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Higher-form symmetries act on subdimensional spatial manifolds of a quantum system. They can
emerge as an exact symmetry at low energies even when they are explicitly broken at the microscopic
level, making them difficult to characterize. In this work, we propose that the emergence of 1-form
symmetries is information-theoretic in nature, characterized by the preservation of information about a
specific bare (microscopic) 1-form symmetry. As a consequence, the loss of the emergent 1-form
symmetry is an information-theoretic transition which we argue to be revealed from the long-range
entanglement in the ensemble of post-measurement states. We analytically determine the regimes in which
a l-form symmetry emerges in product states on one- and two-dimensional lattices. In analytically
intractable regimes, we demonstrate how to efficiently detect 1-form symmetries with a global quantum
error correction (QEC) decoder and numerically examine the information-theoretic transition of the
1-form symmetry, including systems with Z, topological order. As a practical application of our
framework, we show that once the 1-form symmetry is detected to exist, a topological quantum phase
transition characterized by the spontaneous breaking of the 1-form symmetry can be accurately
determined by a disorder parameter. We further argue that our proposed theory for emergent 1-form
symmetries offers new perspectives on particle condensation and suggests sharp information-theoretic

phase boundaries between Higgs and confining regimes in the Z, lattice gauge theory.
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I. INTRODUCTION

Symmetries are fundamental for identifying and clas-
sifying different phases of matter. Generalizations of
symmetries beyond the usual global on-site symmetries
have revealed surprising consequences rooted in previ-
ously unappreciated structures of physical systems [1-4].
Among these are higher-form symmetries. In d dimen-
sions, a p-form symmetry has symmetry operators sup-
ported in d— p dimensional manifolds and charged
operators supported in p dimensions. The familiar exam-
ple of a conventional global on-site symmetry is in this
classification a O-form symmetry, which acts on the whole
system and has local charged operators. In contrast to
0-form symmetries, higher-form symmetries (p > 1) then

“These authors contributed equally to this work.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

2691-3399/26/7(4)/043006(32)

043006-1

act on subdimensional manifolds. A paradigmatic example
is the 1-form symmetries given by Wilson and 't Hooft
loop operators in a Z, gauge theory in d =2. While
conventional O-form symmetries are exact properties of
the system, determined by an operator that commutes
with the Hamiltonian, higher-form symmetries possess an
enhanced robustness; even when the bare symmetry is
absent at the microscopic level, it can still exist as an exact
emergent symmetry at low energies [5-9]. In other words,
higher-form symmetries remain robust even under pertur-
bations that explicitly break the bare symmetry, and their
exact expression in general depends on the specific details
of those perturbations. This aspect challenges the direct
characterization of higher-form symmetries in physical
systems. Despite recent progress, a precise definition for
emergent higher-form symmetries in a quantum state and a
general understanding of when they cease to exist under
large perturbations remain elusive.

Beyond their theoretical significance, higher-form sym-
metries also offer practical insights into the characteriza-
tion of quantum many-body systems. They are known to
play a fundamental role in exotic phases of matter, in
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FIG. 1. A geometric picture for emergent 1-form symmetries.
We decompose the quantum state as a 1-form symmetric state
acted on by charged string operators. (As we work with quantum
lattice models with a tensor-product factorized Hilbert space, all
bare 1-form symmetries are lattice 1-form symmetries and non-
topological [43-46], and charged open strings are allowed. For
topological 1-form symmetries (say, when restricting to low-
energy subspace), charged objects are lines or closed loops
without open ends.) (a) When the choice of the charged string
operators (blue) for each charge configuration is unique, we can
deform the 1-form symmetry (brown), such that it avoids the
intersection with the string operator; the 1-form symmetry then
effectively commutes with the charged string operators. (b) As-
suming there exists no unique choice of the charged string
operators for the same charge configuration (solid and dashed
lines), the deformation will necessarily intersect with one set of
the strings, preventing the deformed 1-form symmetry operators
from effectively commuting with them. Therefore, when both
configurations appear with comparable probability, one cannot
commute the 1-form symmetry through the charged strings and
the 1-form symmetry is absent.

particular phases with topological order [5,10-17]. The
emergence of topological order can be understood as either
spontaneous breaking of higher-form symmetries or a
mixed anomaly between them [1,2,7,18]. One standard
method for detecting topological order is to measure
topological entanglement entropy [19-21], but this is
experimentally difficult because it requires a number of
measurements that grows exponentially with the perimeter
of the subsystem of interest [22]. Alternatives include
measuring the Fredenhagen-Marcu (FM) string order
parameter [23,24] or the perimeter law for Wilson or
’t Hooft loops [25,26], though these also demand expo-
nentially large sample sizes and rely on the presence
of higher-form symmetries [27]. As synthetic quantum
systems are becoming increasingly capable of realizing
exotic quantum states with Abelian [22,28,29], non-
Abelian [30-32], and even non-equilibrium [33] topologi-
cal order, there is a need for more efficient detection
protocols. This raises the question of whether there exists
an efficient, more direct framework to utilize higher-form
symmetries for detecting topological order in practice.
In this work, we focus on 1-form symmetries (p = 1)
and argue that the existence of an emergent 1-form
symmetry is intrinsically tied to the decodability of the
string operators creating the 1-form symmetry charges.
The decodability determines whether the 1-form symmetry
effectively commutes with these charged string operators
(see Fig. 1). Given a fixed reference representation of a
bare 1-form symmetry acting on the microscopic Hilbert

space and exactly respected by the unperturbed
Hamiltonian, our framework asks whether the perturbed
state retains information about how the unperturbed state
transforms under that bare symmetry. Consequently, we
show that the transition between the systems with and
without the 1-form symmetry is an information-theoretic
transition and is analogous to the threshold behavior in
quantum error correction (QEC). The connection between
emergent 1-form symmetries and QEC provides a physical
foundation for employing QEC-based approaches to detect
quantum phases [34-38].

Building on the geometric argument, we propose a
precise criterion for the existence of a 1-form symmetry in
a quantum state on a lattice system in the thermodynamic
limit, even when the symmetry is emergent. The criterion
identifies when information about a given bare symmetry
remains recoverable and therefore whether a correspond-
ing emergent l-form symmetry, with a representation
independent of the microscopic details, can exist. Using
this framework, we derive the transition point for the
existence of 1-form symmetries in simple examples of
product states (Sec. III). We propose that the transition
from the presence to the absence of a 1-form symmetry is
an information-theoretic transition (see e.g., Refs. [39—42]
for examples of such transitions). This information-theo-
retic transition does not generally lead to singularities in
physical observables and therefore does not coincide with
a quantum many-body phase transition. However, we
demonstrate that this information-theoretic transition man-
ifests as an abrupt change in the long-range entanglement
structure of post-measurement states when measurements
project the system into specific 1-form symmetry charge
configurations. For instance, a short-range entangled state
without 1-form symmetry can become long-range entangled
after such measurements, connecting measurement-induced
long-range entanglement with higher-form symmetries. We
formulate a generic theory for emergent 1-form symmetries
and discuss its relation to QEC in Sec. IV.

To showcase the applications of our theory, we propose
an efficient protocol that (i) detects 1-form symmetries
using QEC techniques (Sec. V) and (ii) probes 2D
topological phase transitions characterized by the spon-
taneous breaking of these 1-form symmetries (Secs. VI
and VII). The protocol leverages general QEC decoders to
detect 1-form symmetries and can be applied to subsys-
tems of a quantum state without requiring specific boun-
dary conditions, which are typically necessary in standard
QEC settings. To probe the topological quantum phase
transition, we apply the QEC to restore the bare 1-form
symmetry and subsequently perform efficient measure-
ment of disorder parameters that detect the topological
quantum phase transitions characterized by the sponta-
neous breaking of the 1-form symmetry. We illustrate the
protocol using the minimum weight perfect matching
(MWPM) algorithm [47-49] (albeit any other decoder
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can be used as well) and examine the emergent 1-form
symmetries as well as the topological phase transitions in
the perturbed 2D toric code models. We further extend
the detection protocol using planar geometries (Sec. VIII).
In Sec. IX, we discuss how our proposed theory offers
new insights on the puzzles of particle condensation in the
Z, lattice gauge theories and show that the Higgs and
confinement regimes are sharply defined by information-
theoretic transitions. We provide an outlook in Sec. X and
relegate technical details of the calculations to appendixes.

II. FROM CONVENTIONAL GLOBAL
SYMMETRIES TO 1-FORM SYMMETRIES

A familiar example of symmetry in condensed matter
systems is an on-site global symmetry. Given a group G,
such a symmetry acts through a unitary representation u(g)
that satisfies u(g)u(h) = u(gh) for all g, h € G. An on-site
global symmetry is realized as U(g) = ®;u,(g), where the
tensor product runs over unit cells i. An operator is
symmetric if it commutes with the symmetry operators
U(g). Hence, specifying a physical symmetry amounts to
choosing a particular representation.

Fixing (the representation of) symmetries is important
and physically meaningful in characterizing many-body
systems under symmetries. In a physical phase diagram,
the microscopic symmetry action is usually fixed. One
then asks, with this symmetry action held fixed, whether
the system realizes distinct symmetry-breaking phases,
symmetry-protected topological phases [50-52], or phase
transitions between them (e.g., see concrete examples
in Ref. [53]). The same fixed symmetry action deter-
mines which Hamiltonian perturbations are symmetry-
allowed and also guides the definition of the associated
order and disorder parameters characterizing the phase
transition.

Generalization of this framework to 1-form symmetries
immediately introduces new subtleties. For on-site global
symmetries, any local operator that fails to commute with
U(g) is not symmetric. By contrast, 1-form symmetries
can survive weak local perturbations that do not commute
with them. The emergent symmetry operators in the low-
energy subspace are therefore dressed by microscopic
fluctuations. This distinctive feature raises several ques-
tions unique to 1-form symmetries: Under what conditions
do 1-form symmetries emerge? When do such symmetries
cease to be emergent? And what is the nature of the
transition where they disappear? Addressing these ques-
tions will be a crucial first step toward characterizing
quantum phases and phase transitions governed by emer-
gent 1-form symmetries.

Over the past decade, higher-form symmetries and their
associated anomalies have emerged as a powerful frame-
work for characterizing and understanding topological
order. However, it is important to distinguish between
topological order itself and the notion of an emergent

higher-form symmetry. Topological order is not protected
by symmetry and is therefore invariant under arbitrary
finite-depth local unitary transformations. Consequently,
topologically ordered states related by local basis changes
belong to the same phase. Emergent higher-form sym-
metries, by contrast, concern the existence of specific
symmetry structures in the low-energy theory and gen-
erally depend on how these structures are represented in
terms of microscopic operators. Therefore, while higher-
form symmetries provide a useful language for under-
standing topological order, the two concepts are not
equivalent.

In light of this distinction, it is useful to separate our
question from the standard notion of dressed symmetries
obtained by quasi-adiabatic continuation [5], which
implies that, along a gapped path starting from a system
with microscopic (bare) symmetries, one can always
construct dressed symmetry operators acting within the
low-energy subspace. These dressed operators generally
depend on the microscopic parameters of the path and
provide a powerful framework for tracking structures that
are invariant under adiabatic evolution, such as symmetry
anomalies. Our question, however, is different. We ask
whether, despite the explicit breaking of the bare higher-
form symmetry at the microscopic level, the low-energy
theory nevertheless admits a common emergent higher-
form symmetry associated with that same bare symmetry
throughout an extended region of parameter space. When
such an emergent symmetry exists, it plays a role
analogous to a fixed microscopic symmetry: it constrains
the low-energy effective Hamiltonian and guides the
definition of order and disorder parameters that charac-
terize distinct phases of matter. The key difference is that
the symmetry acts only within the low-energy subspace
and does not appear as an exact symmetry of the micro-
scopic Hamiltonian.

Indeed, there has been recent indication that the quasi-
adiabatic picture alone cannot resolve emergent 1-form
symmetries within the topologically trivial phase of the
(24 1)D Z, theory [7]. Refs. [6,54] introduced a “patch-
ing” algorithm to capture emergent 1-form symmetries in
the 3D classical Z, lattice gauge theory. Interpreted as a
particular error-correction decoder, the algorithm exhibits
a transition that numerically matches the expected physical
phase transition of the model. However, its applicability
beyond classical settings and, in particular, whether the
diagnosis depends on the chosen algorithm remains
unclear. Therefore, the precise nature of the emergent
I-form symmetries needs to be further investigated. With
these considerations in mind, in this work we approach the
problem from an information-theoretic vantage point and
propose a general criterion of emergent 1-form symmetries
in quantum systems. Before we do so in Sec. IV, we
illustrate the key challenges for detecting emergent 1-form
symmetries with product states in Sec. III.
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III. EMERGENT 1-FORM SYMMETRIES AND
LONG-RANGE ENTANGLEMENT:
ILLUSTRATIVE EXAMPLE
OF PRODUCT STATES

Before presenting a general characterization for emer-
gent 1-form symmetries, we examine the instructive
example of product states. We also use this example to
introduce key terminology. We consider the following
Hamiltonian for 6 € [0, z/2]

H(O) = — sin(e)ZX,. —cos(0)> Z;. (1)

i

with a qubit (i.e. a spin —1/2 degree of freedom) on each
site. We use X,Y,Z to denote the Pauli matrices. The
unique ground state of this Hamiltonian is

@) = [Ty witn
|0); = cos(6/2)|0); + sin(6/2)|1),. (2)

We will now analyze these states both in one and two
spatial dimensions.

A. Product states in one dimension

Let us consider a one-dimensional (1D) periodic system.
A Z, 1-form symmetry is generated by taking products of
elements from {Z;|Vi}. The resulting set of operators is
divided into contractible and non-contractible 1-form
symmetry operators. The contractible operators for the
symmetry are generated by the set S = {Z;Z, |Vi}. A
1-form symmetry operator Z;Z; acts on a 0D support and
its support can be smoothly deformed by taking a product
with elements in S. We refer to these 1-form symmetry
operators as contractible 1-form symmetry operators as
they can be shrunk to identity when i = j. Furthermore,
the operator Z; for any site i is a distinct 1-form symmetry
operator. In contrast to the contractible case, the operators
Z; are non-contractible as they cannot be smoothly
deformed to the identity using elements of the set S.
However, with elements of S the operator Z; can be
deformed from site i to any other site j. The 1-form
symmetry on a closed manifold is specified by the
contractible and non-contractible symmetry operators. A
quantum state |y) is symmetric under the bare 1-form
symmetry if it is an eigenstate of every 1-form symmetry
operator.

The charged operators of the 1-form symmetry are line
operators which transform non-trivially under the 1-form
symmetry operators. In this case, a charged line operator
(without open ends) is simply the global Pauli X on all
sites that satisfies (Z,Z;)(I]; Xx)(Z:Z;)™" =[x Xx and
Z:(ITs X)Z7' = —([1x X&) This implies that X-string
operators (segments of line operators with open ends)

create 1-form symmetry charges at their endpoints. The
contractible symmetry operators of the set S that enclose
the endpoints detect the 1-form symmetry charges, as they
transform the string operators non-trivially. In the spin
language, the 1-form symmetry charges can be interpreted
as domain walls generated by the endpoints of X-string
operators.

When 6 =0, the Hamiltonian and the ground state
respect the bare 1-form symmetry generated by S. If  # O,
the system no longer has the bare 1-form symmetry but the
I-form symmetry can be emergent, as we investigate now.

To analyze the existence of the emergent 1-form
symmetry, we interpret the ground states |¢(6)) of the
1D version of the Hamiltonian in Eq. (1) as a superposition
of different domain-wall configurations, each labeled by
its eigenvalues m under the contractible 1-form symmetry
operators Z;Z;. Any given domain-wall configuration can
be created in exactly two ways by applying X-string
operators to |00 --0). For a length-L system, this allows
us to write

) =>" {cm,OHX,. + c,,,,IHX,] |00---0),

m iek ik
cmo = costIKl(9/2)sinlK1(6/2),
cm1 = sint=IK1(9/2)cos/K(6/2), (3)

where K = K(m) (with |K| < L/2) is the set of qubits
flipped from |00 - --0) to reach the domain-wall configu-
ration m. In this picture, we view |¢) as charged string
operators acting on a state symmetric under all the bare
1-form symmetry operators.

Geometrically, the 1-form symmetry emerges from the
ability to “deform” the symmetry operators through the
charged string operators in Eq. (3), allowing them to
commute effectively (see Fig. 1). For this deformation to
be well-defined, each typical charge configuration must be
generated by a unique set of charged string operators so
that the symmetry can be “pulled through” unambiguously.
Using Eq. (3), this condition is

Kmg = |Cm,q|2- 4

If this holds, the 1-form symmetry commutes effectively
with the charged string operators and is thus present in the
ground state |¢). Because it is no longer generated by the
bare generators in S, the symmetry becomes dressed:
one specifies how the bare 1-form operators should be
deformed through the charged string operators in each
charge configuration, and the size of that dressing is the
average deformation required. Conversely, if Eq. (4) fails,
the 1-form symmetry ceases to exist. For 6 € [0, z/2], we
have «,, 0 > «,,1 for all m, therefore
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FIG. 2. 1-form symmetries of product states. (a) In 1D, the Z

1-form symmetry is generated by Z;Z;, ;. Using the criterion we
develop, the Z 1-form symmetry is present for 6 € [0, z/2) and
disappears at 0 = z/2. (b) In 2D, the Z 1-form and X 1-form
symmetries are generated by B, and A,, respectively. Via a
mapping to the 2D RBIM along the Nishimori line, we find that
the Z and X l-form symmetries exist when 8€]0,6.) and
0e(n/2—0,.,7/2], respectively, where 6.=0.22146(2)x.
The middle region 6€[0,,n/2 —6,.] shown by the red line
has neither the Z 1-form symmetry nor the X 1-form symmetry.
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which evaluates to 1 for 6 € [0, z/2) and evaluates to 1/2
at @ = z/2. Therefore, the 1-form symmetry is lost and has
a transition at 6 = /2, as illustrated in Fig. 2(a).
Physically, below the transition, only a local deformation
is required for the bare 1-form symmetry to effectively
commute through the charged strings. Under coarse
graining, these charged strings become irrelevant at long
distances. As a result, the low-energy theory loses sensi-
tivity to the microscopic details of the symmetry-breaking
perturbation and admits an emergent 1-form symmetry
independent of the microscopic parameters. Indeed, in
Appendix A, we illustrate an explicit approach to construct
the parameter-independent dressed 1-form symmetry oper-
ators (for 6 < n/2) using the idea of renormalization-
group circuits.

