set of

Pauli operators H and the set of Pauli errors EΓ, we define
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the syndrome vector for any e∈ EΓ as s⃗ðeÞ ¼ ðhe; hiÞh∈H.
We define the set of syndrome classes CðHÞ of EΓ with
respect to H as a set of equivalence classes of EΓ induced
by the relation e ∼ e0 if and only if s⃗ðeÞ ¼ s⃗ðe0Þ. We denote
by C0 the trivial syndrome class in CðHÞ, i.e., the class
fe∈ EΓjs⃗ðeÞ ¼ 0⃗g. And we denote the set of nontrivial
classes C�ðHÞ ¼ CðHÞnfC0g. When the set H is the mea-
sured stabilizer group M, we omit the superscript.
From Eq. (B15), we note that matrix A and the

syndrome matrix D differ by a full rank transformation:
Lemma C.2. rankDðHÞ ¼ rankAðHÞ for any set of Pauli

operators H.
Proof. The full rank matrix V of the linear trans-

formation DðHÞ ¼ AðHÞV is given by

V ¼ ⨁
γ∈Γ
ðJ4jγj−1 −W0

4jγj Þ=2; (C1)

where we denote W0
4jγj as the order 4jγj Walsh-Hadamard

matrix deleting the first row and first column. Jn is a n by n
matrix with all entries being 1. For example, consider V on
a single qubit, then we have

W4¼

0
BB@
1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

1
CCA↦W04¼

0
@ 1 −1 −1
−1 1 −1
−1 −1 1

1
A
(C2)

and

V¼ 1

2

0
@1 1 1

1 1 1

1 1 1

1
A−1

2

0
@ 1 −1 −1
−1 1 −1
−1 −1 1

1
A¼

0
@0 1 1

1 0 1

1 1 0

1
A:

(C3)

For example, the syndrome matrix DðHÞ of single-qubit
errors can be constructed in such a way where we look at
the three columns of any qubit, its X column is the sum of
the Y and Z columns of AðHÞ, its Y column is the sum of the
X and Z columns of AðHÞ, and its Z column is the sum of
the X and Y columns of AðHÞ. Equation (C1) generalizes
this procedure to an arbitrary set of local channel
supports Γ. ▪
SinceDðMÞ encodes the commutation of each error with

the measured stabilizer group, the columns of D for errors
in the same syndrome error class are identical. We define
the reduced syndrome matrix D0 by removing columns of
these redundant errors in D:

Definition C.3. The reduced syndrome matrix D0ðHÞ of a
given set of Pauli error support Γ and a set of Pauli
operators H is a jHj by jC�ðHÞj matrix where each column
corresponds to one representative in every nontrivial
syndrome error class C∈ C�ðHÞ, and the syndrome classes
are defined for the set EΓ. The reduced syndrome matrix
D̄ 0ðHÞ for the total channel is defined similarly but the
syndrome classes C�ðMÞ is defined for the error set ĒΓ
instead.
Lemma C.4. rankD̄ðMÞ ¼ rankD̄0ðMÞ ¼ rankDðMÞ ¼

rankD0ðMÞ ¼ jC�ðMÞj for any subgroup of the Pauli group
M ≤ Pn, where C�ðMÞ is the set of nontrivial syndrome
classes (Definition C.1) for the set of errors EΓ.
Proof. The first three equalities are trivial from

Definition C.3 and Eqs. (B19) and (B20). For the last
equality, one could show that ðD0ðMÞÞTðD0ðMÞÞ is full rank.
The observation is that

½ðD0ðMÞÞTðD0ðMÞÞ�i;j (C4)

¼ jfM∈Mj½½M; ei�� ¼ ½½M; ej�� ¼ −1gj (C5)

¼
� jMj=2 if i ¼ j;
jMj=4 if i ≠ j:

(C6)

Here, ei is the error corresponding to the ith column of
D0ðMÞ. To justify the last equality Eq. (C6), we select a
generating set Q of M such that M ¼ hQi and so that
jMj ¼ 2jQj. Then everyM∈M corresponds to an element
QðMÞ of the power set 2Q:

M ¼
Y

Q∈QðMÞ
Q: (C7)

We defineQek ¼ fQ∈Qj½½Q; ek�� ¼ −1g, i.e., the set of
generators that anticommute with ek. To find the number of
M that anticommute with ei, QðMÞ has to satisfy:

jQðMÞ ∩ Qei j≡ 1 mod 2; (C8)

so the number of choices of QðMÞ is

2jQj−jQei
jX
odd j

�jQei j
j

�
¼ 2jQj−1 ¼ jMj=2. (C9)

We denote byQ1nQ2 the relative complement ofQ1 and
Q2, i.e., the set of elements inQ1 that are not inQ2. To find
the number of M that anticommute with ei and ej (i ≠ j),
QðMÞ has to satisfy:

jQðMÞ ∩ Qei ∩ Qej j þ jQðMÞ ∩ ðQeinQejÞj≡ jQðMÞ ∩ Qei ∩ Qej j þ jQðMÞ ∩ ðQejnQeiÞj≡ 1 mod 2; (C10)
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so one could first choose any subset of generators in ðQei ∪ QejÞc and Qei ∩ Qej , and then select generators in QeinQej

and QejnQei accordingly to satisfy Eq. (C10). The number of choices of QðMÞ is therefore:

2
jQj−jQei

∪Qej
jþjQei

∩Qej
j
� X

odd ðevenÞ r

�jQeinQej j
r

��� X
odd ðevenÞ s

�jQejnQei j
s

��
(C11)

¼ jMj=4. (C12)

Therefore from Eq. (C6) we have:

ðD0ðMÞÞTðD0ðMÞÞ ¼ jMj
4
ðJjC�j þ IjC�jÞ; (C13)

where Jn is the n by nmatrix of all ones and In is the n by n
identity matrix. As a result, ðD0ðMÞÞTðD0ðMÞÞ is full rank
thus D0ðMÞ has full column rank which is jC�ðMÞj. ▪
Corollary C.5. rankAðMÞ ¼ rankDðMÞ ¼ jC�ðMÞj.
Proof. This follows directly from Lemmas C.2 and C.4. ▪

APPENDIX D: MINIMAL NUMBER OF
EQUATIONS FOR THE SYNDROME DATA

In this section, we explain the algorithm used to find the
minimum subset M0 of stabilizer elements needed for the
noise learning. This is motivated because to solve Eq. (18)

or Eq. (22):

log Λ⃗ðMÞ ¼ AðMÞ log λ⃗; (D1)

log Λ⃗ðMÞ ¼ DðMÞ log μ⃗; (D2)

we encounter the scaling issue as there are exponentially
many equations (jMj ¼ 2n−k) if assuming full syndrome
is measured, i.e., M ¼ S. (See the relation of the two sets
of equations in Appendix E). However, we focus on the
case when N Γ is a (rΓ; cΓ)-Pauli channel, i.e., local Pauli
noise models with jγjmax ¼ rΓ ¼ Oð1Þ and jΓj ¼ OðnÞ. In
this local noise model setting, the total number of noise
model parameters scales linearly with the system size n.
From Definition C.3, Lemmas C.2, C.4, and Corollary C.5
we have:

rankAðMÞ ¼ rankDðMÞ ¼ rankAðM0Þ ¼ rankDðM0Þ ¼ rankD0ðM0Þ ¼ jC�j; (D3)

where jC�j is the number of nontrivial syndrome classes
that also scales linearly with n in this setting.
Here, we show an algorithm to select a subsetM0 ⊆ M

of size jC�j satisfying rankAðM0Þ ¼ jC�j so that one could
solve the following linear size system of equations
(Eq. (26) in main text) instead:

log Λ⃗ðM
0Þ ¼ AðM0Þ log λ⃗; (D4)

log Λ⃗ðMÞ ¼ DðM0Þ log μ⃗: (D5)

We find M0 in the reduced search space since one only
needs to consider products of ”correlated” stabilizer
generators, as shown in proposition D.1.
Lemma D.1. Given a set of generators of M and the set

of error supports Γ, we call a pair of elements in M
“correlated” if they both overlap with some region γ∈Γ.
To construct matrix AðM0Þ with maximal rank, it suffices to
pick stabilizer elements from a product of generators such
that for anyMi in the product, there exists Mj ≠ Mi in the
factors of the product that is correlated with Mi.
Proof. We denote the row corresponding to element

H∈H of the matrix AðHÞ as AðHÞ½H�. For any M∈M that

corresponds to an independent row of A and can be written
as M ¼ MiMj for some uncorrelated pair Mi;Mj ∈M,
i.e., suppðM1Þ ∩ suppðM2Þ ∩ γ ¼ 0, ∀ γ∈Γ, we have
ΛðMÞ ¼ ΛðMiÞΛðMjÞ and A½M� ¼ A½Mi� þ A½Mj�.
Therefore, replacing M by Mi is a row operation on A
unless Mi is linearly dependent on other rows, in which
case one could replace M by Mj. We could repeat the
process until all rows of A are the product of overlapping
stabilizer generators without decreasing the rank of A. ▪
This motivates us to define the stabilizer correlation

graph which the Algorithm 1 utilizes, a graph that encodes
the correlation between a set of measured stabilizer
generators given the individual error events determined
by Γ:
Definition D.2. (Stabilizer correlation graph). Given a

set of measured stabilizer generators, the stabilizer corre-
lation graph G is a graph with vertices corresponding to
the measured stabilizer generators. Two vertices share an
edge if and only if the two generators have overlapping
support γ∈Γ.
Given the graph G, all elements of M satisfying the

condition of Lemma D.1 correspond to the connected
subgraphs of G. One can implement the algorithm below
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and guarantee to output a subset M0 ⊆ M with AðM0Þ

reaches the maximal rank rankAðM0Þ ¼ rankAðMÞ ¼ jC�j.
One can use similar algorithms based on the reduced
syndrome matrix D0.
Lemma D.3. The runtime of Algorithm 1 is PolyðnÞ for

qLDPC codes under local sparse Pauli channel N Γ.
Proof. The upper bound of the order vmax of the

connected subgraph needed is given by the maximum
number of stabilizer generators that a single local error can
flip, as shown in Eq. (35) and proven in Lemma I.1. ▪
For each order v of the connected subgraphs being

searched, the runtime of the algorithm scales PolyðnÞ and
expðvÞ. However, the upper bound of the order vmax of the
connected subgraph needed is given by the maximum
number of stabilizer generators that a single local error can
flip, as shown in Eq. (35) in Lemma I.1. Therefore, the
maximum order vmax of the search is a constant for qLDPC
codes. For example, the upper bound of the order v is 4 for
single-qubit errors on the rotated surface code of any size
using the typical local stabilizer generators.
The learning algorithm can be summarized as solving

two sets of equations, one is the system of equations
characterized by AðM0Þ orD0ðM0Þ in Eqs. (26) and (27) with
respect to the log of the local Pauli eigenvalues log λ⃗. The
other one is the extra constraints characterized by matrix B
in Eq. (29), which are linear constraints in the probability
distribution/local Pauli eigenvalues λ⃗. The number of rows
of B, i.e., the total number of these extra constraints, is
jC0j þ

P
C∈ C� ðjCj − 1Þ. The number of independent equa-

tions from syndrome expectation values is jC�j. As a result,
the total number of constraints equals:

# constraints (D6)

¼ jC0j þ
X
C∈ C�
ðjCj − 1Þ þ jC�j (D7)

¼ jEΓj − 1 (D8)

which is exactly the number of degrees of freedom in the
Pauli noise model. In Appendix F, we prove that a solution
under these two sets of equations must exist for low
error rates.

