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Quantum optical systems comprising quantum emitters interacting with engineered optical modes
generate non-classical states of light that can be used as resource states for quantum-enhanced
interferometry. However, outside of well-controlled systems producing either single-mode states (e.g.
Fock states or squeezed states) or highly symmetric multi-mode states (e.g. superradiant states), their
potential for quantum advantage remains uncharacterized. In this work, we develop a framework to
analyze quantum enhanced interferometry with general Markovian quantum light sources. First, by
connecting the quantum Fisher information (QFI) of the photons emitted by a source to the multi-time
correlation functions and the source dynamics, we elucidate the link between the level structure and
spectrum of the source to a potential quantum advantage in interferometry. Second, we analyze optimal
measurement protocols that can be used to achieve this quantum advantage with experimentally available
optical elements. In particular, we show that tunable optical elements with Kerr non-linearity can always
be harnessed to implement the optimal measurement for any given source. Simultaneously, we also outline
general conditions under which linear optics and photodetection is enough to implement the optimal

measurement.

DOI: 10.1103/dmhd-pyct

I. INTRODUCTION

Leveraging quantum many-body correlations is well
known to provide a quadratic advantage in sensing [1-4].
Using classical sensors with N probes, the precision for
estimating an unknown parameter is limited to the standard
quantum limit (SQL) which scales as 1/ v/N. However,
employing probes in a highly correlated state, such as a
Greenberger-Horne-Zeilinger (GHZ) state [5], allows us to
surpass this limit and achieve Heisenberg-limited (HL)
scaling of 1/N [4,6,7]. A specific and practically relevant
application of quantum-enhanced sensing is interferom-
etry, where the probes are photons emitted from a non-
classical source, and the parameter to be sensed is an
unknown phase. This phase is typically applied in one arm
of a Mach-Zehnder interferometer (MZI). The interfer-
ometer is then illuminated with the probe photons, and the
photons at the MZI output are detected to infer the
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unknown phase. Such a scheme, using “classical” photonic
states, such as coherent states, senses the unknown phase at
the standard quantum limit. In contrast, quantum photonic
states, such as NOON states [8] or twin Fock states [9], can
achieve the Heisenberg limit.

However, while several theoretical proposals exist for
generating quantum states such as NOON states or Fock
states [ 10—18], they largely require strong photon blockade
as well as a high degree of controllability in the quantum
emitters [19-25], which is hard to achieve at optical
frequencies [26,27]. This has limited the number photons
that can be prepared in such quantum states [28-31].

Rather than asking which states saturate the Heisenberg
limit and then finding ways to prepare them, a practically
oriented approach is to ask which quantum-light sources
are both simple and able to deliver a quantum advantage in
metrology (but not necessarily Heisenberg scaling).
Notably, significant experimental efforts have focused
on efficiently generating squeezed states [32-34] that go
beyond the standard quantum limit [35,36] and are
generated by strongly pumping bulk optical non-linearities
[37-40]. Another recent line of work has theoretically
analyzed the metrological potential of photonic states
generated by the collective superradiant decay in the
waveguide Dicke limit [41] and have shown that these
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Schematic depiction of the setup considered in this paper. A source emits photons into input ports of the MZI through the

jump operators L, and L. The generated photonic state passes though a MZI that includes an unknown sensing parameter, ¢ and the
output state \y/q,) then depends on ¢. This state is then subsequently measured, and the measurement outcome is classically post-

processed to output an estimate ¢ of ¢.

states achieve a Heisenberg-limited scaling with the
number of photons and are only ~18% worse than Fock
states [42].

Going beyond individual examples, it would be desir-
able to assess more generally the metrological potential of
different types of quantum-optical light sources. An
important quantity to calculate is the quantum Fisher
information (QFI) [43], which characterizes the maximum
sensitivity the interferometer can achieve [44.,45]. A key
obstacle here is that the QFI for photonic states is, in
general, challenging to compute since it usually requires
being able to calculate the full photonic state, which often
has a large number of photons in possibly multiple modes.
While this question has been studied in the context of
spectroscopy with continuous-field measurements [46—
48], computing QFI for interferometry has been largely
limited to either single-mode states [4] or certain specific
highly symmetric multi-mode states [42]. Furthermore, the
QFI only provides an upper bound on the sensitivity
achievable in the spectroscope. Whether an optically
implementable measurement protocol can be devised to
achieve this maximal sensitivity also remains an important
open question and has been answered only for very
specific set of photonic states [42,49-51].

In this paper, we develop a framework to address these
problems in a setup where a general source emits photons
into each arm of the Mach-Zehnder interferometer to sense
an unknown phase ¢ [Fig. 1]. The only assumption that we
make on the source is that its coupling with the output
photon field is well described within the Markov approxi-
mation. We explicitly connect the QFI of the emitted
photons to their two-time correlation functions, which can
be computed by only tracking the internal dynamics of the
source. Unlike previous works [42], we do not require an
explicit computation of the output many-body photonic
state, which allows us to numerically analyze a much
larger class of photon sources [52-55]. Furthermore, using
this result for the QFI, we then analyze how the source
spectrum impacts the possibility of quantum metrological
advantage and demonstrate that the photons generated by
driving a source with a single ground state will always
exhibit a SQL scaling. However, sources with multiple

ground states can generate photons with HL scaling. For
instance, we show that a simple z-level system with a
continuous-wave drive can generate photons with quantum
metrological advantage.

Finally, we explore the optimal measurement protocol
that is needed to achieve the QFI-limited sensitivity. We
show that, irrespective of the source, such a measurement
can always be implemented with a dynamically driven
non-linear resonator and photodetectors. Furthermore,
since it is experimentally much easier to implement linear
optics, we also study the optimality of measurements that
can be implemented with only dynamically controllable
linear optical elements and photodetectors and outline
conditions when such measurements can be optimal.

II. QFI FOR GENERAL LIGHT SOURCES

A. Formalism
1. Setup

The interferometric setup that we consider throughout
this paper is shown in Fig. 1—a source of photons emits
into the two input ports (labeled as port A and port B) of
the MZI, which has the unknown phase ¢ to be sensed.
After passing through the MZI, the photons are in a
¢-dependent state |y,,) which is then measured and the
measurement outcome is classically post-processed to
produce an estimate of the unknown phase ¢. We model
the input ports of the MZI as one-dimensional propagating
fields (e.g., fields in a waveguide mode or a collimated free
space beam) with annihilation operators a, and b,
corresponding to the frequency w. Within the Markov
approximation [56], the source-port Hamiltonian can be
expressed as

H(1) = Hy(t) + Hp + Visp, (la)

where Hg(#) is a possibly time-dependent Hamiltonian
acting on the source, Hp is the Hamiltonian describing
photon propagation in the ports, i.e.,
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Hp= % / " ol %, do, (1b)
xe{ab}’~®
and
Vip= > /m(xLLX+H.c.)dw, (1c)
V2

is the interaction Hamiltonian between the source and port.
Here L4, Ly are the operators, acting only on the Hilbert
space of the source, through which the source couples to
the two output ports. Equation (1) follows the Markov
approximation for the model by (i) assuming that the
frequencies in the port extend from —oo to oo, with the
addition of fictitious negative frequencies being justified
when the natural resonant frequency of the source is much
larger than other frequency scales in the problem and
(i1) assuming that the source interacts identically with each
frequency w in the output ports.

It is convenient to introduce the time-domain annihila-
tion operator for the port, x, = [ X,e " dw/~/2x, which
can be interpreted as destroying excitations at the time 7 in
the port. Working in the interaction picture with respect to
the port Hamiltonian Hp, we obtain the source-port
Hamiltonian H(7):

Hy(f) = Hs() + > (x,L} +Hc.).
x€{ab}

Assuming that the source is initially in state |¢g;) and
the ports are initially in a vacuum state, and finally
projecting the source onto the state |¢g ), the state of
the light channel after time 7 is expressed as

1
w) = N (¢s.£1UI(T.0)|ghs.i. vac), (22)

where
U,(T.,0) = Texp < / TH,(s)ds>, (2b)
0

with 7 being the time-ordering operator that orders times
in decreasing order and N chosen to ensure that |y) is
normalized. The projection onto a final state |¢g ;) maybe
performed explicitly via a projective measurement on the
source and post-selecting on the measurement outcome.
More realistically, in an experiment, we would often wait
for a sufficiently long time 7 for the source to have
decayed into its ground state which, if unique, would
disentangle from the photons and thus effectively projec-
ting the source onto its ground state. Finally, while we
consider the more general setting of the same source
emitting into both the ports, in many experimental setups

(such as twin-Fock state interferometry [9]), it is more
common to consider two independent sources emitting
separately into the two ports. In this case, Hg(t) =
H,(t) ® Iz + 1, ® Hp(t) and the operator L, will act
only on the Hilbert space of the source coupling to port A
and the operator L will act only on the Hilbert space of
the source coupling to port B. Consequently, the state of
photons |y) will be a separable state in between the two
ports i.e. [y) = |wy) ® |wp).

The ports then pass through an MZI which implements a
unitary transformation dependent on the phase ¢ that is to
be sensed and can be expressed as

a cose sing |[a
b’] Uniza(p) = { . } M (3)
' —sing cosg@ 1

Consequently, the final photonic state at the output of
the MZI is given by

UL[ZI((ﬂ) {

|l/’q;> = Unmz(@)|w). 4)

which depends on the phase ¢. In the next subsection, we
start from this expression for the state [y,,) and compute its
QFT with respect to ¢. Moreover, in Sec. B we extend the
results of this subsection to general linear optical systems,
but here we restrict attention to the balanced MZI case.

2. Computing QFI efficiently

The QFI of the g-dependent state |y,,) evaluated at ¢ =
@o is formally given by [57]

2

0

P=Po

0
QFI=4<H0¢|V/¢>

As is typical while studying quantum enhanced inter-
ferometry, we will consider the QFI at ¢ = 0 since the
measurement of a non-zero ¢ can always be done in two
steps—first making an approximate estimate of ¢ and then
biasing the MZI around ¢ = 0 using the estimated phase
[58-60].

One approach to developing an explicit expression for
QFI, which has been adopted in Ref. [42], is to first
calculate the wave functions

n m
l//(/)(tlv Iy 1,581,8 " Sm) = <VaC| Hat,v H bs,-ll//(p)’
i=1 i=1

associated with |y,), which can be obtained entirely
in terms of the source’s effective Hamiltonian
Heir(1) = Hg(t) =i e (an) LIL,/2, using input-output
formalism [25,61], and then evaluate QFI. The complexity
of evaluating v, (¢,, 2, - - 1,; 1,55 - - 5,,) FOWSs exponen-
tially with n, m in the absence of any special symmetries in
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the source, making it hard to employ this approach beyond
very special cases [42].

We take an alternative route and first express QFI in
terms of the correlation functions of [y,,). We begin by
noting that the MZI unitary in Eq. (4) can be considered as
being generated by the time-dependent Hamiltonian [62]:

HMZI(t,(p)—2tan<§)h(t) with A(r) = i(alb, — a,b}).

(0)
Since |y,) = ’Z_Lexp(—ifoTHMZI(s,(p)ds)|y/), we can

now use Duhamel’s formula [63] to evaluate d|y,,)/dp
at ¢ =0:

0 ) T
£|y/¢)|¢:0 = —iH,|ly) where H, :A h(s)ds. (7)

It then follows from Eq. (5) that QFI = 4((H32) —
(H,)?) or equivalently:
N N @
QFI=38 Re(C (1,5) = Cp huaa(tss))dtds
o Jo

14 / Q0 +Céi,l<r>>dr ®)
0

+16 /0 Im(C) (1)) di|

’

where C R (I RRE
iyl

n-point correlation function given by

- ({14 1)

Equation (8) expresses the QFI of the emitted photonic
state in terms of its correlation functions—as we detail in
Appendix A1, this also yields a method to extract the QFI
from two-photon correlation functions without necessarily
having to perform the full sensing measurement to mea-
sure the unknown phase.

From the perspective of numerical calculations of QFT it
is convenient to express it in terms of the internal dynamics
of the source [64], which in turn is captured by the
Lindbladian Lg(¢):

t,), for x',y'e{a,b} is an

Lg(t) = —i[Hg(1), ] +

> Dy )

X€{A.B}
where D; (X) = LXL" — {LL,X}/2, and the associated
channel E(t,s) = Texp([! Ls(r)dr). In Appendix A2,

we show that this can be accomplished by using the input-
output formalism [65] and the quantum regression theorem

[66,67]. In particular, we show that the correlator
Ci") Syl ,(t1 -+ t,) can be expressed as

(n)

Cx' '_xn.)| ,n(tl tn)

¢Sf|[HgS i-151i

)M E5(t2: 0) (ps.1) .-

(10)
where we have assumed T =1, >t >, >--->1t, >0,
psi = |bsi){psil and M;(-) = LY"<')L;" Furthermore,

the normalization constant A can also be expressed
as N = (<¢S.f|‘€S(T’ O)(ﬂs,i)|¢s.f>)1/2

We emphasize that, for a source with D levels, the
computation of the QFI from Egs. (8) and (10) requires
time that scales as D>T?, whereas computing the QFI via
first computing the output photon wave-packet would
typically require time that scales exponentially with 7.
An alternative route also to performing the QFI compu-
tation efficiently for this problem would be to formulate an
effective two-sided master equation by following the
formalism in Refs. [46-48,68]. These works have focused
on analyzing the sensitivity of continuous measurement for
the spectroscopy problem, i.e., where the parameter to be
sensed is encoded in the Hamiltonian of the source (e.g.,
resonant frequency of the emitting atoms). In Sec. C, we
make this connection explicit by showing that the param-
eter ¢, although corresponding to a linear-optical element
applied outside the source, can be equivalently viewed as a
parameter governing the jump operators with no linear-
optical element, thereby allowing us to apply the frame-
work of Refs. [46—48].

3. Accounting for losses and decoherence

Thus far, we have only considered sources which are
coupling only to the ports of the MZI and do not lose
photons into any additional channels. In many experimen-
tal settings, this may not exactly be the case—the source
might emit into multiple output channels which may
correspond to different propagation directions, or even
channels corresponding to decohering processes (such as
non-radiative photon absorption from the source, or
dephasing). When the source couples to additional loss

channels, its dynamics is described instead by the
Lindbladian
Ls) = =ilHs(). 1+ D i+ D, (D

Xe{A.B}

where the jump operators K, K, - - - model photon emis-
sion into additional channels. When the photons emitted
into these channels are not discarded (for e.g., if the
different channels correspond to photon emission in
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different propagation directions and these photons are
optically collected), then the expression for the QFI in
Egs. (8) and (10) continue to hold. However, when the
photons in the additional channels are discarded, the result
given in Egs. (8) and (10) no longer accurately captures the
QFI of the MZI output, since it is derived under the
assumption that the photons emitted are in a pure-state. In
the presence of the loss channels, however, the photons in
the output ports would be in a mixed state for which
computing the QFI is a significantly harder task. However,
Egs. (8) and (10) still provide the QFI for a purification of
the mixed state of the photons in the output ports, and
consequently still sets an upper bound on the QFI of the
photons in the output ports [43].

This upper bound can be supplemented with a lower
bound by computing the sensitivity of different measure-
ments on the MZI output. In particular, for a Hermitian
measurement operator O, the sensitivity for the estimation
of ¢ from the photonic state is defined by

9,(0)*

oy~ op "

where the expectation is taken with respect to the photonic
state at the output of the MZI. When the measurement is
optimal, the sensitivity is exactly equal to the QFI. For
suboptimal measurements, the sensitivity furnishes a lower
bound on the QFI. Similar to the computation of the QFI in
Egs. (8) and (10), we show in Sec. A 3 that for selected
measurement operators O (such as the photon number
operator or photon-number parity operator), the sensitivity
in Eq. (12) can be computed efficiently by tracking the
evolution of the source.

III. EXAMPLES

As examples of applying the formalism introduced in
the previous section, we consider some paradigmatic
systems used as quantum light sources and study the
QFT of the emitted photons. In all of our examples, we will
consider the setting of two identical and independent
sources emitting into the two input ports of the MZIL
More specifically, the system Hamiltonian will be assumed
to be of the form H(r) = H(t) ® I +1 @ H(t), the jump
operators are of theform Ly, = L ® I, Ly = I ® L and the
initial and final source states are of the form

#s.0) = i) @ i) s p) = o) ® |by).

A. Driven cavity, 2-level and z-level source

Cavity source We first consider a driven single-mode
cavity with annihilation operator c, initialized in the
vacuum state. The source Hamiltonian is given by
H = Q(c + c"), where Q is the drive amplitude, and the
coupling to the output port is described by the jump
operator L = y/kc with « being the cavity decay-rate

[Fig. 2(a)]. Because the dynamics is linear and the input
field is vacuum, the output field of each source is a
coherent state for all times. Consequently, the emitted-
photon QFI scales linearly with the emission time T
(equivalently, linearly with the mean photon number).
In particular, for a coherent output one obtains the simple
form QFI = 8N(T) where N(T) is the mean number of
photons emitted by the source into its output port over time
T (an explicit expression is given in Appendix E).
Figure 2(b) shows the linear scaling of the QFI with 7.
Moreover, since the output is coherent, photon-number
measurement is optimal: the sensitivity of photon-number
measurement matches the QFI, as shown in Fig. 2(c).

Two-level source Next, we consider a continuously
driven two-level system [Fig. 2(d)]. The source
Hamiltonian is given by H = Qo + H.c., where ¢ =
lg)(e| and Q is the drive amplitude, and the coupling to
the output port is described by the jump operator L = /y o
where y is the emitter decay-rate. We take the initial and
final states of the two-level emitter to be the ground state
ie., |¢;) = |¢;) = |g). Figure 2(e) shows the QFI numeri-
cally for several values of : we observe that in the long-
time regime y7 > 1, the QFI scales linearly with time.
This can be seen to be a consequence of the emitter
emitting photons that become uncorrelated if the emission
times are temporally separated by more than 1/y. The
absence of long-time correlations thus results in the QFI
being proportional to the number of emitted photons,
which itself grows linearly with 7. Furthermore, in the
short-time regime, we see oscillations in the QFI when
Q > y reflecting the underlying Rabi oscillations of the
driven system.

Since the photons emitted by this system have only
short-time correlations, we can expect that a photon-
number measurement to be a good measurement. In
Fig. 2(f), we plot the sensitivity of ny, = [] aja,dt
computed using Eq. (12): we see that its long-time scaling
is linear in 7, thereby matching the scaling of the QFI
with 7.

n-level source We next consider a driven z-level system
with two excited states |e;),|e,) and two ground states
lg1), |g2), with both the transitions (|e;) — |g;) and
les) = |g»)) emitting collectively through the jump oper-
ator L = \/y(|g1)(e1| + |92) (e2|) [Fig. 2(g)]. We drive the
two transitions coherently but with different phases—this
is modelled by a Hamiltonian

H = Q(O’] + HC) + Qo(O'zeie + H-C-)s (13)

where o; = |g;)(e;| and 0 is the phase-difference between
the drives on the two transitions. We take the initial and
final states for the source to be |[¢;) = [¢s) =

(lg1) + |92))/V/2. Figure 2(h) shows numerically calcu-
lated QFT as a function of T—we see that for 8 # 0 the QFI
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FIG. 2.

