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The eigenstate thermalization hypothesis (ETH) was developed as a framework for understanding how
the principles of statistical mechanics emerge in the long-time limit of isolated quantum many-body
systems. Since then, ETH has shifted the attention toward the study of matrix elements of physical
observables in the energy eigenbasis. In this work, we revisit recent developments leading to the
formulation of full ETH, a generalization of the original ETH ansatz that accounts for multi-point
correlation functions. Using tools from free probability, we explore the implications of local rotational
invariance, a property that emerges from the statistical invariance of observables under random basis
transformations induced by small perturbations of the Hamiltonian. This approach allows us to make
quantitative predictions and derive an analytical characterization of subleading corrections to matrix-
element correlations, thereby refining the ETH ansatz. Moreover, our analysis links the statistical
properties of matrix elements under random basis changes to the empirical averages over energy windows
that are usually considered when dealing with a single instance of the ensemble. We validate our analytical
predictions through comparison with numerical simulations in non-integrable Floquet systems.
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I. INTRODUCTION

The eigenstate thermalization hypothesis (ETH) was
introduced as a natural extension of ideas from quantum
chaos, typicality, and random matrix theory (RMT) to
explain thermalization in isolated quantum systems [1–7].
In the quantum chaos community, it is common to model
deterministic systems as effectively random. In this spirit,
the Bohigas-Giannoni-Schmit conjecture established that
quantum chaotic systems exhibit eigenvalue statistics
consistent with RMT [8]. Beyond spectral properties,
quantum chaos also manifests in the statistics of eigen-
states. According to Berry’s random wave conjecture,
eigenfunctions of chaotic systems HjEii ¼ EijEii behave
as superpositions of plane waves with Gaussian-distributed
amplitudes and random phases [9,10].
Building on these foundations, ETH focuses on the

matrix elements of few-body observables in the energy
eigenbasis, Aij ¼ hEijAjEji. It has been proposed that
these matrix elements can be regarded as random varia-
bles: the average of the diagonal elements varies smoothly

with energy and reproduces thermal expectation values,
while the off-diagonal elements have zero mean and an
energy-dependent variance [3,4]. These small fluctua-
tions can be viewed as arising from a fictitious ensemble
of infinitesimally perturbed systems, effectively intro-
ducing randomness through the arbitrary mixing of
nearby eigenstates, without altering the relevant physical
properties at the scales of interest in statistical mechan-
ics [5]. ETH connects the statistical properties of the
matrix elements to the thermal behavior of A, thereby
explaining thermalization in isolated chaotic systems.
Randomness emerges as the underlying mechanism:
subject to the constraint of preserving a minimal struc-
ture in energy, the chaotic eigenstates are otherwise as
random as possible, encoding the microcanonical
ensemble [4,11–16].
Recent developments have extended the standard ETH

framework by studying higher-order correlations among
matrix elements [17]. These correlations are now known to
play a crucial role in determining quantities such as out-of-
time-order correlators (OTOCs) and have been investi-
gated in different contexts, ranging from condensed matter
[18–23] to high energy physics [24–31]. The full ETH [17]
states the following expression, for products with distinct
indices i1 ≠ � � � ≠ in:

Ai1i2 � � �Aini1 ¼ D1−n
Eþ FðnÞ

eþ ðω1; � � � ;ωnÞ þOðD2−n
Eþ Þ; (1a)
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where FðnÞ are some smooth functions of the energy
differences ωα ¼ Eiα − Eiαþ1

and of the mean energy
density eþ ¼ Eþ=L ¼ ðEi1 þ � � � þ EinÞ=nL, with L the
system size. They are commonly known as ETH smooth
functions and are related to the Fourier transforms of
higher-order connected thermal correlation functions.
DEþ ¼ eSðEþÞ is the density of states at the average energy,
with S macroscopic entropy. When indices are repeated,
the average of the products factorizes, at the leading order
in the density of states DEþ , as

Ai1i2 � � �Aim−1i1Ai1imþ1
� � �Aini1

≈ Ai1i2 � � �Aim−1i1 Ai1imþ1
� � �Aini1 : (1b)

Remarkably, it has been recognized that this ansatz can
be reformulated within the mathematical framework of
free probability theory [32,33]. The latter generalizes
classical probability to non-commuting variables by
replacing the notion of statistical independence with
freeness [34–36]. Specifically, it introduces powerful tools
for understanding the statistical properties of large matri-
ces, such as those that arise in chaotic quantum systems.
Recasting ETH in this language has led to several con-
ceptual developments [20,37–41], including the intriguing
proposal that, in ergodic systems, local observables at
different times become freely independent in the long-time
limit [42–47].
In this work we further develop the principle of local

rotational invariance, which originally motivated the
formulation of the full ETH [48]. On the one hand, we
clarify in detail how the full ETH emerges from local
rotational invariance; on the other hand, pursuing this goal
also provides a quantitative characterization of the sub-
leading corrections to Eq. (1), which were only partially
discussed in [17].
Rotational invariance can be realized at different levels.

In its simplest implementation, basis transformations are
taken to be global: the probability distribution of the
Hamiltonian remains unchanged under arbitrary unitary
transformations [49], leading to completely random eigen-
vectors uniformly distributed on the unit sphere [50,51].
Consequently, the statistical properties of A remain invari-
ant under random global unitary rotations. In realistic
Hamiltonians, however, randomness emerges only locally
in energy: eigenstates exhibit random-like fluctuations on
small energy scales while preserving smooth variations
and physical structure across the spectrum [52–57]. This
observation motivated refined RMT models, such as
banded random matrix ensembles, where randomness is
restricted to nearby energy levels [58,59]. Within these
models, the statistical properties of observables remain
invariant only under local unitary transformations, provid-
ing a more faithful statistical description of chaotic
many-body systems. The transition from global to local

rotational invariance can thus be viewed as a refinement of
the ETH paradigm [17]: the global case represents the
featureless random limit, while the local version incorpo-
rates energy structure. This hierarchical picture provides a
controlled approach to study the internal structure of ETH
and to explicitly evaluate its first subleading corrections,
which naturally emerge in terms of local free cumulants
[60], as we aim to show in this work. These corrections are
compatible with the postulates of structured random
matrices introduced in [60] beyond the leading order.

A. Motivation and main results

Before entering the technical development, we summa-
rize here the physical idea behind our approach and our
main results.
a. Local rotational invariance and the ensemble Uloc.

Our starting point is the physical observation that the
observable statistical properties that are relevant for
thermalization should not change if we slightly perturb
the Hamiltonian in a way that only reshuffles eigenstates
that are close in energy. Indeed, mesoscopic physics is
expected to be insensitive to such small perturbations,
which mix only nearby eigenvectors while leaving the
smooth, coarse-grained structure of the spectrum intact.
This expectation is encoded in the principle of local
rotational invariance [48]: an observable A in the energy
eigenbase shares its statistical properties with a version
AU ¼ U†

locAUloc rotated by a random unitary that acts only
locally in energy,

A ∼ AU; Uloc ¼ ⨁
k
UðIkÞ: (2)

Each UðIkÞ is an independent Haar-random unitary that
mixes only the states inside a small energy window of
width Δ, centered on a mesoscopic energy Ei. Such a
window is described by a function δΔðEi − EαÞ, either a
sharp box or a smoothed profile peaked around Ei, as
illustrated in Fig. 1(a), so that the number of states it
contains isDi ¼

P
α δΔðEi − EαÞ ≃ eSðEiÞ. Averaging over

Uloc reshuffles the matrix elements of A only locally in
energy, while preserving a hierarchy of correlations.
b. Main results. In this work, we compute averages of

products of matrix elements, such as those appearing in
Eq. (1). Local rotational invariance allows these quantities
to be computed as ensemble averages over the correspond-
ing unitaries (2). Carrying out this calculation yields the
full ETH ansatz, showing that local rotational invariance
provides the underlying principle governing the structure
of the correlations encoded in ETH. The explicit evalu-
ation further leads to the following results:
(1) the definition of the smooth ETH functions in terms

of global matrix quantities, which make the energy
dependence of matrix elements explicit;
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(2) the definition of the empirical averages entering the
ETH ansatz. While the derivation relies on ensem-
ble averages over random rotations, these averages
ultimately admit a precise formulation in terms of
matrix elements of a single deterministic operator.

(3) the identification of subleading corrections to the
ETH factorization;

These are our main results.
The simplest example: the standard ETH. In this para-

graph, we illustrate these results on the simplest examples
at first and second order, which correspond to the standard
ETH ansatz [4,7].
When the indices are distinct, the average over the local

rotational invariant ensemble gives smooth functions of the
energies (result 1.) as

AU
ii ðEiÞ ¼ Trðσ̂Ei

AÞ≡ K1ðEiÞ; (3a)

AU
ijA

U
jiðEi; EjÞ ≃ Trðσ̂Ei

A σ̂Ej
AÞ − ½Trðσ̂Ei

AÞ�2 σðEi − EjÞ
≡ K2ðEi; EjÞ; (3b)

where σ̂E ¼ P
α
δΔðE−EαÞ

DE
jαihαj is a normalized microca-

nonical projector peaked around the energy E, and
σðEi − EjÞ ¼ δΔðEi − EjÞ=DEi

. In this way we obtain
energy-resolved moments of A, i.e. traces projected onto
the energy windows, which define the smooth functions of

the energy K1ðEÞ ¼ Fð1Þ
e and K2ðE1; E2Þ ¼ Fð2Þ

eþ ðωÞ=DEþ
[using the notation in Eq. (1)].
Furthermore, we note that, for i ≠ j, we can rewrite

Eq. (3b) as

AU
ijA

U
ji ≃

X
α≠β

Aαβ
δΔðEi − EαÞ

Di
Aβα

δΔðEj − EβÞ
Dj

: (4)

As we discuss below, this shows that ETH averages can
be interpreted as averages over small energy windows of a
single realization of the operator, the empirical averages
entering the ETH ansatz (result 2.).
Finally, when some indices are repeated, the average of

thematrix elements factorizes into products of these smooth
functions, plus a subleading correction (result 3.); the
simplest instance is the diagonal two-point function

AU
iiA

U
ii ðEiÞ ≃ AU

ii ðEiÞAU
ii ðEiÞ þ AU

ijA
U
jiðEi; EiÞ; (5)

where the first term is the factorization and the second, of
relative order 1=D, is the subleading correction. As we
explain better below, the latter encodes a nontrivial gluing
of leading contributions, mechanism that generates higher-
order correlations, although constrained to equal-energy
sectors. Equation (5) is the well-known statement that the
variance of the diagonal matrix elements is fixed by the off-
diagonal ones at zero frequency [7]. Indeed, the subleading
contribution is already present in the standard ETH, but
missing in the usual higher-order formulations. One of the
goals of this paper is to extend these results to arbitrary
orders, thereby filling a structural gap in the full ETH
framework.
The general result. We now show how the results above

hold at arbitrary order.
For an all-distinct cyclic product (a simple loop), the

average is a single smooth function of the energies,

(a) (b) (c)

FIG. 1. Pictorial summary. (a) The local rotational ensemble Uloc: a random unitary with block structure (left) or with a smoothed/
banded structure in energy (right). Only theDi states within an energy window of widthΔ around each mesoscopic energy Ei are mixed
by a matrix of the ensemble. This window is described by the function δΔðEi − EαÞ, which may take the form of a sharp box or a
smooth profile. (b) Products of matrix elements, such as AiiAii and AijAjiAiiAii, are represented by blue diagrams on n points, where
repeated indices are connected by blue lines. This uniquely fixes π, identified by the associated diagram on the red edges. (c) Leading
factorization and subleading corrections of correlations with repeated indices [cf. Eq. (9)]. The leading contribution is determined by π
and given by the product over its blocks of smooth functions evaluated at the energies labeling the nodes. Subleading corrections are
obtained from diagrams τ formed by merging two blocks of π. Top row: k ¼ 2 factorization in Eq. (5). Bottom row: k ¼ 4 factorization
in Eq. (8).
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AU
i1i2

AU
i2i3

� � �AU
ini1

≃ KnðEi1 ; � � � ; EinÞ; (6)

which extends Eqs. (3a)–(3b) to arbitrary n. We will be
able to write the smooth functions Kn in terms of moments
of A resolved in energies by microcanonical projectors σ̂E,
and to show that these expressions are local free cumulants
[60], directly connected to operator valued free probability.
These provide a natural definition of the ETH smooth

functions, FðnÞ
eþ ðÞ ¼ limN→∞Dn−1

Eþ KnðÞ in terms of global
matrix quantities.
A key outcome is that the ensemble averages coincide

with empirical averages of a single, fixed operator over
small energy windows. Using A ∼ AU and self-averaging,
the diagrams with distinct indices read

AU
i1i2

� � �AU
ini1

≃
X

α1≠���≠αn
Aα1α2

δΔðEi1 − Eα1Þ
Di1

� � �

� � �Aαnα1

δΔðEin − EαnÞ
Din

; (7)

thus generalizing Eq. (4). The right-hand side involves
only the matrix elements of the fixed operator A, summed
over normalized energy windows around Ei1 ; � � � ; Ein : the
ensemble randomness is replaced by a smoothing over
small energy windows of a single deterministic matrix.
Nicely, this provides the standard recipe used to extract
ETH functions numerically, and it extends to repeated
indices by smoothing only over the distinct ones.
The factorization at repeated indices, together with its

subleading corrections, also admits a simple interpretation
as a generalization of the mechanism already highlighted
in Eq. (5). At the fourth order, for instance,

AU
ijA

U
jiA

U
iiA

U
ii ≃ AU

ijA
U
jiðEi; EjÞAU

ii
2ðEiÞ

þ AU
ijA

U
jiðEi; EjÞAU

ilA
U
li ðEi; EiÞ

þ 2AU
ii ðEiÞAU

ijA
U
jkA

U
kiðEi; Ej; EiÞ; (8)

that is, a leading factorization followed by subleading
corrections built from products with one more distinct
index, evaluated at equal mesoscopic energies.
This mechanism can be understood pictorially from

Figs. 1(b)–1(c). Firstly, we associate to each product of
matrix elements a diagram π, as illustrated in Fig. 1(b) for
the examples of Eqs. (5) and (8). The matrix elements are
represented by blue dots, joined by a blue line whenever
their indices coincide, while the diagram π is read off from
the red edges.
We focus on products for which this diagram is non-

crossing and show that the average reads

½AU
i1i2

� � �AU
ini1

�π ≃ KπðfEgÞ|fflfflfflfflffl{zfflfflfflfflffl}
factorization

þ
X
τ

KτðfEgÞ
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

subleading

: (9)

The leading term Kπ is read directly from the diagram π
[Fig. 1(c), left]: it is given by the product of smooth
functions Kn, with one factor for each block of π,
evaluated at the energies associated with the dots in that
block. The subleading corrections arise from diagrams τ
obtained by merging two blocks of π [Fig. 1(c), right];
each Kτ is again a product of smooth functions. For
instance, at k ¼ 2 [top row of Figs. 1(b)–1(c)] the diagram
of AU

iiA
U
ii has two blocks, yielding the factorization

½K1ðEiÞ�2 ¼ AU
ii
2ðEiÞ. Merging them gives the single

correction K2ðEi; EiÞ ¼ AU
ijA

U
jiðEi; EiÞ, which reproduces

Eq. (5). In the body of the work, we will show that this
procedure has a precise mathematical formulation and that
π and τ are naturally organized on the lattice of non-
crossing partitions, appearing in free probability.
Strategy of the paper. To build intuition, we begin with

the simplest case of global rotational invariance, i.e. a
single global Haar rotation acting on all matrix elements.
This corresponds to taking a single block of size D, equal
to the full Hilbert space dimension, in Uloc. This toy model
already captures the factorization properties and the
structure of the subleading corrections, but is blind to
any energy dependence: in this case the local free
cumulants reduce to the normalized free cumulants of
the observable A, KnðÞ ¼ κn=Dn−1, independent of energy.
We then refine this construction to local rotational invari-
ance, which restores energy dependence and, crucially,
yields the smooth energy dependence of the ETH
functions.

B. Paper’s structure

The rest of the manuscript is organized as follows. In
Sec. II we present in detail the idea of global and local
rotational invariance; we briefly review Weingarten cal-
culus for the calculation of averages of products of matrix
elements, and key concepts of free probability. The next
four sections contain the bulk of our new results:

(i) Section III: we start by the simplest toy model of
global rotational invariance; we derive a closed
formula for the leading and subleading contribu-
tions; those can be read in terms of free cumulants
on the lattice of non-crossing partitions.

(ii) Section IV: we consider the second toy model with
local rotational invariance, which allows us to
improve the closed formula from the global case
by incorporating the energy dependence; we trans-
late the corresponding quantities from standard free
cumulants to local free cumulants, related to oper-
ator-valued free probability.
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(iii) Section V: these findings lead us to define empirical
averages over small energy windows for the fixed
matrix A and to directly link the smooth functions of
ETH and local free cumulants. In this way, we gain
back ETH and the first subleading correction to the
factorization of the diagrams.

(iv) Section VI provides numerical tests conducted in a
many-body non-integrable Floquet system, demon-
strating strong agreement with our theoretical pre-
dictions.

In Sec. VII we conclude and discuss the implications of
our work, with an outlook on future directions suggested
by the principle of local rotational invariance and possible
applications of the subleading corrections.
There are several appendices. In Appendix A we

introduce additional concepts from free probability that
complement the ones in the main text. We then discuss the
detailed calculations through Weingarten calculus in
Appendixes B and C, respectively for global and local
rotational invariance. In Appendix D we link the results
obtained from local rotational invariance to operator-
valued free probability. An alternative approach to free
probability, based on the Harish-Chandra–Itzykson-Zuber
integral, is discussed in Appendix E, while Appendix F
presents additional numerical analyses. In Appendix G we
show how the subleading corrections discussed in this
paper determine the late-time plateau of thermal free
cumulants [32], providing a quantitative characterization
of long-time freeness in chaotic dynamics.

II. RANDOM BASIS TRANSFORMATIONS

In this work we study the matrix elements of some
observable A in a randomly rotated basis by studying
correlations between the entries of AU ¼ U†AU with U a
unitary matrix drawn from an ensemble that we will
specify. The basic assumption is to look at a single matrix
A in the basis of the Hamiltonian and assume that it is
characterized by global or local rotational invariance.
With this we mean that A shares the statistical properties
with a globally or locally rotated version:

A ∼ AU ¼ U†AU; (10)

where U can be a Haar distributed random unitary matrix,
as the one in Fig. 2(a), or a banded random unitary
characterized by a local structure in energy, such as the
block diagonal matrix in Fig. 2(b) or its smoothed version
in Fig. 2(c). Moments of A are clearly equal to those of AU

as they depend only on the spectral properties of the
matrix. In the context of local rotational invariance we will
encounter generalized moments, and we will assume that
in the large size limit these moments of A equal those of
AU , and that in particular these quantities are self-averag-
ing, namely that a single realization of the matrix equals
the result on average.

Random matrix theory and free probability provide a
framework for evaluating matrix elements’ n–th moments

AU
i1j1

� � �AU
injn

, which are the interest of ETH. We explicitly
keep the dependence on U to emphasize that we are
averaging over an ensemble of random matrices, assuming
A ∼ AU . The empirical averages performed on the matrix
elements of a fixed observable A will be discussed in
Sec. V. We now define the different toy models that we will
consider.
In the first toy model U ¼ U is a structureless random

unitary, and the observable AU possesses global rotational
invariance. Therefore, AU

ij ¼
P

ī;j̄ U
�̄
iiAī j̄Uj̄j with U

sampled by the Haar ensemble. The matrix elements’
nth moments follow as

AU
i1j1

� � �AU
injn

¼
X
ī1 ���īn
j̄1 ���j̄n

U�̄
i1i1

� � �U�̄
inin

Uj̄1j1 � � �Uj̄njn Aī1 j̄1 � � �Aīnj̄n :
(11)

The statistical properties of the Haar ensemble are
known exactly and can be expressed compactly using
the Weingarten calculus, which follows from the Schur-
Weyl duality and Schur’s lemma, allowing unitary invar-
iants to be written in terms of permutation operators as [61]

U�̄
i1i1

� � �U�̄
inin

Uj̄1j1 � � �Uj̄njn

¼
X

α;β∈Sn

Wgα;βðDÞδiαð1Þ;j1 � � � δiαðnÞ;jnδīβð1Þ;j̄1 � � � δīβðnÞ;j̄n ;

(12)

with Wgα;βðDÞ ¼ Wgðα−1β; DÞ Weingarten matrix for
α; β permutations in the symmetric group of n elements
Sn. D is the dimension of the matrix A i.e., the Hilbert
space dimension. Further discussion of the Weingarten
function will be given in Appendix B.