APPENDIX E: PROOF OF SYNDROME CLASS
ERROR RATE LEARNABILITY CONDITION

To understand the learnability of the total channel, we
first look at the parametrization of the total channel EΓ
with the set of transformed local eigenvalues of the total
channel μ̄ defined from the logU basis. In particular, we
have the logarithm of Pauli eigenvalues ofN Γ written as a
linear function of log μ̄ as in Eq. (B19):

log Λ⃗ ðHÞ ¼ D̄ðHÞ log ⃗μ̄: (E1)

Lemma E.1. For a Pauli channelN Γ with a support set Γ
satisfying for any γ∈Γ; e∈ EγPγðeÞ > 0 and PγðIÞ > 1=2
(Assumption 1), the set of transformed eigenvalues μ⃗ for
the collection of individual channels fN γgγ∈Γ is an open
set in RjEΓj. Similarly, the set of transformed eigen-
values ⃗μ̄ for the total channel N Γ is an open set in RjĒΓj.
Proof. Given Assumption 1, we have all the possible

local error rates p⃗ as an open set in RjEΓj. And we have

μ⃗ ¼ V−1 log λ⃗ ¼ V−1 logð1⃗ − 2Vp⃗Þ; (E2)

where V is the invertible matrix in Eq. (C1). Therefore, the
map between p⃗ and μ⃗ is a continuous bijection, and
therefore the set of possible transformed eigenvalues μ⃗
is also an open set in RjEΓj.
In addition, the logarithm of the transformed eigen-

values for the total log ⃗μ̄ of the total channel is related
to log μ⃗ by a surjective map (see the first properties of
Lemma B.3), so the set of possible ⃗μ̄ is also an open set,
in RjĒΓj. ▪
Theorem 3 (Restated). Let a total Pauli error channel

N Γ be a composition of Pauli channels N γ with support
γ∈Γ. Under Assumption 1, we have:
(1) The total channel N Γ can be learned if and only if

every error e∈ ĒΓ has a unique and nontrivial
syndrome.

(2) Each individual channel N γ is learnable if and only
if every e∈ Eγ produces a syndrome that is non-
trivial and unique among the syndromes of all errors
in EΓ.

(3) For all nontrivial syndrome error classes C∈ C�,
the sum of syndrome error class error rates PC ¼P

e∈C pe can be learned up to an Oðkp⃗ ðΓCÞk2Þ
deviation.

Proof. To prove the first statement regarding the learn-
ability condition of the total channel N Γ, note that there
is an invertible linear map (Walsh-Hadamard transform)

ALGORITHM 1. Constructing the matrix AðM0Þ.

Input:
1. Local generators of S
2. Syndrome error classes CðS;ΓÞ and their nontrivial
classes C�.

1 Construct the stabilizer correlation graph G from
Definition D.2.

2 Let v ¼ 0, M0 ¼ fg.
3 Let AðM0Þ be the empty matrix.
4 while rankAðM0Þ < jC�j do
5 v ¼ vþ 1
6 for connected subgraph g of order v in G do
7 Add stabilizer elements M that correspond to g to M0.
8 Construct matrix AðM0Þ.
9 return M0 and AðM0Þ
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between the logarithm of Pauli eigenvalues logΛðeÞ ofN Γ
and the transformed eigenvalues logUðeÞ for all e∈Pn.
On the other hand, given the restricted structure of the total
channel N Γ with the set of support Γ, we proved in
Appendix B that the transformed eigenvalues logUðeÞ ¼ 0

if e ≠ I and e ∉ ĒΓ, and logUðIÞ depends on
flogUðeÞje∈ ĒΓg. Therefore, we define a local subset
of the transformed eigenvalues μ̄ ¼ flogUðeÞje∈ ĒΓg and
two total channelsN Γ andN 0Γ are equal if and only if their
corresponding ”μ̄ set” μ̄ and μ̄ 0 are equal.
On the other hand, we have the relation between the

syndrome expectation and the transformed local eigenval-
ues ⃗μ̄ for the total channel

log Λ⃗ ðMÞ ¼ D̄ðMÞ ⃗μ̄; (E3)

where D̄ðMÞ is the jMj by jĒΓj syndrome matrix of the
error set ĒΓ. First, note that the set of expectation values of
all the measured stabilizer elements Λ⃗ ðMÞ is a sufficient
statistic of the syndrome data. This is because it is a Walsh-
Hadamard transformation of the probability distribution
over the m-bit syndrome, where m is the number of
generators of the measured stabilizer group M.
According to Lemma C.4, the rank of D̄ðMÞ is the

number of nontrivial syndrome classes of EΓ (or equiv-
alently ĒΓ). In addition, if the values of the transformed
local eigenvalues ⃗μ̄ are valid given the assumption about
the channel N Γ, then the neighborhood of ⃗μ̄ is also valid
according to Lemma E.1. As a result, given the syndrome
expectation values Λ⃗ ðMÞ, we have a continuous family of

valid parametrization log μ⃗0 ¼ log μ⃗þ ϵ⃗ around a valid
point log μ⃗, where ϵ⃗∈ kerðD̄ðMÞÞ. Therefore, we can
conclude that μ̄ and thus the total channel N Γ is learnable
if and only if the number of nontrivial syndrome classes is
equal to jĒΓj, i.e., all syndromes in ĒΓ are nontrivial and
distinct. The second statement regarding the learnability of
local channels can be proven similarly by arguing that all
transformed local eigenvalues μ from a local channel N γ

can be learned if and only if the errors in Eγ have distinct
and nontrivial syndromes among all syndromes of EΓ
by looking at columns of the syndrome matrix DðMÞ
in Eq. (22).
To prove what we can learn about the local channels

when the necessary and sufficient condition of learnability
potentially fails, we look at the transformation of the basis
in Eq. (18) regarding all the local Pauli eigenvalues λ⃗:

log Λ⃗ ðMÞ ¼ AðMÞ log λ⃗; (E4)

to this basis of the syndrome matrix DðHÞ with the
transformed eigenvalues in Eq. (B20):

log Λ⃗ ðMÞ ¼ DðMÞ log μ⃗; (E5)

where the transformation V is given in Eq. (C1) so that
we have:

DðMÞ ¼ AðMÞV; (E6)

log μ⃗ ¼ V−1 log λ⃗: (E7)

Explicitly, V−1 is the direct sum of a constant times the
Walsh-Hadamard matrix [Eq. (C2)]:

V−1 ¼ −2⨁
γ∈Γ

1

4jγj
W0

4jγj : (E8)

In general, for an error e supported on γ∈Γ, the
transformed eigenvalues μe can be written as a fraction
where the numerator/denominator are products of Pauli
eigenvalues of errors supported on γ that anticommute/
commute with e respectively, then raised the power of

1
2ð2jγj−1Þ. Moreover, if e has a unique syndrome, then the

column ofDðMÞ corresponding to e is independent of other
columns (Lemma C.4). Since DðMÞ encodes the syndrome
of all local errors e∈ EΓ in its columns, the learnable
quantities are therefore the sums of log μ of each syndrome
error class. Denoting C� as the set of nontrivial syndrome
classes, we can learn�X

e∈C

log μe

����C∈ C�
�
: (E9)

At low physical error rates for each local channel γ∈Γ,
log λ ¼ λ− 1þOðkp⃗k2Þ and log μ is just the local Walsh-
Hadamard transform of log λ. Therefore according to
Eq. (E8) we have:

− 1

2
log μe ¼ pe þOðkp⃗ ðγÞk2Þ (E10)

for any e∈ EΓ, where p⃗ ðγÞ ¼ ðpeÞe∈ Eγ . For each syndrome
error class C∈ C�, we have the learnable quantity referred
to as the learnable eigenvalue

log νC ¼
X
e∈C

log μe ¼ −2X
e∈C

pe þOðkp⃗ ðΓCÞk2Þ: (E11)

A straightforward approximate estimator for the sum of
syndrome class error rates is given by

X
e∈C

p̃e ¼ − 1

2
log νC (E12)

and the magnitude of the bias is of second order in the local
error rates, i.e., jPe∈C p̃e −P

e∈C pej ¼ Oðkp⃗ ðΓCÞk2Þ. ▪
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Lemma E.2. (Independent detector error model learn-
ability). If the local Pauli channel can be written as a
composition of independent single-Pauli channels:

N ðρÞ ¼ ∘ e∈ EΓN
ðeÞðρÞ; (E13)

where N ðeÞðρÞ ¼ ð1 − peÞρþ peeρe†. Then the proba-
bility of an odd number of errors in each syndrome
error class, or the detector error rate [34], can be exactly
learned.
Proof. Note that if each local channel can be further

decomposed into a composition of channels N ðeÞ involv-
ing a single Pauli error e, then each transformed eigenvalue
μðeÞ is of the simple form:

μðeÞe0 ¼
�
1 − 2pe if e ¼ e0;

1 else:
(E14)

Then the detector error rate associated with the syn-
drome error class C is

Pdetect
C ¼ 1 −Q

e∈Cð1 − 2peÞ
2

¼ 1

2
ð1 − νCÞ; (E15)

which is learnable as shown in Eq. (24). ▪
Example E.3. For single-qubit Pauli channels

N f1gðρÞ ¼
P

e∈ fI;X1;Y1;Z1g peeρe†, the transformed eigen-
value μX1

is

μX1
¼

�
ΛðY1ÞΛðZ1Þ

ΛðX1Þ
�1

2

: (E16)

But when the Pauli channel contains only one error, e.g.,
N ðX1ÞðρÞ ¼ ð1 − pX1

Þρþ pX1
X1ρX

†
1, we have

ΛðX1ÞðeÞ ¼ ð−1ÞhX1;eið1 − 2pX1
Þ ¼

�
1 if X1 and e commute;

1 − 2pX1
if X1 and e anticommute: (E17)

So we have μðX1Þ
X1
¼ 1 − 2pX1

and μðX1Þ
P ¼ 1 for other single-qubit Pauli P.

As a result, given a set of local errors EΓ, Eq. (22) can be reduced to:

log

2
64
ΛðM1Þ
ΛðM2Þ

..

.

3
75 ¼

2
64
hM1; e1i hM1; e2i � � �
hM2; e1i hM2; e2i � � �

..

. ..
. . .

.

3
75 log

2
64
μe1
μe2
..
.

3
75 ¼

2
64
hM1; e1i hM1; e2i � � �
hM2; e1i hM2; e2i � � �

..

. ..
. . .

.

3
75 log

2
64
1 − 2pe1
1 − 2pe2

..

.

