
Fundamental Limitations on the Reliabilities of Power and Work in Quantum Batteries

Brij Mohan ,1,2,* Tanmoy Pandit ,3,4,5,6,† Maciej Lewenstein ,7,8 and Manabendra Nath Bera 2,‡

1Nano and Molecular Systems Research Unit, University of Oulu, 90014, Oulu, Finland
2Department of Physical Sciences, Indian Institute of Science Education and Research (IISER),

Mohali, Punjab 140306, India
3VTT Technical Research Centre of Finland, Tietotie 3, Espoo, Finland

4QMill Oy, Keilaranta 12 D, 02150, Espoo, Finland
5Institute for Theoretical Physics, Leibniz University of Hannover, Hannover, Germany

6Institute for Physics and Astronomy, TU Berlin, Germany
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Quantum batteries, microscopic devices designed to address energy demands in quantum technologies,
promise high power during charging and discharging processes. However, their performance depends
crucially on reliability, quantified by the inverse of noise-to-signal ratios (NSRs), i.e., normalized
fluctuations of work and power. We establish fundamental limits to this reliability: both work and power
NSRs are universally bounded from below by a function of charging speed, imposing a reliability limit
inherent to any quantum battery. More strikingly, we find that a quantum mechanical uncertainty relation
forbids the simultaneous suppression of work and power fluctuations, revealing a fundamental trade-off that
also limits the reliability of quantum batteries. We analyze the trade-off and limits, as well as their scaling
behavior, across parallel, collective, and hybrid charging schemes for many-body quantum batteries, finding
that increasing power by exploiting stronger entanglement comes at the cost of diminished reliability of
power. Similar trends are also observed in the charging of quantum batteries utilizing Ising-like interactions.
These suggest that achieving both high power and reliability requires neither parallel nor collective charging,
but a hybrid charging scheme with an intermediate range of interactions. Therefore, our analysis shapes the
practical and efficient design of reliable and high-performance quantum batteries.
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I. INTRODUCTION

Rising global energy demands and technological
advancement underscore the need for high-performance,
reliable energy storage systems to power next-generation
innovations. Quantum batteries (QBs), quantum-
mechanical systems designed for work storage, possibly
composed of quanta-cells, integrate principles of quantum
physics and energy science to provide novel paradigms
for powering quantum technologies [1–6]. By exploiting
superposition and entanglement, QBs can achieve superior

charging power, efficiency, and scalability [1,7–12].
Recent research has demonstrated their remarkable
power output, ultra fast charging, and high work capacity
[9,13–17], along with enhanced stability and robustness
[18–22]. Theoretical studies continue to refine these
systems by optimizing key performance metrics—power,
efficiency, and scaling behavior—to facilitate practical
realization [9,23–28]. Moreover, recent experimental
advances have successfully demonstrated QBs across
diverse physical platforms [29–34]. For an in-depth over-
view of the field, see Ref. [35].
Quantum batteries harness quantum dynamical proper-

ties to efficiently store and transfer energy during charging
and discharging processes. However, these same processes
inherently introduce unavoidable quantum dynamical
fluctuations in both work and power. In fact, these
fluctuations critically influence the battery’s performance,
particularly the reliability of its work and power output.
In general, the reliability of power (or work) is charac-
terized by the noise-to-signal ratio (NSR), defined as the
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fluctuation in power (or work) normalized by its mean,
where high NSR implies low reliability.
It is worth noting that while a few studies have

examined certain aspects of work fluctuations during
battery-charging processes [35–46], to the best of our
knowledge, no prior work has investigated fluctuations in
power. Recent studies have majorly focused on enhancing
charging power, and several works have shown that
entanglement generated in many-body batteries can poten-
tially boost charging power [7,9,11,13]. However, high
power alone does not guarantee a high-performance
quantum battery. Designing reliable quantum batteries
by optimizing their performance needs a clear under-
standing of the NSRs of work and power in relation to the
charging processes. This, particularly, requires to address
the following key questions: (i) how entanglement-assisted
high-power charging influences the reliability of power
and work; (ii) whether, for arbitrary unitary charging or
discharging process, fundamental limits exist on the
reliability of power and work; (iii) whether fundamental
trade-offs arise between the reliabilities of power and work
when one seeks to enhance them simultaneously; and
(iv) how, in many-body quantum batteries, the reliabilities
of power and work scale with the number of quanta-cells.
In this article, we attempt to address these questions

systematically. We begin by establishing fundamental
lower bounds on the NSRs of work and power, considered
separately, for unitary charging and discharging processes.
These bounds reveal that each NSR is inherently limited by
the charging speed and a relevant time-correlation func-
tion. The NSRs of work and power can each be saturated
to their lower bounds under specific charging protocols,
both separately and simultaneously. However, the inherent
quantum dynamical fluctuations, together with the non-
commutativity of work and power operators, give rise to a
fundamental trade-off relationship between the NSRs
of work and power, which is a direct consequence of
the well-known Schrödinger-Robertson uncertainty rela-
tion. In turn, we show that work and power reliabilities are
inherently incompatible during charging (or discharging)
processes and cannot simultaneously be maximized to an
arbitrary high value, as schematically illustrated in Fig. 1.
We further analyze how the NSRs scale with the number of
quanta-cells in many-body quantum batteries under differ-
ent charging strategies, including collective, parallel,
and hybrid protocols, and we examine conditions under
which the trade-off relation becomes saturated. Contrary
to common expectation, our results demonstrate that
high-power charging—often enabled by entanglement
generation in many-body settings—typically leads to a
significant reduction in reliability of power. Finally,
we discuss the implications of these findings for a
practical many-body quantum battery model and outline
potential applications in designing and optimizing

high-performance quantum batteries as well as promising
directions for future research.
The article is organized as follows. In Sec. II A, we

introduce the normalized fluctuations (NSRs) of work
and power for an arbitrary quantum battery undergoing
unitary charging and discharging processes, using the full-
counting statistics. Section II B presents the derivation and
analysis of the main results, including: (i) fundamental
lower bounds on the normalized fluctuations (NSRs) of
power and work and the conditions under which these
bounds are saturated; (ii) a fundamental trade-off relation
between NSRs of power and work, derived from a
modified quantum uncertainty relation, and their implica-
tions. In Sec. II C, we study many-body quantum batteries
and the behavior and scaling of NSRs, with particular
emphasis on parallel, collective, and hybrid charging and
discharging schemes, as well as spin-chain-based quantum
batteries employing Ising-like interactions. Finally, we
summarize our results and conclude in Sec. III.