FIG. 2. Illustrative examples of the random matrix U in
Eq. (10), employed to rotate the observable A. Different refined
toy models for deriving ETH are shown. In (a) the matrix U is a
global Haar unitary matrix, so that A exhibits consequently
global rotational invariant. Local rotational invariance is
achieved by incorporating a local structure, as in (b) and (c):
in (b) the matrix U is composed of disjoint blocks of independent
Haar unitaries, each acting only on a local interval of states. The
last more refined toy model in (c) is a smoothed version of the
previous one, see Sec. II for discussion.
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A different approach based on an explicit formula for
the generating function of the matrix elements, the (low
rank limit of the) Harish-Chandra-Itzykson-Zuber integral,
is discussed in Appendix E.
The second toy model takes into account that A remains

invariant under local basis transformations i.e. reshufflings
of its elements restricted to local neighborhoods in energy.
We consider U ¼ Uloc to have local structure in the energy
of the Hamiltonian, i.e. HjEii ¼ EijEii. We divide the
total energy range in M disjoint intervals, I1 � � � IM. The
size of each interval, in terms of energy, is denoted by Δ,
and intuitively all states in the same block are associated
with the same mesoscopic energy. Considering a generic
interval I, whichever i∈ I can be taken as representative of
the associated mesoscopic energy that we therefore label
by the state, as Ei. The number of states of I, that we call
Di, is defined as

Di ≡
X
α∈ I

1 ¼
X
α

δΔðEi − EαÞ ≃ eSðEiÞ; (13)

where the δΔðEi − EαÞ selects states within the block I to
which i belongs, as a sharp box, and eSðEiÞ is the density of
states at energy Ei, with S the macroscopic entropy. One
can therefore define a matrix UðIÞ for each interval I, as a
block-sparse matrix with a single random unitary block of
size Di ×Di, supported on the indices I. Globally, as
depicted in Fig. 2(b),

Uloc ¼ ⨁
M

k¼1

UðIkÞ (14)

whereUðIkÞ are independent. As a consequence, the locally
rotated matrix is

AU
ij ¼ ðU†

locAUlocÞij ¼
X
ī∈ I
j̄∈ J

UðIÞ�
īi Aī j̄U

ðJÞ
j̄j ; (15)

where now UðIÞ and UðJÞ are independent Haar unitaries
for the blocks I and J respectively: the rotation is made
locally around the energies of the states i and j. The matrix
elements’ nth moments for locally rotated matrices are

AU
i1j1

� � �AU
injn

¼
X

ī1 ∈ I1 ���īn ∈ In
j̄1 ∈ J1 ���j̄n ∈ Jn

UðI1Þ�
ī1i1

� � �UðInÞ�
īnin

UðJ1Þ
j̄1j1

� � �UðJnÞ
j̄njn

Aī1 j̄1 � � �Aīnj̄n :

(16)

Differently from the case of global rotational invariance,
one must account for the fact that the matrices are random
unitaries only on the associated set of indices. Therefore,
Eq. (12) cannot be applied directly; however, Weingarten
calculus can still be used by appropriately coupling

matrices on different intervals. One clearly retrieves the
global Haar case for a single interval M ¼ 1 with a flat
δΔðÞ ¼ 1 in Eq. (13).
This minimal toy model, although convenient for

analytical computations, exhibits intrinsic discontinuities,
since indices i and j that are close in energy may still
belong to distinct blocks I and J. Nevertheless, it has a
natural counterpart that can be schematically related to the
banded unitary shown in Fig. 2(c). Indeed, its formulation
allows one to generalize the minimal model into a
smoothed version by considering δΔðÞ as peaked around
Ei for each state i with a characteristic width Δ. Moving
from the sharp to the smoothed function yields a refined
version of the local rotational invariance model.
In the next sections, Eqs. (11) and (16) will be evaluated

explicitly through Weingarten calculus, and products of
matrix elements will be given in terms of free cumulants.
Since these concepts are essential to explain our results, we
briefly review in the next paragraph the basic elements of
free probability theory.

A. Key concepts of free probability

Free probability is an extension of traditional probability
theory to non-commuting variables, such as random
matrices. Originating in planar field theory [62–64], free
probability has recently played a role in many branches of
many-body physics, such as quantum information theory
[65], tensor networks [66–69], disordered systems [70–75],
and gravity [76–80].
This section provides a concise introduction to the aspects

of free probability theory required to understand the main
results of this paper, focusing on its combinatorial formu-
lation. Additional material is presented in Appendix A,
where we provide a more standard mathematical introduc-
tion to free probability and a brief overview of operator-
valued free probability. The latter extends free probability to
variables with additional structure, such as block random
matrices, and as we show below, some of the structures
emerging from our analysis admit a natural interpretation
within this framework.
For a more comprehensive treatment of free probability

theory, see Refs. [81–83].
In Fig. 3 some examples of the main concepts are

illustrated.
a. Partitions. In order to describe the combinatorics of

free probability, it is useful to introduce partitions. A
partition of a set of n elements is a collection of non-empty,
disjoint subsets whose union equals the original set; we
indicate it as a sequence of blocks Bm, μ ¼ fB1;…B#μg,
with #μ the total number of blocks in the partition. Each
partition is usually represented graphically by n points on a
circle, ordered clockwise, with lines connecting the ele-
ments in the same block. Crossing partitions are the ones
for which blocks cross, i.e., lines in the respective diagram
intersect. Non-crossing partitions are all the others, are
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denoted by NCðnÞ, and their number is given by the
Catalan number Cn ¼ ð2nn Þ=ðnþ 1Þ. Two special partitions
are the discrete partition e (n blocks of 1 element) and the
trivial one γn (1 block of n elements).
b. Lattice. Partitions are partially ordered by refinement:

for two partitions μ and ν, we write ν ≤ μ if every block of
ν is contained in a block of μ. Under this order, the set of all
partitions forms a lattice which can be visualized as a
hierarchy of partitions arranged from the coarsest at the
top, which is the trivial partition, to the finest at the bottom,
which is the discrete partition. Not all partitions are
comparable, which makes the refinement only a partial
order: incomparable partitions appear on the same level of
the lattice. When considering only non-crossing partitions,
a similar structure can be drawn, forming a sublattice of
the lattice of all partitions under the same refinement order.
The sublattice of NCðnÞ exhibits a top-bottom symmetry
which is a special feature of non-crossing partitions and
does not hold in the lattice of all partitions. The symmetry
consists in exchanging the coarsest and finest partitions
and reversing the order of all others; this leaves the lattice
combinatorially unchanged. This inversion symmetry can
be made precise, defining the Kreweras complement.
c. Dual partition or Kreweras complement. The

Kreweras complement of a non-crossing partition μ is
obtained diagrammatically by placing a second copy of the
set f1; � � � ; ng around the same circle and taking the
maximal non-crossing partition on the new points without
crossing any lines of μ. Intuitively, μ� completes μ so that
together they form the maximal non-crossing partition of
the doubled set. It is unique. Crossing partitions do not
have a dual complement. The Kreweras complement
defines an order-reversing bijection on NCðnÞ; that is, if
ν ≤ μ then ν� ≥ μ�. In other words, the coarsest partitions
become the finest under the Kreweras complement, the
finest become the coarsest, and intermediate levels are

mirrored. As a consequence, the Kreweras complement
realizes an isomorphism between NCðnÞ and the order-
reversed lattice. μ� is also called the dual partition of μ, and
NCðnÞ is said to be self-dual.
d. Free Cumulants. The combinatorics of partitions

plays a central role in probability theory when defining
cumulants recursively from the moments of a random
variable A, through the moments-cumulants formula. In
the classical case all partitions contribute, but in free
probability theory only non-crossing partitions appear. The
moments-free cumulants formula then reads

hAni ¼
X

μ∈NCðnÞ
κμ; κμ ¼

Y#μ
m¼1

κlm ; (17)

where κμ is defined implicitly for each μ∈NCðnÞ. Each κμ
can be expressed as a product of free cumulants associated
with the blocks of μ: lm denotes the length of themth block
Bm of μ. As an example, the first free cumulants are
defined implicitly by

hAi ¼ κ1
hA2i ¼ κ2 þ κ21
hA3i ¼ κ3 þ 3κ1κ2 þ κ31
hA4i ¼ κ4 þ 4κ1κ3 þ 2κ22 þ 6κ21κ2 þ κ41: (18)

This formulation highlights the combinatorial structure
underlying free cumulants: each cumulant naturally cor-
responds to a non-crossing partition of the indices, and the
nth moment is reconstructed by summing over the con-
tributions associated with all non-crossing partitions of
size n. The moment functional h•i can be chosen quite
generally; in RMT, a common and natural choice is the
normalized trace h•i ¼ Trð•Þ=D.

(b)(a)

FIG. 3. (a) Graphical representation of some partitions of four elements (in blue) together with their respective Kreweras
complements (in red). The unique crossing partition for n ¼ 4 is shown in the lower right corner and has no Kreweras complement.
(b) NCð4Þ (sub)lattice of non-crossing partitions; lines between rows are connecting partitions at a unit distance. At the bottom, the
discrete partition (finest), at the top the trivial one (coarsest). Correspondingly,NCð4Þ can be seen as the geodesic interval ½e; γ4�, subset
of the Cayley graph, for which permutations from one row to the other are related via a single transposition. Each set of permutations
following a path from e to γ4 defines a single geodesic in the interval; an explicit example is highlighted in green, and on the right.
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e. Isomorphism partitions-permutations. This corre-
spondence is discussed in more detail in Appendix A 3,
while here we only outline the main idea. Every permu-
tation in the symmetric group α∈ Sn induces a partition μα
by grouping together the elements belonging to the same
cycle: μα ¼ fcycles of αg. The converse is not true: a
partition does not specify a unique permutation, because
one must choose an order of the elements within each
block to define a cycle.
When fixing an order in the blocks, which for us will be

the normal ordering, and excluding the crossing partitions,
the correspondence becomes bijective. Therefore, one can
establish an isomorphism between non-crossing partitions
and a specific subset of permutations, the ones lying on the
geodesic interval from the identity to the normal-ordered
maximal cycle, where the geodesic is defined with respect
to the Cayley distance. This statement is made more
precise in Appendix A 3, where also the correspondence
between the lattice structure and the Cayley graph is
highlighted, after introducing a partial order on the
permutations. Acknowledging this isomorphism, we will
identify a non-crossing partition with the associated
permutation. In particular, we will call them with the
same letter, and represent blocks and cycles in the same
way. The interpretation depends on the context: when
viewed as a map, the notation indicates the action of a
permutation, otherwise, it represents the blocks of a
partition. We indicate as e ¼ ð1Þ � � � ðnÞ the identity
permutation i.e. the discrete partition, and with γn ¼
ð1 � � � nÞ the maximal normal-ordered cycle i.e. the trivial
partition.

III. GLOBAL ROTATIONAL INVARIANCE

Our goal is to evaluate the products in Eq. (11) and
derive a formula that provides a combinatorial prescription
for computing the leading order contribution and the first
subleading, in the Hilbert space dimension D. In this
section, we consider the case in which the observable AU

possesses global rotational invariance. The results pre-
sented here are derived in Appendix B and are obtained by
inserting Eq. (12) into Eq. (11) and performing a system-
atic expansion in powers of 1=D. Our analysis focuses on
specific products of the form AU

i1i2
AU
i2i3

� � �AU
ini1

, which we
refer to as ETH-cycles [84]. For convenience, we define
the ordered set of indices i ≔ fi1;…; ing, where different
ij may or may not coincide, for different j. By allowing all
possible repetitions in i, we encompass all the relevant
products of matrix elements that we aim to study. Each can
be uniquely associated with a partition of the set f1 � � � ng,
where the numbers indicate the position of indices in i,
meaning the subindices: we allocate in the same block the
positions of equal indices in the set i. Specifically, let Bm
denote the mth block of the partition, containing lm
elements. All indices corresponding to that block are

equal, i.e. iBmð1Þ ¼ � � � ¼ iBmðlmÞ. The total number of
distinct indices in the product is then given by the number
of blocks in the partition. For instance, AijAjiAiiAii has
i ¼ fi; j; i; ig and it is associated with the 2-blocks
partition ð134Þð2Þ. Indeed, i1 ¼ i3 ¼ i4 ≡ i ≠ i2 ≡ j, with
respect to the generic ETH-cycle Ai1i2Ai2i3Ai3i4Ai4i1 .
Based on which indices are repeated, we can have:
(i) Simple loops, if they are all different. These are

defined by the n–blocks partitions;
(ii) Cacti, if there are repeated indices and the asso-

ciated partition is non-crossing;
(iii) Non-cacti, if there are repeated indices and the

associated partition is crossing. For instance, this
is the case for AijAjiAijAji with partition ð13Þð24Þ.
We will exclude non-cacti diagrams from our
discussion [85].

Each ETH-cycle is associated with a diagram that can be
identified with the one of the partition so defined [32]. For
instance, some examples for n ¼ 4 are

In this diagrammatic representation, we highlight the
original partition of the indices in blue and its dual non-
crossing partition (when it exists) in red. In fact to write the
closed formula for leading and subleading contributions, it
is convenient to classify the diagrams in terms of the
Kreweras complement of the partition introduced before,
which we denote generically by π. While the partition
introduced previously ensured that indices labelled by
numbers in the same block were equal, for π this is not the
case; it is more convenient to interpret it as a permutation.
Concretely, π can be seen as a permutation of the set of
subindices f1;…; ng of i; while i ¼ fi1;…; ing is the set
of the indices in the first position in the matrix elements,
πðiÞ ≔ fiπð1Þ; � � � ; iπðnÞg is the set of indices in the second
position in the matrix elements. This allows us to express
a product of matrix elements, excluding non-cacti, in
the form Ai1iπð1Þ � � �AiniπðnÞ : For example, AijAjiAiiAii has
Kreweras complement π ¼ ð12Þð3Þð4Þ on i ¼ fi; j; i; ig,
which reflects the fact that the first two indices form a
cycle and are exchanged in the first two matrix elements:
iπð1Þ ¼ i2 ¼ j and iπð2Þ ¼ i1 ¼ i, while iπð3Þ ¼ i3 ¼ i and
iπð4Þ ¼ i4 ¼ i. For cacti, the number of blocks #π of the
dual partition is the number of leaves in the diagram,
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meaning the number of parts in which the circle is divided
when pinching equal indices.
With the tools introduced so far, we can now explain the

formula for leading and (first) subleading contributions of
AU
i1iπð1Þ � � �AU

iniπðnÞ . This is given here as an ansatz, which is

proven in Appendix B:

AU
i1iπð1Þ � � �AU

iniπðnÞ ¼
κπ

Dn−#π

þ
X

τ∈NCðnÞwith
τ>π;#τ¼#π−1

κτ
Dn−#τ þO

�
1

Dn−#πþ2

�
;

(19)

where κμ ¼
Q#μ

m¼1 κlm is a product of free cumulants, one
for each block, being #μ the number of blocks of μ, cf.
Eq. (17). These free cumulants are the ones associated with
moments given by the normalized traces of powers of the
observable A. We emphasize that, in Eq. (19), π does not
have to be thought as a generic permutation, but as the one
associated with the Kreweras complement of the non-
crossing partition describing simple loops and cacti.
Let us now discuss the implications of Eq. (19). The

leading term contribution is given by the product of free
cumulants associated with the blocks of π, rescaled by the
Hilbert space dimension to a power dependent on the
number of blocks. This constitutes the simplest “toy
model” of ETH (see for instance [7] for n ¼ 2), in which
products of matrix elements have expectation values which
do not depend on the indices, the constant free cumulants
of Eq. (18). The leading term was obtained in a different
context and with the methods of Appendix E in [86].
Remarkably, even the subleading correction admits a
compact expression in terms of free cumulants, the ones
associated with partitions τ bigger than π at distance one
on the lattice of non-crossing partitions. Therefore, the
subleading contributions can be read immediately from the
lattice NCðnÞ, locating π, and considering all the partitions
on the row above, connected with a line to it. The partitions
τ may, depending on π, be unique, non-unique, or may
not exist.
Let us illustrate these results by explicit examples. For

simple loops, the partition τ at distance one does not exist.
In fact, π is the trivial and the coarsest partition possible: it
is located at the top of the lattice, and there are no
partitions above. Hence, the first-order correction is zero
[87]. Its associated free cumulant is κπ ¼ κn. For instance,
for π ¼ ð1234Þ, partition at the top of NCð4Þ in Fig. 3, the
formula reads:

AU
ijA

U
jkA

U
klA

U
li ¼

κ4
D3

þO
�

1

D5

�
: (20a)

As a consequence, one can identify a free cumulant with
a diagram with all distinct indices as

ð20bÞ

Throughout this work, the symbol ≃ denotes the leading
and next-to-leading behavior, while all corrections oðD−2Þ
smaller by two orders of magnitude are neglected.
For the case of cacti, the formula gives the factorization

of the matrix elements’ nth moments in terms of lower
order moments with different indices only, each of them
given by a single free cumulant κ, and each of them
representing a block of the initial diagram. This is the usual
factorization encoded by full ETH: one should divide the
statistical average every time a repeated index is present.
The subleading contribution is a correction to the standard
factorization. This can be understood more clearly in the
following examples.
For π ¼ ð12Þð3Þð4Þ, Kreweras complement of

AU
ijA

U
jiA

U
iiA

U
ii , the leading order is given by κ2κ

2
1=D, which

corresponds to the factorization AU
ijA

U
ji A

U
ii
2. For the sub-

leading, there are three non-crossing partitions with
#τ ¼ 2, which are ð12Þð34Þ; ð123Þð4Þ and ð124Þð3Þ.
From the lattices,

We represented both the lattice for partition associated
with the repeated indices in a product of matrix elements
(second lattice) and the lattice for its Kreweras comple-
ment (first lattice). Indeed, since the lattice is self-dual, one
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can read the result indifferently from one or the other, just
reversing the order. From the lattice on the bottom, it
appears more clearly that the partitions finer of one unity
than π correspond to products of matrix elements in which
there is one additional distinct index, compared with the
initial product. Graphically, this corresponds to breaking
the lines in the initial block one at a time, which effectively
means considering one fewer repeated index and thus one
fewer block. The subleading corrections are given by the
leading contributions of these configurations. As a result:

ð20cÞ

The subleading is made by recombining the factorized
terms of the leading order in all possible ways, while
treating indices that were equal as distinct; these indices
are connected by a dashed line in the diagrams.
Consider as another example π ¼ ð12Þð34Þ, the

Kreweras complement of AU
ijA

U
jiA

U
ilA

U
li : the leading order

is given by κ22=D
2, which corresponds to the factorization

AU
ijA

U
ji A

U
ilA

U
li . For the subleading, there is just one non-

crossing partition with #τ ¼ 1, which is γ4, the one at the
top of the dual lattice. This corresponds, indeed, to the
product of matrix elements in which there is one additional
distinct index, compared with the initial product. As a
result:

ð20dÞ

Therefore, our finding is that each subleading contri-
bution of cacti equals the leading contribution of a
configuration with one more distinct index, previously
coincident in the cacti. For non-cacti, the partition π

is not defined which reflects the fact that there is no
unique way of factorizing these products of matrix
elements, as it is better understood in the derivation in
Appendix B.
The expression in Eq. (19) contains no explicit energy

dependence; indeed, it is well known that this simple RMT
toy model is not sufficient to derive the ETH functions. In
the following section, we extend this approach in order to
incorporate the explicit energy dependence and overcome
this limitation.

