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Quantum simulators have the potential to solve quantum many-body problems that are beyond the
reach of classical computers, especially when they feature long-range entanglement. To fulfill their
prospects, quantum simulators must be fully controllable, allowing for precise tuning of the microscopic
physical parameters that define their implementation. We consider Rydberg-atom arrays, a promising plat-
form for quantum simulations. Experimental control of such arrays is limited by the imprecision on the
optical-tweezer positions when assembling the array, hence introducing uncertainties in the simulated
Hamiltonian. In this work, we introduce a scalable approach to Hamiltonian learning using graph neural
networks (GNNs). We employ the density-matrix renormalization group to generate ground-state snap-
shots of the transverse-field Ising model realized by the array, for many realizations of the Hamiltonian
parameters. Correlation functions reconstructed from these snapshots serve as input data to carry out the
training. We demonstrate that our GNN model has a remarkable capacity to extrapolate beyond its train-
ing domain, regarding both the size and the shape of the system, yielding an accurate determination of the
Hamiltonian parameters with a minimal set of measurements. We prove a theorem establishing a bijec-
tive correspondence between the correlation functions and the interaction parameters in the Hamiltonian,
which provides a theoretical foundation for our learning algorithm. Our work could open the road to feed-
back control of the positions of the optical tweezers, hence providing a decisive improvement of analog
quantum simulators.

DOI: 10.1103/f58h-zxs3

I. INTRODUCTION

Analog quantum simulators aim at answering funda-
mental questions about physics and solve problems that
are not accessible to classical computers, such as quan-
tum many-body problems with many degrees of freedom
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and large-scale entanglement [1–7]. Recently, this promise
is becoming a reality due to great experimental progress
in controlling the individual quantum degrees of free-
dom of quantum systems with optical tweezers [8,9] and
single-atom-resolved detection techniques such as quan-
tum gas microscopy [10–13], among others. Nevertheless,
experimental quantum platforms are noisy and imperfect,
and this impacts quantum computing [14–16] and sensing
[17,18]. To recognize and counter these imperfections, the
field needs fast and scalable methods to characterize and
verify prepared quantum states and Hamiltonians [19,20].

One of the frontiers of quantum characterization
and verification is Hamiltonian learning, i.e., infer-
ring the experimentally realized Hamiltonian through
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measurements. In realizable cases, the Hamiltonian can
be directly reconstructed from knowledge of the steady
states of the system [21–24], the wave function following
a quantum quench [25,26] or following the application of
single-qubit pulses [27]. However, the realization of such
methods is not always feasible in an arbitrary quantum sys-
tem due to their reliance on knowledge of the amplitudes
of the quantum state.

The Hamiltonian can also be learned without full knowl-
edge of the prepared quantum state. For instance, in
Bayesian techniques, the Hamiltonian parameters are esti-
mated by iteratively updating a probability distribution
over possible Hamiltonians based on the measurement
outcomes of the system [22,28,29]. Meanwhile, varia-
tional and gradient-based methods rely on optimizing a
cost function based on how well the candidate Hamilto-
nian predicts the measurement outcomes. These methods
can be combined with a trusted quantum simulator if
available [30,31]. The gradient-based approach has been
implemented using tensor networks [32], neural differen-
tial equations [33], and by estimating the time derivatives
of some observables [34,35].

Despite these methodological advances, Hamiltonian
learning is especially challenging and remains impractical
in regimes where (i) comparison with classical techniques,
such as tensor networks, is no longer possible [24,32,33],
(ii) the Hamiltonian has many parameters and terms, some
of which may be unknown [25,26,32,36], (iii) the experi-
mental setup imposes constraints over the accessible mea-
surement set [25–27], and (iv) the task needs to be realized
fast [36] using a viable number of measurements.

Given the ongoing success of machine learning (ML)
in quantum physics [37,38], especially in quantum state
tomography [39–44] and phase classification [45–51], it is
promising to address the outstanding challenges of Hamil-
tonian learning with neural networks. This direction has
already been fruitful [24,52–58] and has outperformed
Bayesian methods in a direct comparison [56]. While
these neural-network-based methods are able to quickly
predict many Hamiltonian parameters at once with low
error based on a user-defined form of measurements, they
require accurate numerical simulations of the quantum sys-
tem under consideration and, therefore, do not scale up to
large two-dimensional (2D) systems.

Here, we present a Hamiltonian-learning approach that
addresses the scalability challenge of neural-network-
based approaches and is driven by the needs and limi-
tations of analog quantum simulators based on Rydberg
atoms (Fig. 1). We demonstrate how a graph neural net-
work (GNN), designed to be invariant with respect to the
size of the quantum system, learns Hamiltonian param-
eters of a quantum transverse-field Ising model (TFIM)
defined on small computationally tractable 2D arrays and
successfully extrapolates to larger 2D arrays with only
small impacts on the predictive accuracy of the GNN. This
opens the way to tackling experimental challenges such as
learning the noise sources or correcting errors in experi-
mentally relevant regimes, with the training data obtained
via numerical simulations of smaller physical systems.

In experiments, the sources of imprecision fall into two
different classes. The first is of a technical nature and
originates from the difficulty of making a homogeneously

(a) (b) (c)

and neural-network correlations

Graph neural-network (GNN)

FIG. 1. Graph neural networks (GNNs) for Hamiltonian learning. (a) We represent the information about a quantum simulator in
the form of a graph, where nodes contain on-site information and edges represent two-body correlators. The sketched graph includes
only nearest-neighbor (NN) two-body correlators but can generally include correlators of arbitrary range and number of bodies. (b) A
GNN takes in a graph of any size and learns to update its values into a useful representation, which then forms a basis for predicting
an arbitrarily large number of parameters of predefined Hamiltonian terms. (c) We demonstrate that the GNN is able to predict the
Hamiltonian parameters of quantum systems of large sizes while being trained only on small sizes.
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spaced 2D arrangement of Rydberg atoms. The sec-
ond class encompasses fundamental imprecision sources,
which are the quantum zero-point motion of the atoms
sitting in the finite potential well and the thermal fluctu-
ations associated with the millikelvin temperatures. Here,
we focus on the learning task that addresses the technical
uncertainty leading to random optical-tweezer displace-
ments in the system. The GNN learns to predict tweezer
displacements based on observables such as the local mag-
netization and nearest-neighbor (NN) and next-nearest-
neighbor (NNN) spin correlators, which can be obtained
from projective measurements performed on quantum sim-
ulators. Due to the GNN prediction speed and accuracy, it
could be used in future setups to counteract the tweezer
displacements, hence providing feedback control on the
experiment. This would pave the way toward the study of
error-free Hamiltonians, such as those featuring quantum
spin liquids [59], which would be sensitive to disorder gen-
erated by random tweezer displacements due to the narrow
parameter ranges in which they take place [60–62].

In Sec. II, we describe in more detail the ultracold Ryd-
berg platform, which inspired the learning task. There,
we also introduce a bijective correspondence between
the correlation functions and the interaction parameters
of the Hamiltonian, which provides a theoretical founda-
tion for our learning algorithm. This proof is laid out in
Appendix A. Finally, we describe the learning algorithm
itself and introduce the GNN architecture and its training
procedure. In Sec. III, we demonstrate the scalability of
the GNN and the dependence of its prediction error on
data representation. We also show how the GNN predic-
tion error depends on the number of snapshots used to
estimate correlators. We furthermore compare the GNN
performance to that of a multilayer perceptron (MLP). In
Sec. IV, we conclude by discussing open problems and
the next directions unlocked by our Hamiltonian-learning
approach.

II. METHODS

We start this section by describing briefly, in Sec. II A,
the Rydberg-atom platform for quantum simulation, which
inspired our learning task, as well as the Hamiltonian stud-
ied in this work. In Sec. II B, we outline a proof, detailed in
Appendix A, that demonstrates a bijective relation between
spin exchange couplings and spin-spin correlation func-
tions. This bijective relation ensures that, e.g., NN correla-
tion functions suffice to uniquely determine NN couplings
defining the Hamiltonian, and therefore the relative dis-
tances of all the NN Rydberg atoms on the lattice. Then,
in Sec. II C, we introduce the key ML techniques used to
predict the atomic displacements from the DMRG local
magnetization and spin correlators, as well as the metrics
used to judge the predictive power of the neural network.