A crucial observation is that the Hamiltonian H(6)
remains gapped for all 8; the loss of the 1-form symmetry
is thus not a quantum phase transition. However, the
absence of this symmetry coincides with an abrupt change
in the entanglement pattern of the post-measurement states
once the 1-form symmetry charges are measured and the
state is projected onto each charge configuration m. When
0 < r/2, a typical charge configuration satisfies 2|K|/L ~
r<1 as L — co. Here, r/2 is the average number of
I’s in a sampled bitstring from the state |¢). It follows
that the projected state converges to a product state
(Ilicx X:)|00---0). While at 0 = z/2, the 1-form sym-
metry is absent and the post-measurement state takes a
form similar to the Greenberger-Horne-Zeilinger (GHZ)
state with long-range entanglement. Thus, the presence or
absence of the 1-form symmetry is reflected by the distinct
entanglement structures of the post-measurement states
after measuring the contractible generators Z,Z; ;.

Although in this section, the ground state is unique and
possesses a product-state structure, the framework we

develop applies more broadly to models that do not satisfy
these conditions. The proposed criterion Eq. (4) for the
emergent Z, 1-form symmetry is applicable to generic 1D
systems. For example, it is robust under the action of any
local operator; that is, if |p) has the emergent 1-form
symmetry, then O|y) does as well for any local operator O.
As a physical example we consider the 1D quantum Ising
model H=—->,Z,Z; . —h,> ;X;—h,> ;Z;. We find
that for h, =0 the ground state retains the emergent
I-form symmetry up to the critical point i, = 1; and
the emergent 1-form symmetry is not present in the unique
ground state for i, > 1, consistent with the understanding
that the ordered phase results from an anomaly between
the 1-form symmetry and the global spin-flip Z, sym-
metry. For finite longitudinal field 4, > 0, the quantum
Ising model has an emergent Z 1-form symmetry for
arbitrary h,, consistent with the product-state limit dis-
cussed in this section. We present the detailed analysis in
Appendix K.

B. Product states in two dimensions

In the following, we extend the reasoning of the
previous section to analyze another more non-trivial
example of a 1-form symmetry on a 2D square lattice
with a qubit at each edge e. We consider the system with
the periodic boundary condition and the Hamiltonian
Eq. (1) has terms acting on the edges e and has the unique
ground state |D(0)); see Eq. (2). At 0 = 0, the system has a
bare 1-form symmetry whose contractible operators are
generated by the set S = {B, =[[,c, Z.|Yp}, where p
denotes the plaquette on the lattice [see Fig. 3(a)]. We refer
to the 1-form symmetry as the Z 1-form symmetry. The
contractible Z 1-form symmetry operators are obtained
by multiplying B, with different p. A non-contractible
1-form symmetry operator is a product of Pauli Z along a

(@ ¢ ¢ { (b)

FI-; ¢
o

¢ {mb
\‘\ ®
s> 4

[ ® ® ®

FIG. 3. Examples of 1-form symmetry operators and charged
string operators in 2D. (a) The Z and the X 1-form symmetries
are generated by the plaquette and the vertex operators. The
I-form symmetry charges for the Z 1-form symmetry are
created by X-string operators. (b) The coexistence of the non-
contractible X and Z 1-form symmetry operators implies that a
ground-state manifold has topological degeneracy. They cannot
coexist at the same time in a trivial product state.
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non-contractible loop on the torus [see Fig. 3(b)], which
cannot be deformed to identity by taking products with
elements in S. The charged string operators are Pauli-X
strings along the dual lattice.

Following the 1D example in the previous section, a
quantum state is said to exhibit a 1-form symmetry if, for a
typical 1-form symmetry charge configuration, there exists
a unique set of string operators generating those charges
such that there is a well-defined way to deform the 1-form
symmetry through these charged string operators. In two
and higher dimensions, the interior of a charged string
operator can be smoothly deformed, unlike the purely
endpoint-based deformations in one dimension. From
the perspective of a 1-form symmetry, these smoothly
deformed operators remain indistinguishable if they yield
the same set of eigenvalues when acted upon by all 1-form
symmetry operators. For instance, the deformation of the
X-string operators is achieved by multiplying their interior
with the vertex operators A, = [],c, X, products of
Pauli X around different vertices v [see Fig. 3(a)], which
commute with the 1-form symmetry operators.

This observation naturally extends Eq. (4) for determin-
ing the existence of a 1-form symmetry in the quantum
state to the 2D example. For a typical charge configuration
labeled by the set of eigenvalues m = {m,} under the
contractible 1-form symmetry generators B, (the set
therefore also determines the eigenvalues under all the
contractible 1-form symmetry operators), there should
exist a unique set of eigenvalues ¢ = (¢, = %1,
g, = £1) of the non-contractible 1-form symmetry oper-

ators W[Zx] =[l.cc, Z. and W[Zy] =[l.ec, Z., where C,
and C, are non-contractible loops on the primal lattice and

along the x and y directions. It follows that we can analyze
the existence of the 1-form symmetry using:

1+m,B 1+qXW[x]l—|—q,WM
tng = (0(0) [ [ e Br L e Wy T, Wy
2

|©(6)),

(6)

which captures the probability of the eigenvalues g for any
given 1-form symmetry charge configuration m. Following
this strategy, we find that k,,, can be mapped to an
instance of the partition function for the 2D random-bond
Ising model (RBIM) along the Nishimori line [55,56]
Kmg * Zrpiv» (see Appendix B for the derivation). The
mapping reveals a threshold for the existence of the Z
1-form symmetry at a critical angle 0. = 0.2146(2)x, as
shown in Fig. 2(b). The regime 0 < € < 6, corresponds to
the ordered phase of the RBIM and different deformations
of the charged string operators contribute to the fluctua-
tions of the domain walls in the RBIM, which are sup-
pressed by an energy penalty growing with the size of the
domain walls. The macroscopic fluctuation of the charged

string operators (for a given m) is suppressed and they are
equivalent to each other. Therefore, the Z 1-form sym-
metry is present, i.e. lim;_ >, max,k,, = 1. The
regime 6, < 6 < x/2 corresponds to the high-temperature
disordered phase of the RBIM, the charged string oper-
ators are allowed to fluctuate at all scales, |®(6)) does not
have the Z 1-form symmetry. We reiterate that the
Hamiltonian H (@) remains gapped for all @ and the
transition upon losing the Z 1-form symmetry is an
information-theoretic transition.

The 1-form symmetry transition is also accompanied by
a transition from short-range entangled to long-range
entangled post-measurement states upon measuring the
I-form symmetry charges. When 6 = 0, the projected
state is simply the product state [ [, |0), symmetric under
the bare Z 1-form symmetry. When 0 = z/2, the post-
measurement states have the form

1
(/) o [ 2050 ). @
P

where m = {m, = £1} is the Z 1-form symmetry charge
configuration, and |+) = (|0) + [1))/+/2. Here, |¢b,, (7/2))
are nothing but different eigenstates of the toric code model
[see Eq. (12) for the definition of the model], each of them is
long-range entangled. Slightly away from the limits § = 0
or 7/2, the measurement projection can be considered as a
local perturbation to the post-measurement states at those
limits, which cannot change the long-range entanglement in
the states. We expect the same entanglement pattern to
persist up to the transition of the 1-form symmetry. We
support this with more analysis and numerical simulation in
Appendix C.

We can solve the same problem for another 1-form
symmetry generated by A, = [[, <, X, which we refer to
as the X 1-form symmetry. The X 1-form symmetry is,
similar to the Z 1-form symmetry, a loop-like symmetry on
the dual lattice. The ground state has the bare X 1-form
symmetry at 0 = z/2. The absence of the X 1-form
symmetry can be similarly diagnosed by the mapping
to the RBIM along the Nishimori line. The ground state of
the Hamiltonian H(6) therefore has the Z 1-form sym-
metry for 6€[0,6,) and the X 1-form symmetry for
€ (n/2 —6,.,r/2]. In between, the ground state lacks
either of the I-form symmetries, as summarized in
Fig. 2(b). If both the X and the Z 1-form symmetries
were to coexist in the ground state, then the bare, non-
contractible X and Z loops along orthogonal directions,
which anticommute, would force the ground-state mani-
fold to transform non-trivially under these loops. This
transformation would lead to a degeneracy dependent on
the system’s topology, implying the presence of topologi-
cal order and therefore contradicting the product-state
nature of the ground state.
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IV. AN INFORMATION-THEORETIC CRITERION
FOR THE EXISTENCE OF THE 1-FORM
SYMMETRY

The 1D and 2D product-state examples provide an
explicit illustration of 1-form symmetries and highlight
several key elements underlying their emergence. In this
section, we build on the ideas from the previous section to
propose a quantitative criterion for the existence of 1-form
symmetries in more general settings. We focus on the
1-form symmetries but a similar picture should hold for
p-form symmetries with p > 1.

For a quantum state |y) in D spatial dimensions, a bare
1-form symmetry can be thought of as a set of invertible
commuting operators { O, } supported on some closed sub-
manifold in D — 1 dimensions such that O;|w) = 4;|w) for
all support i and some 4; € C," and smooth deformation of
the support of the operators yields another set of operators
in {O;}. On a closed manifold, the set should include
contractible operators which can be shrunk to a point under
the smooth local deformation and non-contractible oper-
ators which cannot be shrunk to a point. If a quantum state
is symmetric under all contractible operators but it is not
symmetric under non-contractible operators, the quantum
state spontaneously breaks the 1-form symmetry. Then
the 1-form symmetry can be recovered by projecting the
state into a sector defined by the eigenvalues of the non-
contractible operators. The 1-form symmetry charges are
created by the endpoints of segments of the line operators
charged under the 1-form symmetry. We refer to the
charged line operators with open ends as charged string
operators.

Following the 1D and 2D examples in Sec. III, given a
reference bare 1-form symmetry, a perturbed quantum state
|y) is said to exhibit the 1-form symmetry if, for a typical
I-form symmetry charge configuration, there exists a
unique set of string operators generating those charges
such that there is a well-defined way for the 1-form
symmetry to commute through these charged string oper-
ators by deformation. In this setting, the action of the 1-form
symmetry on the state ) remains well defined, meaning
that the way in which the unperturbed quantum state
transforms under the bare 1-form symmetry is preserved,
even if the bare 1-form symmetry itself is not exactly
maintained. Let m = {m;} denote a charge configuration
labeled by the eigenvalues under the bare contractible
1-form symmetry operators {O;}.. € {O;}. Let ¢ denote
the set of eigenvalues under the set of non-contractible bare
1-form symmetry operators {O;}\{O;}.on- A given quan-
tum state |y) can be decomposed into different eigensectors
under the bare 1-form symmetry:

'We use the word “bare” to refer to the known lattice 1-form
symmetry operators and distinguish it from the 1-form symmetry
when it is emergent at low energy.

|W> = Zzpm,q|l//>’ )

where P, , denotes the projector onto the eigenspace with
eigenvalues m and ¢ under the bare 1-form symmetry. For a
given charge configuration m, the corresponding inequiva-
lent string operators are labeled by different q. For the
I-form symmetry to exist, a given m should have a well-
defined g with probability one. In the thermodynamic limit,
the condition is

Lh_l;r.}o ;m;lx Kmg = L, Kmg = <l//|7)m.q|l//>' ©)

The loss of the 1-form symmetry corresponds to a
transition where Eq. (9) fails to be satisfied. Although we
adopt periodic boundary conditions, the presence of a
1-form symmetry is fundamentally a bulk property, inde-
pendent of the boundary conditions. For instance, if the
system has open boundaries (where non-contractible
operators are not defined), then losing the 1-form sym-
metry means that the same charge configuration can be
generated by macroscopically distinct charged string
operators. Henceforth, we say that any state |y) obeying
Eq. (9) is 1-form symmetric, keeping in mind that this
symmetry can be emergent.

A. Emergent 1-form symmetries and post-
measurement long-range entanglement

The transition from the presence of a I-form symmetry
to the absence of a 1-form symmetry is generally not a
quantum phase transition with a singularity in the physical
observables measured on the state. Instead, it is an
information-theoretic transition that corresponds to singu-
larities in non-linear functions of the physical states.
For instance, consider measuring the 1-form symmetry
charges, collapsing the system onto a particular charge
configuration m. A short-range entangled state lacking a
I-form symmetry can become long-range entangled after
such a measurement, meaning it cannot be mapped to
a product state via a finite-depth local quantum circuit.
This behavior is clearly illustrated by the 1D and 2D
examples in Sec. III. A transition in the I-form symmetry
will generally be accompanied by a sudden change of
the entanglement in the post-measurement states. The
reason is that, in the absence of the emergent 1-form
symmetry with nonzero probability, a collapsed charge
configuration contains contributions from inequivalent
charged string operators. This implies that while the post-
measurement state is symmetric under all contractible bare
I-form symmetry operators, it is not symmetric under the
non-contractible bare 1-form symmetry operators. The
post-measurement state spontaneously breaks the 1-form
symmetry and is long-range entangled due to the non-local
correlation.
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This demonstrates that the transition of a 1-form sym-
metry can generally be detected by monitoring the change
in long-range entanglement of the post-measurement
states. However, entropic quantities that capture such
entanglement are difficult to access, both in real experi-
ments and in numerical simulations. In the next section, we
show that by exploiting the connection to QEC, one can
efficiently detect the presence of 1-form symmetries and
approximate the location of the information-theoretic
transition.

B. Connection to quantum error correction

The characterization based on Egs. (8) and (9) for the
existence of 1-form symmetries is inspired by and inti-
mately related to the decodability problem in QEC [56].
The characterization demands that, under perturbation,
it is in principle possible to deform the 1-form symmetry
operator through the perturbation and thereby allow for a
dressed symmetry to emerge. The QEC decoders provide a
natural tool to perform such “deformation.” Physically, a
decoder specifies a procedure independent of microscopic
details for identifying the charged objects associated with
the 1-form symmetry operators and removing them. In this
sense, the existence of a decoder suggests that the low-
energy theory admits an emergent 1-form symmetry
independent of microscopic parameters.

When the 1-form symmetry generators of interest are
Pauli strings, the decoding technique in the standard QEC
directly provides an efficient way to detect the 1-form
symmetry. In standard QEC, Pauli strings (i.e. the stabi-
lizers in QEC) play the role of the 1-form symmetry
generators. The measurement of the 1-form symmetry
charges (the syndrome in QEC) can be efficiently made by
measuring the contractible 1-form symmetry generators.
After collecting the syndrome, a decoder is used to decode
the string operators (physical errors in QEC) generating
the charge configuration. If for a typical charge configu-
ration m, the charged string operators predicted by the
decoder have the correct ¢ under the non-contractible
1-form symmetry operators, the QEC is successful and
Eq. (9) is true. We can formulate this more precisely.
Consider a decoder that maps a charge configuration m to a
particular set of eigenvalues ¢ under the non-contractible
1-form symmetry operators with probability p(g|m). We
can lower bound the left hand side of Eq. (9) by

ZZKm.qp(ﬂm) < Zm‘?XKm'q <l. (10)
m q m

If the decoder p(g|m) outputs success with probability
one,

éﬂ;;mmw =1, (11)

and the condition Eq. (9) is fulfilled. The successful QEC
is thus an indicator for the existence of the 1-form
symmetry. In practice, successful decoding is generally
a sufficient but not necessary condition for the existence of
the 1-form symmetry. For instance, a decoder could yield a
wrong prediction even if ¢ is in principle decodable. An
optimal decoder can correctly predict ¢ with probability
one as long as the 1-form symmetry exists. In the product
state example of Sec. III, we could analytically construct
the optimal decoder. For generic cases this is not possible
and we will consider approximate decoders, such as
MWPM, instead, which we can efficiently evaluate
numerically.

V. DETECTION OF EMERGENT 1-FORM
SYMMETRIES: TORIC CODE IN A FIELD

We employ the relation between 1-form symmetries and
QEC to detect 1-form symmetries for the (2 4 1)D toric
code on the square lattice in a field [14]. For generic values
of the field, one cannot analytically construct the optimal
decoder. Instead, we will use MWPM as a concrete
decoder. We argue that our approach extends to a broad
class of 2D Abelian topological states. Further examples,
including deformed (2 + 0)D toric code states and the
double-semion model are presented in Sec. VII. The
details for the numerical simulation can be found in
Appendix D.

The Hamiltonian of the model reads

H(heh) ==Y A,—> B,—h,y X.—hY Z,.
P e e

v

(12)

where A, = [[,c, X, and B, =[], ¢, Z, are the vertex
and plaquette operators, as shown in Fig. 3(a). We focus on
the Z 1-form symmetry generated by B,; the protocol
targeting the X 1-form symmetry generated by A, works
analogously.” The Hamiltonian H(0,0) has both 1-form
symmetries. The four degenerate ground states of the
toric code are labeled by the eigenvalues (g,.q,) of the

two non-contractible Z loops, W[Zx] =[lcec Z. and

W[Zy] =]l.e ¢, Ze» where C, and C, are two non-contractible

loops along the x and y directions of the lattice; see Fig. 3(b)

for an example of W[ZV] =[leec, Zo-

When h, =0, the ground state |w(h, =0,h,)) has
the bare Z I-form symmetry, and when #h, =0,
lw(hy, h, =0)) has the bare X 1-form symmetry. When
h, and h, are large enough, a topological phase transition
from the topological phase to the trivial phase happens.

The toric code model is equivalent to the Z, lattice gauge
theory. In that context, the X and Z 1-form symmetry operators
are Wilson and 't Hooft loop operators.
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Correct decoding Incorrect decoding

DX NN/

FIG. 4. Decoding of 1-form symmetry charge configurations.
The MWPM decoder takes the 1-form symmetry charge con-
figuration (dots) and outputs the predicted sets of X-strings
(green lines) required to remove all the Z 1-form symmetry
charges created by the actual X-strings (blue lines). If the Z
I-form symmetry charges are dense, the algorithm fails by
returning a set of recovery X-strings (green lines) that is
inequivalent to the actual X-strings (blue lines).

follows: Given a quantum state |w(h,, h,)), repeat simul-
taneous measurements of the contractible Z 1-form sym-
metry generators B, on all the plaquettes p. Feed the
sampled Z 1-form symmetry charge (syndrome) configu-
rations (i.e. m = {m,} where m, = £1 label the eigen-
values of B,)) to the MWPM decoder. The decoder outputs
the sets of shortest Pauli-X strings required to annihilate
all the Z 1-form symmetry charges. The success of the
decoder can be determined by an indicator obtained as
follows: If the decoder identifies the Pauli-X strings that
are equivalent to the string operators creating the Z 1-form
symmetry charges, see Fig. 4, the QEC-recovered states

(i.e. the states after the predicted Pauli-X strings are

lied to th t- t stat the simulta-
The phase diagram of this model has been extensively applied to the post-measurement states) are the simulta

studied [57-59]. When h,, h, > 1, the ground state
reduces to the product states considered in Sec. III B with
0 =tan~'(h,/h,).

