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Gibbs state preparation is an important subroutine in quantum computing. In this work we use the
detectability lemma to improve Gibbs state preparation. Specifically, we design new Gibbs state
preparation methods that do not rely on simulating Lindbladian evolution, thus avoiding the overhead
from it. For local Lindbladians consisting of M terms, this approach reduces the cost by a factor of O(M).
We also combine the detectability lemma operator and quantum singular value transformation to
implement ground state projection operators of frustration-free Hamiltonians, resulting in a quadratic
speedup in the spectral gap dependence. Applying this method to Lindbladians for the Gibbs state of local
commuting Hamiltonians, we achieve quadratically better dependence on the Lindbladian spectral gap.
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I. INTRODUCTION

Efficiently sampling from the Boltzmann distribution is
a cornerstone problem in classical statistical physics and
machine learning. Its quantum counterpart, the preparation
of the quantum Gibbs state, is also central to the study of
quantum phase transitions and the process of thermal-
ization. Moreover, it serves as a subroutine for various
quantum algorithms, ranging from quantum semi-definite
programming [1,2] to simulating condensed matter sys-
tems at finite temperature [3-5].

In recent years, significant advances have been made in
engineering Lindbladian dynamics to prepare Gibbs states
[4,6-8]. The Lindbladian generators constructed in these
works can be efficiently implemented on quantum com-
puters using state-of-the-art Lindbladian solvers, such as
those in Refs. [6,9-15], leading to efficient quantum
algorithms for Gibbs state preparation if the Lindbladian
dynamics converges quickly to the Gibbs state. In this
approach, the overall complexity depends crucially on the
mixing time of the Lindbladian dynamics. Consequently,
much research has focused on establishing rigorous mixing
time bounds for various physical systems [8,16-34].

However, constructing a Lindbladian dynamics and then
simulating it on a quantum computer may not be the most
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efficient way to prepare Gibbs states. Simulation requires
the quantum state produced by the algorithm to follow the
dynamics closely along the entire trajectory of the dynam-
ics. This requirement is overly restrictive for Gibbs state
preparation: it is sufficient for the dynamics produced by
the quantum algorithm to converge to a state that is close to
the Gibbs state on a timescale comparable to the original
dynamics. One algorithm following this idea is proposed in
Ref. [34], which randomly applies a quantum channel
corresponding to a Lindbladian term at each step, thus
avoiding the overhead from accurately simulating the
Lindbladian. Similar ideas have been used to improve
Lindbladian simulation [27]. Discrete-time quantum proc-
esses satisfying an exact detailed balance condition with-
out simulating Lindbladian evolution have also been
developed [35]. A related quantum Metropolis scheme
implements a quantum channel for which the Gibbs state is
an approximate fixed point [36]. We see the same con-
sideration in classical Markov chain Monte Carlo methods,
where the objective is the design of an efficient transition
kernel that ensures rapid convergence to the stationary
distribution, rather than reproducing a specific physical
stochastic process.

Another way to improve the runtime of the quantum
algorithm is through improving the dependence on the
spectral gap. While directly simulating the Lindbladian
typically incurs a cost that scales linearly in inverse spectral
gap, it is sometimes possible to design algorithms that
run in time that scales as the square root of the inverse
spectral gap, thus achieving a quadratic speedup. Examples
include the Lindbladian constructed in Ref. [4], and
certain Lindbladians corresponding to Hamiltonians whose
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eigenvalues can either be exactly computed or satisfy a
“rounding promise” [10]. These works follow the idea
developed for quantizing a classical reversible Markov
chain in Ref. [37], which also resulted in a quadratic
improvement in the gap dependence. A recent result also
extended such speedup to the continuous-time setting for
classical Langevin dynamics [38].

Detectability lemma (DL) is a powerful technique to
study Hamiltonian complexity and to prove entanglement
area laws [39-41]. In the detectability lemma, the DL
operator denotes the layered product of local ground-space
projectors, which acts as an approximate projector onto the
global ground space. In this work, we use the DL operator
as an algorithmic tool to improve Gibbs state preparation
along both of these directions. More specifically, we
will construct efficiently implementable quantum channels
that bypass Lindbladian simulation, thereby achieving a
speedup by a factor of M, the number of local Lindbladian
terms. These channels update the quantum state locally
and are similar in spirit to classical Gibbs-sampling
algorithms [42,43] and coordinate hit-and-run methods
[44], where subsets of variables are updated conditional on
the rest. We will also consider the parent Hamiltonian of
the Lindbladian and use the DL to construct an efficiently
implementable projection operator for its ground state.
This allows us to achieve quadratically improved depend-
ence on the spectral gap when an annealing path is
available.

A. Main results

Our first main result is an algorithm to prepare the
stationary state of a Lindbladian without simulating its
time evolution. When the Lindbladian consists of M local
terms, this approach achieves a linear dependence on M in
its runtime. By comparison, state-of-the-art Lindbladian
simulation algorithms, such as [13], need to first normalize
the Lindbladian, thus resulting in an M factor appearing
in the rescaled evolution time, making the simulation
cost depending quadratically on M. Our method therefore
achieves a factor of M speedup compared to the
simulation-based method. Below we provide a precise
statement of the result:

Theorem 1. (Corollary 3). Let £L=>M_ £ . where
each £,, is a Lindbladian that satisfies o-KMS-detailed
balance condition, and we assume £ has a non-degenerate
0-eigenspace. We assume that each £,, commutes with all
but at most g others. Then we can prepare ¢ up to € error in

trace distance using @(gfﬁi’z) log(1—) log¢(¥)) elementary

single- and two-qubit gates, where o,,;, is the minimum
eigenvalue of o, and ¢ is a constant from the Solovay-
Kitaev theorem.

In the above, the KMS-detailed balance condition is
defined in Definition 2. £ satisfying o-KMS-detailed
balance condition implies that ¢ is its stationary state.