3
75; (E18)

where each ei is in the set EΓ. As a result, what we could
learn is

νC ¼
Y
e∈C

μe ¼
Y
e∈C

ð1 − 2peÞ ¼ expðD0þ log Λ⃗ ðM0ÞÞ;

(E19)

where D0þ is the pseudoinverse of D0 in Eq. (25). The
probability of a syndrome of C being flipped (the detector
error rates associated with the hyperedges in a decoder
graph) is

Pdetect
C ¼ 1

2
ð1 − νCÞ: (E20)

APPENDIX F: EXISTENCE OF A FAMILY
OF LOGICALLY EQUIVALENT PHYSICAL

ERROR RATES

In this section, we prove that under certain low-error-
rate conditions for the true error rates, there exists a family
of error rates parametrized by the extra constraints B
matrix, i.e., Eq. (29), and that satisfies the system of

equations given by the ideal syndrome expectations, i.e.,
Eq. (26) or Eq. (27).
By grouping error rates into equivalence classes C∈ C

according to their syndrome, we see in Corollary C.5 that
the syndrome data give us jC�j independent linear equa-
tions. Here C� ¼ CnC0 is the set of nontrivial syndrome
error classes. And in Theorem 3, we show that we can
learn the sum of the error rates PC in each class C∈ C� up
to a second-order deviation in the physical error rates.
However, we would like to estimate each error rate
associated with each local error N γ, ∀ γ∈Γ for several
reasons. For one, it gives us a direct sense of gate fidelity
in the circuit, rather than syndrome-class error rates (or
detector error rates), which are only natural in decoding
because they are related to the weights of edges in the
decoder graph. Second, fixing a set of error rates from a
family of possible error rates determined by the syndrome
data is part of the logical error rate learning algorithm,
since we estimate the logical error rate via Monte Carlo
sampling. Finally, as shown in Appendix I 2, our proof of
the bounds on the sampling complexity for learning the
logical error rate is based on a single instance (determined
by extra constraints) of all possible error rates.
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We view the system of equations [Eqs. (27) and (29)] as
a vector-valued function on a real vector space and prove
the existence of such a family of error rates using a
simplified version of a general quantitative inverse func-
tion theorem:
Lemma F.1. (Theorem 4.1 of Xinghua [95]). Let X; Y be

Banach spaces and let f∶ D ⊂ X → Y be differentiable.
Fix x0 ∈D and assume f0ðx0Þ−1 exists. Brðx0Þ denotes the
ball of radius r, centered at x0. Let L > 0 be such that
B1

L
ðx0Þ ⊂ D and

kf0ðx0Þ−1f0ðxÞ − Ik ≤ Lkx − x0k; ∀ x∈B1
L
ðx0Þ:

(F1)

Then the local inverse f−1x0 exists and is differentiable on
the open ball of radius r ¼ 1

2Lkf0ðx0Þ−1k:

Brðfðx0ÞÞ ⊂ fðB1
L
ðx0ÞÞ: (F2)

Lemma F.2. (Quantitative inverse function theorem for
C1 functions over Rn). Let f∶ Rn → Rn be continuously
differentiable (C1) and k · k be a norm on Rn and also its
induced operator norm on matrices. Write Jfðx⃗Þ as the
Jacobian matrix at x⃗, and x⃗0 ∈Rn is a point such that
Jfðx⃗0Þ is invertible. Define δ ¼ 1

kJfðx⃗0Þ−1k > 0. Let R > 0

and a constant K > 0 be such that

kJfðx⃗Þ − Jfðx⃗0Þk ≤ Kkx⃗ − x⃗0k; ∀ x⃗∈BRðx⃗0Þ: (F3)

If R ≥ δ
K, then there exists a function g∶ Bδ2

2K
ðfðx⃗0ÞÞ→

B δ
K
ðx⃗0Þ such that

fðgðy⃗ÞÞ ¼ y⃗ for all y⃗∈Bδ2

2K
ðfðx⃗0ÞÞ:

Proof. Let f0ðxÞ ¼ JfðxÞ so that the notation matches
the one used in the general case in Lemma F.1. If
kJfðxÞ − Jfðx0Þk ≤ Kkx − x0k, ∀ x∈BRðx0Þ, then we
have

kf0ðx0Þ−1f0ðxÞ − Ik ¼ kf0ðx0Þ−1ðf0ðxÞ − f0ðx0ÞÞk (F4)

≤ kf0ðx0Þ−1kkf0ðxÞ − f0ðx0Þk (F5)

≤ Kkf0ðx0Þ−1kkx − x0k (F6)

¼ Lkx − x0k (F7)

for any x∈BRðx0Þ, where we define L ¼ Kkf0ðx0Þ−1k ¼
K
δ . Moreover, if R ≥ δ

K, then R ≥ 1
L. Therefore according to

Lemma F.1, there exists inverse g ¼ f−1 in open ball
of radius 1

2Lkf0ðx0Þ−1k ¼
δ2

2K with image inside the ball of

radius δ
K. ▪

Define the detectable local error rates as
p⃗ � ¼ ðPγeðeÞje∈ E�ΓÞ, where E�Γ ¼ EΓnC0 is the set of
detectable local errors. Define a functionH∶ RjE�Γj → RjC�j
being the map to the values of the learnable eigenvalues in
Theorem 3, as a function of the local error rates of the
detectable errors

Hðp⃗ �Þ ¼ log ν⃗ðp⃗ �Þ: (F8)

We denoteHi as the component of the functionH for the
syndrome class Ci ∈ C�. To use Lemma F.2, we define
another function GBðxÞ∶ RjC�j → RjC�j and

GBðx⃗Þ ¼ HðKBx⃗Þ ¼ log ν⃗: (F9)

Here x⃗ refers to the nontrivial syndrome error class error
rates and xi ¼ PCi

denotes the syndrome class error rate
for the i th syndrome class Ci:KB is a matrix such that
p⃗� ¼ KBx⃗. To be more specific, note that the function GB

depends on the extra constraints B⃗p⃗ ¼ 0⃗ and it gives rise to
a linear map from syndrome error rate to the detectable
error rates p⃗� ¼ KBx⃗. Here, each row i of the matrix KB
has a single element at column j, corresponding to the
fraction of the error rate p�i in its syndrome class PCj

:

½KB�i;j ¼
reiP
e∈Cj

re
ICj
ðeiÞ; (F10)

where re are the relative strengths of the errors e that
construct matrix B in Eqs. (30) and (31), and IC is the
indicator function for the syndrome class, i.e., ICðeÞ ¼ 1 if
error e is in the syndrome class C, and 0 otherwise.
We define the second-order derivative, i.e., Hessian, of a

function fðx⃗Þ∶ Rn → Rn as J2fðx⃗Þ, which is a rank-3
tensor with entries:

½J2fðx⃗Þ�i;j;k ¼
∂fi

∂xj∂xk
: (F11)

We define the induced norm kJ2fk∞ as

kJ2fk∞ ¼ max
kv⃗k∞¼1

kJ2fv⃗k∞; (F12)

where the norm on the RHS is the usual vector-induced
norm for matrices, and J2fv⃗ is a matrix obtained by the
tensor contraction ðJ2fv⃗Þi;j ¼

P
k½J2f�i;j;kvk. The norm can

be written explicitly as

kJ2fk∞ ¼ max
i

X
j;k

���� ∂fi
∂xj∂xk

����: (F13)

Lemma F.3. Consider a local sparse ðrΓ; cΓÞ–Pauli
channel on an n-qubit qLDPC code under Assumption 1.
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Then kJHk∞¼Oð1Þ,kJ2Hk∞ ¼ Oð1Þ, and kJ2GB
k∞ ¼ Oð1Þ

for any extra constraints Bp⃗ ¼ 0.
Proof. For a local sparse ðrΓ; cΓÞ-Pauli channel on an

LDPC code, the size of the syndrome class C∈ C� is
bounded by a constant jCjmax. For each syndrome class C,
the collection of all errors in the involved channels
ΓC ¼ fγjEγ ∩ C ≠ 0g, denoted by EΓC

, is also of constant
size. Due to Assumption 1, we assume the total error rate
of each channel

P
e∈ Eγ pe < 1

2
, we have each local Pauli

eigenvalue lower bounded by a positive constant λmin: λe ¼
1 − 2

P
e0 ∈ Eγ j½½e;e0��¼−1 pe0 ≥ λmin > 0 for all local channel

γ∈Γ and e∈ Eγ.
For a syndrome class Ci ∈ C, we first look at each term

log μe of the component of the function Hi ¼ log νCi
¼P

e∈Ci
log μe. Note that for any error e∈Ci with its

individual channel N γe ,

log μe ¼
2

4jγej
X

e0 ∈ Eγe

½½e0; e�� log λe0 (F14)

and ���� ∂ log μe∂p�i

���� ≤ X
e0je0 anticommute ei

4

4jγej
λ−1e0 ≤

4

λmin
: (F15)

Therefore for each component Hi, we have���� ∂Hi

∂p�j

���� ¼ X
e∈Ci

���� ∂ log μe∂p�j

���� ≤ 4jCjmax

λmin
: (F16)

So we have an upper bound for the Jacobian

kJHk∞ ≤
X

e∈ EΓC

4jCjmax

λmin
¼ Oð1Þ: (F17)

For the second-order derivative���� ∂ log μe∂p�i ∂p�j

���� ≤ X
e0je0 anticommute ei;ej

8

4jγej
λ−2e0 ≤

8

λ2min
: (F18)

Similarly,

kJ2Hk∞ ≤
X

e;e0 ∈ EΓC

8jCjmax

λ2min

¼ Oð1Þ: (F19)

To upper bound kJ2GB
k∞, we use the chain rule:

kJGB
ðx⃗Þ − JGB

ðy⃗Þk∞ ¼ kðJHðKBx⃗Þ − JHðKBy⃗ÞÞKBk∞
(F20)

≤ kJ2Hk∞kKBk∞kx⃗ − y⃗k∞kKBk∞ (F21)

¼ kJ2Hk∞kKBk2∞kx⃗ − y⃗k∞ (F22)

≤ kJ2Hk∞kx⃗ − y⃗k∞; (F23)

where we used the fact that kKBk∞ ≤ 1, since each row of
KB has a single non-zero element less than 1 [Eq. (F10)].
Therefore, we have kJ2GB

k∞ ≤ kJ2Hk∞ ¼ Oð1Þ. ▪
Lemma F.4. (Existence of physical error under B

constraints). Consider a local sparse Pauli channel
N Γ ¼ ∘ γ∈ΓN γ, which acts on a qLDPC stabilizer/sub-
system code with measured stabilizer subgroup M. There
exists a constant 0 < pmax ≤ 1

4rΓ
such that if the true error

rates p⃗ inN Γ satisfy kp⃗ �k∞ < pmax, where p⃗ � denotes the
detectable error rates, then there exists a real solution for
p⃗ 0 of the system of equations that consists of Eq. (25):

log Λ⃗ ðMÞ ¼ D0ðMÞ log ν⃗; (F24)

and any set of extra constraints Eq. (29):

Bp⃗ 0 ¼ 0⃗: (F25)

Furthermore, if the positivity condition

PC ≥
1

4
ðKH þ L2

HKGB
Þkp⃗ �k2∞; ∀ C∈ C�; (F26)

forOð1Þ constants LH;KH;KGB
that bound the norm of the

first and second order derivatives of H and GB, is satisfied
for the true error rates, then the solution p⃗ 0� ≥ 0.
Proof. According to Theorem 3, we have the Taylor

expansion GBðx⃗Þ ¼ −2x⃗þOðkx⃗k2Þ. Therefore at x⃗0 ¼ 0⃗,
the Jacobian JGB

ðx⃗0Þ ¼ −2I is invertible and

δGB
¼ 1

kJGB
ðx⃗0Þ−1k∞

¼ 2. (F27)

We consider a radius kx⃗k∞ ≤ PC
max for the function

GBðx⃗Þ and define an upper bound KGB
of the norm of the

second-order derivative of GB as

KGB
¼ max

�
max

x⃗∈BPCmax
ð0⃗Þ
kJ2GB
ðx⃗Þk∞;

δGB

PC
max

�
: (F28)

Let Rp ¼ 1
4rΓ
, we define an upper bound LH of the norm

of the Jacobian of H as

LH ¼ max
�

max
x⃗∈BRp ð0⃗Þ

kJHðx⃗Þk∞;
δ2GB

2KGB
Rp

�
: (F29)

Both KGB
and LH are Oð1Þ according to Lemma F.3.