(a) Schematic of the driven cavity set up, where the system is driven by a laser with amplitude Q2 and emits photons into the

port at a decay rate k. (b) Scaling of the QFI with time for different values of x/Q. (¢) QFI, and the sensitivity of the photon number
measurement for k = 2 Q. The QFI, and measurement sensitivity both scale linearly with 7 in the large time limit. (d) Schematic of the
2-level system setup, where the system is driven by a laser and emits photons into the port at a decay rate y. (e) Scaling of the QFI with
time for the 2-level system. The QFI scales linearly with time for different values of Q. (f) Simulation of the QFI, and photon number
sensitivity with time for the 2-level system with © = 0.2y. (g) Schematic of the z-level system setup, where the system is driven by two
lasers with amplitude € and phase difference 6, emitting photons into the port at a decay rate y. (h) Scaling of the QFI with time for the
n-level system with Q = 0.2y. The QFI scales quadratically with time for non-zero 8, while for § = 0 it scales linearly. (i) Simulation of
the QFI, photon number sensitivity and the sensitivity of the parity-like measurement with time for the z-level system with 6 = z/2.

exhibits Heisenberg-like scaling ~72, while for 6 = 0 it
scales only linearly with 7. The QFI, when yT is large, can
also be analytically calculated (see Appendix E), to obtain

12874Qd

202
7+ 8 T>sin“0 + O(T), (14)

QFI =

which agrees with Fig. 2(h). This can physically be under-
stood as follows: for the z-level source, if initialized in and
projected on the state (|g;) + |g2))/v/2, the emitted pho-
tonic state |y) is a macroscopic superposition (i.e., “cat”
like state) of two photonic states: |¢) and |¢y), which are the
photonic states that would have been emitted by a two-level
system with drive ©, and Qe respectively. For 6 # 0,

113

|p), |do) become asymptotically orthogonal to each other as
T — o0, and their macroscopic superposition inherits long-
time correlations that make them useful for quantum-
enhanced interferometry. When 6 =0, the two states
|), |¢pg) become identical and thus the emitted photonic
state is the same as the state emitted by a driven two-level
system which has a QFI scaling only linearly with 7.
Next, we analyze concrete measurements in Fig. 2(i).
We focus on the case of 8 = z/2 which as per Eq. (14)
yields the highest QFI for large y7. We note that if
lp) =D %), where |@,) is the n-photon component
of |¢), then |pg) = > 2 e™|¢p,): thus, when 6 = /2,
the state |¢) + |¢pg) has no component on the n =
2,6,10,14 --- photon subspaces. This motivates us to
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consider the generalized parity-operator I1, given by

I, = f(ny,), where f(n)
(=1 if 3k: =4k +2,
_{ 1 otherwise. 3

This operator can also be written as linear combination
of exponentials of n,:

Iy = % (1 + ef3h — imMn 4 ei%”nph) (o

By construction, when the MZI phase ¢ = 0, measuring
this operator would yield + 1 with probability 1, whereas a
non-zero phase ¢ in the MZI would result in an outcome of
—1 with some probability dependent on ¢. Figure 2(i)
shows that the sensitivity associated with I1,: we observe
that, like the QFI, this sensitivity also grows quadratically
with 7 thus showing that Il; is a good-measurement.
Figure 2(i) also shows the sensitivity of photon-number
observable ny, which only scales linearly with 7' despite
the QFI showing a quadratic scaling.

While the z-level source is a good toy example to show
how a quadratically growing QFI can arise, it also

(a) B=0 B#0
|€1> = |6)T>
ey == AI
|€2> = |67\L>
wo
_____________ |g1> |97T>
....... A
gy ==l L I |92> = \g,@
(b)

=

o
4
L

=

o
IS
L

=

o
N
L

Quantum Fisher Info. (QFI)
= =
2 2

101 102 103
Time~T

FIG. 3. (a) Spin-based implementation of the z-level system: a
two-level optical transition with spin sublevels yields two spin-
conserving transitions |e;) — |g;) and |e;) — |g»). A magnetic
field induces Zeeman splittings, producing distinct detunings A,
and A, for the two levels. (b) QFI of the emitted photons versus
time for several detuning differences A, — A/, with A, =y
and Q =y/2.

motivates a concrete experimental implementation. In
particular, a two-level emitter with an additional spin degree
of freedom (e.g., two-level transitions in a quantum dot [69]
or in color centers [70,71]) naturally realizes the z-level
structure [Fig. 3(a)]. The Hilbert space of this system is
spanned by two excited states |e;) = |e, 1), |es) = e, )
and two ground states |g;) = |g,1).]92) =g, ). Since
photon-emission cannot change the spin-degree of freedom,
the jump operator modeling photon-emission is given
by L =,/76 ® I = /7(6, +06,) where ¢ = |g)(e|.0; =
|9:){eil.

To achieve the quadratic scaling of the QFI with 7', the
two transitions (le, 1) = |g, 1) and |e, ) = |g, |)) need
to be driven asymmetrically. Imparting a different phase on
the drives applied on the two transitions is not directly
possible since a laser field cannot couple to the spin-degree
of freedom. An alternative way to create this asymmetry is
to apply a magnetic field that produces different Zeeman
splittings on the spin manifold in the excited and ground
states [Fig. 3(a)], thus making the transition frequency of

le,1) = |g, 1) different from |e,|) — |g, ). This is
modeled by the Hamiltonian
H=wyle){e|] ® I+ Q(c ® [ + H.c.)
A,
+ oy > la)al @ (IN{H =)D an

a€{eg}

where A,, A, are the Zeeman-splittings corresponding to
the excited and ground state. In Fig. 3(b), we simulate the
QFI as a function of time for different values of A,/A,. As
expected, when A, = A, the two transitions are identical
and the QFI scales linearly with 7. However, for A, # A/
the QFI exhibits quadratic scaling in the long-time limit.

B. Dissipative Tavis-Cummings and Dicke model

Next, we consider a multi-emitter cavity-QED system as
a photon source: we consider N two-level emitters cou-
pling collectively to a cavity mode which in turn emits
photons into the output port [Fig. 4(a)]. This model
describes a number of recently developed solid-state
quantum optical systems [72-75] that can potentially be
used as quantum light sources. Assuming the emitters to be
identical, the Hamiltonian of the source is given by the
Tavis-Cumming model [72,76]

N
H:gZ(cTGiJrG?C), (18)

i=1

where ¢ is the cavity-emitter coupling strength and the
jump operator coupling to the output port is given by /kc
where « is the cavity decay rate. We will analyze the setting
where all the emitters are excited at ¢ = 0 to the state |e)®V
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FIG.4. (a) Tavis-Cumming model setup. All atoms are initially

excited and interact with a cavity mode with an interaction
strength g. The annihilation operator of the cavity mode is
denoted as c. Photons are emitted from the cavity into the port at
a decay rate k. (b) Scaling of the QFI with the number of emitters
for the Dicke and Tavis-Cumming setup. The Dicke limit is
defined by taking k — co with ¢?>/x = y. (¢) Occupations of the
first six orthogonal temporal modes of the output photonic state
for 10 number of emitters. The Dicke emission is strongly
dominated by a single mode, indicating a state close to a single-
mode Fock state. In the Tavis-Cummings case, the output
becomes more multi-mode as /g is reduced.

and subsequently decay and emit N photons into the output
port and decay to the ground state |g)®".

In Fig. 4(b), we plot the QFI as a function of the number
of emitters, N (which is also equal to the number of
emitted photons). We find that the QFI scales quadratically
with N. In the bad cavity regime (i.e., kK = o0), which is
described by the Dicke model, this quadratic scaling
agrees with the QFI calculation performed in Ref. [42].

While the QFI seems to have a quadratic scaling for all
values of g/k, we see that, surprisingly, the QFI becomes
worse as the coupling between the emitters and the cavity
is increased, i.e., weak coupling regime is more favorable.
To explain this behavior, we follow Ref. [77] and analyze
the temporal-mode distribution of the emitted photons: we
obtain the temporal eigenmodes of the emitted photons by
first computing the first-order correlator G()(¢,7) =
k(c’(t)c(?)) and then computing its eigendecomposition:
the eigenvalues of G(!)(z, /') measure the relative occupa-
tion of different eigenmodes. Figure 4(c) shows these
eigenvalues for different g/x. In the bad-cavity/Dicke-
limit, we see that one temporal mode is dominantly
occupied over other modes thus making the photonic state
closer to a single-mode Fock state which is known to be
optimal for quantum-enhanced interferometry [9,77]. As
g/x is increased, the emitted photons are more spread out
into several temporal modes. This multi-mode nature of
the emitted photons can be attributed to the polaritonic
splittings that develop when the emitters and the cavity
mode are strongly coupled and results in a lower QFL

C. Lossy driven 2-level and z-level source

Finally, we revisit the examples studied in Sec. III A
when unwanted loss channels are taken into account. As
described in Sec. IT A 3, the output photonic state is mixed
and the computation of QFI is harder. However, it still
remains possible to compute upper and lower bounds on
the QFL. In particular, the QFI expressions developed in
Sec. IT A 2 provide us with an upper bound on the actual
QFI while a lower bound can be derived by computing the
sensitivity of specific measurement operators. We numeri-
cally evaluate both bounds in both the examples of driven
2-level and z-level systems.

Two-level system. We consider the same driven two-
level setup studied previously, now with an additional loss
channel K = V7o0. For the lower bound, we use the
photon-number observable n,, at the output of the MZI
and evaluate its sensitivity using Eq. (12). As shown in
Fig. 5(a), in the presence of loss both the upper and lower
bounds scale linearly with the total evolution time 7. We
therefore conclude that the QFI of the noisy case scales
linear in 7.

n-level system. Next, we return to the z-level system
with 6 = /2 and consider two loss models:

(D K €{\/7n191)(9], V7n 92) {51
(M Ke{\/1h01.,/7n02}.

Physically, model (I) corresponds to unwanted incoher-
ent coupling between the two ground states at rate y, and
model (IT) corresponds to emitted photons being lost at rate
7o into unwanted loss channels. For each model, we
compute two measurement-based lower bounds: we

1
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FIG.5. (a) The range for the noisy 2-level system QFI with K = , /y, o with time. The QFI of the mixed photonic state lies within the
shaded gray region. The upper bound is obtained by evaluating the QFI assuming access to the loss channel, while the lower bound is
given by the sensitivity of photon-number measurement. (b),(c) The range for the QFI of the lossy z-level system with time assuming
0 = /2, and noise models I) K, € {\/74 |91)(92|- /7u |92) {91 ¥n 01, +/Yn02}. The lower bound is given by the
maximum sensitivity of photon-number measurement (7,,), and parity-like measurement (I1,). For all three plots we have Q = 0.2y,

and y, = 0.1y.

evaluate the sensitivities for the photon-number observable
npy as well as the parity observable I1, and compare them
with the upper bound for the QFL. The resulting bounds for
models (I) and (II) are shown in Figs. 5(b) and 5(c). In each
panel, the gray band indicates the admissible region for the
true QFI of the mixed output state, bounded below by the
best measurement sensitivity and above by the QFI for the
purification of the mixed state. Interestingly, for loss
model (I) the upper bound itself scales only linearly with
T, indicating that the quadratic advantage is lost at the level
of the best possible strategy. In contrast, for loss model (IT)
the upper bound retains a quadratic scaling with 7', leaving
open the possibility of a quantum-enhanced scaling.
Moreover, for noise model (II), the two measurement
sensitivities are complementary: depending on time, either
nyy or I, can provide the tighter lower bound.

We emphasize that the loss channels considered here act
only on the internal Hilbert space of the light source. We
assume that the loss corresponding to the emitted photons
passing through the MZI is negligible. If photon loss is
present in the ports, with jump operators proportional to a,
and b,, the asymptotic scaling of the QFI with time 7 can
be restricted by general results in noisy quantum metrol-
ogy [78-80]. In particular, the Hamiltonian in Eq. (6)
resides in the Lindblad span generated by a, and b,. Thus,
in the presence of photon loss in the ports, the QFI is
restricted to grow at most linearly with time in the
asymptotic limit [80,81]. Therefore, the quadratic scalings
with T discussed in this work should not be interpreted as
being robust to arbitrary noise models. This behavior is
observed in noise model (I) for the z-level system: in the
absence of noise, the QFI scales quadratically with time,
whereas the addition of noise reduces the asymptotic

scaling to linear in 7', showing that the quadratic enhance-
ment is not robust to this particular noise.

IV. SOURCE SPECTRUM AND QUANTUM
ADVANTAGE

In this section, we show that the result of the previous
section can also be used to understand the constraints put
by the level structure and the spectrum of the source on the
possible quantum advantage. Throughout this section, we
will again restrict ourselves to the case where both the
arms of the MZI have independent and identical sources

ie, Ho(t) =H() @ [+ 1 ® H(t), Ly=L®]I, Ly=
I®L and |pg;) = |¢;) ® |di), |psy) = |¢f> ® [y)-
We will denote by &(r,s) = Texp([! L(r)dr), where

L(7) = —i[H(z),"] + Dy, to be the channel describing
the dynamics of the individual sources, and by
pilt) = E(1,0)(1) i]). Py(1) = E(T. 1)(|h;) (). The
expression for the QFI in Eqgs. (8) and (10) can then be
reduced to

QFI = 8(Q® + Nyy), (19a)

where Ny, is the number of photons emitted by the source
in time T i.e.,

1 T
Nph = /\7[; n(t)dt (19b)
with n(t) = Tr(Ps(t)Lp;(1)L7) and N = (¢ |pi(T)|¢y)-
Furthermore, Q) is the contribution to the QFI from the
two-point correlation functions:
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Q) :z/T/'(|c<g>(z, $)2 = [CW(1,5)P)drds, (19)
0 0

with

C(t,5) = (wlafaly) = LzTr(L”’f(t)ff’(h s)(Lpi(s)).

€Y (1,5) = (ylasalu) = 5 Te(PLOLE 5) L),
(19d)

where |y) is the state of the photons emitted into any one
of the ports. C\9(z,s) and CW(t,s) are the two-point
correlation functions contributing to the QFI.

We will assume each source to have D levels and driven
for time T during which it emits photons into the output
port. While analyzing the scaling of QFI as a function of 7',
we will also make the assumption that the normalization
constant A/, which in general will depend on the total time
T, is asymptotically lower bounded by a T-independent
constant po > 0,i.e., N2 > py, > 0as T — co. Physically,
this corresponds to the assumption that the projection of
the source onto the final state [¢;) at time 7 succeeds with
a probability at least p, which does not vanish as 7 — oo.
We remark that even when the source has only a few levels
(i.e., D is small), it can still be used to emit a large number
of photons in a possibly entangled state. In particular, from
Eq. (19b), it follows that

(20)

= ’

v TILIP
ph
Do

i.e., the number of emitted photons can grow at most
linearly with the emission time 7. For time-independent
sources, Ny in-fact grows linearly with 7" at long times
i.e., Npy = rpnT + O(1) for some constant ry, > 0 (details
in Appendix D) which can be interpreted as the asymptotic
photon emission rate. It is possible that r,, = 0 but in this
case the source would only emit at most a constant number
of photons and if ry, # 0 the number of photons will be
linear in 7. Therefore, a time-independent source cannot
exhibit sublinear photon scaling of the from 7% with
0 <v < 1. While, driving schemes in which the emitted
photon number grows sublinearly with 7 are in principle
possible for time-dependent sources, throughout this work
we assume that the source continuously emits photons with
a non-zero emission rate and thus the number of emitted
photons grows linearly with 7. It can then be asked what
kind of a source is required to emit photons in a state which
has a QFI that scales as ~(Number of photons)? ~ 72, and
under what conditions would the QFI scale only as ~T,

thus forbidding a scaling quantum advantage with 7.
With this assumption, we note that a possible quadratic
scaling in QFI can only be due to a quadratic scaling in

Q® since from Egs. (19a) and (20)

2
QFI < S(Q(2> +—T”L” ) (1)
Po

Therefore, to assess quantum advantage, we aim to
understand how Q) scales with 7 in the large T limit.

A. Time-independent sources

For a time-independent source (i.e., £(7) = L indepen-
dent of ), whether Q) scales as 72 or only as T can be
related to the spectrum of the source Lindbladian L.
Consider first the case where £ has a unique fixed point
7 (i.e., L(7) = 0) and its decay rates have a gap y, (i.e., all
other eigen-values of £ have a negative real part < —y,
[Fig. 6(a)]). In this case, using the Jordan decomposition of
L, we can decompose £(, s) as

E(t,s) =Tr()r+ At —s), (22a)

with
1A(D)[lo < Do(z)e ™", (22b)
where || - ||, is the superoperator diamond norm [82].

Moreover, y, > 0 is a constant that depends on the
spectrum of £ and Dy(z) < O(z™) for some m, as
7 — o0. Returning to Eq. (19), Eq. (22) implies that the
correlation functions CY(t,s), C¥)(t,s) approximately
factorize into products of a function of ¢ and another
function of s when |z — s| is large:

(a) lrjl(ﬂ) (b) Im(4)
ood Re(4) ooe Re(4)
o020 °00°
° v °

Unique fixed point:
No QA

Multiple fixed points
Possible QA

FIG. 6. Schematic depiction of eigenvalues A of a time-
independent Lindbladian £ for the two cases considered in
our analysis. (a) If £ has a unique fixed point 7 and all other
eigenvalues have a strictly negative real part, QFI scales at most
linearly with time 7, preventing any quantum advantage. (b) If
the Lindbladian has multiple fixed points, then a quadratic
quantum advantage may be possible with respect to the emission
time 7.
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2
€9 (1, 5) — a* (08(s)] < VI Dy (11 — sfyerals,
. 0 (23)
|C(X)(t, s)—a(n)p(s)| < HPfHDO(V — Sl)e_}’o\t—S\’
0

where a(t) = Tr(P(t)L7) and f(s) = Tr(Lp;(s)). This
factorization of the two-point correlation function suggests
that the photon emission at a time t becomes uncorrelated
with a previous photon emission at a time s < ¢. Using
Eq. (23) together with |CWW(z, 5)|,|CW(t,s)| < ||L||* and

la(2)|, |B(2)] < ||L||, we obtain that
) AL [T o
Q¥ <—— (2Dy(7) + D3(7))edr.  (24)
Po 0

Since Dy(7) scales polynomially with z, for yo 7 > 1, it
follows that Q(®) and thus the QFI scales only linearly with
T: forbidding a quadratic quantum advantage. This can be
seen as a consequence of such sources only emitting
photons with short-time temporal correlations [as shown in
Eq. (23)] with correlation times 1/y,, while obtaining a
quadratic quantum advantage in an interferometry task
requires some long-time correlations. On the other hand,
when the source Lindbladian does not have a unique fixed
point [Fig. 6(b)], then there is the possibility of quantum
advantage since such sources are not forbidden from
having long-time correlations. Finally, while we have
confined our discussion in this section to the case of
independent and identical sources, the conclusions con-
tinue to be valid even when the source emits photons
entangled between the two ports. In particular in
Appendix F1, we show that, for a joint-source emitting
photons into the two output ports, if the source Lindbladian
has a unique steady-state then the QFI of the emitted
photonic state can at most scale linearly with 7.