The algorithm consists of a sequence of local quantum
channels that are applied repeatedly. The convergence
toward the stationary state ¢ is analyzed using the detect-
ability lemma (Lemma 1).

For the second direction of refinement, the DL operator
can be used to obtain a quadratic improvement in the
spectral gap dependence. For this, we require the parent
Hamiltonian of the Lindbladian to have strict locality. To
ensure this is true, we focus on preparing the Gibbs states
of commuting local Hamiltonians.

Theorem 2. (Corollary 5). Consider commuting and
bounded-degree local Hamiltonian H. For each v € [0, 3],
we construct o,-detailed balanced £, as stated in
Theorem 6 and assume its irreducibility. Then, the corre-
sponding parent Hamiltonian H, will be bounded-degree
local and frustration free, and thus it satisfies the require-
ments of Theorem 6. Therefore there exists a quantum
algorithm that prepares the purified Gibbs state at inverse
temperature # with error 6 and success probability at least
1 — 6 with gate complexity

MBIH| o (BUALY . (M AIH]
o e (') (5757)) o

using O(log M) + 1 resettable ancilla qubits, where ¢ is
the exponent in the Solovay-Kitaev theorem, and
y = min;gap(Ly ), p; = jp/ K. K = O(p||H|).

To prove the above theorem, we propose an algorithm
for the frustration-free Hamiltonian ground state problem
based on the DL operator, which may be of independent
interest. By applying quantum singular value transforma-
tion (QSVT) [45] to the DL operator, we obtain a ground
state projection operator whose cost scales as the inverse
square root of the Hamiltonian spectral gap. Compared to
previous methods that uses the block encoding of the
original Hamiltonian to prepare the ground state [46,47],
this approach achieves a quadratic speedup in the spectral
gap dependence.

Theorem 3. (Corollary 4). Let H =M | H,,, where
each H,, satisfies 0 < H,, < I, is supported on at most k
qubits, and overlaps with at most g other terms H,,. We
assume that H is frustration free in the sense that Py H,,=0
for all m=1,2,...,M, where Py is its ground space
projection operator. Then a (1, O(log(M)),€)-block
encoding of Py (see Definition 5) can be obtained using

O(My~'"log(1/e) log* (My~'/*log(1/e)/e))

elementary gates, where c is the exponent in the Solovay-
Kitaev theorem.

B. Algorithmic overview

We briefly summarize the two algorithms that we
develop in this work. The first algorithm takes as input a
local KMS-detailed-balanced Lindbladian £L=Y_ [, .
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For every term, it implements the local channel Pj,l,
where P, = lim,  e’“» and applies one sweep
o = PL . PI Repeating this sweep makes the quan-
tum system converge to the stationary state. The detect-
ability lemma controls the contraction per sweep in terms
of gap(L) and the interaction degree g, while the circuit
directly implements local channels and never simulates
the trajectory e’“".

The second algorithm prepares a purified Gibbs state
along a temperature schedule 0=/, <f; <--- < pfx=p,
with a properly chosen number of steps K. At each temper-
ature, the KMS-detailed-balanced Lindbladian is mapped to
a frustration-free parent Hamiltonian whose ground state is
the purified Gibbs state. For commuting bounded-degree
local Hamiltonians, this parent Hamiltonian is itself
bounded-degree local. We compose block encodings of
its local ground-space projectors to obtain a block encoding
of the DL operator and then use QSVT to amplify the
singular-value separation supplied by the detectability
lemma. This produces an approximate global ground-space
projector with inverse-square-root gap dependence. A
second QSVT step applied to two consecutive approximate
projectors implements the transition \y/ﬂjf]) — |y/ﬁj).
Annealing is then done by composing these transition
operators.

C. Organization

The remainder of this paper is organized as follows. In
Sec. II, we define the notation and provide the formal
definitions for KMS-detailed balance. Section III reviews
the detectability lemma and applies it to Lindbladians. In
Sec. 1V, we describe the implementation of Hamiltonian
ground state projection operators via the detectability
lemma with a quadratic speedup in the spectral gap
dependence. Section V details the construction of the parent
Hamiltonian of a KMS-detailed balanced Lindbladian.
Section VI presents the state preparation algorithm via
annealing with quadratically improved spectral gap
dependence. Finally, in Sec. VII, we apply these techniques
to commuting bounded-degree local Hamiltonians and
discuss the resulting gate complexity.

II. LINDBLADIANS AND DETAILED BALANCE

We consider an n-qubit quantum system, with a Hilbert
space H. The operator algebra is denoted by B(H) while
the superoperator algebra (consisting of linear operators
on the operator algebra) is denoted by B(B(H)). A
Lindbladian £ is the generator of a quantum Markov
semigroup {e’“}5. It takes a specific form

a 1
_ T t
LIX]=> LIXL; - SLIL;. X},
j=1

where {-} denotes the anti-commutator, and each
L; € B(H) is called a jump operator. We consider a local
Lindbladian

L= L, )

where each £,, is a Lindbladian that acts non-trivially only
on k sites and overlaps with at most g other terms L, .
These Lindbladian terms do not have to commute with
each other. ||£,,||, < 1 where || - ||, denotes the diamond
norm. We are working in the Heisenberg picture and
therefore

L) ==Lyl =LI)=0. )

We will define the 6-KMS inner product for a quantum
state 6 € B(H):

Definition 1. (o-KMS
X,Y e B(H), we denote

(X.¥), = TH{X'\/5¥ /o).

The corresponding norm we denote by

inner product). For any

1/2
X1, = (X, X)5%.

With this we can generalize the detailed balance con-
dition (DBC) to the quantum setting

Definition 2. (c-KMS-detailed balance). A superoper-
ator A € B(B('H)) satisfies 6-KMS-detailed balance if it is
self-adjoint under the 0-KMS inner product, i.e.,

(X, A(Y)), = (A(X), Y),,

for all X,Y eB(H).
From now on we assume that each £,, satisfies 6-KMS
DBC, which then implies

Tr(XLin(0)]=Tt[L,y (X)o] = (Ln(X). 1) = (X. L0 (1)), =0,

for all X € B(H) [48]. This then implies £}, () = 0 for all
m. Therefore ¢ is a stationary state for the dynamical
semigroup generated by L.

