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Diagnosing Chaos with Projected Ensembles of Process Tensors
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The process tensor provides a general representation of a quantum system evolving under repeated inter-
ventions and is fundamental for numerical simulations of local many-body dynamics. In this work, we
introduce the projected process ensemble, an ensemble of pure output states of a process tensor in a given
basis of local interventions, and use it to define increasingly more fine-grained probes of quantum chaos.
The first moment of this ensemble encapsulates numerous previously studied chaos quantifiers, including
the Alicki-Fannes quantum dynamical entropy, butterfly flutter fidelity, and spatiotemporal entanglement.
We discover characteristic entanglement structures within the ensemble’s higher moments that can sharply
distinguish chaotic from integrable dynamics, overcoming deficiencies of the quantum dynamical and spa-
tiotemporal entropies. These conclusions are supported by extensive numerical simulations of many-body
dynamics for a range of spin-chain models, including noninteracting, interacting-integrable, chaotic, and
many-body localized regimes. Our work elucidates the fingerprints of chaos on spatiotemporal correla-
tions in quantum stochastic processes and provides a unified framework for analyzing the complexity of
unitary and monitored many-body dynamics.
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I. INTRODUCTION

Quantum chaos has become synonymous with random-
ness. Probes such as level spacing statistics [1,2], eigen-
state properties [3–8], tripartite mutual information [9–11],
and deep thermalization [12–17] characterize chaos via
the onset of universal random behavior by comparing
with random matrices and Haar ensembles, which pro-
vide a benchmark for randomness [18]. Yet, there is no
unique way of probing the randomness of a quantum
system. As such, quantum chaos does not have an agreed-
upon definition and its quantifiers are varied and inconsis-
tent. Dynamical probes of chaos like the Loschmidt echo
and out-of-time ordered correlator have also been studied
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extensively without relying on comparisons with random-
ness, but have been shown to fail in a variety of cases
[19–23].

In contrast, classical chaos is a well-understood, deter-
ministic phenomenon defined by the extreme sensitivity of
a dynamical system to small perturbations. Intuitively, this
results in complex, unpredictable time evolution whenever
the phase space is coarse-grained, as it is in practice for any
realistic observer. This temporal complexity is captured
by the (Kolmogorov-Sinai) dynamical entropy—the Shan-
non entropy of a multitime probability distribution over
coarse-grained phase space—which quantifies the loss of
information about a dynamical system over time [24–26].
The growth rate of classical dynamical entropy unam-
biguously distinguishes random, chaotic, and nonchaotic
dynamics [26] and has even been used to study chaos in
semiclassical descriptions of quantum systems [27,28].

Alicki and Fannes have defined a quantum version
of the dynamical entropy, which reduces to the classi-
cal dynamical entropy in an appropriate limit [25,29–31].
Instead of trajectories in a coarse-grained phase space,
this quantum dynamical entropy (QDE) quantifies the
irreducible complexity of a sequence of measurement
outcomes, minimized over all measurement bases. This
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sequential measurement defines a quantum stochastic pro-
cess that is described mathematically by a process ten-
sor [32–34]: the most general description of a quantum
system under repeated interventions. The process tensor
also underpins important recent results in the theory of
open quantum systems, including state-of-the-art simu-
lation methods [35–39] and an operational definition of
quantum non-Markovianity [32].

QDE has been studied for single-particle systems [24,
40,41] and, more recently, quantum many-body models
[42,43], with a similar quantity being studied under the
guise of decoherent histories [44,45]. Unlike its classi-
cal counterpart, however, QDE may not unambiguously
distinguish chaotic from nonchaotic dynamics in a many-
body setting. Scaling of dynamical entropy with the num-
ber of measurements has been shown to have a maximal
growth rate, not only for highly chaotic systems such as
the Sachdev-Ye-Kitaev model but also regular dynamics
including free fermions in the thermodynamic limit [42]
and a class of models called Lindblad-Bernoulli shifts
[43,46]. This can be explained as resulting from a choice
of interventions that act locally on a subsystem: any infor-
mation lost to the rest of the system—a feature that is
not unique to chaotic dynamics—will cause dynamical
entropy to grow.

Motivated by these deficiencies of the QDE, we develop
a framework to analyze chaos in quantum stochastic
processes that captures both the unpredictability of the
observed dynamics and the complexity of the conditional
quantum states. Our approach is based on the pure process
tensor [43], which describes all temporal and spatial cor-
relations of a sequentially measured quantum many-body
system, as detailed in Sec. II. Because bipartite entan-
glement in a pure state is equivalent to the entropy of
the subsystems, the QDE is nothing but the entanglement
entropy between the temporal and spatial parts of this pure
process tensor, as discussed in Refs. [40,42,43]. In order to
capture the complexity of the output state, a natural next
step is to consider entanglement across other bipartitions
of the process that mix its spatial and temporal aspects:
this spatiotemporal entanglement (STE) was introduced in
Ref. [43]. It was argued there that by keeping some of
the final (spatial) state together with the temporal parts
while tracing the rest, STE should also be sensitive to
how correlations spread throughout the final state, i.e., the
information scrambling of the dynamics. However, neither
QDE nor STE has been studied in detail for short-ranged
lattice models, where rich phenomenology can emerge
from the competition between inertia, interactions, and
disorder.

Our primary contributions in this work are twofold.
First, we perform an extensive numerical study of the
pure process tensor generated by local interventions on
paradigmatic spin-chain models, spanning noninteracting,
interacting-integrable, chaotic, and many-body localized

regimes. In all cases, we use exact diagonalization to per-
form time evolution; see Sec. III for details of the models
considered. Our work is the first in silico experiment to
systematically investigate how a quantum stochastic pro-
cess is impacted by the presence or absence of ergodicity
in the underlying Hamiltonian dynamics. As an auxiliary
technical contribution, we show how to exploit symmetries
to reach large system sizes in exact diagonalization studies
of quantum stochastic processes. In particular, we focus on
models that conserve particle number and use a restricted
basis of interventions to construct a process tensor within
a single U(1) symmetry sector. Our construction follows
similar principles to those presented in Ref. [47] and may
be of use in pushing the boundaries of other numeri-
cal techniques based on the process tensor framework
[35–39]. Very recently, Ref. [48] also considered symme-
try restrictions on the QDE, albeit for single-body quantum
dynamics.

Our results for QDE are consistent with previous work
[42,43], implying maximal growth rate in the thermo-
dynamic limit for all systems that are not localized
(Sec. IV A). We further link this behavior of QDE to a
strong suppression of non-Markovian temporal correla-
tions, which is especially evident in chaotic systems. At
long times, the QDE equilibrates to a value depending on
the ergodicity of the model, but this is a finite-size effect.
Conversely, the growth of STE is suppressed for nonin-
teracting or localized systems, but grows rapidly for both
chaotic and interacting integrable dynamics, making the
latter difficult to distinguish using either QDE or STE in
the thermodynamic limit (Sec. IV B).

To remedy this, we introduce our second major contri-
bution: the projected process ensemble (PPE). This is an
ensemble of pure output states of the quantum stochastic
process, conditioned on a given sequence of interventions,
as detailed in Sec. II B 3. We show that the QDE and STE
can be recovered from the first statistical moment of this
ensemble. Higher-order moments characterize how entan-
glement within the system depends on the intervention,
thus capturing both the spatial and temporal complexity
of the quantum stochastic process. Unlike QDE and STE,
these higher moments depend on the choice of local inter-
vention, and we consider both local unitary operations and
local measurements.

We numerically compute the resulting PPE entangle-
ment distributions and compare them with the Haar ensem-
ble [49–52] in Sec. IV C. Our finite-size scaling analysis
indicates that the higher PPE moments clearly distinguish
chaotic from integrable dynamics, even at large system
size. In particular, we find that the mean entanglement
of the PPE for chaotic systems is close to the Haar-
random value, while the variance vanishes exponentially
with system size, in stark contrast to the behavior of non-
chaotic systems. In simple terms, our results imply that
any sequence of local unitary interventions on a chaotic
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many-body system will generate the maximal entangle-
ment allowed by symmetry and locality constraints. How-
ever, this effect is reduced when considering nonunitary
interventions (i.e., local measurements), mirroring the phe-
nomenology of measurement-induced phase transitions
(MIPT) [53–56] where measurement backaction inhibits
the proliferation of entanglement within the many-body
system.

Our approach can be seen as a temporal version of
the projected state ensembles recently introduced to study
deep thermalization [12–14,57]. In fact, objects similar
to the process tensor have been used to define projected
ensembles in the past. In Ref. [17], a state ensemble is con-
structed from the conditional states in time after projecting
onto the output states of a process. Conversely, here we
construct the PPE from the output states of a process, con-
ditioned on a particular multitime measurement or control
operation.

The entanglement properties studied here should also
not be confused with temporal entanglement [58–60], i.e.,
the bipartite entanglement within a vectorized marginal
process tensor describing temporal degrees of freedom
only. The latter has been shown to have distinctive scaling
behavior depending on the chaoticity of the model [61–63],
with important implications for the efficiency of numer-
ical algorithms based on temporal matrix-product states
[36–38,59,64,65]. Interestingly, here we find that temporal
correlations in the full process tensor become vanish-
ingly small in chaotic systems, at least for sufficiently
long time intervals between interventions. This contrasting
behavior in comparison to the volume-law scaling of tem-
poral entanglement in chaotic circuits [63] deserves further
scrutiny and could even inform the development of sim-
ulation methods to capture relevant temporal correlations
efficiently by an appropriate coarse-graining [39,66,67].
We discuss this and other possible avenues for future work
in Sec. V.

II. FRAMEWORK

A. Pure process tensor

A classical stochastic process is the joint multitime
probability distribution for a random variable. Its quan-
tum generalization is a process tensor [34,68]: a multitime
density matrix. Process tensors enable the formulation of
rigorous definitions of Markovianity [32,69–77] and have
been used to develop efficient algorithms for simulating
the dynamics of quantum systems [36–39,78]. Previous
works have also used process tensors to understand quan-
tum chaos [43,79] and equilibration [49,80–82]. In this
section, we follow Ref. [43] to define the pure state process
tensor which is a pure, multitime quantum state. Entangle-
ment properties of this state define the QDE [31] and STE
[43]. We then introduce the PPE which promotes these
quantities to random variables. In other words, we show

exactly how these seemingly unrelated ideas stem from
the same fundamental description of the spatiotemporal
process.

Consider an initial pure state of the system and envi-
ronment |ψR〉 ∈ HSE ≡ HR and dynamics described by a
unitary operator U. We have denoted the total system and
environment Hilbert space as HR which will be referred
to as the remainder space. This space has dimension
dR = dSdE , where dS and dE are the Hilbert space dimen-
sion of system and environment, respectively. The inter-
ventions are given by Kraus operators Ax which are an
instrument decomposition of a completely positive, trace-
preserving (CPTP) map such that

∑r
x=1 A†

xAx = 1R. We
assume that these Kraus operators are local on the system
Hilbert space, such that Ax = A(S)x ⊗ 1(E). The operator
Ax allows us to compute both the probability of measur-
ing outcome x and the output state upon obtaining that
measurement outcome. We impose an additional condi-
tion that the operators are orthogonal with respect to the
Hilbert-Schmidt inner product, tr(A†

xAy) = δxy , and span
the full space of local operators on S such that they are
informationally complete.

Using these operators, the (unnormalized) output state
of a quantum stochastic process from the action of
a sequence of interventions Ax1 , . . . , AxnB

at times �t =
{t1, t2 . . . , tnB} is given by

|ϒR|�x〉 = AxnB
(tnB) . . .Ax1(t1)|ψR〉, (1)

with Axi(ti) = U†(ti)AxiU(ti) and �x = {x1, . . . , xnB}. The
action of these interventions have different interpreta-
tions depending on whether they are deterministic or
nondeterministic. Deterministic interventions are propor-
tional to unitary operators, i.e., Axi = Uxi/

√
dS where Uxi

is unitary, such that all output states are subnormalized
as 〈ϒR|�x|ϒR|�x〉 = 1/dnB

S . Nondeterministic interventions,
given by projection operators, describe the effect of obtain-
ing a sequence of measurement outcomes �x at times �t with
the probability expressed simply as the norm of the final,
subnormalized state p�x = 〈ϒR|�x|ϒR|�x〉. In later sections, we
will compare the effect of deterministic and nondetermin-
istic operators on the process and the quantities we use to
probe chaos.

To construct the process tensor we represent the mea-
surement operators using the Choi-Jamiołkowski isomor-
phism [83–85]. Using linearity and complete positivity, the
Choi-Jamiołkowski representation of the interventions is
constructed from their action on one part of a maximally
entangled state,

|xj 〉 = A(S)xj
⊗ 1S

∑

k

|k〉S ⊗ |k〉S =
∑

k

A(S)xi
|k〉S ⊗ |k〉S.

(2)
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Thus, Axj is mapped to a pure state in a doubled Hilbert
space, |xj 〉 ∈ Hio

S , which corresponds to the input (i) and
output (o) spaces of the operator. Using this mapping,
we can construct pure states corresponding to different
multitime interventions,

|�x〉 = |x1〉 ⊗ . . .⊗ |xnB〉 ∈ HB. (3)

Here, we call the full multitime intervention space,
HB = Hi1o1

S (t1)⊗ . . .⊗ HinB onB
S (tnB), the butterfly space,

for reasons which will become apparent when we describe
different realizations of the (multitime) butterfly effect in
the next section.

We can construct a multitime pure state using a gen-
eralized Choi-Jamiołkowski isomorphism applied to the
process tensor—the CPTP superchannel which maps local
interventions made on the system at multiple times to
the corresponding output state. The pure process tensor is
given as follows:

|ϒ〉 =
∑

�x
|ϒR|�x〉

Spatial (R)

⊗ |�x〉
Temporal (B)

. (4)

We have labeled the spatial and temporal components of
the pure process tensor, which are elements of the Hilbert
spaces HR and HB, respectively. The process tensor in
Eq. (4) has the following properties:

〈ϒ |ϒ〉 = 1, and 〈�x|�y〉 = δ�x�y . (5)

These ensure that the pure process tensor |ϒ〉 is a genuine
quantum state and that distinct interventions �x correspond
to orthonormal basis states in HB.