We apply the QEC to the ground states and compare the
predicted phase diagram with the one we obtain with our
approach. The protocol is practically implemented as

neous eigenstates of W[ZX] and Wg] with the eigenvalues
(¢x»qy) = (1, 1) in the thermodynamic limit. If this is not
the case, then the decoding has failed. An indicator for the
presence of the Z 1-form symmetry is thus given by the
(Wy) = ((WM> + (W[Z’]>) /2 from the QEC-recovered
states. When (W) is not 1 in the thermodynamic limit,

R} +h: =

Physical transitions

0.9 {(d)
0.7}

(Wz)

0.5}

(Wz)

4 x4

i

1 1
Both 0.4~ “8x8 1
|

Xand Z

1-form —|

=Eom16x16

1.2 14 1.6 1.8 2
he

emerge ()

FIG. 5. Numerical results for detecting Z 1-form symmetry from the ground states of the toric code in a field. We consider the
expectation values of the non-contractible Z loop operator (W) from the QEC-recovered states as the 1-form symmetry indicator. A
value of +1 indicates the existence of the 1-form symmetry. The ground states are approximated by tensor-network states on the torus
with bond dimension D and system size N, X N,. (a) The quantum phase diagram of the system, with the topological and the trivial
phases. The dashed lines indicate cuts at which we have evaluated our protocol, illustrated in Fig. 5(b). (b) The emergent 1-form
symmetries of the system. The black dots are the QEC thresholds from the numerical simulation. (c) Loop operator (W) in the
product-state limit A2 4+ h2 = +oo. The black dashed lines indicate theoretical threshold from the MWPM decoder, the green dashed
line is the theoretical threshold from the optimal decoder. (d) Loop operator (W) for h, = 2. The black dashed lines indicate the
crossing points of (W) from different system sizes (symbols) and different tensor-network state bond dimensions D (colors). (¢) Loop
operator (W) at h, = 0.2. Peak of correlation length from the tensor network state at the bond dimension D (dashed black). Location
of the topological phase transition (red dashed) obtained from Ref. [58].
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then it is unclear whether the 1-form symmetry exists.
Only for an optimal decoder we would know that the
1-form symmetry does not exist.

The quantum phase diagram and the regions with
different 1-form symmetries for the ground states are
shown in Figs. 5(a) and 5(b). The information-theoretic
transition of the 1-form symmetries is in general indepen-
dent of the quantum phase transitions. In the product-state
limit, when &, i, > 1 (see Sec. 111 B), there is no quantum
phase transition, but there are transitions between the
presence and absence of the 1-form symmetries charac-
terized by the RBIM. The gray region in Fig. 5(b) without
the Z or X 1-form symmetry exists away from the product-
state limit and terminates at some point along the line
h, = h, outside the toric code (TC) phase.

To benchmark our theoretical prediction of the 1-form
symmetries in the product-state limit, we numerically
evaluate the Z 1-form symmetry indicator using the
MWPM decoder. As discussed in Sec. III B, the Z 1-form
symmetry exists when 6 € [0, 6..), where 6, = 0.22146(2)x.
If an optimal decoder is used, the predicted transition
corresponds to the RBIM along the Nishimori line [55].
However, the MWPM decoder is not optimal and predicts a
lower threshold than the optimal decoder. Interestingly,
MWPM decoder corresponds to the RBIM at zero temper-
ature [60]. It follows that the MWPM decoder correctly
identifies the 1-form symmetry up to OMWPM =
0.2081(1)z < 8., consistent with our Z 1-form symmetry
indicator (W,) shown in Fig. 5(c). As the system size
increases from 8 x 8 to 32 x 32 plaquettes, the indicator
converges to +1 for § < ®MWPM and to 0 for § > GMWPM,
Nonetheless, the MWPM decoder is a reasonably good
decoder in practice for detecting the 1-form symmetries,
with a predicted threshold very close to the theoretically
optimal threshold.

Away from the product-state limit, the ground states
exhibit a finite correlation, which limits the system size of
the numerical simulation. To approximate its ground
states, we employ variationally optimized 2D tensor-
network states (see Appendix D). We then benchmark
MWPM decoder both deep in the trivial phase and near the
topological phase transition. Concretely, we first examine
the line &, =2 in the topologically trivial phase. For a
given bond dimension, the indicators for different system
sizes cross approximately at a single point within the
resolution of /., and we identify this crossing point as the
transition point from the MWPM decoder. The transition
point estimated from the MWPM decoder converges as
the bond dimension of the tensor network increases [see
Fig. 5(d)], supporting the persistence of the information-
theoretic transition beyond the product-state limit.

To probe the 1-form symmetry transition in the vicinity
of the topological phase transition, we set 1, = 0.2. As the
bond dimension increases, the quality of the variational
ground states systematically improves, with the peak of the

correlation length approaching the correct quantum critical
point. Applying the MWPM decoder to these states yields
an estimated 1-form symmetry transition that aligns with
the correlation-length peak of the variational states [see
Fig. 5(e)]. Because of the suboptimality of the decoder,
we expect the estimated 1-form transition to lie slightly
below the true quantum critical point in the limit of
infinitely large bond dimension. While this effect is
difficult to resolve in the present case due to numerical
accuracy, we demonstrate it explicitly in a simplified 2D
model in Sec. VIIL.

We argue that, in general, the quantum phase transitions
induced by condensation of excitations at the endpoints of
X-strings or the Z-strings, including those from the TC
phase to the trivial phase, exactly coincide with the loss of
the Z or X 1-form symmetry [7,54], respectively. Along
the lines 4, = 0 or h, = 0 in the trivial phase where the
respective 1-form symmetry charges are condensed, the
charged string operators generating them are “dissolved”
and fluctuate at all scales. In consequence, the correspond-
ing 1-form symmetry is lost. In the TC phase where the
1-form symmetry charges are not condensed and are well-
defined, the X and the Z 1-form symmetries coexist. The
same argument applies away from the 4, =0 or h, =0,
where now the phase transition is driven by the conden-
sation of the excitations generated by open-ended dressed
Z (X) 1-form symmetry operators, which create the X (Z)
I-form charges.

VI. DETECTION OF 2D TOPOLOGICAL
QUANTUM PHASE TRANSITIONS

A potential application for the detection protocol of
emergent 1-form symmetries could be to identify topo-
logical quantum phase transitions. However, detecting
I-form symmetries alone may not be the most effective
strategy for locating such transitions. First, as we showed
above, the loss of a 1-form symmetry is an information-
theoretic transition and generally does not coincide with a
(topological) quantum phase transition. Second, even
when the two transitions do coincide, finding an efficient
optimal decoder to pinpoint the transition is in general
challenging. Here, we develop a protocol to accurately
determine topological quantum phase transitions, once the
1-form symmetry has been detected.

A. Outline of the protocol

A schematic of the protocol is shown in Fig. 6(a).
Within our framework, emergent 1-form symmetries are
always defined with respect to fixed bare 1-form sym-
metries. The protocol therefore assumes knowledge of a
candidate set of bare 1-form symmetries whose sponta-
neous breaking gives rise to the topological order of
interest. The protocol first determines whether the emer-
gent 1-form symmetry exists and then probes whether that
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FIG. 6. Overview of the protocol to detect topological quantum
phase transitions. (a) The protocol begins by measuring the
generators of the 1-form symmetry of the input state, thereby
projecting the state into a fixed bare 1-form symmetry charge
(syndrome) configuration. These measurements are repeated,
and the resulting outcomes are post-processed to compute an
indicator for the existence of the 1-form symmetry. If the 1-form
symmetry is found to exist, one then corrects for the syndromes
by applying the inverse charged string operators QEC step and
measures the disorder parameter of the bare 1-form symmetry
QEC-recovered states to distinguish between the ordered and
disordered phases of that symmetry. (b) In a gapped system with
emergent 1-form symmetry for some 1 > 0, the bare 1-form
symmetry (4 = 0) can be restored within the same gapped phase
by correcting for the bare 1-form symmetry charges (syndromes)
using a standard QEC approach. (c) On the QEC-recovered state
with the bare 1-form symmetry, the disorder parameter can
efficiently distinguish the topological phase and the trivial phase.
In 2D, the disorder parameter is a string operator (inset).

symmetry is spontaneously broken. More specifically, the
full detection protocol consists of two steps:

(1) Detect 1-form symmetries using the protocol
of Sec. V.

(2) Detect spontaneous breaking of the existing 1-form
symmetries. If the 1-form symmetry is confirmed to
exist in step 1, we recover the bare 1-form sym-
metry by removing the charges from the post-
measurement states based on the decoding in step
1, as shown in Fig. 6(b). Then 1-form symmetry
breaking is detected by measuring a long bare
I-form symmetry string operator on the QEC-
recovered states [Fig. 6(c)] [61].

In step 2, the expectation values of the bare 1-form
symmetry string operators serve as a disorder parameter
for the corresponding bare 1-form symmetry. This disorder
parameter can be used to probe topological phase tran-
sitions between the 1-form symmetric (disordered or
trivial) phase and the phase in which 1-form symmetry
is spontaneously broken (topological phase). A nonzero
disorder parameter indicates a 1-form symmetric phase,
whereas a vanishing disorder parameter signals sponta-
neous 1-form symmetry breaking.

Unlike the FM string order parameter which is a ratio
between exponentially small numbers [23,24], the disorder
parameter on the QEC-recovered states is efficient to
measure experimentally, which only requires a sample
size independent of the system size in two spatial

dimensions. Yet, the disorder parameter measured on
the QEC-recovered states is physically equivalent to the
FM string order parameter measured on the original
quantum state with emergent 1-form symmetry [27], see
Appendix F for detailed analysis.

Our protocol shows practical advantages compared to
previous error-correction inspired techniques to probe
topological phase transitions, such as Refs. [36,38].
These methods adopt a renormalization-group (RG) mind-
set and therefore restrict attention to local decoders
implemented through successive coarse-graining steps.
Within our framework, the decoders merely approximate
the regime in which an emergent 1-form symmetry exists.
Our protocol advances beyond these techniques in two key
respects. (a) We show that the presence of an emergent
I-form symmetry is set by a global, information-theoretic
criterion; locality of the decoder is unnecessary. This
insight permits the use of global QEC decoders, which
possess significantly higher thresholds than local RG-type
decoders (see Appendix H for an explicit numerical
comparison) and thus determine the emergent symmetric
regime with much greater accuracy. (b) We demonstrate
that detecting the emergent 1-form symmetry alone, which
implicitly is the strategy adopted in prior work, often fails
to identify the true transition point because of decoder sub-
optimality. Our protocol circumvents this limitation by
employing a global decoder to construct an effective FM
order parameter that precisely captures the topological
phase transition and its universality. Detection of the
emergent symmetry then serves as an internal consistency
check validating the applicability of the method.

It is also worth noting that although the protocol
assumes knowledge of the bare symmetry operators, these
operators need not be known exactly. One may equally
well define the disorder parameter with respect to a set of
symmetry operators obtained from the bare ones by a
finite-depth local unitary circuit U. We expect the resulting
detection of the physical quantum phase transition to
remain robust, provided each local gate in U is sufficiently
close to the identity. The reason is that evaluating the
rotated disorder parameter for a Hamiltonian, say
H(h. h,) in Eq. (12), is equivalent to evaluating the
original disorder parameter for the rotated Hamiltonian
U'H(h,, h.)U. Consequently, the robustness of the rotated
disorder parameter reduces to the robustness of the original
disorder parameter under a small local rotation of the
Hamiltonian. For sufficiently weak local rotations, the
ground state is only locally modified, producing a dilute
density of symmetry charges or errors relative to the
original bare-symmetry representation. As long as the
system remains below the decoding threshold, these errors
can be removed by the QEC decoder. Equivalently, the
rotated Hamiltonian remains within the regime exhibiting
the same emergent 1-form symmetry as the original
system, where the disorder parameter is expected to be
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effective. Therefore, the rotated disorder parameter like-
wise remains robust and continues to accurately identify
the phase transition.

B. Results for the toric code model in a field

We now apply our protocol to the ground states in Sec. V.
Concretely, the steps are as follows: if the Z 1-form sym-
metry is detected, we measure its generators, then restore
the bare Z 1-form symmetry of the post-measurement state
by removing the 1-form symmetry charges via the decoded
charged string operators (Pauli-X strings). Next, we pro-
jectively measure the recovered state in the computational
(Pauli-Z) basis. The resulting measurement outcomes are
then processed and averaged to obtain a disorder parameter
(a Pauli-Z string much longer than the correlation length
of the system) that distinguishes between the phase in which
1-form symmetry is spontaneously broken and the 1-form
symmetric phase.

To accurately locate the phase transition in a finite
system, one typically performs a careful finite-size scaling
analysis (e.g., by computing a Binder cumulant). To
streamline this process, we introduce a classical RG
algorithm for coarse-graining the measured outcomes.
The transition point can be identified as the crossing of
the RG-assisted disorder parameters at different RG steps.
Technical details on implementing the RG-assisted
Z-string operator can be found in Appendix G.

We evaluate the RG-assisted disorder parameter (Z) .
from the QEC-recovered states to identify the topological
phase transitions, where Nyg is the number of applied RG
transformations. In the region with the Z 1-form symmetry
[see Fig. 5(b)], the phase boundary between the TC phase
and the trivial phase is accurately determined by the
change from limy, .o (Z)y,, =0 in the TC phase to
limy, .o (Z)y,, = | in the trivial phase. We now analyze
the topological phase transition for 4, = 0.1. In this case,
the Z 1-form symmetry is always present, but a topological
quantum phase transition from the TC phase to the trivial
phase occurs as h, increases. As shown in Fig. 7, clear
signatures of the transition are visible at each finite bond
dimension D = 2,3 and 4. The predicted critical points
(the onset of a nonzero disorder parameter) for increasing
D align well with the peaks of the correlation length,
which themselves converge toward the true quantum
critical point of the system.

Within our framework, the RG-assisted disorder para-
meter further captures the universality of the transition.
Although the resolution is limited in this example, we
demonstrate consistent evidence of universality extraction
in a simplified 2D model in Sec. VII. We emphasize that
the quality of the results is not limited by our protocol, but
it is limited by the accuracy of the tensor network states
approximating the ground states, which is a complicated
task as we discuss in Appendix D.
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FIG. 7. Detecting topological phase transition using the dis-
order parameter from the QEC-recovered ground states of the
toric code in a field. We consider the RG-assisted disorder
parameter along the line i, = 0.1. The RG is applied to the
tensor network states with bond dimension D on a torus of size
N, x N,. The lines with the same color but from light to dark
denote an increasing number of RG steps Ngg. The black dashed
lines denote the peak of the correlation length of the tensor
network state with the bond dimension D and the red dashed line
indicates the position of the topological phase transition obtained
from Ref. [58].

VIL. BENCHMARKING THE ACCURACY OF THE
PROTOCOL WITH DEFORMED TORIC CODE
STATES IN (2+0)D

So far, we have applied the protocol to the ground states
of the (2 4 1)D toric code in magnetic fields and qualita-
tively consistent results have been obtained. Nevertheless,
the numerical accuracy is limited by the finite bond
dimensions of the tensor-network states in the simulation.
To benchmark the protocol with higher accuracy, we
illustrate our protocol on a family of deformed tensor-
network ground states that share a similar phase diagram
with the ground states in Sec. V [see Fig. 8(a)]. Yet they are
exactly described by a 2D tensor-network state with a finite
bond dimension, which allows for an analytical treatment in
certain regimes and high-accuracy numerical simulation.

We consider the deformed toric code states [62—64]:

(g g.)) = [[(1+ g.X, + 9.2,)[TC).  (13)

e

where |TC) is a ground state of H(0, 0) in Eq. (12) labeled

by the eigenvalues (g,.¢q,) = (1, 1) of W[Zx] and W[Zy], and

g, and g, are tuning parameters satisfying g, > 0,g, > 0
and g2 + g2 < 1. Similar to the toric code in the fields,
when g, and g, are large enough, a topological phase
transition from the topological phase to the trivial phase
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FIG. 8. Numerical results for the deformed toric code states.

(a) The quantum phases and 1-form symmetries of the deformed
toric code states. The green region is the topological TC phase,
while the gray, orange and blue regions are the non-topological
phase. (b) The detection protocol is applied to the region with
the Z 1-form symmetry [green and orange regimes in (a)]. The
colormap for the expectation values of the RG-assisted disorder
parameter (Z) . - with Nrg = 2 on the QEC-recovered state. The
expectation value is computed using a single Z operator evaluated
after applying 2 steps of the classical RG processing. The results
are analogous for the regime with X 1-form symmetry [green and
blue regimes in (a)]. (c) A zoom-in view of the RG-assisted
disorder parameter along the cut g, = 0.18. The black and green
dashed lines (which overlap well in the plot) label the predicted
and the theoretical transition point, respectively. The inset shows
the data collapse using the correlation length critical exponent
v =1 of the 2D classical Ising model, and g, . = 0.229.

happens. When g2 + g2 = 1, Eq. (13) reduces to the product
states considered in Sec. Il B with 6 = tan~!(g,/g,).

In Sec. V, we argued that the information-theoretic
I-form symmetry transition out of the topologically
ordered phase coincides with the condensation transition
of the particles generated by the open 1-form symmetry
operators. Indeed, by mapping the wave function ampli-
tudes to the weights in partition functions of 2D classical
Ising models with different boundary conditions [37] and
applying the criterion Eq. (9), we show explicitly that
along g, = 0 or g, = 0O, the Z and the X 1-form symmetry
coexist in the TC phase up to the critical point, and one of
the 1-form symmetries is lost beyond the critical point (see
Appendix E). In analytically intractable regime, we apply
the protocol to numerically scan the information-theoretic
transition of the Z 1-form symmetry in the phase diagram
of the deformed toric code states. The detected emergent

I-form symmetries are summarized in Fig. 8(a) (see
Appendix I for more details of the numerics). We scan
around the physical phase transition using the phase tran-
sition detection protocol in Sec. VI, the RG-assisted disorder
parameter is shown in Fig. 8(b). For higher resolution, we
zoom in along the line g, = 0.18. The location of the
transition detected by the RG-assisted disorder parameter
agrees well with the theoretical transition point, as shown in
Fig. 8(c). We find that a data collapse of the order parameter
is consistent, up to the system sizes we reach, with the 2D
Ising universality class that describes the topological phase
transition of the deformed toric code wave function, see the
inset of Fig. 8(c).