We remark that the discussion above is consistent with
the numerical examples presented in the previous section.
For instance, the Lindbladian describing the driven two-
level system has a unique fixed point and thus shows linear
scaling of QFI with T (Fig. 2). On the other hand, the
Lindbladian describing the driven z-level system has
multiple fixed points, which is consistent with the
quadratic scaling of its QFI with 7. It might, however,
superficially appear that this section contradicts the
Heisenberg-limited scalings obtained for the dissipative
Tavis-Cumming model in Sec. I1I B: The dissipative Tavis-
Cumming model has a unique steady-state (i.e., all
emitters in the ground state and the cavity in vacuum)
but Sec. III B predicted Heisenberg scaling for the QFI of
the emitted photons. However, there is in-fact no contra-
diction because the analysis of this section applies to
sources where the number of levels are not scaled, and the
number of emitted photons is increased by increasing 7.

On the other hand, in the dissipative Tavis-Cumming
model, the number of emitted photons increases with
the number of emitters, which corresponds to increasing
the number of levels in the source.

B. Time-dependent sources

We next consider sources where the source Hamiltonian
itself is dependent on time ¢. In many experimental setups,
while it is often possible to have a completely controllable
source Hamiltonian (i.e., the source Hamiltonian can be
designed as a function of time to apply any desired unitary
on the source Hilbert space), it is typically hard to
modulate this interaction between the source and the
output port (i.e., the jump operator L). Consequently,
we will assume that the jump operator L is time-indepen-
dent. While it might be physically expected that the ability
to apply arbitrary unitaries on the source provides a huge
flexibility in designing the output wave-packet, we provide
evidence below that the form of the jump operator L places
severe restrictions on the achievable scalings of QFI
with 7.

Similar to the time-independent sources with a unique
fixed point and a decay rate gap, time-dependent sources
with asymptotically strictly contractive dynamics will have
QFI ~T. More specifically, a time-dependent source will
be asymptotically strictly contractive if for all states p{, p,
with X = p; —p,,

1€ $)O ) < Coe ™I X ¥ [t —s] 279 (25)

for some Cy), y¢, 79 > 0. Physically, these conditions imply
that the dynamics of the source at long-times becomes
independent of the initial state of the source. Given that the
source dynamics satisfies Eq. (25), we show in
Appendix F1 that, similar to the case of time-independent
sources with a unique fixed point (Eq. 23),
CY(t,s),CY(t,s) also factorize when 7> s and con-
sequently the QFI ~T7'. While it is generally a difficult task
to show strict contractivity of a Lindbladian with a time-
dependent Hamiltonian and a set of time-independent
jump operators, it is generally expected to hold for sources
with a single ground state and no possible dark states. In
Appendix F1, we rigorously show that this condition holds
for a two-level source decaying into the output port with
L = /7lg)(e|, as well as a multi-level source where the
jump operators have a full Kraus rank, i.e., they form a
complete basis for the space of source operators.

We next consider sources where the dynamics is not
strictly contractive, and thus a quantum advantage is not
forbidden. The simplest and experimentally available
sources with nonstrictly contractive dynamics are those
that emit via a transition from an excited state |e) to a
ground state |g) and additionally have some number of
dark states {|m), |m,) - --|my)}. The jump operator cor-
responding to the source is L = |g)(e|, which leaves the

033069-11



ERFAN ABBASGHOLINEJAD et al.

PRX QUANTUM 7, 033069 (2026)

dark states unchanged, but the Hamiltonian H(7) can in
general couple the dark states with the excited and ground
state. Examples of such sources include A and V-level
systems with both the transitions coupling to the same
output port, as well as multi-emitter systems described by
the Dicke model [41]. Several protocols have been devised
that leverage the dark states in such sources to create long-
time correlated photonic states (such as the photonic GHZ
state) [83—-86]. As a simple example, consider a source
with an excited state |e), ground state |g) and a dark state
|m): By initializing the source in (|g) + |m))/+/2 and then
driving the |e) —|g) transition with H(z) = Q(|e){g| +
H.c.) and finally projecting the source on (|g) + |m))/v/2,
we can generate a photonic state

ly) o [yrs) + |vac), (26)

where |yrg) is the state of photons emitted by a driven
two-level state. Since |y) is a coherent superposition
between |vac) and a state |pprg) with O(T) photons
emitted in the time interval [0,7], it is a state with
long-time correlations.

Despite the possibility of generating long-time correla-
tions, we find that the QFI of the photons emitted from
such sources ~7. In Fig. 7, we numerically investigate the
photonic state emitted by a two-level system, a two-level
system with upto two dark states and a z-level system
[Fig. 7(a)]. We use a gradient-based optimization algo-
rithm to numerically maximize Q(® of the emitted photons
with respect to the time-dependent source Hamiltonian
H(1). To compute the gradient of Q) with respect to H(t)
for large T', we develop an adjoint variable method [87-89]
that significantly speeds up the gradient computation

(Appendix F2). As shown in Fig. 7(b), we find that the
optimized Q® ~ T for the two-level system, which is
expected since the source dynamics of the two-level
systems are provably strictly contractive. Furthermore,
we also find that for a two-level system with additional
dark states, while having a Q> higher than that of a two-
level system without dark states, still exhibits Q> ~ 7. On
the other hand, for a z-level system, the optimized Q®?)
scales as 72. We remark that the optimized Q(®) shown in
Fig. 7(b) are the largest Q) obtained from individual
optimization trials with randomly chosen guess for the
initial H(r)—Fig. 7(c) shows the distribution of the
optimized Q® obtained from these different trials.

The scaling of Q® ~ T for the two-level system with
dark states, despite their potential for generating long-
time correlated states, can be physically attributed to the
correlation functions CW(z,s) and CW(t,s) that
determine the QFI [Eq. (19)] remaining short-range
correlated. Specifically, for states of the form as
in Eq. (26), C9(t,s) « (yrislajaslymis). CW (1. 5)
(wrisla,aslwris), i.e., the correlation functions
CY(t,s) and CY(z,s) inherit the correlations of the
state |y s) which, being a photonic state emitted by a
simple two-level system, only has short time correlations
thus yielding a QFI « 7. Even with more complicated
protocols, we expect that the emitted photonic state that
can possibly be generated is of the form of Eq. (26), since
such a source can only create correlations by either
emitting a photon (when it is in |e)) or not emitting a
photon (when it is in a dark state). In order to generate a
long-time correlated state with QFI ~T?%, we need a
source that can generate photons via two distinct and

a c
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FIG.7. (a) Schematic illustration of different level structures analyzed for possible quantum advantage. (A) a two-level system, (B) a
two-level system with a single dark state, (C) a two-level system with two dark states, and (D) a z-level system. (b) Numerically
optimized Q®), with the optimization variable being the time-dependent source Hamiltonian H(z), as a function of emission time T for
different sources. When the source has only one emission pathway (|e) — |g)), with or without dark states, Q) scales linearly with T
thus providing no quantum advantage. Since a z-level source has two emission pathways |e;) = |g;), |e2) = |g2), Q?) scales
quadratically with T thus providing a quadratic quantum advantage at large T (c) Distribution of the optimized Q® over 100 trials with
random initial conditions for H(z). The data plotted in (b) are the maximum Q(?) obtained over the 100 optimization trials to ensure that
it is a good estimate of the “global optimum” of the optimization problem.
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distinguishable emission paths. Here, distinguishable is
meant in the conditional sense that the emitted field is
entangled with the source, so that an appropriate meas-
urement on the emitter can identify the emission path
based on the measurement outcome, even though the
photons are indistinguishable in the output mode. For
instance, as discussed previously, using a z-level system
where photons can be generated via either the transition
ler) = |g1) or |es) = |g»), we can obtain a state |y) that is
the coherent superposition of two macroscopic photonic
states for which even C(z,s) and C%(t,s) are long-
time correlated thus yielding a QFI ~T?2. Indeed, this is
what we observe in Fig. 7(b), where a time-dependent
n-level source with the source Hamiltonian H(#) opti-
mized to maximize the QFI, exhibits a quadratic improve-
ment over the QFI obtained from source with one
emitting transition and a dark state subspace.

V. OPTIMAL MEASUREMENTS

In the previous section, we characterized the QFI that
can be achieved with a Markovian light source. However,
even when the QFI has Heisenberg-limited scaling, to
achieve the corresponding phase-sensitivity in an actual
spectroscopic setup, it is necessary to carefully design the
measurement that extracts the unknown phase ¢ from the
state at the output of the MZI. More formally, the
measurement is captured by a positive-operator valued
measurement £, corresponding to the outcome a. When
the measurement is applied on the state [y,,) at the output
of the MZI, it yields the outcome x with probability
pyla) = (y,|E,|w,). The measurement is optimal if the
classical Fisher information (CFI) of p,(a), given by

CFI — / (%m pq,(a))Zp,p(a)da,

is equal to the quantum Fisher information (QFI) of |y,,).
In general, the optimal measurement is not unique and
there can be multiple measurements for which the corre-
sponding CFI is equal to the QFI of |y,,).

In the following, we analyze different strategies that can
be used to optimally measure the phase ¢ from the
photonic state [y,) obtained at the output of the MZI.
Our goal here is to understand what experimental resour-
ces are required and how they depend on the photonic
state. We first describe a general strategy to optimally
obtain ¢ but which requires a high quality factor Kerr
resonator. Then, we go onto understand when linear optics
and photodetection are sufficient to perform an optimal
measurement, deriving a set of sufficient conditions under
which a simple photodetection measurement is optimal.
Furthermore, in the case of independent sources emitting
into the two input ports of the MZI, we show that if ¢ can be

measured optimally with linear optics and photodetectors,
then only photodetection is also an optimal measurement.

A. Optimal measurement with non-linear optics

We first consider the most general setting in which a
time-dependent D-level source emits photons into the two
ports of the MZI interferometer. When the source has no
further symmetries, the optimal measurement essentially
has to undo the source-port dynamics. To illustrate this in a
simple setting, we consider the simpler setup of n qubits
initially in |0)®" and a unitary U,, dependent on the
unknown parameter z, is applied on them to obtain that
state [y.) = U.|0)®". An optimal measurement to extract
the parameter z, assuming it to be in the neighborhood of
Zg9» would be to implement the projective measurement
given by {Py, P1,P,---}

Py = |l//z0><l//zg| and zpi =1- ‘II/ZU><1//Z()|' (27)

i>1

It is easy to check that this measurement is optimal, i.e.,
the CFI of the probability distribution over the measure-
ment outcomes {0, 1,2 - - -}, at zy, is equal to the QFI of the
state |yp.) at z =z (Ref. [43,90], and reviewed in
Appendix Gl). The simplest strategy to implement this
measurement on |y.) is to first undo the unitary trans-
formation U (i.e., apply the unitary UIO) followed by a
computational basis measurement on the n qubits.
Measuring zero on all qubits is then equivalent to meas-
uring outcome 0 in the projective measurement in Eq. (27).

To apply this measurement strategy to the interfero-
metric setup, where we want to measure the MZI phase ¢
in the neighborhood of ¢ = 0, we need to undo the photon
emission from the source, i.e., coherently re-absorb the
photons emitted by the source [91,92]. A similar strategy
has been used to implement an optimal measurement for
spectroscopy using measurements on the emitted photon
fields [46]—our focus in this section is to show that this
measurement can always be implemented with non-linear
optical elements. In particular, we show that a perfectly re-
absorbing system can in principle be implemented using a
multi-mode optical cavity with a y(®) non-linearity inter-
acting with the output ports of the MZI (Fig. 8).
Specifically, we use 3 modes of this optical cavity, with
corresponding annihilation operators c4, cp and cy. We
assume that the mode c4 is coupled to port A, cp is coupled
to port B and all three modes couple to each other via the
non-linear self- and cross-phase modulation induced by
the ¥ non-linearity. In addition, the three modes will be
driven by a tunable time-dependent coherent laser. The
Hamiltonian of this reabsorbing system is then given by
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FIG. 8. Schematic depiction of the optimal measurement
around ¢ = 0 using non-linear optical elements. A y©) cavity
with three optical modes (c4, cg, cg), with tunable couplings
V4(t), V(1) to the output ports of the MZI, is used to re-absorb
the photons emitted by the source, and then a photodetection is
performed on both the output ports as well as on the y3) cavity.

He(t)= > ((t)c} +Hc)

ke {0.A.B}

£ >

kK €{0.A.B}

c,tc,t,ckc;{, (28)

with € (¢) being the coherent field applied on the k™
mode. By building upon Ref. [93], we show in
Appendix G1 that any unitary on the joint Hilbert space
of these cavity modes can be applied by designing the laser
field Q, (7). As we show, the speed at which unitaries can
be applied is not limited by the non-linear strength y, but
only by the magnitude and the rate of change of the
coherent drives € (¢). Thus, gates can applied very fast on
the Hilbert space of the cavity modes. We also assume that
the modes c, and cp couple linearly with the output ports
of the MZI via

Hpp=Va(tajcy + Vg(t)bjcy +He.,  (29)
which gives us the ability to sequentially transfer photons
from the output ports to the cavity modes during the
reabsorption process. We show in Appendix GI that,
by appropriately tuning the parameters V4 (1), Vg(?),
Q,u (1), Qp(1),Qy(¢) as a function of time ¢, we can
coherently absorb the photons emitted from the source into
the non-linear cavity. This effectively inverts the emission of
photons from the source, and a subsequent photodetection
on both the optical cavity as well as the output ports allows
us to implement the target optimal measurement.

To implement the coherent photon reabsorption required
to apply this measurement strategy, one approach is to
time-reverse the source. However, this may not always be
possible. First, we may not have access to a replica of the
physical system used as the source and thus would like to
be able to design the re-absorbing system with components
that are independent of the source. Second, in several
sources exhibiting quantum advantage, the source might

not disentangle from the emitted photons on its own and
we might have to project the source onto a final target state
(e.g., see the example of the driven z-level system
discussed in Sec. IV).

We instead design a perfectly reabsorbing system using
a completely controllable multi-mode non-linear optical
cavity. The key idea that we use to implement this photon
absorption is to note that, when expressed in the time-bin
basis, the photonic state of the port is approximately a
matrix product state (MPS) with a bond-dimension equal
to the dimensionality of the Hilbert space of the source
[94]. Consequently, by using the canonical form of this
MPS, we can compute a sequence of unitaries applied on
the qudits in this MPS and an ancilla to map it to the
vacuum state [95-97]. To physically implement the reab-
sorption, we treat the cavity mode ¢, as the ancilla and
perform two operations when each time-bin in the output
port is incident on the reabsorbing y®) cavity—we first
swap the photons in this time-bin from the ports A and B
into the cavities ¢, and cp respectively. This operation can
be performed by only tuning V,(¢), Vz(t). Next, since
control over the parameters Q, (), Qg(1), Qy(2) allows us
to implement any unitary on the joint Hilbert space the three
cavity modes, which now contains both the qudit of the
MPS describing the photonic state in the cavities ¢y, ¢z and
the ancilla in ¢y, we design them to implement the gates in
the previously computed unitary circuit. The details of this
protocol are explicitly laid out in Appendix GI.

We remark that this protocol can be considered to be a
generalization of well-known state-transfer protocols [98],
which considered the problem of coherently transferring
the quantum state of a source, that couples to an output
photon field and emits a single photon entangled with the
source, to another quantum system also coupling to the
photon field. Finally, we remark that this protocol guar-
antees that there is always a choice of the parameters of the
73 cavity so as to reabsorb the emitted photons, but might
not be the most practical implementation of the reabsorp-
tion process. In practice, depending on the constraints of
the specific experimental system at hand, heuristic gra-
dient-based control design algorithms such as GRAPE
[99] can also be used to find the parameters of the y©)
cavity that accomplish this reabsorption.

B. Optimal measurement
with photodetection and linear optics

Although the previous subsection described a general
strategy to implement an optimal measurement irrespec-
tive of the source, having a completely controllable non-
linear optical cavity is still experimentally challenging. In
this subsection, we study under what conditions photo-
detectors and linear-optical elements alone are enough to
implement an optimal measurement.

The simplest measurement that can be performed is a
measurement of the total number of photons in the output
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FIG. 9. Schematic depiction of two measurements implementable with linear optical elements and photodetectors studied in
Sec. V B. (a) A setup where photodetection is performed at the MZI output, and (b) a setup where a linear-optical element, tuned based
on the photodetection record, is applied before the photodetectors.

ports. We first provide a general sufficient condition under
which photon-number measurement at the two ports
(Fig. 9) is optimal. Suppose II,, , is the projector on
the subspace where there n, photons in the port A and ng
photons in the port B. Let Z = {(ny, np):
ny,np€{0,1,2---}} be a set of photon numbers in the
two ports such that for all (ny,ng)€Z,
(ny = 1,np £ 1) & Z. Then, if the photonic state incident
on the MZI |y) satisfies

Mzly) = |y). (30)

where [1; = Z(HA’M c7 I, », is a projector, then photon-
number measurement at the output of the MZI is the
optimal measurement in the neighborhood of ¢ = 0.
Physically, this condition implies that addition or sub-
traction of a single photon in both the output ports to |y)
makes the resulting state orthogonal to the subspace with
projector I1; which contains the state |y). Furthermore,
since this subspace can be identified by just the number of
photons in the two output ports, photon number measure-
ment becomes an optimal measurement for sensing the
phase @.
Examples of states that satisfy this condition are
(@ |y)= |1//EXNA)> ® |1//E;NB)) where |1///(4N">> has N4 pho-
tons and |1//E;NB>> has Np photons. Here 7 =
{(N4,Ng)}, and it is clear that adding or removing
a photon from any of the output ports results in state
orthogonal to I17. For such states, it is already known
that just photon-number measurement is optimal even
if the state is not a Fock state [42].
®) [y) = ™) ® lwg) where [y'y""') has N, photons
while |wp) can be arbitrary. In this case, Z =
{(N4,ng): ng€{0,1,2---}} and therefore adding
or removing a photon from port A also results in a
state orthogonal to I17. Consequently, photon number
measurement at the output ports remains optimal if
only one of the ports has a state with a definite number

of photonks. N
© lw) = lwi*™) @ lyp) where [y"")) has cither

ra kg 4+ 1, 2ks + 1y, 3ky +174---  photons  and

lwg) can be arbitrary. When k, = 2, the state |y,)
is a state with a definite photon number parity (i.e.,
odd parity if r4 = 1 and even parity if r, = 0). Here,
again photon number measurement at the output ports
is optimal when k4 >2 since Z ={(ry,+
mpka,ng): my,ng€40,1,2---}} and adding or re-
moving a photon from port A results in an orthogo-
nal state.