II. RESULTS

A. Quantum batteries and their reliability

A closed (noiseless) quantum battery, consisting of
several non-interacting quantum mechanical systems, is
described by the internal Hamiltonian HB

0 . It can store
work and be charged by the external driving with the
Hamiltonian HC

t . Thus, the total Hamiltonian becomes

FIG. 1. Power and work vs their reliability in the charging
process of quantum batteries. Schematic illustration of the
reliability of a quantum battery during the charging process.
The upward arrow denotes increasing charging power. At high
power (right), the delivered power exhibits large fluctuations,
indicated by multiple arrows in the power meter, which reduces
the reliability of power. At the same time, fluctuations in the
delivered work are suppressed, leading to a more stable reading
in the work meter on the left. Conversely, in the low-power
regime (left), the power meter shows smaller fluctuations, while
the work meter exhibits larger variability. This opposite behavior
highlights the intrinsic trade-off between the reliability of power
and work during quantum battery charging.
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HT ¼ HB
0 þHC

t : (1)

Note, the external driving is switched on only during the
charging (or discharging) process, from t ¼ 0 to t ¼ tf,
i.e., HC

t¼0 ¼ HC
t¼tf ¼ 0. In quantum batteries, the maxi-

mum extractable energy through a unitary process is
defined as work (or ergotropy) [47]. The rate at which
work is injected into or extracted from the battery is
referred to as its charging and discharging power, respec-
tively. However, both work and power can exhibit (quan-
tum) fluctuations, which reflect the uncertainty in the
amount of extractable work and the rate at which it can be
delivered during the charging and discharging processes.
The average and fluctuations of work and power during

a unitary charging process can be evaluated at any time t
using full counting statistics (FCS), which aligns with two-
point measurement (TPM) statistics formalism if initial
state commutes with counting observable [48]. Using the
FCS formalism, the average and fluctuation (measured
with variance) associated with any counting observableO0

at time t are given by

hOti ¼ TrððOt −O0Þρ0Þ; (2)

and

ðΔOtÞ2 ¼ TrððOt −O0Þ2ρ0Þ − hOti2; (3)

respectively, where ρ0 is the initial state of battery,
the observable Ot ¼ expðiHTt=ℏÞO0 expð−iHTt=ℏÞ and
Ot ¼ Ot −O0. See Appendix A for more details. Now, the
reliability of the quantities corresponding to (counting)
observableO0, during the charging or discharging process,
is given by its NSR, i.e.,

NO
t ≔

ðΔOtÞ2
hOti2

: (4)

It is important to note that the average value, fluctua-
tions, and NSR of the observable Ot are defined over a
finite time interval ½0; t� and are therefore inherently two-
time (or two-point) quantities. By considering energy
observable (i.e., internal Hamiltonian of battery) O0 ¼
W0 ¼ HB

0 as the counting observable for work, we com-
pute the average, fluctuation, and NSR of work as hWti
and ΔWt, and NW

t , respectively. Since the rate of energy
change of the battery is estimated using the expectation
value of − i

ℏ ½HB
0 ; H

C
t � in the time-evolved battery state

ρt ¼ expð−iHTt=ℏÞρ0 expðiHTt=ℏÞ, we can define a
counting observable O0 ¼ P0 ¼ − i

ℏ ½HB
0 ; H

C
t � to compute

the average, fluctuations, and NSR of power, denoted
respectively as hPti, ΔPt, and NP

t . The counting observ-
ables W0 and P0, use to count averages and fluctuations
in work and power, are generally non-commuting for
any nontrivial charging Hamiltonian. This feature has

significant consequences for the stability and reliability
of quantum batteries as we discuss below.
It is worthwhile to mention that, in the closed quantum-

battery setting, both work and power can be represented by
Hermitian operators, as given in Eq. (2). This is because
the battery evolves unitarily under a prescribed charging
Hamiltonian, and there is no heat exchange with an
environment. In this case, the work performed on the
battery is identified with the change in its internal energy,
while the corresponding power is obtained from the rate
of change of this internal-energy difference. The averages
and variances of work and power obtained from this
operator-based definition [given in Eqs. (2) and (3)] are
consistent with those obtained from the two-point meas-
urement scheme [48–52], when the initial state commutes
with the corresponding counting observable, and with
the full-counting-statistics formalism [48,51,53–57].
Therefore, the averages and variances obtained in this
section are not specific to any particular formalism used
to define them. Accordingly, work, power, and their
respective fluctuations are defined using widely accepted
techniques in quantum thermodynamics [48–57].
Moreover, the definition of work is also consistent with
the notion of ergotropy widely used in the quantum-battery
literature [35,47].
However, this operator-based description of work and

power is specific to closed quantum systems, in which the
change in the system’s energy is governed by a unitary
process, as considered in this work. In general, especially
for open quantum systems interacting with an environ-
ment, work and the associated power are path-dependent
quantities. Therefore, they cannot, in general, be associ-
ated with Hermitian operators [50,58–61].
It is important to distinguish the two-time NSRs of work

and power given by Eq. (4) from the instantaneous relative
fluctuations of the battery energy and its rate of change
during the charging or discharging process. The two-time
quantities characterize energy transfer over a finite time
interval ½0; t�, whereas the instantaneous quantities define
at a particular instant of time t. At a given time t, the
instantaneous relative fluctuation of an observable O0 is

defined as ðΔOtÞ2
hOti2 , where hOti and ðΔOtÞ2 denote its mean

and variance in state ρ0, respectively at any time t. For
O0 ¼ W0 ¼ HB

0 , the corresponding time-evolved counting
observable Wt represents the time-evolved battery

Hamiltonian at time t. Therefore, ðΔWtÞ2
hWti2 characterizes

the instantaneous relative fluctuation in the battery energy.
Similarly, for O0 ¼ P0, the corresponding time-evolved
observable Pt represents the instantaneous energy rate

operator, and ðΔPtÞ2
hPti2 characterizes the instantaneous relative

fluctuation in the rate of change of battery energy. Since,
work described as the change in the battery energy over
the finite interval ½0; t�, whereas power characterizes the
corresponding rate of energy transfer over that interval.

FUNDAMENTAL LIMITATIONS ON THE RELIABILITIES … PRX QUANTUM 7, 033057 (2026)

033057-3



Accordingly, the two-time NSR of work quantifies the
relative fluctuations in the energy deposited in or extracted
from the battery during ½0; t�, whereas the two-time NSR of
power quantifies the relative fluctuations in the corre-
sponding energy-transfer rate. The two-time NSRs depend
on the fluctuations at both endpoints, ti ¼ 0 and tf ¼ t,
together with the correlations between them, on the
another end instantaneous relative fluctuation depends
only on instantaneous time tf ¼ t. Thus, these instanta-
neous relative fluctuations are distinct from the two-time
NSRs of work and power given by Eq. (4). Moreover, two-
time NSRs retain more dynamical information about the
charging or discharging process that is absent from purely
instantaneous relative fluctuations. In the context of
quantum batteries, the relevant quantities are work and
power, rather than the average energy of the battery and its
corresponding rate of change. Therefore, in this work, we
consider the two-time NSRs of work and power defined
in Eq. (4), since work and power are naturally defined as
two-time quantities.
The NSRs of work and power provide complementary

measures of reliability while the quantum battery is
actively operating. The NSR of work quantifies the
precision with which energy is stored in or extracted from
the battery, whereas the NSR of power quantifies the
stability of the corresponding energy-transfer rate.
Therefore, for a battery to be operationally useful, the
fluctuations in both work and power should remain small
relative to their respective mean values, thereby ensuring a
reliable energetic output and a stable energy-transfer rate
throughout the charging or discharging process.
Once the charging or discharging process has been

switched off, the uncertainty in the final stored or extracted
energy characterizes the endpoint reliability of the battery.
However, in this work, we focus on the reliability of the
quantum batteries while it is actively operating, namely,
during the charging or discharging process, as quantified
by the two-time NSRs of work and power defined
in Eq. (4).