Ground states with distinct topological order can be
characterized by different 1-form symmetries. In such cases
the detection of an emergent 1-form symmetry can be used
to get useful information about the topological phases as
well. As an example, we consider the double-semion model
[15,65] which has Z, topological order twisted by non-
trivial 3-cocycles [66,67]. The TC phase and the double-
semion phase have the same topological entanglement
entropy [19,20], making them hard to distinguish from
this perspective. Nevertheless, we can use the symmetry
detection protocol to distinguish the TC phase from the
double-semion phase using the fact that only the TC phase
can have the X 1-form symmetry coexisting with the Z
I-form symmetry but the double-semion phase does not.
We illustrate that the symmetry detection can be used to
distinguish the two phases by implementing the detection
protocol to a family of deformed quantum states realizing a
topological phase transition between the TC phase and the
double-semion phase [68]. The protocol indeed correctly
predicts extended region in the phase diagram with TC and
double-semion topological order (see Appendix J for an
illustration of our results).

VIII. MODIFIED DETECTION PROTOCOL
FOR EMERGENT 1-FORM SYMMETRIES
IN PLANAR GEOMETRIES

In Secs. V and VI, the protocol for detecting the 1-form
symmetry is implemented on 2D quantum states with
periodic boundary conditions. Furthermore, the quantum
(ground) states need to be adiabatically connected to a state
with the prescribed eigenvalues under the non-contractile
1-form loop operators. However, the existence of 1-form
symmetries in a quantum state is a bulk property which
should be detectable without assuming the boundary con-
ditions. In this section, we propose a modified detection
protocol which can be applied to arbitrary disk-like sub-
systems in an input quantum state. The modified protocol is
therefore amenable to various experimental setups.

Consider a system with arbitrary boundary conditions
divided into subregions A and B [see Fig. 9(a)]. We show
how to modify the protocol in Sec. V to the subsystem A of
a quantum state.
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FIG.9. Detecting 1-form symmetries from a subsystem A. The
illustration uses a cylinder but it works analogously for a disk-
like subsystem. (a) A decoder is run on the entire system A + B.
(b) Remove the charges connected by strings across the boundary
between A and B. (c) Fold and connect the top and the bottom
boundaries of the subsystem A to a cylinder. The folded system
has boundary 0A. (d) Fold to a torus by connecting dA. Run the
decoder on the folded torus and compare the new recovery
strings in A and the original recovery strings in A across the
connected boundary dA.

(1) Measure the syndrome (1-form symmetry charges)
of the entire system, and solve the recovery string
(charged string operators) configuration S, using a
decoder from a given syndrome configuration m.
This can be done for a system with any boundary
condition. For instance, in the toric code model with
an open boundary condition, the decoder is allowed
to connect a syndrome to the boundary.

(2) The recovery strings given by the decoder occur in
three types: S,, = Spa U Span U Spp. Each
string in S,, 4 (S,,.p) only connects a pair of charges
that are both in A (B), and each string in S, 4np
connects one charge in A and the other charge in B.
Suppose the charge configuration in A is m,, we
remove charges in A which are the endpoints of
strings in S, onp, as shown in Fig. 9(b).

(3) Perform the following classical processing: Place
the classical syndrome configuration m/, on a torus
formed by folding the boundary of the subsystem A,
see Figs. 9(c) and 9(d). Run the decoder on this
artificial torus geometry. Measure and average the
parity of the number of times that S/, 1 4 CTOSSES 0A,

see Fig. 9(d).

The last step above provides a modified indicator for
the existence of 1-form symmetries. We test the modified
indicator using the ground states of the Hamiltonian
Eq. (12) as well as the deformed toric code states where
the average parity of the number of times that S;”;V n

crosses 0A can be expressed as the expectation value (W)
evaluated on the states [[,cg X,|00---0) on the arti-
m' A

A
ficial torus. In Appendix L, we numerically demonstrate

the effectiveness of the protocol with several models,
including the 2D perturbed toric code models in the
previous section.

Once we confirm the existence of the 1-form symmetry
using the modified indicator, we can proceed to detect 2D
topological quantum phase transitions either on the sub-
system A or on the entire system, as done in Sec. VI.

The modified indicator described in this section shows
how a general global QEC decoder can be applied to
subsystems of quantum states. This approach provides a
general recipe to improve other QEC-based approaches by
using a better performing global decoder. For example, in
Appendix L, we show that the modified indicator based
on an optimal global majority-vote decoder can indeed
accurately determine the phase transition between 1D
Z, x Z, SPT phases whose ground states have a structure
similar to that of a 1-form symmetry.

IX. EMERGENT 1-FORM SYMMETRIES AND
PARTICLE CONDENSATION

Our result is not only useful in practical scenarios, it also
serves as a new tool for understanding physical phenom-
ena. As an example, we show how our framework offers a
new perspective on a long-standing theoretical problem of
sharply defining the Higgs regime in the Z, lattice gauge
theory. In most gauge theories, the Higgs (where the gauge
bosons are massive and the charges are condensed) and
confined (where the static charges cost extensive energy to
separate) phases are expected to be distinct, corresponding
to different physical mechanisms of mass generation and
confinement. However, in Z, lattice gauge theories,
Fradkin and Shenker showed that these two regimes are
smoothly connected without a phase transition [69], as
shown by the phase diagram in Fig. 5(a). This is counter-
intuitive because the two regimes are described by very
different microscopic physical pictures.

In the context of condensed matter systems, the model
of the toric code in magnetic fields describes a Z, lattice
gauge theory with dynamical matter fields [70-72], where
the electric charges or (matter degrees of freedom) are the
vertex excitations (e-anyon) and the magnetic charges are
the plaquette excitations (m-anyon). In the limit 4, =0
and h, is varied, the electric charges undergo a deconfine-
ment-confinement transition across the topological phase
transition, i.e. the energy between two separated vertex
excitations is constant in one phase and grows linearly with
the separation in the other phase [73]. Confinement arises
from the condensation of the magnetic charges. In the TC
phase, the ground states are vacua without any magnetic
charges created by X-strings. In the trivial phase, the
vacuum becomes a condensate of magnetic charges char-
acterized by a nonzero expectation value of the X-string
operators. A non-trivial mutual statistics between the
magnetic and the electric charges then causes the confine-
ment of electric charges in this condensate. The opposite
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happens when /, = 0 and £, is varied, the condensation of
the electric charges causes the confinement of the mag-
netic charges, which we refer to as the Higgs regime in
connection to lattice gauge theories.

This analysis of particle condensation relies on a crucial
assumption that at least one 1-form symmetry is exactly
preserved, i.e. i, = 0 or h, = 0. When &_ and A, are both
nonzero, the conventional criterion used for diagnosing
confinement (the perimeter/area law of the Wilson loops
[25,26]) or condensation (the disorder parameter of the
1-form symmetry [61]) fails. It therefore remains an open
question how the Higgs and confining regimes are gen-
erally distinct from each other.

Our proposed theory offers a resolution from an
information-theoretic perspective by providing a precise
definition of the regimes where the physical picture of the
particle condensation remains valid, even away from the
fine-tuned limits. Specifically, by leveraging our 1-form
symmetry criterion, the confining regime can be rigorously
characterized as the portion of the trivial phase in which
the X 1-form symmetry is present and the corresponding
disorder parameter remains nonzero. Here, the disorder
parameter is defined by a long X-string whose endpoints
support magnetic charges; its nonvanishing nature reflects
the condensation of magnetic charges. The requirement of
the X 1-form symmetry ensures that the (dressed) long
X-strings are creation operators for the magnetic charges at
the endpoints. A similar approach precisely defines the
Higgs regime, where electric charges condense, based on
the Z 1-form symmetry. Consequently, the confining and
Higgs regimes, each featuring condensation of magnetic
and electric charges, respectively, are separated by an
intermediate regime lacking both X and Z 1-form sym-
metries which is neither the Higgs nor confining regime
[see Fig. 5(b)]. As we show in this work, the boundaries
between these three regimes are sharply determined by the
underlying information-theoretic transition, but do not
exhibit signatures in the physical phase diagram [see
Fig. 5(a)]. Although the MWPM decoder is suboptimal
and the intermediate regime is expected to shrink under an
optimal decoder, we expect the intermediate regime to
persis3t when perturbing away from the h2 + h? = +oo
limit.

*We offer two supporting arguments: First, MWPM turns out
to be close to optimal also at weak fields. The evidence is that at
the topological phase transition, the MWPM threshold is very
close to the exact critical point, as shown in Figs. 5(e) and 16(c),
suggesting that results from an optimal decoder would not differ
substantially from MWPM in this regime. Second, when per-
turbing away from the product-state limit, the perturbed state
remains adiabatically connected to the product state. So the
syndrome distribution P,, deforms smoothly. Consequently,
away from the optimal threshold, feeding this smoothly varying
distribution into an optimal decoder is not expected to abruptly
change the decoding behavior.

Additionally, since the 1D Ising chain subject to both
transverse and longitudinal fields can be viewed as a
(1 4+ 1)D lattice gauge theory [74], our theory can be
applied to determine the Higgs and confining regimes in
the 1D case as well. In the absence of a longitudinal field,
the ferromagnetic phase may be understood as arising from
a mixed anomaly between an emergent Z 1-form sym-
metry (whose bare generators are local Z operators) and
the 0-form spin-flip symmetry generated by [ [; X;. This is
directly analogous to the mixed anomaly between the Z
and X 1-form symmetries of the 2D toric code. As the
transverse field is increased through the Ising critical point,
the emergent Z 1-form symmetry disappears, and the
system enters the paramagnetic phase, where the anomaly
is absent, see Appendix K for details.

X. CONCLUSION AND OUTLOOK

In this work, we provide an information-theoretic
perspective and a precise criterion for the emergence of
I-form symmetries, emphasizing its close connection to
the decoding problem in QEC. We posit that the emer-
gence of a l-form symmetry is fundamentally tied to
recoverability: perturbations may dress the bare 1-form
symmetry operators by creating charged excitations, but
these excitations remain decodable, allowing the original
symmetry action to be recovered. From this perspective,
QEC decoders provide a natural tool for characterizing
emergent 1-form symmetries. Physically, the existence of a
decoder throughout an extended region of the phase
diagram indicates that the low-energy theory admits a
realization of a common emergent 1-form symmetry
within this entire region, independent of microscopic
details. This emergent symmetry then plays a role analo-
gous to that of a microscopic symmetry, providing the
appropriate order and disorder parameters for character-
izing distinct phases of matter, even when the microscopic
symmetry is explicitly broken.

Motivated by this connection, we propose a protocol for
detecting the existence of 1-form symmetries from the
bulk of a quantum ground state, which in turn enables
efficient probing of 2D topological quantum phase tran-
sitions in experiments. While our primary focus is on how
I-form symmetries manifest in ground states, the same
information-theoretic criterion could be used to probe
I-form symmetries in the eigenstates of a Hamiltonian
at various energies. It would be especially intriguing to
pinpoint a critical energy scale below which the 1-form
symmetry persists and above which it is lost. Moreover, we
stress that the characterization for emergent 1-form sym-
metry in Eq. (9) depends only on the spectral data of
the symmetry operators. Hence, our framework applies
beyond bare 1-form symmetries generated by Pauli strings.
For example, one can consider the 1-form symmetries
whose operators are commuting matrix-product operators
(MPOs) with finite bond dimension [75]. A prominent
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family of such cases arises in Abelian string-net models
(such as the double-semion model) [15]: each bare 1-form
symmetry corresponds to a closed string operator asso-
ciated with an elementary anyonic excitation. A systematic
study of these generalizations will be crucial for a
complete understanding of generic 1-form symmetries,
and we leave this exciting direction for future work.

Although our focus is on I-form symmetries, the
condition Eq. (9) naturally extends to general higher-form
symmetries with p > 1. For example, while 1-form sym-
metries are generically unstable at finite temperature,
2-form symmetries in systems with D > 1 spatial dimen-
sions can be thermally stable when their charges, which are
now created by sheet-like operators, cost finite energy that
is at least proportional to the perimeter of the sheet-like
operators. By the standard Peierls argument, energetics
dominate over the entropic contribution at sufficiently low
temperature, the fluctuation of the sheet-like operators will
be suppressed and the state satisfies a condition similar to
Eq. (9). Consequently, low-temperature thermal fluctua-
tions preserve 2-form symmetry [7]. Furthermore, the
proposed general connection between the transition in
emergent higher-form symmetries and long-range entan-
glement in the post-measurement states might provide a
new possible framework for characterizing measurement-
induced long-range entanglement and criticality [76-78]
or mixed-state phases.

A particularly interesting direction enabled by our
framework is the potential of a new paradigm for emergent
symmetry-protected topological (SPT) phases. These are
distinct quantum phases of matter that cannot be adiabati-
cally connected when the symmetry is preserved. The
conventional concept of “symmetry” is only well defined
when the symmetries are exactly preserved. This begs the
question of whether there exist, e.g., distinct SPTs pro-
tected by emergent higher-form symmetries [71,79]. This
has remained largely unexplored due to the lack of a
suitable theoretical framework for emergent 1-form sym-
metries. Extending the SPTs to emergent symmetries
removes the fine-tuned character of these quantum phases;
the question is therefore both theoretically and practically
relevant.

Furthermore, equipped with a concrete framework, it
can be explored under which conditions the information-
theoretic transition of 1-form symmetries aligns with a
quantum many-body phase transition; an alignment that
would be particularly valuable for efficiently detecting and
characterizing various quantum phases. For instance, we
anticipate that quantum phase transitions characterized by
the condensation of the I-form symmetry charges gen-
erally coincide with the 1-form symmetry transition, as
argued and illustrated in Sec. V.

Another open question is how to generalize our
criterion and detection protocol to non-Abelian topolo-
gical states with emergent non-invertible higher-form

symmetries [80,81], which would require more complex,
potentially “fusion-aware” quantum error correction
schemes [82]. Recent work demonstrates that topological
quantum phase transitions between symmetry-enriched
topological phases can be efficiently realized on a quantum
computer [83-85], suggesting that it would be worthwhile
to extend QEC-based protocols systematically to more
general symmetry-protected phases by leveraging connec-
tions to higher-form symmetries.
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APPENDIX A: CONSTRUCTING THE DRESSED
1-FORM SYMMETRY OPERATORS

As mentioned in the main text, a 1-form symmetry
emerges when it effectively commutes with the charged
string operators. Physically, the emergent 1-form sym-
metry operators are “dressed,” with a size determined by
the average deformation needed to move the bare 1-form
symmetry operators through the charged string operators.
In principle, one can construct these dressed 1-form
symmetry operators by specifying how the bare 1-form
symmetry operators act on each possible configuration of
I-form symmetry charges. In this section, we illustrate
another way to understand the dressed 1-form symmetry
operators by using RG circuits, also known as quantum
convolutional neural networks (QCNN) [34,35].

Consider the 1D product-state example in Sec. III. A
useful strategy for constructing the dressed 1-form symmetry
is to perform a real-space coarse-graining on the lattice.
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FIG. 10. Constructing dressed 1-form symmetry operators for
the 1D product state example. The circuit takes input at the
bottom and outputs the state at the top. (a) The scale-invariant
component of the RG circuit performs a majority vote on three
qubits, setting the middle qubit to 1 if the input bitstring has more
1 s than Os, and to 0 otherwise. The two-qubit gate is CNOT, which
flips the target qubit if the control qubit (black dot) is |1). The
three-qubit gate is CCNOT, which flips the target qubit if both
control qubits (black dots) are |1). (b) The dressed 1-form
symmetry operators are constructed by conjugating the bare
1-form symmetry operators with the RG circuit. (c) The relation
implies that the dressed 1-form symmetry has the same charged
line operators as the bare 1-form symmetry operators.
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In doing so, the length of the charged string operators—here,
X-string operators—can be reduced until they become short
enough that the bare 1-form symmetry requires only minimal
deformation to pass through them on the coarse-grained
lattice. From the analysis in Sec. I1I, we know that X-strings
can be optimally decoded from the 1-form charge (domain-
wall) configuration via a majority-vote procedure. We can
then build an RG circuit that repeatedly applies a local
majority vote in a scale-invariant manner.

Figure 10(a) shows the scale-invariant component of this
RG circuit. It acts on three input qubits, with the middle
output qubit encoding the majority-vote result. This middle
qubit thus represents the coarse-grained version of the three
input qubits. Repeating this process [/ times in a scale-
invariant way reduces a system of size 3” to one of size
3M=I encoded in the middle-qubit subsystem. After each
RG step, the X-string operators that create domain walls on
the coarse-grained subsystem become shorter by a factor
of 1/3. For a system with finite-length X-string operators,
the final coarse-grained subsystem obtained after these
steps will be nearly domain-wall free, meaning it is almost
invariant under the bare 1-form symmetry operator Z;Z;.
The dressed 1-form symmetry operators can then be found
by conjugating the bare 1-form symmetry operators with
this RG circuit, as illustrated in Fig. 10(b). The size of the
dressing on these new I-form symmetry operators is
therefore fixed by the average length of the X-string
operators in the original state. Approaching 6 = /2, the
average length of the X-string operators, which determines
the size of the dressing, increases and eventually diverges at
60 = n/2. From Fig. 10(c), one can also see that these

dressed 1-form symmetry operators are independent of the
microscopic parameters and retain the same charged line
operators as the bare 1-form symmetry, and thus share the
same macroscopic properties.

A similar approach can be used to construct the dressed
1-form symmetry operators for the 2D example in Sec. III,
for instance by employing the circuit-based RG decoders
of Refs. [36,87]. A caveat is that these RG decoders in 2D
are no longer strictly optimal. However, we expect they
can be made arbitrarily close to optimal by incorporating
increasingly sophisticated RG steps near the threshold.

APPENDIX B: THE Z 1-FORM SYMMETRY
OF 2D PRODUCT STATES

In this section, we show that for 2D product states, the
distribution of the charged string operators characterized
by the eigenvalues (m,q) under the Z 1-form symmetry
is described by the RBIM. The ground state of the
Hamiltonian is given in Eq. (2). The product state is also
equivalent to the deformed toric code state in Eq. (13) at
gi +9: = 1 with 0 = tan"'(g,/g.).