Physically, the butterfly space HB can be interpreted as a
quantum register that coherently records the possible out-
puts of the process. Each butterfly state |�x〉, pertaining to
a distinct sequential intervention �x on the local subsystem,
is paired with its corresponding output state, i.e., the con-
ditional state |ϒR|�x〉 of the global system. The pure process
tensor therefore encodes both quantum and classical tem-
poral correlations, while also allowing one to obtain the
output state for any sequence of interventions on the local
subspace. Crucially, the interventions are informationally
complete, meaning that the butterfly states |�x〉 form a com-
plete basis. Therefore, the output states and probabilities
for any other sequential intervention (e.g., measurements
in a different basis) can also be obtained by an appropriate
unitary rotation in the butterfly space.

Following Ref. [43], our construction of the process ten-
sor assumes pure initial states and unitary dynamics, which
are most natural to consider when studying determinis-
tic quantum chaos. However, more general constructions
are also possible, such as for nonunitary dynamics and/or
mixed initial states, leading to a process tensor whose

Choi-Jamiołkowski representation is a mixed quantum
state [34,68]. This conventional (mixed) process tensor is
recovered in our approach by tracing out the remainder
space. The result is a density matrix on the butterfly space
[Eq. (6)] whose diagonal elements encode the probabil-
ities of obtaining specific outcome sequences, while the
off-diagonal elements capture the degree of orthogonality
between output states for distinct sequences. As we will
see, these off-diagonal terms provide a natural probe of a
quantum analog of the butterfly effect.

B. Figures of merit

The pure process tensor allows us to represent dynam-
ical properties of quantum systems using information-
theoretic methods for pure states. We now discuss a series
of entropic quantities which will capture signatures of
quantum chaos with varying degrees of sensitivity.

1. Quantum dynamical entropy

The first quantity we consider is the QDE. Classically,
dynamical entropy is an entropy rate from repeated mea-
surements of a dynamical system. In quantum systems,
there is no unique definition of the dynamical entropy;
however, a well-known version is given by the Alicki-
Fannes dynamical entropy [24,25,30,31,86]. This quantity
has been studied analytically in a class of simple mod-
els called Lindblad-Bernoulli shifts [24,41] and has been
numerically analyzed in free fermion, Sachdev-Ye-Kitaev
[42], and kicked rotor models [40,41], where it has been
shown to display some signatures of chaos.

The QDE can be expressed as the entanglement entropy
across the B : R bipartition of the pure process tensor [43].
Using Eq. (4), the reduced state on HB is given by

ϒB =
∑

�x,�y
〈ϒR|�y |ϒR|�x〉|�x〉〈�y|. (6)

We then use the Rényi-2 entropy to quantify the entangle-
ment between B and R,

E(B : R) = S(2)(ϒB) = − log
[
tr(ϒ2

B)
]

. (7)

We will refer to Eq. (7) as the QDE throughout. Due to
the purity of the process tensor, the Rényi-2 entropy of
the reduced state ϒR would give identical results. This
entropy is directly interpreted as a measure of entangle-
ment between the spatial and temporal components of the
pure process tensor. In Appendix A, we discuss the differ-
ences and similarities between the QDE in Eq. (7) and the
Alicki-Fannes entropy.

QDE has been interpreted as a probe of the butterfly
flutter fidelity: a strong, nonlocal sensitivity of quantum
processes to small, local perturbations made at one or more
times in the past. Here, sensitivity means orthogonality
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of the output states of a process for different interven-
tions. When the QDE in Eq. (7) is (nearly) maximal, all
orthogonal interventions, |�x〉 and |�y〉 such that 〈�x|�y〉 = 0,
with output states, |ϒR|�x〉 and |ϒR|�y〉, will be (nearly)
orthogonal [43],

〈ϒR|�x|ϒR|�y〉 ≈ 0. (8)

The orthogonalization of the outputs for different interven-
tions is analogous to the classical butterfly effect where the
dynamics is sensitive to small perturbations.

Given this interpretation, we expect that chaotic dynam-
ics will have maximal or near-maximal dynamical entropy
and nonchaotic dynamics such as integrable or many-
body localized models will produce submaximal dynam-
ical entropy. In Sec. IV, we will confirm this intuition
through a detailed numerical analysis of finite-sized sys-
tems. However, maximal growth of dynamical entropy can
also be found for certain integrable models, as we now
discuss.

2. Spatiotemporal entanglement

A class of nonchaotic models called Lindblad-Bernoulli
shifts have been shown to display maximal growth rate of
the QDE, despite the regularity of their dynamics [43].
Free fermions have also been shown to exhibit simi-
lar growth of the QDE in the thermodynamic limit and
after sufficiently long timescales [42]. Given the inabil-
ity of the QDE to fully characterize chaos, we now define
the STE, introduced in Ref. [43], which can distinguish
Lindblad-Bernoulli-type dynamics from chaotic dynamics.

The process-tensor formulation of the QDE allows for
a natural generalization to the spatiotemporal setting. We
are free to choose arbitrary bipartitions of the form B1R1 :
B2R2, allowing us to define the STE entropy. Denoting
the reduced state on B2R2 as ϒB2R2 = trB1R1 [|ϒ〉〈ϒ |], and
using the Rényi-2 entropy to quantify entanglement, we
define the STE as

E(B1R1 : B2R2) = S(2)(ϒB2R2) = − log(tr(ϒ2
B2R2

)). (9)

To optimally distinguish chaotic and nonchaotic dynamics
using this quantity, one should minimize over the choice
of bipartition [43]; however, due to the difficulty in doing
this, we instead restrict ourselves to bipartition of the form
BR1 : R2.

The STE includes information about the complexity
of the output states of the process. We can therefore
interpret this quantity as a more refined QDE which
probes the information scrambling ability of the dynam-
ics—analogous to other known methods of probing chaos
such as out-of-time ordered correlators [87–92], tripar-
tite mutual information [9–11], and subsystem information
capacity [93]. Given the ability of this quantity to accu-
rately characterize the nonchaoticity of Lindblad-Bernoulli

shifts, we expect it to be more capable of distinguishing
chaotic and nonchaotic dynamics. Again, this entropy is
also interpreted as an entanglement entropy between sub-
space BR1 and R2. However, in general, the STE requires
minimizing over a bipartition which is generically difficult
to perform. Without performing this minimization, we are
not be able to rule out the existence of a bipartition which
may display signatures of chaos for nonchaotic dynamics.

3. Projected process ensemble

The QDE quantifies the sensitivity of the output states
for different interventions by their orthogonality. As dis-
cussed, this does not fully capture chaotic behavior and
can be spoofed by nonchaotic dynamics. The STE char-
acterizes both sensitivity to interventions and includes
information about the complexity of the output states. This
is sufficient to distinguish some counterexamples which
spoof the QDE, but may not be unambiguous. In this
section, inspired by deep thermalization [12], we define the
PPE which will enable us to define higher-order probes of
complexity of the output states, and allow us to quantify
chaotic dynamics on a more fine-grained level.

To extend deep thermalization to the spatiotemporal
domain, we consider the pure process in Eq. (4). For a
fixed, orthogonal basis of interventions, |�x〉 ∈ X, we can
obtain the conditional output states of the process by pro-
jecting onto the butterfly space 〈�x|ϒ〉 = |ϒR|�x〉. We can
then define an ensemble comprised of these output states,
|ϒR|�x〉, and the probabilities of obtaining the sequence of
measurement outcomes, p�x = 〈ϒR|�x|ϒR|�x〉. This ensemble,
which we refer to as the PPE, is given by

E ≡ {p�x, |ϒ̃R|�x〉}|�x〉∈X, (10)

where we normalized the output states such that |ϒR|�x〉 →
|ϒ̃R|�x〉 = (1/

√
p�x)|ϒR|�x〉.

In general, projected ensembles have been used exten-
sively in the study of quantum chaos. In this context,
quantum chaos is described by deep thermalization [12,
57]—whereby ensembles generated by chaotic evolution
combined with projective measurements over a subspace
of the Hilbert space appear to be maximally random as
defined by the Haar ensemble. Deep thermalization has
been studied analytically and numerically for a variety of
models [13–16,94], but has primarily focused on single-
time, spatial projected ensembles. Alternative methods for
temporal projected ensembles have been considered; for
instance, in Ref. [17], the design time of an exactly solv-
able model is studied using a process tensor-like object
whereby the ensemble comprises states in the butterfly
space conditioned on projections made on the outputs of
the process. For a fixed, orthogonal basis of projections
on the remainder space, |�z〉 ∈ Z, the conditional states
are defined as |ϒB|�z〉 =∑�x〈�z|ϒR|�x〉 ⊗ |�x〉. These states
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define an ensemble, EB ≡ {p�z, (1/
√

p�z)|ϒB|�z〉
}
, with p�z =

trR [ϒR|z〉〈z|R]. Ensembles have also been constructed by
randomizing the duration of time evolution [95] and using
the eigenstates of chaotic many-body Hamiltonians [7].
These approaches contrast with the ensemble considered in
this work which is constructed by projecting onto the but-
terfly space with a fixed basis of interventions, as shown
in Eq. (10). This can be understood as looking at the set
of output states of the process conditioned on obtaining a
particular sequence of measurement outcomes.

From this ensemble, higher-order moments can be con-
structed; for instance, the kth-order moment of the PPE is
given by

ϒ
(k)
R =

∑

�x
p�x|ϒ̃R|�x〉〈ϒ̃R|�x|⊗k. (11)

The QDE and the STE can be expressed in terms of the first
moment as E(B : R) = S(2)(ϒ(1)

R ) and E(BR1 : R2) = S(2)(
trR1 [ϒ(1)

R ]
)

. By studying higher-order moments, we
expect to be able to more accurately distinguish chaotic
from nonchaotic dynamics.

The first probe we consider is the average bipartite
entanglement of the output states of the process. For output
state |ϒ̃R|�x〉, the bipartite entanglement is given by

S�x = − log
[
tr[ϒ2

R2|�x]
]

, (12)

with ϒR2|�x = trR1

[
|ϒ̃R|�x〉〈ϒ̃R|�x|

]
. Averaging this quantity

over the PPE yields

〈S�x〉E =
∑

�x
p�xS�x. (13)

The Rényi-2 entropy requires access to two copies of the
output states, so it is a probe of the second moment of

the PPE. The second probe we consider is the standard
deviation of the entanglement entropy,

�ES�x =
√

〈S2
�x 〉E − 〈S�x〉2

E , (14)

which is a probe of the fourth moment of the PPE. We
will show through numerical analysis that these quantities
can distinguish chaotic from nonchaotic dynamics and that
distinct system-size scaling behavior occurs which is not
observed in the QDE or STE, making the moments of the
PPE a more robust approach for characterizing chaos.

C. Summary

We now summarize the quantities defined above and
provide historical context and physical intuition behind
them. A schematic illustration of all these quantities is
shown in Fig. 1.

The QDE is the first probe considered in this work. This
quantity was initially defined by Lindblad in Ref. [46] and
was then rediscovered by Alicki and Fannes in Ref. [31]
(see Appendix A for details of this definition). Later, the
QDE was shown to be equivalent to the bipartite entan-
glement between the spatial and temporal regions of the
process tensor [40]. Physically, the correlations between
the measurement record �x (temporal region) and the out-
put states |ϒR|�x〉 (spatial region) can be interpreted as the
sensitivity of the outputs to different interventions made
in the past—a quantum analog of the butterfly effect.
Therefore, a large QDE signals strong sensitivity of the
outputs of the process to different interventions, which is
consistent with chaotic dynamics. However, this behav-
ior is not unique to chaos, as shown in Refs. [42,43].
In Sec. IV A, we similarly conclude that the scaling of
the QDE alone is insufficient to distinguish chaotic from
nonchaotic dynamics.

The STE is the second probe considered in this work.
Introduced in Ref. [43], it generalizes the QDE by quan-
tifying correlations across more general bipartitions of the

Quantum dynamical entropy
(QDE) Spa�otemporal entropy (STE) Moments of the projected process

ensemble (PPE)

FIG. 1. Quantities considered in this work using the Rényi-2 entropy, denoted as S(2), to quantify chaotic dynamics using the entan-
glement properties of the process tensor. Quantum dynamical entropy, defined in Sec. II B 1, quantifies the entanglement between the
past interventions and the output state of the process. In Sec. II B 2, the spatiotemporal entanglement is defined and extends upon the
quantum dynamical entropy by including information about the complexity of the output states. Finally, we define the mean and the
variance—corresponding to α = 1 and α = 2, respectively—of the projected process ensemble in Sec. II B 3. These quantities provide
fine-grained probes of the output state complexity.
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pure process tensor that mix space and time. These cor-
relations probe both the sensitivity of the output states
to past interventions and the spatial complexity of those
outputs. It has been shown that such correlations can dis-
tinguish certain nonchaotic dynamics that mimic chaotic
QDE growth [43]. We show in Sec. IV B that this provides
a sharper diagnostic of chaos, yet still struggles to dis-
tinguish chaotic and nonchaotic dynamics at large system
size.

Finally, we introduce the PPE as a tool to diagnose
chaos. This is an ensemble of output states conditioned on
a fixed basis of local interventions at multiple times. The
statistical moments of the PPE encompass the QDE and
the STE, while higher-order moments can be used to probe
the complexity and randomness of the dynamics at a more
fine-grained level. Agreement between these moments and
those of the Haar ensemble implies a temporal form of
deep thermalization, which we observe numerically in
Sec. IV C. The PPE is constructed from forward-in-time
evolution only, distinguishing it from many other chaos
measures that probe both forward and backward time
evolution.

In the following sections, we analytically and numer-
ically study these quantities and use them to understand
chaotic behavior.

III. MODELS AND METHODS

In Sec. IV we numerically compute the QDE, the STE,
and the mean and variance of the PPE for dynamics gener-
ated by chaotic and nonchaotic many-body Hamiltonians.
Before discussing our numerical results, we first explain
the properties of the different models considered and then
discuss how we work with the symmetries in these models
to improve the efficiency of our numerics.

