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Quantum optical systems comprising quantum emitters interacting with engineered optical modes
generate non-classical states of light that can be used as resource states for quantum-enhanced
interferometry. However, outside of well-controlled systems producing either single-mode states (e.g.
Fock states or squeezed states) or highly symmetric multi-mode states (e.g. superradiant states), their
potential for quantum advantage remains uncharacterized. In this work, we develop a framework to
analyze quantum enhanced interferometry with general Markovian quantum light sources. First, by
connecting the quantum Fisher information (QFI) of the photons emitted by a source to the multi-time
correlation functions and the source dynamics, we elucidate the link between the level structure and
spectrum of the source to a potential quantum advantage in interferometry. Second, we analyze optimal
measurement protocols that can be used to achieve this quantum advantage with experimentally available
optical elements. In particular, we show that tunable optical elements with Kerr non-linearity can always
be harnessed to implement the optimal measurement for any given source. Simultaneously, we also outline
general conditions under which linear optics and photodetection is enough to implement the optimal
measurement.
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I. INTRODUCTION

Leveraging quantum many-body correlations is well
known to provide a quadratic advantage in sensing [1–4].
Using classical sensors with N probes, the precision for
estimating an unknown parameter is limited to the standard
quantum limit (SQL) which scales as 1=

ffiffiffiffi
N

p
. However,

employing probes in a highly correlated state, such as a
Greenberger-Horne-Zeilinger (GHZ) state [5], allows us to
surpass this limit and achieve Heisenberg-limited (HL)
scaling of 1=N [4,6,7]. A specific and practically relevant
application of quantum-enhanced sensing is interferom-
etry, where the probes are photons emitted from a non-
classical source, and the parameter to be sensed is an
unknown phase. This phase is typically applied in one arm
of a Mach-Zehnder interferometer (MZI). The interfer-
ometer is then illuminated with the probe photons, and the
photons at the MZI output are detected to infer the

unknown phase. Such a scheme, using “classical” photonic
states, such as coherent states, senses the unknown phase at
the standard quantum limit. In contrast, quantum photonic
states, such as NOON states [8] or twin Fock states [9], can
achieve the Heisenberg limit.
However, while several theoretical proposals exist for

generating quantum states such as NOON states or Fock
states [10–18], they largely require strong photon blockade
as well as a high degree of controllability in the quantum
emitters [19–25], which is hard to achieve at optical
frequencies [26,27]. This has limited the number photons
that can be prepared in such quantum states [28–31].
Rather than asking which states saturate the Heisenberg

limit and then finding ways to prepare them, a practically
oriented approach is to ask which quantum-light sources
are both simple and able to deliver a quantum advantage in
metrology (but not necessarily Heisenberg scaling).
Notably, significant experimental efforts have focused
on efficiently generating squeezed states [32–34] that go
beyond the standard quantum limit [35,36] and are
generated by strongly pumping bulk optical non-linearities
[37–40]. Another recent line of work has theoretically
analyzed the metrological potential of photonic states
generated by the collective superradiant decay in the
waveguide Dicke limit [41] and have shown that these
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states achieve a Heisenberg-limited scaling with the
number of photons and are only ∼18% worse than Fock
states [42].
Going beyond individual examples, it would be desir-

able to assess more generally the metrological potential of
different types of quantum-optical light sources. An
important quantity to calculate is the quantum Fisher
information (QFI) [43], which characterizes the maximum
sensitivity the interferometer can achieve [44,45]. A key
obstacle here is that the QFI for photonic states is, in
general, challenging to compute since it usually requires
being able to calculate the full photonic state, which often
has a large number of photons in possibly multiple modes.
While this question has been studied in the context of
spectroscopy with continuous-field measurements [46–
48], computing QFI for interferometry has been largely
limited to either single-mode states [4] or certain specific
highly symmetric multi-mode states [42]. Furthermore, the
QFI only provides an upper bound on the sensitivity
achievable in the spectroscope. Whether an optically
implementable measurement protocol can be devised to
achieve this maximal sensitivity also remains an important
open question and has been answered only for very
specific set of photonic states [42,49–51].
In this paper, we develop a framework to address these

problems in a setup where a general source emits photons
into each arm of the Mach-Zehnder interferometer to sense
an unknown phase φ [Fig. 1]. The only assumption that we
make on the source is that its coupling with the output
photon field is well described within the Markov approxi-
mation. We explicitly connect the QFI of the emitted
photons to their two-time correlation functions, which can
be computed by only tracking the internal dynamics of the
source. Unlike previous works [42], we do not require an
explicit computation of the output many-body photonic
state, which allows us to numerically analyze a much
larger class of photon sources [52–55]. Furthermore, using
this result for the QFI, we then analyze how the source
spectrum impacts the possibility of quantum metrological
advantage and demonstrate that the photons generated by
driving a source with a single ground state will always
exhibit a SQL scaling. However, sources with multiple

ground states can generate photons with HL scaling. For
instance, we show that a simple π-level system with a
continuous-wave drive can generate photons with quantum
metrological advantage.
Finally, we explore the optimal measurement protocol

that is needed to achieve the QFI-limited sensitivity. We
show that, irrespective of the source, such a measurement
can always be implemented with a dynamically driven
non-linear resonator and photodetectors. Furthermore,
since it is experimentally much easier to implement linear
optics, we also study the optimality of measurements that
can be implemented with only dynamically controllable
linear optical elements and photodetectors and outline
conditions when such measurements can be optimal.

II. QFI FOR GENERAL LIGHT SOURCES

A. Formalism

1. Setup

The interferometric setup that we consider throughout
this paper is shown in Fig. 1—a source of photons emits
into the two input ports (labeled as port A and port B) of
the MZI, which has the unknown phase φ to be sensed.
After passing through the MZI, the photons are in a
φ-dependent state jψφi which is then measured and the
measurement outcome is classically post-processed to
produce an estimate of the unknown phase φ. We model
the input ports of the MZI as one-dimensional propagating
fields (e.g., fields in a waveguide mode or a collimated free
space beam) with annihilation operators aω and bω
corresponding to the frequency ω. Within the Markov
approximation [56], the source-port Hamiltonian can be
expressed as

HðtÞ ¼ HSðtÞ þHP þ VSP; (1a)

where HSðtÞ is a possibly time-dependent Hamiltonian
acting on the source, HP is the Hamiltonian describing
photon propagation in the ports, i.e.,

FIG. 1. Schematic depiction of the setup considered in this paper. A source emits photons into input ports of the MZI through the
jump operators LA and LB. The generated photonic state passes though a MZI that includes an unknown sensing parameter, φ and the
output state jψφi then depends on φ. This state is then subsequently measured, and the measurement outcome is classically post-
processed to output an estimate φ̂ of φ.
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HP ¼
X

x∈ fa;bg

Z
∞

−∞
ωx̃†ωx̃ωdω; (1b)

and

VSP ¼
X

x∈ fa;bg

Z
∞

−∞
ðx̃†ωLX þ H:c:Þ dωffiffiffiffiffi

2π
p ; (1c)

is the interaction Hamiltonian between the source and port.
Here LA; LB are the operators, acting only on the Hilbert
space of the source, through which the source couples to
the two output ports. Equation (1) follows the Markov
approximation for the model by (i) assuming that the
frequencies in the port extend from −∞ to ∞, with the
addition of fictitious negative frequencies being justified
when the natural resonant frequency of the source is much
larger than other frequency scales in the problem and
(ii) assuming that the source interacts identically with each
frequency ω in the output ports.
It is convenient to introduce the time-domain annihila-

tion operator for the port, xτ ¼
R
R x̃ωe−iωτdω=

ffiffiffiffiffi
2π

p
, which

can be interpreted as destroying excitations at the time τ in
the port. Working in the interaction picture with respect to
the port Hamiltonian HP, we obtain the source-port
Hamiltonian HIðtÞ:

HIðtÞ ¼ HSðtÞ þ
X

x∈ fa;bg
ðxtL†

X þ H:c:Þ:

Assuming that the source is initially in state jϕS;ii and
the ports are initially in a vacuum state, and finally
projecting the source onto the state jϕS;fi, the state of
the light channel after time T is expressed as

jψi ¼ 1

N
hϕS;fjUIðT; 0ÞjϕS;i; vaci; (2a)

where

UIðT; 0Þ ¼ T⃗ exp
�Z

T

0

HIðsÞds
�
; (2b)

with T⃗ being the time-ordering operator that orders times
in decreasing order and N chosen to ensure that jψi is
normalized. The projection onto a final state jϕS;fi maybe
performed explicitly via a projective measurement on the
source and post-selecting on the measurement outcome.
More realistically, in an experiment, we would often wait
for a sufficiently long time T for the source to have
decayed into its ground state which, if unique, would
disentangle from the photons and thus effectively projec-
ting the source onto its ground state. Finally, while we
consider the more general setting of the same source
emitting into both the ports, in many experimental setups

(such as twin-Fock state interferometry [9]), it is more
common to consider two independent sources emitting
separately into the two ports. In this case, HSðtÞ ¼
HAðtÞ ⊗ IB þ IA ⊗ HBðtÞ and the operator LA will act
only on the Hilbert space of the source coupling to port A
and the operator LB will act only on the Hilbert space of
the source coupling to port B. Consequently, the state of
photons jψi will be a separable state in between the two
ports i.e. jψi ¼ jψAi ⊗ jψBi.
The ports then pass through an MZI which implements a

unitary transformation dependent on the phase φ that is to
be sensed and can be expressed as

U†
MZIðφÞ

�
at
bt

�
UMZIðφÞ ¼

�
cosφ sinφ

− sinφ cosφ

��
at
bt

�
: (3)

Consequently, the final photonic state at the output of
the MZI is given by

jψφi ¼ UMZIðφÞjψi; (4)

which depends on the phase φ. In the next subsection, we
start from this expression for the state jψφi and compute its
QFI with respect to φ. Moreover, in Sec. B we extend the
results of this subsection to general linear optical systems,
but here we restrict attention to the balanced MZI case.

2. Computing QFI efficiently

The QFI of the φ-dependent state jψφi evaluated at φ ¼
φ0 is formally given by [57]

QFI ¼ 4

����� ∂
∂φ

jψφi
����2 − hψφj

∂
∂φ

jψφi
�

φ¼φ0

: (5)

As is typical while studying quantum enhanced inter-
ferometry, we will consider the QFI at φ ¼ 0 since the
measurement of a non-zero φ can always be done in two
steps—first making an approximate estimate of φ and then
biasing the MZI around φ ¼ 0 using the estimated phase
[58–60].
One approach to developing an explicit expression for

QFI, which has been adopted in Ref. [42], is to first
calculate the wave functions

ψφðt1; t2 � � � tn; s1; s2 � � � smÞ ¼ hvacj
Yn
i¼1

ati
Ym
i¼1

bsi jψφi;

associated with jψφi, which can be obtained entirely
in terms of the source’s effective Hamiltonian
HeffðtÞ ¼ HSðtÞ − i

P
x∈ fa;bg L

†
xLx=2, using input-output

formalism [25,61], and then evaluate QFI. The complexity
of evaluating ψφðt1; t2 � � � tn; s1; s2 � � � smÞ grows exponen-
tially with n;m in the absence of any special symmetries in
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the source, making it hard to employ this approach beyond
very special cases [42].
We take an alternative route and first express QFI in

terms of the correlation functions of jψφi. We begin by
noting that the MZI unitary in Eq. (4) can be considered as
being generated by the time-dependent Hamiltonian [62]:

HMZIðt;φÞ ¼ 2 tan
�
φ

2

�
hðtÞ with hðtÞ ¼ iða†t bt − atb

†
t Þ:
(6)

Since jψφi ¼ T⃗ expð−i R T0 HMZIðs;φÞdsÞjψi, we can
now use Duhamel’s formula [63] to evaluate ∂jψφi=∂φ
at φ ¼ 0:

∂
∂φ

jψφijφ¼0 ¼ −iHdjψi where Hd ¼
Z

T

0

hðsÞds: (7)

It then follows from Eq. (5) that QFI ¼ 4ðhH2
di −

hHdi2Þ or equivalently:

QFI¼ 8

Z
T

0

Z
T

0

ReðCð2Þa;b;b;aðt; sÞ− Cð2Þb;b;a;aðt; sÞÞdtds

þ 4

Z
T

0

ðCð1Þa;aðtÞþ Cð1Þb;bðtÞÞdt

þ 16

����Z T

0

ImðCð1Þa;bðtÞÞdt
����2;

(8)

where CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ, for xi; yi ∈ fa; bg is an

n-point correlation function given by

CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ ¼

	Yn
i¼1

xi†ti
Yn
i¼1

yiti



:

Equation (8) expresses the QFI of the emitted photonic
state in terms of its correlation functions—as we detail in
Appendix A1, this also yields a method to extract the QFI
from two-photon correlation functions without necessarily
having to perform the full sensing measurement to mea-
sure the unknown phase.
From the perspective of numerical calculations of QFI it

is convenient to express it in terms of the internal dynamics
of the source [64], which in turn is captured by the
Lindbladian LSðtÞ:

LSðtÞ ¼ −i½HSðtÞ; ·� þ
X

X∈ fA;Bg
DLX

; (9)

where DLðXÞ ¼ LXL† − fL†L; Xg=2, and the associated

channel ESðt; sÞ ¼ T⃗ expðR ts LSðτÞdτÞ. In Appendix A 2,
we show that this can be accomplished by using the input-
output formalism [65] and the quantum regression theorem

[66,67]. In particular, we show that the correlator

CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ can be expressed as

CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ

¼ 1

N 2
hϕS;fj

hYn
i¼1

ESðti−1; tiÞMi

i
ESðtn; 0ÞðρS;iÞjϕS;fi;

(10)

where we have assumed T ¼ t0 ≥ t1 ≥ t2 ≥ � � � ≥ tn ≥ 0,
ρS;i ¼ jϕS;iihϕS;ij and Mið·Þ ¼ LYið·ÞL†

Xi . Furthermore,
the normalization constant N can also be expressed
as N ¼ ðhϕS;fjESðT; 0ÞðρS;iÞjϕS;fiÞ1=2.
We emphasize that, for a source with D levels, the

computation of the QFI from Eqs. (8) and (10) requires
time that scales as D2T2, whereas computing the QFI via
first computing the output photon wave-packet would
typically require time that scales exponentially with T.
An alternative route also to performing the QFI compu-
tation efficiently for this problem would be to formulate an
effective two-sided master equation by following the
formalism in Refs. [46–48,68]. These works have focused
on analyzing the sensitivity of continuous measurement for
the spectroscopy problem, i.e., where the parameter to be
sensed is encoded in the Hamiltonian of the source (e.g.,
resonant frequency of the emitting atoms). In Sec. C, we
make this connection explicit by showing that the param-
eter φ, although corresponding to a linear-optical element
applied outside the source, can be equivalently viewed as a
parameter governing the jump operators with no linear-
optical element, thereby allowing us to apply the frame-
work of Refs. [46–48].

3. Accounting for losses and decoherence

Thus far, we have only considered sources which are
coupling only to the ports of the MZI and do not lose
photons into any additional channels. In many experimen-
tal settings, this may not exactly be the case—the source
might emit into multiple output channels which may
correspond to different propagation directions, or even
channels corresponding to decohering processes (such as
non-radiative photon absorption from the source, or
dephasing). When the source couples to additional loss
channels, its dynamics is described instead by the
Lindbladian

LSðtÞ ¼ −i½HSðtÞ; ·� þ
X

X∈ fA;Bg
DLX

þ
X
α

DKα
; (11)

where the jump operators K1; K2 � � � model photon emis-
sion into additional channels. When the photons emitted
into these channels are not discarded (for e.g., if the
different channels correspond to photon emission in
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different propagation directions and these photons are
optically collected), then the expression for the QFI in
Eqs. (8) and (10) continue to hold. However, when the
photons in the additional channels are discarded, the result
given in Eqs. (8) and (10) no longer accurately captures the
QFI of the MZI output, since it is derived under the
assumption that the photons emitted are in a pure-state. In
the presence of the loss channels, however, the photons in
the output ports would be in a mixed state for which
computing the QFI is a significantly harder task. However,
Eqs. (8) and (10) still provide the QFI for a purification of
the mixed state of the photons in the output ports, and
consequently still sets an upper bound on the QFI of the
photons in the output ports [43].
This upper bound can be supplemented with a lower

bound by computing the sensitivity of different measure-
ments on the MZI output. In particular, for a Hermitian
measurement operator O, the sensitivity for the estimation
of φ from the photonic state is defined by

ξφðOÞ ¼ ∂φhOi2
hO2i − hOi2 ; (12)

where the expectation is taken with respect to the photonic
state at the output of the MZI. When the measurement is
optimal, the sensitivity is exactly equal to the QFI. For
suboptimal measurements, the sensitivity furnishes a lower
bound on the QFI. Similar to the computation of the QFI in
Eqs. (8) and (10), we show in Sec. A 3 that for selected
measurement operators O (such as the photon number
operator or photon-number parity operator), the sensitivity
in Eq. (12) can be computed efficiently by tracking the
evolution of the source.

III. EXAMPLES

As examples of applying the formalism introduced in
the previous section, we consider some paradigmatic
systems used as quantum light sources and study the
QFI of the emitted photons. In all of our examples, we will
consider the setting of two identical and independent
sources emitting into the two input ports of the MZI.
More specifically, the system Hamiltonian will be assumed
to be of the form HSðtÞ ¼ HðtÞ ⊗ I þ I ⊗ HðtÞ, the jump
operators are of the form LA ¼ L ⊗ I, LB ¼ I ⊗ L and the
initial and final source states are of the form
jϕS;ii ¼ jϕii ⊗ jϕii, jϕS;fi ¼ jϕfi ⊗ jϕfi.

A. Driven cavity, 2-level and π-level source

Cavity source We first consider a driven single-mode
cavity with annihilation operator c, initialized in the
vacuum state. The source Hamiltonian is given by
H ¼ Ωðcþ c†Þ, where Ω is the drive amplitude, and the
coupling to the output port is described by the jump
operator L ¼ ffiffiffi

κ
p

c with κ being the cavity decay-rate

[Fig. 2(a)]. Because the dynamics is linear and the input
field is vacuum, the output field of each source is a
coherent state for all times. Consequently, the emitted-
photon QFI scales linearly with the emission time T
(equivalently, linearly with the mean photon number).
In particular, for a coherent output one obtains the simple
form QFI ¼ 8N̄ðTÞ where N̄ðTÞ is the mean number of
photons emitted by the source into its output port over time
T (an explicit expression is given in Appendix E).
Figure 2(b) shows the linear scaling of the QFI with T.
Moreover, since the output is coherent, photon-number
measurement is optimal: the sensitivity of photon-number
measurement matches the QFI, as shown in Fig. 2(c).
Two-level source Next, we consider a continuously

driven two-level system [Fig. 2(d)]. The source
Hamiltonian is given by H ¼ Ωσ þ H:c:, where σ ¼
jgihej and Ω is the drive amplitude, and the coupling to
the output port is described by the jump operator L ¼ ffiffiffi

γ
p

σ
where γ is the emitter decay-rate. We take the initial and
final states of the two-level emitter to be the ground state
i.e., jϕii ¼ jϕfi ¼ jgi. Figure 2(e) shows the QFI numeri-
cally for several values of Ω: we observe that in the long-
time regime γT ≫ 1, the QFI scales linearly with time.
This can be seen to be a consequence of the emitter
emitting photons that become uncorrelated if the emission
times are temporally separated by more than 1=γ. The
absence of long-time correlations thus results in the QFI
being proportional to the number of emitted photons,
which itself grows linearly with T. Furthermore, in the
short-time regime, we see oscillations in the QFI when
Ω ≫ γ reflecting the underlying Rabi oscillations of the
driven system.
Since the photons emitted by this system have only

short-time correlations, we can expect that a photon-
number measurement to be a good measurement. In
Fig. 2(f), we plot the sensitivity of nph ¼

R
T
0 a†t atdt

computed using Eq. (12): we see that its long-time scaling
is linear in T, thereby matching the scaling of the QFI
with T.
π-level sourceWe next consider a driven π-level system

with two excited states je1i; je2i and two ground states
jg1i; jg2i, with both the transitions (je1i → jg1i and
je2i → jg2i) emitting collectively through the jump oper-
ator L ¼ ffiffiffi

γ
p ðjg1ihe1j þ jg2ihe2jÞ [Fig. 2(g)]. We drive the

two transitions coherently but with different phases—this
is modelled by a Hamiltonian

H ¼ Ωðσ1 þ H:c:Þ þ Ω0ðσ2eiθ þ H:c:Þ; (13)

where σi ¼ jgiiheij and θ is the phase-difference between
the drives on the two transitions. We take the initial and
final states for the source to be jϕii ¼ jϕfi ¼
ðjg1i þ jg2iÞ=

ffiffiffi
2

p
. Figure 2(h) shows numerically calcu-

lated QFI as a function of T—we see that for θ ≠ 0 the QFI
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exhibits Heisenberg-like scaling ∼T2, while for θ ¼ 0 it
scales only linearly with T. The QFI, when γT is large, can
also be analytically calculated (see Appendix E), to obtain

QFI ¼ 128γ4Ω4
0

ðγ2 þ 8Ω2
0Þ4

T2sin2θ þOðTÞ; (14)

which agrees with Fig. 2(h). This can physically be under-
stood as follows: for the π-level source, if initialized in and
projected on the state ðjg1i þ jg2iÞ=

ffiffiffi
2

p
, the emitted pho-

tonic state jψi is a macroscopic superposition (i.e., “cat”
like state) of two photonic states: jϕi and jϕθi, which are the
photonic states that would have been emitted by a two-level
system with drive Ω0 and Ω0eiθ respectively. For θ ≠ 0,

jϕi; jϕθi become asymptotically orthogonal to each other as
T → ∞, and their macroscopic superposition inherits long-
time correlations that make them useful for quantum-
enhanced interferometry. When θ ¼ 0, the two states
jϕi; jϕθi become identical and thus the emitted photonic
state is the same as the state emitted by a driven two-level
system which has a QFI scaling only linearly with T.
Next, we analyze concrete measurements in Fig. 2(i).