To find the decomposition Eq. (8), we use that the eigen-
subspace projectors for the Z I-form symmetry are
generated by a product of the commuting local projectors
of B,. In other words, we measure the state |®(¢)) using
B,, ¥V p. Suppose the measurement outcome, which
specifies a charge configuration, is m = {m,}, where
m, = *1 is the eigenvalue of B,. The corresponding
post-measurement state (without normalization) can be
written as

2
P
9 |‘Sm| 9 N(‘_ISmI
= ;<Sin§> (COSE) H X,|00---0),
m ceS,

(B1)

where S, is the X-string configuration and the endpoints
of X strings are at the plaquettes { p|m, = —1}, |S,,| is the
total length of the X strings, N, is the total number of edges
of the lattice. The X strings are the charged string operators
for the Z 1-form symmetry and live on the dual lattice. The
probability of the measurement outcome (charge configu-
ration) can be expressed as

6 ZISmI 9 2Ne_2I‘SmI
(sin§> (cos§>

(B2)
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where p = sin? (6/2). We want to evaluate the charge
resolved probability

|H1+m 2By 1+ g Wi+ q,W)

L2z D2 e (),

(B3)

where ¢ = (¢, = +1,4, = £1) and W[Zx] and W[Zy] are two
non-contractible Z loop operators on the primal lattice.
Notice that P,, = Zq Kmg- 10 evaluate k,,,, we essen-
tially need to evaluate Eq. (B2) restricted to particular q.
This can be achieved by first picking a particular
X-string configuration S,,, , that is compatible with (m, q)
(More precisely, define an operator S =[], Sy Xe>
it should satisfy B,,SBT =m,S, W[ZX]SW[ZX]T =¢q,S and
W[ZV]S W[th = ¢,5). Any other X-string configuration that
is equivalent to the chosen X-string configuration has the
same (m, g) and can be obtained by a smooth deformation
of the strings. This implies that the summation over all the
equivalent X string configurations in Eq. (B2) can be
performed by introducing virtual Ising spins (¢, = £1) at
each vertex of the lattice and interpret the other equiv-
alent X-string configurations as a result of the domain-
wall fluctuation of the virtual Ising spins. For instance, to
account for configurations with no 1-form symmetry
charges and ¢, = g, = 1, we can choose the reference
|Smql = 0. Any X-string deformable to the empty con-
figuration has weights determined by the Boltzmann
weights of the domain-wall configurations formed by

the X-strings, e.g.,
41
I Lﬂ.;

exp(J (N, exp ]( —16))
(B4)

exp(JN,)

where N, is the total number of lattice edges, the blue
lines are X-loops and the arrows denote the virtual spins
at the vertices. Summing over all virtual spin configura-
tions is equivalent to summing over all X-strings deform-
able into one another. In the end, we need to divide this
sum by 2 because each domain-wall configuration arises
from two opposite virtual spin configurations. For the
particular X-string configuration S,, , that is compatible
with the measurement (m,q), the Ising couplings are
inverted on the bonds of the reference X-string S, 4 =
{s.} configurations. The Ising coupling thus becomes
random and can be written as J(1 —2s,), with s, = 1 if

e€S,, and s, =0 otherwise. For instance, a more
typical X-string configuration contains endpoints, the

resulting different domain-wall configurations look like

Yvy
exp(J (N, — 16))

(BS)

exp(J(Ne — 8)) exp(J(Ne — 12))

For sectors with non-contractable loops or open
X-strings, the X-strings cannot be deformed to an empty
X-string configuration. However, the mapping can be
carried out analogously when flipping the signs of the
magnetic coupling / — —J on bonds that overlap with the
reference X-strings encoded as S, , = {5, }. Subsequently,
we obtain the Boltzmann weights from the virtual spin
configurations by deforming the domain walls

_{
—

o
]

Yy

exp(J(Ne — 8)) exp(J(Ne — 12)) exp(J (N, — 16))

(B6)

Using this mapping, k,, can be rewritten as the
partition function Zgpp(J, S, ,) of the RBIM [37,56]:

— p)Ve/2
Km.g :MZCXP |:J Z (1 —2Se)0v61,/j|
(ver')
[p(1—p)]Ve/?

:7ZRBIM(J7Sm.q)1

> (B7)

where the syndrome-independent prefactor [p(1 — p)]Ne/?

has been introduced such that ,, 4 is a probability. In this
expression, the Ising coupling is related to the probability
as exp(—2J) = p/(1 — p), which is the Nishimori line in
the RBIM [55]. We emphasize that for a given (m, q), there
are many choices for the reference configuration Sm,q, but
all choices compatible with (m, q) give rise to the same
Zremm(J, Sm!q). The fluctuations of the equivalent
X-strings correspond to the fluctuations of the effective
domain walls satisfying (1 —25,)0,0, = —1.

The next step is to evaluate Eq. (9) using the partition
function of RBIM. We replace the sum ) _,, with the sum
> s where S = {s,} enumerates all the possible X-string
configurations; this yields:
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N—>oo

lim g max Kmg = hm P,
NX,N),—>00

where £ = {0, éx, @y, éx U ffy, } with ffx (éy) being a non-
contractible loop along the x (y) direction of the dual
lattice. With this mapping, we can use the same argument
in Ref. [56] to deduce the transition threshold, which we
reproduce here for completeness. We expect that the free
energy difference —log[Z(J, S+ L)/ Z(J.S)] diverges
with the linear system size in the ferromagnetic phase
of RBIM and it remains a constant in the paramagnetic
phase of RBIM, when L #0. Equation (B8) is therefore 1
(smaller than 1) in the ferromagnetic (paramagnetic) phase
of the RBIM. Since the parameters of the RBIM are fixed
to the Nishimori line exp(—2J) = p/(1 — p) we find that
the loss of the (emergent) Z 1-form symmetry in the
product states is exactly described by the phase transition
from the FM to the paramagnetic phase of the RBIM along
the Nishimori line [55].

For the MWPM decoder we use in the numerical part of
this work, the detected threshold of the product states
corresponds to the RBIM at zero temperature [60], i.e.
J = 4o0. Since the phase transitions of the RBIM along
the Nishimori line and at the zero temperature happen at
pe = 0.1094(2) [88] and pMWPM —=0.1031(1) [60], we
can derive the corresponding critical angles 6. =
0.2146(2)z and OMVPM = (02081(1)z. So the optimal
threshold and the threshold measured using MWPM are
distinct but close to each other.

APPENDIX C: POST-MEASUREMENT STATES
OF THE 2D PRODUCT STATES

We argue that in the 2D product-state limit, a typical B,
post-measurement state is topologically ordered when
there is no Z 1-form symmetry. When 6 = 0, measuring
B, does not change the product state, according to
Egs. (B1) and (B2). When 8 = 7/2, the post-measurement
states are equal weight superpositions of eigenstates of the
fixed point toric code model, which can be transformed
to the ground states of the fixed point toric code model
by applying Pauli strings, so all post-measurement states
at @ = /2 have the same long-range entanglement (or
topological order) as the ground states of the toric
code model.

Then we want to show that a typical post-measurement
state remains topologically ordered even slightly away
from the limit & = z/2. Let us consider an instance of the
post-measurement states in Eq. (B1), it can be further
expressed as

MaXyKp g

qum q

-e] maXEZ(J,S—i-z) (B8)

S2ZJLS+L)

=S|Il -

uo) =I5 L0

e

o I] x. H”BP I1x H{Hm(ﬁ_?)ze]m

eeS, eesS,

~TIx H1+BPH[1+ an(F-9)2.] ),

eceS,,
T 0
—1)%t ———Z,||T
pean(3-3)z.1mc)

- TTx 1+

eeS,

where S, is a string configuration which is consistent with
a given syndrome configuration m. In the last step we used
that B, commutes with Z,. Since the topological order
in |TC) is robust against the perturbations on physical
degrees of freedom, all |®,,(0)) have topological order
provided 0 is sufficiently close to /2 (i.e. the operator
[l.es, X. is a constant-depth quantum circuit which does
not change the topological order). Thus, we expect that
almost all post-measurement states are topologically
ordered when 0€(z/2—0,.,7/2) in the thermody-
namic limit.

(ChH

h2+h2 +o00, N, ><N —32><32

<Z>NRG

0.3

0/m

FIG. 11. Detecting the transition in the post-measurement
states using the RG-assisted disorder parameter along the
product-state limit 42 + h2 = +oo. The black and green dashed
lines mark the numerical and the theoretical transition points,
respectively. The inset shows a data collapse using the correla-
tion length critical exponent v =~ 1.49 of the 2D RBIM at zero
temperature, and 6, = 0.208.
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We provide numerical evidence of the transition by
detecting a topological phase transition with the method in
Sec. VI. The results in the product-state limit are shown in
Fig. 11. A transition from +1 to 0 is observed at gMWVFM,
This transition signifies the transition from short-ranged
entangled post-measurement states to long-ranged
entangled post-measurement states. From the analysis in
Sec. III B, when &€ (MWPM 9 ) we expect the restored
state to remain disordered under the 1-form symmetry and
therefore (Z)y, . tends to one. However, the simulation
suggests (Z)y,, <1 in the thermodynamic limit. The
behavior can be attributed to the incorrect decoding of
the recovery Pauli X strings by the MWPM decoder, the
expectation values of the RG-assisted disorder parameters
are nonzero in the post-measurement states but they pick
up different signs. After an average over all the measure-
ment outcomes, we obtain an overall vanishing (Z)y,_ . In
other words, the RG-assisted disorder parameter computed
using a specific decoder is only reliable in the region where
the 1-form symmetry is detected to exist by the decoder.

To further verify the nature of the transition, a finite-size
data collapse is performed [see the inset in Fig. 11(b)],

|

ee SQEC )

-y

m f(s):m eESQEC m)

where s is a bit-string configuration, which is chosen in the
Z basis such that (s| ][, e spc(m) Xe O e e sqpe(m) Xels') 18

diagonal and can be -easily evaluated on a classical
computer, f(s) =m describes a bit-string configuration
such that B ,|s) = m,[s), ¥ p. The only part that is not
easy to calculate is the probability of the bit-string
configuration s, given by |(s)¥|?, which we reformulate
as a 2D tensor network.

To this end, we combine tensor network methods and
Monte Carlo sampling to evaluate Eq. (D1). The method
has been used to study physical problems related to RBIM
[89,90]. When |¥) is expressed in terms of a tensor
network state on a torus, (s)¥ is a tensor network shown
in Fig. 12. We use the Metropolis-Hastings algorithm to
sample bit strings, and the probability |{s)¥|? is calculated
using tensor networks. In the Metropolis-Hastings algo-
rithm, we only need the relative probability between two
bit strings distinct by flipping one qubit:

| sIx )

59 (D2)

I xeo T Xels)sllw)(®lls).

ee SQEC )

where we use the correlation length critical exponent
v =1.49(2) of the 2D RBIM at zero temperature [60].
Up to the reachable system sizes, the finite-size scaling is
consistent with the universality of the 2D RBIM at zero
temperature.

It will also be interesting to verify this transition by
directly extracting the average of the topological entan-
glement entropy over sampled post-measurement states.

APPENDIX D: NUMERICAL ALGORITHM
FOR DETECTING EMERGENT 1-FORM
SYMMETRIES

Away from the product-state limit, we have to use
numerical simulations to study the emergence of 1-form
symmetries. Suppose we want to evaluate the expectation
value of an operator O, e.g., a non-contractible Z loop
operator or a disorder operator from the QEC recovered
states: [ [oesquem)Xe 1, (1+m,B,)/2|¥), where Sqpc (m)
is a recovery strlng configuration predicted by the MWPM
decoder. The expectation value can be expressed as

1+m,B
e | i

Ztr{O H X, 1+m,B

e € Sqpc(m)

(D)

This probability can be computed by contracting the
tensor network on a torus. We double the virtual bond
dimensions such that the tensor network on a torus in
Fig. 12(b) corresponds to a tensor network on a plane,
which can be contracted using a finite boundary matrix
product state (MPS) compression method; Fig. 12(c).
During the MPS compression, we truncate the MPS bond
dimension by discarding levels in the entanglement spec-
trum of the MPS that are smaller than 107!°, so that the
effect of the finite bond dimension truncation is negligible.
After the MPS compression, the 2D tensor network is
reduced to a 1D tensor network, which is exactly con-
tracted using the boundary vectors L and R, see Fig. 12(c).
The relative probability in Eq. (D2) is then calculated by
constructing the environment of the tensor containing the
flipped qubit, as shown in Fig. 12(d).

After evaluating the relative probability p[el] of a single
qubit flip, we can sample the bit strings using the
Metropolis-Hastings algorithm. If p[el] > 1, we accept
the single qubit flip. Otherwise, we accept the single qubit

(1]

flip with the probability p.'. We sequentially flip all qubits
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FIG. 12. Numerical algorithm for detecting emergent 1-form
symmetries. (a) The definition of the PEPS tensor for the
deformed toric code states, in which the physical degrees of
freedom are fixed after measurement. (b) The tensor network of
(s|¥) for periodic boundary conditions. (c) The 2D tensor
network in (b) can be compressed to a 1D tensor network using
the boundary MPS method, and the 1D tensor network is exactly
contracted using the left and right boundary vectors L and R.
(d) The relative probability for the Metropolis-Hastings algo-
rithm is calculated using the environment of the tensor contain-
ing the flipped qubit.

on the edges of the lattice and determine the acceptance
using the Metropolis-Hastings algorithm, such that parts of
the environment of the previous tensor can be re-used to
update the environment of the current tensor and the
computational cost is largely reduced (as we do not have
to re-contract the entire tensor network).

In the presence of the bare Z 1-form symmetry, the
single qubit flip breaks the bare Z 1-form symmetry, p[el] is
always 0 and a qubit flip will never be accepted. When g,
1s small, p[el] is very small, and it is hard to accept a single
qubit flip, so the sampling becomes inefficient. This
problem can be circumvented by flipping a cluster of 4
qubits of a vertex and calculating the corresponding

relative probability

(s1A,[¥)|?

4oy —
Pe (S) - <S>"P (D3)

We use the Metropolis-Hastings algorithm to decide
whether we accept such a 4-qubit flip and sequentially
sweep the 4-qubit flip for all vertices. In general, we can
perform both single qubit flip and 4-qubit flips. With that

we evaluate Eq. (D1) with sufficiently many samples to
achieve convergence.

For the deformed toric code states, the local tensors on
the vertices of the lattice are

S182
T,’jkl = E Qsl t Qsztzé(t] +k-+m) mod 2,05(t2+1+n)m0d 2,0

tytymn

X 0; i0; 0

i.j¢jm%mn>

(D4)

where O =1 + g, X + g.Z, the two physical legs sy, 5, are
fixed by measuring Z operators, and i, j, k, [ are four virtual
legs, see Fig. 12(a). Then we implement the proposed
protocol to detect the emergent 1-form symmetry.

For the toric code model in a field in Eq. (12), we can
use variationally optimized infinite projected entangled
pair states (iPEPS) [91,92] to approximate its ground state.
We use the single-site unit cell iPEPS ansatz with two
physical legs for each tensor [similar to the tensor in
Fig. 12(a) but without the specific structure], and the
variational optimization is performed using the PEPS-
torch library [93]. The finite PEPS on a torus are created
using the iPEPS tensors. Then we implement the proposed
protocol to detect the emergent 1-form symmetry on this
finite PEPS. Notice that the iPEPS with a bond dimension
D has a correlation length &p, the finite PEPS created using
the iPEPS tensor is a relatively good approximate ground
state of the finite system with the size N, x N, when N, >
¢p and N > £, So when the iPEPS correlation length is
large, i.e. near a quantum critical point, and we cannot
further increase N, and N, due to the computational cost,
the error of finite PEPS is large so that the curve is not
smooth in Fig. 5. Additionally, when the iPEPS undergoes
a continuous phase transition, the results from the finite
PEPS created from iPEPS tensor would not have the
expected scaling behavior. Therefore, a future direction is
finding a better way to accurately determine the informa-
tion-theoretic transitions of 1-form symmetries and their
universality classes. The possible approaches are using a
sign problem free QMC method, or directly calculating the
ground state of a finite system using large scale finite
PEPS. These directions are technically more challenging
and we leave it for further study.

APPENDIX E: THE Z 1-FORM SYMMETRY IN
THE DEFORMED TORIC CODE STATES
ALONG THE g, =0

In this section, we show that the information-theoretic
transition of the Z 1-form symmetry defined by Eq. (9) and
the topological phase transition coincide along the line
g, = 0. Consider the deformed toric code state along this
line. The unnormalized wave function is
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(9., 0)) = [[(1 + g:X.)[TC). (E1)

e

The normalization of the wave function is

(TC[TTIC + g:X) (1 + g.X.)ITC).  (E2)

Observe that the expansion of the product is a linear
combination of Pauli-X string operators. Among the terms,
only those that form closed contractible loops will evaluate
to nonzero under |TC). By viewing the closed loops as
domain walls of an Ising model on the dual lattice, [similar
to Eq. (B4)] the expectation values of each Pauli-X string
operator can be mapped to the corresponding Boltzmann
weights. For instance, we have the weights

(1 +gD)™ L+ g™ (200)" (1+g2)N"%(202)°
(E3)
Rewriting all the weights we get
el H(l + 9.X.)(1 + 9.X,/)|TC)
_ 2.1 *‘29)26)]%/2 Zigng (7). (E4)
where Zing() =0 {5,} €XP 7> (') OuO ] and

exp(—2J) = 2g,/(1 + g2). At the critical point of the
2D classical Ising model, the partition function, and
therefore the wave function, exhibits critical behavior in
their correlations. The transition from the topologically
ordered to the trivial phases thus locates at the critical J,. of
the 2D classical Ising model. We proceed to compute the
unnormalized probability weight of the 1-form charge
configurations:

P, = <l//(gx,0)|H1+#B” (g, 0))

2
Sm
-y (T E5)
9 \Suyq
Using the trick in Appendix B, we have
Snal _ 90"
ng = x2 Zrem (S Smog)- (E6)

Smq

where J = —log(g,)/2. Using that the wave function
normalization is (TC|[[, [, (14 ¢.X.)(14 ¢, X.)|TC) =
> om Pm»> We get

Z Z[ZRBIM(-’7 Sm,q)]2 =2[2¢7' (1 + g)zc)}Np/ZZIsing(j)‘

(E7)

On the intuitive level, squaring each Zgpp(J, Sy yq)
leads to terms which correspond to “joining’ endpoints
of different string configurations deformable to S,,, , to form
closed domain walls, eventually resulting in the right hand
side. Using similar reasoning, one can explicitly verify
that [37]

Z Z ZRBIM (Js Sm,q)ZRBIM (J’ Sm,q + &x)
q m

= 227" (1 + g™ 250" (),

(E8)

where Zi:ﬁféx is the partition function of the 2D classical
Ising model with twisted boundary condition in x direction,
i.e. the couplings along a non-contractible loop in x

direction are antiferromagnetic instead of ferromagnetic,

.. twist,y twist,x,y
and we can similarly define Z,; -~ and Z5,.”~. The key

quantity we want to examine is

2
: . >mmaxy Zrpm (/. Sing)
lim E maxk,,= lim 5
Ny .N,—oco m q N,,N,— Zm’,q’ZRBIM(J’Sm’.q’>

(E9)

In the ferromagnetic phase (the TC phase of
lw(gy,0)), the domain walls cost extensive energy, we

expect Zyin (7)) Zing(T) = Zyiny” (1)) Zrng(J) =

Zan (D)) Ziing(T) = Zpime (1)) 20 (7)) =

Zime (1)) Ziing” (J) = 0iin the thermodynamic limit.
Because all the partition functions are non-negative,
Egs. (E7) and (E8) (and other variants associated with
different twisted boundary conditions) imply that
limy v o > m Maxgk, , = 1. More concretely, we note
that for the Z 1-form symmetry, there are four distinct g
for each given m. For notational simplicity, we denote
the four Zrp(J.Spmy) BY dm.bm.cp and d,, such
that a2, > b2, > c2, > d>,. Observe that (a, —d,)—
(b — Cm) < ap — d,y, < ayy,, then

ai2n b (am - dm - bm + cm)z' (E]O)
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This implies

2
1> lim Z;"am 5
NN—»ooZm(a +b +C/+d )

> m(am + by, + ¢y + dj, + cross terms)
Sow(ad, + b+ +d2)

> lim
Ny ,Ny,—oo

(E11)

where the cross terms come from the expansion of the right
hand side of Eq. (E10). The last equality follows from
applying Eq. (E8) and its variants, knowing that the ratios
between the partition functions with and without the
twisted boundary condition are zero.

