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In this paper, we combine the k-reduction map, the moment method, and randomized measurements
into a practical protocol for certifying the entanglement dimensionality. Our approach is based on the
observation that a state with entanglement dimensionality at most £ must stay positive under the action
of the k-reduction map. The core of our protocol utilizes the moment method to determine whether the
k-reduced operator, i.e., the operator obtained after applying the k-reduction map on a quantum state,
contains a negative eigenvalue or not. Notably, we propose a systematic method for constructing reduc-
tion moment criteria that apply to a broader range of states, including k-unfaithful states, compared with
fidelity-based methods. The performance of our approach gets better and better with the moment order
employed, which is corroborated by extensive numerical simulations. To apply our approach, it suffices
to implement a unitary 3-design instead of a 4-design, which is more feasible in practice than the corre-
lation matrix method. In the course of study, we show that the k-reduction negativity, the absolute sum
of the negative eigenvalues of the k-reduced operator, is monotonic under local operations and classical

communication for pure states.
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I. INTRODUCTION

Entanglement is a characteristic feature of quantum
mechanics and a vital resource in quantum information
processing [1]. Consequently, certifying entanglement is
crucial for many practical applications and has been a cor-
nerstone of quantum information science since its early
days [2,3]. Over the past three decades, numerous entan-
glement criteria have emerged. Among these, the positive
partial transpose (PPT) criterion stands out due to its sim-
plicity and powerful detection capability [4—6]. However,
the PPT criterion demands complete knowledge of the
density matrix, which is rarely available. To remedy this
problem, more practical approaches based on partial trans-
pose moments and randomized measurements [7,8] have
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recently been developed [7,9—11]. Similar approaches can
also estimate Rényi entanglement entropy [12], entangle-
ment entropy [13], and entanglement negativity [14].

For many quantum information processing tasks, includ-
ing quantum computation and quantum simulation, the
mere presence of entanglement is usually insufficient.
Instead, specific forms of entanglement possessing desired
properties, such as high-dimensional entanglement, are
often required to fully benchmark the capabilities of a
quantum platform. In this context, high-dimensional entan-
glement is typically quantified by the Schmidt number
[15]. With the rapid advancement of quantum technolo-
gies, preparing sophisticated entangled states has evolved
from theoretical imagination to experimental reality. Con-
sequently, the efficient certification of high-dimensional
entanglement has become a pressing challenge [16], one
that remains difficult even when the density matrix is fully
known.

Schmidt-number witnesses [15,17], analogous to entan-
glement witnesses, are popular tools for certifying the
entanglement dimensionality. Many Schmidt-number wit-
nesses are based on fidelities with certain target states,
leading to fidelity-based criteria. A state is called
k-unfaithful [18] if it cannot be certified by such
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Schmidt-number-k witnesses; otherwise, it is k-faithful. So
far most laboratory protocols rely on fidelity-based criteria
[16,17,19,20], which necessitate significant prior informa-
tion about the prepared states and require the target state
itself be k-faithful. These drawbacks impose severe limita-
tions on practical applications and call for more powerful
alternatives.

An ideal method for certifying high-dimensional entan-
glement should be invariant under local unitary transfor-
mations and require a measurement cost no greater than
that of full state tomography. Recently, the correlation
matrix (CM) method was proposed to address this chal-
lenge [21-24]. However, estimating the moments of the
CM typically requires randomized measurements based on
unitary 4-designs. Unfortunately, unitary 4-designs can-
not be realized by discrete groups except for one special
case, and most 4-designs known in the literature are not
amenable to experimental realization [25-27]. Although a
CM-based protocol has been experimentally realized [28],
its applications in higher dimensions remain challenging.

In this work, we propose a simple yet powerful approach
for certifying the entanglement dimensionality that is more
amenable to experimental realization. Our approach lever-
ages the observation that the k-reduction map [15,29], a
typical positive map, preserves the positivity of any den-
sity operator with Schmidt number up to k. A violation
of this positivity condition implies that the Schmidt num-
ber of the target state is at least £+ 1. By combining
the k-reduction map and the moment method [30,31], we
develop a practical approach for certifying the entangle-
ment dimensionality by virtue of the k-reduction moments,
the moments of the k-reduced operator. These moments
can be efficiently estimated using randomized measure-
ments based on unitary 3-designs, such as the Clifford
group [32,33], which is much more practical than previ-
ous approaches relying on unitary 4-designs. Furthermore,
our approach applies to both k-faithful and k-unfaithful
states, offering a significantly broader scope of applications
compared with fidelity-based methods.

When the first (2D — 1) k-reduction moments are avail-
able for quantum states on a D-dimensional Hilbert space,
our criterion is equivalent to the k-reduction criterion and
thus can certify the Schmidt numbers of all pure states.
Moreover, the Schmidt numbers of isotropic states [15]

TABLE 1.

can be certified by the first three k-reduction moments.
The superior performance of our approach is supported
by rigorous theoretical analysis and extensive numerical
experiments. When collective measurements are available,
the k-reduction moments featured in our approach can
be estimated much more efficiently with constant sample
complexity.

The rest of this paper is organized as follows. In Sec. I,
we review the definition of the Schmidt number and give
an overview of the CM method. In Sec. III, we clar-
ify the properties of the k-reduction map, k-reduction
negativity, and k-reduction criterion in comparison with
the CM criterion. In Sec. IV, we review the basic idea of
the moment method and propose our certification criteria
using k-reduction moments. In Sec. V, we demonstrate the
performance of our certification criteria through numer-
ical simulations. In Sec. VI, we present two methods
for estimating reduction moments and discuss the sample
complexities. Finally, we conclude in Sec. VII. A summary
of the main results is presented in Table 1. Technical proofs
are relegated to the Appendices.

II. BACKGROUND

Given a finite-dimensional Hilbert space H, denote by
L(H), LY(H), and [,{,{(H) the set of linear operators, the
set of Hermitian operators, and the set of traceless Her-
mitian operators on H, respectively. The spectrum (with
multiplicities taken into account) and the minimum eigen-
value of a Hermitian operator O are denoted by o (O) and
omin(0), respectively.

A. Schmidt number and Schmidt-number witnesses
Consider a bipartite system with Hilbert space Hap =
Ha ® Hg. Let da =dim(H,p), dg =dim(Hg), D=
dadg, and d = min{da, dg}. Without loss of generality, we
assume dy < dp throughout this paper, which means d =
da. The Schmidt number (also known as Schmidt rank) of
a pure state |) in Hap is defined as

SN(|¥)) = rank(pa), (1

where po = Trg(|¥){(¥]). Note that SN(|y)) = 1 iff |[y) is
a product state. The Schmidt spectrum of |), denoted by

Comparison between different Schmidt-number certification protocols for quantum states with total dimension D. The

parameter x in full state tomography means the algorithm is only guaranteed to work when the state has rank no larger than y. This

parameter is irrelevant to the Schmidt number of the state.

Require knowledge
Method about the target state Order of unitary designs Sample complexity
Fidelity-based [17] Yes / o)
Correlation matrix [22,23] No >4 o0nHa, Hp Unknown
Full state tomography of rank-y states [34] No 4 on Hap OD?*x)
k-reduction moments (This work) No > 3 on Hap O(D)
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o (), is the set of eigenvalues of p, (with multiplicities
taken into account) [35], that is, o (/) = o (pa).

Denote by {|i)a}; and {|i)g}; the computational bases
on Ha and Hp, respectively. If [i¢) has Schmidt
decomposition

d—1
1Y) =Y Vailida ® lide, )
i=0

then its Schmidt spectrum reads o (y¥) = {A[}?z_()l. In
addition, the vector A = (A, A1,...,Aq—1) 1S called the
Schmidt vector of |y). This vector can be regarded as a
point on the (d — 1)-dimensional probability simplex

d-1
Ay = X0, X1,...,X4-1) : in =1Lx>0:. (3)

i=0
Ifray=---=x_1=1/rand A, =--- = A1y =0, then

we get the maximally entangled state with Schmidt number
r,

1 .
[+,) = 7 ;0 li)a ® |i)B. 4)

The concept of Schmidt number can be generalized to
mixed states. Denote by S, the set of quantum states on
‘H ap that can be expressed as convex combinations of pure
states with Schmidt numbers no larger than . By definition
we have the following hierarchy relation:

SicS - CSi=8SHap), (%)

where S(Hap) denotes the set of all density operators
on Hag. The Schmidt number SN(p) of p € S(Hap)
is defined as the smallest integer » such that p € S,.
Alternatively, SN(p) can be expressed as follows [15]:

SN =min max SN(|¢;)), 6
() min max (1)) (6)

where D(p) denotes a pure-state decomposition of p. A
quantum state with Schmidt number » can be prepared
from |+,) using local operations and classical communica-
tion (LOCC), but cannot be prepared from any state with
a lower Schmidt rank. Hence, the Schmidt number of a
mixed state p quantifies its entanglement dimension.
Similar to entanglement witnesses, an observable Ow

is termed a Schmidt-number-k witness (k > 2) [29] if
Tr(pOw) > 0 for all p € S;_1, and there exists at least
one p € S such that Tr(pOw) < 0. The most common
Schmidt-number-k witness is

k—1

——1 — |+a) (+al. (7)

d

For more general constructions, we have the follow-
ing well-known result [15,18]. Suppose |¢) € Hag. Then

cl — ) (| is a Schmidt-number-k witness iff

k=2 k—1
SN(Y) =k, D A <c< ) A ®)
i=0 i=0

where )\f is the ith largest element in o ().

B. Schmidt-number certification via the correlation
matrix

Here we review the CM method for certifying the
Schmidt number [21-23], assuming that dy = dg = d. The
CM criterion is a weaker but more concise Verzsion of
the covariance matrix criterion [24]. Let {PfA)}f:fl and
{P[(B)}ﬁfl be orthogonal operator bases of L(H,) and
L' (Hp), respectively, that satisfy the conditions

Tr(P™) = Tr(P®) =0,
(€]
TPV PY) = Te(PP PP = ds;;.

The CM of p with respect to these bases is the (4> — 1) x
(d*> — 1) matrix with entries

T, = ~Tr [,0 (P}A) ®Pj3>)] : (10)

Ul -

Suppose T has singular values {vi};{ifl. Then its Schatten
p-norm reads

1
d?—1 p

1
i, =] = {Tr[(TTT)’%]}”. (11)
i=1
The CM criterion states that [22,23]
. 1
if SN(p) <k, then ||T||; <k — 7 (12)

Note that this criterion is independent of the specific
choices of local operator bases. If the second inequality
in Eq. (12) is violated, then we can conclude that SN(p) is
larger than k.

In practice, it is difficult to estimate the singular val-
ues of T and the 1-norm ||7]|;. Nevertheless, the sec-
ond and fourth moments of the singular values, that is,
(IT13, I T|1$), can be estimated from the second and fourth
order Haar-randomized correlators C™ constructed using
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a special observable O,

o = /dUA/dUB<UA0UI\ ® UBOU]Z)", (13)
P
where (0), = Tr(pO). More precisely, we have the fol-
lowing relations [21]:

2

co — - 1)2 1713, "
““=§§%5ﬂﬂﬁ+%wmf.
Define the region
T = ((ITI2 T : 0TI <k —d™'},  (15)

whose boundary can be determined by solving an opti-
mization problem. Then a moment-based CM criterion can
be formulated as follows:

if SN(p) <k, then (|73, ITII3) € Te.  (16)
This criterion is referred to as the moment-based CM
criterion henceforth.

In addition, by virtue of the Holder inequality we can
deduce that

2 1
2-1 21 3 (21 3
I =D viwd < | Dow| [ Do
i=1 i=1 i=1
2 4
=ITI7 1T, (17)
which implies that
1713
1T = —5- (18)
1713

In conjunction with Eq. (12) we can deduce an alternative
moment-based criterion

7|3 1
if SN(p) < k, then w <k—-—,
17015 d

19)
which is potentially weaker but simpler than the counter-
part in Eq. (16).

Currently, it is still quite challenging to apply the
moment-based criteria in real experiments, although it is
easier than the original CM criterion. To estimate the
fourth order correlator C¥ experimentally, we need to
implement unitary transformations in a unitary 4-design.
Unfortunately, the Clifford group widely used in quan-
tum information processing fails to be a unitary 4-design

[26,32,33], and it is very challenging to sample from a uni-
tary 4-design in experiments. Therefore, it is desirable to
construct alternative certification protocols that do not rely
on unitary 4-designs, which is a main motivation behind
the current work.

III. SCHMIDT-NUMBER CERTIFICATION VIA
THE k-REDUCTION MAP

A. k-positive maps

Given a finite-dimensional Hilbert space H, an operator
O € L(H) is positive (semidefinite), denoted as O > 0, if
(¥10|y) > 0 forall |y) € H. A linear map M : L(H) —
L(H) is positive if

M@©O)>0 VO=>o. (20)

A linear map M : L(H) — L(H) is k-positive if the map
T ® M is positive, where Z; is the identity map on an
auxiliary Hilbert space of dimension & [36-39].

Next, we turn to a bipartite system with Hilbert space
Hag = Ha ® Hg and explain the applications of k-
positive maps in certifying high-dimensional entangle-
ment. Let Z5 be the identity map on £(H4). A linear map
M on L(Hp) is k-positive iff Ty @ M (|y¥){¥|) is pos-
itive for every pure state |y) € Hag with SN(Jy)) <k
[15,40]. Then we also have Zpx ® M(p) > 0 for every
mixed state p with SN(p) < k, but the converse is not nec-
essarily true. Therefore, if Z, ® M (p) is not positive, then
we can conclude that SN(p) > k. This fact is instrumental
for constructing protocols for certifying high-dimensional
entanglement.

