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The bottom-up design of strongly interacting quantum materials with prescribed ground-state properties
is a highly nontrivial task, especially if only simple constituents with realistic two-body interactions are
available on the microscopic level. Here we study two- and three-dimensional structures of two-level
systems that interact via a simple blockade potential in the presence of a coherent coupling between the two
states. For such strongly interacting quantum many-body systems, we introduce the concept of blockade
graph automorphisms to construct symmetric blockade structures with strong quantum fluctuations that
lead to equal-weight superpositions of tailored states. Drawing from these results, we design a quasi-
two-dimensional periodic quantum system that—as we show rigorously—features a topological Z, spin
liquid as its ground state. Our construction is based on the implementation of a local symmetry on the
microscopic level in a system with only two-body interactions.
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I. INTRODUCTION

Condensed matter physics is concerned with the expla-
nation and prediction of emergent phenomena on large
scales from systems of many interacting, microscopic
degrees of freedom, using a sophisticated arsenal of exper-
imental, theoretical, and numerical techniques. Motivated
by tremendous progress in the preparation and control of
many quantum degrees of freedom on the atomic scale
[1,2], the “inverse problem” has recently come into focus
(Fig. 1): given a “toolbox” of microscopic constituents
(like atoms) that can be controlled precisely and corre-
lated via simple, tunable interactions, is it possible—and
if so, how—to robustly engineer a prescribed quantum
many-body phase? A better understanding of this bottom-
up design of quantum materials opens an alternative route
to study emergent phenomena in quantum many-body
physics. This is emphasized by the pivotal role played by
exactly solvable, though often experimentally unrealistic
models such has the toric code [3], more general string net
models [4], and other parent Hamiltonians [5,6] like the
famous AKLT construction [7] or resonating valence bond
states [8,9]. The “inverse problem” is distinguished (and
complicated) by its restriction to a specific type of simple,
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experimentally accessible interaction on the microscopic
level that can be used for the construction of a prescribed
phase of matter. Solving this problem is of particular inter-
est for quantum phases with topological order [10] due to
potential applications as quantum memories [11] and for
topological quantum computing [12].

This paper is a contribution to tackle the “inverse prob-
lem” in a particular setting, with a focus on the construc-
tion of topologically ordered states of matter. We consider
a toolbox of elementary two-level systems that interact via
a simple blockade potential; such systems can be viewed
as spin systems with a strong Ising-type interaction in the
presence of transversal and longitudinal magnetic fields.
We extend this framework by a versatile concept of sym-
metry, and leverage this novel tool for the construction of a
topological Z, spin liquid. To comply with the rationale of
engineered quantum matter, none of these results rely on
numerical techniques or perturbative arguments.

Our focus on this particular toolbox is motivated by the
significant progress that neutral-atom platforms have seen
in recent years [2], both on the experimental and theoret-
ical fronts: control on the single-atom level is facilitated
by optical lattices and tweezers that allow for the design
of arbitrary spatial structures in two and three dimensions
comprising hundreds of atoms [13,14] (though leveraging
three-dimensional structures for quantum simulation and
processing remains technically challenging). The internal
states of atoms can be controlled by lasers, microwaves,
and electromagnetic fields with high fidelity, both uni-
formly and with single-site addressability [15,16], while
dipole-dipole and/or van der Waals interactions allow for
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FIG. 1. Rationale. The “inverse problem” of condensed mat-
ter physics studies the construction of prescribed, robust quantum
phases from a given set of simple, microscopic constituents. Here
we consider a toolbox motivated by (but not specific to) the Ryd-
berg platform: two-level systems can be placed freely in two and
three dimensions and interact via a simple blockade mechanism.
Our contribution is an extension of the theoretical foundations of
this toolbox to construct interesting quantum phases.

controllable interactions [17]. Van der Waals interactions
give rise to the famous Rydberg blockade mechanism,
where a single excited atom prevents further excitations
within a tunable blockade radius [18—22]. The simplicity
of this strong interaction, combined with the high level of
spatial control over hundreds of atoms, makes the Rydberg
platform a prime candidate for quantum simulation [23—
31] and the design of artificial quantum matter. Recently,
various two-dimensional structures of Rydberg atoms were
put forward and studied numerically, with the goal to
artificially design interesting quantum phases such as topo-
logical spin liquids [32—37], dimer models [38—40], frac-
tonic phases [41-43], lattice gauge theories [44—51], and
glassy phases [52]; these studies were complemented by
experimental results for systems of several hundred atoms
[30,53,54]. However, the experimental preparation of the
true many-body ground state of such strongly interact-
ing systems has proven challenging, and (quasi)adiabatic
preparation schemes often fail to do so due to small gaps
in some sectors of the spectrum [37,55,56]. The same
methods used for the design of artificial quantum mat-
ter can also be applied to solve optimization problems
by encoding them into the geometry of tailored blockade
structures, a procedure called “geometric programming”
[57—69]; experimental implementations of small problem
instances have been reported as well [67,70—77].

While the neutral-atom platform certainly is the most
advanced in regard to theory development and experi-
mental sophistication, there are other platforms that allow
for tailored blockade interactions in the quantum regime,
like superconducting qubit architectures [78] and Rydberg
excitons in solid-state systems [79].

The fact that the same type of microscopic interactions
can be realized on different experimental platforms sug-
gests the development of a “platform agnostic” toolbox for
the design of artificial quantum matter. This toolbox pro-
vides abstract two-level systems that interact via a simple
blockade potential; the pattern and layout of these inter-
actions is then a central part of the design process for
a particular quantum phase. Recently, first steps towards
such a toolbox have been reported [80—83]. While these
results explain how the frustration of generic blockade
structures can be leveraged to prepare nontrivial, classical
ground-state manifolds, a systematic understanding of the
effect of quantum fluctuations on these strongly interacting
systems is lacking.

In this paper, we take a first step to incorporate quan-
tum fluctuations systematically into the design process of
blockade structures to engineer artificial quantum materi-
als. While our focus on this particular toolbox is motivated
by the Rydberg platform, all our results are platform agnos-
tic. Our main contribution is the design of a quasi-two-
dimensional periodic array of two-level systems that—by
construction—stabilizes an equal-weight superposition of
loop states when exposed to uniform quantum fluctuations.
This feature makes the ground state of this strongly inter-
acting quantum many-body system topologically ordered
(in the universality class of the toric code), while using
only physically realistic, local, two-body interactions. It is
remarkable, and in line with the rationale of engineered
quantum matter advertised above, that these results can be
established rigorously, without relying on numerics—and
despite the fact that the constructed model is not a renor-
malization fixed point (as compared to string net models
[4] like the toric code Hamiltonian [3]).

To achieve this feat, we extend the toolbox of block-
ade structures by the concept of blockade graph auto-
morphisms, a—not necessarily geometric—symmetry of
blockade interactions. We show that particularly symmet-
ric (dubbed fully symmetric) blockade structures stabilize
equal-weight superpositions of their classical ground states
when subject to uniform quantum fluctuations. In combi-
nation with the known blueprints for the design of block-
ade structures with prescribed classical ground-state man-
ifolds (studied previously in Refs. [80—83]), this provides
a powerful tool for the design of strongly fluctuating quan-
tum systems with nontrivial correlations and entanglement
patterns.

The remainder of this paper is structured as follows.
In Sec. II, we introduce the systems under consideration,
define the relevant notation, and specify our goal. To make
this paper self-contained, we provide in Sec. III a brief
review of prior results on the construction of blockade
structures. The discussion of new results starts in Sec. IV
with two motivating examples that lead to the concept
of fully symmetric structures defined in Sec. V. In Sec.
VI, we introduce and discuss a crucial example for this
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concept, the fully symmetric universal gate, which is the
basis for the construction detailed in the second half of
the paper. First, in Sec. VII, we discuss general features
and constraints that periodic (tessellated) fully symmet-
ric blockade structures must satisfy. Our main result is
then detailed in Sec. VIII. We start in Sec. VIII A with a
brief review of the toric code, followed by a discussion
of fundamental problems in Sec. VIII B that must be over-
come to realize its topological order with a fully symmetric
blockade structure. These insights are used in Sec. VIII C
to engineer a periodic, quasi-two-dimensional system that
stabilizes an equal-weight superposition of loop states by
construction. We study the symmetries responsible for this
feature in Sec. VIIID, and comment on the geometric
embedding of the model in Sec. VIII E. We complete our
discussion of this strongly interacting quantum many-body
system in Sec. VIII F with a study of its many-body spec-
trum (Sec. VIIIF 1), a rigorous proof of its ground-state
topological order (Sec. VIII F 2), and comments on its bulk
gap (Sec. VIII F 3). We close in Sec. [X with comments on
open questions and conclude in Sec. X.

II. SETTING AND OBJECTIVE

We start with a characterization of the systems we con-
sider in this paper, their formal description, and introduce
the required mathematical notation. With these founda-
tions, we can formulate our objective precisely.

In this work, we focus on two- and three-dimensional
arrangements of two-level systems that interact via a
blockade potential

0 f
UG = orr > ra, (1)
oo forr <rp,

with blockade radius rg; the latter defines the only length
scale of the system and can be set to unity. The two-level
systems can be realized by electronic states of atoms, inter-
nal spin states, cavity modes, etc. For simplicity, we refer
to these systems as “atoms” throughout the paper, although
they are not necessarily realized as such. Every atom is
assigned an index i € V'={l,..., N}, placed at position
r; € R?, and described by state |n); with n € {0, 1}, where
we identify |0); as the ground state and |1); as the excited
State.

The quantum dynamics of atoms is achieved by cou-
pling the ground state to the excited state with strength €2;,
which we refer to as (quantum) fluctuations. In addition,
each atom can be detuned by A; > 0. The Hamiltonian that
describes such systems is then

He(Q) =Y UGry)nm; + Y _ (o} — Ain)  (2)
i<j i

with 7 := |r; —r;| the distance between atoms i and
j. This Hamiltonian acts on the full Hilbert space

H = (C?)®N with representations n; = |1) (1|; and o} =
[0) (1], + |1) (0],. Note that detunings A; and fluctuations
€; can in principle be site dependent; in the following,
we assume uniform fluctuations Q; = Q (for simplic-
ity), but allow for nonuniform detunings A;. Throughout
this paper, we make use of only a few distinct values
A; € {1A,2A,.. .}, specified as integer multiples of a unit
detuning A, in order to prepare degenerate ground-state
manifolds for € = 0. Hamiltonian (2), together with the
blockade interaction (1), is closely related to so-called PXP
models studied on the Rydberg platform [33,84].

Many-body quantum systems of this form are com-
pletely specified by the data C = (r;, A;);cy, which we
refer to as a (blockade) structure [see Fig. 2(a)], together
with the uniform quantum fluctuations . We refer to
structures with 2 = 0 as classical, for then all operators in
Eq. (2) commute and eigenstates are given by products of
the {]0),|1)} basis. The purpose of this paper is to deepen
our understanding of the effects of quantum fluctuations
Q # 0 on such classical blockade structures.

Because of Eq. (1), the interactions of blockade struc-
tures translate to kinematic constraints that can be encoded
by a vertex-weighted blockade graph Ge = (V,E, A),
where an edge e = (i,j ) € E between atoms i,j € V indi-
cates that they are in blockade, i.e., their distance rj; is
smaller than the blockade radius rp. In this case, the only
accessible states of the two atoms are |0),0);, [0);[1);,
and [1);|0);; the doubly excited state [1);|1); gains infi-
nite energy from the interaction term in Eq. (2) and is
forbidden. The detunings A = {A;},cp are interpreted as
weights of the vertices and determine the energy of the
accessible states. An abstract graph that can be realized in
this way is called a unit disk (ball) graph in two (three)
dimensions. Conversely, a layout of vertices that realizes a
prescribed graph as its blockade graph is a unit disk (ball)
embedding of this graph (where the “unit” is the block-
ade radius rg). Throughout the paper, blockade graphs are
drawn by solid edges connecting atoms that are in block-
ade, while the colors of vertices encode their detuning [Fig.
2(b)].

Provided a classical blockade structure C (2 = 0),
its ground-state manifold H¢ = span{|n) | n € L.} is
spanned by perfectly degenerate product states |n) =
|ny,...,ny) that are characterized by a subset of excita-
tion patterns Lc € Z5'. This manifold is separated by a gap
AE from the excited states |n) with patterns n ¢ L¢ (typi-
cally, AE ~ min; A;; see Fig. 2(c)]. Note that these excited
patterns still satisfy all blockade constraints. Because of
our choice of detunings A; > 0, these states are typically
characterized by fewer excited atoms, with state |0) (all
atoms in their ground state) being the state with the highest
energy. The ground-state patterns in L are the maximum-
weight independent sets (MWISs) of the vertex-weighted
blockade graph G¢. An independent set of a graph is a sub-
set of vertices such that no two vertices are connected by an
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FIG. 2. Setting and objective. (a) A two-dimensional arrangement C = (r;, A;);cy of atoms i € V with position r; and detuning
A; is governed by the Hamiltonian H that describes a blockade interaction with radius 7. The detunings are encoded by colors. (b)
Interactions and detunings are conveniently represented by a vertex-weighted blockade graph G¢. (¢) For Q = 0, the Hamiltonian gives
rise to a degenerate low-energy eigenspace He < H, separated from the excited states by a gap AE. The ground states correspond
to maximum-weight independent sets of the blockade graph. (d) Our objective is to design blockade structures in which quantum
fluctuations Q2 # 0 stabilize a ground state that is an equal-weight superposition of the states in H.

edge (this accounts for the blockade). A maximum-weight
independent set is an independent set that maximizes the
total weight of vertices [which minimizes the energy con-
tribution of the —A;n; terms in Eq. (2)]. Clearly, MWISs
correspond to the ground states of Hz (2 = 0). Finding the
maximum-weight independent sets Ls for a given block-
ade graph G¢ is known to be NP-hard [85] (even for the
subclass of unit disk graphs [86]) and therefore essentially
intractable for larger structures.

Fortunately, this intractability is of no concern to us,
since we are not interested in deriving the ground-state
pattern Lc for a given structure C. On the contrary, here
(and in our previous work [82]) we are interested in the
inverse problem of engineering a suitable structure C for
a given set of ground-state patterns L. Usually, these
patterns are chosen such that they obey nontrivial logi-
cal constraints to implement the solution of optimization
problems [57,61,63,67,72,81,83,87,88], or enforce local
constraints necessary for topologically ordered quantum
phases [32—37,82]. In this context, the set of bit strings
Le € ZY is referred to as the language of the structure
[89], and the states |n) with n € L as its logical states (we
often use patterns n and states |n) interchangeably). The
purpose of a structure C is therefore to isolate a prescribed
subset of excitation patterns L¢ (realized by the spectral
gap AE > 0), while remaining agnostic to the differences
between patterns within L¢ (realized by the perfect degen-
eracy of H¢). How this inverse problem can be tackled
systematically has been studied previously [81—83] and
is not our main focus here. However, to make this paper
self-contained, we provide a brief review in Sec. I1I below.

So let us assume henceforth that we are given a struc-
ture C that realizes some prescribed language L. of logical
states as its classical ground-state manifold H¢. In this
paper, we are interested in the effect of weak quantum
fluctuations |2| << AE ~ A; on the low-energy physics of

Hc (2 # 0). Most importantly, we are interested in the new
ground state(s) of this strongly interacting quantum many-
body system [Fig. 2(d)]. Without loss of generality, we can
expect these to be of the form

d
2 =Y 2@+ Y (%) Y @) (3)

nele d>1 neLg

with amplitudes A,, 7y, € O(1). Here we introduced the
sets of excitation patterns L% that have Hamming distance
d from Lg =Lc,ie,ne Lg means that d is the minimum
number of bits to flip such that n becomes a valid logical
state in L¢. For Q2 = 0, the amplitudes A, are clearly arbi-
trary, but once fluctuations set in, this is no longer the case
in general. Presumably, there is a unique ground state char-
acterized by some particular superposition {A,} of logical
patterns from Lc, dressed by patterns n € L% that violate
the constraints of L. To quantify this dressing, we define
A? = ZHGLC |Anl? as the logical weight of |Q).

Since the classical structure C is designed to single
out—but otherwise not distinguish—the patterns n € L,
it is reasonable to demand the same in the presence of
quantum fluctuations. This means that we are interested in
structures where A, = A = const for all n € L¢ in Eq. (3)
even for Q # 0. Thus we seek blockade structures that sta-
bilize equal-weight superpositions of logical states in the
presence of quantum fluctuations.

This is a reasonable objective, as we would like the
classical set of configurations L¢ to “fluctuate as strongly
as possible” in the presence of uniform quantum fluctu-
ations. For example, when blockade structures based on
Rydberg atoms are employed to solve optimization prob-
lems, the hope is that quantum fluctuations between all
allowed logical states in Lq single out the classical solu-
tion—a rationale similar to adiabatic quantum computing
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[90]. Here we do not focus on optimization problems, but
are interested in the preparation of interesting quantum
many-body phases. For instance, Anderson’s famous res-
onating valence bond states [8] and the related dimer states
[91] can be idealized as equal-weight superpositions of
an extensive set of constrained product states [9]. Simi-
larly, the topological quantum phase of the paradigmatic
toric code model [3] is characterized by an equal-weight
superposition of “loop states” (see Sec. VIII A below).

In the first part of this paper, we therefore develop
methods to characterize and construct generic blockade
structures that stabilize equal-weight superpositions (Secs.
IV=VI). Subsequently, we apply these methods to con-
struct a periodic blockade structure that actually prepares
an equal-weight loop condensate in its ground state (Sec.
VIII C), and lastly, we show that the loss of logical weight
A? <1 due to “nonloop states” does not destroy the
topological order (Sec. VIII F). All central results that fol-
low are constructive and/or analytically rigorous, without
resorting to numerical or approximate techniques.

I1II. REVIEW: BLOCKADE STRUCTURES

To make this paper self-contained, we continue with
a brief review of previous results on classical block-
ade structures, i.e., without quantum fluctuations (2 = 0).
Readers familiar with Ref. [82] can skip this section and
continue with Sec. I'V.

As emphasized above, the overarching goal is the con-
struction of a blockade structure C for a given language
L (= set of bit strings) such that the ground-state patterns
of He (2 = 0) realize this language: Le = L. To this end,
a versatile class of languages L to consider are the rows
of truth tables of Boolean functions. This is so because
any set L C 7 of bit strings X = (x1,...,x,) of uniform
length n can be encoded as a solution to a constraint of the
form f'(xy,...,x,) = 1 for some Boolean function f . It is
therefore convenient to introduce the class of languages

Ly = {(x,f(x) | x € Z3}, 4)

which contain all 2" rows of the truth table of the Boolean
function . If one finds a structure C; such that Le, =1y,
one can simply add an additional detuning to the atom that
encodes the value f'(x) to produce a new structure Cr — that
realizes the language

L= {x |/ =1, x e Z}). ®)

It is therefore paramount to understand the construction of
structures that realize the language L, for a given Boolean
function /. For example, the simplest such function is the
NOT gate

NOT(x) : =X, (6)

and the language derived from its truth table is simply
Lxor = {01, 10}. (7)

Our task is to construct a blockade structure Cyot such that
Leyor = Lnot, i.e., Heyp should have the logical ground-
state manifold Hyor = span{|01), |10)}. This is of course
realized by a single blockade between two equally detuned
atoms; see Fig. 3(a). Throughout the paper, detunings are
given as multiples of the unit detuning A and color coded
blue (1A), green (2A), red (3A), and pink (4A).

The structure Cnor is the most elementary, nontrivial
blockade structure. A less trivial Boolean function is the
NOR (not-OR) gate

NORx,y) =x|y:=xVy ®)
with associated language
Lyor = {001,010, 100, 110}, ©)]

where the last bit encodes the result of the NOR gate applied
to the first two bits. One can show that no structure with
three atoms can realize this language [82]. However, if one
allows for additional ancilla atoms, it becomes possible
with the five-atom structure Cyor depicted in Fig. 3(b). The
three atoms of Cyor Wwith states that map one to one to bit
patterns of Lyor are called ports (henceforth depicted as
squares). The remaining two atoms do not contribute addi-
tional degrees of freedom to the ground-state manifold and
are referred to as ancillas (henceforth depicted as disks).
The excitation patterns of both ports and ancillas in the
ground-state manifold of this structure realize the language

Leyor = {00100,01001, 10010, 11000}, (10)
where the states of ports are printed black and the states
of the two ancillas gray. If one ignores the ancilla states
(which carry redundant information), this is equivalent to
the NOR language (9). When referring to ground states, we
often omit the ancilla states altogether and simply identify
LCNOR with LNOR‘

What makes the existence of Cnor remarkable is the
well-known fact that NOR gates are universal: any Boolean
function f(xi,...,x,) can be written as a Boolean cir-
cuit built only with NOR gates [92,93]. This suggests that
one can construct a blockade structure for any language
Ly, if there is a systematic way to implement such cir-
cuit decompositions by “gluing” several NOR structures
together. This is made possible by a construction called
amalgamation; the rules are very simple: two structures
that realize Boolean gates can be joined by identifying the
atoms that correspond to the input and output ports to be
connected (in the circuit sense), and adding up the detun-
ings that the two structures assign to the identified atoms.
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FIG. 3.

Review of blockade structures. (a) The simplest blockade structure Cyot consists of two equally detuned atoms in blockade:

Ag = Ay = 1A (blue squares) (i). Its degenerate ground-state manifold Hc,, is spanned by the two states |01) and [10) (ii). It
therefore realizes the language Lyor = {01, 10}, which contains bit strings that correspond to the rows of the truth table of the NOT
gate (iii). (b) The five-atom structure Cyor consists of three ports (squares) and two ancillas (disks) (i). Two ports and both ancillas are
detuned by 1A (blue), while the central port is detuned by Ay = 2A (green). As a consequence, the structure has a fourfold degenerate
ground-state manifold (ii). If one ignores the ancillas and labels the ground states by the excitation patterns of the ports, one finds the
language Lnor = {001,010, 100, 110} that corresponds to the truth table of the universal NOR (not-OR) gate (iii). (c) The NOT structure
Cnor can be “glued” to the output port of the NOR structure Cnor by identifying this port atom with an input port atom of Cnor, thereby
adding up their detunings to 3A (red) (i). This procedure is called amalgamation and results in an OR structure, as can bee seen from
the ground-state patterns (ii) that realize the truth table (iii) of an OR gate. The existence of the NOR structure and the possibility of
amalgamation make the toolbox of blockade structures functionally complete.

One easily verifies that the new structure implements the
truth table of the Boolean function that the two connected
gates define.

This procedure is exemplified in Fig. 3(c), where the
NOT structure Cnor from Fig. 3(a) is “glued” to the output
port of the NOR structure Cnor from Fig. 3(b), producing
an OR structure Cog. It is straightforward to check that the
ground-state manifold of this amalgamation implements
the truth table of an OR gate:

Lor = {000,011,101, 111}. (11)
One can even show that this particular six-atom struc-
ture is minimal in the number of atoms [82], although
amalgamations typically produce nonminimal structures.
In summary, the existence of a NOR structure, and the
possibility to combine structures via amalgamation, essen-
tially proves that any language L of length-n bit strings
can be realized by some blockade structure C with N > n
atoms in the sense that Lo = L if one ignores ancillas. A
rigorous derivation, including some technicalities, is pre-
sented in Ref. [82]. We stress that this proof works in
strictly two dimensions and is constructive, so that C can
be engineered efficiently in principle. However, the struc-
tures derived in this way are typically very convoluted, and
numerical optimization techniques must be used to iden-
tify functionally equivalent structures with fewer atoms

(preferably as few as possible). In Ref. [82] we compiled
an exhaustive list of such minimal structures that realize
all elementary Boolean gates (AND, OR, XOR, etc.).

This result makes the blockade toolbox functionally
complete and serves as a foundation for the present paper:
given an arbitrary language L, we can always assume the
existence of a classical blockade structure C with degen-
erate ground-state manifold Hc, spanned by states with
excitation patterns in L.

IV. MOTIVATION: LOGIC PRIMITIVES

We now turn to structures with quantum fluctuations
(2 # 0). To illustrate the concepts introduced in Sec. II,
we consider two simple examples: one with and one with-
out an equal-weight superposition of logical states as the
ground state. These discussions motivate subsequent gen-
eralizations, which then facilitate the main results of the
paper.