In the paramagnetic phase (the trivial
of |w(g.,0))), the domain walls

phase
condense, we

expect Zi:ﬁ:;x( )/ Zxing(T) = Zring” () Z1sng (7) =
Z;Zvl:f;” (7)/ Z1ing(J) =1 in the thermodynamic limit.

Equations (E7) and (E8) (and other variants) imply that,
for a random m and N,, = a, + b}, + c2, + d2,, we have
az /Ny = bs /N, = ci/N, = d2, /N, with probability

one, we therefore have thx,Ny—mo > m MaXgky, o = 1/4.

APPENDIX F: EQUIVALENCE BETWEEN THE

FM STRING ORDER PARAMETER AND THE

DISORDER PARAMETER MEASURED FROM
QEC RECOVERED STATES

In the main text, we show that the disorder parameter
can be used to detect the topological phase transition after
successfully recovering the bare 1-form symmetry. In this
section, we show that the disorder parameter (without
RG-assistance) measured on the QEC-recovered states and
the FM string order parameter [23,24] are equivalent if we
can successfully recover the bare 1-form symmetry.

The FM string order parameter is defined as

(Plleec,,Zc[P)
(PTeccZI¥)

OFM(|C1/2|) = (F1)

where |C, ;| is the length of the string C, , C is a closed
loop with a length |C| = 2|C,/,|. When the Z 1-form
symmetry is an emergent symmetry, the numerator decays
exponentially to zero with |C,/,| in any phase, so the
denominator is taken into consideration to cancel the
exponential decay of the numerator, such that only
the endpoints of the Z string contribute to Ogy. In the
presence of the Z 1-form symmetry, the FM string order
parameter is zero in the topological phase and nonzero in
the trivial phase.

We now relate the FM string order parameter measured
from the original state with the emergent Z 1-form
symmetry to the disorder parameter measured from the

QEC-recovered states with the bare Z 1-form symmetry.
By defining a trace preserving quantum channel

Ztr H X, |,

H l—l—mpo I+m,B,

e€Sqec(m) ‘ 2 e€Sqic(m)
(F2)
we have
Tr([eec,, Ze[¥){(¥])
0FM(|L1/2|) \/T L 2P
Tr(N[Heecl/ZZe|‘P><‘PI])
— . (F3)
VTN (T[T ccZ[¥) (¥]])]

To relate to the disorder parameter measured on the
QEC-recovered states, we need to take the Z string (loop)
operator in the numerator (denominator) out of the
quantum channel N[-]. Because the recovery X strings
[l.e Sosc(m) Xe and the Z string (loop) anticommute with
each other at their crossing points, we suppose that in a
unit length of the Z string, the probabilities of even and odd
number of crossings are p and 1 — p, separately. Then
for an even length L the probability of even (odd)
number of crossings is 251/:20 C?mp*m(1 — p)k=2m
[S2E2) cam=1 p2m=1(] — p)L=2m+1] where C!" is the bino-
mial. So by taklng the Z string (loop) out of the quantum
channel we expect this operation will result in an expo-
nential decay coefficient, namely

TN Lo, Z W)
string — Tr{HeeC,/zzeNHlP><\P”}

. \/Trw[neeczewxwu}
0 T\ T e ZN ) (P}

T ~<2p_ 1)|Cl/2"

~2p— 1)\6\/2_
(F4)

We also numerically check Eq. (F4) in Fig. 13(a), which
indicates that both ratios decay exponentially with the
same rate. So we can further simplify Eq. (F3):

~ACnI T[T, e, ZN[|¥) (P
Oy e r([Teec, , ZNW) (P]]) E5)

Ve T T e ZN (%) ()]}

:Tr< 11 ze/v[|q1><lp|]>. (F6)

€€C1/2

We conclude that the FM string order parameter
measured from the original quantum state and the disorder
parameter measured from the QEC-recovered states are the
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FIG. 13. Comparison of the FM string order parameter mea-
sured from the original state and the disorder parameter mea-
sured from the QEC-recovered states. (a) The ratio defined in
Eq. (F4) calculated at a point (g,,9.) = (0.1,0.5) from the
deformed toric code states with different sizes N x N, and the
length of the string (loop) is |Cy/,| = N/2 (|C| = N). (b) FM
string order parameter measured from the original quantum
states and the disorder parameter measured from the QEC-
recovered states (QEC DP) along g, = 0.18 of the deformed toric
code states. We consider two different system sizes 16 x 16 and
32 x 32, where the length |Cy),| of the string is 8 and 16,
respectively, showing perfect agreement (dots and circles).

same when |C; ;| — co, and the numerical comparison
between the FM string order parameter and the disorder
parameter from the QEC-recovered states shown in
Fig. 13(b) supports the conclusion.

APPENDIX G: RENORMALIZATION GROUP
ALGORITHM

In this section, we describe the classical RG algorithm
for assisting the measurement of the disorder parameter.
The algorithm is applied to a classical qubit (spin)
configuration sampled from the wave function by Z-basis
measurements. Each step of the RG contains two parts,
the coarse graining of the lattice and local processing to
shrink the loops (domain walls). The coarse graining is
performed using CNOT gates which disentangle some
degrees of freedom from the original lattice [94] (A cNOT
gate applies a Pauli X to the target qubit when the control
qubit is |1) and otherwise it acts trivially). As shown in
Figs. 14(a) and 14(b), we first apply the CNOT gates
horizontally, the size of a system reduces from N, x N, to
N, x (N,/2), where N, and N, are the linear system sizes
in the vertical and horizontal directions. Then we apply
the cNOT gates vertically, the system size further reduces
from N, x (N,/2) to (N,/2) x (N,/2), see Fig. 14(c).
Figures 14(a)-14(c) count as one step of the lattice coarse
graining.

In the presence of the bare Z 1-form symmetry, the
symmetric subspace is spanned by closed loop configu-
rations formed by strings of |1). It can be verified that the
closed loop constraint is preserved on the coarse-grained
new lattice. After the coarse graining, we perform a local
operation to shrink the size of the loops. The idea is that the
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FIG. 14. The steps of the classical RG algorithm. We represent
the CNOT gates using arrows for simplicity. The green and black
dots denote the disentangled qubits and entangled qubits,
respectively. The qubits in the dashed-line circles are the control
qubits whose values in the Z basis are conserved. The boundary
condition of the lattice is periodic. (a) The horizontal coarse
graining step. (b) The vertical coarse graining step. (c) The
coarse-grained lattice. (d) The local operation to keep the domain
wall non-growing, which is a control-A,, operator applying on the
vertex of the coarse-grained lattice and controlled by the control
qubits. (e) Before the coarse graining step, when both control
qubits are 1, it indicates a corner of the domain wall. A possible
Ising spin configuration corresponding to the domain wall is
shown, where O (1) represents spin-up (spin-down). (f) If both
control qubits are 1, we try to shrink the domain wall by applying
an A, operator on the coarse-grained lattice.

loops perpendicular to the edges can be regarded as the
domain walls of the (virtual) Ising spins at the vertices, a
local operation based on the majority vote of the Ising
spins is then used to shrink the domain walls. As shown in
Fig. 14(d), the local processing has the following explicit
rule: if both of the two qubits within the vertex of the new
lattice are 1, then we apply a vertex operator A, to the
vertex of the coarse-grained lattice, otherwise we do
nothing. This is achieved by a control-A, gate with two
control qubits. The local rule is designed based on the
observation that the states of the two control qubits in the Z
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basis are not changed by the lattice coarse-graining circuit;
when both control qubits are 1, they correspond to a corner
of the domain wall, as shown in Figs. 14(e) and 14(f). To
keep the size of the domain walls non-increasing, we apply
an A, to the coarse-grained lattice, which effectively flips
the Ising spin at the vertex of the coarse-grained lattice.
After the virtual spin flip, the total number of domain walls
may either remain the same (e.g., if we are at the corner of
a very large domain) or decrease (e.g., if we are at the
corner of a domain wall surrounding a single plaquette).
Although both scenarios are possible, repeating this
process will eventually drive the total number of domain
walls down to zero in the trivial phase. This is because,
most of the time, the number of domain walls stays the
same, and occasionally it shrinks, so the algorithm’s fixed
point ends up being either a state with no domain walls or a
completely disordered arrangement of domain walls.
After the coarse graining and the local processing, one
step of the RG is finished. We can perform (N — 1) steps of
the RG on a system with a size N, = N, = 2" such that
the system size reduces to 2 x 2. After each RG step, we
measure a single Z operator, which effectively corresponds
to a Z string with a length 2Vks on the original lattice,
where Nyg is the number of the performed RG steps. If the
expectation value of the single Z operator approaches 1 as
Ngg increases, the quantum state is topologically trivial.

1 9= 0.1, MWPM decorder

If the quantum state is topologically ordered (or more
precisely, the 1-form symmetry is spontaneously broken),
the expectation value of the single Z operator approaches 0
as Nyg increases.

As a side remark, the RG algorithm can alternatively
be executed as a unitary quantum circuit on the QEC-
recovered quantum state, which provides a concrete
example of a 2D QCNN previously investigated for
quantum phase recognition in 1D quantum systems
[34,35,95]. The unitary protocol maintains the coherence
of the state during the coarse graining, allowing for the
potential use of the coarse grained states as useful quantum
resource.

APPENDIX H: THE PERFORMANCE
OF THE GLOBAL MWPM DECODER
AND A LOCAL DECODER

The idea of detecting the emergent higher-form sym-
metries using QEC can be performed using any decoder.
Each of them can have a different performance, as
characterized by the distance between threshold deter-
mined by the decoder and the optimal threshold. Previous
work has applied various local decoders to detect topo-
logical order [36]. In this appendix, we compare a local
decoder defined in Ref. [87] and the global MWPM

’{‘C—DS transition, MWPM decorder

(c) N; x N,

10 x 10
12 x 12
14 x 14
16 x 16
18 x 18
20 x 20

992; + gf =1, local decorder
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Comparison of the thresholds given by the global decoder and the local decoder. The green dashed lines are the optimal

thresholds, the black dashed lines are the thresholds predicted by the specific decoders we use. The subplots in the first row
are expectation values (W) or (Wy) of the non-contractible loop operators measured from the MWPM decoder recovered states.
N, x Ny is the system size. The subplots in the second row are the 1-form symmetry charge densities (>_,(1 — B,)/(2N,N,)) or
(>-,(1—A,)/(2N(N,)) evaluated after performing the local QEC shown in Eq. (H1). First column: product states. Middle column:
deformed toric code states of Eq. (13) along g, = 0.1 line. Right column: deformed double-semion quantum states defined by

Figs. 17(a) and 17(b) as well as Eq. (J1).
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decoder used in the main text and show that the global
QEC decoder performs much better than the local QEC
decoder.

Let us describe the definition of the specific local
decoder we implement. We can define 2 x 2 blocks in
each of the two sublattices and they are marked using the
blue and orange colors:

EEE

(H1)

At first we measure all B, operators to get the syndrome
configurations. Then, in each 2 x 2 blue block in Eq. (H1),
if there are an even number of Z 1-form symmetry charges,
we can directly remove all of them; if there are an odd
number of Z 1-form symmetry charges, we do nothing.
Next, we process to next step by looking at each orange
2 x 2 block in Eq. (H1), if there are an even number of Z
1-form symmetry charges, we can directly remove them; if
there are an odd number of Z 1-form symmetry charges,
we fuse them to one charge and move it to the left-upper
corner of the orange block. Finally, we can renormalize the
lattice such that the orange 2 x 2 blocks become a 1 x 1
plaquette of the new lattice. We then repeatedly perform
the procedures. After each renormalization, we measure
the Z 1-form symmetry charge density, which is defined as
>.,(1=B,)/(2NNy), where N, x N, is the size of the
renormalized lattice. The success of the decoder is marked
by the ability to remove all the 1-form symmetry charges
from the lattice, i.e. the 1-form symmetry charge density
approaches 0 with more RG steps.

In Fig. 15, we compare the thresholds obtained from the
local decoder and the global MWPM decoder using three
examples: (i) the 2D product states; (ii) the deformed toric
code states in Eq. (13) with g, = 0.1; (iii) the quantum
states describing the phase transition between the TC
phase and the double-semion phase. It can be found that
the thresholds determined by the global MWPM decoder
are significantly closer to the optimal thresholds than those
determined by the local decoder in all examples. We
expect that generally, the performance of a well-chosen
global decoder is better than the local decoders as they
allow non-local processing of the classical information.

APPENDIX I: APPLYING THE PROTOCOL
ON A DEFORMED TORIC CODE

In this section we show detailed numerical results of the
Z 1-form symmetry indicator evaluated from the deformed
toric code states in Eq. (13). The 1-form symmetry and the
phase diagram for the deformed toric code state are shown
in Fig. 8(a).

0.75

0.25

FIG. 16. Numerical results for detecting Z 1-form symmetry
from the deformed toric code states. (a) The colormap for the
expectation values of the non-contractible Z loop operator (W)
from the QEC-recovered states. A value of +1 indicates the
existence of the 1-form symmetry. The star marks the exact field
where the emergent Z 1-form symmetry ceases to exist in the
product-state limit. We scan the entire parameter space with a
system of N, x N, = 8 x 8 plaquettes. Cuts of the phase dia-
gram (b) for g, = 0.1. The black and green dashed lines mark the
numerical and the theoretical transition points, respectively.

We apply the protocol to numerically scan the infor-
mation-theoretic transition of the Z 1-form symmetry in
the phase diagram of the deformed toric code states. The Z
1-form symmetry indicator (W) measured from the QEC
recovered states is shown in Fig. 16(a), which implies in
the toric code phase and a part of the trivial phase have
the Z 1-form symmetry. In Fig. 8(a), and we evaluate the
RG-assistant disorder parameter in the orange region of
Fig. 16(a).

We now benchmark MWPM decoder in the vicinity of
the topological phase transition. Concretely, we focus on
the line g, = 0.1 in Fig. 16(b). The points of the transition
in Fig. 16(b) are obtained from the MWPM decoder, which
is not optimal and underestimates the correct threshold
upon which the 1-form symmetry is absent. For this
reason, it will not coincide with the phase boundary [blue
lines in Fig. 8(a)] between the TC phase and the trivial
phase, but approximates it reasonably well. The informa-
tion-theoretic transition boundary of the Z 1-form sym-
metry qualitatively agrees with the theoretical phase
diagram Fig. 8(a).

APPENDIX J: APPLYING THE PROTOCOL
ON TRANSITION BETWEEN TC AND THE
DOUBLE-SEMION PHASE

Ground states with distinct topological order can be
characterized by different 1-form symmetries. In such
cases the detection of an emergent 1-form symmetry can
be used to get useful information about the topological
phases as well. As an example, we consider the double-
semion model [15,65] which has Z, topological order
twisted by non-trivial 3-cocycles [66,67]. The TC phase
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FIG. 17. Detecting the phase transition between the TC phase
and double-semion phase via the X 1-form symmetry. (a) The toy
quantum states are given by the double-line tensor-network states
obtained by contracting virtual legs of the double line tensors.
(b) Definition of the double-line tensor, where the two legs of the
same line have to be the same so we label them using a single
index. The tensor A;j is defined in Eq. (J1). (¢) The phase
diagram, which contains the TC phase, the double-semion phase
as well as the spontaneous symmetry breaking (SSB) phases
which break the lattice rotation symmetry. (d) Expectation value
of a non-contractible X loop measured from the QEC-recovered
states approaches one in the TC phase but vanishes in the double-
semion phase where it is not an emergent 1-form symmetry.

and the double-semion phase have the same topological
entanglement entropy [19,20], making them hard to dis-
tinguish from this perspective. Nevertheless, we can use
the QEC protocol to distinguish the TC phase from the
double-semion phase using the fact that only the TC phase
can have the X I-form symmetry coexisting with the Z
1-form symmetry but the double-semion phase does not.

We apply the protocol to a family of simple quantum
states realizing a topological phase transition between the
TC phase and the double-semion phase [68]. The toy
quantum states are constructed by gauging 2D Z, symmetry
protected topological states [67,96,97]. They are defined
using the double-line tensor-network states [see Figs. 17(a)
and 17(b)], where the tensor A has a tuning parameter A:

Agor1 = Agrio = 4;
Aiju =1,

A1100 = AlOOl = |/1

otherwise.

B

an

The phase diagram of the tunable tensor-network states
is shown in Fig. 17(c). In addition to the TC phase and the
double-semion phase, the system also exhibits stripe order
as a conventional spontaneous symmetry breaking phase,
which breaks the lattice rotation symmetry [68].

For all 4, the ground state has the bare Z 1-form
symmetry. The toric code ground state at A = 1 also has
the bare X 1-form symmetry. In the double-semion ground
state at A = —1, no X 1-form symmetry exists but there is
another 1-form symmetry generated by some loop oper-
ators [15]. We apply the protocol to detect the X 1-form
symmetry. The numerical results obtained from our pro-
tocol are shown in Fig. 17(d). In the toric code phase
the expectation value of the I-form symmetry indicator
(W) approaches 1 as the system size increases, where

Wy = ng] + Wy, and ng] and Wg] are non-contractible
X loop operators on the dual lattice. However, in the
double-semion phase as well as in the symmetry broken
phases, the emergent X 1-form symmetry ceases to exist.
The protocol can therefore be used to efficiently infer the
existence of specific topological order which could other-
wise be hard to resolve, for instance by means of the
topological entanglement entropy.