To show the optimality of the photon-number measure-
ment, we consider the projective measurement with out-
comes 0,1 given by Py=1II;,P, =1—1II;. This
measurement can clearly be performed with just photo-
detectors by first measuring the photon numbers (n4, ng) at
the output port and then recording 0 if (ny,ng) €Z else
recording 1. The measurement outcome follows the
probability  distribution  p,(0) = (v, [lIz|y,). p,(1)

1 —-p,(0). We first note that p,_(0) =1, p,_o(1) =
and from Eq. (7),

0

d d
%Pq):o(o) = _%p(p:()(]) = 2Im((y[lIzH 4|y)) = 0,

where we remind the reader that H, =i [[(ajb,—
a,b})dt. Furthermore, we have used I1;H ,|y) = 0 since
H ,|y) is a state in which one photon has either been added
or subtracted from both the modes and hence, by
assumption, is in the subspace orthogonal to II;.
Consequently, the CFI of the probability distribution p,,
at ¢ = 0 is given by

cri—tim— (L, 1)) =2L )
=11 _— = Z——= —
o=0p,(1) \dgp Py do? Py=0

= 4(y|H, (I —TI7)H |ly) = 4(y|H3|y). 3D

where we have again used II;H,|w) = 0. Finally, noting
that (w|H,|y) = (w|lIzH 4lw) = 0, it follows from Eq. (8)
that CFI = QFI, thus establishing that photon-number
measurement is the optimal measurement.
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Next, we analyze if adding linear-optical elements before
the photo detectors can allow us to construct optimal
measurements for a larger class of quantum photonic states
[Fig. 9(b)]. To keep the measurement protocol as general as
possible, we allow the linear optical elements before the
photodetector to be modulated as a function of time
depending on the result of the photodetection. More
specifically, the output X of the photodetectors is a set of
times 77, 7,, 73 - - - at which a photon has been detected as
well indices o}, 0,,03--- €{a, b} where o; indicates the
port in which the photon at time 7; is detected. As depicted
in Fig. 9(b), we allow the beam splitter Ugg(X), that is
applied before the photodetection, to change depending on
the photodetector output X recorded so far.

We first analyze this measurement protocol for the case
of independent sources emitting into the two input ports of
the MZI, i.e., the input photonic state |y) = [y4) ® |w3).
where |w,) and |wp) are the photonic states emitted into
the ports A and B, respectively. We make an additional
assumption that the wave-functions corresponding to the
states |y4), |yp) are non-zero, i.e.,

(vac| th,»|‘l/X> #0,
i=1

for all xe€{a,b},ne{0,1,2---},t,,t,---1, >0. For
sources satisfying this assumption, we show in
Appendix G2 that optimality of a measurement protocol
with a tunable beam-splitter and photodetector also
implies optimality of a measurement protocol with only
photodetectors without using any linear-optical elements.
Stated differently, when the sources emitting photons in
the two input ports of the MZI are independent, if photo-
detection is a sub-optimal measurement then adding linear-
optics to it alone cannot make it optimal. On the other
hand, when the photons emitted in the two input ports of
the MZI are entangled, then it is possible that photo-
detection alone is sub-optimal as a measurement, but
becomes optimal when supplemented with linear optical
elements. We provide an explicit example of a photonic
state illustrating this fact in Appendix G2.

VI. CONCLUSION

In this paper, we provide a general framework for
evaluating the quantum advantage of light sources for
quantum interferometry. Within the Markov approxima-
tion, we first show how to compute the quantum Fisher
information (QFI) of the emitted photons in a Mach-
Zehnder Interferometer (MZI). In particular, we show that
to compute QFI, it is enough to be able to simulate the
internal dynamics of the source and we do not need to
calculate the entire photon wave-packet. We then use this
result to analytically and numerically elucidate the level
structure and spectral properties of the photon source
needed to obtain a possible quantum advantage in

interferometry. Finally, we turn to the question of how
to implement optimal measurements for photons emitted
from general light sources and with experimentally avail-
able optical elements. We show that a controllable system
of coupled y) cavities together with a photodetector can
always be used to implement the optimal measurement
irrespective of the light source. We additionally elucidate
conditions when photodetectors and linear optics alone are
enough to implement the optimal measurement.

An immediate next step is to apply the framework
developed in our work to numerically and analytically
study the potential of experimentally realistic quantum
photonic system to generate metrologically useful pho-
tonic states. It would be particularly interesting to under-
stand the impact of experimental non-idealities, such as
position and spectral inhomogeneities in the quantum
emitters as well as losses [100,101], on the possible
quantum advantage in the emitted photons. On the more
theoretical side, making rigorous the limitations to quan-
tum advantage imposed by the level structure of the
quantum emitters driven by a possible time-dependent
Hamiltonian is also an open question—while we have
partly addressed this question through analytical calcu-
lations and numerical simulations, a fully rigorous treat-
ment of this question remains open. Finally, extending our
framework to cases where the light source is not
Markovian (e.g., has a time-delay and feedback
[83,102—105]) could also allow us to study if and how
non-Markovianity can be used as a resource to generate
quantum advantage in interferometry.
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APPENDIX A: QUANTUM FISHER
INFORMATION OF THE LIGHT SOURCE

In this section, we provide details on the measurement
protocol for QFI of a light source using its correlation
functions and Eq. (8), the derivation of Eq. (10), which
expresses the QFI in terms of the internal dynamics of the
system, as well as an application of Eq. (8) to study the
QFI of some paradigmatic quantum optical systems.

1. Measurement of the QFI from
correlation functions

To measure the QFI of a light source, it is enough to
measure the correlation functions in Eq. (8). In this section,
we show that this can be done without a full interfero-
metric measurement of the unknown phase, for both the
cases where there is a single source simultaneously
emitting into the two input ports of the MZI, as well as
when independent and identical sources emit into these
input ports and we only have access to one of these
sources.

a. Single source emitting into both ports

First, we apply a phase shifter Up(6;) to one of the
output arms of the source (here a,) and then pass it through
an MZI with the known phase 6, (Fig. 10). This transforms
the annihilation operator a, to

Cr = U;AZI(QZ)U;(Hl)atUP(el)UMZI(Hz)

= a,e' cos(0,) + b, sin(6,). (A1)

If we measure the photon flux at the output we get,

nc(t) = <C1Ct>

— cos2(0,)(a]a,) + sin?(6,) (b} )

+ sin(260,)Re((a] b,)e~ ). (A2)
(a) _
Phase shifter and MZI Measurement
LA n(t)
—Uj; ) —
/9 P(al/ D- G((,z)([, S)
@ U mzi(6,)

LB\e ] —

FIG. 10.

Thus, if we choose 6, = /2 and measure n.(t) as a
function of 6,, we can extract the 1-point correlations

CE,I[),(I) C,%(t) and Cill))(t) Next, we perform a two-
photon correlation measurement at the output port to
obtain GE.Z)([, s) = (c]clc,c,). This yields

2 .
G! )(t, s) = cos*(6,)gao + sin*(6,) gos
+ cos?(6,)sin*(6;) g + 2c0s*(6,) sin(65) g3

+2cos(6,)sin*(6;)g13,
(A3a)

where
940 = <aja;azas>7 (A3b)

g3 = Re((ajaja,b})e” V) + Re((a,bjajas)e™ ),

(A3c)
92 = <at}b;atbs> + <b2al‘bzas>
+ 2Re((ajaib,by)e 1) +61(s))
+ 2Re((a} bib,a,) e O:(0-0:1() (A3d)
= Re({a,b,bib,)e 01(1)
913 << t t ' > | ) (A3e)
+Re((bjalb,b,)e ), and
gos = (bibibiby), (A3f)

where we assume that the angle of the phase shifter 8, can
be time dependent. Choosing a linear function for 0,(¢),
i.e. 0;(r) = 0t and measuring the value of GEZ)(t, s) as a

function of ¢, s, 6], and 6,, we can find the 2-point
correlations Cg%;;b,a(t,s) =Re({a]blb,ay)), ng.z;a’a(t, s) =
Re((ajaib,b,)).

(b)
Phase shifter and MZI Measurement

L, n ()
@ ~Ux(,)) — D— 6.5

U mz1(6,)

la) =—= —

(a) Schematic representation of the measurement setup for extracting the 2-point and 4-point correlation functions. We

measure the photon count, n,.(t), and the second-order correlation function, G (1, s), after applying a phase shifter and an MZI unitary
for different known values of 8, and 0,. This measurement enables the extraction of the correlation functions required for computing
QFL (b) If the source emits into a single port, we can use the same measurement, but with a coherent state as the input to the

second port.
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b. Single source emitting into one port

If the source emits into one port, we can use the same
measurement setup, except that we introduce a coherent
state |a) into the second port. Then Eq. (A3d) becomes

9 = |a|*(a]a,) + |a|*(ala,)
+ 2Re((a)al)ate 01 +0:(5)

+ 2Re(<ajas>|a|ze"'(91 (=01(s))Y), (A4)

We again choose ¢, (¢) = 0jt and measure G(CZ>(I, s) for
different values of 6, and @}. Thus, we can determine

(a,a;) and (a]a,). Alternatively, we can fix 0, and vary
|a? instead.

2. Quantum Fisher information in terms of the light
source dynamics

In this subsection, we show how to compute the

functions CX . (t1 .-+ 1,) by only tracking the inter-

iyl
nal dynamics of the source. A result that we will use for
this analysis is the quantum regression theorem [67],
which we review below.

Proposition 1. (Quantum regression theorem). Suppose
H(¢) is the Hamiltonian of a system with M bosonic ports

M
H(t) = Hg(1) + ZLaat+Hc

ly) €H;: ly)

n=1

[Se]
= |vac,> +Z/ l//al,azma,,(tl’tZ"'
tity -ty €1

where H(t), L, are operators on the system Hilbert space,
and a,, are annihilation operators on the bosonic ports

with [a,,, a;’s] = 0,406(t — 5). Then, for any system oper-
ators Oy, 05 -+ Oy, Oy, Q, - - - Oy, P, system state |¢) and
0<t1 <ty <t <ty

(@, vac] (H 0,(1) ) (1) (H 0,()

~re(r <H5 e )M, )1 ) () )

(A5)

¢, vac)

where for system operator X, X(z) = U(0,¢)XU(t,0)
with  U(z,0) = f’exp(—ifé H(s)ds), &(t.s) = Texpx
(J{ L(z)dr) with L(z) =—i[H(t), ]+ > D, and
M;(X ) 0;X0;.

Proof. To prove this statement, we note that in time
basis, the Hilbert space of any the ports H can be expressed
as M= H—co 0ju(s.00) ® H(0.1) ® Hsy ) @+ @ Ry, s
where for an interval I, H; is the Hilbert space of states
with photons created by a,, with t€ 1, i.e.

T

tn)a',"] a; - a',"” |vac;)dt,dt, - - - dt,,,

where |vac;) is the vacuum corresponding to the Hilbert space H;. We note that

|vac) =

[VaC(—0,0)u(ty.00)) ® [VaC(, 1,1) ® [vacy, 1) & -+ ® |vacy, | 1)

(A6)

Furthermore, for any system operator Q and for s < ¢, we note that

q(t,s) =

where £7(t, s) is the adjoint of £(t, 5), i.e., it is a super-operator satisfying Tr(E'(z, s)(X)Y) =

and Y. It is also easy to show that

i(‘ﬁ(t s) =

0 EN(t,s)LT(2)

with D} (X) = L'XL — {L'L,X}/2.

To establish Eq. (A7), we begin by partitioning the interval (s, 7] =

<Vac(s!,] |U(s,1)QU(t, s) |Vac(s,,]>

where L7(1) = —

=E'(1.5)(Q), (A7)

Tr(XE(t,s)(Y)) for all X
H()|+Y Dj

(70,71 U (71, 72) U - - -

U (Tm—]’Tm], Where Tj =

s + je with e = (r — 5)/m. Then, we note that for any system operator Q’,
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. TA
<Vac(‘rk,],‘rk] |U(Tk—1’ Tk)Q/U(Tk7 Tk—l)lvac(rk,l,‘rk]> = Ql - l/ <Vac(rk,],‘fk]|[Ql’ H(S>]|Vac(1k,1,rk]>ds

Tk—1

Ty K

_ / / (vacs, | o [0/ H(s)]. H(s)]Vac(s, o )dsdi + O(e?)
Th—1 v Tp—1
—Q i / [0 Hi(s))ds + €3 D] (Q)) + O(e)

Tk—1

— a

= &Nt 1 )(Q') + O(€).

Therefore,

0 0
{vac(,, rk+l]|> <HU Ths Tht 1 >Q< H U(tirrs >< H |Vac(7ks7k+l>>

( =0 k=m—1 k=m—1
1 0 m-l
= ( VaC (71 rk+1]|U<Tk77k+1 ) ( H U(Tiy1: T |vac (24, THI])) = (H ET(7k+1ka))Q+ O(me?)
k=m—1 k=0
= E'(1.5)(Q) + O(|t = sle). (A8)

Taking € — 0 establishes Eq. (A7). Next, using Eqs. (A6) and (A7), we obtain that

(@ |(H 0j<t,->)P<zk><jf[ 0,())

=k—1

)

k—1

1
= (¢,vac|U(t0,t,)<H OjU(tj’[j+l)>P< H U(tj+l7tj)Qj> U(ty.1)|¢, vac)
j=1 J=k=1

k—1
— (@ll(vacy, o [Ultor 1) (H 0, (vacq,, U1, tm)) P

i (A9)
1
(T Uty tlvact,00; ) Ul v 1)
j=k—1
= (|ET (11, 16)(01E (12, 11) (027 (13, 15) (03 - - - EF (51, 112) (Okr E (14, 1121)) (P) Qpt) - - - 03)02) Q1) )
1
=1o(P( IT €m0 t)M; )t 1101 ).
j=k—1
which proves the proposition statement. [
Next, we consider the correlator C,Ecrll-)--x”'yl---y”(tl ---1,) defined in the main text:
oot = (T T
where x', y' € {a, b}. Using Eq. (2), this correlator can be expressed in the Heisenberg picture as
n 1 :
Ci]_)_,xn;yl.__yngl U tn) = /\? <VaC, ¢S,i|q)S,f(T) th Hyt ‘VaC ¢S z>
1
N2 5 (vac, ¢Sl|T|:Hxl‘ :|(I)Sf {H Vi } )|Ivac. s ;). (A10)
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where  O(T) = U'(T,0)0U(T.0), @5/ = |ds ) {ds sl
and 7 orders Heisenberg-picture operators in the decreas-
ing order of time indices while T performs this time-
ordering in increasing order of time-indices. Note that in
Eq. (A10), the time ordering operators can be inserted
fictitiously since all the Heisenberg-picture operators are

evaluated at time 7. Next, from the input-output formalism
[107], it follows that

x(T) = x,(0) —iLx()O(0 <1 < T), (A1D)

where the indicator function ©(0<t<T)=1 if
te(0,T), 1/2 if t€{0,T} and 0 otherwise. We now
substitute Eq. (Al1l) into Eq. (A10): Due to the time-
ordering operator, we can then move y!(0) to the right and
xi7(0) to the left and apply them on the vacuum state in the
port. Since yi(0)|vac) = 0 and (vac|x!'(0) = 0, we obtain
that

1

2

C(”) (tl ~~-l‘n):N<VaC’¢S,ij:|:HLT"(ti):|
i=1

x'---x”;y1~--y”

><d>5,f(T)’]j |:HLyi(ti):| |vac, ¢s ;).
i=1

(A12)
|

(W,lOlw,) = WUy OUyizly) = / ((af cos(p) + b; sin(g))(a, cos(¢) + b, sin(g)))dt,

where we used Eq. (3). Thus, at ¢ = 0, we get

(0) = / "W (1,

2 L ) L)
<0>:/ / Ca’a:a,a(t,s)dtds—i—/ Cy: 4(1)dt,
0 0 0
(A16)

(A15)

and

9,(0) = 2/TRe(C§}}b(z)) dt. (A7)
0

As a reminder C,(Cll)x oy, (t15 -1 1,) is an n-point
correlation function which can be computed by only
tracking the internal dynamics of the source (see Eq. (10)).

b. Parity-like measurement

Second, we analyze the sensitivity of a parity-like
measurement defined as

Now, applying the quantum regression theorem
(Proposition 1) to Eq. (A12), we obtain Eq. (10) from
the main text.

3. Sensitivity of parity and photon number
measurement

Here, we analyze the estimation variance of ¢, when the
operator O is measured in the photonic output state. In this
case, the sensitivity is given by

(A13)

where the expectation is taken with respect to the state
ly,,). Next, we show that for the photon number and parity
operator, we can obtain the sensitivity by tracking the
evolution of the system and not the photonic state.

a. Photon number measurement

First we consider the photon number measurement
O = [aja,dt. We can write

(Al14)

[

(A18)

T
O =exp <i11/ a}a,dt).
0

Note, that n is an arbitrary phase and for n =z, O
corresponds to the parity number measurement of the
photonic state. We can write

(0)= <W|U;AZIOUMZI|W>’

1 N

:W@ﬁs.i, vac| UT(T,O) |¢S.f>0(p U(T,O)Oq‘p|¢s’i, vac),
1 -

= <3 (s o vacl U (T.0) b ) D(T.0) s . vae)

(A19)

where we defined O, = UIAZIOUMZI, and in the second
equality we used Eq. (2), and O,|vac) = |vac). Also,
U(T,0) is defined to be the unitary with respect to the
Hamiltonian (1) = O,H,(t)O},. Next, we can write
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. . ~ . t .
0, — exp (in /T aj((p)a,((p)) (A20) Inserting these into H,(t) = O,H,(t)O,, we obtain
0
| F0) = Hs()+ Y (ol +He)
with xe{a,b}
il
a/(p) = ajcosg + bsing,  (A2la) + 2 (caKi+He), (A24)
b/(p) = b,cosp —a,sing. (A21b)  where
Since, Ly = Ly(e"cos® ¢ +sin® @) + Lg((e™ — 1) cos ¢ sin @),
. ‘ (A252)
0(/)at((p) 0y = e "a,(p), (A22a)
Lp = Lg(e™sin’p + cos?p) + L ((e™ — 1) cos ¢ sing).
0,b,(9)0) = b,(9), (A22b) (A25b)
we obtain Here, K, is the system jump operator associated with

loss, as defined in Eq. (11), and ¢, , is the corresponding

0, a,Ofp = a,(e~™ cos? ¢ + sin? ) time-domain annihilation operator describing the loss

‘ . channel.
+ b,((e7" — 1) cos g sin @), (A23a) Using a similar approach as in the proof for
Proposition 1, we can simplify the expression for (O)
O b to; = b,(e”"sin’ ¢ 4 cos? p) in Eq. (A19). Again, we begin by partitioning the interval

i . [0’ T} = [70771] U (71712] U---u (Tm—177m]’ where Tj =
+a,((e7 —1)cosgsing). (A23b) e with e = T/m. Then, for any system operator O,

<VaC(Tk,1,rk] ‘ U(Tk—l ’ Tk)Qf](Tk’ Tk—1)|vac(rk,] kA > Q —i <VaC (Th157] |QI:I(S) - H(S)Q‘VaC(TkilkaDdS

/ / (vacg, o (1QE(s') — H(s') Q) (s)
— H(s)[QA(s') — H(s')Q))vac(, . o)dsdi + O(e2)

—o—i[" [Q,Hs(s)}dsJrgZD}{“(Q)Jr e S LioLy

k-1 a xe{a,b}

S (OLL + L) + 0.