A. Rydberg platform and the studied Hamiltonian

Among the promising quantum simulation platforms
stand Rydberg-atom arrays [63–65]. By means of optical
tweezers, the atoms are trapped and act like pseudo-spin- 1

2
qubits, which can be addressed individually. On these plat-
forms, the TFIM can be natively implemented, as well as
other spin models, such as the quantum XY [66] or quan-
tum XXZ models [67], by introducing anisotropy in the
spin exchange energy. In Rydberg-based platforms, quan-
tum entanglement is generated via the Rydberg-blockade
mechanism, which arises from the electric dipole-dipole
interaction, a second-order process that prevents the simul-
taneous electronic excitation of nearby atoms into Rydberg
states.

In this work, we solve the Hamiltonian-learning task for
the 2D TFIM

Ĥ =
∑

i<j

C6

Rij
6

︸︷︷︸
≡Ji,j

σ̂ z
i σ̂

z
j + ��

∑

i

σ̂ x
i + �δ

∑

i

σ̂ z
i , (1)

where i < j runs over all atomic positions while
avoiding double counting of pairs and C6/� � 5.42 ×
106 rad µs−1 µm6 is the dipole-dipole interaction term
originating from the van der Waals interaction for rubid-
ium with principal quantum number n = 70 [64], in which
� the reduced Planck’s constant. The parameter � stands
for the transverse Ising field (Rabi frequency) and δ for the
detuning field, while σ̂ z and σ̂ x denote the corresponding
Pauli matrices. The distance Rij describes the pairwise dis-
tance between any two atoms i and j sitting in the array.
Hence, the interaction term [first term in Eq. (1)] cov-
ers all pairs of Rydberg atoms over the whole array and
is in essence a long-range interaction that is responsible
for the Rydberg blockade whenever the Rabi frequency
�� � C6/R6

ij ≡ Ji,j . The two-level system is encoded in
the Rydberg states, typically s orbitals. In the following,
we will set � = 1.

To emulate the TFIM on a Rydberg-atom platform, we
employ the density-matrix renormalization group (DMRG)
algorithm [68,69] to solve the TFIM. We provide more
details on the DMRG calculations in Appendix E.

B. Bijection between interactions and spin-spin
correlators

This section outlines a general theorem for Hamiltonian
reconstruction, established in detail in Appendix A. This
theorem states that any two-body correlation function ci,j
that involves an arbitrary pair of lattice (orbital) degrees of
freedom is uniquely (one-to-one) mapped to a correspond-
ing Hamiltonian-interaction term Ji,j . This assumes that the
correlation matrices ci,j are J -representable, meaning that
they correspond to correlation functions for some choice
of Ji,j , in analogy with the concept of V-representability
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[70,71]. This theorem generalizes the Hohenberg-Kohn
(HK) theorem from density-functional theory [72,73] and
stands as a quantum generalization of the Henderson
theorem [74]. In Appendix A, by means of a lemma, we
specialize the proof of the bijection theorem to the TFIM,
which holds if and only if � �= 0.

Theorem (Hohenberg-Kohn-Henderson Theorem for the
TFIM). For the TFIM as defined in Eq. (1), for fixed
nonzero � and fixed δ, there exists a bijection between the
J -representable correlation functions ci,j = 〈Ŝz

i Ŝ
z
j 〉 and the

set of interactions Ji,j , Ji,j ⇔ ci,j .

The proof is given in Appendix A, and follows two
key steps. First, we establish that, for nonzero �, two
different interaction matrices, J (1)i,j and J (2)i,j , cannot yield
identical ground states �, so that �(1) �= �(2) if J (1)i,j �=
J (2)i,j . This then allows us to use the variational principle
for the energy as a strict inequality to prove, through a
reductio ad absurdum argument, that different interaction
matrices, J (1)i,j and J (2)i,j , imply different sets of correla-
tion matrices, c(1)i,j �= c(2)i,j , respectively. This result serves
as a theoretical foundation for reconstructing Hamiltoni-
ans from experimentally measured correlation functions in
quantum systems, such as cold-atom quantum simulators.

In the proof, the key constraints come from Eq. (A6),
which provides a constraint on the interaction differences

{J (1)i,j − J (2)i,j } for each conventional σ̂ z-basis spin config-
uration |σ 〉, for which the amplitude is nonzero. If we
were to randomly pick such a |σ 〉 configuration, we would
need more than N (N − 1)/2 + 1 such configurations to
show that these differences are zero. In the context of
TFIM with� �= 0, we have an overabundance of such con-
straints, namely, one for each 2N basis vectors, due to the
lemma detailed in the Appendix A. We therefore think that,
beyond the TFIM, a similar theorem could be proven for
systems without strong conditions, such as stoquasticity
[75] or irreducibility [76] for the density matrix (properties
enjoyed by the � �= 0 TFIM), provided that two distinct
sets of interactions cannot yield the same ground state.

C. Machine-learning techniques

As previously mentioned, the physical setup of interest
consists of Rydberg atoms arranged on a 2D surface and
kept in place with optical tweezers. The measurement out-
comes of this system, in terms of magnetization and spin-
spin correlators, can be natively represented as a graph [see
Fig. 2(a)]. For such a data representation, a well-suited
ML architecture comes from the wide class of GNNs. The
advantage that is especially important in the context of this
work is that they preserve the graph structure of the pro-
cessed data and can be made size invariant. In our case, we
achieve size invariance by combining the GNN with prop-
erly designed task networks. Specifically, we employ the

(a)    Input
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M3

χ23
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Message passing

GNN layer
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of messages
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for all NN pairs of nodes

Sharing 
parameters

θ′′
mm

hi = ⊕j;θ′mj→i
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χ23

(c)(b)

FIG. 2. An illustration of the elements of the GNN architecture on an example of a three-atom one-dimensional chain. (a) The input
is a graph containing spin correlators measured in a quantum system. For example, here the nodes contain on-site magnetization,
Mi, where i indicates a site and nearest-neighbor edges connecting nodes i and j contain NN spin-spin correlations, χij . Graphs can
contain higher-order many-body and longer-range correlators. (b) A GNN layer updates each node value with a new hidden value hi,
preserving the graph structure. The update is based on messages sent between the neighboring nodes, mi→j , which is predicted by
the same message-passing network that takes in the values of neighboring nodes and edges. Then, the messages are aggregated via a
learned combination of aggregators such as min, max, and mean, and form a new hidden value of each node. (c) The same task network
takes in every pair of neighboring nodes along with their spin-spin correlation and predicts the distance between them. With such an
architecture, the GNN is invariant to the physical size input and bases its predictions on the atom neighborhood. When comparing to
the MLP model, we solely use the very same task networks to read off the NN correlators and infer the NN relative distances.
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principal-neighbor-aggregation (PNA) variant with multi-
ple aggregators [77] as a GNN layer and MLPs as task
networks. We present some elements of the GNN in Fig. 2
and explain the key elements defining the GNN and how
it processes the physical data in Sec. II C 1. To train the
GNN, the L2 norm between targets y and predictions ŷ
is evaluated, where the targets and predictions correspond
to relative NN distances (Rij → R〈ij 〉) and relative NNN
distances (Rij → R〈〈ij 〉〉) between atoms

MSE(y, ŷ) = ‖y − ŷ‖2, (2)

where ‖ · ‖ denotes the L2 modulus of the vector. Thus,
Eq. (2) is the cost function to be minimized via gradient-
descent techniques. The optimizer used during training is
AdamW [78].

1. Graph neural network

A GNN is a neural-network architecture that processes
data represented as a graph [79]. This architecture is espe-
cially attractive for tackling physical problems, as the
GNN processes the data in a physics-inspired way, emulat-
ing interactions between nodes in a graph. Moreover, the
GNN layer is invariant to the input size and has more inher-
ent interpretability than other types of neural network [80].
It has been widely used in classical physics [81–83] and is
slowly entering quantum physics as well [84].

The input of the GNN layer is a graph and its output
is a processed graph of the same structure but with modi-
fied node (and possibly edge) values. In Fig. 2(a), we show
an exemplary input graph that is relevant to this work and
that describes the outcomes of measurements on a three-
spin chain, as discussed in Secs. II C 2 and II C 3. The GNN
layer processes the input graph by sending learnable mes-
sages mi→j between all pairs of directly connected nodes
i and j, as shown in Fig. 2(b). All messages within one
GNN layer are outputs of the same neural network, whose
parameters � are optimized to send messages that are rele-
vant to the task at hand. The input of this message-passing
neural network is the values of the node pair between
which the message is sent (here, Mi and Mj ) and the value
of the edge connecting the node pair (here, χij ). The same
neural network with the same θ can send different mes-
sages between various pairs of nodes because its input (Mi,
Mj , and χij ) varies between them. In our case, the message-
passing network is a fully connected neural network. The
architectural details are in Appendix D.

