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Quantum error correction is pivotal in advancing toward large-scale quantum computation, and efficient
verification is crucial for ensuring the high fidelity of code states. Traditional methodologies, such as state
tomography, direct fidelity estimation, and state verification, either fall short in measurement efficiency,
especially for large-scale systems, or are restricted to some specific states. In this work, we introduce
a general framework for quantum subspace verification, enabling efficient and measurement-noise-robust
fidelity estimation between a given state and the target subspace with a specified confidence level. By inte-
grating the proposed subspace verification with direct fidelity estimation, we develop a composite protocol
that significantly improves the efficiency of verifying the fidelity of general magic logical states, as demon-
strated by intuitive numerical results. This improvement stems from the use of subspace verification,
which leverages the knowledge of code subspaces to significantly reduce measurement costs. Addition-
ally, we detail the construction of verification operators for typical error correction codes, including
general stabilizer codes and quantum low-density parity-check codes, enabling their efficient implemen-
tation using practical local measurements. Notably, for certain codes, such as the Calderbank-Shor-Steane
codes and quantum low-density parity-check stabilizer codes, we reduce the number of required measure-
ment settings and sample complexity to a constant level using graphical methods. Our approach facilitates
efficient and feasible verification of error correction codes and generic magic logical states, advancing
their practical implementations on quantum platforms.
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I. INTRODUCTION

Quantum information processing and quantum com-
puting have emerged as important technologies, offering
potential advantages in areas ranging from simulation
[1] to cryptography [2]. Despite notable theoretical and
experimental progress [3–5], the practical realization of
large-scale quantum computing remains difficult due to
the disturbance of noise. Fault-tolerant quantum com-
puting [6,7], facilitated by the framework of quantum
error correction (QEC) codes, is the essential pathway
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toward achieving large-scale quantum computing. Vari-
ous QEC codes have been developed, including surface
codes [5,8–10], high-quality quantum low-density parity-
check (QLDPC) codes [7,11,12], and random stabilizer
codes [13]. As the logical fidelity improves, the number of
qubits in physical states also increases significantly, mak-
ing efficient and accurate verification of these QEC states
a fundamental challenge.

Conventional methods such as state tomography [14–
16] and fidelity estimation [17–19] are known to be
resource-intensive with respect to the system size.
Although recent advances such as shadow tomography
[20–22] have shown improvements in efficiency, they
require some global unitary rotations that are difficult
to realize. Essentially, these protocols do not adequately
address the state verification problem because they fail to
utilize prior knowledge about the quantum states. In con-
trast, quantum state verification [23–25], as an efficient
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framework introduced to leverage such prior knowledge,
thus significantly reducing the measurement resources
[26–32]. In particular, all stabilizer states [33] can be
efficiently verified using only local measurements [28,34].

However, efficient verification protocols for more gen-
eral quantum states beyond stabilizer ones, particularly the
logical magic state [35–37], which plays a critical role in
the realization of fault-tolerant quantum computing, are
still missing [38]. In many early fault-tolerant setups, the
code state to be verified is usually not a stabilizer state,
such as a small rotation on the logical |0̄〉 state [39,40].
Moreover, suppose one is only interested in the fidelity
between the prepared state and the QEC code subspace,
the previous state verification framework [23,25] would
complicate the situation, as it generally needs to tailor var-
ious protocols for different target physical states in the
subspace.

In this work, to fill the gaps, we develop a general
framework for quantum subspace verification, extending
the traditional approach from the quantum state scenario.
Notably, our framework goes beyond the conventional
hypothesis testing setup [25,26] by tolerating measure-
ment failures, making it robust against measurement noise.

Furthermore, it enables the estimation of fidelity ranges
to chosen subspaces of interest directly from the collected
measurement data. Building on this framework, we intro-
duce a composite scheme termed Subspace-Verification-
Assisted Fidelity Estimation (SVAFE) (shown in Fig. 1),
which facilitates the verification of generic stabilizer code
states with a significantly reduced sample complexity com-
pared to previous methods [17,23]. SVAFE first uses the
proposed subspace verification to constrain the poten-
tial parameters of the quantum states, thereby enhancing
the efficiency of the subsequent direct fidelity estimation
(DFE) [17] in the logical subspace. In other words, it
becomes sufficient to measure only logical Pauli oper-
ators in the second step, which could be implemented
fault-tolerantly using techniques like lattice surgery [41].

The subspace verification scheme plays a central role
in SVAFE, as DFE-related protocols are well-established.
For subspace verification, the design of the measurement
strategy—essentially, the corresponding verification oper-
ator—is crucial, as both the sample complexity and the
accuracy of estimated fidelity are intrinsically related to
its spectral properties. In this work, we investigate the
construction of verification operators for two prevalent
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FIG. 1. (a) Illustration of the task of fidelity estimation or state verification. (b) Illustration of the proposed Subspace-Verification-
Assisted Fidelity Estimation scheme. The first step involves subspace verification (denoted as 1©) to verify the subspace fidelity
between the given state ρ (orange vector) and the code subspace V. The second step applies direct fidelity estimation within the logical
subspace (denoted as 2©) to ascertain the “logical fidelity.” By combining both of them, one can obtain the final fidelity. (c) Application
example for a toric code state. Subspace verification is employed first to verify the subspace fidelity with parameters ε1 and δ1. It is
followed by the assessment of “logical fidelity” through DFE in the code subspace with parameters ε2 and δ2. Here, we assume all
the measurements can be realized fault-tolerantly. By combining these two steps, one can derive the overall fidelity with parameters ε
and δ.
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classes of QEC codes: stabilizer codes and generic QLDPC
codes, with graphical methods, utilizing local measure-
ments to enable practical implementations in physical
systems [5,12]. In this context, we employ a generalized
concept of QLDPC codes, defined based on projectors, and
do not necessarily conform to traditional stabilizer codes.
Notably, for Calderbank-Shor-Steane (CSS) codes [42,43]
and QLDPC stabilizer codes [7,11], the number of local
measurement settings and the sample complexity can be
significantly reduced, potentially to a constant level.

Consequently, our work enables efficient and feasible
verification of QEC code subspaces and generic magic
logical states, which are crucial for the current early fault-
tolerant era. In Sec. II, we introduce the framework for
subspace verification, covering both the hypothesis test-
ing and fidelity estimation scenarios. Sections III and IV
detail the construction of verification operators for stabi-
lizer codes and QLDPC codes, respectively. The protocol
of SVAFE is presented in Sec. V.

II. FRAMEWORK OF SUBSPACE VERIFICATION

Verifying whether a state is in the code subspace is a
common task in quantum error correction. Although mea-
suring the stabilizers or projectors of the code subspace
using ancillary qubits is a fundamental method, its practi-
cal use remains limited because such an approach inher-
ently propagates measurement errors through interactions
with ancillary qubits and requires additional hardware
overhead. Furthermore, in some physical platforms such
as photonic systems, implementing stabilizer or projector
measurements is challenging due to difficulties in apply-
ing control gates. As a result, destructive state verification
usually becomes the default measurement paradigm in ver-
ification problems. It requires no ancilla and only local
measurement, matching native measurement capabilities
across major platforms (photonic, superconducting qubits
via demolition readout, trapped ions via state fluores-
cence), where nondestructive parity checks often require
complex ancillary architectures.

In this section, we present a framework for subspace
verification. It is important to note that this framework
applies to any quantum subspace verification and is not
solely restricted to QEC code subspaces.

Given a quantum device that should produce quantum
states in a specific subspace V , our objective is to verify
whether it works correctly. Suppose the device always pro-
duces quantum states independently and identically (i.i.d.
assumption). Denote the projector to the target subspace V
as P and denote the expected quantum states produced by
the device as ρ. We can use the fidelity between ρ and P
defined as

F(P , ρ) := Tr (Pρ) (1)

to characterize the overlap between a quantum state and the
target subspace [26,32]. Then, the verification problem can
be described by the following hypothesis testing problem
[44].