A. Many-body models

The four models we study are detailed in Table I.
We describe below why we have selected these models
and how they collectively offer insight for understanding
quantum chaos.

The first model is the XXZ model, detailed in the first
row of Table I, which is an interacting integrable (Bethe
ansatz integrable) model [96]. Integrability is an exam-
ple of ergodicity breaking whereby the models have an
extensive number of locally conserved quantities, so these
models are considered to be nonchaotic. Interacting inte-
grable models have been shown to display chaotic behav-
ior in the presence of small perturbations [97–99]. Adding
next-to-nearest neighbor interactions breaks most of the
symmetries of the XXZ model, giving us a chaotic model,
which is described in the second row of Table I.

We also consider the interacting Aubry-André (IAA)
model shown in the third row of Table I. This model
is a deterministic, quasiperiodic model which is known
to exhibit a chaotic and many-body localized regime
[100–104]. Many-body localization is another form of
ergodicity breaking, distinct from integrability, in which
excessive disorder causes local integrals of motion to
emerge that constrain the dynamics [105–109]. This type
of ergodicity breaking is known to be more robust against
Hamiltonian perturbations compared to interacting integra-
bility. In this model, disorder is introduced by an on-site
potential 2λ cos(2πqi) with an irrational number q, which
takes a different value on each site i despite being generated
by a deterministic equation. For small values of λ, this dis-
order will result in chaotic behavior. For sufficiently large
values of λ, many-body localization will occur.

Finally, in the fourth row of Table I, we consider a free
fermion model: a noninteracting integrable model which
is robustly nonergodic, in the sense that its integrability

TABLE I. One-dimensional spin-chain and fermionic, many-body Hamiltonians considered in this work with corresponding choice
of intervention basis. These models are characterized as chaotic or nonchaotic based on whether or not they exhibit ergodic behavior.
In all cases, we consider periodic boundary conditions. For the interacting integrable XXZ model, which is denoted as HXXZ(J ,�),
we take parameters J = 1,� = 0.55, and for the chaotic case we take h = 0.6 and g = 0.1. The interacting Aubry-André model takes
J = 1, � = −1, q = 2/(

√
5 + 1), with λ = 1 or λ = 5 for the chaotic and localized cases, respectively. The free fermion model has

Jij = J (δj ,i+1 + δi+1,j ) with J = 1. In each case, we consider a basis of interventions which preserves the particle number symmetry.
When studying the projected process ensemble, we will compare deterministic and nondeterministic interventions which are shown in
the final two columns.

Model Hamiltonian Classification Deterministic Nondeterministic

XXZ J
∑L

i=1

(
σ x

i σ
x
i+1 + σ

y
i σ

y
i+1 +�σ z

i σ
z
i+1

)
Interacting integrable

{
11√

2
,
σ z

1√
2

}

{|0〉〈0|, |1〉〈1|}

XXZ with NNN HXXZ(J ,�)+∑L
i=1 hσ z

i σ
z
i+2 + gσ z

1 Chaotic
{
11√

2
,
σ z

1√
2

}

{|0〉〈0|, |1〉〈1|}

IAA −HXXZ(J ,�)+ 2λ
∑L

i=1 cos(2πqi)σ z
i Chaotic/localized

{
11√

2
,
σ z

1√
2

}

{|0〉〈0|, |1〉〈1|}

Free fermion
∑L

i,j =1 Jij c†
i cj Integrable

{
11√

2
,

c†
1c1 − c1c†

1√
2

}
{

c†
1c1, c1c†

1

}
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is preserved by an arbitrary quadratic Hamiltonian per-
turbation. Similar to many-body localization and unlike
interacting integrability, these models are less sensitive to
perturbations and tend to exhibit more distinct nonchaotic
behavior [98].

Throughout this work, we simulate dynamics through
exact diagonalization of the Hamiltonians using QuSpin
[110,111]. For the XXZ model, we take J = 1, � =
0.55, h = 0.6, and g = 0.1. For the IAA model, we take
J = 1, � = −1. We set q = 2/(

√
5 + 1) which is irra-

tional, resulting in a quasiperiodic potential. The strength
of the disorder is set by λ. We consider models with λ = 1
and λ = 5, corresponding to chaotic and localized mod-
els, respectively. For the free fermion model, we take Jij =
J (δj ,i+1 + δi+1,j ) with J = 1. Time units such that � = 1
are used throughout.

B. Symmetry-restricted process tensor construction

An important feature of all the Hamiltonians shown
in Table I is that they enjoy a U(1) symmetry, leading
to conservation of the excitation or particle number N =
∑L

i=1
1
2 (1i + σ z

i ) (spins) or N =∑L
i=1 c†

i ci (fermions).
This symmetry results in degeneracies in the energy spec-
trum making it more difficult to analyze chaotic behavior.
To study chaos in these models, we resolve this symmetry
by considering a particle number subspace with half filling.
For all cases, we consider an initial Néel state,

|ψ0〉 = |01〉⊗ L
2 , (15)

which has N = L/2 excitations. Under time evolution with
respect to the Hamiltonians in Table I, this state will remain
in Hilbert space HR(N = L/2) such that the dimension of
the remainder space is given by dR = ( L

L/2

)
.

The local interventions do not, in general, conserve par-
ticle number. Consider a fixed basis of local interventions
Ax ∈ M obeying the properties discussed in Sec. II A,
and having the following commutation relation with the
particle number operator N ,

[N , Ax] = �nxAx, (16)

where �nx = 0, ±1. These operators will change the par-
ticle number by �nx, i.e., they either add one, subtract
one, or leave the particle number unchanged. We can char-
acterize the multitime instruments by how they change
the particle number; for instance, a set M1:nB(�N ) con-
tains multitime interventions, |�x〉, which change the overall
particle number by

�N =
nB∑

i=1

tr
(
A†

xi
[N , Axi]

) =
nB∑

i=1

�nxi . (17)

Using this basis and assuming we choose an initial state
within a particle subspace, we can decompose the process

tensor into different particle number subsectors,

|ϒ〉 =
nB∑

�N=−nB

∑

�x∈M(�N )

|ϒR|�x〉 ⊗ |�x〉. (18)

Process tensors of this form occupy a multitime Hilbert
spaceHRB =⊕L

N=0 HR(N )⊗ HB with dim[HRB] = dL
S ×

d2nB
S .

To more efficiently compute the process tensor, we will
ensure that we remain within one particle number sector
by considering only a basis of local interventions Ax which
commute with the particle number operator [Ax, N ] = 0.
For instance, a complete basis of interventions at site 1 in a
spin lattice model is given by the set of Pauli matrices;
however, σ x and σ y do not preserve the particle num-
ber symmetry since [σ x,y

1 , N ] �= 0. As a result, we take a
reduced set of Pauli matrices,

{11, σ x
1 , σ y

1 , σ z
1 } → {11, σ z

1 }. (19)

Here, the symmetry sectors correspond to a group mod-
ule decomposition of the Hamiltonian H , and the unitary
maps, σz and 1, are endomorphisms of each module of this
decomposition. Similarly, the basis of local, particle num-
ber conserving operators for the fermionic case is shown
in Table I. As a result, the dimension of the process tensor
is reduced such that

dim[HRB] > dim [HRB (N = L/2)] =
(

L
L/2

)

× dnB
S .

(20)

Beyond using symmetry-preserving instruments, we can
reduce the resources required to construct the QDE and
STE by considering only the reduced process on either the
butterfly space ϒB or remainder space ϒR. The reduced
state on the butterfly space is given by

ϒB =
∑

�x,�y
〈ϒR|�y |ϒR|�x〉|�x〉〈�y|, (21)

and the reduced state on the remainder space is given by

ϒR =
∑

�x
|ϒR|�x〉〈ϒR|�x|. (22)

Each state |ϒR|�x〉 is defined by Eq. (1) and is constructed
using numerically exact dynamics. By computing the out-
put states for all combinations of multitime interventions,
the reduced process tensor can be constructed. Now that we
have detailed the models, tools, and observables of interest,
we can discuss the numerical results.
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IV. RESULTS

We discuss our numerical results for the figures of merit
described in Sec. II B. We will analyze the dependence
of these quantities on the Hamiltonians by studying their
behavior with time between interventions δt, number of
interventions nB, and system size L. In general, we expect
these quantities to depend on the initial state, so in all cases
we consider the pure, low-entangled, nonstationary initial
Néel state, shown in Eq. (15). Other initial states are con-
sidered in Appendix F, and we find qualitatively similar
results. We perform time evolution using exact diagonal-
ization with the help of the QuSpin library [110,111] and
all numerical results in this section use natural logarithms.
We also report several analytical results.

A. Quantum dynamical entropy

We are interested in studying the QDE, using its behav-
ior for a random process as a benchmark. Reference [49]
studied nB-step processes generated from Haar-random
unitary evolution and found that, as the dimension of the
environment dE → ∞, the reduced process tensor ϒB is
maximally mixed. Here we consider a symmetry-restricted
process tensor, given by a projection of Eq. (18) onto
the�N = 0 subspace. The corresponding reduced process
tensor on the butterfly space is a maximally mixed state of
dimension dnB

S [cf. Eq. (20)], with dynamical entropy

〈E(B : R)〉Haar = nB log(dS). (23)

This result holds only for dnB
S 
 dR. For instance, when

dnB
S ≥ dR the dynamical entropy is upper-bounded by the

dimension of the remainder space as E(B : R) ≤ log(dR).
In Fig. 2, we display our results for QDE computed

using the many-body models and interventions shown in
Table I. The top row, Figs. 2(a), 2(b), and 2(c), displays the
dynamical entropy as a function of the time between inter-
ventions for different number of interventions nB and fixed
system size, L = 14. In Fig. 2(a), we compare the dynami-
cal entropy for the interacting integrable and chaotic XXZ
model. At short times between interventions, we observe
similar behavior in both models. The QDE is zero for
δt = 0, which is intuitive: no new information can be
learned about the system by repeated probing if no evo-
lution is allowed to occur between interventions. As δt
increases, we observe a growth in QDE as the subsystem
has time to partially equilibrate between interventions. For
large δt, we observe differences in the QDE for chaotic
and nonchaotic dynamics, especially as the number of
interventions nB grows large. The chaotic dynamics sat-
urates to the maximum dynamical entropy for nB < L, i.e.,
E(B : R) ≈ log(dB) = nB log(dS), indicated by the black
dotted line. By contrast, the interacting integrable case
does not saturate to this maximum.

In Fig. 2(b), we show results for the IAA model in the
chaotic and many-body localized phase. Here, the differ-
ences between these two models arise at much shorter
timescales with the many-body localized case saturating at
a much smaller value than the maximum. The chaotic case
has fluctuations which are not observed in the chaotic XXZ
case that are due to the microscopic details of the model;
nevertheless, we see approximate saturation to the maxi-
mum dynamical entropy. Finally, the free fermion model
in Fig. 2(c) does not saturate to the maximum allowed
dynamical entropy. This large-δt behavior, like that of the
integrable XXZ model in Fig. 2(a), can be understood as a
consequence of the constrained equilibration of integrable
systems due to conservation laws [112–115]. We analyze
the equilibration of these quantum processes in more detail
in Sec. IV A 1.

The bottom row, Figs. 2(d), 2(e), and 2(f), shows how
QDE grows as a function of the total number of interven-
tions nB for different system sizes L = 6, 8, 10, 12. We fix
the time between interventions to be sufficiently large so
we can distinguish chaotic behavior, δt = 1.75. Focusing
on the XXZ model in Fig. 2(d), we observe near-linear
growth with nB in the chaotic case, agreeing closely with
the Haar ensemble result from Eq. (23), which is shown
by the black dotted line. As nB increases beyond the sys-
tem size L, however, the QDE saturates to its maximum
value log(dR). Clearly, this saturation is a finite-size effect
and we expect QDE for chaotic systems in the thermo-
dynamic limit to grow indefinitely with nB. The QDE for
the interacting integrable model grows more slowly and
also saturates at a point below the maximal entropy; how-
ever, as the system size increases the growth rate increases
toward the Haar-random value. The IAA model in Fig. 2(e)
displays similar features for the chaotic regime, but the
many-body localized regime shows much smaller growth
in the number of interventions. Despite this small growth
rate, this model still appears to have linear scaling of
dynamical entropy. Finally, in Fig. 2(f) the free fermion
case does not agree with Eq. (23) and saturates well below
the maximal value. From these results, we can distinguish
chaotic and nonchaotic dynamics in finite-sized systems
based on their ability to maximize the dynamical entropy
and their agreement with the Haar process after sufficiently
long timescales.

One might wonder if QDE can unambiguously distin-
guish chaotic from nonchaotic dynamics as it does in the
classical case, and if the signatures of quantum chaos are
the same as classical chaos. This is in fact not the case.
An analysis of the Alicki-Fannes dynamical entropy has
been performed in Ref. [42] for free fermions in the ther-
modynamic limit and indicates a maximal growth rate
of the dynamical entropy—albeit requiring much larger
timescales between interventions than in chaotic environ-
ments. Additionally, a class of models called Lindblad-
Bernoulli shifts—consisting of a circuit of SWAP gates with
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(a) (b) (c)

(d) (e) (f )

Free fermion

Free fermion

FIG. 2. (a)–(c) Quantum dynamical entropy as a function of the time between interventions, with system size L = 14 and increasing
number of interventions, nB = 2, 4, 6, 8. In (a) we plot results for the interacting integrable (dashed, blue) and chaotic (solid, red) XXZ
model, together with the maximal value log(dB) (dotted, black). In the chaotic case, the quantum dynamical entropy saturates to its
maximal value. In (b) we perform the calculation for the localized (dashed, blue) and chaotic (solid, red) IAA model. Similarly, we
observe agreement between the chaotic and maximal dynamical entropy after sufficiently long times and see rapid saturation of the
localized case below the maximal entropy. The free fermion case in (c) also saturates below this maximal entropy. (d)–(f) Scaling of
quantum dynamical entropy as a function of number of interventions, for fixed time between interventions given by δt = 1.75 and using
the same models as upper panels. The black dotted line shows the Haar-random quantum dynamical entropy estimated from Eq. (23).
The chaotic cases show near-linear growth of dynamical entropy up to the maximal entropy for the finite-sized system log(dR). The
interacting integrable case in (e) has increasingly linear growth for larger system sizes, but saturates below the maximal entropy. In all
cases, as L increases, the plots approach the maximal value.

an infinite (large) environment—are a highly regular type
of dynamics and yet maximize the QDE [43,46]. Even
from our finite-size study in Fig. 2(d), we see the interact-
ing integrable model approaching the Haar result as system
size increases.