Therefore,
m—1 m—1 o 0
< > ¢s;|<H Vac(z, z,] )(H U Tk»TkJrl )Pf( H U Tk+1’7k )( H |VaC(fk,1k+,>>|¢s.i>
k=0 k=0 k=m—1 k=m—1
1 m—1 0
- /\? <¢S.i| <H<Vac(rk,fk+1] |U(Tk9 Tk+1>>pf< H U(Tk+1’ Tk)|vac(1k,rk+1]>) |¢S,i>
k=0 k=m—1
m—1
<¢Sz|< Epn(Tisrs Tk))/)fM)S i) + O(me?) = N2 <¢s,i’5:;n(T’ 0)(ps)|ds.i) + O(Te). (A26)
k=0
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Taking & — 0 establishes

(0) = <5 THpsEp(T0)p)). (A2D)

where &, ,(T,0) is the channel associated with the
following Lindbladian

> Ly-Ly

Xe{AB}

Spn(t) = —ilHg(t). ]+ Di, +

1 ~ .‘. ~ +
) (LxLx -+ LyLx),
(A28)

> Lx-Ly

= —i[Hs(1), "] + ZDKa +
a Xe{AB}

1
—5 (LYLyx -+ LYLy). (A29)
Note that for = 0, and ¢ = 0, Sp() corresponds to
the Lindbladian for the internal dynamics of the source.
Finally, using Eq. (A27) the derivative of (O) with
respect to ¢ is

1 T
0,10) =372 A Te(p,E,,, (T 1)0,SE (1.0 (py))dr.
(A30)
where
0,8, = (e —1)(Lg - Ly + Ly - L}). (A31)

Thus, we can compute the sensitivity of the parity-like
measurement on the output photonic state by only simu-
lating the dynamics of the source.

APPENDIX B: MACH-ZEHNDER
INTERFEROMETER WITH ARBITRARY
LINEAR TRANSFORMATION

In the main text we specialized to a balanced (50: 50)
Mach-Zehnder interferometer (MZI), which yielded the
|

oo = —ithale) Hy= J3 |l | WG d Wm0Vl

It then follows that the QFI at ¢ =0 is

QFI = 4((H3) — (H,)?).

real rotation in Eq. (3). Here we generalize the MZI to an
arbitrary lossless two-port linear optical transformation. In
the Heisenberg picture, the MZI acts on the traveling-wave
field operators as

Uheal0) |3 | Oriae) = S| 2] 8D

where Syiz1(@) € U(2) is a ¢-dependent scattering matrix.
Throughout this appendix we assume the interferometer
satisfies Syiz1(0) = 1.

1. Point-interaction Hamiltonian

It is convenient to represent a purely scattering element
with scattering matrix Syz(¢) via the Hamiltonian [62]

Hyizi (1, ¢) = {af bf] V(cp){gi], Vip) = V(p)',

(B2)

where the Hermitian 2 x 2 matrix V(¢) is related to
Smzi(@) through the transform

Suate) = (1-3V@)) (1+3V0)) " = Vi)

= 2i (Smz (@) = D) (Smzlp) +1)7"
(B3)

Let

N T
|l//(p> = TCXP<—1'A HMZI(S’q))dS) v). (B4)

Using Duhamel’s formula as in the main text, and the
assumption V(0) = 0 (using Syiz(0) = I), we obtain

a;

(B5)

(B6)
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2. QFI in terms of correlation functions for general W

Write the entries of W as W,, with x,y€{a,b}.
Expanding H, from Eq. (B5) yields

T
(Hy) = / S ow, (e, (B7)
0 x,y€{a,b}
QFI = / / W [CPha(t.s) — CL!
X} uv Y xusy, v\t )

xyuve{ab}

Equation (B9) is valid for any lossless two-port inter-
ferometer described by Syz(@) with Syz(0) =1 and
depends only on one- and two-point correlation functions
of the input state |y).

3. Example: Symmetric MZI with beam-splitter angle 6

As an example, consider a symmetric MZI with beam
splitters of angle 6. In the convention where the balanced
case 0 = /4 reproduces Eq. (3), the scattering matrix can
be written as

Smzi(@;0) = cosp I + ising A(9),

A(6) = cos(20)o, + sin(260)o, (B10)

with A(0)? = I. Using Eq. (B3) one finds

@
V(p) = —2tan (2>A(9) = W =09,V(p)|,—o = —A(9).
(B11)
Introduce the local operators

h(1) = i(ab, — a,b}) =
2(t) =dala, — b}b,.

i(ajb, — bla,),

(B12)

Using [a{b{]o, [a,b,] =
Eq. (B5) becomes

—h(t) and [a] bjlo.[a,b,] = z(1),

Hy - A "(sin(20)h (1) — cos(20)z(0))dr.  (BI3)

Substituting W = —A(#) into the general correlation
formula (B9) yields the QFI for an MZI with arbitrary
splitting ratio #. In particular, at @ = z/4 one has
cos(20) =0 and sin(20) = 1, and Eq. (B9) reduces to
the balanced —50:50 expression used in the main text.

(£)C) (s))dt ds + 4/T

W Wy Cohy (1, 5)dt ds

/ / xyuve{ab}

LD SRUOM. oM
0 x,v€{a,b}
(B3)

Combining Eqgs. (B6)—(B8), we obtain the QFI in terms
of correlations:

ST (W), Cll(r)dr

(B9)
0 ve {a,b}

APPENDIX C: CONNECTION TO TWO-SIDED
MASTER EQUATION APPROACH

Here we connect our interferometry set-up to the two-
sided master-equation approach developed in Refs. [46,47],
which provides an alternative route to the QFI of the
emitted field.

As a reminder, defining x, = (a,, b,)T and system jump
operators L = (L4, L), the joint emitter and light
channels unitary is

N T
U,(T,0) =T exp (—i/ H,(t)dt), (C1)
0
with interaction Hamiltonian
H,(1) = Hg(t) + x| L + L'x,. (C2)

After the emission, the two channels are mixed by a
passive linear optical element (the MZI) described by

Uriz1(9)X, Unizi(9) = Sz (@)%, (C3)
The final joint state is then
lw,) = Unizi(@)U(T, 0)|ghs ;, vac). (C4)

Since the MZI is passive and leaves the vacuum
invariant, Uyz(@)|vac) = |vac), thus

|ll/q;> = 0I(Tv 0)|¢s ;. vac),

) -1- (©3)
Ui(T,0) = Unz (@)U (T, 0)Upyzi(@).

The transformed propagator U, is generated by the

Hamiltonian (1, ) = Uizt () H (1)Ul (¢). Using
Eq. (C3), we have
Unz (@)X, UIJ(/IZI((p) = Svzi() ' x,, (C6)
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and hence H/(t, @) retains the same structure as Eq. (C2),
but with modified (generally ¢-dependent) jump opera-
tors:

H(t.9) = H(t) + x/L(p) + L(o)'x,,

L(¢) = Suz(e) ' L.

Thus, the emitter + MZI can be viewed as an effective
emitter with g-dependent jump operators {L,(¢). Lz(¢)}
and the same system Hamiltonian H (7). This establishes a
direct mapping from our sensing architecture to the
framework of Refs. [46,47], where the interferometric
phase ¢ is treated as a parameter appearing in the system,
enabling computation of the QFI via system-only evolu-
tion under the two-sided master equation.

(C7)

(C8)

APPENDIX D: SCALING OF THE PHOTON
NUMBER WITH TIME FOR TIME-
INDEPENDENT SOURCES

In this appendix we show that the number of photons
scales linearly with time 7T for a time-independent source.
Let the source evolve according to a time-independent
channel £(1,0) = e“t, where L is the Lindbladian of the
source. The source state at time ¢ is p(t) = £(£,0)(p(0)),
and the total expected number of emitted photons is

Now(T) = A TR Lp (1)) dt. D1

Since the source Hilbert space is finite dimensional, £
admits a Jordan decomposition. Thus we can write

d,—1

Z eVt Z tm/Cl,’m,

veo(K) m=0

Lt

el = (D2)

where v are the eigenvalues of L, d, is the size of the
largest Jordan block associated with v, and the maps C, ,,
are time-independent.

Because ¢£' is a CPTP channel, its eigenvalues satisfies,
Re(v) < 0. Moreover, for any eigenvalue with Re(v) = 0,
the corresponding Jordan blocks have dimension one
d, =1 [108]. Thus, we obtain

d,—1
Tr(LTLp(1) = €1+ > a3 > dupt"e™,

@;#0 a m=0
(D3)

where Re(v,) < 0. The first term comes from the zero-
eigenvalue subspace which determines the time-averaged
emission rate, and the second term comes from eigenval-
ues with zero real part but non-zero imaginary part. Next,

computing the photon number gives:

T .
Nph(T) = C1T+ ZQJA dte_""/t

@;#0

-1
a T
+Y 0 aam / dt fmevel
a m=0 0

The oscillatory terms have a constant contribution at
most, and the decaying terms converge to constants, with

(D4)

exponentially corrections in 7. Thus, defining
A = min,|Re(r,)|, we obtain
Np(T) = co+¢,T+ > _bje"®T + 0(eT).  (D5)
@;#0
Therefore,
N (T
tim e _ cr. (D6)
T-o T

Thus, if ¢; > 0, the emitted photon number grows
linearly in time.

APPENDIX E: ANALYTICAL QFI
CALCULATIONS FOR SELECTED EXAMPLES

In this appendix we provide analytic derivations for
several QFI expressions stated in Appendix IIL
Throughout, we consider two identical and independent
sources feeding the two input ports of a balanced MZI, and
evaluate the QFI at ¢ = 0.

1. Harmonic oscillator

Consider first the simplest setting of an optical cavity
with annihilation operator a and frequency w,.. We con-
sider the source Hamiltonian to be H = w.a'a and jump
operator L = a. We will initialize the cavity in an initial
state |¢;), and set the total emission time 7 — oo. The
cavity would then have decayed to the vacuum state |vac)
which we will use as the final state (i.e., |¢,) = |vac)).

For simplicity we will choose the reference frequency
to be w. = 0. For this setup, it is useful to note that
Di(X) =—X/2 for Xe€{a,a'} and Dj(X)=—-X for
X €e{a* a™, a’a} which implies that

Eft, s)(X) = e 92X if Xe{a,a'},
E(t,5)(X) e 9X if Xe {a® a"? a'a}, (E1)

where, for a channel £(X) =3, K;XK!, its adjoint is
given by £7(X) =3, K.XK|. From Eq. (19), we then
obtain that
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QFL = 8(|(pila"alep;)|” — [{bila®|¢i)|* + (bila’al,)).

(a) Suppose |¢4) = |a), i.e., the initial state is a coherent
state with (mean) photon number N = |a|%. We then
obtain

QFI = 8|a|? ~ N for large N,

and matches the expected scaling.
(b) Suppose |¢4) = |N), i.e., the initial state is Fock state,
then

QFI = 8(N? + N) ~ N? for large N,

and matches the expected scaling.

2. Driven cavity source

Here, we consider the driven cavity model used in
Appendix III. The system Hamiltonian and jump operator
are

H=2Q(c+cf), L =+/kec, (E2)

with initial state |0). The cavity amplitude a(7) := {(c(¢))
obeys

a(r) = —ga(t) —iQ,  a(0)=0, (B3

hence

2iQ
a(t) = — 222 (1 — ex12), (E4)
K
The output

n(t) = (aja,) = kla(t)|%, so the mean number of emitted
photons from one source over [0, 7] is

photon flux in the port is

N(T) = ATn(t)dt:KAT la(n)? dt

4Q2 (7
=— / (1 —2e*1/2 + e~ dt
Kk Jo
402 4 1
=— {T ——(1=e™T2) 4+ —(1—eT)|. (ES)
K K K

Since the dynamics is linear and the input is vacuum, the
emitted field is coherent and all connected two-time
correlations vanish. Plugging the coherent-state correlators
into Eq. (8) shows that only the single-integral contribution
remains, yielding

QFI = 4 / () + ) (0)de = 8N(T).  (E6)
0

where N(T) is given in Eq. (E5). In the long-time limit
kT > 1, this simplifies to

2
QFI — 32Q

T+ 0(1), (E7)

which shows that the QFI scales linearly with time 7.

3. Driven 2-level and z-level source

Next, we consider a continuously driven two level
system [Fig. 2(a)]. The source Hamiltonian for this system
is given by H = (Qo + H.c.) and the jump operator L =
/76 where |g)(e|. The Lindbladian specified by H and L
has a unique fixed point 7 given by

— 1 2 2 2
7_y2+8|m2((7 +4[Q%)[g) (gl + 4|27 [e) e
+2irQg)(e| — 2irQ7[e) (g))- (E8)

Since this fixed point is unique, as per the discussion in
Sec. IV, we expect the QFI to scale linearly with T
asymptotically. This is numerically demonstrated in
Fig. 2(b) where we plot the QFI as a function of time
for Qe {0.5y,7,2y,5y}.

Next we consider a z-level system with two excited states
le1), le2) and two ground states |g,),|g,) [Fig. 2(d)]. The
source Hamiltonian H has a coherent drive applied on the
two transitions (|e;) — |g;) and |e;) — |gp)) but with
different phases, i.e., H = Qy(o, + 0,¢" + H.c.), where
l6;) = |gi)(e;|- The source is coupled to the output port with
the jump operator L = o + 0,. The Lindbladian specified
by H and L has two fixed points, 71, 7, where 7, is given by
Eq. (E8) with |e) — |ey),|g9) = |g1),Q = Qy and 7, is
given by Eq. (E8) with |e) = |e,). |g) = |g2), Q = Qpe®.
To analyze the QFI of the emitted photons, we note that
E(t,s) can be expressed as

E(t.s)p = w(Pp)t) + tr(Pop)ry + M(t,5)p.  (E9)

where  P; = [e;)(e;| +g:){g:| and  [[M(z.5)], <
O(e7(=9)) as |t —s| — co for some y, > 0. We will
consider the initial source state to be |¢;) = (|g;) +
|92))/v/2 and the final source state to be
97) = (l91) + |92))/ V2. We now estimate Q1> defined
in Eq. (19). In the limit of y,7 > 1, we obtain that
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Q® =277

(I Tr(Le)) PTr(zip) Te(Pypy) [P = [32,Te(Le))* Te(zjp ) Te(Ppi) )

Q(2) — 27/4 T2

(Z,/Tr(fjﬂf)Tr(PjPi))z

where p; = |¢;)(¢;| and p; = |¢/)(¢s|. Using the explicit expressions for 7,,7,, Py, P, and |¢;).

6408 — 16Q4[1 + ¢2i0)2

(r* +8Q3)*

Figure 2(e) shows numerically simulated QFI for the
z-level system as a function . As expected from Eq. (E11),
the QFI shows Heisenberg-limited scaling (~7?%) when
0 # 0, while when 0 = 0, the QFI scales as 7. Physically,
this can be attributed to the fact that when 6 = 0, the
m-level system becomes indistinguishable from the 2-level
system, and thus the QFI ~ 7. On the other hand, when
6 # 0, the emitted photons are a superposition of two
macroscopic photon states and hence the state exhibits QFI
~T2.

APPENDIX F: QUANTUM FISHER
INFORMATION SCALING WITH TIME

1. Strictly contractive source dynamics implies no
quantum advantage in interferometry

a. Strictly contractive dynamics forbid quantum
advantage

We recall from the main text that a Lindbladian £(¢) is

said to generate strictly contractive dynamics if
ACy, 79,79 > 0 such that V states pq, p,,

1€, 5)(p1 = p2)lly < Coe M [lpy = sy ¥ |1 = 5]
Z TO?
(F1)

where £(1,s) = Texp( [! L(z)dr). We first establish that
this condition implies that the QFI introduced in Egs. (19)
scales as T and thus exhibits SQL scaling. We begin by
noting the following simple fact.

Lemma 1. Suppose &(t,s) is strictly contractive
[Eq. (F1)], then for any traceless (possibly non-
Hermitian) operator B,

(2. $)(B) | < 2Coe ™I [B]|, V [t — s 2 75.  (F2)

Proof. Consider first the case where B = B'. Suppose B
has eigenvalues and eigenvectors (4, |a))—then
B =B — (=)

+0(T) =

+0(T), (E10)

¢ ), we obtain that

27 494
7200 T%in20 4 O(T). (E11)

(r* + 89)

B = " Ala)a| and BO =->" /1(,|a><a|.

a: 2,20 a: 1,<0

Note that B(*),B) >0 and Tr(B™)) = Tr(B7)) =
IIB|l;/2. Therefore, using Eq. (F1) with p; =
2BM/||B|l,,p, =2B)/||B||;,, we obtain that for
|t —s| > 7,

IEC. $)(B)I[]l; < Coe7l =Bl (F3)

Finally, any traceless (but possibly non-Hermitian)
operator B can be expressed as B = Bj, + iB,, where
B, = (B+ B")/2, B,, = i(B" — B)/2 are both Hermitian
operators. Using Eq. (F3), we then obtain that for
t—s| 27

ECEs)(B)ly < €t s)(Bi)lly + |E(2, ) (Ban) Iy
< Coe = I([|Bylly + 1Banlly)
< 2Coe 7| B, (F4)

which proves the Lemma. [

Next, we show that strict contractivity of the dynamics
implies that expected values of time-domain annihilation
operators in the emitted state approximately factorize. We
consider here the setting introduced in the main text of the
source coupling to a set of output ports described by the
time-domain annihilation operator a, ,

H(t) = Hg(t) + Y (aj L, +Hc.). (F5)

The source dynamics will be captured by the
Lindbladian £(t) = —i[Hg(t),"] + >, D;,. We will now
consider the state |w) in the output ports obtained on
evolving an initial state |¢;, vac) (i.e., the source being in
the state |¢;) and the output ports being in the vacuum
state) for time 7 and projecting the source onto the

state |¢by):
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W) :%<¢f|U(T, 0)|¢;, vac) where U(t,s) = Texp(— /tH(T)d'c) and N = [(¢/|U(T,0)|¢;, vac)|*.

We now establish the fact that, when the source dynamics is strictly contractive, the connected correlators in the emitted
photonic state at two different time instants decay exponentially with their time difference.

Lemma 2. (Decay of connected correlators). Suppose E(z,s) = Texp( [! L(r)dr), where L(z) corresponding to the
source-port Hamiltonian in Eq. (F5), is strictly contractive [Eq. (F1)], then,

8C, s
|Wlaaapsly) = Wlaalv) Wlasslv)l <7 lLallliLslle rolt=s), (F6)
and
il i 8Cy —yo(t—s)
(Wlagapslw) = wlazy) Wlaplwil < Sz ILalllLlle4, (F7)

where 0 < s <t <T and t — s > 7.
Proof. We will establish Eq. (F6), the proof of Eq. (F7) will follow similarly. Following the calculation in Sec. A 2,
(wlagapslw) and (yla, ) can be expressed as

1 1
Wlagauslw) = /\?TT(Pf(f)LaE(ﬁ s)(Lgpi(s)))and(yla, |y) = A?Tr(Pf(T)Luﬂi(T)),
where p;(7) = £(z,0)(p;) with p; = |;)(b;| and Py(z) = E'(T.7)(|¢ps) (/). Using these expressions, we then obtain

[(wlag apslw) — (Wlag,|w)(wlaglw)| = /\% |Te(Py(t)Lo&(t, s)N2Lyp;i(s) — Tr(Ps(s)Lyp;(s))pi(s)).