We start with the blockade structure Cnor for a NOR
gate introduced in Ref. [82] and reproduced in Fig. 4(a)(i).
As reviewed in Sec. 111, classically, it has four degenerate
ground states

LNOR={?%00,01001,10010,11000} (12)

ABQ
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that are easily identified as the rows of the truth table of a
Boolean NOR gate [Figs. 4(a)(ii) and 4(a)(iii)]. The black
bits in Eq. (12) denote the states of ports A, B, and Q,
and identify the ground states uniquely. By contrast, the
gray bits carry redundant information and encode the states
of ancillas (which we can omit when referring to ground
states).

When switching on quantum fluctuations €2, the degen-
eracy of the ground-state manifold is lifted with a gap
SE ~ Q?/AE and produces a unique ground state |2) [Fig.
4(a)(v)]. The exponent of €2 follows from the leading-order
perturbation, which corresponds to the smallest Ham-
ming distance between ground-state configurations in Fig.
4(a)(ii). Exact diagonalization reveals the relative weights
{Xo001, Ao10> 2100, M110} Of the four logical states in Lyog, and
the logical weight A% = A2, + A2, + A2y, + A%, in the
logical space Hnor; see Fig. 4(a)(iv). We find that A199 =
Ao10 7 Aoor # Mo, 1.€., the new ground state is not equal
weight and the quantum fluctuations discriminate between
the four logic states. Straightforward numerics reveals that
this problem affects the complete family of Boolean gates
introduced in Ref. [82]. This suggests that, unsurprisingly,
equal-weight superpositions are not typical.

Next, we consider the eight-atom blockade structure
Crcrg introduced in Refs. [81,82] and depicted in Fig.
4(b). It has four degenerate ground states, labeled by the
configurations of four ports

Licrs = {??H’OHO’ 1001, 1100}, (13)
ABQR

which can be interpreted as copying two independent bits
from ports A and B to ports Q and R after inverting them.
Geometrically, the structure realizes an (inverted) crossing
of two Boolean wires, a crucial primitive to realize arbi-
trary Boolean circuits in the plane [81,82]. An analogous
analysis of Crcrg for  # 0 reveals that Ago1; = Ao110 =
A1oo1 = A1100, 1.€., the inverted crossing already achieves
our goal and stabilizes a ground state with maximal fluctu-
ations between the four logic states [Fig. 4(b)(iv)].

A quick comparison of the geometries and degeneracies
in Fig. 4 suggests a relation between symmetries of the
structure and equal-weight superpositions in the ground
state. The NOR structure Cnor features a single mirror
symmetry about its central in-plane axis. This symme-
try acts on the excitation patterns in Lyor and induces
three distinct sets of excitation patterns that are invari-
ant under the symmetry: O; = {010,100}, O, = {001},
and O3 = {110}, matching the three values of ground-state
amplitudes in Fig. 4(a)(iv). By contrast, the ICRS struc-
ture features the full dihedral group Dy as its symmetry
group. Its action on Licrg produces a single invariant set
0O; ={0011,0110,1001, 1100} that (presumably) enforces
the equal weights of logical amplitudes in the ground state
of C1crg [Fig. 4(b)(iv)]. In the following, we refer to sets

of excitation patterns that are invariant under a symmetry
(and do not contain proper subsets that are also invariant)
as orbits.

V. SYMMETRIC BLOCKADE STRUCTURES

Our next goal is to formalize this notion of symmetry
of a blockade structure, and make its relation to equal-
weight superpositions rigorous. To this end, we need some
concepts from graph theory.

Definition 1 (Graph automorphism). Given a vertex-
weighted graph G = (V,E, A), an automorphism ¢ of
G is a one-to-one map ¢: V' — V such that A; = Ay,
and (¢ (@),¢(j)) € E if and only if (i,j) € E. The set of
all automorphisms of G forms the automorphism group
Aut(G).

Pictorially, an automorphism can be thought of as a per-
mutation of vertices (dragging edges along) after which the
graph “looks the same” if one ignores the vertex labels and
allows edges to pass through each other; it is the natural
notion of a symmetry of a graph.

The automorphisms A := Aut(Gc) of blockade graphs
act naturally on excitation patterns ne€Z) via
¢ (n1,...,n5) = (ngq),...,nen); for a pattern n, the
set Ac -m:={¢ -n | ¢ € Ac} is called the orbit of n. This
group action on excitation patterns then induces a uni-
tary representation Uy on the atom Hilbert space H via
U In) := |¢ - n) (and linear extension).

With these concepts at hand, we can make two imme-
diate observations. First, the unitary representation Uy is
a symmetry of the blockade Hamiltonian (2) for arbitrary
uniform Q:

UpHe Ul = He forall ¢ € Ac. (14)

Second, this implies that the set of ground-state patterns
Lec is invariant under the group action of automorphisms:
Ac - Le = L¢ (for details, see Appendix A 1).

Clearly, every orbit of a group action is an invariant set,
but the converse is not true in general: invariant sets are the
disjoint union of orbits. Hence, the set of logical patterns
can be written as

Le=| o (15)
k

where each orbit Oy is invariant under the action of block-
ade graph automorphisms separately. We saw this happen
for the NOR gate in Fig. 4(a)(ii).

By contrast, the TCRS structure has the peculiar prop-
erty that L is identical to an orbit (= is transitive); see Fig.
4(b)(ii). This motivates the following definition.
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FIG. 4. Motivation: logic gates. (a)(i) The NOR gate introduced in Ref. [82]. It is related to a triangle-based family of primitives
that exhaust all fundamental logic gates. (ii) The structure has four degenerate ground states that realize the truth table of a NOR gate
(iii). The numbers at arrows in (ii) denote Hamming distances between excitation patterns. The gray boxes indicate the orbits (for a
definition, see the main text) in which the excitation patterns transform under the symmetry S highlighted in (i). (iv),(v) With quantum
fluctuations, the ground state of Cnyor is not equal weight, but favors one logic configuration above all others. (b) By contrast, the
(inverted) crossing Crcrg has an equal-weight ground state for Q2 # 0 (iv),(v). It is also highly symmetric (i),(ii): the symmetries S}
and S, generate graph automorphisms that transform all ground-state patterns into each other [gray box in (ii)].

Definition 2 (Fully symmetric blockade structure). A
blockade structure C is called fully symmetric if Ac-n =
Lc forn € Le, i.e., Le is an orbit under the action of A.

With this definition, we can finally generalize our obser-
vation that the fully symmetric ICRS structure features an
equal-weight ground state as follows.

Proposition 1. Let C be a finite, fully symmetric block-
ade structure. Then the ground state |Q2) of Hq(L2) is
unique for Q2 # 0 and has the form

d
2 =@ Y m+ Y (%) S 1a(@) ). (16)

nelc d>1 HEL‘é

In particular, this state satisfies Uy [2) = |€2) for every
blockade graph automorphism ¢ € Ae.

We note that, in contrast to the equal-weight property,
the uniqueness of the ground state is not a consequence of
the symmetry, but rather a generic property of the block-
ade Hamiltonian (2). A detailed proof of Proposition 1 is
given in Appendix A 2. In a nutshell, the uniqueness fol-
lows from the form of Eq. (2) via the Perron-Frobenius
theorem. Consequently, the ground state forms a one-
dimensional (possibly nontrivial) representation of Uy,
which then requires A, = A = const for all n € L¢ due to
L¢ being an orbit.
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Before we proceed, it is important to emphasize that, for
blockade potentials (1), the symmetries Uy are not geomet-
ric (Euclidean) symmetries of the structure C (despite the
suggestive Fig. 4), but topological features of the blockade
graph G¢. For example, the following geometrically dis-
tinct embeddings of the NOR structure from Fig. 4(a) have
the same blockade graphs GCIL . GclquR and therefore

the same automorphism groups A.1 =A.. :
rp g p CNOR cNOR

CI}DR ' o Cl%]R )
N/ 7>
PR

This demonstrates that blockade graph automorphisms
(and thereby symmetry groups of blockade Hamiltonians)
are more general than the geometric symmetries of a struc-
ture, as they need not be reflected in these symmetries. For
a generic structure, it is also not true that all blockade graph
automorphisms can be realized by the Euclidean symme-
tries of some special unit disk or sphere embedding (as is
the case for the example above); see Appendix A 3 for an
explicit counterexample. Another counterexample is the
tessellated structure that we design in Sec. VIII C below:
the size of its automorphism group grows exponentially
with the number of unit cells, whereas the space group of
the underlying lattice is only polynomial in size.

With that said, Proposition 1 translates our goal from
finding blockade structures with strong quantum fluctua-
tions into finding fully symmetric structures. So far, we
only know of the inverted crossing ICRS as an example.
The obvious follow-up question is whether there are fully
symmetric realizations of logic gates like NOR.

VI. FULLY SYMMETRIC UNIVERSAL GATE

We start by noting that all triangle-based logic gates
(studied in Ref. [82]) suffer from similar asymmetries as
the NOR gate discussed above, i.e., none of them are fully
symmetric. We show now that—quite surprisingly—the
ICRS structure can be extended such that (1) it remains
fully symmetric and (2) it realizes several logic primitives
at once; we call this the fully symmetric universal (FSU)
gate Cpsy.

The construction is illustrated in Fig. 5(a): we first
embed the ICRS structure in three dimensions, putting
the central four atoms on the corners of a tetrahedron. We
then augment the structure by two additional atoms to pro-
duce a structure with full tetrahedral symmetry Agpgy =~ Sy
(S4 denotes the permutation group of four elements). The
latter has many subgroups; here we focus on the Klein

four-group V' = {1, (3, (3, C, -} that contains the 7 rota-
tions C,, about the three symmetry axes through opposite
edges of the tetrahedron. The ground-state patterns Lgsy
are depicted in Fig. 5(b) and transform as a single orbit
under V, thereby producing an equal-weight superposition
for 2 # 0 according to Proposition 1; see Fig. 5(d). What
makes this structure “universal” is the fact that, depend-
ing on which atoms are interpreted as ports, the structure
implements several fundamental Boolean gates at once
[Fig. 5(c)], including a NOR gate (which is a universal gate
in Boolean algebra).

An exhaustive search [94] shows that there is no fully
symmetric realization of AND and NOR gates with less than
eight atoms. That this bound is tight follows from the
ICRS structure in Fig. 4(b) that has eight atoms and real-
izes these two gates by reinterpreting certain ancillas as
output ports. We also found that fully symmetric XOR and
XNOR gates cannot be realized with less than ten atoms;
this makes the FSU structure in Fig. 5 a minimal fully sym-
metric realization of these two gates (we did not show that
this realization is unique, though). Lastly, we showed that
there are no fully symmetric NAND and OR gates with ten
atoms or less (these two gates are not realized by the FSU
structure).

We conclude with two observations. First, using the
three atoms on the upper “wings” of Fig. 5(a) as ports
yields a XOR gate “@,” characterized by configurations
with an even number of excited atoms. Second, the three
atoms on the lower “wings” are the Boolean inverse of
their opposite (upper) counterparts, and therefore realize
a XNOR gate “®.” The FSU structure thus implements the
Boolean identities

A®B=C<=A®B=C«<=A0B=C (17
——— S——

Upper “wings” Lower “wings”

in a fully symmetric fashion. This feature is crucial for the
last part of the paper where we discuss our main result.

VII. A FIRST VIEW ON TESSELLATIONS

One of the most interesting features of blockade struc-
tures is that they can enforce local constraints on transla-
tionally invariant systems to prepare nonfactorizable low-
energy Hilbert spaces (see Refs. [32,33,40,82] for details
and examples). Quantum fluctuations within these nontriv-
ial ground-state manifolds might then stabilize topologi-
cally ordered quantum phases, though this is by no means
guaranteed [55,56,95]. So far, we have only considered
small structures that realize Boolean logic gates. It is there-
fore a reasonable next step to ask whether tessellated (i.e.,
scalable and periodic) structures can be fully symmetric,
as this would potentially provide a robust mechanism to
stabilize interesting quantum phases.

To understand the necessary requirements, we start by
studying a generic condition on the automorphism group
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Fully symmetric universal gate. (a) The FSU gate Cpgy is constructed from the inverted crossing by embedding it in three

dimensions and attaching two additional atoms. The resulting structure has the full tetrahedral symmetry as its automorphism group.
Here we show the Klein four-group V = {1, Cy, C3,, C, -}, where C,, denotes the 7 rotation about one of the three symmetry axes
o =x,y,z. (b) The four degenerate ground states form a single orbit under the action of V, thereby ensuring their equal-weight
superposition in the ground state for 2 # 0. Furthermore, the Hamming distances (numbers on arrows) of all transitions are equal
[cf. Fig. 4(b)(ii)]. (c) The gate implements most Boolean primitive gates by choosing different atoms as ports. The six atoms on the
“wings” form logically inverted antipodal pairs. We highlight the gate choice for the XOR gate that becomes important below. Here
INHy,, = —x Ay denotes the “inhibition gate,” where x inhibits y. (d) Weight of the logical states for £ # 0 and logical overlap in the

ground state (upper panel) and low-energy spectrum (lower panel).

of such structures. In group theory, Burnside’s lemma con-
strains the orbit structure of arbitrary group actions, and
thereby imposes a lower bound on the size of the auto-
morphism group of any fully symmetric (FS) blockade
structure (Appendix A 4):

Burnsijde

Le/Ac| 21 P2 Al > (Lel.  (18)
— —

#Orbits

That is, fully symmetric structures must have at least as
many automorphisms as ground-state configurations. This
is very restrictive in the context of quantum phases, were
we want to implement nontrivial, local degrees of freedom
in a scalable system, i.e., asymptotically |L¢| = dim H¢ ~
d" for some “quantum dimension” 1 < d < 2. This means
that the automorphism group of fully symmetric tessel-
lations must grow exponentially with the system size. In
particular, the automorphisms inherited from the group of
lattice symmetries (point group and translations) cannot be
sufficient, as this subgroup is only polynomial in size.
With this knowledge, we can now revisit some of the
recently proposed tessellated blockade structures on the
Rydberg platform to check whether they are fully symmet-
ric. Unfortunately, it turns out that neither the structures
proposed by Verresen et al. [33] (targeting toric code topo-
logical order) nor by Zeng et al. [40] (targeting quantum
dimer models) have automorphism groups large enough to
stabilize equal-weight superpositions (Appendixes C 1 and
C2). The same is true for the structures proposed by some

of us in Ref. [82] to realize the Z,-loop space that under-
lies the toric code [3,96] (Appendix C 3). Just as we saw for
the logic gates above, fully symmetric blockade structures
seem to be special and hard to come by.

Clearly, the most straightforward path to an expo-
nentially large automorphism group is to construct sys-
tems with Jocal automorphisms (“gauge automorphisms”).
Unfortunately, Eq. (18) is an implication and not an equiv-
alence: even if |A¢| > |Le| is satisfied, the ground-state
excitation patterns L. can still split in different orbits,
and the system fails to be fully symmetric. This happens,
for example, when the local automorphisms act only on
ancillas and leave the ports invariant.

In summary, the construction of fully symmetric tessel-
lated blockade structures has not been achieved yet, and
it is not obvious how to proceed without more specific
knowledge about the extensive ground-state configurations
Lc to be realized. This is why we focus in the remainder of
the paper on a particular problem: the construction of a tes-
sellated blockade structure with Z, toric code topological
order.

VIIIL. Z, TOPOLOGICAL ORDER AND LOCAL
AUTOMORPHISMS

A. Reminder: toric code topological order

We start with a brief review of the toric code to set the
stage and specify our goal. Readers familiar with the toric
code [3] and the results from Ref. [82] can safely skip to
Sec. VIII B.
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We consider a honeycomb lattice with one qubit
(spin—%) per edge e, represented by the local Pauli matrices
o with o = x,y,z. The toric code Hamiltonian is defined
as

Hrc=—Js Y As—Js Y_ B, (19)

Vertices s Faces p

with Jy,Jg > 0, star operators A; =[], 07, and pla-
quette operators B, = ]_[eep o). Here e € s denotes edges

emanating from vertex s and e € p denotes edges bounding
face p:

Note that typically the toric code is defined on a square
lattice. Here we focus on the honeycomb lattice because
its trivalent vertices make the constructions below more
natural. (By contracting the vertical edges of the honey-
comb lattice one can easily transition to a square lattice
afterwards.)

To construct the ground state(s) of the toric code Hamil-
tonian (19), one can exploit the fact that all local terms A,
and B, commute pairwise. We can therefore start by setting
Jp = 0 and first construct the ground-state manifold of the
star operators A4, alone, and subsequently diagonalize the
plaquette operators B, in this submanifold.

Step 1. The ground-state manifold for Jz = 0 is charac-
terized by states with +1 eigenvalues of all star operators
Ag [97]. This subspace is spanned by product states with
an even number of excited states |1), adjacent to each
vertex and suggests a “string picture”: we interpret edges
with qubits in state |1), as being occupied by a string
(o7 1), = —|1),). Then the constraint imposed by star
operators is simply that strings cannot terminate on ver-
tices. The ground-state manifold for Jp = 0 is therefore
spanned by (exponentially many) loop configurations as
follows.

Note that the boundary conditions determine whether
strings are allowed to terminate on the boundary. Above
we show a finite patch with “rough” boundaries on which
strings can end. By contrast, “smooth” boundaries are
obtained by cutting off the dangling edges; on such bound-
aries strings cannot terminate. For periodic boundaries,
strings can also not terminate anywhere. The following
discussion is independent of boundary conditions unless
noted otherwise.

Let us denote the product states of all qubits by |n) and
define Lyioop as the set of all patterns that correspond to
valid loop configurations (respecting the chosen boundary
conditions); this defines the subspace Hioop = span{|n) |
n € Ly,0p) spanned by these “loop states.”

Step 2. To construct the ground state |Q2r¢) of the toric
code Hamiltonian (19), we must also satisfy B, |Q1¢) =
+1|Qrc) for all faces p (since By =1). It is easy to
see that the action of B, on a loop state [m) € Hyqop is
to add the elementary loop around face p (modulo 2)
to m € Ly q0p, thereby creating another loop configuration:
B, In) = |n’) € Higop With 0 € Lioop. This mapping is a
bijection from L to itself since B, is invertible. It is
also not hard to see that, for open boundaries (all rough
or smooth), one can transform any loop configuration into
any other by a sequence of B, operators.

It follows that the only state invariant under all plaque-
tte operators is the equal-weight superposition of all loop
states (we omit the normalization):

1Qrc) oc Y [m). (20)

neLyoop

Equation (20) is the (unique) ground state of the toric
code Hamiltonian (19) and the renormalization fixed point
(characterized by vanishing correlation length), of the Z,
toric code topological order [4]. For other boundary condi-
tions (alternating smooth and rough boundaries or periodic
boundaries) there is one independent ground state for each
element of the (relative) homology group of the spatial
manifold on which the lattice is embedded [98]. This
topological degeneracy is not important for the follow-
ing arguments since (gapped) quantum phases are bulk
features and independent of boundary conditions.
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As a condensate of extended objects (Z, loops), the state
|Q21c) features a particular pattern of long-range entangle-
ment [99]; this makes Eq. (20) the simplest example of
a string net condensate, a family of many-body quantum
states that describe two-dimensional topological orders [4].
The particular (Abelian) toric code order in Eq. (20) makes
it a potential substrate for topological quantum memories
[11,100]. The presence of long-range entanglement can be
certified and characterized by a nonvanishing topological
entanglement entropy [101,102] (which is not necessarily
universal within a topological phase [103,104]).

Our goal in the remainder of this paper is to construct
a tessellated blockade structure with a many-body ground
state |2) in the same topological quantum phase as |Q1c).
The return of this endeavor would be the realization of
the toric code topological order using only the physically
accessible two-body interactions of the blockade Hamilto-
nian (2), instead of the unrealistic four-body interactions in
the toric code Hamiltonian (19).

Before we proceed, it is important to remember that
two ground states belong to the same quantum phase if
they can be adiabatically connected by a gapped Hamil-
tonian [99], i.e., the ground state |2) of the blockade
structure (to be constructed) and |Q1¢) are not required to
be the same state. Nonetheless, the aforementioned crite-
rion ensures that they are characterized by the same pattern
of long-range entanglement [99] (recall that phases gen-
erally correspond to stable renormalization fixed points
[105,106]).

B. Warm-up: an instructive failure

To motivate our rather involved construction below, it
is advisable to consider a more straightforward construc-
tion first. This approach was already suggested by some
of us in Ref. [82] and, as already mentioned in Sec. VII,
fails to prepare the equal-weight superposition (20). The
point of the following discussion is to identify a potential
reason for this failure, which then inspires our (successful)
construction in Sec. VIII C below.

In order to stabilize a state that is (locally) unitar-
ily equivalent to Eq. (20) using the toolbox of blockade
structures, one must solve two problems.

Problem 1 (P1). Construct a structure Cpoop such that,
for Q = 0, the ground-state manifold Hqop is spanned by

degenerate loop configurations n € Leyoop ~ Lioop. Note
that we can use additional ancilla atoms to achieve this,
as long as these atoms do not contribute degrees of free-
dom to the ground-state manifold. Solving this problem
corresponds to the constraint 4; = +1 in the toric code
(step 1).

Problem 2 (P2). Ensure that, by switching on uniform
quantum fluctuations €2 #£ 0, a state |2) within the same
quantum phase as |Qr¢) is stabilized as the (unique)

ground state of the blockade structure. A promising feature
would certainly be an equal-weight superposition of states
In) for n € L¢, ,, (potentially with admixtures from other
states). Solving this problem corresponds to the constraint
B, = +1 in the toric code (step 2).

Both of these are complicated “inverse problems” that
seem hard—if not impossible—to tackle. Fortunately, the
solution of P1 is straightforward using the toolbox from
Ref. [82] reviewed in Sec. III.

It is reasonable to start by placing an atom on each
link of the honeycomb lattice. If we set the detunings of
all atoms to zero (white boxes), the ground-state mani-
fold contains all 2V excitation patterns and matches the full
state space of the conventional toric code (with one spin—%
per edge):

O O
(VAR IR A R VA
O O O
LV R VAR R R IR VAR o
O O O O
IRV IR AR R A R v
] ] ]
(R R AR R
O ]

Next, we must introduce detunings and blockades (and
potentially ancillas) such that only loop patterns remain in
the ground-state manifold. A key insight is that the loop
constraint A; = +1 on a trivalent vertex with state |x, y, z)
on its three emanating edges is satisfied if and only if
x @y = z, where “@” denotes a XOR gate (modulo-2 addi-
tion). We can therefore pick any blockade structure Cxor
that realizes a XOR gate, put a copy on each vertex of the
honeycomb lattice, and then amalgamate the three ports of
the gates with the adjacent atoms on the edges:

Note that the constraint x @ y = z is completely sym-
metric in the three variables; hence, it is not important
which edges play the role of input and output ports of
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the logic gates. The exemplary loop pattern shown clearly
satisfies the XOR constraints on all vertices.

This is the approach to tackle P1 that has been proposed
in Ref. [82], where a specific (minimal) realization for the
vertex structure Cxor was given. (We do not repeat this
realization here as we do not need it in the following.)

We now turn to P2. Since the classical part of Hamil-
tonian (2) (blockade interactions and detunings) is fixed
by the construction above (and the choice of a particular
CxoRr), all we can do is to switch on weak, uniform fluc-
tuations €2 # 0 and hope for the best. Given the general
structure of Hamiltonian (2), there is simply no freedom
left to tailor the effects of quantum fluctuations to serve our
goal. Note that this is the approach of most previous works
that proposed realizations of quantum phases by leveraging
the Rydberg blockade mechanism [32,33,40,82].

The only tool at our disposal is the concept of full
symmetry introduced in Sec. V. Unfortunately, as we rig-
orously show in Appendix C3, the particular realization
of Cxor proposed in Ref. [82] leads to a tessellation that
is not fully symmetric due to a lack of automorphisms.
While this does not preclude an equal-weight superposi-
tion of states in Hyqop, it certainly makes it unlikely (as
equal-weight superpositions are not typical). To support
this claim, we derived a perturbative, low-energy effective
Hamiltonian of this particular model [107] and performed
numerical simulations using the infinite density matrix
renormalization group (iDMRG) algorithm [108] to study
its ground-state properties. While there are quantum fluctu-
ations that induce a certain amount of local entanglement,
the results suggest that there is no long-range entangle-
ment (certified by a vanishing topological entanglement
entropy). Together, these findings support our suspicion
that the many-body ground state of this particular block-
ade structure is not topologically ordered. Furthermore, we
take the stance that the only workable path towards solving
P2 is the construction of a fully symmetric tessellation.