B. Fundamental limitations on reliabilities

In general, low NSRs of both work and power during
charging and discharging are essential for the stable and
reliable operation of quantum batteries. Therefore, design-
ing and optimizing the performance of quantum batteries
requires understanding the fundamental limits on the
NSRs of work and power, separately, as well as identifying
any potential trade-offs when attempting to minimize
NSRs of both simultaneously.

1. Fundamental lower bounds on NSRs

Ideally, highly reliable quantum batteries are expected
to exhibit vanishing NSRs at all times, indicating perfect
reliability, for work and power separately. However, due to

fundamental dynamical constraints of quantummechanics,
the NSRs of work and power cannot be reduced to zero.
We obtain the fundamental lower bounds on the reliability
of work and power at time t, given as (O ¼ fW;Pg)

NO
t ≥ cot2

�Z
t

0

dt0
ffiffiffiffiffiffiffiffi
IO0

t0

q
=2
�
− fðO0; OtÞ: (5)

The classical Fisher information IO0
t ≥ 0 quantifies

the speed of charging when the battery state is projected
onto the eigenspace of O0 [9]. The correlation function
fðO0; OtÞ ≥ 0 represents the correlation function between
O0 andOt and becomes zero if the initial battery state is an
eigenstate of the counting observable O0. For the deriva-
tion of Eq. (5) and other details, see Appendix B. The
bounds in Eq. (5) suggest that NSR of work (and power) is
constrained by a function of the charging speed and the
correlation function. This implies that the NSRs of both
work and power cannot be reduced to arbitrarily low
values for any unitary charging or discharging process; in
other words, arbitrarily high reliability cannot be achieved.
The lower bounds in NSRs are time-dependent and may
vary during charging process. Nevertheless, for certain
processes with some initial states and charging
Hamiltonians, the NSRs of work and power can be
simultaneously minimized down to their fundamental
lower bounds. One such case is charging of single qubit
quantum battery presented in Appendix D.

2. Fundamental trade-off between reliabilities

A reliable quantum battery must aim to minimize the
NSRs of both power and work at every instant of time.
Different charging schemes, characterized by distinct
charging Hamiltonians and initial battery states, can be
chosen such that the NSRs of either power or work become
arbitrarily small. However, due to the intrinsic incompat-
ibility of quantum observables, it is generally not possible
to achieve simultaneously low NSRs of both work and
power during the charging and discharging processes of a
quantum battery, as we now discuss.
Note that the power measures the rate of energy (work)

transfer into or out of a quantum battery, and it is related
to − i

ℏ ½HB
0 ; H

C
t �. Therefore, while quantifying the average

value or fluctuation in power, the counting observable
associated with power is − i

ℏ ½HB
0 ; H

C
t �, and the counting

observable corresponding to work, HB
0 , is generally

incompatible. Therefore, for this reason, the NSRs of
work and power satisfy a trade-off relation given by

NW
t NP

t ≥
1

4
ðjh½P̃t; W̃t�ij2 þ jhfP̃t; W̃tgi − 2ij2Þ; (6)

where NW
t and NP

t denote the NSRs of work and power,
respectively, and P̃t ¼ Pt

hPti and W̃t ¼ Wt
hWti can be regarded
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as the normalized Heisenberg operators of power and work
[49]. The ½·; ·� and f·; ·g represent the commutation and
anti-commutation respectively and hXi ¼ TrðXρ0Þ. Note
that the trade-off relation above can be interpreted as a
variant of the well-known Schrödinger-Robertson uncer-
tainty relation [62,63]. Moreover, in a similar way, another
trade-off relation may be expressed as a sum of NSRs
using the AM-GM inequality [64] or sum uncertainty
relation [65], i.e.,NW

t þNP
t ≥ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NW

t NP
t

p
. The trade-off

relation in Eq. (6) provides a universal constraint or
incompatibility of the reliability in work and power in
all closed quantum batteries. Thus, attempting to reduce
the NSR of power inevitably comes at the cost of an
increased NSR of work, or vice versa, at least when the
trade-off relation is saturated. For the derivation of Eq. (6)
and other details, see Appendix C. It is important to note
that, by dropping the terms involving O0 from the bounds
in Eqs. (5) and (6), we obtain the corresponding instanta-
neous bounds on the relative fluctuations of the battery
energy and its rate of change during the charging and
discharging processes. In this scenario, Eq. (6) yields a
trade-off relation between the relative fluctuations of the
battery energy and the relative fluctuations of its instanta-
neous rate of change, both evaluated at time t. Such a
relation reflects the incompatibility between the instanta-
neous fluctuations of the battery energy and its rate of
change; see, for example, Ref. [66]. Importantly, our trade-
off captures the fluctuations of the entire charging process
rather than just the instantaneous fluctuations. Hence, it is
more general.
In recent times, several studies have focused on enhanc-

ing the power output of quantum batteries [7,9,11,13,35]
by leveraging many-body quantum effects, such as entan-
glements, which can accelerate quantum evolution and
thereby increase battery power. However, in general that
enhancing power may lead to high fluctuations in it.
Nevertheless, power and its reliability alone are not the
sole metric of interest; the work and its reliability are also
equally important. Our trade-off relation reveals that
enhancing the reliability of power typically comes at the
cost of decreased reliability in the delivered work, and
vice versa. In fact, an efficient quantum battery must
achieve high reliability in both power and work, in addition
to maintaining high power output.

C. Many-body quantum batteries

The bounds on the NSRs derived in Eq. (5), together
with the trade-off relation in Eq. (6), are fundamental and
model-independent and therefore apply to arbitrary closed
quantum battery architectures. We now employ these
results to investigate the performance of many-body
quantum batteries using the NSRs and the other figures
of merit introduced above.
For this, we consider two classes of models. The first

consists of paradigmatic models that allow us to clearly

elucidate how quantum entanglement generated during
the charging and discharging processes affects work,
power, fluctuations, NSRs, and the work-power reliabil-
ity trade-off. In particular, we examine the scaling
behavior of NSRs with the number of quanta-cells and
assess whether quantum entanglement truly enhances
battery reliability. The second class comprises exper-
imentally accessible battery models that utilize Ising-like
interactions for charging and discharging processes,
which, informed by insights gained from the paradig-
matic models, may guide the design of high-performance
quantum batteries.

1. Paradigmatic models

We start with paradigmatic models of (many-body)
quantum batteries consisting of N non-interacting spin-1

2
particles. Each of these spin particles can be regarded as a
quanta-cell constituting the battery. The Hamiltonian

of the battery is given by HB
0 ¼ − ω0

2

PN
i¼1 σ

ðiÞ
z , where σz

denotes the Pauli-z matrix and ω0 is the energy splitting.
Here, we set ℏ ¼ 1 and denote j0i and j1i as the ground
and excited state of each quanta-cell, respectively. The
charging (or discharging) of the battery is driven by an
external field, described by the HamiltonianHC

t;k. Thus, the
total Hamiltonian during the charging (or discharging)
process becomes HT ¼ HB

0 þHC
t;k. Here, the charging

Hamiltonian HC
t;k is not necessarily local and may intro-

duce k-spin interaction between the quanta-cells during the
charging or discharging process. Without loss of general-
ity, we assume N

k ∈N. Then, a generic expression of this
charging Hamiltonian is

HC
k;t ¼ Ωk

XNk−1
j¼0

⊗
k

i¼1
σðkjþiÞ
x −HB

0 : (7)

The cases with N
k ∉ N are considered in Appendix E.

