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We propose a scheme for accumulating entanglement between long-lived qudits provided by central
nuclear spins of defect centers. Assuming a generic setting, the electron spin of each node acts as the
communication qubit and may be entangled with other nodes, e.g., through a spin-photon interface.
The generally available Ising component of the hyperfine interaction is shown to facilitate repeated
entanglement transfer onto memory qudits of arbitrary dimension d ≤ 2I þ 1 with I the nuclear spin
quantum number. When d is set to an integer power of two, maximal entanglement can be generated
deterministically and without intermittent driving of nuclear spins. The scheme is applicable to several
candidate systems, including the 73Ge germanium vacancy in diamond.
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I. INTRODUCTION

High-spin nuclei in solids comprise a new and rapidly
developing platform for quantum information processing
(QIP) [1]. In addition to their superior coherence times,
such spins offer the advantage of a large Hilbert space,
allowing for advanced techniques in various QIP strate-
gies. In the field of quantum error correction, their spin
subspace has been identified as a hardware-efficient
structure for encoding fault-tolerant logical qubits [2–4].
Advantages over traditional spin qubits could also arise in
QIP strategies which do not involve quantum error
correction on the lowest level, but instead use the multi-
level space directly as a qudit. This includes both the field
of quantum communication (QC) [5] and measurement-
based quantum computing (MBQC) [6–8]. Several theo-
retical studies [9–11] have addressed high-dimensional
one-way quantum processing, while experimentally, first
proof-of-concept operations have been demonstrated [12].
A promising route toward scalable quantum networking

is based on devices comprising several modules, where
each module consists of an optically addressable defect
center in a solid matrix, featuring both an electron and one
(or more) nuclear spins, which serve as communication
and memory qubits, respectively. In this context, a single
network node [13] and a two-node quantum network with
remote entanglement storage [14] have recently been
realized, both works based on silicon-vacancy centers
(SiVs) in diamond-based nanophotonic cavities. At the

same time, a higher-dimensional nuclear-spin platform
with very similar properties is currently being established
[15], namely the 73Ge germanium vacancy (GeV) in
diamond with nuclear spin I ¼ 9=2. Thus, it is foreseeable
that at some point such a quantum network will be
extended to high-spin nuclei with the above-mentioned
advantages. Another promising type of higher-dimensional
nuclear-spin platforms is provided by implanted group V
donors in silicon. In this case, the route toward scaling up
is somewhat different from the above, and several methods
of coupling over microscopic distances have been pro-
posed [16]. However, most of these methods, e.g., the
coupling via microwave photons, connect the nuclear spin
qudits indirectly via their respective electron spin qubits so
that the situation is in principle similar to the optical
network device with macroscopically separate nodes.
A natural question for such systems, in particular in

view of higher-dimensional MBQC and QC protocols, is
whether a maximally entangled state can be generated
between two distant memory qudits, if they only interact
with their respective electron spin qubit. Here we provide a
solution to this problem considering a hyperfine tensor
structure common for central nuclear spins. Enlarging the
nuclear qubit memory based on the 15N nitrogen vacancy
(NV) center [17] to qudit dimesions d > 2, we show that
the Ising part may be exploited to realize repeated
entanglement transfer, also known as entanglement accu-
mulation [18]. A driving-free and particularly simple
version of an iterative scheme results in maximal entan-
glement deterministically if d is an integer power of two,
or with success rate 1=d for all other values of d. For
specific unfavorable qudit dimensions d, other schemes
without driving and with higher transfer success rates are
constructed, and the inclusion of nuclear-spin driving in
between iterations is shown to enable deterministic
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protocols. Another option pursued for unfavorable dimen-
sions d is the generation of highly but partially entangled
states without driving. Such states may still be useful to
some extent, although they do not allow perfectly reliable
QC protocols [19].
In the case of the 15NV center, driving the nuclear spin is