Because £ is self-adjoint under the o-KMS inner
product, its spectrum must be real and located on the
non-positive part of the real axis. 0 must be an eigenvalue,
and here we assume it is non-degenerate. In particular,
ker £ = span/. We denote the gap between 0 and the
second largest eigenvalue of £ by gap(L). More generally

Definition 3. (Spectral gap). For A € B(B(H)) with real
spectrum, we denote by gap(.A) the gap between the two
largest eigenvalues.

The state ¢ can then be prepared by evolving with £ for
sufficiently long time. However, this strategy does not

043025-3



DI FANG, JIANFENG LU, YU TONG, and CHU ZHAO

PRX QUANTUM 7, 043025 (2026)

necessarily translate to the most efficient quantum algo-
rithm. Here we will consider another strategy. We approx-
imately implement a quantum channel ®', where @ is
defined through

CI) = P 1 P 2

Py, P,=lime%, V1<m<M. (4)

—o00

We will use the detectability lemma to show that ®°
works almost as well as ¢’£7, as a sufficient number of
rounds of @ brings any initial state close to the stationary
state o. Note that in the above we are using an arbitrary
ordering that does not depend on the underlying geometry
of the quantum system.

ITII. THE DETECTABILITY LEMMA
FOR LINDBLADIANS

The detectability lemma was originally formulated for
the Hamiltonian situation. We will restate it here.

Lemma 1. (The detectability lemma [49]). Let
01,0,,...,0) be a set of projection operators and
H= Z"m’lzl 0,,- We assume that each Q,, commutes with
all but at most g others. Given a state |y), define

|¢) =TIM_,(I - Q,,)|y), where the product is in any
order. Let €4 = (¢p|H|p)/(¢|¢), then
(Hlg) < ———
- €¢,{>/92 +1

Note that the above lemma does not put any constraint
on the locality on the operators Q,,, but only on their
commutation relations. This lemma provides us a means
to quantify how much the detectability lemma operator
[1%_,(I — Q,,) shrinks any quantum state that is orthogo-
nal to the ground space of H, as stated in the following
corollary

Corollary 1. (Corollary 3 of [49]). Under the same
assumptions as Lemma 1, and assuming that the smallest
positive eigenvalue of H is at least y, let |y’) be any
quantum state that is orthogonal to ker(H), which can be
trivial, then

i

< I
v/g+1

O,)lwt)

We remark that the above corollary is slightly different
from [49, Corollary 3], in that we did not assume the
Hamiltonian H to be frustration free, i.e., its kernel can be
trivial. This is because the proof of [49, Lemma 2] and [49,
Corollary 3] in fact did not use the frustration-free property
of H.

Coming back to the Lindbladian setting, we can sim-
ilarly construct a Hamiltonian superoperator

H, :Z(I—Pm), (5)

for P,, defined in (4). Here I denotes the identity super-
operator. This Hamiltonian superoperator H, is self-
adjoint under the o-KMS inner product and can therefore
be regarded as a Hamiltonian. H, has a non-degenerate
ground space span([): on the one hand H(I) = 0, and on
the other hand if H,(X) = 0, we then have P, (X) = X
which implies £,,(X) = 0 for all m, thus forcing X « I.

Since £,, has all non-positive eigenvalues between 0 and
1, we have I — P,, > —L,, (in the 6-KMS inner product
sense), and consequently H, > —L. Additionally, because
H,; and —L share the same ground space (span()),
denoting the gap between O and the smallest positive
eigenvalue of H, by y, we have

y > gap(L). (6)

With this we can directly apply Corollary 1 to H, to
obtain

Theorem 4. Let L=>M_ [, . where each £, is a
Lindbladian that satisfies 6-KMS DBC, and we assume £
has a non-degenerate 0-eigenspace. We assume that each
L,, commutes with all but at most g others. Then let the
quantum channel @ be defined as in (4). For any X € B(H)
such that Tr[cX] = 0, we have

2 1112
[@X)]]5 < qap()/ 11
Moreover Tr[c®(X)] = Tr[®(6)X] = Tr[cX] = 0.

As a corollary of the above theorem, we can use the
quantum channel @ to prepare the Gibbs state ¢ from any
initial state py.

Corollary 2. Under the same assumptions as Theorem 4,

let p; = (®7)¥(p,) for any initial state p,, then
1
lox =l < ;
(gap(L)/g* + 1)*/2\/Grmin

where o,,;, is the smallest eigenvalue of o.

Proof. Let XeB(H) satisfy [X||<1. Denote
X = X — Tr[eX]I, and we have || X||, <|X||,<[X]<1.
This ensures Tr[cX] = 0. We then compute

Tt[X (pi — 0)] = Tt[X(px — 0)] = Tt[Xpy]
= Tr[X(®")*(po)] = Tr[@*(X)po].
By the Cauchy-Schwarz inequality, we have

Tr[@  (X)py]| = [(@4(X). 0
<@ &), llo~!

Ppoe='12),]

POU_I/ZHU
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For ||®*(X)||, we directly apply Theorem 4 k times
and use the fact that ||X|, <1 and Tr(¢X) = 0. For

llo='2pye~1/?||, we have
B B B B 1
o™ 2pao 21|, = Trlpyo™2puo /22 < — =
Therefore we have
1
ITe[X (g — 0)]| < .
(gap(L)/g* + 1)*'*\/Grmin

Because this is true for any ||X|| < 1, we have the desired
inequality for the trace distance between p; and o through
the duality between the Schatten 1- and co-norms. [

We will next discuss the gate complexity of preparing
Gibbs states using the above approach. We assume that
each £, acts non-trivially only on k = O(1) qubits. To
prepare the Gibbs state o that is the fixed point of L as
discussed above, we repeatedly apply the quantum channel
®". Each application of ®' requires implementing all M
channels P,,. Since each P,, acts non-trivially only on K
qubits, we can compile a unitary circuit involving at most k
qubits to implement it. Solovay-Kitaev Theorem then tells
us that O(log®(1/¢’)) gates are needed to implement P,, to
accuracy €’ in the diamond norm.