Therefore, we have,
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kJGB
ðx⃗Þ − JGB

ð0⃗Þk∞ ≤ KGB
kx⃗k∞; ∀ x⃗∈BPC

max
ð0⃗Þ
(F30)

and PC
max ≥

δGB
KGB

according to Eq. (F28). As a result,

GBðx⃗Þ ¼ y⃗ has solution when y⃗∈Bryð0⃗Þ where the radius
ry ¼

δ2GB
2KGB
¼ 2

KGB
, and the solution x⃗ lies in B δGB

KGB

ð0⃗Þ,
according to Lemma F.2. To find the radius for p⃗ � around
0⃗ such that y⃗ ¼ Hðp⃗ �Þ∈Bryð0⃗Þ, note that we have

kJHðp⃗ �Þk∞ ≤ LH; ∀ p⃗ � ∈BRp
ð0⃗Þ: (F31)

Let pmax ¼ ry
LH
¼ 2

KGB
LH

then pmax ≤ Rp ¼ 1
4rΓ

according

to Eq. (F29). For ky⃗k∞ we have

ky⃗k∞ ¼ kHðp⃗ �Þk∞ ≤ LHkp⃗ �k∞ (F32)

and it will be within radius ry around 0⃗ if kp⃗ � k∞ < pmax,
thus a solution exists.
To prove the positivity condition, note that

y⃗ ¼ Hðp⃗ �Þ ¼ −2P⃗C þ RH ¼ −2P⃗C þOðkp⃗ �k2∞Þ;
(F33)

y⃗ ¼ GBðx⃗Þ ¼ −2x⃗þ RGB
¼ −2x⃗þOðkx⃗k2∞Þ; (F34)

and kJ2Hk∞ ¼ Oð1Þ, and kJ2GB
k∞ ¼ Oð1Þ according to

Lemma F.3. Let KGB
and KH be their upper bound

respectively, therefore

ky⃗þ 2P⃗Ck∞ ¼ kRHk ≤
1

2
KHkp⃗ �k2∞; (F35)

ky⃗þ 2x⃗k∞ ¼ kRGB
k ≤ 1

2
KGB
kx⃗k2∞: (F36)

From the inverse function theorem, conditioned on
real solution exists, kx⃗k∞ ≤ δGB

=KGB
¼ 2

KGB
, therefore

kx⃗k∞ ≥ 1
2
KGB
kx⃗k2∞, and from Eqs. (F32) and (F34), and

the reverse triangle inequality, we have

LHkp⃗ �k∞ ≥ kyk∞ ¼ k − 2x⃗þ RGB
k∞ ≥ 2kx⃗k∞ − kRGB

k
≥ 2kx⃗k∞ − kx⃗k∞ ¼ kxk∞

(F37)

and as a result,

kP⃗C − x⃗k∞ ≤
1

4
ðKH þ L2

HKGB
Þkp⃗ �k2∞: (F38)

Therefore, if PC ≥ 1
4
ðKH þ L2

HKGB
Þkp⃗ �k2∞ for all

C∈ C�, then we have x⃗ ≥ 0, thus KBx⃗ ¼ p⃗ 0� ≥ 0. ▪

APPENDIX G: SPACETIME CODE

We can map a non-adaptive Clifford circuit into a
spacetime code [13–15], which we introduce briefly in
this section. We also note that the spacetime code is highly
related to the detector error model that is being widely used
in the field of fault tolerance [29,45]. In particular, the
measurement result of the generators of the measured
stabilizer group in the spacetime code corresponds to the
detectors in the detector error model. Here, we used the
spacetime code formalism since the learning protocol in
the static code case can be carried out here directly. For
simplicity, we omit the superscript ðSTÞ here for operators
in the spacetime code.
Given a circuit with n qubits and T time steps, the

spacetime code constructed from the Clifford circuit is a
subsystem stabilizer code of nðT þ 1Þ qubits, where we
put layers of n qubits in between every pair of neighboring
circuit layers, as well as a layer before and a layer after the
circuit. We assign a temporal label t ¼ 0.5; 1.5;…; T þ
0.5 for each layer of spacetime qubits. We borrow the
notation (change from η to κ) in Refs. [13,15] and
denote κt−0.5ðOÞ∈PnðTþ1Þ as the Pauli operator in the
spacetime code by placing Pauli P∈Pn at tth layer of
the spacetime code tensor product with In ∈Pn on all
other layers. For any spacetime operator O∈PnðTþ1Þ,
Ot−0.5 ∈Pn denotes the component of O at the tth
layer of the spacetime code. Moreover, let t∈ ½T�;
t ≤ t0 ≤ T þ 1, and we denote the unitary gate at layer t
as Ut, the product of gates from layer t to t0 − 1 as Ut;t0 ,
and let Ut;t0 ¼ I if t0 ≤ t.
The goal of the construction is that circuit-level Pauli

errors can be considered as errors acting on these space-
time qubits such that both the syndrome and logical effect
of the error can be captured in the static spacetime code.
As a subsystem code, the structure of the conventional
spacetime code is typically defined via the gauge group G
of the spacetime code [13,14]. It is defined as the set of
Pauli errors in the spacetime code for which the corre-
sponding errors in the circuit do not trigger any detection
events and are logically trivial. In the conventional case,
when one wants to preserve all logical operators of the
input state stabilizer code, or simply the input code, G can
be constructed by adding the following Pauli operators as
generators:
(1) At the input layer, include the input code stabilizer

generators as κ0.5ðSðiniÞi Þ in GðSTÞ.
(2) For each measurement MðcircÞ in the circuit at layer

t ¼ tðMðcircÞÞ, include κtþ0.5ðMðcircÞÞ.
(3) For each layer t ¼ 1;…; T, add κt−0.5ðPiÞκtþ0.5 ×
ðUt;tþ1PiU

†
t;tþ1Þ, where Pi runs over a generating

set of NðMðcircÞ
t Þ, i.e., the normalizer of the group

of the measured operator Mt at layer t. For
example, if there is no measurement at layer t, then
we let Pi be X1; Z1;…; Xn; Zn, and if there is a
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Y2Z3 measurement at layer l, Pi runs over
fX1; Z1; Y2; Z3; X2X3; X4; Z4;…; Zng.

As in Sec. V of the main text, we are only interested in
the logical errors affecting the circuit’s logical measure-
ment. This motivates us to extend the gauge group
introduced above. We will first construct the measured
stabilizer group M and the measured logical group L0
[Eq. (G7)] using the output of Algorithm 2. Then con-
cretely, the extended gauge group can be obtained by
replacing operators in step 1 with operators of the form
κ0.5ðOÞ where O goes over a generating set of NðL0ðiniÞÞ.
Here we define L0ðiniÞ ¼ fL00.5∣L0 ∈L0g as the subgroup of
the logical group of the input code associated with the
logical measurement of the circuit.
We now introduce Algorithm 2 below. The algorithm

keeps track of the stabilizer group, destabilizer group, and

the logical group at each layer and records the relevant
measurement indices whenever a stabilizer or logical
operator is measured. These records, in the form of two
matrices O⊥ and KL are then used to construct the
measured stabilizer and logical group of the spacetime
code. The stabilizer group S of the spacetime code is the
center of the conventional gauge group G, but in general,
not all elements in S are measured, and the measured
stabilizer group M is a subgroup of S. Similarly, for a
Clifford circuit, the logical measurements only correspond
to a subset of the initial logical operators, and therefore, the
measured logical operators in the spacetime code are only
a subset of the normalizer of the conventional gauge
group. We use the following notation in the algorithm
below: For a binary vector a⃗∈Zm

2 , we use the notation
Sa⃗ ¼ ½Sa1 ; Sa2 ;…; Sam �, and S ← S ⊙ S0a⃗ represents the

ALGORITHM 2. Measured stabilizer generators and logical generators for the spacetime code.

Input:
1. The Clifford circuit with m measurements fMðcircÞ1 ;…;MðcircÞm g with input state encoded in a [[n,k]] stabilizer code.

2. Initial stabilizer: S ¼ ½SðiniÞ1 ;…; SðiniÞs � and initial destabilizer: D ¼ ½DðiniÞ1 ;…; DðiniÞs �.
3. Initial X logical operators: X̄ ¼ ½X̄ðiniÞ1 ;…; X̄ðiniÞk � and initial Z logical operators: Z̄ ¼ ½Z̄ðiniÞ1 ;…; Z̄ðiniÞk �.

Output:
1. O⊥, parity checks of the output bitstrings.
2. KL, sets of operator indices of measured logical operators.

1 Initialize c⃗s; c⃗d ∈Zs
2, c⃗x̄; c⃗z̄ ∈Zk

2. Let fe⃗igsþmi be the set of unit vectors in Zsþm
2 .

2 Initialize two sets O⊥ ¼ fg and KL ¼ fg.
3 for i ¼ 1; ::; s do
4 Initialize v⃗ ðiÞs ¼ e⃗i ∈Zsþm

2 .
5 for i ¼ 1; ::; k do
6 Initialize v⃗ ðiÞx̄ ¼ v⃗ ðiÞz̄ ¼ 0⃗∈Zsþm

2 .
7 for r ¼ 1;…; m do
8 Propagate MðcircÞr to the beginning of the circuit as M�.
9 Let c⃗s ¼ ðhM�;D½i�iÞsi¼1, c⃗d ¼ ðhM�;S½i�iÞsi¼1, c⃗x̄ ¼ ðhM�; Z̄½i�iÞki¼1, c⃗z̄ ¼ ðhM�; X̄½i�iÞki¼1.
10 if c⃗d ≠ 0⃗ (destabilizer measurement) then
11 Let i� ≔ minfi∈ ½s�∶ ðcdÞi ¼ 1g and D� ¼ Si� .
12 Update tableau S ← S ⊙ Dc⃗d� , D ← D ⊙ Dc⃗s� , X̄ ← X̄ ⊙ Dc⃗z̄� , Z̄ ← Z̄ ⊙ Dc⃗x̄� .
13 For all i ¼ 1;…; s, j ¼ 1;…; k, update operation vectors v⃗ ðiÞs þ ¼ðcdÞi · v⃗ ði

�Þ
s , v⃗ ðjÞx̄ þ ¼ðcz̄Þj · v⃗ ði

�Þ
s , v⃗ ðjÞz̄ þ ¼ðcx̄Þj · v⃗ ði

�Þ
s

14 Delete the i�th element of S and D, append M�, D� to S and D respectively.
15 Update v⃗ ðiÞs ← v⃗ ðiþ1Þs for i ¼ i�;…s − 1. Let v⃗ ðsÞs ¼ e⃗sþr.
16 if c⃗d ¼ 0⃗ and c⃗x̄ ≠ 0⃗ (or X̄ ↔ Z̄ if c⃗x̄ ¼ 0⃗ and c⃗z̄ ≠ 0⃗) (logical measurement) then
17 Let i� ≔ minfi∈ ½k�∶ ðcx̄Þi ¼ 1g and D� ¼ Z̄i� .
18 Update tableau D ← D ⊙ Dc⃗s� , X̄ ← X̄ ⊙ Dc⃗z̄� , Z̄ ← Z̄ ⊙ Dc⃗x̄� .
19 For all j ¼ 1;…; k, update operation vectors v⃗ ðjÞx̄ þ ¼ðcz̄Þj · v⃗ ði

�Þ
x̄ , v⃗ ðjÞz̄ þ ¼ðcx̄Þj · v⃗ ði

�Þ
x̄

20 Delete the i�th element of X̄ and Z̄, append M�, D� to S and D respectively.
21 Append u⃗ L ¼ e⃗sþr þ

Ps
i ðcsÞiv⃗ ðiÞs þ

P
k
i ½ðcx̄Þiv⃗ ðiÞx̄ þ ðcz̄Þiv⃗ ðiÞz̄ � to KL.