1. Equilibration

The results in Figs. 2(a)–2(c) indicate that the QDE
equilibrates at large δt, with a saturation value and fluc-
tuations that depend strongly on the nature of the model
considered. In this subsection, we use existing results on
the second law in isolated systems [116] and the equi-
libration of process tensors [80,81] to show that equi-
libration of the QDE occurs generically in many-body

systems. In particular, we bound the probability that the
QDE is outside a small distance from its equilibrium
value—defined by the infinite-time average of the process.
We use this to identify the effects of chaotic and non-
chaotic dynamics on the equilibrium process tensor and
the fluctuations around equilibrium. Ultimately, we show
that equilibration of the QDE will occur when the num-
ber of interventions is small and the effective dimension
of the initial state is large. Comparison of these results
to our numerics indicates that the equilibrium QDE for
nonchaotic models is less than in chaotic models.

Equilibration describes how an initially nonequilibrium
state evolves in time to its equilibrium state. Understand-
ing how and under what conditions equilibration occurs
in many-body models has been a long-standing problem
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[117–124]. In isolated, quantum systems, equilibration has
been shown to occur in small, local subsystems due to the
growth of entanglement, but requires that the spectrum of
these models be nondegenerate and that the initial state
comprises a large number of eigenstates, having a large
effective dimension. Many studies of equilibration have
focused on single-time states; however, the same tech-
niques can be used to study equilibration in process tensors
[80,81]. Consider a process tensor, ϒB, with nB number of
interventions at times t1, . . . , tnB . The equilibrium process
tensor is defined as the infinite-time average of the process,
given by 
B = 〈ϒB〉∞, with time average defined as

〈•〉∞ =
nB∏

i=1

lim
Ti→∞

1
Ti

∫ Ti

0
dti [•] . (24)

Using results from the equilibration of single-time states
[124], it was shown that the time average of the trace dis-
tance between the process and its equilibrium is bounded
as [80,125]

〈D(ϒB,
B)〉∞ ≤ 1
2

MBdnB
S

√
2nB − 1
deff(ρ)

. (25)

Here, D(ρ, σ) = 1
2‖ρ − σ‖1 is the trace norm distance and

MB is the combined total number of measurement out-
comes on B, given by MB = dnB

S . The effective dimension
of the initial state, ρ, is defined as

deff(ρ) = 1
tr
[
$(ρ)2

] , (26)

where $(ρ) =∑n PnρPn is the overlap of ρ and the eigen-
states of the Hamiltonian, Pn = |n〉〈n|. From Eq. (25), we
have placed a bound on the time-averaged distance of the
process from the equilibrium process.

Recently, it has been shown that the Shannon obser-
vational entropy of a local subsystem will generically
increase in time in isolated systems due to equilibration
[116,126,127]. In Appendix B, we apply the approach
taken in Ref. [116] to show that on average for most
times the QDE will be equilibrated. We use the continuity
of the Rényi-2 entropy [128], combined with Eq. (25) to
obtain the following bound on the time-averaged distance
between the QDE and its equilibrium value,

〈|S(2)(ϒB)− S(2)(
B)|〉∞ ≤ 2〈D〉∞ − dnB
S − 2

dnB
S − 1

〈D〉2
∞.

(27)

We can then straightforwardly apply Markov’s inequality
to obtain a bound on the probability of the QDE being

outside some distance from the QDE of the equilibrium
process,

P

[

|S(2)(ϒB)− S(2)(
B)|

≥ 1

d1/4
eff

(

2 − dnB
S − 2

dnB
S − 1

〈D〉∞
)]

≤ MBdnB
S

√
2nB − 1

2deff(ρ)1/4
.

(28)

The bounds in Eqs. (27) and (28) will be satisfied for all
dynamics provided the Hamiltonian has no degeneracies;
however, the tightness of the bound is dependent on the
number of interventions nB and the effective dimension of
the initial state. The bound in Eq. (27) will be tight when

deff(ρ)
1/4 � 1

2
MBdnB

S

√
2nB − 1. (29)

We have previously seen in Figs. 2(a)–2(c) that the QDE
for the chaotic models increases as a function of δt up to
a saturation point with few fluctuations. The nonchaotic
models reach some saturation point with smaller QDE and
with larger fluctuations. The interacting integrable XXZ
model and chaotic IAA models have similar-sized fluctua-
tions. These results indicate that low-entangled states have
smaller effective dimensions for nonchaotic models than
for chaotic models. Our numerical results indicate that the
equilibrium QDE for chaotic systems is described by the
Haar average, suggesting a form of ergodicity in which
〈E(B : R)〉∞ ≈ 〈E(B : R)〉Haar.

We emphasize that equilibration is not unique to chaotic
dynamics as the result in Eq. (28) is independent of the
unitary evolution. The true distinction between chaotic
and nonchaotic equilibration of QDE is the strength of
the fluctuations and the equilibrium value. We can use
Fig. 2 to determine the equilibrium value for different
types of dynamics and we observe that chaotic models
agree with the Haar average and nonchaotic models have
a smaller equilibrium QDE. It may be possible that both
of these distinctions can be spoofed in integrable systems
in the thermodynamic limit if the initial state has a suffi-
ciently large effective dimension; therefore, we do not view
the process of equilibration as an unambiguous probe of
chaotic dynamics.

2. Temporal correlations and Markovianization

By comparing with the Haar average process, we have
interpreted the QDE as a measure of the randomness of the
dynamics. The behavior of Haar random process tensors
has previously been studied and is shown to be typically
Markovian for large environment dimensions [129]. Addi-
tionally, chaotic dynamics have been studied as a sufficient
mechanism for producing Markovian behavior [130,131].
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It is thus natural to probe non-Markovian correlations in
chaotic, short-ranged lattice models to see if they are suf-
ficiently random to produce Markovian behavior in the
process tensor.

To study this problem, we first define a quantifier of
temporal correlations. Previously, the mutual information
has been established as a quantifier of non-Markovian cor-
relations [32,69]: those that are transmitted through the
environment only. Here, we use the mutual information
between temporal regions B1 and B2 of the process tensor,
defined as

I(B1 : B2) = SvN(ϒB1)+ SvN(ϒB2)− SvN(ϒB), (30)

with ϒB2(1) = trB1(2) (ϒB) and SvN being the Von Neumann
entropy. We previously defined the QDE using the Renyi-
2 entropy as it was more efficient numerically, allowing us
to obtain larger system sizes and time steps. However, the
Renyi-2 entropy does not obey subadditivity so the Renyi
mutual information is not operationally well-defined and
can be negative [132]. For this section, we employ the Von
Neumann entropy to get a well-defined probe of tempo-
ral correlations. Note, since we do not employ a so-called
causal break [34], Eq. (30) quantifies all temporal corre-
lations—those which pass through both system and the
environment—and thus upper bounds the non-Markovian
correlations.

We show in Appendix C that the growth of dynamical
entropy with nB bounds temporal correlations as quantified
by the mutual information,

I(B1 : B2) ≤ nB2

[

log(dS)− SvN(ϒB)− SvN(ϒB1)

nB − nB1

]

.

(31)

Here, nB = nB1 + nB2 is the total number of interventions
which is the sum of the number of interventions made in
B1 and B2. By non-negativity of the mutual information,
this bound is tight when the growth rate of the QDE is
maximal,

SvN(ϒB)− SvN(ϒB1)

nB − nB1

= log(dS), (32)

in which case the mutual information is zero, I(B1 :
B2) = 0. This result directly links the dynamical entropy, a
probe of randomness, to the decay of temporal correlations
in time. As discussed in Sec. II B 3, the dynamical entropy
is a probe of the first moment of the PPE, indicating that
only first-order randomness is sufficient to achieve Marko-
vianity. Note that the maximal growth rate of dynamical
entropy with nB is sufficient but not necessary for Marko-
vianity; regular, nonchaotic dynamics can also lead to
Markovian behavior [133].

In Fig. 3, we plot the mutual information between parts
of the butterfly space as a function of time. We take

(a)

(b)

(c)

Localized IAA

Free fermion

FIG. 3. Temporal mutual information between B1 and B2. We
consider system size L = 12, number of interventions, nB = 6
with nB1 , nB2 = 3, and state initially prepared in the Néel state
from Eq. (15). (a) Chaotic (solid, red) and interacting integrable
(dashed, blue) XXZ model with bound from Eq. (31) given by the
dashed-dotted line and dotted line for the chaotic and integrable
case, respectively. (b) Chaotic (solid, red) and localized (dashed,
blue) interacting Aubry-André model with bound also given by
dashed-dotted and dotted black lines. (c) Free fermion (dashed,
purple) model with bound given by a dotted line.

L = 12 and consider nB = 6 with nB1 , nB2 = 3. In Fig. 3(a),
we compute the mutual information for the chaotic and
interacting integrable XXZ models. We see similar initial
growth of non-Markovian correlations at short times. After
sufficiently long timescales, these correlations decrease in
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the chaotic case and the bound in Eq. (31), given by the
black, dashed-dotted line, becomes tight. The interacting
integrable case also has small non-Markovian correlations
but with larger fluctuations and a less tight bound, given
by the black, dotted line. In the IAA model, Fig. 3(b),
we see that the chaotic case has similar behavior to the
chaotic XXZ model with rapid growth and decay of the
non-Markovian correlations and with a tight bound. The
many-body localized phase displays distinct behavior hav-
ing long-lived oscillating non-Markovian correlations and
an extremely loose bound. Similarly, the free fermion case,
Fig. 3(c), also displays long-lived non-Markovian correla-
tions. In the thermodynamic limit and with a sufficiently
long time between interventions, it is likely that most
models will have near-Markovian behavior, as information
becomes hidden in the environment.

From the results presented above, Markovianity and
memorylessness appears to generically occur in chaotic
systems after equilibration timescales. As previously dis-
cussed, Markovianity is not a unique feature of chaotic
dynamics and may occur in nonchaotic systems. This result
appears to contradict the previously studied behavior of
another probe of temporal correlations called the tempo-
ral entanglement [58–60,134]. This quantity is associated
with the complexity of process tensor methods used for
simulating local dynamics interacting with complex envi-
ronments. It has been shown that temporal entanglement
has distinctive scaling behavior in time for free, interacting
integrable, and chaotic models: area-law [61], logarith-
mic [62], and volume-law [63], respectively. Here, our
results indicate that chaotic models appear Markovian,
whereas temporal entanglement shows extensive growth
for chaotic models. We attribute this difference to the large
time δt between interventions that we consider, as com-
pared to the small or infinitesimal timestep of Trotterized
or Floquet circuit time evolution studied in previous works
[58–63,134]. This is consistent with the expectation that
highly complex time evolution on short timescales is asso-
ciated with emergent Markovianity on longer timescales
[130,131]. However, we leave a careful investigation of
this connection to future work.

In the next section, we will numerically compute the
STE, an extension to the quantum dynamical entropy,
which is expected to be a more refined probe of chaos in
many-body systems and is known to be able to distinguish
Lindblad-Bernoulli dynamics from chaotic dynamics [43].

B. Spatiotemporal entanglement

We now numerically analyze the STE and are interested
in whether this quantifier of entanglement within the pro-
cess tensor can faithfully distinguish between chaotic and
nonchaotic models, given that it contains additional infor-
mation about the complexity of the output state and about
information scrambling.

We will compare the STE across a bipartition
BR1 : R2 to the STE for a Haar-averaged spatiotempo-
ral state, 〈ϒBR1〉Haar = (1/dR)1 ⊗ (1/dS)

n1B, as derived in
Appendix D. We them approximate the Haar average STE
as

〈E(BR1 : R2)〉Haar ≈ nB log(dS)+ log(dR1). (33)

This result will generally neither lower- nor upper-bound
the true value of the Haar-averaged STE; regardless, we
use this to compare with our numerical calculations and
show that it closely approximates the behavior of chaotic
dynamics. Here, we will have dS = 2 which is the dimen-
sion of the subspace on which our interventions act and
dR1 = 2LR1 is the dimension of the subspace R1.

Our numerical results for the STE are shown in Fig. 4.
Here, we consider bipartitions BR1 : R2 with fraction f =
LR1/L of the remainder space included in the bipartition.
We plot this quantity as a function of the number of
interventions for a variety of fractions f with fixed time
between interventions given by δt = 1.75 and a total sys-
tem size of L = 14. In Fig. 4(a), we plot the STE for the
chaotic and interacting integrable XXZ model. We observe
approximately linear scaling of this entropy and agreement
with the Haar process, represented by the black, dotted
line, for small nB and f for both models. As both nB and
f increase, the two models begin to substantially disagree
with the Haar average. Unlike the dynamical entropy,
we are able to observe differences between the chaotic
and interacting integrable model for a small number of
interventions, provided that a larger fraction of the R1 is
included in the bipartition. In Fig. 4(b), we perform the
same calculation for the IAA model in the chaotic and
many-body localized phase. We observe suppression of
the growth of the STE in the many-body localized phase
due reduced spatial entanglement growth which is known
to occur in these models [106,135–138]. In contrast, the
chaotic IAA model has linear growth in nB, agreeing with
the Haar-averaged result more closely. Finally in the free
fermion case, in Fig. 4(c), we observe sublinear growth
in nB.