To do so, it is important to understand whether the
failure to be fully symmetric is caused by the particular
choice of the vertex structure Cxor, or whether it is rooted
in the general architecture suggested above (the proof in
Appendix C 3 exploits the internal structure of Cxor). As
we show in Appendix B, the architecture is to blame.

Proposition 2. Consider a periodic, tessellated block-
ade structure on an arbitrary, regular lattice with one port
per edge that is shared between adjacent vertex structures;
let L be the set of ground-state patterns. Then local auto-
morphisms must leave the ports on edges invariant, and
therefore act as the identity on L.

The proof is rather technical; the gist, however, is
quite simple: the global topology of the blockade graph is
severely restricted by the fact that vertex structures inter-
act only via a single atom (or single link) on the edges.

One can then show that automorphisms must leave ports
invariant if they act trivially on ports in the vicinity. In
particular, the assumption that an automorphism acts triv-
ially on ports that surround a finite region implies that it
acts trivially everywhere. Note that Proposition 2 does not
imply that tessellated structures with single ports on edges
cannot be fully symmetric; however, it shows that local
automorphisms cannot be used to establish full symmetry.

In summary, we identified two problems to solve. The
Z,-loop constraint (P1, 4, = +1) can be satisfied on the
classical level using the previously developed, versatile
toolbox for blockade structures. However, the loop con-
densation (P2, B, = +1) due to uniform quantum fluctu-
ations must be enforced by—preferably local—blockade
graph automorphisms that render the structure fully sym-
metric. Unfortunately, the most straightforward architec-
ture that solves P1 necessarily fails to solve P2. This
insight inspires the construction below and leads to the
main result of the paper.

C. Construction of a fully symmetric Z,-loop blockade
structure

In the toric code (Sec. VIII A), it is the plaquette oper-
ators B, that act transitively on the space of loop config-
urations Li.op and enforce the equal-weight superposition
(20). We therefore should aim for a blockade structure with
local “plaquette automorphisms” that do the same. How-
ever, Proposition 2 forbids exactly that if we construct
the tessellation from vertex structures connected by sin-
gle links. This makes sense, since automorphisms can only
permute atoms; but, if all atoms on the edges surrounding
a face are in state |0),, there is no permutation that can
excite them to |1),, i.e., create a fundamental loop. Hence
we must encode the fundamental two-dimensional degrees
of freedom on edges not in single atoms (as above), but in
pairs of atoms that are in blockade:

EATATA!

PR RN RN RN

VENENENS
VENEN L,

If we detune all atoms by the same amount A >
0 (blue filled boxes), this produces again a degenerate
ground-state manifold of dimension 2V (i.e., one qubit
per edge), only that now these qubits are encoded in the
two states |01), and [10), of the two atoms in block-
ade. Notably, the structure has a huge automorphism
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group; among these are local “edge automorphisms” ¢,
that permute the two atoms on edge e. Under these auto-
morphisms, the set of all ground-state patterns Ly :=
{0, 1}V transforms as a single orbit. Hence, this struc-
ture is fully symmetric and its ground state for €2 # 0
is the equal-weight superposition of all 2V bit patterns
in Ly, ie., Q) x @, [+), + (Q/AE) )" --- with [+), =
(ony, + |10)e)/«/§ and where “) - - -” includes configu-
rations with completely unexcited edges |00),.

This is not yet what we want, but now that we have
enough local automorphisms, we can try to add suitably
chosen vertex structures that

(1) enforce the Z,-loop constraint, and
(2) preserve a local subgroup of “edge automorphisms”
(namely, plaquette automorphisms).

To this end, it is convenient to separate the 2N atoms
into two sublattices, with one atom of each per edge (which
atom belongs to which sublattice is conventional). In the
following, we label the two sublattices by red and blue
bounded boxes and blockades. Because of the blockade
between the atoms on each edge, it is sufficient to know
the ground-state pattern of, say, the red sublattice to iden-
tify the pattern uniquely. Henceforth we say that an edge is
occupied by a string if the red atom is excited:

string < [10), and empty < |01),. 201

In the following, we omit the fill color that indicates the
detuning of atoms whenever it is not relevant for the dis-
cussion. An exemplary state in the ground-state manifold
looks like [orange (white) atoms are (un)excited]

Note that, so far, open strings are still part of the ground-
state manifold. We now turn to the vertex structure that
lifts these patterns to excited states and enforces a loop
constraint.

Let us focus on a single vertex with adjacent variables
(x,x,y,v,z,z), where x,y,z denote the string occupa-
tions of the three adjacent edges. The Z,-loop constraint,
according to our convention (21), is then equivalent to a

Boolean XOR constraint on the red sublattice,

x®y 2 o al permutations of x,y,z.  (22)

The red atoms must therefore be “glued together” by a
XOR structure, just as before. However, consistency then
requires that, for the atoms on the blue sublattice,

XDy =z = XDy = = FOF=Z  (23)

where “©” denotes a XNOR (exclusive-NOR) gate. To
enforce the loop constraint, we therefore need a vertex
structure with three inverted pairs of ports that realizes
both a XOR and a XNOR gate in a unified way. This is
achieved by the FSU structure introduced in Sec. VI; hence
we can finalize our construction by placing a copy of Cgsy
on every vertex and amalgamating their port pairs on the
edge atoms:

[Recall Fig. 5(a) and Eq. (17) and identify red (blue)
blockades with the upper (lower) “wings.”]

Note that one needs mirror images of the FSU struc-
ture for one of the two vertices in each unit cell of
the honeycomb lattice to ensure that only ports of the
same sublattice (= color) are amalgamated. Note also that
the FSU structure automatically enforces the constraint
that states of atoms of port pairs are inverted. Thus, the
blockades between pairs of edge atoms (black edges) are
actually no longer needed and we can delete them from
the tessellation without affecting the loop constraint. For
now, we ignore whether this construction can be real-
ized as a unit disk or unit ball embedding in two- or
three-dimensional space, and simply project the necessary
blockades into the plane (the sketch above is not a unit disk
embedding); we return to the question of embeddability in
Sec. VIII E.

By construction, this tessellation only supports closed
loop configurations in its ground-state manifold; an
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Loop automorphism

$r = ¢p1 © ¢P2 o ¢P3

FIG. 6.

Loop state
[n) € Higp

Tessellated fully symmetric loop structure Cpoop. Result of the construction discussed in Sec. VIII C. The tessellation Cpoop

of FSU vertices is shown with light gray (formerly red), dark gray (formerly blue), and black blockades. In (a) the fill color of atoms
denotes the detuning (green, 2A; pink, 4A), in (b) the state of the atom (white, unexcited; orange, excited). (a) Exemplary loop
automorphism ¢, constructed as a product of three adjacent plaquette automorphisms ¢,,, ¢,,, ¢p,. The automorphism decomposes
into a chain of vertex and edge permutations; cf. Fig. 7. Permutations ¢, of edge atoms (squares = ports) are denoted by arrows;
permutations ¢ of atoms on vertices (circles = ancillas) are denoted by colored blockades of the tetrahedra. Note that only atoms with
equal detunings are mapped onto each other. It is straightforward to check that the application of ¢, leaves the complete blockade graph
invariant; it therefore corresponds to a loop symmetry U, of the corresponding blockade Hamiltonian Hyoop = He, ,,,- (b) Exemplary
excitation pattern m € Ly oop = Ley g, that corresponds to a ground state |n) € Hyoop = HCLoop for Q = 0. Along the yellow loop, the
light gray edge atoms are excited (which satisfy XOR constraints on vertices), whereas everywhere else the dark gray edge atoms are
excited (which satisfy XNOR constraints on vertices). Note that each of the four possible vertex states correlates with one of the four
vertex ancillas being excited. It is straightforward to see that the permutations of ¢, in (a) would act on the pattern in (b) by removing

the loop, thereby producing another valid ground state in Ly qop. This property makes Croop fully symmetric.

extended patch, including all ancillas, blockades, and
detunings, is depicted in Fig. 6. We refer to this tessellated
blockade structure as Cpoop in the following.

D. Automorphisms of the tessellated blockade
structure

We continue with the automorphisms of Cpqop to estab-
lish its full symmetry. As a preliminary step, we focus
on an arbitrary FSU structure on vertex s, including its
three adjacent edges (but ignoring its three neighboring
vertex structures for now). As discussed in Sec. VI, this
structure has a large automorphism group, and we are
interested in the subgroup that—in a three-dimensional
embedding—can be identified with the three rotations
about the symmetry axes through opposing edges of the
central tetrahedron [recall Figs. 5(a) and 5(b)]. We show
these automorphisms and their permutations of vertex and
edge atoms explicitly in Fig. 7. There we also introduce the

decomposition of the three automorphisms

¢f‘ =@, go?‘ °Qz2, o € {x,y,z}, (24)

into permutations ¢, that act only on atoms on edge e
(ports), and permutations ¢ that act only on the tetrahe-
dral atoms (ancillas) on vertex s. Here ¢! and €2 denote
the two edges that are singled out by the choice ¢ = x,y,z
(see Fig. 7). Henceforth we denote general permutations
of atoms by ¢ to distinguish them from automorphisms ¢.
For example, none of the three factors in Eq. (24) is an
automorphism of a single FSU vertex, only their product is.
Before we continue with the full tessellation Cyo.p, let us
point out that the three automorphisms (24) are reflected in
the structure of the truth table of the loop constraints (23).
Indeed, from Boolean algebra, we know the identities
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and analogous relations for the XNOR constraint. This
demonstrates that the four consistent states on the red sub-
lattice (XOR constraint) are mapped to each other by the
three automorphisms of the FSU structure—which is the
hallmark of its full symmetry.

The decomposition (24) shows that, for each indepen-
dent FSU structure on vertex s, there are three nontrivial
automorphisms ¢ (¢ = x,y,z), each of which affects two
adjacent edges. Since these edges are shared between adja-
cent vertices in Croop, applying a vertex automorphism on
one vertex necessitates another automorphism on two of
its neighbors. Therefore, the subgroup Apoop C Ac,,, of
automorphisms of the complete tessellation that is gener-
ated by such transformations also obeys a Z;-loop con-
straint (in addition to the loop constraint on excitation

@.

=]
Coy

9085

FIG. 7. Automorphisms of an independent FSU vertex. (a) The
automorphisms ¢¢ (¢ = x,y,z) of an independent FSU structure
on vertex s can be visualized as m rotations C,, of the cen-
tral tetrahedron about the symmetry axis through opposite edges
[recall Fig. 5(a)]. These symmetries form the Klein four-group V'
in which (C4)? = 1 and Gy, - Gy, - Gy, = 1. (b) In a flattened
(not unit disk) representation, each automorphism corresponds
to a permutation of ports (squares), indicated by dotted arrows,
and of two pairs of ancillas (circles) along the colored block-
ades of the central tetrahedron. Note that only atoms with the
same detunings (fill color) are mapped onto each other, and that
one pair of ports always remains invariant (gray ports). Here the
blockades to ports are colored light and dark gray instead of
red and blue (as in the text). It is convenient to decompose the
automorphisms ¢¢ into edge and vertex permutations ¢, and ¢Z,
respectively (see the text).

patterns in the ground state). That is, for every closed loop,

€3

€] )
ZES1—>S2—>S3—>”', (25)
given as a sequence of visited vertices 51,57, ... and tra-

versed edges ey, e, . . ., there is a corresponding automor-
phism ¢y € Apoqp of the form

¢z=§0§‘110§0e10<ﬂ?220<ﬂe20“' > (26)
where ¢; € {x,y,z} denotes one of the three possibilities of
how the loop visits vertex s; (recall Fig. 7).

Note that all edge permutations commute trivially: ¢, o
¥ = ¥z 0 @,; also, that all vertex permutations commute,
@ o (pf = (p§ o ¥ (even on the same vertex s = 5), fol-
lows because the Klein four-group is Abelian (Fig. 7).
Furthermore, both permutations ¢, and ¢ decay into 2-
cycles (= transpositions of disjoint pairs of atoms) so
that (¢.)? = 1 and (¢%)> = 1, and thereby (¢)> = 1. In
conclusion, A op is an Abelian subgroup of the full auto-
morphism group ACLoop’ and can be interpreted as a Z,
vector space with the symmetric difference of loops (=
composition of automorphisms) as addition (also known
as cycle space in graph theory [109]).

Pictorially, ¢, swaps all pairs of inverted ports along ¢
via ¢., and compensates for these swaps by correspond-
ing vertex permutations 2. The blockade structure of the
FSU vertex ensures that the result is an isomorphic block-
ade graph. An example of such a loop automorphism is
depicted in Fig. 6(a). It is important to appreciate that
only the combined permutations of all tetrahedral vertex
atoms and the inverted pairs on edges along the closed loop
makes this transformation an automorphism of the block-
ade graph. In particular, the construction fails if the path of
edges does not close.

The smallest of these loop automorphisms are the pla-
quette automorphisms on a hexagon p = (abcdef ), which
can be decomposed into a product of six vertex and six
edge permutations:

@27

Multiplication of several such plaquette automorphisms

yields loop automorphisms ¢¢ = [],.p ¢y, where P
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denotes a set of plaquettes that produce the loop £ = 9P
as their boundary dP. Loops £ that can be constructed in
this way are called homologically trivial. For example, the
loop automorphism in Fig. 6(a) can be constructed as the
product of three elementary plaquette automorphisms.

Note that it is not necessary that ¢ is homologically
trivial for ¢, to be an automorphism. For example, with
periodic boundaries, single noncontractible loops around
the torus cannot be constructed as boundaries of plaque-
ttes, but still give rise to loop automorphisms that satisfy
the Z,-loop constraint on every vertex.

The group Apoep of loop automorphisms is therefore
generated by plaquette automorphisms and homologically
nontrivial loop automorphisms (if any exist); formally,

-ALoop = <{¢p | PlaquetteSP” @ Hl(z) (28)

Here, H; (%) denotes the first homology group (over Z,)
of the 2-manifold ¥ on which the honeycomb lattice is
embedded. For example, with periodic boundaries, it is
¥ =T a torus, and H\(T) >~ Zy x Zp = {1,£,,£,,4, ®
¢y}, where £, and ¢, denote two noncontractible loops
around the torus. On lattices with boundaries, H; (X) must
be replaced by relative homology groups [98]. Here we are
not interested in such details and consider a planar patch
of the tessellation with the same type of boundary every-
where; it is then H(X) = {1} as all loops are generated by
elementary plaquettes.

With these insights—and our convention (21) to iden-
tify strings—it is now evident that ¢, acts on ground-state
patterns like o acts on spins in the toric code: it creates
or annihilates a string on edge e. Loop automorphisms
therefore create or annihilate extended loops; in particular,
plaquette automorphisms ¢, act on ground-state patterns
by modulo-2 addition of elementary loops; see Fig. 6(b)
for an example. As a consequence, every loop pattern n €
Lioop = Ley,,, can be constructed from the “no-loop con-
figuration” 0 by application of some loop automorphism
¢ € ALoop, 1.€., Lioop = Aroop - 0; this makes Cpoop fully
symmetric, as intended.

As discussed in Sec. V, every automorphism trans-
lates to a unitary symmetry of the blockade Hamiltonian
Hyoop = Hey,,,- We denote the unitary representation of
plaquette automorphisms ¢, as U, . Since Ay oop is Abelian,
these operators form a local, Abelian subgroup of the full
symmetry group of the Hamiltonian Hy op,

[Up, U] =0 and [Hioop.Up] =0  (29)
for all plaquettes p and g. Note that this remains true for
Q # 0 due to the uniformity of the quantum fluctuations.
Since qb; =1, it immediately follows that Uf, =1 and

therefore Uj, = U,,. It is appropriate to think of these oper-
ators as the analogues of the plaquette operators B, of the
toric code (at least on the ground-state manifold). Equation

(29) will be crucial for our study of the many-body ground
state in Sec. VIII F below.

E. Spatial embedding

Before we turn to the ground-state properties of Hi oop,
we briefly discuss potential embeddings of the loop struc-
ture Croop. We stress that an optimized embedding that
would bring the structure closer to realization is not (yet)
our priority. Here we simply demonstrate that (a slight
modification of) Crop can in principle be realized as a
quasi-two-dimensional blockade structure of atoms, and
leave further improvements to future studies (like reduc-
ing the number of atoms and/or increasing the robustness
of the blockades).

First, note that a single FSU vertex can—yperhaps surpris-
ingly—be embedded as a unit disk graph in two dimen-
sions; see Fig. 8(a). This embedding, however, is rather
tight and not very useful from a practical point of view
(where geometrically robust structures are preferable).
Another, more problematic downside is that the inverted
pairs of port atoms that belong to one edge of Cpoop are
located opposite of each other. It is therefore impossible to
tessellate the plane with this embedding (cf. Fig. 6). A unit
ball embedding in three dimensions is clearly more natural
(and more robust); see Fig. 8(b). The problem of opposite
inverted ports remains, though.

A crucial insight into solving this problem is illustrated
in Fig. 8(c): one can “extend” the ports of the FSU vertex
by attaching arbitrarily long link structures (see also Ref.
[82])—as long as the length of links that carry inverted
signals is equal. It is easy to see that this modification pre-
serves the relevant automorphisms of the structure, so that
an extended tessellation C{% ~ with more atoms (but not
more degrees of freedom) per edge can be constructed.
While the extension of a single vertex also works with
strictly two-dimensional unit disk embeddings, it is unclear
whether many vertices can be tessellated and amalgamated
without breaking the local automorphisms. The problem
that arises in such a planar setup is that the opposing,
inverted links must somehow end up on the same edge of
the lattice. This can only be achieved by crossing structures
[recall Fig. 4(b)]. However, these crossings “entangle” the
blockade graphs of links from different edges, and there-
fore break the plaquette automorphisms. We suspect that a
purely two-dimensional construction might be impossible,
though we were not able to prove this.

Fortunately, these problems can be circumvented in
three dimensions, where links that belong to different
edges can simply pass each other without blockades; see
Fig. 8(d). Thus, it is indeed possible to realize a suitably
extended structure Cf%  (which is functionally equivalent
t0 Croop) as a unit ball graph in three dimensions. Note
that the extension of this structure in the third dimension is
bounded and does not scale with the lattice size, and hence
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(a)

FIG. 8. Embedding of Cioop. (a) The FSU vertex alone is a (tight) unit disk graph in R?; the downside is that the inverted pairs of ports
are geometrically opposite to each other. (b) A unit ball embedding in R® is more natural and more robust; it suffers from the same
problem, though. (We omit the balls for the sake of clarity; the exact coordinates of atoms are reported in Appendix F.) (c) One can
extend the inverted ports of the FSU vertex by links of equal length without breaking its blockade graph automorphisms, as illustrated
exemplarily by the (extended) vertex automorphism ¢* (cf. Fig. 7). (d) This is useful to “bend” the inverted pairs of ports to one side of
the structure, as needed for the tessellated structure Crocp. Indeed, with this trick, one can embed an extended, functionally equivalent,

t
tessellated structure Cﬁ’gop

of blockades) and therefore quite impractical.

we refer to this embedding as quasi-two-dimensional. It
seems reasonable to expect that such an extended struc-
ture CyY,, is not a unit disk graph (and therefore cannot be
realized 1n strictly two dimensions); however, we were not
able to prove this rigorously. (Note that deciding whether
a given graph is a unit disk graph is NP-hard [110—
112]. That is, an efficient proof must exploit the particular
structure of the graph.)

In summary, the blockade structure in Fig. 6 (or a
slight generalization thereof) can be realized as a blockade
structure in three dimensions. However, finding the sim-
plest, experimentally most accessible realization remains
an open question. In the remainder of the paper, we focus
again on the unmodified Cioop and ignore its embedding

(all results are also valid for embeddable extensions Cfy ).

F. Ground-state properties

In this last section, we study the ground-state properties
of the blockade Hamiltonian Hioop = Hroop($2) for
nonzero quantum fluctuations 2 % 0. Here we prove our
main result, namely that its many-body ground state |€2) is
in the same quantum phase as the loop condensate |Qtc)
of the toric code. This result is rigorous and does not rely
on numerical evidence.

1. General features

Let us consider a finite patch of the tessellation Cpoop in
Fig. 6 with or without periodic boundaries. As detailed in
Sec. VIIID, Cyqop is fully symmetric so that Proposition 1
applies. Namely, it guarantees that the many-body ground
state |2) of Hisop for € # 0 is unique and given by an

as a unit ball graph in R®. Note that this embedding is unoptimized (in its number of atoms and robustness

equal-weight superposition of loop states from Hyoop =
Hey o> dressed by excited states that are suppressed in
powers of Q/AE [recall Eq. (16)]:

QO \¢
Q=r22 Y In +Z (E) D () )
n€LLoop neLfoop
=:A|Q
o) =/ 1-A2|Qy)

with (€ | €2,) = 0.

Note that the form (30) is true for arbitrary 2 # 0, and
not only for small perturbations. This already indicates that
one cannot deduce from Eq. (30) the presence of topologi-
cal order—despite the suggestive equal-weight superposi-
tion of loop states in |€2¢). Furthermore, the uniqueness of
|Q2) is a generic feature of finite-size blockade Hamiltoni-
ans like Hyoop for © # 0; in particular, it is independent
of their boundary conditions. Since we expect Hyoop t0
feature topological ground-state degeneracies for periodic
boundaries, we must conclude that this uniqueness can be
due to finite-size gaps that vanish exponentially fast in the
thermodynamic limit. An immediate corollary of Proposi-
tion 1 is then that no blockade Hamiltonian of the form (2)
can realize the renormalization fixed point (19) of the toric
code (as the latter has zero correlation length and therefore
perfect topological degeneracy on finite-size systems).
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Next, because of Eq. (29) and Ulz, =1 and U; =U,, we
can label the many-body eigenstates of Hyoop = Hroop(£2),

Hioop |EG, §) = E, |EG, ) (31)
by a sign (—1)% = %1 per plaquette:
E ey — (1o IES
Up IEg, &) = (=D |EQ, &) . (32)

We refer to &, € {0,1} as the (Z,) flux through plaquette
p, in analogy to the toric code. If we set the ground-state
energy to Efzo = 0, we have in particular |2) = |0, ’;‘0). The
flux sector £° follows from Proposition 1, which states that
U, |2) = |2) for all plaquette operators U, ; together with
Eq. (32) this implies that £° = 0.

In summary, the ground state |2) = [0,0) of Hyp is
in the flux-free sector, again in analogy to the toric code
where B, |Qr1c) = |Qrc). Moreover, due to Eq. (32), the
full many-body spectrum of Hyqop splits into flux sectors
labeled by flux patterns &. With this knowledge, we turn
now to the question of topological order in |£2).

2. Topological order

It is obvious that |€2y) is in the toric code phase, as it
is locally unitary equivalent to the loop condensate (20).
(Remember that the additional ancillas on the vertices do
not contribute degrees of freedom to the states in Hpqop.)
What remains to be shown is that this order is stable under
the addition of |€2,)) for small but finite fluctuations €2 # 0.

Since we do not know how to solve Hy,p exactly, we
must take a detour to solve this problem. To this end, we
introduce the auxiliary Hamiltonian

H(Q,0) = Hiop(@) + 3 Y1 = Up),  (33)
P

where we artificially add (experimentally unrealistic) pla-
quette fluctuations of loops with strength w. We stress
that such fluctuations are already perturbatively present
in Hyoop(£2) alone, although of much weaker, unknown
strength. The new term in Eq. (33) penalizes each flux
(¢, = 1) by an additional energy w. Our goal is to use
H(Q,w) to find a parametric path from a system with
an exactly known, topologically ordered ground state to
Hyoop(82) = FI(Q,O) with ground state |Q2) = A |Q) +
V1 — A?|Q,), such that the gap remains open along the
path (for finite but sufficiently small €2); this would estab-
lish the topological order of |2) and demonstrate that |€2,,)
does not modify the pattern of long-range entanglement
[99].

To do so, we proceed along the three steps sketched in
Fig. 9 (for mathematical details, see Appendix D).