slow due to the small gyromagnetic ratio, but can be
enhanced by the hyperfine coupling [17]. For higher spins,
while the hyperfine coupling is typically much stronger,
such operations could still be relatively slow due to the
large number of nearly resonant transitions. Thus, we
mainly focus on schemes where driving is required only
for initialization and, if desired, final state correction.
Apart from possible differences in single-qubit electron
gate implementation, these schemes do not pose any
additional demands on the controlling hardware in com-
parison with the qubit scheme [17]. In the bipartite
scenario, our focus is on generating any maximally
entangled state, and we discuss the explicit form of the
state only in special cases.
The model on which our scheme is based is applicable

to a wide range of nuclear spins I ≥ 1 in appropriate
parameter regimes. In diamond, aside from the GeV [15]
there is also the 14NV center with I ¼ 1 which could allow
qutrit applications [20]. Considering other host materials,
the vanadium 51V defect in silicon carbide [21] with
I ¼ 7=2 is recently attracting attention. A promising
category, featuring very strong electron-nuclear coupling,
is implanted group-V donors in silicon, in particular 75As
with I ¼ 3=2 [22], 123Sb with I ¼ 7=2 [1,23,24], and 209Bi
with I ¼ 9=2 [25]. For all the above defects, the electron-
nuclear spin dynamics is explicitly shown to qualify, with
larger imperfections only in one case, the V defect.
Another emerging platform consists of single rare-earth
ions, some of which can be made optically addressable by
single photons [26,27] and strongly couple to (e.g.,
aluminum nuclear spins with I ¼ 5=2 [28]) or host
(e.g., 141Pr with I ¼ 5=2 [29,30], 143Nd with I ¼ 7=2,
or 167Er with I ¼ 7=2) high nuclear spins, even though
coherent control would have to be demonstrated for some
of those examples. While two of these spin quantum
numbers (3=2, 7=2) just fit a power-of-two dimensional
qudit, applying the driving-free scheme to others is
possible by lowering d from 2I þ 1 to the next favorable
number, which can be achieved by leaving the difference
number of levels unoccupied during initialization.
The paper is structured as follows. In Sec. II we describe

the problem of qubit-qudit entanglement transfer in a
general context and derive explicit conditions to be
fulfilled in specific iterations. Section III contains the
model for a single network node and a description of the
photonic scheme as an example mechanism for generating
internode entanglement links. Using this model, entangle-
ment accumulation schemes are constructed for two nodes
in Sec. IV, including both deterministic and probabilistic

protocols. The successive application of one selected
scheme to pairs of nodes in a larger quantum network
is demonstrated to result in higher-dimensional multipar-
tite entanglement in Sec. V. Some further technical aspects
are discussed in Sec. VI.

II. BASIC PRINCIPLES

A. Entanglement measure and effective gate

We consider two nodes labeled by the index K ¼ a; b,
each consisting of an ancillary qubit (states j0i and j1i) and
a memory qudit of dimension d. While this section is
model-independent, we refer to the qubit and qudit as
electron and nuclear spin, respectively. Prior to the
scheme, nuclear spins are initialized in a suitable product
state jψ ð0Þi. One iteration of entanglement transfer con-
sists of three steps: (i) generation of an entangled state
(denoted jϕeei) of the two distant electron spins, (ii) in
each node K a controlled gate, denoted CðUK;0; UK;1Þ ¼
j0ih0j ⊗ UK;0 þ j1ih1j ⊗ UK;1, between electron and
nuclear spins, where UK;0 and UK;1 commute, and
(iii) measurement of both electron spins in the X basis
(or along any other axis perpendicular to Z), with out-
comes denoted by ja; jb ∈ f0; 1g. The state into which
nuclear spins are projected depends on the measurement
outcomes, and its entanglement may generally also
depend. We call the process a deterministic complete
entanglement transfer if for any measurement outcome,
the entanglement is fully transferred. Figure 1 shows a
circuit with CðUK;0; UK;1Þ realized by CPHASE gates,
fitting to the model to be considered later.
First, we introduce a method to assess two-qudit

entanglement. Consider some bases fjuiiag and fjuiibg
for the two subsystems, where i ¼ 1;…; d. A general
pure two-qudit state is expanded in this basis as