From these results, we observe that the inclusion of a
larger portion of the output state enables us to distinguish
chaotic and nonchaotic dynamics for smaller values of nB.
This difference is due the growth of entanglement between
parts of the remainder space which, in finite-sized systems,
are known to display distinct behavior [135,139–142]. The
STE does not have distinctive scaling behavior with nB so
it does not improve substantially upon the results from the
QDE. However, we have only considered a subset of pos-
sible bipartitions of the process. It is conceivable that the
minimum STE over all possible bipartitions would have
different scaling behaviors; however, this minimization is
onerous to perform. Noticing the insufficiencies of QDE
and STE, and that inclusion of output-state complexity can
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(a) (b) (c)
Free fermion

FIG. 4. Spatiotemporal entanglement for increasing number of interventions with time between interventions δt = 1.75 and total
system size L = 14. We consider different fractions of the output subspace traced out, f = LR1/L. In (a), we plot the results for chaotic
(red, solid) and interacting integrable (blue, dashed) XXZ models observing initial linear scaling with nB for both cases with a smaller
overall spatiotemporal entanglement for the interacting integrable case, disagreeing with the Haar average result. We also observe
substantial disagreement between the nonchaotic case and the Haar average result from Eq. (33) (black, dotted) for larger fractions f
due to finite-size effects. (b) displays the results for the chaotic (red, solid) and localized (blue, dashed) phases of the interacting Aubry-
André model. The chaotic interacting Aubry-André model has a similar behavior as the chaotic XXZ and the many-body localized
case has a much smaller growth rate. The free fermion, in (c), also disagrees substantially with the Haar average.

improve the distinguishability of chaotic and nonchaotic
dynamics, we are motivated to probe the output state com-
plexity further by studying higher-order moments of the
PPE.

C. Projected process ensemble

In this section, we numerically compute the higher
moments of the PPE. In particular, we compute the mean,
〈S�x〉E , and variance, �ES�x, of the bipartite entanglement
entropy of the output states of the process tensor for a fixed
basis of measurements defined in Sec. II B 3. These probes
are expected to be more capable of distinguishing chaotic
and nonchaotic dynamics as is seen in deep thermaliza-
tion. Unlike the QDE and STE, the higher PPE moments
depend on the basis of interventions. We compare the
PPE constructed using deterministic and nondeterministic
interventions. The deterministic interventions are given by

1√
2

{
11, σ z

1

}
and 1√

2

{
c†

1c1 + c1c†
1, c†

1c1 − c1c†
1

}
for the spin

and fermionic models, and the nondeterministic interven-
tions are given by {|0〉〈0|1, |1〉〈1|1} and {c†

1c1, c1c†
1}. Both

of these types of interventions preserve the particle number
symmetry.

As we have done in the previous sections, we are
interested in comparing our numerical results to the Haar-
averaged process. In Appendix E, using methods from the
theory of symmetric subspaces [12,143], we show that the
kth order moment of PPE with independently averaged

Haar-random unitary dynamics is given by

〈ϒ(k)
R 〉Haar =

∫

U1

· · ·
∫

Un

[
ϒ
(k)
R [U1:n+1]

]

=
∑

π∈Sk
Pπ

dR(dR + 1) . . . (dR + k − 1)
. (34)

Here, Pπ is a representation of the symmetric group, Sk,
whose elements are given by

Pπ = |iπ−1(1)iπ−1(2) . . . iπ−1(k)〉〈i1i2 . . . ik|, (35)

with π ∈ Sk. These moments are identical to the moments
of the Haar ensemble and are independent of the choice
of intervention operator or the number of interventions.
In general, process tensors have more structure compared
to pure states due to causality constraints, so we might
expect different entanglement structure to arise; however,
the action of a fixed basis of measurements breaks these
constraints and the independent Haar averaging washes out
the features associated with this constraint, leaving us with
an ensemble of randomly sampled states. We will use this
as a benchmark to compare with the PPE results for the
Hamiltonian systems shown in Table I.

Methods to compute the moments of bipartite entangle-
ment entropies from Haar ensembles have been developed
with the Bianchi-Dona distribution [6,51,144,145] being
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most relevant as it applies to randomly sampled states from
a Hilbert space with a conserved quantity N , having the
form

HR(N ) =
N⊕

n=0

HR2(n)⊗ HR1(N − n). (36)

In our case, N will correspond to the particle number
and nj will be the particle number within HR2 . How-
ever, results from these works cannot be applied to the
Rényi-2 entropy due to the nonlinearity of the logarithm.
Instead, we numerically compute the mean and variance of
the bipartite Rényi-2 entanglement entropy by randomly
sampling states from the Hilbert space in Eq. (36).

We first look at the distribution of the bipartite entan-
glement entropy of the output states, shown in Figs. 5(a)
and 5(d), for the deterministic and nondeterministic inter-
ventions defined in Sec. II A. We generate these distri-
butions for system size L = 14 and fixed time between
interventions δt = 1.75. We considered nB = 14 interven-
tions so the number of states in the PPE is 214. We compute
the Rényi-2 entanglement entropy of a reduced state on R1
with f = LR1/L = 1/2. We then construct the distribution
by selecting small windows of entropy and counting the
number of states whose entanglement entropy are within
these windows. As a reference, we also plot the distribu-
tion of the bipartite entanglement for an ensemble of 214

randomly sampled pure states from HR. In all cases, we
normalize these distributions.

(a) (b) (c)

(d) (e) (f)

Haar random ensemble

Haar random ensemble

Free fermion

Free fermion

FIG. 5. Results for the bipartite entanglement entropy of the projected process ensemble using deterministic interventions given by
{11, σ z

1 } shown in (a)–(c) and nondeterministic interventions given by {|0〉〈0|1, |1〉〈1|1} shown in (d)–(f). We compute the entanglement
between different bipartitions for a fraction, f = LR1/L, traced out. (a) Distribution of the bipartite entanglement entropy distribution
of the PPE for f = 1

2 , system size L = 14, number of interventions nB = 14 and time between interventions δt = 1.75. For the XXZ
model we see that the chaotic case has a larger mean and smaller variance than the integrable model. This behavior is also observed for
the chaotic and localized interacting Aubry-André model as well as the free fermions case. (b) Mean bipartite entanglement entropy
of the projected process ensemble as a function of the fraction of the subspace, f . The chaotic and interacting integrable XXZ models
saturate to a mean below the value of the Haar mean. The interacting integrable model agrees with the Page value for small and
large fraction f , but saturates much lower than the chaotic models as f = 1

2 . The localized interacting Aubry-André model and the free
fermion model disagree substantially from the Haar mean for all f . (c) We observe similar behavior of the variance with the chaotic
cases agreeing more closely with the Haar ensemble. (d)–(f) We repeat the above calculations using nondeterministic interventions.
We observe that the action of projections at multiple times reduces the entanglement of all models, but still enables us to distinguish
chaotic and nonchaotic dynamics.
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In the deterministic case, Fig. 5(a), the entanglement
entropy distribution for the chaotic XXZ and IAA models
appears to closely agree, in both mean and variance, with
the distribution computed using Haar randomly sampled
states. Conversely, all nonchaotic models show distinct
differences with the Haar ensemble distribution. The inter-
acting integrable model appears to be most similar in both
mean and variance. The many-body localized model has a
smaller mean and variance than the free fermion model.
In the nondeterministic case, Fig. 5(d), we still observe
the chaotic models agreeing more closely with the Haar
ensemble. However, the disentangling effect of the projec-
tion operators appears to reduce the ergodic behavior of
these models such that we observe less agreement in both
the mean and variance of the distributions.

We now look at the profile of the mean and the stan-
dard deviation (in units of the mean). First, we focus on
the deterministic case, shown in Figs. 5(b) and 5(c) with
the mean and standard deviation plotted as a function
of the fraction of the subspace traced out f = LR1/L. In
Fig. 5(b), we observe that the chaotic and nonchaotic mod-
els disagree most strongly near f = 1/2. The chaotic XXZ
and IAA models both agree more closely with the Haar
ensemble result than the nonchaotic models. The interact-
ing integrable XXZ model, which is known to be sensitive
to perturbations, has larger mean than both the noninteract-
ing and many-body localized models, which are known to
be robustly nonergodic. In Fig. 5(c), we plot the coefficient
of variation of the distribution—defined as the standard
deviation divided by the mean. We see that the chaotic
XXZ model agrees more closely with the Haar average
result than the chaotic IAA model and the nonchaotic mod-
els are farther from the Haar results as we saw in Fig. 5(b).
We also observe the noninteracting and many-body local-
ized models exhibiting robust nonchaotic behavior in the
presence of these interventions, in contrast to the inter-
acting integrable model which has a narrower standard
deviation.

The mean and standard deviation for nondeterministic
interventions are shown in Figs. 5(e) and 5(f). We observe
an overall reduction of the mean entanglement entropy
compared to the deterministic interventions. The impact
of the action of the nondeterministic interventions appears
more prominent in the chaotic and interacting integrable
XXZ models compared to the chaotic IAA model which
now has a larger mean entanglement entropy than the
chaotic XXZ model. The many-body localized and non-
interacting models both have reduced mean entanglement
entropy. The standard deviation increases for all models
when using projective operators resulting in less agree-
ment with the Haar ensemble result. These results are
consistent with results from the study of monitored many-
body dynamics and MIPT [53–56]. In particular, the action
of measurements throughout the evolution has a disen-
tangling effect which is typically observed to be much

(a) (b)

(c) (d)

Free fermions

Haar ensemble

FIG. 6. System size scaling of the mean [(a) and (b)] and
standard deviation [(c) and (d)] of the bipartite entanglement
distribution of the PPE for f = 1

2 , nB = 14, and fixed time
between interventions δt = 1.75. We consider deterministic and
nondeterministic interventions shown in Table I.

stronger in nonchaotic models, and is discussed further in
Sec. V.

To further characterize the effect of deterministic and
nondeterministic interventions, we study the mean of the
entanglement entropy as a function of system size. These
calculations are performed for nB = 14 and δt = 1.75. In
Fig. 6(a), we analyze the system size scaling of the mean
bipartite entanglement entropy for the deterministic oper-
ators. We observe linear growth of the mean in system
size for the chaotic XXZ and IAA models, agreeing with
the behavior of the Haar ensemble. The interacting inte-
grable XXZ model also appears to display linear growth in
system size, but with a smaller slope. The mean entropy
of the free fermion model grows with system size, and
the many-body localized IAA model does not, indicat-
ing that many-body localization is more robust against
interventions. In Fig. 6(b), we consider nondeterministic
interventions, where the mean entanglement of the PPE is
smaller compared to the deterministic case. Nevertheless,
the mean entanglement of chaotic models still displays
linear growth in system size. Again, we see approximate
linear growth in the interacting integrable XXZ model, but
we see what appears to be approximate linear behavior in
the many-body localized and free fermion model.
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The results for the chaotic models indicate that we
are within the entangling phase where information scram-
bling dominates. The chaotic XXZ model is more strongly
affected by the use of projective measurements than the
chaotic IAA model. This may be an indication of dis-
tinct scrambling rates in these models, but we leave a
detailed analysis of this for future work. Due to numeri-
cal constraints, it is difficult to obtain system sizes larger
than what is considered here. As a result, it is difficult
to make strong claims about the behavior of the mean
entropy in the thermodynamic limit. Additionally, we have
not analyzed the behavior of the mean as a function of
time between interventions. The discrepancy between the
chaotic and nonchaotic models in this case may be a result
of finite time and finite-size effects. It has been shown
that even in noninteracting free fermion models, the entan-
glement entropy grows extensively after sufficiently long
times [142]. This suggests that extensive growth of the
mean entanglement entropy may not be unique to chaotic
systems; however, the timescale at which extensive behav-
ior occurs and the rate of increase with system size may
depend on whether the dynamics is chaotic, which can be
observed in Fig. 6.

We now look at the system-size scaling of the standard
deviation of the entanglement distribution to see if this is
more capable of probing chaos and to observe the impact
of different types of interventions. First, we consider deter-
ministic interventions in Fig. 6(c). Here, the chaotic XXZ
model is observed to have an exponentially decreasing
standard deviation in system size, qualitatively agreeing
with the Haar ensemble. The chaotic IAA model has a
larger standard deviation than the chaotic XXZ model and
has less clear exponential decay. The interacting integrable
model has still larger standard deviation and also does
not exhibit exponential decay with system size. Finally,
the localized IAA and free fermion models have much
larger standard deviation and are not well described by
the Haar ensemble. Nondeterministic interventions, see
Fig. 6(d), have larger overall standard deviation compared
to the deterministic case. The standard deviation of the
chaotic XXZ model is larger and the rate of exponential
decay in system size is smaller. Again, we see that the
chaotic IAA model appears to be less affected by the use
of nondeterministic interventions.

From this finite-size scaling analysis, the higher-order
moments of the entanglement entropy distribution of the
PPE appear more capable of distinguishing chaotic and
nonchaotic dynamics, with exponential decay of the coef-
ficient of variation associated with chaotic dynamics.
We find that more robust forms of ergodicity breaking,
such as noninteracting models and many-body localiza-
tion, are more easily distinguished from chaos than sen-
sitive mechanisms of nonergodicity, such as interacting
integrable models. We also observe more clear distinc-
tions when using deterministic interventions as opposed

to nondeterministic interventions which disentangle the
output states and introduce nonergodic behavior.

V. DISCUSSION AND CONCLUSION

In this work, we investigated the entanglement prop-
erties of the pure process tensor in a variety of quantum
many-body models including those which exhibit chaotic
behavior and which have distinct ergodicity-breaking
mechanisms: interacting integrable, noninteracting, and
many-body localized. The first of these entanglement prop-
erties, the QDE and STE, were developed in Ref. [43] as
part of an operational definition of the butterfly effect in
quantum systems. These quantities displayed distinct sig-
natures of chaotic behavior, namely, near-maximal growth
of QDE with the number of interventions and larger total
STE. However, due to known deficiencies with these mea-
sures, we extended our analysis to higher-order probes
of chaotic dynamics. We defined an ensemble of pure
states constructed by acting a fixed basis of local interven-
tions at multiple times throughout the evolution—called
the PPE—which is analogous to state ensembles con-
structed in the study of deep thermalization [17]. We focus
on the properties of the mean and variance of the bipar-
tite entanglement entropy, finding that the system size
scaling of the variance—when using deterministic inter-
ventions—has distinct behavior for chaotic and nonchaotic
dynamics. We have therefore established the PPE as a tool
to characterize chaos and spatiotemporal complexity in
quantum stochastic processes.

