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Gibbs state preparation is an important subroutine in quantum computing. In this work we use the
detectability lemma to improve Gibbs state preparation. Specifically, we design new Gibbs state
preparation methods that do not rely on simulating Lindbladian evolution, thus avoiding the overhead
from it. For local Lindbladians consisting ofM terms, this approach reduces the cost by a factor ofOðMÞ.
We also combine the detectability lemma operator and quantum singular value transformation to
implement ground state projection operators of frustration-free Hamiltonians, resulting in a quadratic
speedup in the spectral gap dependence. Applying this method to Lindbladians for the Gibbs state of local
commuting Hamiltonians, we achieve quadratically better dependence on the Lindbladian spectral gap.
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I. INTRODUCTION

Efficiently sampling from the Boltzmann distribution is
a cornerstone problem in classical statistical physics and
machine learning. Its quantum counterpart, the preparation
of the quantum Gibbs state, is also central to the study of
quantum phase transitions and the process of thermal-
ization. Moreover, it serves as a subroutine for various
quantum algorithms, ranging from quantum semi-definite
programming [1,2] to simulating condensed matter sys-
tems at finite temperature [3–5].
In recent years, significant advances have been made in

engineering Lindbladian dynamics to prepare Gibbs states
[4,6–8]. The Lindbladian generators constructed in these
works can be efficiently implemented on quantum com-
puters using state-of-the-art Lindbladian solvers, such as
those in Refs. [6,9–15], leading to efficient quantum
algorithms for Gibbs state preparation if the Lindbladian
dynamics converges quickly to the Gibbs state. In this
approach, the overall complexity depends crucially on the
mixing time of the Lindbladian dynamics. Consequently,
much research has focused on establishing rigorous mixing
time bounds for various physical systems [8,16–34].
However, constructing a Lindbladian dynamics and then

simulating it on a quantum computer may not be the most

efficient way to prepare Gibbs states. Simulation requires
the quantum state produced by the algorithm to follow the
dynamics closely along the entire trajectory of the dynam-
ics. This requirement is overly restrictive for Gibbs state
preparation: it is sufficient for the dynamics produced by
the quantum algorithm to converge to a state that is close to
the Gibbs state on a timescale comparable to the original
dynamics. One algorithm following this idea is proposed in
Ref. [34], which randomly applies a quantum channel
corresponding to a Lindbladian term at each step, thus
avoiding the overhead from accurately simulating the
Lindbladian. Similar ideas have been used to improve
Lindbladian simulation [27]. Discrete-time quantum proc-
esses satisfying an exact detailed balance condition with-
out simulating Lindbladian evolution have also been
developed [35]. A related quantum Metropolis scheme
implements a quantum channel for which the Gibbs state is
an approximate fixed point [36]. We see the same con-
sideration in classical Markov chain Monte Carlo methods,
where the objective is the design of an efficient transition
kernel that ensures rapid convergence to the stationary
distribution, rather than reproducing a specific physical
stochastic process.
Another way to improve the runtime of the quantum

algorithm is through improving the dependence on the
spectral gap. While directly simulating the Lindbladian
typically incurs a cost that scales linearly in inverse spectral
gap, it is sometimes possible to design algorithms that
run in time that scales as the square root of the inverse
spectral gap, thus achieving a quadratic speedup. Examples
include the Lindbladian constructed in Ref. [4], and
certain Lindbladians corresponding to Hamiltonians whose
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eigenvalues can either be exactly computed or satisfy a
“rounding promise” [10]. These works follow the idea
developed for quantizing a classical reversible Markov
chain in Ref. [37], which also resulted in a quadratic
improvement in the gap dependence. A recent result also
extended such speedup to the continuous-time setting for
classical Langevin dynamics [38].
Detectability lemma (DL) is a powerful technique to

study Hamiltonian complexity and to prove entanglement
area laws [39–41]. In the detectability lemma, the DL
operator denotes the layered product of local ground-space
projectors, which acts as an approximate projector onto the
global ground space. In this work, we use the DL operator
as an algorithmic tool to improve Gibbs state preparation
along both of these directions. More specifically, we
will construct efficiently implementable quantum channels
that bypass Lindbladian simulation, thereby achieving a
speedup by a factor ofM, the number of local Lindbladian
terms. These channels update the quantum state locally
and are similar in spirit to classical Gibbs-sampling
algorithms [42,43] and coordinate hit-and-run methods
[44], where subsets of variables are updated conditional on
the rest. We will also consider the parent Hamiltonian of
the Lindbladian and use the DL to construct an efficiently
implementable projection operator for its ground state.
This allows us to achieve quadratically improved depend-
ence on the spectral gap when an annealing path is
available.

A. Main results

Our first main result is an algorithm to prepare the
stationary state of a Lindbladian without simulating its
time evolution. When the Lindbladian consists of M local
terms, this approach achieves a linear dependence onM in
its runtime. By comparison, state-of-the-art Lindbladian
simulation algorithms, such as [13], need to first normalize
the Lindbladian, thus resulting in an M factor appearing
in the rescaled evolution time, making the simulation
cost depending quadratically on M. Our method therefore
achieves a factor of M speedup compared to the
simulation-based method. Below we provide a precise
statement of the result:
Theorem 1. (Corollary 3). Let L ¼ P

M
m¼1 Lm, where

each Lm is a Lindbladian that satisfies σ-KMS-detailed
balance condition, and we assume L has a non-degenerate
0-eigenspace. We assume that each Lm commutes with all
but at most g others. Then we can prepare σ up to ϵ error in

trace distance using Õð Mg2

gapðLÞ logð 1
σminϵ

Þ logcðMϵ ÞÞ elementary
single- and two-qubit gates, where σmin is the minimum
eigenvalue of σ, and c is a constant from the Solovay-
Kitaev theorem.
In the above, the KMS-detailed balance condition is

defined in Definition 2. L satisfying σ-KMS-detailed
balance condition implies that σ is its stationary state.

The algorithm consists of a sequence of local quantum
channels that are applied repeatedly. The convergence
toward the stationary state σ is analyzed using the detect-
ability lemma (Lemma 1).
For the second direction of refinement, the DL operator

can be used to obtain a quadratic improvement in the
spectral gap dependence. For this, we require the parent
Hamiltonian of the Lindbladian to have strict locality. To
ensure this is true, we focus on preparing the Gibbs states
of commuting local Hamiltonians.
Theorem 2. (Corollary 5). Consider commuting and

bounded-degree local Hamiltonian H. For each ν∈ ½0; β�,
we construct σν-detailed balanced Lν as stated in
Theorem 6 and assume its irreducibility. Then, the corre-
sponding parent Hamiltonian Hν will be bounded-degree
local and frustration free, and thus it satisfies the require-
ments of Theorem 6. Therefore there exists a quantum
algorithm that prepares the purified Gibbs state at inverse
temperature β with error δ and success probability at least
1 − δ with gate complexity

O
�
MβkHkffiffiffi

γ
p log2

�
βkHk
δ

�
logc

�
Mffiffiffi
γ

p βkHk
δ

��
(1)

using OðlogMÞ þ 1 resettable ancilla qubits, where c is
the exponent in the Solovay-Kitaev theorem, and
γ ¼ minjgapðLβjÞ, βj ¼ jβ=K, K ¼ ΘðβkHkÞ.
To prove the above theorem, we propose an algorithm

for the frustration-free Hamiltonian ground state problem
based on the DL operator, which may be of independent
interest. By applying quantum singular value transforma-
tion (QSVT) [45] to the DL operator, we obtain a ground
state projection operator whose cost scales as the inverse
square root of the Hamiltonian spectral gap. Compared to
previous methods that uses the block encoding of the
original Hamiltonian to prepare the ground state [46,47],
this approach achieves a quadratic speedup in the spectral
gap dependence.
Theorem 3. (Corollary 4). Let H ¼ PM

m¼1 Hm, where
each Hm satisfies 0 ⪯ Hm ⪯ I, is supported on at most k
qubits, and overlaps with at most g other terms Hm0 . We
assume thatH is frustration free in the sense that PHHm¼0
for all m ¼ 1; 2;…;M, where PH is its ground space
projection operator. Then a ð1;OðlogðMÞÞ; ϵÞ-block
encoding of PH (see Definition 5) can be obtained using

OðMγ−1=2 logð1=ϵÞ logcðMγ−1=2 logð1=ϵÞ=ϵÞÞ
elementary gates, where c is the exponent in the Solovay-
Kitaev theorem.