We focus on the case of θ ¼ π=2 which as per Eq. (14)
yields the highest QFI for large γT. We note that if
jϕi ¼P∞

n¼0 jϕni, where jϕni is the n-photon component
of jϕi, then jϕθi ¼

P∞
n¼0 e

inθjϕni: thus, when θ ¼ π=2,
the state jϕi þ jϕθi has no component on the n ¼
2; 6; 10; 14 � � � photon subspaces. This motivates us to

FIG. 2. (a) Schematic of the driven cavity set up, where the system is driven by a laser with amplitude Ω and emits photons into the
port at a decay rate κ. (b) Scaling of the QFI with time for different values of κ=Ω. (c) QFI, and the sensitivity of the photon number
measurement for κ ¼ 2 Ω. The QFI, and measurement sensitivity both scale linearly with T in the large time limit. (d) Schematic of the
2-level system setup, where the system is driven by a laser and emits photons into the port at a decay rate γ. (e) Scaling of the QFI with
time for the 2-level system. The QFI scales linearly with time for different values of Ω. (f) Simulation of the QFI, and photon number
sensitivity with time for the 2-level system withΩ ¼ 0.2γ. (g) Schematic of the π-level system setup, where the system is driven by two
lasers with amplitudeΩ and phase difference θ, emitting photons into the port at a decay rate γ. (h) Scaling of the QFI with time for the
π-level system withΩ ¼ 0.2γ. The QFI scales quadratically with time for non-zero θ, while for θ ¼ 0 it scales linearly. (i) Simulation of
the QFI, photon number sensitivity and the sensitivity of the parity-like measurement with time for the π-level system with θ ¼ π=2.
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consider the generalized parity-operator Π4 given by

Π4 ¼ fðnphÞ; where fðnÞ

¼
�−1 if ∃ k∶ n ¼ 4kþ 2;

1 otherwise:
(15)

This operator can also be written as linear combination
of exponentials of nph:

Π4 ¼
1

2

�
I þ ei

π
2nph − eiπnph þ ei

3π
2 nph

�
: (16)

By construction, when the MZI phase φ ¼ 0, measuring
this operator would yield + 1 with probability 1, whereas a
non-zero phase φ in the MZI would result in an outcome of
−1 with some probability dependent on φ. Figure 2(i)
shows that the sensitivity associated with Π4: we observe
that, like the QFI, this sensitivity also grows quadratically
with T thus showing that Π4 is a good-measurement.
Figure 2(i) also shows the sensitivity of photon-number
observable nph which only scales linearly with T despite
the QFI showing a quadratic scaling.
While the π-level source is a good toy example to show

how a quadratically growing QFI can arise, it also

motivates a concrete experimental implementation. In
particular, a two-level emitter with an additional spin degree
of freedom (e.g., two-level transitions in a quantum dot [69]
or in color centers [70,71]) naturally realizes the π-level
structure [Fig. 3(a)]. The Hilbert space of this system is
spanned by two excited states je1i ¼ je;↑i; je2i ¼ je;↓i
and two ground states jg1i ¼ jg;↑i; jg2i ¼ jg;↓i. Since
photon-emission cannot change the spin-degree of freedom,
the jump operator modeling photon-emission is given
by L ¼ ffiffiffi

γ
p

σ ⊗ I ¼ ffiffiffi
γ

p ðσ1 þ σ2Þ where σ ¼ jgihej; σi ¼
jgiiheij.
To achieve the quadratic scaling of the QFI with T, the

two transitions (je;↑i → jg;↑i and je;↓i → jg;↓i) need
to be driven asymmetrically. Imparting a different phase on
the drives applied on the two transitions is not directly
possible since a laser field cannot couple to the spin-degree
of freedom. An alternative way to create this asymmetry is
to apply a magnetic field that produces different Zeeman
splittings on the spin manifold in the excited and ground
states [Fig. 3(a)], thus making the transition frequency of
je;↑i → jg;↑i different from je;↓i → jg;↓i. This is
modeled by the Hamiltonian

H ¼ ω0jeihej ⊗ I þ Ωðσ ⊗ I þ H:c:Þ
þ

X
a∈ fe;gg

Δa

2
jaihaj ⊗ ðj↑ih↑j − j↓ih↓jÞ; (17)

where Δe;Δg are the Zeeman-splittings corresponding to
the excited and ground state. In Fig. 3(b), we simulate the
QFI as a function of time for different values of Δe=Δg. As
expected, when Δe ¼ Δg the two transitions are identical
and the QFI scales linearly with T. However, for Δe ≠ Δg

the QFI exhibits quadratic scaling in the long-time limit.

B. Dissipative Tavis-Cummings and Dicke model

Next, we consider a multi-emitter cavity-QED system as
a photon source: we consider N two-level emitters cou-
pling collectively to a cavity mode which in turn emits
photons into the output port [Fig. 4(a)]. This model
describes a number of recently developed solid-state
quantum optical systems [72–75] that can potentially be
used as quantum light sources. Assuming the emitters to be
identical, the Hamiltonian of the source is given by the
Tavis-Cumming model [72,76]

H ¼ g
XN
i¼1

ðc†σi þ σ†i cÞ; (18)

where g is the cavity-emitter coupling strength and the
jump operator coupling to the output port is given by

ffiffiffi
κ

p
c

where κ is the cavity decay rate. Wewill analyze the setting
where all the emitters are excited at t ¼ 0 to the state jei⊗N

FIG. 3. (a) Spin-based implementation of the π-level system: a
two-level optical transition with spin sublevels yields two spin-
conserving transitions je1i → jg1i and je2i → jg2i. A magnetic
field induces Zeeman splittings, producing distinct detunings Δe
and Δg for the two levels. (b) QFI of the emitted photons versus
time for several detuning differences Δe − Δg, with Δe ¼ γ
and Ω ¼ γ=2.
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and subsequently decay and emitN photons into the output
port and decay to the ground state jgi⊗N.
In Fig. 4(b), we plot the QFI as a function of the number

of emitters, N (which is also equal to the number of
emitted photons). We find that the QFI scales quadratically
with N. In the bad cavity regime (i.e., κ → ∞), which is
described by the Dicke model, this quadratic scaling
agrees with the QFI calculation performed in Ref. [42].

While the QFI seems to have a quadratic scaling for all
values of g=κ, we see that, surprisingly, the QFI becomes
worse as the coupling between the emitters and the cavity
is increased, i.e., weak coupling regime is more favorable.
To explain this behavior, we follow Ref. [77] and analyze
the temporal-mode distribution of the emitted photons: we
obtain the temporal eigenmodes of the emitted photons by
first computing the first-order correlator Gð1Þðt; t0Þ ¼
κhc†ðtÞcðt0Þi and then computing its eigendecomposition:
the eigenvalues of Gð1Þðt; t0Þ measure the relative occupa-
tion of different eigenmodes. Figure 4(c) shows these
eigenvalues for different g=κ. In the bad-cavity/Dicke-
limit, we see that one temporal mode is dominantly
occupied over other modes thus making the photonic state
closer to a single-mode Fock state which is known to be
optimal for quantum-enhanced interferometry [9,77]. As
g=κ is increased, the emitted photons are more spread out
into several temporal modes. This multi-mode nature of
the emitted photons can be attributed to the polaritonic
splittings that develop when the emitters and the cavity
mode are strongly coupled and results in a lower QFI.

C. Lossy driven 2-level and π-level source

Finally, we revisit the examples studied in Sec. III A
when unwanted loss channels are taken into account. As
described in Sec. II A 3, the output photonic state is mixed
and the computation of QFI is harder. However, it still
remains possible to compute upper and lower bounds on
the QFI. In particular, the QFI expressions developed in
Sec. II A 2 provide us with an upper bound on the actual
QFI while a lower bound can be derived by computing the
sensitivity of specific measurement operators. We numeri-
cally evaluate both bounds in both the examples of driven
2-level and π-level systems.
Two-level system. We consider the same driven two-

level setup studied previously, now with an additional loss
channel K ¼ ffiffiffiffiffi

γ0
p

σ. For the lower bound, we use the
photon-number observable nph at the output of the MZI
and evaluate its sensitivity using Eq. (12). As shown in
Fig. 5(a), in the presence of loss both the upper and lower
bounds scale linearly with the total evolution time T. We
therefore conclude that the QFI of the noisy case scales
linear in T.
π-level system. Next, we return to the π-level system

with θ ¼ π=2 and consider two loss models:

ðIÞK∈ f ffiffiffiffiffi
γn

p jg1ihg2j;
ffiffiffiffiffi
γn

p jg2ihg1jg;
ðIIÞK∈ f ffiffiffiffiffi

γn
p

σ1;
ffiffiffiffiffi
γn

p
σ2g:

Physically, model (I) corresponds to unwanted incoher-
ent coupling between the two ground states at rate γ0 and
model (II) corresponds to emitted photons being lost at rate
γ0 into unwanted loss channels. For each model, we
compute two measurement-based lower bounds: we

(a)

(b)

(c)

FIG. 4. (a) Tavis-Cumming model setup. All atoms are initially
excited and interact with a cavity mode with an interaction
strength g. The annihilation operator of the cavity mode is
denoted as c. Photons are emitted from the cavity into the port at
a decay rate κ. (b) Scaling of the QFI with the number of emitters
for the Dicke and Tavis-Cumming setup. The Dicke limit is
defined by taking κ → ∞ with g2=κ ¼ γ. (c) Occupations of the
first six orthogonal temporal modes of the output photonic state
for 10 number of emitters. The Dicke emission is strongly
dominated by a single mode, indicating a state close to a single-
mode Fock state. In the Tavis-Cummings case, the output
becomes more multi-mode as κ=g is reduced.
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evaluate the sensitivities for the photon-number observable
nph as well as the parity observable Π4 and compare them
with the upper bound for the QFI. The resulting bounds for
models (I) and (II) are shown in Figs. 5(b) and 5(c). In each
panel, the gray band indicates the admissible region for the
true QFI of the mixed output state, bounded below by the
best measurement sensitivity and above by the QFI for the
purification of the mixed state. Interestingly, for loss
model (I) the upper bound itself scales only linearly with
T, indicating that the quadratic advantage is lost at the level
of the best possible strategy. In contrast, for loss model (II)
the upper bound retains a quadratic scaling with T, leaving
open the possibility of a quantum-enhanced scaling.
Moreover, for noise model (II), the two measurement
sensitivities are complementary: depending on time, either
nph or Π4 can provide the tighter lower bound.
We emphasize that the loss channels considered here act

only on the internal Hilbert space of the light source. We
assume that the loss corresponding to the emitted photons
passing through the MZI is negligible. If photon loss is
present in the ports, with jump operators proportional to at
and bt, the asymptotic scaling of the QFI with time T can
be restricted by general results in noisy quantum metrol-
ogy [78–80]. In particular, the Hamiltonian in Eq. (6)
resides in the Lindblad span generated by at and bt. Thus,
in the presence of photon loss in the ports, the QFI is
restricted to grow at most linearly with time in the
asymptotic limit [80,81]. Therefore, the quadratic scalings
with T discussed in this work should not be interpreted as
being robust to arbitrary noise models. This behavior is
observed in noise model (I) for the π-level system: in the
absence of noise, the QFI scales quadratically with time,
whereas the addition of noise reduces the asymptotic

scaling to linear in T, showing that the quadratic enhance-
ment is not robust to this particular noise.

IV. SOURCE SPECTRUM AND QUANTUM
ADVANTAGE

In this section, we show that the result of the previous
section can also be used to understand the constraints put
by the level structure and the spectrum of the source on the
possible quantum advantage. Throughout this section, we
will again restrict ourselves to the case where both the
arms of the MZI have independent and identical sources
i.e., HSðtÞ ¼ HðtÞ ⊗ I þ I ⊗ HðtÞ, LA ¼ L ⊗ I, LB ¼
I ⊗ L and jϕS;ii ¼ jϕii ⊗ jϕii, jϕS;fi ¼ jϕfi ⊗ jϕfi.
We will denote by Eðt; sÞ ¼ T expðR ts LðτÞdτÞ, where
LðτÞ ¼ −i½HðτÞ; ·� þDL, to be the channel describing
the dynamics of the individual sources, and by
ρiðtÞ ¼ Eðt; 0ÞðjϕiihϕijÞ;PfðtÞ ¼ E†ðT; tÞðjϕfihϕfjÞ. The
expression for the QFI in Eqs. (8) and (10) can then be
reduced to

QFI ¼ 8ðQð2Þ þ NphÞ; (19a)

where Nph is the number of photons emitted by the source
in time T i.e.,

Nph ¼
1

N 2

Z
T

0

nðtÞdt; (19b)

with nðtÞ ¼ TrðPfðtÞLρiðtÞL†Þ and N 2 ¼ hϕfjρiðTÞjϕfi.
Furthermore, Qð2Þ is the contribution to the QFI from the
two-point correlation functions:

FIG. 5. (a) The range for the noisy 2-level system QFI with K ¼ ffiffiffiffiffi
γn

p
σ with time. The QFI of the mixed photonic state lies within the

shaded gray region. The upper bound is obtained by evaluating the QFI assuming access to the loss channel, while the lower bound is
given by the sensitivity of photon-number measurement. (b),(c) The range for the QFI of the lossy π-level system with time assuming
θ ¼ π=2, and noise models I) Kα ∈ f ffiffiffiffiffi

γn
p jg1ihg2j; ffiffiffiffiffi

γn
p jg2ihg1jg, and II) Kα ∈ f ffiffiffiffiffi

γn
p

σ1;
ffiffiffiffiffi
γn

p
σ2g. The lower bound is given by the

maximum sensitivity of photon-number measurement (nph), and parity-like measurement (Π4). For all three plots we have Ω ¼ 0.2γ,
and γn ¼ 0.1γ.
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Qð2Þ ¼ 2

Z
T

0

Z
t

0

ðjCðgÞðt; sÞj2 − jCðχÞðt; sÞj2Þdtds; (19c)

with

CðgÞðt; sÞ ¼ hψ ja†t asjψi ¼
1

N 2
TrðL†PfðtÞEðt; sÞðLρiðsÞÞ;

CðχÞðt; sÞ ¼ hψ jatasjψi ¼
1

N 2
TrðPfðtÞLEðt; sÞðLρiðsÞÞ;

(19d)

where jψi is the state of the photons emitted into any one
of the ports. CðgÞðt; sÞ and CðχÞðt; sÞ are the two-point
correlation functions contributing to the QFI.
We will assume each source to have D levels and driven

for time T during which it emits photons into the output
port. While analyzing the scaling of QFI as a function of T,
we will also make the assumption that the normalization
constantN , which in general will depend on the total time
T, is asymptotically lower bounded by a T-independent
constant p0 > 0, i.e., N 2 ≥ p0 > 0 as T → ∞. Physically,
this corresponds to the assumption that the projection of
the source onto the final state jϕfi at time T succeeds with
a probability at least p0 which does not vanish as T → ∞.
We remark that even when the source has only a few levels
(i.e., D is small), it can still be used to emit a large number
of photons in a possibly entangled state. In particular, from
Eq. (19b), it follows that

Nph ≤
TkLk2
p0

; (20)

i.e., the number of emitted photons can grow at most
linearly with the emission time T. For time-independent
sources, Nph in-fact grows linearly with T at long times
i.e., Nph ¼ rphT þOð1Þ for some constant rph ≥ 0 (details
in Appendix D) which can be interpreted as the asymptotic
photon emission rate. It is possible that rph ¼ 0 but in this
case the source would only emit at most a constant number
of photons and if rph ≠ 0 the number of photons will be
linear in T. Therefore, a time-independent source cannot
exhibit sublinear photon scaling of the from Tν with
0 < ν < 1. While, driving schemes in which the emitted
photon number grows sublinearly with T are in principle
possible for time-dependent sources, throughout this work
we assume that the source continuously emits photons with
a non-zero emission rate and thus the number of emitted
photons grows linearly with T. It can then be asked what
kind of a source is required to emit photons in a state which
has a QFI that scales as ∼ðNumber of photonsÞ2 ∼ T2, and
under what conditions would the QFI scale only as ∼T,
thus forbidding a scaling quantum advantage with T.
With this assumption, we note that a possible quadratic

scaling in QFI can only be due to a quadratic scaling in

Qð2Þ since from Eqs. (19a) and (20)

QFI ≤ 8

�
Qð2Þ þ TkLk2

p0

�
: (21)

Therefore, to assess quantum advantage, we aim to
understand how Qð2Þ scales with T in the large T limit.

A. Time-independent sources

For a time-independent source (i.e., LðtÞ ¼ L indepen-
dent of t), whether Qð2Þ scales as T2 or only as T can be
related to the spectrum of the source Lindbladian L.
Consider first the case where L has a unique fixed point
τ (i.e., LðτÞ ¼ 0) and its decay rates have a gap γ0 (i.e., all
other eigen-values of L have a negative real part ≤ −γ0
[Fig. 6(a)]). In this case, using the Jordan decomposition of
L, we can decompose Eðt; sÞ as

Eðt; sÞ ¼ Trð·Þτ þ Δðt − sÞ; (22a)

with

kΔðτÞk⋄ ≤ D0ðτÞe−γ0τ; (22b)

where k · k⋄ is the superoperator diamond norm [82].
Moreover, γ0 > 0 is a constant that depends on the
spectrum of L and D0ðτÞ ≤ Oðτm0Þ for some m0 as
τ → ∞. Returning to Eq. (19), Eq. (22) implies that the
correlation functions CðgÞðt; sÞ; CðχÞðt; sÞ approximately
factorize into products of a function of t and another
function of s when jt − sj is large:

FIG. 6. Schematic depiction of eigenvalues λ of a time-
independent Lindbladian L for the two cases considered in
our analysis. (a) If L has a unique fixed point τ and all other
eigenvalues have a strictly negative real part, QFI scales at most
linearly with time T, preventing any quantum advantage. (b) If
the Lindbladian has multiple fixed points, then a quadratic
quantum advantage may be possible with respect to the emission
time T.
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jCðgÞðt; sÞ − α�ðtÞβðsÞj ≤ kLk2
p0

D0ðjt − sjÞe−γ0jt−sj;

jCðχÞðt; sÞ − αðtÞβðsÞj ≤ kLk2
p0

D0ðjt − sjÞe−γ0jt−sj;
(23)

where αðtÞ ¼ TrðPfðtÞLτÞ and βðsÞ ¼ TrðLρiðsÞÞ. This
factorization of the two-point correlation function suggests
that the photon emission at a time t becomes uncorrelated
with a previous photon emission at a time s ≪ t. Using
Eq. (23) together with jCðgÞðt; sÞj; jCðχÞðt; sÞj ≤ kLk2 and
jαðtÞj; jβðtÞj ≤ kLk, we obtain that

Qð2Þ ≤
4kLk4T

p2
0

Z
T

0

ð2D0ðτÞ þD2
0ðτÞÞe−γ0τdτ: (24)

Since D0ðτÞ scales polynomially with τ, for γ0T ≫ 1, it
follows that Qð2Þ and thus the QFI scales only linearly with
T: forbidding a quadratic quantum advantage. This can be
seen as a consequence of such sources only emitting
photons with short-time temporal correlations [as shown in
Eq. (23)] with correlation times 1=γ0, while obtaining a
quadratic quantum advantage in an interferometry task
requires some long-time correlations. On the other hand,
when the source Lindbladian does not have a unique fixed
point [Fig. 6(b)], then there is the possibility of quantum
advantage since such sources are not forbidden from
having long-time correlations. Finally, while we have
confined our discussion in this section to the case of
independent and identical sources, the conclusions con-
tinue to be valid even when the source emits photons
entangled between the two ports. In particular in
Appendix F1, we show that, for a joint-source emitting
photons into the two output ports, if the source Lindbladian
has a unique steady-state then the QFI of the emitted
photonic state can at most scale linearly with T.
We remark that the discussion above is consistent with

the numerical examples presented in the previous section.
For instance, the Lindbladian describing the driven two-
level system has a unique fixed point and thus shows linear
scaling of QFI with T (Fig. 2). On the other hand, the
Lindbladian describing the driven π-level system has
multiple fixed points, which is consistent with the
quadratic scaling of its QFI with T. It might, however,
superficially appear that this section contradicts the
Heisenberg-limited scalings obtained for the dissipative
Tavis-Cumming model in Sec. III B: The dissipative Tavis-
Cumming model has a unique steady-state (i.e., all
emitters in the ground state and the cavity in vacuum)
but Sec. III B predicted Heisenberg scaling for the QFI of
the emitted photons. However, there is in-fact no contra-
diction because the analysis of this section applies to
sources where the number of levels are not scaled, and the
number of emitted photons is increased by increasing T.

On the other hand, in the dissipative Tavis-Cumming
model, the number of emitted photons increases with
the number of emitters, which corresponds to increasing
the number of levels in the source.

B. Time-dependent sources

We next consider sources where the source Hamiltonian
itself is dependent on time t. In many experimental setups,
while it is often possible to have a completely controllable
source Hamiltonian (i.e., the source Hamiltonian can be
designed as a function of time to apply any desired unitary
on the source Hilbert space), it is typically hard to
modulate this interaction between the source and the
output port (i.e., the jump operator L). Consequently,
we will assume that the jump operator L is time-indepen-
dent. While it might be physically expected that the ability
to apply arbitrary unitaries on the source provides a huge
flexibility in designing the output wave-packet, we provide
evidence below that the form of the jump operator L places
severe restrictions on the achievable scalings of QFI
with T.
Similar to the time-independent sources with a unique

fixed point and a decay rate gap, time-dependent sources
with asymptotically strictly contractive dynamics will have
QFI ∼T. More specifically, a time-dependent source will
be asymptotically strictly contractive if for all states ρ1; ρ2
with X ¼ ρ1 − ρ2,

kEðt; sÞðXÞk1 ≤ C0e−γ0jt−sjkXk1 ∀ jt − sj ≥ τ0 (25)

for some C0; γ0; τ0 ≥ 0. Physically, these conditions imply
that the dynamics of the source at long-times becomes
independent of the initial state of the source. Given that the
source dynamics satisfies Eq. (25), we show in
Appendix F1 that, similar to the case of time-independent
sources with a unique fixed point (Eq. 23),
CðgÞðt; sÞ; CðχÞðt; sÞ also factorize when t ≫ s and con-
sequently the QFI ∼T. While it is generally a difficult task
to show strict contractivity of a Lindbladian with a time-
dependent Hamiltonian and a set of time-independent
jump operators, it is generally expected to hold for sources
with a single ground state and no possible dark states. In
Appendix F1, we rigorously show that this condition holds
for a two-level source decaying into the output port with
L ¼ ffiffiffi

γ
p jgihej, as well as a multi-level source where the

jump operators have a full Kraus rank, i.e., they form a
complete basis for the space of source operators.
We next consider sources where the dynamics is not

strictly contractive, and thus a quantum advantage is not
forbidden. The simplest and experimentally available
sources with nonstrictly contractive dynamics are those
that emit via a transition from an excited state jei to a
ground state jgi and additionally have some number of
dark states fjm1i; jm2i � � � jmkig. The jump operator cor-
responding to the source is L ¼ jgihej, which leaves the
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dark states unchanged, but the Hamiltonian HðtÞ can in
general couple the dark states with the excited and ground
state. Examples of such sources include Λ and V-level
systems with both the transitions coupling to the same
output port, as well as multi-emitter systems described by
the Dicke model [41]. Several protocols have been devised
that leverage the dark states in such sources to create long-
time correlated photonic states (such as the photonic GHZ
state) [83–86]. As a simple example, consider a source
with an excited state jei, ground state jgi and a dark state
jmi: By initializing the source in ðjgi þ jmiÞ= ffiffiffi

2
p

and then
driving the jei − jgi transition with HðtÞ ¼ Ωðjeihgj þ
H:c:Þ and finally projecting the source on ðjgi þ jmiÞ= ffiffiffi

2
p

,
we can generate a photonic state

jψi ∝ jψTLSi þ jvaci; (26)

where jψTLSi is the state of photons emitted by a driven
two-level state. Since jψi is a coherent superposition
between jvaci and a state jψTLSi with OðTÞ photons
emitted in the time interval ½0; T�, it is a state with
long-time correlations.
Despite the possibility of generating long-time correla-

tions, we find that the QFI of the photons emitted from
such sources ∼T. In Fig. 7, we numerically investigate the
photonic state emitted by a two-level system, a two-level
system with upto two dark states and a π-level system
[Fig. 7(a)]. We use a gradient-based optimization algo-
rithm to numerically maximize Qð2Þ of the emitted photons
with respect to the time-dependent source Hamiltonian
HðtÞ. To compute the gradient of Qð2Þ with respect to HðtÞ
for large T, we develop an adjoint variable method [87–89]
that significantly speeds up the gradient computation

(Appendix F2). As shown in Fig. 7(b), we find that the
optimized Qð2Þ ∼ T for the two-level system, which is
expected since the source dynamics of the two-level
systems are provably strictly contractive. Furthermore,
we also find that for a two-level system with additional
dark states, while having a Qð2Þ higher than that of a two-
level system without dark states, still exhibits Qð2Þ ∼ T. On
the other hand, for a π-level system, the optimized Qð2Þ

scales as T2. We remark that the optimized Qð2Þ shown in
Fig. 7(b) are the largest Qð2Þ obtained from individual
optimization trials with randomly chosen guess for the
initial HðtÞ—Fig. 7(c) shows the distribution of the
optimized Qð2Þ obtained from these different trials.
The scaling of Qð2Þ ∼ T for the two-level system with

dark states, despite their potential for generating long-
time correlated states, can be physically attributed to the
correlation functions CðgÞðt; sÞ and CðχÞðt; sÞ that
determine the QFI [Eq. (19)] remaining short-range
correlated. Specifically, for states of the form as
in Eq. (26), CðgÞðt; sÞ ∝ hψTLSja†t asjψTLSi; CðχÞðt; sÞ ∝
hψTLSjatasjψTLSi, i.e., the correlation functions
CðgÞðt; sÞ and CðχÞðt; sÞ inherit the correlations of the
state jψTLSi which, being a photonic state emitted by a
simple two-level system, only has short time correlations
thus yielding a QFI ∝ T. Even with more complicated
protocols, we expect that the emitted photonic state that
can possibly be generated is of the form of Eq. (26), since
such a source can only create correlations by either
emitting a photon (when it is in jei) or not emitting a
photon (when it is in a dark state). In order to generate a
long-time correlated state with QFI ∼T2, we need a
source that can generate photons via two distinct and

FIG. 7. (a) Schematic illustration of different level structures analyzed for possible quantum advantage. (A) a two-level system, (B) a
two-level system with a single dark state, (C) a two-level system with two dark states, and (D) a π-level system. (b) Numerically
optimized Qð2Þ, with the optimization variable being the time-dependent source Hamiltonian HðtÞ, as a function of emission time T for
different sources. When the source has only one emission pathway (jei → jgi), with or without dark states, Qð2Þ scales linearly with T
thus providing no quantum advantage. Since a π-level source has two emission pathways je1i → jg1i; je2i → jg2i, Qð2Þ scales
quadratically with T thus providing a quadratic quantum advantage at large T. (c) Distribution of the optimized Qð2Þ over 100 trials with
random initial conditions forHðtÞ. The data plotted in (b) are the maximum Qð2Þ obtained over the 100 optimization trials to ensure that
it is a good estimate of the “global optimum” of the optimization problem.
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distinguishable emission paths. Here, distinguishable is
meant in the conditional sense that the emitted field is
entangled with the source, so that an appropriate meas-
urement on the emitter can identify the emission path
based on the measurement outcome, even though the
photons are indistinguishable in the output mode. For
instance, as discussed previously, using a π-level system
where photons can be generated via either the transition
je1i → jg1i or je2i → jg2i, we can obtain a state jψi that is
the coherent superposition of two macroscopic photonic
states for which even CðgÞðt; sÞ and CðχÞðt; sÞ are long-
time correlated thus yielding a QFI ∼T2. Indeed, this is
what we observe in Fig. 7(b), where a time-dependent
π-level source with the source Hamiltonian HðtÞ opti-
mized to maximize the QFI, exhibits a quadratic improve-
ment over the QFI obtained from source with one
emitting transition and a dark state subspace.