Corollary 2 tells us that in order to prepare the state
to (’)( ) accuracy in trace distance, it suffices to have

— O(L 5 10g(1/(Gnine))).
synthesm error in the whole procedure is at most
O(kM¢'), for which we can choose kMe’ = O(e) to ensure
that it contributes only O(¢) to the total error. Therefore
the gate complexity for the whole procedure is upper
bounded by

The accumulated unitary

Mg’ .
O 20w o) o (kM)

[ Mg 1 (M
- O<gap<c> log <omme> log (‘)) @

We therefore arrive at the following corollary

Corollary 3. Let £L=3YM_ [, where each £, is a
Lindbladian that satisfies 6-KMS DBC, and we assume £
has a non-degenerate O-eigenspace. We assume that
each £,, commutes with all but at most g others. Then

we can prepare o up to e error in trace distance using

O(gg? )log(
qubit gates, where o,,;, is the minimum eigenvalue of o,
and c is a constant from the Solovay-Kitaev theorem.
Given the Lindbladian £, the natural way to prepare
o is to simply simulate the time evolution e’“ to bring
an arbitrary initial state close to 0. The required evolu-

tion time is O(gap lo g( )) Using state-of-the-art

)log®(4)) elementary single- and two-

Omin€

Lindbladian simulation algorithms such as [13], where the
Lindbladian needs to be rescaled to have diamond norm

O(1), the gate complexity scales as (’)(gap o g(amme))

ignoring further poly-logarithmic factors. Therefore the
method in Corollary 3 reduces the cost by a factor of M up
to poly-logarithmic corrections.

This comparison with direct Lindbladian simulation
uses the standard spectral-gap bound on the mixing time.
If a stronger functional inequality or a model-specific
argument proves a much shorter mixing time—for exam-
ple, logarithmic mixing in the system size—then direct
Lindbladian simulation can have a better guarantee than
the gap-based bound above, and our present analysis does
not imply an advantage over it. It remains an interesting
open question whether such rapid-mixing estimates can be
transferred directly to the discrete channel ®' (4) that we
implement in our algorithm.

IV. IMPLEMENTING GROUND STATE
PROJECTION OPERATORS

In this section we will take a detour to discuss how one
can implement the ground state projection operator of
frustration-free Hamiltonians. In later sections we will
discuss how this implementation leads to a quadratic
speedup in terms of the spectral gap dependence in a
simulated annealing procedure for quantum Gibbs states
corresponding to commuting local Hamiltonians.

Definition 4. A Hamiltonian H = Z%:] H,, acting on n
qubits is called a bounded-degree k-local Hamiltonian if:
(1) each term H; acts non-trivially on at most K qubits,
where kK = O(1), and (2) there exists a constant g = O(1)
such that for every qubit i € {1, ..., n}, at most g terms H;
act non-trivially on i.

Here and throughout this section, Kk denotes the locality
of a Hamiltonian term; the ordinary italic k used in Sec. III
denotes the number of DL-channel iterations.

We focus on such a bounded-degree local Hamiltonian
on n qubits

M
H= ZHmv (8)

m=1

where each H,, satisfies 0 < H,, <, is supported on at
most K qubits, and overlaps with at most g other terms H,.
The terms H,, do not necessarily commute with each other.
Moreover, we assume that H is frustration free in the
following sense: let P be the projection operator into the
ground space of H, and then we have
PyH, =0, V me{l,2,....M}. ©)
Note that the above also implies H,, Py = 0, and that the
ground space of H is also its kernel. We also denote the
dimension of the ground space by r.

043025-5
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For the above Hamiltonian, we will implement its
ground projection operator using the detectability lemma
operator

DL(H) = ﬁ P,.

m=1

(10)

Note that by applying Corollary 1 to _, (I — P,,), we
have, for any |w*) such that Py|y*) = 0,

IDL(H) |y )| <

- 11
v/ +1 (

where y is the spectral gap separating O from the rest of the
spectrum of H. Note that the above detectability lemma
operator DL(H) can be implemented with gate complexity
O(M) assuming that k, g = O(1). Repeatedly applying
DL(H)O(y 'log(1/e€)) times can take the resulting prod-
uct e-close to the ground projection operator Py, thus
resulting in a O(My~'log(1/€)) gate complexity for
implementing the projection operator. Below we will show
how a y~!/2 scaling can be achieved using quantum
singular value transformation (QSVT) [45].

To discuss QSVT we need to first introduce the notion of
block encoding:

Definition 5. (Block encoding). An (m + n)-qubit uni-
tary operator U is called an (a, m, €)-block-encoding of an
n-qubit operator A, if

14 = a((0"] ® NU(|0") @ I)]| < e. (12)

An equivalent way to express (12) is

U— <A/ a *)5
x %
where * can be any block matrices of the correct sizes
and |A — Al <e.

We first note that, because each P,, can be implemented
via its (1, 1, 0)-block encoding, these block encodings can
be composed to implement a (1, M, 0)-block encoding of
DL(H). Using the compression gadget in Refs. [50,51]
we can further reduce the number of ancilla qubit to
O(log(M)), thus resulting in a (1, O(log(M)), 0)-block
encoding of DL(H). Note that each implementation of P,
may involve exponentially small errors due to unitary
synthesis, but these errors can be suppressed with poly-
logarithmic overhead, and their accumulation throughout
the algorithm is well-controlled, as will be discussed in
Corollary 4.