After the messages are sent, they are aggregated in each
node to form a new updated hidden value of a node,
hi = ⊕j ;θ ′ mj →i. In this work, we employ PNA [77] as the
GNN layer architecture. Instead of using one aggregation
operation, PNA uses a learnable linear combination ⊕θ ′
of multiple aggregators such as summation, multiplication,
max, min, and average. Note that it is at the aggregation

stage that edge effects in the system can be taken into
account. The described GNN layer, composed of message
passing and aggregation, can be repeated several times in
a network architecture, effectively allowing for “commu-
nication” between nodes that are further apart from each
other. In this work, we use four consecutive GNN lay-
ers, each composed of message passing and aggregation
of messages.

We design the full neural-network architecture to be
independent of the size of the physical system. While the
GNN layer natively has this property, ultimately, we also
need a task network that makes predictions based on the
hidden representation of the graph learned by the GNN
layer(s). Therefore, we combine the GNN layers with a
neural network parametrized by θ ′′ that takes as an input
hidden values of only two NN nodes, hi and hj , along
with their spin-spin correlation function χij and predicts
the distance between NN spins i and j, R〈ij 〉 (or R〈〈ij 〉〉 in
case of NNN neighbor spins), as presented in Fig. 2(c).
The input size independence is achieved here in a similar
way as in the GNN layer. One task network learns a map-
ping between an NN pair and a distance between them and
then makes predictions for all possible NN pairs. It can
give different predictions for various NN pairs because the
hidden values of participating nodes serving as the neural-
network input are different. In our case, the task network is
a fully connected neural network with two hidden layers.
More generally, task networks can be adjusted to the form
of Hamiltonian terms the parameters of which they need to
learn. For one-body Hamiltonian terms, the task network
can take one hi as an input. For n-body terms, the input can
include hidden values of n nodes.

Therefore, the training of the full neural network aims
at finding such parameters � ∈ {θ , θ ′, θ ′′} that allow the
sending of useful messages between the graph nodes, an
optimal message aggregation that takes into account edge
effects in the system, and, finally, a correct prediction of
the distances between NN spins, based on the developed
hidden representation of the graph.

In Sec. III C 2, we compare the GNN performance to
that of an MLP. When doing so, we employ the same
task-network architecture but without the GNN process-
ing of the graph—each task network directly takes the NN
spin-spin correlation function of an atom pair as input and
predicts the corresponding NN distance as output.

2. Physical inputs

The input layer to the GNN is fed with samples built
in the following way. On the one hand, the node features
consist of local-magnetization expectations Mi = 〈σ̂ z

i 〉0; 
�,
where σ̂ z

i is the Pauli diagonal operator at site i (in the Z
basis), for a sequence of transverse field 
� values [85]. On
the other hand, the edge features consist of NN spin-spin
correlation functions (χNN) and NNN spin-spin correlation
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functions (χNNN), defined as

χ
z(x)
i,j ; 
� = 〈σ̂ z(x)

i σ̂
z(x)
j 〉0; 
� ∝ ci,j ; 
�, (3)

where i and j are NN and NNN connections between
Rydberg atoms, respectively, and 〈·〉0 means that the
expectation value is carried out in the ground state of the
system. The vector notation 
� used as subscript means
that samples are arrays of such correlation functions across
different equally spaced values of the transverse field (we
assume that the field � is spatially homogeneous, i.e., the
same for all atomic sites).

3. Schemes to estimate correlation functions

All the physical observables considered, namely, the
magnetization and spin-spin correlation functions, are
computed using DMRG [68,69]. There are two distinct
ways to evaluate observables from a converged matrix-
product-state (MPS) wave function obtained via DMRG:
exactly via direct contraction of the tensor network
〈ψ |O|ψ〉 or with sampling by taking Nsample bit-string sam-
ples from the MPS distribution p(x) ∼ |ψ(x)|2, which can
be done efficiently and perfectly [86,87]. We refer to the
data sets obtained with these two methods as exact or snap-
shot data sets, respectively. The former exact data sets are
used unless specified otherwise.

When computing the snapshot observables, one can
sample the MPS expressed in the Z or X basis and then
measure in the Z basis to compute χ z or χ x, respectively.
Indeed, from Eq. (3),

χ x
i,j ; 
� =

∑

σ

∣∣∣〈σ | Ĥ Hd |�〉 
�
∣∣∣
2 〈σ | σ̂ z

i σ̂
z
j |σ 〉 , (4)

where Ĥ Hd is the involutive Hadamard operator defined in
the Z basis,

Ĥ Hd ≡ 1√
2

(
1 1
1 −1

)
.

Again, in Eq. (4), the set {|σ 〉} denotes the eigenstates of
the σ̂ z

k ’s.
In the snapshot scenario in which we sample the MPS

to compute observables, we resort to Eq. (4) to compute
χ x. We combine the Z observable (χ z) and X observ-
able (χ x) in the GNN training on some explicit occasions
(the specific training scenarios are covered in Sec. II C 4).
Moreover, by default, if not explicitly stated otherwise,
the inputted observables are Z observables. The technical
details related to the training and testing of the GNN are
discussed further in Appendix D.

4. Training scenarios

We have devised several training scenarios in this work
to compare different types of input data and architectures

TABLE I. The table of training scenarios: a summary of the
training cases used in this work. If not explicitly mentioned in a
particular scenario, all correlation functions are measured in the
Z basis. As a reminder, M represents the local magnetization.

Case 1 M and � history

Case 2 M , χNN, and � history
Case 3 M , χNN, χNNN, and � history
Case 4 M , χNN, NNN edges, and � history
Case 5 χNN, NNN edges, and � history
Case 6 M , χNN, χNNN, and � history (Z + X )

and select the best learning procedure. These training sce-
narios are listed in Table I and described in the following,
in order:

(i) To start with, the local magnetization 〈σ̂ z
i 〉0; 
�, piled

up across 
�, is inputted to the GNN without pro-
viding any physical information to the edges of the
graph that stores the information about the cold-
atom array. Only the disorderless (ordered) edge
distances are provided as edge features.

(ii) Then, in addition to the local magnetization, the
NN spin correlation functions [Eq. (3)] stacked up
along 
� are inputted to the GNN input layer to
dress up the NN graph edges. This scenario should
substantially improve the performance of the neural
network according to the bijective relation between
connected spin correlators ci,j and spin couplings Ji,j
(for the proof, see Sec. A).

(iii) Next, we add the NNN spin-correlation functions
χNNN to the input data, thereby supplementing the
NNN graph edges with physical information. In
order to evaluate and discriminate the physical ben-
efits from the architectural ones, we also consider
scenarios in which the features of NNN graph edges
are set to unity to help the flow of information dur-
ing optimization. In this way, the NNN edges do not
carry any information about χNNN.

(iv) Hence, the features of the NNN graph edges are set
to unity across 
� to check out the effect of includ-
ing NNN edges in the GNN architecture without
assigning them any physical information (no val-
ues of χNNN). The NNN edges per se could act as
“skip connections” in the back-propagation of the
gradients.

(v) To continue the comparisons, in light of the bijec-
tion relation covered in Sec. A, we remove the
physical content from the NNN graph edges (no
values of χNNN) and graph nodes (no values of
local magnetization M ) and set the features to unity
across 
�.

(vi) To finish the comparisons, we combine the Z- and
X -observable measurements of the NN and NNN
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FIG. 3. The phase diagram of the Rydberg TFIM for a 5 × 5
square lattice. The white box encloses the parameter sets that can
possibly be drawn during the training of the GNN. Along the y
axis, a represents the NN distance between atoms. The inset is an
enlargement of the region of the phase diagram enclosed within
the black box. Note that the phase diagram has been calculated
for an equally spaced ordered (disorderless) lattice.

correlators [Eq. (3)] in the training data set. When
computing X observables by sampling the MPS,
we resort to Eq. (4). The magnetization along z is
also considered in the training and an � history is
used. All the training scenarios hitherto mentioned
are summarized in order in Table I and they all use
the same � history (see further down below).