B. k-reduction map and k-reduction criterion

One of the most important and common k-positive maps
is the k-reduction map [37,38], which is defined as follows:

R4(0) = kTr(0O)I — O. 1)

Here we are mainly interested in the map Z, ® Ry act-
ing on L(Ha ® Hp). To simplify the following discussion,
the expression Zp ® R(p) will be abbreviated as R (p)
and called the k-reduced operator associated with p. When
o = |Y) (]| is a pure state, R;(p) can further be abbrevi-
ated as Ry (). Our approach for certifying the Schmidt
number is based on the following well-known result [15]:

Proposition 1. 1f SN(p) < k, then
Ri(p) =kpa ® Iz — p > 0. (22)

When p is a pure state, the condition SN(p) < k is also
necessary to guarantee Eq. (22).

If the condition in Eq. (22), known as the
k-reduction condition, is violated, then we can conclude

010356-4



CERTIFYING ENTANGLEMENT DIMENSIONALITY...

PRX QUANTUM 7, 010356 (2026)

that SN(p) > k. The basic idea of this criterion is anal-
ogous to the famous PPT criterion. By considering the
expectation value of the k-reduced operator with respect
to the maximally entangled state |+,) we can deduce that

ifSNG) <K, then (halplta) < 5 2
which reproduces a fidelity-based criterion.

By analogy with the entanglement negativity [40], here
we define the k-reduction negativity of p, denoted by
Ni(p), as the absolute value of the sum of the negative
eigenvalues of Ry(p). When p = |y) (/| is a pure state,
N (p) is abbreviated as Ny (). Alternatively, NV;(p) can
be expressed as follows:

1
Ni(p) = 7 (IR (o)l — Tr[Ri(0) D)

1
=5 (IRx(p)ll1 — kdp + 1) . (24)
It measures the degree to which the k-reduction criterion is
violated. With this definition, the k-reduction criterion can
also be formulated as follows:

if SN(p) <k, then Ny(p) = 0. (25)

In other words, if NVi(p) > 0, then we can deduce that
SN(p) > k.

C. k-reduction negativity of pure states

The k-reduction negativity plays an important role in
certifying high-dimensional entanglement as we have seen
in Sec. III B. Here we determine the k-reduction negativity
of a general bipartite pure state |/) in Hap and clarify its
basic properties. To this end, we need to introduce some
additional notations and results.

Given two real vectors x and y in R?, we can rearrange
the entries of each vector in nonincreasing order to obtain

xt = (X5 X5+ o5 X y) and yt = Wos V1oV If
-1 -1
doxi=dyove, (26)
i=0 i=0

and the inequality is saturated when ¢ = d, then we say
X majorizes y, denoted by x >y or y < x. A function f
on a subset of R? is Schur concave if the condition x > y
implies that f(x) < f(y) [35,41].

Given A € Ay, let Q4 (A) be the d x d matrix with entries

QX)) = kAhibij — /Aik; 27)
and define
Or(A) = max{0, —onin(2x (X))} (28)

This function is interesting because of its close relation
with the k-reduction negativity as we shall see shortly.

The basic properties of Q;(A) and 6; (L) are summarized
in Lemmas A1l and A2 in Appendix A.

Now, we can clarify the basic properties of the k-reduced
operator R () as summarized in the following theorem
and proved in Appendix A. Part of the results has been
proved in previous works [15,38].

Theorem 1. Suppose |Y) € Hap is a pure state with
Schmidt vector A, Schmidt number », and 7 distinct
nonzero Schmidt coefficients. Then the k-reduced operator
R () has spectrum

o (Ri(¥)) = o (24(X)) U [ko ()] =D, (29)

where the superscript dg — 1 denotes the multiplicity. In
addition, Ry () has 27 distinct nonzero eigenvalues when
k # r and 27 — 1 distinct nonzero eigenvalues when £k =
r. If k> r, then Qy(A) >0 and Ry (y) > 0. If instead
1 <k < r, then both 4(A) and R;(r) have exactly one
negative eigenvalue.

Theorem 1 implies that

Ne(¥) = max{0, —omin (R (¥))} = 6 (X). (30)

In conjunction with Lemma Al in Appendix A, we can
further clarify the properties of N;(1). The following
theorem is also proved in Appendix A.

Theorem 2. Suppose |Y) € Hap is a pure state with
Schmidt vector A. Then 6;(A) is Schur concave in A
and nonincreasing in k. If SN(|v)) = r, then N;(y) <
max{0, 1 — k/r} and the inequality is saturated when |y)
is a maximally entangled state with SN(|y)) = r.

Suppose |¢¥) and |¢') are two pure states in Hag.
According to Nielsen’s majorization criterion [42], |) can
be transformed into |v') under LOCC iff the Schmidt vec-
tor of |y) is majorized by that of |1/'). In conjunction with
Theorem 2, we can deduce that the k-reduction negativ-
ity is nonincreasing under LOCC and thus can serve as a
high-dimensional entanglement monotone for pure states.

By virtue of Theorem 2 we can further derive tight
bounds on the k-reduction negativity Ny (p) and eigenval-
ues of Ry (p) for a general mixed state p.

Corollary 1. Suppose p € S(Hag) with da = dg = d.
Then

k
Nilp) <1 -,

k
‘ (3 _ 1) I<Re(o) <. (1)
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D. k-reduction negativity of pure states with
depolarizing noise
As a generalization, in this section we determine the
k-reduction negativity of an arbitrary pure state with depo-
larizing noise. Suppose |¢) € Hap is a pure state with
SN(|¥r)) = r and p has the form

1
p=0=8lY)¥|+e-—,

i eel0,1. (32)

Then

1
Ri(p) = (1 = &)Rp(¥) + Ry <dAdB)

= (- R(¥) + s - D, (33)
dpdg

and there exists a simple linear relation between the spec-

trum of R;(p) and the spectrum of R, (). Notably, the
minimal eigenvalue of R;(p) equals

e(kdg — 1)
(1= e)omn(ReW) + = —.  (34)
AdB
In conjunction with Theorems 1 and 2, it is now straight-
forward to deduce the following result.

Proposition 2. The k-reduction negativity of p in
Eq. (32) reads

0, e > ¢&¥,
N, = _ 35
(0) (1 — SNL() — e(dpk 1)’ o< 6", (3%)
dadp
where
o dads N (¥) (36)

= kdp — 1 + dadsNe(¥)’

Next, we turn to the special case in which |¢) is a
maximally entangled state of Schmidt rank 7. Define

I
per = (1 = &)+, )+ +6-—

0,11. (37
ag €O 6D

The dependence of Nj(pe,) on k and & is illustrated
in Fig. 1. Define ¢ as the minimum value of & > 0
such that V,_;(p;,) = 0. By virtue of Proposition 2 with
N,_1(+,) = 1/r we can deduce that

O (Pl L (38)
& = — .
C s dads

As the local dimensions d4, dg increase, sfM approaches 1,
so the k-reduction criterion can certify the Schmidt number
of p., with arbitrary noise strength asymptotically.

0.8

0.0

0.0 0.2 0.4 0.6 0.8 1.0
154

FIG. 1. The k-reduction negativity N;(po,,) as a function
of ¢ for k=1,2,3. Here we set r=ds =dg =4. The
k-reduction negativity is nonincreasing in k and ¢ as predicted
in Proposition 2.

Using the k-reduction criterion, we can further derive
the following informative lower and upper bounds for the
Schmidt number of p,, as proved in Appendix A 4.

Proposition 3. The Schmidt number of p,, in Eq. (37)
satisfies

(I +wr
14+72u

"(l + u)r

1 +dru —‘ ’ (39)

—‘ < SN(p¢,) < {

where u = ¢/[(1 — €)dadg]. If r < /d and ¢ < 1/2, then
SN(pe,,) = 7.

E. Comparison with the CM criterion

In this section we compare the k-reduction criterion in
Eq. (22) with the CM criterion in Eq. (12) under var-
ious situations. From Proposition 1, we know that the
k-reduction criterion can certify the Schmidt number of
any pure state. By contrast, the CM criterion cannot. For
example, consider the following state with Schmidt rank
r=4:

\/ZOO \/Tll \/TZZ \/T33 40
§| )+ E' ) + E|>+ E|)’ (40)

assuming that dy = dg = d = 4. The 1-norm of its CM
is approximately 2.7231, which is smaller than the upper
bound r — 1 —d~! =11/4 in Eq. (12) with k=r — 1.
Thus, from the CM criterion, we can only conclude that its
Schmidt number is at least 3, instead of the actual Schmidt
number 4.

Next, we consider the state p., defined in Eq. (37).
According to the discussion in Sec. III D, the k-reduction
criterion can certify that the Schmidt number of p, , is r
when ¢ is smaller than the threshold X in Eq. (38). As
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1.0
—e— RM
0.8 1 CcM
0.6
Q
W
0.4
0.2 1
0.0 ‘ : : : - ‘
0 10 20 30 40 50 60
d

FIG. 2. Noise thresholds e®™ and ¢M associated with the -
reduction criterion and correlation matrix criterion in certifying
the Schmidt number of the state p, , in Eq. (37) with » = 4. Here
dy = dg = d, and ¢’ is given in Eq. (38).

an analogy, we define EEM as the maximum value of &

satisfying || T||; > » — 1 — d~'. The relations between the
two thresholds and the local dimension d are illustrated
in Fig. 2, which implies that the k-reduction criterion can
tolerate much higher noise strength than the CM criterion.

We then consider Haar-random pure states with depolar-
izing noise. Define the ensemble

gHaar,e = {(1 —&)|v)(v] +8i

Sl e HAB} . (4D

1.0 1

0.8 1

0.6 1

Ratio

0.4 1

0.2 4

0.0 1

FIG. 3. Detection ratios of the k-reduction criterion and corre-

TABLE II. Detection ratio of the k-reduction criterion in
Eq. (22) for the ensemble &ys6 k. Here da = dp = 16.

K
k 2 3 4 5 6
2 1 1 1 1 1
3 1 1 1 1 0.9977
4 1 1 1 0.0168 0
5 1 1 0.0009 0 0
6 1 0.1606 0 0 0
7 1 0 0 0 0
8 1 0 0 0 0
9 0.0010 0 0 0 0

where dy = dg = d and 0 < ¢ < 1. When ¢ is sufficiently
small, a random sample p from this ensemble almost surely
has the maximum Schmidt number, that is, SN(p) = d. To
compare the performance of the k-reduction criterion and
CM criterion, Fig. 3 illustrates their detection ratios deter-
mined by numerical simulations as functions of & for three
different noise strengths €. Here the detection ratio of a cri-
terion denotes the percentage of quantum states in a given
ensemble that is certified to have SN(p) > k by this crite-
rion. The k-reduction criterion has higher detection ratios
than the CM criterion in all cases under consideration.
In other words, the k-reduction criterion is more effec-
tive in certifying the Schmidt numbers of pure states with
depolarizing noise.

Finally, we consider random mixed states with induced
measures [43]. Let Hc be a K-dimensional Hilbert space.
Denote by Epk the ensemble of mixed states on Hap
induced by Haar-random pure states on Hap ® Hc.
Tables II and III summarize the detection ratios of the k-
reduction criterion and CM criterion for various choices of
the parameters K and k as determined by numerical sim-
ulations with dx = dg = 16. According to the two tables,
the CM criterion is stronger than the k-reduction criterion
for large K, in which case the states in the ensemble Ep g
tend to have low purities. In the special case K = 2, the
two criteria have comparable performance: both of them
can certify that almost all states in the ensemble &£,5¢, have
Schmidt numbers at least 9.

lation matrix criterion for the ensemble of states in Eq. (41). The
solid lines correspond to the k-reduction criterion in Eq. (22),
while the dashed lines correspond to the correlation matrix cri-
terion in Eq. (12). Here dx = dg = 8 and three different noise
strengths are indicated in the legend. The performance of the .-
reduction criterion is better than the correlation matrix criterion
in all cases under consideration.
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TABLE III. Detection ratio of the correlation matrix criterion
in Eq. (12) for the ensemble &56 k. Here da = dg = 16.
K

k 2 3 4 5 6
5 1 1 1 1 1
6 1 1 1 0 0
7 1 1 0 0 0
8 1 0 0 0 0
9 0.0051 0 0 0 0
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F. k-reduction Schmidt-number witnesses

Here we introduce a family of Schmidt-number-(k + 1)
witnesses by virtue of the k-reduction map, which will be
useful for certifying the entanglement dimensionality of
(k 4+ 1)-unfaithful states as shown in the next subsection.

Lemma 1. Suppose p,0 € S(Hag); then we have
Tr[Ri(p)o] = Tr[pRi(0)]. If Tr[Ri(p)eo] < 0, then both
o and ¢ have Schmidt numbers at least £ + 1; both R;(p)
and Ry (o) are Schmidt-number-(k + 1) witnesses, which
can certify ¢ and p, respectively.

Lemma 1 follows from the facts that the k-reduction map
is self-adjoint and that R;(p) > 0 whenever p € S;. Now,
suppose Ri(p) # 0, then any state supported in a sub-
space associated with negative eigenvalues of R;(p) has
Schmidt number at least k£ + 1. In particular, any eigenstate
of Ri(p) with a negative eigenvalue has Schmidt number
at least £ + 1. The following theorem is a simple corollary
of this observation.

Theorem 3. Suppose p € S(Ha), Ri(p) # 0, and |¥)
is an eigenstate of R (p) with a negative eigenvalue. Then
Ri(p) and R, (W) are Schmidt-number-(k + 1) witnesses,
which can certify |¥) and p, respectively.