(1) The device is “good”: The quantum states ρ gener-
ated by it satisfy F(P , ρ) ≥ 1 − τε.

(2) The device is “bad”: The quantum states ρ gener-
ated by it satisfy F(P , ρ) ≤ 1 − ε.

Notice that a gap characterized by τ < 1 is introduced
to tolerate imperfect verification strategy design and mea-
surement result fluctuation. Ideally, one would like to
minimize this gap, approaching τ → 1. However, while
measurement result fluctuations can be reduced to any
small positive constant with sufficient samples, the impact
of an imperfect verification strategy design cannot be dis-
regarded. We will later provide an upper bound for τ ,
taking these considerations into account.

To achieve this task, a strategy analogous to that in
quantum state verification can be adopted [25,26]. To be
specific, one can adopt a series of two-outcome positive-
operator-valued measurements (POVMs) {El, I − El}l. If
the measurement outcome corresponds to El, it is consid-
ered to have passed the test; otherwise, it is deemed to have
failed. These POVMs should be designed such that any
state ρ within the subspace V will always pass the test,
i.e., Tr (Elρ) = 1, ∀ρ ∈ V . In each verification round, we
choose a POVM {El, I − El} from a probability distribution
pl with

∑
l pl = 1. Define

� =
∑

l

plEl (2)

as the verification operator. By construction, one thus has
Tr (�σ) = ∑

l plTr (Elσ) = 1 for any σ ∈ V . The follow-
ing fact, analogous to that in [25,26], gives the spectral
decomposition of �.

Fact 1. The verification operator � for the subspace V
shows the following spectral decomposition:

� = P +
d∑

j =dV+1

λj |ψj 〉〈ψj |, (3)

where P is the projector of V and {|ψj 〉}d
k=dV+1 is a set

of basis for the orthogonal complement V⊥. d and dV are
the dimensions of the Hilbert space and the subspace V ,
respectively. The eigenvalues are arranged in descending
order.

Note that the largest eigenvalue of � is 1. We denote
the spectral gap between the largest eigenvalue and the
second largest one as 
min(�) = 1 − λdV+1, and the spec-
tral gap between the largest eigenvalue and the smallest
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one as 
max(�) = 1 − λd, and it is clear that 
max(�) ≥

min(�).

Note that even a “good” device can occasionally fail a
test; therefore, we should not classify a device as “good”
only if it passes every single test. Now, define r :=

min(�)/τ
max(�) and ε̃ := 
min(�)ε for short. Denote

p0 = ln r

ln r + ln 1−ε̃/r
1−ε̃

(4)

as the solution to the equation D [p0‖1 − ε̃] = D
[p0‖1 − ε̃/r], where D[p‖q] := p log (p/q)+ (1 − p)
log (1 − p)/(1 − q) stands for the Kullback-Leibler diver-
gence for Bernoulli distribution.

Suppose we adopt the verification tests for N times
and Npass of them pass. To assess the performance of the
quantum device, we evaluate whether Npass > p0N . If this
condition is met, we categorize it as “good”; otherwise, we
categorize it as “bad.” The subsequent theorem shows the
number of required verification tests for this assessment
strategy.

Theorem 1. For the verification problem described by
parameters ε, δ, τ , and the verification operator �, if
τ
max(�) < 
min(�) (i.e., r > 1), one can reach confi-
dence 1 − δ with

N = ln 1/δ
D [p0‖1 − ε̃]

(5)

rounds of tests. More specifically, suppose we adopt the
verification tests for N times and Npass of them pass. The
type 1 error, i.e., the probability of getting Npass ≤ p0N
when the device is “good” is upper-bounded by

Pr
(
Npass ≤ p0N

) ≤ δ = e−D[p0‖1−ε̃/r]N . (6)

The type 2 error, i.e., the probability of getting Npass ≥ p0N
when the device is “bad” is upper-bounded by

Pr
(
Npass ≥ p0N

) ≤ δ = e−D[p0‖1−ε̃]N . (7)

Here the parameters r, ε̃, and p0 are defined around Eq. (4).

One can prove it by bounding the passing probability,
i.e., E

[
Npass/N

]
, with 1 − ε̃ and 1 − ε̃/r and using the

Chernoff-Hoeffding theorem. The detailed proof is given in
Appendix A. When ε is sufficiently small, we can simplify
Eq. (5) to the first order in ε,

N ∼ f (r)
ln 1/δ


min(�)ε
, (8)

where f (r) := (1 + (1/ln r) (1 − (1/r))
(ln (1/ln r (1 − (1/r)))− 1))−1 is some constant as a func-
tion of r. Notably, the scaling of N with respect to ε is

N = O (1/ε), which deviates significantly from the typi-
cal scaling of N = O

(
1/ε2

)
found in fidelity estimation

[17,19,45]. This distinct scaling behavior is closely asso-
ciated with the property of hypothesis testing that “good”
states invariably pass the test. Specifically, the verification
operator can be expressed as outlined in Eq. (3), where the
coefficient of P is 1.

It is also noteworthy that our framework diverges from
previous state verification frameworks [25,26]. Traditional
frameworks require the “good” case of the hypothesis
testing problem to satisfy F(P , ρ) = 1, implying that
the device is judged to be “good” only if all tests are
passed. However, physical states are invariably noisy, and
it is unrealistic to expect that they will consistently pass
every test, rendering these frameworks less effective when
there is non-negligible measurement error or the fidelity
is not exceptionally high. Our framework modifies the
“good” case to be F(P , ρ) ≥ 1 − τε, thereby accommo-
dating scenarios where fidelity may not reach such ideal
levels. Notably, when τ → 0, the equation D [p0‖1 − ε̃] =
D [p0‖1 − ε̃/r] cannot hold since r is singular. In this case,
if we simply let p0 = 1, the type 2 error is always 0
and the type 1 error gives N = ln (1/δ)/D [p0‖1 − ε̃] =
ln (1/δ)/− ln (1 − ε̃) ≈ ln (1/δ)/
min(�)ε according to
Eq. (5), which degenerates to the result of previous frame-
works [25,26].

Based on Theorem 1, we can give the following propo-
sition, which considers an estimation scenario rather than a
hypothesis testing scenario. We want to derive a bound for
the infidelity of the input state ρ with the ratio of passed
tests.

Proposition 1. Suppose we adopt the verification tests
for N times, and Npass of them pass. Denote p = Npass/N
as the passing frequency observed in the verification, the
estimated infidelity can be bounded in the interval

max
{

1 − p − ξ


max(�)
, 0
}

≤ ερ ≤ min
{

1 − p + ξ


min(�)
, 1
}

(9)

with approximate confidence level 1 − δ. Here ξ =
z (1 − (δ/2))

√
p(1 − p)/N with z(x) standing for the

inverse of the cumulative distribution function of the
standard normal distribution at x.

The proof is given in Appendix B. The physical interpre-
tation of Eq. (9) is straightforward. The term ξ arises from
statistical fluctuations, proportional to the square root of N ,
and approaches zero as N → ∞. The factors 1/
max(�)

and 1/
min(�) result from imperfect verification opera-
tor design. They will equal 1 if � is ideally designed, i.e.,
λdV+1 = λd = 0. The remaining term, 1 − p , represents
the expected infidelity. Notice that in Eq. (9), the uncer-
tainty of ε is proportional to 1/

√
N rather than 1/N . This

distinction indicates that the specific scaling of sample
complexity only appears in the hypothesis testing scenario.
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Given parameters ε, δ, and τ , our goal of minimizing
the net sample complexity N involves optimizing the con-
struction of the verification operator �. In the subsequent
two sections, we will focus on developing verification
operators for two typical QEC codes: stabilizer codes and
QLDPC codes. The main concern is to improve the spec-
tral gaps and reduce the number of different measurement
settings, which will be introduced in the next section.