To generate the graph data set fed into the GNN, we
choose a nominal NN distance between atomic sites R̄〈i,j 〉
of 10 µm, corresponding to the array spacing a [5]—the
notations a and R̄〈i,j 〉 will be used interchangeably to
denote the nominal NN distance. The positions of the
Rydberg atoms are slightly shifted about their nominal
values, with perturbations comprised within the bracket
�S ∈ [−0.1, 0.1] µm, corresponding to the width of the
white box shown in the phase diagram in Fig. 3. �S is
drawn from a uniform distribution. Hence, the NN relative
atomic distance R〈i,j 〉 = R̄〈i,j 〉 +�R〈i,j 〉, where the pertur-
bation in the NN relative distance between atoms lies
within �R〈i,j 〉 ∈ [−0.2, 0.2] µm. The white box in Fig. 3
spans the allowed values of the transverse field � selected
during the training phase.

Component-wise, the GNN edge-feature space is made
of copies of the exchange interactions Ji,j at different
equally spaced values of �. The explicit array of ten �’s,
used by all the scenarios laid out in Table I, expands as


� =
[
−900

9
, −700

9
, . . . ,

700
9

,
900

9

]
rad µs−1

and is enclosed in the white box of Fig. 3. In the definition
of 
�, an arbitrary increment of 200/9 rad µs−1 separates

each consecutive element, so as to span both phases of the
phase diagram displayed in Fig. 3.

5. Metrics

While investigating the scenarios listed above in
Sec. II C 4, Table I, we use three main metrics to evalu-
ate performance. Throughout this work, the figure layout
orders the metrics from top to bottom. Hence, we first plot
in the figures the coefficient of determination R2, defined as

R2 = 1 −
∑

i(yi − ŷi)
2

∑
i(yi − ȳi)2

, (5)

which qualifies the predictive power of the statistical ML
process. In Eq. (5), ȳi stands for the mean of the images yi
of a function to be modeled and ŷi represents the predic-
tion of the model, associated with yi. When R2 approaches
1 from below, the model is deemed to effectively capture
the key characteristics of an unknown underlying function.
Next, we consider the mean absolute error (MAE), defined
as

MAE =
N∑

i=1

∣∣ŷi − yi
∣∣

N
, (6)

whose dimension is in nanometers. In Eq. (6), the sam-
ple size is denoted by N and it grows larger as the cluster
size increases, since the number of graph edges and nodes
increases as well. Recall that the extrema of the possible
variations (perturbations) of the NN relative distance is
�R = ±0.2 µm. Then, at last, the median of the absolute
error, denoted MEDAE for short, is plotted. The combined
estimation of the MEDAE and MAE allows us to evalu-
ate the symmetry of the learned probability distribution:
if it is skewed, the MEDAE and MAE differ significantly,
whereas if it is symmetric, both the MAE and MEDAE
look very similar.

III. RESULTS

As pointed out in Sec. II C 3, there are two distinct
ways to estimate the physical observables from the DMRG
ground state. One way is to work out the expectation values
having access to the full wave-function content, thereby
generating exact training data sets, while the other is to
“sample” the wave function, thereby producing measure-
ment snapshots constituting snapshot data sets. The former
is useful to test thoroughly and faithfully the limitations
and strengths of the GNN architecture employed, leav-
ing out extra sources of statistical noises that would come
from the projective measurements—only the numerical
round-off error would be the source of “noise”. There-
fore, the extent to which the bijection relation proven
in Appendix A is respected by the PNA GNN can be
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assessed. The performance of the GNN training using this
exact scheme is presented in Sec. III B. The GNN training
scheme utilizing snapshot observables, in closer relation
to experiments, is presented in Sec. III C. These two ways
of measuring observables should coincide perfectly with
each other in the limit where the number of snapshots
tends to infinity. Before delving into GNN Hamiltonian-
learning results of Secs. III B and III C, we ought to study
more closely the phase diagram of the TFIM at the con-
stant zero-detuning field [δ = 0 in Eq. (1)]. This is done in
Sec. III A.

A. Phase diagram

In Fig. 3, we illustrate the phase diagram of the TFIM
for a window of nominal NN distances a = [7, 12] µm.
Two distinct magnetic orders feature on the phase diagram,
namely, the antiferromagnetic phase (AFM) and the ferro-
magnetic phase (FM). The color plot displays the degree
to which spins are ordered successively in an antiparallel
fashion, namely, the magnetization M :

M = 1
N

∑

i

(−1)xi+yi〈σ̂ z
i 〉0, (7)

where N represents the total number of array sites, while
xi and yi are integers accounting for the Cartesian com-
ponents of the orthonormal Bravais lattice vectors of a
square lattice. The white box appearing on Fig. 3 encloses
the parameter region of the Hamiltonian given in Eq. (1),
from which are drawn the physical parameters, mapped
to graphs, that will constitute the training data set of the
GNN. The region has been selected to span over domains
of distances and transverse fields representative of the
experimental setups. To give ideas of orders of magnitude,
considering that R̄〈i,j 〉 � 10 µm, the interaction coefficient
showing up in Eq. (1) is C6/R̄6

〈i,j 〉 ∼ 10 rad µs−1, hinting at
the whereabouts of the phase transition. By defining �c as
the critical Rabi frequency above which the magnetization
given in Eq. (7) falls below 10−1, for R̄〈i,j 〉 � 10 µm, we
obtain �c � 17 rad µs−1 (the phase diagram is symmetric
about � = 0).

We then enlarge the plot in the vicinity of the phase
transition in Fig. 3 (inset) to obtain a better view of the
variation of the magnetization. The range of nominal NN
distances a corresponds to the height of the white box
appearing in Fig. 3. Note that its height encompasses all
the possible a’s given that �R〈i,j 〉 ∈ [−0.2, 0.2] µm. In
the region with a significant color gradient, the variance
of the NN spin correlation functions is highest, as will be
seen later in Fig. 6. � � 10 rad µs−1 corresponds to the
point at which the Rabi frequency and interaction terms
are of the same order of magnitude and, thus, there is more
variability in the ground state.

B. Predictions from the exact wave function

In Sec. III B 1, we show the scalability power of the
GNN in the Hamiltonian-learning task. We also resort to
the metrics introduced in Sec. II C 5 to compare against
each other the various GNN training scenarios laid out in
Table I. In particular, we dress up the graph inputs to the
GNN with exact physical correlation functions estimated
from the MPS, encoding the full ground-state distribution
function via its amplitudes; thus, throughout this section,
the GNN is trained over exact training data sets. Fur-
thermore, in Sec. III B 2, we study how the choice of the
� impacts the predictive and extrapolation power of the
GNN. Finally, in Sec. III B 3, we summarize the results of
additional studies from Appendixes B–C.

1. GNN scalability and comparison between training
scenarios

We illustrate in Fig. 4 the indicative metrics for all
training scenarios covered in Sec. II C (see Table I), fol-
lowing through the figure layout described in Sec. II C 5.
The error bars show the standard error on the GNN met-
ric results, based on a set of five independently trained
GNNs within each case scenario. The main takeaway is
that in every scenario, the GNN exhibits an impressive
extrapolation ability to larger physical system sizes than
the ones included in the training data set. In particular,
here we have trained the GNN on data coming from phys-
ical system sizes of {4 × 4, 5 × 5, 6 × 6} and the GNN has
successfully extrapolated to sizes up to 9 × 9 (which con-
stitutes a numerical limit for our DMRG calculations) with
only a small impact on its predictive error. Its successful
extrapolation to rectangular arrays is also notable.

From looking at Fig. 4, it seems that the GNN does not
benefit from physical information provided by the various
correlation functions, namely, the NNN spin correlation
function and local magnetization, as much as from the
architectural add-ons such as the NNN edges; this is even
more obvious when the local magnetization is set to 1 (case
5 in Table I). Nonetheless, including the physical informa-
tion coming from χNNN is not without benefits, as can be
seen from comparing case 3 (extra χNNN) with case 2, since
the former outperforms the latter as far as the MAE [see
Eq. (6)] and the MEDAE are concerned. By far, the worst
GNN training implementation is case 1, where absolutely
no physical-edge information—neither an NN nor an NNN
correlation function—is included in the graphs of the data
set. When adding the X correlators [Eq. (4)] as done in
case 6, the predictive power of the model can be increased
further, amassing more physical input through the training,
at the cost of a higher standard error on the extrapolation
of large cluster sizes.