A Schmidt-number-(k 4+ 1) witness of the form R;(p)
with Ri(p) # 0 is henceforth called a k-reduction
Schmidt-number witness. Thanks to Lemma 1 and
Theorem 3, any state p certifiable by the k-reduction map
can also be certified by a k-reduction Schmidt-number
witness. Note that the witness based on the maximally
entangled state |+,) in Eq. (7) can also be regarded as
a (k — 1)-reduction Schmidt-number witness. In addition,
by applying the witness R;(p) to the state p itself we can
obtain a purity-based criterion

1
if SN(p) <k, thenTr(p3) > %Tr(pz), (42)

with pp = Trg(p).

G. Certification of entanglement dimensionality of
k-unfaithful states

A quantum state p € S(Hap) is k-unfaithful if
Tr(pOw) > 0 for all Schmidt-number-k witnesses of the
form Ow = cI — |¥) (| [18]. By definition, any state with
Schmidt number at most £ — 1 is k-unfaithful. By contrast,
a state p is k-faithful if there exists a Schmidt-number-
k witness of the form Ow = ¢l — | ) (| that satisfies
Tr(pOw) < 0; in other words, the state p is k-faithful iff

there exists |{) € Hag with SN(|y)) > k such that

k=2
(Wlply) > Y o). (43)
i=0

By convention, 2-unfaithful (faithful) is also referred to as
unfaithful (faithful). It is known that the state p is faithful
iff there exist local unitary operators Uy, Ug such that [44]

o U !
(ol (Vi@ UB) p (Un ® Un) 14ea) > = (44)

However, a similar result does not hold when k& > 3.
The following proposition highlights the power of the 1-
reduction map and 1-reduction Schmidt-number witnesses
in certifying faithful states.

Proposition 4. Any faithful state in S(Hg) can be cer-
tified by the 1-reduction map and a 1-reduction Schmidt-
number witness.

Proof. Suppose p € S(Hap) is faithful. Then, by
Eq. (44), there exists a state |W) = (Up ® Up) |[+4) in
‘H g such that

1
(VIR1(p)V) = 7~ (Wlpl¥) <0, (45)

which implies that Ri(p) # 0. So p can be certified by
the I-reduction map and a l-reduction Schmidt-number
witness by Theorem 3. |

Next, we show that the 1-reduction map and 1-reduction
Schmidt-number witnesses can certify unfaithful states.
Suppose Hap is a Hilbert space of local dimensions dy =
dp = d, |®%) = (|00) + |11))/+/2 is a Bell state in Hap,
and

,0=x|<I>+)(CI>+|+(1—x)%, x € [0,1]. (46)

Then the fidelity between p and any maximally entangled
state in H g is upper bounded by

2x 1 —x

R

(47)

Therefore, p is unfaithful when x < (d—1)/Q2d+ 1)
according to Eq. (44). In addition, the minimum eigenvalue
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of R1(p) reads
1 4 (1—-x)d—- 1)'

2 & “%)

If x > 2/(d + 2), then this eigenvalue is negative, which
means R1(p) # 0. Now, suppose d > 4 and

e(-2, 471, (49)
S \ex2ar1 |

then the state p is unfaithful but certifiable by the 1-
reduction map and some I-reduction Schmidt-number
witnesses.

In general, k-unfaithfulness can be certified via semidef-
inite programming [18]. To be specific, a state p €
S(Hag) is k-unfaithful if there exist positive opera-
tors Ep € L(Ha), Eg € L(Hp) and non-negative numbers
ua, up fulfilling the following conditions:

Ex®@Ig+ 1y ®Ep > p,

pa + up =1,

Tr(Es) = patk — 1), (50)
Tr(Eg) = pp(k— 1),

En < pualn, Ep < uglp.

For instance, the following state is 3-unfaithful:

1 1
PUF = §|+3)(+3| + §|‘Dz>(q>2|,

1)

1
Dy) = —(123) +132)).
|P2) ﬁ(l ) +132))

As a short proof, the conditions in Eq. (50) can be fulfilled
by the following choices:

1

MA=MB=§,

13
Ex=Ep = ZZ|1)<1|- (52)
i=0
Moreover, the state pyp can be certified by a 2-reduction
Schmidt-number witness introduced in Sec. III F. Direct
calculation shows that R,(pyr) has a unique negative

eigenvalue, and the corresponding eigenstate reads

W) = ]00) + |11} + /T — 202 |22),
NIV (53
W3+46

In addition, Tr[pyrR2(¥)] = Tr[R2(p)|¥){¥]] < 0, so
the 2-reduction Schmidt-number witness R, (W) can cer-
tify that the state p has Schmidt number at least 3.
In experiments, the expectation value of the witness
R, (W) can be determined by measuring (¥|pyr|W) and
Tr[ Trg (W) Trs (our) -

IV. SCHMIDT-NUMBER CERTIFICATION VIA
k-REDUCTION MOMENTS

In this section we systematically develop the moment
method, which is designed to characterize the subset of
positive operators within a given set of Hermitian oper-
ators, and apply this method to certifying the Schmidt
number.

A. PT moments and k-reduction moments

Here we give an overview of how the moment method
is utilized in entanglement certification [9], which has
connection but is different from the method in Ref. [45].

The well-known PPT criterion states that if the partial
transpose p ' (with respect to either party) of a bipartite
state p is not a positive operator, then p is necessarily
entangled. This criterion is proved to be useful for a large
class of quantum states. However, noncomplete positive
maps, including the partial transpose and k-reduction map,
are nonphysical. We cannot implement them directly in
the laboratory. One solution to this problem is quantum
tomography. After reconstructing the entire density matrix
from the outcomes of experimental measurements, we can
directly test the PPT criterion or k-reduction criterion using
a classical computer. Unfortunately, full quantum state
tomography requires a huge measurement budget [46—48],
which is too prohibitive for practical applications.

Recently, researchers have found more resource-
efficient variants of the PPT criterion [13,49,50]. To apply
the PPT criterion, we need to determine whether the spec-
trum of p | contains a negative eigenvalue, which can be
certified by the partial transpose (PT) moments,

p =Ti[(p"H)", n=12,.... (54)
The criterion that employs the first » PT moments is
referred to as the p, -PPT criterion [9—11]. For example,
the p; -PPT criterion states that

if p is separable, thenp; < (p;)2 ) (55)

In practice, p, can be estimated efficiently using random-
ized measurements [7].

Likewise, we can devise protocols for certifying the
Schmidt number using the following sequence of k-
reduction moments:

0 = (gnenys  qn = TrRi(0)"]. (56)
According to Theorem 1, if p is a pure state with Schmidt
vector A = (Ag, A1, ..., Aq—1), then

d—1

n = Tr{QA)"]+ (ds — DK"Y A, (57)
i=0
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where Q(A) is defined in Eq. (27). We can certify that
SN(p) > k if this moment sequence satisfies certain con-
ditions as detailed below.

B. The moment method

Here we recapitulate several standard results on the
moment method [30]. Denote by N the set of natural num-
bers (positive integers) and by Ny the set of non-negative
integers.

The moment problem concerns the following question:
given a real sequence S' = (s,)en, and a closed subset S C
R, when does there exist a Radon measure p such that

Sy = /x"dpL(x) Vn € Ny. (58)
S

Here the integration can be replaced by a summation when
the measure p is supported on discrete points. If such
a measure exists, then w is called a representing mea-
sure of S. The moment method refers to a systematic
approach for solving the moment problem. The sequence S
is called an [a, b]-moment sequence if S = [a, b]. Accord-
ingly, the moment problem is called an [a, b]-moment
problem. When the sequence is finite, the corresponding
moment problem is called a truncated [a, b]-moment prob-
lem. Given N, Ni, N, € Ny with N, > N, we shall use the
following notation to represent a finite sequence truncated
from an infinite sequence S:

SniNy = (SN SN 415 -+ -58N,), Sy = SoN. (59

The arithmetic operations between sequences are defined
by the corresponding operations on each entry,

(S+8) =S8 +8. (60)

An important tool for solving the moment problem is
the Hankel matrix. Given a non-negative integer » and a
finite sequence Sy,, the Hankel matrix H (S,,) is defined as
follows:

[H(S2n)]ij =siy; Lj=0,1,...,n (61)

By definition, H(S,,) isan (n 4+ 1) x (n + 1) real symmet-
ric matrix. The positivity of a Hankel matrix is determined

by the corresponding moment sequence. The following
lemma is a standard result on the moment problem.

Lemma 2 (Theorems 10.1 and 10.2 in Ref. [30]). Sup-
pose N € Nis even. Then Sy is a truncated [a, b]-moment

sequence iff

H(Sy) >0, H(Sy-2) >0, (62)

where
Sy = (@+b)Sini2 — Sants — abSy1. (63)

Suppose N € N is odd. Then Sy is a truncated [a,b]-
moment sequence iff

HSiy —aSy-1) 20, HObBSyv-1 —Siny) =20 (64)

C. k-reduction moment criteria

To formulate the certification problem as a moment
problem, we need to delve into the moment sequence Q =
(gn)nen, generated by the moments of the k-reduced oper-
ator Ry (p) as defined in Eq. (56). Thanks to Corollary 1,
this sequence can be regarded as a [—1,k]-moment
sequence, so Oy is a truncated [—1, k]-moment sequence.
If in addition R4(p) > 0, then Qy is a truncated [0, k]-
moment sequence. Now, it remains to address the techni-
cal problem: given a truncated [—1, k]-moment sequence,
when can we conclude that it is not a truncated [0, k]-
moment sequence?

Define

B [,0 k] — H(QI,N)’ N Odd, (65)
A HkQin-1 — Qon), N even,

which can be abbreviated as By if there is no danger of
confusion. The following theorem proved in Appendix B 2
is the basis of our approach for certifying the entanglement
dimensionality.

Theorem 4. Suppose p € S(Hag) and SN(p) < k.
Then By[p, k] > 0 for all N.

Remark 1. Note that the condition By > 0 comes
directly from the standard result Lemma 2, but only con-
tains the second condition in Eq. (62) and the first one
in Eq. (64). The condition H(Qy) > 0 holds for any
moment sequence of the form in Eq. (56), and the con-
dition H(kOnx_1 — Q1n) > 0 holds automatically because
Ri(p) < kI by Corollary 1.

If By # 0 for some positive integer N, then we can con-
clude that Qy is not a truncated [0, k]-moment sequence,
which means R;(p) # 0 and SN(p) > k. In this way,
we can construct a sequence of criteria for certifying
the Schmidt number. The Nth order moment-based k-
reduction criterion can be formulated as follows:

if SN(p) <k, then By[p,k] > 0. (66)

Note that k-reduction moments are invariant under local
unitary transformations, so our criteria are also invariant
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ALGORITHM 1. Certification of Schmidt number.

Input: p, N*, and k.

Output: if return yes, then SN(p) > k.

: Let g1 = (k—1)dg — 1.

2: Estimate the second moment g2 of Ri_1(p).
3: for N=3,...,N* do
4
5

—_

Estimate the N-th moment gn of Ri_1(p).
Construct the Hankel matrix By[p,k — 1] with
{qn}rjyzl-
If Bn[p, k — 1] 2 0, return yes.
end for
: Return no.

® N

under local unitary transformations, in sharp contrast with
fidelity-based methods.

The conditions B; > 0, B, > 0 are trivial because B; =
q1 and B, = kq; — ¢, contain only one entry each, so we
usually start with N = 3. The simplest odd-order condition
is thus

q 92
B3 = >0, 67
’ ( 9 43 ) - (67)
and the simplest even-order condition is
kgy — g2 kg — g3
= > 0. 68
! <k¢]2 —q3 kqz—qs) ~ (68)

Note that By is a principal submatrix of Byi,, which
means By > 0 whenever By, > 0, so the (N + 2)th order
moment-based k-reduction criterion is usually stronger
than the Nth order moment-based criterion.

By virtue of Theorem 4, we can devise a simple
algorithm (Algorithm 1) for certifying whether SN(p) > £.
Here we set a truncation value for N because it is in general
more difficult to determine higher-order moments accu-
rately. On this basis, we can further devise an algorithm
(Algorithm 2) for constructing the best lower bound for the
Schmidt number SN(p) based on k-reduction moments.

ALGORITHM 2. Optimal certification of Schmidt number by
the N*th order moment.

Input: p, N*, and r.

Output: a lower bound for SN(p).
1: s=1.
2: for k=2,...,r do

3: Input (p, N*, k) to Algorithm 1.
4: if output is no, then

5 Return s.

6: else s = k.

7 end if

8: end for

9: Return s.

1.0j o B, |

B |

L B5 1

0.8+ a

L 0By, |

o By

L \ 4

0.6 ]

g

0.4r a
L \\

0.2 ]
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FIG. 4. Detectable regions of k-reduction moment criteria with
k = 2. Each point represents a state with Schmidt number 3 in the
form of Eq. (69). The region of states whose Schmidt numbers
can be detected by the Nth order moment-based criterion (that is,
the set of states satisfying By [, 2] # 0) is illustrated in the plot.
The higher the order is, the larger the detectable region becomes.
When N = 7, almost all states can be detected.

To illustrate the detection capabilities of moment-based
k-reduction criteria, it is instructive to consider the follow-
ing family of two-qutrit pure states:

JE00) + 1) + /T =3 —%,122),  (69)

where x;,x; > 0 and x; +x, < 1; all these states have
Schmidt numbers equal to 3. Figure 4 illustrates the
detectable region of the Nth order moment-based k-
reduction criterion with k =2 and N = 3,4, 5,6,7. Note
that the detection capability gets stronger and stronger as
N increases. When N = 7, the moment-based criterion can
certify the Schmidt numbers of almost all two-qutrit pure
states.