< H'/l\‘/;” ||5(I,S)(Lﬂpi(s) —Tr(Lﬁp,-(S))Pi(S))Hl
el 1y, ()2, )) ~ APTEL i, 9)). %)

Similarly, using N2 = Tr(PE(T,0)(p;)) = Tr(P,E(T, s)pi(s)), we obtain that

ITe(Py(s)Lppi(s)) = N2Tr(Lypi(s))| = [Tr(PrE(T. s)(Lypi(s) — Tr(Lypi(s))pi(s))
< [E(T s)(Lppi(s) = Te(Lgpi(s))pi(s))l;- (F9)

9’

Combining Egs. (F8) and (F9), and using the strict contractivity of £(z, s), we then obtain that

o10li=s)  g=ro(T—3)
|<wlaa.zaﬁ,s\w>—<wlaa,tlw><wlaﬁ,slw>|S2CoHLaH( R >||Lﬂpi(s)_Tr(Lﬁpi(S»pi(s)Hl’

8C (s
< S IEelllizyllero =),
This establishes Eq. (F6). A similar analysis can be performed to establish Eq. (F7). [
Using lemma 2, we now show that the QFI [given by Eq. (19)] scales as ~T for large T. Consider the two correlation
functions CY9(z, s) = (aja,) and CW(t, s) = (a,a,). Applying lemma 2 together with the fact that |(a,){(a,)| = |{a}){a,)|

and |(a,a,)|,|(ala,)| < ||L|2, |a,|. |al| < ||L]|, we obtain that
64C} 32C 32||L]*
(CW (5, $)P = 1CO (1, 8) < =P ILI| el 4 S22 L [ferlil < ZIEE (a3 + cpernis, (F10)
0
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where p, is a T-independent constant such that p, < N2. Finally, using this together with the expression for Q)
[Eq. (19b)] we obtain that

T t T T
2) :2/ /(|C(l>(t, s)F— |C<9>(t,s)|2)dsdz:2/ / (|CW(t,t —7)|> — |CY (1, t — 7)|*)dtdr
0 0 0 T

2 [w [T 64 (T [T 2L |14 32
3—4/ °/ ||L||4dtdr+—4/ / |IL||*(2C3 + Cy)e 7"dtdr < I 4” (TO+—(2C(2)—|—CO)> T, (F11)
PoJo T PoJzy Jo P Yo

0

[

which establishes that Q) < O(T) as T — oo and con-  necessarily identical and may be entangled. Moreover, we

sequently from Eq. (19a), QFI < O(T). allow the MZI to implement an arbitrary linear trans-

formation. In this setup, the only term that can potentially

b. Extension to non-identical emitters with lead to a quadratic scaling in time is the double-integral
arbitrary linear MZI transformation term in Eq. (B9), i.e.,

Next, we generalize the result for the linear scaling of
the QFI with T to the case where the sources are not
|

/ / Wy W [Coy (1, 5) — CL)(1)CLAA (5)]dit dis. (F12)

xvu1€{ah}

Similar to the approach in the previous section, we show Proof. From Eq. (10) recall that
that the connected correlators decay exponentially when
the dynamics is strictly contractive. This yields a bound on D (1 s) = Te(P A (OM. E(t. M. pi(s
QW and therefore the QFI scales at most linearly with 7. aiya (1 5) N (Pt Moy &(t, 5) Muopi(s)),
Lemma 3. (Decay of 2-point correlators). Suppose (F14)
E(t,s) = Texp(J! L(z)dr), where L(t) corresponding to
the source-port Hamiltonian in Eq. (F5), is strictly con- 0533(:) = mTr(Pf(t)Mx.yS(t,s)p,-(s)), (F15)
tractive [Eq. (F1)], then,
1
Cl(s) = — Tr(P(1)E(t, s) My pi(s)) (F16)
8C, u,v 2 f ’ u,vpl ’
Ok (15) = CRUCI ()] < 57 I[P, N

(F13) where M, =L.()L], pi(r) = E(z.0)(p;) with p; =
|bi)(¢il and Py(z) = ENT.7)(I¢p;)(¢s]). Using these
where 0<s<t<T, t—s>17y xv,u,v€{a,b}, expressions, and N?=Tr(P;(1)E(t, s)p;(s)), we then
and ||L|| = max,||L,]|. obtain
|

Tr(Pp() M, (8, $)[Muopils) = Tr(Mopi(s))pi(s)])

IC2.. o (2. s) — CEU(NCE(s)| =

N2
1
- /\?Tr(lpf(t)Mx,yS(t’ S)pi(s))Tr(Pf(t)g<t7 s)[Mu,vpi(s) - Tr(Mu,vpi(S))pi<s>])
2L, |II1L
< W 1, ) Mu015) = Te Mo (0
8C
<3O,z ere-o.
(F17)
This establishes Eq. (F13). =

Finally, using Lemma 3 together with the expression for Q® [Eq. (F12)] we obtain that
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32u?

Q¥ <
Py

P

which establishes that Q) < O(T) as T — oo and con-
sequently, QFI < O(T).

c. Provable strict contractivity for
Lindbladians with full Kraus rank

Next, we will consider two settings where we are able to
establish that the source dynamics are provably strictly
contractive irrespective of the time-dependent Hamiltonian
applied on the source. The first setting that we will
consider is when the source dynamics are modelled by
a Lindbladian with a time-dependent Hamiltonian as well
as a set of jump operators which span the whole space of
traceless operators operators. More specifically, for a
source with d levels, the source Lindbladian £(7) is given
by

P—1 4
L(1) = —i[H(1),)] + Z Dy, =—ilH(t). ]+ Y D,

a=0
(F19)

where {L}qe(12..2—1) span the space of traceless system
operators. Furthermore, we have artificially added the
dissipator Dy~ with Ly =1 for convenience without
changing the master equation: The set of jump operators
{La}aeo1-a2—1y form a complete basis for the space
of system operators. Due this completeness of
{La}aeo12-a2-13> 340 > 0 such that

V all system operators X : Z:|Tr(LZ,X)|2 > A Tr(XTX).
a

(F20)

We first show that the Lindbladian [Eq. (F19)] with the
jump operators satisfying Eq. (F20) generates strictly
contractive dynamics. .

Proposition 2. Suppose &(t,s) = Texp([! L(r)dr) is
the channel generated by a Lindbladian [Eq. (F19)] whose
jump operators satisfy Eq. (F20), then V ¢ > s and any
two states P1-P2s

1E(2.5)(p1 = p2)|ly < el =lpy — pa];.

Proof. We will denote by D the Lindbladian
D = Y% D, .D contains contribution from all the jump
operators in system Lindbladian which are assumed to be
time independent. It will also be convenient for us to work

T T
/ / (b1 — ) — COUOCIN (1 — 1)\ et
0 T

32u? [ T 28w [T [T 32w?||L|1* 8
<7 // ||L||4dtdr—|——v:/ / ||L|4c0e—wdzdfsM<ro+—c0)r,
o Jr Do Jr Je Do 70

(F18)

[
in a discretization of this dynamics: We will discretize
the time interval (z,s] = (t7,t7_1] U (t7_1,t7_2] U -+ U
(t;,10) where t, =s+me with e=(t—s)/T and
approximate the channel £(¢, s) as
EZKUTICZ/IT_I ---KUl, (F21)
where U, (X) = UXUI, with U, = ’f’expx
(—i [, Hg(s)ds) and K(X) = % K, XK} where

K,=+eL, forie{l,2---d*} and
Lo 1/2
Ky = <1 —e> L;,La> ,
a=1
We note that

e — K|, < O(e?), (F22)

and consequently

|E(t, 5) = &||, < O(Te?) < O(|t — sle), (F23)
and thus the exact dynamics is recovered in the limit of
e — (0. We denote the fixed point of the Lindbladian D by 7.
Since the jump operators {Lg},e (0124213 have full
Kraus rank, 7 is both the unique fixed point of D and also
positive definite (z>0). Furthermore, using Eq. (F22) and
the fact that D(z) =0, we obtain that ||K(z) — 7|, =
IK(z) — eP(7)||; < O(e?). Next, we decompose the chan-
nel K into the convex combination of a superoperator K and
the replacement channel R, = Tr(-)z:
K= (1—-elg)k + elgR,. (F24)
We first show that K defined this way is a valid channel.
First, we note that K is trace-preserving since both K and
R, are trace preserving. Second, to ensure that is
also completely positive, by the Choi-Jamiolkowski
isomorphism, we need to show that ®p =
(O — edg@r,)/ (1 — ely) = 0, where DO5=(S®
id)(|]@")(®™"|) is the Choi state of S. We note that for a
state |y) = >, iy ;li. j) €CY ® CY, and its correspond-
ing operator [¥) = >_; ;i ;0) (jl,
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(Wl @ ly) = dZZZWWW #(p|Kali) (I |Ki|p")
a i pp
fZ|Tr (KL Z|Tr (Liw)
a>1
o 2
> -
> 0 2
(F25)
Similarly,
1 L 1o
( y) =Wl @ 7)ly) < llwllllz] < - llwll®.

(F26)

Therefore, from Eqgs. (F25) and (F26), we find that for
every |y)€C? ® C¢,

(| Pplyw) = ((w|Kly) — edo{y|R.ly)) = 0

1—8].0

and thus K is a valid channel. Using Eq. (F24), we can then
show that K is strictly contractive since for any two states

P1:P2s

I1K(p1 —p2)lly = (1 —5/10)||’~C(P1
< (1—ely)llpy

—ﬂ2)||1
—P2||1-

Using this together with Eq. (F21), we obtain that

1€(p1 = pa)lly < (1= o) [lps — pul-

Using Eq. (F23), we obtain that

IE(t. 5)(p1 = p2)lly < [IE(p1 = p2) Iy + O]t = sle)
< (1 =edo)"llpr = pall + O(|1 = sle).

Finally, taking the limit € — O in this inequality, and
setting (1 — ely)” — e~%/"=l_ we obtain the proposition. m

d. Strict contractivity of the two-level system

We next consider the Lindbladian describing a two-level
system with states |e), |g) with a jump operator L = /7o
where ¢ =|g)(e| and any time-dependent Hamiltonian
H(1):

L(1) = —i[H(r). ] + 1D, (F27)

We show that for this system as well, the dynamics
generated by L(t) is strictly contractive.

Proposition 3. Suppose E(t,s) = ’Z_Lexp(f‘,’ﬁ(f)dr) is
the channel generated by the two-level system Lindbladian
in Eq. (F27) then V ¢ > s and any two states py, ps,

1E(2.5)(p1r — p2) Iy < e ]1py — .

Proof. Similar to the proof of proposition 2, we work in
a Trotterization of the dynamics: We will discretize the
interval  (,s] = (77, 77_1] U (z7_1, T7_2] U - - U (71, 7],
where 7, = s+ me with ¢ =(t—s)/T. The channel
&(t,s) will be approximated by & where

& = KU KUy, - KU, (F28)
where U, (X) = U, XU} with U, = ’Texp( i [ H(s)ds)
and £(X) = KOXK0 + K, XK where

— iéo = \relg) (el and
Ko = (1—yec'o)? = [g)(g] + /1 —yele)

Since || —exp(yeD,)||, < O(e?), it follows that
|€ —E(t.5)||, < O(Te?) < O(|t — s|e) and thus the exact
continuous-time dynamics can be recovered in the limit of
e — 0. Next, we establish that the channel K is strictly
contractive—to show this, we recall a result from
Ref. [109] (theorem 2), where it was shown that for any
two states py, p, such that p; # p,,

1K1 = p2)ls

|M_Mh<—wmmwm%wwmmw

2 lyr1)-lwa)

(w1ly2)=0

(F29)

In the other words, the states p;,p, that maximize
IC(p1 — p2)ll, are pure states |y), |y») that are orthogo-
nal to each other (ie., (w|y,) =0). Setting |y;) =
cosfle) + e?sinf|g) and |w,) = sinfle) — e cos |g)
we obtain

(1 —ye)cos26(|e)(e| —|g)(g])
+ (1 —ye)'*sin20(e™|e) (]
+H.c.),

Ky 1) (il = lw2) (wal) =

and therefore
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SIKQw)l — ) wal) s = (1 e)? cos?20
+ (1 —ye) sin? 26)'/2

<V 1 —vye

Finally, using this together with the fact that unitaries
leave the 1-norm invariant, we obtain that for any two
states P1,P2

||<2:(P1 —p)ll < (1 —ye)T/2.

Finally, taking the limit of ¢ — 0 and setting & — £(1, s)
and (1 —ye)"/? - ¢77=51/2 we obtain the proposition.

2. Adjoint variable method for optimizing QFI

In this subsection, we will provide details of numerically
optimizing the QFI with respect to the time-dependent
Hamiltonian applied on the source. We will work with a
discretized matrix-product state representation of the
emitted photons, which we review first. Then, we will
show how the computation of the gradient of the QFI with
respect to the Hamiltonian parameters can be sped up
using the adjoint variable method.

a. Review: Matrix product state representation

We first show how to approximate the state of the
emitted photons with a matrix product state. We recall
from the main text that the Hamiltonian of the source
interacting with d output ports is given by

d
H(t ZaL+HC

where [a,,, ay ] = 6,,46(t—1') and Hg(t) and L, are
operators acting on the source Hilbert space. We will
denote by U(r,s) and Ug(t, s) the unitaries generated by
the Hamiltonians H(¢) and Hg(t) respectively:

Ut s) :%exp<— / tH(T)dT) and
Us(t,s) = T exp (- / ’HS(TMT).

Assuming that the initial and final states of the source
are |@g;). |¢s ), the state of the photons |y) in the output
ports can be expressed as

where |¥) = U(T,0)|vac, ¢g.;),

(F30)

) =37 (s 1)

where N = [[(¢s s|'¥)|| is a normalization constant. We
will approximate |¥) by |¥), which would be a state in the

Hilbert space (C4t1)®¥ where we will (i) effectively
discretize the ports in space as well as (ii) truncate the
Hilbert space dimension of each discretized step to having
at most a single-excitation, i.e.,
V) = UJSMKMU}L—lKMq

UiK\|¢si).  (F3D)

where M is the number of time steps that [0,7] is
discretized into and

Ui = Us(ke, (k—1)e) and

d F32
K = (1—€0)"?|0;) — i\/gZLj|jk>’ (720
=

with e = T/M and

(F32b)

d
_ Il
0= ZLJ'LJ
j=1

Here [0;) = [vac((s_1)ek) is the vacuum in the output
port corresponding to the time interval ((k — 1)e, ke] and
|j) is a state with a single photon in the j™ output port in
the time interval ((k — 1)e, ke, i.e.,

la) = AgalVac(onyers)  With
1 [ke (F33)
Agr =— ay.eds.
Ve Juene
It can be noted that [Aa,k,AZ,’k,] = SquSpi- The
approximated state of photons |) = (qﬁs,f\‘i’)/./\/

where N = ||(¢s ¢ |¥)]].

For our analysis, it will be convenient to use the
following lemma.

Lemma 4. For any interval s < 7 < f,

<Vac(s,t] | U(t’ S) |Vac(s.t]>
= Ueff<t’ s)and(vac(m |aa.rU([’ s)|vac(s,l]>
= —iUc(t, 7)LaUesi (7, 5),

where

- t
Ueff(t, S) = Texp(—l/ Heff(T)dT) with

i
Hei(t) = Hs(1) — EQ'

Proof. We show this by discretizing the interval (s, 7]
into (g, 7] U (71, 72] U -+ U (ty_1,7n] Where 7, =
s+ k6 with 6§ = (r—s)/N. We note that an explicit
second-order Dyson expansion of U(zy,7;) yields
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(vac(g o )|U Tk T) Vac, o 1) = Uetr(tir1. i) + O(87).
Consequently,
1
(vac(, 4|U(t, s)|vac(, ) = H(Vac(,k_,m]|U(1k+1,rk)|vac(1k,,k+l]> = U(t,s) + O(|t — s/9).

k=N

Taking the limit of 6 — 0 yields that (vac 4|U(t, s)|vac(, 1) = Ue(t, 5).
Next, we consider deriving an expression for (vac(, ;|a,.U(t, s)|vac ). We begin with the Heisenberg picture
operator a,,(t,s) = U(s, t)a,,U(t, s) which satisfies

%a(m(t, §)=—i6(t —t)U(s,t)L,U(t,s).
Noting that a, (s, s) = a,,, we can integrate this equation from s — ¢ to obtain
A (t,s) =a,, —iU(s,7)L,U(z,s),
or equivalently
a, U(t,s)=U(t,s)a,, —iU(t,7)L,U(z,s).
Therefore, we obtain that

<Vac(s,t] |aa,rU(t’ S) |Vac(s,t]> = _i<VaC(s,t] |U(t’ T)LaU(Tﬂ S) |Vac(s.f]>
= _i<VaC(1,t] |U(t’ T) |Vac(r,t]>La<VaC(s.T] | U(T’ S) |Vac(s.1]> = _iUeff(t’ T)La Ueff(Tv S),

which proves the lemma. m
We next provide an error bound between the exact state and its MPS representation.

Proposition 4. (Error bound on MPS representation). Suppose J,Z > 0 are positive real numbers such that V ¢ >
0: ||Hs(2)|] < J and 39, ||L,|]> < ¢, and ny = 2£(J + 2¢) then if & < N?/n,T

1 T T
) (] = 19} 9| < (1 e ,IOTg)) o < 0(’%5)-

Proof. It will be convenient to define J, Z via

d
J= Hq(t d 7= L,|]%.
mas 5] and ¢ =32 L]

It can be noted that ||Q|| < #, where Q is defined in Eq. (F32b).
We will first show that (¥|¥) is close to 1, where |¥) and |¥) are defined in Eqs. (F30) and (F31) respectively. We begin
by rewriting (¥|¥) as
(B = (Bl Vi Vi VUK Uy Ky UK s ).
where V,, = U(me, (m — 1)¢)|0,,). It will be convenient to define

|‘ilm> = UfrleU;gn_lKin—l to UfK1|¢St> and |le> = Vme—l T V1|¢S,i>'

It can be noted that |¥,) = |¥) and |¥,,) = |¥). Furthermore, it is straightforward to see that [||¥,,)| = 1.
Additionally, since 3, KiK, = I (with the identity being on the system operator), it also follows that |||¥,,)| = 1.
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We will also define T, = ViU 5 K ,,: Note that T, is an operator acting on the Hilbert space of the source. Furthermore,
we obtain the recursive inequality

(1) — (Bt )] < [ [(T = DI )| < 1T — 1]

and therefore

M
(Pl W) = 11D T 1. (F34)

m=1

Thus, it is sufficient to bound ||T',, — I||. This can be done with an application of time-dependent perturbation theory.
Note that

d
= (0,|U* (me, (m = 1))(0,)Up (I = €Q)'/2 = in/e Y (0,,|U" (me, (m = 1)€)Adn|0,) Usi La

me

d
= Uly(me, (m = 1)e)U,(I — Q)2 + > /( Uli(s, (m — 1)e)LEU!  (me, s)US L. (F35)
a=1

m—1)e

Next, we observe that since /1 —x = 1 _%_W’ (I—eQ)'?~1—eQ/2 and for e < 1/¢
(1= 20y = (12| < @41 - e0)? + (2 0P Q2] < 222 (F36)

Furthermore, we note that

(U3) Uealme. om = 1)e) =1+ ™ U5((m = e )l Om = Dyt

=] _l/me Us((m —1)e, ) QU (¢, (m — 1)e)dt’

2
€

ZI_EQ

_;/ _1je /m De — 1)8, l‘”)(HS(Z’/)Q - QHeff(t/,))Ueff(t”, (m — l)g)d[”d[/'

1 [me 4 d
_-fo- _/ / 4 Ug(m=1)e ") QU (t", (m — 1)e)di"dr
2 (m—1 m—1)e dt

Thus, for small e, (U3,)" U (me, (m — 1)e) ~ 1 — eQ/2 with the equation above implying that

1
<7 f(ZJ + 2f> (F37)

|3 e, on = ye) - (12 <
where we have used [[Hs(0)] < J | (0)]] < 7 +11011/2, [Us(t, )]l = 1 and U (t, )] < 1.
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Finally, we note that

N

Ulge(s. (m — 1>€)L;U2ff(m8’ s) = LaUlg(me. s) + ’(/(

m—1)e

Ul (s (m = 1)e) By (s')ds )LTU J(me.s)

and therefore Ulff(s, (m— I)S)LLUfo.(ms, s) ~ L}, with the equation above implying that

4
L5 = V)LL) — L < elLll (745, (F38)

where we have used ||Ue(t,s)|| <1 and ||He(2)|| < J + [|Q||/2. Using Egs. (F36), (F37) and (F38) together with
Eq. (F35), we obtain that for €|Q|| < 1

1
S1M0€% (F39)

5 4
||Tm—1||SZE2z,”2+8( >K+ f<2J+ f) 5

where 1y = 2£(2¢ + J). Thus, from Eq. (F34) that
(PP — 1] < %%Mgz or equivalently |||¥) — |¥)||2 = 2Re(1 — (¥|¥)) < noMe2.
Next, we consider the normalized states, [y) = (¢s ;|¥)/N and ) = (s ;| D) JN. We first note that
N2 = A7) = [Te(( s ) (b s (1) (] = [2) (B < [112) (8] = ) (F[], < moMe?.