We then write down the singular value decomposition
of DL(H):

DL(H) = USV", (13)

where S = diag(sy, $2, ..., Sp1), $1 = 8y > -+ > spu. Since
the ground space of H is r-dimensional, we have
s; =---=s5,=1. By (11), we have

0<s:< !

"TV¢+ T

We denote by y, the lower bound of the gap separating
the above s; from 1:

j=r+1,...,20  (14)

1

The projection operator Py can in fact be expressed in
terms of U and V. We write

(15)

U= (U U,), V=(V, V), (16)

where U; and V; are both of size 2" x r. In other words,
the columns of U; and V; correspond to the singular

values sy, ..., s;. Then we claim

Lemma 2. For U, and V; defined above, we have
Py =U,V].

Proof. For any |¢)€col(V,), we have

IDL(H)|#) || = [ll$)[|, and therefore [|P,,[h)[| = [[|¢) ]
for all m. Since each P,, is a projection operator, we then

have P,,|¢) = |¢). Consequently

UiVi|¢) = DL(H)|$) = |¢).

and |¢) is in the ground space of H. As a result of the latter
Pyl¢) = |¢). Therefore Py and U,V agree in col(V).
If |¢) €col(V})*, then |¢) must be orthogonal to the
ground space since the ground space is contained in
col(V,). Therefore Py|p) = U,Vi|¢) =0. Combining
this with the discussion in the previous paragraph we
have Py = UlVT. n
For a polynomial p(x) of degree d with fixed parity
satisfying |p(x)| < 1 forall x € [—1, 1], QSVT allows us to
construct a (1, O(log(M)), 0)-block encoding of
Py =Up(S)V', (17)
with d queries to the block encoding of DL(H). We will
appropriately choose p(x) so that P, approximates Pj,.
For this purpose, the polynomial in Ref. [52] suffices, but
we will provide a simpler construction by simply rescaling
the Chebyshev polynomial. We let

_Tex/(1=7.))
ST/ -7.) (1%)

where T, is the £th Chebyshev polynomial of the first kind
and is of degree £ with fixed parity. It satisfies |p(x)| < 1

p(x)

043025-6
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forxe[—1,1], p(1) =1, and when x€ [—-1 +y,. 1 —7,],
we have

1
P(X)) < —————< e~ ¢V 1/(1=r.)-1 < 26*2/”\/}:’
Pl < =)

where the second inequality comes from [53, Lemma 13].
From this we have

|p(S) — D|| < 2e VT,

where D = diag(1, ..., 1,0, ...,0), with r diagonal entries
being 1. The above implies

|Py — Pyl = |Py — U, V]| = || Py — UDVT||
= [|p(S) — D|| < 2¢7Vr-. (19)

In order to ensure ||Py — Py|| < €, we only need

£ =00 1og(1/€)) = O(rlog(1/e).  (20)

Therefore we have the following theorem:

Theorem 5. Let H=>"M_ H, . where each H, sat-
isfies 0 < H,, < I, is supported on at most k qubits and
overlaps with at most g other terms H,,,. We assume that H
is frustration free in the sense that PyH,, = 0 for all
m=1,2,...,M, where Py is its ground space projection
operator. We assume that each ground projection operator
of H,, is accessed through its (1, O(1), 0)-block encoding.
Then a (1, O(log(M)), €)-block encoding of Py can be
obtained using O(y~'/?log(1/€)) queries to each block
encoding of the ground space projection operator of H,,.

We note that each block encoding of the ground space
projection operator of H,, needs to be implemented with
gates and has some errors. Suppose each introduces an ¢’
error in terms of the spectral norm, then the cumulative
error in the block encoding of Py is O(M£¢'). To ensure
that the error in terms of the spectral norm is ¢ for each
small block encoding involving O(1) qubits, the Solovay-
Kitaev theorem tells us that O(log(1/€’)) gates are
needed, where ¢ =log, s ,(2)+ 5 for any &> 0.

Therefore

Corollary 4. Let H=YM H,, where each H,
satisfies 0 < H,, <1, is supported on at most K qubits
and overlaps with at most g other terms H,,. We assume
that H is frustration free in the sense that Py H,, = 0O for all
m=1,2,...,M, where Py is its ground space projection
operator. Then a (1, O(log(M)), €)-block encoding of Py
can be obtained using

O(My~"/*1og(1/€)log¢(My~"/?log(1/¢)/€))

elementary gates, where c is the exponent in the Solovay-
Kitaev theorem.

V. THE PARENT HAMILTONIAN

The parent Hamiltonian is a coherent representation of
the Lindbladian £ which allows for a quadratic speedup in
terms of the spectral gap dependence at the expense of
doubling the Hilbert space. It is constructed such that its
ground state provides access to the Gibbs state. The
Hermiticity of £ under the 6-KMS inner product results
in the Hermiticity of this coherent representation, which is
therefore viewed as a Hamiltonian. This representation
enables us to prepare the Gibbs state by preparing the
ground state of the parent Hamiltonian using the tech-
niques in Sec. IV and obtain a quadratic speedup.

Define the superoperator I';;: B(H) — B(H) as

I,() =020 (21)
I', recovers the 6-KMS inner product in the sense that
Lo
(X, Y)kms = (T5X, T5Y )ys- (22)
Define the superoperator $: B(H) — B(H) as
© = [LLT, (23)

This superoperator is Hermitian under the usual Hilbert-
Schmidt inner product, i.e.,

By vectorizing the operator space B(H), the super-
operator $ can be explicitly written as a Hamiltonian.
Define the linear map v: B(H) — H®? that acts on the
computational basis as follows:

()G =18 @ 1),

By definition and linearity, we have

i,jEld. (25)

o) =0 SXA0) = sl @10 XEBH)
(26)