V. OPTIMAL MEASUREMENTS

In the previous section, we characterized the QFI that
can be achieved with a Markovian light source. However,
even when the QFI has Heisenberg-limited scaling, to
achieve the corresponding phase-sensitivity in an actual
spectroscopic setup, it is necessary to carefully design the
measurement that extracts the unknown phase φ from the
state at the output of the MZI. More formally, the
measurement is captured by a positive-operator valued
measurement Ea corresponding to the outcome a. When
the measurement is applied on the state jψφi at the output
of the MZI, it yields the outcome x with probability
pφðaÞ ¼ hψφjEajψφi. The measurement is optimal if the
classical Fisher information (CFI) of pφðaÞ, given by

CFI ¼
Z �

d
dφ

lnpφðaÞ
�

2

pφðaÞda;

is equal to the quantum Fisher information (QFI) of jψφi.
In general, the optimal measurement is not unique and
there can be multiple measurements for which the corre-
sponding CFI is equal to the QFI of jψφi.
In the following, we analyze different strategies that can

be used to optimally measure the phase φ from the
photonic state jψφi obtained at the output of the MZI.
Our goal here is to understand what experimental resour-
ces are required and how they depend on the photonic
state. We first describe a general strategy to optimally
obtain φ but which requires a high quality factor Kerr
resonator. Then, we go onto understand when linear optics
and photodetection are sufficient to perform an optimal
measurement, deriving a set of sufficient conditions under
which a simple photodetection measurement is optimal.
Furthermore, in the case of independent sources emitting
into the two input ports of the MZI, we show that if φ can be

measured optimally with linear optics and photodetectors,
then only photodetection is also an optimal measurement.

A. Optimal measurement with non-linear optics

We first consider the most general setting in which a
time-dependent D-level source emits photons into the two
ports of the MZI interferometer. When the source has no
further symmetries, the optimal measurement essentially
has to undo the source-port dynamics. To illustrate this in a
simple setting, we consider the simpler setup of n qubits
initially in j0i⊗n and a unitary Uz, dependent on the
unknown parameter z, is applied on them to obtain that
state jψzi ¼ Uzj0i⊗n. An optimal measurement to extract
the parameter z, assuming it to be in the neighborhood of
z0, would be to implement the projective measurement
given by fP0; P1; P2 � � �g

P0 ¼ jψz0ihψz0 j and
X
i≥1

Pi ¼ I − jψz0ihψz0 j: (27)

It is easy to check that this measurement is optimal, i.e.,
the CFI of the probability distribution over the measure-
ment outcomes f0; 1; 2 � � �g, at z0, is equal to the QFI of the
state jψzi at z ¼ z0 (Ref. [43,90], and reviewed in
Appendix G1). The simplest strategy to implement this
measurement on jψzi is to first undo the unitary trans-
formation Uz0 (i.e., apply the unitary U†

z0) followed by a
computational basis measurement on the n qubits.
Measuring zero on all qubits is then equivalent to meas-
uring outcome 0 in the projective measurement in Eq. (27).
To apply this measurement strategy to the interfero-

metric setup, where we want to measure the MZI phase φ
in the neighborhood of φ ¼ 0, we need to undo the photon
emission from the source, i.e., coherently re-absorb the
photons emitted by the source [91,92]. A similar strategy
has been used to implement an optimal measurement for
spectroscopy using measurements on the emitted photon
fields [46]—our focus in this section is to show that this
measurement can always be implemented with non-linear
optical elements. In particular, we show that a perfectly re-
absorbing system can in principle be implemented using a
multi-mode optical cavity with a χð3Þ non-linearity inter-
acting with the output ports of the MZI (Fig. 8).
Specifically, we use 3 modes of this optical cavity, with
corresponding annihilation operators cA; cB and c0. We
assume that the mode cA is coupled to port A, cB is coupled
to port B and all three modes couple to each other via the
non-linear self- and cross-phase modulation induced by
the χð3Þ non-linearity. In addition, the three modes will be
driven by a tunable time-dependent coherent laser. The
Hamiltonian of this reabsorbing system is then given by
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HRðtÞ ¼
X

k∈ f0;A;Bg
ðΩkðtÞc†k þ H:c:Þ

þ χ

2

X
k;k0 ∈ f0;A;Bg

c†kc
†
k0ckc

0
k; (28)

with ΩkðtÞ being the coherent field applied on the kth

mode. By building upon Ref. [93], we show in
Appendix G1 that any unitary on the joint Hilbert space
of these cavity modes can be applied by designing the laser
field ΩkðtÞ. As we show, the speed at which unitaries can
be applied is not limited by the non-linear strength χ, but
only by the magnitude and the rate of change of the
coherent drives ΩkðtÞ. Thus, gates can applied very fast on
the Hilbert space of the cavity modes. We also assume that
the modes cA and cB couple linearly with the output ports
of the MZI via

HR;P ¼ VAðtÞa†t cA þ VBðtÞb†t cB þ H:c:; (29)

which gives us the ability to sequentially transfer photons
from the output ports to the cavity modes during the
reabsorption process. We show in Appendix G1 that,
by appropriately tuning the parameters VAðtÞ; VBðtÞ;
ΩAðtÞ;ΩBðtÞ;Ω0ðtÞ as a function of time t, we can
coherently absorb the photons emitted from the source into
the non-linear cavity. This effectively inverts the emission of
photons from the source, and a subsequent photodetection
on both the optical cavity as well as the output ports allows
us to implement the target optimal measurement.
To implement the coherent photon reabsorption required

to apply this measurement strategy, one approach is to
time-reverse the source. However, this may not always be
possible. First, we may not have access to a replica of the
physical system used as the source and thus would like to
be able to design the re-absorbing system with components
that are independent of the source. Second, in several
sources exhibiting quantum advantage, the source might

not disentangle from the emitted photons on its own and
we might have to project the source onto a final target state
(e.g., see the example of the driven π-level system
discussed in Sec. IV).
We instead design a perfectly reabsorbing system using

a completely controllable multi-mode non-linear optical
cavity. The key idea that we use to implement this photon
absorption is to note that, when expressed in the time-bin
basis, the photonic state of the port is approximately a
matrix product state (MPS) with a bond-dimension equal
to the dimensionality of the Hilbert space of the source
[94]. Consequently, by using the canonical form of this
MPS, we can compute a sequence of unitaries applied on
the qudits in this MPS and an ancilla to map it to the
vacuum state [95–97]. To physically implement the reab-
sorption, we treat the cavity mode c0 as the ancilla and
perform two operations when each time-bin in the output
port is incident on the reabsorbing χð3Þ cavity—we first
swap the photons in this time-bin from the ports A and B
into the cavities cA and cB respectively. This operation can
be performed by only tuning VAðtÞ; VBðtÞ. Next, since
control over the parameters ΩAðtÞ;ΩBðtÞ;Ω0ðtÞ allows us
to implement any unitary on the joint Hilbert space the three
cavity modes, which now contains both the qudit of the
MPS describing the photonic state in the cavities cA; cB and
the ancilla in c0, we design them to implement the gates in
the previously computed unitary circuit. The details of this
protocol are explicitly laid out in Appendix G1.
We remark that this protocol can be considered to be a

generalization of well-known state-transfer protocols [98],
which considered the problem of coherently transferring
the quantum state of a source, that couples to an output
photon field and emits a single photon entangled with the
source, to another quantum system also coupling to the
photon field. Finally, we remark that this protocol guar-
antees that there is always a choice of the parameters of the
χð3Þ cavity so as to reabsorb the emitted photons, but might
not be the most practical implementation of the reabsorp-
tion process. In practice, depending on the constraints of
the specific experimental system at hand, heuristic gra-
dient-based control design algorithms such as GRAPE
[99] can also be used to find the parameters of the χð3Þ
cavity that accomplish this reabsorption.

B. Optimal measurement
with photodetection and linear optics

Although the previous subsection described a general
strategy to implement an optimal measurement irrespec-
tive of the source, having a completely controllable non-
linear optical cavity is still experimentally challenging. In
this subsection, we study under what conditions photo-
detectors and linear-optical elements alone are enough to
implement an optimal measurement.
The simplest measurement that can be performed is a

measurement of the total number of photons in the output

FIG. 8. Schematic depiction of the optimal measurement
around φ ¼ 0 using non-linear optical elements. A χð3Þ cavity
with three optical modes (cA; cB; c0), with tunable couplings
VAðtÞ; VBðtÞ to the output ports of the MZI, is used to re-absorb
the photons emitted by the source, and then a photodetection is
performed on both the output ports as well as on the χð3Þ cavity.
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ports. We first provide a general sufficient condition under
which photon-number measurement at the two ports
(Fig. 9) is optimal. Suppose ΠnA;nB is the projector on
the subspace where there nA photons in the port A and nB
photons in the port B. Let I ¼ fðnA; nBÞ∶
nA; nB ∈ f0; 1; 2 � � �gg be a set of photon numbers in the
two ports such that for all ðnA; nBÞ∈ I ,
ðnA � 1; nB � 1Þ ∉ I . Then, if the photonic state incident
on the MZI jψi satisfies

ΠI jψi ¼ jψi; (30)

where ΠI ¼PðnA;nBÞ∈ I ΠnA;nB is a projector, then photon-
number measurement at the output of the MZI is the
optimal measurement in the neighborhood of φ ¼ 0.
Physically, this condition implies that addition or sub-
traction of a single photon in both the output ports to jψi
makes the resulting state orthogonal to the subspace with
projector ΠI which contains the state jψi. Furthermore,
since this subspace can be identified by just the number of
photons in the two output ports, photon number measure-
ment becomes an optimal measurement for sensing the
phase φ.
Examples of states that satisfy this condition are

(a) jψi ¼ jψ ðNAÞ
A i ⊗ jψðNBÞ

B i where jψðNAÞ
A i has NA pho-

tons and jψ ðNBÞ
B i has NB photons. Here I ¼

fðNA;NBÞg, and it is clear that adding or removing
a photon from any of the output ports results in state
orthogonal to ΠI . For such states, it is already known
that just photon-number measurement is optimal even
if the state is not a Fock state [42].

(b) jψi ¼ jψ ðNAÞ
A i ⊗ jψBi where jψ ðNAÞ

A i has NA photons
while jψBi can be arbitrary. In this case, I ¼
fðNA; nBÞ∶ nB ∈ f0; 1; 2 � � �gg and therefore adding
or removing a photon from port A also results in a
state orthogonal to ΠI . Consequently, photon number
measurement at the output ports remains optimal if
only one of the ports has a state with a definite number
of photons.

(c) jψi ¼ jψ ðkA;rAÞ
A i ⊗ jψBi where jψ ðNAÞ

A i has either
rA; kA þ rA; 2kA þ rA; 3kA þ rA � � � photons and

jψBi can be arbitrary. When kA ¼ 2, the state jψAi
is a state with a definite photon number parity (i.e.,
odd parity if rA ¼ 1 and even parity if rA ¼ 0). Here,
again photon number measurement at the output ports
is optimal when kA ≥ 2 since I ¼ fðrA þ
mAkA; nBÞ∶ mA; nB ∈ f0; 1; 2 � � �gg and adding or re-
moving a photon from port A results in an orthogo-
nal state.

To show the optimality of the photon-number measure-
ment, we consider the projective measurement with out-
comes 0; 1 given by P0 ¼ ΠI ; P1 ¼ I − ΠI. This
measurement can clearly be performed with just photo-
detectors by first measuring the photon numbers ðnA; nBÞ at
the output port and then recording 0 if ðnA; nBÞ∈ I else
recording 1. The measurement outcome follows the
probability distribution pφð0Þ ¼ hψφjΠI jψφi; pφð1Þ ¼
1 − pφð0Þ. We first note that pφ¼0ð0Þ ¼ 1; pφ¼0ð1Þ ¼ 0

and from Eq. (7),

d
dφ

pφ¼0ð0Þ ¼ − d
dφ

pφ¼0ð1Þ ¼ 2 Imðhψ jΠIHdjψiÞ ¼ 0;

where we remind the reader that Hd ¼ i
R
T
0 ða†t bt−

atb
†
t Þdt. Furthermore, we have used ΠIHdjψi ¼ 0 since

Hdjψi is a state in which one photon has either been added
or subtracted from both the modes and hence, by
assumption, is in the subspace orthogonal to ΠI .
Consequently, the CFI of the probability distribution pφ

at φ ¼ 0 is given by

CFI ¼ lim
φ→0

1

pφð1Þ
�

d
dφ

pφð1Þ
�

2

¼ 2
d2

dφ2
pφ¼0ð1Þ

¼ 4hψ jHdðI − ΠI ÞHdjψi ¼ 4hψ jH2
djψi; (31)

where we have again used ΠIHdjψi ¼ 0. Finally, noting
that hψ jHdjψi ¼ hψ jΠIHdjψi ¼ 0, it follows from Eq. (8)
that CFI = QFI, thus establishing that photon-number
measurement is the optimal measurement.

(a) (b)

FIG. 9. Schematic depiction of two measurements implementable with linear optical elements and photodetectors studied in
Sec. V B. (a) A setup where photodetection is performed at the MZI output, and (b) a setup where a linear-optical element, tuned based
on the photodetection record, is applied before the photodetectors.
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Next, we analyze if adding linear-optical elements before
the photo detectors can allow us to construct optimal
measurements for a larger class of quantum photonic states
[Fig. 9(b)]. To keep the measurement protocol as general as
possible, we allow the linear optical elements before the
photodetector to be modulated as a function of time
depending on the result of the photodetection. More
specifically, the output x⃗ of the photodetectors is a set of
times τ1; τ2; τ3 � � � at which a photon has been detected as
well indices σ1; σ2; σ3 � � � ∈ fa; bg where σi indicates the
port in which the photon at time τi is detected. As depicted
in Fig. 9(b), we allow the beam splitter UBSðx⃗Þ, that is
applied before the photodetection, to change depending on
the photodetector output x⃗ recorded so far.
We first analyze this measurement protocol for the case

of independent sources emitting into the two input ports of
the MZI, i.e., the input photonic state jψi ¼ jψAi ⊗ jψBi,
where jψAi and jψBi are the photonic states emitted into
the ports A and B, respectively. We make an additional
assumption that the wave-functions corresponding to the
states jψAi; jψBi are non-zero, i.e.,

hvacj
Yn
i¼1

xti jψXi ≠ 0;

for all x∈ fa; bg; n∈ f0; 1; 2 � � �g; t1; t2 � � � tn ≥ 0. For
sources satisfying this assumption, we show in
Appendix G2 that optimality of a measurement protocol
with a tunable beam-splitter and photodetector also
implies optimality of a measurement protocol with only
photodetectors without using any linear-optical elements.
Stated differently, when the sources emitting photons in
the two input ports of the MZI are independent, if photo-
detection is a sub-optimal measurement then adding linear-
optics to it alone cannot make it optimal. On the other
hand, when the photons emitted in the two input ports of
the MZI are entangled, then it is possible that photo-
detection alone is sub-optimal as a measurement, but
becomes optimal when supplemented with linear optical
elements. We provide an explicit example of a photonic
state illustrating this fact in Appendix G2.

VI. CONCLUSION

In this paper, we provide a general framework for
evaluating the quantum advantage of light sources for
quantum interferometry. Within the Markov approxima-
tion, we first show how to compute the quantum Fisher
information (QFI) of the emitted photons in a Mach-
Zehnder Interferometer (MZI). In particular, we show that
to compute QFI, it is enough to be able to simulate the
internal dynamics of the source and we do not need to
calculate the entire photon wave-packet. We then use this
result to analytically and numerically elucidate the level
structure and spectral properties of the photon source
needed to obtain a possible quantum advantage in

interferometry. Finally, we turn to the question of how
to implement optimal measurements for photons emitted
from general light sources and with experimentally avail-
able optical elements. We show that a controllable system
of coupled χð3Þ cavities together with a photodetector can
always be used to implement the optimal measurement
irrespective of the light source. We additionally elucidate
conditions when photodetectors and linear optics alone are
enough to implement the optimal measurement.
An immediate next step is to apply the framework

developed in our work to numerically and analytically
study the potential of experimentally realistic quantum
photonic system to generate metrologically useful pho-
tonic states. It would be particularly interesting to under-
stand the impact of experimental non-idealities, such as
position and spectral inhomogeneities in the quantum
emitters as well as losses [100,101], on the possible
quantum advantage in the emitted photons. On the more
theoretical side, making rigorous the limitations to quan-
tum advantage imposed by the level structure of the
quantum emitters driven by a possible time-dependent
Hamiltonian is also an open question—while we have
partly addressed this question through analytical calcu-
lations and numerical simulations, a fully rigorous treat-
ment of this question remains open. Finally, extending our
framework to cases where the light source is not
Markovian (e.g., has a time-delay and feedback
[83,102–105]) could also allow us to study if and how
non-Markovianity can be used as a resource to generate
quantum advantage in interferometry.
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APPENDIX A: QUANTUM FISHER
INFORMATION OF THE LIGHT SOURCE

In this section, we provide details on the measurement
protocol for QFI of a light source using its correlation
functions and Eq. (8), the derivation of Eq. (10), which
expresses the QFI in terms of the internal dynamics of the
system, as well as an application of Eq. (8) to study the
QFI of some paradigmatic quantum optical systems.

1. Measurement of the QFI from
correlation functions

To measure the QFI of a light source, it is enough to
measure the correlation functions in Eq. (8). In this section,
we show that this can be done without a full interfero-
metric measurement of the unknown phase, for both the
cases where there is a single source simultaneously
emitting into the two input ports of the MZI, as well as
when independent and identical sources emit into these
input ports and we only have access to one of these
sources.

a. Single source emitting into both ports

First, we apply a phase shifter UPðθ1Þ to one of the
output arms of the source (here at) and then pass it through
an MZI with the known phase θ2 (Fig. 10). This transforms
the annihilation operator at to

ct ¼ U†
MZIðθ2ÞU†

Pðθ1ÞatUPðθ1ÞUMZIðθ2Þ
¼ ateiθ1 cosðθ2Þ þ bt sinðθ2Þ: (A1)

If we measure the photon flux at the output we get,

ncðtÞ ¼ hc†t cti
¼ cos2ðθ2Þha†t ati þ sin2ðθ2Þhb†t bti

þ sinð2θ2ÞReðha†t btie−iθ1Þ: (A2)

Thus, if we choose θ1 ¼ π=2 and measure ncðtÞ as a
function of θ2, we can extract the 1-point correlations

Cð1Þa;aðtÞ, Cð1Þb;bðtÞ, and Cð1Þa;bðtÞ. Next, we perform a two-
photon correlation measurement at the output port to

obtain Gð2Þ
c ðt; sÞ ¼ hc†t c†sctcsi. This yields

Gð2Þ
c ðt; sÞ ¼ cos4ðθ2Þg40 þ sin4ðθ2Þg04

þ cos2ðθ2Þsin2ðθ2Þg22 þ 2cos3ðθ2Þ sinðθ2Þg31
þ 2 cosðθ2Þsin3ðθ2Þg13;

(A3a)

where

g40 ¼ ha†t a†satasi; (A3b)

g31 ¼ Reðha†t a†t asb†sieiθ1ðsÞÞ þ Reðhatb†t a†sasieiθ1ðtÞÞ;
(A3c)

g22 ¼ ha†t b†satbsi þ hb†t a†sbtasi
þ 2Reðha†t a†sbtbsie−iðθ1ðtÞþθ1ðsÞÞÞ
þ 2Reðha†t b†sbtasie−iðθ1ðtÞ−θ1ðsÞÞÞ; (A3d)

g13 ¼ Reðha†t btb†sbsie−iθ1ðtÞÞ
þ Reðhb†t a†sbtbsie−iθ1ðsÞÞ; and

(A3e)

g04 ¼ hb†t b†sbtbsi; (A3f)

where we assume that the angle of the phase shifter θ1 can
be time dependent. Choosing a linear function for θ1ðtÞ,
i.e. θ1ðtÞ ¼ θ�1t and measuring the value of Gð2Þ

c ðt; sÞ as a
function of t, s, θ�1, and θ2, we can find the 2-point

correlations Cð2Þa;b;b;aðt;sÞ¼Reðha†t b†sbtasiÞ, Cð2Þb;b;a;aðt; sÞ ¼
Reðha†t a†sbtbsÞi.

FIG. 10. (a) Schematic representation of the measurement setup for extracting the 2-point and 4-point correlation functions. We
measure the photon count, ncðtÞ, and the second-order correlation function,Gð2Þ

c ðt; sÞ, after applying a phase shifter and an MZI unitary
for different known values of θ1, and θ2. This measurement enables the extraction of the correlation functions required for computing
QFI. (b) If the source emits into a single port, we can use the same measurement, but with a coherent state as the input to the
second port.
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b. Single source emitting into one port

If the source emits into one port, we can use the same
measurement setup, except that we introduce a coherent
state jαi into the second port. Then Eq. (A3d) becomes

g22 ¼ jαj2ha†t ati þ jαj2ha†sasi
þ 2Reðha†t a†siα2e−iðθ1ðtÞþθ1ðsÞÞÞ
þ 2Reðha†t asijαj2e−iðθ1ðtÞ−θ1ðsÞÞÞÞ: (A4)

We again choose θ1ðtÞ ¼ θ�1t and measure Gð2Þ
c ðt; sÞ for

different values of θ2 and θ�1. Thus, we can determine
hatasi and ha†t asi. Alternatively, we can fix θ2 and vary
jαj2 instead.