Moreover, it looks as though the additional physical
information to χNN is detrimental to the predictions of
the GNN for the cluster sizes part of the training data
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FIG. 4. The performance of the GNN training scenarios. (a) R2

for various cluster sizes in the test data set. (b) The mean abso-
lute error of the predictions. (c) The median of the absolute error
of the predictions versus the targets. The vertical gray line indi-
cates the cluster size beyond which the GNN extrapolates from
its training data set. Note that all cases use the same � histo-
ries 
�. The cases are detailed in Table I. The error bars show the
standard error on five distinct and independent trainings.

set (before the gray vertical line); this can be seen in all
three measures shown in Fig. 4. This extra information
also seems to negatively impact the error for large clus-
ter sizes: the smallest error is obtained using case 5, while
the largest is obtained using case 6. The GNN is also more
faithful to the bijection relation described in Sec. A, when
no physical observables are supplemented to NNN graph
edges or nodes. Indeed, compared to case 5, both case 4,
corresponding to the addition of local magnetizations to
nodes, and case 3, corresponding to the additions of local
magnetizations to nodes and χNNN to NNN graph edges,
diminish the performance.

0.0

0.5

1.0

Ω = 0
Ω = 5

Ω = 10
Ω = 15

Ω = 25
Ω = 40

Ω = 70
Ω = 150

Ω = 300

0

20

40

60

4x
4

5x
5

6x
6

7x
6

7x
7

8x
7

8x
8

9x
8

9x
9

Cluster size

0

20

40

60

M
ED

A
E

(n
m

)
M

A
E

(n
m

)
R

2

(a)

(b)

(c)

FIG. 5. The �-resolved performance of training case 3. (a) R2

as a function of the Rydberg cluster sizes at various values of �
(see legend). (b) The mean absolute error of the predicted NN rel-
ative displacements. (c) The median of the mean absolute error of
the relative NN displacements. � is shown in units of rad µs−1.

2. Effect of �� histories

In the training scenarios covered in Fig. 4, we have
only considered cases in which histories of � are used to
enrich both the edge and node features in the graphs. Of
course, one can wonder what happens if one selects solely
one value of � and if some �’s have higher information
content for the Hamiltonian-learning task than the others.
For that matter, we show in Fig. 5 a collection of single
� value used to train the GNN following case 3, in that
the physical observables such as Mi, χNN, and χNNN are
used as node and edge attributes, but the data set is lim-
ited to only one � instead of an � history. From looking
at Fig. 5, it is striking to see how the training performance
hinges on the selected value of �. We can nevertheless
state, with confidence, that the values of � chosen above,
� � C6/R̄6

〈i,j 〉 ∼ 10 rad µs−1, although not too far away,
give significantly better results. Furthermore, above that
threshold, in the inset of Fig. 3, for a fixed value of �,
the magnetization M given in Eq. (7) varies more within
the same set of a’s.

To better understand why some values of� perform bet-
ter than others in Fig. 5, we plot in Fig. 6 the standard
deviation (STD) of χNN, denoted STD[χNN], as a function
of the cluster sizes for all�’s considered. In the range� �
[10, 25] rad µs−1, fluctuations in the correlation function
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FIG. 6. The standard deviation of the χNN as a function of the
cluster size for a set of transverse fields �: (a) R2; (b) the mean
absolute error; (c) the median of the absolute error. The gray ver-
tical bar pins down the size above which the GNN extrapolates.
The largest variances, across all cluster sizes, are obtained when
J〈i,j 〉 ≈ �. � is shown in units of rad µs−1.

surpass those of all other �’s by an order of magnitude at
least, signaling the magnetic phase transition in the vicin-
ity. Moreover, in that regime, the trend of STD[χNN] is
far from being constant with the cluster size. Indeed, spin
interactions in the critical regime become more long range,
which renders the training more size dependent and greatly
reduces the extrapolation performance at larger cluster
sizes—the physics is different between cluster sizes. Even
for � = 25 rad µs−1, the fluctuations increase for all
values of the cluster sizes, in line with the critical behav-
ior of correlation functions when passing a quantum phase
critical point. When the quantum critical point is passed
but the standard variation of χNN remains roughly within
1 × 10−2 � STD[χNN] � 1 × 10−3, this is where we see
an optimal gain in performance. Hence, when � > J〈i,j 〉,
but not by too much, one finds a sweet spot. However, one
could generally take an � history for � > J〈i,j 〉. The val-
ues of � = {0, 5, 300} rad µs−1 all feature a STD[χNN]
that falls below 1 × 10−3, too small for the GNN to pick
up useful signals.

3. Additional studies

We also study the GNN extrapolation dependence on
the physical system sizes included in the training data
set. In Appendix B, we show that, unsurprisingly, the
GNN trained on a training data set including a larger vari-
ety of system sizes performs and extrapolates better than
when trained on smaller physical systems. Surprisingly, the

smaller training data sets diminish the GNN performance
the strongest in the regime of small physical systems, indi-
cating the difficulty of learning the edge effects of physical
systems. Moreover, in Appendix C, we show that it is also
possible to predict NNN distances between atoms, but it
requires larger physical systems included in the training
set to keep the same GNN performance. This hints at the
existence of a critical physical system size that needs to be
included in the data set for the GNN to extrapolate properly
and at its dependence on the locality of the Hamiltonian.

C. Predictions from snapshots

In this section, we ask how the GNN performs when the
input correlation functions are estimated from a collection
of successive projective measurements of the wave func-
tion, i.e., trained from snapshot training data sets instead of
exact training data sets. Note that all the assertions made
in the previous sections carry over to this training since
the GNN does not change; nor does the physics. Here, we
still train the GNN with a training data set whose samples
are made up of correlation functions (local and nonlocal)
estimated from a number of snapshots (projective measure-
ments of the wave function), nicknamed snapshot data.
One could naively think that predicting the NN relative
distances of snapshot data with the GNNs trained with
exact correlators (directly measured in the ground state)
would lead to a better outcome as opposed to the case in
which the GNNs are trained with snapshot data. We have
tried predicting the relative distances from snapshot data
using a GNN model trained with exact correlators but it
produced worse results compared to a GNN model trained
on the snapshot data (not shown). In fact, when measuring
directly from the wave function, no errors coming from
the finite number of projective measurements spoil the
training data set and the GNN can therefore dedicate all
its variational parameters to “learning” the bijection pre-
sented in Sec. A. In Sec. III C 1, we show how the GNN
performance depends on the number of snapshots used to
estimate the correlation functions. In Sec. III C 2, we com-
pare the performance of the GNN and the MLP on the
snapshot data to determine the advantage of the graph pre-
processing. Finally, in Sec. III C 3, we study whether the
GNN error on snapshot data scales according to the central
limit theorem.

1. Comparison between best training scenarios

The two best cases computed using Z-observable mea-
surements, presented in Sec. III, are compared against each
other in Fig. 7, namely, cases 3 and 5 (see Table I). Fur-
thermore, since when dealing with snapshots to estimate
correlation functions as in experiments one should be able
to carry out measurements in the X basis as well [see
Eq. (4)], we check the GNN performance when combining
Z and X correlators in Fig. 8. The colors used in Figs. 7
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FIG. 7. The performance of training cases 3 and 5 using snap-
shot data. A view of the metrics considered so far as a function of
the cluster size: (a) R2; (b) the mean absolute error; (c) the median
of the absolute error. The two best cases—namely, cases 3 and
5—have been retained. The data set has been generated using a
finite number of snapshots to estimate the observables, namely,
Nsmpl = 1000, 2500, 5000, 10 000, 25 000, and 50 000 snapshots.
The error bars show the standard error on five distinct and
independent trainings. The vertical gray lines indicate the point
below which cluster sizes are considered in the snapshot training
data set.

and 8 have been chosen carefully to match the snapshot
sample size.

Looking first at Fig. 7, overall, one can note that case
5 slightly underperforms compared with case 3, especially
for smaller Nsmpl’s. The architectural benefits seem to be
washed out when training with snapshot data, as is clearly
apparent when looking back at case 5 in Fig. 4. Evidently,
increasing the number of snapshots is very beneficial to the
training. When comparing Fig. 4 to Fig. 7, having in mind
the bijection proof detailed in Appendix A, it seems obvi-
ous that the almost perfect rendering of the GNN (see cases
3, 5, and 6 in Fig. 4) is unlocked due to the exact and pre-
cise correlators provided, and that the main limitation seen
in Figs. 7 and 8 relates to the statistically diluted physical
content in snapshots.