Next, we show that the Nth order moment-based k-
reduction criterion is equivalent to the original k-reduction
criterion when N is sufficiently large. The following
theorem is proved in Appendix B 2.

Theorem 5. Suppose p € S(Hag), R (p) has x distinct
nonzero eigenvalues, and N > 2y — 1. Then By[p,k] = 0
iff Ry(p) = 0.

Theorem 5 applies to arbitrary quantum states in
S(Hag). See Sec. IV E for additional results on pure states.
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D. The third order moment-based criterion

In this subsection, we provide more details on the third
order moment-based k-reduction criterion, that is, N = 3.
Note that g; = kdg — 1 > 0, so B3 > 0 iff det(Bs[p, k]) >
0. Accordingly, the criterion in Eq. (66) can be simplified
as follows:

if SN(p) <k, then det(B3[p,k]) > 0. (70)

Define

pn=Tr(p"), a, =Tr(py),

(71)
t, = Tr{paTrp(p?)].

Then det(Bs[p, k]) can be expressed as a polynomial of k&
as follows:

det(Bs[p, k]) = Bak* + Bsk> + Bok” + Bik + Bo,  (72)
where
Bs = di(as — a3),
Bs = —4dg(as — dd),
B = ds(3ty — 2a:p) — 4a5 + 3as, (73)
Bi1 = 4azpy — dgps — 31,
Bo=ps—pi.

Hence, to apply the criterion in Eq. (70), it remains to
estimate the moments p», p3, az, as, t>.

E. k-reduction moment criteria for pure states

Recall that the k-reduction criterion can certify the
Schmidt number of any pure state. Here we clarify the per-
formance of moment-based k-reduction criteria. The fol-
lowing theorem proved in Appendix C1 shows that the
Nth order moment-based k-reduction criterion can cer-
tify the Schmidt number of any pure state in g When
N > 4d — 1, where d = min{da, dg}. In addition, it is nec-
essary to employ the N'th order moment-based k-reduction
criterion with N > 2d for certain pure states in Hg.

Theorem 6. Suppose |) € Hap has Schmidt rank » and
7 distinct nonzero Schmidt coefficients denoted by {¢; };;}).

If N > 47 — 1, then the Nth order moment criterion can
detect the state |y) as

By[v,k] 20 Vk=1,2,...,r—1. (74)
LetL = (ln)neNoa Ly = Zj;;(l) E;l’ and
H(L
0= (Lin), N odd, (75)
H[(V — 1)L1,N_1 — LZ,N]a N even.

If instead N < 27 and

7. r—l(w)

dg > 1+ ,
B Gmin(AO)

(76)

then the Nth order moment criterion cannot detect the state

l¥r) as
By[y,r—1]= 0. (77)

When |¢) = |+,) is the maximally entangled state of
Schmidt rank », we have 7 = 1. In this case, it suffices to
apply the third order moment-based k-reduction criterion
because Theorem 6 implies the following proposition.

Proposition 5. Given |+,) defined in Eq. (4) and 1 <
k < r, we have By[+,,k] # 0 forall N > 3.

F. Certification of entanglement dimensionality of
isotropic states

Given a Hilbert space Hapg with dy = dg = d, an
isotropic state on Hp is a state of the form

—1_F1+d2F_1|+><+| Fel0,1]. (78)
PF—d2_1 2 _q ATl > 1]

It has been proved that SN(pr) = [dF], and the k-
reduction map with £ = [dF] — 1 can certify the isotropic
state [15]. In the next proposition, we prove that pr can be
certified by fidelity-based method as well.

Proposition 6. The isotropic state pr is [dF]-faithful.

Proof. Note that

SN(|+4)) = d > [dFT, (79)

1
(talprl+a) = F > C—J(FdFT - D), (30)
o} (+q) = }i Vi. (81)

In conjunction with the sufficient condition of
k-faithfulness in Eq. (43), the proposition is proved. |

Here we show that the third order moment-based cri-
terion is sufficient for certifying all isotropic states as
well. Meanwhile, the CM criterion and its moment-based
variants in Egs. (16) and (19) are equally effective. Propo-
sitions 7 and 8 below are proved in Appendices C and D,
respectively.

Proposition 7. Suppose pp is the isotropic state defined
inEq. (78)and 1 < k < [dF] — 1. Then Bs[pr, k] # 0.
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Proposition 8. Suppose pp is the isotropic state defined
in Eq. (78), and T is its CM with respect to given local
operator bases that satisfy the conditions in Eq. (9) in
Sec. II B. Then all d> — 1 singular values of T are equal
to (d*F — 1)/[d(d?> — 1)] and

B (d*°F — 1)?
T =dF —d~', |T|3 = ——-,
1704 1715 2@ —1)
(82)
T3 = (@F 17
TR - 1)
In conjunction with the fact SN(pr) = [dF| and

Eq. (12) we can conclude that the CM criterion can certify
the Schmidt number of any isotropic state as well. Even if
only the second and fourth moments are available, we can
still deduce that ||T]|; > ||T||%/||T||f1 = dF —d~"'. There-
fore, the moment-based criterion in Eq. (19) is equally
effective, and so is the alternative in Eq. (16).

G. Certification of entanglement dimensionality of
k-unfaithful states

In this subsection, we show that the k-reduction moment
method can certify entanglement dimensionality of some
(k + 1)-unfaithful states.

First, we construct a family of k-unfaithful states on
‘Hag, assuming that dy = dg = d > k. Let x be a posi-
tive integer that satisfies 1 < y < min{d, 2k — 2} and let
m and t be two permutations on {0,...,d — 1}. Consider
the following state on Hag:

1 1
- Y (d
2|+k>(+k|+2| P,

(83)

x—1
=D Ve () @1T¢)),
j=0

where Z}:OI ¢; = 1. Note that the state p can be regarded
as a generalization of pyr in Eq. (51). The following propo-
sition proved in Appendix E is helpful for constructing
k-unfaithful states of the form Eq. (83) that have Schmidt
number at least k.

Proposition 9. Suppose the state p € S(Hag) has the
form Eq. (83), where 1 < x < min{d,2k —2}, n(j) #
7(j) for each j =0,...,k— 1, and the following index
sets

ILE{/}
Ir= U}j;o

o U {m ()Y o
U {T(/)}j:o

(84)

satisfy |Z;|,|Zg| < 2k — 2. Then p is k-unfaithful. If in
addition

(85)

then R;_1(p) # 0.

Now, suppose k > 3,d > 2k —2, x =2, ¢; = 1/2 for
j=0,1,and

n(j)=k—=1+j, tG)=k—j Vj, (86

where the arithmetic is modulo d. Then the state p in
Eq. (83) simplifies to

1 1
51 (el + §|¢Z>(¢ZI,

PUFk =
1 (87)
D)) = E(V{_ Lk) + 1k, k— 1)),
and it satisfies all the conditions in Proposition 9 given that
k-1
l+k¢,+1 5 =k—1+ 1542 >k—1. (88

=0

~.

So pur i has Schmidt number & but is k-unfaithful.

Next, we use Algorithm 2 to certify the Schmidt number
of the state pyr with da = dg = 16. In Table IV we sum-
marize the (k — 1)-reduction negativity of the state pyr
and the minimum moment order N such that By|[pur, k —
11 # 0 for k=3,4,...,10. These results highlight the
versatility of k-reduction moments in certifying the entan-
glement dimensionality of k-unfaithful states in addition to
k-faithful states.

TABLE IV. Certification of the entanglement dimensionality
of the k-unfaithful state pyr; using k-reduction moments. The
second column shows the (k — 1)-reduction negativity of purx,
and the third column shows the minimum order N such that

By[puri, k — 11 # 0, which can be determined by virtue of
Algorithm 2.

k Nio1 (,OUF,k) Minimum order
3 0.0749 7

4 0.0449 7

5 0.0301 7

6 0.0216 7

7 0.0163 9

8 0.0128 9

9 0.0103 9

10 0.0085 9
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V. NUMERICAL RESULTS ON DETECTION
RATIOS

To complement the theoretical analysis in Sec. IV, here
we provide extensive numerical results on the detection
ratios of the Nth order moment-based k-reduction criterion
in Eq. (66) and moment-based CM criterion in Eq. (16).
Given an ensemble £ of quantum states, the detection ratio
of the Nth order moment-based k-reduction criterion is
defined as

Pr{By[p, kK] 20:p ~ E}. (89)

Similarly, the detection ratio of the moment-based CM
criterion is defined as

Pr{(ITII3, 1TNI3) &€ Tx - p ~ E}. (90)

Not surprisingly, the detection ratios may strongly depend
on the ensemble £ under consideration. Nevertheless, for
any given ensemble, a higher detection ratio is an indica-
tion of a higher performance. In the rest of this section
we shall consider several concrete ensembles of quantum
states, including the ensemble of pure states with a fixed
Schmidt number, the ensemble of Haar-random pure states
with depolarizing noise, and the ensemble of mixed states
with an induced measure.

A. Ensemble of pure states with a fixed Schmidt

number
Define the ensemble
r—1
=11 =) Val)a®lis |, ©1)
i=0

where {|i)a}, {|i)]} are elements of two orthonormal bases
of Ha and Hp, respectively, and {)‘i};:é is uniformly dis-
tributed in the interior of a (» — 1)-dimensional probability
simplex [cf. Eq. (3)], which is also known as the Dirich-
let distribution. By definition, all states in £, have Schmidt
numbers equal to . Here it is not necessary to consider
local unitary transformations because the moment-based k-
reduction criteria and CM criterion are both invariant under
local unitary transformations. In numerical simulations we
choose d = dp = dg.

Figures 5 and 6 illustrate the detection ratio of the Nth
order moment-based k-reduction criterion in Eq. (66) as a
function of N and k for the ensemble & with two different
local dimensions, namely, d = 8 and d = 16. As expected
the detection ratio decreases monotonically with &, but
increases monotonically with the order N and eventually
approaches 1 when N is sufficiently large.

Now, we compare the detection ratios of the Nth
order moment-based k-reduction criterion in Eq. (66) and

.2
"
o
.2
)
5
o'
3 7 11 15 19 23 27 31
N
FIG. 5. Detection ratio of the Nth order moment-based k-

reduction criterion in Eq. (66) for the pure state ensemble & in
Eq. (91) as a function of N. Here d = 8 (upper plot) and d = 16
(lower plot). The detection ratio increases monotonically with NV,
but decreases monotonically with .

moment-based CM criterion in Eq. (16). Figure 7 illus-
trates the results on the ensemble &g as functions of the
order N and local dimension d, where k = 5. According
to this figure, the detection ratio of the moment-based CM
criterion is almost independent of the local dimension, but
the detection ratios of moment-based k-reduction criteria
tend to decrease with the local dimension. Nevertheless,
the Nth order moment-based k-reduction criterion has a
larger detection ratio when N is sufficiently large.

B. Ensemble of Haar-random pure states with
depolarizing noise

Next, we turn to the ensemble &y, of Haar-random
states with depolarizing noise as defined in Eq. (41),
where the parameter ¢ characterizes the noise strength.
Figures 8-10 illustrate the detection ratios of the Nth
order moment-based k-reduction criterion in Eq. (66) and
moment-based CM criterion in Eq. (16) for the ensemble
Eaar,e With two different local dimensions and three differ-
ent noise strengths. Not surprisingly, the detection ratios
increase monotonically with NV but decrease monotonically
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FIG. 6. Detection ratio of the Nth order moment-based k-
reduction criterion for the pure state ensemble & as a function of
k. Here d = 8 (upper plot) and d = 16 (lower plot) as in Fig. 5.

with k£ and ¢. When d = 8 and ¢ = 0, 0.1, for example, the
seventh order moment-based k-reduction criterion has a
larger detection ratio than the moment-based CM criterion,
but the situation is different when d = 16.

0.20 1
0.15 1
.2
® 0.10 —e— N=3
o N=14
B—a—a—a —4— N=5
0.05 A —+— N =6
— N =17
‘h,bgst —— N=8
0.001 MM S S e —=— CM
8 10 12 14 1I6 18 20 22
d
FIG. 7. Detection ratios of the Nth order moment-based k-

reduction criterion in Eq. (66) and moment-based correlation
matrix criterion in Eq. (16) with k =5 for the ensemble &
in Eq. (91) with 7 < d < 22. The Nth order moment-based k-
reduction criterion has a larger detection ratio than the moment-
based correlation matrix criterion when N > 7.

N=3
N=5
N=T7
N=9
CM
2
-~
3]
~=
. B
1.0 ™ i & 3 :
0.8 1
o 0.6'
E
041 o N=3
N=5
0.2 1 —4— N=7
—— N =9
—%— CM
0.0 1 ‘ : . : _ ;
1 2 3 4 5 6 7

k

FIG. 8. Detection ratios of different k-reduction moment crite-
ria in Eq. (66) and moment-based correlation matrix criterion in
Eq. (16) for the Haar-random ensemble Eyparp in Eq. (41). Here
d = 8 (upper plot) and d = 16 (lower plot) as in Fig. 5.

C. Ensemble of mixed states with an induced measure

Finally, we consider the ensemble £p x of mixed states
with an induced measure, which is defined in Sec. II1 E. In
numerical simulations we choose D = d*> = 16% and K =
2,3,4,5,6. Tables V and VI show the detection ratios of
states with various lower bounds for the Schmidt numbers.
The detection ratios in Table V are determined by moment-
based k-reduction criteria described in Algorithm 2 with
maximal order N* = 16 and » = 16. The detection ratios
in Table VI are determined by moment-based CM criterion
in Eq. (16). From the numerical results, we can see that
the k-reduction moment criteria are weaker than moment-
based CM criterion for K = 4,5, 6, but become stronger
for K = 3.