2. Quantum Fisher information in terms of the light
source dynamics

In this subsection, we show how to compute the

functions CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ by only tracking the inter-

nal dynamics of the source. A result that we will use for
this analysis is the quantum regression theorem [67],
which we review below.
Proposition 1. (Quantum regression theorem). Suppose

HðtÞ is the Hamiltonian of a system with M bosonic ports

HðtÞ ¼ HSðtÞ þ
XM
α¼1

ðLαa
†
α;t þ H:c:Þ;

whereHSðtÞ; Lα are operators on the system Hilbert space,
and aα;t are annihilation operators on the bosonic ports
with ½aα;t; a†β;s� ¼ δα;βδðt − sÞ. Then, for any system oper-
ators O1; O2 � � �Ok;Q1; Q2 � � �Qk; P, system state jϕi and
0 < t1 < t2 � � � < tk−1 < tk,

hϕ; vacj
�Yk−1

j¼1

OjðtjÞ
�
PðtkÞ

� Y1
j¼k−1

QjðtjÞ
�
jϕ; vaci

¼ Tr
�
P
� Y1

j¼k−1
Eðtjþ1; tjÞMj

�
Eðt1; t0ÞðjϕihϕjÞ

�
;

(A5)

where for system operator X, XðtÞ ¼ Uð0; tÞXUðt; 0Þ
with Uðt; 0Þ ¼ T⃗ expð−i R t0 HðsÞdsÞ, Eðt; sÞ ¼ T⃗ exp×
ðR ts LðτÞdτÞ with LðτÞ ¼ −i½HSðtÞ; ·� þ

P
M
α¼1DLα

and
MjðXÞ ¼ QjXOj.
Proof. To prove this statement, we note that in time

basis, the Hilbert space of any the portsH can be expressed
as H¼Hð−∞;0�∪ðtk;∞Þ ⊗Hð0;t1� ⊗Hðt1;t2� ⊗ � � �⊗Hðtk−1;tk�,
where for an interval I, HI is the Hilbert space of states
with photons created by aα;t with t∈ I, i.e.

jψi∈HI∶ jψi ¼ jvacIi þ
X∞
n¼1

Z
t1;t2���tn ∈ I

ψα1;α2���αnðt1; t2 � � � tnÞa†t1a†t2 � � � a†tn jvacIidt1dt2 � � � dtn;

where jvacIi is the vacuum corresponding to the Hilbert space HI. We note that

jvaci ¼ jvacð−∞;0�∪ðtk;∞Þi ⊗ jvacðt0;t1�i ⊗ jvacðt1;t2�i ⊗ � � � ⊗ jvacðtk−1;tk�i (A6)

Furthermore, for any system operator Q and for s < t, we note that

qðt; sÞ ¼ hvacðs;t�jUðs; tÞQUðt; sÞjvacðs;t�i ¼ E†ðt; sÞðQÞ; (A7)

where E†ðt; sÞ is the adjoint of Eðt; sÞ, i.e., it is a super-operator satisfying TrðE†ðt; sÞðXÞYÞ ¼ TrðXEðt; sÞðYÞÞ for all X
and Y. It is also easy to show that

d
dt

E†ðt; sÞ ¼ E†ðt; sÞL†ðtÞ where L†ðtÞ ¼ −i½·; HðtÞ� þ
X
α

D†
Lα
;

with D†
LðXÞ ¼ L†XL − fL†L;Xg=2.

To establish Eq. (A7), we begin by partitioning the interval ðs; t� ¼ ðτ0; τ1� ∪ ðτ1; τ2� ∪ � � � ∪ ðτm−1; τm�, where τj ¼
sþ jε with ε ¼ ðt − sÞ=m. Then, we note that for any system operator Q0,
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hvacðτk−1;τk�jUðτk−1; τkÞQ0Uðτk; τk−1Þjvacðτk−1;τk�i ¼ Q0 − i
Z

τk

τk−1
hvacðτk−1;τk�j½Q0; HðsÞ�jvacðτk−1;τk�ids

−
Z

τk

τk−1

Z
s

τk−1
hvacðτk−1;τk�j½½Q0; Hðs0Þ�; HðsÞ�jvacðτk−1;τk�idsdtþOðε2Þ

¼ Q0 − i
Z

τk

τk−1
½Q0; HSðsÞ�dsþ ε

X
α

D†
Lα
ðQ0Þ þOðε2Þ

¼ E†ðτk; τk−1ÞðQ0Þ þOðε2Þ:

Therefore,

qðt; sÞ ¼
�Ym−1

k¼0

hvacðτk;τkþ1�j
��Ym−1

k¼0

Uðτk; τkþ1Þ
�
Q
� Y0

k¼m−1
Uðτkþ1; τkÞ

�� Y0
k¼m−1

jvacðτk;τkþ1
i
�

¼
�Ym−1

k¼0

hvacðτk;τkþ1�jUðτk; τkþ1Þ
�
Q
� Y0

k¼m−1
Uðτkþ1; τkÞjvacðτk;τkþ1�i

�
¼
�Ym−1

k¼0

E†ðτkþ1; τkÞ
�
QþOðmε2Þ

¼ E†ðt; sÞðQÞ þOðjt − sjεÞ: (A8)

Taking ε → 0 establishes Eq. (A7). Next, using Eqs. (A6) and (A7), we obtain that

hϕ; vacj
�Yk−1

j¼1

OjðtjÞ
�
PðtkÞ

� Y1
j¼k−1

QjðtjÞ
�
jϕ; vaci

¼ hϕ; vacjUðt0; t1Þ
�Yk−1

j¼1

OjUðtj; tjþ1Þ
�
P
� Y1

j¼k−1
Uðtjþ1; tjÞQj

�
Uðt1; t0Þjϕ; vaci

¼ hϕj½hvacðt0;t1�jUðt0; t1Þ
�Yk−1

j¼1

Ojhvacðtj;tjþ1�jUðtj; tjþ1Þ
�
P

×
� Y1

j¼k−1
Uðtjþ1; tjÞjvacðtj;tjþ1�iQj

�
Uðt1; t0Þjvacðt0;t1�i�jϕi

¼ hϕjE†ðt1; t0ÞðO1E†ðt2; t1ÞðO2E†ðt3; t2ÞðO3 � � � E†ðtk−1; tk−2ÞðOk−1E†ðtk; tk−1ÞÞðPÞQk−1Þ � � �Q3ÞQ2ÞQ1Þjϕi

¼ Tr
�
P
� Y1

j¼k−1
Eðtjþ1; tjÞMj

�
Eðt1; t0ÞðjϕihϕjÞ

�
;

(A9)

which proves the proposition statement. ▪
Next, we consider the correlator CðnÞ

x1���xn;y1���ynðt1 � � � tnÞ defined in the main text:

CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ ¼

	Yn
i¼1

xi†ti
Yn
i¼1

yiti



;

where xi; yi ∈ fa; bg. Using Eq. (2), this correlator can be expressed in the Heisenberg picture as

CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ ¼

1

N 2
hvac;ϕS;ijΦS;fðTÞ

Yn
i¼1

xi†ti ðTÞ
Yn
i¼1

yitiðTÞjvac;ϕS;ii;

¼ 1

N 2
hvac;ϕS;ijT⃖

�Yn
i¼1

xi†ti ðTÞ
�
ΦS;fðTÞT⃗

�Yn
i¼1

yitiðTÞ
�
jvac;ϕS;ii; (A10)
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where OðTÞ ¼ U†ðT; 0ÞOUðT; 0Þ, ΦS;f ¼ jϕS;fihϕS;fj,
and T⃗ orders Heisenberg-picture operators in the decreas-

ing order of time indices while T⃖ performs this time-
ordering in increasing order of time-indices. Note that in
Eq. (A10), the time ordering operators can be inserted
fictitiously since all the Heisenberg-picture operators are
evaluated at time T. Next, from the input-output formalism
[107], it follows that

xtðTÞ ¼ xtð0Þ − iLXðtÞΘð0 ≤ t ≤ TÞ; (A11)

where the indicator function Θð0 ≤ t ≤ TÞ ¼ 1 if
t∈ ð0; TÞ, 1=2 if t∈ f0; Tg and 0 otherwise. We now
substitute Eq. (A11) into Eq. (A10): Due to the time-
ordering operator, we can then move yitð0Þ to the right and
xi†t ð0Þ to the left and apply them on the vacuum state in the
port. Since yitð0Þjvaci ¼ 0 and hvacjxi†t ð0Þ ¼ 0, we obtain
that

CðnÞ
x1���xn;y1���ynðt1 � � � tnÞ¼

1

N 2
hvac;ϕS;ijT⃖

�Yn
i¼1

L†
XiðtiÞ

�
×ΦS;fðTÞT⃗

�Yn
i¼1

LYiðtiÞ
�
jvac;ϕS;ii:

(A12)

Now, applying the quantum regression theorem
(Proposition 1) to Eq. (A12), we obtain Eq. (10) from
the main text.

3. Sensitivity of parity and photon number
measurement

Here, we analyze the estimation variance of φ, when the
operatorO is measured in the photonic output state. In this
case, the sensitivity is given by

ξφðOÞ ¼ j∂φhOij2
hO2i − hOi2 ; (A13)

where the expectation is taken with respect to the state
jψφi. Next, we show that for the photon number and parity
operator, we can obtain the sensitivity by tracking the
evolution of the system and not the photonic state.

a. Photon number measurement

First we consider the photon number measurement
O ¼ R a†t at dt. We can write

hψφjOjψφi ¼ hψjU†
MZIOUMZIjψi ¼

Z
hða†t cosðφÞ þ b†t sinðφÞÞðat cosðφÞ þ bt sinðφÞÞidt; (A14)

where we used Eq. (3). Thus, at φ ¼ 0, we get

hOi ¼
Z

T

0

Cð1Þ
a∶ aðtÞdt; (A15)

hO2i ¼
Z

T

0

Z
T

0

Cð2Þ
a;a∶ a;aðt; sÞdtdsþ

Z
T

0

Cð1Þ
a∶ aðtÞdt;

(A16)

and

∂φhOi ¼ 2

Z
T

0

ReðCð1Þ
a∶ bðtÞÞdt: (A17)

As a reminder Cð1Þ
x1;…;xn∶ y1;…;ynðt1; � � � ; tnÞ is an n-point

correlation function which can be computed by only
tracking the internal dynamics of the source (see Eq. (10)).

b. Parity-like measurement

Second, we analyze the sensitivity of a parity-like
measurement defined as

O ¼ exp
�
iη
Z

T

0

a†t at dt
�
: (A18)

Note, that η is an arbitrary phase and for η ¼ π, O
corresponds to the parity number measurement of the
photonic state. We can write

hOi¼hψ jU†
MZIOUMZIjψi;

¼ 1

N 2
hϕS;i;vacjU†ðT;0ÞjϕS;fiOφUðT;0ÞO†

φjϕS;i;vaci;

¼ 1

N 2
hϕS;i;vacjU†ðT;0ÞjϕS;fiŨðT;0ÞjϕS;i;vaci

(A19)

where we defined Oφ ¼ U†
MZIOUMZI, and in the second

equality we used Eq. (2), and Oφjvaci ¼ jvaci. Also,
ŨðT; 0Þ is defined to be the unitary with respect to the
Hamiltonian H̃IðtÞ ¼ OφHIðtÞO†

φ. Next, we can write
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Oφ ¼ exp
�
iη
Z

T

0

a†t ðφÞatðφÞ
�
; (A20)

with

atðφÞ ¼ at cosφþ bt sinφ; (A21a)

btðφÞ ¼ bt cosφ − at sinφ: (A21b)

Since,

OφatðφÞO†
φ ¼ e−iηatðφÞ; (A22a)

OφbtðφÞO†
φ ¼ btðφÞ; (A22b)

we obtain

OφatO
†
φ ¼ atðe−iη cos2 φþ sin2 φÞ

þ btððe−iη − 1Þ cosφ sinφÞ; (A23a)

OφbtO
†
φ ¼ btðe−iη sin2 φþ cos2 φÞ

þ atððe−iη − 1Þ cosφ sinφÞ: (A23b)

Inserting these into H̃IðtÞ ¼ OφHIðtÞO†
φ, we obtain

H̃IðtÞ ¼ HSðtÞ þ
X

x∈ fa;bg
ðxtL̃†

X þ H:c:Þ

þ
X
α

ðcα;tK†
α þ H:c:Þ; (A24)

where

L̃A ¼ LAðeiη cos2 φþ sin2 φÞ þ LBððeiη − 1Þ cosφ sinφÞ;
(A25a)

L̃B ¼ LBðeiηsin2φþ cos2φÞ þ LAððeiη − 1Þ cosφ sinφÞ:
(A25b)

Here, Kα is the system jump operator associated with
loss, as defined in Eq. (11), and cα;t is the corresponding
time-domain annihilation operator describing the loss
channel.
Using a similar approach as in the proof for

Proposition 1, we can simplify the expression for hOi
in Eq. (A19). Again, we begin by partitioning the interval
½0; T� ¼ ½τ0; τ1� ∪ ðτ1; τ2� ∪ � � � ∪ ðτm−1; τm�, where τj ¼
jε with ε ¼ T=m. Then, for any system operator Q,

hvacðτk−1;τk�jUðτk−1; τkÞQŨðτk; τk−1Þjvacðτk−1;τk�i ¼ Q − i
Z

τk

τk−1
hvacðτk−1;τk�jQH̃ðsÞ −HðsÞQjvacðτk−1;τk�ids

−
Z

τk

τk−1

Z
s

τk−1
hvacðτk−1;τk�jð½QH̃ðs0Þ −Hðs0ÞQ�H̃ðsÞ

−HðsÞ½QH̃ðs0Þ −Hðs0ÞQ�Þjvacðτk−1;τk�idsdtþOðε2Þ

¼ Q − i
Z

τk

τk−1
½Q;HSðsÞ�dsþ ε

X
α

D†
Kα
ðQÞ þ ϵ

X
x∈ fa;bg

L†
XQL̃X

− 1

2
ðQL̃†

XL̃X þ L†
XLXQÞ þOðε2Þ:

Therefore,

hOi ¼ 1

N 2
hϕS;ij

�Ym−1

k¼0

hvacðτk;τkþ1�j
��Ym−1

k¼0

Uðτk; τkþ1Þ
�
ρf

� Y0
k¼m−1

Ũðτkþ1; τkÞ
�� Y0

k¼m−1
jvacðτk;τkþ1

i
�
jϕS;ii

¼ 1

N 2
hϕS;ij

�Ym−1

k¼0

hvacðτk;τkþ1�jUðτk; τkþ1Þ
�
ρf

� Y0
k¼m−1

Uðτkþ1; τkÞjvacðτk;τkþ1�i
�
jϕS;ii

¼ 1

N 2
hϕS;ij

�Ym−1

k¼0

E†
φ;ηðτkþ1; τkÞ

�
ρfjϕS;ii þOðmε2Þ ¼ 1

N 2
hϕS;ijE†

φ;ηðT; 0ÞðρfÞjϕS;ii þOðTεÞ: (A26)
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Taking ε → 0 establishes

hOi ¼ 1

N 2
TrðρfEφ;ηðT; 0ÞðρiÞÞ; (A27)

where Eφ;ηðT; 0Þ is the channel associated with the
following Lindbladian

Sφ;ηðtÞ ¼ −i½HSðtÞ; ·� þ
X
α

DKα
þ

X
X∈ fA;Bg

L̃X · L†
X

− 1

2
ðL̃†

XL̃X ·þ · L†
XLXÞ;

(A28)

¼ −i½HSðtÞ; ·� þ
X
α

DKα
þ

X
X∈ fA;Bg

L̃X · L†
X

− 1

2
ðL†

XLX ·þ · L†
XLXÞ: (A29)

Note that for η ¼ 0, and φ ¼ 0, S0;0ðtÞ corresponds to
the Lindbladian for the internal dynamics of the source.
Finally, using Eq. (A27) the derivative of hOi with

respect to φ is

∂φhOi ¼ 1

N 2

Z
T

0

TrðρfEφ;ηðT; tÞ∂φSEφ;ηðt; 0ÞðρiÞÞdt;
(A30)

where

∂φSjφ¼0 ¼ ðeiη − 1ÞðLB · L†
A þ LA · L†

BÞ: (A31)

Thus, we can compute the sensitivity of the parity-like
measurement on the output photonic state by only simu-
lating the dynamics of the source.

APPENDIX B: MACH-ZEHNDER
INTERFEROMETER WITH ARBITRARY

LINEAR TRANSFORMATION

In the main text we specialized to a balanced (50∶ 50)
Mach-Zehnder interferometer (MZI), which yielded the

real rotation in Eq. (3). Here we generalize the MZI to an
arbitrary lossless two-port linear optical transformation. In
the Heisenberg picture, the MZI acts on the traveling-wave
field operators as

U†
MZIðφÞ

�
at
bt

�
UMZIðφÞ ¼ SMZIðφÞ

�
at
bt

�
; (B1)

where SMZIðφÞ∈Uð2Þ is a φ-dependent scattering matrix.
Throughout this appendix we assume the interferometer
satisfies SMZIð0Þ ¼ I.

1. Point-interaction Hamiltonian

It is convenient to represent a purely scattering element
with scattering matrix SMZIðφÞ via the Hamiltonian [62]

HMZIðt;φÞ ¼
�
a†t b†t

�
VðφÞ

�
at
bt

�
; VðφÞ ¼ VðφÞ†;

(B2)

where the Hermitian 2 × 2 matrix VðφÞ is related to
SMZIðφÞ through the transform

SMZIðφÞ ¼
�
I − i

2
VðφÞ

��
I þ i

2
VðφÞ

�−1
⇔ VðφÞ

¼ 2i ðSMZIðφÞ − IÞðSMZIðφÞ þ IÞ−1:
(B3)

Let

jψφi ¼ T⃗ exp
�
−i
Z

T

0

HMZIðs;φÞds
�����ψi: (B4)

Using Duhamel’s formula as in the main text, and the
assumption Vð0Þ ¼ 0 (using SMZIð0Þ ¼ I), we obtain

∂
∂φ jψφijφ¼0 ¼ −iHdjψi; Hd ≔

R
T
0

�
a†t b†t

�
W
�
at
bt

�
dt; W ≔ ∂φVðφÞjφ¼0: (B5)

It then follows that the QFI at φ ¼ 0 is

QFI ¼ 4ðhH2
di − hHdi2Þ: (B6)
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2. QFI in terms of correlation functions for general W

Write the entries of W as Wxy with x; y∈ fa; bg.
Expanding Hd from Eq. (B5) yields

hHdi ¼
Z

T

0

X
x;y∈ fa;bg

Wxy C
ð1Þ
x;yðtÞdt; (B7)

hH2
di ¼

Z
T

0

Z
T

0

X
x;y;u;v∈ fa;bg

WxyWuv C
ð2Þ
x;u;y;vðt; sÞdt ds

þ
Z

T

0

X
x;v∈ fa;bg

ðW2Þxv Cð1Þx;vðtÞdt:

(B8)

Combining Eqs. (B6)–(B8), we obtain the QFI in terms
of correlations:

QFI ¼ 4

Z
T

0

Z
T

0

X
x;y;u;v∈ fa;bg

WxyWuv½Cð2Þx;u;y;vðt; sÞ − Cð1Þx;yðtÞCð1Þu;vðsÞ�dt dsþ 4

Z
T

0

X
x;v∈ fa;bg

ðW2Þxv Cð1Þx;vðtÞdt: (B9)

Equation (B9) is valid for any lossless two-port inter-
ferometer described by SMZIðφÞ with SMZIð0Þ ¼ I and
depends only on one- and two-point correlation functions
of the input state jψi.

3. Example: Symmetric MZI with beam-splitter angle θ

As an example, consider a symmetric MZI with beam
splitters of angle θ. In the convention where the balanced
case θ ¼ π=4 reproduces Eq. (3), the scattering matrix can
be written as

SMZIðφ; θÞ ¼ cosφ I þ i sinφAðθÞ;
AðθÞ ≔ cosð2θÞσz þ sinð2θÞσy;

(B10)

with AðθÞ2 ¼ I. Using Eq. (B3) one finds

VðφÞ ¼ −2 tan
�
φ

2

�
AðθÞ ⇒ W ¼ ∂φVðφÞjφ¼0 ¼ −AðθÞ:

(B11)

Introduce the local operators

hðtÞ ≔ iða†t bt − atb
†
t Þ ¼ iða†t bt − b†t atÞ;

zðtÞ ≔ a†t at − b†t bt:
(B12)

Using ½a†t b†t �σy½atbt� ¼ −hðtÞ and ½a†t b†t �σz½atbt� ¼ zðtÞ,
Eq. (B5) becomes

Hd ¼
Z

T

0

ðsinð2θÞhðtÞ − cosð2θÞzðtÞÞdt: (B13)

Substituting W ¼ −AðθÞ into the general correlation
formula (B9) yields the QFI for an MZI with arbitrary
splitting ratio θ. In particular, at θ ¼ π=4 one has
cosð2θÞ ¼ 0 and sinð2θÞ ¼ 1, and Eq. (B9) reduces to
the balanced −50∶50 expression used in the main text.

APPENDIX C: CONNECTION TO TWO-SIDED
MASTER EQUATION APPROACH

Here we connect our interferometry set-up to the two-
sided master-equation approach developed in Refs. [46,47],
which provides an alternative route to the QFI of the
emitted field.
As a reminder, defining xt ¼ ðat; btÞT and system jump

operators L ¼ ðLA; LBÞT , the joint emitter and light
channels unitary is

UIðT; 0Þ ¼ T⃗ exp
�
−i
Z

T

0

HIðtÞdt
�
; (C1)

with interaction Hamiltonian

HIðtÞ ¼ HSðtÞ þ x†
tLþL†xt: (C2)

After the emission, the two channels are mixed by a
passive linear optical element (the MZI) described by

U†
MZIðφÞxt UMZIðφÞ ¼ SMZIðφÞxt: (C3)

The final joint state is then

jψφi ¼ UMZIðφÞUIðT; 0ÞjϕS;i; vaci: (C4)

Since the MZI is passive and leaves the vacuum
invariant, UMZIðφÞjvaci ¼ jvaci, thus

jψφi ¼ ŨIðT; 0ÞjϕS;i; vaci;
ŨIðT; 0Þ ≔ UMZIðφÞUIðT; 0ÞU†

MZIðφÞ:
(C5)

The transformed propagator ŨI is generated by the
Hamiltonian H̃Iðt;φÞ ¼ UMZIðφÞHIðtÞU†

MZIðφÞ. Using
Eq. (C3), we have

UMZIðφÞxt U
†
MZIðφÞ ¼ SMZIðφÞ−1 xt; (C6)
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and hence H̃Iðt;φÞ retains the same structure as Eq. (C2),
but with modified (generally φ-dependent) jump opera-
tors:

H̃Iðt;φÞ ¼ HSðtÞ þ x†
t L̃ðφÞ þ L̃ðφÞ†xt; (C7)

L̃ðφÞ ≔ SMZIðφÞ−1L: (C8)

Thus, the emitter + MZI can be viewed as an effective
emitter with φ-dependent jump operators fL̃AðφÞ; L̃BðφÞg
and the same system HamiltonianHSðtÞ. This establishes a
direct mapping from our sensing architecture to the
framework of Refs. [46,47], where the interferometric
phase φ is treated as a parameter appearing in the system,
enabling computation of the QFI via system-only evolu-
tion under the two-sided master equation.