III. VERIFICATION OF STABILIZER CODE
SUBSPACE

Stabilizer codes play an essential role in the design
of quantum error correction codes, primarily because the
stabilizer formalism facilitates the adaptation of some clas-
sical codes into quantum codes. For an [[n, k, d]] stabilizer
code, the code subspace V is characterized by its stabilizer
group S = 〈Si〉m

i=1 where m = n − k. The projector onto the
code subspace V can be expressed as

P =
m∏

i=1

I + Si

2
= 1

2m

∑

S∈S

S. (10)

If there is no restriction on the measurement, one can
directly adopt {P , I − P} as the POVM, i.e., the projector
itself, to do the verification. In this way, the verifica-
tion operator is actually � = P with the spectral gaps

min(P) = 
max(P) = 1. Although the performance is
optimal, implementing multiqubit measurements on real
quantum devices presents substantial challenges. There-
fore, our focus shifts to the verification operator con-
structed from s-local measurements with constant s, which
can be implemented using the tensor product of at most
s-qubit measurements. Specifically, when s = 1, indicat-
ing the use of only single-qubit measurements, we refer
to these as local measurements in subsequent discussions.
The number of local measurement settings required to real-
ize� is a critical parameter in the design of the verification
operator.

As all the stabilizers are Pauli operators that can be mea-
sured with local measurements, a natural construction is to
measure all the stabilizers S in S with local measurements
with equal probability. The verification operator is

�all = 1
2m

∑

S∈S

I + S
2

= I + P
2

. (11)

The spectral gaps are
min(�all) = 
max(�all) = 1/2, sug-
gesting that the number of verification tests required scales
as O (ln (1/δ)/ε), independent of m. Nevertheless, each
S ∈ S corresponds to a local measurement setting. The
number of measurement settings required scales expo-
nentially with m, potentially complicating experimental
implementation.

To reduce the number of measurement settings, one can
turn to measure all the stabilizer generators Si of the sub-
space with equal probability. It needs at most m different
measurement settings. The verification operator becomes

�gen = 1
m

m∑

i=1

I + Si

2
= 1

2

(

I + 1
m

m∑

i=1

Si

)

. (12)

The spectral gaps are given by 
min(�gen) = 1/m and

max(�gen) = 1, which will be proven in Appendix C. Due
to the nonconstant spectral gap, the number of verification
tests required scales as O (ln (1/δ)/εm), which hinders the
performance of the strategy for a large m.

We further introduce a new construction of� to improve
the spectral gap and reduce the number of measurement
settings. Our method is inspired by the chromatic prop-
erty of the graph state [46–49]. We start by defining the
concept of bitwise commutativity of stabilizers and the
corresponding graph.

Definition 1. Two stabilizers on the same system, S
and S′, bitwise commute with each other iff their reduced
operators on any qubit l commute, [S(l), S′(l)] = 0.

The bitwise commutativity graph GS associated with a
stabilizer generator set S := {S1, S2, . . . , Sm} is defined as
follows: The vertex set V = {vi}m

i=1 represents the stabilizer
generators, and the edge set E = {eij } contains an edge eij
iff Si and Sj do not bitwise commute.

We remark that if one focuses on the typical class of
stabilizer states, the graph states, the introduced bitwise
commutativity graph becomes the corresponding graph of
graph states as one considers the generator associated with
each vertex [50].

If Si and Sj bitwise commute, there should be Si(l) = I

or Sj (l) = I or Si(l) · Sj (l) = I. As a result, one can mea-
sure them and their product SiSj simultaneously. Take an
independent set I of vertices in GS , any two stabilizers
corresponding to the vertices in I should bitwise com-
mute, i.e., Si and Sj bitwise commute if vi, vj ∈ I . Now,
construct a Pauli operator MI : MI(l) = Si(l) if there exists
vi ∈ I such that Si(l) �= I; otherwise, MI(l) = I. One can
find that any Si corresponding to vi ∈ I or their product
is a reduced operator of MI . Therefore, all of the sta-
bilizers whose corresponding vertices are in I and their
product can be measured simultaneously with just a sin-
gle measurement setting MI . Here, a measurement setting
MI means to assign the measurement basis according to
the single qubit Pauli operators of MI . Furthermore, the
POVM {PI , I − PI} where

PI =
∏

vi∈I

I + Si

2
(13)

can be realized by local measurement setting MI and
postprocessing (2).

040353-5



JUNJIE CHEN et al. PRX QUANTUM 6, 040353 (2025)

(a) (b)

(c)

FIG. 2. Construction of �chr(S): (a) an example set of sta-
bilizer generators; (b) the corresponding bitwise commutativity
graph of stabilizers in (a); (c) measurement settings according to
the chromatic method in (b).

An optimal coloring method {Iu}χ(GS )
u=1 of GS divides

vertices into a minimal number of independent sets, i.e.,
V = ⋃χ(GS )

u=1 Iu and Iu ∩ Iv = ∅ for u �= v. χ(GS) stands
for the chromatic number of GS . We can construct a
verification operator as

�chr(S) = 1
χ(GS)

χ(GS )∑

u=1

PIu = 1
χ(GS)

χ(GS )∑

u=1

∏

vi∈Iu

I + Si

2
.

(14)

An example illustrating the construction of �chr(S) is
shown in Fig. 2. It is clear that �chr(S) is a legal verifica-
tion operator and can be measured with χ(GS) measure-
ment settings. The spectral gaps show 
min(�chr(S)) =
1/χ(GS) and
max(�chr(S)) = 1, which will be proved in
Appendix C.

Notice that the construction of �chr(S) is uniquely
determined by the set of stabilizer generators S rather than
the stabilizer group S. As there are different choices of
S given S, one can further optimize the construction of
�chr(S) by choosing S such that the chromatic number
χ(GS) is minimal. Denote the optimal set of stabilizer gen-
erators as S∗ and the corresponding chromatic number as
χ∗. The optimal choice of �chr(S) is thus

�∗
chr = 1

χ∗

χ∗
∑

u=1

PIu , (15)

with χ∗ measurement settings and spectral gaps
min(�
∗
chr)= 1/χ∗, 
max(�

∗
chr) = 1.

Compared with �gen, the verification operator �∗
chr

reduces the number of measurement setting required from
m to χ∗ and improve the spectral gap 
min(�) from 1/m

to 1/χ∗. For large-scale QEC codes, the optimal chro-
matic number χ∗ usually scales much slower than m and
often remains constant. For example, CSS code [42,43],
including many practical QEC architectures such as sur-
face codes [9], toric codes [8], and hypergraph-product
codes [51], is an important code family that supports
transversal CNOT gates and maintains a close connection
to classical linear codes. All CSS codes share the optimal
chromatic number χ∗ = 2. Besides, for QLDPC stabilizer
codes [7,11,12], which are valued for efficient syndrome
measurement and will be discussed in the next section, the
chromatic number χ∗ is also bounded by a constant. By
contrast, stabilizer codes with a large chromatic number
are generally impractical, lacking convenient transversal
gates and incurring prohibitive overhead in fault-tolerant
quantum computing [7], highlighting the practical advan-
tages of our construction [46,48].