B. Algorithmic overview

We briefly summarize the two algorithms that we
develop in this work. The first algorithm takes as input a
local KMS-detailed-balanced Lindbladian L¼P

M
m¼1Lm.
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For every term, it implements the local channel P†
m,

where Pm ¼ limt→∞ etLm and applies one sweep
Φ† ¼ P†

M � � �P†
1. Repeating this sweep makes the quan-

tum system converge to the stationary state. The detect-
ability lemma controls the contraction per sweep in terms
of gapðLÞ and the interaction degree g, while the circuit
directly implements local channels and never simulates
the trajectory etL†.
The second algorithm prepares a purified Gibbs state

along a temperature schedule 0¼ β0< β1< � � �< βK ¼ β,
with a properly chosen number of steps K. At each temper-
ature, the KMS-detailed-balanced Lindbladian is mapped to
a frustration-free parent Hamiltonian whose ground state is
the purified Gibbs state. For commuting bounded-degree
local Hamiltonians, this parent Hamiltonian is itself
bounded-degree local. We compose block encodings of
its local ground-space projectors to obtain a block encoding
of the DL operator and then use QSVT to amplify the
singular-value separation supplied by the detectability
lemma. This produces an approximate global ground-space
projector with inverse-square-root gap dependence. A
second QSVT step applied to two consecutive approximate
projectors implements the transition jψβj−1i ↦ jψβji.
Annealing is then done by composing these transition
operators.

C. Organization

The remainder of this paper is organized as follows. In
Sec. II, we define the notation and provide the formal
definitions for KMS-detailed balance. Section III reviews
the detectability lemma and applies it to Lindbladians. In
Sec. IV, we describe the implementation of Hamiltonian
ground state projection operators via the detectability
lemma with a quadratic speedup in the spectral gap
dependence. SectionV details the construction of the parent
Hamiltonian of a KMS-detailed balanced Lindbladian.
Section VI presents the state preparation algorithm via
annealing with quadratically improved spectral gap
dependence. Finally, in Sec. VII, we apply these techniques
to commuting bounded-degree local Hamiltonians and
discuss the resulting gate complexity.

II. LINDBLADIANS AND DETAILED BALANCE

We consider an n-qubit quantum system, with a Hilbert
space H. The operator algebra is denoted by BðHÞ while
the superoperator algebra (consisting of linear operators
on the operator algebra) is denoted by BðBðHÞÞ. A
Lindbladian L is the generator of a quantum Markov
semigroup fetLgt≥0. It takes a specific form

L½X� ¼
Xr

j¼1

L†
jXLj − 1

2
fL†

jLj; Xg;

where f·g denotes the anti-commutator, and each
Lj ∈BðHÞ is called a jump operator. We consider a local
Lindbladian

L ¼
XM
m¼1

Lm; (2)

where each Lm is a Lindbladian that acts non-trivially only
on k sites and overlaps with at most g other terms Lm0 .
These Lindbladian terms do not have to commute with
each other. kLmk⋄ ≤ 1 where k · k⋄ denotes the diamond
norm. We are working in the Heisenberg picture and
therefore

L1ðIÞ ¼ � � � ¼ LMðIÞ ¼ LðIÞ ¼ 0: (3)

We will define the σ-KMS inner product for a quantum
state σ∈BðHÞ:
Definition 1. (σ-KMS inner product). For any

X; Y ∈BðHÞ, we denote

hX; Yiσ ¼ Tr½X† ffiffiffi
σ

p
Y

ffiffiffi
σ

p �:
The corresponding norm we denote by

kXkσ ¼ hX;Xi1=2σ :

With this we can generalize the detailed balance con-
dition (DBC) to the quantum setting
Definition 2. (σ-KMS-detailed balance). A superoper-

atorA∈BðBðHÞÞ satisfies σ-KMS-detailed balance if it is
self-adjoint under the σ-KMS inner product, i.e.,

hX;AðYÞiσ ¼ hAðXÞ; Yiσ;

for all X; Y ∈BðHÞ.
From now on we assume that each Lm satisfies σ-KMS

DBC, which then implies

Tr½XL†
mðσÞ�¼Tr½LmðXÞσ�¼ hLmðXÞ;Iiσ¼hX;LmðIÞiσ¼0;

for all X∈BðHÞ [48]. This then implies L†
mðσÞ ¼ 0 for all

m. Therefore σ is a stationary state for the dynamical
semigroup generated by L†.
Because L is self-adjoint under the σ-KMS inner

product, its spectrum must be real and located on the
non-positive part of the real axis. 0 must be an eigenvalue,
and here we assume it is non-degenerate. In particular,
kerL ¼ spanI. We denote the gap between 0 and the
second largest eigenvalue of L by gapðLÞ. More generally
Definition 3. (Spectral gap). ForA∈BðBðHÞÞ with real

spectrum, we denote by gapðAÞ the gap between the two
largest eigenvalues.
The state σ can then be prepared by evolving with L† for

sufficiently long time. However, this strategy does not
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necessarily translate to the most efficient quantum algo-
rithm. Here we will consider another strategy. We approx-
imately implement a quantum channel Φ†, where Φ is
defined through

Φ¼P1P2 � � �PM; Pm ¼ lim
t→∞

etLm; ∀ 1≤m≤M: (4)

We will use the detectability lemma to show that Φ†

works almost as well as etL†, as a sufficient number of
rounds of Φ† brings any initial state close to the stationary
state σ. Note that in the above we are using an arbitrary
ordering that does not depend on the underlying geometry
of the quantum system.

III. THE DETECTABILITY LEMMA
FOR LINDBLADIANS

The detectability lemma was originally formulated for
the Hamiltonian situation. We will restate it here.
Lemma 1. (The detectability lemma [49]). Let

Q1; Q2;…; QM be a set of projection operators and
H ¼ P

M
m¼1 Qm. We assume that each Qm commutes with

all but at most g others. Given a state jψi, define
jϕi ¼ QM

m¼1ðI −QmÞjψi, where the product is in any
order. Let ϵϕ ¼ hϕjHjϕi=hϕjϕi, then

hϕjϕi ≤ 1

ϵϕ=g2 þ 1
:

Note that the above lemma does not put any constraint
on the locality on the operators Qm, but only on their
commutation relations. This lemma provides us a means
to quantify how much the detectability lemma operatorQ

M
m¼1ðI −QmÞ shrinks any quantum state that is orthogo-

nal to the ground space of H, as stated in the following
corollary
Corollary 1. (Corollary 3 of [49]). Under the same

assumptions as Lemma 1, and assuming that the smallest
positive eigenvalue of H is at least γ, let jψ⊥i be any
quantum state that is orthogonal to kerðHÞ, which can be
trivial, then

����
YM
m¼1

ðI −QmÞjψ⊥i
����
2

≤
1

γ=g2 þ 1
:

We remark that the above corollary is slightly different
from [49, Corollary 3], in that we did not assume the
Hamiltonian H to be frustration free, i.e., its kernel can be
trivial. This is because the proof of [49, Lemma 2] and [49,
Corollary 3] in fact did not use the frustration-free property
of H.
Coming back to the Lindbladian setting, we can sim-

ilarly construct a Hamiltonian superoperator

HL ¼
XM
m¼1

ðI − PmÞ; (5)

for Pm defined in (4). Here I denotes the identity super-
operator. This Hamiltonian superoperator HL is self-
adjoint under the σ-KMS inner product and can therefore
be regarded as a Hamiltonian. HL has a non-degenerate
ground space spanðIÞ: on the one hand HLðIÞ ¼ 0, and on
the other hand if HLðXÞ ¼ 0, we then have PmðXÞ ¼ X,
which implies LmðXÞ ¼ 0 for all m, thus forcing X ∝ I.
SinceLm has all non-positive eigenvalues between 0 and

1, we have I − Pm ⪰ −Lm (in the σ-KMS inner product
sense), and consequently HL ⪰ −L. Additionally, because
HL and −L share the same ground space (spanðIÞ),
denoting the gap between 0 and the smallest positive
eigenvalue of HL by γ, we have

γ ≥ gapðLÞ: (6)

With this we can directly apply Corollary 1 to HL to
obtain
Theorem 4. Let L ¼ P

M
m¼1 Lm, where each Lm is a

Lindbladian that satisfies σ-KMS DBC, and we assume L
has a non-degenerate 0-eigenspace. We assume that each
Lm commutes with all but at most g others. Then let the
quantum channelΦ be defined as in (4). For any X∈BðHÞ
such that Tr½σX� ¼ 0, we have

kΦðXÞk2σ ≤
kXk2σ

gapðLÞ=g2 þ 1
:

Moreover Tr½σΦðXÞ� ¼ Tr½Φ†ðσÞX� ¼ Tr½σX� ¼ 0.
As a corollary of the above theorem, we can use the

quantum channel Φ to prepare the Gibbs state σ from any
initial state ρ0.
Corollary 2. Under the same assumptions as Theorem 4,

let ρk ¼ ðΦ†Þkðρ0Þ for any initial state ρ0, then

kρk − σk1 ≤
1

ðgapðLÞ=g2 þ 1Þk=2 ffiffiffiffiffiffiffiffiffi
σmin

p ;

where σmin is the smallest eigenvalue of σ.
Proof. Let X∈BðHÞ satisfy kXk ≤ 1. Denote

X̃ ¼ X − Tr½σX�I, and we have kX̃kσ ≤ kXkσ ≤ kXk≤ 1.
This ensures Tr½σX̃� ¼ 0. We then compute

Tr½Xðρk − σÞ� ¼ Tr½X̃ðρk − σÞ� ¼ Tr½X̃ρk�
¼ Tr½X̃ðΦ†Þkðρ0Þ� ¼ Tr½ΦkðX̃Þρ0�:

By the Cauchy-Schwarz inequality, we have

Tr½ΦkðX̃Þρ0�j ¼ jhΦkðX̃Þ; σ−1=2ρ0σ−1=2iσj
≤ kΦkðX̃Þkσkσ−1=2ρ0σ−1=2kσ:
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For kΦkðX̃Þkσ we directly apply Theorem 4 k times
and use the fact that kX̃kσ ≤ 1 and TrðσX̃Þ ¼ 0. For
kσ−1=2ρ0σ−1=2kσ we have

kσ−1=2ρ0σ−1=2kσ ¼ Tr½ρ0σ−1=2ρ0σ−1=2�1=2 ≤
1ffiffiffiffiffiffiffiffiffi
σmin

p :

Therefore we have

jTr½Xðρk − σÞ�j ≤ 1

ðgapðLÞ=g2 þ 1Þk=2 ffiffiffiffiffiffiffiffiffi
σmin

p :

Because this is true for any kXk ≤ 1, we have the desired
inequality for the trace distance between ρk and σ through
the duality between the Schatten 1- and ∞-norms. ▪
We will next discuss the gate complexity of preparing

Gibbs states using the above approach. We assume that
each Lm acts non-trivially only on k ¼ Oð1Þ qubits. To
prepare the Gibbs state σ that is the fixed point of L as
discussed above, we repeatedly apply the quantum channel
Φ†. Each application of Φ† requires implementing all M
channels Pm. Since each Pm acts non-trivially only on k
qubits, we can compile a unitary circuit involving at most k
qubits to implement it. Solovay-Kitaev Theorem then tells
us thatOðlogcð1=ϵ0ÞÞ gates are needed to implement Pm to
accuracy ϵ0 in the diamond norm.
Corollary 2 tells us that in order to prepare the state

to OðϵÞ accuracy in trace distance, it suffices to have

k ¼ Oð g2

gapðLÞ logð1=ðσminϵÞÞÞ. The accumulated unitary
synthesis error in the whole procedure is at most
OðkMϵ0Þ, for which we can choose kMϵ0 ¼ OðϵÞ to ensure
that it contributes only OðϵÞ to the total error. Therefore
the gate complexity for the whole procedure is upper
bounded by

O
�

Mg2

gapðLÞ logð1=ðσminϵÞÞ logcðkM=ϵÞ
�

¼ Õ
�

Mg2

gapðLÞ log
�

1

σminϵ

�
logc

�
M
ϵ

��
(7)

We therefore arrive at the following corollary
Corollary 3. Let L ¼ PM

m¼1 Lm, where each Lm is a
Lindbladian that satisfies σ-KMS DBC, and we assume L
has a non-degenerate 0-eigenspace. We assume that
each Lm commutes with all but at most g others. Then
we can prepare σ up to ϵ error in trace distance using

Õð Mg2

gapðLÞ logð 1
σminϵ

Þ logcðMϵ ÞÞ elementary single- and two-
qubit gates, where σmin is the minimum eigenvalue of σ,
and c is a constant from the Solovay-Kitaev theorem.
Given the Lindbladian L, the natural way to prepare

σ is to simply simulate the time evolution etL to bring
an arbitrary initial state close to σ. The required evolu-
tion time is Oð 1

gapðLÞ logð 1
σminϵ

ÞÞ. Using state-of-the-art

Lindbladian simulation algorithms such as [13], where the
Lindbladian needs to be rescaled to have diamond norm
Oð1Þ, the gate complexity scales as Oð M2

gapðLÞ logð 1
σminϵ

ÞÞ
ignoring further poly-logarithmic factors. Therefore the
method in Corollary 3 reduces the cost by a factor ofM up
to poly-logarithmic corrections.
This comparison with direct Lindbladian simulation

uses the standard spectral-gap bound on the mixing time.
If a stronger functional inequality or a model-specific
argument proves a much shorter mixing time—for exam-
ple, logarithmic mixing in the system size—then direct
Lindbladian simulation can have a better guarantee than
the gap-based bound above, and our present analysis does
not imply an advantage over it. It remains an interesting
open question whether such rapid-mixing estimates can be
transferred directly to the discrete channel Φ† (4) that we
implement in our algorithm.

IV. IMPLEMENTING GROUND STATE
PROJECTION OPERATORS

In this section we will take a detour to discuss how one
can implement the ground state projection operator of
frustration-free Hamiltonians. In later sections we will
discuss how this implementation leads to a quadratic
speedup in terms of the spectral gap dependence in a
simulated annealing procedure for quantum Gibbs states
corresponding to commuting local Hamiltonians.
Definition 4. A HamiltonianH ¼ P

M
m¼1Hm acting on n

qubits is called a bounded-degree k-local Hamiltonian if:
(1) each term Hj acts non-trivially on at most k qubits,
where k ¼ Oð1Þ, and (2) there exists a constant g ¼ Oð1Þ
such that for every qubit i∈ f1;…; ng, at most g terms Hj

act non-trivially on i.
Here and throughout this section, k denotes the locality

of a Hamiltonian term; the ordinary italic k used in Sec. III
denotes the number of DL-channel iterations.
We focus on such a bounded-degree local Hamiltonian

on n qubits

H ¼
XM
m¼1

Hm; (8)

where each Hm satisfies 0 ⪯ Hm ⪯ I, is supported on at
most k qubits, and overlaps with at most g other termsHm0 .
The termsHm do not necessarily commute with each other.
Moreover, we assume that H is frustration free in the
following sense: let PH be the projection operator into the
ground space of H, and then we have

PHHm ¼ 0; ∀ m∈ f1; 2;…;Mg: (9)

Note that the above also impliesHmPH ¼ 0, and that the
ground space of H is also its kernel. We also denote the
dimension of the ground space by r.
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For the above Hamiltonian, we will implement its
ground projection operator using the detectability lemma
operator

DLðHÞ ¼
YM
m¼1

Pm: (10)

Note that by applying Corollary 1 to
P

mðI − PmÞ, we
have, for any jψ⊥i such that PHjψ⊥i ¼ 0,

kDLðHÞjψ⊥ik2 ≤ 1

γ=g2 þ 1
; (11)

where γ is the spectral gap separating 0 from the rest of the
spectrum of H. Note that the above detectability lemma
operator DLðHÞ can be implemented with gate complexity
OðMÞ assuming that k; g ¼ Oð1Þ. Repeatedly applying
DLðHÞOðγ−1 logð1=ϵÞÞ times can take the resulting prod-
uct ϵ-close to the ground projection operator PH, thus
resulting in a OðMγ−1 logð1=ϵÞÞ gate complexity for
implementing the projection operator. Below we will show
how a γ−1=2 scaling can be achieved using quantum
singular value transformation (QSVT) [45].
To discuss QSVTwe need to first introduce the notion of

block encoding:
Definition 5. (Block encoding). An ðmþ nÞ-qubit uni-

tary operator U is called an ðα; m; ϵÞ-block-encoding of an
n-qubit operator A, if

kA − αðh0mj ⊗ IÞUðj0mi ⊗ IÞk ≤ ϵ: (12)

An equivalent way to express (12) is

U ¼
�
Ã=α �
� �

�
;

where � can be any block matrices of the correct sizes
and kÃ − Ak ≤ ϵ.
We first note that, because each Pm can be implemented

via its (1, 1, 0)-block encoding, these block encodings can
be composed to implement a ð1;M; 0Þ-block encoding of
DLðHÞ. Using the compression gadget in Refs. [50,51]
we can further reduce the number of ancilla qubit to
OðlogðMÞÞ, thus resulting in a ð1;OðlogðMÞÞ; 0Þ-block
encoding of DLðHÞ. Note that each implementation of Pm
may involve exponentially small errors due to unitary
synthesis, but these errors can be suppressed with poly-
logarithmic overhead, and their accumulation throughout
the algorithm is well-controlled, as will be discussed in
Corollary 4.
We then write down the singular value decomposition

of DLðHÞ:

DLðHÞ ¼ USV†; (13)

where S ¼ diagðs1; s2;…; s2nÞ, s1 ≥ s2 ≥ � � � ≥ s2n . Since
the ground space of H is r-dimensional, we have
s1 ¼ � � � ¼ sr ¼ 1. By (11), we have

0 ≤ sj ≤
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ=g2 þ 1
p ; j ¼ rþ 1;…; 2n: (14)

We denote by γ� the lower bound of the gap separating
the above sj from 1:

γ� ¼ 1 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ=g2 þ 1

p ¼ ΩðγÞ: (15)

The projection operator PH can in fact be expressed in
terms of U and V. We write

U ¼ ðU1 U2 Þ; V ¼ ðV1 V2 Þ; (16)

where U1 and V1 are both of size 2n × r. In other words,
the columns of U1 and V1 correspond to the singular
values s1;…; sr. Then we claim
Lemma 2. For U1 and V1 defined above, we have

PH ¼ U1V
†
1.

Proof. For any jϕi∈ colðV1Þ, we have
kDLðHÞjϕik ¼ kjϕik, and therefore kPmjϕik ¼ kjϕik
for all m. Since each Pm is a projection operator, we then
have Pmjϕi ¼ jϕi. Consequently

U1V
†
1jϕi ¼ DLðHÞjϕi ¼ jϕi;

and jϕi is in the ground space ofH. As a result of the latter
PHjϕi ¼ jϕi. Therefore PH and U1V

†
1 agree in colðV1Þ.

If jϕi∈ colðV1Þ⊥, then jϕi must be orthogonal to the
ground space since the ground space is contained in
colðV1Þ. Therefore PHjϕi ¼ U1V

†
1jϕi ¼ 0. Combining

this with the discussion in the previous paragraph we
have PH ¼ U1V

†
1. ▪

For a polynomial pðxÞ of degree d with fixed parity
satisfying jpðxÞj ≤ 1 for all x∈ ½−1; 1�, QSVTallows us to
construct a ð1;OðlogðMÞÞ; 0Þ-block encoding of

P̃H ¼ UpðSÞV†; (17)

with d queries to the block encoding of DLðHÞ. We will
appropriately choose pðxÞ so that P̃H approximates PH.
For this purpose, the polynomial in Ref. [52] suffices, but
we will provide a simpler construction by simply rescaling
the Chebyshev polynomial. We let

pðxÞ ¼ Tlðx=ð1 − γ�ÞÞ
Tlð1=ð1 − γ�ÞÞ

; (18)

where Tl is the lth Chebyshev polynomial of the first kind
and is of degree l with fixed parity. It satisfies jpðxÞj ≤ 1
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for x∈ ½−1; 1�, pð1Þ ¼ 1, and when x∈ ½−1þ γ�; 1 − γ��,
we have

jpðxÞj ≤ 1

Tlð1=ð1 − γ�ÞÞ
≤ 2e−l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ð1−γ�Þ−1

p
≤ 2e−l

ffiffiffi
γ�

p
;

where the second inequality comes from [53, Lemma 13].
From this we have

kpðSÞ −Dk ≤ 2e−l
ffiffiffi
γ�

p
;

where D ¼ diagð1;…; 1; 0;…; 0Þ, with r diagonal entries
being 1. The above implies

kP̃H − PHk ¼ kP̃H −U1V
†
1k ¼ kP̃H −UDV†k

¼ kpðSÞ −Dk ≤ 2e−l
ffiffiffi
γ�

p
: (19)

In order to ensure kP̃H − PHk ≤ ϵ, we only need

l ¼ Oðγ−1=2� logð1=ϵÞÞ ¼ Oðγ−1=2 logð1=ϵÞÞ: (20)

Therefore we have the following theorem:
Theorem 5. Let H ¼ P

M
m¼1 Hm, where each Hm sat-

isfies 0 ⪯ Hm ⪯ I, is supported on at most k qubits and
overlaps with at most g other termsHm0 . We assume thatH
is frustration free in the sense that PHHm ¼ 0 for all
m ¼ 1; 2;…;M, where PH is its ground space projection
operator. We assume that each ground projection operator
of Hm is accessed through its ð1;Oð1Þ; 0Þ-block encoding.
Then a ð1;OðlogðMÞÞ; ϵÞ-block encoding of PH can be
obtained using Oðγ−1=2 logð1=ϵÞÞ queries to each block
encoding of the ground space projection operator of Hm.
We note that each block encoding of the ground space

projection operator of Hm needs to be implemented with
gates and has some errors. Suppose each introduces an ϵ0
error in terms of the spectral norm, then the cumulative
error in the block encoding of PH is OðMlϵ0Þ. To ensure
that the error in terms of the spectral norm is ϵ0 for each
small block encoding involving Oð1Þ qubits, the Solovay-
Kitaev theorem tells us that Oðlogcð1=ϵ0ÞÞ gates are
needed, where c ¼ logð1þ ffiffi

5
p Þ=2ð2Þ þ δ for any δ > 0.

Therefore
Corollary 4. Let H ¼ P

M
m¼1Hm, where each Hm

satisfies 0 ⪯ Hm ⪯ I, is supported on at most k qubits
and overlaps with at most g other terms Hm0 . We assume
thatH is frustration free in the sense that PHHm ¼ 0 for all
m ¼ 1; 2;…;M, where PH is its ground space projection
operator. Then a ð1;OðlogðMÞÞ; ϵÞ-block encoding of PH
can be obtained using

OðMγ−1=2 logð1=ϵÞ logcðMγ−1=2 logð1=ϵÞ=ϵÞÞ

elementary gates, where c is the exponent in the Solovay-
Kitaev theorem.

V. THE PARENT HAMILTONIAN

The parent Hamiltonian is a coherent representation of
the Lindbladian L which allows for a quadratic speedup in
terms of the spectral gap dependence at the expense of
doubling the Hilbert space. It is constructed such that its
ground state provides access to the Gibbs state. The
Hermiticity of L under the σ-KMS inner product results
in the Hermiticity of this coherent representation, which is
therefore viewed as a Hamiltonian. This representation
enables us to prepare the Gibbs state by preparing the
ground state of the parent Hamiltonian using the tech-
niques in Sec. IV and obtain a quadratic speedup.
Define the superoperator Γσ∶ BðHÞ → BðHÞ as

Γσð·Þ ¼ σ
1
2 · σ

1
2: (21)

Γσ recovers the σ-KMS inner product in the sense that

hX; YiKMS ¼ hΓ1
2
σX;Γ

1
2
σYiHS: (22)

Define the superoperator H∶ BðHÞ → BðHÞ as

H ¼ Γ
1
2
σLΓ

−1
2

σ : (23)

This superoperator is Hermitian under the usual Hilbert-
Schmidt inner product, i.e.,

hHX; YiHS ¼ hX;HYiHS; ∀ X; Y ∈BðHÞ: (24)

By vectorizing the operator space BðHÞ, the super-
operator H can be explicitly written as a Hamiltonian.
Define the linear map v∶ BðHÞ → H⊗2 that acts on the
computational basis as follows:

vðjiihjjÞ ¼ jii ⊗ jji; i; j∈ ½d�: (25)

By definition and linearity, we have

vðXÞ¼ v
�X

i;j

Xijjiihjj
�
¼
X
i;j

Xijjii⊗ jji; X∈BðHÞ:

(26)

In particular, for a rank-1 operator X ¼ jψihϕj, we have

vðjψihϕjÞ ¼ jψi ⊗ jϕ�i; (27)

where jϕ�i is the entrywise complex conjugate of jϕi in
the computational basis. Indeed, writing jψi ¼ P

i ψ ijii
and jϕi ¼ P

j ϕjjji gives Xij ¼ ψ iϕj, so the preceding
definition yields vðXÞ ¼ P

i;j ψ iϕjjii ⊗ jji ¼ jψi ⊗ jϕ�i.
Upon vectorization, the superoperator H is represented as
a Hamiltonian H acting on the doubled Hilbert spaceH⊗2,

H ¼ vH v−1: (28)
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Observe that

Hð ffiffiffi
σ

p Þ ¼ Γ1=2
σ LðIÞ ¼ 0: (29)

Therefore
ffiffiffi
σ

p
is the ground [54] state of the super-

operator H with eigenvalue 0. Or equivalently, the vec-
torized state vð ffiffiffi

σ
p Þ is the ground state of the Hamiltonian

H with eigenvalue 0. Moreover, assuming that the eigen-
value decomposition of σ is given by σ ¼ Pd

i¼1 λijψ iihψ ij,

vð ffiffiffi
σ

p Þ ¼
Xd
i¼1

ffiffiffiffi
λi

p
jψ ii ⊗ jψ�

i i; (30)

which is a purification of the Gibbs state σ, i.e., tracing
over the second subsystem gives σ on the first subsystem.
Since the map from the Lindbladian to the Hamiltonian is
linear, given a Lindbladian that is a sum of M local
Lindbladians, H is equal to the sum ofM local terms, each
of which can be classically computed in time that is upper
bounded by some constant depending on locality. The
problem of preparing the Gibbs state σ now reduces to
preparing the ground state of the Hamiltonian H.