APPENDIX D: SCALING OF THE PHOTON
NUMBER WITH TIME FOR TIME-

INDEPENDENT SOURCES

In this appendix we show that the number of photons
scales linearly with time T for a time-independent source.
Let the source evolve according to a time-independent
channel Eðt; 0Þ ¼ eLt, where L is the Lindbladian of the
source. The source state at time t is ρðtÞ ¼ Eðt; 0Þðρð0ÞÞ,
and the total expected number of emitted photons is

NphðTÞ ¼
Z

T

0

TrðL†LρðtÞÞdt: (D1)

Since the source Hilbert space is finite dimensional, L
admits a Jordan decomposition. Thus we can write

eLt ¼
X

ν∈ σðKÞ
eνt
Xdν−1
m¼0

tmKν;m; (D2)

where ν are the eigenvalues of L, dν is the size of the
largest Jordan block associated with ν, and the maps Kν;m

are time-independent.
Because eLt is a CPTP channel, its eigenvalues satisfies,

ReðνÞ ≤ 0. Moreover, for any eigenvalue with ReðνÞ ¼ 0,
the corresponding Jordan blocks have dimension one
dν ¼ 1 [108]. Thus, we obtain

TrðL†LρðtÞÞ ¼ c1 þ
X
ωj≠0

aje−iωjt þ
X
α

Xdα−1
m¼0

aα;mtmeναt;

(D3)

where ReðναÞ < 0. The first term comes from the zero-
eigenvalue subspace which determines the time-averaged
emission rate, and the second term comes from eigenval-
ues with zero real part but non-zero imaginary part. Next,

computing the photon number gives:

NphðTÞ ¼ c1T þ
X
ωj≠0

aj

Z
T

0

dt e−iωjt

þ
X
α

Xdα−1
m¼0

aα;m

Z
T

0

dt tmeναt: (D4)

The oscillatory terms have a constant contribution at
most, and the decaying terms converge to constants, with
exponentially corrections in T. Thus, defining
λ ¼ minαjReðναÞj, we obtain

NphðTÞ ¼ c0 þ c1T þ
X
ωj≠0

bje−iωjT þOðe−λTÞ: (D5)

Therefore,

lim
T→∞

NphðTÞ
T

¼ c1: (D6)

Thus, if c1 > 0, the emitted photon number grows
linearly in time.

APPENDIX E: ANALYTICAL QFI
CALCULATIONS FOR SELECTED EXAMPLES

In this appendix we provide analytic derivations for
several QFI expressions stated in Appendix III.
Throughout, we consider two identical and independent
sources feeding the two input ports of a balanced MZI, and
evaluate the QFI at φ ¼ 0.

1. Harmonic oscillator

Consider first the simplest setting of an optical cavity
with annihilation operator a and frequency ωc. We con-
sider the source Hamiltonian to be H ¼ ωca†a and jump
operator L ¼ a. We will initialize the cavity in an initial
state jϕii, and set the total emission time T → ∞. The
cavity would then have decayed to the vacuum state jvaci
which we will use as the final state (i.e., jϕfi ¼ jvaci).
For simplicity we will choose the reference frequency

to be ωc ¼ 0. For this setup, it is useful to note that
D†

aðXÞ ¼ −X=2 for X∈ fa; a†g and D†
aðXÞ ¼ −X for

X∈ fa2; a†2; a†ag which implies that

E†ðt; sÞðXÞ ¼ e−ðt−sÞ=2X if X∈ fa; a†g;
E†ðt; sÞðXÞ ¼ e−ðt−sÞX if X∈ fa2; a†2; a†ag; (E1)

where, for a channel EðXÞ ¼Pi KiXK
†
i , its adjoint is

given by E†ðXÞ ¼Pi KiXK
†
i . From Eq. (19), we then

obtain that
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QFI ¼ 8ðjhϕija†ajϕiij2 − jhϕija2jϕiij2 þ hϕija†ajϕiiÞ:

(a) Suppose jϕAi ¼ jαi, i.e., the initial state is a coherent
state with (mean) photon number N ¼ jαj2. We then
obtain

QFI ¼ 8jαj2 ∼ N for largeN;

and matches the expected scaling.
(b) Suppose jϕAi ¼ jNi, i.e., the initial state is Fock state,

then

QFI ¼ 8ðN2 þ NÞ ∼ N2 for large N;

and matches the expected scaling.

2. Driven cavity source

Here, we consider the driven cavity model used in
Appendix III. The system Hamiltonian and jump operator
are

H ¼ Ωðcþ c†Þ; L ¼ ffiffiffi
κ

p
c; (E2)

with initial state j0i. The cavity amplitude αðtÞ ≔ hcðtÞi
obeys

α̇ðtÞ ¼ − κ

2
αðtÞ − iΩ; αð0Þ ¼ 0; (E3)

hence

αðtÞ ¼ − 2iΩ
κ

ð1 − e−κt=2Þ: (E4)

The output photon flux in the port is
nðtÞ ¼ ha†t ati ¼ κjαðtÞj2, so the mean number of emitted
photons from one source over ½0; T� is

N̄ðTÞ ≔
Z

T

0

nðtÞdt ¼ κ

Z
T

0

jαðtÞj2 dt

¼ 4Ω2

κ

Z
T

0

ð1 − 2e−κt=2 þ e−κtÞdt

¼ 4Ω2

κ

�
T − 4

κ
ð1 − e−κT=2Þ þ 1

κ
ð1 − e−κTÞ

�
: (E5)

Since the dynamics is linear and the input is vacuum, the
emitted field is coherent and all connected two-time
correlations vanish. Plugging the coherent-state correlators
into Eq. (8) shows that only the single-integral contribution
remains, yielding

QFI ¼ 4

Z
T

0

ðCð1Þa;aðtÞ þ Cð1Þb;bðtÞÞdt ¼ 8N̄ðTÞ; (E6)

where N̄ðTÞ is given in Eq. (E5). In the long-time limit
κT ≫ 1, this simplifies to

QFI ¼ 32Ω2

κ
T þOð1Þ; (E7)

which shows that the QFI scales linearly with time T.

3. Driven 2-level and π-level source

Next, we consider a continuously driven two level
system [Fig. 2(a)]. The source Hamiltonian for this system
is given by H ¼ ðΩσ þ H:c:Þ and the jump operator L ¼ffiffiffi
γ

p
σ where jgihej. The Lindbladian specified by H and L

has a unique fixed point τ given by

τ ¼ 1

γ2 þ 8jΩj2 ððγ
2 þ 4jΩj2Þjgihgj þ 4jΩj2jeihej

þ 2iγΩjgihej − 2iγΩ�jeihgjÞ: (E8)

Since this fixed point is unique, as per the discussion in
Sec. IV, we expect the QFI to scale linearly with T
asymptotically. This is numerically demonstrated in
Fig. 2(b) where we plot the QFI as a function of time
for Ω∈ f0.5γ; γ; 2γ; 5γg.
Next we consider a π-level system with two excited states

je1i; je2i and two ground states jg1i; jg2i [Fig. 2(d)]. The
source Hamiltonian H has a coherent drive applied on the
two transitions (je1i → jg1i and je2i → jg2i) but with
different phases, i.e., H ¼ Ω0ðσ1 þ σ2eiθ þ H:c:Þ, where
jσii ¼ jgiiheij. The source is coupled to the output port with
the jump operator L ¼ σ1 þ σ2. The Lindbladian specified
byH and L has two fixed points, τ1; τ2 where τ1 is given by
Eq. (E8) with jei → je1i; jgi → jg1i;Ω → Ω0 and τ2 is
given by Eq. (E8) with jei → je2i; jgi → jg2i;Ω → Ω0eiθ.
To analyze the QFI of the emitted photons, we note that
Eðt; sÞ can be expressed as

Eðt; sÞρ ¼ trðP1ρÞτ1 þ trðP2ρÞτ2 þMðt; sÞρ; (E9)

where Pi ¼ jeiiheij þ jgiihgij and kMðt; sÞk⋄ ≤
Oðe−γ0ðt−sÞÞ as jt − sj → ∞ for some γ0 > 0. We will
consider the initial source state to be jϕii ¼ ðjg1i þ
jg2iÞ=

ffiffiffi
2

p
and the final source state to be

jϕfi ¼ ðjg1i þ jg2iÞ=
ffiffiffi
2

p
. We now estimate Qð2Þ defined

in Eq. (19). In the limit of γ0T ≫ 1, we obtain that
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Qð2Þ ¼ 2T2
ðjPjjTrðLτjÞj2TrðτjρfÞTrðPjρiÞj2 − jPjTrðLτjÞ2TrðτjρfÞTrðPjρiÞj2Þ

ðPjTrðτjρfÞTrðPjρiÞÞ2
þOðTÞ; (E10)

where ρi ¼ jϕiihϕij and ρf ¼ jϕfihϕfj. Using the explicit expressions for τ1; τ2; P1; P2 and jϕii; jϕfi, we obtain that

Qð2Þ ¼ 2γ4T2
64Ω4

0 − 16Ω4
0j1þ e−2iθj2

ðγ2 þ 8Ω2
0Þ4

þOðTÞ ¼ 27γ4Ω4
0

ðγ2 þ 8Ω2
0Þ4

T2sin2θ þOðTÞ: (E11)

Figure 2(e) shows numerically simulated QFI for the
π-level system as a function θ. As expected from Eq. (E11),
the QFI shows Heisenberg-limited scaling (∼T2) when
θ ≠ 0, while when θ ¼ 0, the QFI scales as T. Physically,
this can be attributed to the fact that when θ ¼ 0, the
π-level system becomes indistinguishable from the 2-level
system, and thus the QFI ∼ T. On the other hand, when
θ ≠ 0, the emitted photons are a superposition of two
macroscopic photon states and hence the state exhibits QFI
∼T2.

APPENDIX F: QUANTUM FISHER
INFORMATION SCALING WITH TIME

1. Strictly contractive source dynamics implies no
quantum advantage in interferometry

a. Strictly contractive dynamics forbid quantum
advantage

We recall from the main text that a Lindbladian LðtÞ is
said to generate strictly contractive dynamics if
∃C0; τ0; γ0 > 0 such that ∀ states ρ1; ρ2,

kEðt; sÞðρ1 − ρ2Þk1 ≤ C0e−γ0jt−sjkρ1 − ρ2k1 ∀ jt − sj
≥ τ0;

(F1)

where Eðt; sÞ ¼ T expðR ts LðτÞdτÞ. We first establish that
this condition implies that the QFI introduced in Eqs. (19)
scales as T and thus exhibits SQL scaling. We begin by
noting the following simple fact.
Lemma 1. Suppose Eðt; sÞ is strictly contractive

[Eq. (F1)], then for any traceless (possibly non-
Hermitian) operator B,

kEðt; sÞðBÞk1 ≤ 2C0e−γ0jt−sjkBk1 ∀ jt − sj ≥ τ0: (F2)

Proof. Consider first the case where B ¼ B†. Suppose B
has eigenvalues and eigenvectors ðλα; jαiÞ—then
B ¼ BðþÞ − Bð−Þ

BðþÞ ¼
X

α∶ λα≥0
λαjαihαj and Bð−Þ ¼ − X

α∶ λα<0

λαjα


hαj:

Note that BðþÞ; Bð−Þ ⪰ 0 and TrðBðþÞÞ ¼ TrðBð−ÞÞ ¼
kBk1=2. Therefore, using Eq. (F1) with ρ1 ¼
2BðþÞ=kBk1; ρ2 ¼ 2Bð−Þ=kBk1, we obtain that for
jt − sj ≥ τ0,

kEðt; sÞðBÞkk1 ≤ C0e−γ0jt−sjkBk1: (F3)

Finally, any traceless (but possibly non-Hermitian)
operator B can be expressed as B ¼ Bh þ iBah where
Bh ¼ ðBþ B†Þ=2, Bah ¼ iðB† − BÞ=2 are both Hermitian
operators. Using Eq. (F3), we then obtain that for
jt − sj ≥ τ0

kEðt; sÞðBÞk1 ≤ kEðt; sÞðBhÞk1 þ kEðt; sÞðBahÞk1
≤ C0e−γ0jt−sjðkBhk1 þ kBahk1Þ
≤ 2C0e−γjt−sjkBk1; (F4)

which proves the Lemma. ▪
Next, we show that strict contractivity of the dynamics

implies that expected values of time-domain annihilation
operators in the emitted state approximately factorize. We
consider here the setting introduced in the main text of the
source coupling to a set of output ports described by the
time-domain annihilation operator aα;t,

HðtÞ ¼ HSðtÞ þ
X
α

ða†α;tLα þ H:c:Þ: (F5)

The source dynamics will be captured by the
Lindbladian LðtÞ ¼ −i½HSðtÞ; ·� þ

P
α DLα

. We will now
consider the state jψi in the output ports obtained on
evolving an initial state jϕi; vaci (i.e., the source being in
the state jϕii and the output ports being in the vacuum
state) for time T and projecting the source onto the
state jϕfi:
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���ψi ¼ 1

N
hϕfjUðT; 0Þjϕi; vaci where Uðt; sÞ ¼ T exp

�
−
Z

t

s
HðτÞdτ

�
and N ¼ jhϕfjUðT; 0Þjϕi; vacij2:

We now establish the fact that, when the source dynamics is strictly contractive, the connected correlators in the emitted
photonic state at two different time instants decay exponentially with their time difference.
Lemma 2. (Decay of connected correlators). Suppose Eðt; sÞ ¼ T⃗ expðR ts LðτÞdτÞ, where LðτÞ corresponding to the

source-port Hamiltonian in Eq. (F5), is strictly contractive [Eq. (F1)], then,

jhψ jaα;taβ;sjψi − hψ jaα;tjψihψ jaβ;sjψij ≤
8C0

N 4
kLαkkLβke−γ0ðt−sÞ; (F6)

and

jhψ ja†α;taβ;sjψi − hψ ja†α;tjψihψ jaβ;sjψij ≤
8C0

N 4
kLαkkLβke−γ0ðt−sÞ; (F7)

where 0 ≤ s < t ≤ T and t − s ≥ τ0.
Proof. We will establish Eq. (F6), the proof of Eq. (F7) will follow similarly. Following the calculation in Sec. A 2,

hψ jaα;taβ;sjψi and hψ jaν;τjψi can be expressed as

hψjaα;taα;sjψi ¼
1

N 2
TrðPfðtÞLαEðt; sÞðLβρiðsÞÞÞandhψ jaν;τjψi ¼

1

N 2
TrðPfðτÞLνρiðτÞÞ;

where ρiðτÞ ¼ Eðτ; 0ÞðρiÞ with ρi ¼ jϕiihϕij and PfðτÞ ¼ E†ðT; τÞðjϕfihϕfjÞ. Using these expressions, we then obtain

jhψjaα;taβ;sjψi − hψjaα;tjψihψ jaβ;sjψij ¼
1

N 4
jTrðPfðtÞLαEðt; sÞðN 2LβρiðsÞ − TrðPfðsÞLβρiðsÞÞρiðsÞÞ;

≤
kLαk
N 2

kEðt; sÞðLβρiðsÞ − TrðLβρiðsÞÞρiðsÞÞk1

þ kLαk
N 4

jTrðPfðsÞLβρiðsÞÞ −N 2TrðLβρiðsÞÞj: (F8)

Similarly, using N 2 ¼ TrðPfEðT; 0ÞðρiÞÞ ¼ TrðPfEðT; sÞρiðsÞÞ, we obtain that

jTrðPfðsÞLβρiðsÞÞ −N 2TrðLβρiðsÞÞj ¼ jTrðPfEðT; sÞðLβρiðsÞ − TrðLβρiðsÞÞρiðsÞÞj;
≤ kEðT; sÞðLβρiðsÞ − TrðLβρiðsÞÞρiðsÞÞk1: (F9)

Combining Eqs. (F8) and (F9), and using the strict contractivity of Eðt; sÞ, we then obtain that

jhψ jaα;taβ;sjψi − hψ jaα;tjψihψ jaβ;sjψij ≤ 2C0kLαk
�
e−γ0ðt−sÞ
N 2

þ e−γ0ðT−sÞ
N 4

�
kLβρiðsÞ − TrðLβρiðsÞÞρiðsÞk1;

≤
8C0

N 4
kLαkkLβke−γ0ðt−sÞ:

This establishes Eq. (F6). A similar analysis can be performed to establish Eq. (F7). ▪
Using lemma 2, we now show that the QFI [given by Eq. (19)] scales as ∼T for large T. Consider the two correlation

functions CðgÞðt; sÞ ¼ ha†t asi and CðχÞðt; sÞ ¼ hatasi. Applying lemma 2 together with the fact that jhatihasij ¼ jha†t ihasij
and jhatasij; jha†t asij ≤ kLk2; jatj; ja†t j ≤ kLk, we obtain that

jCðχÞðt; sÞj2 − jCðgÞðt; sÞj2 ≤ 64C2
0

N 8
kLk4e−2γ0jt−sj þ 32C0

N 4
kLk4e−γ0jt−sj ≤ 32kLk4

p4
0

ð2C2
0 þ C0Þe−γ0jt−sj; (F10)
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where p0 is a T-independent constant such that p0 ≤ N 2. Finally, using this together with the expression for Qð2Þ
[Eq. (19b)] we obtain that

Qð2Þ ¼ 2

Z
T

0

Z
t

0

ðjCðχÞðt; sÞj2 − jCðgÞðt; sÞj2Þdsdt ¼ 2

Z
T

0

Z
T

τ
ðjCðχÞðt; t − τÞj2 − jCðgÞðt; t − τÞj2Þdtdτ

≤
2

p4
0

Z
τ0

0

Z
T

τ
kLk4dtdτ þ 64

p4
0

Z
T

τ0

Z
T

τ
kLk4ð2C2

0 þ C0Þe−γ0τdtdτ ≤
2kLk4
p4
0

�
τ0 þ

32

γ0
ð2C2

0 þ C0Þ
�
T; (F11)

which establishes that Qð2Þ ≤ OðTÞ as T → ∞ and con-
sequently from Eq. (19a), QFI ≤ OðTÞ.

b. Extension to non-identical emitters with
arbitrary linear MZI transformation

Next, we generalize the result for the linear scaling of
the QFI with T to the case where the sources are not

necessarily identical and may be entangled. Moreover, we
allow the MZI to implement an arbitrary linear trans-
formation. In this setup, the only term that can potentially
lead to a quadratic scaling in time is the double-integral
term in Eq. (B9), i.e.,

Qð2Þ ¼
Z

T

0

Z
T

0

X
x;y;u;v∈ fa;bg

WxyWuv½Cð2Þx;u;y;vðt; sÞ − Cð1Þx;yðtÞCð1Þu;vðsÞ�dt ds: (F12)

Similar to the approach in the previous section, we show
that the connected correlators decay exponentially when
the dynamics is strictly contractive. This yields a bound on
Qð2Þ, and therefore the QFI scales at most linearly with T.
Lemma 3. (Decay of 2-point correlators). Suppose

Eðt; sÞ ¼ T⃗ expðR ts LðτÞdτÞ, where LðτÞ corresponding to
the source-port Hamiltonian in Eq. (F5), is strictly con-
tractive [Eq. (F1)], then,

jCð2Þx;u;y;vðt; sÞ − Cð1Þx;yðtÞCð1Þu;vðsÞj ≤ 8C0

N 4
kLk4e−γ0ðt−sÞ;

(F13)

where 0 ≤ s < t ≤ T, t − s ≥ τ0, x; y; u; v∈ fa; bg,
and kLk ¼ maxxkLxk.

Proof. From Eq. (10) recall that

Cð2Þx;u;y;vðt; sÞ ¼ 1

N 2
TrðPfðtÞMx;yEðt; sÞMu;vρiðsÞÞ;

(F14)

Cð1Þx;yðtÞ ¼ 1

N 2
TrðPfðtÞMx;yEðt; sÞρiðsÞÞ; (F15)

Cð1Þu;vðsÞ ¼ 1

N 2
TrðPfðtÞEðt; sÞMu;vρiðsÞÞ; (F16)

where Mx;y ¼ Lxð·ÞL†
y, ρiðτÞ ¼ Eðτ; 0ÞðρiÞ with ρi ¼

jϕiihϕij and PfðτÞ ¼ E†ðT; τÞðjϕfihϕfjÞ. Using these
expressions, and N 2 ¼ TrðPfðtÞEðt; sÞρiðsÞÞ, we then
obtain

jCð2Þx;u;y;vðt; sÞ − Cð1Þx;yðtÞCð1Þu;vðsÞj ¼ 1

N 2
TrðPfðtÞMx;yEðt; sÞ½Mu;vρiðsÞ − TrðMu;vρiðsÞÞρiðsÞ�Þ

− 1

N 4
TrðPfðtÞMx;yEðt; sÞρiðsÞÞTrðPfðtÞEðt; sÞ½Mu;vρiðsÞ − TrðMu;vρiðsÞÞρiðsÞ�Þ

≤
2kLxkkLyk

N 4
kEðt; sÞ½Mu;vρiðsÞ − TrðMu;vρiðsÞÞρiðsÞ�k1

≤
8C0

N 4
kLxkkLykkLukkLvke−γ0ðt−sÞ:

(F17)

This establishes Eq. (F13). ▪
Finally, using Lemma 3 together with the expression for Qð2Þ [Eq. (F12)] we obtain that
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Qð2Þ ≤
32w2

p4
0

Z
T

0

Z
T

τ
jCð2Þx;u;y;vðt; t − τÞ − Cð1Þx;yðtÞCð1Þu;vðt − τÞjdτdt

≤
32w2

p4
0

Z
τ0

0

Z
T

τ
kLk4dtdτ þ 28w2

p4
0

Z
T

τ0

Z
T

τ
kLk4C0e−γ0τdtdτ ≤

32w2kLk4
p4
0

�
τ0 þ

8

γ0
C0

�
T; (F18)

which establishes that Qð2Þ ≤ OðTÞ as T → ∞ and con-
sequently, QFI ≤ OðTÞ.

c. Provable strict contractivity for
Lindbladians with full Kraus rank

Next, we will consider two settings where we are able to
establish that the source dynamics are provably strictly
contractive irrespective of the time-dependent Hamiltonian
applied on the source. The first setting that we will
consider is when the source dynamics are modelled by
a Lindbladian with a time-dependent Hamiltonian as well
as a set of jump operators which span the whole space of
traceless operators operators. More specifically, for a
source with d levels, the source Lindbladian LðtÞ is given
by

LðtÞ ¼ −i½HðtÞ; ·� þ
Xd2−1
α¼1

DLα
¼ −i½HðtÞ; ·� þ

Xd2
α¼0

DLα
;

(F19)

where fLαgα∈ f1;2���d2−1g span the space of traceless system
operators. Furthermore, we have artificially added the
dissipator DL0

with L0 ¼ I for convenience without
changing the master equation: The set of jump operators
fLαgα∈ f0;1���d2−1g form a complete basis for the space
of system operators. Due this completeness of
fLαgα∈ f0;1;2���d2−1g, ∃ λ0 > 0 such that

∀ all system operatorsX∶
X
α

jTrðL†
αXÞj2 ≥ λ0TrðX†XÞ:

(F20)

We first show that the Lindbladian [Eq. (F19)] with the
jump operators satisfying Eq. (F20) generates strictly
contractive dynamics.
Proposition 2. Suppose Eðt; sÞ ¼ T⃗ expðR ts LðτÞdτÞ is

the channel generated by a Lindbladian [Eq. (F19)] whose
jump operators satisfy Eq. (F20), then ∀ t > s and any
two states ρ1; ρ2,

kEðt; sÞðρ1 − ρ2Þk1 ≤ e−λ0jt−sjkρ1 − ρ2k1:

Proof. We will denote by D the Lindbladian
D ¼Pd2

α¼1DLα
:D contains contribution from all the jump

operators in system Lindbladian which are assumed to be
time independent. It will also be convenient for us to work

in a discretization of this dynamics: We will discretize
the time interval ðt; s� ¼ ðtT; tT−1� ∪ ðtT−1; tT−2� ∪ � � � ∪
ðt1; t0� where tm ¼ sþmε with ε ¼ ðt − sÞ=T and
approximate the channel Eðt; sÞ as