IV. VERIFICATION OF QLDPC CODE SUBSPACE

QLDPC codes with a constant encoding rate have been
demonstrated to reduce the overhead of fault-tolerant
quantum computation to a constant level [7]. This signif-
icant reduction positions them as a promising candidate
for fault-tolerant quantum computing. For an [[n, k, d]]
QLDPC code, the code subspace V is uniquely deter-
mined by m = n − k pairwise commuting projectors 
 =
{πi}m

i=1, such that any quantum state |ψ〉 ∈ V should sat-
isfies πi |ψ〉 = |ψ〉 for all i ∈ [m]. The projector onto the
QLDPC code subspace V is given by P = ∏

i=1 πi, anal-
ogous to stabilizer codes. We denote a subsystem A =
supp(O) as the nontrivial support of any operator O iff
O can be decomposed as O = OA ⊗ IĀ, and one cannot
find a smaller subsystem A′ ⊂ A such that O = OA′ ⊗ IĀ′ .
The sparsity of 
 is defined as s := maxi |supp(πi)|. For
QLDPC codes, s should be some constant independent of
n.

We can also define a support graph, analog to the
previously introduced Definition 1 for stabilizer states.

Definition 2. The support graph G
 associated with
the set of projectors 
 = {πi}m

i=1 is defined as follows:
The vertex set V = {vi}m

i=1 represents the projectors, and
the edge set E = {eij } contains an edge eij iff supp(πi) ∩
supp(πj ) �= ∅.

The QLDPC condition requires that each qubit appears
in no more than s supports of the projectors. Combining
with the fact that each projector acts nontrivially on at
most s qubits, the support of any projector intersects with
at most s2 other supports, which implies that the degree of
G
 is at most s2. Consequently, the support graph G
 of
any QLDPC code with sparsity s can be colored with no
more than s2 colors.

If s-local measurements are permitted, verification oper-
ators similar to those discussed in the previous section can
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be constructed, as each POVM {πi, I − πi} can be real-
ized with a single s-local measurement. To be specific, by
measuring each projector with equal probability, we can
construct

�(s)gen = 1
m

m∑

i=1

πi, (16)

with spectral gaps 
min(�
(s)
gen) = 1/m and 
max(�

(s)
gen) =

1. Here, the superscript (s) implies s-local measurements
are used. It is not hard to find that �(s)gen can be realized
with m different s-local measurement settings. Moreover,
with a coloring method of the support graph G
, we can
construct

�
(s)
chr = 1

χ(G
)

χ(G
)∑

u=1

∏

vi∈Iu

πi, (17)

with spectral gaps 
min(�
(s)
chr) = 1/χ(G
) ≥ 1/s2 and


max(�
(s)
chr) = 1. Each

∏
vi∈Iu

πi can be measured with a
single measurement setting since different πi in the same
independent set act on different supports, which indi-
cates that �(s)chr can be realized with χ(G
) ≤ s2 different
measurement settings.

For QLDPC stabilizer codes [7,11,12], since all the s-
local projectors are +1 projectors of Pauli operators, they
can be measured with one-local measurements and post-
processing. However, in general, {πi, I − πi} cannot be
directly implemented by a single local measurement set-
ting and postprocessing. The implementation of s-local
measurements often faces practical challenges due to the
geometric limitations of the qubits. Consequently, there
is a continued need to develop methodologies that utilize
one-local measurements.

To address this problem, we decompose the projectors
πi into Pauli measurements that are feasible to implement.
We also present the associated verification operator along
with its spectral information. Further details and proofs are
provided in Appendix D.

Let Ti = 2πi − I as the measurement operator of
{πi, I − πi}. One can decompose Ti = ∑

Pj ∈Pn
tij Pj where

tij = Tr
(
TiPj

)
are positive numbers and Pn = {I, X , Y, Z}⊗n

denotes the n-qubit Pauli group with only ±1 phase. All
the Pj with nonzero coefficient tij should act on the sub-
supports of Ai, which is the support of Ti (or πi). Denote
each set of Pauli operators with nonzero tij with Ti,
and let ai = ∑

j tij , pij = tij /ai for simplicity. Therefore,
{pij }j can be regarded as a probability distribution. Since
tij ∈ [0, 1] and 1/2nTr (Ti) = ∑

j t2ij = 1, we can obtain
1 ≤ ai ≤ √|Ti| ≤ 2s. The decomposition can be written as
Ti = ai

∑
Pi,j ∈Ti

pij Pi,j . Based on the decomposition, the

verification operator can be constructed as

�(1)gen = 1
m

∑

i

(
1
ai
πi +

(

1 − 1
ai

)
I

2

)

= 1
m

∑

i

⎛

⎝1
2

∑

Pi,j ∈Ti

pij Pi,j + I

2

⎞

⎠

= 1
m

∑

i

∑

Pi,j ∈Ti

pij
I + Pi,j

2
. (18)

The corresponding spectral gaps are given by


min(�
(1)
gen) = 1

m · maxi ai
, 
max(�

(1)
gen) = 1

m

∑

i

1
ai

.

(19)

Since 1 ≤ ai ≤ √|Ti| ≤ 2s, the spectral gaps
min(�
(1)
gen) ≥

1/2sm and 
max(�
(1)
gen) ≥ 1/2s. Meanwhile, since {pij }j

can be regarded as a probability distribution, such a ver-
ification operator can be realized by measuring Pi,j with
probability pij , totally no more than

∑
i |Ti| ≤ m · 4s mea-

surement settings.
Importantly, note that �(1)gen does not have the maximum

eigenvalue +1 anymore, as shown in Appendix D, which
implies that perfect QLDPC code states might not pass
the test. This indicates that the analysis in Theorem 1 no
longer applies. Therefore, we give the following refined
treatment, which would be of independent interest.

Proposition 2. For the verification problem described
by parameters ε, δ, τ , and the verification operator �,
suppose the verification operator � has the maximum
eigenvalue λ < 1, i.e., � = λP + ∑d

j =dV+1 λj |ψj 〉〈ψj |. If
τ
max(�) < 
min(�), one can reach confidence 1 − δ

with the judgement passing frequency p ′
0 given in Eq. (E3)

as a function of λ, τ , ε and spectral gaps of �, and

N ∼ 8λ(1 − λ) ln 1/δ
(
min(�)−
max(�)τ)

2 ε2
(20)

rounds of tests. In other words, if Npass ≥ p ′
0N , we catego-

rize the device as “good”; otherwise, we categorize it as
“bad.”

The proof is analogous to that of Theorem 1 and given in
Appendix E. If one regards λ as a constant for general case,
N = O

(
ln (1/δ)/
2

min(�)ε
2
)

scales differently as that in
Theorem 1. This difference comes from the condition that
the maximum eigenvalue of� is no longer 1, i.e., the states
in the target subspace may also fail to pass the test.

For�(1)gen, the maximum eigenvalue, denoted as λ, is cal-
culated as λ = 1

2

(
1 + (1/m)

∑
i 1/ai

)
, where it is trivially
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bounded within the interval [ 1
2 , 1]. Consequently, λ can be

considered a constant, and the number of tests required
scales N = O

(
m2 ln (1/δ)/ε2

)
. The quadratic relation to m

and ε comes from the inexistence of a local operator such
that the code space is a subspace of its +1 eigenspace for
general QLDPC codes.

One may expect the enhancement construction of �(1)chr,
analogous to that in Eq. (17), which can be implemented
with one-local measurement settings. However, such con-
struction typically results in exponentially small eigenval-
ues, making it ineffective for verification tasks. Detailed
discussion is given in Appendix D.

V. FIDELITY ESTIMATION OF LOGICAL STATES

A common challenge in quantum information pro-
cessing and quantum computing involves estimating the
fidelity between a quantum state ρ and a target state
|ψ〉. Two prevalent methods, quantum state verification
[23,25–27] and DFE [17–19,45], exhibit specific con-
straints respectively. Quantum state verification, while rel-
atively efficient, typically relies on the stabilizer structure
of the target state |ψ〉, making it difficult to develop effi-
cient protocols for general magic states [38]. Conversely,
DFE offers broader applicability across various quantum
states but demands substantial resources, especially for
magic states. The sample complexity of this method scales
exponentially with the number of qubits n, specifically
O
(
(1/ε2δ)+ (2n/ε2) ln 1/δ

)
, rendering it unsuitable for

large systems. We first briefly introduce it before starting
our protocol.