Nevertheless, depending on the value of k, this
Hamiltonian represents different levels of interaction
between the spins. For example, when k ¼ 1, the

Hamiltonian HC
1 ¼ Ω1

PN
i¼1 σ

ðiÞ
x −HB

0 describes a sce-
nario in which each quanta-cell is charged (or discharged)
independently. This is referred to as parallel (local)
charging. At the other end, for k ¼ N, the Hamiltonian

HC
N ¼ ΩN ⊗N

i¼1 σ
ðiÞ
x −HB

0 represents a fully collective (or
fully non-local) process where all quanta-cells interact
with one another. This is denoted as collective charging.
There are also intermediate cases for 1 < k < N, where
the charging process involves k-body interactions, as
described by the Hamiltonian in Eq. (7). We denote this
process as the hybrid (semi-local) charging process. For
a fair comparison between various charging schemes,
we impose the condition kHT

k;tk ¼ Ω0, ∀ k, where Ω0 is
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constant. This further reduces to the condition, Ωk ¼ k
NΩ0,

∀ k. Note, Ωk ≤ Ωkþ1 for a fix N.
For the initial (discharged) state of the battery

jψ0i ¼ j0i⊗N, the time-evolved state becomes

jψ ðkÞ
t i ¼ ⊗

N
k

j¼1
½cos ðΩktÞj0i⊗k − i sin ðΩktÞj1i⊗k�j:

Clearly, while the time-evolved state jψð1Þ
t i, for k ¼ 1,

corresponding to parallel charging, remains uncorrelated
throughout the evolution, the time-evolved state jψN

t i, for
k ¼ N, becomes N-party (genuine) entangled in the case
of collective charging. It is straightforward to see that, for
1 < k < N, the time-evolved state jψk

t i can exhibit k-party
entanglement at most. The detailed calculations of the
relevant quantities considered henceforth are provided in
Appendix E. At any time t, the instantaneous power and its

fluctuations, for β ¼ ω0Ω0, are hPðkÞ
t i ¼ kβ sinð2ΩktÞ and

ðΔPðkÞ
t Þ2 ¼ 4k3β2

N sin4ðΩktÞ, respectively. Also, the instan-

taneous work and its fluctuations respectively are hWðkÞ
t i¼

Nω0 sin2ðΩktÞ and ðΔWðkÞ
t Þ2 ¼ Nkω2

0

4
sin2ð2ΩktÞ. From

these, we compute the NSRs of work NW;ðkÞ
t and NSR of

power NP;ðkÞ
t , given as

NW;ðkÞ
t ¼ k

N
cot2 ðΩktÞ; and NP;ðkÞ

t ¼ k
N
tan2 ðΩktÞ:

(8)

Understanding battery efficiency and performance
employing NSRs and their scaling has far-reaching
implications, presenting a complementary yet contra-
sting perspective on efficient quantum batteries compared
to previous studies. For instance, studies in
Refs. [7,9,11,13,35] have shown that a charging

Hamiltonian capable of generating multipartite entangle-
ment during the charging process can enhance the charging
power, a phenomenon often referred to as the quantum
advantage, which is corroborated by our observation as
well. It is worth noting that an enhancement of charging
power in a collective charging process is often associated
with the dynamical generation of multipartite entangle-
ment; however, the converse does not necessarily
hold [67,68].
For a fixed N, as illustrated in Fig. 2(a), when the

charging scheme changes from the parallel to the collective
regime, i.e., k

N → 1, the period of charging T ¼ πN
2kΩ0

decreases, and the emergence of (multipartite) entangle-
ment leads to a significant enhancement in power relative
to the parallel case. Nevertheless, a crucial aspect that has
not been examined so far is the behavior of power
fluctuations. We observe that these fluctuations can, in
fact, transform the apparent quantum advantage into a

disadvantage: as k
N → 1, the power fluctuation ðΔPðkÞ

t Þ2
grows substantially faster than average power [see
Figs. 2(a) and 2(b)]. As the dominant scaling (ignoring
the trigonometric factors) shows that the fluctuation
increases as k3, whereas the average power scales only
linearly with k. Consequently, the reliability of the power
output of the quantum battery drops sharply, i.e.,

NP;ðkÞ
t ¼ k

N tan
2ðΩktÞ, increases as k

N → 1 [see Fig. 2(c)].
This reveals that charging schemes generating stronger
entanglement are associated with lower reliability of
power. Viewing it differently, for a fixed value of k,
increasing N leads to a reduction in both the average
and fluctuation of power. In the limit N → ∞, with k

N → 0,
the charging protocol effectively approaches parallel
charging, thereby enhancing reliability of power. This
shows that the generation of strong entanglement (with
high k) during the charging or discharging process

(a) (b) (c)

FIG. 2. The plots (a)–(c) illustrate the charging dynamics of a quantum battery governed by a k-body charging Hamiltonian given
in Eq. (7), with N ¼ 12, Ω0 ¼ 1, and Ωk ¼ k

NΩ0. In all plots, k ¼ 2; 3; and 4 represented by purple, red, and blue curves, respectively.

Plot (a) shows the average work hWðkÞ
t i ¼ Nω0 sin2ðΩktÞ (solid lines) and average power hPðkÞ

t i ¼ kω0Ω0 sinð2ΩktÞ (dashed lines).

Plot (b) depicts the corresponding fluctuations ðΔWðkÞ
t Þ2 ¼ Nkω2

0 sin
2ð2ΩktÞ=4 (solid) and ðΔPðkÞ

t Þ2 ¼ 4 k3
N ðω0Ω0Þ2sin4ðΩktÞ

(dashed). (c) depicts the NSRs of work and power, NW;ðkÞ
t ¼ k

N cot
2ðΩktÞ (solid) and NP;ðkÞ

t ¼ k
N tan

2ðΩktÞ (dashed), shows their
trade-off relation.
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significantly compromises reliability in power, although it
may yield high power output.
The behavior of the work output, for a fixed N, displays

a different behavior, though the average work depends
weakly on k, through Ωk in the trigonometric factor.
The fluctuation in work increases as k

N → 1, which grows
linearly with k (ignoring the trigonometric factors).
Consequently, as shown in Fig. 2, the reliability of the

instantaneous work increases, i.e., NW;ðkÞ
t ¼ k

N cot
2ðΩktÞ

decreases as k
N → 1. Hence, charging protocols that pro-

duce higher degrees of entanglement are likely advanta-
geous in terms of work reliability. For fixed k, both the
average work and its fluctuations linearly increase with N.
Consequently, the NSR of work increases in the limit
N → ∞, i.e., for k