VI. ESTIMATION OF £k-REDUCTION MOMENTS

To certify the Schmidt number using moment-based
k-reduction criteria, we need to estimate the k-reduction
moments ¢, = Tr[R;(p)"] that appear in the entries of
the Hankel matrices. Simple analysis shows that these
moments can be expressed as follows:

Tr[poly(p, pa ® Ip)] . (92)
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FIG. 9. Detection ratios of different k-reduction moment crite-
ria in Eq. (66) and moment-based correlation matrix criterion in
Eq. (16) for the Haar-random ensemble Epayr 01 in Eq. (41). Here
d = 8 (upper plot) and d = 16 (lower plot) as in Fig. 5.

In this section, we introduce two approaches for estimating
these moments.

A. Moment estimation by randomized measurements

Here we discuss moment estimation based on the classi-
cal shadow [13], which is a prototypical method based on
randomized measurements. This method consists of two
steps, namely, data acquisition and prediction.

Suppose p € S(Hap) and dim(Hag) = D. In the phase
of data acquisition, we first randomly sample a unitary
operator U from a given unitary ensemble / on the Hilbert
space Hap and apply it to the state p under considera-
tion. Then we perform a measurement in the computational
basis and record the measurement outcome b. Based on U
and b, we can create a classical shadow of the unknown
state as follows:

p =M (U'b)(bIU). (93)

Here M, is the measurement channel, which depends on
the ensemble U, and M_! is the inverse of M., and is
known as the reconstruction map. If & corresponds to the

—o— N =3
N=5
—~4— N=7
—k— N =9
—%— CM
Q
£
x
i i . .
1.0 > X
—— N =3
N=5
0.81 —4— N=7
—— N =9
CM
o 0.61 -
£
& 0.4
0.2
0.0+ . < L , ;
1 2 3 4 5 6 7
k

FIG. 10. Detection ratios of different k-reduction moment cri-
teria in Eq. (66) and moment-based correlation matrix criterion
in Eq. (16) for the Haar-random ensemble Epyyr o5 in Eq. (41).
Here d = 8 (upper plot) and d = 16 (lower plot) as in Fig. 5.

global Clifford group, then the above equation reduces to
p =D+ DU bYbIU—1I. (94)

In the prediction phase, we need to estimate the expecta-
tion value of a given observable O (generalization to more
observables is straightforward). Given M samples of the
classical shadow we can construct an estimator based on

TABLE V. Detection ratio of the Nth order moment-based k-
reduction criterion in Eq. (66) with N = 16 (corresponding to
Algorithm 2 with N* = 16) for the ensemble Epx with da =
dg = 16 and D = dpdp = 256.

K
k 2 3 4 5 6
2 1 1 1 1 1
3 1 1 1 1 0.9559
4 1 1 1 0.0049 0
5 1 1 0.0001 0 0
6 1 0.0146 0 0 0
7 0.9999 0 0 0 0
8 0.0441 0 0 0 0
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TABLE VI. Detection ratio of the moment-based correlation
matrix criterion in Eq. (16) for the ensemble £p k. Here da =
dg = 16 and D = dpdg = 256 as in Table V.

K
k 2 3 4 5 6
4 1 1 1 1 1
5 1 1 0.9337 0 0
6 0.9996 0.0016 0 0 0
7 0.0059 0 0 0 0
the empirical mean as follows:
| M
b= i 2 Tt(pmO). (95)
m=

The variance of this estimator is controlled by the shadow
norm introduced in Ref. [13]. The worst-case variance
is minimized when the ensemble U/ forms a unitary 3-
design. Alternatively, we can employ the median-of-means
to suppress the probability of large deviation.

In addition, the classical shadow method can be applied
to estimating quadratic functions of p that have the form
o =Tr[O(p ® p)], where O is now an operator on H%
Here is a specific estimator [13],

M
o= M(M—l)Z

m=1n

M
Y. TOGn®pl.  (96)
=1,n#m

For example, the purity Tr(p?) can be estimated by

M M
M (M -1 mX;I n_%;m Tr[W 12) (6m ® pn)]
M M
M(M_1 g 212 Tt(fmn), 97)

where W 15 is the swap operator on H$3. Other nonlinear
functions can be estimated in a similar way.

Next, we turn to the estimation of reduction moments
that are required for certifying the Schmidt number.
The following theorem clarifies the sample complexities
of estimating the moments involved in the third order
moment-based k-reduction criterion; see Appendix F for
a proof.

Theorem 7. Suppose p € S(Hag), da =dg =~/D,
and we are given access to a unitary 3-design. Then
the sample complexity of estimating the moments
P2,P3,a2,a3,t defined in Eq. (71) up to accuracy O(1)
using the classical shadow method is O (D).

Note that the randomized measurements required to
apply our certification protocol can be realized using a
unitary 3-design, say the global Clifford group [32,33],
which is quite appealing to practical applications. By con-
trast, to apply the CM protocol [22,23], it is necessary to
use unitary 4-designs on Ha and Hp; moreover, a unitary
8-design is required to bound the variance.

B. Moment estimation by permutation tests

Next, we show that the sample complexity of estimating
the k-reduction moments can be reduced to O(1) if permu-
tation tests based on collective measurements are acces-
sible. Suppose p1, 02, ..., 0y € S(Hag); then ®ilv=1 On €
S(HEY). Let W, be the unitary operator tied to the stan-
dard cyclic permutation. Add an ancillary qubit prepared
in the state |+) and apply the controlled cyclic shift gate
[0)(0] @ I + |1)(1]| @ W, on the entire system then yields

21 5 @+ M o @
>—® W+ ®W® (98)

The reduced state on the ancilla qubit reads

I 1
-+ ETT(Pl,Oz e pN)X. (99)

2

Measure the ancilla qubit in the Pauli X basis, then the
probabilities of obtaining outcomes =+ are given by

1 1
Py = 3 + ETr(mpz “PNDs (100)
which means
Py —P_=Tr(pip2- pn)- (101)

The full protocol is termed as the permutation test, which
leads to a simple recipe for estimating the Nth moment
Tr(p") of a general quantum state p € S(Hag), and the
sample complexity is independent of the system size. This
method can readily be applied to estimating all the rele-
vant parameters featuring in the moment-based k-reduction
criteria.

In practice, the controlled cyclic shift gate can be imple-
mented as follows. A controlled-SWAP gate (also known
as the Fredkin gate) can be constructed using Toffoli and
CNOT gates (see Ref. [51] for a detailed decomposition).
Furthermore, any full permutation of N elements can be
expressed as a sequence of adjacent transpositions. Denote
the controlled-SWAP between the ith and (i + 1)th qubits
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by [0)(0] ® I + |1)(1] ® W11, then a controlled cyclic
shift gate acting on NV qubits is given by the product

N-1

[TL0001 @7+ 11)(1] & W]

i=1

(102)

Incidentally, a work about the quantum advantage enabled
by permutation tests can be found in Ref. [52].

VII. CONCLUSION

By combining the k-reduction map and the moment
method, we proposed a simple yet powerful approach for
certifying the Schmidt number via k-reduction moments.
These moments can be efficiently estimated by virtue
of randomized measurements based on unitary 3-designs,
such as the Clifford group, which are significantly more
practical than previous approaches based on 4-designs.
Our approach does not require any prior assumption on the
target state, is applicable to both k-faithful and k-unfaithful
states, and thus has a much wider scope of applications
than fidelity-based methods. The efficacy of the proposed
method is substantiated by rigorous theoretical guarantees
and comprehensive numerical benchmarks across a range
of practically relevant settings.

When k-reduction moments with sufficiently high orders
are accessible, our criteria become equivalent to the k-
reduction criterion itself, enabling accurate certification of
the entanglement dimensionality of all pure states. More-
over, only the first three k-reduction moments are required
for certifying the entanglement dimensionality of isotropic
states. In the course of study, we clarified the fundamental
properties of the spectrum of the k-reduced operator and
showed that the k-reduction negativity is monotonic under
LOCC for pure states.

Our findings open several avenues for further explo-
ration. First, is the k-reduction negativity monotonic under
LOCC for general mixed states? Second, are all k-faithful
states certifiable by the k-reduction map? Intuitively, the
k-reduction criterion is more powerful than fidelity-based
methods, but a strict proof is still absent. Third, how
robust are the k-reduction moment criteria to statistical
fluctuation? To clarify the third question would require
knowledge about the perturbation theory of Hankel matri-
ces, which we leave for future study. Finally, can we
construct better criteria for certifying the entanglement
dimensionality by virtue of other k-positive maps in con-
junction with the moment method? We anticipate that these
questions can stimulate further progress on the study of
high-dimensional entanglement.

Note added. After posting this paper, a recent paper
working on a similar topic [53] was posted, which consid-
ered other k-positive maps and the application of Schmidt-
number certification on the task of quantum channel dis-
crimination.
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APPENDIX A: PROOFS OF THEOREMS 1, 2 AND
PROPOSITION 3

In this appendix and the following appendices we prove
Theorems 1, 2, 47 and Propositions 3, 7-9 presented in
the main text.

1. Auxiliary lemmas

Here we introduce two auxiliary lemmas to clarify the
basic properties of the operator €2;(1) defined in Eq. (27)
and the function 6;(A) defined Eq. (28). Recall that Ay
is the (d — 1)-dimensional probability simplex defined in
Eq. (3).

Lemma Al. Suppose k is a positive integer and A € A,.
Then ©2;(1) has at most one negative eigenvalue, and the
function 6;(X) is Schur concave in A and nonincreasing in
k. Let r be the number of positive entries in A, then

r—1, k=r,
7, k#r.
If k> r, then Q,(X) >0 and 6,(A) = 0. If &k < r, then

—0r (L) is the unique negative eigenvalue of ;(X), and
0r(A) satisfies the following equation:

rank (2;(X)) = (A1)

d—1
(A2)

2 ki + 60 ek(x)

Proof. Let X be the vector obtained from A by delet-
ing the zero entries. Then ;(A) and Q;(X) have the
same nonzero eigenvalues, including the multiplicities,
which means 6;(X) = 6;(A). In addition, $2;(A) and 6, (1)
are continuous in A. Therefore, it suffices to prove
Lemma Al under the assumption A > 0, which means

A0y Al v ey Ag—1 > Oandr =d.
Let A = diag(Xo,A1,...,Aq—1), then Q) = AV2Q
A2, where Q' is the d xd matrix with entries

010356-18



CERTIFYING ENTANGLEMENT DIMENSIONALITY...

PRX QUANTUM 7, 010356 (2026)

§; = k8; — 1. Since A is an invertible real diagonal
matrix, Q and Q' have the same rank and the same num-
ber of positive (negative) eigenvalues. It is straightforward
to verify that Q' has r — 1 eigenvalues equal to £ and
one eigenvalue equal to £ — », which implies Eq. (Al). If
k>r=d, then Q(A) >0 and 6,(A) = 0. If k£ < r, then
Qr () has exactly one negative eigenvalue, which is equal
to the smallest eigenvalue —6;.

Suppose k < r and y = (9, 1,...,Va—1) ' is an eigen-
vector of €2; (L) associated with the eigenvalue —6;. Then

k)\,,'yl' — Z v/ )\l)"]y] = —Qky,' Vl, (A3)
J
which implies that
N
;= AiYi Vi. A4
I 1 6 ;ﬁy] ’ (A4)

Note that Z;i;(]) \/E y; # 0; otherwise, y is a zero vector.
Now, we can deduce Eq. (A2) by multiplying both sides
with /A; and summing over i.

Next, we prove that 6;(L) is nonincreasing in k and
Schur concave in A. If &’ > k, then Qp (X)) > Q4(X), which
implies that 8 (L) < 6x(X), so B;(X) is nonincreasing in k.

If k > d, then 6;,(A) = 0, so 6;(X) is Schur concave in A.
To address the case with k£ < d, we need to introduce an
auxiliary function,

A

A>0.
k)\,,+y ~

d—1
Gk M) =) . ky>0, (AS)
i=0

Then 6;(X) is the unique solution of y > 0 to the equation
G, k, L) = 1. Note that G(y, k, L) is nonincreasing in y,
convex in each entry of A, and invariant under any permu-
tation of these entries. Therefore, G(y, k, L) is Schur con-
cave in L. Suppose A € Agand A’ < A; lety = (1), then
G, k,A) > G(y,k, L) = 1, which implies that 6;(1") >
y = 6;(X). Therefore, 6;(A) is Schur concave in A, which
completes the proof of Lemma Al. |

Lemma A2. Suppose k is a positive integer, A € A, has
r nonzero entries with 7 distinct nonzero values labeled as
{¢; ;;(1), where ¢; has multiplicity m;. Let €2;(X) be the 7 x
7 matrix with entries Ezk(x),, =kl;8; — /mim;£;£;. Then
the eigenvalues {w; }j;.;}) of (1) are nondegenerate and
satisfy

<wy < k@o
(A6)

-1 < w1 < k(;_l < Wyp_y < kg;_z < -

In addition,

NN

-1, k
k

rank (2 (1)) = { :’ (A7)

#,
-1

o (kX)) = U{kﬁj}x(’”j*l) Ug (Qk(x)) U {O}x(dfr).
Jj=0

(A8)

Proof of Lemma A2. According to the Cauchy Interlac-
ing Theorem, the eigenvalues {w; };;(1) of Qx (L) satisfy

—l <wj1 Skl Swpy <kl <+ < wy < kby.

(A9)

Here the first inequality holds because ¢; > 0 and

Z;;(l) m;£; = 1. In addition, using proof by contradiction,
it 1s straightforward to verify that k¢; is not an eigenvalue
of S~2k(k) forj =0,1,...,7— 1. So all the inequalities in
the above equation are necessarily strict, which confirms
Eq. (A6) and shows that the eigenvalues {w; };;E) of Qr(X)
are nondegenerate.