22 Update v⃗ ðiÞx̄ ← v⃗ ðiþ1Þx̄ ; v⃗ ðiÞz̄ ← v⃗ ðiþ1Þz̄ for i ¼ i�;…k − 1. Let v⃗ ðsÞs ¼ e⃗sþr.
23 s ← sþ 1, k ← k − 1.
24 if c⃗d ¼ c⃗x̄ ¼ c⃗z̄ ¼ 0⃗ (stabilizer measurement) then
25 Let i� ≔ minfi∈ ½s�∶ ðcsÞi ¼ 1g and D� ¼ Di� .
26 Update tableau D ← D ⊙ Dc⃗s� .
27 Delete the i�th element of S and D, append M0, D� to S and D respectively.
28 Append u⃗ ¼ e⃗sþr þ

P
s
i ðcsÞiv⃗ ðiÞs to O⊥.

29 Update v⃗ ðiÞs ← v⃗ ðiþ1Þs for i ¼ i�;…s − 1. Let v⃗ ðsÞs ¼ e⃗sþr.
30 return O⊥, KL
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process of replacing the list of operators S ¼ ½S1;…; Sm�
by S ⊙ S0a⃗ ¼ ½S1S0a1 ; S2S0a2 ;…; SmS0am �.
Algorithm 2 is an extended version of Algorithm 1 in

Ref. [15], as we also included the necessary information to
construct the spacetime logical operators. Moreover, this
also improves the classical computation cost from Oðn3Þ
to Oðn2Þ by keeping track of destabilizers and calculating
commutation instead of doing Gaussian elimination.
A key operation on spacetime Pauli operators is called

(back-)cumulant [15] (spackle [13]), which is used to
construct spacetime stabilizer and logical generators. The
cumulant and back-cumulant of a spacetime operator F
denoted by F⃗ and F⃖ are defined by

ðF⃗Þl−0.5 ¼
Yl0<l

l0¼1
Ul0;lFl0−0.5U†

l0;l; (G1)

ðF⃖Þl−0.5 ¼
Yl0>l

l0¼Tþ1
U†

l;l0Fl0−0.5Ul;l0 : (G2)

Consider a Clifford circuit with initial stabilizer

generators S ¼ fSðiniÞ1 ;…; SðiniÞs g, destabilizer: D¼
fDðiniÞ1 ;…;DðiniÞs g, X logical operators: X̄ ¼fX̄ðiniÞ1 ;

…; X̄ðiniÞk g and Z logical operators: Z̄¼fZ̄ðiniÞ1 ;…; Z̄ðiniÞk g.
We define a tuple of operators of the circuit with length
sþm:

E⃗ ¼ ðSðiniÞ1 ;…; SðiniÞs ;MðcircÞ1 ;…;MðcircÞm Þ (G3)

and define the ith operator in E⃗ as Ei. We denote tj as the
temporal index of operator Ej in the circuit, and for initial
stabilizer and logical operators, tj ¼ 0. The measured
spacetime stabilizer generators M∈M are given by

Mðu⃗Þ ¼
Ysþm

j¼sþ1
κtj−0.5ðE

uj
j Þ

 �����������
; ∀ u⃗∈O⊥: (G4)

The measured spacetime logical generators L0 ∈L0 are

L0ðu⃗ LÞ ¼
Ysþm

j¼sþ1
κtj−0.5ðE

uj
j Þ

 �����������
; ∀ u⃗ L ∈KL: (G5)

There can also be unmeasured logical operators in the
spacetime code. Given any initial logical operator LðiniÞ
that has not been measured, we have the corresponding

spacetime logical operator L ¼ κ0.5ðLðiniÞÞ
������!

.
The measured stabilizer group of the spacetime code is

given by

M ¼ hMðu⃗Þiu⃗∈O⊥ : (G6)

The measured logical operators L0ðSTÞ form the group
generated by all the measured stabilizer generators and
the relevant spacetime logical generators fL01;…; L0mL

g
in Eq. (G5):

L0 ¼ hM1;…; L01;…; L0mL
i: (G7)

Below is a summary of the structure of the spacetime
code in our work. Given a set of logical operators
measured in the circuit, we map them to a generating
set of measured spacetime logical operators according to
Algorithm 2 and Eq. (G5). These operators generate the
abelian subgroup of measured spacetime logical operators
L0 according to Eq. (G7). The linear constraints (“detec-
tors”) u⃗∈O⊥ of the measurements in the ideal circuits are
mapped to the measured spacetime stabilizer group M.
The group of dressed logical operators L0dr contains all the
undetectable operators. It is defined as the normalizer of
the measured spacetime stabilizer L0dr ¼ NðMÞ. The
gauge group G0 for L0 corresponds to the set of errors
in the circuit that are undetectable, but also logically trivial
with respect to the logical measurements. It is defined as
G0 ¼ NðL0Þ, i.e., it consists of operators in the spacetime
code that commute with the measured logical group L0,
which encompasses the measured stabilizer groupM. See
diagram in Fig. 14.
We note the two distinct roles/perspectives of Pauli

operators here. Pauli operators, on the one hand, are
Hermitian operators that can encode the information about
the state, e.g., stabilizers of a state or Pauli measurement of
a state. On the other hand, it is a unitary operator that acts
on the state as an operation/error. The (bare) logical group
L0 is the first case where it encodes the logical information
being measured, whereas the dressed logical group L0dr, or
more precisely the quotient group L0dr=G

0, can be inter-
preted as the logical operation/error on the logical states.
Although the construction of measured spacetime logical
operators L0 is not necessary in the physical error rate
learning algorithm, L0 is needed in the proof of logical
error learnability in Theorem 10 in Appendix H.
We prove below the equivalent condition of error

detectability and logical errors on logical measurements
in the circuit, in terms of the commutation relation between
errors and measured stabilizer/logical operators in the
spacetime code.
Lemma G.1. (Delfosse and Paetznick [15] Adjoint of

the accumulator). For any pair of spacetime operators
A;B∈PnðTþ1Þ, we have

hA⃗; Bi ¼ hA; B⃖i: (G8)

Lemma G.2. (Delfosse and Paetznick [15] Effect of
faults). Given a Clifford circuit with m measurements

fMðcircÞ1 ;…;MðcircÞm g and circuit-level Pauli error
e∈PnðTþ1Þ in the spacetime code, define the output
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measurement bitstrings in the circuit as o⃗ ðcircÞ ∈Zm
2 and its

probability distribution with and without error e as
PðeÞðo⃗ ðcircÞÞ and Pðo⃗ ðcircÞÞ respectively, we have

PðeÞðo⃗ ðcircÞÞ ¼ Pðo⃗ ðcircÞ þ f⃗ ðcircÞðeÞÞ; (G9)

where f⃗ ðcircÞðeÞ ¼ ðfðcircÞðeÞ1;…; fðcircÞðeÞmÞ∈Zm
2 ,

fðcircÞðeÞj¼he⃗tðMðcircÞj Þ−0.5;M
ðcircÞ
j i, and we denote tðMðcircÞj Þ

as the temporal label when MðcircÞj occurs in the circuit.
Let the initial stabilizer generator values be o⃗ ðiniÞ ¼
ðoðiniÞ1 ;…; oðiniÞs Þ and let the measurement outcome of

the m measurements fMðcircÞ1 ;…;MðcircÞm g be o⃗ ðcircÞ ¼
ðoðcircÞ1 ;…; oðcircÞm Þ. For a parity check u⃗∈O⊥, let
u⃗ ðiniÞ ¼ ðu1;…; usÞ, and u⃗ ðcircÞ ¼ ðusþ1;…; usþmÞ.
Similarly, for u⃗ L ∈KL, let u⃗ LðcircÞ ¼ ðuLsþ1;…; uLsþmÞ
Lemma G.3. (Equivalence of syndrome in circuit

and spacetime code). For any circuit-level Pauli error
corresponding to e∈PnðTþ1Þ in the spacetime code
in a Clifford circuit, its syndrome bitstring s⃗ðeÞ corre-
sponding to the parity check O⊥ of the outcome mea-
surements in the circuit is equal to the scalar commutator
with the measured stabilizer generators in the spacetime
code ðhe;Mðu⃗ÞiÞu⃗∈O⊥ .
Proof. The syndrome bitstring, by construction, is

deterministically 0⃗ for a noiseless circuit, i.e., Pðo⃗Þ ≠ 0

if and only if o⃗∈ kerO⊥. With error e, according to
Lemma G.2, PðeÞðo⃗ ðcircÞÞ ¼ Pðo⃗ ðcircÞ þ f⃗ ðcircÞðeÞÞ.
Equivalently, we have

PðeÞðo⃗Þ ¼ Pðo⃗þ f⃗ðeÞÞ; (G10)

where f⃗ðeÞ ¼ is obtained by prepending f⃗ ðcircÞðeÞ with
0⃗∈Zs

2. Therefore, o⃗ must satisfy o⃗þ f⃗ðeÞ∈ kerO⊥,
which means s⃗ðeÞ ¼ ðu⃗ · o⃗Þu⃗∈O⊥ ¼ ðu⃗ · f⃗ðeÞÞu⃗∈O⊥ . For

every u⃗∈O⊥, we also have

u⃗ · f⃗ðeÞ ¼ u⃗ ðcircÞ · f⃗ ðcircÞðeÞ (G11)

¼
Xm
i¼1

uðcircÞi he⃗tðMðcircÞi Þ−0.5;M
ðcircÞ
i i (G12)

¼
Xsþm
i¼s
he⃗ti−0.5; Eui

i i (G13)

¼
	
e⃗;
Ysþm
i¼s

κti−0.5ðEui
i Þ



(G14)

¼
	
e;
Ysþm
i¼s

κti−0.5ðEui
i Þ

 ���������

(G15)

¼ he;Mðu⃗Þi: (G16)

Here, the second equality follows from Lemma G.2, and
second last equality follows from Lemma G.1. ▪
Lemma G.4. (Equivalence of logical error in the space-

time code). Denote as o⃗L ∈ZmL
2 the logical measurement

results after syndrome measurement and correction in a
Clifford circuit with some input codeword. Consider any
undetectable circuit-level Pauli error corresponding to
e∈PnðTþ1Þ in the spacetime code due to the circuit error
and subsequent correction from some decoder. We have
the logical outcome distribution

PðeÞL ðo⃗LÞ ¼ PLðo⃗L þ f⃗LðeÞÞ; (G17)

where PL is the ideal logical outcome distribution and we
refer to f⃗LðeÞ∈ZmL

2 as the logical error on the logical

measurements. Moreover, f⃗LðeÞ is equal to the binary

(a) (b)

FIG. 14. (a) Four subgroups of the spacetime subsystem codes and their relation with the diagram in Ref. [12]. M is the measured
spacetime stabilizer group, which is contained in the measured spacetime logical subgroup L0. L0dr ¼ NðMÞ is the dressed logical
subgroup, which contains the gauge group G0 ¼ NðL0Þ. N here denotes the normalizer in the Pauli group, and we have A ¼
NðBÞ⟺B ¼ NðAÞ for any two Pauli subgroups A; B. (b) Example of the commutation between generators of different subgroups in
(a) and the inclusion relation of these subgroups (colored boundaries). Each box represents a Pauli operator, and each column
represents a pair of anticommuting operators, while operators in the same row commute. Here we consider an n-qubit spacetime code
of a circuit with two logical qubits, and we measure Z̄1 at an odd time step while measuring Z̄2 at an even time step. The resulting
spacetime logical Pauli X̄2 and Z̄2 for the second logical qubit commute. However, we can still define distance as
dðL0Þ ¼ mine∈L0drnG0weightðeÞ, and the inclusion relation in (a) still holds.
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commutation of e with the measured logical opera-
tors f⃗LðeÞ ¼ ðhe; L0ðu⃗ LÞiÞu⃗ L ∈KL .
Proof. Given the corrected circuit outcome o⃗, the logical

measurement result is o⃗L ¼ ðu⃗ L · o⃗Þu⃗ L ∈KL . If the circuit
has mL independent logical measurements, then KL has
full row rank with rankKL ¼ mL. Therefore, the logical
output distribution is