N → 0 (parallel charging cases).
Therefore, it is opposite to the behavior of reliability of
power, a higher degree of entanglement (corresponding to
large k) generated during the charging or discharging
process significantly increases the reliability of work.
Thus on the basis of the above analysis, when consid-

ering the reliabilities in work and power, the scaling
relation (8) reveals that, contrary to common intuition,
collective charging is actually less advantageous than
parallel charging for achieving high reliability in power;
on the other hand, it is advantageous for achieving high
reliability in work. This opposite behavior of reliability
in work and power can also be explicitly observed if
we consider the case when N=k ≫ Ω0t, then quick

calculation reveals that NP;ðkÞ
t ∝ ðkNÞ3 and NW;ðkÞ

t ∝ N
k

(see Appendix E). Note, while the expression NSRs,

NW;ðkÞ
t and NP;ðkÞ

t [see Eq. (8)], are time-dependent, their
product becomes independent of time. Most importantly,
the product of NSRs of work and power exhibits a
universal cluster scaling:

NW;ðkÞ
t NP;ðkÞ

t ¼ k2

N2
: (9)

Moreover, the trade-off relation Eq. (6) is saturated for
arbitrary value of k and N, which suggest that reliabilities
in work and power exhibits a genuine trade-off relation
here (see Appendix E). Thus, as k

N → 1, i.e., toward fully
collective charging, the product of NSRs becomes inde-
pendent of N. In contrast, for k

N → 0, i.e., toward parallel
charging, it approaches zero as N → ∞.
Therefore, parallel charging provides the highest pos-

sible reliability in power for many-body quantum batteries,
albeit at the expense of significantly reduced power and
reliability in work or vice versa. These observations
indicate that a truly efficient quantum battery—one that
seeks to optimize work, power, and their reliabilities
simultaneously—should avoid fully collective or parallel
charging. In fact, strong many-body entanglement, which
increases as k

N → 1, can enhance charging or discharging

power, it is detrimental to achieving high reliability in
power. Instead, one should employ a hybrid charging
strategy, selecting an intermediate value of k such that
1 < k < N, thereby balancing the benefits of both parallel
and collective regimes.
The paradigmatic quantum battery models studied

above are among the cleanest and most analytically
tractable frameworks, making them ideal for demonstrat-
ing fundamental trade-off relations, performance bounds,
and scaling laws. However, such models are often difficult
to realize or faithfully simulate in experimentally acces-
sible platforms.
In contrast, most experimentally relevant quantum

battery models studied in the literature are analytically
intractable in the many-body regime, particularly for large
numbers of spins or quanta-cells. Their properties can only
be investigated using numerical methods. To demonstrate
the applicability and universality of our results beyond
analytically solvable models, we consider an Ising-type
quantum battery, which captures key features of interact-
ing many-body systems that may be realized or effectively
simulated in a variety of physical platforms, as we
discuss below.

2. Transverse-field ising-like models
with s-body interactions

We now consider many-body spin-chain quantum bat-
teries with non-local interactions ranging from short-range
to finite long-range in order to examine the figures of merit
discussed in the previous sections. We consider the trans-
verse field Ising model with s-body interactions as the
charging Hamiltonian of a battery, which is given by

HI;C
s;t ¼ −Ωs

XN−sþ1

i¼1

⊗
s−1
j¼0

σðiþjÞ
x −HB

0 ; (10)

where 2 ≤ s ≤ N. The total Hamiltonian is then
HT ¼ HB

0 þHI;C
s;t . Here, as we increase the value of s,

the Hamiltonian in Eq. (10) enhances the degree of non-
locality of the interactions, thereby interpolating from
short-range to long-range couplings. Depending on the s
value above generates s-body interaction between the
spins (see Appendix F). It is important to note that, in
our analysis, during the charging process we normalized
the total Hamiltonian HT such that its eigenvalues
lie between 0 and 1, i.e., HT

norm ¼ ðHT − EminIdÞ=
ðEmax − EminÞ, with Emax and Emin are largest and smallest
eigenvalues of HT , respectively and Id is identity
matrix which has same dimension (d) as HT . Here, we
consider normalized total Hamiltonian to make a fair
comparison across the models with different s-values.
In such cases, the counting operator of power reads as
P0 ¼ − i

ℏ ½HB
0 ; H̃

C
t �, where H̃C

t ¼ HC
t =kHTk. During the

charging process of the quantum battery via the
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Hamiltonian in Eq. (10), we consider the initial (dis-
charged) state of the battery as jψ0i ¼ j0i⊗N, withN ¼ 10.
Here we consider s ¼ 2, 3, and 4, corresponding to two-,
three-, and four-body interactions, respectively, and com-
pute the averages, fluctuations, and NSRs of both work and
power. We observe that increasing the value of s, which
induces longer-range interactions among the spins, enhan-
ces the charging power, as shown in Fig. 3(a). At the same
time, this increase in s leads to larger fluctuations and a
higher noise-to-signal ratio (NSR) of the power, thereby
reducing its reliability, as also illustrated in Fig. 3(a).
Conversely, as displayed in Fig. 3(b), increasing s results
in larger fluctuations in the work; however, the corre-
sponding NSR decreases. Consequently, the reliability of
the work improves. For completeness, the plots of work
and power fluctuations are provided in Appendix F. We
also note that as s increases, i.e., as s

N grows for fixedN, the
average power increases while its reliability decreases.
At the same time, the reliability of the work improves.
Consequently, charging the quantum battery using the
Hamiltonian in Eq. (10) exhibits behavior analogous to
that observed when charging via the paradigmatic k-body
interaction Hamiltonian in Eq. (7), as discussed in the
previous section. Moreover, as the interactions become
increasingly non-local, the product of the NSRs of work
and power also increases, as shown in Fig. 3(c).
The features observed in paradigmatic and Ising-like

models suggest that, although strong multipartite entan-
glement generated during charging or discharging proc-
esses can enhance the power of many-body quantum
batteries, it is accompanied by a significant reduction in
power reliability. Moreover, when the objective is to
optimize the reliability of both power and work simulta-
neously, strong long-range interactions generating large
multipartite entanglement generally prove disadvanta-
geous. Instead, a more effective strategy for designing

reliable quantum batteries is to employ charging dynamics
that exploit interactions of intermediate range.