@ a B c D A
1o (0) | H(0,w) | H(Q,w) |  Hu,() | Hy.,,(0)|
N ot
)
]
3 —
£ \ 0 < Tw)
o
P <
(b) ~n
I —
£
% Extensive L
a Finite- deg?rfracy Loor J — S
i Topological )| Size QaPL R - -
degeneracy ~ (Q/A) ?

_______

FIG. 9. Spectral properties of H(S2, ). (a) Family of Hamil-
tonians H(Q, ) parametrized by € and w. Notably, H(0,w)
is frustration-free, an important ingredient for gap stability. (b)
Schematic spectrum of H(Q, ) along this path. For Q =0 =w
(A), H(0,0) = Hioop(0) is purely classical with exponentially
degenerate ground-state space Hrop. For Q=0 <o (B),
H(0,w) is frustration-free and has a fixed point ground state
|€20) with local topological quantum order (LTQO). Depending
on boundary conditions, there can be a (nonextensive) topolog-
ical ground-state degeneracy. The bulk gap of this Hamiltonian
is stable against arbitrary, weak, local perturbations, so that, for
0 < |Q| < Q) (C), H(, w) is still gapped, with a new ground
state |2*) in the same quantum phase. Switching off w N\ 0 (D)
leads to Hyo0p(§2) with the ground state |£2). Because of symme-
try, it is |2*) = |Q2), which allows us to characterize the quantum
phase of |€2). We are ultimately interested in the physics marked
by the dashed circle. The question mark indicates that the bulk
gap at D remains unproven.

Step 1: A — B. We start with the classical Hamiltonian
Hyoop(0) = H(0,0) (A). By construction, this Hamiltonian
has an extensively degenerate ground-state manifold H oop
spanned by the loop configurations Ly qop; its gap of order
A is given by the detunings.

We now ramp up the artificial plaquette fluctuations
0 <w< A (with  ~ A) while keeping 2 = 0. Since
[Up,I:I(O, w)] = 0, the spectrum of H(0,w) also decom-
poses into flux sectors. In particular, ground state(s) belong
to the zero-flux sector within Hyqop. Their construction is
analogous to the toric code (Sec. VIII A), and for open,
uniform boundaries, one obtains the equal-weight loop
condensate

Q) o Y [m). (34)

nELLoop

For homologically nontrivial boundaries (like periodic
boundaries), there is one independent equal-weight super-
position for each element of H;(X) and these are perfectly
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degenerate. (On the torus, for example, there would be four
perfectly degenerate ground states.)

The ground-state manifold of H(0,w) is therefore no
longer extensively degenerate and within the topologi-
cally ordered toric code phase. The gap of H(0,w) is
of order w and determines the energy of elementary flux
excitations (B).

Step 2: B — C. Next, we would like to switch on
Q # 0 to reach H(Q, ). In general, this will modify the
spectrum, eigenstates, and degeneracy of the ground-state
manifold. In particular, the ground state itself changes,

Q=0—> Q40
—_—

B Q) Q%) C, (35)

w>0

in an unknown way [as we can no longer diagonalize
H (2, w)]. The crucial insight is that, as long as we can
guarantee that the gap of H(0,w) does not close when
going to H (L, w), we can conclude that the new ground
state |2*) belongs to the same quantum phase as |€2¢) [99],
i.e., it is still in the toric code phase.

Thus, the problem reduces to the stability of the gap
of H(0,w) under weak local fluctuations 0 < |Q| < w.
We stress that, in general, bulk gaps are not stable under
arbitrary local perturbations—even if the latter are small
compared to the gap [113].

Fortunately, it can be shown rigorously [114] that a gap
is stable under arbitrary local, weak perturbations, given
the unperturbed Hamiltonian [here, H(0,w)]is frustration-
free, and its ground state(s) [here, |$2)] are fopologically
ordered. [More precisely, H (0, ) must satisfy a condition
called local topological quantum order (LTQO) [113—
115].] In Appendix D we explicitly show that A (0, ») and
|€2) indeed satisfy these conditions. Note that in the per-
turbed system H (2, w), ground-state degeneracies can be
lifted, but these are provably finite size and vanish expo-
nentially with system size [114].

In conclusion, we can switch on weak quantum fluctua-
tions 0 < |Q| < Q(w) without closing the bulk gap. Here,
Q(w) denotes some w-dependent upper bound that guaran-
tees the stability of the gap [114]. This leads us to the new
Hamiltonian H (2, w) that is provably in the same gapped
quantum phase as the toric code—though with a new, no
longer exactly known ground state |2*).

Step 3: C — D. In the last step, we would like to switch
off the auxiliary fluctuations to transition from H(Q,w) to
H(Q,0) = Hyo0p(£2). Generally, we would again expect a
modification of the ground state:

w>0—>w=0

C |Q*)Q—#O>|Q> D. (36)

The problem is that we cannot consider w ~ A >> [Q2| as a
small perturbation. Moreover, H (2, ) is not frustration-
free, so that no gap stability can be inferred. In particular,

we cannot conclude that Hio.p(€2) has a bulk gap (see
Sec. VIII F 3 below).
This is where the local Z, symmetries of Hy oo, ($2) pay

off: the eigenbasis |E§2, &) of Hyo0p(2) is also an eigenbasis
of H(S, w). Indeed, Eqgs. (31)<33) imply that

H(Q, ) |E5,8) = (5, + w|E]) |EL.E) (37

with |&] = Zp &, the total number of plaquettes with
nonzero flux. The only effect of the w term in Eq. (33) is to
shift the eigenenergies of eigenstates in different flux sec-
tors, without modifying the eigenstates themselves.

In Sec. VIII F 1 we showed that the ground state |Q2) =
|0,0) is unique and in the flux-free sector of Hi o, (£2).
Hence, Eq. (37) implies that H(Q,w) |Q2) = 0, butalso that
min (Ef2 + w|&]) “Z min (Efz) =0, 1.e., |2) must be in the
ground-state manifold of H(S, w). Since the ground-state
manifold of Hp,p(£2) is nondegenerate, and eigenener-
gies can only remain constant or decrease for @ \ 0, the
ground-state manifold of H (2, w) must also be nondegen-
erate. Hence we have actually shown that

C Q) =1Q) D, (3%)

which finally proves that |€2) is in the topologically ordered
quantum phase of the toric code.

In conclusion, we managed to transfer our knowledge
about the (fixed-point) topological order of |€2¢) to the
unknown state |$2),

Same phase
———
1Q20) ~ |Q7) = 1Q) = A|Q0) + V1= A%|Q,), (39)
———
Same state

where the addition of |$2,) perturbs |€2p) away from the
fixed point to |€2), without leaving the toric codes phase for
small but finite, uniform quantum fluctuations 0 < |Q2]| <
Q(w ~ A). We achieved this by exploiting the gap sta-
bility of frustration-free, topologically ordered systems, in
conjunction with the local Z, symmetry of Hamiltonian
Hi oop of the tessellated blockade structure Cpoqp.

3. Bulk gap

We have now rigorously established that the tessellated
blockade structure Cr.op has a (potentially degenerate)
topologically ordered ground-state manifold for finite but
small fluctuations 2 # 0. However, we have not shown
that the system has a finite spectral gap in the thermody-
namic limit. Proving the existence or absence of spectral
gaps of interacting quantum many-body systems is notori-
ously difficult [116—118]. Here we conclude our discussion
with arguments that might suggest (or help to establish) the
existence of a bulk gap.
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Firstly, one can show (Appendix E) that the large
symmetry group Apop severely restricts the form of
the effective Hamiltonian on the low-energy subspace
Hroop- A local Schrieffer-Wolff transformation [119,120]
of Hi o0p(£2) yields

. QK QK+2
2 —
Hop = —Jetr sy F;mp U, + O(AEKH > (40)

up to a constant shift in energy. The order K depends on the
specific implementation of the structure (e.g., the length of
links connecting vertices). If the effective coupling does
not vanish, it is expected to be positive, Jog > 0, so that
Hamiltonian (40) is consistent with the zero-flux ground

state (30). In this case, Hfgop has a finite gap of order

Jg QK ) AE K=1 However, this result does not prove a finite
gap of Hy0p(£2) as there is no guarantee that the perturba-
tion series converges. Furthermore, for a local Schrieffer-
Wolff transformation, we were not able to exclude the
possibility that cancelations in the perturbation series pin
the effective coupling Jeg to zero. It is worth mentioning,
though, that, for a global Schrieffer-Wolff transformation
on a finite system (say, a single plaquette), one can show
rigorously that no cancelations occur and Je is finite.

Secondly, it is well known that ground states of local,
gapped Hamiltonians have only short-range correlations
[121]. Conversely, common wisdom associates gapless
systems with algebraically decaying correlations. Our
arguments in Sec. VIII F 2 prove that |Q2) is indeed short-
range correlated, as it is the ground state of the gapped
Hamiltonian H (2, w). Unfortunately, without additional
input, one cannot go the other way and infer the exis-
tence of a gap from a short-range correlated ground state,
because gapless excitations may not couple to local opera-
tors [122,123].

Lastly, the (presumed) gap induced by the quantum fluc-
tuations €2 separates the zero-flux sector of the ground state
from higher flux sectors (Fig. 9 D); it therefore corresponds
to the “mass” of flux excitations—which are nondynamical
due to the local Z, symmetry. As such, it is analogous to
the mass of static charge pairs (mesons) in a pure Z, lattice
gauge theory in two dimensions [124—126]. Via well-
known duality transformations, the energy gap can then be
reinterpreted as the difference between ground-state ener-
gies of the two-dimensional transverse-field Ising model
with and without antiferromagnetic defect lines. This sug-
gests that methods and results from these related fields
might provide further insight into the spectral properties
of the blockade structure Cpoop.

In conclusion, there is anecdotal evidence for a finite
bulk gap of order QX/AX~! that separates the zero-flux
sector of |2) from states with flux excitations. However, a
rigorous proof of its existence (or absence) is missing.

IX. OUTLOOK AND COMMENTS

There are several loose ends throughout the paper, and a
few obvious follow-up questions that need more work.

Spectral gap. The question of whether our proposed
blockade Hamiltonian has a bulk gap remains open. It
would be interesting to determine whether any of the (few)
known methods to rigorously establish the existence of a
bulk gap applies to our system. To strengthen (or debunk)
our anecdotal evidence for a gap, one could also resort to
numerical techniques like DMRG. However, this approach
is complicated by the 36 atoms required to implement a
single plaquette of the honeycomb lattice. While the block-
ade interaction reduces the number of states in the Hilbert
space significantly, it hardly compensates for the exponen-
tial resource requirements due to the rather large number
of atoms in a unit cell.

Planar tessellations. It remains unclear whether our pro-
posed tessellated blockade graph necessarily requires three
spatial dimensions to be realized as a blockade structure.
While it seems unlikely that a functionally equivalent pla-
nar embedding exists, we are not aware of a rigorous
argument to support this claim. We also showed that none
of the previously known tessellations we checked fea-
ture local blockade graph automorphisms. Since all these
models are realizable as unit disk graphs, one might con-
jecture that the third dimension is indeed needed for a fully
symmetric tessellated structure (at least if they implement
nonfactorizable ground-state manifolds). A counterexam-
ple to this conjecture would be a strictly planar, fully
symmetric tessellation that is functionally equivalent to our
quasi-two-dimensional model.

Other XOR- or FSU-based tessellations. In this work, we
employed the XOR constraint—realized by the FSU struc-
ture—to implement a periodic system with local Z,-loop
constraints. However, XOR constraints are more versatile
than that, as they simply realize a local o700} interac-
tion. Using a fully symmetric version of a copy structure
[82], it is possible to connect FSU structures by dou-
ble links (“ladders”) in functionally different ways, with-
out breaking the full symmetry of the tessellation. For
instance, it is straightforward to construct a blockade ver-
sion of the triangular-plaquette model (also known as the
Newman-Moore model [127]), where the full symmetry is
realized by extensive “fractal” automorphisms on a trian-
gular lattice [128]; the quantum fluctuations then realize
(a low-energy version of) the quantum triangular-plaquette
model; see, e.g., Ref. [129] and the references therein.

Fully symmetric circuits. It would be interesting to
explore how generic the paradigm of fully symmetric
blockade structures actually is. For example, is there a
toolbox that allows for the amalgamation of fully sym-
metric elementary building blocks and can it be used to
design fully symmetric structures for any prescribed set of
ground-state patterns? This would be potentially useful for
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applications like geometric programming [80,81] where
optimization problems are encoded in blockade structures
and the solution relies on strong fluctuations over a vast
search space. For example, one could start with the FSU
gate and use double links (“ladders™) to relay Boolean
variables, and then try to bootstrap a framework akin to
differential signaling and balanced circuits known from
electrical engineering.

Alternative platforms. As stressed previously, our results
apply to any framework with controllable two-level sys-
tems that interact via a simple blockade potential. While
neutral-atom platforms that leverage Rydberg states are
currently the most promising candidate for the implemen-
tation of such systems, it would be interesting to explore
alternative platforms as well [78,79]. For example, if one
could implement blockade graphs directly (e.g., using
techniques from superconducting circuit QED [130]), one
could evade embeddability issues that arise from the geo-
metric nature of the van der Waals interaction between
atoms (see the next paragraph).

Van der Waals interactions. In this work, we focused
on ideal blockade Hamiltonians that describe abstract two-
level systems. Depending on the experimental platform
used to implement these models, platform-specific modi-
fications of the Hamiltonian must be taken into account.
For instance, the Rydberg blockade only approximates a
sharply decaying van der Waals interaction. It is nontriv-
ial but crucial for experiments on this platform to study
the effects of the long-range tails of these interactions on
the proposed blockade structures [95]. For example, such
interactions typically break the symmetries provided by
blockade graph automorphisms. It is reasonable to expect
that these symmetries can survive if they can be realized as
Euclidean symmetries of the spatial structure. While this
is often possible for small, finite structures like a single
FSU gate, it cannot be achieved for every structure (see
Appendix A 3); this includes in particular tessellations like
Croop With extensively generated automorphism groups.
Generally speaking, the design of symmetric blockade
structures with long-range interactions is more involved
(and more restrictive) because geometry enters the stage.
However, if blockade graph automorphism can be real-
ized as isometries of Euclidean space, then Proposition 1
can be readily adapted to van der Waals interactions (see
Appendixes A 1 and A 2).

X. SUMMARY

In this paper, we studied the effect of uniform quan-
tum fluctuations on tailored structures of two-level systems
(atoms, spins, cavity modes, etc.) that interact via a block-
ade potential (so-called blockade structures). There are
three main results to highlight.

First, we introduced the concept of blockade graph
automorphisms to describe (not necessarily geometric)
symmetries of strongly interacting blockade Hamiltonians

with quantum fluctuations. We then defined fully symmet-
ric blockade structures as those where these symmetries
act transitively on the set of excitation patterns in the clas-
sical ground-state manifold. Our first main contribution is
the rigorous proof that uniform quantum fluctuations of
fully symmetric structures stabilize a unique ground state
with equal-weight contributions from each ground state
of the classical system. This result provides a versatile
tool to engineer blockade structures that experience strong
quantum fluctuations by design.

Second, to illustrate these concepts, we constructed the
fully symmetric universal (FSU) gate, a three-dimensional
structure of ten two-level systems that is fully symmet-
ric and realizes various Boolean gates at once. Among
these are XOR and XNOR constraints between pairs of two-
level systems that are forced into inverted states within the
ground-state manifold. We then showed step by step how
this FSU structure can be used to construct a quasi-two-
dimensional periodic tessellation of two-level systems on
the honeycomb lattice that enforces a Z, Gauss law on its
vertices and features local Z, symmetries on its plaquettes.
The action of these symmetries on the “loop states” (which
satisfy the Gauss law) makes this blockade structure fully
symmetric, and therefore stabilizes an equal-weight super-
position of loop states as its many-body ground state. This
loop condensate is reminiscent of the toric code, and sug-
gests that the proposed tessellation stabilizes topological
order. This construction is our second main contribution: it
showcases a highly nontrivial application of the concept of
full symmetry, and thereby results in the first known block-
ade structure that provably stabilizes an equal-weight loop
condensate.

Finally, we showed how prior results on the gap stabil-
ity of topologically ordered systems, in conjunction with
the local Z, symmetry of our system, can be exploited
to draw conclusions about the topological order of its
many-body ground state. In particular, we proved that the
ground state of our tessellated blockade structure belongs
to the quantum phase of the toric code. This proof is
our third main contribution: it showcases a technique that
allows access to rigorous results on strongly interacting,
tessellated blockade structures—without full knowledge of
the eigenstates—to establish the topological order of the
ground state. To the best of our knowledge, this is the first
system based on two-body blockade interactions where
this is known rigorously, without relying on numerical
evidence or perturbative techniques.

Combined, these results extend the toolbox for the
bottom-up design of tailored quantum matter on platforms
that feature simple two-body blockade interactions.

ACKNOWLEDGMENTS

We acknowledge funding from the Federal Min-
istry of Education and Research (BMBF) under the

030340-22



TOPOLOGICAL ORDER IN SYMMETRIC BLOCKADE STRUCTURES

PRX QUANTUM 6, 030340 (2025)

grants QRydDemo and MUNIQC-Atoms, and the Horizon
Europe programme HORIZON-CL4-2021-DIGITAL-
EMERGING-01-30 via the project 101070144
(EuRyQa). We thank José Garre Rubio for discussions
on potential applications of our toolbox to the quantum
Newman-Moore model. T.M. thanks Malena Bauer for
stimulating discussions on graph theory.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [131].

APPENDIX A: MISCELLANEOUS PROOFS AND
DERIVATIONS

1. Automorphisms as symmetries of blockade
Hamiltonians

As already defined in Definition 1, an automorphism
¢ € Ac := Aut(Gc) acts on excitation patterns n € Z) via
(¢ - n); = ny(y. This induces a unitary representation on
the full Hilbert space H of the blockade structure,

Uy n) :=|¢-m). (Al)

As ¢ is bijective, it acts as a permutation of the configura-
tions n € Z5 . Thus, the matrix representation of Uy in the
basis |n) is a permutation matrix. In particular, this implies
that Uy is unitary.

In the remainder of this section, we show the operators
Uy are symmetries of the blockade Hamiltonian (2). To
this end, we first reformulate the problem in terms of the
blockade graph G = (V, E, A), as introduced in Sec. II.

The natural measure of distance on a graph is the graph
metric (cf. Appendix B 1). In the following, we denote the
distance of vertices i,j € V with respect to the graph metric
as d;;. By construction, two vertices i,j € V are in block-
ade if and only if (7,j) € E, which is equivalent to d;; = 1.
Thus we can write the blockade potential in terms of the
graph metric as

0, d=>1,

Uld) =
@ Uy, d=1.

(A2)

In the limit Uy — oo we recover the blockade potential
as given in Eq. (1). However, it is mathematically more
convenient to consider a finite but arbitrary large blockade
strength Upy. Note that this does not change the classical
degeneracy of the considered blockade structures if U
is large enough. Thus, in the following we consider the
generalized blockade Hamiltonian

He:=)_ Uldy)mn + Y (o7 = Apmi),

i<j i

(A3)

with U given by Eq. (A2). The remainder of this section is
dedicated to the proof of the following proposition.

Proposition Al. Forany ¢ € Ac, the generalized block-
ade  Hamiltonian  (A3) is invariant  under

Uy: UyHeUy = He.

Proof. For this proof, we denote the operator 7; with a
hat to avoid confusion with its eigenvalues #n;. We compute
the action of U;ﬁiU(p and U;O’ix Uy on basis states |n).

For n;, we obtain

UliiUy In) = Ul i |4 - m)
= U@ -m)il¢-m)
= NG )

= ﬁ¢(,‘) |n) . (A4)

The operators o;" flip the state of one atom in an excita-
tion pattern |n). Thus, o7 also has a natural action on the
excitation patterns

(o7 -y = {”’“ k70 (AS)

1—1’11‘, k=i

This is consistent with its usual operator definition,
in the sense that ¢ |n) = |07 - n). We now show that
o - (¢ -m) = ¢ - (04 - m). To this end, consider the com-
ponents of the left expression

x| . _ (¢ : n)ka k 7& i)
[Ui (¢ n)]k_{l—(¢~n),-, k=i
e k # 1,
- {1 — By, k=i (A6)

On the other hand, for the components of the right expres-
sion, we obtain

[@ - (0p6) - D]k = (T - Mg

_ ]ews o (k) # (),
1 —ngi, ¢k =¢@)
_ ) w> k # i,
h 1 — I’l¢(,’), k=i
=[o] - (¢ M. (A7)

Here we used the fact that ¢ is a bijection; hence, ¢ (i) =
¢ (k) is equivalent to i = k.
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With this preparation, we obtain
0; Uy n) = o} - (¢ - m))

= ¢ - (op0) - M)
= Upoyi) ). (A8)
Since the states [n) constitute a basis of H, it follows that
U;O’;.(U¢ =04 o .

With these preliminary results, we calculate the action
of Uy on Hamiltonian H.. We obtain

UyHcUy = > Uldy) npinscy + ) _(Q0p — Aingm)

i<j i

== Z U(d¢—l(k)¢—l(l)) ninj
k<l

+ Z(Q o — Ny1go 1)
k

= Z U(dy) nyn; + Z(Q Ulf — Ay ng)

k<l k

= He. (A9)
For the second equality, we reordered the summation,
which is possible since ¢ is a bijection. For the third equal-
ity, we used the fact that ¢ is an automorphism of the
vertex-weighted blockade graph Gg, which implies that

In most physical realizations of blockade structures, the
blockade potential (1) is only an approximation of the
true interaction. On the Rydberg platform, the true poten-
tial is a van der Waals interaction U(r) = Cq/r® [132]. In
this case, Hamiltonian (2) cannot be solely encoded by a
blockade graph. However, Proposition Al can be readily
generalized: as the van der Waals potential depends on the
actual positions of the atoms, the automorphisms must be
replaced by bijective maps on V that induce isometries on
the set of atom positions, i.e., [r; — 1/ = Yoy — Yol It
is then straightforward to check that, with these modifica-
tions, the proof for Proposition A1l still holds. In this case,
the Uy are still symmetries of the Rydberg Hamiltonian,
including van der Waals interactions.

2. Fully symmetric blockade structures

Here we provide a detailed proof of Proposition 1. We
prove the two parts of the proposition separately. First, we
show that the ground state of Hamiltonian H. is unique,
as this is independent of the symmetry. Second, we use
the symmetries introduced in Appendix A 1 to show the
equality of the coefficients A;.

Lemma Al. For Q # 0, Hamiltonian He [Eq. (A3)]
has a unique ground state |2). This ground state can be

expanded in the basis of excitation patterns as

Q) =) Ca(Q) ) (A10)

with coefficients that satisfy C,(£2) # 0 for all n.

For the proof of Lemma A1, we make use of a classical
result from linear algebra, the Perron-Frobenius theorem;
for reference, see Ref. [133, Chapter 1.4]. We briefly sum-
marize the contents of this theorem and its prerequisites.

To any matrix M € R™" we can associate a directed
graph GY,. Tts vertex set is given by Vy, := {1,...,n}; the
edges of this graph are defined via (i,j ) € E)s if and only if
M;; # 0. Matrix M is called irreducible if GY, is strongly
connected (one can reach every vertex from every other
vertex by following the directed edges of the graph). This
directed graph can be turned into an undirected graph G},
by “forgetting” the directions of the edges. If M is sym-
metric then GY, is strongly connected if and only if G, is
connected.

Next, a matrix M € R"*" is called essentially nonneg-
ative if it has nonnegative off-diagonal elements. For a
matrix M € R"" its spectral radius o(M) is defined as
o(M) := max{|r| |} € (M)} > 0. We denote the spec-
trum of M as o (M) and the eigenspace of M associated
with eigenvalue A € o (M) as Eig(M, 1).

With these concepts, we can formulate the following
theorem.

Theorem Al (Perron-Frobenius theorem). Let M €
R™" be a irreducible and essentially nonnegative matrix.
Then the following statements hold.

(1) The spectral radius o(M) > 0 is an eigenvalue of
M:oM) € o(M).

(2) The eigenspace associated with o(M) is one dimen-
sional: dim¢ Eig[M, o(M)] = 1.

(3) Matrix M has an eigenvector v = (v;);_, with eigen-
value o (M) with only positive components: v; > 0.