FIG. 1. Scheme for iteratively entangling two memory qudits
na; nb. The dash-dotted box contains the photonic setup with
optical arms O1 and O2 for entangling remote electron spin
qubits ea; eb, producing a state jϕeei, usually an EPR pair. The
dashed box corresponds to one iteration of entanglement transfer.
The ðπ=2Þ-gates are Y1=2 rotations. The equal superposition state
jþdi is defined in (26).
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jψi ¼Pia;ib cia;ib juiaia ⊗ juibib, with the normP
ia;ib jcia;ib j2. It is convenient to define a d × d matrix

ψ from the coefficients so that the vectorization of ψ⊤
gives the state vector jψi in this basis. Local operations,
Oa ⊗ Objψi, are translated as OaψO⊤

b . The Schmidt
decomposition of jψi corresponds to the singular value
decomposition of ψ , with the singular values or Schmidt
coefficients denoted by f ffiffiffiffiffi

χk
p g and fulfilling

P
k χk ¼ 1.

The reduced density matrix ρa ¼ Trbjψihψ j is given by
ρa ¼ ψψ† (and ρb ¼ ðψ†ψÞ⊤), and its eigenvalues are
fχkg. For pure states, a unique entanglement measure
exists, given by the von Neumann entropy of the reduced
density matrix (ρa or ρb), or equivalently the Shannon
entropy of the squared Schmidt coefficients,

E ¼ −Trρa log2 ρa ¼ −X
k

χk log2 χk: (1)

The state jψi is maximally entangled with E ¼ log2 d≡
Ed if and only if all Schmidt coefficients are equal,
χk ¼ 1=d, and hence, if and only if the matrix

ffiffiffi
d

p
ψ is

unitary. The number of non-zero Schmidt coefficients is
denoted as the Schmidt rank r ¼ rankðψÞ and may be
interpreted as the dimensionality of entanglement [31].
For later use, we briefly apply this measure to a general

two-qubit state (of electron spins), expanded in the
computational basis as

jϕeei ¼
X
ja¼0;1

X
jb¼0;1

cjajb jja; jbi: (2)

The two Schmidt coefficients are
ffiffiffiffiffiffi
λ�

p
with

λ�¼1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
−ðdetϕeeÞ2

r
; ϕee¼

�
c00 c01
c10 c11

�
: (3)

The entanglement is Eee ¼ −λþ log2 λþ − λ− log2 λ−.
Maximal entanglement Eee ¼ 1 is obtained for
j detϕeej ¼ 1=2.
Next we derive an effective action in the nuclear spin

space describing one iteration of entanglement transfer,

jψ ðνÞ
jajb

i ¼ T jajb jψ ðν−1Þi, where jψ ðνÞi is the nuclear state
after iteration ν. Here, the two indices denote the meas-
urement outcomes (ja; jb) in round ν, while (for ν > 1) the
dependence of the states on the previous measurement
outcomes is taken as implicit. We assume that the
internode entangling mechanism, described in Sec. III B,
leaves nuclear spins decoupled until successful generation
of an entangled state jϕeei, so here we only need to include
the electron-nuclear controlled gate and the X basis
measurement of electron spins. In the basis feag ⊗
febg ⊗ fnag ⊗ fnbg, where, e.g. feag ¼ ðj0i; j1iÞ is
the basis of the electron spin qubit in node a, the controlled

operation M ¼ CðUa;0; Ua;1Þ ⊗ CðUb;0; Ub;1Þ takes the
block-diagonal form,

M¼

0
BB@
Ua;0⊗Ub;0

Ua;0⊗Ub;1

Ua;1⊗Ub;0

Ua;1⊗Ub;1

1
CCA;

(4)

with all off-diagonal blocks being zero. To implement the
X basis measurement we further apply the electron spin
π=2 rotations, resulting in ðY1=2 ⊗ Y1=2ÞM. The effective
gate T jajb is obtained by projecting onto the measured
(jja; jbi) and initial state (jϕeei, prepared, e.g., by a
successful photonic scheme attempt) of both electron
spins from the left and right, respectively,

T jajb ¼ hja; jbjðY1=2 ⊗ Y1=2ÞMjϕeei: (5)