We comment on the simulation of applying the protocol
on the toy double-line tensor-network states shown in
Fig. 17(a). We pair the virtual legs of the double line tensor
in Fig. 17(b) such that it is reshaped to a tensor with virtual
bond dimension 4. Since both the toric code model and the
double-semion model have the Z 1-form symmetry, we
aim for detecting the X I-form symmetry in order to
distinguish them. In the simulation, we therefore use X
basis as the computational basis. Then we can proceed
similarly as the case of the deformed TC states introduced
above. In addition, since the quantum states in Fig. 17(a)
have the global Z, symmetry [, X,, single qubit flip in the
X basis will never be accepted in the Monte Carlo
sampling, and we instead use two-qubit flips to sample.

APPENDIX K: APPLYING THE PROTOCOL
TO THE ISING CHAIN

Here we discuss another example of non-frustration-free
Hamiltonians with degenerate ground states. We apply our
protocol to the quantum Ising chain described by the
Hamiltonian:

Hygng = —Zz,zm — thXi — hzZz,-, (K1)

where h, and h, are the strengths of the transverse and the
longitudinal fields. This quantum Ising chain can also be
mapped to the (1 + 1)D Z, lattice gauge theory [74]. The
phase diagram of the quantum Ising chain is well-known,
as shown in Fig. 18(a).
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FIG. 18. Detecting the Z 1-form symmetry in the quantum

Ising chain. FM (PM) denotes the ferromagnetic (paramagnetic)
phase. (a) The physical phase diagram. (b) The information-
theoretic phase diagram of the Z 1-form symmetry. The Z 1-form
symmetry is exact when h, =0. (¢c) Z 1-form symmetry
indicator along 4, = 0. (d) Z 1-form symmetry indicator along
h, = 0.2. L is the length of the periodic MPS.

To detect the Z 1-form symmetry, we first solve the
ground states of the quantum Ising chain using the infinite
MPS, from which we can create a periodic finite MPS with
the perimeter L using the tensor of the infinite MPS. We
get the charge configurations by measuring the operators
{Z;Z;,} from the finite periodic MPS. Then, we perform
the simple QEC via the majority vote. An indicator of the
Z 1-form symmetry is simply the expectation value of a
single Z operator from the QEC recovered states.

We first consider the case of the transverse-field Ising
model, i.e. h, = 0. The indicator is shown in Fig. 18(c),
implying that there is an emergent Z 1-form symmetry in
the ferromagnetic phase and there is no emergent Z 1-form
symmetry in the paramagnetic phase. This is consistent
with the analytical results in Ref. [37] and connects to the
product-state limit discussed in the main text.

We also consider the case h, = 0.2. The indicator is
shown in Fig. 18(d), implying that there is always an
emergent Z 1-form symmetry when /4, # 0. Combining
with the analytical analysis at the 1D product-states limit,
we get the information-theoretic phase diagram of the Z
1-form symmetry shown in Fig. 18(b). On one hand, this
example implies that our protocol is not limited to fine-
tuned models. On the other hand, from a physical perspec-
tive it shows that in the (1 4 1)D Z, lattice gauge theory,
the confining regime is defined as the regime &, > 0, and

the Higgs regime is defined as the regime 4, =0 and
h,>1 (h,=0and h, <1 is the deconfined phase).

APPENDIX L: CHECKING THE MODIFIED
DETECTION PROTOCOL FOR PLANAR
GEOMETRIES USING VARIOUS STATES

In this section, to show that the modified indicator
works well as expected, we apply the modified indicator to
various 2D quantum states on the square lattice and to a 1D
SPT model.

2D quantum states. We consider an N x N subsystem A
embedded in the entire system on a cylinder with a size
2N x N [see Fig. 9(a)], where N =38§,10,...,16. For
numerical purposes the cylindrical geometry is beneficial
over the previously discussed planar geometry. The basic
ideas carry over. Figures 19(a)-19(c) show the results of
the modified indicator in the product-state limit h2 + h? =
o (g> + g2 = 1), along the line i, = 2 or the toric code
model in a field, and the line g, = 0.1 of the deformed toric

TC in a field h, =2
®) N

o
N
Ny x Ny, D \}‘~
8 x 8,2 Ll
12 x 12,2 '
o 16 x 16,2

8x8,3
12x 12,3
16 x 16,3

Product state limit

1.4 16 18 2

h.’lf
deformed TC g, = 0.1 1 SPT chain
(c) (d)
o
)
<
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3 z L=8
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FIG. 19. Apply the modified indicator on a subsystem to
various models. (a) Indicator in the 2D product-state limit
(h? + h? = 00 or g2 + g = 1) for various system sizes. (b) In-
dicator along &, = 2 of the toric code model in a field in Eq. (12)
for various system sizes and bond dimensions. The black dashed
lines indicate the transition point from the unmodified indicator
in Fig. 5(d). (c) Indicator along g, = 0.1 of the deformed toric
code model in Eq. (13) for various system sizes. The black and
the green dashed lines mark the numerical and the theoretical
thresholds, respectively. (d) The modified indicator from the 1D
Z, x Z, SPT states in Eq. (L1). The results are obtained from a
finite MPS with a length 2L, and the subsystem size is L. The
finite MPS is constructed from the infinite MPS tensor with a
bond dimension 20.
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code states, respectively. The modified indicators for
different subsystem sizes approximately cross at a single
point which agrees well with the threshold determined
from the indicator evaluated on the torus geometry. A
difference between the modified indicator and the previous
one is that it does not tend to O when the QEC fails, this
problem can be fixed by choosing the size of the subsystem
A to be much smaller than the size of the entire system,
instead of maintaining a constant ratio between the
subsystem size and the entire system size.

1D SPT states. The modified indicator introduced in
Sec. VIII should in principle work for any problem with
a l-form symmetry or a similar structure. Besides the
example of the deformed toric code, we show another
example, which is a family of 1D Z, x Z, SPT states. We
consider the 1D transverse-field cluster model describing a
phase transition between a trivial Z, x Z, SPT phase and a
non-trivial Z, x Z, SPT phase:

H= —(1 - A)ZXI - AzzileiZl?H' (Ll)

The protecting Z, X Z, symmetry is generated by
[1; X2 and []; X5;,1- When A > 0.5 (A < 0.5), it is the
non-trivial (trivial) SPT phase, and the phase transition
point is at A = 0.5. Note that when only allowing the
Z, x Z, symmetric perturbations, the cluster state (the
ground state at A = 1) shares a similar structure as
the usual ferromagnetic Ising chain with the Z 1-form
symmetry, i.e. any symmetric perturbations to the ground
state are generated by Pauli strings of X and excite an even
number of the cluster terms in Eq. (L1) located at the
endpoints of the Pauli-X string. The persistence of such a
structure under any finite-depth symmetric local unitary
perturbation has been previously exploited to probe the
SPT phase transition using RG-type algorithms [35]. Here,
we detect the existence of the symmetry using the modified
indicator based on a global QEC decoder.

To examine the modified indicator for the 1D system,
we approximate the ground state of the Hamiltonian in
Eq. (L1) using the infinite MPS, from which we can create
a periodic finite MPS using the tensor of the infinite MPS.
We get the charge configurations by measuring the
stabilizers Z;_1X;Z; | on the finite MPS. Since the two
Z, symmetries apply on the even and odd sublattices
separately, we separate the charges on the even and odd
sublattices. Then, we do the first QEC by pairing the
charges in the even (odd) sublattice separately. There are
only two classes of inequivalent string operators for
creating the excitations (i.e. the charges) in 1D for each
sublattice, and we choose the one whose total length is the
shortest.

We want to measure the modified indicator discussed
in Sec. VIII. We proceed by performing the second QEC
by considering a bi-partition of the system into two

subsystems, A and B. We remove those charges in A
connected to charges in B by the strings from the first
QEC. After that, we fold the subsystem A into a ring and
apply the second QEC to the folded subsystem A. We
compare the output of the first QEC for charges in A and
the output of the second QEC and calculate the probability
that the two QECs give the same string configuration
connecting the remaining charges in A; see Fig. 19(d). The
modified indicator increases (decreases) to 1 (a number
which is smaller than 1) with the increasing of the size L of
the subsystem A (the whole system size is 2L), which
correctly captures the phase transition of the transverse-
field cluster model. To capture the correct criticality of the
1D SPT phase transition, we have to consider the case that
the subsystem size is much smaller than the total system
size. In Ref. [37], it is proposed that the detection of the 1D
SPT phase transition can be achieved with a standard QEC
requiring an open boundary condition with non-trivial
ground-state degeneracy to encode quantum information.
In contrast, our modified indicator can be applied to
quantum states with any boundary condition.

[1] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett,
Generalized global symmetries, J. High Energy Phys. 02
(2015), 172 (2015).

[2] J. McGreevy, Generalized symmetries in condensed matter,
Annu. Rev. Condens. Matter. Phys. 14, 57 (2023).

[3] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden,
D. S. W. Gould, A. Platschorre, and H. Tillim, Lectures on
generalized symmetries, Phys. Rep. 1051, 1 (2024).

[4] S.D. Pace, C. Zhu, Aés Beaudry, and X.-G. Wen, Gener-
alized symmetries in singularity-free nonlinear o models
and their disordered phases, Phys. Rev. B 110, 195149
(2024).

[5] M. B. Hastings and X.-G. Wen, Quasiadiabatic continu-
ation of quantum states: The stability of topological
ground-state degeneracy and emergent gauge invariance,
Phys. Rev. B 72, 045141 (2005).

[6] A.M. Somoza, P. Serna, and A. Nahum, Self-dual criti-
cality in three-dimensional Z, gauge theory with matter,
Phys. Rev. X 11, 041008 (2021).

[7]1 S.D. Pace and X.-G. Wen, Exact emergent higher-form
symmetries in bosonic lattice models, Phys. Rev. B 108,
195147 (2023).

[8] A. Cherman and T. Jacobson, Emergent 1-form symmetries,
Phys. Rev. D 109, 125013 (2024).

[9] S.D. Pace, Emergent generalized symmetries in ordered
phases and applications to quantum disordering, SciPost
Phys. 17, 080 (2024).

[10] C.D. Batista and Z. Nussinov, Generalized Elitzur’s
theorem and dimensional reductions, Phys. Rev. B 72,
045137 (2005).

[11] Z. Nussinov and G. Ortiz, A symmetry principle for
topological quantum order, Ann. Phys. (N.Y.) 324, 977
(2009).

043006-29


https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1146/annurev-conmatphys-040721-021029
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.1103/PhysRevB.110.195149
https://doi.org/10.1103/PhysRevB.110.195149
https://doi.org/10.1103/PhysRevB.72.045141
https://doi.org/10.1103/PhysRevX.11.041008
https://doi.org/10.1103/PhysRevB.108.195147
https://doi.org/10.1103/PhysRevB.108.195147
https://doi.org/10.1103/PhysRevD.109.125013
https://doi.org/10.21468/SciPostPhys
https://doi.org/10.21468/SciPostPhys
https://doi.org/10.1103/PhysRevB.72.045137
https://doi.org/10.1103/PhysRevB.72.045137
https://doi.org/10.1016/j.aop.2008.11.002
https://doi.org/10.1016/j.aop.2008.11.002

LIU, XU, POLLMANN, and KNAP

PRX QUANTUM 7, 043006 (2026)

[12] D.C. Tsui, H.L. Stormer, and A.C. Gossard, Two-
dimensional magnetotransport in the extreme quantum
limit, Phys. Rev. Lett. 48, 1559 (1982).

[13] R. B. Laughlin, Anomalous quantum hall effect: An incom-
pressible quantum fluid with fractionally charged excita-
tions, Phys. Rev. Lett. 50, 1395 (1983).

[14] A.Y. Kitaev, Fault-tolerant quantum computation by any-
ons, Ann. Phys. (N.Y.) 303, 2 (2003).

[15] M. A. Levin and X.-G. Wen, String-net condensation: A
physical mechanism for topological phases, Phys. Rev. B
71, 045110 (2005).

[16] A. Kitaev, Anyons in an exactly solved model and beyond,
Ann. Phys. (N.Y.) 321, 2 (2006).

[17] X.-G. Wen, Collogquium: Zoo of quantum-topological
phases of matter, Rev. Mod. Phys. 89, 041004 (2017).

[18] X.-G. Wen, Emergent anomalous higher symmetries from
topological order and from dynamical electromagnetic
field in condensed matter systems, Phys. Rev. B 99,
205139 (2019).

[19] A. Kitaev and J. Preskill, Topological entanglement en-
tropy, Phys. Rev. Lett. 96, 110404 (2006).

[20] M. Levin and X.-G. Wen, Detecting topological order in a
ground state wave function, Phys. Rev. Lett. 96, 110405
(2006).

[21] X. Chen, Z.-C. Gu, and X.-G. Wen, Local unitary trans-
Sformation, long-range quantum entanglement, wave func-
tion renormalization, and topological order, Phys. Rev. B
82, 155138 (2010).

[22] K.J. Satzinger, Y.-J. Liu, A. Smith, C. Knapp et al.,
Realizing topologically ordered states on a quantum
processor, Science 374, 1237 (2021).

[23] K. Fredenhagen and M. Marcu, Charged states in z, gauge
theories, Commun. Math. Phys 92, 81 (1983).

[24] M. Marcu, (Uses of) an order parameter for lattice gauge
theories with matter fields, in Lattice Gauge Theory: A
Challenge in Large-Scale Computing (Springer US,
Boston, MA, 1986), pp. 267-278, 10.1007/978-1-4613-
2231-3_25.

[25] E.J. Wegner, Duality in generalized Ising models and phase
transitions without local order parameters, J. Math. Phys.
12, 2259 (1971).

[26] J.B. Kogut, An introduction to lattice gauge theory and
spin systems, Rev. Mod. Phys. 51, 659 (1979).

[27] W.-T. Xu, F. Pollmann, and M. Knap, Critical behavior of
Fredenhagen-Marcu string order parameters at topologi-
cal phase transitions with emergent higher-form sym-
metries, npj Quantum Inf. 11, 74 (2025).

[28] T. A. Cochran, B. Jobst, E. Rosenberg, Y.D. Lensky, G.
Gyawali, N. Eassa, M. Will, A. Szasz, D. Abanin, R.
Acharya et al., Visualizing dynamics of charges and strings
in (24 1)D lattice gauge theories, Nature (London) 642,
315 (2025).

[29] G. Semeghini, H. Levine, A. Keesling, S. Ebadi, T.T.
Wang, D. Bluvstein, R. Verresen, H. Pichler, M.
Kalinowski, R. Samajdar, A. Omran, S. Sachdev, A.
Vishwanath, M. Greiner, V. Vuleti¢, and M. D. Lukin,
Probing topological spin liquids on a programmable
quantum simulator, Science 374, 1242 (2021).

[30] M. Igbal, N. Tantivasadakarn, R. Verresen, S. L. Campbell,
J.M. Dreiling, C. Figgatt, J.P. Gaebler, J. Johansen,

M. Mills, S. A. Moses, J. M. Pino, A. Ransford, M. Rowe,
P. Siegfried, R. P. Stutz, M. Foss-Feig, A. Vishwanath, and
H. Dreyer, Non-Abelian topological order and anyons
on a trapped-ion processor, Nature (London) 626, 505
(2024).

[31] S. Xu et al., Non-Abelian braiding of Fibonacci anyons
with a superconducting processor, Nat. Phys. 20, 1469
(2024).

[32] S.J. Evered, M. Kalinowski, A. A. Geim, T. Manovitz, D.
Bluvstein, S. H. Li, N. Maskara, H. Zhou, S. Ebadi, M. Xu,
J. Campo, M. Cain, S. Ostermann, S.F. Yelin, S. Sachdey,
M. Greiner, V. Vuleti¢, and M. D. Lukin, Probing topo-
logical matter and fermion dynamics on a neutral-atom
quantum computer, arXiv:2501.18554.

[33] M. Will, T. A. Cochran, E. Rosenberg, B. Jobst, N. M.
Eassa, P. Roushan, M. Knap, A. Gammon-Smith, and F.
Pollmann, Probing non-equilibrium topological order on a
quantum processor, arXiv:2501.18461.

[34] 1. Cong, S. Choi, and M. D. Lukin, Quantum convolutional
neural networks, Nat. Phys. 15, 1273 (2019).

[35] E. Lake, S. Balasubramanian, and S. Choi, Exact quantum
algorithms for quantum phase recognition: Renormaliza-
tion group and error correction, PRX Quantum 6, 010350
(2025).

[36] I. Cong, N. Maskara, M. C. Tran, H. Pichler, G. Semeghini,
S. F. Yelin, S. Choi, and M. D. Lukin, Enhancing detection
of topological order by local error correction, Nat. Com-
mun. 15, 1527 (2024).

[37] A. Lavasani and S. Vijay, Stability of gapped quantum
matter and error-correction with adiabatic noise, Phys.
Rev. Res. 7, 023166 (2025).

[38] L.C. Sander, N.A. McMahon, P. Zapletal, and M.J.
Hartmann, Quantum convolutional neural network for
phase recognition in two dimensions, arXiv:2407.04114.

[39] R. Fan, Y. Bao, E. Altman, and A. Vishwanath, Diagnostics
of mixed-state topological order and breakdown of quan-
tum memory, PRX Quantum 5, 020343 (2024).

[40] K. Su, Z. Yang, and C.-M. Jian, Tapestry of dualities in
decohered quantum error correction codes, Phys. Rev. B
110, 085158 (2024).

[41] Z. Weinstein, J. A. Ahmad, D. Podolsky, and E. Altman,
Computational phase transitions in two-dimensional anti-
ferromagnetic melting, arXiv:2407.18405.

[42] 1. Y. Lee, Y.-Z. You, and C. Xu, Symmetry protected topo-
logical phases under decoherence, Quantum 9, 1607 (2025).

[43] N. Seiberg, Field theories with a vector global symmetry,
SciPost Phys. 8, 050 (2020).

[44] M. Qi, L. Radzihovsky, and M. Hermele, Fracton phases
via exotic higher-form symmetry-breaking, Ann. Phys.
(N.Y.) 424, 168360 (2021).

[45] Y.-T. Oh, S.D. Pace, J. H. Han, Y. You, and H.-Y. Lee,
Aspects of Zy rank-2 gauge theory in (2 + 1) dimensions:
Construction schemes, holonomies, and sublattice one-
form symmetries, Phys. Rev. B 107, 155151 (2023).

[46] Y. Choi, Y. Sanghavi, S.-H. Shao, and Y. Zheng, Non-
invertible and higher-form symmetries in 2+ 1D lattice
gauge theories, SciPost Phys. 18, 008 (2025).

[47] H.N. Gabow, Implementation of algorithms for maximum
matching on nonbipartite graphs, Ph.D. dissertation,
Stanford University, Stanford, California, 1973.