In particular, for a rank-1 operator X = |y)(¢|, we have

v(y) (@) = lw) ® |97), 27)

where |¢*) is the entrywise complex conjugate of |¢) in
the computational basis. Indeed, writing |w) = >, w;|i)
and |p) = > . ;1)) gives X;; = wig;, so the preceding
definition yields v(X) = >~ jwid;li) ® |j) = [w) ® |¢7).
Upon vectorization, the superoperator $ is represented as
a Hamiltonian H acting on the doubled Hilbert space H®?,

H=v9Hv". (28)
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Observe that

$(va) =

Therefore /o is the ground [54] state of the super-
operator $ with eigenvalue 0. Or equivalently, the vec-
torized state v (/o) is the ground state of the Hamiltonian
H with eigenvalue 0. Moreover, assuming that the eigen-
value decomposition of ¢ is given by ¢ = >4, A;w;) (wl,

rY2L(1) =0 (29)

(30)

d
= " Vailw) ® lw}).
i=1

which is a purification of the Gibbs state o, i.e., tracing
over the second subsystem gives ¢ on the first subsystem.
Since the map from the Lindbladian to the Hamiltonian is
linear, given a Lindbladian that is a sum of M local
Lindbladians, H is equal to the sum of M local terms, each
of which can be classically computed in time that is upper
bounded by some constant depending on locality. The
problem of preparing the Gibbs state 6 now reduces to
preparing the ground state of the Hamiltonian H.

VI. STATE PREPARATION BY ANNEALING

To prepare the Gibbs state, we utilize a discretized
temperature path similar to quantum annealing and prepare
the Gibbs state by projecting the state consecutively to the
ground space of the parent Hamiltonian of the next
temperature. Denote the purified Gibbs state at inverse
temperature v by |y, ). Denote by P, == |y, )y, | the exact
projection operator and P, the approximate projection
operator. We first prepare the ground state [y ) of the
parent Hamiltonian at By =0, which is the purified
maximally mixed state, or in other words the maximally
entangled state on H®2. In the annealing process, we go
through K temperature steps,

Po=0=p1=pr—= = px=p Pi1<p;VjEIK].
3D

Note that for each temperature, the associated parent
Hamiltonian Hﬂj is different, while the original
Hamiltonian for the actual physical system as in the
Gibbs state does not depend on temperature. For each
temperature, using Corollary 4, we construct each approxi-
mate projection operator Pﬂj. Then, we send the initial
state to the final state using K transition operators, each
constructed from two consecutive projectors,

p B
Oy = O =+ = Off . (32)
Denote the ideal transition operator by O := |y/ﬂ/>

<‘/’ﬁ,-_1 |. Error is introduced in the 1mplementat10n of each

ISﬂj as well as in the implementation of the transition

operator. Denote the transition operator with error by @?’ -
L
Denote the final state we obtain by |y),

10 i)
) = - —. (33)
||H,~:1 0y lws)|

|y) is obtained with success probability

(34)

K s
05 s,
=1

For convenience, denote the unnormalized state by

i
~
) = Hloﬂf,,l s, )-

_, be upper bounded by 6/(2K),

ie., ||Oﬂ’ - Oﬂ’ |I'< 8/2K. The error of the final state is

then bounded by 5+ O(8%) due to triangle inequality.
More precisely,

77 (35)

Let the error of each O//j'f
J

[d75) — )|

P ~ K
= 105 (W5, ) — lwp )+ (05— O5F Yy )
< g, — lwg ) + ||<0§§ = 05 Iy )

ol < 5, (36)

K
,.,/j.
5"'52”0%4 —
j=

where from the first to the second line we additionally used
the fact that ||@£’ <1 since @gf . is encoded in a
J= J=

unitary. It immediately follows that |[[)|| > 1 —32. The
error of the final state
)= b= 22—
g [EZ I
:‘ [5) = [1#5) [ lwp) H
@)l
_ Mwp) (L= 1@p) 1) + (975) — lwp))
1175
<5+ 0(8%). (37)
On the other hand, the success probability
_ 5\?
p =l = (1 -§> >1-5 (39

We summarize the above in the following lemma.
Lemma 3. Let {0  }E, be aset of transition operators

as in Eq. (32), the ﬁnal state and the success probability
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defined in Eq. (33) and Eq. (34). Then, if for each

wp,) Wp, Il < 6/(2K), the
final state ||ly) — |y4)|| <6+ O(5%) and the success
probability p > 1 —6.

Hence it suffices to construct 0

transition operator ||Oﬁ’: L
-

, to precision §/(2K).
We use QSVT to construct 0/};_1

s, W lwp, ) (Wp,_ |, by using it to boost [(yy |y, )|
close to 1. Query complexity depends primarily on
the overlap |(yy |y, )|, which is to be controlled by

from Py Py~

choosing an appropriate annealing path. The following
lemma gives the query complexity of implementing O/[jl,;l
with P B> P Bi

Lemma 4. Given the block encodings of approximate
projectors P/jj and Pﬂj_] where HPﬁ, lwp,) (wp |l and
IPs,_, —lwp,_)(wp_ |l are both upper bounded by
0 <u < 1. Assume there exists a constant b > 0 that

lower bounds the overlap between these two states,
|(wp,lwp, )| > b. Then, using one additional ancilla qubit

and [ = O(b~
f’ﬁ/_ and pﬁ/_f ,» we can construct the block encoding of Ogj_l

such that |0y | — |, ) v, Il < 41V3 +e.
Proof. Let U be the block encoding of Py Py

s, Wp,lwp, ) (wp | such that (0|U[0) = Py, Pﬁ,
where |0) is the all-zero ancilla state. U can be obtained
with one use of each of the block encodings of P; and
Py LetTI = ]0)(0| ® I, where [ is the identity operator
on the system. ITUITI = WXV’ has a single non-zero
singular value |(wy [wy, )| > b. Following [45], we per-

"log(e™")) queries to the block encodings of

form QSVT with an odd polynomial p(-) of degree [ =
O(b~"log(1/€)) such that p is e-close to 1 on the interval
[b,1]. This lets us construct a circuit Ug with [ uses
of U,U", such that TUGIT = pSY(IIUM) = Wp(Z)V'.
Because of our choice of p, we have |[IUgII— |0)
(01 ® ) s, Il <.