The QDE used in this paper has a number of subtle
differences to the Alicki-Fannes dynamical entropy [31],
which may have implications in the classical limit. The
first difference is the use of the Rényi-2 entropy, rather
than the Von Neumann entropy, to quantify entangle-
ment. Qualitatively, this difference does not impact our
conclusions about the behavior of dynamical entropy in
the quantum regime. In the classical limit, however, this
choice may be important as the Alicki-Fannes entropy is
expected to become equivalent to the classical dynamical
entropy—uniquely defined as the Shannon entropy of the
multitime phase space distribution. A potential direction
for future work would be to use the classification of clas-
sical process tensors [146–148] to understand the behavior
of the Rényi-2 QDE in the classical limit. The second dif-
ference is the use of local operators which act on a single
site of the many-body model. It is interesting to specu-
late as to whether a choice of nonlocal interventions can
more easily distinguish chaotic and nonchaotic dynamics;
however, we leave this for future work.

We have studied temporal correlations for a vari-
ety of different models. In particular, we showed that
the growth of QDE with the number of interven-
tions bounds correlations in time. The linear growth of
QDE with near-maximal rate—which is seen for chaotic
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dynamics—results in almost Markovian behavior. This
result is consistent with previous results studying Haar-
random processes [49] and chaotic environments in open
quantum systems [131]. In the future, we are interested in
investigating how Markovianity at the level of the process
tensor impacts the growth of temporal entanglement. Tem-
poral entanglement is a measure of simulation complexity
[58–60,134] that also quantifies temporal correlations in
multitime states, but behaves differently to the mutual
information. Temporal entanglement has been shown to
have distinctive scaling behavior in time for chaotic and
nonchaotic dynamics [61–63]. Understanding how these
scaling behaviors arise due to the dynamics underlying a
quantum stochastic process may have implications for the
numerical simulation of chaotic systems.

Distinct signatures of chaos can be seen from the prop-
erties of the PPE, provided that deterministic interventions
are considered. We also compared the dependence of the
PPE on deterministic and nondeterministic interventions,
observing that the latter resulted in reduced mean and
larger variance of the bipartite entanglement entropy. Mon-
itored many-body systems—time-evolving systems with
projective measurements acting at multiple times through-
out the evolution—have been studied recently in the con-
text of MIPT [53–56]. In these works, it has been shown
that the action of measurements has a disentangling effect
which competes with entanglement generation from uni-
tary dynamics. A phase transition is known to occur when
there is a sufficiently large measurement rate, resulting
in area-law entanglement growth. This phase transition
is strongly associated with information scrambling [149]:
for instance, it has been shown that noninteracting free
fermion models have area-law entanglement growth for
arbitrarily weak measurements [150] indicating a potential
method to distinguish chaotic and nonchaotic dynamics.
The PPE we introduce here provides a general frame-
work to analyze the conditional dynamics of monitored
many-body states, incorporating arbitrary interventions
such as stochastically applied measurements, and thus it
may prove useful for future studies on the role of chaos in
MIPT.

We generated the PPE using a fixed basis of local oper-
ators which act on the butterfly space. Other approaches
to generating ensembles may be considered; for instance,
in Ref. [17], they considered the ensemble of states on the
butterfly space after acting a fixed basis of projective oper-
ators on the output states of the process. Comparing the
signatures of chaos from this ensemble to the PPE may be
interesting and is left for future work. The use of analyti-
cally tractable toy models in Ref. [17] may also be useful
for providing more accurate benchmarks of chaotic behav-
ior, as opposed to the Haar ensemble used here. We have
also considered a single type of initial state throughout, the
Néel state. In Appendix F, we explore two other types of
initial states which have difficulty distinguishing chaotic

from nonchaotic behavior: typical (Haar-random) states
and ground states. This emphasizes the need for weakly
entangled, high-energy initial states for these probes to
distinguish chaotic dynamics from integrable dynamics.
These conditions are typically satisfied, for example, by
the product states which constitute standard initial condi-
tions for quantum computation and simulation.

Finally, we comment on the experimental accessibility
of the quantities discussed in this paper. The construc-
tion of the process tensor requires postselection—multiple
samples of the output state |ϒR|�x〉 are required for each
multitime intervention �x to compute averages over the
ensemble. To perform these calculations on a quantum
circuit would require a number of runs which is exponen-
tial in the total number of interventions nB. Despite this
difficulty, postselection has been performed in a supercon-
ducting qubit processor [151]; however, this is restricted
to small circuit sizes. Recent studies on MITPs have used
the linear cross-entropy [152,153] as an order parame-
ter for probing volume- and area-law entanglement. This
approach replaces an exponentially long quantum simu-
lation with a classical simulation which, in general, also
scales exponentially but can be performed more efficiently
for Clifford circuits as has been demonstrated experimen-
tally in Ref. [154]. Developing a similar order parameter
to estimate higher-order moments of the PPE would be
interesting. Crucially, our finite-size scaling of the PPE
entanglement variance in Fig. 6 suggests that differences
between chaotic and nonchaotic dynamics become expo-
nentially large in system size, even for a relatively mod-
est number of interventions, nB ∼ 10. This may prove
beneficial for experimental observation of our predictions.
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APPENDIX A: COMPARISON OF QDE
DEFINITIONS

Similar definitions of the dynamical entropy have been
studied previously for different systems and choices of
interventions. In this Appendix, we discuss the differ-
ences and similarities between the Alicki-Fannes dynam-
ical entropy [29,31] and QDE defined from the pure state
process tensor. For a summary, see Table II.

The Alicki-Fannes dynamical entropy is defined as the
supremum of the Von Neumann entropy of the correlation
matrix over the set of interventions which forms a partition
of unity—a set of operators A = {A1, . . . , An} such that
∑

i A†
i Ai = 1. The correlation matrix with respect to these

operators has matrix elements given by the following:

C [A]�i �j = tr
[
ρA†

i1(t1) . . .A
†
in(tn)Ajn(tn) . . .Aj1(t1)

]
. (A1)

Above, the dynamics is written in the Heisenberg picture
such that Aik (tk) = eiHtk Aik e−iHtk and ρ is the state which is
taken to be in equilibrium. The dynamical entropy is then
defined as

Sdyn = supX lim sup
n→∞

1
n

S(C [X]), (A2)

with S(C [X]) = −tr(C [X] log(C [X])) the Von Neumann
entropy taken with respect to the correlation matrix which
is normalized to have unit trace.

A desirable property of the Alicki-Fannes entropy is that
it has been shown to be equivalent to the classical dynami-
cal entropy in the classical limit [30,31,86]. This contrasts
the definition of the QDE used in this paper, which uti-
lizes the Rényi-2 entropy to quantify entanglement in time.
In general, this quantity will not become equivalent to
the classical dynamical entropy as this is uniquely defined
by the Shannon entropy. Additionally, the Alicki-Fannes
entropy is defined for equilibrium states which is relevant
in the classical limit as classical phase space distributions
should be time-invariant. In this work, we consider pure
initial states which are not time-invariant in general.

TABLE II. Comparison of the definitions of the Alicki-Fannes
dynamical entropy and the process tensor dynamical entropy
which we use throughout this work; see Sec. II B 1 for more
information.

Alicki-Fannes Process Tensor

Equilibrium Arbitrary
Supremum No supremum
Aik ∈ L(HSE) Aik ∈ L(HS)

In Theorem 10.2 of Ref. [24], it is shows that the Alicki-
Fannes entropy is zero in finite systems, independent of the
type of dynamics chosen. This is due to an upper bounds
on the entropy of the correlation matrix in finite-sized
systems,

S(C[X]) ≤ min{log(dR), log(dB)}. (A3)

Inserting this result into Eq. (A2), we see that

Sdyn = lim sup
n→∞

log(dR)

n
→ 0. (A4)

When analyzing the dynamical entropy in finite-size sys-
tems, the condition that n → ∞ is relaxed.

In Eq. (A2), the partition is comprised of operators
which may act on the entire remainder space. In prac-
tice, it is numerically difficult to compute the dynamical
entropy for arbitrary nonlocal interventions. Additionally,
it is assumed that the supremum is taken over the possi-
ble partition X which is numerically challenging. In this
work, we consider a restricted form of the dynamical
entropy where partition of unitary is defined over a set of
physically accessible interventions that are orthogonal and
act on a local subspace HS of the total remainder space
HR ≡ HSE. This restricted dynamical entropy has been
studied in free fermion systems and has been computed in
the thermodynamic limit [42].

APPENDIX B: EQUILIBRATION OF DYNAMICAL
ENTROPY WITH TIME

In this Appendix, we derive the equilibration results dis-
cussed in Sec. IV. Equilibration results have been applied
to the observable entropy in the single-time case [116,126].
Here we use this approach combined with results from the
theory of equilibration of process tensors [80,81] to show
that the dynamical entropy will, for most times, be near its
equilibrium entropy.

First, we use continuity bounds to relate the difference
between the entropy of two states to the distance between
the states. For Rényi-α entropy’s with α > 1, the following
continuity bound has been derived [128]:

|S(α)(ρ)− S(α)(σ )|

≤ dα−1

1 − α

[
1 − (1 − D)α − (d − 1)1−αDα

]
. (B1)

Above, d is the dimension of the Hilbert space, and D is
the trace norm distance between ρ and σ given by

D = ‖ρ − σ‖1

2
= 1

2
tr
[√
(ρ − σ)(ρ − σ)†

]
. (B2)

020322-19



O’DONOVAN, DOWLING, MODI, and MITCHISON PRX QUANTUM 7, 020322 (2026)

In this work, we consider the α = 2 case which gives the
following bound:

|S(2)(ρ)− S(2)(σ )| ≤ 2D − d − 2
d − 1

D2. (B3)

We will now show that the equilibration of the dynam-
ical entropy occurs on average. To do this we consider
the equilibrium process tensor defined as the infinite-time-
averaged nB-process tensor [80],


B = 〈ϒ〉∞ =
( nB∏

i=1

lim
Ti→∞

1
Ti

∫ Ti

0
d (δti)

)

ϒB. (B4)

The entropy of the equilibrium process tensor will cor-
respond to the equilibrium entropy which the dynamical
entropy will fluctuate around. We use the continuity bound
in Eq. (B3) to write the time-averaged difference between
the entropy of the process and the equilibrium process in
terms of the difference between the processes. First we
show that the right-hand side of Eq. (B3) is a concave func-
tion of the trace distance T. Taking the second derivative
with respect to T and find

f (T) = 2D − d − 2
d − 1

D2 → f ′′(D) = −2
d − 2
d − 1

< 0,

(B5)

provided that d ≥ 2. Using this result, Jensen’s inequal-
ity ensures 〈f (D)〉∞ ≤ f (〈D〉∞) such that the following
inequality is satisfied:

〈|S(2)(ϒB)− S(2)(
B)|〉∞ ≤ 2〈D〉∞ − dk
S − 2

dk
S − 1

〈D〉2
∞.

(B6)

We have written the time-averaged distance between the
entropy’s as the time-averaged distance between states,
〈D〉∞ = 1

2 〈||ϒk −
k||1〉∞.
To apply the results of Ref. [80], we first show that the

trace distance can be rewritten in terms of the diamond
norm distance. The diamond norm distance is the distance
between two processes,

D(ϒB,
B) = 1
2

maxAk

∑

�x
|tr [A�x(ϒB −
B)] |. (B7)

Given a set of positive operator-valued measurements
{�i}, the following inequality holds:

1
2
||ϒB −
B||1 ≥ 1

2

∑

i

|tr(�i(ϒB −
B))|. (B8)

When �i is a projector onto the eigenvalues of ϒk −
k,
then equality holds [125]. The maximum over instruments

is being taken in Eq. (B7), so the diamond norm and trace
norm are equivalent. We can now write the average dif-
ference of the entropy’s in terms of the average diamond
norm.

Finally, we can use results obtained from the equilibra-
tion of process tensors to show that this difference is small
on average. The following result was proven in Ref. [80]:

〈DMk (ϒB,
B)〉∞ ≤ 1
2

Mkdk
S

√
2k − 1
deff(ρ)

. (B9)

Here, Mk is the combined total number of measurement
outcomes in Mk. The effective dimension of the initial
state is a measure of its overlap with the eigenstates of the
Hamiltonian. The overlap of the state and the eigenstate
is given by $(ρ) =∑n PnρPn for Pn = |n〉〈n| the projec-
tor onto an eigenstate of the Hamiltonian. The effective
dimension is the defined as

deff(ρ) = 1
tr
[
$(ρ)2

] . (B10)

Given this bound, we can apply Markov’s inequality.
Consider a random variable X with mean, μ, and stan-
dard deviation, σ . Markov inequality is a bound on the
probability of the random variable,

P(X ≥ a) ≤ E[X ]
a

. (B11)

We can straightforwardly apply this inequality to the ran-
dom variable X = |S(ϒB)− S(
B)|. Here, we take

a = 〈|S(2)(ϒB)− S(2)(
B)|〉∞
〈D〉∞

√
deff

= 1

d1/4
eff

(

2 − dnB
S − 2

dnB
S − 1

〈D〉∞
)

, (B12)

which gives us Eq. (28) from the main text.

APPENDIX C: DYNAMICAL ENTROPY RATE AS
A QUANTIFIER OF NON-MARKOVIANITY

In this Appendix, we show that the rate of growth of
the dynamical entropy places a bound on non-Markovian
correlations. First, consider a process ϒRB with dR > dB
and subspaces B1 and B2 such that tB1 < tB2 . The quan-
tum mutual information quantifies an unambiguous, oper-
ational notion of non-Markovianity in open quantum sys-
tems [69], and it is given by

I(B1 : B2) = SvN(ϒB1)+ SvN(ϒB2)− SvN(ϒB). (C1)

Here, SvN(ϒB) = E(B : R) is the dynamical entropy,
SvN(ϒB1) and SvN(ϒB2) are the entropy of marginals of the
process tensor.
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Using causality conditions, we know that SvN(ϒB1) is the
QDE for a process with nB1 interventions. Using this fact,
we rewrite the mutual information as follows:

I(B1 : B2) = SvN(ϒB2)− nB2

SvN(ϒB)− SvN(ϒB1)

nB − nB1

. (C2)

We define the dynamical entropy growth rate as

DB1:B2SvN(ϒ) = SvN(ϒB)− SvN(ϒB1)

nB − nB1

. (C3)

Finally, using that entropy is bounded from above by
SvN(ϒB2) ≤ log(dB2) = nB2 log(dS), we get the following
expression for the mutual information:

I(B1 : B2) ≤ nB2

[
log(dS)− DB1:B2SvN(ϒ)

]
. (C4)

The mutual information is non-negative due to subaddi-
tivity, therefore the inequality here must be saturated when
the right-hand side of Eq. (C4) is zero which corresponds
to having a maximal growth rate,

DB1:B2SvN(ϒ) = log(dS). (C5)

We can conclude that maximal growth rate of dynami-
cal entropy is a sufficient, but not necessary, condition
for Markovianity. We have seen that chaotic systems
maximize the dynamical entropy growth rate after suffi-
ciently long time scales, indicating that chaotic models are
Markovian.