Next, we prove Eq. (A8) before Eq. (A7). To this end,

we need to introduce the following index sets:

:Z;E{l)\,lzgj},
I;E{ii)»,'=0}.

j=0,1,...,7i—1;
(A10)

On this basis we can define the following subspaces of R?:

V= veRd:vi:OVi¢Ij,Zvi:0 ,

j=0,1,... Vi={veR:v;=0Vi¢TL}.

(Al1)

9r_1;

Then every nonzero vector in V; is an eigenvector of €2;(1)
with eigenvalue k¢;, where £; = 0. In addition,

dmV, =|Z;|=m; — 1, j=0,1,...,7r—1;
dimV;: |I;| =d—}", (A12)
Vi LV,, 0=<j1<j2<T (A13)

Define W = (V; + Vs + - - + V;)*. Then W is an invari-
ant subspace of €2; (L) that has dimension 7 and is spanned
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by the following 7 vectors in R¢:

1 .
—, i€l
)= Y™ T =0,1,...,F—1. (Al4)
0, i¢l;
Now, consider the following map from R to R¢:
X vXEijvj. (A15)
j=0

Then v, is an eigenvector of €24(1) iff x is an eigenvector of
Q(A) with the same eigenvalue. This observation implies
Eq. (A8).

Equation (A7) is a simple corollary of Egs. (Al)
and (A8) given that er;l (m; — 1) = r — 7, which com-

pletes the proof of Lemma A2. ]

2. Proof of Theorem 1

Proof. Without loss of generality we can assume that
[vr) has the following Schmidt decomposition: |v) =
Zf;ol /Ailii), where d = min{dy, dg} = da. Define W, =
span ({|ii)}¢)) and W> = Wit. Then W, and W, have
dimensions d and d(dg — 1), respectively. The k-reduced
operator R;(p) can be expressed as follows:

d—1 d—1
Ri(p) = kY xili) (| @I — Y /Jik lid) G|
i=0 ij =0
=R +Ra, (Al6)
where
d—1 d—1
Ry =k Yy lii) (il = ) /iy lid) G,
i=0 ij =0
d—1 dg—1 (A17)
Ry=ky Y mlij) il
i=0 j=0,j #i

are supported in Wy, W, respectively. Note that o (R;) =
o (x(A)) and o (R,) = [ko (y)]*“B=D_ Therefore,

0 (Ri(p)) = o (R) Uo(Ry)

=0 (M) U ko (W)} ®70, (A18)
which confirms Eq. (29). Since all eigenvalues of R, are
non-negative, it follows that R;(p) and (X)) have the
same negative spectrum, including multiplicities. Accord-
ing to Lemma Al, if £ > 7, then Q;(A) > 0 and Ry(p) >
0. If instead 1 < k < r, then both Q,(A) and R;(p) have
exactly one negative eigenvalue.

Let {¢; }j;;}) be the set of distinct nonzero Schmidt coefhi-
cients of |), where ¢; has multiplicity m;. In conjunction
with Lemma A2 we can further deduce that

r—1

o (Re(p)) = [tk )@~ U o (@) U 0},
j=0

(A19)

where S~2k (1) is the 7 x 7 matrix defined in Lemma A2, and
its eigenvalues satisfy Eq. (A6). Moreover, 2;(1) is non-
singular when k& # r and has exactly one eigenvalue equal
to 0 when k = r. Therefore, R (o) has 27 distinct nonzero
eigenvalues when k # r and 27 — 1 distinct nonzero eigen-
values when k = r. In any case, R;(p) has at most 27
distinct nonzero eigenvalues. This observation completes
the proof of Theorem 1. |

3. Proof of Theorem 2

Proof. According to Theorem 1 and Lemma Al,
Ni(¥) = 0x(X) is Schur concave in A and nonincreas-
ing in k. Next, suppose SN(|¥)) =r and let A' =
(r,...,r7,0,...,0) € Ay, where the value r~' is
repeated 7 times. Then A > A/, which implies that V(L) =
Or(A) < 0,(\) = max{0,1 — k/r}. |

4. Proof of Proposition 3

Proof. Define W, = span <{|i)A ® U)B}?’;O). Let Iy,
be the projector onto this subspace and IWOL =1 — Ly,

then

Ly —f—IWJ_
per = (1= &), (| +6———L
D
I,
— 1 _ ef / 0 A20
A =&Dpp, +e— (A20)
where D = dadg and
1—e¢ e 1 72
ef Wo /

= r r T N =(1-—= .
Per l—£’|+)<+|+1—8’D ¢ ( D)g
(A21)

Every pure state decomposition of ,ogfr corresponds to a
pure state decomposition of p,, with the same maximal
Schmidt number. Thus, SN(p,,) < SN (,offr) Note that
pgﬁ, is an isotropic state of a bipartite system with local
dimensions both equal to . It is known that the Schmidt
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number of

PF—1 1-F
r2 1 |+r>(+r| + 7’2 — 1]W0

(A22)

equals [#F] [15]. Hence, if F' satisfies

rzF—l_ 1—c¢
P—1  1-¢g"

(A23)

then we have

SN(pe,) < SN (ph) = [1F1
D(1 —¢) 1—‘

|

={ ¥ D —e) ter 1
(1 + ur

:’71+r2u—"

which confirms the upper bound in Eq. (39).
On the other hand, if

k< M _1’
1+ dgru

(A24)

(A25)

then Ny (p.) > 0 by Proposition 2, which implies that

SN(pe,) = max{ A+wr d+wr } _ (d+uwr

1 +dgru’ 1 +dyru|  1+dru’
(A26)

This confirms the lower bound in Eq. (39).
Finally, if » < +/d and ¢ < 1/2, then we have u <
(dpdp)~" and

(I +wr
>r
1+ dru

—1, (A27)

which implies that SN(p,,) = r. This observation com-
pletes the proof of Proposition 3. |

APPENDIX B: PROOFS OF THEOREMS 4 AND 5

1. An auxiliary lemma
Givenx € R and / € Ny, define

e(x,)) = (l,x,xz,...,xl)T. (B1)

Consider the moment sequence S = (s,)nen, With s, = x"
and let Sy = (Sk, Sk+15 - - - » S2+4) be a truncated subse-
quence. The Hankel matrix H (S 2/+«) has entries

[H (Sk21+0) Imn = Smnsk = X e(x, Dme(x, D),

mn=0,1,...,1L (B2)

So the Hankel matrix itself can be expressed as follows:

H(Skarsr) = x*e(x, Dex, D). (B3)

Next, as a generalization, consider the moment sequence
I (o : / x—1 n
S = (s))nen, With s, = > 7 mux]', where x; € R and

m; € N. By linearity, we have

x—1
H (S} 10) = Z mixfe(xr, De(x;, 1)
i=0

(B4)

The following lemma is instructive for understanding the
properties of the Hankel matrix H (S} 5, ;)-

Lemma BI. Suppose {x;}’; is a set of distinct real
numbers and / € Ny. Then

rank ([e(xo,l),e(xl, D,.. .,e(xx,l,l)]) =min{/+1, x}.
(B3)

If I+ 1 > yx, then the set {e(x;, l)}l?(;o1 is linearly indepen-
dent.

Proof. Let V be the Vandermonde matrix associated
with the set {x;}/, that s,

/i =0,1,...,min{l,x —1}. (B6)

Thanks to the Vandermonde determinant formula, we have

det(V) = 1_[

0<i<j <dim(V)—1

(i—x)#0.  (B7)

Therefore,

min{/ + 1, x}
= rank(V) < rank ([e(xo, ), e(x1,1), ..., e(ry—1,0)])
<min{l+1, x}, (B8)

which implies Eq. (BS5).

If I+ 1> x, then rank ([e(xo,l),e(xl,l), .. .,e(xX_l,l)])
= x by Eq. (BY), so the set {e(x;, l)}l?‘:_o1 is linearly inde-
pendent, which completes the proof of Lemma B1. ]

2. Proofs of Theorems 4 and 5
In preparation for proving Theorems 4 and 5, suppose
0 € S(Hap) and Ry (p) has x distinct nonzero eigenval-
ues, namely, {x;} ?(:—01, where x; has multiplicity m;. Accord-
ing to the definition in Eq. (65) and the formula in Eq. (B4),
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By[p, k] can be expressed as follows:

x—1
Bylp, k] =) mipy x(xi)by (x)by (x) T,
i=0

(B9)

where

by(x) = e(x, (N — 1)/2]) = (l,x,x2, N ’XL¥J)T’
(B10)

N odd,

Bl11
N even. ( )

X,
PN i(X) = {x(k ),

Proof of Theorem 4. Suppose Ry(p) has yx different
nonzero eigenvalues {x; ?(:—01’ where x; has multiplicity
m; > 1. Then By has the decomposition in Eq. (BY)
with x; € R and m; € N. Since SN(p) < k by assump-
tion, we have 0 < x; < k for all i thanks to Theorem 1
and Corollary 1. Therefore, m;py x(x;) > 0 for all i, which

means By > 0 and completes the proof of Theorem4. W

Proof of Theorem 5. Let {x;}/—, be the set of distinct
nonzero eigenvalues of Ry (p) and denote by m; the multi-
plicity of x;. Then By has the decomposition in Eq. (B9)
with m; € N and x; € [—1 + k/d, k] by Corollary 1. In
addition, {bN(x,»)}f‘:_O1 are linearly independent according
to Lemma B1, given that N > 2x — 1 by assumption.
Hence, By > 0 iff m;py x(x;) > 0 for all i. Meanwhile,
mipy x(x;) > 0 iff x; > 0. Therefore, By > 0 iff x; > 0 for
all i, that is, Ry(p) > 0, which completes the proof of
Theorem 5. n

APPENDIX C: PROOFS OF THEOREM 6 AND
PROPOSITION 7

1. Proof of Theorem 6

Proof of Theorem 6. Let k=1,2,...,r—1; then
Ri(¥) # 0 and Ry () has at most 27 distinct nonzero
eigenvalues according to Theorem 1. Suppose N > 47 — 1;
then R;(¥) # 0 iff By[y, k] # O thanks to Theorem 5.
Therefore, By[v, k] # 0, which confirms Eq. (74).

Let {¢; };;é be the set of distinct nonzero Schmidt coef-
ficients of [v), where ¢; has multiplicity m;. According to
Lemma A2, the spectrum of R;(¢) can be expressed as
follows:

-1
o (Ru()) = Ukt )51 U o )72 U (0B,
j=0
()

where w; forj =0,1,...,7 — 1 are the eigenvalues of the
matrix 2(A) defined in Lemma A2. Note that Zj mp =r

and
0<kt <k, —l<aw <k Vj=01,...,7—1;
0<w <k ¥ =01,...7-2 (C2)

In conjunction with Egs. (65) and (B9), the Hankel matrix
By[¥, k] can be expressed as follows:

By = By[{r, k] = A1 + A4,
-1
A=) pyalw)by(@)by (@),
iz (C3)

71
Ay = Z(dij — l)pN,k(kej)bN(kﬁj)bN(kej)T,
j=0

where by and py i (x) are defined in Egs. (B10) and (B11),
respectively. Note that py r(k¢;) > 0, while py ;(w;) has
the same sign as w; forj =0,1,...,7 — 1.

Now suppose N <27 and k=r—1. Let €y, =
min; {¢;} and wpin = min; {w;} = —N,_; (¥); then @min €
(—=1,0). In addition, 4,, 4,, and By are square matrices
with at most 7 rows (columns), and 1 < ||by (wmin)H% <r.
In conjunction with Lemma B1, we can deduce that 4, has
full rank, which means Im(4,) C Im(4,).