We emphasize that the first claim is not trivial, even
for finite-dimensional systems: it is obvious that there
exists an eigenvalue A with || = o(M), but Theorem Al
also fixes its phase. In the following, we only apply this
theorem to real and symmetric matrices. In this case, all
eigenvalues of M are real, and thus it is well defined to say
that o (M) is the largest eigenvalue of M.

With these tools at hand, we proceed to the proof.

Proof of Lemma Al. First, we consider the case > 0.
Note that Lemma A1l makes statements about the ground
state of He, but Theorem A1l only makes claims about the
eigenstate with the largest eigenvalue. Thus we want to
apply Theorem Al to the operator —H, instead. However,
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for Q > 0, the off-diagonal elements (n| (—H¢) |n’) are
negative, so that the matrix is not essentially nonnegative.
To fix this, we must first unitarily transform the operator
—He.

To this end, define the transformation

Z:= l_[af,
i

(All)

where o7 = |0)(0]; — |1)(1|; denotes the Pauli-z matrix. As
(07)*> =1 and ofo; =ojo; fori##j,Z is an involution,
i.e., Z* = 1. The operators o7 anticommute with o and
commute with ¢;° for i # j. So we immediately obtain the
identities

Zo}Z = —o; and ZnZ =n;. (A12)
Now we can define the auxiliary operator
He = Z(—Hp)Z = —ZHcZ (A13)

with the explicit form

He = —Z(Z Uldy) mom + ) (07 — A ”k))Z
k

k<l

==Y Udw)mnm+ Y (o} + Acng).  (Al4)
k<l k

Let / denote the matrix representation of this Hamiltonian
in the basis of excitation patterns, i.e., the matrix ele-
ments are defined by /1, := (n| He¢ |n'). The off-diagonal
elements (n # n’) of this matrix are given by

hnn/ == {Q
’ 0

Therefore, & is essentially nonnegative.

To apply Theorem A1, we have to show in addition that
h 1s irreducible. To this end, we show that n is connected
to 0in G}, for allm € ZZZV . Here, N denotes the number of
atomsinC and 0 = (0, ..., 0) is the configuration where no
atom is excited. Equation (A15) shows that /1, v > 0 if and
only if n and n’ differ in exactly one component. Hence, a
path from n to 0 in G}, can be constructed by successively
flipping all components in n to 0. This implies that G, is
connected and establishes the irreducibility of 4.

Finally, we can apply Theorem A1 to matrix 4. As spec-
tral properties are independent of the chosen basis, the
conclusions also hold for the auxiliary operator He. Fur-
thermore, from He = —ZH.Z and the invertibility of Z,
it follows that o (He) = —o (He) and, thus, max[o (H¢)]

if (n] ¥, 07 In) #0,

; (A15)
otherwise.

= —min[o (H¢)]. Via well-known facts about eigenspaces,
we find that
Eig{H, max[o (Hc)]}
= Eig{—ZHZ, — min[o (Hc)]}
= Eig{ZHcZ, min[o (Hc)]}

= Z Eig{H¢, min[o (H¢)]}. (A16)
As Z is invertible, this implies in particular that
dim¢ Eig{H¢, min[o (H¢)]}
= dimc Eig{Hc, max[o (H¢)]}
=1 [by Theorem A1 (1) and (2)], (A17)

i.e., the ground state of H¢ is unique.
The third statement of Theorem Al implies that any
eigenvector |Q2) € Eig{H-, max[o (H¢)]} has the form

) =) calm), (AI8)

where e is global phase and ¢, > 0; in the following, we
set e = 1 without loss of generality.

By Eq. (A16), the ground state |2) of H then has the
form

Q) = Z|Q)

= caZ|n)

=Y (=1)’™cy|n), (A19)

where we defined

(A20)

sm) = "m

as the number of atoms in n that are excited. This finally
proves the claim of Lemma A1 for the case 2 > 0.

For completeness, we also sketch the proof for Q2 < 0.
In this case, the off-diagonal elements of (n| (—H¢) |n’) are
already positive; thus, we can simply define A := —H
as the auxiliary operator. The matrix representation of this
operator is then irreducible and essentially nonnegative
and we can apply Theorem A1. The remainder of the proof
follows analogously with the substitution Z + 1.

We stress that this proof remains valid in the strict “PXP
limit” with Uy = oo, where the Hilbert space is restricted
to the subspace of excitation patterns that do not violate
blockades. ]

Now we prove the second part of Proposition 1, namely
that all configurations in Ly enter with equal weight into
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the ground state. From Lemma Al we know that the
ground state has the form

Q) =" Ca(Q) ), (A21)

where Cq(2) := (=1)’™¢, # 0 [in the > 0 case; for
Q < 0, one can replace §(n) — 0]. By Proposition Al,
the operators U, commute with He and therefore leave
the eigenspaces invariant; in particular, the ground-state
manifold is invariant. As the ground-state manifold is one
dimensional (again by Lemma A1), and the representation
of Uy, is unitary, the action of U, on the ground state |$2)
must have the form

Uy 1Q) = ¥ |Q), (A22)
and it follows that
Up ) = ) _ "D Ca() ). (A23)
n
On the other hand, we obtain
Up 12) =) Ca(Q)Us )
n
=> Ca() ¢ - m)
n
(A24)

= Copra( ).

By comparing Eqgs. (A23) and (A24) it follows that

P Co(Q) = Cyo1 (). (A25)
Next we show that the phase must be equal to 1. As our
Hamiltonian is real, all eigenvectors can be chosen to have
real components, and thus the only possibilities for the
phases are e/#®) = 4 1. By the definition of the coefficients
Cu(R2), Eq. (A25) becomes

ei¢(¢)(_1)3(n)cn — (_1)5(¢_1_n)c¢_1.n. (A26)

As ¢ acts as a permutation of atoms, it preserves the num-
ber of exited atoms, and hence §(n) = §(¢~! - n). Thus we
obtain

e (A27)

Cn = Cylp-
[The same relation follows for 2 < 0 where 6 (n) = 0.] As
the coefficients ¢, are real and positive, the only phase
that satisfies this equation is e¥® =1 for all ¢. This
shows that if two configurations n, m are part of the same
orbit, i.e., m = ¢ - n for some ¢ € Ac, then we must have
Ca(2) = Cm(2).

So far, this result holds for arbitrary blockade structures.
Now we focus on the fully symmetric case. For n € L,
we introduced the nomenclature C,(2) =: A,(2) in Eq.
(3). If L¢ is an orbit under the action of A¢ then our results
above imply that A,(2) = An(€2) for any n, m € L; that
is, An(R2) = A(R2), as claimed, completing the proof of the
second part of Proposition 1.

We want to note that these methods can also be
applied to more general Hamiltonians. Here we briefly
sketch some results in that regard.

First, consider the generalized fluctuation term ) _; ;07"
with site dependent ;. If Q4 = €2; then U, remains
a symmetry for this generalized Hamiltonian. Further-
more, the proof for the uniqueness of the ground state
still goes through by choosing the modified transforma-
tionZ = [[.q,. 07 - Itis then straightforward to check that
Proposition 1 still holds.

Next, consider the generalized Hamiltonian H/, with
modified fluctuation term ), Q;0;", where ©; = £ (with
Q2 > 0). Define W:=[].q 07 then WH.W is in the
form of Eq. (A3) with ; = @ > 0. If U, is a symmetry of
WH/ W then WU4W is a symmetry of H/,. As discussed in
the last paragraph, the uniqueness of the ground state still
holds. Straightforward calculations show that the ground
state of H/, satisfies WU, W |2) = |2), which leads to the
presence of additional signs in the coefficients A.

It is also possible to add additional terms to Hamilto-
nian (A3), as long as they do not break the symmetries
and the uniqueness of the ground state. Since the latter
is based on the construction of an essentially nonnegative
auxiliary matrix (using transformations like Z), we are not
aware of any general criterion that characterizes perturba-
tions where this procedure works. An example for which
the uniqueness remains intact is a hopping term with ¢ > 0:

H = —¢ Z (al.+q]._+ol._oj+). (A28)
{

ij}eE

It is clearly invariant under Uy. It also does not break the
uniqueness proof, as irreducibility still holds and the aux-
iliary operator —ZH'Z has nonnegative matrix elements.

Finally, we want to mention that our proof for the
uniqueness of the ground state never used any properties
of the interaction potential U. As a consequence (with the
modifications described in Appendix A 1), Proposition 1
also applies to structures of Rydberg atoms where U is
given by the van der Waals interaction.

3. Example: blockade graph automorphisms not
realized by geometric symmetries
Let G = (V,E) be a finite (simple) graph and p : V —
R be a unit ball embedding in d dimensions, i.e., it
is injective and {i,j} € £ if and only if dy(p;, 0;) < 1;
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here d,(-,-) denotes the Euclidean metric. Any automor-
phism ¢ € Aut(G) induces a map on p(V) by fs : p(V) —
p("), pi = pgi- The map f, is a geometric symmetry of
the (embedded) graph if it is an isometry.

Now consider the complete graph with n vertices G =
K,; we set V=/{I1,...,n}. The automorphism group of
this graph is Aut(K,) = S, where S, denotes the symmet-
ric group. For any two pairs of vertices {i,j}, {k,/} € E,
there exists an automorphism o € S, such that {i,j} =
{o (k),o(])}. Suppose that all graph automorphisms of K,
induce geometric symmetries; then it follows that

dr(pi» Pj) = d2(Pok)» Po (1))
= dr(fo (Pi), fo (01))

= dy (o, P1)- (A29)

Thus, all points in p (V) have equal distance.

The maximum number of points that are pairwise
equidistant is known as the equilateral dimension. It is a
well-known fact [134] that the equilateral dimension of
the Euclidean space R? is d + 1. Hence we must have n =
[Vl =|p(V)| <d+ 1 for a unit ball embedding of K, that
implements all automorphisms as geometric symmetries.

For example, the complete graph K, can only be sym-
metrically unit disk embedded in d =2 if n < 3. In par-
ticular, K, cannot be embedded in R? such that all its
automorphisms are realized by geometric symmetries. This
could be achieved in R? though, where all automorphisms
can be realized as symmetries of the tetrahedron.

4. Lower bound on the automorphism group size

Burnside’s lemma yields a lower bound for the number
of orbits in L¢:

urnsi 1 |LC|
Le/Ac| P N7 18> =4
[Le/Ac| A 2 = g

peAc

(A30)

Number of orbits

Here L? denotes the set of elements in L that are invariant
under ¢ and we used the facts that 1 € A and Lg =Lec.
This implies in particular for a fully symmetric structure
that
!

1=|Lc/Ac] = |Acl > ILcl (A31)

APPENDIX B: NO-GO THEOREM FOR FULLY
SYMMETRIC TESSELLATED BLOCKADE
STRUCTURES

Here we provide details on the proof of Proposition 2.

1. Basic results from graph theory

In this section we introduce some terminology and
nomenclature from graph theory that we will need in the

following sections; for reference, see, e.g., Ref. [109]. In
the following we only consider finite simple graphs G =
(V, E), with vertex set J and edge set £. We denote edges
as {u,v} € E for vertices u, v € V. If the edge set is clear
then we also write u ~ v if and only if {u, v} € E; in this
case we say that u and v are adjacent. The degree of a ver-
tex v, denoted deg(v), is defined as the number of vertices
adjacent to v. For any subset W C V, its induced subgraph
is defined as the graph with vertex set  and edge set
Ey ={{u,v} €e E|u,veW.

A path in G is an ordered list of vertices y =
(vo,...,v,), where vy,...,v, € Vand {v;,v;} € Eif j =
i £ 1. We denote the length of this list as |y|. The graph
metric dg(u, v) on G is defined as the length of the shortest
path between vertices «# and v in G minus one, i.e.,

dc(u,v) ;== min{|y| — 1 | paths y from u to v}. (B1)
The graph metric allows one to define the k neighborhood
of avertex v € Vas

Bi(v) = {v' € V| dg(v,v) <k} (B2)
and the k sphere as
0Br(v) = {v € V| dg(v,v') = k}. (B3)

A graph G is called connected if there is a path between
any two vertices in V. A maximal subset of } that is con-
nected is called a connected component. A vertex v € V'is
called a cut vertex if the induced subgraph of '\ {v} has
more connected components than G.

The graph metric is invariant under automorphisms of
G,ie.,

dg(v,w) = dg(¢(v), ¢ (W), (B4)

for u,v € V and ¢ € Aut(G). Thus, the k£ neighborhood
and k sphere are also compatible with automorphisms in
the sense that

@[B(v)] = Bi[¢ (v)] (B3)

and

$[3B(v)] = IBi[D (V)]. (B6)
As a special case of Eq. (B6), the degree of a vertex is
invariant under automorphisms, i.e., deg(v) = deg[¢ (v)]
forv e V.

Furthermore, let y be a path from u to v. Then ¢ (y)
is a path from ¢ («) to ¢ (v). This implies that if S is a
connected induced subgraph of G then ¢ (S) is also a con-
nected induced subgraph of G. Thus, if v is a cut vertex
then ¢ (v) must also be a cut vertex.
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2. Proof of the no-go theorem

The setup of our no-go theorem is the following. The
building block of the tessellated graph G is an unknown
site structure that is connected to four /ink vertices. These
link vertices can be connected to an arbitrary number of
vertices in the site structures. For the sake of comprehensi-
bility in the illustrations, we indicate these multiple edges
by a single (thick) line; however, it is important to keep in
mind that a link vertex can have multiple connections into
the site structure.

Site structure 1

—e — o

U .o 1

We refer to this graph as Ggy,; furthermore, we assume
that it is connected. We refer to the graph metric on Ggjg as
dsing (-, -). The illustration may suggest that the problem is
highly symmetric. However, we do not assume any sym-
metries (rotation or reflections) of the site structure, and
thus the illustrations have to be treated carefully.

The tessellated graph is then built by copying and trans-
lating Ggine and identifying the overlapping link vertices.

We call a graph G that can be built in this way a single-
link tessellated graph. We also consider periodic boundary
conditions; here the link vertices on opposing boundaries
of the graph are identified. The main result of this section
is the proof of the following theorem, which essentially
states that a single-link tessellated graph does not admit
nontrivial local automorphisms.

Theorem Bl. Let G be a single-link tessellated graph
together with a weight function A such that the link ver-
tices are interpreted as ports in the sense of Sec. III. Let
¢ € Aut(G) such that any vertex outside of a rectangular
region is fixed, e.g.,

Fixpoints

Then ¢ acts trivially on the maximum-weight indepen-
dent sets of G.

As a first step, we argue that we only have to consider
the rectangular region and the link vertices that are directly
connected to it.

Lemma BI. Let V C ¥ be the vertex set that consists of
the vertices in the rectangular region and the link vertices
connected to them. Let G be the induced subgraph of VIt
all vertices outside of the rectangular region are fixed by
an automorphism ¢ € Aut(G) then we can restrict it to an
automorphism on G, for which we use the same symbol
¢. This automorphism fixes all link vertices on the border
of G.

With this in mind, the idea for the proof of Theorem
B1 is to show that the topology of the graph implies that
the link vertices in G that are closest to the boundary are
also fixed. To this end, we use the invariance of the graph
metric under graph automorphisms. However, the rela-
tion between the graph metrics dgn, and dg are a priori
nontrivial. So the first step is to establish a connection.

The graph metric dgi,g is the length of the shortest path
between two link vertices sharing the same site structure
U that is contained in this site structure. Thus, for a fixed
sequence of link vertices (v, ..., v,) forn € N, the length
of the shortest path in G that crosses between two site
structures in exactly the vertices vy, . .., v, is given by

L(v,...,v0)]: (B7)

Z dsmg(vz’ v1+1)

i=1

This precise phrasing is actually crucial here, as the path
may contain other link vertices than vy, ..., v,, if the path
returns to the same site structure it originated from. This
case cannot be excluded; for example, in the site structure

by
—.—_.
.é"\

030340-28



TOPOLOGICAL ORDER IN SYMMETRIC BLOCKADE STRUCTURES

PRX QUANTUM 6, 030340 (2025)

the shortest path between link vertices a and ¢ contains link
vertex b. However, this is fully incorporated into the graph
metric dging, S0 We do not have to keep track of link vertices
where the path does not cross to an adjacent site structure.
This makes the notation much more convenient.

For expression (B7) to be well defined, we can set
dsing (vi, Viy1) = 00 if v; and vy do not share a site struc-
ture. Consequently, for two link vertices v, w, dg(v, w)
is given by the minimum of L[(v, vy, ..., v,, w)] over all
sequences of link vertices (v, vy, . .., U,, W).

We can exclude certain sequences that cannot be mini-
mal. If v;_1, v; and v;4 are all part of one graph Gy, then,
by the triangle inequality, we find that

dsing(vifl’ vi) + dsing(vie vi+1) > dsing(vifls Ui+1)- (BS)
Thus, to find the path of minimal length, it is sufficient to
consider paths with the property that three successive ver-
tices cannot belong to the same graph Gi;ne. Furthermore,
only paths where any two successive links are part of one
graph Gg,, have finite length. We refer to such paths as
candidate paths.

To formalize arguments about the path of minimal
length, we introduce a labeling of the link vertices by
tuples (ny,n,) € 72, where n, and n, have different pari-
ties.

A sequence of link vertices is now represented as a
sequence of tuples ((n{”,n{"))’_,. We denote the difference

of two successive tuples as (8%,8(") := (n{*!, n{*tD) —
(n?,n); we refer to such a tuple as a move. The sequence

of labels can be reconstructed from the sequence of differ-
ences and the start point via

n—1
0 m?) = () + 360,80, (B9)
i=1

Conversely, to construct a sequence from (n{",n{") to
(n,n{"), we have to find a sequence (5{”,8(") such that
Eq. (B9) holds.

However, not all such sequences can be realized by an
actual sequence of link vertices. As discussed above, two
successive link vertices must share a site structure directly
connected to them. Thus, the set of moves is restricted
to (£1,%x1) and depending on the parity of the vertex,

TABLE I. Possible next moves of a candidate path, depending
on the previous move and the parity of the current link-vertex.

Previous move Parity Possible next move

(+1,-1) (even,odd)  (+1,+1),(+1,-1),(+2,0)
(+1,-1) (odd, even) (+1,-1),(—=1,-1),(0,-2)
(+1,4+1) (even, odd) (+1,+1),(+1,-1),(+2,0)
(+1,+1) (odd, even)  (—1,+1),(+1,+1),(0,+2)
(—1,+1) (even, odd) (—=1,+1),(—=1,-1),(=2,0)
(=1,4+1) (odd, even) (—=1,+1), (+1,+1),(0,+2)
(-1,-1) (even, odd) (—=1,4+1),(—1,-1),(=2,0)
(=1,-1) (odd, even) (+1,-1),(—-1,-1),(0,-2)
(+2,0) (+1,+1),(+1,-1),(+2,0)
(=2,0) =1L+1,(—=1,-1),(=2,0)
0,4+2) (=1, +1), (+1,+1),(0,+2)
0,-2) (+1,=1),(=1,-1),(0,-2)

(0, £2) or (£2,0). Also, note that the same move can rep-
resent different lengths, depending on the parity of the start
vertex of the move.

41,+1)
\(\+1,—1)

not the same

For candidate paths, the restrictions translate directly to
rules which moves can come in immediate succession; see
Table 1. Suppose that we are given a sequence of moves
that contains a move that changes only one coordinate,
e.g., (0,42). Removing this move from the sequence cre-
ates another valid path, as this type of move does not
change the possible next moves. By Eq. (B9), the endpoint
of this reduced sequences is (n{”,n(") — (89, 8"), where
(n{",n{") was the endpoint of the original sequence. As
each move is associated with a strictly positive distance,
the length of the path to the new endpoint is strictly less
than the original path.

Equipped with these tools, we can prove the following
lemma.

Lemma B2. The distances of vertices f,a,b € 6, posi-
tioned as shown in Fig. 10, satisfy dz(f, b) > dgz(f, a).

This may look trivial, but the possible asymmetry of the
site structures makes the proof rather technical. However,
the gist is quiet simple to summarize: to go to the right one
either has to go to the right or three times to the left. Both
paths make the path from f* to b longer than the path from
f toa.
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Proof. We show that, for any path from f* to b, there is
a path from f* to a with strictly smaller length.

For a path from 1 to a, the sum of the moves must equal
(+1,—1); for a path from f to b, the sum of the moves
must equal (41, —3) [cf. Eq. (B9)]. The difference between
vertices a and b is exactly (0, —2). Consequently, if a path
from f* to b contains the move (0, —2), it can be removed,
which creates a path from f* to a with strictly smaller length
(as discussed above).

In a similar fashion, there is a path from f* to a consisting
of this singular move (41, —1). Thus, if a path from f* to
b contains this move then there is a path from f to a with
strictly smaller length [i.e., the path consisting of only the
move (+1,—1)].

Thus, if there is a path from f to b that is shorter than
every path from f* to a, it cannot contain the moves (0, —2)
and (41, —1). So in the following we only have to consider
paths that do not contain these moves.

For any candidate path from f* to b, there are three pos-
sible moves from the start point, i.e., (—1, —1), (+1,—1),
and (0, —2). As we already excluded the latter two moves,
the only possibility is the move (—1, —1) (cf. Fig. 10). Ver-
tex f is in a (even, odd) position; thus, as the first move is
(—1,—1), the next vertex in the candidate path is in an
(odd, even) position. Thus, the next possible moves are
(=1L +1),(=1,-1),(=2,0).

The move (—1,41) leads to a link vertex that is only
connected to one site structure; hence, there are no possible

FIG. 10. Visualizations for Lemma B2. Shown is the position-
ing of the vertices used in Lemma B2. The arrows indicate
possible candidate paths from f* to b; we search for a path that
is shorter than all possible paths from f* to a. Moves that can be
immediately excluded are crossed out. (a) A path containing only
moves (—2, 0) cannot reach the vertex b. (b) To reach b, the path
must contain (—1, —1), the only allowed follow-up is (—1, —1).
(c) This path would contain three distinct diagonal move and can
thus be excluded via the triangle inequality. (d) The only remain-
ing path is a descent to the bottom left boundary. Thus, this path
can never reach b.

further moves (as we are interested in candidate paths; cf.
Fig. 10).

The move (—2,0) does not change the next possible
moves. Moreover, repeating the move (—2,0) over and
over only decreases the x component of the label and
the path eventually hits the boundary on the left [cf. Fig.
10(a)]. Thus, to reach vertex b, the path must eventually
include the move (—1, —1) [cf. Fig. 10(b)].

After the move (—1,—1) the path is in an (even,
odd) position, as was vertex f. As discussed before,
we only have to further examine paths where the next
move is (—1,—1). Then the new endpoint is in an
(odd, even) position and the next possible moves are
(=L +D,(=1,-1),(=2,0).

Now the move (—1,+1) is available; however, the path
then contains three different diagonal moves, i.e., (—1, —1)
starting from an (even, odd) and an (odd, even) position
and (—1,+1). Thus, by the triangle inequality, this path
has length strictly larger than the length associated with
(+1,—1), a path from f* to a [cf. Fig. 10(c)].

il/ ‘\g dy + dy + d3

\<Q~
I

However, excluding the move (—1, +1), the path can only
contain the moves (—1, —1) and (0, —2) (if it is available);
hence, the x component is only ever decreased along the
path. Hence, the path cannot reach b [cf. Fig. 10(d)]. W

We remark that this proof can be easily extended to
all vertices in G, such that their labels have a difference
of (0, —2k), k € N, from a. Furthermore, Lemma B2 also
holds in the mirrored or rotated situation, as the argument
is symmetric under rotations and reflections.

We proceed to prove the first main ingredient for
Theorem B1.

Lemma B3. Let f1,f; € G be two link vertices at the
boundary, attached to neighboring site structures Ui, U,
and a € G the link vertex between U; and U, (cf. Fig. 11).
Then ¢ (a) = a.

Proof. We focus on one spacial orientation, as the
argument is the same in all cases.