IV. LOCAL ROTATIONAL INVARIANCE

We now consider the second toy model, which takes into
account that A remains invariant under local basis trans-
formations, i.e., reshufflings of its elements restricted to
local neighborhoods, i.e. A ∼ AUloc . We consider Uloc to
have local structure in the energy of the Hamiltonian, as
explained in Sec. II. The Haar average for computing the
matrix elements’ nth moments (16) is performed explicitly
in Appendix C, for some examples involving the first few n
orders. Although the derivations are made using the
minimal model in Fig. 2(b), the resulting expressions
can be directly translated to the more refined model in
Fig. 2(c). Here we present these results, separating the
discussion between simple loops and cacti.

A. Local free cumulants

For simple loops, we show in Appendix C that the
average is given by a smooth function of the energies,

AU
i1i2

� � �AU
ini1

≃ KnðEi1 ; � � � ; EinÞ; (21)

that we now write explicitly for the first few orders up to
n ¼ 4. To specify the functions Kn, let us introduce a
normalized delta operator, for each energy state i,

σ̂Ei
≡X

α

δΔðEi − EαÞ
Di

jαihαj; Trðσ̂Ei
Þ ¼ 1; (22)

where we recall that δΔðEi − EαÞ is peaked around Ei with
a characteristic width Δ, so that σ̂Ei

implements a smooth
microcanonical projector on energy Ei. We denote with
σðEi − EαÞ ¼ δΔðEi − EαÞ=Di the diagonal matrix
element of such operator. This allows to write the smooth
functions Kn as

K1ðEiÞ ¼ Trðσ̂Ei
AÞ (23a)

K2ðEi; EjÞ ¼ Trðσ̂Ei
Aσ̂Ej

AÞ − ½Trðσ̂Ei
AÞ�2σðEi − EjÞ

(23b)
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K3ðEi; Ej; EkÞ ¼ Trðσ̂Ei
Aσ̂Ej

Aσ̂Ek
AÞ − Trðσ̂Ei

AÞσðEi − EjÞTrðσ̂Ei
Aσ̂Ek

AÞ þ 2 cycl:

þ 2Trðσ̂Ei
AÞ3σðEi − EjÞσðEj − EkÞ

(23c)

K4ðEi; Ej; Ek; ElÞ ¼ Trðσ̂Ei
Aσ̂Ej

Aσ̂Ek
Aσ̂El

AÞ
− Trðσ̂Ei

AÞσðEi − EjÞTrðσ̂Ei
Aσ̂Ek

AσEl
AÞ þ 3 cycl:

− Trðσ̂Ei
AσEj

AÞσðEi − EkÞTrðσ̂Ei
Aσ̂El

AÞ þ cycl:

þ 2Trðσ̂Ei
AÞ2σðEi − EjÞσðEj − EkÞTrðσ̂Ei

Aσ̂El
AÞ þ 3 cycl:

þ Trðσ̂Ei
AÞTrðσ̂Ek

AÞσðEi − EjÞσðEk − ElÞTrðσ̂Ei
Aσ̂Ek

AÞ þ cycl:

− 5Trðσ̂Ei
AÞ4σðEi − EjÞσðEj − EkÞσðEk − EiÞ: (23d)

It is straightforward to see that for a flat δΔðÞ ¼ 1 over the entire energy spectrum, one recovers the results of global
rotational invariance (20b), discussed in Sec. III. In this limit, these correlators correspond to rescaled free cumulants,
KnðEi1 ; � � � ; EinÞ ¼ κn=Dn−1, where κn were defined from normalized traces of powers of the entire matrix, cf. Eq. (18).
We assume that, when the smooth functions are multiplied by the energy projectors, then they can be evaluated at the

same energy, i.e. K1ðEiÞσðEi − EjÞ ¼ K1ðEjÞσðEi − EjÞ. This implies the continuity of the smooth functions when the
indices are the same (zero frequencies).
By inverting the (23) we find:

Trðσ̂Ei
AÞ ¼ K1ðEiÞ (24a)

Trðσ̂Ei
Aσ̂Ej

AÞ ¼ K2ðEi; EjÞ þ K1ðEiÞK1ðEjÞσðEi − EjÞ (24b)

Trðσ̂Ei
Aσ̂Ej

Aσ̂Ek
AÞ ¼ K3ðEi; Ej; EkÞ þ K1ðEiÞK2ðEj; EkÞσðEi − EjÞ þ 2cycl

þ K1ðEiÞK1ðEjÞK1ðEkÞσðEi − EjÞσðEj − EkÞ
(24c)

Trðσ̂Ei
Aσ̂Ej

Aσ̂Ek
Aσ̂El

AÞ ¼ K4ðEi; Ej; Ek; ElÞ þ K1ðEiÞK3ðEj; Ek; ElÞσðEi − EjÞ þ 3 cycl

þ K2ðEi; EjÞK2ðEk; ElÞσðEi − EkÞ þ cycl

þ K1ðEiÞK1ðEjÞK2ðEk; ElÞσðEi − EjÞσðEj − EkÞ þ 3 cycl

þ K1ðEiÞK1ðEkÞK2ðEj; ElÞσðEi − EjÞσðEk − ElÞ þ cycl

þ K1ðEiÞK1ðEjÞK1ðEkÞK1ðElÞσðEi − EjÞσðEj − EkÞσðEk − ElÞ: (24d)

One can notice the similarity between these expressions
and Eq. (18), in fact, Kn can be defined implicitly from a
generalized moments-cumulants formula as

Trðσ̂Ei1
A � � � σ̂Ein

AÞ
¼

X
μ∈NCðnÞ

KμðEi1 ; � � �EinÞσμ� ðEi1 ; � � � ; EinÞ; (25a)

where μ� is the dual of the non-crossing partition μ, and the
function KμðEi1 ; � � � ; EinÞ is defined as

KμðEi1 ; � � � ; EinÞ ¼
Y#μ
m¼1

KlmðEiBmð1Þ ; � � � ; EiBmðlmÞ Þ: (25b)

The function σμ� ðEi1 ; � � � ; EinÞ is a product of rescaled
delta functions σðÞ that equate indices belonging to the

same block of μ�; note that if multiple indices belong to the
same block we should choose the minimum number of σðÞ
functions. By inspection of the first few orders, one
immediately finds Eq. (24).
As it is clear from Eq. (23), when the energies are well

separated, these quantities can be rewritten as traces with
appropriate normalization, so that their scaling reads:

KnðE1; � � � ; EnÞ ≃D1−n
Eþ ; (26)

where on the right-hand side, we take the large-size
limit L ≫ 1 and use that for a finite-rank observable,
the trace scales as the density of states at the average
energy Eþ ¼ ðE1 þ � � � þ EnÞ=n.
We note that, besides dimensional factors, the same

expression (25) can be found in Refs. [60,73,88], where
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the corresponding quantities are defined as local free
cumulants. Therefore, in this work we will likewise refer
to Kn as local free cumulants. The main difference is that
our Kn, derived within the local rotational invariant model,
possess the different dimensionality associated with the
energiesDi;Dj; � � �. In Ref. [60] the density of states of the
matrices is flat: there is no energy dependency and all the
D are the same, as for Floquet models, so one can define
properly normalized functions. Moreover, Ref. [60] shows
that the local free cumulants introduced there can be
related to operator-valued free cumulants.
Since Eq. (25) are the generalization of Eq. (17) to

matrices with an energy structure, this holds also in our
case: we show in Appendix D how Eq. (25) naturally
appear when generalizing scalar free probability to oper-
ator-valued free probability. Consequently, local free
cumulants can be identified with the diagonal components
of specific operator-valued free cumulants, namely, those
weighted by projectors onto energy windows.

B. Cacti diagrams

Finally, let us discuss the implications for the scaling of
matrix elements with repeated indices. For these diagrams,
one can characterize not only the leading-order, but also
the subleading scaling, as we did for the model with global
rotational invariance.
We illustrate here examples; for n ¼ 2, the expectation

value with repeated indices reads

AU
iiA

U
ii ≃ ½K1ðEiÞ�2 þ K2ðEi; EiÞ
≃ AU

ii
2ðEiÞ þ AU

ijA
U
jiðEi; EiÞ: (27a)

This corresponds to the usual factorization with correc-
tion given by the second local free cumulant evaluated at
equal energies. In Eq. (27) and in the following, we use the
notation AU

ijA
U
jiðEi; EiÞ to highlight the energy dependen-

cies. This result for the diagonal matrix elements matches
the well known ETH two-point function result [89].
For n ¼ 4, two examples are:

AU
ijA

U
jiA

U
iiA

U
ii ≃ K2ðEi; EjÞ½K1ðEiÞ�2

þ K2ðEi; EjÞK2ðEi; EiÞ þ 2K1ðEiÞK3ðEi; Ej; EiÞ
≃ AU

ijA
U
jiðEi; EjÞAU

ii
2ðEiÞ þ AU

ijA
U
jiðEi; EjÞAU

ilA
U
li ðEi; EiÞ

þ 2AU
ii ðEiÞAU

ijA
U
jkA

U
kiðEi; Ej; EiÞ; (27b)

and

AU
ijA

U
jiA

U
ilA

U
li ≃ K2ðEi; EjÞK2ðEi; ElÞ þ K4ðEi; Ej; Ei; ElÞ
≃ AU

ijA
U
jiðEi; EjÞ AU

ilA
U
li ðEi; ElÞ

þ AU
ijA

U
jkA

U
klA

U
li ðEi; Ej; Ei; ElÞ; (27c)

from which it is clear that, at the leading order, the usual
factorization happens, while the corrections arise from
higher-order local free cumulants, corresponding to prod-
ucts of matrix elements with more different indices, but
evaluated at equal mesoscopic energies.
These results generalize those obtained for global rota-

tional invariance in Sec. III to the case of structured
matrices. In particular, Eqs. (27b)–(27c) are analogous to
Eqs. (20c)–(20d), but now incorporating explicit energy
dependence. One could notice that the dashed lines in the
diagrams above are, in the case of local rotational
invariance, connecting equal mesoscopic energies.
Therefore, the contributions can be read again from the

lattice of non-crossing partitions, and the general expres-
sion for the leading and subleading behavior reads:

AU
i1iπð1Þ � � �AU

iniπðnÞ ≃ KπðEi1 ; � � � ; EinÞ
þ

X
τ∈NCðnÞwith
τ>π;#τ¼#π−1

KτðEi1 ; � � � ; EinÞ; (28)

where, in the set fEi1 ; � � � ; Eing the energies are repeated
whenever indices are repeated in i; the function Kμ was
defined in Eq. (25b), as a product of local free cumulants.
ForKπ, even if in fEi1 ; � � � ; Eing there can be repetitions, in
the dependencies of its local free cumulants KlmðπÞ only
distinct energies are present, since, by definition, each
block of π accounts only for different indices. For Kτ,
instead, since in the products associated there is one
additional distinct index compared with the initial product,
KlmðτÞ is calculated at equal energies whenever indices
that were previously identical become distinct.
As a result, each subleading contribution of cacti equals

the leading contribution of a configuration with one more
distinct index, calculated at equal energies for the indices
previously coincident.
Equation (28) represents one of the main results of this

paper, and it directly generalizes the result of full RMT in
Eq. (19) to structured matrices. The same behavior is
expected to hold for matrix elements of non-integrable
Hamiltonians, hence providing a refinement of the full
ETH. In Sec. VI, we shall verify that the same also holds
for a non-integrable Floquet model.

V. EMPIRICAL AVERAGES OVER SMALL
ENERGY WINDOWS

After the local rotational invariant toy model, we are
now in position to make a connection with the standard
ETH ansatz. Firstly, the scaling in Eq. (26) of the local free
cumulants Kn suggests defining some order-one functions

FðnÞ
eþ ðω1; � � �ωn−1Þ ¼ lim

L→∞
eðn−1ÞLsðeþÞKnðE1; � � �EnÞ;

(29)
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commonly known as ETH smooth functions, which are
generally written as functions of the mean energy density
eþ ¼ Eþ=N and of all the other n − 1 independent
frequencies ωi ¼ Ei − Eiþ1.
In order to make a connection with the ETH ansatz in

Eq. (1), an important step forward that we make in this
work is to link the previously defined average of matrix
elements over an ensemble of banded unitaries to the
empirical averages of matrix elements of a given instance
of the operator under study, in the basis of the particular
Hamiltonian that one has chosen. We can derive, for
diagrams with distinct indices:

KnðEi1 ; � � � ; EinÞ
¼ AU

i1i2
� � �AU

ini1

≃
X

α1≠���≠αn
Aα1α2

δΔðEi1 − Eα1Þ
Di1

� � �Aαnα1

δΔðEin − EαnÞ
Din

≡ Ai1i2 � � �Aini1 for i1 ≠ � � � ≠ in: (30)

In order to derive this relation we have assumed that the
statistical properties ofA are the same as those ofAU so that
in the generalized moments in (23) or in the generalized
sums in (30) we could arbitrarily use A or AU. We have then
assumed that these quantities are self-averaging, which is
typically the case in RMT. This expression corresponds just
to a definition of average over smoothed different indices
for a single realization of the matrix; this is what we define
as empirical average. The nice aspect of this equation is that
it corresponds to the numerical recipe for deterministic
matrix elements, as commonly used in the literature [33].
Furthermore, this expression is continuous for coinciding
energies, i.e. when Ei → Ej or ωij ¼ Ei − Ej → 0.
Similarly, one can define empirical averages of dia-

grams with repeated indices. The strategy is to average the
matrix elements over small windows of energies, keeping
the sum and the smoothing only for the distinct indices. As
an example we consider:

AiiAiiðEiÞ≡
X
α

AααAαα
δΔðEi − EαÞ

Di
: (31)

Under the assumptions made above one can recognize
these empirical averages as the averages over the ensemble
of unitaries and obtain the factorization and its corrections.
Other examples of empirical averages can be found in (F2).

VI. NUMERICAL TEST IN FLOQUET MODELS

This section presents a numerical test of both the well
established ETH and the new subleading corrections
derived analytically in the previous sections. We consider
a non-integrable one-dimensional spin chain under a
stroboscopic periodic drive, a setup similar to those
commonly studied in the literature on Floquet many-body
systems [90,91] and in recent works on quantum chaos

[33,92–94]. We introduce the model below and sub-
sequently present the simulation methods and results.
All numerical codes and datasets used in this work are
openly available on Zenodo [95].

A. The model

We consider the following time-dependent Hamiltonian

HðtÞ ¼ H0 þ sgn½cosðΩtÞ�V0; (32)

with H0 and V0 accounting for (i) Ising interactions on a
chain of L spin 1/2, (ii) longitudinal and transverse fields,
and (iii) mixed interactions between nearest neighbors in
the transverse directions, similar to the Dzyaloshinskii-
Moriya interactions. Specifically:

H0 ¼ HZ þHX þHM; V0 ¼ HZ −HX −HM;

HZ ¼ J
XL
i

ZiZiþ1 þ h
XL
i

Zi; HX ¼ g
XL
i

Xi;

HM ¼ d
XL
i

ðXiYiþ1 þ YiXiþ1Þ: (33)

We consider periodic boundary conditions. The time
evolution operator for (32), over one period T, is

UF ¼ e−iðH0þV0ÞT4 e−iðH0−V0ÞT2 e−iðH0þV0ÞT4

¼ e−iHZ
T
2 e−iðHXþHMÞT e−iHZ

T
2

≡X
α

e−iνα jναihναj; (34)

whose spectrum is given by the Floquet quasienergies να,
which are 2π periodic; the choice να ∈ ½−π; πÞ, ∀ α is
made. The frequency of the drive Ω is connected to the
period as T ¼ 2π=Ω. For definiteness, we fix Ω ¼ 2π, and
the parameters J ¼ 1; h ¼ 0.905; g ¼ 0.809; d ¼ 1.
This ergodic model exhibits translational invariance and

parity symmetry, but not time-reversal symmetry, which is
broken by the HM interaction [96]. It therefore belongs to
the unitary symmetry class, meaning that the level-spacing
statistics of the Floquet operator eigenvalues follow those
of a random Hamiltonian drawn from the Gaussian unitary
ensemble (GUE) [98]. This is precisely the case for which
we derived the analytical results: the observable A was
required to be invariant under unitary rotations, reflecting
that the Floquet eigenvectors belong to the unitary class.
As observable, we choose the total magnetization, rescaled
by the number of spins, in order to preserve translational
invariance.
In Appendix F we present results for slightly different

Hamiltonians. Firstly, we consider a Hamiltonian without
translational invariance, in order to check our assumptions
for different observables, for instance, the magnetization
on a single site. Then, we consider the case for which the
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time reversal symmetry is restored, and the Hamiltonian
belongs to the orthogonal symmetry class; we will briefly
discuss the discrepancies observed with respect to the
unitary case.

B. Methods

Our aim is to prove numerical Eq. (28), in particular we
will look at two specific matrix elements’ 4th moments that
are the ones in the examples (27b)–(27c).Wewant to verify
the validity of the factorization and its subleading correc-
tions, when calculating numerically the product of matrix
elements through the empirical averages. Moreover, we
want to confirm the scaling with the Hilbert (sub)space
dimension of the different contributions.
We begin by specializing our findings to Floquet

models. In this case, the ETH smooth functions do not
depend on the absolute energies, but only on the energy
differences [99]. ωαβ ¼ να − νβ. This reflects the fact that
in periodically driven systems there is no conserved total
energy, and thus the statistical properties of matrix
elements can only depend on relative quasienergies sep-
arations. Moreover, the density of states is flat so that
DEþ ¼ eLsðeþÞ ¼ D, Hilbert (sub)space dimension.
Therefore, for simple loops, calling ωα ≡ ωiαiαþ1

,

Ai1i2 � � �Aini1ðω1;…;ωn−1Þ ≃ FðnÞðω1;…;ωn−1Þ=Dn−1:
(35)

The relation is similar to the one of global rotational
invariance, while still keeps the dependence on the differ-
ence of quasienergies.
Let us write the expressions for the cacti in (27b)–(27c),

specialized for the Floquet case.

AijAjiAiiAiiðωÞ ≃ AijAjiðωÞAii
2

þ AijAjiðωÞAilAlið0Þ þ 2Aii AijAjkAkiðω;−ωÞ;
(36a)

with ω≡ ωij ¼ νi − νj, and

AijAjiAilAliðω1;ω2Þ ≃ AijAjiðω1Þ AilAliðω2Þ
þ AijAjkAklAliðω1;−ω1;ω2Þ; (36b)

with ω1 ≔ ωij ¼ νi − νj;ω2 ≔ ωil ¼ νi − νl.
The numerical calculation of each product of matrix

elements is made by employing empirical averages, where
the summing and the smoothing are performed directly
on the quasienergy differences and involve only distinct
indices. It is important to account for the intrinsic
periodicity of the quasienergies, ensuring that the smooth-
ing procedure is formulated in a correspondingly periodic
manner. Specifically, since να is identified with να � 2π,
we employ:

δperω ðνα; νβÞ ¼ δΔðω − ðνα − νβÞÞ
þ δΔðωþ 2π − ðνα − νβÞÞ þ δΔðω − 2π − ðνα − νβÞÞ:

(37)

Therefore, for simple loops the empirical average reads:

Ai1i2 � � �Aini1ðω1; � � �ωn−1Þ

≃
1

D

X
α1≠���≠αn

Aα1α2

δperω1
ðνα1 ; να2Þ
Dω1

� � �

� � �Aαn−1αn
δperωn−1ðναn−1 ; ναnÞ

Dωn−1
Aαnα1 ; (38)

with Dω ¼ P
α;β δ

per
ω ðνα; νβÞ=D. Consequently the formu-

lation follows for the cacti. All the expressions numerically
implemented are explicitly reported in Appendix F 3.