Ẽ ¼ KUTKUT−1 � � �KU1; (F21)

where UτðXÞ ¼ UτXU
†
τ , with Uτ ¼ T⃗ exp×

ð−i R tτtτ−1 HSðsÞdsÞ and KðXÞ ¼Pd2
α¼0KαXK

†
α where

Kα ¼ ffiffiffi
ε

p
Lα for i∈ f1; 2 � � � d2g and

K0 ¼
�
I − ε

Xd2
α¼1

L†
αLα

�
1=2

;

We note that

keεD −Kk⋄ ≤ Oðε2Þ; (F22)

and consequently

kEðt; sÞ − Ẽk⋄ ≤ OðTε2Þ ≤ Oðjt − sjεÞ; (F23)

and thus the exact dynamics is recovered in the limit of
ε → 0. We denote the fixed point of the LindbladianD by τ.
Since the jump operators fLαgα∈ f0;1;2���d2−1g have full
Kraus rank, τ is both the unique fixed point of D and also
positive definite (τ≻0). Furthermore, using Eq. (F22) and
the fact that DðτÞ ¼ 0, we obtain that kKðτÞ − τk1 ¼
kKðτÞ − eεDðτÞk1 ≤ Oðε2Þ. Next, we decompose the chan-
nelK into the convex combination of a superoperator K̃ and
the replacement channel Rτ ¼ Trð·Þτ:

K ¼ ð1 − ελ0ÞK̃þ ελ0Rτ: (F24)

We first show that K̃ defined this way is a valid channel.
First, we note that K̃ is trace-preserving since both K and
Rτ are trace preserving. Second, to ensure that is
also completely positive, by the Choi-Jamiolkowski
isomorphism, we need to show that ΦK̃ ¼
ðΦK − ελ0ΦRτ

Þ=ð1 − ελ0Þ ⪰ 0, where ΦS ¼ ðS ⊗
idÞðjΦþihΦþjÞ is the Choi state of S. We note that for a
state jψi ¼Pi;j ψ i;jji; ji∈Cd ⊗ Cd, and its correspond-
ing operator jΨi ¼Pi;j ψ i;jjiihjj,
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hψjΦKjψi ¼
1

d

X
α

X
i;i0

X
p;p0

ψ�
p;iψp0;i0 hpjKαjiihi0jK†

αjp0i

¼ 1

d

X
α

jTrðK†
αΨÞj2 ≥ ε

d

X
α≥1

jTrðL†
αΨÞj2

≥
ελ0
d

kψk2:
(F25)

Similarly,

hψ jΦRτ
jψi ¼ 1

d
hψ jðI ⊗ τÞjψi ≤ 1

d
kψk2kτk ≤

1

d
kψk2:
(F26)

Therefore, from Eqs. (F25) and (F26), we find that for
every jψi∈Cd ⊗ Cd,

hψjΦK̃jψi ¼
1

1 − ελ0
ðhψ jKjψi − ελ0hψjRτjψiÞ ≥ 0;

and thus K̃ is a valid channel. Using Eq. (F24), we can then
show that K is strictly contractive since for any two states
ρ1; ρ2,

kKðρ1 − ρ2Þk1 ¼ ð1 − ελ0ÞkK̃ðρ1 − ρ2Þk1
≤ ð1 − ελ0Þkρ1 − ρ2k1:

Using this together with Eq. (F21), we obtain that

kẼðρ1 − ρ2Þk1 ≤ ð1 − ελ0ÞTkρ2 − ρ1k:

Using Eq. (F23), we obtain that

kEðt; sÞðρ1 − ρ2Þk1 ≤ kẼðρ1 − ρ2Þk1 þOðjt − sjεÞ
≤ ð1 − ελ0ÞTkρ1 − ρ2k þOðjt − sjεÞ:

Finally, taking the limit ε → 0 in this inequality, and
setting ð1 − ελ0ÞT → e−λ0jt−sj, we obtain the proposition. ▪

d. Strict contractivity of the two-level system

We next consider the Lindbladian describing a two-level
system with states jei; jgi with a jump operator L ¼ ffiffiffi

γ
p

σ
where σ ¼ jgihej and any time-dependent Hamiltonian
HðtÞ:

LðtÞ ¼ −i½HðtÞ; ·� þ γDσ: (F27)

We show that for this system as well, the dynamics
generated by LðtÞ is strictly contractive.

Proposition 3. Suppose Eðt; sÞ ¼ T⃗ expðR ts LðτÞdτÞ is
the channel generated by the two-level system Lindbladian
in Eq. (F27) then ∀ t > s and any two states ρ1; ρ2,

kEðt; sÞðρ1 − ρ2Þk1 ≤ e−γjt−sj=2kρ1 − ρ2k1:

Proof. Similar to the proof of proposition 2, we work in
a Trotterization of the dynamics: We will discretize the
interval ðt; s� ¼ ðτT; τT−1� ∪ ðτT−1; τT−2� ∪ � � � ∪ ðτ1; τ0�,
where τm ¼ sþmε with ε ¼ ðt − sÞ=T. The channel
Eðt; sÞ will be approximated by Ê where

Ê ¼ KUTKUT−1 � � �KU1; (F28)

where UkðXÞ ¼ UkXU
†
k with Uk ¼ T⃗ expð−i R τkτk−1 HðsÞdsÞ

and KðXÞ ¼ K0XK
†
0 þ K1XK

†
1 where

K1 ¼
ffiffiffiffiffi
γε

p
σ ¼ ffiffiffiffiffi

γε
p jgihej and

K0 ¼ ð1 − γεσ†σÞ1=2 ¼ jgihgj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γε

p
jeihej:

Since kK − expðγεDσÞk⋄ ≤ Oðε2Þ, it follows that
kÊ − Eðt; sÞk⋄ ≤ OðTε2Þ ≤ Oðjt − sjεÞ and thus the exact
continuous-time dynamics can be recovered in the limit of
ε → 0. Next, we establish that the channel K is strictly
contractive—to show this, we recall a result from
Ref. [109] (theorem 2), where it was shown that for any
two states ρ1; ρ2 such that ρ1 ≠ ρ2,

kKðρ1 − ρ2Þk1
kρ1 − ρ2k1

≤
1

2
sup

jψ1i;jψ2ihψ1 jψ2i¼0

kKðjψ1ihψ1j − jψ2ihψ2jÞk:

(F29)

In the other words, the states ρ1; ρ2 that maximize
kKðρ1 − ρ2Þk1 are pure states jψ1i; jψ2i that are orthogo-
nal to each other (i.e., hψ1jψ2i ¼ 0). Setting jψ1i ¼
cos θjei þ eiφ sin θjgi and jψ2i ¼ sin θjei − eiφ cos θjgi
we obtain

Kðjψ1ihψ1j− jψ2ihψ2jÞ ¼ ð1− γεÞ cos2θðjeihej− jgihgjÞ
þ ð1− γεÞ1=2 sin2θðeiφjeihgj
þH:c:Þ;

and therefore
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1

2
kKðjψ1ihψ1j − jψ2ihψ2jÞk1 ¼ ðð1 − γεÞ2 cos2 2θ

þ ð1 − γεÞ sin2 2θÞ1=2

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γε

p
:

Finally, using this together with the fact that unitaries
leave the 1-norm invariant, we obtain that for any two
states ρ1; ρ2

kÊðρ1 − ρ2Þk ≤ ð1 − γεÞT=2:

Finally, taking the limit of ε → 0 and setting Ê → Eðt; sÞ
and ð1 − γεÞT=2 → e−γjt−sj=2, we obtain the proposition.

2. Adjoint variable method for optimizing QFI

In this subsection, we will provide details of numerically
optimizing the QFI with respect to the time-dependent
Hamiltonian applied on the source. We will work with a
discretized matrix-product state representation of the
emitted photons, which we review first. Then, we will
show how the computation of the gradient of the QFI with
respect to the Hamiltonian parameters can be sped up
using the adjoint variable method.

a. Review: Matrix product state representation

We first show how to approximate the state of the
emitted photons with a matrix product state. We recall
from the main text that the Hamiltonian of the source
interacting with d output ports is given by

HðtÞ ¼ HSðtÞ þ
Xd
j¼1

ða†j;tLj þ H:c:Þ;

where ½aα;t; aα0;t0 � ¼ δα;α0δðt − t0Þ and HSðtÞ and Lα are
operators acting on the source Hilbert space. We will
denote by Uðt; sÞ and USðt; sÞ the unitaries generated by
the Hamiltonians HðtÞ and HSðtÞ respectively:

Uðt; sÞ ¼ T⃗ exp
�
−
Z

t

s
HðτÞdτ

�
and

USðt; sÞ ¼ T⃗ exp
�
−
Z

t

s
HSðτÞdτ

�
:

Assuming that the initial and final states of the source
are jϕS;ii; jϕS;fi, the state of the photons jψi in the output
ports can be expressed as

jψi ¼ 1

N
hϕS;fjΨi where jΨi ¼ UðT; 0Þjvac;ϕS;ii;

(F30)

where N ¼ khϕS;fjΨik is a normalization constant. We

will approximate jΨi by jΨ̂i, which would be a state in the

Hilbert space ðCdþ1Þ⊗M where we will (i) effectively
discretize the ports in space as well as (ii) truncate the
Hilbert space dimension of each discretized step to having
at most a single-excitation, i.e.,

jΨ̂i ¼ US
MKMUS

M−1KM−1 � � �US
1K1jϕS;ii; (F31)

where M is the number of time steps that ½0; T� is
discretized into and

US
k ¼ USðkε; ðk − 1ÞεÞ and

Kk ¼ ðI − εQÞ1=2j0ki − i
ffiffiffi
ε

p Xd
j¼1

Ljjjki;
(F32a)

with ε ¼ T=M and

Q ¼
Xd
j¼1

L†
jLj: (F32b)

Here j0ki ¼ jvacððk−1Þε;kε�i is the vacuum in the output
port corresponding to the time interval ððk − 1Þε; kε� and
jjki is a state with a single photon in the jth output port in
the time interval ððk − 1Þε; kε�, i.e.,

jjαi ¼ A†
α;kjvacððk−1Þε;kε�i with

Aα;k ¼
1ffiffiffi
ε

p
Z

kε

ðk−1Þε
aα;sds:

(F33)

It can be noted that ½Aα;k; A
†
α0;k0 � ¼ δα;α0δk;k0 . The

approximated state of photons jψ̂i ¼ hϕS;fjΨ̂i=N̂
where N̂ ¼ khϕS;fjΨ̂ik.
For our analysis, it will be convenient to use the

following lemma.
Lemma 4. For any interval s < τ < t,

hvacðs;t�jUðt; sÞjvacðs;t�i
¼ Ueffðt; sÞandhvacðs;t�jaα;τUðt; sÞjvacðs;t�i
¼ −iUeffðt; τÞLαUeffðτ; sÞ;

where

Ueffðt; sÞ ¼ T⃗ exp
�
−i
Z

t

s
HeffðτÞdτ

�
with

HeffðtÞ ¼ HSðtÞ − i
2
Q:

Proof. We show this by discretizing the interval ðs; t�
into ðτ0; τ1� ∪ ðτ1; τ2� ∪ � � � ∪ ðτN−1; τN� where τk ¼
sþ kδ with δ ¼ ðt − sÞ=N. We note that an explicit
second-order Dyson expansion of Uðτkþ1; τkÞ yields
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hvacðτk;τkþ1�jUðτkþ1; τkÞjvacðτk;τkþ1�i ¼ Ueffðτkþ1; τkÞ þOðδ2Þ:

Consequently,

hvacðs;t�jUðt; sÞjvacðs;t�i ¼
Y1
k¼N

hvacðτk;τkþ1�jUðτkþ1; τkÞjvacðτk;τkþ1�i ¼ Ueffðt; sÞ þOðjt − sjδÞ:

Taking the limit of δ → 0 yields that hvacðs;t�jUðt; sÞjvacðs;t�i ¼ Ueffðt; sÞ.
Next, we consider deriving an expression for hvacðs;t�jaα;τUðt; sÞjvacðs;t�i. We begin with the Heisenberg picture

operator aα;τðt; sÞ ¼ Uðs; tÞaα;τUðt; sÞ which satisfies

d
dt

aα;τðt; sÞ ¼ −iδðτ − tÞUðs; tÞLαUðt; sÞ:

Noting that aα;τðs; sÞ ¼ aα;τ, we can integrate this equation from s → t to obtain

aα;τðt; sÞ ¼ aα;τ − iUðs; τÞLαUðτ; sÞ;

or equivalently

aα;τUðt; sÞ ¼ Uðt; sÞaα;τ − iUðt; τÞLαUðτ; sÞ:

Therefore, we obtain that

hvacðs;t�jaα;τUðt; sÞjvacðs;t�i ¼ −ihvacðs;t�jUðt; τÞLαUðτ; sÞjvacðs;t�i
¼ −ihvacðτ;t�jUðt; τÞjvacðτ;t�iLαhvacðs;τ�jUðτ; sÞjvacðs;τ�i ¼ −iUeffðt; τÞLαUeffðτ; sÞ;

which proves the lemma. ▪
We next provide an error bound between the exact state and its MPS representation.
Proposition 4. (Error bound on MPS representation). Suppose J;l > 0 are positive real numbers such that ∀ t ≥

0∶ kHSðtÞk ≤ J and
Pd

α¼1 kLαk2 ≤ l, and η0 ¼ 2lðJ þ 2lÞ then if ε < N 2=η0T

kjψihψ j − jψ̂ihψ̂ jk ≤
�
1þ 1

ðN 2 − η0TεÞ
�
η0Tε
N 2

≤ O
�
η0Tε
N 2

�
:

Proof. It will be convenient to define J;l via

J ¼ max
t∈ ½0;T�

kHSðtÞk and l ¼
Xd
α¼1

kLαk2:

It can be noted that kQk ≤ l, where Q is defined in Eq. (F32b).
Wewill first show that hΨ̂jΨi is close to 1, where jΨi and jΨ̂i are defined in Eqs. (F30) and (F31) respectively. We begin

by rewriting hΨ̂jΨi as

hΨ̂jΨi ¼ hϕS;ijV†
1 � � �V†

M−1V
†
MU

S
MKMUS

M−1KM−1 � � �US
1K1jϕS;ii;

where Vm ¼ Uðmε; ðm − 1ÞεÞj0mi. It will be convenient to define

jΨ̂mi ¼ US
mKmUS

m−1Km−1 � � �US
1K1jϕS;ii and jΨmi ¼ VmVm−1 � � �V1jϕS;ii:

It can be noted that jΨMi ¼ jΨi and jΨ̂Mi ¼ jΨ̂i. Furthermore, it is straightforward to see that kjΨmik ¼ 1.
Additionally, since

P
α K

†
αKα ¼ I (with the identity being on the system operator), it also follows that kjΨ̂mik ¼ 1.
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Wewill also define Tm ¼ V†
mUS

mKm: Note that Tm is an operator acting on the Hilbert space of the source. Furthermore,
we obtain the recursive inequality

jhΨ̂jΨi − hΨ̂m−1jΨm−1ij ≤ jhΨm−1jðTm − IÞjΨ̂m−1ij ≤ kTm − Ik;

and therefore

jhΨ̂mjΨmi − 1j ≤
XM
m¼1

kTm − Ik: (F34)

Thus, it is sufficient to bound kTm − Ik. This can be done with an application of time-dependent perturbation theory.
Note that

Tm ¼ h0mjU†ðmε; ðm − 1ÞεÞj0miUS
mðI − εQÞ1=2 − i

ffiffiffi
ε

p Xd
α¼1

h0mjU†ðmε; ðm − 1ÞεÞA†
α;mj0miUS

mLα

¼ U†
effðmε; ðm − 1ÞεÞUS

mðI − εQÞ1=2 þ
Xd
α¼1

Z
mε

ðm−1Þε
U†

effðs; ðm − 1ÞεÞL†
αU

†
effðmε; sÞUS

mLα: (F35)

Next, we observe that since
ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p ¼ 1 − x
2
− x2

4ð1−xÞ1=2þð2−xÞ2, ðI − εQÞ1=2 ≈ I − εQ=2 and for ε ≤ 1=l

kðI − εQÞ1=2 −
�
I − εQ

2

�
k ≤ ε2kð4ðI − εQÞ1=2 þ ð2 − εQÞ2Þ−1Q2k ≤ ε2l2: (F36)

Furthermore, we note that

ðUS
mÞ†Ueffðmε; ðm − 1ÞεÞ ¼ I þ

Z
mε

ðm−1Þε
d
dt0

USððm − 1Þε; t0ÞUeffðt0; ðm − 1ÞεÞdt0

¼ I − 1

2

Z
mε

ðm−1Þε
USððm − 1Þε; t0ÞQUeffðt0; ðm − 1ÞεÞdt0

¼ I − ε

2
Q − 1

2

Z
mε

ðm−1Þε

Z
t0

ðm−1Þε
d
dt00

USððm − 1Þε; t00ÞQUeffðt00; ðm − 1ÞεÞdt00dt0

¼ I − ε

2
Q

− i
2

Z
mε

ðm−1Þε

Z
t0

ðm−1Þε
USððm − 1Þε; t00ÞðHSðt00ÞQ −QHeffðt00ÞÞUeffðt00; ðm − 1ÞεÞdt00dt0:

Thus, for small ε, ðUS
mÞ†Ueffðmε; ðm − 1ÞεÞ ≈ I − εQ=2 with the equation above implying that

����ðUS
mÞ†Ueffðmε; ðm − 1ÞεÞ −

�
I − εQ

2

����� ≤
ε2

4
l
�
2J þ 1

2
l
�
; (F37)

where we have used kHSðtÞk ≤ J; kHeffðtÞk ≤ J þ kQk=2, kUSðt; sÞk ¼ 1 and kUeffðt; sÞk ≤ 1.

THEORY OF QUANTUM-ENHANCED INTERFEROMETRY... PRX QUANTUM 7, 033069 (2026)

033069-33



Finally, we note that

U†
effðs; ðm − 1ÞεÞL†

αU
†
effðmε; sÞ ¼ L†

αU
†
effðmε; sÞ þ i

�Z
s

ðm−1Þε
U†

effðs0; ðm − 1ÞεÞH†
effðs0Þds0

�
L†
αU

†
effðmε; sÞ

¼ L†
α − iL†

α

�Z
s

mε
H†

effðs0ÞU†
effðmε; s0Þds0

�
þ i
�Z

s

ðm−1Þε
U†

effðs0; ðm − 1ÞεÞH†
effðs0Þds0

�
L†
αU

†
effðmε; sÞ;

and therefore U†
effðs; ðm − 1ÞεÞL†

αU
†
effðmε; sÞ ≈ L†

α with the equation above implying that

kU†
effðs; ðm − 1ÞεÞL†

αU
†
effðmε; sÞ − L†

αk ≤ εkLαk
�
J þ l

2

�
; (F38)

where we have used kUeffðt; sÞk ≤ 1 and kHeffðtÞk ≤ J þ kQk=2. Using Eqs. (F36), (F37) and (F38) together with
Eq. (F35), we obtain that for εkQk ≤ 1

kTm − Ik ≤
5

4
ε2l2 þ ε2

�
J þ l

2

�
lþ ε2

4
l
�
2J þ 1

2
l
�

≤
1

2
η0ε

2; (F39)

where η0 ¼ 2lð2lþ JÞ. Thus, from Eq. (F34) that

jhΨjΨ̂i − 1j ≤ 1

2
η0Mε2 or equivalently kjΨi − jΨ̂ik2 ¼ 2Reð1 − hΨjΨ̂iÞ ≤ η0Mε2:

Next, we consider the normalized states, jψi ¼ hϕS;fjΨi=N and jψ̂i ¼ hϕS;fjΦ̂i=N̂ . We first note that

jN 2 − N̂ 2j ¼ jTrðjϕS;fihϕS;fjðjΨihΨj − jΨ̂ihΨ̂jÞÞj ≤ kjΨihΨj − jΨ̂ihΨ̂jk1 ≤ η0Mε2:

Note that this implies that N̂ 2 ≥ N 2 − η0Mε2. Consequently, we then obtain that if Mε2 < N 2=η0,���� 1

N 2
− 1

N̂ 2

���� ¼ jN 2 − N̂ 2j
N 2cN 2

≤
η0Mε2

N 2ðN 2 − η0Mε2Þ :

Finally,

kjψihψ j − jψ̂ihψ̂ jk ≤
1

N 2
kjΨihΨj − jΨ̂ihΨ̂jk1þ

���� 1

N 2
− 1

N̂ 2

���� ≤ �1þ 1

ðN 2 − η0Mε2Þ
�
η0Mε2

N 2
; (F40)

which proves the lemma. ▪
b. Gradient computation

We next show how to compute the QFI and the QFI gradient with respect to the system unitaries applied in every time-
step. To make the computations easy to visualize, we will use the tensor network diagrammatic notation.