The main idea of DFE to avoid full quantum-state
tomography is to measure only a small random sub-
set of Pauli observables and to combine them into an
unbiased fidelity estimator. Suppose the target state can
be decomposed as |ψ〉〈ψ | = 1/2n ∑

P∈Pn
αPP with αP =

Tr (P|ψ〉〈ψ |). In each step, one can select a random
Pauli operator P according to the probability distribution
(1/2n)α2

P over all Pauli operators (due to the purity con-
dition 1/2n ∑

P α
2
P = 1) and measure its expectation value

on ρ. Ideally, one would obtain Tr (Pρ) with probability
(1/2n)α2

P. If we construct the estimator as Tr(Pρ)/αP, the
expectation gives

E

[
Tr (Pρ)
αP

]

=
∑

P

1
2nαPTr (Pρ) = Tr (|ψ〉〈ψ |ρ) . (21)

Consequently, Tr(Pρ)/αP is an unbiased estimator of
F(ρ, |ψ〉). Detailed error analysis [17] shows that only
l = ⌈

1/ε2δ
⌉

Pauli observables need to be measured to
estimate F(ρ, |ψ〉) with an error ε and confidence level
1 − δ, i.e., we only need to measure a constant num-
ber of distinct observables. However, the Pauli observable
should be measured for mP = ⌈

2 log(2/δ)/(α2
Plε2)

⌉
times,

which could be exponentially large depending on αP. The

expected number of sample complexity shows lE[mP] =
O
(
(1/ε2δ)+ 2n log(1/δ)/ε2

)
, which remains exponential

in the number of qubits n.
By integrating quantum subspace verification with DFE,

we propose a composite protocol, SVAFE, for estimating
the fidelity between a state ρ and a stabilizer code state
|ψ〉 as follows, where |ψ〉 could be any magic state in the
code space. Crucially, the subspace verification step certi-
fies that the prepared state lies within the code subspace,
and this certification is essential for reducing the effective
Hilbert space dimension. Without it, direct fidelity estima-
tion would still operate over the full physical Hilbert space
of dimension 2n, leading to prohibitive costs. With sub-
space verification in place, DFE can instead be applied
on the logical subspace of dimension 2k, thereby achiev-
ing a substantial reduction in resource cost for fidelity
estimation.

We first adopt the subspace verification protocol to
ensure that the given state ρ lies close to the code subspace
V , i.e., the fidelity satisfies Tr (PVρ) ≥ 1 − ε1 with confi-
dence 1 − δ1. Specifically, based on Eq. (7) in Theorem 1,
one has

Pr
(
Npass ≥ p0N1|Tr (PVρ) ≤ 1 − ε1

) ≤ δ1. (22)

After confirming that ρ is close to the verified subspace
V (within the above confidence), we implement the DFE
scheme on the logical qubits to evaluate the “logical
fidelity” between ρ and the ideal logical state |ψ〉,

F̄ := 1
2k

∑

P̄

Tr
(
P̄|ψ〉〈ψ |) · Tr

(
P̄ρ

)
, (23)

where the sum runs over physical operators P̄ that repre-
sent the logical Pauli operators P on the k-qubit logical
subspace. As an example, for a [[7, 1, 3]] CSS code, X̄ =
X ⊗7 and Z̄ = Z⊗7. Notice that the choice of physical rep-
resentative P̄ for a logical operator P is not unique; for any
stabilizer S, the operator P̄S is an equivalent representa-
tive. Consequently, the definition of F̄ is only fixed once
a specific set of representatives is chosen. However, the
following results are unaffected by this ambiguity, as they
hold for any consistent choice of P̄. Finally, we empha-
size that the logical fidelity F̄ is meaningful only when ρ
is close to the code subspace V , highlighting the necessity
of the preceding subspace verification step.

For stabilizer codes, P̄ should always be a tensor product
of physical Pauli operators. Thus, measuring logical Pauli
operators P can be replaced by measuring physical oper-
ators P̄, which can still be done with local measurements.
Following DFE, we construct an unbiased estimator Y such
that E[Y] = F̄ , and by Chebyshev’s inequality [17],

Pr (Y ≥ E[Y] + ε2) ≤ δ2. (24)

Detailed illustrations are given in Appendix F.
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We emphasize that the step of subspace verification is
indispensable. For example, in the repetition code where
|0̄〉 = |000〉 and |1̄〉 = |111〉, consider the physical oper-
ators X̄ = XXX , Ȳ = YXX , and Z̄ = ZII . The erroneous
state |001〉 yields identical measurement outcomes for X̄ ,
Ȳ, and Z̄ as the valid logical state |0̄〉, despite being outside
the code space. Therefore, without prior subspace verifi-
cation step, logical DFE alone is unable to detect such
errors.

The integration of the previous two steps can return an
estimation of the target fidelity, and the following theorem
shows the net sample complexity of SVAFE protocol for
the fidelity estimation.

Theorem 2. Suppose one applies the SVAFE proto-
col to estimate the fidelity between the prepared state ρ
with the target state |ψ〉 in the code subspace, namely
Tr (|ψ〉〈ψ |ρ). Assume that in the initial step, the input
states ρ pass the subspace verification using N1 sam-
ples with verification operator �, i.e., Npass ≥ p0N1, under
parameters ε and δ. In the subsequent step, one obtains
the estimator Y using N2 samples under the same parame-
ters. It can be concluded that the fidelity Tr (|ψ〉〈ψ |ρ) ≥
Y − 2ε with a confidence level of 1 − 2δ. The over-
all sample complexity is given by N = N1 + N2 =
O (ln (1/δ)/
min(�)ε)+ O

(
(1/ε2δ)+ 2k ln (1/δ)/ε2

)
.

The proof is given in Appendix F. As shown in Sec. III,
� can be constructed such that 
min(�) ≥ 1/m for stabi-
lizer codes with m = n − k. As a result, in most cases, the
second term is the leading term. The sample complexity of
our protocol is reduced by 2m times compared to that of
DFE, making it much more efficient than directly applying
that method. For CSS codes and QLDPC stabilizer codes,

min(�) could be a constant, which implies that the sam-
ple complexity is only related to the logical qubit number,
independent of the physical qubit number.

In applications requiring precise preparation of states
with small phases, such as phase estimation and calibra-
tion of single-qubit gates, fidelity estimation is crucial.
Currently, there is no dedicated state verification protocol
for these small phase states, and DFE becomes resource-
intensive as the phase decreases. We have numerically
demonstrated that our protocol significantly reduces the
sample complexity required to estimate the fidelity of the
logical state |ψ(θ)〉 = 1

2 (|0̄〉 + eiθ |1̄〉)⊗2, for toric codes
with n = 2d2 physical qubits, where the code distance
d ranges from 2 to 7. This improvement is depicted in
Fig. 3. In the first subspace verification step of our proto-
col, we only need to measure X operators and Z operators
on all the qubits respectively based on the CSS code
construction stated in Sec. III, followed by classical post-
processing to bound the fidelity to the code subspace.
In the second fidelity estimation step, we honestly exe-
cute the direct fidelity estimation on the logical space,

FIG. 3. Comparison of sample complexity: The task is to ver-
ify the code state (cos θ/2 |0〉 + sin θ/2 |1〉)⊗2 of the toric code
with physical qubit number n. The parameters are given by
δ = 10−2 and ε = 10−3. The red lines are sample complexities
of directly applying DFE. The blue line is the sample complexity
of our method: SVAFE. Since it is hard to see the difference in
the sample complexities of our method between different n or θ ,
we only draw a single blue curve in the figures. These two figures
are the relation between (a) log10 N and qubit number n and (b)
log10 N and the angle θ [or − log10(θ/π) in the subfigure].

specifically, measure the logical Pauli operators P̄ for
mP̄ = 4δ log(4/δ)/(〈ψ(θ)| P̄ |ψ(θ)〉2) times with proba-
bility 1/2n 〈ψ(θ)| P̄ |ψ(θ)〉2 and repeat the procedure for
8/ε2δ times. (The parameters should be ε/2 and δ/2 in
each step based on Theorem 2.) Notably, the sample com-
plexity of our protocol is nearly independent of both the
angle θ and the number of physical qubits n. In con-
trast, the sample complexity of DFE escalates sharply as
θ diminishes based on the protocol for “well-conditioned”
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states [17,19]. This distinct advantage underscores the
efficacy of our approach.