043006-30


https://doi.org/10.1103/PhysRevLett.48.1559
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/PhysRevB.71.045110
https://doi.org/10.1103/PhysRevB.71.045110
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1103/RevModPhys.89.041004
https://doi.org/10.1103/PhysRevB.99.205139
https://doi.org/10.1103/PhysRevB.99.205139
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevB.82.155138
https://doi.org/10.1103/PhysRevB.82.155138
https://doi.org/10.1126/science.abi8378
https://doi.org/10.1007/BF01206315
https://doi.org/10.1007/978-1-4613-2231-3_25
https://doi.org/10.1007/978-1-4613-2231-3_25
https://doi.org/10.1063/1.1665530
https://doi.org/10.1063/1.1665530
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1038/s41534-025-01030-z
https://doi.org/10.1038/s41586-025-08999-9
https://doi.org/10.1038/s41586-025-08999-9
https://doi.org/10.1126/science.abi8794
https://doi.org/10.1038/s41586-023-06934-4
https://doi.org/10.1038/s41586-023-06934-4
https://doi.org/10.1038/s41567-024-02529-6
https://doi.org/10.1038/s41567-024-02529-6
https://arXiv.org/abs/2501.18554
https://arXiv.org/abs/2501.18461
https://doi.org/10.1038/s41567-019-0648-8
https://doi.org/10.1103/PRXQuantum.6.010350
https://doi.org/10.1103/PRXQuantum.6.010350
https://doi.org/10.1038/s41467-024-45584-6
https://doi.org/10.1038/s41467-024-45584-6
https://doi.org/10.1103/PhysRevResearch.7.023166
https://doi.org/10.1103/PhysRevResearch.7.023166
https://arXiv.org/abs/2407.04114
https://doi.org/10.1103/PRXQuantum.5.020343
https://doi.org/10.1103/PhysRevB.110.085158
https://doi.org/10.1103/PhysRevB.110.085158
https://arXiv.org/abs/2407.18405
https://doi.org/10.22331/q-2025-01-23-1607
https://doi.org/10.21468/SciPostPhys
https://doi.org/10.1016/j.aop.2020.168360
https://doi.org/10.1016/j.aop.2020.168360
https://doi.org/10.1103/PhysRevB.107.155151
https://doi.org/10.21468/SciPostPhys

INFORMATION-THEORETIC PRINCIPLE OF EMERGENT...

PRX QUANTUM 7, 043006 (2026)

[48] F. Barahona, R. Maynard, R. Rammal, and J.P. Uhry,
Morphology of ground states of two-dimensional frus-
tration model, J. Phys. A 15, 673 (1982).

[49] Z. Galil, Efficient algorithms for finding maximum match-
ing in graphs, ACM Comput. Surv. 18, 23 (1986).

[50] E. Pollmann, A.M. Turner, E. Berg, and M. Oshikawa,
Entanglement spectrum of a topological phase in one
dimension, Phys. Rev. B 81, 064439 (2010).

[51] N. Schuch, D. Pérez-Garcia, and 1. Cirac, Classifying
quantum phases using matrix product states and projected
entangled pair states, Phys. Rev. B 84, 165139 (2011).

[52] X. Chen, Z.-C. Gu, and X.-G. Wen, Complete classification
of one-dimensional gapped quantum phases in interacting
spin systems, Phys. Rev. B 84, 235128 (2011).

[53] R. Verresen, R. Moessner, and F. Pollmann, One-
dimensional symmetry protected topological phases and
their transitions, Phys. Rev. B 96, 165124 (2017).

[54] P. Serna, Aés M. Somoza, and A. Nahum, Worldsheet
patching, 1-form symmetries, and landau* phase transi-
tions, Phys. Rev. B 110, 115102 (2024).

[55] H. Nishimori, Internal energy, specific heat and correlation
Sfunction of the bond-random Ising model, Prog. Theor.
Phys. 66, 1169 (1981).

[56] E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, Topo-
logical quantum memory, J. Math. Phys. 43, 4452 (2002).

[57] J. Vidal, Sébastien Dusuel, and K. P. Schmidt, Low-energy
effective theory of the toric code model in a parallel
magnetic field, Phys. Rev. B 79, 033109 (2009).

[58] FE. Wu, Y. Deng, and N. Prokof’ev, Phase diagram of the
toric code model in a parallel magnetic field, Phys. Rev. B
85, 195104 (2012).

[59] Sébastien Dusuel, M. Kamfor, Ran Orts, K. P. Schmidt, and
J. Vidal, Robustness of a perturbed topological phase,
Phys. Rev. Lett. 106, 107203 (2011).

[60] C. Wang, J. Harrington, and J. Preskill, Confinement-Higgs
transition in a disordered gauge theory and the accuracy
threshold for quantum memory, Ann. Phys. (N.Y.) 303, 31
(2003).

[61] J. Bricmont and J. Frolich, An order parameter distinguish-
ing between different phases of lattice gauge theories with
matter fields, Phys. Lett. B 122, 73 (1983).

[62] J. Haegeman, K. Van Acoleyen, N. Schuch, J. I. Cirac, and
F. Verstraete, Gauging quantum states: From global to
local symmetries in many-body systems, Phys. Rev. X 5§,
011024 (2015).

[63] J. Haegeman, V. Zauner, N. Schuch, and F. Verstraete,
Shadows of anyons and the entanglement structure of
topological phases, Nat. Commun. 6, 8284 (2015).

[64] G.-Y. Zhu and G.-M. Zhang, Gapless Coulomb state
emerging from a self-dual topological tensor-network state,
Phys. Rev. Lett. 122, 176401 (2019).

[65] M. Freedman, C. Nayak, K. Shtengel, K. Walker, and
Z. Wang, A class of P,T-invariant topological phases of
interacting electrons, Ann. Phys. (N.Y.) 310, 428 (2004).

[66] R. Dijkgraaf and E. Witten, Topological gauge theories and
group cohomology, Commun. Math. Phys. 129, 393 (1990).

[67] M. Levin and Z.-C. Gu, Braiding statistics approach to
symmetry-protected topological phases, Phys. Rev. B 86,
115109 (2012).

[68] W.-T. Xu and G.-M. Zhang, Tensor network state approach
to quantum topological phase transitions and their crit-
icalities of Z, topologically ordered states, Phys. Rev. B
98, 165115 (2018).

[69] E. Fradkin and S.H. Shenker, Phase diagrams of lattice
gauge theories with higgs fields, Phys. Rev. D 19, 3682
(1979).

[70] I.S. Tupitsyn, A. Kitaev, N.V. Prokof’ev, and P.C.E.
Stamp, Topological multicritical point in the phase dia-
gram of the toric code model and three-dimensional lattice
gauge Higgs model, Phys. Rev. B 82, 085114 (2010).

[71] W.-T. Xu, T. Rakovszky, M. Knap, and F. Pollmann,
Entanglement properties of gauge theories from higher-
form symmetries, Phys. Rev. X 15, 011001 (2025).

[72] W.-T. Xu, M. Knap, and F. Pollmann, Tensor-network
study of the roughening transition in a (2 + 1)Dz, lattice
gauge theory with matter, Phys. Rev. Lett. 135, 036503
(2025).

[73] K. G. Wilson, Confinement of quarks, Phys. Rev. D 10,
2445 (1974).

[74] U. Borla, R. Verresen, J. Shah, and S. Moroz, Gauging the
Kitaev chain, SciPost Phys. 10, 148 (2021).

[75] M. B. Sahinoglu, D. Williamson, N. Bultinck, M. Marién, J.
Haegeman, N. Schuch, and F. Verstraete, Characterizing
topological order with matrix product operators, Ann.
Henri Poincaré 22, 563 (2021).

[76] J. Y. Lee, W. Ji, Z. Bi, and M. Fisher, Decoding measure-
ment-prepared quantum phases and transitions: From Ising
model to gauge theory, and beyond, arXiv:2208.11699.

[77] N. Tantivasadakarn, A. Vishwanath, and R. Verresen,
Hierarchy of topological order from finite-depth unitaries,
measurement, and feedforward, PRX Quantum 4, 020339
(2023).

[78] E. Eckstein, B. Han, S. Trebst, and G.-Y. Zhu, Robust
teleportation of a surface code and cascade of topological
quantum phase transitions, PRX Quantum 5, 040313
(2024).

[79] R. Verresen, U. Borla, A. Vishwanath, S. Moroz, and R.
Thorngren, Higgs condensates are symmetry-protected topo-
logical phases: I. Discrete symmetries, arXiv:2211.01376.

[80] W.-T. Xu, Q. Zhang, and G.-M. Zhang, Tensor network
approach to phase transitions of a non-Abelian topological
phase, Phys. Rev. Lett. 124, 130603 (2020).

[81] W.-T. Xu, J. Garre-Rubio, and N. Schuch, Complete
characterization of non-Abelian topological phase transi-
tions and detection of anyon splitting with projected
entangled pair states, Phys. Rev. B 106, 205139 (2022).

[82] A. Schotte, G. Zhu, L. Burgelman, and F. Verstraete,
Quantum error correction thresholds for the universal
Fibonacci Turaev-Viro code, Phys. Rev. X 12, 021012
(2022).

[83] L. Haller, W.-T. Xu, Y.-J. Liu, and F. Pollmann, Quantum
phase transition between symmetry enriched topological
phases in tensor-network states, Phys. Rev. Res. 5, 043078
(2023).

[84] Y.-J. Liu, K. Shtengel, and F. Pollmann, Simulating two-
dimensional topological quantum phase transitions on a
digital quantum computer, Phys. Rev. Res. 6, 043256
(2024).

043006-31


https://doi.org/10.1088/0305-4470/15/2/033
https://doi.org/10.1145/6462.6502
https://doi.org/10.1103/PhysRevB.81.064439
https://doi.org/10.1103/PhysRevB.84.165139
https://doi.org/10.1103/PhysRevB.84.235128
https://doi.org/10.1103/PhysRevB.96.165124
https://doi.org/10.1103/PhysRevB.110.115102
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1063/1.1499754
https://doi.org/10.1103/PhysRevB.79.033109
https://doi.org/10.1103/PhysRevB.85.195104
https://doi.org/10.1103/PhysRevB.85.195104
https://doi.org/10.1103/PhysRevLett.106.107203
https://doi.org/10.1016/S0003-4916(02)00019-2
https://doi.org/10.1016/S0003-4916(02)00019-2
https://doi.org/10.1016/0370-2693(83)91171-1
https://doi.org/10.1103/PhysRevX.5.011024
https://doi.org/10.1103/PhysRevX.5.011024
https://doi.org/10.1038/ncomms9284
https://doi.org/10.1103/PhysRevLett.122.176401
https://doi.org/10.1016/j.aop.2004.01.006
https://doi.org/10.1007/BF02096988
https://doi.org/10.1103/PhysRevB.86.115109
https://doi.org/10.1103/PhysRevB.86.115109
https://doi.org/10.1103/PhysRevB.98.165115
https://doi.org/10.1103/PhysRevB.98.165115
https://doi.org/10.1103/PhysRevD.19.3682
https://doi.org/10.1103/PhysRevD.19.3682
https://doi.org/10.1103/PhysRevB.82.085114
https://doi.org/10.1103/PhysRevX.15.011001
https://doi.org/10.1103/3lxj-dx76
https://doi.org/10.1103/3lxj-dx76
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.21468/SciPostPhys
https://doi.org/10.1007/s00023-020-00992-4
https://doi.org/10.1007/s00023-020-00992-4
https://arXiv.org/abs/2208.11699
https://doi.org/10.1103/PRXQuantum.4.020339
https://doi.org/10.1103/PRXQuantum.4.020339
https://doi.org/10.1103/PRXQuantum.5.040313
https://doi.org/10.1103/PRXQuantum.5.040313
https://arXiv.org/abs/2211.01376
https://doi.org/10.1103/PhysRevLett.124.130603
https://doi.org/10.1103/PhysRevB.106.205139
https://doi.org/10.1103/PhysRevX.12.021012
https://doi.org/10.1103/PhysRevX.12.021012
https://doi.org/10.1103/PhysRevResearch.5.043078
https://doi.org/10.1103/PhysRevResearch.5.043078
https://doi.org/10.1103/PhysRevResearch.6.043256
https://doi.org/10.1103/PhysRevResearch.6.043256

LIU, XU, POLLMANN, and KNAP

PRX QUANTUM 7, 043006 (2026)

[85] J. Boesl, Y.-J. Liu, W.-T. Xu, F. Pollmann, and M. Knap,
Quantum phase transitions between symmetry-enriched
fracton phases, Phys. Rev. B 112, 125152 (2025).

[86] Y.-J. Liu, W.-T. Xu, F. Pollmann, and M. Knap, Information-
theoretic principle of emergent 1-form symmetries,10.5281/
zenodo.17652054 (2025).

[87] S. Sang, Y. Zou, and T.H. Hsieh, Mixed-state quantum
phases: Renormalization and quantum error correction,
Phys. Rev. X 14, 031044 (2024).

[88] A. Honecker, M. Picco, and P. Pujol, Universality class of
the Nishimori point in the 2D + 1] random-bond Ising
model, Phys. Rev. Lett. 87, 047201 (2001).

[89] G.-Y. Zhu, N. Tantivasadakarn, A. Vishwanath, S. Trebst,
and R. Verresen, Nishimori’s cat: Stable long-range en-
tanglement from finite-depth unitaries and weak measure-
ments, Phys. Rev. Lett. 131, 200201 (2023).

[90] T. Chen, E. Guo, W. Zhang, P. Zhang, and Y. Deng, Tensor
network Monte Carlo simulations for the two-dimensional
random-bond Ising model, Phys. Rev. B 111, 094201
(2025).

[91] P. Corboz, Variational optimization with infinite projected
entangled-pair states, Phys. Rev. B 94, 035133 (2016).

[92] L. Vanderstraeten, J. Haegeman, P. Corboz, and F. Verstraete,
Gradient methods for variational optimization of projected
entangled-pair states, Phys. Rev. B 94, 155123 (2016).

[93] J. Hasik, G. B. Mbeng, W.-L. Tu, S.-S. Diop, S. Niu, Y. Xi
et al., Peps-torch: A differentiable tensor network library
for two-dimensional lattice models (2020), https://github.co
m/jurajHasik/peps-torch.

[94] S.-K. Chu, G. Zhu, and A.V. Gorshkov, Entanglement
renormalization circuits for chiral topological order,
arXiv:2304.13748.

[95] Y.-J. Liu, A. Smith, M. Knap, and F. Pollmann, Model-
independent learning of quantum phases of matter with
quantum convolutional neural networks, Phys. Rev. Lett.
130, 220603 (2023).

[96] X. Chen, Z.-X. Liu, and X.-G. Wen, Two-dimensional
symmetry-protected topological orders and their protected
gapless edge excitations, Phys. Rev. B 84, 235141 (2011).

[97] C.-Y. Huang and T.-C. Wei, Detecting and identifying two-
dimensional symmetry-protected topological, symmetry-
breaking, and intrinsic topological phases with modular
matrices via tensor-network methods, Phys. Rev. B 93,
155163 (2016).

043006-32


https://doi.org/10.1103/fsr8-xd4n
https://doi.org/10.5281/zenodo.17652054
https://doi.org/10.5281/zenodo.17652054
https://doi.org/10.1103/PhysRevX.14.031044
https://doi.org/10.1103/PhysRevLett.87.047201
https://doi.org/10.1103/PhysRevLett.131.200201
https://doi.org/10.1103/PhysRevB.111.094201
https://doi.org/10.1103/PhysRevB.111.094201
https://doi.org/10.1103/PhysRevB.94.035133
https://doi.org/10.1103/PhysRevB.94.155123
https://github.com/jurajHasik/peps-torch
https://github.com/jurajHasik/peps-torch
https://arXiv.org/abs/2304.13748
https://doi.org/10.1103/PhysRevLett.130.220603
https://doi.org/10.1103/PhysRevLett.130.220603
https://doi.org/10.1103/PhysRevB.84.235141
https://doi.org/10.1103/PhysRevB.93.155163
https://doi.org/10.1103/PhysRevB.93.155163

	Information-Theoretic Principle of Emergent 1-Form Symmetries
	I. INTRODUCTION
	II. FROM CONVENTIONAL GLOBAL SYMMETRIES TO 1-FORM SYMMETRIES
	III. EMERGENT 1-FORM SYMMETRIES AND LONG-RANGE ENTANGLEMENT: ILLUSTRATIVE EXAMPLE OF PRODUCT STATES
	A. Product states in one dimension
	B. Product states in two dimensions

	IV. AN INFORMATION-THEORETIC CRITERION FOR THE EXISTENCE OF THE 1-FORM SYMMETRY
	A. Emergent 1-form symmetries and post-measurement long-range entanglement
	B. Connection to quantum error correction

	V. DETECTION OF EMERGENT 1-FORM SYMMETRIES: TORIC CODE IN A FIELD
	VI. DETECTION OF 2D TOPOLOGICAL QUANTUM PHASE TRANSITIONS
	A. Outline of the protocol
	B. Results for the toric code model in a field

	VII. BENCHMARKING THE ACCURACY OF THE PROTOCOL WITH DEFORMED TORIC CODE STATES IN (2+0)D
	VIII. MODIFIED DETECTION PROTOCOL FOR EMERGENT 1-FORM SYMMETRIES IN PLANAR GEOMETRIES
	IX. EMERGENT 1-FORM SYMMETRIES AND PARTICLE CONDENSATION
	X. CONCLUSION AND OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: CONSTRUCTING THE DRESSED 1-FORM SYMMETRY OPERATORS
	APPENDIX B: THE Z 1-FORM SYMMETRY OF 2D PRODUCT STATES
	APPENDIX C: POST-MEASUREMENT STATES OF THE 2D PRODUCT STATES
	APPENDIX D: NUMERICAL ALGORITHM FOR DETECTING EMERGENT 1-FORM SYMMETRIES
	APPENDIX E: THE Z 1-FORM SYMMETRY IN THE DEFORMED TORIC CODE STATES ALONG THE gz=0
	APPENDIX F: EQUIVALENCE BETWEEN THE FM STRING ORDER PARAMETER AND THE DISORDER PARAMETER MEASURED FROM QEC RECOVERED STATES
	APPENDIX G: RENORMALIZATION GROUP ALGORITHM
	APPENDIX H: THE PERFORMANCE OF THE GLOBAL MWPM DECODER AND A LOCAL DECODER
	APPENDIX I: APPLYING THE PROTOCOL ON A DEFORMED TORIC CODE
	APPENDIX J: APPLYING THE PROTOCOL ON TRANSITION BETWEEN TC AND THE DOUBLE-SEMION PHASE
	APPENDIX K: APPLYING THE PROTOCOL TO THE ISING CHAIN
	APPENDIX L: CHECKING THE MODIFIED DETECTION PROTOCOL FOR PLANAR GEOMETRIES USING VARIOUS STATES
	References