APPENDIX D: SPATIOTEMPORAL
ENTANGLEMENT FOR HAAR-AVERAGED

DYNAMICS

In this Appendix, we compute an estimate of the Haar-
averaged entropy of the reduced process ϒR1 . The pure
state process tensor is given by the following:

|ϒ〉 =
∑

�x
UAxnU . . .UAx1U|ψ〉 ⊗ |xn . . . x1〉. (D1)

The operators Axj obey the following properties
∑

xj
A†

xj

Axj = 1R and tr(A†
xj Ayj ) = δxj yj . We perform a Haar aver-

age over the unitary evolution and will assume that the
unitary at each time step is different for simplicity. The
Haar average of this process is given by

〈ϒ〉Haar

=
∑

�x,�y

∫

U1:n+1

Uk+1Axn . . .Ax1U1
U†
1A†

y1
. . .A†

yn
U†

n+1

⊗ |x1 . . . xn〉〈y1 . . . yn|, (D2)

with initial state 
 = |ψ〉〈ψ | and Haar average taken over
each unitary independently. Starting from the middle, we

compute the Haar integral over U1 which is given by the
following:

∫

U1

U1|ψ〉〈ψ |U†
1 = 1

dR
〈ψ |ψ〉1 = 1

dR
1. (D3)

Here, dR the dimension of the remainder space. Inserting
this into the integral we get

〈ϒ〉Haar

= 1
dR

∑

x,y

∫

U2:n+1

Un+1Axn . . .U2Ax11A†
y1

U†
2 . . .A

†
xn

U†
n+1

⊗ |x1 . . . xn〉〈y1 . . . yn|. (D4)

Taking the average over U2, we get

∫

U2

U2

[
1E ⊗ Ax1A†

y1

]
U2

= 1
dR

1RtrE(1E)trS(Ax1A†
y1
) = dE

dR
δx1y11R. (D5)

Here, dE = dR/dS and is the dimension of the environment.
We can repeatedly apply this result for all unitaries so that
the average process is given by

〈ϒ〉Haar =
[

dE

dR

]n [ 1
dR

]

1R ⊗
∑

x,y

δ�x�y |�x〉〈�y|

= 1
dR

1R ⊗
[

1
dS

]n

1B. (D6)

The expression in Eq. (D6) is the Haar average process
tensor.

Using Eq. (D6), we can estimate different entropic quan-
tities of the process tensor. In particular, we can estimate
S(R1) for which we obtain

〈S(2)(ϒR1)〉 ≈ − log
(
tr
[〈ϒR1〉2]) = log(dR1). (D7)

This result is used in Sec. II B 2 to compare with our
numerical results.

APPENDIX E: MOMENTS OF PROJECTED
PROCESS ENSEMBLE

In the previous Appendix, we have computed the Haar-
averaged pure process tensor. This corresponds to the first
moment of the PPE, E . In this Appendix, we will compute
higher-order moments of the PPE and use them as a probe
of chaos. We first compute the second moment of the PPE
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which is given by the following:

ϒ
(k)
R =

∑

�x
p�x|ϒR|�x〉〈ϒR|�x|⊗k. (E1)

The state |ϒR|�x〉 is constructed by projecting onto a basis
of input interventions |�x〉 on butterfly space and is nor-
malized. We will assume that the interventions are unitary
such that p�x = 1/dn

S will average over the unitary operators
individually as shown below:

〈ϒ(k)
R 〉Haar = 1

dn
S

∑

�x

∫

U1:n+1

[
Un+1Axn . . .Ax1U1|ψ〉]⊗k

×
[
〈ψ |U†

1A†
x1
. . .A†

xn
U†

n+1

]⊗k
. (E2)

For simplicity, we write the integrand tensor product as

ϒ
(k)
R = U⊗k

n+1 . . .A
⊗k
x1

U⊗k
1 
⊗k(U†

1)
⊗k(A†

x1
)⊗k . . . (U†

n+1)
⊗k.

(E3)

Methods from the group theory of symmetric subspaces
[143] can be used to simplify the calculation of this Haar
averaging. Considering again the middle integral over U1,
we can write this averaging as a map,

�1[
⊗k] =
∫

U1

(U1)
⊗k
⊗k(U†

1)
⊗k, (E4)

with �1 : L [H⊗k
R

]→ L [H⊗k
R

]
mapping from the space

of operators acting on H⊗k
R to itself. The Haar average is

invariant under all unitary transformations V⊗k such that

[
�1[
⊗k], V⊗k] = 0 (E5)

for all V⊗k ∈ U⊗k. Schur’s lemma then implies that the
Haar average of this state must be proportional to the iden-
tity over this space. It is known that the unitary group U
under the action U → U⊗k has the symmetric subspace of
H⊗k

R as an irreducible representation. The identity on this
subspace is given by

�1[
⊗k] ∝ 1Sk =
∑

π∈Sk

Pπ , (E6)

where Pπ is a representation of the symmetry group Sk
which acts as

Pπ |ψ1〉 ⊗ . . .⊗ |ψk〉 = |ψπ−1(1)〉 ⊗ . . .⊗ |ψπ−1(k)〉.
(E7)

We note that this calculation has been performed previ-
ously in the context of projected ensembles [42].

We can use the property
[
A⊗k

x1
, Pπ
]

= 0 to write the
action of the CP maps as

∑

x1

A⊗k
x1
�1[
⊗k](A†

x1
)⊗k = �1[
⊗k]

∑

x1

(Ax1A†
x1
)⊗k.

(E8)

The next integral can also be represented straightfor-
wardly as

∫

U2

(U2)
⊗k

[
∑

x1

A⊗k
x1
�1[
⊗k](A†

x1
)⊗k

]

(U†
2)

⊗k

= �1[
⊗k]
∑

x1

∫

U2

(U2)
⊗k(Ax1A†

x1
)⊗k(U†

2)
⊗k. (E9)

This Haar average is given by the identity over the sym-
metric subspace and is represented as �2[(Ax1A†

x1)
⊗k]. We

note that this result is independent of x1 so we can write

∑

x1

�2[(Ax1A†
x1
)⊗k] = dS�2[(Ax1A†

x1
)⊗k]. (E10)

Repeatedly applying this result, we get the following
expression for the kth moment of the PPE:

〈ϒ(k)
R 〉Haar = dn

S�1(

⊗k)

n∏

i=1

�i+1[(AxiA
†
xi
)⊗k]. (E11)

Using the fact that
∑

π ,π ′ PπPπ ′ ∝∑π Pπ , we can show
that the Haar-averaged kth moment is proportional to the
following:

〈ϒ(k)
R 〉Haar ∝

∑

π∈Sk

Pπ . (E12)

The kth order moment should have unit trace and using
properties of the symmetric group we find the normaliza-
tion to be given by the following expression:

〈ϒ(k)
R 〉Haar =

∑
π∈Sk

Pπ
(dR)(dR + 1) . . . (dR + k − 1)

. (E13)

APPENDIX F: INITIAL STATE DEPENDENCE

In this Appendix, we discuss the dependence of the QDE
and PPE on the choice of initial state. So far, we have only
used the Néel state as our initial preparation. This state has
low initial entanglement and an energy which is near the
center of the spectrum. These are favorable properties for
distinguishing chaos from integrability. Initial states with a
large initial entanglement can often exhibit chaotic behav-
ior, even for integrable dynamics, as they have intrinsic
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(a) (b) (c)

(d) (e) (f)

Néel Ground state

Ground stateNéel

FIG. 7. Quantum dynamical entropy computed using Néel [(a) and (d)], typical [(b) and (e)], and ground [(c) and (f)] states. We
consider the integrable and chaotic XXZ model for these simulations which are shown in blue and red respectively. We plot quantum
dynamical entropy as a function of time between interventions in the top row for system size L = 14. We observe that the typical state
preparation results in maximal growth for both the chaotic and integrable models. The ground state preparation displays distinctly
less quantum dynamical entropy growth with time with even the integrable model having larger growth. The scaling with number of
interventions is shown in the bottom row, and we see again that the typical state case shows linear behavior for integrable and chaotic
models and that the ground state case shows reduced growth rate for the chaotic model.

complexity which is difficult to distinguish from the com-
plexity of the dynamics. Additionally, initial states near
the edges of the spectrum may exhibit constrained dynam-
ics, even for chaotic dynamics. We will now perform a
numerical analysis to see if the quantities considered in this
work are capable of distinguishing chaos from integrability
under these conditions.

Below, we will compare our numerical results for
the Néel state to the case with the two “bad” initial
states, namely typical states and ground states. A typi-
cal state—one that is randomly sampled from the Hilbert
space—has extensive initial entanglement and may exhibit
chaotic behavior for integrable dynamics. The ground
state, by contrast, may exhibit highly constrained dynamics
independent of the chaoticity of the model considered.

First, we study the QDE for the chaotic and integrable
XXZ model using these different initial states. In Fig. 7, we
reproduce the time dependence of the QDE and the growth
with number of interventions for these initial states. We

see that typical initial states, shown in Figs. 7(b) and 7(e),
exhibit indistinguishable behavior for the two types of
models. This is in stark contrast to Figs. 7(a) and 7(d)
which are the results for the Néel state. For the ground
state preparation, we observe submaximal growth of the
chaotic dynamical entropy and even see the integrable
having larger growth rate with number of interventions.
This clearly indicates that the QDE requires initially low-
entangled states with energy near the center of the spec-
trum to distinguish chaos and integrability in finite-sized
systems.

We also study the PPE for these initial states. In Fig. 8,
we plot the bipartite entanglement distributions for deter-
ministic, {11, σ z

1 }, and nondeterministic, {|0〉〈0|, |1〉〈1|},
interventions. In Fig. 8(b), the nondeterministic inter-
ventions are able to distinguish chaotic and integrable
dynamics, but the deterministic interventions show sim-
ilar behavior to the Haar ensemble, independent of the
choice of dynamics. The ground state case in Fig. 8(c)
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(a) (b) (c)
Néel Ground state

FIG. 8. Bipartite entanglement distribution computed from the projected process ensemble using Néel (a), typical (b), and ground
(c) state preparations. We consider chaotic and integrable XXZ models with system size L = 12 and number of interventions nB = 14.
(a) We observe the same features as seen in Sec. IV C, agreement between the Haar distribution and chaotic dynamics for deterministic
interventions. (b) For the typical initial state, we see the deterministic interventions show behavior similar to the Haar ensemble,
independent of the chaoticity of the dynamics. For nondeterministic interventions, we observe the competition between entanglement
breaking projective measurements and entanglement generating dynamics, from which we can distinguish chaos from integrability.
Finally, for the ground state (c) we observe that all models show distinct behavior to the Haar ensemble, but we are still able to
distinguish chaotic and integrable dynamics by proximity to the Haar ensemble.

displays clear differences between the Haar ensemble and
all models considered unlike what is seen for the Néel
state.

In this analysis, we have found that the probes con-
sidered in this work require a low-entangled initial state
with energy near the center of the spectrum. However, this
requirement is not unique to the quantifiers considered in
this work. If we assume that only chaotic dynamics can
generate complexity, then choosing a volume-law entan-
gled initial state is consistent with assuming that some
chaotic dynamics was initially performed on the state
which the probe is detecting. Similarly, chaos quantifiers
like the eigenstate thermalization hypothesis also neglect
states near the edges of the spectrum.
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Quantum dynamical entropy and decoherence rate, J.
Phys. A: Math. Gen. 37, 5157 (2004).

[42] J. Cotler, C.-M. Jian, X.-L. Qi, and F. Wilczek, Superden-
sity operators for spacetime quantum mechanics, J. High
Energy Phys. 2018, 93 (2018).

[43] N. Dowling and K. Modi, Operational metric for quantum
chaos and the corresponding spatiotemporal-entanglement
structure, PRX Quantum 5, 010314 (2024).

[44] P. Strasberg, T. E. Reinhard, and J. Schindler, First prin-
ciples numerical demonstration of emergent decoherent
histories, Phys. Rev. X 14, 041027 (2024).

[45] J. Wang and P. Strasberg, Decoherence of histories:
Chaotic versus integrable systems, Phys. Rev. Lett. 134,
220401 (2025).

[46] G. Lindblad, Non-Markovian quantum stochastic pro-
cesses and their entropy, Commun. Math. Phys. 65, 281
(1979).

[47] S. Milz, F. A. Pollock, and K. Modi, Reconstructing non-
Markovian quantum dynamics with limited control, Phys.
Rev. A 98, 012108 (2018).

[48] E. D. Schultz, K. Furuya, and L. Nie, Symmetry properties
of quantum dynamical entropy, Phys. Rev. A 112, 052210
(2025).

[49] P. Figueroa-Romero, K. Modi, and F. A. Pollock, Almost
Markovian processes from closed dynamics, Quantum 3,
136 (2019).

[50] D. N. Page, Average entropy of a subsystem, Phys. Rev.
Lett. 71, 1291 (1993).

[51] E. Bianchi and P. Donà, Typical entanglement entropy in
the presence of a center: Page curve and its variance, Phys.
Rev. D 100, 105010 (2019).

[52] S. C. Morampudi, A. Chandran, and C. R. Laumann,
Universal entanglement of typical states in constrained
systems, Phys. Rev. Lett. 124, 050602 (2020).

[53] B. Skinner, J. Ruhman, and A. Nahum, Measurement-
induced phase transitions in the dynamics of entangle-
ment, Phys. Rev. X 9, 031009 (2019).