To remedy the poorer information content in a snapshot
data set, we show in Fig. 8 how the GNN performs if we
include both X - and Z-observable measurements. Just as
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FIG. 8. The performance of training case 6 using snapshot
data. A view of the metrics considered so far as a function of the
cluster size. Case 6 is considered. The data set has been generated
using the same finite number of snapshots as in Fig. 7. The error
bars show the standard error on five distinct and independent
trainings. Again, the gray vertical line indicates the cluster-size
threshold above which neural-network models extrapolate. The
dotted curves with corresponding colors are predictions from an
MLP (including error bars).

observed in Fig. 4, we get a substantial improvement on the
metrics considered, especially the MAE and the MEDAE,
when the χNN and χNNN correlators are computed with the
Z and X Pauli strings. When doing so, the MAE and the
MEDAE hover around a discrepancy of 10% on snapshot
data utilizing 10 000 projective measurements. However,
the combination of the Z and X observables turns out not
to be as beneficial as the doubling of Nsmpl.

2. Comparison between the GNN and the MLP
performance

In Fig. 8, we compare the predictive errors and scal-
ing of the GNN (full lines) and a simple MLP of the
same architecture as the task network of the GNN (dashed
lines). The same MLP is trained to predict an NN distance
between a pair of atoms from the NN spin-spin correla-
tion for all the atoms, disorder realizations, and cluster
sizes included in the training set. The resulting MLP has
a low predictive error, which is likely due to the bijection
proved in Appendix A. Moreover, the MLP performance
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is almost constant across the cluster sizes and is compara-
ble to the performance of the GNN at the largest cluster
sizes.

At the same time, the GNN outperforms the MLP over
the range of cluster sizes considered in this study. This
gain shows the advantage of graph preprocessing, which
can lead to learning the edge effects and more accurate
predictions for cluster sizes, where edge effects play a role.

3. Snapshot-size effect

To check if the GNN performance on snapshot data
correlates with the data-set size according to the central
limit theorem, in Fig. 9 we plot the standard deviation of
the difference between the network predictions and targets
for various snapshot sample sizes (Nsmpl) for all cluster
sizes (solid curves). Additionally, we use the snapshot
data with Nsmpl = {5000, 10 000, 25 000, 50 000} to fit the
power-law scaling ∝ 1/

√
Nsmpl of the central limit theorem

(dotted curves with corresponding colors). Since the valid-
ity of the central limit theorem holds for large sample
sizes, the profile of the standard deviation of the snapshot
data with Nsmpl = {1000, 2500} deviates from the central
limit theorem. Without much surprise, the standard error
between the predictions and truths diminishes with the
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FIG. 9. The effect of the snapshot sample size Nsmpl. The stan-
dard deviations (STDs) of the difference between NN relative
distance predictions and targets for case 6 using snapshots (solid
curves) for all cluster sizes considered. The corresponding dotted
curves, the color of which matches that of the solid curve, show
how the STD would evolve with the sample size according to
the central limit theorem, taking the snapshot data with Nsmpl =
{5000, 10 000, 25 000, 50 000} as reference. The error bars show
the standard error on five distinct and independent trainings of
the PNA GNN.

number of snapshots Nsmpl used to calculate the observ-
ables. For smaller values of Nsmpl, the discrepancy between
the solid and dotted curves signals that the GNN is trying
to learn something from the statistical uncertainty arising
from snapshot data, leading to noise overfitting.

Estimating large covariance matrices from finite sam-
ples is an area that has received a lot of attention
in the past few decades [88]. Truncating the eigen-
value decomposition of the empirical covariance matrix
(connected correlators), based on random matrix theory,
is one obvious procedure that has been in use in appli-
cations from image denoising to portfolio construction
[89–91]. More recently, further progress has been made
on shrinkage-based methods [92]. Furthermore, one could
draw snapshots from an MPS state in random computa-
tional bases, i.e., randomly applying a unitary rotation on
each site before doing a measurement in the Z basis, since
this can help the estimation of observables to convergence
[86]. In the future, we will investigate whether these meth-
ods improve the performance of our network on snapshot
data.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have made use of the PNA algorithm
to predict the positions of Rydberg atomic arrays in 2D
cold-atom arrays. The training data set has been pro-
duced by simulating the ground state of a TFIM using
the DMRG algorithm. Overall, the GNN employed has
demonstrated a clear capacity to extrapolate outside its
training domain—and also the MLP considered at the end
of the work—be it in terms of system sizes or shape. The
GNN and MLP scalability is probably enabled, from the
side of the quantum system, by the effective locality of the
studied Hamiltonian [93] (the decay of the spin coupling
as 1/R6

i,j ). The training input data have been the local mag-
netization and the NN and NNN correlation functions, and
the targets have been the NN and NNN relative distances
between atoms in the array, depending on the training-case
scenario (see Table I). To narrow down the best training
conditions for the GNN, various training procedures have
been followed, each with its own efficiency. The correla-
tors have all been computed in the Z measurement basis
and in some cases Z and X correlators have been used.

Depending on the number of experimental snapshots
that can be generated, if one does not have knowledge
of the best transverse field � with which to train the
GNN, it turns out that generating samples with the same
array disorder across different values of � helps tremen-
dously. The values of � making up this array should be
selected roughly above, but not too far from� � C6/R̄6

〈i,j 〉,
where C6 represents the van der Waals interaction and R̄〈i,j 〉
represents the nominal NN distance between atoms. Alter-
natively, active learning could be employed to identify
optimal �’s to train the GNN [94].
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The GNN performance depends on the physical data that
it utilized during the training. In high-quality numerical
and/or experimental setups, only the NN spin correla-
tion function, measured in one single measurement basis,
should suffice to predict, in a one-to-one mapping, the NN
relative distances between the Rydberg atoms. This is what
is seen when exact correlators are used (directly computed
from the full wave function). However, when using snap-
shot data, uncertainties occur and significantly reduce the
performance of the GNN. To reduce this unwanted spoil-
ing of the data, a combination of both Z and X correlators
is used. In doing so, to get average predictions over the
NN relative distances well below 10% discrepancy, more
than 10 000 projective measurements need to be carried out
to estimate the spin-spin correlators. However, increasing
the number of snapshots is essential to improve the per-
formance. We have also shown, by comparing the GNN
performance to that of the MLP, that the graph preprocess-
ing done by the GNN layer allows the inclusion of edge
effects and provides more accurate predictions for cluster
sizes, where edge effects play a role.

On the technical side, some architectural properties of
the GNN can be exploited to boost the performance of
the model. For instance, enabling NNN edges in input
graphs without assigning physical values to their features
is of great help. In this way, “skip connections” are cre-
ated through which the neural network can back-propagate
and help the flow of information to get through the neural
layers. The local magnetization provides little informa-
tion to the training and should also be set to identity.
Including more cluster sizes in the training data sets signif-
icantly improves the extrapolation capabilities of the GNN,
although three small cluster sizes seem to suffice to predict
much larger cluster sizes of atoms with very high fidelity
(with the exact correlators).

Based on this systematic study of the PNA GNN, we
can easily identify various avenues to fine tune the neural
network and tailor it to specific needs. The points brought
up in what follows should further enhance the GNN per-
formance in predicting the NN relative distances. As a
first point, one could add more cluster sizes to the training
data set {4 × 4, 5 × 5, 6 × 6} considered here, such as sizes
4 × 5, 5 × 6, etc. Second, one could increase the num-
ber of correlators to include longer-range ones, thereby
amplifying the over-completion of the task of inferring NN
relative distances. Third, one could enable higher-order
graph edges that are not associated with any correlator
in the data sets, since this has proven to be beneficial
(cases 4 and 5) to the performance; these “weightless”
edges would act like “skip connections” in the back-
propagation of the gradients during the GNN optimization.
Lastly, the 
� history used to produce the training data set
could be more carefully chosen to remain near a quan-
tum phase transition, with an increased number of �
slices.