Note that this implies that N> > A’2 — y,Me?. Consequently, we then obtain that if Me? < N2/n,,

‘___ V=AY noMe>
N2 R aene T NENE —pMe?)’
Finally,
- 1 1 1 noMe?
)l = 0 @1 < 3 1991 = [0 = | < (14 o) M 40
which proves the lemma. [

b. Gradient computation

We next show how to compute the QFI and the QFI gradient with respect to the system unitaries applied in every time-
step. To make the computations easy to visualize, we will use the tensor network diagrammatic notation.

PO R e

where
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@ -2 ifa=o, (F42)
| —ivEL if o = 1.
We will find it convenient to introduce EJ,, R}, L? for 0 < m < n < M given by
{EHEHEY - -EHE
[ I | ,
U e - BEeE
------ EHEHEHE
[ | :
------ L}

(F43a)

where for n < m we interpret E!,, R L = I ® I. We can also note that for any m < p < n,

En | = |Len RE (F44)
Uy*

The normalization constant A is given by the diagrammatic expression

() (#)
N2 = @ Eno @ (F45)

We will consider the case of identical and independent sources—in terms of the MPS approximation of the state, the
QFI from Eq. (19) can be approximated by

1

16 M n— 8 M
QFI Nmz Z(|C1(1qf)11|2 - ‘Cr(f,{l)n 2) +/\?an7 (F46a)
m=1

n=1 m=1

(4) Ki i (#)
c9), = birg Ep ! Byt , (F46b)
O HH HE
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We note that Eq. (F46) can be used to numerically
compute the QFI in O(M?) time. To see this, note that
{E,..n Yo<m<n<y can be pre-computed in O(M?) time. After

Ert D , (F46c)
K ()
(+) i (#)
N, = EM Eg! ) (F46d)
(#) = ()
|
summation:
N
T0©O) = > f(7m), (F47)

this pre-computation, N, Cffzn, C,(fffn and n, can be
computed in O(1) time. Therefore, the total time required
to compute the QFI scales as O(M?).

We next consider the computation of the gradient of the

QFI with respect to the unitaries Uf,—if the gradient is
computed by first computing VUi Cﬁf,)n and VU?; C,(ff,)n, then
the total time required to compute the gradient of QFI with
respect to all the unitaries U3, would be O(M?). In practice,
this can become prohibitively expensive when M 2 100.
We next outline an application of the adjoint variable
method [87-89] that can reduce the cost of computing
VysQFI to time O(M?). We will formulate the adjoint
variable method for computing the gradient of both the
double summand and the single summand in Eq. (F46),
both of which require slightly different treatment.

Cost functions that are single sums. We first consider a
cost function I'(1)(@) which depends on the parameters
{6,60,---0y} through the unitaries US = {Uj(6,).
Ui (0,)--- U3 (0y)} and can be expressed as a single
|

m=1

where f: C — R is Wirtinger differentiable (i.e., differ-
entiable with respect to the real and imaginary parts of the
complex-value argument), and y,, €C is given by the
following contraction:

o HeH o H®
A = EM E™ . (F48)
(#) Q ()

for some P and Q. Next, we note that

0 N oy
re) =23 Re (f’()/m) —’">’
09], r; 09,,

where f' = 0df(z,z*)/dz. Note that dy, /00, will be
given by

(F49a)

] oL .
.@ u — ous _ .@
%79’” = EM | iy - 02 RA! if 0 <p < m and,
p Ha-
— — — (F49b)
Oz &
0 m @ ous _ _[_]_ — .
67% - LM, oo | | R ! Ep! ifm<p<M,
Oz o}

where
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ouy 0

50, | = 35" : (F49¢)

"

While Eq. (F49) can be used to compute oI'(!)(6)/ d0,, the total cost to compute this derivative for all p would be
O(M?). To compute these derivatives in time O(M), we first obtain from Eq. (F49a) that

9 () = 2R S iy O oRe(S™ () U F50
T = 2re( Y 5] < 2e( Y ) 5. (Fs00)

m=1

m=p+1

and using Eq. (F49b), it follows that

(F50b)

m=p+1

where
M (#) P
@ = > flwm) B Ll I (F50¢)
5 @B
and
p
N
f'(orm) , (F50d)
2 J'm) g
where

-
=3 o) || By~ & . (FS0¢)

If the vectors [, r, are pre-computed, then Egs. (F50a), (F50b) and (F50d) can be used to compute dI'(¢) /06, for all p
in O(M) time. Furthermore, /,, 7, can be computed, for all p, in a total of O(M) time by noting that they satisfy the
following recursion:

(F51a)
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-

together with the boundary conditions /), = ry = 0. Therefore, to compute {d'(0)/00,}, ¢ (0.1 2..}> @n algorithm with
O(M) run-time is as follows:

(1) First compute {ym}me{l »..my—this can be done in O(M) time by recursively computing Ef~' and E})f for
me{1,2---M} using

: (F51b)

o | i (Fs2)

)

together with E}f .| = Ej' = I and then using Eq. (F48).
(2) Next, we compute {/,},c 0,121 {7p}pefo.12--my Using the recursion in Eq. (F51)—this can be done in
O(M) time.
(3) Finally, we use Egs. (F50a), (F50b) and (F50d) to compute {aI"")(9)/ 00,},e {0.1,2--.;ry—this can again be done in
O(M) time.
Cost functions that are double sums. Next, we consider cost functions I'?) (6) that are of the form

=3 f(ram) (F53)

where f: C — R is Wirtinger differentiable and y, ,, € C is given by

() " (#)
Yrm = Eyf Ep Eg , (F54)
O HoH HoH @

for some fixed tensors Py, P,, Q;, Q>. Again, the derivative of ') (6), oar'®()/ 00, is given by

(6 =2 Z Re (fl Vn, m = m) s (F55a)
1

n=1 m=

where f' = 0f(z,z")/0z. Note that dy, /00, will be given by

033069-38



THEORY OF QUANTUM-ENHANCED INTERFEROMETRY...

PRX QUANTUM 7, 033069 (2026)

0Vnym
a0,

0Vnym
a0,

On.m
00,

000000

Note that using Eq. (F55) to compute {oI'®(6)/00,,} ,< 0.1 2.y Would require O(M?

— P P
n— m—1 aus —1
ETIYI Em ! Lp+1 80}7 Rg
P
HoH  HeH
— P — s
1 ouy _ — =il
EnM LZ+1 (992 Rg’b ! EO
— Q1 — Q2
P — Py
ous L
M — — m—1
Lp+1 8_9:; Rﬁ 1 Ern ! EO
@ 1=

OOOOOO

)

if0<p<m,
(F55b)

if m <p<n and,

ifn<p< M.

time. However, similar to the

case of a cost function with a single summation, this computation can be re-organized to require O(M?) time. To do so, we

note that

9
20,

— 1@ —2Re(

p<m<n<M

Using Eq. (F55b), it follows that

where

Furthermore,

where

p<

Y. FOnm)=

p<n<M

p<n<M

n.m a n,m a n.m
> ) y ) +2Re(z.f’(n.m) ge’ > + 2Re< S Fum) y > (F56a)
1<m<p 4 1<m<n<p
p<n<M
a n,m
Z f/('yn,m) go’ = (F56b)
p<m<n<M P
O HEHTHE
> mm) Exf Bt Ly (F56c)
m<n<M @ Ql Q2
Py
0 n,m aus = m—
7 = > @a oo | [ B Ep ! : (F56d)
1<m<p Q2 @
Z f/(’)/n m : H p+1 (F56€)
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Finally,

/ Nnm
> () 5= (F56f)

1<m<n<p

A-IHE-O
1<m<n<p Ql Q2 @

If the vectors [, ¢, ,,, r, are pre-computed, then from Egs. (F(56a)), (F(56Db)), (F(56d)) and (F(56f)), we can compute

{or(0)/06,} , < (0.1 2.-my in O(M?) time. Furthermore, [,,. ¢, ,,. 7,

-
+ Y () Eyf By . (F57a)
p<n<M @ Q1 Q2

(F57b)

B T-ET-O
+ > E5 Eg ! , (F57c¢)
1<m<p Q1 Q2 @

together with the boundary conditions /y; = ¢y, = ro = 0. Therefore, to compute {dI'(6)/00,} , e (0.1 2...} > an algorithm
with O(M) run-time is as follows:
(1) First compute {E,, ,, }o<n<n<y—this can be done in O(M?) by using, for every m, the following recurrence in n

where

can also be computed in O(M?) time by noting that
they satisfy the following recursions:

(F58)

together with E”~! = [ and then using Eq. (F48).
(2) Next, we compute /,, ¢, ,, r, using the recursion in Eq. (F57)—this can be done in O(M?) time.
(3) Finally, we use Egs. (F56a), (F56b) and (F56d) to compute {oI"(" (0)/00,},c {0.1,2--.;ry—this can again be done in
O(M?) time.
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APPENDIX G: OPTIMAL MEASUREMENT

This Appendix provides details on the optimal mea-
surements discussed in the main text. First, we provide
details of the optimal measurement protocol which utilizes
tunable non-linear optical systems. Next, we complete the
details of optimality of photodetection and tunable linear
optics from Sec. V B.

1. Optimal measurement with non-linear optics

We first recall a basic fact [110]: A measurement to
extract ¢ from |y,,) when ¢ = @ that saturates the CRB is
the projective measurement Py = [y, ){y,, [, Pi. P>
where Py + P+ P, +--- =1 and P;P; = §; ;P;. Tosee
this, note that the probability of the ith measurement
outcome is given by p,(¢) = (w,|P;|lw,). The classical
Fisher information (CFI) for this probability distribution at
@ = ¢ is given by

! 2
CFI = lim ZM. (G1)
v=00 5~ pi(@)

We notice that p;(¢y) = 8,9 and pi(¢,) = 0. Thus,
CFI(¢,) can be expressed as

CFI = lim Z

P=Po

(G2)

=2> pl(eo).

i#0

Since for i # 0, P;|y,, ) = 0, it follows that

Pi(@0) = (W | Pilw,) + W, |Pilwy,) + 2w, [ Pily,)

= 2<l//l(/)0 |Pl|l//:/)0>’

In other words, the MPS |y) can be generated by
initializing a D-level ancilla and the M qudits in |0) and
then applying U,, on the ancilla and the M qudit, then
Uy, on the ancilla and the (M — 1) qudit and so on.
Furthermore, since |y) is a normalized state, it is always
guaranteed that on applying the last unitary in this
sequence, U;, the ancilla will disentangle from the
remaining qudits and can be assumed to be in the state
|0). To undo the state preparation, we can thus start from

and consequently,

CFL= 43"y, [P}, = 41w ) 1P = [ [ ))
i#0

= QFI,

thus establishing that this measurement is optimal. We
emphasize that our construction here establishes local
optimality at ¢ = 0. However, for a null measurement
this equality alone does not guarantee an operationally
attainable estimation procedure, since the statistical model
may be non-identifiable at the null point. Thus, away from
this point a CFI calculation alone is not sufficient to
guarantee attainability of the QFI [111]

Next, we continue the analysis in Sec. VA of the main
text and provide details on how to implement re-absorption
of the photons emitted by the source using a non-linear
optical cavity. As was discussed in Appendix F2a, the
photons emitted in time 7 into the two input ports of the
MZI can be approximately expressed as an MPS on M =
T /e qudits with 3 levels, where ¢ is a small discretization
parameter. It is a well known fact that a sequence of
unitaries can be designed between an ancilla qudit and the
MPS |y) to map |y) — |0)®M [95]. More specifically,
given an MPS on M qudits with d-levels and bond
dimension D with tensors A, A, ---Ay, we can always
alternatively expressed in terms of unitaries Uy, U, - - - Uy,
with U;: CP @ C¢ - CP @ C4 [112]:

(G3)

an ancilla in |0), apply UI to the ancilla and the right-

most qudit, then apply U; to the ancilla and the next
qudit and so on—at the end of this sequence of unitaries,
the ancilla as well as the remaining qudits will be in
|0) state.

To physically implement these unitaries, our proposal is
to use a multi-mode optical cavity with »® non-linearity
and coherent drives. We assume that we can implement the
following Hamiltonian Hy(¢) between the three cavities
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X
Hg(t) = 3 c,tc,t,ckck,
k.k' € {0,A,B}
+ > (e Wb+ He), (G4
ke{OAB}

where, as shown in Fig. 8, ¢4 and cp are the annihilation
operators of the modes coupling to the output ports of the
MZI and c is the annihilation operator of an additional
mode that will play the role of the ancilla. Furthermore, we
also assume that we can tunably and linearly couple the
modes ¢4, and cp to the MZI output ports via the
Hamiltonian

Hy p(t) = Va(t)ajcy + Vy(1)bicp + Hec. (G5)

Now, to implement the unitary that coherently re-
absorbs the photons emitted by the source, at every
timestep [me, (m + 1)¢), we perform two steps: first,
transfer the photons from the segment [me, (m + 1)¢) in
the ports to the cavity modes c,, cg and second, apply the

unitary in between UL in between the three modes. To
perform the first step, we set all the tunable parameters
({4(1)}) to 0, and choose V,(t),Vp(r) in the interval
1€ [me, (m + 1)¢) so as to map

(1 + agAs, + BoBiy)|vac) — (1 + aocja +ﬂocg)|OA, 0g),

where, following Appendix F2a, A, =
[\m+Ve q,dt/\/e,B,, = [("FVebdt/\/e and |04),]0p)
are respectively the vacuum states of the oscillators c,
and cp. Recall from Appendix F2a that for sufficiently
small ¢, the segment of the ports corresponding to
[me, (m + 1)e) has at most 1-photon upto O(e?) error,
so this unitary effectively transfers the photons in the
segment [me, (m + 1)e) of the two ports to the oscillators
c4 and cp. It is also easy to check that the explicit choice
Va(t), Vg(t) = ((m+ 1)e —1)~'/2 for t € [me, (m + 1)e)
accomplishes this transfer of excitations from the ports to
the two coupled cavities.

Next, we switch off the couplings to the MZI ports (i.e.,
set V4(1), V() = 0) and apply the unitary U},: Note that
the unitary U L acts on the space C3 ® CP, where the qutrit
is in between the states |0, 05), ¢§|04,05), cj|04,05) and
the D-level qudit corresponds to the state of the oscillator
co- We also point out that this gate needs to applied on
time-scales much faster than &, i.e., before the oscillators
interact with the next time-bin. However, it would appear
from Eq. (G4) that the gate-time is limited to ~1/y.
Experimentally it is typically only feasible to have very
large coherent drives 1 (), but ¥ remains a fixed (and often
small) constant. However, we show that by adapting the
strategy of Ref. [93], we can use a large drive to apply any

target unitary on this subspace within a time limited only
by the strength of drive 4,(z).

Suppose Ug(t,s) = Texp(— [! Hg(t)dr) is the unitary
group corresponding to Hy(7): We first consider this
unitary group in the frame rotated with respect to the
Hamiltonian 3", ¢/, (1)c}cy and displaced with respect to
the Hamiltonian >, (7,(¢)c] ¢, —H.c.). Furthermore, given
yx(t) (which we will choose later) we will make the
choices

1) = —)(Zh’k'(
k/
— Pi(1)yi(1)

NP =2 lrae) P )
—23 (0P

= iy (1) — xDy (1)

The effective Hamiltonian Hg(¢) in this new frame is
then given by

X
chck,ckck/ +;(Z re(t)cl(N—D)+H.c.)
247

+4> " (elelnleyre () + cieenrp () +He.),
kK

(Go6)

where N = ), c,tck is the total number of photons in the
three cavities. To further simplify Hg(t), we also choose
ve(t) =T (0)f(t) where f(7) are rapidly oscillating
functions that further satisfy (f:(¢)) =1, (f2(t)) =0,

and for k # K'(f(t)fr (1)) = (fi(t)f (1)) = 0. A set of
possible explicit choices for f4 (), f(1), fo(¢) that satisfy
this condition are

fi(t) =1 +\/%Z6:1 e/ cos(nQt)

where my = 1,m, =2 and mpg = 3.

(G7)

In the limit of large Q, the dynamics due to Hg() is well
approximated by Hp(t)

X ¢
Hy(t) =% chck,ckckr+H (1),
kk’

(G8a)

(Re[[(1)]HY + Im[T(1)]HL), (G8b)

)
=°
n
B

-]

with
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H,(f) =c¢/(N—D)+Hc. and

(G8c)
H =i(c[(N - D) —H.c.).

Here N =), czc « 1s the total number of photons in the
three oscillators. Given 7 = (ng, ny, ng) and denoting by
|17) o (CS)”O(CZ)”A(C};)"HO), we first observe that Hpg(r)
and H%(t) are block diagonal in the subspace S(P) =
span({|): ng+ ny +ng < D}) (the subspace with no
more than D photons in the three cavities) and the
subspace orthogonal to it, ie., for all |y)eSP)
Hy (1)), Hy(t)|w) € SP). We now concentrate on the
finite-dimensional subspace S®) and show that the
Hamiltonian A (7) is universal in this subspace, i.e.,
any desired unitary U can be implemented up to a global
phase with an appropriate choice of I'y(f). From the
standard theory of quantum control [113,114], to establish
universality of H(t), we need to establish that the algebra

generated by the operators {H,(f) . H,Ef) }keqoap under
nested commutator is the full $u(dim(SP))) algebra,
i.e., any traceless Hermitian operator on the subspace
SP) can be expressed as a linear combination of
{H,(:r), H/(:)}ke{o,A,B} and their nested commutators.
Reference [93] considered this problem for the case of a
single oscillator and established universality of I:Ifg (1) using
a result from Ref. [115] that described a set of sufficient
checkable conditions for a set of operators to generate the
full algebra of traceless Hermitian operators. However, the
result of Ref. [115] does not apply directly to H%(r) when
more than one oscillator is present and their argument has to
be modified. We do so in the following lemma.