C. Numerical results

We perform exact diagonalization of the Floquet oper-
ator (34), using the QuSpin package [100,101] for writing
the different terms in (33). In particular, we restrict the
Hilbert space to the symmetry block of positive parity and
zero momentum; we indicate with D the dimension of this
subspace. As observable, we choose the total magnetiza-
tion along the z direction, rescaled by the number of spins,
meaning A ¼ P

i Zi=L. After evaluating the matrix ele-
ments in the Floquet basis Aαβ ¼ hναjAjνβi, we calculate
the averages of the products of matrix elements involved in
Eqs. (36a)–(36b), through the expressions (F2), fixing, in
the second example, ω2 ¼ ω1 ≡ ω. We choose 51 values
of ω in ½−π; πÞ. Numerically, we implement the smoothing
through a Gaussian function

δΔðω − ðνα − νβÞÞ ¼
1ffiffiffiffiffiffiffi
πΔ

p exp
�
− ðω − ðνα − νβÞÞ2

Δ

�
;

(39)

choosing Δ so that a sufficient number of states is
satisfying the condition, still much smaller than D.
Moreover, we average each matrix elements’ moment
over multiple values of Δs, in order to have a final
function with the respective error bars, for each value
of ω. In Appendix F 3 we explicitly write the intervals
chosen for the parameter Δ.
All results are plotted in Fig. 4. For a fixed number of spin

L ¼ 16, we compare the right-hand side (purple curve) of
Eqs. (36a)–(36b) with the respective leading order (pink
curve), and then we subtract the leading to the right-hand
side, in order to compare this difference (brown curve) with
the prediction for the subleading (orange curve). All curves
are plotted as a function of ω. Moreover, in panels (c), (f),
we study the scaling with the subspace dimension D for
each of these curves, for a fixedω� ≈ −2.13. This valuewas
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chosen arbitrarily as a representative parameter value; the
qualitative behavior of the plots is not sensitive to variations
of ω� which confirms the robustness of the results. The
numerical results nicely agree the predictions, which follow
from the fact that, for distinct indices, simple loops scale
as Ai1i2 � � �Aini1 ∝ 1=Dðn−1Þ.
Since hMzi ¼ 0, we notice that the leading order of

AijAjiAiiAiiðωÞ is zero, therefore the average follows
directly the subleading contribution AijAjiðωÞAilAlið0Þ,
and scales as 1=L2D2, as expected. On the contrary,
AijAjiAilAliðωÞ is very well factorized in AijAjiðωÞAilAli

ðωÞ, scaling as 1=L2D2, and the subleading well follows
the expected curve AijAjkAklAliðω;−ω;ωÞ, scaling as
1=L2D3. The rescaling with L is required since the
magnetization has been rescaled with the total number
of spins L, for being a local observable.

VII. CONCLUSIONS AND PERSPECTIVES

In this work we have revisited the general ideas behind
the development of full ETH. In particular, we have
discussed how the properties of matrix elements can be
studied under random basis transformations which are
associated with local perturbations of the Hamiltonian.
Different levels of refinement of the model led us to
consider (i) a completely random basis defined by the
application of a Haar distributed random unitary matrix,
(ii) a block diagonal unitary where each block is inde-
pendent and Haar distributed, (iii) a smoothed version of
this last model which can be associated with a banded
diagonal unitary matrix.
The natural mathematical framework of our study is

provided by free probability theory. In fact, for all these
ensembles, we derived analytical expressions of moments
of the matrix elements of the observable in terms of (local)

FIG. 4. Numerical results for the Floquet system in (34), and for the observable A ¼ P
i Zi=L. We numerically reproduce Eqs. (36a)–

(36b), for ω1 ¼ ω2 ¼ ω chosen in ½−π; π�. The error bars are given by averaging each product, for each ω, over different values of the
smoothing parameter Δ, as explained in the text. (a), (b), (c) refer to (36a), while (d), (e), (f) to (36b). In (a), (d) we compare the right-
hand side (purple curve) with the respective leading order (pink curve) for fixed L ¼ 16; for (a) the leading order is zero, while in (d)
the data nicely reproduce the expected leading order factorization. In (b), (e) we compare the difference between the right-hand side and
the leading contribution (brown curve) with the respective subleading correction (orange curve) for fixed L ¼ 16. The data verify the
subleading correction to the factorization. In (c), (f) we represent the scalings of all the curves as a function of D. The scalings were
studied for values L∈ ½8; 10; 12; 14; 16�, and for a fixed value of ω� ≈ −2.13. While all the curves in (c) scale as 1=L2D2, since the
leading order is zero, in (f) we observe the different scalings between the leading (purple and pink curves), as 1=L2D2 and the
subleading (brown and orange curves), as 1=L2D3.
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free cumulants. As it was noticed before, the products of
interest, for the purposes of computing correlation func-
tions, can be classified as diagrams such as “simple loops,”
when indices concatenate but do not repeat, and “cacti,”
which are non-crossing partitions of the indices with some
repetitions. It was postulated that the expectation of cacti
factorizes and in our work we provide a detailed charac-
terization of the next to leading term beyond this
assumption, which can be expressed in terms of non-
crossing partitions at higher order.
In addition, we show how, under the assumption of

(local) rotational invariance, the averages of the matrix
elements under the application of random unitaries are
compatible with the empirical averages performed over a
single instance of the matrix ensemble, upon averaging
over energy windows, the method that is usually per-
formed in numerical simulations to extract the statistics of
such entries.
As emphasized in the Introduction, deriving ETH and its

subleading corrections from the principle of local rota-
tional invariance provides a deeper understanding of the
physical meaning of matrix-element correlations, of the
averages entering the ETH ansatz, and of the ETH
functions themselves in terms of global properties of
the operator. At the same time, the characterization of

subleading corrections, already present in standard ETH,
fills a structural gap in the full ETH framework.
More generally, these results open several promising

directions for future research, which we discuss in the
remainder of this section.

A. Applications of our results

We first discuss applications of the subleading correc-
tions we have computed, which play a quantitative role in
quantum dynamics.
(i) Higher-order correlation functions: late-time pla-

teaus and freeness. The subleading corrections discussed
in this paper determine the late-time plateau of thermal
free cumulants [32]. In Appendix G we compute higher-
order thermal correlation functions and explicitly identify
the corresponding subleading terms at long times; these
can be incorporated into thermal free cumulants, yielding a
refinement of the ETH free cumulants introduced in
Ref. [32]. Since the leading ETH free cumulants average
to zero at late times due to the non-resonance condition
[43], these corrections control the late-time plateau and the
fluctuations around it. For the second and fourth thermal
free cumulants, we find

½k2ðt; 0Þ�∞ ≃ K2ð0Þ; (40)

½k4ðt; t; 0; 0Þ�∞ ≃
1

D

P
i≠j≠l

K4ðωij;−ωij;ωilÞ þ
1

D

X
i≠j

K2ðωijÞK2ð−ωijÞ; (41)

of order OðD−1Þ, with plateau fluctuations of order
OðD−2Þ. The subleading corrections thus set the exponen-
tially small late-time plateau, providing a quantitative
characterization of long-time freeness in chaotic dynamics.
We note that for non-Floquet systems, one should

consider further corrections arising from the dependence
of observables on the average energy, see e.g. Ref. [96].
(ii) Breakdown of ETH. Our subleading corrections may

also offer a sharp diagnostic of chaos. At k ¼ 2 they
predict that the variance of the diagonal matrix elements
equals the off-diagonal two-point function at zero fre-
quency [Eq. (5)], decaying as 1=D. In integrable systems,
instead, the diagonal matrix elements fluctuate much more
strongly, with a variance that decays only polynomially in
the system size, as 1=La [103], a violation of this k ¼ 2
prediction. The all-order corrections derived here could
thus provide a precise way to distinguish integrable from
non-integrable systems. Relatedly, recent works on the
breaking of ergodicity, e.g. the “fading ergodicity” near the
many-body-localized regime [104], address the anomalous

low-frequency scaling of the ETH functions, where our
framework could find natural applications.
(iii) Different symmetry classes. The subleading cor-

rections also depend on the symmetry class. Already at
k ¼ 2, the diagonal variance is fixed by the off-diagonal
two-point function at zero frequency up to a class-
dependent factor, one for the unitary class and two for
the orthogonal one [7,48,89] [Eqs. (E10)–(F1)], as we
verify numerically in Appendix F 2. The difference stems
from rotational invariance: in the orthogonal class the
observable is invariant under local orthogonal transfor-
mations, so the permutation Weingarten calculus used
here no longer applies. A full prediction of the higher-k
discrepancies between symmetry classes remains an open
problem.

B. New directions

Beyond these applications, the principle of local rota-
tional invariance suggests several directions where it could
be applied more broadly.
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(i) Characterization of an ETH ensemble. Much recent
attention has been devoted to characterizing ensembles of
unitaries E and their ability to reproduce the Haar ensem-
ble. A major open challenge is to identify the ensemble
appropriate to chaotic Hamiltonian time evolution,

EH ¼ fe−iHt; t ∼ Pg; (42)

where P is a suitable distribution of times. Since such an
evolution conserves energy, and, in fact, every eigenstate, the
Haar ensemblemust be endowed with additional structure in
order to capture the randomness of chaotic dynamics. Most
efforts so far have focused either on ensembles of states, in
the context of deep thermalization and Hilbert-space ergo-
dicity [105–108], or on random Hamiltonians [109]. Local
rotational invariance, through the associated block unitary
Uloc, provides a first constructive definition of such an ETH
ensemble: an ensemble of unitaries that, applied to thematrix
elements of an observable, reproduces by construction the
correlations dictated by full ETH, including both the smooth
energy dependence and the subleading corrections. Making
the relation between Uloc and the ensembles above precise
remains an important open problem.
(ii) Connection to eigenstate correlations. Here we

have applied local rotational invariance to the matrix
elements of observables. There is, however, great
interest in the correlations between the eigenstates
themselves [22,28], which control information-theoretic
quantities and the spreading of operators. Since such
quantities can be written as traces of suitable projector
operators, local rotational invariance could in principle
be applied to those projectors as well, providing a route
to derive eigenstate-correlation results within the same
framework.
(iii) Block and banded unitary averages. On the

technical side, our work introduces a new methodo-
logical tool: the average over block-structured random
unitaries, representing a first step toward a systematic
Weingarten calculus for unitaries with an energy struc-
ture. While we have shown how to treat block-diagonal
Haar unitaries, the main open challenge is to extend this
framework to genuinely smooth banded unitaries, such
as the one shown in Fig. 2(c). Beyond the present
setting, we expect this methodology to be of indepen-
dent interest and to find applications in other commun-
ities where structured random unitaries naturally arise,
for instance in the study of quantum dynamics with
conserved quantities.
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APPENDIX A: MORE ON FREE PROBABILITY

In Sec. II A we introduced the basic notions of free
probability theory, with particular emphasis on the com-
binatorial structure of partitions. In this section, we instead
follow a more standard mathematical presentation, high-
lighting directly why free probability provides a natural
framework for studying quantum operators in chaotic
many-body quantum systems and their statistical proper-
ties. We then introduce operator-valued free probability,
since some of the quantities introduced in this work can be
naturally identified with objects already appearing in this
framework. Finally, we discuss the isomorphism between
partitions and permutations in more detail, as it will be
essential for the derivations in the following appendices.

1. Standard introduction to free probability

a. Non-commutative probability spaces. The fundamen-
tal object in probability theory is a probability space
ðX ;φÞ, consisting of a unital �-algebra X and a linear
functional φ∶ X → C satisfying

φð1Þ ¼ 1; φðx†xÞ ≥ 0; φðx†Þ ¼ φ�ðxÞ:
When X is commutative, one recovers classical prob-

ability theory. A standard example is X ¼ L∞ðΩ; PÞ,
the algebra of bounded random variables on a probability
space ðΩ; PÞ, with expectation functional φðxÞ ¼R
Ω xðωÞdPðωÞ.
Free probability extends this framework by allowingX to

be non-commutative. Two important examples are: (i) the
algebra MDðCÞ of D ×D matrices equipped with the
normalized trace φðxÞ ¼ TrðxÞ=D; (ii) a von Neumann
algebra of observables acting on aHilbert spaceH, together
with a vector state φψðxÞ ¼ hψjxjψi: These two examples
are closely connected. Indeed, free probability originated in
the study of operator algebras, and, since large random
matrices often provide finite-dimensional models for oper-
ator-algebraic structures, it was strongly influenced by
random matrix theory; subsequently it supplied powerful
tools for instance for studying the asymptotic eigenvalue
distributions of large random matrices.
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In the main text (and in the following sections), for a
generic quantum observable A seen as a D ×D matrix, we
adopt the convention hAi≡ φðAÞ ≔ TrðAÞ=D.
When X is non-commutative, many classical probabi-

listic notions require a nontrivial reformulation. The most
important example is the concept of independence. For
classically independent random variables x and y, mixed
moments factorize. For instance,

φðxyxyÞ ¼ φðx2y2Þ ¼ φðx2Þφðy2Þ:

The question is how this property should be generalized
in a non-commutative setting.
b. Freeness. The non-commutative analogue of inde-

pendence is free independence, or freeness. Let X and Y be
unital subalgebras of X . They are said to be freely
independent if

φðc1c2 � � � cnÞ ¼ 0 (A1)

whenever:
(i) each ck belongs either to X or to Y;
(ii) consecutive elements come from different subal-

gebras;
(iii) φðckÞ ¼ 0 for all k.
As an example, if x∈X and y∈Y are free, then

φðxyxyÞ ¼ φðx2ÞφðyÞ2 þ φðxÞ2φðy2ÞφðxÞ2φðyÞ2:
Freeness and classical independence are distinct

notions. In general, freely independent variables are not
classically independent, and conversely.
A fundamental source of free random variables arises in

random matrix theory: independent random matrices from
ensembles such as the GUE become asymptotically free in
the limit of large matrix dimension.
c. Further developments. Many central constructions of

classical probability admit free analogs, including the free
central limit theorem, free convolution, free cumulants,
and their associated generating functions. A distinctive
feature of free probability is its deep connection with
combinatorial structures, most notably non-crossing par-
titions, as highlighted in Sec. II A.

2. Operator-valued free probability

Operator-valued free probability generalizes standard
free probability by replacing the scalar-valued expectation
φ∶ X → C with a conditional expectation φD∶ X → D
where D is a distinguished subalgebra of X , satisfying the
condition φDðd̂1xd̂2Þ ¼ d̂1φDðxÞd̂2, for d̂1;2 ∈D. Moments
retain information encoded in the chosen subalgebra,
rather than collapsing all variables to scalar quantities:
the choice of φD determines which degrees of freedom are
averaged over and which are preserved. This additional
structure makes operator-valued free probability

particularly well suited for systems with internal degrees
of freedom.
In the context of random matrices, this framework is

particularly useful for describing ensembles with non-
trivial internal structure, so that the resulting moments
preserve information about the underlying structure that
would be lost under a global trace. We call operator-
valued moments the matrices hAd̂1Ad̂2A � � � d̂nAiD ∈D,
with d̂k ∈D, ∀ k. The corresponding operator-valued
free cumulants are defined implicitly through the same
moments-cumulants relation as in Eq. (17), that is

hAd̂1A � � � d̂nAiD ¼
X

μ∈NCðnþ1Þ
κDμ ðAd̂1;…; Ad̂n; AÞ: (A2)

The difference with respect to scalar free probability is
that the matrices KD

μ are not factorized in a product of
block cumulants as in (17). Instead, the cumulants asso-
ciated with the blocks of μ are recursively composed
according to the nesting structure of the non-crossing
partition, since they take values in D.
For the purposes of this work, we restrict our attention to

a specific example, that is the one of block matrices with
the convenient choice of D given by a block-diagonal
matrix with diagonal blocks. We focus on this particular
setting because it admits a direct connection with the
results presented in this work (see Appendix D).
Concretely, let us consider four blocks:

A ¼
�
A11 A12

A21 A22

�
; hAiD ≔

� hA11iI 0

0 hA22iI
�
;

D ¼
��

d1I 0

0 d2I

��
d1;d2 ∈R

¼ span
�
Π̂1 ¼

�
I 0

0 0

�
; Π̂2 ¼

�
0 0

0 I

��
(A3)

Using Eq. (A2), we have

κD1 ðAÞ ¼ diagðhA11iI; hA22iIÞ: (A4)

We can then calculate some examples of second-order
operator-valued moments and free cumulants. We are
interested in the ones weighted with the projectors on
the diagonal blocks Π̂I¼1;2:

hAΠ̂1AiD ¼ diagðhA2
11iI; hA21A12iIÞ;

hAΠ̂2AiD ¼ diagðhA12A21iI; hA2
22iIÞ: (A5)

The moments-cumulants formula reads

hAΠ̂IAiD ¼ κD2 ðAΠ̂I; AÞ þ κ1ðAΠ̂IÞκ1ðAÞ; (A6)

and one can check that κ1ðAΠ̂1Þ ¼ κ1ðAÞΠ̂1. Therefore,
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κD2 ðAΠ̂1; AÞ ¼ diagððhA2
11i − hA11i2ÞI; hA21A12iIÞ;

κD2 ðAΠ̂2; AÞ ¼ diagðhA12A21iI; ðhA2
22i − hA22i2ÞIÞ:

(A7)

This can be generalized to higher order and for a generic
number of blocks.

3. More on the isomorphism between partitions
and permutations

In Sec. II A we briefly mentioned the isomorphism
between partitions and permutations, without entering into
its details. Here we clarify and formalize this correspon-
dence, as it will be essential for the derivation of Eq. (19)
in Appendix B.
a. Permutations. A permutation of n elements is a

bijective rearrangement of the set f1; � � � ; ng. Using the
cyclic notation, we represent it as a sequence of disjoint
cycles α ¼ ðC1ÞðC2Þ � � � ðC#αÞ, where #α is the number of
cycles and each cycle ðCmÞ lists the elements that are
mapped cyclically. Two special permutations are the
identity e (n cycles of 1 element) and the maximal cycle
γn ¼ ð1 2 � � � nÞ (a single normal-ordered n-cycle).
b. Lattice. A useful notion is the one of rank or Cayley

weight of a permutation α∈Sn: jαj ¼ n − #α. The rank
represents the minimal number of transpositions needed to
generate α: it is minimized by e (rank 0) and maximized by
γn (rank n − 1). The Cayley weight induces a natural
metric on the symmetric group Sn,

dðα; βÞ ¼ jα−1βj ¼ n − #ðα−1βÞ; (A8)

known as the Cayley distance. This distance measures the
minimal number of transpositions required to transform α
into β. With this metric, we consider the set of all
permutations η that saturate the triangle inequality between
α and β, that is, all permutations lying on some shortest
path between α and β:

½α; β� ¼ fη∈Sn ∶ dðα; βÞ ¼ dðα; ηÞ þ dðη; βÞg: (A9)

Between α and β there may exist multiple distinct
shortest paths, corresponding to different sequences of
transpositions, each defining a geodesic sequence

α ¼ η0; η1; � � � ; ηk ¼ β;

where each consecutive pair differs by a single trans-
position, dðηi−1; ηiÞ ¼ 1, and the total number of steps is
minimal, k ¼ dðα; βÞ. This metric naturally defines the
Cayley graph of Sn, whose vertices are all permutations
and whose edges connect permutations differing by a
single transposition. In this graph, the Cayley distance
corresponds to the length of the shortest path between two
vertices. Geodesics in the Cayley graph are therefore
sequences of permutations connected by transpositions

that realize this minimal distance. Moreover, this notion of
geodesic naturally induces a partial order on the set of
permutations lying along geodesics between two fixed
endpoints. Permutations on different single geodesics
paths are, in general, not comparable under this order.
However, restricted to a single geodesic, for instance one
starting at the identity e, an order is defined as

β ≤ α if and only if dðe; βÞ ≤ dðe;αÞ; (A10)

that is, β lies closer to the identity than α, along the same
geodesic. Under this order, permutations along geodesics
between fixed endpoints form a lattice which is a subset of
the Cayley graph [110]. A special role is played by the
lattice of permutations in ½e; γn�, as we will see below.
c. Dual. One can define a natural dual by

α� ¼ α−1γn: (A11)