We are currently exploring applications of the method
described in this paper to time-dependent experimental
data on Rydberg atomic arrays. Looking forward, the
GNN (and MLP) could be trained on various types of
Hamiltonians [24] and, therefore, could predict many pos-
sible Hamiltonian terms and parameters, e.g., identifying
unknown sources of noise from the measurement data
instead of only predicting the parameters of a predefined
Hamiltonian. To achieve a larger generality of the GNN
architecture described in this work, one needs to include
many-body edges in the GNN layers and task networks,
the inputs of which are multiple nodes. It is also interest-
ing to consider the limitations of the GNN scalability to
larger system sizes and whether it depends on the Hamil-
tonian locality (the power scaling of the interaction decay).
Eventually, one could envision feedback control of the
experimental setup to reduce uncertainties on the simulated
Hamiltonian.

The DMRG code used to generate the data sets is
available from the authors upon request and was writ-
ten using the library ITensors.jl [95]. The PNA GNN
codes to train and test upon the data sets are avail-
able at Ref. [96]. The PYTHON scripts used to produce
the figures are also available on Zenodo [97]. The GNN
code was written using utilities from PyTorch Geomet-
ric [98].
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APPENDIX A: PROOF OF BIJECTION BETWEEN
INTERACTIONS AND SPIN-SPIN CORRELATORS

In this appendix, we prove a general result that provides
a theoretical foundation for the Hamiltonian reconstruc-
tion approach implemented in this work. In part, we show
that it suffices to measure NN spin correlation functions
to determine uniquely the NN relative distances between
atoms and, therefore, the full set of interactions. We show
that there is, in general, a bijective correspondence relat-
ing the matrix of spatially dependent correlation functions
ci,j to the matrix of interactions Ji,j between Ising spins in
the TFIM. This result can be viewed as a generalization of
the Hohenberg-Kohn (HK) theorem of density-functional
theory [72,73], which establishes a bijection between the
local one-body potential and the local density of a system
of interacting quantum particles, and as a quantum many-
body generalization of the Henderson theorem [74]. We
note that previous work has demonstrated that a neural net-
work can indeed be trained to learn the HK correspondence
in interacting fermion models [100].

We write the TFIM Hamiltonian in the form

Ĥ = �
∑

i

σ̂ x
i + δ

∑

i

σ̂ z
i +

∑

i<j

Ji,j σ̂
z
i σ̂

z
j , (A1)

where i < j indicates that each link is counted only once.
We define the correlation functions as ci,j = 〈Ŝz

i Ŝ
z
j 〉, where

〈·〉 indicates the expectation value and Ŝz
i is the spin oper-

ator in the Z basis acting on the ith site, related to the Z
Pauli matrix via Ŝz

i = �

2 σ̂
z
i . We prove that, for fixed � �= 0

and δ, there is a unique set of interactions Ji,j that yields a
set ci,j and, conversely, Ji,j ⇔ ci,j . The condition � �= 0 is
important since, e.g., when � = δ = 0, for all choices of
{Ji,j } with each individual Ji,j < 0, the ground state is the
fully polarized ferromagnet and the ci,j ’s are obviously the
same, irrespective of the specific values of the interactions.

First, we need two properties of the ground states of the
Hamiltonian when � �= 0. We use |σ 〉 ≡ |σ1, . . . , σN 〉 to
denote the eigenstates of all the Ŝz

i ’s. These properties are
consequences of the stoquasticity [75] of the TFIM and
the irreducibility [76] of the canonical ensemble density
matrix in the standard basis. We give an explicit proof for
completeness.

Lemma. For the TFIM Hamiltonian Ĥ defined by
Eq. (A1) with� �= 0, we have the following properties:

(1) the ground state |�〉 of Ĥ is unique
(2) 〈σ |�〉 �= 0 for all |σ 〉
Proof. First, it is sufficient to prove the result for� < 0,

since we can find a unitary transformation U := ∏
j (iσ̂

y
j )

that changes the sign of � and δ but leaves {Jij } intact.
Since each iσ̂ y

j locally maps |↑〉 to − |↓〉 and |↓〉 to |↑〉
at the j th site, the |σ 〉’s are permuted among each other
modulo an extra sign. Hence, the statement proved for the
transformed Hamiltonian is true for the original sign.

Second, it is sufficient to prove that V = e−βĤ ,β > 0, is
a positive matrix; namely, it has all positive entries. Then,
the Perron-Frobenius theorem [101–103] tells us that the
dominant (Perron) eigenvalue is simple (nondegenerate)
and the corresponding (Perron) eigenvector has all posi-
tive components. Note that V is Hermitian with positive
eigenvalues, with the Perron eigenvalue being exp(−βE)
when E is the ground-state energy of Ĥ and the Perron
eigenvector is the ground state |�〉. Now, we break up
Ĥ = Ĥ 0 +�

∑
i σ̂

x
i , where

Ĥ 0 = δ
∑

i

σ̂ z
i +

∑

i<j

Ji,j σ̂
z
i σ̂

z
j . (A2)

We are ready to use the series expansion in the interaction
picture (see, e.g., Ref. [104]) for V entries:

〈σ ′|V|σ 〉 = 〈σ ′|e−τ Ĥ |σ 〉

=
∞∑

n=0

(−�)n
∑

i1,i2··· ,in

∫ β

τn−1

dτn · · ·
∫ β

τ1

dτ2

∫ β

0
dτn

〈σ ′|e−βĤ0 σ̂ x
in(τn) · · · σ̂ x

i2(τ2)σ̂
x
i1(τ1)|σ 〉, (A3)

where σ̂ x
i (τ ) := eτ Ĥ0 σ̂ x

i e−τ Ĥ0 . This operator causes a spin
flip at site i. All of the terms of this convergent series are
non-negative. Moreover, between any |σ 〉 and

∣∣σ ′〉, there
is at least one term with at most N σ̂ x

ik ’s that is nonzero.
Hence V has all-positive entries. �

Now we come to the main theorem, adapted to the
TFIM, which assumes the J -representability of the con-
nected correlation functions [70,71].

Theorem (Hohenberg-Kohn-Henderson Theorem for the
TFIM). For the TFIM as defined in Eq. (A1), for fixed
nonzero � and fixed δ, there exists a bijection between the
J -representable correlation functions ci,j = 〈Ŝz

i Ŝ
z
j 〉 and the

set of interactions Ji,j , Ji,j ⇔ ci,j .

Proof. The direction Ji,j =⇒ ci,j is obvious. We now
prove that ci,j =⇒ Ji,j by reductio ad absurdum, fol-
lowing the same logic for the classic HK theorem [72].
By the aforementioned lemma, the ground state of Ĥ is
nondegenerate.
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For fixed values of � (�= 0) and δ, we therefore start
by assuming that one can construct two ground-state wave
functions, �1 and �2, with identical ci,j ’s but different
Ji,j ’s, i.e., J (1)i,j and J (2)i,j . Therefore, the Hamiltonians Ĥ 1

and Ĥ 2, the ground states of which are �1 and �2, with
ground-state energies E1 and E2, are identical besides the
Ji,j term:

Ĥ 1 = �
∑

i

σ̂ x
i + δ

∑

i

σ̂ z
i +

∑

i<j

J (1)i,j σ̂
z
i σ̂

z
j , (A4)

Ĥ 2 = �
∑

i

σ̂ x
i + δ

∑

i

σ̂ z
i +

∑

i<j

J (2)i,j σ̂
z
i σ̂

z
j . (A5)

We first show that�1 �= �2. Assuming that, instead,�1 =
�2 ≡ �, one then has (Ĥ 1 − Ĥ 2)|�〉 = (E1 − E2)|�〉.
Expanding |�〉 on a basis of eigenstates |σ 〉 ≡ |σ1, . . . , σN 〉
of the Ŝz

i ’s, one then obtains

∑

i<j

(J (1)i,j − J (2)i,j )σiσj = (E1 − E2), (A6)

which must be satisfied for all configurations σ for which
〈σ |�〉 �= 0. But 〈σ |�〉 �= 0 is true for all possible σ by the
previous lemma. So Eq. (A6) is satisfied for all 2N con-
figurations of σ . If we sum this equation over all possible
configurations, we obtain 0 = 2N (E1 − E2), as

∑
σ σiσj =

0 for any i �= j . Thus, E1 = E2.
We now have the equation

∑

i<j

(J (1)i,j − J (2)i,j )σiσj = 0. (A7)

To arrive at a contradiction, we will show that J (1)i,j = J (2)i,j
for every i, j pair with i < j. After picking one such spe-
cific i, j pair, choose all configurations in which σi =
1, σj = 1. Call this set sij . When i′ < j ′,

∑
σ∈sij

σi′σj ′ =
2N−2δii′δjj ′ , δij being the Kroenecker delta. Summing
Eq. (A7) over σ ∈ sij , we obtain 2N−2(J (1)i,j − J (2)i,j ) = 0.
This is in contradiction to the couplings being distinct.
Hence, �1 �= �2.