Let dy := dg(f1,a); then By, (f1) cannot contain vertices
right of the vertical through a, as shown in Fig. 11. Any
path y from f; to the right of the vertical must con-
tain one of the link vertices on this vertical. Thus, y =
(fi,---»1,...,w), where [ is a link vertex on the vertical
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Fixpoints
f1 ,/'J \",JEQ—\—\

i...i Vertical through a

FIG. 11. Visualizations for Lemma B3. Shown is the position-
ing of the vertices used in Lemma B3. In addition, the vertical
of the link vertices through a is shown. For d; := dz(f1, a), set
By, (f1) cannot contain vertices right of this vertical, and, analo-
gously, for d, := dx(f2,a), set By, (f2) cannot contain vertices left
of this vertical.

and w is the final vertex. However, by Lemma B2,

As the remaining part of the path contains at least one ver-
tex |(...,w)| > 1, we find that |y| — 1 > dg(f1,a). As this
is true for any path from a to w, we have w ¢ By, (f1).

In addition, Lemma B2 shows that the only link vertex
on the vertical that can be part of By, (f1) is a.

As the argument is symmetric, we also know that By, (f2)
cannot contain vertices left of the vertical through a, where
dy = dy(f2, a). Furthermore, the only vertex on the vertical
that can be part of By, (f2) is a.

This shows that By, (f1) N B, (f2) = {a}. For the image
under ¢, we find that

{#(@)} = ¢[By, (f1)] N P[Ba, (f2)]
= By [¢ (f)] N Ba,[¢(f2)]
= By, (f1) N By, (f2)
= {a}.

Hence, ¢ (a) = a. |

(B11)

Note that, for the setup shown in Fig. 11, despite the
suggestive appearance, it is in principle impossible to find
a similar bound for By, (f) to the left side. The reason is
that the site structure can be arbitrarily asymmetric.

Repeated application of this lemma leads to site struc-
tures with three fixed link vertices. To proceed, we prove
another lemma.

Lemma B4. Let ¢ € Aut(G) and f1, />, f3, u be the link
vertices attached to some site structure U C G. Suppose
that three of the four link vertices fi, />, /; are fixed by ¢.

Furthermore, assume that the graph does not end with u
(i.e., there is a site structure different from U adjacent to u)
and that |U| < |UC|. Then the fourth link vertex u is also
fixed and ¢ (U) = U.

Proof. We remove f1, >, f; from the graph to create the
vertex set }” that induces subgraph G'. Note that this graph
G’ is still connected. Furthermore, by construction, vertex
u is a cut vertex in G'. Under removal of u, G’ decomposes
in the connected components U and U® := V'\ U.

The restriction of ¢ onto V' is a well-defined automor-
phism that we denote with the same symbol. Vertex u being
a cut vertex in G’ implies that ¢ (u) is also a cut vertex in
G’ (cf. Appendix B 1). Thus, the removal of ¢ (1) splits G’
into the components ¢ (U) and ¢ (U°).

Now we assume that ¢ (1) # u and show that this leads
to a contradiction.

Case 1: ¢(u) € U. We know that UC U {u} is con-
nected in G'. As ¢ (u) does not lie in this component, its
connectivity cannot be influenced by the removal of ¢ (u).
So U® U {u} must be part of one connected component, i.e.,
either UC U {u} € ¢(US) or U U {u} C ¢ (U). As the set
on the left is in both cases larger than the set on the right,
this is a contradiction.

Case 2: ¢(u) € US. We know that UU {u} is con-
nected in G'. As ¢ (u) does not lie in this component, its
connectivity cannot be influenced by the removal of ¢ ().
So U® U {u} must be part of one connected component, i.e.,
either UU {u} € ¢(US) or UU {u} C ¢ (U). As |¢p(U)| =
|U| < |UU {u}|, the only possibility is UU {u} € ¢ (U°).
Furthermore, this implies that

o(U) = V' \ ¢p(U°) € U\ {u}. (B12)

Case 2(a): ¢ (u) is a link vertex. As ¢ (u) # u, none of
the adjacent site structures can be U; we denote these adja-
cent site structures as U;, U,. Both of these site structures
remain connected if ¢ («) is removed, so both are a subset
of ¢ (U) or ¢ (U°), respectively. They cannot both lie in the
same component, as ¢ (1) must be connected to both com-
ponents and is only connected to U; and U,. Without loss
of generality, let U} C ¢ (U).
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The site structure U; must have at least one link vertex
in G’ other then ¢ (). We denote this link vertex as c. The
reason for this is that in G each site structure has four link
vertices. We removed three link vertices, which only share
the site structure U. Therefore, all other site structures have
at least three link vertices left in G'.

By construction, U; U {c} is connected, and thus so is
U, U{c} € ¢(U). However, the left side is larger then the
right side as |U;| = |U|. So we have reached a contradic-
tion.

Case 2(b): ¢ (u) is not a link vertex. Suppose that there
is a link vertex x € ¢ (U); let Uy, U, be its adjacent unit
cells. Without loss of generality, let ¢ (u) € Uy; then,
as U, U {x} is connected, U, U {x} C ¢(U), which is a
contradiction.

The only remaining possibility is that no link vertex
is in ¢ (U). Let U’ be the unit cell with ¢ () € U'. Then
we have ¢(U) C U\ {¢(u)}, as connections to other unit
cells would contain a link vertex. However, this is a
contradiction, as the right side is smaller than the left side.

Therefore we have proven that ¢ (u) = u. This creates
the connected components U and UC. As we assume that
|U| < |U®| and ¢ is bijective, the only possibility is that
o) =U. L

By combining Lemmas B3 and B4 we can “grow” the
boundary by one site structure to the inside. However, we
cannot immediately repeat this procedure, as we only know
that the link vertices are fixed and not the site structures.
Moreover, we cannot prove this from our assumptions. If
every site structure would contain a disconnected NOT gate
then there is a graph automorphism that exchanges the two
atoms of the NOT gate and leaves all other vertices invari-
ant. To obtain a connected counterexample, connect the
two vertices of the NOT gate to one arbitrary vertex.

However, in the end, we care about the maximum-
weight independent sets of the graph. If we interpret the
link vertices as ports then such an automorphism inside
the site structures cannot change the ports and thus the
maximum-weight independent sets. So these single site-
structure automorphisms “do not matter.”

To formalize this idea, we prove that we can factorize
the automorphism into a trivial part and a nontrivial part,
where we can apply Lemmas B3 and B4 again.

In the following, we denote the composition by juxta-
position ¢1¢, := ¢ o ¢,. Likewise, we use “[]” to denote
the composition of multiple automorphisms.

Lemma B5. 1f all link vertices of a site structure U are
fixed by an automorphism ¢ € Aut(G) then ¢ factors as

¢ = P03 (B13)

with ¢4, ¢p € Aut(G) and

$alu = idy, #5lyc = idye. (B14)
In particular, as ¢4 and ¢p have disjoint support, they
commute.

In addition, if A is a weight function for G that is

invariant under ¢, then it is also invariant under ¢4 and ¢3.

Proof. We define the functions

_Jo), vel,
Pa(v) == {v, v U
], ve¢U,
95(v) = {v, veUl.

By construction, these fulfill the desired requirements.
Now we show that ¢4 and ¢ are indeed automorphisms.
First, note that, by Lemma B4, we have ¢ (U) = U.

(1) For injectivity, the cases u,v € U and u,v ¢ U are
clear. So let u € U, v € UC. Therefore, ¢,(u) =
¢ (u) € Uand ¢,(v) = v € UC. Therefore, ¢, (1) #
$4(v).

(2) Forsurjectivity, letu € V.Ifu € US; then ¢, (u) = u.
If ue U then the required preimage is u =
o~ '(w) e U.

(3) For edge transitivity, let v,u € V, such that {v,u} €
E.The cases u,v € Uand u, v € UC are clear. So let
u € U, v € UC. This implies that v is one of the link
vertices of U and, according to requirement, ¢ (v) =
v = ¢4(v). Therefore, we have

{pa(w), p4()} = {pw),p(v)} € E.  (BIS)

This shows that ¢4 € Aut(G). The proof is analogous for

¢5.
The additional claim follows directly from the fact that
A is invariant under ¢ and the identity. |

Now we formalize the idea of growing the boundary to
the inside.

Lemma B6. Let G be a single-link tessellated graph
and ¢ € Aut(G) an automorphism that fixes every vertex
outside of a rectangular region R. Then ¢ factors as

¢ = nfﬁU,-,

where index i labels the site structures in R such that, for
the ith site structure U;,

(B16)

ilyc = idye. (B17)
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Proof. By Lemma B1 we can restrict ¢ to an automor-
phism on the induced subgraph G, which has all vertices
in R and the link vertices directly connected to them as
its vertex set. We denote this automorphism again by ¢.
The link vertices that form the boundary of G (i.e., link
vertices that are only connected to one site structure) are,
by construction, fixpoints of ¢. Let Uy, ..., U, be the site
structures that are directly connected to the link vertices on
the boundary of G.

We proceed to prove Lemma B6 by mathematical induc-
tion. If R contains no site structure then there is nothing
to show. If R contains exactly one site structure U; then
¢>|Ulc = idUlc; thus, ¢ is of the desired form.

For larger R, we proceed as follows.

(1) We apply Lemma B3 repeatedly to the site structures
U;; we find that the link vertices between the U;, site
structures are fixpoints of ¢.

New known fixpoints

(2) Now, for site structures Uy, ..., U,, three link ver-
tices are known to be fixpoints. Then Lemma B4
implies that the fourth link vertex of these site
structures is also a fixpoint.

Already known fixpoints New known fixpoints

(3) We apply Lemma BS5 successively to the site struc-
tures Uy, ..., U,. For the first site structure U;, we
obtain the factorization

¢ = ¢u ¢, (B18)
where ¢y, |U1c = idUlC and ¢|y, = idy,. As every
vertex that is a fixpoint of ¢ is also a fixpoint of
¢1, we can apply Lemma BS5 to ¢; and the next site

structure U, to obtain

¢ = ¢U1 ¢U2¢2 (B19)
with the properties
Pu;lye = idye, $2ly; = idy;, (B20)

for i € {1,2}. Repeating this argument for all site
structures Uy, . . ., U,, we obtain

¢ = drem | [ Pus (B21)

i=1
with

d)lIUlC = ldUlCa ¢rem|Ui = idUi' (B22)
(4) All site structures Uy,...,U, and their link ver-
tices are fixpoints of the automorphism ¢rep. Thus,
the boundary of the rectangular region R can be

advanced inwards by one site structure.

Known fixpoints

New region R

Site complexes fixed by ¢rem

Hence, by induction the automorphism ¢ factorizes as
desired. In particular, we have shown that ¢ can only act
trivially on the link vertices. |

We complete the proof of Theorem B1 by applying
Lemma B6 to a vertex-weighted single-link tessellated
graph.

Corollary Bl. Let A be a weight function that turns G
into a vertex-weighted graph, such that the link vertices are
the ports of G in the sense of Sec. III. In addition, let ¢ €
Aut(G), i.e., A is invariant under ¢, such that ¢|z = idg
for some rectangular region R. Then ¢ acts trivially on all
maximum-weight independent sets /, i.e., (/) = I.

Proof. The set ¢ (/) is an independent set, as / itself is
an independent set (cf. Appendix B 1). As the weights A
are invariant under ¢, ¢ (/) is a maximum-weight indepen-
dent set. However, by Lemma B6, ¢ (/) contains the same
ports as /; hence, ¢ (/) = 1. |
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APPENDIX C: AUTOMORPHISM GROUPS OF
VARIOUS TESSELLATED STRUCTURES

1. Verresen model

In this appendix we discuss the model proposed by
Verresen et al. [33] to realize a Z, topological spin lig-
uid by Rydberg atoms placed on a Ruby lattice. In the
PXP approximation, this arrangement can be interpreted
as a blockade structure Cygr with blockade graph Gygg,
shown in Fig. 12. We explicitly characterize the automor-
phism group of this structure and show that it is not fully
symmetric.

For each vertex v € Vygg, there is exactly one induced
subgraph S, such that v € §, and S, >~ Cs, where Cg
denotes the cycle graph with six vertices. The existence
is clear by inspection of the graph; one example is shown
in Fig. 12(a) as red vertices.

We now argue that this cycle graph is unique for each
vertex v. It is clear that we only have to consider vertices
in Bg(v); in Fig. 12(b) such a neighborhood is shown. Fur-
thermore, we can disregard all vertices w € Bg(v), where
Bi(w) is fully connected. Suppose that such a vertex w
is part of an induced subgraph Cs. Then there are two
adjacent vertices x1,x, € By(w) such that x; » x,. How-
ever, B;(w) cannot then be fully connected. These deleted
vertices are colored gray in Fig. 12(b). The uniqueness
of this cycle graph in the remaining vertices can now
be easily seen, by systematically checking all remaining
possibilities.

Now let ¢ € Aut(Gygr) and u,v € Vygz. Then, if
¢ (u) = v, we know that ¢(S,) = S,. This leaves two pos-
sibilities; let uy, upy € S, with u; ~ u, and vy, v, € S, with
V1 » vy. The two possibilities are

o) = vy, ¢ () = v, (Cla)

o (1) = vy, ¢ (u2) = vy. (Clb)

In each case, Lemma C2 implies that the image of each
vertex in S, is uniquely determined.

From this information, the image of every vertex in
Vyer can be determined, i.e., this information uniquely
characterizes the automorphism. For two adjacent vertices
u,v € S, there is exactly one subset W,,,, C Vygg such that
the induced subgraph corresponding to this subset is iso-
morphic to the fully connected graph with four vertices,
denoted K4 [cf. Fig. 12(c)]. The image of W, , under an
automorphism ¢ € Aut(Gygr) must again be isomorphic
to Ky4.

If the images ¢ (1), ¢ (v) are known then we know that
Wew.ee) = ¢ (Wy). Thus, the remaining vertices in W,
are either invariant under ¢ or get swapped. The structure
of graph Gygr [cf. Fig. 12(c)] shows that there is a vertex

wy € Wy, such that

(B1(w) NBy(w)) \ Wiy ={a} witha € Vygr. (C2)
For the remaining vertex w, € W,,,,, we find that
(B1(u) N Bi(w2)) \ Wi = {}. (C3)

Thus, under the action of the automorphism ¢, we obtain

B1(¢w) NBi(@ WD) \ Wow e = {@(a)}, (Cda)

B1(¢ ) N B (W) \ Wsow) = {}- (C4b)

Therefore, ¢ (w;) and ¢ (w;) can be uniquely identified in
W .6 w)-

This argument can be repeated for every pair of adjacent
vertices in set S, for some x € Vygg, i.€., the automorphism
is determined by its action on a single set S, for some u €
Vver. Hence, the automorphism group consists of lattice
translations, rotations, and reflections.

We now explicitly determine the size of this automor-
phism group. One unit cell of this tessellated graph con-
tains seven vertices; therefore, the whole graph contains
6NN, vertices, where N, N, are the numbers of unit cells
in the x, y directions. We assume periodic boundary con-
ditions. Choosing one reference vertex, there are 6N N,
possible images. For each of these, two automorphisms are
possible. Therefore, we find that | Aut(Gygg)| = 12N, Ny.

2. Zeng model

Zeng et al. [40] introduced a blockade structure Cgpy
(they dubbed it a Rydberg gadget), which realizes a quan-
tum dimer model on a square lattice as its low-energy
subspace He, - In Fig. 13(a), the blockade graph Gygp
of Czopy is shown. The structure has two different detun-
ings Agreen and Aypyye that correspond to the blue and green
colored atoms, respectively. The blue colored atoms are the
ports of this structure, whereas the green colored ones are
the ancillas (or gadget atoms). The only restriction on the
detunings is that Agreen > Apiue. We will see later that auto-
morphisms cannot map atoms of different colors into each
other, so any automorphism leaves the detunings invariant;
therefore, we can safely ignore the detuning in the follow-
ing argument. In this section, we rigorously characterize
the automorphism group of this blockade graph and show
that Cyopy is not fully symmetric.

a. Reduction of the blockade graph

As a first step in determining the automorphism group,
we construct a reduced graph with the same automorphism
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(b) (c)

Wy~ Ky
Bi(w1)\W v

FIG. 12. Automorphisms of the Verresen model. (a) Shown is one plaquette of the blockade graph Gyzr that encodes the arrangement
of Rydberg atoms proposed by Verresen et al. [33] to realize a Z, topological spin liquid. The induced subgraph formed by the red
colored vertices is isomorphic to Cg. For each vertex v € Vygg, there exists exactly one set S, such that v € S, and its induced subgraph
is isomorphic to Cg. (b) Shown is the neighborhood B (v) for some vertex v € Vygr. From this neighborhood, we remove recursively
every vertex w € Bg(v) such that dB; (w) is fully connected. These removed vertices are colored gray. The remaining vertices show
that S, is indeed unique. (c) For any adjacent vertices u, v € S, there exists exactly one set W, (red colored vertices and edges)
that contains # and v and its induced subgraph is isomorphic to K4. The name of the vertices is indicated by the edge color of
the red vertices. The remaining vertices wy, wy in W, , are uniquely characterized by the properties (B (u) N By(w1)) \ W, = {a}
and (B, (u) N By(w2)) \ W, = {}. The sets B, (-) \ W, are shown in orange, dark green, dark cyan for vertices w,, w;, and u. The
overlap of the two sets is indicated by the split colored vertex, which is named a. This implies that the images of w; and w, under an
automorphism are uniquely determined by the images of u and v.

group, i.e., we eliminate vertices that do not contribute any
degrees of freedom to the automorphism group.

First, observe that the vertices of the Zeng blockade
graph Gzopm = (Vzopu, Ezoni) decompose into the two sets

The vertices in set M, coincide with the green colored
vertices, and the vertices in set M, coincide with the red
colored vertices shown in Fig. 13. By the construction
of Gzopu, the vertex set M, decomposes into a disjoint

union of connected components M, = | |, Ox; the induced

M; = {v € Vaonu | 3B (v) is connected), (C5a) subgraph of each Oy is isomorphic to K4, the complete
. graph with four vertices. We now introduce an equivalence
M, = {v € Vyopu | 9B (v) is not connected}.  (C5b)
(a) ® (c)
GZQDM reduction = graph quotient’ GZQDM
O R B o
S0 un NN
Q N~ \ (o)
7 S e * * ° &
e M; (OEquivalence o ]\2[1
o M, class o M,

FIG. 13. Reduction of the Zeng model. (a) Shown is the blockade graph Gyqpy, proposed by Zeng et al. [40] to realize a quantum
dimer model with a blockade structure. Vertices in set M, are colored green, while those in set M, are colored blue. Set M; decomposes
into connected components Qy; the induced subgraph of every such component is isomorphic to K4. By an equivalence relation we
identify the vertices that lie in the same component Q. Some of the equivalence classes are shown as red boxes. (b) Shown is the
quotient graph of Gzgpy by the aforementioned equivalence relation; the resulting graph is denoted GrZCSDM. We prove in Appendix C 2
that the automorphism groups of both graphs have the same size. (¢c) Shown is the neighborhood B4(v) of some vertex v € M,. From
this neighborhood, all pendant vertices are removed. From the remaining graph, again, all pendant vertices are removed. This process
is repeated until no pendant vertices are left. The removed vertices are colored gray. This shows that there are exactly two sets Si,S»
with v € §}, .5, such that their induced subgraph is isomorphic to Cs.
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relation on Ggpy:

v=w:sv=wVvik:v,we 0. (Co)

Symmetry and reflexivity of this relation are obvious. For
transitivity, consider v = wandw =u. If v = worw = u,
it is obvious that v = u. In the remaining case, note that w
is only part of exactly one Q. It follows that u, v € O, as
desired.

This equivalence relation partitions the vertex set Vzopy
into equivalence classes V‘ZCSDM = {[v]lv € Vzgpu}, where
[v] denotes the equivalence class of v. We define the
reduced graph as G%o,, = (Vo Exsny) with the edge
set B = {{[v], [u]} | {u, v} € Ezqpu}. This construction
is also known as a quotient graph. The resulting graph is
shown in Fig. 13.

b. Establishing a bijection

Now we show that there is a bijection between the
automorphism group of the reduced graph and the auto-
morphism group of the original graph.

Lemma CI. For ¢ € Aut (Gzgpy), define

. 1rred red
‘7:¢ : VZQDM g VZQDM’

[u] = [¢@)]. (C7)

Then the map F : Aut(Gzopn) — Aut(GrZ"gDM),¢ = Fy,is
a bijection.

Proof. First, we have to show that F is well defined. To
this end, let [u] = [v]. Then eitheru = v oru, v € Q. Only
the latter case is nontrivial. As ¢ preserves connectedness
and ¢ (M,) = M,, the images of U and v lie in the same
connected component, i.e., ¢ (1), (v) € Qp for some k.
This implies that [¢ (u)] = [¢ (v)].

Second, we have to show that F defines a graph auto-
morphism. For bijectivity, note that the map F,-1 inverts

the map F,. For edge transitivity, let {[u], [v]} € ErzegDM,
so, without loss of generality, we can assume that {u, v} €

Ezopn. This implies that {¢ (1), ¢ (v)} € Ezopy; hence,

{Fo([ul), Fo(wD} = ([ )], [p ()]} € Exg.  (C8)

Now we have to show the bijectivity of the map F. To
this end, we construct an inverse map G : Aut(GrZegDM) —
Aut(Gzopy) such that G inverts F.

The key ingredient in this construction is that an auto-
morphism ¢ € Aut(Gzgpy) is uniquely determined when
its action on set M, is known. Let u € M;; note from the
structure of the graph that there exist exactly three vertices

vy, U2, U3 € M, such that

() 9B1(w) = {u). (C9)
}

ie{1,2,3

Vertex u does not have any more adjacent vertices in M,.
The application of automorphism ¢ on Eq. (C9) yields

[ 8B @) = (pw),

ie{1,2,3}

(C10)

i.e., ¢ (u) is uniquely determined by the images ¢ (v;).
Now let ® € Aut (G55y,); we construct an automor-

phism Gg € Aut(Gyopw). The vertex set VrZeSDM decomposes
into the components
My = {[v] € Vg | deg([v]) = 2}, (Clla)
My = {[v] € VS, | deg([v]) = 4}. (C11b)

Here deg(-) denotes the degree of a vertex, i.e., the number
of vertices it is connected to. As the degree is invari-
ant under automorphisms, so are the sets M, and M,.
From the construction of GrZegDM, we obtain a different
characterization of these sets,

My = {[v] € Vs, | I[v]] =4}, (C12a)

My = {[v] € Vg | [v]] = 1}. (C12b)

Hence, for [v] € M>, Go([v]) is an equivalence class with
one element. For v € M,, we also know that [v] = 1;
therefore, [v] € M, and hence ®([v]) only contains one
element. So we can define Gg(v) such that ®([v]) =
{Go(v)}). For u € M, we can now define G () as the
unique element in the intersection on the left side of Eq.
(C10).

We have to show that the map Gg defined this way
is actually an automorphism. For edge transitivity, let
{v,v'} € Ezopu. The first case is, without loss of generality,
v/ € M, and v € M,. In this case, Go (V') is defined such
that {Ge (v), Go(v")} € Ezopm. The other case is v, v" € My,
here we know that v, v € QO for some £, so they share two
neighbors u,u, € M,. From the previous case, it follows
that G (1) and Go (1p) are neighbors of both G (v) and
Go (V). This is only possible if G (v) and G (v') lie in the
same connected component Oy for some &’. This implies
that {Go (v), Go (V)} € Ezgpu.
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To show bijectivity, we show that, for ® € Aut (GE3y,),
Go-1 = g;l. To this end, for v € M,, consider

{v} = [v]
= o '([v])
= ®({Go-1 (v)})
= ®([Gp-1(1)])

=1{Ga(Gop-1(V))}, (C13)
where we have used the fact that the equivalence classes of
v and G4-1(v) only contain one element. As an automor-
phism in Aut(Gyopy) is uniquely determined by its action
on set M, and the action of Gg o Gg,—1 on M, is the identity,
we infer that Gg o Gg-1 acts as the identity on V;opy. The
proof for Gg-1 o G is analogous.

Now we prove that G is the inverse of F. Let ¢ €
Aut(Gyopy). For v € M,, we obtain

{GF@) W)} =F@)(vD) =[] = ()} (Cl4)

As this uniquely determines the automorphism, ¢ =
G(F@)).