While the dual can be defined for any permutation in Sn,
it is an order-reversing bijection only when considering
permutations lying along geodesics between two fixed
endpoints. Therefore, if β ≤ α along the geodesic, then
β� ≥ α�. When considering permutations in ½e; γn�, intui-
tively, the dual exchanges positions relative to the two
endpoints, mapping permutations close to e to permuta-
tions close to γn and vice versa. If α∈ ½e; γn�, then also
α� ∈ ½e; γn�, and jαj þ jα�j ¼ nþ 1.
d. Embedding partitions-permutations. As said in the

main text, every permutation α∈ Sn induces a partition μα
by grouping together the elements belonging to the same
cycle: μα ¼ fcycles of αg. The converse is not true: a
partition does not specify a unique permutation, because
one must choose an order of the elements within each
block to define a cycle. However, when restricting the
symmetric group to a geodesic interval from the identity to
a maximal cycle, the correspondence becomes bijective.
We focus in particular on ½e; γn�; the cycles of a permu-
tation can be represented as non-crossing blocks when the
elements are arranged on a circle in the natural order, that
is, when they lie on the interval ½e; γn�. Conversely, any
non-crossing partition can be uniquely realized by a
permutation lying on ½e; γn�, since the circular order of
elements is fixed. Not only does this establish an isomor-
phism between the geodesic interval in the symmetric
group and the lattice of non-crossing partitions, but it also
preserves the partial order [111]: if one permutation is
smaller than another along the geodesic in ½e; γn�, the
corresponding non-crossing partitions are ordered in the
same way according to the refinement order. In this sense,
the isomorphism respects the lattice structure. Moreover, it
turns out that the dual permutation, when viewed as a
partition, is the Kreweras complement. Therefore, we have
the well known embedding of NCðnÞ into Sn:

ð½e; γn�;≤geodÞ ≅ ðNCðnÞ;≤refÞ: (A12)
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APPENDIX B: GLOBAL ROTATIONAL INVARIANCE DERIVATIONS

In this Appendix we derive Eq. (19) given in the main. The first step consists in inserting Eq. (12) into Eq. (11), meaning
inserting the averages over the Haar ensemble in the expression for the matrix elements’ moments. As a first step,
we obtain:

AU
i1j1

� � �AU
injn

¼
X
α∈ Sn

X
β∈Sn

Wgα;βðDÞ
X
ī1���īn

Aī1 īβð1Þ � � �AīnīβðnÞ δiαð1Þ;j1 � � � δiαðnÞ;jn

≡ X
α∈ Sn

Kα

Dn−#α δiαð1Þ;j1 � � � δiαðnÞ;jn ; (B1)

where we defined, with prefactor Dn−#α for convenience:

Kα ¼ Dn−#α X
β∈ Sn

Wgα;βðDÞ
X
ī1���īn

Aī1 īβð1Þ � � �AīnīβðnÞ ¼
X
β∈Sn

Dn−#α
D−#β Wgα;βðDÞ

Y#β
m¼1

hAlmi: (B2)

The same expression can also be understood as the
action of the corresponding Haar quantum channel on
A⊗n in the energy basis, following the formulation of
Ref. [112].
We now explain terms appearing in this expression:
(i) Wgα;βðDÞ is the Weingarten function, a rational

function of the Hilbert space dimension D. Viewed as a
matrix, it is defined as the pseudo-inverse of the Gram
matrix with entries Gα;β ¼ D ðα−1βÞ. The Weingarten func-
tion depends only on the cycle structure of α−1β. A well
known result is the first-order contribution of the
Weingarten function when expanded for large D :

Wgα;βðDÞ ¼ 1

D2n−#ðα−1βÞ

�
ϕðα; βÞ þO

�
1

D2

�	
: (B3)

ϕðα; βÞ is a known multiplicative function, it factorizes

according to the cycles of α−1β as
Q ðα−1βÞ

m¼1 ð−1Þlm−1Clm−1,
with Cn Catalan number;
(ii) in the last equality we defined h•i ¼ Trð•Þ=D as the

normalized trace, and we used the equality

X
ī1���īn

Aīβð1Þ ī1 � � �AīβðnÞ īn ¼
Y#β
m¼1

TrðAlmÞ: (B4)

Similarly to the calculation in Refs. [43,113], done at
the level of the Haar quantum channel, we perform a
systematic expansion in powers of 1=D of Eq. (B2), for a
fixed α: inserting the expansion of the Weingarten function
[Eq. (B3)] we get

Kα ¼
X
β∈ Sn

Dn−#α

DΔðα;βÞ

�
ϕðα; βÞ

Y#β
m¼1

hAlmi þO
�

1

D2

�	
; (B5)

where we substituted Δðα; βÞ ¼ 2n − ðα−1βÞ − #β ¼
dðe; βÞ þ dðβ;αÞ with dð; Þ Cayley distance, defined
in Eq. (A8).
The leading order is given only by the βs that mini-

mize Δðα; βÞ. This happens when β∈ ½e;α�, so that
Δðα; βÞ ¼ n − #α, its minimum value. Moreover, the
condition β∈ ½e;α� is equivalent to having β ≤ α.
Permutations that do not belong to the geodesic interval

give subleading contributions of order Oð1=Dn−#αþ2Þ and
so must be taken into account along the Weingarten
approximation. Indeed, one can show [114] that ∄α; β
so that Δðα; βÞ ¼ n − #αþ 1.
Therefore, the leading order is given by

Kα ¼
X
β≤α

ϕðα; βÞ
Y#β
m¼1

hAlmi þO
�

1

D2

�
: (B6)

We can interpret the result obtained in terms of
partitions instead of permutations. Specifically, the leading
order of Kα is the free cumulant κα associated with the
non-crossing partition defined by α. In order to see the
equivalence, we write explicitly the inverse relation of
Eq. (17) which expresses a generic cumulant κμ, for
μ∈NCðnÞ in terms of the moments, via the Möbius
function ψ :
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κμ ¼
X
ν≤μ

ν∈NCðnÞ

ψðν; μÞ
Y#ν
m¼1

hAlmi: (B7)

Considering α and β as non-crossing partitions [115],
the sum in Eq. (B6) runs over β ≤ α; ∈NCðnÞ, as in
Eq. (B7). Moreover, one can identify ϕ with the Möbius
function. It is now straightforward to see that Kα ¼
κα þOð1=D2Þ.
For the matrix elements’ moments (B1) it follows

AU
i1j1

� � �AU
injn

¼
X
α∈Sn

1

Dn−#α

·
�
κα δiαð1Þ;j1 � � � δiαðnÞ;jn þO

�
1

D2

�	
: (B8)

This expression tells us that the matrix elements’
moments are given as a sum over permutations, each
coming with multiple δs. In other words, a product of
matrix elements, averaged on the ensemble, is non-zero
only when the second set of indices fj1 � � � jng is a
permutation of the firsts fi1 � � � ing, or also, each index
is repeated at least once in the product. This reflects the
fact that the products in (12) are non-zero only when a U
couples with aU�. This is typical of the unitary group. As a
consequence, the non-zero products of matrix elements
can be written as

AU
i1iσð1Þ � � �AU

iniσðnÞ

¼
X
α∈ Sn

1

Dn−#α

�
κα δασðiÞ þO

�
1

D2

�	
; (B9)

where we defined δασðiÞ ¼ δiαð1Þ;iσð1Þ � � � δiαðnÞ;iσðnÞ to keep the
notation shorter. We will also use the notation i ≔
fi1;…; ing and σðiÞ ≔ fiσð1Þ; � � � ; iσðnÞg. Differently from
Eq. (19) and the surrounding discussion, here σ is a generic
permutation, since we are still considering all the possible
products of matrix elements; however, it is nontrivial to
define the permutation σ, for a given product of matrix
elements, since in i there could be repeated indices.
(i) When there are no repetitions, then σ is uniquely

defined: there is a bijective correspondence between a
product of matrix elements with different indices and a
permutation. For instance, σ ¼ ð12Þð34Þ defines uniquely
AijAjiAklAlk, for i ≠ j ≠ k ≠ l.
(ii) When there are repetitions, instead, there are

multiple permutations giving the same product of matrix
elements; we define σ as the finest, that is, the one with the
biggest number of cycles. For instance, one can use both
ð12Þð34Þ or (1234) for defining AijAjiAilAli, but we chose
σ as the first. We notice that, in this way, each cycle of σ

involves only different indices in i, meaning that
iCmð1Þ ≠ � � � ≠ iCmðlmÞ, for all the cycles Cm of σ of length
lm. However, the finest permutation might not be unique:
there could be different σswith the same number of cycles.
This is the case for AijAjiAijAji which can be defined by
two different finest permutations ð12Þð34Þ and ð14Þð23Þ,
both with two cycles. This happens only for the product of
matrix elements that were called non-cacti.
It is clear that a permutation σ will not uniquely define a

product of matrix elements, since the same permutation
could be describing a product with all different indices
or with repeated indices, being the finest. This is the case,
for instance, for AijAjiAiiAii and AijAjiAiiAjj, where
σ ¼ ð12Þð3Þð4Þ. Therefore, together with σ, one needs
to give the additional ordered set of indices i on which the
permutation acts, with the constraint that σ is the finest, if
there are repetitions. In the example, i ¼ fijiig for the
first, and i ¼ fijijg for the second.
We highlight a special case that happens when ik ¼

iσðk−1Þ mod n. The condition depends both on σ and i; of
course is satisfied when σ ¼ γn and there are no repeated
indices, but also, for instance, for σ ¼ ð12Þð3Þð4Þ on i =
fijiig. More specifically, this condition defines what we
called ETH-cycles, for which the products of matrix
elements are of the form AU

i1i2
AU
i2i3

� � �AU
ini1

, where indices
can be different or repeated. Excluding the non-cacti, as
explained in the main, these products of matrix elements
can be described uniquely by a non-crossing partition
[116], whose Kreweras complement, seen as a permuta-
tion, is exactly σ; moreover, σ∈ ½e; γn� in those cases.
We will now focus the discussion on ETH-cycles,

excluding the non-cacti, that is simple loops and cacti.
For those, we can derive the closed formula Eq. (19), while
the destiny of the others will be discussed separately
afterwards.

1. Closed formula for simple loops and cacti

From expression (B9), we can deduce both the leading
and the first subleading contributions.
The δασðiÞ appearing in the equation is selecting only

some αs in the sum over the symmetric group, which are
the ones that act as σ on i. One could initially assume that
the condition is satisfied only when α ¼ σ; this is indeed
correct if σ acts on a set of distinct indices, corresponding
to the case of simple loops. For cacti, instead, αs are all the
permutations giving the same result as σ, when applied to
the set with repeated indices. As said above, with repeated
indices σ is not well defined, but we chose it to be the
finest. Permutations αs are all the others which could also
define the same product of matrix elements, but have more
cycles.
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a. Leading order

Between all the αs satisfying the δασðiÞ, the leading
order is given by the one minimizing n − #α, the exponent
of 1=D. This happens for the permutation with the biggest
number of cycles i.e. the finest which is α ¼ σ, for how we
defined it. Therefore,

AU
i1iσð1Þ � � �AU

iniσðnÞ ¼
κσ

Dn−#σ þO
�

1

Dn−#σþ1

�
; (B10)

with

O
�

1

Dn−#σþ1

�
¼

X
α≠σ∈ Sn

1

Dn−#α

�
κα δασðiÞ þO

�
1

D2

�	

þO
�

1

Dn−#σþ2

�
: (B11)

For simple loops and cacti we identify σ with π, and we
obtain the expression in the main Eq. (19). In particular, for
simple loops, π ¼ γn; as a consequence, they are the
smallest product of matrix elements, having the scal-
ing 1=Dn−1.

b. First subleading correction

We want to read the first subleading term from (B11).
We immediately see that this is given by all the αs
satisfying the δασðiÞ for which #α ¼ #σ − 1, meaning
the ones with one cycle less than σ. For convenience,
we call them ρs. Therefore, from (B11):

O
�

1

Dn−#σþ1

�
¼

X
ρ∈ Snwith
#ρ¼#σ−1

κρ
Dn−#ρ δρσðiÞ þO

�
1

Dn−#σþ2

�
:

(B12)

We emphasize that ρ s are not forced to be in the
geodesic interval ½e; γn�, even if σ is. Before providing a
geometric interpretation of the ρ s that appear in the
expansion, we remark that only the first subleading
correction admits a compact and explicit expression.
Higher-order contributions require taking into account
not only permutations α with progressively fewer cycles,
but also subleading terms in Kα arising from the higher-
order structure of the Weingarten function and from
permutations that do not belong to the geodesic, as
indicated in Eq. (B5). Accordingly, contributions of order
Oð1=Dn−#σþ2Þ lie beyond the analysis of this paper [117].
Let’s then focus on the ρ s. Firstly, we already stressed

that for simple loops there are no other permutations acting
as σ, apart from σ itself, since in i there are no repetitions.
In this case, the first-order correction is zero. Since the
leading order has scaling 1=Dn−1, the error is of
order Oð1=Dnþ1Þ.

When indices are repeated, we want to show that the
condition given by δρσðiÞ restricts the sum for ρ∈Sn, with
the additional condition #ρ ¼ #σ − 1, only over ρ∈ ½e; γn�.
We introduce the following two notations:
(i) λ ≔ σρ−1. The permutation λ permits to obtain σ

when composed with ρ. The δρσðiÞ implies
ik ¼ iλðkÞ ∀ k, that is λ acting as the identity on i;

(ii) α̂ ≔ γnα
−1 for a generic permutation α∈ Sn, which

is a sort of anti-dual, with respect to Eq. (A11).
Indeed, it is still an order-reversing bijection;
however it inverts the usual direction, bringing a
dual permutation to the original one. For instance
for permutations on the geodesic interval ½e; γn�, one
can see α as the Kreweras complement of α̂. As a
consequence, σ̂ is basically the non-crossing parti-
tion characterizing the repeated indices in i. There-
fore, we will say that elements in the same cycle of
σ̂ are associated with equal indices in i, meaning
that iĈmð1Þ ¼ � � � ¼ iĈmðlmÞ, for all the cycles Ĉm of σ̂
of length lm.

The statement we want to prove is the following: under
the assumptions (1) σ satisfies the condition of being cyclic
on the set i, ik ¼ iσðk−1Þ mod n, and (2) #ρ ¼ #σ − 1, then

fρ∈ Sn=iσðkÞ ¼ iρðkÞ ∀ kg ⟺ ρ∈ ½e; γn�; (B13)

that is, all and only the ρ s satisfying δρσðiÞ are the ones on
the geodesic interval ½e; γn�.
We start by showing the left to right implication; as a

first step, we show that if ρ satisfies δρσðiÞ and
#ρ ¼ #σ − 1, then dðρ; σÞ ¼ 1, that is

#ðρ−1σÞ≡ #ðσρ−1Þ≡ #λ ¼ n − 1:

The reader should notice that the condition (2) is
equivalent to dðe; ρÞ ¼ dðe; σÞ þ 1, but does not imply
directly that ρ > σ which means σ∈ ½e; ρ�. This happens
when the additional condition dðρ; σÞ ¼ 1 is satisfied. We
want to show that λ is a transposition; the permutation λ
needs to satisfy two conditions: it must unify two cycles of
σ which are distinct, so that ρ has one cycle less than σ, and
it must act as the identity on the set of indices i. This means
that there should be a cycle of λ, let’s say C, with elements
belonging to two different cycles of σ (not more than two),
and so that iCð1Þ ¼ � � � ¼ iCðlÞ. Since in a single cycle of σ
there cannot be elements associated with the same index,
by construction of σ, the cycle C of λ cannot contain more
than two elements, that is l ¼ 2. We will label these
elements as x and y. Moreover, there can be only one cycle
containing more than one element, all the other cycles of λ
need to have unit length. Let us admit this is not the case:
let us imagine we have more than one cycle having more
than one element. This could happen when more than two
cycles of σ are involved and so unified, which goes against
#ρ ¼ #σ − 1, or when σ is one of the permutations defining
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a non-cacti. Indeed, these are the only cases in which
different cycles could be associated with more than one
equal index, meaning that in two different cycles of σ,
saying C1 and C2, more than one couple ðm; nÞ exists, so
that iC1ðmÞ ¼ iC2ðnÞ. These cases are excluded from this
derivation, since we consider only simple loops and cacti.
Therefore, λ is a transposition, and ρ > σ with one
cycle less.
As a successive step, one can directly show that

σρ−1 ¼ σ̂−1ρ̂, which implies dðρ̂; σ̂Þ ¼ 1, for what we just
showed. If two permutations are at distance one, they must
have one cycle of difference, that is

dðρ̂; σ̂Þ ¼ 1 ⇒ #ρ̂ − #σ̂ ¼ �1 ∶ (B14)

ρ̂ has one more cycle than σ̂ or one less.
We also notice that, as a consequence of their defini-

tions, σ̂ −1ρ̂ ¼ λ, which means that the same transposition
λ of above, composed with σ̂ gives ρ̂. Therefore, λ is or
dividing a cycle of σ̂ in two cycles of ρ̂ [þ in Eq. (B14)], or
vice versa unifying two cycles of σ̂ in one of ρ̂ [− in Eq.
(B14)]. To decide the right direction, we have to look at the
elements x; y∈C and understand if they are in a same
cycle of σ̂ and different of ρ̂, or vice versa; for construc-
tion, ix ¼ iy, that is, x and y are constrained to be in the
same cycle of σ̂. Therefore, λ is dividing the cycle of σ̂
containing both x and y in two different cycles of ρ̂, one
with x and another with y. As a consequence, #ρ̂ ¼ #σ̂ þ 1
and ρ̂ < σ̂.
Since σ∈ ½e; γn�, then also σ̂∈ ½e; γn�, and since ρ̂ < σ̂,

the same is true for ρ. We notice that ρ̂ < σ̂ is a
stronger condition then ρ > σ, because it implies that
ρ̂∈ ½e; γn� ⇒ ρ∈ ½e; γn�. Indeed, there are ρ s bigger than σ
of one cycle, which do not satisfy the delta function, which
are indeed all the ones not belonging to ½e; γn�.
Let us now show the right to left implication in

Eq. (B13); when ρ > σ; ∈ ½e; γn� with one cycle less, then
ρ̂ < σ̂; ∈ ½e; γn� with one cycle more. This means that each
cycle of ρ̂ is included in a cycle of σ̂. Specifically,
considering a generic cycle Ĉ of σ̂ of length l, it can be
written as the disjoint union of all the cycles of ρ̂ contained
in Ĉ, that we indicate as R̂g, for g ¼ 1 � � � r, admitting they
are r. Since it is true that iĈð1Þ ¼ � � � ¼ iĈðlÞ, it is also true
that iR̂1ð1Þ ¼ � � � ¼ iR̂1ðl1Þ ¼ iR̂2ð1Þ � � � ¼ iR̂2ðl2Þ ¼ � � � ¼
iR̂gð1Þ ¼ � � � ¼ iR̂gðlgÞ. Not only, this would be true even

if instead of σ̂ and ρ̂ we consider their inverses, since the
inverse operation is not mixing cycles, but just changing
the order of the elements in the cycles. This is valid for
each cycle of σ̂, therefore it is clear that ∀ k:

iρ̂ðkÞ ¼ iσ̂ðkÞ ⇔ iρ̂−1ðkÞ ¼ iσ̂−1ðkÞ ⇔ iσ̂−1ρ̂ðkÞ ¼ ik

⇔ iσρ−1ðkÞ ¼ ik ⇔ iσðkÞ ¼ iρðkÞ; (B15)

same condition imposed from the delta function δρσðiÞ, as
we wanted to prove.
This completes the proof.
An important remark is that the condition of α∈ ½e; γn�

would not be necessary and sufficient for satisfying δασðiÞ
when the assumption (2) is made for higher order correc-
tions, that is, looking for a generic order M for which
#α ¼ #σ −M. This would still imply dðα; σÞ ¼ dðα̂; σ̂Þ ¼
M, but it would not be sufficient for saying that #ρ̂ − #σ̂ is
equal to�M; the implication (B14) is true only forM ¼ 1.
Therefore, in all the other cases, taking only α∈ ½e; γn�
would be too restrictive: there would be permutations α s
satisfying δασðiÞ, but not on the geodesic interval. Since we
already noticed that the higher corrections would be much
more difficult to interpret, we do not go further in this
direction.
Example. We consider useful to follow the derivation

with a specific example. We choose i¼ fijiig and
σ ¼ ð12Þð3Þð4Þ, that is the ETH-cycle AU

ijA
U
jiA

U
iiA

U
ii . We

construct the permutations λ s so that they unify one
single cycle of σ, with the constraint that elements in
the same cycle are associated with equal indices. There are
only three choices, and they are all constrained to be
transpositions; with the respective ρ ¼ λσ, they are
λ1 ¼ ð13Þð2Þð4Þ → ρ1 ¼ ð123Þð4Þ, λ2 ¼ ð14Þð2Þð3Þ →
ρ2 ¼ ð124Þð3Þ, and λ3 ¼ ð34Þð1Þð2Þ → ρ3 ¼ ð12Þð34Þ.
Clearly, for all of them dðρ; σÞ ¼ 1. However, we notice
that there were other permutations with one fewer cycle,
but not at distance one, for instance ð142Þð3Þ.
Calculating the anti-dual permutation, σ̂ ¼ ð134Þð2Þ and

ρ̂1 ¼ ð14Þð2Þð3Þ; ρ̂2 ¼ ð34Þð1Þð2Þ; ρ̂3 ¼ ð13Þð2Þð4Þ. We
notice that dðρ̂; σ̂Þ ¼ 1 in all the cases, and moreover #ρ̂ ¼
#σ̂ þ 1 which is implied by the fact that the elements
exchanged by the transpositions λ are always belonging to
the same cycle of σ̂. Moreover, the relation ρ̂ ¼ σ̂λ is valid.
The ρ s satisfying the delta function, as reported in the
main in Eq. (20c), are all and only the ones in the geodesic
interval ½e; γ4�.
Let us discuss quickly which permutations would be

involved for M ¼ 2; in this case the permutations satisfy-
ing the delta function are α1 ¼ ð1234Þ and
α2 ¼ ð2134Þ∉½e; γ4�. It is still true that dðα; σÞ ¼ 2 (even
if it is evident that not all the permutations at distance 2
satisfy the delta function), however, in the dual the
permutations are not forced to have two cycles more than
σ̂, for instance α̂2 ¼ ð132Þð4Þ has the same number of
cycles of σ̂.
Therefore we proved that Eq. (B12) is equivalent to:

O
�

1

Dn−#σþ1

�
¼

X
ρ∈ ½e;γn �with
ρ>σ;#ρ¼#σ−1

þO
�

1

Dn−#σþ2

�
: (B16)

We remind the reader of the assumption that σ is
defining only ETH-cycles, excluding the non-cacti. In
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this case we can finally translate the formula to the
language of partitions. Summing over ρ∈ ½e; γn� > σ at
distance 1 is equivalent to summing over the non-crossing
partitions associated, at distance 1; in other words, over
τ∈NCðnÞ > π at distance 1. Therefore, Eqs. (B10), (B16)
give Eq. (19) in the main. Some examples were presented
in Eqs. (20a)–(20d).