VI. CONCLUSION AND DISCUSSION

In this work, we expand the concept of quantum state
verification by proposing a framework for quantum sub-
space verification. This framework can be used to address
the challenge of the verification of logical states. Our
theoretical analysis reveals that the spectral gaps of the
verification operator play a critical role in determining the
number of measurements required. We construct various
verification operators for two widely used types of QEC
codes: stabilizer codes and QLDPC codes. The verification
process can be efficiently realized with O(m ln (1/δ)/ε)
and O(m2 ln (1/δ)/ε2) local measurements for generic sta-
bilizer codes and QLDPC codes, respectively. Remarkably,
for specific codes such as CSS codes and QLDPC stabilizer
codes, the number of required local measurements does not
depend on m. These developments enable us to propose a
composite protocol named SVAFE for fidelity estimation
of stabilizer code states. This hybrid approach facilitates
efficient fidelity estimation between ρ and any stabilizer
code state |ψ〉.

We should note that our protocol differs fundamentally
from logical randomized benchmarking [52]. While logical
randomized benchmarking estimates the average fidelity
over all logical states and improves efficiency by eval-
uating the decoded k-qubit state instead of the encoded
n-qubit state, our method targets specific magic logical
states and employs subspace verification to restrict the
Hilbert space from 2n to 2k. Thus, both the objective and
mechanism are entirely distinct.

Subsequent efforts may focus on extending our construc-
tions of verification operators to encompass a broader array
of QEC codes. A promising direction is to adapt our frame-
work for continuous-variable quantum systems, specif-
ically to verify QEC codes such as Gottesman-Kitaev-
Preskill codes [53,54] within these systems. Additionally,
exploring the integration of our subspace verification
approach with approximate QEC codes [55,56] presents
an intriguing possibility. These codes are pivotal in fault-
tolerant quantum computing, benefiting from their capac-
ity to support universal transversal gates. Furthermore, it
remains crucial to determine whether almost all QEC sub-
spaces that exhibit good performance can be efficiently
verified using local measurements, as demonstrated for
quantum state verification [44].

The current work mainly discusses the combination of
quantum subspace verification and DFE. It is thus intrigu-
ing to explore the further application of quantum subspace
verification on general quantum state and subspace learn-
ing problems [57–59]. While subspace verification is a
powerful technique for reducing the effective Hilbert space

dimension, its trivial composition with other state learn-
ing protocols is insufficient. Since the primary advantage
of subspace verification over full fault-tolerant error cor-
rection is its realizability through local measurements, any
subsequent state learning protocol must also be realizable
under the same constraint. For stabilizer codes, this condi-
tion requires that the protocol employ only Pauli measure-
ments. Moreover, for those existing protocols that rely on
specific subspace assumptions [60], subspace verification
can be directly applied to efficiently verify these assump-
tions, thereby enhancing their robustness and making the
protocols more assumption-independent.

To broaden the applicability of our framework, it is also
crucial to extend it to adversarial scenarios, which would
relax the i.i.d. assumption of the input states. Techniques
employed in the framework of quantum state verification
might be used to address the problem [25]. In addition,
the extension to the quantum process is also interesting
[61–63].

While finalizing our manuscript, we note that a contem-
poraneous work also introduces the concept of subspace
verification [64]. Compared with theirs, our framework
utilizes a more general hypothesis testing scheme better
suited for noisy physical states, rather than merely extend-
ing the existing quantum state verification frameworks to
include subspace. Additionally, our research focuses on a
broader range of quantum error correction codes, including
generic stabilizer and QLDPC codes, rather than specific
codes. Furthermore, we introduce SVAFE that leverages
quantum subspace verification for quantum state learn-
ing, illustrating a practical application of our theoretical
advancements.
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APPENDIX A: PROOF OF THEOREM 1

First, the following lemma gives the range of the passing
probability Tr (�ρ) of a single test.

Lemma A1. The passing probability of ρ of a single test
satisfies

1 −
max(�)ερ ≤ Tr (�ρ) ≤ 1 −
min(�)ερ , (A1)

where ερ := 1 − F(P , ρ) is the infidelity of ρ to subspace
V .

Proof. For simplicity, we only prove the upper bound.
The lower bound can be proved in the same way. By
definition and the decomposition in Eq. (3),

Tr (�ρ) = Tr (Pρ)+ Tr

⎛

⎝
d∑

j =dV+1

λj |φj 〉〈φj |ρ
⎞

⎠

≤ 1 − ερ + λdV+1

d∑

j =dV+1

Tr
(|φj 〉〈φj |ρ

)

= 1 − ερ + λdV+1ερ = 1 −
min(�)ερ . (A2)

Here we use the fact that
∑d

j =dV+1 |φj 〉〈φj | = I − P is
the projector on V⊥. Note that the inequality can be sat-
urated as all the nonzero Tr

(|φj 〉〈φj |ρ
)

corresponds to
eigenvalues equaling to λdV+1. �

Based on the former lemma, the expected total number
of passed tests satisfies

E[Npass] ∈ [
(
1 −
max(�)ερ

)
N ,

(
1 −
min(�)ερ

)
N ].
(A3)

If the device is “good,” there should be ερ ≤ τε. By
adopting the Chernoff-Hoeffding theorem, we can derive

Pr
(
Npass ≤ p0N

)

= Pr
(

Npass

N
≤ E[Npass]

N
− E[Npass] − p0N

N

)

≤ e−D
[
p0‖ E[Npass]

N

]
N

≤ e−D[p0‖1−ε̃/r]N = δ. (A4)

The third line is based on

E[Npass]
N

≥ 1 −
max(�)ερ ≥ 1 − ε̃/r ≥ p0. (A5)

Since p0 is the solution to the equation D [p0‖1 − ε̃/r] =
D [p0‖1 − ε̃], it should be between 1 − ε̃ and 1 − ε̃/r. The
final inequality in Eq. (A5) comes from 1 − ε̃ ≤ p0 ≤ 1 −
ε̃/r when r > 1.

If the device is “bad,” there should be ερ ≥ ε. We can
similarly derive

Pr
(
Npass ≥ p0N

)

= Pr
(

Npass

N
≥ E[Npass]

N
+ p0N − E[Npass]

N

)

≤ e−D
[
p0‖ E[Npass]

N

]
N

≤ e−D[p0‖1−ε̃]N = δ. (A6)

The third line is based on

E[Npass]
N

≤ 1 −
min(�)ερ ≤ 1 − ε̃ ≤ p0. (A7)

APPENDIX B: PROOF OF PROPOSITION 1

First, we can give an interval estimator of the passing
probability E[Npass]/N based on the simplified confidence
interval of the Bernoulli model,

p − ξ ≤ E[Npass]
N

≤ p + ξ , (B1)

with approximate confidence level 1 − δ.
From Lemma. A1, E[Npass]/N = Tr (�ρ) ∈ [1 −
max

(�)ερ , 1 −
min(�)ερ]. By combining these two con-
ditions, with approximate confidence level 1 − δ we
need 1 −
max(�)ερ ≤ p + ξ and 1 −
min(�)ερ ≥ p −
ξ , from which we can solve that