III. CONCLUSIONS

Most studies on quantum batteries have primarily
focused on enhancing power. However, the practical
usefulness of a quantum battery depends on its reliability
of its work output and power during charging and
discharging processes. Such reliability is naturally quanti-
fied by the noise-to-signal ratios (NSRs) of work and
power, where high NSR signifies low reliability. In this
work, we have established fundamental limitations on the
reliability of quantum batteries. First, we derived universal
lower bounds on the NSRs of work and power, showing
that both are constrained by the function of the charging
speed and a temporal correlation function. This reveals an
intrinsic limitation on the reliability of work and power of
quantum batteries. Second, we demonstrated that quantum
mechanics imposes a fundamental trade-off between the
reliabilities of work and power, originating from the non-
commutativity of their corresponding operators. As a
consequence, it is not possible to simultaneously suppress
NSRs of both quantities. We found that improving the
reliability of power necessarily comes at the expense of
reduced reliability in work, and vice versa. We further
analyzed these reliability constraints in many-body quan-
tum batteries under parallel (local), collective (fully non-
local), and hybrid (semi-local) charging protocols. While
collective charging and multipartite interactions can sig-
nificantly enhance charging power, we found that they also
amplify NSR, leading to degraded reliability in power. In
contrast, parallel charging exhibits superior reliability in
power, particularly for large number of battery cells, while
hybrid schemes offer an optimization between power
enhancement and reliability in work and power. Similar
features are also observed for charging schemes exploiting

(a) (b) (c)

FIG. 3. Panels (a)–(c) illustrate the charging dynamics of a quantum battery governed by an s-body charging Hamiltonian given in
Eq. (10), for N ¼ 10, Ωs ¼ 1, and ω0 ¼ 2. All plots are generated for s ¼ 2; 3; and 4, corresponding to two-, three-, and four-body
interactions and are represented by blue, orange, and green curves, respectively. Panel (a) shows the power and the NSR of power, panel

(b) presents the average work and the NSR of work, and panel (c) displays the product of the NSRs of work and power, NW;ðsÞ
t NP;ðsÞ

t .
The plots of work and power fluctuations are provided in Appendix F.
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Ising-like interactions. These results demonstrate that
entanglement-assisted high power does not automatically
translate into a reliable quantum battery, and that reliability
must be treated as an independent and essential figure of
merit. Our findings highlight that the optimal design of
faithful quantum batteries requires a balanced optimization
of power, work, and their reliabilities, rather than
maximizing power alone. The fundamental bounds and
trade-off relations derived in this work provide guiding
principles for identifying such optimal operating regimes.
In the future, the bounds established in this work can be

extended to more general models of closed many-body
quantum batteries with interactions beyond the paradig-
matic and Ising-like spin-chain-based models considered
here. It would also be interesting to explore how these
reliability constraints manifest in photonic quantum bat-
teries and in dissipative or open quantum system charging
scenarios, where environmental effects may introduce
additional trade-offs. We expect that our results will serve
as a foundational step toward designing and realization of
high-performance reliable quantum batteries.
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APPENDIX A: AVERAGE AND FLUCTUATION
OF WORK AND POWER USING FULL

COUNTING STATISTICS

Here, we provide the proof of the bounds and detailed
calculations which supplement the main text.
In this section, we first discuss the relationship between

FCS and the TPM for measuring a quantum observable
(for more details see Ref. [48]). We consider an counting
observable O0 to account the corresponding physical
quantity during physical process. In general, one can
consider explicit time-dependent observable OðtÞ; how-
ever, we do not need in our case. Let us consider a quantum
system whose time evolution is governed by unitary
dynamics, and its time-evolved state at time t is given
by ρt ¼ Utρ0U

†
t , where ρ0 and ρt are initial and time-

evolved state of the system respectively, and U ¼ e−iHt=ℏ

and H is driving Hamiltonian of the system. We want
to measure the observable O0 at each instant of time
during the evolution. To do this, we first parametrized the
time-evolved density matrix ρðχ; tÞ by a counting field χ,
such as

ρðχ; tÞ ¼ Uðχ; tÞρ0U†ð−χ; tÞ; (A1)

whereUðχ; tÞ describes the modified unitary evolution due
to the introduction of the counting field: Uðχ;tÞ¼
eiðχO0=2ÞUte−iðχO0=2Þ, and U†ð−χ;tÞ¼e−iðχO0=2ÞU†

t eiðχO0=2Þ.
The generating function for the full counting statistics is
encoded in the partition function Zðχ; tÞ, which is obtained
by tracing over the modified density matrix ρðχ; tÞ:

Zðχ; tÞ ¼ ln Trðρðχ; tÞÞ
¼ ln Trðe−iχO0=2eiχO

H
t e−iχO0=2ρ0Þ; (A2)

where Ot ¼ U†
t O0Ut is the time-evolved counting observ-

able in the Heisenberg picture. The average value of
quantity associated with the counting observable O0 at
time t can be obtained from the generating function as

hOti ¼
d

dðiχÞZðχ; tÞjχ¼0 ¼ Trðρ0OtÞ; (A3)

where we defined Ot ¼ Ot −O0. Additionally, the vari-
ance of quantity associated with counting observableO0 of
the observable can be calculated from the second deriva-
tive of the generating function:
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ðΔOtÞ2 ¼
�

d
dðiχÞ

�
2

Zðχ; tÞjχ¼0 ¼ trðO2
t ρ0Þ − trðOtρ0Þ2:

(A4)

This formulation establishes the connection between
FCS and TPM and provides insights into the fluctuations
of the observable over time by considering its variance
[48]. In the context of quantum batteries, if the counting
observable is internal energy W0 ¼ HB

0 the above defi-
nitions provide the average work and fluctuation in work in
the charging process, given as

hWti¼Trðρ0WtÞ and ðΔWtÞ2¼ trðW2
t ρ0Þ− trðWtρ0Þ2;

(A5)

where Wt ¼ HB
t −HB

0 can be regarded as the Heisenberg
operator of work [49]. Important to note that average work
is same with the definition of ergotropy [47]. The above
expression of average and fluctuation in work aligns with
TPM scheme, if initial state commutes with HB

0 . It is
important to note that the TPM scheme fails to account for
the correct energy change when the initial state possesses
coherence in the energy basis, since it does not commute
with HB

0 [49,52]. In contrast, the expressions obtained
using FCS naturally incorporate initial energy coherence
see Refs. [51,54–56], remain valid beyond the TPM
scheme. The flux of energy dhHBi

dt ¼ − i
ℏ trð½HB

0 ; H
C
t �ρtÞ,

which let us define the counting observable
P0 ¼ − i

ℏ ½HB
0 ; H

C
t �, then we obtain the average power

and fluctuation in power in the charging process, given as

hPti ¼ Trðρ0PtÞ and ðΔPtÞ2 ¼ trðP2
t ρ0Þ − trðPtρ0Þ2

(A6)

Note that here, symbols W and P stand for work and
power, respectively. It is worthwhile to mention that, in
general, the averages and fluctuations of work and power
are distinct from the average and fluctuations (variances)
of the instantaneous energy and its rate at an arbitrary
time t. It is important to mention here that throughout this
work, we considered normalized total Hamiltonian for fair
comparison across the model, therefore in such case the
counting operator of power reads as P0 ¼ − i

ℏ ½HB
0 ; H̃

C
t �,

where H̃C
t ¼ HC

t =kHTk.