Having established that, we can now use the varia-
tional principle in the form of a strict inequality for both
Hamiltonians:

E1 = 〈�1|Ĥ 1|�1〉 < 〈�2|Ĥ 1|�2〉, (A8)

E2 = 〈�2|Ĥ 2|�2〉 < 〈�1|Ĥ 2|�1〉. (A9)

Let us expand the right-hand sides of the inequalities:

〈�2|Ĥ 1|�2〉 = 〈�2|(Ĥ 1 − Ĥ 2)|�2〉 + 〈�2|Ĥ 2|�2〉
= 〈�2|

∑

i<j

(J (1)i,j − J (2)i,j )σ̂
z
i σ̂

z
j |�2〉 + E2

=
∑

i<j

(J (1)i,j − J (2)i,j )ci,j + E2,

〈�1|Ĥ 2|�1〉 = 〈�1|
∑

i<j

(J (2)i,j − J (1)i,j )σ̂
z
i σ̂

z
j |�1〉 + E1

= −
∑

i<j

(J (1)i,j − J (2)i,j )ci,j + E1.

Now, let us add Eqs. (A8) and (A9):

E1 + E2 < E1 + E2 +
∑

i<j

(J (1)i,j − J (2)i,j )ci,j

−
∑

i<j

(J (1)i,j − J (2)i,j )ci,j ; (A10)

hence

E1 + E2 < E1 + E2 (A11)

is a clear contradiction.
We thus conclude by reductio ad absurdum that one

cannot have two ground-state wave functions with iden-
tical ci,j = 〈Ŝz

i Ŝ
z
j 〉 and different Ji,j ’s, and hence that

〈Ŝz
i Ŝ

z
j 〉 =⇒ Ji,j . �

APPENDIX B: NUMBER OF PHYSICAL SYSTEM
SIZES IN TRAINING DATA SETS

In this appendix, the effect of the number of physical
system sizes included in the training data sets is studied.
Here, we utilize exact training data sets.

In Fig. 10, for the set of sizes {4 × 4, 5 × 5} and
{4 × 4, 5 × 5, 6 × 6}, we plot the coefficient of determina-
tion R2 [see Eq. (5)] in Fig. 10(a), the MAE [see Eq. (6)]
in Fig. 10(b), and the median of the MAE (MEDAE) in
Fig. 10(c). Case 3 is utilized. Without much surprise, the
GNN performs much better at extrapolating relative NN
distances �R〈i,j 〉 for clusters whose sizes lie outside the
training set, because of system-size effects. It may, how-
ever, come as a surprise that the smaller system sizes, i.e.,
4 × 4 and 5 × 5, perform worse than that 6 × 6 within the
training-size domain, but it seems that this effect mostly
comes from the inclusion of the χNNN, as seen in Fig. 4.
Since smaller clusters are subparts of larger clusters, the
information of the smaller clusters aggregates and makes it
possible to predict with high precision the�R’s of clusters
with sizes beyond the training set.
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FIG. 10. The training data-set cluster-size effect. The inci-
dence of the cluster sizes included in the exact training data set
on various metrics: (a) R2; (b) the mean absolute error; (c) the
median of the absolute error. In violet, clusters of sizes 4 × 4
and 5 × 5 have been considered, whereas in light pink, one extra
cluster size, 6 × 6, has been considered. The vertical lines refer
to the point beyond which the sizes lie outside of the training
range, i.e., these sizes did not form part of the training data sets.
The colors of the vertical lines match with those of the curves.

APPENDIX C: PREDICTING NN AND NNN
DISTANCES

In this appendix, we check the performance of the
GNN in predicting the NN and NNN relative distances
simultaneously. Again, we utilize exact training data sets.

Regarding the cost function in Eq. (2), one could ask
whether one should use both the relative NN and NNN
distances whenever both χNN and χNNN are provided, or
if one should use an overcomplete set of physical short-
range correlators to predict only the relative NN distances,
i.e., χNN and χNNN. As proven in Appendix A, with arbi-
trary precision on the correlation functions, one would
theoretically only need χNN to predict relative NN dis-
tances �R〈i,j 〉 between Rydberg atoms. However, we may
think that giving some extra information to the GNN
could be beneficial to overcome numerical or experimen-
tal imprecision. To that effect, in Fig. 11, we compare
two GNN training cases 3 where, on one hand, only rel-
ative NN distances are used as targets and, on the other
hand, both NN and NNN relative distances are used as
targets, for training sizes {4 × 4, 5 × 5, 6 × 6} and {4 ×
4, 5 × 5, 6 × 6, 7 × 7}. It is very clear that the overcomple-
tion of information helps the GNN palliate the numerical
and/or experimental inaccuracies in determining the rela-
tive distances, meaning that predicting solely NN relative
distances with χNN and χNNN at hand is better than pre-
dicting both NN and NNN relative distances with the
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FIG. 11. Target optimization schemes. The incidence on var-
ious metrics of including the NNN relative distance as a target
in the cost-function minimization: (a) R2; (b) the mean absolute
error; (c) the median of the absolute error. In blue and light pink,
both the NN and NNN relative distances are predicted, while in
red and pink, only the NN ones are predicted. The training sizes
used are indicated in parentheses. The vertical gray lines refer to
the point beyond which the sizes lie outside of the training range.

same information throughput. It also seems that predic-
tions of larger relative distances (NNN and above) require
larger cluster sizes in the training set because edge effects
prevail for longer. Therefore, if one seeks to also pre-
dict NNN relative distances between atoms, one should
consider training the GNN with larger cluster sizes to
substantially improve the predictive power of the model
(compare the navy blue curve in Fig. 11 with the pink one).
Interestingly, adding another task network specializing in
predicting NNN distances worsened the GNN performance
compared to using the same task network for predicting
NN and NNN distances.

APPENDIX D: DETAILS ON THE NUMERICAL
IMPLEMENTATION AND HYPERPARAMETERS

USED

Some technical details are set out in this appendix. The
GNN was implemented using PyTorch [98] and the data
making up the mutually exclusive training and testing data
sets were churned out using the DMRG library ITensors.jl
[95].

For all cases laid out in Table I, the same GNN hyper-
parameters were used. The PNA GNN consisted in 4
layers, and the number of node and edge features corre-
sponded to the size of the � history (10 � values). The
node-embedding dimension used was 32. The edge-feature
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dimension corresponds to the combined number of NN
edges and, if applicable, NNN edges embedded into a
higher-dimensional space through a three-layer perceptron.
550 epochs were sufficient to train the GNN and obtain a
validation loss comparable to the training one. A histogram
of the degree of connectedness of the training data-set
graphs was provided to the GNN during the training phase.
The number of graphs in the training data set was 2000
per physical system size, times the � history, making it
20 000 samples per physical system size. The total num-
ber of samples was the same whether the snapshots were
used to calculate the correlation function or direct evalu-
ation was employed. The testing data set comprised 200
graphs per physical system size times the � history.

Regarding the learning-rate profile, the same linearly
decreasing learning rate was employed to optimize all the
GNNs trained. The starting learning-rate value was 5 ×
10−3 while the ending value was 2.5 × 10−4, for a total of
550 epochs. The learning-rate profile plays a big role in the
training process: its ramp and extrema should be carefully
tuned. The linearly decreasing ramp just mentioned was a
good ramp profile.

APPENDIX E: TECHNICAL DETAILS OF THE
DMRG CALCULATIONS

To ensure that the MPSs were converged after calcula-
tion, the maximum truncation error in the singular-value
decomposition was capped to single-precision floating-
point accuracy (1 × 10−7) and we made sure that the
energy estimations had converged to seven decimal places
with increasing bond dimension through the sweeps. The
energy converges within each sweep and the bond dimen-
sion increases from one sweep to another. We monitored
how the maximum truncation error and energy estimation
changed through 20 DMRG sweeps. To achieve that, we
used a maximal bond dimension of χDMRG = 80 for a clus-
ter size 4 × 4 and then increased χDMRG by 10 for larger
cluster sizes, up to 9 × 9, to obtain χDMRG = 160.
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