Now we are given block encodings of approximate
projectors Pﬂ/_,f’ﬁH rather than Py, P; . Let U be the
block encoding of f’ﬂ/f’ﬁf .- The robustness of QSVT [45,

Lemma 22] shows that for matrices A and A of operator
norm at most 1, it holds that ||pSV(A)— pSV(A)| <

414/||A — A||. Since

||Pﬁjpﬂj—1 - PﬂjP/’,j—l ”

= H(P[ij + 5P/jj)(Pﬂj—] + 5Pﬂj—]> B PﬁjPﬁH ”

= ||P/3/5P/3/—1 + 0Py Py + 0Py 0P, I

< 2p+ pu* < 3, (39

where 5P/;j = Pﬂj — Pﬂ,_ and (SPﬂFl = PﬂH - PﬂH, we

have |pSY(IIUTI) — pSY(ITIUM)|| < 41,/3u. Finally, by
the triangle inequality,

[PV (ITTTT) — [0)(0] & lws,) (ws, |l < 41/3p +e.

Let Uyg be the circuit that implements pSY (ITUTI), i.e.,
UM = pSV(ITIUII). Thus Uy is the block encoding of

Oﬁ;_] and uses U, U" a total of O(b

By choosing e <3/(4K) and /i <3/(16V3IK),
we have [O T s, (wp, |l <6/(2K). Also, when
€ <56/(4K), | = (’)(b‘llog(K/(S)). Substituting into g,
we have p = O((z2%)?). To control b, we adopt the

~!log(1/¢€)) times. m

Llogh
following proposition from [4] which gives a lower bound
on the overlap between two consecutive Gibbs states.

Lemma 5. (Proposition G.2 of [4]). Let [y;) and |y, 55)
be the ground states of the parent Hamiltonians Hy and
Hj. s respectively, or in other words, the purified Gibbs
states of Hamiltonian H at temperature $ and  + 6f. Then

(Wpiaplws) = 1- OGFIHIP).  @0)

By uniformly spacing the temperatures choosing
K = ©(p||H||), we can make b a constant. More precisely,
choosing K = afj||H|| for some constant a > 1 gives
b* =1— O(1/a?), which is a ©(1) constant.

In total, we need

1. K
O(\Tlog log® (ﬁlg})) O(Elog5>K (41)

uses of elementary gates, where ¢ is the exponent in the
Solovay-Kitaev theorem, and y = min;gap(Hy ). The first

term comes from Corollary 4, which is the cost of
constructing each approximate projector Py with error
u. The second term comes from Lemma 4, which is the

cost of constructing each transition operator 0? 1 with
i

. The last term K

is the number of steps. Substituting corresponding values,
we have the following theorem.

Theorem 6. For a given Hamiltonian H =Y M | H,,,

we assume:

(1) There exists Lindbladians £,, for v € |0, ], where
each £, is irreducible and satisfies the o,-detailed
balance condition. Here o, o< e ¥ is the Gibbs state
of H at inverse temperature v.

(2) The parent Hamiltonian H,, of each £, is frustration-
free and bounded-degree local (Definition 4).

Then there exists a quantum algorithm that prepares the

purified Gibbs state at inverse temperature  with error §
and success probability at least 1 —  using

error §/(2K) given access to Pﬂj and Pﬂjf
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O(Mm;rnbgz (2121 g (\A;ﬁH;III)) W

elementary gates, and

O(logM) + 1 (43)
resettable ancilla qubits, where ¢ is the exponent in
the Solovay-Kitaev theorem, and y = minjgap(ﬁ/,j),
B = jB/K. K = ©(p|H])).

The O(log M) ancilla qubits above are used to coher-
ently track the success of each projection operator involved
in the DL operator (see the discussion under Definition 5
of block encoding).

VII. APPLICATION TO COMMUTING
BOUNDED-DEGREE LOCAL HAMILTONIANS

Commuting Hamiltonians include classical spin models,
such as Ising- and Potts-type systems, as well as commut-
ing-projector and stabilizer Hamiltonians, including topo-
logically ordered models such as the toric code. Preparing
their Gibbs states provides coherent access to finite-
temperature ensembles for estimating thermal observables
and correlation functions, probing thermal phase structure
and the thermal stability or loss of topological order, and
serving as a subroutine in annealing-based estimation of
partition-function ratios or free-energy differences. This
class is also a standard test bed for studying thermalization
and the stability of topological quantum memories against
thermal noise [17,19,26,55-57].

In this section, we consider the KMS-DBC Lindbladian
of the form in Ref. [8], which encompasses the Davies
generator [58,59] and the algorithmic Lindbladian studied
in Ref. [60]. The construction in Ref. [8] is not, in general,
always irreducible. Nevertheless, we shall assume irre-
ducibility, as this is the case for the Davies generator and
the algorithmic Lindbladian in Ref. [60]. We will show that
for commuting bounded-degree local Hamiltonians, the
parent Hamiltonian is bounded-degree local and frus-
tration free, therefore our method applies.