PðeÞL ðo⃗LÞ ¼
X

o⃗ 0 ∈ kerKL

PðeÞððKLÞþo⃗L þ o⃗0Þ (G18)

¼
X

o⃗ 0 ∈ kerKL

PððKLÞþo⃗L þ o⃗ 0 þ f⃗ðeÞÞ ðfromEq:ðG.10ÞÞ

(G19)

¼
X

o⃗ 0 ∈ kerKL

PððKLÞþðo⃗L þKLf⃗ðeÞÞ þ o⃗0Þ (G20)

¼ PLðo⃗L þ f⃗LðeÞÞ (G21)

where ðKLÞþ is any right inverse of KL, i.e., KLðKLÞþ ¼
ImL

and the logical error f⃗LðeÞ ¼ KLf⃗ðeÞ. Similar to the

derivation of Eq. (G16), we have u⃗L · f⃗ðeÞ ¼ he; L0ðu⃗ LÞi,
∀ u⃗ L ∈KL. ▪
Corollary G.5. (Correctness condition for spacetime

code). For any circuit-level Pauli error corresponding to
e∈PnðTþ1Þ in the spacetime code, e is undetectable from
the circuit measurements if and only if e commutes with all
elements M∈M in the measured spacetime stabilizer
group. An undetectable error e (from decoding and
correction) does not affect the distribution of logical
measurement results for any input codeword, if and only
if e commutes with all elements in the measured spacetime
logical group L0.

APPENDIX H: LOGICAL ERROR RATE
LEARNABILITY

In this section, we prove Theorem 10 in the main text
regarding the learnability of logical error rate for a group
of logical measurements in the non-adaptive Clifford
circuit from syndrome data. Using the transformed eigen-
value basis introduced in Appendix B together with the
spacetime code formalism introduced in Appendix G, we
give a simpler proof with both sufficient and necessary
conditions of the logical error class probability learnability
results in the context of fault-tolerant circuits with logical
measurements, compared to the proof of Ref. Wagner
et al. [12] for sufficient condition in the code capacity
setting. We note that with a circuit decoder, the learnability
of the logical class error rate implies the learnability of
the logical error rate. We omit the superscript ðSTÞ for
operators in the spacetime codes.

Theorem 10 (Restated). Given a non-adaptive Clifford
circuit with a set of logical measurements ML under a
circuit-level Pauli noise model (that satisfies Assumption 1
when mapped to noise model on spacetime code), the
logical error class probabilities P̄ for ML can be learned
from the syndrome expectation value of the circuit if and
only if the circuit is fault-tolerant (Definition 9) to the
noise model forML. As a consequence, given a decoder of
the circuit, the associated logical error rates Pfail for the set
of logical measurements ML can be learned from the
syndrome data if the circuit is fault-tolerant to the noise
model for ML.
Proof. We map linear constraints of the measurement in

the circuits to the measured spacetime stabilizer group M
and map measured logical operators in the circuit to the
group of spacetime logical operators L0. The gauge group
G0 is given by G0 ¼ NðL0Þ. We denote as PLðeÞ the logical
error class probability for the error e∈PnðTþ1Þ of the
spacetime code for L0 as

PLðeÞ ¼ P̄ðs⃗ðeÞ; l⃗ðeÞÞ (H1)

¼
X
g∈G0

PðegÞ (H2)

¼
X
e0 ∈Pn

Pðe0ÞIG0 ðee0Þ (H3)

¼ P � IG0 ðeÞ; (H4)

where IH is the indicator function of the group H, taking
IHðeÞ ¼ 1 if e∈H and 0 otherwise. The Fourier transform
of PL is therefore:

cPLðOÞ ¼ P̂ðOÞÎG0 ðOÞ ¼ jG0jΛðOÞIL0 ðOÞ; (H5)

whereL0 is the group of ”bare” logical operators defined as
the group of operators L ¼ NðGÞ that commute with the
gauge group. As a result, the Fourier transform of the
logical error class probability cPLðOÞ is only non-zero
when O∈L0, i.e., it only depends on the Pauli eigenvalue
ΛðL0Þ; L∈L0 of the measured bare logical group.
Similar to Eq. (22), we could write the logarithm of the

Pauli eigenvalue of elements in the measured logical group
L∈L0 in terms of the transformed eigenvalues μ⃗:

log Λ⃗ ðL0Þ ¼ DðL0Þ log μ⃗; (H6)

where DðL0Þ½L; e� ¼ hL; ei. Here, the Pauli eigenvalue of
ΛðMÞ for M in the measured stabilizer code M of the
spacetime code can be calculated from the syndrome
expectation value of the circuit using the parity check
O⊥ according to Lemma G.3.
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Given the fault-tolerant condition (Definition 9) is
satisfied, to prove that the logical error rate is determined
by the syndrome measurement, i.e., Pauli eigenvalues of
operators inM, one just needs to show all rows ofDðLÞ are
linearly dependent on rows of the matrix for the syndrome
data DðMÞ in Eq. (18). Consider a circuit with circuit-level
Pauli noise defined byN Γ that is fault-tolerant to the set of
logical operators in the circuit in the sense of Definition 9.
This fault-tolerant condition, according to Corollary G.5,
is equivalent to following statement when mapped to the
spacetime code: For any undetectable error e∈ EΓ in the
spacetime code, e commutes with all logical operators in
L0, and for any two errors e1; e2 ∈ EΓ with the same
syndrome, then e1e2 commutes with all logical operators
in L0, i.e., e1 and e2 commute/anticommute with the same
set of operators in L0. Therefore, the syndrome class
(Definition C.1) C�ðMÞ and C�ðL0Þ with respect to the
measured stabilizer group M and the measured logical
group L0 respectively, are the same. As a result, according
to Lemma C.4 we have

rankDðLÞ ¼ rankDðMÞ: (H7)

Since M ⊆ L0, all rows of DðLÞ are linearly dependent
on rows of DðMÞ and the Pauli eigenvalue of all logical
operators ΛðLÞ, ∀ L∈L only depends on the measured
syndrome expectations fΛðMÞj ∀ M∈Mg. Therefore,
using the syndrome data, we can recover the logical error
classes probability Eq. (H2) and also the logical error rates
according to Eq. (47) and the equivalence of logical error
in the circuit and the spacetime code (Lemma G.4).
To prove the other direction, if (case 1) there exists an

error e∈ EΓ, or (case 2) e ¼ e1e2 for some e1; e2 ∈ EΓ,
such that e is undetectable from the syndrome but
anticommutes with some operator in L0, then the rank
of DðL0Þ is strictly larger than the rank of DðMÞ. This is
because the new set of nontrivial syndrome error classes
(Definition C.1) with respect to L0 can be obtained by
either adding some undetectable error e as a new nontrivial
class for case 1, or further partitioning the existing non-
trivial syndrome classes (case 2). Therefore, according to
Lemma C.4 we have

rankDðL0Þ > rankDðMÞ: (H8)

As a result, for existing transformed eigenvalues μ⃗
satisfying the syndrome constraints and resulting in
certain Pauli eigenvalues Λ⃗ ðL0Þ, there exists a vector
ϵ⃗∈ kerðDðMÞÞ such that μ⃗ 0 ¼ μ⃗þ ϵ⃗ is still valid given
Assumption 1 (see Lemma E.1) and μ⃗ 0 produces a
different set of Pauli eigenvalues Λ⃗ ðL0Þ. Since the logical
error class probabilities are related to Λ⃗ ðL0Þ by an invertible
Walsh-Hadamard transformation as in Eq. (H5), μ⃗ 0 and μ⃗ 0
lead to different sets of logical error class probabilities.

Therefore, the logical error class probabilities are not
learnable. ▪
Note that in the learnable case, the log of syndrome

expectation values and the learnable transformed eigen-
values log ν⃗ are related by full column rank matrix D0ðMÞ
(Lemma C.4), therefore the logical error rates are also
determined by log ν⃗.

APPENDIX I: SAMPLE COMPLEXITY

1. Sample complexity for learning physical error rates

Here, we study the sample complexity of learning
syndrome class error rate, where we first consider solving
for the learnable transformed eigenvalues log ν⃗ in Eq. (27)
and then estimate the syndrome class error rate using the
approximation PC ≈ − log νC

2
, as explained in Appendix E.

Note that PC ≈ − log νC
2

≈ 1−νC
2

when error rates are low, and
1−νC
2

in practice is a slightly more accurate estimator.
Moreover, 1−νC

2
equals the probability of an odd number of

errors occurring in C for the detector error model, as
shown in Eq. (E15). However, for simplicity in error
propagation, we will argue based on the approxima-
tion − log νC

2
.

We first introduce some notation. Given a set of
measured stabilizer generators fMigmi for the measured
stabilizer groupM ¼ hM1;…;Mmi, we denote the indices
of the stabilizer generators violated for each syndrome
class C∈ C as JðCÞ ⊆ ½m�. We define the variables to solve
XC ¼ log νC as the learnable transformed eigenvalues, and
for any R ⊆ ½m�, let YR ¼ logΛðQi∈R MiÞ be the loga-
rithm of the Pauli eigenvalues of the stabilizer elements,
i.e., syndrome expectation values.
Lemma I.1. Equation (35) is the solution of the system of

linear equations Eq. (27), whereM0 is the subset ofmeasured
stabilizer group M0 ¼ ⋃C∈ Cf

Q
i∈ J0 MijJ0 ⊆ JðCÞg.

Proof. We denote DR;C as the matrix element of the
syndrome matrix D in the row labeled by the stabilizer
element

Q
i∈R Mi and column labeled by the syndrome

class C and it is given by

DR;C ¼
�
1; if R ∩ JðCÞ is odd;
0; if R ∩ JðCÞ is even: (I1)

The system of linear equations Eq. (25) can be rewritten
as

YR ¼
X
C∈ C

DR;CXC; (I2)

where R ⊆ ½m�. Let us define a linear transformation of YR,∀ R ⊆ ½m�:

ZR ¼
X
S⊆R
ð−1ÞjSj−jRjYS: (I3)
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Since the power set of the stabilizer generator indices
½m� is a partially ordered set by the inclusion relation, we
could order the rows R in the D matrix according to this
partial order, and these are essentially row operations on
Eq. (I2). Plugging this into Eq. (I2):

ZR ¼
X
S⊆R
ð−1ÞjSjX

C∈ C

DS;CXC (I4)

¼
X
C∈ C

�X
S⊆R
ð−1ÞjSjDS;C

�
XC (I5)

¼
X
C∈ C

χR;CXC: (I6)

The matrix χ is ”upper triangular” by looking at its
elements

χR;C ¼
X
S⊆R
ð−1ÞjSjDS;C ¼

X
S⊆R

jS∩JðCÞj is odd

ð−1ÞjSj

¼
�−2jRj−1; if R ⊆ JðCÞ;

0; else:
(I7)

In particular, ZR ¼ 0 if R satisfies that for any C∈ C,
R⊈JðCÞ. Therefore, only stabilizer elements in M0 ¼
⋃C∈ Cf

Q
i∈ J0 MijJ0 ⊆ JðCÞg are used.