VI. STATE PREPARATION BY ANNEALING

To prepare the Gibbs state, we utilize a discretized
temperature path similar to quantum annealing and prepare
the Gibbs state by projecting the state consecutively to the
ground space of the parent Hamiltonian of the next
temperature. Denote the purified Gibbs state at inverse
temperature ν by jψνi. Denote by Pν ≔ jψνihψνj the exact
projection operator and P̃ν the approximate projection
operator. We first prepare the ground state jψβ0i of the
parent Hamiltonian at β0 ¼ 0, which is the purified
maximally mixed state, or in other words the maximally
entangled state on H⊗2. In the annealing process, we go
through K temperature steps,

β0¼ 0→ β1→ β2→ � � �→ βK ¼ β; βj−1 < βj ∀ j∈ ½K�:
(31)

Note that for each temperature, the associated parent
Hamiltonian Hβj is different, while the original
Hamiltonian for the actual physical system as in the
Gibbs state does not depend on temperature. For each
temperature, using Corollary 4, we construct each approxi-
mate projection operator P̃βj. Then, we send the initial
state to the final state using K transition operators, each
constructed from two consecutive projectors,

Oβ1
β0
→ Oβ2

β1
→ � � � → OβK

βK−1 : (32)

Denote the ideal transition operator by O
βj
βj−1 ≔ jψβji

hψβj−1 j. Error is introduced in the implementation of each

P̃βj as well as in the implementation of the transition

operator. Denote the transition operator with error by Õ
βj
βj−1.

Denote the final state we obtain by jψi,

jψi ¼
Q

K
j¼1 Õ

βj
βj−1 jψβ0i

kQK
j¼1 Õ

βj
βj−1 jψβ0ik

: (33)

jψi is obtained with success probability

p ¼
����
YK
j¼1

Õ
βj
βj−1 jψβ0i

����
2

: (34)

For convenience, denote the unnormalized state by

jψ̃βii ¼
Yi
j¼1

Õ
βj
βj−1 jψβ0i: (35)

Let the error of each Õ
βj
βj−1 be upper bounded by δ=ð2KÞ,

i.e., kÕβj
βj−1 −O

βj
βj−1k ≤ δ=2K. The error of the final state is

then bounded by δþOðδ2Þ due to triangle inequality.
More precisely,

kjψ̃βi − jψβik
¼ kÕβK

βK−1ðjψ̃βK−1i − jψβK−1iÞ þ ðÕβK
βK−1 −OβK

βK−1ÞjψβK−1ik
≤ kjψ̃βK−1i − jψβK−1ik þ kðÕβK

βK−1 −OβK
βK−1ÞjψβK−1ik

≤ � � � ≤
XK
j¼1

kÕβj
βj−1 −O

βj
βj−1k ≤

δ

2
; (36)

where from the first to the second line we additionally used

the fact that kÕβj
βj−1k ≤ 1 since Õ

βj
βj−1 is encoded in a

unitary. It immediately follows that kjψ̃βik ≥ 1 − δ
2
. The

error of the final state

kjψi− jψβik¼
���� jψ̃βi
kjψ̃βik

− jψβi
����

¼
���� jψ̃βi−kjψ̃βikjψβi

kjψ̃βik
����

¼kjψβið1−kjψ̃βikÞþðjψ̃βi− jψβiÞk
kjψ̃βik

≤ δþOðδ2Þ: (37)

On the other hand, the success probability

p ¼ kjψ̃βik2 ≥
�
1 − δ

2

�
2

≥ 1 − δ: (38)

We summarize the above in the following lemma.
Lemma 3. Let fÕβj

βj−1gKj¼1 be a set of transition operators

as in Eq. (32), the final state and the success probability
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defined in Eq. (33) and Eq. (34). Then, if for each

transition operator kÕβj
βj−1 − jψβjihψβj−1 jk ≤ δ=ð2KÞ, the

final state kjψi − jψβik ≤ δþOðδ2Þ and the success
probability p ≥ 1 − δ.
Hence it suffices to construct Õ

βj
βj−1 to precision δ=ð2KÞ.

We use QSVT to construct Õ
βj
βj−1 from P̃βj P̃βj−1 ≈

jψβjihψβj jψβj−1ihψβj−1 j, by using it to boost jhψβj jψβj−1ij
close to 1. Query complexity depends primarily on
the overlap jhψβj jψβj−1ij, which is to be controlled by
choosing an appropriate annealing path. The following

lemma gives the query complexity of implementing Õ
βj
βj−1

with P̃βj , P̃βj−1 .
Lemma 4. Given the block encodings of approximate

projectors P̃βj and P̃βj−1 where kP̃βj − jψβjihψβj jk and

kP̃βj−1 − jψβj−1ihψβj−1 jk are both upper bounded by
0 ≤ μ < 1. Assume there exists a constant b > 0 that
lower bounds the overlap between these two states,
jhψβj jψβj−1ij ≥ b. Then, using one additional ancilla qubit

and l ¼ Oðb−1 logðϵ−1ÞÞ queries to the block encodings of
P̃βj and P̃βj−1 , we can construct the block encoding of Õ

βj
βj−1

such that kÕβj
βj−1 − jψβjihψβj−1 jk ≤ 4l

ffiffiffiffiffi
3μ

p þ ϵ.
Proof. Let U be the block encoding of PβjPβj−1 ¼jψβjihψβj jψβj−1ihψβj−1 j such that h0jUj0i ¼ PβjPβj−1 ,

where j0i is the all-zero ancilla state. U can be obtained
with one use of each of the block encodings of Pβj and
Pβj−1 . Let Π ¼ j0ih0j ⊗ I, where I is the identity operator

on the system. ΠUΠ ¼ WΣV† has a single non-zero
singular value jhψβj jψβj−1ij ≥ b. Following [45], we per-

form QSVT with an odd polynomial pð·Þ of degree l ¼
Oðb−1 logð1=ϵÞÞ such that p is ϵ-close to 1 on the interval
½b; 1�. This lets us construct a circuit UΦ with l uses
of U;U†, such that ΠUΦΠ ¼ pSVðΠUΠÞ ¼ WpðΣÞV†.
Because of our choice of p, we have kΠUΦΠ − j0i
h0j ⊗ jψβjihψβj−1 jk ≤ ϵ.
Now we are given block encodings of approximate

projectors P̃βj ; P̃βj−1 rather than Pβj ; Pβj−1 . Let Ũ be the

block encoding of P̃βj P̃βj−1 . The robustness of QSVT [45,

Lemma 22] shows that for matrices A and Ã of operator
norm at most 1, it holds that kpSVðAÞ − pSVðÃÞk ≤

4l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kA − Ãk

q
. Since

kP̃βj P̃βj−1 − PβjPβj−1k
¼ kðPβj þ δPβjÞðPβj−1 þ δPβj−1Þ − PβjPβj−1k
¼ kPβjδPβj−1 þ δPβjPβj−1 þ δPβjδPβj−1k
≤ 2μþ μ2 ≤ 3μ; (39)

where δPβj ¼ P̃βj − Pβj and δPβj−1 ¼ P̃βj−1 − Pβj−1 , we

have kpSVðΠUΠÞ − pSVðΠŨΠÞk ≤ 4l
ffiffiffiffiffi
3μ

p
. Finally, by

the triangle inequality,

kpSVðΠŨΠÞ − j0ih0j ⊗ jψβjihψβj−1 jk ≤ 4l
ffiffiffiffiffi
3μ

p
þ ϵ:

Let ŨΦ be the circuit that implements pSVðΠŨΠÞ, i.e.,
ΠŨΦΠ ¼ pSVðΠŨΠÞ. Thus ŨΦ is the block encoding of