1 − p − ξ


max(�)
≤ ερ ≤ 1 − p + ξ


min(�)
. (B2)

By combining it with 0 ≤ ερ ≤ 1, we can derive the
proposition.
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APPENDIX C: SPECTRAL GAPS OF
VERIFICATION OPERATORS OF STABILIZER

CODES

We can write�all = (I + P)/2 = P + 1
2P⊥, where P⊥

represents the projector onto the subspace orthogonal to V .
This expression is just a diagonalization of �all, showing
that the second largest and smallest eigenvalues are both 1

2 .
Thus, the spectral gaps are 
min(�all) = 
max(�all) = 1

2 .
For �gen, consider the subspace V�r with projector

P�r =
m∏

i=1

I + (−1)�r(i)Si

2
(C1)

characterized by a binary vector �r = (· · · , �r(i), . . .) of
dimension m. It is clear that the code subspace V cor-
responds to �r = �0. One can verify their orthogonality
by

P�rP�r′ = δ(�r, �r′)P�r, (C2)

where δ(a, b) = 1 if a = b and δ(a, b) = 0 otherwise.
Since SiP�r = (−1)�r(i)P�r, we can derive

�genP�r = 1
m

m∑

i=1

I + Si

2
P�r =

(

1 − 1
m

m∑

i=1

�r(i)
)

P�r.

(C3)

Here, the calculation of
∑m

i=1 �r(i) is performed on the field
of R rather than Z2.

For different �r, the eigenstates in subspace P�r are
always eigenstates of �chr(S) with eigenvalues 1 −
(1/m)

∑m
i=1 �r(i). There are 2m different �r, correspond-

ing to 2m orthogonal subspace V�r of the whole Hilbert
space. Each of them has dimension 2k. Therefore, 1 −
(1/m)

∑m
i=1 �r(i) are all the possible eigenvalues. The

largest eigenvalue is 1, corresponding to �r = 0 with degen-
eracy 2k. The second largest and smallest eigenvalues are
1 − (1/m) and 0. The spectral gaps are 
min(�gen) = 1/m
and 
max(�gen) = 1.

For �chr(S) in Eq. (14), we still consider the subspace
V�r with projector P�r

P�r =
m∏

i=1

I + (−1)�r(i)Si

2

=
χ(GS )∏

u=1

∏

vi∈Iu

I + (−1)�r(i)Si

2
=

χ(GS )∏

u=1

PIu,�ru , (C4)

where PIu,�ru is defined as

PIu,�ru =
∏

vi∈Iu

I + (−1)ru(i)Si

2
(C5)

depending on the restricted vector on the index of Iu, i.e.,
�ru = ∑

vi∈Iu
r(i)�ei with

∑χ(GS )
u=1 �ru = �r. Then, one has

PIu,�ru · PIu = δ(�ru, 0)PIu , (C6)

where PIu is defined in Eq. (13) for the all-zero vector. As
a result,

�chr(S)P�r = 1
χ(GS)

χ(GS )∑

u=1

PIuP�r

= 1
χ(GS)

χ(GS )∑

u=1

δ(�ru, 0)P�r. (C7)

For different �r, the eigenstates in subspace P�r are always
eigenstates of �chr(S) and their eigenvalue are

λ�r =
∑χ(GS )

u=1 δ(�ru, 0)
χ(GS)

. (C8)

There are 2m different �r, corresponding to 2m orthogonal
subspace V�r of the whole Hilbert space. Each of them
has dimension 2k. Therefore, λ�r are all the eigenvalues
of �chr(S). Only when all the �ru = 0, i.e., �r = 0 and
V�r is the code subspace, we have λ�r = 1. The second
largest and smallest eigenvalues are 1 − (1/χ(GS)) and
0. The spectral gaps are 
min(�chr(S)) = 1/χ(GS) and

max(�chr(S)) = 1.

APPENDIX D: SPECTRAL GAPS OF
VERIFICATION OPERATORS OF QLDPC CODES

By replacing Si with Ti in the analysis of �gen and
�chr(S) in Appendix C, one can similarly derive the
spectral gaps of �(s)gen and �(s)chr.

For �(1)gen given in Eq. (18), we can rewrite it as

�(1)gen = 1
m

∑

i

(
1
ai
πi +

(

1 − 1
ai

)
I

2

)

= 1
2m

∑

i

(

I + 1
ai

Ti

)

. (D1)

With a similar construction of P�r as that in Appendix C,
we can derive its eigenvalues

λ�r = 1
2m

m∑

i=1

(

1 + (−1)�r(i)

ai

)

= 1
2

+ 1
2m

m∑

i=1

(−1)�r(i)

ai
.

(D2)

Since ai > 0 for all i, the largest eigenvalue should
be 1

2 + (1/2m)
∑m

i=1 1/ai, the second largest eigenvalue
should be 1

2 + (1/2m)
(∑m

i=1(1/ai)− (2/maxi ai)
)
, and
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the smallest eigenvalue should be 1
2 − (1/2m)

∑m
i=1(1/ai).

Thus, the spectral gaps are 
min(�
(1)
gen) = 1/m · maxi ai

and 
max(�
(1)
gen) = 1/m

∑m
i=1 1/ai.

Furthermore, we can construct

�
(1)
chr = 1

χ(G
)

χ(G
)∑

u=1

∏

vi∈Iu

(
1
ai
πi +

(

1 − 1
ai

)
I

2

)

= 1
χ(G
)

χ(G
)∑

u=1

∏

vi∈Iu

∑

Pi,j ∈Ti

pij
I + Pi,j

2
, (D3)

as we did in the construction of �chr(S) for stabilizer
codes. However, with a similar analysis, we can find that
the maximum eigenvalue

λ(�
(1)
chr) = 1

χ(G
)

χ(G
)∑

u=1

∏

vi∈Iu

1
2

(

1 + 1
ai

)

(D4)

and the spectral gaps


min(�
(1)
chr) = 1

χ(G
)
min

i0

⎛

⎜
⎜
⎝

1
ai0

∏

i:
Iu�vi0

vi∈Iu,i�=i0

1
2

(

1 + 1
ai

)
⎞

⎟
⎟
⎠ ,

(D5)


max(�
(1)
chr) = 1

χ(G
)

χ(G
)∑

u=1

⎛

⎝
∏

vi∈Iu

1
2

(

1 + 1
ai

)

−
∏

vi∈Iu

1
2

(

1 − 1
ai

)
⎞

⎠ . (D6)

Roughly speaking, as long as ai > 1 for most of
i, λ(�

(1)
chr), 
min(�

(1)
chr), and 
max(�

(1)
chr) go exponen-

tially small with m. In general, since 
min(�
(1)
chr) ≤

1/χ(G
)minu
∏
vi∈Iu

1
2 (1 + (1/ai)) ≤ (1/χ(G
))λ(�

(1)
chr),

N ∼ 8λ(�(1)chr)(1 − λ(�
(1)
chr)) ln 1/δ

(

min(�

(1)
chr)−
max(�

(1)
chr)τ

)2
ε2

≥ 8λ(�(1)chr)

(
min(�
(1)
chr))

2
· (1 − λ(�

(1)
chr)) ln 1/δ
ε2

≥ 8χ(G
)


min(�
(1)
chr)

· (1 − λ(�
(1)
chr)) ln 1/δ
ε2 . (D7)

Therefore, N will scale exponentially with m as long as

min(�

(1)
chr) goes exponentially small with m and λ(�(1)chr)

is not negligible, which indicates that the construction of
�
(1)
chr is usually useless.