APPENDIX B: PROOF OF FUNDAMENTAL
BOUNDS ON RELIABILITIES

Let O be an observable with spectral decomposition
O ¼ P

j ojjjihjj. Consider a quantum system undergoing
unitary evolution, with its state at time t denoted by jψ ti.
At two different times, τ1 and τ2, the probability distri-
butions associated with the measurement of observable O
are given by pj ¼ jhjjψτ1ij2 and qj ¼ jhjjψτ2ij2. We

denote these distributions by P ¼ fpjg and Q ¼ fqjg.
The distance between P and Q can be quantified using the
Hellinger distance, defined as

H2ðP;QÞ ¼ 1 −X
j

ffiffiffiffiffiffiffiffiffi
pjqj

p
: (B1)

The Hellinger distance is bounded from below as (see
Refs. [70,71])

H2ðP;QÞ ≥ 1 −
��

μP − μQ
σP þ σQ

�
2

þ 1

�−1=2
; (B2)

where the expectation values and standard deviations
of O at times τ1 and τ2 are defined as μX ¼ hOiðτiÞ;
σX ¼ ΔOðτiÞ. Thus, combining above Eqs. (B1) and (B2),
we obtain

��hOiðτ1Þ − hOiðτ2Þ
ΔOðτ1Þ þ ΔOðτ2Þ

�
2

þ 1

�−1
2

≥
X
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pjðτ2Þqjðτ1Þ

q
:

(B3)

The evolution time is t ¼ τ2 − τ1. Using the
Bhattacharyya bound [72], and assuming τ1 ¼ 0 and
τ2 ¼ t, we obtain

Z
t

0

ffiffiffiffiffiffi
IO
t0

4

s
dt0 ≥ arccos

�X
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
piðtÞpið0Þ

p �
; (B4)

where IO
t is the classical Fisher information in the

eigenbasis of observable O, defined as

IO
t ¼

X
i

1

piðtÞ
�
dpiðtÞ
dt

�
2

; (B5)

and the probabilities piðtÞ ¼ TrðρtΠiÞ correspond to the
projectors Πi ¼ jiihij of the observable O ¼ P

i oiΠi in
the time-evolved state ρt. Combining Eqs. (B3) and (B4),
we obtain

�
ΔOt þ ΔO0

hOti − hO0i
�
2

≥
1

tan2
�R

t
0

ffiffiffiffiffi
IO
t0
4

q
dt0

� : (B6)

Note that in the above step we also switch from the
Schrödinger picture to the Heisenberg picture, i.e., trans-
ferring the time dependence from the state to the observ-
able. Now, let us takeO ¼ O0 to be a counting observable.
The noise-to-signal ratio (NSR) of the corresponding
measured quantity is defined as
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NO
t ¼ ðΔOtÞ2

hOti2
¼ ðΔOtÞ2 þ ðΔO0Þ2 − 2covðOt;O0Þ

hðOt −O0Þi2
(B7)

where covðOt;O0Þ ¼ 1
2
hfOt;O0gi − hOtihO0i with

fA; Bg ¼ ABþ BA. Using Eqs. (B6) and (B7), we arrive
at the bound

NO
t ≥ cot2

0
B@Z

t

0

ffiffiffiffiffiffiffiffi
IO0

t0

q
2

dt0

1
CA − fðO0; OtÞ; (B8)

where the last term in the left hand side

fðO0; OtÞ ¼ 2
covðOt;O0Þ þ ΔOtΔO0

hOti2

encodes the temporal correlation between O0 and Ot, and
vanishes if the system is in an eigenstate of either of them.
This completes the proof of bound given in Eq. (5) of the
main text.

APPENDIX C: PROOF OF THE FUNDAMENTAL
TRADE-OFF BETWEEN RELIABILITIES

Let us recall the famous Robertson-Schrödinger uncer-
tainty relation [62,63] states that for any two observables A
and B, we have:

ðΔAÞ2ðΔBÞ2 ≥ 1

4
jh½A;B�ij2 þ 1

4
jhfA; Bgi − 2hAihBij2:

(C1)

For the given case, we identify the Hermitian operators:
A ¼ P̃ ¼ P

hPti and B ¼ W̃ ¼ W
hWti. Using the expectation

values taken over the initial state ρ0, we set: hAi ¼
TrðP̃ρ0Þ and hBi ¼ TrðW̃ρ0Þ. From the uncertainty rela-
tion, we obtain ðΔP̃Þ2 ðΔW̃Þ2 ≥ 1

4
jTrð½P̃; W̃�ρ0Þj2þ

1
4
jTrðfP̃; W̃gρ0Þ − 2hP̃ihW̃ij2. Since the noise-to-signal

ratio is defined in a way that normalizes expectation
values, we make use of the fact that: hP̃ihW̃i ¼ 1.
Thus, the second term simplifies to: j 1

2
TrðfP̃;

W̃gρ0Þ − 1j2. Therefore, we arrive at the required bound
(6) in main text. This completes the proof.

APPENDIX D: ESTIMATION OF BOUNDS
FOR SINGLE QUBIT BATTERY

Let us consider a model qubit battery with internal
Hamiltonian HB

0 ¼ − ω0

2
σz and a charging Hamiltonian

given byHC
t ¼ Ω0σx −HB

0 with t∈ ½0; T�, where σz and σx
denote the Pauli z and x matrices, respectively, and
Ω0 ∈R. The counting observables for work and power
are given as (assuming ℏ ¼ 1)

W0 ¼ −ω0

2
σz; and P0 ¼ −i½HB

0 ; H
C
t � ¼ −Ω0ω0σy:

(D1)

The evolution operator in this case is given as

Ut ¼ e−itHT ¼ e−iΩ0tσx ¼ cosðΩ0tÞI2 − i sinðΩ0tÞσx:
(D2)

The time-evolved counting observable of work and
power operator is

Wt ¼ eitH
T
W0e−itH

T

¼ −ω0

2
½cosð2Ω0tÞσz þ sinð2Ω0tÞσy�:

and

Pt ¼ eitH
T
P0e−itH

T

¼ −Ω0ω0½cosð2Ω0tÞσy − sinð2Ω0tÞσz�:

If we assume the initial jψ0i ¼ j0i then average and
variance of work and power given as

hWti ¼ ω0 sin2ðΩ0tÞ; ðΔWtÞ2 ¼
ω2
0

4
sin2ð2Ω0tÞ;

and

hPti ¼ Ω0ω0 sinð2Ω0tÞ; ðΔPtÞ2 ¼ 4Ω2
0ω

2
0 sin

4ðΩ0tÞ:

The noise-to-signal ratios of work and power are
given as

ðΔWtÞ2
hWti2

¼ cot2ðΩ0tÞ; and
ðΔPtÞ2
hPti2

¼ tan2ðΩ0tÞ:
(D3)

The product of the NSRs of work and power can be
obtained

ðΔWtÞ2
hWti2

ðΔPtÞ2
hPti2

¼ 1: (D4)

Important to note that, since trð½Pt;Wt�ρ0Þ ¼ 0 and
trðfPt;Wtgρ0Þ ¼ 0. Hence, it saturates the trade-off
relation between NSRs of work and power given
by Eq. (6). Moreover fðW0;WtÞ ¼ 0, fðP0; PtÞ ¼
4 cotð2Ω0tÞ cscð2Ω0tÞ and IP0=W0

t ¼ 4Ω2
0. The lower

bounds on the NSRs of work and power are cot2ðΩ0tÞ
and cot2ðΩ0tÞ − 4 cotð2Ω0tÞ cscð2Ω0tÞ ¼ tan2ðΩ0tÞ,
respectively. Thus, the bound given in Eq. (5) saturates
for both work and power.
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APPENDIX E: CHARGING DYNAMICS OF
QUANTUM BATTERY WITH k-PARTY