For a general two-qubit state, Eq. (2), we explicitly
obtain

T jajb ¼
1

2

X
j0aj0b

ηjaj0aηjbj0bcj0aj0bUa;j0a ⊗ Ub;j0b
; (6)

where ηjj0 ≡ ð−1Þδj;0δj0 ;1 . The effective gate T jajb is in
general not unitary. Without normalization, the state
resulting from the entanglement transfer is, in matrix
notation,

ψðνÞ
jajb

¼ 1

2

X
j0aj0b

ηjaj0aηjbj0bcj0aj0bUa;j0aψ
ðν−1ÞU⊤

b;j0b
: (7)

Note that the subscripts ja; jb are never meant as matrix
element indices in nuclear spin space. The probability for
obtaining the measurement outcome ðja; jbÞ is given by

PðνÞ
jajb

¼ hψ ðνÞ
jajb

jψ ðνÞ
jajb

i ¼ Trψ ðνÞ
jajb

ψ ðνÞ†
jajb

provided jψ ðν−1Þi has
been normalized. The entanglement EðνÞ

jajb
generally also

depends on the measurement outcome; when we omit the
measurement outcome indices, we mean the target value
EðνÞ that we want to achieve.
To illustrate the principle of entanglement accumulation

we show in Fig. 2 three iterations of a particularly simple
protocol. Here the repetitive complete transfer of 1 ebit,
based on suitable input choices to be derived below,
implies that in each iteration the Schmidt rank doubles,
rðνþ1Þ ¼ 2rðνÞ, and the rðνÞ Schmidt coefficients of jψ ðνÞi
are equal to 1=

ffiffiffiffiffiffiffi
rðνÞ

p
. The Schmidt vectors depend on the

measurement outcomes, and in the shown case (jðνÞa ¼ jðνÞb
for all ν) take a particularly simple form. Because the
chosen phase set fφðνÞg results in a deterministic protocol
with respect to entanglement generation (see Sec. IVA),
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the Schmidt coefficients are the same for other measure-
ment outcomes, while the Schmidt vectors are related to
the ones shown here by local unitaries.

B. Transferability conditions

We now derive explicit conditions for achieving the goal
of generating maximally entangled states. The term ‘trans-
ferability’ is adopted from Ref. [18], where conditions
have been formulated for deterministic transfer of Eee ¼ 1
to a target qudit pair, irrespective of their Hilbert space
dimension. Their condition is formulated in terms of the
Schmidt decomposition of the state immediately before
the projection(s), which in our case can be written asP

jajb jja; jbiT jajb jψ ðν−1Þi, since the different projected
electron states form an orthonormal set. In the least
explicit form, the transferability condition states that the
Schmidt coefficients are to be preserved by the projection.
In this work, we take a slightly different but not necessarily
less general approach by formulating conditions for

entanglement transfer based on the three-step process
described in Sec. II A. Thus, the conditions depend
on resource state jϕeei, conditional operations
fCðUK;0; UK;1Þg, and, in the case of postselection, meas-
urement outcomes fjKg. The fact that fUK;0; UK;1g are
unitary operations allows us to formulate more explicit
conditions than given in Ref. [18]. Another difference is
that we consider entanglement accumulation in finite-
dimensional systems, which are to be maximally
entangled, and this requires different strategies, at least
for some values of d. We further note that the increase of
the two-qudit entanglement in one iteration is bound by the
consumed resource Eee even in the probabilistic case of
postselection, despite the involvement of projections.
To derive the following conditions, we write the state

resulting from the previous iteration ν − 1, which for ν ¼ 1
is the initial state, in the Schmidt decomposition

jψ ðν−1Þi ¼
Xrðν−1Þ
k¼1

ffiffiffiffiffi
χk

p jukia ⊗ jukib: (8)

In matrix notation, this reads

ψ ðν−1Þ ¼ Vadiagðf
ffiffiffiffiffi
χk

p gÞV⊤
b ; (9)

with semi-unitary d × rðν−1Þ-dimensional matrices VK,
whose columns correspond to fjukiKg. The Schmidt
coefficients are positive and sorted in decreasing
order. The entanglement is Eðν−1Þ ¼ −Pk χk log2 χk.
Substituting into Eq. (7), one finds that, to increase the
rank by δrðνÞ ≡ rðνÞ − rðν−1Þ ≥ 0, it is necessary (and
sufficient for Eee > 0) that δrðνÞ columns of UK;1VK lie
outside the span (column space) of UK;0VK for K ¼ a; b;
further one can see that the rank at most doubles,
δrðνÞ ≤ rðν−1Þ. Let us define the orthonormal basis QK
of the subspace spanned by the columns of UK;0VK and
UK;1VK. The first rðν−1Þ columns of QK are chosen as
UK;0VK, the last δrðνÞ columns denoted as V⊥