By definition, in Eq. (75), we have

-1
Ay =3 py ol = DG TN = DG = DT,
j=0

(C4)

which means owin(42) > (dg — 1)omin(4o) given that
m; > 1 and py,_i[(r — 1)¢;] > 0 for all j. If in addition
N is odd, then

Omin(41) > DPN,r—1 (wmin)”bN(wmin)”% = ;wmina (CS)
Omin (BN) = Omin(41) + 0min(42)
> ;a)min + (dB - 1)Gmin(A0)~ (C6)
If instead NV is even, then
Omin(41) > PN r—1 (@min) ||bN(a)min) “% = r;a)min: (C7)
o'min(BN) = r;wmin + (dB - l)amin(A0)~ (CS)

Note that wpin = —N,_1(¥) and that Eq. (C8) holds
in both cases. If the condition in Eq. (76) is satisfied,
that is, dg — 1 = 17N, 1(¥/)/Omin(40), then omin(By) >
0, which confirms Eq. (77) and completes the proof of
Theorem 6. |
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2. Proof of Proposition 7
Proof. The k-reduced operator R (o) has spectrum

o (Ri(pr)) = () @V U (o),

F—-1 k
+ - >0,

A= ——
T2

k
Ao = i F. (C9)
Note that Ry (pr) has at most two distinct nonzero eigen-
values. Given N = 3, then By[pr,k] = 0 iff Ry(or) >
0 according to Theorem 5. If in addition £ < [dF] — 1,
then A¢g < 0 and Ry(+,) # 0, which further implies that

BN[+ra k] i‘ 0. [ |

APPENDIX D: PROOF OF PROPOSITION 8

Proof. By assumption the local Hilbert spaces H and
‘Hg have the same dimension d and thus can be identi-
fied as two copies of a d-dimensional Hilbert space H. Let

{P; };i]l be an orthogonal basis on £} (H) that satisfies the
normalization condition tr(P; P;) = d6; ;. Then {P;*};ii_ll is
also an orthogonal basis on this space. In conjunction with

the definition of pr in Eq. (78), the entries of its CM can
be calculated as follows:

d°F — 1 i
Ty = m(+dlpj ® Prl+a)
PF—1 &
= Z& =D D Z(mmwj ® P |nn)
PF -1 & ;
= ———— Y (mlP;|n)(nP}|m)
P 1) =
F -1 (P P*) dF-1 (D1)
= ——— It :
2@ —1) VH T @ —1)7h

where j,k=1,2,...,d* — 1. Therefore, all singular val-
ues of T are equal to (d°F — 1)/d(d* — 1), which has
multiplicity d> — 1. As a simple corollary, we have

d’F—1  d*F—1
Tl = (d* — D2
17l = @ = 1) x J s = ——, (D2)
PF—-17  (PF—1)7
T3 = (-1 — | =————, (D3
PF-17" (@F -1
T3 = (-1 — | =————, (D4
which completes the proof of Proposition 8. |

APPENDIX E: PROOF OF PROPOSITION 9

Proof. To prove that p is k-unfaithful, we need to find
one solution to Eq. (50). Let ua = up = 1/2, then Ea, Ep

need to satisfy

In Iy
Eax®Ig+Ian®Eg>p, Ean=<—, Ep=—
2 2’
| (ED)
Tr(Ex) = Tr(Ep) = —
Because 7(j) # t(j) for all j =0,...,k— 1, we have

(+%|®) = 0. Then the condition Ex ® I + I Q Eg > p
leads to

=

—1

=

1

1 1 1
. ;mmn + 4 3 GIEBl) > (+ilpl+e) = 5. (E2)
x—1 x—1
¢ (T (HIEalm()) + Z«zs, (T()IEslT())
j=0
> (®lo]®) = 7. (E3)

We assume that Ea, Eg are diagonal in the computa-
tional basis with diagonal entries equal to either 1/4
or 0. Then both operators have 2k — 2 nonzero entries
because Tr(£4) = Tr(Eg) = (k — 1)/2. The conditions in
Egs. (E2) and (E3) can be fulfilled by setting

(ilEAlD) = (ilEgli) = 1/4, i=0,1,....k—1, (E4)

(IEAITG)) = (t()IEBIT(G)) = 1/4,

jzoala"'ax_la (ES)
which is equivalent to

N S N B

(i|EAlf) = 1 Viel,, (i|Egli)= 7 Vi e Ip. (E6)

Then, as long as |Z; |, |Zg| < 2k — 2, the operators Ea, Ep
can be constructed as

=l 12) (i +l |£) (i
4 4

i€y, i€’
{ { (E7)
=2 20t + 7 ) Iil,
i€lp iez”

where 7' can be any index set that has no overlap with
1, and satisfies |Z;| + |Z'| = 2k — 2. The other set Z” can
be constructed in the same way. Clearly, E4 < [,/2 and
Eg < Iz /2, hence all requirements in Eq. (E1) are satisfied.
This proves that p is k-unfaithful.
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Now we prove that R;_1(p) # 0 with the extra condi-
tion in Eq. (85). The reduced density matrix reads

=
:_kgo:

k—1
=y -0 +k¢ 9y Z &1 () ().

i=0 ] w(j)>k

x—1

(il + 5 Z¢,|n(/> ()
j=0

(E8)
Let IT = Y%7 |ii) (ii|. Then

k—1

(k—1) Z il pali)lif) (ii| — _|+k)(+k|

i=0

R 1(p)IT =

1
—EHI@WDIH, (E9)
where I1|®)(P|IT =0 because 7 (j) # t(j) for all j =
0,...,k—1.Clearly, if [TR;_1(p)IT # 0,then R;_;(p) #
0. Suppose y = (yj)j].:(l) is an eigenvector of ITR;_;(p)I1
with eigenvalue —6. Then

(k= Diilpali)y = o (Zyl) = —6y;,

i=0,...,k—1 (E10)
Using the same technique in the proof of Lemma Al, we

get

k-1
,Z (k= 1) z|pA|z> =2 (E1D
Hence, ITR;(p)IT has a negative eigenvalue iff
k-1
,Z (k- 1) ioaln ~ 2F (E12)

which is equivalent to Eq. (85). This observation com-
pletes the proof of Proposition 9. |

APPENDIX F: PROOF OF THEOREM 7

In this appendix, we will show that, given access to
a unitary 3-design, the sample complexity of estimat-
ing the functions p, = Tr(p?), p3 = Tr(p?), and # =
Tr[paTrg(p?)] using the classical shadow method is O (D),
where D is the dimension of the underlying Hilbert space
‘Hag. Note that the protocol for estimating a,, as is identi-
cal to the counterpart for estimating p,, p3, but the under-
lying Hilbert space H4 has dimension +/D instead. Hence,
the sample complexity of estimating a,, a3 is smaller than
that of p,, p3, and the sample complexity of the third order
moment-based k-reduction criterion is O (D).

1. An auxiliary lemma

We first recall the necessary background on unitary
designs. Denote by ®® the kth twirling superoperator
defined as follows:

o®(0) = / du@USOUN®, 0 e £ (HL).
(F1)

Here 1 (U) denotes the Haar measure on the group U(H ag)
of unitary operators on Hapg. A unitary ensemble ¢/ on
U(Hap) is called a unitary k-design if

Ey-u[UPF - (UH®F] = 0@ (). (F2)

When O = (|)(¥]|)®* is the kth tensor power of a pure
state, by virtue of Schur’s lemma we can deduce that

OO [(ly) (w)®] = fH dv(|v) (v])®*

P S W

= (F3)
(D + k - l)' meSymy,

where D is the dimension of the Hilbert space Hap, Sym;
is the symmetric group on k elements, and W, denotes
the permutation operator on H% corresponding to m €
Sym,. The above equation will be useful in the following
derivations.

In the classical shadow protocol, we first sample a ran-
dom unitary U from a given unitary ensemble U/, then
measure the rotated state UpU' in the computational basis
and record the measurement outcome b. When U/ forms a
unitary 2-design, an unbiased estimator for the state p can
be constructed as follows:

= D+ HU by (b|U—1I. (F4)

On this basis, we can construct unbiased estimators for p;,
p3, and f,. To analyze the variances of these estimators, we
need to introduce some notation and an auxiliary lemma.
Define

R, =IQI+I®@p+pQI, W=Wgqy), (F5)

where (12) denotes the transposition swapping the first and
second elements. The following lemma is quite helpful for
computing the variances of the estimators p,, p3, and . A
similar result can be found in Lemma 14 of Ref. [55].

010356-24



CERTIFYING ENTANGLEMENT DIMENSIONALITY... PRX QUANTUM 7, 010356 (2026)

Lemma F1. Suppose U is a unitary 3-design, and g, o’ are two independent estimators for p. Then E[6] = p and

E[lo® p] = b+ 1R ! R Fo6
[D®P]—mp T Drole (F6)
s DD+, 2D+
Ererr =—5 o -5 BW 7
o (D D? 2(D+1) 5 L
D(D + 1)? (D + 1)
W(P ® p)W + m( +p2)W. (F8)
Proof. The equality E[p] = p follows from Eq. (F4) and the equation below:
E[U'[b) (b|U] = Eyy [Z<b|UpU*|b> ) <b|U} = > T {Eyu [(UNP(10) (B U] (1 @ )}
b b
= ZTr P [(16)(b)®*] I ® p)}  since U is a unitary 2-design
o+1
—Z [D(D )<I+W><I®p)] DT (F9)

where the fourth equality follows from Eq. (F3) with £ = 2 and in deriving the last equality we have taken into account a
factor of D from the summation over b.

To prove Eq. (F6), we first evaluate the following expectation value:

b

E[(U'|b) (b|1)*] = Eymus [Z(bwptﬂ |b)(U"|b) <b|U>®2}
= Zm {Eou [UHZU0Y NP U] 1 @ 1 @ p)}
= ZTI‘3 (3) (|b b|)®3] IRI® p)} since U is a unitary 3-design

. —— =Y | I+1 I F1
(D+1)(D+2)( QI+pRI+1Qp)I +W), (F10)

where the last equality follows from Eq. (F3) with & = 3. Now, Eq. (F6) can be proved as follows:

E[p ® p] = (D + D*E[(U'b)(b|)**] — (D + D {E[UT 1) (b U1 @ I + I Q E[U'|b)(b|U} + I @ 1

D+1

1
= (U®I+I DW—- ——(I®I I1+1 F11
D+2(® +IQp+pI) DT 2(® +opRI+1®p). (F11)

Equation (F7) can be proved using a similar reasoning employed above.
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To prove Eq. (F8), we first rewrite the LHS as follows:
El(6® 55 @ )] =E|Trss [(6 8 5'® 0/ ® ) Worsyas ||

=E {Tr34 [W(234) PRP® P @ P YWy - W(13)(24)]}
= Tr3y {W(234) (E[/6 ® Pl E[p ® :5]) W(134)}

(D+1)? D+1)
= —(D T 2)2 TI'34 [W(234) (RpW ® RPW) W(134)] - —(D i 2)2 TI'34 [W(234) (RpW ® Rp) W(134)]
D+1) 1
_ (D+—2)2T1‘34 [W(234) (Rp ® R,;W) W(134)] + WTI‘M [W(234) (Rp ® Rp) W(134)] .

In addition, direct calculation yields

Tr3s [Weas) (R,W @ R,W) Wizg) | = (D + DR, W + (1 4+ p2)W + D(p ® p)W,

Trs4 [W(234) (RpW ®R,) W(134)] =({1+20®DHR,W,
Tr3s [Wasay (R, @ Ry,W) Wisay ] = (1421 ® p)R,W,
Tr3s [Wess) (R, ® Ry) Waize] = RS

In conjunction with Eq. (F12), we can derive Eq. (F8) and complete the proof of Lemma F1.

2. Variance of Tr(p?) by classical shadow

(F12)

(F13)
(F14)
(F15)
(F16)

The same computation was done in Ref. [9]. Here we write down the computation process with our notation for com-
pleteness. Label the state estimators for the M runs as gy, 02, . . . , Oy separately, where M is the total number of samples.

Then the estimator for the purity is (recall that p, = Tr(p"))
. (M7 .l
D2 = (2) ZTr(pjpk)-
j<k
Its variance Var [ﬁz] can be computed by

M

-2
Var[ﬁz]=1E[ﬁ§]—p§=(2) > E[Tr(, ) Tr(B i) — 3]

J1<kij2<ky
M -1
= <2> {2(M = 2) [Tr{(p ® p)E[p ® p1} —pzz] + [Tr(El ® P _pzz]}

4(M —2) A 2 A oA
< mTr{(P ® p)E[p ® p]} + mTT(E[P ® p]°).

Note that
Tr(R,WR,W) = Tr(R}) = D> + 4D + 2Dp, + 2, Tr(R2W) =D+ 4+ 4p,.
In conjunction with Egs. (F6) and (F7) in Lemma F1, we obtain

D+1
D+2

A 1
Tr{(p ® P)E[p ® o]} = (P2 +2p3) — D—+2(1 +2p2) < p2 + 2p3,

D*+2(D+ 1)(D+4) 2D2 -2

~ A2y 2 _
Tr(E[p ® p]°) = (D + 1) (D + 2)2 D+2
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Hence,

Var[p,] < JM =2 2 2 D+ 1)+ 2D
ar[Pz]_m(Pz-F P3)+m[( + 1) +2Dps].

To guarantee that Var []32] = (O(1), we need M = O(D).

3. Variance of Tr(p%) by classical shadow

The third moment p3 has estimator
. 1! RN 7 VA
p3=:§(3) ‘z:zﬁ(mgpa-%5(3) _z:zﬁ(@pmﬁ.
i<j< i<j<

Its variance is

—_—

. M\~ s
Var [p3] =7 ( 3 ) Z ]E[Tr(pilpjlpk])Tr(loizpjzpkz) _p:’%]

I

i1 <1 <ki,ia<j2<ky

+
e

M\~? e o
( 3 ) Z E[Tr(pllpll pkl)Tr(lezpizpkz) _p:’%]

i1<jl<k1,i2<j2<k2
1M\~ o o X
+ 5(3) Z ]E[Tr(’oil'ojlpkl)Tr(lojzpizpkz) _p3]

i1 <j1 <ki,ia<j2<ky

(F22)

(F23)

(F24)

Now we analyze the expectation value of each summand with different indices. Based on how many pairs of o sharing

the same index, we can classify the summands into four categories.