On the other hand, starting with an automorphism & €
Aut(GrZegDM), for v € M,, we obtain

FG(@)([v]) = [G(P)(v)] = D([v]). (C15)

This uniquely determines the action of F(G(P)) because,
for any vertex [u] € M;, we find two neighbors [v;], [v2] €
M, such that

OB ([v1]) M 3B ([v2]) = {[u]}. (C16)

Therefore, for any automorphism @' € Aut(GrZegDM), we
find that

B (P ([v1]) N IB1(P'([v2]) = {P'([vD}.  (C17)

Therefore, we conclude that F(G(®)) = ©. |

c. Characterization of the automorphism group

We now characterize the automorphism group
Aut(Gyp,). Suppose that we have a square lattice with
periodic boundary conditions and side lengths Ny, N, > 2.
As we only deal with one graph in this section, we write
u ~ v whenever {u,v} € E}7 .

Pick any vertex v € Vi3, with degree 2. Then, for this
vertex, there exist exactly two subsets Sy, 8, C Vi, such
that v € S, .S, and the induced subgraph of S| and §; is iso-
morphic to the cycle graph Cs. To prove this, we note that a
set § with these properties must be contained in the neigh-
borhood B4(v). This neighborhood is shown in Fig. 13

(here we used the assumption that Ny, N, > 2). Also, S
cannot contain any pendant vertices (i.e., vertices with
only one neighbor) in B4(v), so we remove them. From
the resulting set, we again remove all pendant vertices and
repeat until we reach a set with no pendant vertices. These
removed vertices are colored gray in Fig. 13. In the result-
ing graph it is clear that there exist exactly two subsets with
the desired property.

In the following argument, we make use of the next
lemma.

Lemma C2. Let G;,G, ~ C; for some k>3, and
x1,X; € Gy suchthatx; ~ x,. Then any graph isomorphism
¢ : G — G, is uniquely determined by ¢ (x;) and ¢ (x3).

Proof. Wewrite G| = {x,...,x;}and Gy = {y1,..., )
such that, for all / <k, x; ~ x;41 and y; ~ yi.1, with the
boundary condition £k + 1 = 0.

Suppose that we already determined the images
o (x1),...,¢x) for I > 2. We know that x;_; ~ x; ~ x111;
therefore, ¢ (xi—1) ~ ¢(x;) ~ d(x1+1). As G, is a cycle
graph, each vertex has exactly two neighbors. Therefore,
¢ (x;41) is the unique neighbor of ¢(x;), which is not
¢ (x;—1). By induction, this shows that all images ¢ (x;) for
[ > 2 can be determined. [ |

Let ® € Aut(GrZeéDM) and consider the image & (v). For
this vertex, exactly two vertex sets S, exist, such that
®(v) € 87,5, and the induced subgraph of both sets is
isomorphic to Cg. The sets ©(S;) and ®(S,) are also iso-
morphic to Cg, as ® is an automorphism. Furthermore,
D (v) € D(S)), D(S,). Thus, there are two possibilities:

S = ®(S)

and S, = (Sy), (C18a)

S| =®(S,) and S5 = P(S)). (C18b)
Let vy, v, be the two adjacent vertices of v; they lie in S
and S;. Let wy, w; be the two adjacent vertices of ®(v);
then there are again two possibilities:

wyp = ®(vy)

and wy, = ®(vy), (C19a)

wp = <D(v2) and wy = <I>(v1). (C19b)
So, overall, there are four possibilities. For each of these,
Lemma C2 implies that the images of all vertices in S} and
S, are uniquely determined.

Now we show that this completely determines the auto-
morphism &. Take some vertex u € S} with u # v. Then
there exists another set of vertices S5 such that its induced
subgraph is isomorphic to Cg and S5 # S;. Likewise, there
exists a set of vertices S} such that ®(u) € S}, S # S,
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and the induced subgraph of S is isomorphic to Cs. So
we know that ®(S3) # S, as @ is bijective. Therefore, the
only possibility is ®(S3) = S5. As u has only two adjacent
vertices, they also lie in S} and S3. Because they lie in S,
their image under @ is already determined. Because they
lie in S3, it follows from Lemma C2 that the image of every
vertex in Sz is uniquely determined. This argument can be
repeated for every degree-2 vertex, whose image is already
determined.

Now we can count the possible automorphisms. For
v E V‘ZCSDM, there are 2N, N, possibilities for ®(v). After
that, there are four additional possibilities that lead
to 8N N, possible automorphisms, so | Aut (GZQDM) | =
| Aut (G5S,) | = 8NiN,. The size of this automorphism
group is actually as small as possible. For a tessellated
square lattice of lengths Ny, N,, there are NN, distinct
translation automorphisms. Furthermore, global reflections
and rotations form a dihedral group Dg, and combinations
lead to at least 8N, N, distinct automorphisms. Via the
bound in Appendix A4, this result implies that, in this
structure, the number of orbits |Lc/Ac| grows exponen-
tially with the system size.

The requirement that Ny, N, > 2 is actually important.
If this is not the case, additional automorphisms appear.
The action of these can be pictured in the following way.
Take two adjacent unit cells in the direction with length 2.
Then these unit cells actually share two vertices instead of
one. The map that exchanges these two vertices is a graph
automorphism.

Even with these additional automorphisms, the automor-
phism group is in general not large enough such that there
is only one orbit. We checked this explicitly for a system
size of N, = 3, N, = 2 (this was one of the systems diago-
nalized in Ref. [40]), in which case the ground-state space
Le,,y,y decomposes into two distinct orbits.

3. Stastny model

Stastny et al. [82] proposed a blockade structure Cgrc to
realize the toric code. This structure is shown in Fig. 14. In
this section we characterize the automorphism group of its
blockade graph Ggrc and show that it is not fully symmet-
ric. We use the same methods as developed in Appendix
C2. As all arguments are quite similar, we will not give
them in full detail.

We decompose Vgre into the subsets

M, :={v € Vgrc | 9B (v) is connected}, (C20a)

M, :={v € Vgrc | 9B (v) is not connected}.  (C20b)

The vertices in M| are colored green in Fig. 14, and
the vertices in M, are colored blue. We observe that set
M, decomposes into connected components M, = |_|, O,

where O ~ Kj. By introducing the equivalence relation

v=w:sv=wVIk:v,we (g, (C21)

we obtain the reduced graph G=4. = (V4. E%4) as the
quotient graph of Ggrc under Eq. (C21).

The reduced graph is shown in Fig. 14. Via analogous
arguments as in Appendix C2, the automorphism group
of G&J. has the same size as the automorphisms group of
Gsre.

To explicitly characterize this automorphism group, we
assume that N, N, > 3. Note that, for every vertex v € M,
there are exactly two sets of vertices Sy, S, with v € 1,5
such that their induced subgraph is isomorphic to Cy,. To
see this, we only have to consider the neighborhood B (v).
From this neighborhood, all pendant vertices (vertices with
only one neighbor) can be removed. The resulting graph is
shown in Fig. 14; it contains the two cycles graphs that
contain v.

Let ® € Aut(G=Y.); then, for ®(v), there are also
exactly two sets of vertices S|,5, with v € S|, 5, such
that their induced subgraph is isomorphic to Cj,. Also,
®(S;) and P(S;) have the same property as & is an
automorphism. Therefore, there are the possibilities

Sp = @(S),

S =®(S), S =DS)). (C22b)
Let vy, v, be the two adjacent vertices of v; they lie in )
and S;. Let wy, w;, be the two adjacent vertices of ®(v);
then there are again two possibilities:

wy = ®(vy),

wy = P (vy), (C23a)

wp = <I>(v2), Wy = <I>(v1). (C23b)
So, overall, there are four possibilities. For each of these,
Lemma C2 implies that the images of all vertices in S} and
S, are uniquely determined.

Now we show that this completely determines the auto-
morphism &. Take some vertex u € S} with u # v. Then
there exists another set of vertices S5 such that its induced
subgraph is isomorphic to Cj, and S3 # 5. Likewise, there
exists such a set of vertices S} such that ® (1) € Sj,5; # S
and the induced subgraph of S; is isomorphic to Cj,. So
we know that ®(S3) # S}, as  is bijective. Therefore, the
only possibility is ®(S3) = S5. As u has only two adjacent
vertices, they also lie in S; and S3. Because they lie in S,
their image under @ is already determined. Because they
lie in S3, it follows from Lemma C2 that the image of every
vertex in Sz is uniquely determined. This argument can be
repeated for every degree-2 vertex, whose image is already
determined.
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(a) (b) (c)

Gste GEGT% Bg(v)

reduction = graph quotient

(O Equivalence class o Iy

° 1\712
FIG. 14. Reduction of the Stastny model. (a) Shown is the blockade graph proposed by Stastny et al. [82] Ggrc to realize the toric
code with a blockade structure. Vertices in set M are colored green, while those in set M, are colored blue. Set M| decomposes into
connected components Qy; the induced subgraph of every such component is isomorphic to K3. By an equivalence relation we identify
the vertices that lie in the same component Q. Some of the equivalence classes are shown as red boxes. (b) Shown is the quotient
graph of Gsrc by the aforementioned equivalence relation; the resulting graph is denoted G&4.. We prove in Appendix C3 that the
automorphism groups of both graphs have the same size. (c) Shown is the neighborhood Bs(v) of some vertex v € M,. From this

neighborhood, all pendant vertices are removed. From the remaining graph, again, all pendant vertices are removed. This process is
repeated until no pendant vertices are left. The removed vertices are colored gray. This shows that there are exactly two sets S}, S, with

Pendant vertices]

v € 81,5, such that their induced subgraph is isomorphic to Cj;.

We can now count the automorphisms of this graph.
Choosing an arbitrary reference vertex v € M,, there are
3N;N, possibilities for ®(v), each leading to four possi-
ble automorphisms (every possibility described above is
actually a valid automorphism, but this is not crucial).
Therefore, | Aut(Vgrc)| = |Aut(VrS°§C)| = 12NN,

APPENDIX D: GROUND STATE OF H,,, FOR
Q£0

In this appendix, we rigorously prove that, by switch-
ing on €2, the gap in the spectrum of I:IL(,Op (0, w) does not
close. To this end, we apply a result by Michalakis et al.
[114] that provides sufficient conditions for the stability of
a spectral gap under perturbations.

1. Conditions for gap stability

We briefly summarize the conditions for gap stability
given by Michalakis. The system considered is defined
on the lattice A; := [0, L]* € Z?, which is endowed with
the usual graph metric (= the ¢! metric). We refer to L
as the system size. To each site / € Ay, a Hilbert space
‘H; is associated; the system Hilbert space is given by
Ha, = Qjca, Hr- The unperturbed system Hamiltonian
Hj is assumed to satisfy the following properties.

(1) The Hamiltonian Hy can be written as a sum of local
operators

(D1)

Hy = Z O,

IeA

where each operator Q; has a constant range of
support.

(2) The Hamiltonian H, satisfies periodic boundary
conditions.

(3) The projection P, onto the ground-state subspace
of Hy satisfies PoQ; = qoQr (Frustration freeness),
where g ; denotes the minimal eigenvalue of Q.

(4) Forall L > 2, H has a spectral gap y > 0, which is
independent of the system size.

We denote the support of an operator by supp(Qy).
The Perturbation V' is assumed to have the form

L
y=">"> Vi),

IeAs r=0

(D2)

such that supp(V;(r)) € B.(I) for all . Moreover, for
allowed perturbations, there exists a rapidly decaying func-
tion f(r) such that ||[V;(r)| <Jf(r) for some constant
J > 0. Such a perturbation is called a (J,f) perturba-
tion. These conditions are trivially satisfied if Eq. (D2)
only contains terms up to a finite range. That is, there is
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a constant R > 0 independent of the system size such that
Vi(r) = 0 for all » > R. The perturbation we consider in
the following sections has this property.

There are two more conditions for gap stability: the
local-gap condition and local TQO. For any set A € Ay,

we define
Y. o

supp(Qr) <A

H = (D3)

Furthermore, for € > 0, let Pz(€) be the projection onto the
eigenstates of H, with energy less than or equal to €.

A Hamiltonian H satisfies the local-gap condition if and
only if there exists an at most polynomial decaying func-
tion y(r) > 0 such that, for all Iy € Az, Pp,qy)[y ("] =
P, ,)(0). Here B,.(Iy) denotes the ball with radius 7.

Lastly we define the condition Jocal topological quan-
tum orvder (local TQO). Let Iy € Ay and A = B,(ly),
A(l) = B, (y) forsomer < L* < Land ! < L — r, where
L denotes the system size. The cut-off parameter L* has to
scale with the system size L. Let |y), [,) be two ground
states of Hyq), and let p;(A4) := Trygpal Vi) (Y]] for i =
1, 2 be their corresponding reduced density matrices. Then
a system satisfies local TQO if and only if

lo1(A) = p2 (Dl = 2F (D), (D4)

where F' is a decaying function and || - ||; is the Schatten-1
norm.

These conditions are sufficient to guarantee the stability
of the spectral gap of Hy.

Theorem DI (Michalakis [114]). Let Hy be a Hamil-
tonian satisfying conditions (1)~4), local TQO, and the
local-gap condition. Let V' be a (J,f ) perturbation. Then
there exist constants J, > 0 and Ly > 2 such that, for J <
Jo and L > Ly, the spectral gap of Hy + V is bounded from
below by y /2.

2. Locality and frustration-freeness

In the following sections, we show that the conditions
stated in Appendix D 1 are satisfied for our setup. Our fist
task is to define suitable local Hilbert spaces and a suitable
local decomposition of Hy = ﬁLoop (0, w) and then verify
frustration-freeness and the local-gap condition.

We partition our Hamiltonian A, as

[j]() = — Z Aﬂ’l,‘ + U Z n,nj

1€V Loop {ij }€ELoop
:=H(1)e
w
+ 5 Y A-U,). (D5)
Faces p

P
'_H()

We note that Eq. (D5) already contains a local decomposi-
tion of Hy. However, this form does not satisfy frustration-
freeness, as the blockade competes with the detuning. We
solve this problem by partitioning the individual atoms
into larger blocks, such that the frustration-freeness is
recovered in this “coarse-grained” picture.

a. Hilbert space

As we are working with a finite blockade strength, the
system Hilbert space is given by the tensor product H =
®ieVLoop H;, where H; ~ C? is the Hilbert space of one
atom.

As shown in Fig. 15(a), we partition Cy o0p into unit cells,
consisting of two tetrahedrons and the “wings” attached
to one of the tetrahedrons. Furthermore, Fig. 15(a) shows
that we can view these unit cells as attached to the vertices
of a square lattice. We denote this square lattice as A. To
avoid confusion with the vertices of Croop, We refer to the
vertices of A as sites. We denote by V; the collection of
atoms contained in the unit cell attached to site / € A. We
endow this square lattice with the usual graph metric (cf.
Appendix B 1) and write / ~ J for neighboring sites. The
square lattice is natural to this construction, as, for two ver-
ticesi € Vyandj € V,, i~ is only possible if / =J or
I ~ J. This means that the coarse graining is compatible
with the local structure of the graph. This construction can
be immediately generalized to the extended tessellations
CPoop described in Sec. VIIIE.

The Hilbert space describing one unit cell V; is given by
the tensor product

Hp = QM ~ C*. (D6)

el

The last equality follows as one unit cell contains 14 atoms.
For Cfy,, (cf. Sec. VIII E), this number is modified to 6K +

8, where K denotes the length of the links. By associativity
of the tensor product, the Hilbert space H has the form

H=QH:.

IeA

D7)

b. Frustration-freeness of the blockade Hamiltonian

The next step is to construct a frustration-free decompo-
sition of Hy. We first focus on the part HE that describes
the blockade. The structure Cr oop is constructed as an amal-
gamation of FSU structures. The amalgamation has the nice
property that the resulting structure is frustration-free, and
thus the idea underlying the following constructions is to
“reverse” the amalgamation and fit the emerging pieces
into a square lattice.

For a site / we define the two sets Int(};) and 9V as
shown in the following figure. Note that 9 /; is not a subset
of V].
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unit cells Vy
with Hilbert space H

FIG. 15. Coarse graining of Creop. This figure summarizes the constructions in Appendix D 2, to show that Hamiltonian Hy can be
viewed as frustration-free. The fill color of the atoms denotes their detuning in Crop (green, 2A; pink, 4A). (a) The vertex set Vioop
is partitioned into unit cells ¥7; these are highlighted in dark blue. The structure Cpq0p can be equivalently described by “contracting”
these unit cells into single Hilbert spaces H; that are attached to sites in a square lattice. This square lattice is shown as dashed
violet lines. (b) The support of a plaquette operator U, is highlighted in orange. This support contains part of four unit cells. (c) The
Hamiltonian HZ is partitioned into local terms Hy ;. The support of such an operator is highlighted in cyan. The dashed dark blue lines
hint the surrounding unit cells. The red ellipses highlight the atoms where H); acts on its neighboring unit cells.

We define local Hamiltonians associated with site / €
A, whose support is contained in B; (), by

Ho,[ = — Z A,-ni — Z %ni

ielnt(Vy) icavy

—+ U Z nn;.

ijevr
i~j

(D8)

The support of these Hamiltonians is visualized in Fig.
15(b).

Any atom i € Vj is either contained in the interior of
exactly one site or the boundary of exactly two sites. More-
over, there are no blockades between atoms in 9 V7; thus,

these local Hamiltonians form a decomposition of Hy as

HE = ZHO,,.

IeA

(D9)

We now show the frustration-freeness of Eq. (D9), i.e.,
a ground state |EY) of HE satisfies Hy, |EX) = Eoy |EY),
where E; denotes the minimal eigenvalue of Hy .

All operators Hy; and HY are diagonal in the configura-
tion basis. Hence, the ground-state energy of HY is lower
bounded by the sum of the ground-state energies of Hy .
We show that this lower bound is actually attained. This
then implies that every ground state of Hf is a ground state
of Hy forall ] € A.

The operator Hy is supported on the set V7 := Int(V;) U
0V;. Thus, the requirement that a configuration is a ground
state of Hy; only constrains the state of the atoms in V.

Let Copsy be the structure arising as the amalgamation
of an FSU structure and its mirror image, such that equiv-
alent atoms on two pairs of edges are identified (cf. Sec.
VIII C). Thus we know the configurations on V; that are
ground states of Hy;. One such configuration is shown
in Fig. 16. It is possible to extend this to all of Viep, by
assigning this configuration to ¥; for all I € A. As V; and
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FIG. 16. Ground-state configuration on Vigp. Shown is a
section of Croop consisting of two sets V; and V; (marked with
cyan dashed lines). The fill colors of the atoms denotes their
state (white, unexcited; orange, excited). The shown configura-
tion realizes a ground state of Hy; and Hy ;. Focusing on only
V7, the configuration assigns the pair of edge atoms on the top
left and the pair of edge atoms on the bottom right the same con-
figuration (dark gray, excited; light gray, unexcited). The same is
true for the edges on the top right and the bottom left. Thus, it is
possible to assign the identical configuration to ¥ withJ ~ I, as
both assignments assign the same state to the atoms in V; NV,
(red ellipse).

¥ have nonempty intersection if / ~ J, it is not immedi-
ately clear that this is possible. Luckily, whenever I ~ J,
assigning this configuration to VI or VJ results in the same
configuration of the atoms in ¥; N ¥, as shown in Fig. 16.

This configuration on Vo realizes the lower bound
for the ground-state energy described above and is thus a
ground state of Hf.

c. Frustration-freeness of the full Hamiltonian

Lastly, we focus on the term H{; , which introduces new
local operators 1 — U, . To be consistent with the conven-
tions in Ref. [114], we attach these operators to Hilbert
spaces in our square lattice. To this end, we extend our
square lattice A by introducing additional sites on the pla-
quettes of A and the edges of A. We refer to the former set
of sites as A, and the latter as A,,. We refer to this extended
lattice as A

To the sites / € A, and I € A,, we attach the trivial
Hilbert spaces H; =~ {0}. This is just a formality, to be
consistent with Ref. [114]; the Hilbert space is unchanged,

H ~ ®H1

Je Aext

(D10)

Note that the support of the operators Hy, defined in Eq.
(D8), is now contained in B, (/) in the extended lattice A,
In the extended lattice, it is natural to attach the operator
1 — U, to the sites in A,. Then the support of these oper-
ators is contained in B,(p), as shown in Fig. 15(b). We

subsequently define the local operators Q; by

SA-Uy), I=pen,
Or =\ Hy,, €A, (DID)
0, I €A,
Then Hamiltonian (D5) can be written as
Hy=H§+H) =) 0. (D12)

IeA

We proceed to show the frustration-freeness of Eq. (D12).
By construction (cf. Sec. VIII D), the loop automorphisms
¢, that induce the operators U, are compositions of edge
permutations and vertex permutations (permutations of
vertices in a tetrahedron). Thus, it is easily verified thati €
oV implies that ¢, (i) € V7, and likewise for i € Int(V;).
This implies that operators Hy ; are invariant under U, i.e.,
[Ho, U,] = 0. Moreover, we know that [Hy;, Hy ;] =0,
as the operators Hj; are diagonal in the same basis and
[U,,U,;] = 0, as discussed in Sec. VIII D. Hence, all oper-
ators Q; are simultaneously diagonalizable. It follows that
the ground-state energy of H, is lower bounded by the sum
of the ground-state energies E¢[Q;] of operators Q;.

As U; =1, the operator 1/2(1 — U,) is a projector.
Thus, the smallest eigenvalue of this operator is 0. An
eigenstate |) with this eigenvalue must satisfy U, |/) =
[r). It is easily verified that the state

|w) =

(D13)
vV |LLoop HELZLoop

satisfies U, |w) = |w) and, thus, O;|w) =0 for [ € A,,.
Here |Lio0p| denotes the number of elements in Ly o0p. Note
that the state |w) is denoted as |2y) in the main text. All
states [n) € Hioop are, by definition, ground states of H(f.
It follows that |w) is also a ground state of Hée. Then the
previous discussion implies that |w) is a ground state of all
operators O; = Hy; for I € A. Hence we have shown the
frustration-freeness of Eq. (D12).

In addition to frustration-freeness, Hamiltonian (D12)
has a spectral gap independent of the system size. An
excited state must either fail to be a ground state of an
operator Hy s, leading to a spectral gap of A, or fail to be a
ground state of w/2(1 — U,), leading to a spectral gap of
. Hence, Hj has a spectral gap of min(A, w), independent
of the system size.

3. Local-gap condition

The argument for the local-gap condition is analogous
to that for the spectral gap in Appendix D2 c. Let 4 =
B, (I) for some site I € A" and r > 0. Analogously as in
Eq. (D5), we split the localized Hamiltonian Hy 4, defined
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by Eq. (D3), into Ho4 = H, + H} ,. The operators Hy
(H(’)7 1) contain all terms associated with the sites in A (A).

Let Ligopa denote the ground-state configurations of
H(f 1> as defined by Eq. (D3). Further define the multiplica-
tive group U generated by the operators U, with support
inside 4, i.e., U := (U,|p € 4). Pick an arbitrary n €
Lioop and define the set I |n) := {U|n) |U € U}. Then
the state

|w,n) 4 (D14)

1
= 2

|m)€etd|n)

satisfies U, |w,n), = |w,n),, because, by construction,
U, acts as a bijection on the set{ [n). Thus, O; |, n) , = 0
for I € A,. Furthermore |, n), is a ground state of H(f e
By the discussion in Appendix D2b, |w,n), is a ground
state of every operator Oy for I € A.

Analogously as in Appendix D2 c, it follows that Hy 4
has a spectral gap of at least y = min(A, w), indepen-
dent of the parameter ». Hence, the local-gap condition is
satisfied for a constant function y (7).

4. Local TQO

In this section we verify the local TQO condition; in
fact, we show that, for sufficiently large /, the reduced den-
sity matrices as defined in Appendix D 1 are equal for all
ground states. To this end, we need to explicitly charac-
terize the ground states of the local Hamiltonians Hy_ 4.
The calculation is in some parts very similar to the calcu-
lation that leads to the entanglement entropy for the toric
code model; for reference, see Ref. [135]. However, there
are some differences, due to our model having “internal
degrees of freedom.”

The local Hamiltonians Hy 4 have a peculiar structure.
Fortwo ssites/ ~J in A, with/ € 4 andJ ¢ A, the Hamil-
tonian Hy is not part of Hy 4. In this case, in V; there are
neither detunings nor blockades. However, it can happen
that Hy 4(;) contains an operator U, that acts nontrivially on
1. We denote these sites by Ap; they are shown in Fig. 17.
We define A; := A\ Ay

By construction, the ground-state configurations of the
sites in A; can naturally be identified with loop configu-
rations on the (unextended) square lattice. In this picture,
the symmetry operators U, behave in the same way as the
operators B, in the toric code model.