ðF41Þ

where
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ðF42Þ

We will find it convenient to introduce En
m;Rn

m;Ln
m for 0 ≤ m < n ≤ M given by

ðF43aÞ

where for n < m we interpret En
m;Rn

m;Ln
m ¼ I ⊗ I. We can also note that for any m ≤ p ≤ n,

ðF44Þ

The normalization constant N is given by the diagrammatic expression

ðF45Þ

We will consider the case of identical and independent sources—in terms of the MPS approximation of the state, the
QFI from Eq. (19) can be approximated by

QFI ≈
16

N 4

XM
n¼1

Xn−1
m¼1

ðjCðgÞ
n;mj2 − jCðχÞ

n;mj2Þ þ 8

N 2

XM
m¼1

nm; (F46a)

where

ðF46bÞ
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ðF46cÞ

ðF46dÞ

We note that Eq. (F46) can be used to numerically
compute the QFI in OðM2Þ time. To see this, note that
fEn;mg0≤m≤n≤M can be pre-computed inOðM2Þ time. After

this pre-computation, N , CðgÞ
n;m; C

ðχÞ
n;m and nm can be

computed in Oð1Þ time. Therefore, the total time required
to compute the QFI scales as OðM2Þ.
We next consider the computation of the gradient of the

QFI with respect to the unitaries US
p—if the gradient is

computed by first computing ∇US
p
CðgÞ
n;m and ∇US

p
CðχÞ
n;m, then

the total time required to compute the gradient of QFI with
respect to all the unitariesUS

p would beOðM3Þ. In practice,
this can become prohibitively expensive when M ≳ 100.
We next outline an application of the adjoint variable
method [87–89] that can reduce the cost of computing
∇US

p
QFI to time OðM2Þ. We will formulate the adjoint

variable method for computing the gradient of both the
double summand and the single summand in Eq. (F46),
both of which require slightly different treatment.
Cost functions that are single sums. We first consider a

cost function Γð1ÞðθÞ which depends on the parameters
fθ0; θ1 � � � θMg through the unitaries US ¼ fUS

0ðθ0Þ;
US

1ðθ1Þ � � �US
MðθMÞg and can be expressed as a single

summation:

Γð1ÞðθÞ ¼
XN
m¼1

fðγmÞ; (F47)

where f∶ C → R is Wirtinger differentiable (i.e., differ-
entiable with respect to the real and imaginary parts of the
complex-value argument), and γm ∈C is given by the
following contraction:

ðF48Þ

for some P and Q. Next, we note that

∂
∂θp

ΓðθÞ ¼ 2
XN
m¼1

Re
�
f0ðγmÞ

∂γm
∂θp

�
; (F49a)

where f0 ≡ ∂fðz; z�Þ=∂z. Note that ∂γm=∂θp will be
given by

ðF49bÞ

where

ERFAN ABBASGHOLINEJAD et al. PRX QUANTUM 7, 033069 (2026)

033069-36



ðF49cÞ

While Eq. (F49) can be used to compute ∂Γð1ÞðθÞ=∂θp, the total cost to compute this derivative for all p would be
OðM2Þ. To compute these derivatives in time OðMÞ, we first obtain from Eq. (F49a) that

∂
∂θp

Γð1ÞðθÞ ¼ 2Re
� XM

m¼pþ1

f0ðγmÞ
∂γm
∂θp

�
þ 2Re

�Xp
m¼1

f0ðγmÞ
∂γm
∂θp

�
; (F50a)

and using Eq. (F49b), it follows that

ðF50bÞ

where

ðF50cÞ

and

ðF50dÞ

where

ðF50eÞ

If the vectors lp; rp are pre-computed, then Eqs. (F50a), (F50b) and (F50d) can be used to compute ∂ΓðθÞ=∂θp for all p
in OðMÞ time. Furthermore, lp; rp can be computed, for all p, in a total of OðMÞ time by noting that they satisfy the
following recursion:

ðF51aÞ
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ðF51bÞ

together with the boundary conditions lM ¼ r0 ¼ 0. Therefore, to compute f∂ΓðθÞ=∂θpgp∈ f0;1;2���Mg, an algorithm with
OðMÞ run-time is as follows:
(1) First compute fγmgm∈ f1;2���Mg—this can be done in OðMÞ time by recursively computing Em−1

0 and EM
m for

m∈ f1; 2 � � �Mg using

ðF52Þ

together with EM
Mþ1 ¼ E−1

0 ¼ I and then using Eq. (F48).
(2) Next, we compute flpgp∈ f0;1;2���Mg; frpgp∈ f0;1;2���Mg using the recursion in Eq. (F51)—this can be done in

OðMÞ time.
(3) Finally, we use Eqs. (F50a), (F50b) and (F50d) to compute f∂Γð1ÞðθÞ=∂θpgp∈ f0;1;2���Mg—this can again be done in

OðMÞ time.
Cost functions that are double sums. Next, we consider cost functions Γð2ÞðθÞ that are of the form

Γð2ÞðθÞ ¼
XN
n¼1

Xn−1
m¼1

fðγn;mÞ; (F53)

where f∶ C → R is Wirtinger differentiable and γn;m ∈C is given by

ðF54Þ

for some fixed tensors P1; P2; Q1; Q2. Again, the derivative of Γð2ÞðθÞ, ∂Γð2ÞðθÞ=∂θp is given by

∂
∂θp

Γð2ÞðθÞ ¼ 2
XM
n¼1

Xn−1
m¼1

Re
�
f0ðγn;mÞ

∂γn;m
∂θp

�
; (F55a)

where f0 ≡ ∂fðz; z�Þ=∂z. Note that ∂γn;m=∂θp will be given by
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ðF55bÞ

Note that using Eq. (F55) to compute f∂Γð2ÞðθÞ=∂θpgp∈ f0;1;2���Mg would require OðM3Þ time. However, similar to the
case of a cost function with a single summation, this computation can be re-organized to requireOðM2Þ time. To do so, we
note that

∂
∂θp

Γð2ÞðθÞ ¼ 2Re
� X

p<m<n≤M
f0ðγn;mÞ

∂γn;m
∂θp

�
þ 2Re

�X
1≤m≤p
p<n≤M

f0ðγn;mÞ
∂γn;m
∂θp

�
þ 2Re

� X
1≤m<n≤p

f0ðγn;mÞ
∂γn;m
∂θp

�
: (F56a)

Using Eq. (F55b), it follows that

ðF56bÞ

where

ðF56cÞ

Furthermore,

ðF56dÞ

where

ðF56eÞ
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Finally,

ðF56fÞ

where

ðF56gÞ

If the vectors lp; cp;m; rp are pre-computed, then from Eqs. (F(56a)), (F(56b)), (F(56d)) and (F(56f)), we can compute
f∂Γð2ÞðθÞ=∂θpgp∈ f0;1;2���Mg in OðM2Þ time. Furthermore, lp; cp;m; rp can also be computed in OðM2Þ time by noting that
they satisfy the following recursions:

ðF57aÞ

ðF57bÞ

ðF57cÞ

together with the boundary conditions lM ¼ cM;m ¼ r0 ¼ 0. Therefore, to compute f∂ΓðθÞ=∂θpgp∈ f0;1;2���Mg, an algorithm
with OðMÞ run-time is as follows:
(1) First compute fEn;mg0≤m≤n≤M—this can be done in OðM2Þ by using, for every m, the following recurrence in n

ðF58Þ

together with Em−1
m ¼ I and then using Eq. (F48).

(2) Next, we compute lp; cp;m; rp using the recursion in Eq. (F57)—this can be done in OðM2Þ time.
(3) Finally, we use Eqs. (F56a), (F56b) and (F56d) to compute f∂Γð1ÞðθÞ=∂θpgp∈ f0;1;2���Mg—this can again be done in

OðM2Þ time.
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APPENDIX G: OPTIMAL MEASUREMENT

This Appendix provides details on the optimal mea-
surements discussed in the main text. First, we provide
details of the optimal measurement protocol which utilizes
tunable non-linear optical systems. Next, we complete the
details of optimality of photodetection and tunable linear
optics from Sec. V B.

1. Optimal measurement with non-linear optics

We first recall a basic fact [110]: A measurement to
extract φ from jψφi when φ ¼ φ0 that saturates the CRB is
the projective measurement P0 ¼ jψφ0

ihψφ0
j, P1; P2 � � �,

where P0 þ P1 þ P2 þ � � � ¼ I and PiPj ¼ δi;jPi. To see
this, note that the probability of the ith measurement
outcome is given by piðφÞ ¼ hψφjPijψφi. The classical
Fisher information (CFI) for this probability distribution at
φ ¼ φ0 is given by

CFI ¼ lim
φ→φ0

X
i

ðp0
iðφÞÞ2
piðφÞ

: (G1)

We notice that piðφ0Þ ¼ δi;0 and p0
iðφ0Þ ¼ 0. Thus,

CFIðφ0Þ can be expressed as

CFI ¼ lim
φ→φ0

X
i

ðp0
iðφÞÞ2
piðφÞ

¼ 2
X
i≠0

p00
i ðφ0Þ: (G2)

Since for i ≠ 0, Pijψφ0
i ¼ 0, it follows that

p00
i ðφ0Þ ¼ hψφ0

jPijψ 00
φ0
i þ hψ 00

φ0
jPijψφ0

i þ 2hψ 0
φ0
jPijψ 0

φ0
i

¼ 2hψ 0
φ0
jPijψ 0

φ0
i;

and consequently,

CFI ¼ 4
X
i≠0

hψ 0
φ0
jPijψ 0

φ0
i ¼ 4ðkjψ 0

φ0
ik2 − jhψφ0

jψ 0
φ0
ij2Þ

¼ QFI;

thus establishing that this measurement is optimal. We
emphasize that our construction here establishes local
optimality at φ ¼ 0. However, for a null measurement
this equality alone does not guarantee an operationally
attainable estimation procedure, since the statistical model
may be non-identifiable at the null point. Thus, away from
this point a CFI calculation alone is not sufficient to
guarantee attainability of the QFI [111]
Next, we continue the analysis in Sec. VA of the main

text and provide details on how to implement re-absorption
of the photons emitted by the source using a non-linear
optical cavity. As was discussed in Appendix F2a, the
photons emitted in time T into the two input ports of the
MZI can be approximately expressed as an MPS on M ¼
T=ε qudits with 3 levels, where ε is a small discretization
parameter. It is a well known fact that a sequence of
unitaries can be designed between an ancilla qudit and the
MPS jψi to map jψi → j0i⊗M [95]. More specifically,
given an MPS on M qudits with d-levels and bond
dimension D with tensors A1; A2 � � �AM, we can always
alternatively expressed in terms of unitariesU1; U2 � � �UM,
with Ui∶ CD ⊗ Cd → CD ⊗ Cd [112]:

ðG3Þ

In other words, the MPS jψi can be generated by
initializing a D-level ancilla and the M qudits in j0i and
then applying UM on the ancilla and the Mth qudit, then
UM−1 on the ancilla and the ðM − 1Þth qudit and so on.
Furthermore, since jψi is a normalized state, it is always
guaranteed that on applying the last unitary in this
sequence, U1, the ancilla will disentangle from the
remaining qudits and can be assumed to be in the state
j0i. To undo the state preparation, we can thus start from

an ancilla in j0i, apply U†
1 to the ancilla and the right-

most qudit, then apply U†
2 to the ancilla and the next

qudit and so on—at the end of this sequence of unitaries,
the ancilla as well as the remaining qudits will be in
j0i state.
To physically implement these unitaries, our proposal is

to use a multi-mode optical cavity with χð3Þ non-linearity
and coherent drives. We assume that we can implement the
following Hamiltonian HRðtÞ between the three cavities
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HRðtÞ ¼
χ

2

X
k;k0 ∈ f0;A;Bg

c†kc
†
k0ckck0

þ
X

k∈ f0;A;Bg
ðλ�kðtÞe−iϕkðtÞbk þ H:c:Þ; (G4)

where, as shown in Fig. 8, cA and cB are the annihilation
operators of the modes coupling to the output ports of the
MZI and c0 is the annihilation operator of an additional
mode that will play the role of the ancilla. Furthermore, we
also assume that we can tunably and linearly couple the
modes cA and cB to the MZI output ports via the
Hamiltonian

HR;PðtÞ ¼ VAðtÞa†t cA þ VBðtÞb†t cB þ H:c: (G5)

Now, to implement the unitary that coherently re-
absorbs the photons emitted by the source, at every
timestep ½mε; ðmþ 1ÞεÞ, we perform two steps: first,
transfer the photons from the segment ½mε; ðmþ 1ÞεÞ in
the ports to the cavity modes cA; cB and second, apply the
unitary in between U†

m in between the three modes. To
perform the first step, we set all the tunable parameters
(fλkðtÞg) to 0, and choose VAðtÞ; VBðtÞ in the interval
t∈ ½mε; ðmþ 1ÞεÞ so as to map

ð1þ α0A
†
m þ β0B

†
mÞjvaci → ð1þ α0c

†
A þ β0c

†
BÞj0A; 0Bi;

where, following Appendix F2a, Am ¼R ðmþ1Þε
mε atdt=

ffiffiffi
ε

p
; Bm ¼ R ðmþ1Þε

mε btdt=
ffiffiffi
ε

p
and j0Ai; j0Bi

are respectively the vacuum states of the oscillators cA
and cB. Recall from Appendix F2a that for sufficiently
small ε, the segment of the ports corresponding to
½mε; ðmþ 1ÞεÞ has at most 1-photon upto Oðε2Þ error,
so this unitary effectively transfers the photons in the
segment ½mε; ðmþ 1ÞεÞ of the two ports to the oscillators
cA and cB. It is also easy to check that the explicit choice
VAðtÞ; VBðtÞ ¼ ððmþ 1Þε − tÞ−1=2 for t∈ ½mε; ðmþ 1ÞεÞ
accomplishes this transfer of excitations from the ports to
the two coupled cavities.
Next, we switch off the couplings to the MZI ports (i.e.,

set VAðtÞ; VBðtÞ ¼ 0) and apply the unitary U†
m: Note that

the unitaryU†
m acts on the spaceC3 ⊗ CD, where the qutrit

is in between the states j0A; 0Bi; c†Aj0A; 0Bi; c†Bj0A; 0Bi and
the D-level qudit corresponds to the state of the oscillator
c0. We also point out that this gate needs to applied on
time-scales much faster than ε, i.e., before the oscillators
interact with the next time-bin. However, it would appear
from Eq. (G4) that the gate-time is limited to ∼1=χ.
Experimentally it is typically only feasible to have very
large coherent drives λkðtÞ, but χ remains a fixed (and often
small) constant. However, we show that by adapting the
strategy of Ref. [93], we can use a large drive to apply any

target unitary on this subspace within a time limited only
by the strength of drive λkðtÞ.
Suppose URðt; sÞ ¼ T expð− R ts HRðτÞdτÞ is the unitary

group corresponding to HRðtÞ: We first consider this
unitary group in the frame rotated with respect to the
Hamiltonian

P
k ϕ

0
kðtÞc†kck and displaced with respect to

the Hamiltonian
P

kðγ̇kðtÞc†k − H:c:Þ. Furthermore, given
γkðtÞ (which we will choose later) we will make the
choices

ϕ̇kðtÞ ¼ −χX
k0
jγk0 ðtÞj2 − χ

2
jγkðtÞj2; λkðtÞ

¼ iγ̇kðtÞ − ϕ̇kðtÞγkðtÞ − χDγkðtÞ − χ
X
k0
jγkðtÞj2:

The effective Hamiltonian H̃RðtÞ in this new frame is
then given by

H̃RðtÞ¼
χ

2

X
k;k0

c†kc
†
k0ckck0 þχ

X
k

ðγkðtÞc†kðN−DÞþH:c:Þ

þχ

2

X
k≠k0

ðc†kc†k0γkðtÞγk0 ðtÞþc†kck0γkðtÞγ�k0 ðtÞþH:c:Þ;

(G6)

where N ¼Pk c
†
kck is the total number of photons in the

three cavities. To further simplify H̃RðtÞ, we also choose
γkðtÞ ¼ ΓkðtÞfkðtÞ where fkðtÞ are rapidly oscillating
functions that further satisfy hfkðtÞi ¼ 1; hf2kðtÞi ¼ 0,
and for k ≠ k0hfkðtÞfk0 ðtÞi ¼ hfkðtÞf�k0 ðtÞi ¼ 0. A set of
possible explicit choices for fAðtÞ; fBðtÞ; f0ðtÞ that satisfy
this condition are

fkðtÞ ¼ 1þ 1ffiffi
2

p
P

6
n¼1 e

i2πmkn=7 cosðnΩtÞ
where m0 ¼ 1; mA ¼ 2 and mB ¼ 3:

(G7)

In the limit of largeΩ, the dynamics due to H̃RðtÞ is well
approximated by ĤRðtÞ

ĤRðtÞ ¼
χ

2

X
k;k0

c†kc
†
k0ckck0 þ Ĥc

RðtÞ; (G8a)

where

Ĥc
RðtÞ ¼ χ

X
k

ðRe½ΓkðtÞ�HðþÞ
k þ Im½ΓkðtÞ�Hð−Þ

k Þ; (G8b)

with
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HðþÞ
k ¼ c†kðN −DÞ þ H:c: and

Hð−Þ
k ¼ iðc†kðN −DÞ − H:c:Þ:

(G8c)

Here N ¼Pk c
†
kck is the total number of photons in the

three oscillators. Given n⃗ ¼ ðn0; nA; nBÞ and denoting by
jn⃗i ∝ ðc†0Þn0ðc†AÞnAðc†BÞnB j0i, we first observe that ĤRðtÞ
and Ĥc

RðtÞ are block diagonal in the subspace SðDÞ ¼
spanðfjn⃗i∶ n0 þ nA þ nB ≤ DgÞ (the subspace with no
more than D photons in the three cavities) and the
subspace orthogonal to it, i.e., for all jψi∈SðDÞ,
ĤRðtÞjψi; Ĥc

RðtÞjψi∈SðDÞ. We now concentrate on the
finite-dimensional subspace SðDÞ and show that the
Hamiltonian Ĥc

RðtÞ is universal in this subspace, i.e.,
any desired unitary U can be implemented up to a global
phase with an appropriate choice of ΓkðtÞ. From the
standard theory of quantum control [113,114], to establish
universality of Hc

RðtÞ, we need to establish that the algebra

generated by the operators fHðþÞ
k ; Hð−Þ

k gk∈ f0;A;Bg under

nested commutator is the full suðdimðSðDÞÞÞ algebra,
i.e., any traceless Hermitian operator on the subspace
SðDÞ can be expressed as a linear combination of

fHðþÞ
k ; Hð−Þ

k gk∈ f0;A;Bg and their nested commutators.
Reference [93] considered this problem for the case of a
single oscillator and established universality of Ĥc

RðtÞ using
a result from Ref. [115] that described a set of sufficient
checkable conditions for a set of operators to generate the
full algebra of traceless Hermitian operators. However, the
result of Ref. [115] does not apply directly to Ĥc

RðtÞ when
more than one oscillator is present and their argument has to
be modified. We do so in the following lemma.
Lemma 5. For a positive integers k; d > 1, consider a

finite-dimensional Hilbert space H with orthonormal basis
elements fjn⃗iwheren⃗¼fn1;n2 ���nkgwithn1þn2 ���nk≤dg.
Consider the Hermitian operators H0, fHðþÞ

p ;

Hð−Þ
p gp∈ f1;2���kg where

H0 ¼
X

n⃗∶ kn⃗k1≤d
μðn⃗Þjn⃗ihn⃗j;

HðþÞ
p ¼

X
n⃗∶ kn⃗k1≤d−1

dðþÞ
p ðn⃗Þðjn⃗ihn⃗þ e⃗pj þ H:c:Þ; and

Hð−Þ
p ¼ i

X
n⃗∶ kn⃗k1≤d−1

dð−Þp ðn⃗Þðjn⃗ihn⃗þ e⃗pj − H:c:Þ;

where e⃗p ¼ ð0; � � � 0|fflfflffl{zfflfflffl}
p−1 times

; 1; 0 � � � 0Þ. If the coefficients

dð�Þ
p ðn⃗Þ, μðn⃗Þ satisfy the conditions

C1. Non-zero off diagonal elements in Hð�Þ
p : For all

p∈ f1; 2 � � � kg and n⃗, dð�Þ
p ðn⃗Þ ≠ 0.

C2. Non-degeneracy in level-spacings of H0: For all
p∈ f1; 2 � � � kg,

ðμðn⃗þ e⃗pÞ − μðn⃗ÞÞ2 ¼ ðμðm⃗þ e⃗pÞ − μðm⃗ÞÞ2
if and only if n⃗ ¼ m⃗;

then the algebra generated by the set of operators

fH0; H
ð�Þ
1 ; Hð�Þ

2 � � �Hð�Þ
k g contains the full suðdimðHÞÞ

algebra.
Proof. Unless otherwise mentioned, throughout this

proof n⃗ ¼ ðn1; n2 � � � nkÞ will denote a vector of non-
negative integers with n1 þ n2 þ � � � þ nk ≤ d. For nota-
tional convenience, we will define the Hermitian operators
Eð�Þðn⃗; m⃗Þ via

Eð0Þðn⃗; m⃗Þ ¼ jn⃗ihn⃗j − jm⃗ihm⃗j;
EðþÞðn⃗; m⃗Þ ¼ jn⃗ihm⃗j þ H:c: and

Eð−Þðn⃗; m⃗Þ ¼ iðjn⃗ihm⃗j − H:c:Þ:

Furthermore, for an operator E, we will denote by CE its
commutator, i.e., CEðXÞ ¼ ½E;X�. For a set of operators
Q ¼ fE1; E2 � � �Eng, we will denote by algðQÞ to be the
algebra generated by Q under nested commutators.
We first observe that the operators M ¼ fEðþÞðn⃗; n⃗þ

e⃗pÞ; Eð−Þðn⃗; n⃗þ e⃗pÞgn⃗∶ kn⃗k1≤d−1 generate the full
suðdimðHÞÞ algebra (i.e., the algebra of traceless
Hermitian operators on H). To see this explicitly, note
that for any n⃗ ≠ m⃗, we can always find k⃗1; k⃗2 � � � k⃗P such
that kn⃗ − k⃗1k1; kk⃗1 − k⃗2k1; kk⃗2 − k⃗3k1 � � � kk⃗P − m⃗k1 ¼ 1

and consequently Eð�Þðn⃗; k⃗1Þ; Eð�Þðk⃗1; k⃗2Þ; Eð�Þðk⃗2;
k⃗3Þ � � �Eð�Þðk⃗P; m⃗Þ∈M. Furthermore, since for any
n⃗ ≠ m⃗ ≠ k⃗, ½EðþÞðn⃗; m⃗Þ; EðþÞðm⃗; k⃗Þ� ¼ −iEð−Þðm⃗; k⃗Þ,
½EðþÞðn⃗; m⃗Þ; Eð−Þðm⃗; k⃗Þ� ¼ iEðþÞðn⃗; k⃗Þ, ½Eð−Þðn⃗; m⃗Þ;
Eð−Þðm⃗; k⃗Þ� ¼ −EðþÞðn⃗; k⃗Þ, it follows that for both
σ∈ fþ;−g

EðσÞðn⃗; m⃗Þ ¼ ηCEðσ1Þðn⃗;k⃗1Þ;

CEðσ2Þðk⃗1;k⃗2Þ � � � CEðσPÞðk⃗P−1;k⃗PÞ; E
ðσPþ1Þðk⃗P; m⃗Þ;

for some σ1; σ2 � � � σPþ1 ∈ fþ;−g and η∈ f�1;�ig and
therefore Eð�Þðn⃗; m⃗Þ∈ algðMÞ. Furthermore, since
½EðþÞðn⃗; m⃗Þ; Eð−Þðn⃗; m⃗Þ� ¼ −iEð0Þðn⃗; m⃗Þ, we conclude that
for all n⃗; m⃗, Eð0Þðn⃗; m⃗Þ∈ algðMÞ. Since the operator set
fEð0Þðn⃗; m⃗Þ; EðþÞðn⃗; m⃗Þ; Eð−Þðn⃗; m⃗Þgn⃗≠m⃗ spans the whole
set of Hermitian traceless operators on H, we obtain
that algðMÞ ¼ suðdimðHÞÞ.
Next, we show thatM ¼ fEðþÞðn⃗; n⃗þ e⃗pÞ; Eð−Þðn⃗; n⃗þ

e⃗pÞgn⃗∶ kn⃗k1≤d−1 is contained in algðfH0; H
ð�Þ
1 ;

Hð�Þ
2 � � �Hð�Þ

k gÞ. For this, we observe that
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C2kH0
ðHðþÞ

p Þ∈ algðfH0; H
ð�Þ
1 ; Hð�Þ

2 � � �Hð�Þ
k gÞ is given by

C2kH0
ðHðþÞ

p Þ ¼
X

n⃗∶ kn⃗k1≤d−1
ðμðn⃗þ e⃗pÞ − μðn⃗ÞÞ2kdðþÞ

p ðn⃗ÞEðþÞðn⃗; n⃗þ e⃗pÞ:

We note that this equation can be re-written as

2666664
HðþÞ

p

C2H0
ðHðþÞ

p Þ
C4H0

ðHðþÞ
p Þ

..

.

3777775 ¼ V

2666664
EðþÞðn⃗1; n⃗1 þ e⃗pÞ
EðþÞðn⃗2; n⃗1 þ e⃗pÞ
EðþÞðn⃗3; n⃗1 þ e⃗pÞ

..

.

3777775;

where

V ¼

2666664
1 1 1 � � �

ðμðn⃗1 þ e⃗pÞ − μðn⃗1ÞÞ2 ðμðn⃗2 þ e⃗pÞ − μðn⃗2ÞÞ2 ðμðn⃗3 þ e⃗pÞ − μðn⃗3ÞÞ2 � � �
ðμðn⃗1 þ e⃗pÞ − μðn⃗1ÞÞ4 ðμðn⃗2 þ e⃗pÞ − μðn⃗2ÞÞ4 ðμðn⃗3 þ e⃗pÞ − μðn⃗3ÞÞ4 � � �

..

. ..
. ..

. . .
.