Õ
βj
βj−1 and uses Ũ; Ũ† a total of Oðb−1 logð1=ϵÞÞ times. ▪

By choosing ϵ ≤ δ=ð4KÞ and
ffiffiffi
μ

p ≤ δ=ð16 ffiffiffi
3

p
lKÞ,

we have kÕβj
βj−1 − jψβjihψβj−1 jk ≤ δ=ð2KÞ. Also, when

ϵ ≤ δ=ð4KÞ, l ¼ Oðb−1 logðK=δÞÞ. Substituting into μ,
we have μ ¼ Oðð b

K
δ log

K
δ
Þ2Þ. To control b, we adopt the

following proposition from [4] which gives a lower bound
on the overlap between two consecutive Gibbs states.
Lemma 5. (Proposition G.2 of [4]). Let jψβi and jψβþδβi

be the ground states of the parent Hamiltonians Hβ and
Hβþδβ respectively, or in other words, the purified Gibbs
states of HamiltonianH at temperature β and β þ δβ. Then

jhψβþδβjψβij2 ¼ 1 −Oðδβ2kHk2Þ: (40)

By uniformly spacing the temperatures choosing
K ¼ ΘðβkHkÞ, we can make b a constant. More precisely,
choosing K ¼ αβkHk for some constant α > 1 gives
b2 ¼ 1 −Oð1=α2Þ, which is a Θð1Þ constant.
In total, we need

O
�
Mffiffiffi
γ

p log
1

μ
logc

�
Mffiffiffi
γ

p
μ
log

1

μ

��
·O

�
1

b
log

K
δ

�
K (41)

uses of elementary gates, where c is the exponent in the
Solovay-Kitaev theorem, and γ ¼ minjgapðHβjÞ. The first
term comes from Corollary 4, which is the cost of
constructing each approximate projector P̃βj with error
μ. The second term comes from Lemma 4, which is the

cost of constructing each transition operator O
βj
βj−1 with

error δ=ð2KÞ given access to P̃βj and P̃βj−1 . The last term K
is the number of steps. Substituting corresponding values,
we have the following theorem.
Theorem 6. For a given Hamiltonian H ¼ P

M
m¼1Hm,

we assume:
(1) There exists Lindbladians Lν, for ν∈ ½0; β�, where

each Lν is irreducible and satisfies the σν-detailed
balance condition. Here σν ∝ e−νH is the Gibbs state
of H at inverse temperature ν.

(2) The parent HamiltonianHν of eachLν is frustration-
free and bounded-degree local (Definition 4).

Then there exists a quantum algorithm that prepares the
purified Gibbs state at inverse temperature β with error δ
and success probability at least 1 − δ using
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O
�
MβkHkffiffiffi

γ
p log2

�
βkHk
δ

�
logc

�
Mffiffiffi
γ

p βkHk
δ

��
(42)

elementary gates, and

OðlogMÞ þ 1 (43)

resettable ancilla qubits, where c is the exponent in
the Solovay-Kitaev theorem, and γ ¼ minjgapðLβjÞ,
βj ¼ jβ=K, K ¼ ΘðβkHkÞ.
The OðlogMÞ ancilla qubits above are used to coher-

ently track the success of each projection operator involved
in the DL operator (see the discussion under Definition 5
of block encoding).

VII. APPLICATION TO COMMUTING
BOUNDED-DEGREE LOCAL HAMILTONIANS

Commuting Hamiltonians include classical spin models,
such as Ising- and Potts-type systems, as well as commut-
ing-projector and stabilizer Hamiltonians, including topo-
logically ordered models such as the toric code. Preparing
their Gibbs states provides coherent access to finite-
temperature ensembles for estimating thermal observables
and correlation functions, probing thermal phase structure
and the thermal stability or loss of topological order, and
serving as a subroutine in annealing-based estimation of
partition-function ratios or free-energy differences. This
class is also a standard test bed for studying thermalization
and the stability of topological quantum memories against
thermal noise [17,19,26,55–57].
In this section, we consider the KMS-DBC Lindbladian

of the form in Ref. [8], which encompasses the Davies
generator [58,59] and the algorithmic Lindbladian studied
in Ref. [60]. The construction in Ref. [8] is not, in general,
always irreducible. Nevertheless, we shall assume irre-
ducibility, as this is the case for the Davies generator and
the algorithmic Lindbladian in Ref. [60]. Wewill show that
for commuting bounded-degree local Hamiltonians, the
parent Hamiltonian is bounded-degree local and frus-
tration free, therefore our method applies.
To begin with, we review the Lindbladian form in

Ref. [8]. A jump operator La is assigned to each coupling
operator Aa, defined as

La ¼
Z

∞

−∞
faðtÞAaðtÞdt; AaðtÞ¼ eiHtAae−iHt; (44)

with a weighting function fa∶ R → C given by

faðtÞ ¼ 1

2π

Z
∞

−∞
qaðωÞe−βωe−itωdω: (45)

The function qaðωÞ∶ R → C satisfies qaðωÞ ¼ qað−ωÞ,
and β is the inverse temperature. AaðtÞ is the time evolution

of Aa under H. Note that the weighting function and hence
the jump operators are in general temperature-dependent.
For simplicity, we omit the subscript β representing the
temperature for fa and La for now. In addition to the jump
operators, there is a coherent term

G ¼
X
a∈A

Z
∞

−∞
gðtÞeiHt ððLaÞ†LaÞe−iHtdt; (46)

with gðtÞ∶ R → C defined as

gðtÞ ¼ 1

2π

Z
∞

−∞
− i
2
tanh

�
−ω

4

�
κðωÞe−itωdω; (47)

where κðωÞ satisfies

κðωÞ ¼ 1 for ω∈ ½−2kHk; 2kHk�: (48)

Function fa and g are all L1-integrable. Finally, the total
Lindbladian in the Heisenberg picture is defined as

LðXÞ ¼ i½G;X� þ
X
a∈A

�
ðLaÞ†XLa − 1

2
fðLaÞ†La; Xg

�
:

(49)

In our setting, to obtain the Lindbladian form of Eq. (2),
let G ¼ P

a∈A Ga in Eq. (46), with

Ga ¼
Z

∞

−∞
gðtÞeiHt ððLaÞ†LaÞe−iHtdt: (50)

Letting

LaðXÞ ¼ i½Ga; X� þ ðLaÞ†XLa − 1

2
fðLaÞ†La; Xg; (51)

we obtain L ¼ P
a∈A La. For a specific temperature β, to

explicitly denote the temperature dependence, we write
Lβ ¼

P
a∈A La

β . This Lindbladian is σβ-detailed balance,
as shown in Ref. [8]. We further assume that it is
irreducible.
It follows from Eq. (28) that, for superoperator

Kð·Þ ¼ Að·ÞB†, its vectorization vKv−1 ¼ A ⊗ B�, where
B� is the entrywise complex conjugate. Subsequently, our
parent Hamiltonian at temperature β can be written as

Hβ ¼
X
a∈A

vLa
βv

−1 ¼
X
a∈A

Ha
β; (52)

where
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Ha
β ¼

�
σ

1
4

β ⊗ ðσ⊤β Þ
1
4

�
· ðiGa

β ⊗ I − iI ⊗ ðGa
βÞ⊤

þ ðLa
βÞ† ⊗ ðLa

βÞ⊤ − 1

2
ðLa

βÞ†La
β ⊗ I−

1

2
I ⊗ ðLa

βÞ⊤ðLa
βÞ�Þ ·

�
σ
−1

4

β ⊗ ðσ⊤β Þ−
1
4

�
;

(53)

where the first and last term are the vectorization of Γσ

defined in Eq. (21) and the middle term is the vectorization
of La

β . The parent Hamiltonian is frustration free, with
j ffiffiffiffiffi

σβ
p i being the ground state for both Hβ and Ha

β .
Consider a commuting Hamiltonian H ¼ P

m Hm with
locality l and bounded degree q and a set of coupling
operators fAag with locality kA and bounded degree gA.
The support of AaðtÞ is the union of the support of Aa

and all Hamiltonian terms that intersect Aa. The number
of such intersecting Hamiltonian terms is bounded.
Then by locality, the support of AaðtÞ is bounded. By
definition, La

β , Ga
β , both before and after applying by

σ
1
4

β · σ
−1

4

β ¼ e−1
4βH · e

1
4βH, have the same support as AaðtÞ.