Let Hioop4 denote the ground-state subspace of H(f y
[cf. Eq. (D5)]. We note that the group I/, introduced in
Appendix D 3, acts freely. That is, for any nontrivial prod-
uct Uy, -+ U,,, it holds that U, --- U,, |n) # |n) for all
In) € Hyoop,4- This follows as any collection of plaquettes
in A(/) must have a boundary (as there are no “half” pla-
quette operators). For two neighboring vertices /,.J, this
product swaps the atoms on the edge between / and J, and
thus the action of the product acts nontrivially.

i original sq. lattice

)

23 boundary sites A,

plaquettes in
A

’ ~auxiliary sites
A(l)

plaquettes in
A\ A

plaquettes crossing
the boundary: ¥

FIG. 17. Setup for local TQO. Shown is the setup for the proof
of the local TQO condition. The blue squares and gray circles
represent sites of the square lattice A, constructed to describe
the structure Cpoop. The blue squares represent the physical sites,
where the Hilbert spaces H; are attached. The gray circles repre-
sent the auxiliary sites only used to attach the plaquette operators.
The square lattice A, which only contains the physical sites, is
depicted as dashed violet lines. The physical sites on the bound-
ary of A(l), denoted A, are highlighted in a darker blue color.
The green vertex [y is the midpoint of region 4 = B, (), in the
depicted configuration » = 4. The boundary of region 4 is shown
as a light gray line. The boundary of A(/) is shown as a dark gray
line, in the depicted configuration / = 6. The plaquette operators
U, with support lying in A(/) are partitioned into three classes;
in the figure this is shown by the color of the corresponding pla-
quette of lattice A (plaquettes fully in A4, red; plaquettes fully in
A(D) \ A4, green; plaquettes crossing the boundary, orange). The
distance [ is chosen sufficiently large such that all plaquettes that
intersect 4 are fully contained in 4(/).

It immediately follows that, for every state |n) €
Hioop.a» the states [T, 4 UY |n) are mutually orthonor-
mal for all combinations of s, € {0, 1}. Here the notation
p < A()) indicates that all physical sites of the support of
U, are contained in A(/). Thus, the local ground state (D14)
has the form

jo,m) 4 =N ) |m)

[m)€Ld|n)

=N Y [] um

spel0,1} pCA()

=N [l a+u,)m.

pcA)

(D15)

The constant A denotes the normalization of the state. It
is easy to see that N = (+/2)~¢40 | where c4() denotes the
number of plaquettes that are part of A(/). In the following,
we suppress the index 4(/) from state (D15).

For any ground state of Hf 4()» @ ground state of Ho ()
can be generated by Eq. (D15). However, if |m) € U/ |n)
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then both states generate the same ground state, i.e.,
|w,n) = |w, m).

For convenience, we define B := A(/) \ 4. As |n) is a
product state, we can write it as a tensor product |n) =
[n) , |m)p, where |n), (|n)z) denotes the configuration of
atoms in 4 (B). It is possible to find a product of operators
U, such that

Up

-+ Up, Im) = 10), In)g. (D16)

1
This is due to the trivial homology group of A with open
boundary conditions. We define the operator X as a prod-
uct of o' on every atom in B, where |n’)p differs from
state |0) 5. The support of this operator is contained in B.
This implies that the states [n) and X |0) generate the same
ground state; hence,

jw,m) =N [T @+0)x10).

pEAW)

(D17)

We partition the plaquettes contained in 4 (/) into three sets:
plaquettes contained in A4, plaquettes contained in B, and
plaquettes that cross the boundary of 4 and B. We denote
the latter set by §. These three sets of plaquettes are shown
in Fig. 17. In the following we assume that / and thus L,
are sufficiently large, such that all plaquettes that intersect
A are contained in A (/). This is the case in Fig. 17. In this
spirit, we define the states

0,00, =Ny [ [+ U, 10),, (D18a)
pCA
jw,m)p = N [ [+ U)X 10),. (D18b)

pCB

The normalizations are given by Ny = (v/2) "4 and N =
(v/2)~8, where ¢, and ¢z denote the numbers of plaquettes
contained in 4 and B, respectively. Using these definitions,
Eq. (D17) becomes

jo,m) = N ]+ Up) 0,04 |, m)

PET
=N Y J[0 le,04l0.ms.  (D19)
spe{0,1} pey

Here the normalization is given by N = (V/2)eateB=can =
(v/2)AB, where cap = |F| denotes the number of plaque-
ttes in 5.

We define the vector s := (sp),ez € Z5"® and use the
shorthand notation Us := [, 5 U,”. By construction, all
products Uy are induced by an automorphism ¢ € Ay oop.
By Sec. VIII D, these automorphisms are compositions of

edge permutations and vertex permutations [cf. Eq. (26)].
As the support of these permutations is either contained in
A or B and all these permutations commute, we can par-
tition them as ¢ = ¢4 o ¢pp, where ¢4 (¢p5) only acts on
atoms in A (B). The permutation ¢4 defines an operator
U4 := Uy, (cf. Sec. V) with support in 4; the permutation
¢p defines an operator U? := Uy, with support in B. We
want to emphasize that the permutations ¢4 and ¢g them-
selves are not automorphisms of Cy op, and thus U2 and UZ
are not symmetries of the Hamiltonian. However, because
all permutations defining ¢4 and ¢p square to the identity,
the same is true for operators U4 and U, i.e., (U4)? =1
and (U?)? = 1. Furthermore, U2 and U? are unitary, as
they act as permutations on the Hilbert space H. We obtain
the decomposition

UeUl=u=[]U" (D20)
PET
Applying this to Eq. (D19) yields
o) =N " Uw,0), U jo,n),.  (D21)

CAB
seZ2

To reach the desired result, we have to compute the par-
tial trace of Eq. (D21). To this end, we show that the states
UB |w, )z are orthonormal. As a preliminary step, we con-
sider the product UZ UY fors, s’ € Z3*". The fact that U5 =
1 for all plaquettes p implies that UUy = Usgy, Where
the operation s @ s’ denotes addition (modulo 2) in Z;*?.
Decomposing these operators as in Eq. (D20) yields

UAUs @ UBUS = Uy Uy

i SQBS/
= ULy ® Ul (D22)

. . . A A _ A
From this equality, it follows that USUy = AU, and

UZUS = 27U, for i € C. The fact that the operators
act as permutations on the basis of excitation patterns
further implies that A = 1, which shows that

UlIU) = Uly, (D23a)
UlUs = UL, (D23b)

Now we consider the scalar product

. B
Ses := {@,n|; USUP |w,m)

= (@, 05 Uggy |, ). (D24)
We show that S;¢ = 0 for s # §’. For notational conve-
nience, define the multiplicative group of plaquette opera-
tors in B,U® := (U, | p C B). Analogous to U, this group
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acts freely on states |n); thus, Eq. (D18b) can also be
written as

jw,m)p=Np ) |m).

mel/B|n)

(D25)

Hence, if U2, [n) ¢ U” |n) for all s # ¢/, it follows that
Sss = 0. The remainder of this section is dedicated to
proving this fact.

Consider a site / € B with an adjacent site J € 4; then
there are two plaquette operators U,,, U,, whose support
contains / and J. In particular, this implies that p1,p, € §.
The vertices in V; that are adjacent to vertices in V, are
either a pair of edge vertices or a tetrahedron. We denote
the set of these vertices by 9, V7.

Suppose that 9, V; is the pair of edge vertices on edge e.
Then U,, and U,, both contain the edge permutation ¢..
If the product Uy contains one of these plaquette opera-
tors then U? also contains this edge permutation once. On
the other hand, U,, and U,, are the only plaquette opera-
tors containing the edge permutation ¢.. Thus, no product
of plaquette operators U, with p C B contains this edge
permutation, which implies that U? [n) ¢ U5 |n).

Suppose that 9, V; consists of the vertices in one tetra-
hedron s. Then the operators U,,, U,, contain two dif-
ferent vertex permutations (pgl and <p§'2. No other pla-
quette operators contain these two vertex permutations.
If a product Ug were to contain only one of the plaque-
tte operators U, or U,,, then U8 would contain only
one of the aforementioned vertex permutations; with-
out loss of generality, let this be ¢;'. A product of
plaquette operators U, with p € B can either contain
@5> (a3 # ay, ) or the identity on the tetrahedron s. Thus,
UB |n) ¢ U® |n).

This argument shows that U? |n) € U? |n) implies that,
for any site / € B with an adjacent site J € 4, both or
none of the plaquette operators, whose support contains
I and J, must be part of the product Us. In other words,
s=(0,...,00ors=(1,...,1).

We examine the case s = (1,...,1) separately. The
product Us acts as edge permutations in a closed loop that
encompasses region A. Thus, this loop is not the bound-
ary of a collection of plaquettes in B (this loop is not
homologically trivial) and thus Uf, |, [n) ¢ U” |n).

In summary, we have shown that

B
(a),n|3 Us/eas |(,(), n)B =0

(D26)
if and only if ' @ s # 0, which is equivalent to s’ # s. In
the other case the scalar product is 1, due to Uf@s being
unitary.

Thus, we can complete the family U? |w,0); to an
orthonormal basis of Hp = ),z H;. We use this basis to

compute the partial trace of the density matrix correspond-
ing to Eq. (D21) with respect to B. This results in

plmy =N 3" Ullw,0), (0, U (D27)

/ ~7°AB
S,§ eZz

Note that after taking the partial trace, Eq. (D27) does not
depend on state |n) any more. As all ground states can
be generated from some state |n) by Eq. (D15), all these
ground states have the same reduced density matrix (D27),
if / is sufficiently large. Thus, Eq. (D4) is satisfied, where
F can be taken as a step function.

APPENDIX E: DERIVATION OF THE EFFECTIVE
HAMILTONIAN

In this appendix, we derive the properties of the low-
energy effective Hamiltonian given in Eq. (40). We use
the method described by Datta et al. [120], which yields
a well-defined effective Hamiltonian even for extensive
system sizes. However, we note that the results of this
appendix also hold for other approaches to perturbatively
derive an effective Hamiltonian (see, e.g., [119, Sec. 3]).

Let Vigop and Eroop be the vertex set and edge set of
the blockade structure Cp oop. Then the system Hamiltonian
Hioop is given by [cf. Eq. (2)]

HLoop(Q) == Z A+ U Z nin;

i€V Loop {ij }€ELoop

=IHO

+ Q Z o .

i€V Loop
———
=V

(ET)

This Hamiltonian describes a blockade interaction with
a finite (but arbitrarily large) blockade strength U. This
is necessary to keep the tensor product structure of the
Hilbert space.

For the perturbation theory, Hy assumes the role of
the classical unperturbed Hamiltonian, whereas V is the
perturbation.

1. Unitary block diagonalization of Datta ez al. [120]

The method of Datta ef al. [120] provides a method to
perturbatively block diagonalize a Hamiltonian of the form
H = Hy+ AV. Here Hy is the unperturbed Hamiltonian
with exactly known spectrum, V is the perturbation, and
A is the perturbation strength.

The blocks are defined with respect to the unperturbed
Hamiltonian Hy. Let Py be the projection onto the ground-
state manifold of Hy, and let Oy := 1 — Py. Then the goal
is to find a unitary transformation ¢%, with anti-Hermitian
generator S, such that H' := eSHe™ is block diagonal in
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the sense that PoH'Qy = QgH'Py = 0. The restriction of
this transformed Hamiltonian onto the ground-state mani-
fold, i.e., PoH'Py, is the low-energy effective Hamiltonian
for H. The method of Datta et al. [120] yields a series
expansion of S and H’, in powers of A, such that H' is
block diagonal up to some order 7.

In this section we briefly describe the setup and condi-
tions for the method of Datta et al. [120] to be applica-
ble. The system is defined on a finite subset of a square
lattice A C Z2. To each vertex / € A, a copy of some
finite-dimensional Hilbert space H; >~ H is attached. The
Hilbert space describing the whole system is the tensor
product Ha = ;0 Hi-

The unperturbed Hamiltonian is required to have the
form

Hy = Z Hyyx,
XcA

(E2)

where Hy y acts trivially on the Hilbert spaces attached out-
side of X. In addition, it is required that there is a tensor
product basis of H such that every term Hyy is diago-
nal in this basis and the ground state of Hy is a ground
state for every term Hyy. We refer to the latter condi-
tion as frustration-freeness. That our Hamiltonian (E1)
satisfies these conditions (after the Hilbert space is prop-
erly partitioned) is already covered by the proof of the
frustration-freeness in Appendix D 2. The desired tensor
product basis is the basis of excitation patterns.

The perturbation is required to have the form

V="> Vx,

XCA

(E3)

where the local terms Vx act trivially on Hilbert spaces
attached outside of X. Additionally, ||Vx| has to decay
sufficiently fast with the size of X.

Treating the system perturbatively [cf. Eq. (E1)], we set

Vii=Q Zcfix

iel

(E4)

and Vy = 0 otherwise. As the perturbation only acts on
individual sites, it trivially satisfies the decay requirements.
Hence, we can apply the block-diagonalization methods of
Datta et al. [120] to our system.

In the remainder of this section, we briefly sketch the
construction of the effective Hamiltonian. We start with
some preliminary definitions.

ForanysetX C A, we define By := (J,.y B1(/), where
B (I) denotes the ball with radius 1 in the graph metric
on A (cf. Appendix B 1). Furthermore, define the projector
PgX as the projection onto the subspace of states that are

ground states of Hy y for all Y € X. Moreover, define

Py =P} .x — P}, (E5)

the projector onto the states that are ground states in
Bx \ X but fail to be ground states in X. For any local
operator Ay whose support is contained in X, define its
off-diagonal part as

Ap\, =Py AxPy + Py AxPy, . (E6)

For the generator, Datta et al. [120] utilized the ansatz

(E7)

S::anxfsj,
j=1

where n is arbitrary but finite. They further required the
terms S; to be a sum of local operators S; =) -, Sj x.
The transformed Hamiltonian A’ then has the form

H' =Hy+ Y ¥ (S, Hol+V;) +
j=1

higher-order remainder

(E8)

Lblock diagonal

The operators V; are a sum of local operators V; =
Y vea Vi.v» and the local terms are given by Vo g, := Vg,
forj = 0 and by

>
ol
pz2 P
1<ky ek <n

Ky thp=j

x 2.
{Xl,m,Xp}c
Y:B)(1 U---UBXP

1

D D
p=1 P

1<ky,....kp<n
kj+-thp=j—1

Y ks [Ssy, Vel

{X7X1:<--7Xp}c
Y=B)(UBX1 U"'UBXI,

01
[Skp,BXp P [Skz,B)(2 5 Vkl»BXl ]]

X

(E9)

for j > 1. The notation {Xj,...,X,}. indicates that the
summation is performed over subsets of A satisfying the
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conditions

X, N By, # 9,
X3 N Byux, # Y9,

X, melu---UXp # 0.

These conditions result from the commutators in Eq. (E9)
vanishing otherwise.

Requiring that the off-diagonal part in the first # sum-
mands of Eq. (E8) vanishes yields a formula for S:

(EK V0, EK) .
Sy =) SRS B (ELK . (ELO)
EkE' K
E+£E'

The states |E, k) form an eigenbasis of the Hamiltonian

Hox = Y Hyy. (E11)

Y:YNX #0

By construction, keeping only the first » orders in Eq.
(E8) yields a block-diagonal operator. The projection of
this operator onto the ground-state manifold of Hy is our
low-energy effective Hamiltonian. It has the form

n
Hug:=Py Y ¥ Y Vs Po.

j=0  XCA

(E12)

We note that it is a priori unclear if neglecting the higher-
order off-diagonal terms and the diagonal terms in the high-
energy manifold is a good approximation. In particular, it
is unclear if the spectral properties of Heg carry over to H.

2. Invariance of the effective Hamiltonian

A local symmetry of Hy (V) is a unitary operator U that
satisfies U Hox U = Hoy (U'VxU = Vy) for all X C A.
In this section we show that any (local) symmetry of H,
and V is also a local symmetry of the constructed effective
Hamiltonian.

The local symmetry immediately implies that
[P}, U] = 0and [Py, , U] = 0; thus, if UTAy U = Ay then
U'LA%L U= A%L also. Furthermore, it implies that Hy is
invariant under U. Thus, U |E, k) is an eigenstate of H X
with the same energy E.

Because of the recursive definition of the operators V;,
it is natural to prove their invariance under U by induc-
tion. The base case is given by Vy = V, which is invariant
under U by definition. Thus, assume that the invariance
of Sip, and Vi, under U is already proven for k <.
Note that Eq. (E9) only involves operators V; and S; with

k < j. To calculate U' V; By U, we repeatedly use the iden-
tity U'[4, B]JU = [U'AU, U'BU] that holds for arbitrary
operators A, B. As all operators inside the commutators
are invariant under U, it follows that V; , is invariant
under U.

Using the fact that U acts block-diagonal with respect to
the index E implies the invariance of §; 3, :

U'S; 5, U
(E, k| V), |EK)
=Y R U E, k) (E, K| U
, E—F
ELE K
E+#E'
(E, k| UVL U|E'K)
=Y LK |E, k) (E', K|
E—E
EJE K
E+£E'
(E, k| V)p, |EK)
=Y L2x |E, k) (E', K|
E—FE
EJE K
E#E'
=S5y (E13)

This completes the induction. It follows immediately that
Eq. (E12) is invariant under U, as desired.

3. Diagonal elements

For a fully symmetric blockade structure, the symme-
tries heavily constrain the form of the effective Hamilto-
nian. We first consider the diagonal elements. Let n,m €
Lioop- As Croop is fully symmetric, there exists an automor-
phism ¢ € Ajqop such that n = ¢ - m. Using the invari-
ance of the effective Hamiltonian under the symmetry
operators U, yields

(n| Her|n) = (¢ - m| Her|¢ - m)
= (m| U, HegUy |m)

= (m| Heg [m) (E14)

i.e., all diagonal elements are equal. Hence, by addition
of a constant to the effective Hamiltonian (a shift in the
energy scale), the diagonal elements can be set to 0. This
is consistent with our result in Appendix A2, where we
showed that all states from Hyoop enter with equal weight
into the ground state.

4. Off-diagonal elements

In this section, we derive the off-diagonal part of the
effective Hamiltonian to leading order, i.e., we consider
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the smallest n such that H.gy has nonzero off-diagonal
terms.

As our perturbation Vis a sum of operators o*, it can flip
the state of exactly one atom. More precisely, this means
that the matrix element satisfies (n’| ¥'|n) # 0, only if n
and n’ differ in at most one component.

We claim that (n'| V; [n) # 0 only if n and n’ differ in
at most j components. As it is straightforward, we only
sketch the proof by induction. The previous paragraph con-
tains the base case; assume that this is true for ¥ and S;, for
k <j.In Eq. (E9), expand all the commutators and insert
identities of the form ) |n) (n| between all products.
Then the matrix element (n| ¥; [n) can only be nonzero,
if the sum contains at least one product of matrix elements
that is nonzero. Each of the operators S, can change at
most k; components of the vectorn. As ky +---+k, =j
in the first sum and k; +--- 4+ k, +1 = in the second
sum, it follows that V; can maximally change j com-
ponents in the vector n. As the matrix elements of §;
are only rescaled matrix elements of V;, the same is true
for ;.

The number of components that have to be changed to
transform configuration n into configuration n’ is known
as the Hamming distance. The previous section shows that
(n'| Her m) # O requires that the order of perturbation the-
ory n is at least the Hamming distance between n and
n'.

By construction, two configurations n,n’ € Liop dif-
fer in edges and sites along a closed loop. The smallest
closed loop consists of a single plaquette in Cpoop (assum-
ing that the lattice is sufficiently large). Thus, if n and n’
have the smallest possible Hamming distance, they sat-
isfy [n’) = U, In). We conclude that, to leading order, the
only nonzero matrix elements of Hey are (n| HerU, |n) for
ne LLoop-

The structure Crop being fully symmetric implies
that, for n,m € Ly, there exists an automorphism ¢ €
Apoop such that n=¢ -m. As Ay, is Abelian, we
obtain

(n| HegUy, [n) = (¢ - m| HetUy | - m)
= (m| U}, HegU, Uy |m)

= (m| HegU, |m) . (E15)

Thus, the leading-order off-diagonal matrix elements of the
effective Hamiltonian are equal to some constant C, :=
(m| H.U, |m) that can only depend on the plaquette p.
However, for periodic boundary conditions, Hamiltonian
Hioop is invariant under translations. This implies that
C := C, for all plaquettes p. Therefore, the leading-order

part of the effective Hamiltonian has the form

Hero= ) (n|Her|m) [n) (m|

n,meLyoop

Y>> > (n[HeU, n)|n) (n| U,

neLyoop Faces p

=C Y > Imny,

neLyoop Facesp

=C > U,

Faces p

(E16)

Lastly, we comment on the properties of C. Let K denote
the Hamming distance between states U, [n) and U, n’),
i.e., the leading order. By definition (E12) we obtain C =
O(QK). The dependence of C on AE, C = O(1/AEX"Y),
is less trivial. It can be proven by induction, as, by
definition (E10), the matrix elements of S are the matrix
elements of V, rescaled by constants of O(1/AE). Count-
ing orders of S yields the exponent K — 1.

We were unable to derive the sign of C, as this would
involve explicitly calculating the effective Hamiltonian up
to order 24. However, we have two reasons to believe that
C < 0. First, this is consistent with the fact that the finite
volume ground states are in the zero flux sector. Second,
using another method to derive the effective Hamilto-
nian (that is unfortunately not valid in the thermodynamic
limit), we were able to show that C < 0 [107].

From the leading order onwards, nonzero matrix ele-
ments are possible in every even order. Thus, the next term
in Heg has a coefficient of O(QK+2/AEK+T),

APPENDIX F: UNIT BALL EMBEDDINGS

In Tables II and III we provide exact coordinates for the
unit ball embeddings of the FSU structure and its extension
by links depicted in Figs. 8(b) and 8(d) of the main text.
The units are given in blockade radii so that 5 = 1.

TABLE II. Positions of the vertices in the unit ball embedding
of the FSU structure shown in Fig. 8(b).

Vertex label Vertex position

(—0.454 55, —0.26243,0.0)
(0.45455,—0.262 43,0.0)
(0.0,0.524 86, 0.0)

(0.0, 0.0, —0.74227)

(0.0, —0.7873,0.371 13)
(0.68182,0.39365,0.371 13)
(—0.68182,0.393 65,0.371 13)
(—0.681 82, —0.393 65, —0.742 27)
(0.681 82, —0.393 65, —0.742 27)
(0.0,0.7873, —0.74227)

Tetrahedron 1
Tetrahedron 2
Tetrahedron 3
Tetrahedron 4

ENEo A=W "IN

030340-48



TOPOLOGICAL ORDER IN SYMMETRIC BLOCKADE STRUCTURES

PRX QUANTUM 6, 030340 (2025)

TABLEIII. Positions of the vertices in the unit ball embedding
of the extended FSU structure shown in Fig. 8(d).

Vertex label Vertex position
Tetrahedron 1 (—0.45455,-0.26243,0.0)
Tetrahedron 2 (0.45455,—-0.26243,0.0)
Tetrahedron 3 (0.0,0.524 86,0.0)
Tetrahedron 4 (0.0,0.0,—0.74227)

Wing 4 (0.0, —0.7873,0.371 13)
Wing B (0.681 82,0.39365,0.371 13)
Wing C (—0.68182,0.39365,0.371 13)
Wing B (—0.68182,—0.393 65,—0.74227)
Wing C (0.681 82,—0.393 65, —0.74227)
Wing 4 (0.0,0.7873, —0.742 27)
Bridge 4 (0.72727,—1.1547,0.63093)
Bridge 4 (0.72727,1.1547,—1.002 06)
A (1.45455,—1.1547,0.63093)
A (1.45455,1.1547,—1.002 06)
Bridge B (0.63636,1.207 19,0.63093)
Bridge B (—1.363 64,0.052 49, —1.002 06)
B (0.27273,1.83702,0.63093)
B (—1.72727,0.682 32, —1.002 06)
Bridge C (—1.363 64, —0.05249,0.63093)
Bridge C (0.63636,—1.207 19, —1.002 06)
C (—1.72727,—-0.68232,0.63093)
C (0.27273,—1.83702, —1.002 06)
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