[54] Y. Li, X. Chen, and M. P. A. Fisher, Measurement-driven
entanglement transition in hybrid quantum circuits, Phys.
Rev. B 100, 134306 (2019).

[55] A. Chan, R. M. Nandkishore, M. Pretko, and G. Smith,
Unitary-projective entanglement dynamics, Phys. Rev. B
99, 224307 (2019).

[56] Y. Li, X. Chen, and M. P. A. Fisher, Quantum Zeno effect
and the many-body entanglement transition, Phys. Rev. B
98, 205136 (2018).

[57] J. Choi, A. L. Shaw, I. S. Madjarov, X. Xie, R. Finkel-
stein, J. P. Covey, J. S. Cotler, D. K. Mark, H.-Y. Huang,

020322-25

https://doi.org/10.22331/q-2022-12-29-886
https://doi.org/10.1007/JHEP04(2017)121
https://doi.org/10.1103/PhysRevLett.118.086801
https://doi.org/10.1103/PhysRevLett.124.140602
https://doi.org/10.1103/PhysRevB.107.235421
https://doi.org/10.3390/e25010059
https://doi.org/10.1103/PhysRevLett.131.180403
https://doi.org/10.1007/JHEP03(2018)025
https://doi.org/10.1038/s41467-019-10336-4
https://doi.org/10.1063/1.530704
https://doi.org/10.1007/BF00761125
https://doi.org/10.1103/PhysRevA.97.012127
https://doi.org/10.22331/q-2020-04-20-255
https://doi.org/10.1103/PRXQuantum.2.030201
https://doi.org/10.1038/s41467-018-05617-3
https://doi.org/10.1103/PhysRevLett.123.240602
https://doi.org/10.1103/PhysRevA.102.052206
https://doi.org/10.1038/s41567-022-01544-9
https://doi.org/10.1103/PhysRevX.14.041018
https://doi.org/10.1103/PhysRevLett.77.838
https://doi.org/10.1088/0305-4470/37/19/004
https://doi.org/10.1007/JHEP09(2018)093
https://doi.org/10.1103/PRXQuantum.5.010314
https://doi.org/10.1103/PhysRevX.14.041027
https://doi.org/10.1103/m8vq-l449
https://doi.org/10.1007/BF01197883
https://doi.org/10.1103/PhysRevA.98.012108
https://doi.org/10.1103/5slc-qj5n
https://doi.org/10.22331/q-2019-04-30-136
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.1103/PhysRevD.100.105010
https://doi.org/10.1103/PhysRevLett.124.050602
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevB.98.205136


O’DONOVAN, DOWLING, MODI, and MITCHISON PRX QUANTUM 7, 020322 (2026)

A. Kale, H. Pichler, F. G. S. L. Brandão, S. Choi, and M.
Endres, Preparing random states and benchmarking with
many-body quantum chaos, Nature 613, 468 (2023).

[58] I. A. Luchnikov, S. V. Vintskevich, H. Ouerdane, and S. N.
Filippov, Simulation complexity of open quantum dynam-
ics: Connection with tensor networks, Phys. Rev. Lett.
122, 160401 (2019).

[59] S. Carignano, C. R. Marimón, and L. Tagliacozzo, Tem-
poral entropy and the complexity of computing the expec-
tation value of local operators after a quench, Phys. Rev.
Res. 6, 033021 (2024).

[60] A. Bou-Comas, C. R. Marimón, J. T. Schneider, S. Carig-
nano, and L. Tagliacozzo, Measuring temporal entan-
glement in experiments as a hallmark for integrability,
arXiv:2409.05517.

[61] A. Lerose, M. Sonner, and D. A. Abanin, Scaling of tem-
poral entanglement in proximity to integrability, Phys.
Rev. B 104, 035137 (2021).

[62] G. Giudice, G. Giudici, M. Sonner, J. Thoenniss, A.
Lerose, D. A. Abanin, and L. Piroli, Temporal entangle-
ment, quasiparticles, and the role of interactions, Phys.
Rev. Lett. 128, 220401 (2022).

[63] A. Foligno, T. Zhou, and B. Bertini, Temporal entangle-
ment in chaotic quantum circuits, Phys. Rev. X 13, 041008
(2023).

[64] M. C. Bañuls, M. B. Hastings, F. Verstraete, and J. I. Cirac,
Matrix product states for dynamical simulation of infinite
chains, Phys. Rev. Lett. 102, 240603 (2009).

[65] A. Lerose, M. Sonner, and D. A. Abanin, Influence matrix
approach to many-body Floquet dynamics, Phys. Rev. X
11, 021040 (2021).

[66] C. D. White, M. Zaletel, R. S. K. Mong, and G. Refael,
Quantum dynamics of thermalizing systems, Phys. Rev. B
97, 035127 (2018).

[67] T. Rakovszky, C. W. von Keyserlingk, and F. Pollmann,
Dissipation-assisted operator evolution method for cap-
turing hydrodynamic transport, Phys. Rev. B 105, 075131
(2022).

[68] S. Milz, F. A. Pollock, and K. Modi, An introduction to
operational quantum dynamics, Open Syst. Inf. Dyn. 24,
1740016 (2017).

[69] F. A. Pollock, C. Rodríguez-Rosario, T. Frauenheim, M.
Paternostro, and K. Modi, Operational Markov condi-
tion for quantum processes, Phys. Rev. Lett. 120, 040405
(2018).

[70] S. Milz, M. S. Kim, F. A. Pollock, and K. Modi, Com-
pletely positive divisibility does not mean Markovianity,
Phys. Rev. Lett. 123, 040401 (2019).

[71] P. Taranto, F. A. Pollock, and K. Modi, Non-Markovian
memory strength bounds quantum process recoverability,
npj Quantum Inf. 7, 149 (2021).

[72] P. Taranto, S. Milz, F. A. Pollock, and K. Modi, Structure
of quantum stochastic processes with finite Markov order,
Phys. Rev. A 99, 042108 (2019).

[73] P. Taranto, F. A. Pollock, S. Milz, M. Tomamichel, and
K. Modi, Quantum Markov order, Phys. Rev. Lett. 122,
140401 (2019).

[74] G. A. L. White, C. D. Hill, F. A. Pollock, L.
C. L. Hollenberg, and K. Modi, Demonstration of
non-Markovian process characterisation and control on a
quantum processor, Nat. Commun. 11, 6301 (2020).

[75] G. A. L. White, F. A. Pollock, L. C. L. Hollenberg, C.
D. Hill, and K. Modi, What can unitary sequences tell us
about multi-time physics? Quantum 9, 1695 (2025).

[76] G. A. L. White, F. A. Pollock, L. C. L. Hollenberg, K.
Modi, and C. D. Hill, Non-Markovian quantum process
tomography, PRX Quantum 3, 020344 (2022).

[77] G. Zambon and D. O. Soares-Pinto, Relations between
Markovian and non-Markovian correlations in multitime
quantum processes, Phys. Rev. A 109, 062401 (2024).

[78] I. A. Aloisio, G. A. L. White, C. D. Hill, and K. Modi,
Sampling complexity of open quantum systems, PRX
Quantum 4, 020310 (2023).

[79] M. Zonnios, J. Levinsen, M. M. Parish, F. A. Pollock, and
K. Modi, Signatures of quantum chaos in an out-of-time-
order matrix, Phys. Rev. Lett. 128, 150601 (2022).

[80] N. Dowling, P. Figueroa-Romero, F. A. Pollock, P. Stras-
berg, and K. Modi, Relaxation of multitime statistics in
quantum systems, Quantum 7, 1027 (2023).

[81] N. Dowling, P. Figueroa-Romero, F. A. Pollock, P. Stras-
berg, and K. Modi, Equilibration of multitime quantum
processes in finite time intervals, SciPost Phys. Core 6,
043 (2023).

[82] P. Figueroa-Romero, F. A. Pollock, and K. Modi, Marko-
vianization with approximate unitary designs, Commun.
Phys. 4, 127 (2021).

[83] S. Khatri and M. M. Wilde, Principles of quantum commu-
nication theory: A modern approach, arXiv:2011.04672.

[84] J. Watrous, The Theory of Quantum Information (Cam-
bridge University, Cambridge, 2018).

[85] M. A. Nielsen and I. L. Chuang, Quantum Computa-
tion and Quantum Information: 10th Anniversary Edition
(Cambridge University, Cambridge, 2010).

[86] P. Pechukas, Kolmogorov entropy and “quantum chaos”,
J. Phys. Chem. 86, 2239 (1982).

[87] S. H. Shenker and D. Stanford, Black holes and the
butterfly effect, J. High Energy Phys. 2014, 67 (2014).

[88] J. Maldacena, S. H. Shenker, and D. Stanford, A bound on
chaos, J. High Energy Phys. 2016, 106 (2016).

[89] B. Swingle, G. Bentsen, M. Schleier-Smith, and P. Hay-
den, Measuring the scrambling of quantum information,
Phys. Rev. A 94, 040302(R) (2016).

[90] D. A. Roberts and B. Swingle, Lieb-Robinson bound and
the butterfly effect in quantum field theories, Phys. Rev.
Lett. 117, 091602 (2016).

[91] B. Swingle, Unscrambling the physics of out-of-time-
order correlators, Nat. Phys. 14, 988 (2018).

[92] S. Xu and B. Swingle, Scrambling dynamics and out-of-
time-Ordered correlators in quantum many-body systems,
PRX Quantum 5, 010201 (2024).

[93] Y.-Q. Chen, S. Liu, and S.-X. Zhang, Subsystem informa-
tion capacity in random circuits and Hamiltonian dynam-
ics, Quantum 9, 1783 (2025).

[94] A. Chan and A. De Luca, Projected state ensemble of a
generic model of many-body quantum chaos, J. Phys. A:
Math. Theor. 57, 405001 (2024).

[95] D. K. Mark, F. Surace, A. Elben, A. L. Shaw, J. Choi, G.
Refael, M. Endres, and S. Choi, Maximum entropy princi-
ple in deep thermalization and in Hilbert-space ergodicity,
Phys. Rev. X 14, 041051 (2024).

[96] B. Sutherland, Beautiful Models (World Scientific,
Cambridge, 2004).

020322-26

https://doi.org/10.1038/s41586-022-05442-1
https://doi.org/10.1103/PhysRevLett.122.160401
https://doi.org/10.1103/PhysRevResearch.6.033021
https://arxiv.org/abs/2409.05517
https://doi.org/10.1103/PhysRevB.104.035137
https://doi.org/10.1103/PhysRevLett.128.220401
https://doi.org/10.1103/PhysRevX.13.041008
https://doi.org/10.1103/PhysRevLett.102.240603
https://doi.org/10.1103/PhysRevX.11.021040
https://doi.org/10.1103/PhysRevB.97.035127
https://doi.org/10.1103/PhysRevB.105.075131
https://doi.org/10.1142/S1230161217400169
https://doi.org/10.1103/PhysRevLett.120.040405
https://doi.org/10.1103/PhysRevLett.123.040401
https://doi.org/10.1038/s41534-021-00481-4
https://doi.org/10.1103/PhysRevA.99.042108
https://doi.org/10.1103/PhysRevLett.122.140401
https://doi.org/10.1038/s41467-020-20113-3
https://doi.org/10.22331/q-2025-04-08-1695
https://doi.org/10.1103/PRXQuantum.3.020344
https://doi.org/10.1103/PhysRevA.109.062401
https://doi.org/10.1103/PRXQuantum.4.020310
https://doi.org/10.1103/PhysRevLett.128.150601
https://doi.org/10.22331/q-2023-06-01-1027
https://doi.org/10.21468/SciPostPhysCore.6.2.043
https://doi.org/10.1038/s42005-021-00629-w
https://arxiv.org/abs/2011.04672
https://doi.org/10.1021/j100209a019
https://doi.org/10.1007/JHEP03(2014)067
https://doi.org/10.1007/JHEP08(2016)106
https://doi.org/10.1103/PhysRevA.94.040302
https://doi.org/10.1103/PhysRevLett.117.091602
https://doi.org/10.1038/s41567-018-0295-5
https://doi.org/10.1103/PRXQuantum.5.010201
https://doi.org/10.22331/q-2025-06-24-1783
https://doi.org/10.1088/1751-8121/ad7211
https://doi.org/10.1103/PhysRevX.14.041051


DIAGNOSING CHAOS WITH PROJECTED ENSEMBLES... PRX QUANTUM 7, 020322 (2026)

[97] M. Brenes, J. Goold, and M. Rigol, Low-frequency behav-
ior of off-diagonal matrix elements in the integrable XXZ
chain and in a locally perturbed quantum-chaotic XXZ
chain, Phys. Rev. B 102, 075127 (2020).

[98] M. Pandey, P. W. Claeys, D. K. Campbell, A.
Polkovnikov, and D. Sels, Adiabatic eigenstate deforma-
tions as a sensitive probe for quantum chaos, Phys. Rev. X
10, 041017 (2020).

[99] L. F. Santos, F. Pérez-Bernal, and E. J. Torres-
Herrera, Speck of chaos, Phys. Rev. Res. 2, 043034
(2020).

[100] S. Iyer, V. Oganesyan, G. Refael, and D. A. Huse, Many-
body localization in a quasiperiodic system, Phys. Rev. B
87, 134202 (2013).

[101] V. Khemani, D. N. Sheng, and D. A. Huse, Two universal-
ity classes for the many-body localization transition, Phys.
Rev. Lett. 119, 075702 (2017).

[102] S.-X. Zhang and H. Yao, Universal properties of many-
body localization transitions in quasiperiodic systems,
Phys. Rev. Lett. 121, 206601 (2018).

[103] E. V. H. Doggen and A. D. Mirlin, Many-body delocaliza-
tion dynamics in long Aubry-André quasiperiodic chains,
Phys. Rev. B 100, 104203 (2019).

[104] S. Xu, X. Li, Y.-T. Hsu, B. Swingle, and S. Das Sarma,
Butterfly effect in interacting Aubry-Andre model: Ther-
malization, slow scrambling, and many-body localization,
Phys. Rev. Res. 1, 032039(R) (2019).
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