To begin with, we review the Lindbladian form in
Ref. [8]. A jump operator L is assigned to each coupling
operator A¢, defined as

= / T FanAc(dr,  A(r) = efiATeiH (44
with a weighting function f“: R — C given by
0 =5 [ gt @)
27 J o '

The function ¢%(w): R — C satisfies ¢*(w) = ¢*(—w),
and /3 is the inverse temperature. A% (1) is the time evolution

of A“ under H. Note that the weighting function and hence
the jump operators are in general temperature-dependent.
For simplicity, we omit the subscript # representing the
temperature for f¢ and L* for now. In addition to the jump
operators, there is a coherent term

/ th La)TLa) _ltht, (46)
acA
with g(¢): R — C defined as
(t) — L 00 _it nh _9 ( ) 7ita)d (47)
g “5/ . 52 1 ) K(@)e o,
where x(w) satisfies
k(w)=1 forwel|- ]. (48)

Function f“ and g are all L'-integrable. Finally, the total
Lindbladian in the Heisenberg picture is defined as

L(X) =[G, X] + Z( (LY)XLa ——{(L“)TL“ X})

aeA
(49)

In our setting, to obtain the Lindbladian form of Eq. (2),
let G =) ,c,G" in Eq. (46), with

6= [ gem (@) Le e (50

Letting

L£4(X) = i[G*, X] + (L*)TXL® —%{(L“)TL“,X}, (51

we obtain £ =), 4 L. For a specific temperature /3, to
explicitly denote the temperature dependence, we write
Ly =) e Lj This Lindbladian is o4-detailed balance,
as shown in Ref. [8]. We further assume that it is
irreducible.

It follows from Eq. (28) that, for superoperator
K(-) = A(-)B', its vectorization vKv~! = A ® B*, where
B* is the entrywise complex conjugate. Subsequently, our
parent Hamiltonian at temperature  can be written as

Hp =) vlgv™' =) Hy,

aeA aeA

(52)

where
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Hy = (o} ® (0] ) - (iGy © T~ i1 ® (Gy)T
1
L e (L) L LR I-  (5Y)
1 1 |
31® L) (L)) (o1 ® (o)),

where the first and last term are the vectorization of I';
defined in Eq. (21) and the middle term is the vectorization
of /”; The parent Hamiltonian is frustration free, with

|\/0p) being the ground state for both Hy and Hj.

Consider a commuting Hamiltonian H =, H,, with
locality [/ and bounded degree g and a set of coupling
operators {A“} with locality k, and bounded degree g,.
The support of A“(¢) is the union of the support of A“
and all Hamiltonian terms that intersect A*. The number
of such intersecting Hamiltonian terms is bounded.
Then by locality, the support of A%(¢) is bounded. By
definition, L, G, both before and after applying by

1 1

oy 04 = e #H . ¢#H have the same support as A%(r).
Therefore, the parent Hamiltonian is local. Furthermore,
since A%(fr) has bounded support, the number of
Hamiltonian terms that intersect A%(¢) is bounded, there-
fore the number of « such that supp(A“(f))n
supp(A“(t)) # @ is bounded. Thus, the parent
Hamiltonian is bounded-degree local.

Consider the annealing path with inverse temperature
ve|[0,p]. Each £, and H, are constructed as above, thus
they meet the requirements for our method to apply. To
summarize, we have the following corollary.

Corollary 5. Consider commuting and bounded-degree
local Hamiltonian H (Definition 4). For each v € [0, ], we
construct o,-detailed balanced £, as above and assume its
irreducibility. Then, the corresponding parent Hamiltonian
H, will be bounded-degree local and frustration free, thus
it satisfies the requirements of Theorem 6. Therefore there
exists a quantum algorithm that prepares the purified
Gibbs state at inverse temperature f with error 6 and
success probability at least 1 — § with gate complexity

o (M@?H o2 <ﬁH5H||) log¢ (yyﬁ’g’”> > (54)

using O(log M) + 1 resettable ancilla qubits, where ¢ is
the exponent in the Solovay-Kitaev theorem, and

V= minjgap(ﬁﬂ,)’ ﬂj = Jjp/K, K = G(ﬂ”HH)

VIII. DISCUSSION AND OUTLOOK

In this work, we use the detectability lemma to improve
quantum Gibbs sampling. We propose a quantum algo-
rithm for preparing the stationary state without simulating
Lindbladian evolution, thereby avoiding the associated
overhead. We also present a quantum algorithm for
preparing the Gibbs state of commuting bounded-degree

local Hamiltonians, achieving a quadratic improvement in
its dependence on the Lindbladian spectral gap. As a by-
product, we also obtain an efficient quantum algorithm for
preparing the ground state of frustration-free bounded-
degree local Hamiltonians.

For future work, an important direction would be to
extend the quadratic improvement in spectral-gap depend-
ence to a broader class of Gibbs-state preparation prob-
lems. A natural way to achieve this would be to develop a
stronger version of the detectability lemma that applies to
quasi-local interactions. Beyond its conceptual interest,
such a result could also lead to an improved Gibbs-
sampling algorithm along the lines of Corollary 4.

One might also want to apply the Lieb-Robinson bound
to truncate each quasi-local jump operator to a ball of radius
R, apply the present algorithm to the resulting finite-range
generator, and choose R so that the truncation tail is below
the target accuracy [4,60,61]. A direct application, however,
goes beyond the scope of our current analysis. A generic
truncation can destroy exact KMS-detailed balance and the
exact frustration freeness of the parent Hamiltonian, both of
which enter our proof. Moreover, since local fixed-point
projections are implemented via unitary synthesis in our
current algorithm, such truncation leads to superpolynomial
scaling with respect to the truncation error. How to handle
the non-commuting case while preserving algorithmic
efficiency in this detectability-lemma-based approach is
therefore still an open problem.

More broadly, it would be very interesting to understand
whether the detectability lemma can be used as a tool for
analyzing the mixing times of Lindbladians [8,16-32].
Progress in this direction could be especially valuable if it
were to yield a genuine quantum advantage. At present,
however, many seemingly efficient quantum algorithms
based on Lindbladian dynamics are challenged by strong
classical algorithms [62—66]. Establishing a framework in
which detectability-lemma techniques lead to provable
quantum advantages in this setting would therefore be
particularly compelling.

Another important direction is improving Lindbladian
simulation. The recently derived commutator bound for
Lindbladians [67] yields a better dependence on the
number of terms for local Lindbladians, but its precision
dependence is worse than that of [9]. Achieving the same
spacetime-volume scaling for Lindbladian simulation as
has been obtained for Hamiltonian simulation [68,69]
remains a major open problem.
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