APPENDIX E: PROOF OF PROPOSITION 2

First, one can obtain the passing probability

λ−
max(�)ερ ≤ Tr (�ρ) ≤ λ−
min(�)ερ (E1)

as we have done in Lemma A1. Consequently, the expected
passing number shows

E[Npass] ∈ [
(
λ−
max(�)ερ

)
N ,

(
λ−
min(�)ερ

)
N ].
(E2)

Let p ′
0 be the solution to the equation e−D[p ′

0‖λ−τ
max(�)]N

= e−D[p ′
0‖λ−
min(�)]N . One can solve it to obtain

p ′
0 =

ln 1−λ+
max(�)τε
1−λ+
min(�)ε

ln 1−λ+
max(�)τε
1−λ+
min(�)ε

+ ln λ−
min(�)ε
λ−
max(�)τε

. (E3)

If the device is “good,” there should be ερ ≤ τε. By
adopting the Chernoff-Hoeffding theorem, we can derive

Pr
(
Npass ≤ p ′

0N
) ≤ e−D[p ′

0‖λ−τ
max(�)ε]N (E4)

based on

E[Npass]
N

≥ λ−
max(�)ερ ≥ λ− τ
max(�)ε ≥ p ′
0.

(E5)

One can check the final inequality in Eq. (E5) given p ′
0 in

Eq. (E3) when r > 1.
If the device is “bad,” there should be ερ ≥ ε. We can

similarly derive

Pr
(
Npass ≥ p ′

0N
) ≤ e−D[p ′

0‖λ−
min(�)ε]N (E6)

based on

E[Npass]
N

≤ λ−
min(�)ερ ≤ λ−
min(�)ε ≤ p ′
0. (E7)

The final inequality can also be derived with p ′
0 in Eq. (E3)

when r > 1.
Finally, the definition of δ gives δ = e−D[p ′

0‖λ−τ
max(�)]N

= e−D[p ′
0‖λ−
min(�)]N . Therefore,

N = ln 1/δ
D
[
p ′

0‖λ−
min(�)ε
] . (E8)

When ε is sufficiently small, we can simplify it to the
second order in ε,

N ∼ 8λ(1 − λ) ln 1/δ
(
min(�)−
max(�)τ)

2 ε2
. (E9)
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APPENDIX F: DETAILS OF DFE AND PROOF OF
THEOREM 2

To construct an unbiased estimator Y for 1/2k ∑
P̄ Tr(

P̄|ψ〉〈ψ |) · Tr
(
P̄ρ

)
, we start by establishing that the

quantity p(P̄) := 1/2k
(
Tr

(
P̄|ψ〉〈ψ |))2 satisfies the condi-

tion
∑

P̄ p(P̄) = 1. Consequently, p(P̄) can be treated as a
probability distribution. Also, define l := 8/ε2

2δ2. The first
step is to sample l logical Pauli operators

{
P̄i
}l

i=1 accord-
ing to the probability distribution p(P̄). For each sam-
pled Pauli operator P̄i, define mi := δ2 log(4/δ2)/2kp(P̄).
We then measure the corresponding operator P̄i on the
input states mi times, obtaining measurement outcomes,
denoted as Aij . The estimator Y is a postprocessing on the
measurement outcomes,

Y = 1
l

∑

i

⎛

⎝ 1
Tr

(
P̄|ψ〉〈ψ |) · 1

2k/2mi

∑

j

Aij

⎞

⎠ . (F1)

Note that Ej Aij = 2k/2Tr
(
P̄ρ

)
. One can check that Y is

unbiased since

Ei,j [Y]

=
∑

P̄

p(P̄)

(
1

Tr
(
P̄|ψ〉〈ψ |) · 1

2k/2mi
· mi · 2k/2Tr

(
P̄ρ

)
)

= 1
2k

∑

P̄

Tr
(
P̄|ψ〉〈ψ |) · Tr

(
P̄ρ

)
. (F2)

Since (I − PV)ρ(I − PV) = PV⊥ρPV⊥ is non-negative,
it could be composed to (I − PV)ρ(I − PV) = ∑

j λj |φj 〉
〈φj | with

∑
j λj = 1 − Tr (PVρ). Thus, if Tr (PVρ) ≥ 1 −

ε1,
∣
∣
∣
∣
∣
∣
Tr (|ψ〉〈ψ |ρ)− 1

2k

∑

P̄

Tr
(
P̄|ψ〉〈ψ |) · Tr

(
P̄ρ

)
∣
∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣

1
2k Tr

⎛

⎝
∑

P̄

Tr
(
P̄|ψ〉〈ψ |) P̄ · (I − PV) ρ (I − PV)

⎞

⎠

∣
∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣

1
2k

∑

P̄

Tr
(
P̄|ψ〉〈ψ |)Tr

⎛

⎝P̄
∑

j

λj |φj 〉〈φj |
⎞

⎠

∣
∣
∣
∣
∣
∣

≤ 1
2k

∑

j

λj

∣
∣
∣
∣
∣
∣

∑

P̄

Tr
(
P̄|ψ〉〈ψ |)Tr

(
P̄|φj 〉〈φj |

)
∣
∣
∣
∣
∣
∣

≤ 1
2k

∑

j

λj

⎛

⎝
∑

P̄

(
Tr

(
P̄|ψ〉〈ψ |))2 ·

∑

P̄

(
Tr

(
P̄|φj 〉〈φj |

))2

⎞

⎠

1/2

≤ 1
2k ε1 · (2k · 2k)1/2 = ε1. (F3)

The second line is based on the decomposition

|ψ〉〈ψ | = PV
1
2k ·

∑

P̄

Tr
(
P̄|ψ〉〈ψ |) P̄, (F4)

and the fact that (I − PV)
2 = I − PV . The fifth line is

directly applying Cauchy-Schwarz inequality. The final
line can be derived from the following fact.

Fact F1. Suppose P̄ are logical Pauli operators of an
[[n, k, d]] QEC code, it can be transformed to Pauli oper-
ators of the first k qubits with a decoding unitary U. To
be specific, there exists a unitary U such that UP̄U† =
Pk ⊗ In−k where Pk is a k-qubit Pauli operator. Therefore,
for any n-qubit pure state |φ〉,
∑

P̄

(
Tr

(
P̄|φ〉〈φ|))2 =

∑

P̄

(
Tr

(
UP̄U†U|φ〉〈φ|U†))2

=
∑

Pk

(
Tr

(
Pk ⊗ I · U|φ〉〈φ|U†))2

=
∑

Pk

(Tr (Pkρk))
2

= 2kTr
(
ρ2

k

) ≤ 2k, (F5)

where ρk = Trn−k
(
U|φ〉〈φ|U†

)
.

For simplicity, we denote Npass ≥ p0N as event A,
Tr (PVρ) ≤ 1 − ε1 as event B, 1/2k ∑

P̄ Tr
(
P̄|ψ〉〈ψ |) ·

Tr
(
P̄ρ

) ≤ Y − ε2 as event C, and Tr (|ψ〉〈ψ |ρ) ≤ Y −
ε1 − ε2 as event D. Equation (F3) shows that if both
B and C are false, D should also be false, which
implies Pr(D) ≤ Pr(B ∨ C). Therefore, we can conclude
that Pr(A ∧ D) ≤ Pr(A ∧ (B ∨ C)) ≤ Pr(A ∧ B)+ Pr(A ∧
C) ≤ Pr(A|B)+ Pr(C) ≤ δ1 + δ2, i.e.,

Pr
(
Npass ≥ p0N , Tr (|ψ〉〈ψ |ρ) ≤ Y − ε1 − ε2

) ≤ δ1 + δ2.
(F6)

Suppose δ1 = δ2 = δ and ε1 = ε2 = ε. Equation (F6)
shows that if the quantum states ρ pass the subspace
verification, we can conclude that Tr (|ψ〉〈ψ |ρ) ≤ Y − 2ε
with confidence 1 − 2δ. The sample complexity N = N1 +
N2 = O (ln (1/δ)/
min(�)ε)+ O

(
(1/ε2δ)+ 2k ln (1/δ)/

ε2
)
.
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