3777775:

We note that V is a Vandermonde matrix and since for n⃗ ≠ m⃗, ðμðn⃗þ e⃗pÞ2 − μðn⃗ÞÞ2 ≠ ðμðm⃗þ e⃗pÞ2 − μðm⃗ÞÞ2 by
assumption, V is invertible. Therefore, we obtain that EðþÞðn⃗; n⃗þ e⃗pÞ can be expressed as linear combinations of

HðþÞ
p ; C2H0

ðHðþÞ
p Þ; C4H0

ðHðþÞ
p Þ � � � and thus EðþÞðn⃗; n⃗þ e⃗pÞ∈ algðfH0; H

ð�Þ
1 ; Hð�Þ

2 � � �Hð�Þ
k gÞ. A similar argument can be

repeated to show that Eð−Þðn⃗; n⃗þ epÞ∈ algðfH0; H
ð�Þ
1 ; Hð�Þ

2 � � �Hð�Þ
k gÞ for all n⃗. Since we have already previously

established that the algebra generated by fEðþÞðn⃗; n⃗þ e⃗pÞ; Eð−Þðn⃗; n⃗þ e⃗pÞg is the full suðdimðHÞÞ, we obtain the lemma
statement. ▪
Next, we use lemma 5 to show that the Hamiltonian Hc

RðtÞ in Eq. (G8) is completely controllable within the blockaded
subspace SðDÞ ¼ spanðfjn0; nA; nBi∶ n0 þ nA þ nB ≤ Dg. We first re-write it within the subspace SðDÞ as

Ĥc
RðtÞ ¼ χ

X
k∈ f0;A;Bg

ðRe½ΓkðtÞ�HðþÞ
k þ Im½ΓkðtÞ�Hð−Þ

k Þ;

where

HðþÞ
k ¼ c†kðN −DÞ þ H:c: ¼

X
n⃗∶kn⃗k1≤D−1

ðkn⃗k1 −DÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nk þ 1

p
ðjn⃗ihn⃗þ e⃗kj þ H:c:Þ; Hð−Þ

k ¼ iðc†kðN −DÞ − H:c:Þ

¼ i
X

n⃗∶ kn⃗k1≤D−1
ðkn⃗k1 −DÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
nk þ 1

p
ðjn⃗ihn⃗þ e⃗kj − H:c:Þ:

Note that the operatorsHð�Þ
k already satisfy the conditions of lemma 5. Next, for any real constants ξ⃗ ¼ fξ0; ξA; ξBg, the

algebra generated by fHðþÞ
k ; Hð−Þ

k gk∈ f0;A;Bg contains the operator H0 given by

H0 ¼ i
X
k

ξk½HðþÞ
k ;Hð−Þ

k � ¼
X

n⃗∶ kn⃗k1≤D
μðn⃗Þjn⃗ihn⃗j; (G9a)

where
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μðn⃗Þ ¼
X
k

ðξknkð2kn⃗k1 − 2D − 1Þ þ ξkðknk1 −DÞ2Þ:

(G9b)

We next show that the constants ξ0; ξA; ξB can be chosen
to satisfy the non-degeneracy condition in lemma 5. We
will choose ξk to be irrational numbers such that their
products fξkξk0 gk;k0 ∈ f0;A;Bg are irrational and
incommensurate—a concrete choice could be
ξ0 ¼ 21=3; ξA ¼ 31=3; ξB ¼ 51=3. Next, we note that for
any integers p⃗ ¼ ðp0; pA; pBÞ and m⃗ ¼ ðq0; qA; qBÞ,� X

k∈ f0;A;Bg
pkξk

�
2

¼
� X

k∈ f0;A;Bg
qkξk

�
2

⇒ either p⃗ ¼ q⃗

or p⃗ ¼ −q⃗:
(G10)

We use this fact to now show that H0 in Eq. (G9)
satisfies the non-degeneracy condition in lemma 5, i.e.,
for all k, the set of real numbers fðμðn⃗þ e⃗kÞ −
μðn⃗ÞÞ2gn⃗∶ kn⃗k1≤D are all distinct. We begin by noting that

μðn⃗þ e⃗kÞ − μðn⃗Þ ¼ ð2nk þ 2ð2n − 2Dþ 1ÞÞξk
þ
X
k0≠k

ξk0 ð2nk0 þ 2n − 2Dþ 1Þ:

Next, suppose that there were n⃗; m⃗ such that
ðμðn⃗þ ek

!Þ − μðn⃗ÞÞ2 ¼ ðμðm⃗þ ek
!Þ − μðm⃗ÞÞ2—applying

Eq. (G10), there are two possibilities. First,

ð2nkþ2ð2n−2Dþ1ÞÞ¼ð2mkþ2ð2m−2Dþ1ÞÞ; and

ð2nk0 þ2n−2Dþ1Þ¼ð2mk0 þ2m−2Dþ1Þ for k0≠k;

which implies that n⃗ ¼ m⃗. Second,

ð2nkþ2ð2n−2Dþ1ÞÞ¼−ð2mkþ2ð2m−2Dþ1ÞÞ; and
ð2nk0 þ2n−2Dþ1Þ¼−ð2mk0 þ2m−2Dþ1Þ fork0≠k;

which implies that 5ðkn⃗k1 þ km⃗k1Þ ¼ 4ð2D − 1Þ—since
we can always choose D such that 2D − 1 is not divisible
by 5, this equation will have no solutions. Therefore,
we conclude that as long as n⃗ ≠ m⃗, ðμðn⃗þ ek

!Þ−
μðn⃗ÞÞ2 ≠ ðμðm⃗þ ek

!Þ − μðm⃗ÞÞ2, thus confirming that H0

as constructed in Eq. (G9) satisfies the non-degeneracy
condition in lemma 5.
Thus, we have shown that Ĥc

RðtÞ as in Eq. (G8) can be
used to implement any unitary within the blockaded
subspace, thus allowing us to implement the re-absorption
unitary required in the optimal measurement setup.

Furthermore, since the magnitude of ΓkðtÞ in Eq. (G8)
is determined only by the coherent drive applied on the
oscillators, the speed of applying a unitary on the block-
aded subspace is not limited by the non-linear strength χ.

2. Optimality of photodetection and linear optics

a. Independent sources

We recall the setup introduced in the main text
Sec. V B—a linear optical element is applied at the
output of the MZI and is tuned depending on the output
of the photodetectors [Fig. 9(b)]. The result of the
photodetection would be a sequence of times 0 ≤ τ1 <
τ2 � � � < τn < � � � at which the photons are detected as
well as σ1; σ2 � � � σn � � � ∈ fa; bg indicating the port in
which a photon has been detected. Having obtained this
photodetection record until the nth detection event and
before the next detection event, we apply a linear optical
element described by the unitary Uσ⃗ n

τ⃗ n ðtÞ, where
σ⃗ n ¼ fσn; σn−1 � � � σ1g; τ⃗ n ¼ fτn; τn−1 � � � τ1g, for t > τn.
Suppose that the next detection happens at τnþ1 > τn: The
annihilation operators at the two output ports at this time,
aτnþ1

and bτnþ1
, after the application of the unitary Uσ⃗ n

τ⃗ n ðtÞ
will be given by

Uσ⃗ n†
τ⃗ n ðτnþ1Þ

�
aτnþ1

bτnþ1

�
Uσ⃗ n

τ⃗ n ðτnþ1Þ

¼
� ðVa;aðτnþ1ÞÞσ⃗ n

τ⃗ n ðVa;bðτnþ1ÞÞσ⃗ n

τ⃗ n

ðVb;aðτnþ1ÞÞσ⃗ n

τ⃗ n ðVb;bðτnþ1ÞÞσ⃗ n

τ⃗ n

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Vσ⃗ n

τ⃗ n
ðτnþ1Þ

�
as
bs

�
; (G11)

where V σ⃗ n

τ⃗ n ðτnþ1Þ is a 2 × 2 unitary matrix. We can
streamline the notation a lot more by introducing
pσ⃗ k

τ⃗ k ; qσ⃗
k

τ⃗ k via

pfσ⃗ k−1;ag
τ⃗ k

¼ ðVa;aðτkÞÞσ⃗ k−1
τ⃗ k−1 ; qfσ⃗

k−1;ag
τ⃗ k

¼ ðVa;bðτkÞÞσ⃗ k−1
τ⃗ k−1 ;

pfσ⃗ k−1;bg
τ⃗ k

¼ ðVb;aðτkÞÞσ⃗ k−1
τ⃗ k−1 and qfσ⃗

k−1;bg
τ⃗ k

¼ ðVb;bðτkÞÞσ⃗ k−1
τ⃗ k−1 :

(G12)

Using this notation, the measurement of a sequence of
photodetection times τ⃗ and a sequence of the ports σ⃗ at
which these detections happen is equivalent to a projection
on the state jEσ⃗

τ⃗ i where

jEσ⃗
τ⃗ i ¼

Yn
k¼1

ððpσ⃗ k

τ⃗ k Þ�a†τk þ ðqσ⃗ k

τ⃗ k Þ�b†τkÞj0i; (G13)

where τ⃗k¼fτk;τk−1 � � �τ1g; σ⃗ k¼fσk;σk−1 �� �σ1g. Using
Eq. (G11), it also follows that hEσ⃗ 0

τ⃗ 0 jEσ⃗
τ⃗ i ¼ δσ⃗;σ⃗ 0δðτ⃗ − τ⃗ 0Þ.
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Finally, we remark that if qf
⃗σk−1;ag

τ⃗k
; pf ⃗σk−1;bg

τ⃗k
¼ 0 or

qf
⃗σk−1;bg

τ⃗ k ; pf ⃗σk−1;ag
τ⃗ k ¼ 0 for all σ⃗ k−1; τ⃗ k, then this meas-

urement protocol reduces to simply performing photo-
detection on the two output ports without any linear optics.
To understand the optimality of this measurement

protocol, we will use the optimality criteria from
Ref. [43]: A rank 1 projective measurement described
by orthogonal states jExi optimally senses the parameter φ
from the state jψφi if and only if

ImðhExjψφihψ⊥
φ jExiÞ ¼ 0 ∀ x; (G14)

where

jψ⊥
φ i ¼ ð1 − jψφihψφjÞ

d
dφ

jψφi:

Using the derivative of jψφi from Eq. (7), we obtain that
fjEσ⃗

τ⃗ i ∀ σ⃗; τ⃗g is optimal at φ ¼ 0 if

hEσ⃗
τ⃗ jfjψihψ j; HdgjEσ⃗

τ⃗ i ¼ 2jhψjEσ⃗
τ⃗ ij2hψjHdjψi: (G15)

The rest of our analysis will be based on this optimality
condition.
We first consider the case where two independent

sources emit photons into the two input ports, i.e., the
state jψi ¼ jψAi ⊗ jψBi. It will be convenient to define the
wave-functions corresponding to the states jψAi; jψBi:
Given τ⃗ ¼ fτ1; τ2 � � � τng, we will define for X∈ fA;Bg

ΨXðτ⃗Þ ¼ hvacjð
Yn
i¼1

xτiÞjψXi;

with ΨXð∅Þ ¼ hvacjψXi. We will additionally assume that

ΨXðτ⃗Þ ≠ 0 ∀ τ⃗; (G16)

which is equivalent to assume that the wave-functions
corresponding to the states jψAi; jψBi are never exactly
zero. Without loss of generality, we will assume ΨXð0Þ > 0
for both X∈ fA;Bg, and define phase ΘXðτ⃗Þ via

ΨXðτ⃗Þ ¼ jΨXðτ⃗ÞjeiΘXðτ⃗Þ:

Our main result for the case of independent sources is
that if photodetection with time and measurement-record-
dependent linear optics is optimal, then photodetection
itself is an optimal measurement. To show this, we begin
by applying Eq. (G15) for τ⃗; σ⃗ ¼ 0, which corresponds to
the measurement outcome of no photons being detected.
Together with ΨXð0Þ ≠ 0, this yields

hψ jHdjψi ¼ 0:

Next, we consider the case of a single photodetection
event and apply Eq. (G15) for τ⃗ 1 ¼ fτ1g; σ⃗ 1 ¼ fσ1g. We
obtain that

½pσ1
τ1 qσ1τ1 �Λð1Þðτ⃗1Þ

�
pσ1�
τ1

qσ1�τ1

�
¼ 0; (G17a)

where Λð1Þðτ⃗ 1Þ is a 2 × 2 Hermitian matrix depending on
τ1 and whose diagonal elements given by

½Λð1Þðτ⃗ 1Þ�1;1 ¼ ½Λð1Þðτ⃗ 1Þ�2;2
¼ ImðΨAðτ1ÞΨAð0ÞΨ�

Bð0ÞΨ�
Bðτ1ÞÞ: (G17b)

We recall that Eq. (G17a) needs to have two orthogonal
solutions corresponding to σ1 ¼ a and b. This is only
possible if Tr½Λð1Þðτ⃗ 1Þ� ¼ 0 [63], but from Eq. (G17b), this
would also imply that ½Λð1Þðτ⃗ 1Þ�1;1 ¼ ½Λð1Þðτ⃗ 1Þ�2;2 ¼ 0,
i.e., Λð1Þðτ⃗ 1Þ is a matrix with 0 diagonal elements.
Then, it follows that the possible solutions to
Eq. (G17a) are (up to a global phase that can be dropped)�

pa
τ1

qaτ1

�
¼
�
1

0

�
;

�
pb
τ1

qbτ1

�
¼
�
0

1

�
; (G18)

which would imply that photodetection, without any linear
optics, remains optimal until the first photodetection event.
We point out that ½pa

τ1 ; q
a
τ1 � ¼ ½0; 1� and ½pb

τ1 ;q
b
τ1 � ¼ ½1; 0�

are also possible solutions to Eq. (G17a), but this simply
corresponds to swapping the two photodetectors before the
first photodetection [see Eq. (G11)] and is thus equivalent
to the solution in Eq. (G18). Finally, it is useful to note that
it follows from Eq. (G17b) and ½Λð1Þðτ⃗1Þ�1;1 ¼
½Λð1Þðτ⃗1Þ�2;2 ¼ 0 that

ΘAðτ1Þ ¼ ΘBðτ1Þ; (G19)

which we will use subsequently.
Proceeding similarly, we next consider the case of two

photodetection events and apply Eq. (G15) for τ⃗ 2 ¼
fτ1; τ2g and σ⃗ 2 ¼ fσ1; σ2g. We obtain�

pσ1;σ2
τ1;τ2 qσ1;σ2τ1;τ2

�
Λð2Þ

σ1 ðτ⃗ 2Þ
�
pσ1;σ2�
τ1;τ2

qσ1;σ2�τ1;τ2

�
¼ 0; (G20)

where Λð2Þ
σ1 ðτ⃗Þ is again a 2 by 2 Hermitian matrix which

depends on τ1; τ2 (the times at which the photon is
detected) and σ1 (the port at which the first photon is
detected). For σ1 ¼ 0,
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½Λð2Þ
a ðτ⃗ 2Þ�1;1 ¼ ImððΨAðτ1ÞΨBðτ2Þ þΨAðτ2ÞΨBðτ1ÞÞΨ�

Aðτ1; τ2ÞΨ�
Bð0ÞÞ;

½Λð2Þ
a ðτ⃗ 2Þ�2;2 ¼ ImððΨAð0ÞΨBðτ1; τ2Þ −ΨAðτ1; τ2ÞΨBð0ÞÞΨ�

Aðτ1ÞΨ�
Bðτ2ÞÞ;

(G21a)

and for σ1 ¼ 1,

½Λð2Þ
b ðτ⃗ 2Þ�1;1 ¼ ImððΨAð0ÞΨBðτ1; τ2Þ −ΨAðτ1; τ2ÞΨBð0ÞÞΨ�

Aðτ2ÞΨ�
Bðτ1ÞÞ;

½Λð2Þ
b ðτ⃗ 2Þ�2;2 ¼ −ImððΨAðτ1ÞΨBðτ2Þ þΨAðτ2ÞΨBðτ1ÞÞΨ�

Að0ÞΨ�
Bðτ1; τ2ÞÞ:

(G21b)

Again, since Eq. (G20) needs to have two orthogonal solutions (corresponding to σ2 ¼ 0 and 1), we obtain that

TrðΛð2Þ
0 ðτ⃗ÞÞ ¼ TrðΛð2Þ

1 ðτ⃗ÞÞ ¼ 0. Using Eq. (G19), this condition can be rewritten as

Mð2Þðτ1; τ2Þ
�
ImðΨ�

Aðτ1; τ2ÞΨ�
Bð0Þeiðχðt1Þþχðt2ÞÞÞ

ImðΨ�
Bðτ1; τ2ÞΨ�

Að0Þeiðχðt1Þþχðt2ÞÞÞ
�
¼ 0; (G22)

where χðtÞ ¼ ΘAðtÞ ¼ ΘBðtÞ and

Mð2Þðτ1; τ2Þ ¼
 
2jΨAðτ1ÞjjΨBðτ2Þj þ jΨAðτ2ÞjjΨBðτ1Þj −jΨAðτ1ÞjjΨBðτ2Þj

−jΨAðτ2ÞjjΨBðτ1Þj 2jΨAðτ2ÞjjΨBðτ1Þj þ jΨAðτ1ÞjjΨBðτ2Þj

!
: (G23)

Since ΨAðτÞ;ΨBðτÞ ≠ 0 by assumption, by
computing the determinant of Mð2Þðτ1; τ2Þ it can be
verified that it is invertible. Therefore, it follows that
ImðΨ�

Aðτ1; τ2ÞΨ�
Bð0Þeiðχðt1Þþχðt2ÞÞÞ ¼ 0 and ImðΨ�

Bðτ1;
τ2ÞΨ�

Að0Þeiðχðτ1Þþχðτ2ÞÞÞ ¼ 0. Since we have fixed
ΨAð0Þ;ΨBð0Þ > 0, this is equivalent to

ΘAðτ1; τ2Þ ¼ ΘBðτ1; τ2Þ ¼ χðτ1Þ þ χðτ2Þ: (G24)

Returning to Eqs. (G20) and (G21), we see that
Eq. (G24) implies that Λð2Þðτ⃗Þ has 0 diagonal elements,
and consequently similar to the case of a single photo-
detection even, photodetection without any linear optics
remains an optimal measurement.
This argument can be continued for any number of

photodetection events via induction: We assume that, for
τ⃗ n ¼ fτ1; τ2 � � � τng (which corresponds to n detection
events),

ΘAðτ⃗ nÞ ¼ ΘBðτ⃗ nÞ ¼
Xn
j¼1

χðτjÞ; (G25)

and apply the optimality condition [Eq. (G15)] for
σ⃗ nþ1 ¼ fσ1; σ2 � � � σnþ1g, and τ⃗ nþ1 ¼ fτ1; τ2 � � � τnþ1g.
Doing so, we obtain that

½pσ⃗ nþ1

τ⃗ nþ1 qσ⃗
nþ1

τ⃗ nþ1 �Λðnþ1Þ
σ⃗ n ðτ⃗ nþ1Þ

�
pσ⃗ nþ1�
τ⃗ nþ1

qσ⃗
nþ1�

τ⃗ nþ1

�
¼ 0; (G26)

where Λðnþ1Þ
σn ðτ⃗ nþ1Þ is a 2 by 2 matrix. Since Eq. (G26)

needs to have two orthogonal solutions (corresponding to
σnþ1 ¼ a and σnþ1 ¼ b), it follows that

TrðΛðnþ1Þ
σn ðτ⃗ nþ1ÞÞ ¼ 0. Next, given l∈ f1; 2 � � � ng we

choose σ⃗ n ¼ fσ1; σ2 � � � σng where σk ¼ a for k ≠ l and
σl ¼ b, i.e., σ⃗ n corresponds to a photodetection record
where all but one of the first n photons are detected at port
a, with a single photon detected at port b at time τl. For this

choice of σ⃗ n, the condition for TrðΛðnþ1Þ
σ⃗n ðτ⃗ÞÞ can be

written as

ℑðΨAðτ⃗ nþ1ÞΨBð0ÞΨ�
Aðτ⃗ nþ1nτlÞΨ�

BðfτlgÞÞ ¼ 0: (G27)

It thus follows that

ΘAðτ⃗ nþ1Þ ¼ ΘAðτ⃗ nþ1nτlÞ þ ΘBðfτlgÞ ¼
Xnþ1

j¼1

χðτjÞ;

(G28)

where, in the last step, we have used the induction
hypothesis [Eq. (G25)]. Performing a similar analysis
while choosing σ⃗ n via σk ¼ b if k ≠ l and σl ¼ a, we
obtain a similar result for ΘBðτ⃗ nþ1Þ. By induction, we thus
conclude that Eq. (G25) is satisfied for all n.
Finally, we show that Eq. (G25) implies that photo-

detection alone, without any linear optical elements, is
optimal. We recall that photo-detection corresponds to a
projective measurement on the states jEτ⃗a;τ⃗bi where
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jEτ⃗a;τ⃗bi ¼
Y
τ∈ τ⃗a

a†τ
Y
τ0 ∈ τ⃗b

b†τ0 j0i; (G29)

where τ⃗x denotes the set of detection times recorded at port
x∈ fa; bg. Then, checking the optimality condition in
Eq. (G15) is equivalent to checking if

ℑ
��X

τ∈ τ⃗a

ΨAðτ⃗anτÞΨBðτ⃗b ∪ τÞ

−X
t∈ τ⃗b

ΨAðτ⃗a ∪ τÞΨBðτ⃗bnτÞ
�
Ψ�

Aðτ⃗aÞΨ�
Bðτ⃗bÞ

�
¼ 0:

(G30)

It can now easily be verified that this equation holds if
Eq. (G25) is true, thus showing that photodetection alone
is an optimal measurement.

b. Counterexample: Entangled state

Here, we construct an example where linear optics and
photodetection is optimal but photodetection alone is not.
We begin by defining

Ψðτ⃗a; τ⃗bÞ ¼ hvacj
Y
τ∈ τ⃗a

aτ
Y
τ∈ τ⃗b

bτjψi: (G31)

We will consider a photonic state where a single source
emits into both the input ports of the MZI. Consequently,
the photons in the two different ports can be entangled and
Ψðτ⃗a; τ⃗bÞ does not necessarily factorize into a product of
the form ΨAðτ⃗aÞΨBðτ⃗bÞ.
As an explicit example, consider a two-photon wave-

packet given by

Ψðτ1;τ2;0Þ¼fðτ1;τ2Þ; Ψðτ1;τ2Þ¼−fðτ1;τ2Þ; Ψð0;τ1;τ2Þ¼ð1þ iÞfðτ1;τ2Þ; Ψðτ2;τ1Þ¼ð1þ iÞfðτ1;τ2Þ; (G32)

where fðτ1; τ2Þ is a symmetric function chosen such that the wave function is normalized. First we note that for this
specific example, hψ jHdjψi is equal to zero, and the condition in Eq. (G17) is satisfied since it’s a two photon wavepacket.
The diagonal entries of the matrix Λð2Þ

σ1 ðτ⃗Þ in Eq. (G20) (corresponding to the optimality of two photodetection events) for
σ1 ¼ a and b are

ðΛð2Þ
a ðτ⃗ÞÞ1;1 ¼ ImððΨðτ1; τ2Þ þΨðτ2; τ1ÞÞΨ�ðτ1; τ2; 0ÞÞ ¼ jfðτ1; τ2Þj2;

ðΛð2Þ
a ðτ⃗ÞÞ2;2 ¼ ImððΨð0; τ1; τ2Þ −Ψðτ1; τ2; 0ÞÞΨ�ðτ1; τ2ÞÞ ¼ −jfðτ1; τ2Þj2;

(G33a)

and,

ðΛð2Þ
b ðτ⃗ÞÞ1;1 ¼ ImððΨð0; τ1; τ2Þ −Ψðτ1; τ2; 0ÞÞΨ�ðτ2; τ1ÞÞ ¼ jfðτ1; τ2Þj2;

ðΛð2Þ
b ðτ⃗ÞÞ2;2 ¼ −ImððΨðτ1; τ2Þ þΨðτ2; τ1ÞÞΨ�ð0; τ1; τ2ÞÞ ¼ −jfðτ1; τ2Þj2:

(G33b)

Clearly, we have TrðΛð2Þ
σ1 ðτ⃗ÞÞ ¼ 0, indicating that a

measurement using linear optics and photodetection is

optimal. However, the diagonal elements of TrðΛð2Þ
σ1 ðτ⃗ÞÞ

are non-zero. This implies that the two orthonormal basis
solutions of Eq. (G20) do not correspond to photodetec-
tion. Therefore, photodetection is sub-optimal as a meas-
urement but becomes optimal when supplemented with
linear optical elements.
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