(1) All indices are distinct, then the summand equals
E[Tr(p1623)Tr(psapspe)] — p3 = 0.
(2) There exists exactly a pair of identical indices, then in conjunction with Eq. (F6), the summand equals

E[Tr(p15203)Tr(p1psps)] = Tr{E[ ® p1(p° ® p*)}

D+1 1
= Tr[R, W(p* ® p*)] — Tr[R, (0> ® p°
D+2ﬂp (0™ ® p)] D+2r[Ap®pﬂ
D+1 1,
=— 2ps) — —— 2 = O().
D+2(P4+ Ds) D+2(P3+ pap3) (1)

(3) There exist exactly two pairs of identical indices, then the summand has the following three types.
Using Eq. (F7), we have

E[Tr(p15203)Tr(p1p204)] = THE[p ® p1*(p ® p)}

D+ 1)? 1 5
=012 2)zTr[R,JWR,,W(,O R p)]+ mTr[Rp(p R p)]
D+1 D+1 ,
- (D +2)? Tr[R,WR,(p ® p)] — mTr[RpW(p ® )]
_ (D + 1)2 2 1+ 2p2)2 2D +2 _
= D122 2)2(1 +4p2 + 2p; +2p3) + D12 O+ 2)2(192 +4p3 4+ 4ps) = O(1).
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Using Eq. (F6), we have

E[Tr(p10203)Tr(010402)] = TH{E[p ® p1U @ p)E[p ® pl(p ® 1)}

= Egi—;zTr[RpW(l Q@ P)R,W(p @]+ mTr[Rp([ ® 0)R,(p ® D]
- %Tr[&wd ® P)R,(p @ )] — %Tr[&)(l ® P)R,W(p ®1)]
= Eg i ;z [D(p> + 2p3 + pa) +2p3 +2p2 + p3] + ((1D++2];§12 - (ZD_:_;Z (p2 + 4p3 + 4ps) = OD).
(F28)
Using Eq. (F8), we have
E[Tr(f16263)Tr(020106)] = THE[(6 ® £)(6" ® 9)](p ® p)}
= EZD)_—::—;zTr[R,,W(,O ® p)] + (D_i_;z)zTr[RpWRpW(p R p)] — %TI[M)W(/} ® )]
D(E)DT-;?Tr[(p ® P)W(p ® p)] + Eg i ;;j (1 + p)TI[W(p ® p)]
= EZD)—I—gz(pz +4p3 +4ps) + D(gjjzgm EID) j; ;z (14 p2)p2
+ETﬁ““m”ﬁ“M—%§§%+%+m#O®. (F29)
(4) There exist three pairs of identical indices, then the summand has the following two types.
Using Eq. (F6), we have
E[Tr(51523) Tr(p1p23)] = Tr(E[p ® pT)
- %Tr(RpWRpWRPW) - %Tr@w&w + iI(DD++2;> Tr(RLW) — G Tr(RS)
e I(Zi;)(?—i_ 1)(D—I—6+ 12p; + 8p3)
- % [D* +2D3 + 3pa2 + p3) + 6(1 + p2)] = OD). (F30)

Using Eqgs. (F6) and (F8), we have

E[Tr(016203) Tr(p20103)] = Tr(E[(6 ® p") (6" ® P)IE[S ® p])

_ O+, DD+1) (D + 1)}
= Dyap TR + =5 Tl ® MR+ 5 =5 (14 ) Tr(R, )
3D+, s 2D+ DX D+
D12° Tr(R, W) “ D128 Tr(R;) D12 Tr(R;W)
D(D + 1)? (D + 1)
~ D32y TRe(p ® YW = T (14 p) TH(R, W)
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= % (D* +4D +2Dp, +2) + D(;DTJ;f(l +2ps)
+ %(1 +p2)(D* +2Dpy) + % (D + 6+ 12p; + 8p3)
_ % [D? +2DG + 3p + p3) + 6(1 + p)] — %(1) 4 tdp)
D(I()DTT));@ +2p3) — %(1 +p)(D+2) = OD). (F31)

One can verify that in Eq. (F24), there are O(M®), O(M?), O(M*), O(M?) summands of types 1, 2, 3, 4, respectively.
Hence,

Var[p3] = OM™Y + OM D) + O(MD>). (F32)
To guarantee Var[p3] = O(1), we need M = O(D).

4. Variance of Tr[psTrg(0?)] by classical shadow

We estimate #, = Tr[ oo Trg(p?)] using the classical shadow method in the following steps. Use M samples to generate
M state estimators for p labeled as p1, 0, ..., oy Then use L samples to generate L state estimators for ps labeled as
ap,ap, . ..,ar. The total sample cost is L + M.

Let H denote a local Hilbert space with dim(H) = /D such that Ha, Hg = H. Introduce a permutation 7* =
(135)(24), and let W« be the corresponding permutation operator on >, Then we have

Tr{(p ® p ® paA)Wa+] = Tr[paTrp(0>)] = 1. (F33)

Therefore, an estimator for #, can be constructed as follows:

L-1 M-1 L—1 M-I
o L Tr [(6i ® f ® aW S Tr [ I)pipi ] F34
T PI: D Tr[(5i® f ®aWae] = LM(M_D > . r[(ae ® Is) hify | (F34)

=0 =0, #i £=0 i=0, #i
The variance of 7, is
Var[b] = s (M 0 Z Z {Trl(ae, ® 1) £, 1Tt @e, ® Is) Py ] — B} - (F35)
818 A 1L0F

Note that
Z Elay, ® Iz ®ap, ® Is] = LIL — 1)pa ® Is ® pa @ Is + LW 23) (E[a ® a] ® Ip @ Ig) W23, (F36)
01,62

> Elpnby ® pihil = OM*p* @ p* + OM*) {E[p @ 51> + E[(p ® §) (5 & p)]
11712 7)2

+ OM N ELS ® pl(p ® p) + (p ® P)E[H ® p1}
+OM*) {I © PE[p @ plp @) + (p @ DE[H ® p1U & p)} . (F37)

In the expansion of Eq. (F34), we have the following terms (recall that a,, = Tr(p})).
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Using Eq. (F7), we have

Tr{(pa ® I ® pa ® IR)E[p ® p]°}

D+ 1)?+1 20D+
=& D +)2)2_Tr[(,0A ®In ® pa ® )R] - (é 2)2) Trl(on ® I ® pr © )R, Wiz
D+ 1)?+1 2
- O (VP 2men) +E 2w oy
2D+ 1
— —(l() ++2)2) {\/Baz +4az + 2Tr [ pa Tre(p?) | + 2Tr [(pa ® Is) p(pa ® IB)P]} = O(D). (F38)

Using Eq. (F6), we have

Tr{(pa ® Is @ pa @ Is) (p ® P)E[p ® p]}

1
Tr[(pa ® I ® pa ® Ig)(p @ P)R, W (13)24)] — Tr[(paA ® I ®@ pa @ I) (0 ® P)R,]

“D+2 D+2
D +1
= D12 {Trl(pa ® Is) p(pa ® Ip)p] + 2Tt[(pa ® I)p(pa ® Ip)p ]} "Dy 2(“2 + 2a2t) = O(1). (F39)

Using Eq. (F8), we have

Tr{(pa ® Is @ pa R Ip)E[(p @ p) (0’ ® p)]}

D+1)° D(D + 1)?
= —ED n 2;2 Tr[(pa ® Is ® pa ® In)R,W(13)004 | + ﬁTr[(pA R ® pa @ Is)(p @ P)YW13)04)]
D+ 1)?
+ %(1 +P2)Tr[(/0A QB pa® IB)W(13)(24)]
2D+ 1)
+ D + 2)2Tr[(/’A I ® pa® ]B)Ri] - mTY[(/)A ®IB®paA® [B)RIZOW(13)(24)]
_(D+1) DD+ 1) . (D417
= b1 (\/Eaz + 2a3) + 32 s ® )pF + + p2)VDas
2
MV [<ﬁ F2a ) 46 -2+ 12)2}
2(D+1) /b , , .
T D+x22 { Da; + 4as 4 2Tr[p Tra(p7)] + 2Tr[(pa ® Ie)p(pa ® IB)p]} = 0(D?). (F40)

For notational simplicity, we introduce the operator Rgz) = R,, ® Iz ® Ig. Note that E[a ® a] takes a form very similar
to that of E[p ® 0], with the only difference being the Hilbert-space dimensions involved.
Using Eq. (F6), we obtain

Tr{W s (Ela ® a] @ Is ® Is)W 23, (0* ® p*)}

VD +1 L " o
- JD+ 2Tr [Was) Ro,Wazy @1 @ HWes (0° @ p%)] = Tr [W(23)RpA W3 (0™ ® p )]

VD +1
= N {TrA[TrB(p2)TrB(p2)] + 2Tra [pATrB(pz)TrB(p )]} - (p2 +2patr) = O(1). (F41)
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Using Egs. (F6) and (F7), we have

Tr {Wes)(Ela ® 4] ® I ® Is) W3 E[p ® 517}
D+ 1)2+1
 (D+2)?

D+ 1)?+1vD+1 ) X
= T 0127 Vo2 WenR WanWanR ]+
D141 1 Do) Dt

- 0+2? D+ lTr[W(B)Rﬁ’ n Wan k] - (D+272 D+ 2Tr[W(ZDR(pf)W(n)Wm)R§W(13><24)]

D+1)2+1VD+1, 3 2D+1) 1
= D2 +2D 4+ 2D + 4D D+2vD+4+4 8 8¢
(D +2)? «/D—|—2< +2D+2VD+ “2)+(D+2)2./—D+2< +2vVD+4+4py + 802 + 2)

D+1)*+1 1
- D +)2)2 N FR (D2+4D+4J5a2+2Dz2+4a2+2J5p2)

2(D+1)\/5+1 3 B
- D+2?2/D+2 [D2 +2D(2+a2+f2)+2\/l_)(2+p2)+4612+2p2] —(9<D

2(D+1)

Tr[Wos(Ele®@al @ I ® IB)W(23)R2] — mTr[Wm) Ela®a Qs ® [B)W(23>R2W<13)(24)]

20+1) 1

12) 2
(D+2?2 D+ 2Tr[W<23)RpA WanR Wiz 24)]

(1%

) . (F42)

Using Eq. (F6), we have

Tr{Ws)(E[a @ a]l @ Is @ Is) W23, (p @ p)E[6 ® 41}
1 1

D+1+4/D+1
=_— Tr[W 23 RIDW (15, W R, W —— ——T1[Wp3RPW R
Dr2Vbto2 1[WonR, " WanyWas (e ® pIR, (13)(24)]+D+2 D12 W3 ROP W3 (0 ® p)R,]
D+1 1 . 1 VD+1 .
“ D2 b+ 2"1"I[VV(23)RPA Wz (o @ p)R, Wi3y24)] — D12 D+ 2F1HT[V\V(23)RPA W2y Waes (o @ p)R,]
D+1vD+1 , ,
= — a, + 2Tr ® + 2, + 2Tr & Tr + 2Tr ®
D252 {az [(pa ® pB)p] + 202 [(pa ® Trg(p*))p] [(pa ® pB)P°1}
_oal ] {a2 +2Trl(pa ® pB)p] + 262 + 2Tt{(pa @ Tra(p?) + pa ® p1)P]}
D12 U 12 2 A ® PB 2 A A A @ PB
1 1 1 vD+1
1+4 2t 42 - 2 26, + ATr[p2 Trg (pH)]} = O).
(1 +4py + 2t + 2praz) D+2\/5+2{02+ az + 2t + 4Tr[px Trg(p?)]} (1)

_.I_—
D+2D+2
(F43)

Using Egs. (F6) and (F8), we have

Tr{W3)(E[a ® a] ® Is ® Is) W23 E[(0 ® ') (0" ® p)]}

D+ 1)VD+1
- (D+2)% D+ 2Tr [W(B)R%)W<12>W<23>Rpw<13><24>]

DD+ 1> V/D+1 1
D+2? VD + 2Tr [W(B)RpA WanyWas (o ® P)W(13)(24)]

(D+1)° VD +1
(D + 2)2 (1 2) ﬁ_+ 2TI’ [W(ZS)RE,?)W(Q)W(23)W(13)(24)]

1 VD+1 2D+1) 1
+ (D+2)% /D + 2Tr [W(B)R;:f)w(lZ)W(B)Ri] + (D+2)% D+ 2Tr [W(B)Rgﬁ)W(23)RZW(13)(24)]

010356-31



YL, LI, and ZHU PRX QUANTUM 7, 010356 (2026)

20+ 1) V/D+1
- (D+2?2JD+2
D+1)>* 1

- (D+22JD+2
DD+ 1)? 1
© (D+2? JD+2
(D +1)2
- (D+22

Tr [W(23)R§,f)w(12)W(23)R2W(13)(24)]

Tr [Was)Ri}f)Wm)Rqus)<24>]

Tr [W(B)R(plj)wm) (r® P)W(13)(24)]

1 1

1
(12)
(I+p))——=—Tr [W(B)RPA W(23)W(13)(24)] T D+22 /D12

VD +2

After computation, we prove that it equals

D+ 1> VD+1
(D+2)?/D+2

DD+ 1) /D +1
(D+2)? J/D+2

(D% +2D + 2vD + 2+/Da, +2)

{a2 + Trl(pa ® pB) ]+ Tr(papd))

(D + 1)? vD+1/ 3 1 VD+1/ 3
(1 = (D2 42D D2 +2D +2+/D+ 4D
oyt T)+2( + )+(D+2)2 —D+2( +2D +2vD +4v/Da;
2(0+1) 1

D+2VD+4+4p, + 8a +8t>
(D+2)2\/5—|—2< D2 2 2

_ ?Z()Djz;z) g 1 ; [D% +2DQ2 4 ar + ) + 27D + p») + da> + 2p2]
- Eg j: 22 @1 ) [D2 +2D3 + D@ + 2p + 4ay + 2@]
- Eg 1 ;;z ﬁl+ 5 {Tr[(p ® PYW (12431 + Tr[(pa ® Is @ D) (p @ p) (W (1243) + W1342))1}
- %(1 +pz)ﬁ[D +2v/D] - Eg 1— ;z @l+ 5 [\/5(4 +2py) + 2+ 4a2]
1 1

_ D? + 4D + 4v/Das + 2Dty + 4ar + 2D ):0(03).
(D+2)2@+2( +4D + 4v/Da; + 2Dt, + 4a; + 2v/Dp,

Therefore,

Var [?2] =

T | O (LPMD) + O (M) + O (M*DF) + O (L) + O (Lm*D3 )|
=OMZD)+0 (M) +0(M2DF) +0 (L) + 0 (L' M2D3).

To guarantee that Var [7,] = O(1), we need

M=0 (D7), Lm?=0(D3).

If we choose L = O(D), then the total sample complexity is L + M = O(D).
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