4. Destiny of non-ETH-cycles and non-cacti

Equation (B9) is valid for all the products of matrix
elements, and ∀ σ∈Sn, however, Eqs. (B10) and (B16)
were derived only for simple loops and cacti, that is, when
σ∈ ½e; γn�, and it is cyclic on the set i. Let us examine
where the derivation fails for the other cases of non-ETH-
cycles and non-cacti.

a. Non-cacti

We said above that non-cacti cannot be described by a
unique permutation σ. Indeed, the finest permutation is not
unique: different σ s with the same number of cycles give
the matrix product of non-cacti. As a consequence, the
leading order will not be given by a single permutation, but
by all the finest σ s, summed together. This reflects the
non-existence of the Kreweras complement for the cross-
ing partition and the fact that a crossing diagram cannot be
factorized uniquely, as instead happens for all the other
ETH-cycles. For instance, the unique non-cacti of n ¼ 4 is
given by

AU
ijA

U
jiA

U
ijA

U
ji ¼

2κ22
D2

þO
�

1

D3

�
: (B17)

Since our interest regards simple loops and cacti, we
don’t discuss further the subleading of the non-cacti.

b. Non-ETH-cycles

Now we discuss the case of products of matrix elements
which are not of the form AU

i1i2
AU
i2i3

� � �AU
ini1

, that is, they do
not satisfy ik ¼ iσðk−1Þ mod n, and for which σ is uniquely
defined (we exclude all the cases similar to the cacti). The
condition depends both on σ and i.
When there are no repeated indices in i, whether σ is

cyclic or not, the leading order is given by Eq. (B10), and
the subleading is zero. This was the case for simple loops
and holds in general for all the permutations defined on i
without repetitions, since no other permutations are sat-
isfying δασðiÞ.
When there are repeated indices in i, the leading order is

still given by Eq. (B10), because one can still define a
unique finest permutation; this contribution will be the
same as the one of the ETH-cycles with the same σ, but
different i. The subleading, instead, is still given by
Eq. (B12), but not by Eq. (B16). Indeed, its derivation
relies on the assumption of σ being cyclic on i and breaks

down when this is not true. In particular what is important
in the proof is that, when σ has this property, σ̂ is basically
the non-crossing partition characterizing the repeated
indices in i, so that, iĈmð1Þ ¼ � � � ¼ iĈmðlmÞ, for all the cycles

Ĉm of σ̂ of length lm. This was essential for proving that
Eq. (B14) is satisfied with the signþ; for non-ETH-cycles,
x; y, elements of the transposition λ, are not forced to be in
the same cycle of σ̂, therefore the implication can be valid
both for �. As a consequence, the condition ρ̂ < σ̂ is not
implied and can happen that ρ∉½e; γn� still satisfies
the δρσðiÞ.
As an example, let us consider AU

ijA
U
jiA

U
iiA

U
jj, in order to

compare it with AU
ijA

U
jiA

U
iiA

U
ii that we discussed above. First

of all, σ ¼ ð12Þð3Þð4Þ in both the cases and the leading
order is exactly the same for both averages. Focusing on
the non-ETH cycle, we construct the permutations λ s so
that they unify one single cycle of σ, with the constraint
that elements in the same cycle are associated with equal
indices. There are only two choices, and they are all
constrained to be transpositions; with the respective
ρ ¼ λσ, they are λ1 ¼ ð13Þð2Þð4Þ → ρ1 ¼ ð123Þð4Þ, and
λ2 ¼ ð24Þð1Þð3Þ → ρ2 ¼ ð142Þð3Þ. Clearly, for all of
them dðρ; σÞ ¼ 1. Indeed, this part of the proof relied
only on the definition of σ being the finest. Problems
come when calculating the anti-dual permutations,
ρ̂1 ¼ ð14Þð2Þð3Þ; ρ̂2 ¼ ð1342Þ. We still have dðρ̂; σ̂Þ ¼ 1
in both cases, but #ρ̂2 ¼ #σ̂ − 1. Indeed the elements
exchanged by the transposition λ2 do not belong to the
same cycle of σ̂, since σ̂ ¼ ð123Þð4Þ is mixing the
positions of equal indices.
Again, since our interest regards the simple loops and

cacti, we don’t discuss further the subleading corrections
of non-ETH-cycles.
To summarize, the leading order given as Eq. (B10) is

valid for all the matrix elements’ moments apart from
when σ cannot be uniquely defined. Equation (B16),
instead, is not valid for non-ETH-cycles with repeated
indices, and, again, for the non-cacti.

APPENDIX C: LOCAL ROTATIONAL
INVARIANCE DERIVATIONS

In this Appendix we evaluate Eq. (16). In contrast to the
globally invariant case, the matrices here behave as
random unitaries only within their respective index sub-
sets. Consequently, Eq. (12) and Weingarten calculus
cannot be applied straightforwardly. We explicitly evaluate
the first few n orders, while showing that the Weingarten
formalism can still be employed by properly coupling
matrices acting on different intervals. Using the same
approximations as in the global case will lead to similar
results, now encoding the energy dependencies. For the
computation, we employ the minimal block model in
Fig. 2(b), and we show afterward how to translate the
expressions to the more refined model in Fig. 2(c). We will
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consider, since the beginning, ETH-cycles only, starting
from simple loops in order to derive Eqs. (21), (23) given
in the main, and then evaluating explicitly some examples
of cacti in order to show how the factorization and the first
subleading correction appear in the case of rotational
invariance.

1. n= 1

Since UðIÞ and UðJÞ have two independent unitaries,
respectively only to the set of indices I and J, the average
in Eq. (C1) is non-zero only when I ¼ J:

AU
ij ¼

X
ī∈ I
j̄∈ J

UðIÞ�
īi UðJÞ

j̄j Aī j̄ ¼ δI;J
X
ī;j̄∈ I

UðIÞ�
īi UðIÞ

j̄j Aī j̄: (C1)

After fixing this condition, the product is a rotation that
involves only the submatrix Aī j̄ for ī; j̄∈ I; then, the
average can be calculated through the Weingarten calculus
for the dimension of the submatrix, that is Di. From
Eq. (12):

UðIÞ�
īi UðIÞ

j̄j ¼ Wge;eðDiÞδijδīj̄:

Therefore, since δij directly implies δI;J,

AU
ij ¼ δij

1

Di

X
ī∈ I

Aī ī ≡ δij K1ðEiÞ;

where K1ðEiÞ depends on the mesoscopic energy Ei of the
interval I.
It is straightforward to translate this result to the

smoothed version, just explicitly writing

K1ðEiÞ ¼
1

Di

X
ī∈ I

Aī ī ¼
X
α

δΔðEi − EαÞ
Di

Aαα: (C2)

When δΔðÞ is peaked around Ei, one obtains the first line
of Eq. (23). This expression reproduces the result of global
rotational invariance, but taking into account the energy
dependence of the matrix elements; for a flat δΔðÞ one
recovers, indeed, the normalized trace of the entire matrix.

2. n= 2

We can distinguish two cases in the expression

AU
ijA

U
ji ¼

X
ī;l̄∈ I
j̄;k̄∈ J

UðIÞ�
īi UðJÞ�

k̄j
UðJÞ

j̄j U
ðIÞ
l̄i

Aī j̄ Ak̄ l̄: (C3)

When I ¼ J, we can use Weingarten calculus for
dimension Di. Expanding Wgα;βðDiÞ at the leading order
in the dimension, one obtains:

δij

�
1

Di

X
ī∈ I

Aī ī

�
2

þ δI;J
Di

�
1

Di

X
ī;k̄∈ I

Aī k̄Ak̄ ī −
�

1

Di

X
ī∈ I

Aī ī

�
2
�
: (C4)

When I ≠ J, the average in Eq. (C3) factorizes in two

UðIÞ�
īi UðIÞ

l̄i
UðJÞ�

k̄j
UðJÞ

j̄j :

Again, one can use Eq. (12) separately for the two
averages, one with Di and the other with Dj:

1 − δI;J
DiDj

X
ī∈ I
k̄∈ J

Aī k̄Ak̄ ī:

Summing these two cases together:

AU
ijA

U
ji ≃ δij½K1ðEiÞ�2 þ

1

DiDj

X
ī∈ I
k̄∈ J

Aī k̄Ak̄ ī

−
�
1

Di

X
ī∈ I

Aī ī

�
2 δI;J
Di

≡ δij½K1ðEiÞ�2 þ K2ðEi; EjÞ:
(C5)

Again, one can use equivalently smooth delta functions,
so that

K2ðEi; EjÞ ¼
X
αβ

Aαβ
δΔðEi − EαÞ

Di
Aβα

δΔðEj − EβÞ
Dj

− ½K1ðEiÞ�2σðEi − EjÞ; (C6)

where σðEi − EjÞ accounts for the smoothed version of
δI;J=Di on the mesoscopic energies. This expression shows
that the simple loop is given by the second line of Eq. (23).

For the cactus AU
iiA

U
ii we recover, from Eq. (C5), the

factorization and the first subleading term with the right
energy dependencies, as in Eq. (27a).

3. n= 3

For the expression

AU
ijA

U
jkA

U
ki ¼

X
ī;n̄∈I
j̄;k̄∈J

l̄;m̄∈K

UðIÞ�
īi UðJÞ�

k̄j
UðKÞ�

m̄k UðJÞ
j̄j U

ðKÞ
l̄k

UðIÞ
n̄i Aī j̄Ak̄l̄Am̄n̄;

(C7)

one has now to distinguish multiple cases, each comput-
able with Eq. (12) choosing the right dimension, and
expanding the Weingarten function.
We begin with the case of simple loop i ≠ j ≠ k.

Equation (C7) needs to be considered in three differ-
ent cases:
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I ¼ J ¼ K the Weingarten function has to be evaluated only for α ¼ ð123Þ, since it is the only one respecting i ≠ j ≠ k,
and expanded at the first order in 1=Di. The result is

δI;JδI;K
D2

i

�
1

Di

X
ī;k̄;m̄∈ I

Aīk̄Ak̄m̄Am̄ī − 3

D2
i

X
ī∈ I

Aīī

X
k̄;m̄∈ I

Ak̄;m̄∈ IAm̄k̄ þ 2
ðPī∈ IAīīÞ3

D3
i

�
: (C8)

I ¼ J ≠ K þ 2 cycl the average factorizes in two parts; one is easily computable directly with Wge;eðDkÞ, and the other
has to be computed only for α ¼ ð12Þ. The result reads:

δI;Jð1 − δJ;KÞð1 − δK;IÞ
Di

�
1

DiDk

X
ī;k̄∈ I;m̄∈K

Aīk̄Ak̄m̄Am̄ī − 1

D2
i Dk

X
ī∈ I

Aīī

X
k̄∈ I;m̄∈K

Ak̄m̄Am̄k̄

�
: (C9)

I ≠ J ≠ K the average factorizes in three parts, each of them computable with Wge;e for dimension Di, Dj, Dk,
respectively. The result is given by :

ð1 − δI;JÞð1 − δJ;KÞð1 − δK;IÞ
1

DiDjDk

X
ī∈ I;k̄∈ J;m̄∈K

Aīk̄Ak̄m̄Am̄ī: (C10)

The different cases have to be summed together to get the final result:

AU
ijA

U
jkA

U
ki ≃ K3ðEi; Ej; EkÞ ¼

X
α∈ I;β∈ J;γ∈K

AαβAβγAγα − ½K1ðEiÞ�
δI;J
Di

X
α∈ I;β∈K

AαβAβα þ 2cyclþ 2½K1ðEiÞ�3
δI;JδJ;K
D2

i
:

The smoothing of this expression, done in the same way as explained above, gives the third line of Eq. (23).
We move to the cactus AU

ijA
U
jiA

U
ii ; Eq. (C7) becomes

AU
ijA

U
jiA

U
ii ¼

X
ī;n̄;l̄;m̄∈ I
j̄;k̄∈ J

UðIÞ�
īi UðJÞ�

k̄j
UðIÞ�

m̄i U
ðJÞ
j̄j U

ðIÞ
l̄i
UðIÞ

n̄i Aī j̄Ak̄l̄Am̄n̄; (C11)

and needs to be considered in two different cases:
I ¼ J the Weingarten function has to be evaluated for α ¼ ð12Þð3Þ and (123), and expanded at the first order in 1=Di;
not only, for each α one has to consider only the permutations β < α in order to have the first subleading contribution.
We highlight that the other α s are not respecting the condition on the initial set of indices i. It is remarkable to notice
that the permutations to be considered are the ones on the geodesic between e and γ3, equal or bigger than ð12Þð3Þ,
exactly as in the case of global rotational invariance. For instance, the permutation ð132Þ∉½e; γ3� and, indeed, does not
respect the repetitions in the set of indices i, even if with one cycle more than ð12Þð3Þ. The computation leads to

δI;J
Di

�
1

D2
i

X
ī∈ I

Aīī

X
k̄;m̄∈ I

Ak̄m̄Am̄k̄ − ðPīAīīÞ3
D3

i
þ 1

D2
i

X
ī;k̄;m̄∈ I

Aīk̄Ak̄m̄Am̄ī þ 2
ðPī∈ IAīīÞ3

D4
i

− 3

D3
i

X
ī∈ I

Aīī

X
k̄;m̄∈ I

Ak̄m̄Am̄k̄

�
: (C12)

I ≠ J the average factorizes in two parts; one easily computable directly with Wge;eðDjÞ, and the other to be evaluated
for both α ¼ ð12Þ and α ¼ e, always considering only β < α. The result is

ð1 − δI;JÞ
�

1

DjD2
i

X
ī∈ I

Aīī

X
k̄∈ J;m̄∈ I

Ak̄m̄Am̄k̄ þ
1

DjD2
i

X
ī;m̄∈ I;k̄∈ J

Aīk̄Ak̄m̄Am̄ī − 1

DjD3
i

X
ī∈ I

Aīī

X
k̄∈ J;m̄∈ I

Ak̄m̄Am̄k̄

�
: (C13)
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Summing all together, one gets:

AU
ijA

U
jiA

U
ii ≃

1

DjD2
i

X
ī∈ I

Aīī

X
k̄∈ J;m̄∈ I

Ak̄m̄Am̄k̄ − δI;J
Di

ðPīAīīÞ3
D3

i
(C14)

þ 1

DjD2
i

X
ī;m̄∈ I;k̄∈ J

Aīk̄Ak̄m̄Am̄ī þ 2
δI;J
DI

ðPīAīīÞ3
D4

i
− 1

DjD3
i

X
ī∈ I

Aīī

X
k̄∈ J;m̄∈ I

Ak̄m̄Am̄k̄ − 2
δI;J
Di

1

D3
i

X
ī∈ I

Aīī

X
k̄;m̄∈ I

Ak̄m̄Am̄k̄

≡ K2ðEi; EjÞK1ðEiÞ þ K3ðEi; Ej; EiÞ; (C15)

which reproduces the right factorization and the first
subleading contribution given by K3 evaluated at equal
mesoscopic energies, for coincident initial indices.
The case of the cactus AU

iiA
U
iiA

U
ii is the easiest, but

significant. There is only one average in Eq. (C7) to be
considered, for which Weingarten calculus for dimension
Di can be employed, exactly as in the case of global
rotational invariance. The Weingarten function has to be
evaluated for all α s, since all of them respect the
condition on the initial set of indices i, and have more
cycles than e, but two considerations have to be made:
firstly, (123) and (132) would give the second subleading
correction, so they have to be excluded, for being
coherent with the approximation at the leading order in
the dimension made on the Weingarten function.
Interestingly, (132) is respecting the repetitions of the
indices in i, even if it is not on the geodesic ½e; γ3�; indeed,
as said in Appendix B, only for the first subleading
correction it is sufficient to restrict to non-crossing
partitions, but for higher orders this is not the case.
The final result, in this case, is:

AU
iiA

U
iiA

U
ii ≃

ðPī∈ IAīīÞ3
D3

i
þ 3

D3
i

X
ī∈ I

Aīī

X
k̄;m̄∈ I

Ak̄m̄Am̄k̄

− 3
ðPī∈ IAīīÞ3

D4
i

≡ ½K1ðEiÞ�3 þ 3K1ðEiÞK2ðEi; EiÞ:

Again, this reproduces the right factorization and the
first subleading contribution.

4. n= 4

The same logic as outlined for the previous cases applies
here, but the explicit derivation is much longer and
therefore omitted. It is important to separate the different
cases of macroscopic energies and, within each case, to
factorize the averages before applying the Weingarten
formalism. Only the relevant α s should be considered, the
function should be approximated to leading order, and only
terms with β < α retained.