Lemma 5. For a positive integers k,d > 1, consider a
finite-dimensional Hilbert space H with orthonormal basis

elements {|) wheren’={n,n,---n; }withn, +n,---n, <d}.
Consider the Hermitian operators H,, {H§,+>,

Hg,_) }pefi2.x) where

Hy= Y w(id)li)l,

iz ||l <d
HyY = N dG)(A) i+ 2, + He),  and
it |l <d—1
Z d n)(|n)(n+ ¢, —H.c.),
i ||, <d—1

where ¢, = (0,--- If the coefficients

P

0,1,0---0).
——
p—1times
dg,i)(ﬁ), u(n) satisfy the conditions

C1. Non-zero off diagonal elements in H< ): For all
pe{l,2---k} and 7, dp ( ) # 0.

C2. Non-degeneracy in level-spacings of H,: For all
pe{l,2---k},
(u(ii +€,) — pu(ii))* = (/4('71+5p)—u('71))2

if and only if

then the algebra generated by the set of operators

{HO,H(li),H(Zi) (i)} contains the full 8u(dim(H))
algebra.

Proof. Unless otherwise mentioned, throughout this
proof 7 = (n;,n,---n;) will denote a vector of non-
negative integers with n; 4+ n, 4 --- 4+ n; < d. For nota-
tional convenience, we will define the Hermitian operators

E®) (i1, m) via

EO (i, ) = |ii) (] — | (],
EWF) (i, m) = |i)(m| + H.c. and
EC)(7, ) = i(17) (7] — H.c)

Furthermore, for an operator E, we will denote by Cp, its
commutator, i.e., Cg(X) = [E, X]. For a set of operators
Q=A{E,,E,---E,}, we will denote by alg(Q) to be the
algebra generated by O under nested commutators.

We first observe that the operators M = {E™) (i, i +
€,). EF)(i. i+ €,)}s. |i|,<a1  genmerate  the  full
su(dim(H)) algebra (i.e., the algebra of traceless
Hermitian operators on ). To see this explicitly, note
that for any 7 # m, we can always find k;, k, - - - kp such
that || —kylly, lkr = kallys ko — ksl -+ [lkp — il = 1
and  consequently S (7, ky), ED) (ky, k), ED) (ko
ksy)--- E®(kp,m)€ M. Furthermore, since for any

i ;é m#k,  [E® (. m), EY)(m. k)] = —ECO (i, k),
[ (i i), EO G R) = iEQ @R, [EO ),

(i, k)] = —E®)(ii, k), it follows that for both
0€{+ -}

EC)(k k) VE 0 ) (kp. ih).
for some 6,0, -6p,; €{+,—} and ye{*1, £i} and
therefore E<i>(r7, m) € alg(M). Furthermore, since
[EX) (i, ) (*, m)] = —iE©) (71, m), we conclude that
for all 7, m, E©) (i1, m) € alg(M). Since the operator set
{EO (7, m), E®)(ii,m), E7) (i1, m) };zi; spans the whole
set of Hermitian traceless operators on H, we obtain
that alg(M) = 8u(dim(H)).
Next, we show that M = {E(*)

€p) i il a1 18
Hgi) = -H,((i)}). For  this, we

(i, 7i+¢e,), E7) (i, n+
alg({Ho. HY",
observe that

contained in
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C%)(ng)) Ealg({Ho,Hﬁi),Héﬂ o -H,(ci)}) is given by

Ci(H, )= D7 (i +2,) —u(i)dy (MED .7+ E,).

ji: [, <d—1

We note that this equation can be re-written as

HEJH EM)(#y, iy + €y)
3, (Hy) y EC) (fiy, iy + €,)
Chy, (H},) EW) iy, 7, +2,) |
where
1 1 1

- —

We note that V is a Vandermonde matrix and since for 7i # m, (u(ii 4 €,)* — pu(ii))? # (u(m + €,)* — u(m))* by

- -

assumption, V is invertible. Therefore, we obtain that E(”(n, n-+ 21,) can be expressed as linear combinations of
HE,H,C%,O(H;ﬂ),C‘},O(HE,ﬂ) -+ and thus E)(ii, i + €,) calg({Ho. ", H" ... H{"}). A similar argument can be
repeated to show that EC) (7,7 + e),) ealg({HO,Hﬁi),Héﬂ . ~H,(ci)}) for all 7. Since we have already previously

established that the algebra generated by {E™) (7,7 4 €,,), EC) (71, 7i + €,) } is the full $u(dim(%)), we obtain the lemma
statement. "

Next, we use lemma 5 to show that the Hamiltonian H%(7) in Eq. (G8) is completely controllable within the blockaded
subspace S\P) = span({|ng, n4, ng): ng +ny +ng < D}. We first re-write it within the subspace S(®) as

Hy)=yx Y (Re[C(r)H" +Im[Ty(r)]H ),

ke{0.A.B}
where
HY =c{(N=D)+He. = > (|liil, — D)y/nx + 1) (i + & + He). H = i(c[(N - D) —H..)
i il <D—1
=i Y (il = D)y/m + 1(|i) (7 + & — Hee.).

i il <D—-1

Note that the operators H ,((i) already satisfy the conditions of lemma 5. Next, for any real constants E = {&y,&Ea,ER}, the

algebra generated by {H,(f), H,(:)}ke {0.4.5 contains the operator H, given by

Hy=1iY &HD B = > uli)i)iil. (G9a)
k

i ||l <D

where
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u(i) =Y (&m2liilly = 2D = 1) + &(llnll, — D))

k
(G9b)

We next show that the constants &, &4, {5 can be chosen
to satisfy the non-degeneracy condition in lemma 5. We
will choose &, to be irrational numbers such that their
products  {&&v}iwefoap  are  irrational  and
incommensurate—a  concrete  choice  could be
&y =213 ¢, =313 £, =53 Next, we note that for
any integers p = (po, pa, pg) and m = (4o, 44, q5)

() (3

2
qkfk) = eitherp = ¢
ke {0.A.B} ke {0.A.B)

or p=-—q.
(G10)

We use this fact to now show that H, in Eq. (G9)
satisfies the non-degeneracy condition in lemma 5, i.e.,
for all k, the set of real numbers {(u(ii+ €;)—

#(1))*}7: 7, <p are all distinct. We begin by noting that

p(ii+ &) —u(n) = 2n +2(2n — 2D + 1))

+ Y Ev(2np +2n—2D +1).
K +k

Next, suppose that there were #,m such that

(u(ii + eg) — u(ii))* = (u(im + e;) — u(i))*—applying
Eq. (G10), there are two possibilities. First,

(2ny+2(2n—2D+1))=(2m;+2(2m—-2D+1)), and
(2ny+2n—2D+1)=(2mp+2m—2D+1) fork' #k,

which implies that 77 = m. Second,

(2n+2(2n—-2D+1))=—2m;+2(2m—2D+1)), and
(2np +2n—2D+1)=—(2my +2m—2D+1) fork' £k,

which implies that 5(||7||, + ||7]|,) = 4(2D — 1)—since
we can always choose D such that 2D — 1 is not divisible
by 5, this equation will have no solutions. Therefore,
we conclude that as long as 7 #m, (u(ii+ep)—
u(in))? # (u(m + e;) — u(m))?, thus confirming that H,
as constructed in Eq. (G9) satisfies the non-degeneracy
condition in lemma 5.

Thus, we have shown that H%(z) as in Eq. (G8) can be
used to implement any unitary within the blockaded
subspace, thus allowing us to implement the re-absorption
unitary required in the optimal measurement setup.

Furthermore, since the magnitude of I'y(¢) in Eq. (G8)
is determined only by the coherent drive applied on the
oscillators, the speed of applying a unitary on the block-
aded subspace is not limited by the non-linear strength y.

2. Optimality of photodetection and linear optics
a. Independent sources

We recall the setup introduced in the main text
Sec. VB—a linear optical element is applied at the
output of the MZI and is tuned depending on the output
of the photodetectors [Fig. 9(b)]. The result of the
photodetection would be a sequence of times 0 < 7; <
7,--- <1, <--- at which the photons are detected as
well as 61,056, -- €{a,b} indicating the port in
which a photon has been detected. Having obtained this
photodetection record until the n™ detection event and
before the next detection event, we apply a linear optical

element described by the unitary UZ (1),
6" ={6,,0,_1 01}, 7" ={1,, 10171}, fOr t > 1,
Suppose that the next detection happens at 7, | > 7,,: The
annihilation operators at the two output ports at this time,

a, , and b, , after the application of the unitary Ug,f (1)

T+l

will be given by

where

311 aT " "
U;nT(TnH) {b B ] Us, (Tni1)

Tnt1

_ |:(Va.a(1ﬂ+l))§’z (Va,b(7n+l)>g'z:| |:as:| , (Gll)
(Via (Tn+1));n (Vb,b(TnJrl));u s
V%;Z (T”+l)

where V2, (7,,,) is a 2x2 unitary matrix. We can
streamline the notation a lot more by introducing

Gk =k .
pgkvqgk via

Ek—l.a E . Ek—l.a 5_»,,

P = (Veam))Z . a T = (Vau(m)3
5:1\'—1 - 3k—l =)
P =V, (m))5 and ¢l = (v, (0050
(G12)

Using this notation, the measurement of a sequence of
photodetection times 7 and a sequence of the ports & at
which these detections happen is equivalent to a projection
on the state |EZ) where

n

|EZ) = [[((pZ0)ai, + (4Z)7b1,)10),
k=1

(G13)

where 7" ={z,7,_,--7,},6“={0},0_,---0,}. Using
Eq. (G11), it also follows that (EZ,|ES) = 8;5/6(7 — 7).
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Finally, we remark that if qifki]’”},péfkfl’b} =0 or
qifk_l'b},pgk_l'“} =0 for all 6*!,7*, then this meas-
urement protocol reduces to simply performing photo-
detection on the two output ports without any linear optics.

To understand the optimality of this measurement
protocol, we will use the optimality criteria from
Ref. [43]: A rank 1 projective measurement described
by orthogonal states |E,) optimally senses the parameter ¢
from the state [y,,) if and only if

Im((E,|w,)(w;|E,)) =0 Vx, (G14)

where

ww—m—wmwg%m»

Using the derivative of |y,,) from Eq. (7), we obtain that
{|ES) V 5.7} is optimal at ¢ = 0 if

(EZ{lw) (wl. Ha}EZ) = 2/ (wl|ES) P (wlHaly).  (G15)

The rest of our analysis will be based on this optimality
condition.

We first consider the case where two independent
sources emit photons into the two input ports, i.e., the
state |y) = |wa) ® |wg). It will be convenient to define the
wave-functions corresponding to the states |yy), [wp):
Given 7 = {7}, 7,-- -7, }, we will define for X € {A, B}

Wy (7) = (vacl [ L v lwx):
i=1

with Wy (@) = (vaclyy). We will additionally assume that

PYy(7)#0 VT, (G16)
which is equivalent to assume that the wave-functions
corresponding to the states |w,), |wg) are never exactly
zero. Without loss of generality, we will assume Wy (0) > 0
for both X € {A, B}, and define phase Ox(7) via

Wx(7) = [Wx(7)]e® 0.

Our main result for the case of independent sources is
that if photodetection with time and measurement-record-
dependent linear optics is optimal, then photodetection
itself is an optimal measurement. To show this, we begin
by applying Eq. (G15) for 7,6 = 0, which corresponds to
the measurement outcome of no photons being detected.
Together with Wy (0) # 0, this yields

(w|Hyly) = 0.

Next, we consider the case of a single photodetection
event and apply Eq. (G15) for 7! = {7,},6! = {6,}. We
obtain that

o %
o g A EY) [P | =0, (G17a)
pl QI 1

7

where A()(71) is a 2 x 2 Hermitian matrix depending on
7; and whose diagonal elements given by

[A(l)(?l)]m = [Am(?l)]z,z
=Im(Wa(7))¥a(0)¥5(0)¥;(71)). (G17b)

We recall that Eq. (G17a) needs to have two orthogonal
solutions corresponding to ¢y = a and b. This is only
possible if Tr[A)(7!)] = 0 [63], but from Eq. (G17b), this
would also imply that [AD(Z1)], | = [AD(Z)],, =0,
ie, AD(Z!) is a matrix with 0 diagonal elements.
Then, it follows that the possible solutions to
Eq. (G17a) are (up to a global phase that can be dropped)

HEENEES
gt | 0] g2 | 1]
which would imply that photodetection, without any linear
optics, remains optimal until the first photodetection event.
We point out that [p¢;¢¢] = [0;1] and [p? ;4% ] = [1;0]
are also possible solutions to Eq. (G17a), but this simply
corresponds to swapping the two photodetectors before the
first photodetection [see Eq. (G11)] and is thus equivalent
to the solution in Eq. (G18). Finally, it is useful to note that
it follows from Eq. (G17b) and [AW(FY)], =
AU (@], = 0 that

(G18)

©4(71) = Op(7)). (G19)
which we will use subsequently.

Proceeding similarly, we next consider the case of two
photodetection events and apply Eq. (G15) for 72 =
{7,,7,} and 6% = {6,,06,}. We obtain

01,00%
e g A E <o @
1,62

where A,(,zl) (7) is again a 2 by 2 Hermitian matrix which

depends on 7;,7, (the times at which the photon is
detected) and o, (the port at which the first photon is
detected). For 6; = 0,
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AT @)y = Im((Wa(21)¥p(12) + Wal(22)Wh(21)) W5 (71, 72) W5 (0)),

0o

and for o) = 1,

2
A

A (72)]50 = Im((P4(0)P5(11, 72) — Wa (e, 72) W5 (0)) W (7)) W (2)),

AP E2)]1 = I ((Pa(0)¥5(11,72) = Wa (11, 72)P5(0)) i (22) Wy (1),
( )(?2)]2,2 = —Im((W4(71)¥p(72) + Pa(72)¥5(71)) V1 (0)¥5(71, 72)).

(G21a)

(G21b)

Again, since Eq. (G20) needs to have two orthogonal solutions (corresponding to 6, = 0 and 1), we obtain that
Tr(Ag)(?)) = Tr(A&z)(?)) = 0. Using Eq. (G19), this condition can be rewritten as

@ (W (1), 70) W5 (0) el () ]
M@ (‘517 72) Im(‘l‘%(ri, rz)‘P/f;(ﬂ)ei(X(’l)W(tﬁ)) =0, (G22)
where y (1) = ©4(t) = ©p() and
2[W4(z0)[[Wp(72)] + [Wa(72)||W5(21)] — ¥4 (71)[[¥5(22)|
@) _ A
YCTERS ( (o) [ ) 20 (22) [0(51) |+ ¥ (70| ¥ () > (@29

Since  W,(7),¥p(r) #0 by assumption, by
computing the determinant of M®)(z|,7,) it can be
verified that it is invertible. Therefore, it follows that
Im (W% (71, 7,) Py (0) e’ +2(2))y =0 and  Tm(¥j(zy,
7,4 (0)e“()Hx(m)) = 0.  Since we have fixed
¥, (0),P5(0) > 0, this is equivalent to

@A(Tl,fz) :®B(71,T2) :Z(Tl) +)((72> (G24)

Returning to Egs. (G20) and (G21), we see that
Eq. (G24) implies that A®)(7) has 0 diagonal elements,
and consequently similar to the case of a single photo-
detection even, photodetection without any linear optics
remains an optimal measurement.

This argument can be continued for any number of
photodetection events via induction: We assume that, for
7" ={7,,75---7,} (which corresponds to n detection
events),

©s(F") =0p(F") =D x(z).  (G25)
j=1

and apply the optimality condition [Eq. (G15)] for
"' ={o1,00rop}, and T ={r;, 17,0}
Doing so, we obtain that

arl+l*

= n+1 ~n+1 n =n p;nﬂ
[pL G ALz +‘)[ } =0, (G26)

G &M
,?n+l

where AUV (Z4) is a 2 by 2 matrix. Since Eq. (G26)
needs to have two orthogonal solutions (corresponding to
Opi1 =4a and 6,11 = b), it  follows that

Tr(AT)(7r+1)) = 0. Next, given 1€{1,2---n} we
choose 6" = {6y,0,--06,} where 6, = a for k # [ and
6;=b, i.e., 6" corresponds to a photodetection record
where all but one of the first n photons are detected at port

a, with a single photon detected at port b at time z;. For this

choice of 6", the condition for Tr(Af{f“(?)) can be
written as

(W)W (0) %5 (7 \ 1) W ({r)})) = 0. (G27)
It thus follows that
n+1
OAF™) = 047" \11) + Op({z1}) = _x(z)),
. (G28)

where, in the last step, we have used the induction
hypothesis [Eq. (G25)]. Performing a similar analysis
while choosing 6" via 6, = b if k# [ and 6, = a, we
obtain a similar result for ®4(7"!). By induction, we thus
conclude that Eq. (G25) is satisfied for all n.

Finally, we show that Eq. (G25) implies that photo-
detection alone, without any linear optical elements, is
optimal. We recall that photo-detection corresponds to a
projective measurement on the states |Ez z,) where
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Ez z) = H al H b} |0), (G29) b. Counterexample: Entangled state
T€7, TET, Here, we construct an example where linear optics and
photodetection is optimal but photodetection alone is not.

where 7, denotes the set of detection times recorded at port e begin by defining

x€{a,b}. Then, checking the optimality condition in
Eq. (G15) is equivalent to checking if
V(7. 7) = (vac| [T a. [] belw).  (G31)

<[Z‘PA \7)¥p(7, UT) T€%, 1€7%,
TET,
= > (2 O\ (2 _ We will consider a photonic state where a single source
— b4 ur)¥ b4 v =0.
Z 47U 7) B(Tb\f)} 4(7a)¥s <Tb)> emits into both the input ports of the MZI. Consequently,

teT, . .
k the photons in the two different ports can be entangled and

(G30) W¥(7,;7),) does not necessarily factorize into a product of
It can now easily be verified that this equation holds if  the form W, (7,)¥3(7}).
Eq. (G25) is true, thus showing that photodetection alone As an explicit example, consider a two-photon wave-
is an optimal measurement. packet given by

Y(1,72;0) = f(71.72), Y(r1:7) =—f(71.72), W(0;71.7) =(1+i)f(71.72), W(r2:7)=(1+i)f(71.72), (G32)

where f(7y,7,) is a symmetric function chosen such that the wave function is normalized. First we note that for this
specific example, (y|H ,|y) is equal to zero, and the condition in Eq. (G17) is satisfied since it’s a two photon wavepacket.
The diagonal entries of the matrix Af,zl) (7) in Eq. (G20) (corresponding to the optimality of two photodetection events) for
oy =a and b are

2 * .
(A @)1 = Im((¥(ei3m2) + W(e 1) ¥ (21, 730)) = | (71, 72) . .
2
(A ()22 = Im((P(0: 71, 72) — ¥(r1.72:0)) ¥ (71:%2)) = —|f (71.72) .
and,
2 * .
(A @)1 = Im(((0; 71, 72) = ¥(m1, 7050)¥" (223 0)) = | (70, )] G3b)
2
(A ()22 = —Im(¥(r1372) + W(e23 1) ¥ (0370, 72)) = —If (71, 22).
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