Combining Eqs. (I2) and Eq. (I6) we obtain:

−ZR ¼ 2jRj−1
X
C∈ C

JðCÞ⊇R

XC ¼
X
S⊆R
ð−1ÞjSj−1YS: (I8)

From the second equality, we obtain the solution

XC ¼ − X
C0 ∈ C

JðC0Þ⊃JðCÞ

XC0 þ
1

2jJðCÞj−1
X

S⊆JðCÞ
ð−1ÞðjSj−1ÞYS: (I9)

▪
We now show that the sample complexity is constant

given a desired precision on the logarithm of the learnable
transformed eigenvalues XC ¼ log νC for a local sparse
qLDPC code and a ðrΓ; cΓÞ-Pauli channel N Γ.
Lemma I.2. Consider a local sparse ðrs; csÞ-Pauli chan-

nel on an n-qubit qLDPC code. Choose ϵ; δ > 0 and any
syndrome class C∈ C�, then the sample size N required to
estimate the logarithm of the learnable transformed eigen-
values log νC to additive error within ϵ with confidence
1 − δ using Eq. (35) is independent of n and scales as

N ¼ O
�
1

ϵ2
log

�
1

δ

��
: (I10)

Proof. We use the notation in the proof of Lemma I.1. In
the local error model setting, we have jJðCÞj ≤ rΓcs, and

jfC0 ∈ CjJðC0Þ ⊃ JðCÞgj ≤ rscΓ for any syndrome class C
since each generator acts on at most rs qubits and each
qubit is affected by at most cΓ channels. Let M0 ¼
⋃C∈ Cf

Q
i∈ J0 MijJ0 ⊆ JðCÞg be the subset of stabilizer

elements involved in the recursive solution Eq. (35). For
any measured stabilizer element M in M0. Given
Assumption 1 of the local channels, the Pauli eigenvalues
of any local channel are lower bounded by a constant λmin,
i.e., ΛγðeÞ ≥ λmin > 0, ∀ γ∈Γ.

ΛðMÞ ¼
Y
γ∈Γ

suppðMÞ⊆γ

ΛγðMγÞ ≥ λrΓsΓcscΓmin ¼ Θð1Þ: (I11)

Given the additive error ϵΛðMÞ of syndrome expectation
values ΛðMÞ is less than ΛðMÞ, the additive error ϵYS

of
YS ¼ logΛðMÞ due to shot noise is related to the error
ϵΛðMÞ as

ϵYS
≤

ϵΛðMÞ
ΛðMÞ − ϵΛðMÞ

≤
ϵΛðMÞ
CΛ

(I12)

for some constant CΛ.
For any syndrome class C, XC ¼ log νC can be written

as a linear function of fYSg using a bounded number of
recursions and resulting in a bounded number Cr of terms
of YS according to Eq. (35). Therefore, it is sufficient that
the additive error for each ϵΛðMÞ ≤ min ðCΛ

Cr
ϵ; λrΓsΓcscΓmin Þ ¼

ϵmax
Λ with confidence ≤ δ

Cr
(union bound). Then we can use

Hoeffding’s inequality:

P
����� 1N

X
i

mi−ΛðMÞ
����≥ ϵmax

Λ

�
≤ 2exp

�
−Nðϵmax

Λ Þ2
2

�
≤

δ

Cr
;

(I13)

to obtain the required sample size

N ≥
2

ðϵmax
Λ Þ2

log
�
2Cr

δ

�
¼ O

�
1

ϵ2
log

�
1

δ

��
: (I14)

▪
With the above lemma, we can prove the sample

complexity of estimating syndrome class error rates to
additive precision for general qLDPC stabilizer codes
(qLDPC spacetime subsystem code) under local sparse
Pauli channels, when the second-order correction is
smaller than the shot noise due to finite sample size.
Theorem 4 (Restated) [Sample complexity for syn-

drome class learning] Consider a local sparse Pauli
channel N Γ on an n-qubit qLDPC code. Given
ϵ > 0; 0 < δ < 1, there exists a constant Cc > 0 such that
if kp⃗k2∞ < ϵ

2Cc
, the sample size N required to estimate the

syndrome error class PC, ∀ C∈ C� to additive error within
ϵ with confidence 1 − δ using Eq. (35) is
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N ¼ O
�
1

ϵ2
log

�
1

δ

��
; (I15)

independent of the system size n.
Proof. For any syndrome class C∈ C�, we can approxi-

mate the syndrome error class using

PC ¼ − 1

2
log νC þOðkp⃗k2Þ; (I16)

And we can bound the correction term

����PC þ
1

2
log νC

���� ≤ Ccp2
max (I17)

for some Cc > 0 due to Taylor’s theorem. Moreover, Cc is
constant in the context of local sparse Pauli channel on
qLDPC codes (see Lemma F.3). If error rates are small
enough, i.e., pmax < ð ϵ

2Cc
Þ12, then shot noise on log νC

dominates the additive error and the sample size scaling
is given by Lemma I.2. ▪

2. Sample complexity for learning logical error rates

In this section, we show that for a non-adaptive Clifford
circuit that is fault-tolerant to a circuit-level Pauli noise,
which corresponds to a local sparse Pauli channel on the
spacetime code of the circuit, then the logical error rate can
be learned to the same relative precision as the physical
error rate with only an additional overhead in the sample
complexity that in the worst case scales quadratically in the
spacetime volume. In the low physical error rate regime
where the minimum weight fault paths dominate, the
overhead is Θðd2Þ.
We prove the sample complexity of learning the logical

error to a given relative precision by first proving the
sample size required to learn each physical error rate to a
certain relative precision and then proving the bounded
error propagation to the logical error rate.
Lemma I.3. (Sample complexity for physical error rate

estimation). Consider a non-adaptive logical Clifford
circuit with n physical qubits, and physical depth T that
corresponds to a qLDPC spacetime code. Then consider a
local sparse Pauli channel N Γ with local error rates p⃗,
mapped from the circuit-level Pauli error model
(Definition 5), that acts on the spacetime code. Let p⃗ 0
be the error rates that generate the same logical error rate
as p⃗ and satisfy any chosen extra constraints Bp⃗ 0 ¼ 0. Let
LH;KGB

be the two constants in Lemma F.4. For any
chosen η > 0; 0 < δ < 1, if the true error rates satisfy
kp⃗k∞ ≤ min ð 2

LH;KGB
; ðηPCmin

2Cc
Þ12Þ, the sample size N required

to learn all physical error rates with relative error within η

with confidence 1 − δ, when compared to p⃗ 0, is given by

N ¼ O
�

1

η2P2
Cmin

log
�
nT
δ

��
: (I18)

Proof. We use the circuit-to-code mapping in Sec. IVA
to map the n-qubit non-adaptive Clifford circuit of depth T
to an nðT þ 1Þ-qubit spacetime code, which is assumed to
be qLDPC. According to Lemma F.4 and Theorem 4, given
any extra constraints Bp⃗ ¼ 0⃗ and by setting ϵ ¼ PCminη,
when

kp⃗k∞ ≤ min
�

2

LHKGB

;
�
ηPCmin

2Cc

�1
2

�
; (I19)

there exist error rates p⃗ 0 satisfying the extra constraints
Bp⃗ ¼ 0 and having identical learnable transformed eigen-
values log ν⃗ðp⃗0Þ ¼ log ν⃗ðp⃗Þ with the ones of the true noise.
And we need N ¼ α

ϵ2
logð1δÞ to reach ϵ additive error in

estimating each syndrome class error rate, for some
constant α. We further estimate each component of p⃗0

by applying Bp⃗ ¼ 0 to each estimated syndrome class
error rate. To reach relative error η for all syndrome
classes with confidence 1 − δ, for each syndrome class
C, it is sufficient that ϵ ≤ ηPCmin with confidence 1 − δC
where δC ¼ δ

jC�j (union bound). Moreover, the number of
nontrivial syndrome classes jC�j ¼ ΘðnTÞ since each
syndrome class has a constant size. Therefore, plugging
in Eq. (I15), we get the scaling as shown in Eq. (I18).
Each physical error rate is estimated with relative
precision within η compared with p⃗ 0 since Bp⃗ 0 ¼ 0 is
satisfied. ▪
Lemma I.4. (Relative error propagation to logical level).

Consider a logical Clifford circuit with n physical qubits
and physical depth T, and a circuit-level Pauli noise
channel that corresponds to a local sparse Pauli channel
N Γ on the spacetime code. Conditioned on the positivity
condition in Lemma F.4, we can achieve learning the
probability of any subset of logical Pauli errors that affect
logical measurements in the circuit with relative error
within ηL if the maximal relative error ηmax

p of the learned
physical error rates is ηmax

p ≤ 1
2jΓj ηL ¼ ΩðηLnTÞ, where jΓj is

the number of local channels.
Proof. We define a fault path f in a spacetime code as a

subset of the possible errors EΓ (exclusive in each local
channel). We call f a failing fault path if it leads to any
logical error considered after decoding, and we denote the
set of all such failing paths as F fail. For any local channel
N γ; γ∈Γ and a local error e in the channel, we denote
the error rate as pe, and denote qγ ¼ 1 −P

e∈ Eγ pe. We
denote the set of local supports not involved in a path f as
Γc
f. The logical error rate is then given by
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Pfail ¼
X

f∈F fail

Y
ei ∈ f

p0ei
Y
γ∈Γc

f

q0γ: (I20)

We bound the relative error for each term PðfÞ ¼Q
ei ∈ f p

0
ei

Q
γ∈Γc

f
q0γ as

ηPðfÞ ≤
jQei ∈ fp

0
eið1þ ηmax

p Þ
Q

γ∈Γc
f
q0γð1þ ηmax

q Þ − PðfÞj
PðfÞ

(I21)

≤ ð1þ ηmax
p ÞjΓj − 1; (I22)

where ηmax
q refers to the maximal relative error of qγ over

γ∈Γ, and we used the fact that for small error rates,
ηmax
q < ηmax

p . Since Pfail is just a sum of these positive
terms, the relative error ηPfail

of Pfail is just bounded by the
largest ηPðfÞ among all failing paths f:

ηPfail
≤ ð1þ ηmax

p ÞjΓj − 1. (I23)

Therefore we have

ηmax
p ≥ ð1þ ηPfail

Þ 1jΓj − 1 ≥ e
1
jΓj lnð1þηPfail Þ − 1 ≥

1

2jΓj ηPfail
;

∀ 0 ≤ ηPfail
≤ 1; jΓj ≥ 1;

(I24)

where jΓj ¼ OðnTÞ is the number of local Pauli channels
since we assume N Γ is a local sparse Pauli channel,
and we used the fact that ex − 1 ≥ x. As a result, if
ηmax
p ≤ 1

2jΓj ηL, then the relative error ηPfail
≤ ηL. ▪

Theorem 11 (Restated) Consider a non-adaptive logical
Clifford circuit with n physical qubits and physical depth T
that corresponds to a qLDPC spacetime code. We assume
the circuit is fault-tolerant to a circuit-level noise that
corresponds to a local sparse Pauli channel N Γ on the
spacetime code, for a set of logical measurements ML.
Denote by PCmin the minimal syndrome class error rate.
We can learn the logical error rates Pfail for ML with
relative error within ηL with confidence 1 − δ using a
sample size

N ¼ O
�

n2T2

η2LP
2
Cmin

log
�
nT
δ

��
; (I25)

if the true error rates satisfy kp⃗k∞ ≤ min ð 2
LHKGB

;

ðηLPCmin
4jΓjCc

Þ12Þ, and for all syndrome classes C∈ C�,
PC ≥ 1

4
ðKH þ L2

HKGB
Þkp⃗ �k2∞, where constants LH;KGB

;
KH;Cc are defined in Eqs. (F28), (F29), (F35) and (I17),
Proof. Directly follows from Lemma I.3 and

Lemma I.4. ▪

For a Clifford circuit encoded in a family of stabilizer
codes that have a nontrivial fault-tolerant threshold, when
the physical error rates are well below the threshold, then
the failing fault path is dominated by the minimum-weight
paths. Let d denote the circuit distance (distance of the
spacetime code). Then the minimum weight is the mini-
mum number of local channels required to generate a
failing path and it is upper bounded by t ¼ bdþ1

2
c. In this

setting, the sample size needed to reach the same relative
precision at the logical level as the physical level has an
extra overhead that scales as Oðd2Þ instead of expðd

2
Þ from

the logical level fidelity estimation/tomography directly.
However, Theorem 11 does require the upper bound of

physical error rate to drop as ∼ 1
n, or ∼

1
d when the min-

weight fault paths dominate the logical error rate. This is
because the correction term in the syndrome class error
rate eventually dominates as the physical relative precision
required increases with larger n. Therefore, if the scale of
physical error rate is independent of the system size, then
the quadratic overhead in the theorem holds within a finite-
sized system, which is still practically relevant. See
numerical results in Fig. 19, where we tested on surface
code of various sizes in the simple channel coding setting.