APPENDIX D: LINK BETWEEN LOCAL FREE
CUMULANTS AND OPERATOR-VALUED FREE

CUMULANTS

We now show how Eqs. (25) emerge within the
framework of operator-valued free probability. To this
end, let us reconsider the example introduced in
Appendix A 2, namely a four-block matrix and the choice
of D as the subalgebra of block-diagonal matrices gen-
erated by the projectors Π̂I¼1;2 onto the individual blocks,
see Eq. (A3). Generalizing this construction to an arbitrary
number of blocks provides the natural setting in which
operator-valued free cumulants, valued by these projec-
tors, can be related to local free cumulants. Indeed, local
free cumulants arise when a physical observable A in the
energy basis is regarded as aD ×Dmatrix partitioned into
blocks according to the energies of the states, with each
block being independently reshuffled by a local rotation.
However, unlike operator-valued free cumulants, which
are matrix-valued, local free cumulants are scalar quan-
tities. In fact, we now show explicitly that they correspond
to the diagonal entries of the blocks of the operator-valued
free cumulants. Furthermore, a suitable rescaling of the
projectors is required to recover Eqs. (25).
We define the normalized projectors on the two diagonal

blocks as σ̂I ≔ Π̂I=DI being DI the dimension of AII.
For the first-order free cumulant, we have [Eq. (A4)]:

hAiD ¼ κD1 ðAÞ ¼ diagðhA11iI; hA22iIÞ: (D1)

The value on the diagonal of each block can be
expressed as the global trace of the matrix projected onto
the corresponding diagonal block via the projector:

hAIIi ¼ TrðAσ̂IÞ: (D2)

Indeed, this corresponds simply to the normalized trace
of the diagonal block of the original matrix. We call the
r.h.s. of Eq. (D2) as generalized moment, and we introduce
the first generalized free cumulant as
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K1ðAIIÞ ¼ TrðAσ̂IÞ: (D3)

These generalized quantities are scalars and explicitly
retain the dependence on the specific diagonal block.
We can proceed analogously for the second-order case,

for which we report Eqs. (A5), (A7):

hAσ̂1AiD ¼ diagðhA2
11i=D1I;hA21A12i=D1IÞ;

hAσ̂2AiD ¼ diagðhA12A21i=D2I;hA2
22i=D2IÞ;

κD2 ðAσ̂1;AÞ¼ diagððhA2
11i− hA11i2Þ=D1I;hA21A12i=D1IÞ;

κD2 ðAσ̂2;AÞ¼ diagðhA12A21i=D2I;ðhA2
22i− hA22i2Þ=D2IÞ:

We now define the second-order generalized moments as

hA2
IIi=DI ¼ TrðAσ̂IAσ̂IÞ

hAIJAJIi=DJ ¼ TrðAσ̂IAσ̂JÞ; (D4)

which are again the diagonal values of the operator-valued
free cumulants. The generalized second-order free cumu-
lants follow as

K2ðAII;AIIÞ ¼ TrðAσ̂IAσ̂IÞ − TrðAσ̂IÞ2

≡ 1

DI
ðhA2

IIi − hAIIi2Þ;
K2ðAII;AJJÞ ¼ TrðAσ̂IAσ̂JÞ

≡ 1

DJ
hAIJAJIi; (D5)

which compactly is

K2ðAII;AJJÞ ¼ TrðAσ̂IAσ̂JÞ − δI;J
DI

TrðAσ̂IÞ2: (D6)

One should note that these formulas extend straightfor-
wardly to a generic number of blocks in the initial matrix.
The resulting free cumulants are scalars, but they explicitly
encode correlations between different diagonal blocks.
Moreover, an additional Kronecker δ structure is inherited
from operator-valued free probability.
In the case of an observable A expressed in the energy

basis, the generalized free cumulants capture correlations
between different diagonal blocks, each associated with a
given mesoscopic energy. In this setting, the projector σ̂I ¼P

α jαihαj δΔðEi−EαÞ
DI

selects the set of states with energy Ei,
where i labels a representative state within the block. We
may therefore replace the block index I with the corre-
sponding energy Ei, and identify δI;J=DI with

σðEi − EjÞ ¼ δΔðEi−EjÞ
DI

. In this representation, the first
two cumulants read

K1ðEiÞ ¼ Trðσ̂Ei
AÞ

K2ðEi; EjÞ ¼ Trðσ̂Ei
Aσ̂Ej

AÞ − ½Trðσ̂Ei
AÞ�2 σðEi − EjÞ:

(D7)

These expressions correspond to Eqs. (23a)–(23b).
Upon computing higher orders, one obtains the
moments-cumulants formula in Eq. (25). This establishes
the identification of the local free cumulants with the
generalized free cumulants here introduced, namely the
diagonal-block components of the operator-valued free
cumulants.
The equivalence has been shown explicitly for the toy

model with blocks. To obtain smooth functions of the
energy, one must smooth each block around its associated
energy: the factor δΔðEi − EαÞ is then understood as a
function peaked around Ei, rather than a sharp box. In this
regime, the connection to operator-valued free probability
becomes more subtle. In particular, one must appropriately
integrate the local cumulants over energy in order to
recover operator-valued cumulants. This was carried out
in [60], even if in a different setting.

APPENDIX E: A DIFFERENT APPROACH FOR
GLOBAL ROTATIONAL INVARIANCE: LOW

RANK HCIZ INTEGRAL

The Harish-Chandra-Itzykson-Zuber (HCIZ) integral
[118,119] IβRMT

ðA;BÞ is defined as

IβRMT
ðA;BÞ ¼

Z
GðDÞ

DΩ e
βRMTD

2 TrBΩAΩ†
; (E1)

where the integral is over the Haar measure of the compact
group Ω∈GðDÞ ¼ OðDÞ (orthogonal) or UðDÞ (unitary)
in D dimensions and A; B are arbitrary D ×D symmetric
or hermitian matrices [120]. The parameter βRMT is the
usual Dyson “inverse temperature,” with βRMT ¼ 1 or 2,
respectively for the two groups.
Several results are known for this integral but in the

following we will be interested in a simple yet beautiful
explicit prediction which is available when one of the
matrices has lower rank n ≪ D. Precisely, let us assume
that B has n eigenvalues λB1 ;…; λBn and D − n zero
eigenvalues. Then we have [121,122]:

IβRMT
ðA;BÞ ¼ exp

�
DβRMT

2

Xn
i¼1

WAðλBi Þ
	

(E2)

where WA is the primitive of the R-transform of A:

WAðzÞ ¼
Z

z

0

dxRAðxÞ: (E3)

with RAðzÞ defined as the generating function of free
cumulants:
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RAðzÞ ¼
X∞
k¼0

κAkþ1 z
k: (E4)

We note that
P

n
i¼1WAðλBi Þ can also be written as

TrWAðBÞ and the exponent in Eq. (E2) can be written as

WAðBÞ ¼
X∞
k¼1

1

k
κAk TrðBkÞ: (E5)

For an intuitive derivation of Eq. (E2) we refer to [120].
We now sketch how the predictions for the leading terms

derived in the main section in the unitary ensemble can be
generalized also to the orthogonal case. These results and
the proof that we present are discussed in [86].
Generalizing the previous notation, let us now consider
a matrix AO ¼ O†AOwithO a Haar distributed orthogonal
matrix (but we could consider different universality
classes), and A a matrix with limiting spectral function
ρA. The result (E2) can be used to show that for any n ≥ 1
and any set of pairwise distinct indices i1;…; in, one has:

lim
D→∞

½LðDÞ
n ≡Dn−1AO

i1i2
AO
i2i3

� � �AO
in−1inA

O
ini1

� ¼ κAn (E6)

where the average is over the orthogonal matrix. Note that
the free cumulants of A are the same as those of AO as the
two matrices share the same spectral properties.
In order to simplify the following calculation, we

assume that ði1;…; inÞ ¼ ð1;…; nÞ, since the desired
result does not depend on the particular choice of indices
(as is clear by rotational invariance).
We note that we can use (E1), and in particular its low

rank limit, as a generating function for the matrix elements
of AO. The cases n ¼ 1 and n ¼ 2 have to be treated
separately, but one can generalize the case we consider

here for n ≥ 3 where we can write LðDÞ
n as

LðDÞ
n ¼ 1

D

Yn
l¼1

∂
∂bl

�Z
OðNÞ

DOe
D
2Tr ½BðbÞOAO†�

	
b¼0

; (E7)

in which we denoted b≡ ðb1;…; bnÞ and the following
symmetric block matrix of rank n:

BðbÞ≡
�
B1ðbÞ ð0Þ
ð0Þ ð0Þ

�
; (E8)

in which B1ðbÞ is

B1ðbÞ≡

0
BBBBBBB@

0 b1 0 � � � 0 bn
b1 0 b2 � � � 0 0

0 b2 0 � � � 0 0

..

. ..
. ..

. . .
. ..

. ..
.

0 0 0 � � � 0 bn−1
bn 0 0 � � � bn−1 0

1
CCCCCCCA
: (E9)

Upon taking derivatives in (E7), using the low rank
result (E5), and the form (E9), one can recover Eq. (E6).
With the same strategy one can construct a BðbÞ matrix

which is used to compute averages of cactus diagrams. As
deriving the exponent in (E5) allows to gain a factor D at
the leading order it is clearly convenient to decompose the
cactus in as many leaves (cycles) as possible, noting that
this decomposition is unique, and then the argument
follows the same lines as for simple loops.
The same approach can be generalized to the unitary

case (see Ref. [86]) and the leading terms of the expect-
ations turns out to be the same for real and complex
matrices.
It turns out that the low rank integral captures also the

corrections with scaling 1=D smaller than the leading term
for the cactus diagrams. At this order, however, one might
expect some differences in the two universality classes. In
fact, different factors appear in front of the expressions of
the subleading corrections, beyond the one provided by the
free cumulants, for products involving diagonal matrix
elements in the case of orthogonal matrices. One example
is the cactus diagram which describes the fluctuations of
diagonal matrix elements:

AΩ
iiA

Ω
ii ≃ AΩ

ii
2 þ 2

βRMT
AΩ
ijA

Ω
ji; (E10)

for Ω ¼ O or Ω ¼ U, as it was noticed for instance
in [48,89].

APPENDIX F: ADDITIONAL NUMERICAL
RESULTS

In the first section of this Appendix, we report some
additional details on the implementations of the numerics;
we remind the reader that all the codes and data can be
found in [95]. Successively, we present numerical results
for slightly different Hamiltonians than the one in the main
text: we still consider a non-integrable periodically driven
spin chain, described by Hamiltonian in (32), and by the
Floquet operator in (34), but we slightly change the form
of H0 or V0 in (33). Firstly, we break translational
invariance, in order to check our assumptions for different
observables, then, we restore the time reversal symmetry,
so that the symmetry class of the Hamiltonian is orthogo-
nal instead of unitary.
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1. Different observables

One can break the translational invariance, considering,
for instance, a different amplitude for the longitudinal
magnetic field on each site in Eq. (33):

Hdisorder
z ¼ J

X
i

ZiZiþ1 þ
X
i

hiZi:

Each hi is independently sampled from a uniform
distribution centered at h̄ ¼ 0.905 and spanning the
interval ½h̄ − δh; h̄þ δh�, with width δh ¼ 0.1

ffiffiffi
3

p
. In this

case, we can consider as observable the magnetization on a
single site; we choose A ¼ XL=2. We perform the same

analysis as in Sec. VI C of the main, evaluating the
averages of the products of matrix elements involved in
Eqs. (36a)–(36b), through the expressions (F2).
All results are plotted in Fig. 6. For a fixed number of

spin L ¼ 12, we compare the right-hand side (purple
curve) of Eqs. (36a)–(36b) with the respective leading
order (pink curve), and then we subtract the leading to
the right-hand side, in order to compare this difference
(brown curve) with the prediction for the subleading
(orange curve). Moreover, we study the scaling with
the subspace dimension D for each of these curves, for
a fixed ω� ≈ −2.13 Since hXL=2i ¼ 0, the leading order of
AijAjiAiiAiiðωÞ is zero, therefore the average follows
directly the subleading contribution AijAjiðωÞAilAlið0Þ,
and scales as 1=D2, as expected. On the contrary,
AijAjiAilAliðω;ωÞ is very well factorized in AijAji

ðωÞAilAliðωÞ, scaling as 1=D2, and the subleading well
follows the expected curve AijAjkAklAliðω;−ω;ωÞ, scal-
ing as 1=D3.

2. Orthogonal symmetry class

One can restore the time reversal symmetry considering
no HM interactions, i.e. d ¼ 0 in Eq. (33). In this case, the
system belongs to the orthogonal symmetry class, instead
of the unitary [98]. As mentioned in Appendix E, it is well
known that the predictions of standard ETH for the
subleading of the cacti for n ¼ 2 depend on the symmetry
class [7,89], see Eq. (E10). For the orthogonal:

AiiAii − Aii
2 ≃ 2AijAjið0Þ: (F1)

Therefore, we expect to have discrepancies with respect
to the unitary case for the subleading of higher n, in
particular when diagonal matrix elements are involved.
The origin of the differences is in the rotational invariance:
the observable Awould be invariant under local orthogonal
transformations, as a consequence of the pseudorandom-
ness of real eigenvectors of the Hamiltonian. Therefore,
the computation of averages of products of matrix ele-
ments could not be carried out via the Weingarten calculus
with permutations [Eq. (12)], as we did instead in the
unitary case. Providing an analytical and general predic-
tion of how the subleading corrections would change for
the orthogonal case goes beyond the scope of this paper,
but numerically we can perform again the same analysis as
in Sec. VI C of the main in order to observe the discrep-
ancies. Firstly, in Fig. 5 for both the model given by the
(33) and the variation with disorder presented in
Appendix F 1, we study the factorization in Eq. (F1).
Since we are considering a Floquet model, the products of
matrix elements on the left-hand side are constant for a
fixed L, therefore the averages are computed as normal
means over all the diagonal elements and plotted as a
function of the dimension D. We observe the difference

FIG. 5. Numerical comparison between the Floquet systems
with and without time reversal symmetry, that is, belonging to
the orthogonal or the unitary symmetry class, with and without
disorder, presented in Appendix F 2. We numerically reproduce
equation Eq. (E10). The error bar is given by averaging AijAjið0Þ
over different values of the smoothing parameter Δ, as explained
in the text. For the first column L∈ ½8; 10; 12; 14; 16�, while for
the second L∈ ½6; 8; 10; 12�. We compare jA2

ii − Aii
2j (brown

curve) with the respective subleading correction jAijAjið0Þj
(orange curve), as functions of D, and we calculate the ratio

r ¼ jA2
ii − Aii

2j=jAijAjið0Þj for the biggest system size for each
figure. All the curves well reproduce the expected scaling of
1=LD for the system without disorder, and 1=D for the system
with disorder. In (a) and (b) we notice that the two curves almost
coincide, reproducing the result for the unitary symmetry class

(27a). In (c) and (d), instead, jA2
ii − Aii

2j is approximately twice
as large as the subleading one, as expected for the orthogonal
symmetry class (F1).
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between the unitary ðd ¼ 1Þ and the orthogonal case
ðd ¼ 0Þ in the proportionality factor r ¼ jAiiAii −
Aii

2j=jAijAjið0Þj between the left-hand side (brown curve)
and the right-hand side (orange curve), that is respectively
close to one and close to two. The proportionality factors
are explicitly reported in Fig. 5, for the biggest system size
of each case.
We then perform the same analysis as in Sec. VI C and

Appendix F 1, plotting the result in Fig. 7 for d ¼ 0.
Specifically, we compare the right-hand side (purple
curve) of Eqs. (36a)–(36b) with the respective leading
order (pink curve), and then we subtract the leading to the
right-hand side, in order to compare this difference (brown
curve) with the prediction for the subleading (orange
curve). We notice that the factorizations are always very
well reproduced, while for the subleading contributions,

the same difference observed in Fig. 7 persists while
considering the case of Eq. (36a). The proportionality
factors are explicitly reported in Fig. 7 and are obtained
averaging over all the ω. This discrepancy is not present in
the case of Eq. (36b) which, indeed, does not involve the
diagonal.

3. Numerical implementation

Regarding more specifically the numerical implemen-
tation, we write the empirical averages used for the
numerical calculation of Eqs. (36a)–(36b), in the case
of a Floquet system.

AijAjiAiiAiiðωÞ ¼
P

i≠jAijδ
per
ω ðνi; νjÞAjiAiiAiiP
i;jδ

per
ω ðνi; νjÞ

; (F2a)

FIG. 6. Numerical results for the Floquet system with disorder presented in Appendix F 1, and for the observable A ¼ XL=2. Similarly
to Fig. 4, we numerically reproduce equations Eqs. (36a)–(36b), for ω1 ¼ ω2 ¼ ω chosen in ½−π; π�. The error bar is given by
averaging each product, for each ω, over different values of the smoothing parameter Δ, as explained in the text. (a),(b),(c) refer to
(36a), while (d),(e),(f) to (36b). In (a),(d) we compare the right-hand side (purple curve) with the respective leading order (pink curve)
for fixed L ¼ 12; for (a) the leading order is zero, while in (d) the data very well reproduce the expected leading order factorization. In
(b),(e) we compare the difference between the right-hand side and the leading contribution (brown curve) with the respective
subleading correction (orange curve) for fixed L ¼ 12. The data verify the subleading correction to the factorization. In (c),(f) we
represent the scalings of all the curves as a function ofD. The scalings were studied for values L∈ ½6; 8; 10; 12�, and for a fixed value of
ω� ≈ −2.13. While all the curves in (c) scale as 1=D2, since the leading order is zero, in (f) we observe the different scalings between
the leading (purple and pink curves), as 1=D2 and the subleading (brown and orange curves), as 1=D3.
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AijAjiAilAliðω1;ω2Þ ¼ D

P
i≠j≠lAijδ

per
ω1

ðνi; νjÞAjiAilδ
per
ω2

ðνi; νlÞAliP
i;jδ

per
ω1

ðνi; νjÞ
P

i;lδ
per
ω2

ðνi; νlÞ
; (F2b)

Aii ¼
1

D

X
i

Aii; AijAjiðωÞ ¼
P

i≠jAijδ
per
ω ðνi; νjÞAjiP

i;jδ
per
ω ðνi; νjÞ

; (F2c)

AijAjkAkiðω;−ωÞ ¼ D

P
i≠j≠kAijδ

per
ω ðνi; νjÞAjkδ

per−ωðνj; νkÞAkiP
i;jδ

per
ω ðνi; νjÞ

P
j;kδ

per−ωðνj; νkÞ
; (F2d)

AijAjkAklAliðω1;−ω1;ω2Þ ¼ D2

P
i≠j≠k≠lAijδ

per
ω1

ðνi; νjÞAjkδ
per−ω1

ðνj; νkÞAklδ
per
ω2

ðνk; νlÞAliP
i;jδ

per
ω1

ðνi; νjÞ
P

j;kδ
per−ω1

ðνj; νkÞ
P

k;lδ
per
ω2

ðνk; νlÞ
: (F2e)

Moreover, when we implemented the smoothing through the Gaussian function

δΔðω − ðνα − νβÞÞ ¼
1ffiffiffiffiffiffiffi
πΔ

p exp
�
− ðω − ðνα − νβÞÞ2

Δ

�
;

FIG. 7. Numerical results for the Floquet system belonging to the orthogonal symmetry class presented in Appendix F 2. In
particular, (a) and (c) refer to the system in Eq. (33), while (b) and (d) to the variation of the system with disorder. We numerically
reproduce equations Eqs. (36a)–(36b), for ω1 ¼ ω2 ¼ ω chosen in ½−π; π�. The error bar is given by averaging each product, for each
ω, over different values of the smoothing parameterΔ, as explained in the text. (a),(b) refer to (36a), while (c),(d) to (36b). We compare
the right-hand side (purple curve) with the respective leading order (pink curve) for fixed system size; the data very well reproduce the
expected leading order factorization. Then, we compare the difference between the right-hand side and the leading contribution (brown
curve) with the respective subleading correction (orange curve) for fixed system size. In (a) and (b) we notice that the first curve is
approximately twice as large as the subleading one, in contrast to the unitary case (see Figs. 4, 6). The ratio r between these two curves,
averaged over ω, is respectively r ¼ 2.66� 0.01 and r ¼ 2.095� 0.007 for the two systems considered, in accordance with Fig. 5. In
(c) and (d), instead, we notice no difference between the unitary and the orthogonal case.
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we calculated each matrix elements’ moment for multiple
values of Δ s. In particular, we fixed intervals of Δ, based
on the model considered (unitary or orthogonal symmetry
class) and on the number of spins L, as shown in the Table
below. Inside each interval we chose 3 different values of
Δ, we calculated each matrix elements’ moment for each
Δ, and we averaged them in order to have a final function,
with the respective error bars.