Therefore, the parent Hamiltonian is local. Furthermore,
since AaðtÞ has bounded support, the number of
Hamiltonian terms that intersect AaðtÞ is bounded, there-
fore the number of a0 such that suppðAa0 ðtÞÞ ∩
suppðAaðtÞÞ ≠ ∅ is bounded. Thus, the parent
Hamiltonian is bounded-degree local.
Consider the annealing path with inverse temperature

ν∈ ½0; β�. Each Lν and Hν are constructed as above, thus
they meet the requirements for our method to apply. To
summarize, we have the following corollary.
Corollary 5. Consider commuting and bounded-degree

local Hamiltonian H (Definition 4). For each ν∈ ½0; β�, we
construct σν-detailed balanced Lν as above and assume its
irreducibility. Then, the corresponding parent Hamiltonian
Hν will be bounded-degree local and frustration free, thus
it satisfies the requirements of Theorem 6. Therefore there
exists a quantum algorithm that prepares the purified
Gibbs state at inverse temperature β with error δ and
success probability at least 1 − δ with gate complexity

O
�
MβkHkffiffiffi

γ
p log2

�
βkHk
δ

�
logc

�
Mffiffiffi
γ

p βkHk
δ

��
(54)

using OðlogMÞ þ 1 resettable ancilla qubits, where c is
the exponent in the Solovay-Kitaev theorem, and
γ ¼ minjgapðLβjÞ, βj ¼ jβ=K, K ¼ ΘðβkHkÞ.

VIII. DISCUSSION AND OUTLOOK

In this work, we use the detectability lemma to improve
quantum Gibbs sampling. We propose a quantum algo-
rithm for preparing the stationary state without simulating
Lindbladian evolution, thereby avoiding the associated
overhead. We also present a quantum algorithm for
preparing the Gibbs state of commuting bounded-degree

local Hamiltonians, achieving a quadratic improvement in
its dependence on the Lindbladian spectral gap. As a by-
product, we also obtain an efficient quantum algorithm for
preparing the ground state of frustration-free bounded-
degree local Hamiltonians.
For future work, an important direction would be to

extend the quadratic improvement in spectral-gap depend-
ence to a broader class of Gibbs-state preparation prob-
lems. A natural way to achieve this would be to develop a
stronger version of the detectability lemma that applies to
quasi-local interactions. Beyond its conceptual interest,
such a result could also lead to an improved Gibbs-
sampling algorithm along the lines of Corollary 4.
One might also want to apply the Lieb-Robinson bound

to truncate each quasi-local jump operator to a ball of radius
R, apply the present algorithm to the resulting finite-range
generator, and choose R so that the truncation tail is below
the target accuracy [4,60,61]. A direct application, however,
goes beyond the scope of our current analysis. A generic
truncation can destroy exact KMS-detailed balance and the
exact frustration freeness of the parent Hamiltonian, both of
which enter our proof. Moreover, since local fixed-point
projections are implemented via unitary synthesis in our
current algorithm, such truncation leads to superpolynomial
scaling with respect to the truncation error. How to handle
the non-commuting case while preserving algorithmic
efficiency in this detectability-lemma-based approach is
therefore still an open problem.
More broadly, it would be very interesting to understand

whether the detectability lemma can be used as a tool for
analyzing the mixing times of Lindbladians [8,16–32].
Progress in this direction could be especially valuable if it
were to yield a genuine quantum advantage. At present,
however, many seemingly efficient quantum algorithms
based on Lindbladian dynamics are challenged by strong
classical algorithms [62–66]. Establishing a framework in
which detectability-lemma techniques lead to provable
quantum advantages in this setting would therefore be
particularly compelling.
Another important direction is improving Lindbladian

simulation. The recently derived commutator bound for
Lindbladians [67] yields a better dependence on the
number of terms for local Lindbladians, but its precision
dependence is worse than that of [9]. Achieving the same
spacetime-volume scaling for Lindbladian simulation as
has been obtained for Hamiltonian simulation [68,69]
remains a major open problem.
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Rapid thermalization of dissipative many-body dynamics of
commuting Hamiltonians, Commun. Math. Phys. 406, 176
(2025).

[22] I. Bardet, Á. Capel, L. Gao, A. Lucia, D. Pérez-García, and
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Poincaré (2025).

[25] M. J. Kastoryano and K. Temme, Quantum logarithmic
Sobolev inequalities and rapid mixing, J. Math. Phys. 54,
052202 (2013).

[26] K. Temme and M. J. Kastoryano, How fast do stabilizer
Hamiltonians thermalize?, arXiv:1505.07811.

[27] H. Chen, B. Li, J. Lu, and L. Ying, A randomized method
for simulating Lindblad equations and thermal state prepa-
ration, Quantum 9, 1917 (2025).

[28] T. Rakovszky, B. Placke, N. P. Breuckmann, and V.
Khemani, Bottlenecks in quantum channels and finite
temperature phases of matter, arXiv:2412.09598.

[29] B. Li and J. Lu, Quantum space-time Poincare inequality
for Lindblad dynamics, arXiv:2406.09115.

[30] T. Barthel and Y. Zhang, Solving quasi-free and quadratic
Lindblad master equations for open fermionic and bosonic
systems, J. Stat. Mech.:Theory Exp. 2022, 113101 (2022).

[31] D. Fang, J. Lu, and Y. Tong, Mixing time of open quantum
systems via hypocoercivity, Phys. Rev. Lett. 134, 140405
(2025).10.1103/PhysRevLett.134.140405

[32] Z. Ding, C.-F. Chen, and L. Lin, Single-ancilla ground state
preparation via Lindbladians, Phys. Rev. Res. 6, 033147
(2024).

[33] Y. Tong and Y. Zhan, Fast mixing of weakly interacting
fermionic systems at any temperature, PRX Quantum 6,
030301 (2025).

DI FANG, JIANFENG LU, YU TONG, and CHU ZHAO PRX QUANTUM 7, 043025 (2026)

043025-12

https://arXiv.org/abs/1710.02581
https://arXiv.org/abs/1710.02581
https://doi.org/10.1038/s41567-019-0704-4
https://doi.org/10.1038/s41567-019-0704-4
https://arXiv.org/abs/2303.18224
https://arXiv.org/abs/2506.21318
https://arXiv.org/abs/2303.18224
https://arXiv.org/abs/2303.18224
https://doi.org/10.22331/q-2023-10-10-1132
https://doi.org/10.1007/s00220-025-05235-3
https://doi.org/10.1007/s00220-023-04797-4
https://arXiv.org/abs/2311.09207
https://arXiv.org/abs/2311.09207
https://doi.org/10.1103/PRXQuantum.5.020332
https://doi.org/10.1103/PRXQuantum.5.020332
https://arXiv.org/abs/2312.05371
https://arXiv.org/abs/2312.05371
https://doi.org/10.1038/s41586-025-09583-x
https://doi.org/10.1038/s41586-025-09583-x
https://doi.org/10.1088/1751-8113/47/40/405303
https://arXiv.org/abs/2410.01206
https://doi.org/10.1007/s00220-023-04869-5
https://doi.org/10.1007/s00220-023-04869-5
https://doi.org/10.1088/1751-8113/42/6/065303
https://arXiv.org/abs/2411.04454
https://doi.org/10.1007/s00220-025-05353-y
https://doi.org/10.1007/s00220-025-05353-y
https://doi.org/10.1103/PhysRevLett.130.060401
https://doi.org/10.1103/lhht-svmn
https://doi.org/10.1103/lhht-svmn
https://doi.org/10.1007/s00023-025-01637-0
https://doi.org/10.1007/s00023-025-01637-0
https://doi.org/10.1063/1.4804995
https://doi.org/10.1063/1.4804995
https://arXiv.org/abs/1505.07811
https://doi.org/10.22331/q-2025-11-20-1917
https://arXiv.org/abs/2412.09598
https://arXiv.org/abs/2406.09115
https://doi.org/10.1088/1742-5468/ac8e5c
https://doi.org/10.1103/PhysRevLett.134.140405
https://doi.org/10.1103/PhysRevResearch.6.033147
https://doi.org/10.1103/PhysRevResearch.6.033147
https://doi.org/10.1103/h1dx-ps5p
https://doi.org/10.1103/h1dx-ps5p


[34] A. Bakshi, A. Liu, A. Moitra, and E. Tang, A Dobrushin
condition for quantum Markov chains: Rapid mixing and
conditional mutual information at high temperature, arXiv:
2510.08542.

[35] A. Gilyén, C.-F. Chen, J. F. Doriguello, and M. J.
Kastoryano, Quantum generalizations of Glauber and
metropolis dynamics, arXiv:2405.20322.

[36] J. Jiang and S. Irani, Quantum metropolis sampling via
weak measurement, arXiv:2406.16023.