APPENDIX J: LEARNING LOGICAL ERROR
RATE UNDER REGIONAL DEPOLARIZING

CHANNEL

1. Logical error rate from regional
depolarizing channel

In this section, we investigate methods of estimating
logical error rate for Pauli channels violating the condition
in Theorem 10. This is potentially possible given some
assumptions about the channel. More specifically, on top
of a background Pauli channel N b that satisfies the
learnability condition in Theorem 10, we consider con-
catenating it with an additional regional depolarizing
channel with error rate pR:

N R ¼ ð1 − pRÞρþ
pR

4jRj − 1

X
e∈PRnfIg

eρe† (J1)

acting on a region R ⊆ ½n�, where we define PR ¼
fe∈PnjsuppðeÞ ⊆ Rg as the set of n-qubit Pauli operators
supported in R.
We denote the probability distribution of the Pauli error

E in the background Pauli channelN b and Pauli error F in
the depolarizing channel N R as Pb and PR respectively.
Denote the conditional logical error rate from the back-
ground Pauli channel N b as Pðfail∣eÞ, where e is a Pauli
error from N b. We derive the following lemma:
Lemma J.1. (Logical error rate bound). If the support R

of the depolarizing channel N R contains some (dressed)
logical operator L, then the logical error rate Pfail is
bounded by
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ð1 − pRÞPbg
fail þ

�
1

2
− e−ΩðjRjÞ

�
pR ≤ Pfail

≤ ð1 − pRÞPbg
fail þ pR; (J2)

where pR is the depolarizing channel total error rate, and
Pbg
fail ¼ PðfailjF ¼ IÞ is the logical error rate without the

regional depolarizing channel N R.
Proof. The logical error rate is given by

Pfail ¼
X
e

Pðfail∣eÞPbðeÞ: (J3)

Denote the indicator function of an error e∈Pn being
correctable as χðeÞ, where χðeÞ ¼ 1 when e is correctable
by a decoder and χðeÞ ¼ 0 otherwise. And note that for any
given decoder, χðeÞ þ χðeLÞ ≤ 1 for any logical operator

L. Denote the probability of error being corrected con-
ditioned on the background error being e and a nontrivial
error f in N R happening by Pðcorrect∣E ¼ e; F ≠ IÞ.
Since a logical operator L is supported by the region R,
we have

Pðcorrect∣E ¼ e; F ≠ IÞ ¼ 1

pR

X
f∈PRnfIg

PRðfÞχðefÞ (J4)

¼ 1

pR

X
f∈PRnfLg

PRðfLÞχðefLÞ: (J5)

Moreover, we have ∀ f∈PRnfI; Lg; PRðfÞ ¼
PRðfLÞ, therefore

2Pðcorrect∣E ¼ e; F ≠ IÞ ¼ 1

pR

�
2PRðLÞχðeLÞ þ

X
f∈PRnfI;Lg

½PRðfÞχðefÞ þ PRðfLÞχðefLÞ�
�

(J6)

¼ 1

pR

�
2PRðLÞχðeLÞ þ

X
f∈PRnfI;Lg

PRðfÞðχðefÞ þ χðefLÞÞ
�

(J7)

≤
1

pR

�
2PRðLÞχðeLÞ þ

X
f∈PRnfI;Lg

PRðfÞ
�

(J8)

≤ 1þ 2

4jRj − 1
(J9)

¼ 1þ e−ΩðjRjÞ: (J10)

As a result,

Pfail ¼
X
e

Pðfail∣eÞPbðeÞ (J11)

¼ ð1 − pRÞPðfailjF ¼ IÞ þ pR

X
e

PbðeÞPðfail∣E ¼ e; F ≠ IÞ (J12)

≥ ð1 − pRÞPðfailjF ¼ IÞ þ
�
1

2
− e−ΩðjRjÞ

�
pR: (J13)

Therefore, it suffices to estimate the depolarizing
channel total error rate to give a lower bound of the
logical error rate. To obtain an upper bound, since

Pðfail∣E ¼ e; F ≠ IÞ ≤ 1; (J14)

we have

Pfail ≤ ð1 − pRÞPðfailjF ¼ IÞ þ pR (J15)

and PðfailjF ¼ IÞ can be learned from the syndrome data
post-selected on F ¼ I according to Theorem 10. ▪

2. Single-shot detection of regional
depolarizing channel

In this section, we consider a local sparse Pauli channel
concatenated with a depolarizing channel over the region
R acting on a qLDPC code. We argue that it is possible to
use syndrome data to detect rare high-weight Pauli error
events, modeled as a depolarizing channel on some region
R. In particular, letting m be the number of measured
stabilizer generators, we look at the average syndrome
valueM ¼ 1

m

P
a Xa, where Xa is the value of the stabilizer

generator Sa.
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Recall that for two Pauli channelsN γ1 andN γ2 we have
the Pauli eigenvalue of e∈Pn for the channel N γ1 ∘N γ2
given by ΛðeÞ ¼ Λγ1ðeÞΛγ2ðeÞ. Denote as GR the stabilizer
generators that overlap with the region R and let gR ¼ jGRj,
conditioned on the a nontrivial error F ≠ I occurring in
N R, we have

EðXa∣F ≠ IÞ ¼ EbðXa∣F ≠ IÞERðXa∣F ≠ IÞ (J16)

¼ λa
pR

� X
e∈PRnfIg

ð−1Þhe;Sai pR

4jRj − 1

�
(J17)

¼ − λa
4jRj − 1

(J18)

¼ −e−ΩðjRjÞ: (J19)

On the other hand, for any stabilizer Xa with support
nonoverlapping with R, we have EðXa∣F ≠ IÞ ¼ ΛðXaÞ ¼
λa, where we denote λa as the syndrome expectation values
of Sa without the added depolarizing channel N R. As a
result, conditioned on F ≠ I, the average syndrome up to
an exponentially small correction is given by

EðM∣F ≠ IÞ ¼ −e−ΩðjRjÞ þ 1

m

X
a∣Sa∉GR

λa ≈
�
1 − gR

m

�
λ̄;

(J20)

where gR ¼ jGRj, and λ̄ is the average syndrome expect-
ation value due to the background local noise channel, i.e.,
without the regional depolarizing channel. Therefore the
shift of M due to the nontrivial error from N R is

ΔM ¼ gR
m

λ̄ ¼ Θ
�jRj

n

�
: (J21)

On the other hand, the variance of M

VarðMjF ≠ IÞ ¼ 1

m2

X
a;b

CovðXa; XbÞ

¼ 1

m2

X
a;b

½EðXa; XbÞ − EðXaÞEðXbÞ�:

(J22)

Due to Eq. (J16), the expectation value is exponentially
small in R conditioned on a nontrivial error F ≠ I for N R.
Therefore, the only contribution to the variance is the
variance of each Xa and the pairs of stabilizer generators
that are either simultaneously flipped by some background

FIG. 15. Numerical simulation of the effect of extra uniformity constraints. The horizontal axis is the number of uniformity
constraints acting on random error components. The vertical axis corresponds to the TVD of the learned error rate and the true noise.
The uniform constraints benefit small sample sizes and large shot noise samples while degrading the quality of learning in the case of
large sample sizes (weak shot noise). (a)–(h) correspond to sample sizes N ¼ ½values�, respectively.
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local Pauli errors, or have identical and nontrivial compo-
nents on R. Since for each stabilizer generator, there are
only Oð1Þ stabilizer generators that can form such a pair
for a local-sparse background Pauli channel on a qLDPC
code, we have

VarðMjF ≠ IÞ ¼ O
�
1

m

�
¼ O

�
1

n

�
: (J23)

Similarly,

VarðMjF ¼ IÞ ¼ O
�
1

n

�
: (J24)

A simple criterion for detectability is therefore compar-
ing the signal ΔM with the noise stdðMÞ. And the
borderline is when jRj ¼ Θð ffiffiffi

n
p Þ. However, when the

distance satisfies d ¼ ωð ffiffiffi
n
p Þ, the logical error rate can

directly be learned when jRj ¼ Oð ffiffiffi
n
p Þ as shown in

Theorem 10. Another learnable regime is jRj ¼ ωð ffiffiffi
n
p Þ,

in which case the nontrivial error can be detected in real
time. A lower and upper bound of the logical error rate can
be estimated via Lemma J.1 by estimating pR from the
detection method and estimating the background logical
error rate using the post-selected syndrome data.

APPENDIX K: INTRACLASS UNIFORMITY
CONSTRAINTS

In Sec. V, we add additional constraints to mitigate the
overfitting due to shot noise for learning the experimental
data, and we denote the learned result with �. For each
randomly selected qubit component, we add a new row to
the B matrix in Eq. (29). If the kth error ek in EΓ
(corresponds to the kth column of B) is randomly selected
for an additional row of B (say the ith row), then the matrix
elements of row i are:

Bij ¼
�

1; if i ¼ k;
−rðekÞ

ðjEΓj−2ÞrðejÞ ; else: (K1)

Note that the constraints added here can be optimized
depending on the strength of the shot noise. We did
numerical simulations on the seven-qubit Steane code
using single-qubit Pauli channels. Therefore, we have
21 parameters corresponding to the 21 Pauli error com-
ponents. We see benefits in the large shot noise case, but
the extra constraints will have a negative impact on the
learning quality when the sample size exceeds a certain
threshold, see Fig. 15.

APPENDIX L: EXTRA PLOTS

FIG. 16. Physical Pauli error rate learning for the ZZZZ measurement circuits.
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FIG. 17. Relative deviation of gate error rates to the circuit average.

FIG. 18. Full version of Fig. 9. Comparison of logical direct fidelity estimation between experimental results and learned noise
models from syndromes. (a) The error detecting results for the logical GHZ fidelity from experimental measurement, learned logical
fidelity, and the learned fidelity with extra uniformity constraints, denoted with � (see Appendix K). (b)–(f) The same comparison of
logical fidelity with partial postselection on the syndrome is performed. Each subplot is conditioned on a different number of ancilla
blocks that have a nontrivial syndrome (flag).
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FIG. 19. Surface code logical error rate learning in the code capacity setting for distances d ¼ 3; 5; 7; 9. The learning is done by
learning the physical error rate with different sample sizes N of syndrome data.
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