Δ’s intervals L ¼ 6; 8 L ¼ 10 L ¼ 12 L ¼ 14; 16

Unitary [2, 4] [0.5, 1.5] [0.5, 1.5] [0.1, 0.7]
Orthogonal [0.3, 0.7] [0.1, 0.5] [0.07, 0.1] [0.01, 0.07]

APPENDIX G: THERMAL FREE CUMULANTS
AND SUBLEADING CORRECTIONS

In this Appendix we focus on thermal correlation
functions [cf. Eq. (42)] of Floquet dynamics [123], for
which h•iβ¼0 ¼ Trð•Þ=D indicates the thermal average. In
the following we will drop the subscript β ¼ 0. Moreover,
we focus here explicitly on the case of the two-point
correlation function hAðtÞAi and of the four-point corre-
lation function hAðtÞAðtÞAAi; other correlations can be
treated similarly. For the thermal moments one can define
thermal free cumulants between observables at different
times t⃗ ¼ ðt1; t2;…tnÞ through the moment-cumulant for-
mula (see Eq. (17)) as:

hAðt1ÞAðt2Þ…AðtnÞi ¼
X

π∈NCðnÞ
kπðAðt1Þ;…AðtnÞÞ; (G1)

where kπ is a product of free cumulants over the blocks of
partitions π, as in Eq. (17). We will denote the thermal free
cumulants as knðt⃗ Þ.
These free cumulants are connected correlation func-

tions, but in the ETH setting they were proven at the
leading order to be given only by sums over simple loops
[32]

knðt⃗Þ ≈ kETHn ðt⃗Þ ¼ 1

D

X
i1≠…≠in

Ai1i2…Aini1e
iω⃗ t⃗ (G2)

≃
1

D

X
i1≠…≠in

Knðω⃗Þeiω⃗ t⃗: (G3)

In the second line, we have also written the expression in
terms of the local free cumulants, which depend only
on the energy differences ω⃗ ¼ ðω1;…;ωnÞ with
ωα ≡ ωiαiαþ1

¼ Eiα − Eiαþ1
. Eq. (4) is valid because, via

ETH, crossing contributions are shown to be suppressed
and non-crossing diagrams factorize at the leading order.
The subleading corrections derived in this work allow us to

go beyond this leading-order result and, in particular, to
better predict the long-time plateaus of thermal correla-
tions and free cumulants. Such corrections can become
relevant whenever leading-order contributions cancel.
More generally, they can control the finite-size scaling
of the residual long-time values of thermal free cumulants.
Since the Hilbert-space dimension D grows exponentially
with system size, these plateaus are themselves exponen-
tially suppressed in the thermodynamic limit. This estab-
lishes a quantitative connection between finite-size
corrections and the emergence of long-time freeness in
chaotic quantum dynamics. We now show some examples.
The first-order thermal free cumulant is time indepen-

dent and exactly equal to the ETH free cumulant, as well as
to the local free cumulant:

k1 ≡ hAi ¼ kETH1 ¼ K1: (G4)

For the two-time correlation function,

hAðtÞAi¼ 1

D

X
i;j

AijAjieiωijt

¼ 1

D

X
i≠j

AijAjieiωijt þ 1

D

X
i

AiiAii

¼ 1

D

X
i≠j

K2ðωijÞeiωijt þ K2
1 þ K2ð0Þ þOðD−2Þ

¼ kETH2 ðt; 0Þ þ ðkETH1 Þ2 þ K2ð0Þ þOðD−2Þ;
(G5)

and therefore for the second-order thermal free cumulant

k2ðt;0Þ≡ hAðtÞAi− hAi2¼ kETH2 ðt;0ÞþK2ð0ÞþOðD−2Þ:
(G6)

ETH free cumulants are oscillatory contributions and
therefore vanish upon time averaging under the non-
resonance condition, as shown in Ref. [43]. The long-
time plateaus are thus entirely determined by the non-
oscillating contributions, giving

½hAðtÞAi�∞ ≃ ðkETH1 Þ2 þ K2ð0Þ; (G7)

½k2ðt; 0Þ�∞ ≃ K2ð0Þ: (G8)

Since K2 ∝ D−1, the plateau of the second-order ther-
mal free cumulant is a finite-size effect that scales as D−1.
Similar considerations apply to fluctuations around the
long-time plateaus of thermal free cumulants. These
fluctuations are of order OðD−2Þ; see, e.g., Ref. [46].
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We now turn to correlators of the form

C4ðtÞ≡ hAðtÞAðtÞAAi ¼ 1

D

X
i;j;k;l

AijAjkAklAlieiðEi−EkÞt:

(G9)

Equivalently C4ðtÞ ¼ hA2ðtÞA2i. Under the non-reso-
nance condition, the infinite-time average selects the terms
with i ¼ k. We separate the surviving contributions
according to the possible coincidences among the indices
i, j, and l:

½C4ðtÞ�∞ ¼ 1

D

X
i

A4
ii þ

2

D

X
i≠j

AiiAiiAijAji

þ 1

D

X
i≠j≠l

AijAjiAilAli þ
1

D

X
i≠j

AijAjiAijAji;

(G10)

where the last term is the crossing contribution. For
convenience, we take A to be traceless, namely K1 ¼ 0.
In this case, the first term in Eq. (G10) is of order OðD−2Þ
and can therefore be neglected at the order considered
here, while the second term contributes first at subleading
order. For the leading part of the third term, using the ETH
factorization and accounting for the restriction j ≠ l, we
have

1

D

X
i≠j≠l

K2ðωijÞK2ðωilÞ

¼ 1

D

X
i≠j≠l

K2ðωijÞK2ðωilÞ − 1

D

X
i≠j

K2ðωijÞK2ð−ωijÞ

≃
h
kETH2 ð0; 0Þ

i
2 − 1

D

X
i≠j

K2ðωijÞK2ð−ωijÞ (G11)

The last term in Eq. (G10) is instead the crossing

contribution and gives
2

D

P
i≠jK2ðωijÞK2ð−ωijÞ, following

from Eq. (B17).
Combining all contributions, we obtain

½C4ðtÞ�∞ ≃ ½kETH2 ð0; 0Þ�2 þ 2K2ð0ÞkETH2 ð0; 0Þ
þ 1

D

X
i≠j≠l

K4ðωij;−ωij;ωilÞ

þ 1

D

X
i≠j

K2ðωijÞK2ð−ωijÞ. (G12)

The fourth-order thermal free cumulant is

k4ðt; t; 0; 0Þ ¼ ​C4ðtÞ − ½k2ð0; 0Þ�2 − ½k2ðt; 0Þ�2: (G13)

From Eq. (G6), at equal times one has

½k2ð0; 0Þ�2 ≃ ​½kETH2 ð0; 0Þ�2 þ 2K2ð0ÞkETH2 ð0; 0Þ; (G14)

moreover, under the non-resonance condition,

½½k2ðt; 0Þ�2�∞ ¼ OðD−2Þ; (G15)

so that this term does not contribute at order D−1.
Combining Eqs. (G12), (G13), and (G14), we obtain

½k4ðt; t; 0; 0Þ�∞ ≃
1

D

X
i≠j≠l

K4ðωij;−ωij;ωilÞ

þ 1

D

X
i≠j

K2ðωijÞK2ð−ωijÞ: (G16)

The long-time plateau of the fourth-order thermal free
cumulant is therefore determined, at the first non-vanish-
ing order, by the subleading corrections and by the
crossing term. Since K2 ∼D−1 and K4 ∼D−3, both terms
scale as D−1.
Therefore, the subleading corrections derived in this

work are responsible for the finite-size late-time plateaus,
which are exponentially suppressed in the system size.
This provides a quantitative characterization of long-time
freeness in chaotic dynamics.
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Mézard, and L. Zdeborová, High-temperature expansions
and message passing algorithms, J. Stat. Mech. 2019,
113301 (2019).

[87] From the derivation in Appendix B, it becomes clear that
higher-order contributions are considerably more difficult
to compute, which goes beyond the scope of this work.
Therefore, we do not provide subleading corrections for
simple loops.

VALLINI, FOINI, and PAPPALARDI PRX QUANTUM 7, 043007 (2026)

043007-36

https://doi.org/10.1103/PhysRevB.102.075127
https://doi.org/10.1103/PhysRevLett.128.180601
https://doi.org/10.1103/PhysRevLett.128.180601
https://doi.org/10.1038/s42005-025-02161-7
https://doi.org/10.1038/s42005-025-02161-7
https://doi.org/10.1103/PhysRevE.110.L032203
https://arXiv.org/abs/2506.09011
https://doi.org/10.21468/SciPostPhysCore
https://doi.org/10.21468/SciPostPhysCore
https://doi.org/10.1103/PhysRevLett.64.1851
https://doi.org/10.1103/PhysRevLett.64.1851
https://doi.org/10.1103/PhysRevLett.67.2049
https://doi.org/10.1103/PhysRevLett.67.2049
https://doi.org/10.1142/S201032632450014X
https://doi.org/10.1142/S201032632450014X
https://doi.org/10.1007/s00220-006-1554-3
https://doi.org/10.1007/BF01614153
https://doi.org/10.1016/0370-2693(81)90801-7
https://doi.org/10.1016/0370-2693(81)90801-7
https://doi.org/10.1016/0550-3213(82)90320-0
https://doi.org/10.1063/1.4936880
https://doi.org/10.1063/1.4936880
https://doi.org/10.1007/s00220-010-1012-0
https://doi.org/10.1103/PRXQuantum.2.040340
https://doi.org/10.1103/PRXQuantum.2.040340
https://doi.org/10.1007/JHEP02(2022)076
https://doi.org/10.1007/JHEP02(2022)076
https://doi.org/10.1007/s00023-023-01358-2
https://arXiv.org/abs/1012.5039
https://doi.org/10.1103/PhysRevLett.107.097205
https://doi.org/10.1103/PhysRevLett.107.097205
https://doi.org/10.1103/PhysRevLett.109.036403
https://doi.org/10.1103/PhysRevX.13.011045
https://doi.org/10.21468/SciPostPhys
https://doi.org/10.1007/JHEP03(2019)079
https://doi.org/10.1007/JHEP03(2022)205
https://doi.org/10.1007/JHEP03(2022)205
https://doi.org/10.1007/JHEP10(2023)040
https://doi.org/10.1007/JHEP10(2023)040
https://doi.org/10.1088/1751-8121/ad65a6
https://doi.org/10.1088/1751-8121/ad65a6
https://doi.org/10.1007/JHEP04(2023)009
https://doi.org/10.1007/JHEP04(2023)009
https://doi.org/10.1365/s13291-016-0150-5
https://doi.org/10.1365/s13291-016-0150-5
https://arXiv.org/abs/1902.10763
https://doi.org/10.1088/1742-5468/ab4bbb
https://doi.org/10.1088/1742-5468/ab4bbb


[88] G. Barraquand and D. Bernard, Introduction to quantum
exclusion processes, arXiv:2507.01570.

[89] R. Mondaini and M. Rigol, Eigenstate thermalization in the
two-dimensional transverse field Ising model. II. Off-
diagonal matrix elements of observables, Phys. Rev. E
96, 012157 (2017).

[90] M. Bukov, L. D’Alessio, and A. Polkovnikov, Universal
high-frequency behavior of periodically driven systems:
From dynamical stabilization to Floquet engineering,
Adv. Phys. 64, 139 (2015).

[91] C. Fleckenstein and M. Bukov, Thermalization and
prethermalization in periodically kicked quantum spin
chains, Phys. Rev. B 103, 144307 (2021).

[92] M. Akila, D. Waltner, B. Gutkin, and T. Guhr, Particle-
time duality in the kicked Ising spin chain, J. Phys. A 49,
375101 (2016).

[93] B. Bertini, P. Kos, and Tž Prosen, Exact spectral form
factor in a minimal model of many-body quantum chaos,
Phys. Rev. Lett. 121, 264101 (2018).

[94] P. Braun, D. Waltner, M. Akila, B. Gutkin, and T. Guhr,
Transition from quantum chaos to localization in spin
chains, Phys. Rev. E 101, 052201 (2020).

[95] E. Vallini, L. Foini, and S. Pappalardi, Codes and data for:
“Refinements of the Eigenstate thermalization hypothesis
under local rotational invariance via free probability”,
10.5281/zenodo.17659462 (2025).

[96] These interactions, similarly to those considered in [97],
were specifically chosen to ensure the system belongs to
the unitary symmetry class.

[97] O. Bouverot-Dupuis, S. Pappalardi, J. Kurchan, A.
Polkovnikov, and L. Foini, Out-of-equilibrium eigenstate
thermalization hypothesis, Scipost Phys. 19, 050 (2025).

[98] F. Haake, Quantum Signatures of Chaos, 3rd ed.
(Springer, Berlin, Heidelberg, 2010).

[99] As these differences are also modulo 2π, we restrict to the
interval ωαβ ∈ ½−π; πÞ.

[100] P. Weinberg and M. Bukov, Out-of-equilibrium eigenstate
thermalization hypothesis, Scipost Phys. 2, 003 (2017).

[101] P. Weinberg, M. Bukov, and M. Schneider, Quspin: A
python package for quantum many-body dynamics, 2017-
2025, https://github.com/weinbe58/QuSpin.

[102] Y. Zhang and P. Zhang, Finite-size scaling of the full
eigenstate thermalization in quantum spin chains,
arXiv:2602.01809.

[103] L. Vidmar and M. Rigol, Generalized Gibbs ensemble in
integrable latticemodels, J. Stat.Mech. 2016, 064007 (2016).

[104] M. Kliczkowski, Rł Świętek, M. Hopjan, and L. Vidmar,
Fading ergodicity, Phys. Rev. B 110, 134206 (2024).

[105] D. K. Mark, F. Surace, A. Elben, A. L. Shaw, J. Choi, G.
Refael, M. Endres, and S. Choi, Maximum entropy
principle in deep thermalization and in Hilbert-space
ergodicity, Phys. Rev. X 14, 041051 (2024).

[106] M. McGinley and T. Schuster, The scrooge ensemble in
many-body quantum systems, arXiv:2511.17172.

[107] S. Ghosh, C. M. Langlett, N. Hunter-Jones, and J. F.
Rodriguez-Nieva, Late-time ensembles of quantum states

in quantum chaotic systems, Phys. Rev. B 112, 094302
(2025).

[108] E. Tirrito, X. Turkeshi, and P. Sierant, Anticoncentration
and nonstabilizerness spreading under ergodic quantum
dynamics, Phys. Rev. Lett. 135, 220401 (2025).

[109] L. Cui, T. Schuster, L. Mao, H.-Y. Huang, and F. G. S. L.
Brandão, Random unitaries from Hamiltonian dynamics,
arXiv:2510.08434.

[110] This is not the case for the entire symmetric group; indeed,
the entire Cayley graph itself does not form a lattice.

[111] This is not true if considering the geodesic interval from
the identity to a generic maximal cycle: in this case, it is an
isomorphism, but not an embedding.

[112] K. Kaneko, E. Iyoda, and T. Sagawa, Characterizing
complexity of many-body quantum dynamics by higher-
order eigenstate thermalization, Phys. Rev. A 101,
042126 (2020).

[113] A. Nica and R. Speicher, Lectures on the Combinatorics of
Free Probability, London Mathematical Society Lecture
Note Series, Vol. 335 (Cambridge University Press, Cam-
bridge, UK, 2006).

[114] This can be proven identifying Sn with an orientable
surface, and applying Euler’s formula: the only possible
solutions to the triangle inequality are dðe; βÞ þ
dðβ; αÞ ¼ dðe; αÞ þ 2g, for integer g ≥ 0 [113].

[115] The subtle point is that in general α is not forced to be in
the interval ½e; γn�, therefore one cannot identify it with
a non-crossing partition; however, it is possible to con-
struct another permutation α0 ¼ λ−1αλ, with λ∈ Sn, so that
#α ¼ #α0 and α0 ∈ ½e; γn�. In this case Kα ¼ Kα0 : the term
K is the same when taking α or α0 and therefore can still be
identified with the free cumulant associated to α0; we will
keep the notation α in the text, intending that when α is not
in the interval ½e; γn�, it has to be thought as α0.

[116] The fact that a product of matrix elements can be
described uniquely by a partition happens only in the
case of ETH-cycles, which partitions the set i in block of
equal indices, since one needs the indices to be on a circle
for being in blocks of partitions.

[117] Actually, the only reason why we can study the first order
contribution is because of the power 1=D2 in Eq. (B6).

[118] Harish-Chandra, Differential operators on a semisimple
Lie Algebra, Am. J. Math. 79, 87 (1957).

[119] C. Itzykson and J.-B. Zuber, The planar approximation. II,
J. Math. Phys. 21, 411 (1980).

[120] J. Bun, J.-P. Bouchaud, and M. Potters, Cleaning large
correlation matrices: Tools from random matrix theory,
Phys. Rep. 666, 1 (2017).

[121] E. Marinari, G. Parisi, and F. Ritort, Replica field theory
for deterministic models. II. A non-random spin glass with
glassy behaviour, J. Phys. A 27, 7647 (1994).

[122] A. Guionnet and M. Maïda, A Fourier view on the
R-transform and related asymptotics of spherical inte-
grals, J. Funct. Anal. 222, 435 (2005).

[123] For non-Floquet systems one should consider further
corrections coming from saddle-point fluctuations.

REFINEMENTS OF THE EIGENSTATE... PRX QUANTUM 7, 043007 (2026)

043007-37

https://arXiv.org/abs/2507.01570
https://doi.org/10.1103/PhysRevE.96.012157
https://doi.org/10.1103/PhysRevE.96.012157
https://doi.org/10.1080/00018732.2015.1055918
https://doi.org/10.1103/PhysRevB.103.144307
https://doi.org/10.1088/1751-8113/49/37/375101
https://doi.org/10.1088/1751-8113/49/37/375101
https://doi.org/10.1103/PhysRevLett.121.264101
https://doi.org/10.1103/PhysRevE.101.052201
https://doi.org/10.5281/zenodo.17659462
https://doi.org/10.21468/SciPostPhys
https://doi.org/10.21468/SciPostPhys
https://github.com/weinbe58/QuSpin
https://arXiv.org/abs/2602.01809
https://doi.org/10.1088/1742-5468/2016/06/064007
https://doi.org/10.1103/PhysRevB.110.134206
https://doi.org/10.1103/PhysRevX.14.041051
https://arXiv.org/abs/2511.17172
https://doi.org/10.1103/bwr6-vskn
https://doi.org/10.1103/bwr6-vskn
https://doi.org/10.1103/1jzy-sk9r
https://arXiv.org/abs/2510.08434
https://doi.org/10.1103/PhysRevA.101.042126
https://doi.org/10.1103/PhysRevA.101.042126
https://doi.org/10.2307/2372387
https://doi.org/10.1063/1.524438
https://doi.org/10.1016/j.physrep.2016.10.005
https://doi.org/10.1088/0305-4470/27/23/011
https://doi.org/10.1016/j.jfa.2004.09.015

	Refinements of the Eigenstate Thermalization Hypothesis under Local Rotational Invariance via Free Probability
	I. INTRODUCTION
	A. Motivation and main results
	B. Paper's structure

	II. RANDOM BASIS TRANSFORMATIONS
	A. Key concepts of free probability

	III. GLOBAL ROTATIONAL INVARIANCE
	IV. LOCAL ROTATIONAL INVARIANCE
	A. Local free cumulants
	B. Cacti diagrams

	V. EMPIRICAL AVERAGES OVER SMALL ENERGY WINDOWS
	VI. NUMERICAL TEST IN FLOQUET MODELS
	A. The model
	B. Methods
	C. Numerical results

	VII. CONCLUSIONS AND PERSPECTIVES
	A. Applications of our results
	B. New directions

	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: MORE ON FREE PROBABILITY
	1. Standard introduction to free probability
	2. Operator-valued free probability
	3. More on the isomorphism between partitions and permutations

	APPENDIX B: GLOBAL ROTATIONAL INVARIANCE DERIVATIONS
	1. Closed formula for simple loops and cacti
	a. Leading order
	b. First subleading correction
	4. Destiny of non-ETH-cycles and non-cacti
	a. Non-cacti
	b. Non-ETH-cycles

	APPENDIX C: LOCAL ROTATIONAL INVARIANCE DERIVATIONS
	1. n=1
	2. n=2
	3. n=3
	4. n=4

	APPENDIX D: LINK BETWEEN LOCAL FREE CUMULANTS AND OPERATOR-VALUED FREE CUMULANTS
	APPENDIX E: A DIFFERENT APPROACH FOR GLOBAL ROTATIONAL INVARIANCE: LOW RANK HCIZ INTEGRAL
	APPENDIX F: ADDITIONAL NUMERICAL RESULTS
	1. Different observables
	2. Orthogonal symmetry class
	3. Numerical implementation

	APPENDIX G: THERMAL FREE CUMULANTS AND SUBLEADING CORRECTIONS
	References