INTERACTIONS

We analyze the dynamics of a quantum battery com-
posed of N ¼ kq qubits, divided into q disjoint blocks
of k qubits each, with initial state j0i⊗N. The bare

Hamiltonian is HB
0 ¼ − ω0

2

PN
j¼1 σ

ðjÞ
z ¼ Pq−1

j¼0 H
B;j
0 , where

HB;j
0 ¼ − ω0

2

Pk
i¼1 σ

ðkjþiÞ
z . The charging Hamiltonian can

be written as

HC
k;t ¼ Ωk

Xq−1
j¼0

Xj −HB
0 ; Xj ¼ ⊗

k

i¼1
σðkjþiÞ
x ;

with commuting block operators Xj. The time-evolution
unitary is

Ut ¼ e−itHT ¼
Yq−1
j¼0

½cosðΩktÞIk − i sinðΩktÞXj�:

Since each block evolves independently in the two-
dimensional subspace spanned by jgi ¼ j0i⊗k and
jei ¼ j1i⊗k, we can map it to an effective two-level system
(qubit system) with Xj → σeffx , jgi → j0ieff , jei → j1ieff ,
and, for the initial state, hσeffz i ¼ 1, hσeffy i ¼ 0. The
counting observable for power is

P0 ¼ −i½HB
0 ; H

C
k;t� ¼

X
j

Pj
0

¼ −Ωkω0

Xq−1
j¼0

Xk
l¼1

σðkjþlÞ
y ⊗

k

i¼1
i≠l

σðkjþiÞ
x : (E1)

The time-evolved power and work counting observables
are Pt ¼ U†

t P0Ut ¼
P

j P
j
t , andWt ¼ U†

t HB
0Ut ¼

P
j W

j
t .

For the j-th block, the effective Hamiltonian is
HB;j

0 ¼ −ðω0k=2Þσeffz , which evolves as σeffz ðtÞ ¼
cosð2ΩktÞσeffz þ sinð2ΩktÞσeffy , yields work operator at
time t given as

Wj
t ¼ Wj

t −Wj
0

¼ ω0k
2

½ð1 − cosð2ΩktÞÞσeffz − sinð2ΩktÞσeffy �: (E2)

Now, we calculate the average work and fluctuation in
work during charging at an arbitrary time t by summing
over all q blocks, given as

hWti ¼ Nω0 sin2ðΩktÞ; and (E3)

ðΔWtÞ2 ¼
Nkω2

0

4
sin2ð2ΩktÞ: (E4)

The power operator of j-th block at time t is given as

Pj
t ¼ Pj

t − Pj
0

¼ Ωkω0k½ð1 − cos 2ΩktÞσeffy þ sin 2Ωkt σeffz �: (E5)

After doing some algebra, we obtain the average power
and fluctuation in power during charging at an arbitrary
time t by summing over all q blocks, given as

hPti ¼ NΩkω0 sinð2ΩktÞ; (E6)

ðΔPtÞ2 ¼ 4NkΩ2
kω

2
0 sin

4ðΩktÞ: (E7)

The product of NSRs of work and power in parallel and
collective charging of multi-qubit batteries is given as

NW;ðk¼1Þ
t NP;ðk¼1Þ

t ¼ 1

N2
;NW;ðk¼NÞ

t NP;ðk¼NÞ
t ¼ 1: (E8)

This provides a clear distinction between parallel and
collective charging: in the collective case, the product is
fixed at unity, whereas in the parallel case, it is suppressed
by a factor of 1=N2. For hybrid case, consider the case,
when N=k ≫ Ω0t, we can expand the trigonometric
functions as sin θ ≈ θ, cos θ ≈ 1, and tan θ ≈ θ. Using
the above Equations and approximations, we have (for
scenario N=k ≫ t)

NW;ðkÞ
t ¼ k

N
cot2

�
kt
N
Ω0

�
≈
N
k

1

Ω2
0t

2
; (E9)

while from Eq. (E5), we obtain

NP;ðkÞ
t ¼ k

N
tan2

�
kt
N
Ω0

�
≈

k3

N3
Ω2

0t
2: (E10)

A quick multiplication suggests that in the considered
limit the product of NSRs of hybrid case remains

NW;ðkÞ
t NP;ðkÞ

t ¼ k2

N2. Thus, we retrieve the universal cluster
scaling given in Eq. (9) of main text. Moreover, here the
proportionality relations of NSRs with time also corrobo-
rated with plot in Fig. 2(c).
Scaling of NSRs in Hybrid Charging via k-body

Hamiltonian for n ¼ N
k ∉ N case: Let us consider the

intermediate charging case, i.e., charging with k-body
charging Hamiltonian HC

k with kHT
1k ¼ kHT

kk. In this
case counting observable for work is a separable operator
like previous cases; however, the counting observable for
power is a k-body operator. Therefore, in this charging
schemes, if we ignore the trigonometric functions then that
maximum scaling of work and power is hWi ∼ nk and
hPi ∼ nkΩk, and their maximum fluctuations are obtained
using Ωk ≥ ΩN−nk
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ðΔWÞ2 ∼ nk2 þ ðN − nkÞ2 and

ðΔPÞ2 ∼Ω2
k½nk2 þ ðN − nkÞ2� (E11)

where N-total spin and assuming n ¼ N=k is not an
integer, i.e., n ¼ N

k ∉ N. Thus the scaling of product of
NSRs given as

NWNP ∼
ðnk2 þ ðN − nkÞ2Þ2

ðn2k2Þ2 (E12)

For the non-integer case considered above, for
N=k ∉ N, we take n ¼ bN=kc, where n denotes the
number of complete k-spin blocks, and N − nk denotes
the number of remaining spins. Important to note that, if
n ¼ N

k ∈N is integer the term ðN − nkÞ2 vanishes in the
above scalings. Thus the scaling of product of NSRs
reduces to

NWNP ∼
k2

N2
: (E13)

Likewise the single qubit case, it is straightforward to
analysis to check the bound (6) saturates for parallel,
collective as well as hybrid charging case.

APPENDIX F: CHARGING QBS VIA
TRANSVERSE FIELD LIKE ISING MODEL

WITH s-BODY INTERACTIONS

The charging Hamiltonian written in Eq. (10), for
s ¼ 2; 3; 4 generates 2-body, 3-body and 4-body inter-
actions respectively. The charging Hamiltonian Eq. (10)
for N ¼ 10 spins is given as (for s ¼ 2; 3; 4)

HI;C
2;t ¼ −Ωs

X9
i¼1

σxi σ
x
iþ1 þ

ω0

2

X10
i¼1

σzi ;

HI;C
3;t ¼ −Ωs

X8
i¼1

σxi σ
x
iþ1σ

x
iþ2 þ

ω0

2

X10
i¼1

σzi ;

and

HI;C
4;t ¼ −Ωs

X7
i¼1

σxi σ
x
iþ1σ

x
iþ2σ

x
iþ3 þ

ω0

2

X10
i¼1

σzi :

Figure 4 supplements Fig. 3 in the main text. In Fig. 4,
we depict that fluctuations in work and power along
with fidelity of initial and time-evolved state during
charging process.
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