[37] M. Szegedy, Quantum speed-up of Markov chain based
algorithms, in 45th Annual IEEE Symposium on Founda-
tions of Computer Science (IEEE, New York, 2004),
pp. 32–41.

[38] J. Leng, Z. Ding, Z. Chen, and L. Lin, Operator-level
quantum acceleration of non-Logconcave sampling, Proc.
Natl. Acad. Sci. U. S. A. 123, e2512789123 (2026).

[39] D. Aharonov, I. Arad, Z. Landau, and U. Vazirani,Quantum
Hamiltonian complexity and the detectability lemma,
arXiv:1011.3445.

[40] I. Arad, A. Kitaev, Z. Landau, and U. Vazirani, An area law
and sub-exponential algorithm for 1d systems, arXiv:
1301.1162.

[41] D. Aharonov, I. Arad, Z. Landau, and U. Vazirani, The
detectability lemma and quantum gap amplification, in
Proceedings of the forty-first annual ACM symposium on
Theory of computing (Association for Computing Machi-
nery, New York, NY, USA, 2009), pp. 417–426.

[42] F. Ascolani, H. Lavenant, and G. Zanella, Entropy con-
traction of the Gibbs sampler under log-concavity, arXiv:
2410.00858.

[43] J. S. Liu,W. H.Wong, andA.Kong,Covariance structure and
convergence rate of the Gibbs sampler with various scans,
J. R. Stat. Soc.: Series B (Methodological) 57, 157 (1995).

[44] H. Narayanan and P. Srivastava, On the mixing time of
coordinate hit-and-run, Comb. Probab. Comput. 31, 320
(2022).

[45] A. Gilyén, Y. Su, G. H. Low, and N. Wiebe, Quantum
singular value transformation and beyond: Exponential
improvements for quantum matrix arithmetics, in Proceed-
ings of the 51st Annual ACMSIGACT Symposium on Theory
of Computing, STOC ’19 (ACM, New York, NY, USA,
2019), pp. 193–204.

[46] L. Lin and Y. Tong, Near-optimal ground state preparation,
Quantum 4, 372 (2020).

[47] Y. Ge, J. Tura, and J. I. Cirac, Faster ground state
preparation and high-precision ground energy estimation
with fewer qubits, J. Math. Phys. 60, 022202 (2019).

[48] Here we use † to denote conjugation under the Hilbert-
Schmidt inner product.

[49] A. Anshu, I. Arad, and T. Vidick, Simple proof of the
detectability lemma and spectral gap amplification, Phys.
Rev. B 93, 205142 (2016).

[50] G. H. Low and N. Wiebe, Hamiltonian simulation in the
interaction picture, arXiv:1805.00675.

[51] D. Fang, L. Lin, and Y. Tong, Time-marching based
quantum solvers for time-dependent linear differential
equations, Quantum 7, 955 (2023).

[52] M. Thibodeau and B. K. Clark, Nearly-frustration-free
ground state preparation, Quantum 7, 1084 (2023).

[53] L. Lin and Y. Tong, Optimal polynomial based quantum
eigenstate filtering with application to solving quantum
linear systems, Quantum 4, 361 (2020).

[54] Strictly speaking, this state is the top eigenstate of the
parent Hamiltonian, but they are equivalent up to flipping
sign.

[55] M. J. Kastoryano and F. G. S. L. Brandão, Quantum Gibbs
samplers: The commuting case, Commun. Math. Phys. 344,
915 (2016).

[56] Y. Hwang and J. Jiang, Gibbs state preparation for
commuting Hamiltonian: Mapping to classical Gibbs
sampling, Quantum 10, 2209 (2026).

[57] T.-C. Lu, T. H. Hsieh, and T. Grover, Detecting topological
order at finite temperature using entanglement negativity,
Phys. Rev. Lett. 125, 116801 (2020).

[58] E. B. Davies, Markovian master equations, Commun.
Math. Phys. 39, 91 (1974).

[59] E. B. Davies, Markovian master equations. ii, Math. Ann.
219, 147 (1976).

[60] C.-F. Chen, M. J. Kastoryano, and A. Gilyén, An efficient
and exact noncommutative quantum Gibbs sampler, arXiv:
2311.09207.

[61] E. H. Lieb and D.W. Robinson, The finite group velocity of
quantum spin systems, Commun. Math. Phys. 28, 251
(1972).

[62] A. Bakshi, A. Liu, A. Moitra, and E. Tang, High-
temperature Gibbs states are unentangled and efficiently
preparable, arXiv:2403.16850.

[63] B. T. McDonough, C. Yin, A. Lucas, and C. Zhang,
Lieb-Robinson bounds with exponential-in-volume tails,
PRX Quantum 6, 040322 (2025).

[64] A. Ramkumar, Y. Cai, Y. Tong, and J. Jiang, High-
temperature fermionic Gibbs states are mixtures of
Gaussian states, arXiv:2505.09730.

[65] H. Chen, C. Rouzé, J. Chen, J. Jiang, S. O. Scalet, Y. Zhan,
G. K. Chan, L. Ying, and Y. Tong, Convergence of the
cumulant expansion and polynomial-time algorithm for
weakly interacting fermions, arXiv:2512.12010.

[66] A. Zlokapa and B. T. Kiani, SYK thermal expectations are
classically easy at any temperature, arXiv:2602.22619.

[67] X. Wang, S. Zhou, X. Wang, Y.-C. Zheng, S. Zhang, and T.
Li, Lindbladian simulation with commutator bounds, arXiv:
2603.28602.

[68] J. Haah, M. B. Hastings, R. Kothari, and G. H. Low,
Quantum algorithm for simulating real time evolution of
lattice Hamiltonians, SIAM J. Comput. 52, FOCS18
(2021).

[69] A. M. Childs, Y. Su, M. C. Tran, N. Wiebe, and S. Zhu,
Theory of trotter error with commutator scaling,
Phys. Rev. X 11, 011020 (2021).

QUANTUM GIBBS SAMPLING THROUGH THE … PRX QUANTUM 7, 043025 (2026)

043025-13

https://arXiv.org/abs/2510.08542
https://arXiv.org/abs/2510.08542
https://arXiv.org/abs/2405.20322
https://arXiv.org/abs/2406.16023
https://doi.org/10.1073/pnas.2512789123
https://doi.org/10.1073/pnas.2512789123
https://arXiv.org/abs/1011.3445
https://arXiv.org/abs/1301.1162
https://arXiv.org/abs/1301.1162
https://arXiv.org/abs/2410.00858
https://arXiv.org/abs/2410.00858
https://doi.org/10.1111/j.2517-6161.1995.tb02021.x
https://doi.org/10.1017/S0963548321000328
https://doi.org/10.1017/S0963548321000328
https://doi.org/10.22331/q-2020-12-14-372
https://doi.org/10.1063/1.5027484
https://doi.org/10.1103/PhysRevB.93.205142
https://doi.org/10.1103/PhysRevB.93.205142
https://arXiv.org/abs/1805.00675
https://doi.org/10.22331/q-2023-03-20-955
https://doi.org/10.22331/q-2023-08-16-1084
https://doi.org/10.22331/q-2020-11-11-361
https://doi.org/10.1007/s00220-016-2641-8
https://doi.org/10.1007/s00220-016-2641-8
https://doi.org/10.22331/q-2026-09-18-2209
https://doi.org/10.1103/PhysRevLett.125.116801
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01351898
https://doi.org/10.1007/BF01351898
https://arXiv.org/abs/2311.09207
https://arXiv.org/abs/2311.09207
https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/BF01645779
https://arXiv.org/abs/2403.16850
https://doi.org/10.1103/n242-m1l2
https://arXiv.org/abs/2505.09730
https://arXiv.org/abs/2512.12010
https://arXiv.org/abs/2602.22619
https://arXiv.org/abs/2603.28602
https://arXiv.org/abs/2603.28602
https://doi.org/10.1137/18M1231511
https://doi.org/10.1137/18M1231511
https://doi.org/10.1103/PhysRevX.11.011020

	Quantum Gibbs Sampling Through the Detectability Lemma
	I. INTRODUCTION
	A. Main results
	B. Algorithmic overview
	C. Organization

	II. LINDBLADIANS AND DETAILED BALANCE
	III. THE DETECTABILITY LEMMA FOR LINDBLADIANS
	IV. IMPLEMENTING GROUND STATE PROJECTION OPERATORS
	V. THE PARENT HAMILTONIAN
	VI. STATE PREPARATION BY ANNEALING
	VII. APPLICATION TO COMMUTING BOUNDED-DEGREE LOCAL HAMILTONIANS
	VIII. DISCUSSION AND OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