K . This allows
us to write

Ua;0ψ
ðν−1ÞU⊤

b;0 ¼ Qa

ffiffiffiffiffi
S↓

q
Q⊤

b ; (10)

where
ffiffiffiffiffi
S↓

p ¼ diagðf ffiffiffiffiffi
χk

p gÞ ⊕ 0δrðνÞ is the direct sum of
the diagonal matrix of the singular values with a zero
matrix of size δrðνÞ; the down arrow indicates the decreas-
ing order of the diagonal elements. According to Eq. (7),

the column (row) space of ψ ðνÞ
jajb

lies in the span ofQa (Qb),
so we can write

ψ ðνÞ
jajb

¼ Qaψ̃
ðνÞ
jajb

Q⊤
b (11)

FIG. 2. Illustration of a series of 1-ebit transfers for maximally
entangling qudits with d ¼ 8 without nuclear-spin driving. The
dashed and dash-dotted boxes have the same meaning as in
Fig. 1. The arrows represent entanglement transfers. Each oval
shape represents a Schmidt vector, with the contained bars in
black indicating the occupied levels; the initial state is
jþdi ⊗ jþdi. For this particular phase set fφðνÞg, resource state
jϕeei ¼ jΨþi, and postselection of ja ¼ jb, the rðνÞ Schmidt
vectors fjukiKg (omitting the iteration index for ease of notation)
take a relatively simple form f ffiffiffiffiffiffiffiffi

r=d
p Pd=r−1

i¼0 σi;r;Kjkþ riigr−1k¼0,
where σi;r;K are sign factors. The final state jψð3Þi is a two-qudit
Bell state. In the case I > 7=2, a number of 2I þ 1 − 8 outermost
levels are unoccupied and not shown.
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with ψ̃ ðνÞ
jajb

≡Q†
aψ

ðνÞ
jajb

Q�
b. Explicitly, we obtain

ψ ðνÞ
jajb

¼ 1

2

X
j0aj0b

ηjaj0aηjbj0bcj0aj0bUa;j0a

ffiffiffiffiffi
S↓

q
U⊤
b;j0b

(12)

with UK;j ≡Q†
KUK;jU

†
K;0QK. Now, since UK;0 ¼ 1rðνÞ , we

define UK ≡ UK;1 and write out the sum as

ψ̃ðνÞ
jajb

¼ 1

2

�
c00

ffiffiffiffiffi
S↓

q
− ð−1Þjbc01

ffiffiffiffiffi
S↓

q
U⊤
b

−ð−1Þjac10Ua

ffiffiffiffiffi
S↓

q
þ ð−1Þjaþjbc11Ua

ffiffiffiffiffi
S↓

q
U⊤
b

�
:

(13)

The matrix UK is unitary in general only for rðνÞ ¼ d.

1. Deterministic complete entanglement transfer

The necessary and sufficient condition for the complete
deterministic transfer of Eee is that in each node the two
gates UK;j generate out of the previous Schmidt vectors
(the columns of VK) two mutually orthogonal sets of rðν−1Þ
vectors (which implies δrðνÞ ¼ rðν−1Þ, thus rðνÞ even),
which can be expressed as

V†
KU

†
K;0UK;1VK ¼ 0; (14)

for K ¼ a; b. An equivalent formulation is

S↓UKS↓ ¼ 0: (15)

To prove both directions, we note that in this case only
can we choose V⊥

K ¼ UK;1VK. Then, UK is block-
antidiagonal with the lower left block given by the identity
matrix 1rðν−1Þ . The state from Eq. (13) becomes

ψ̃ ðνÞ
jajb

¼ 1

2

��
1 0

0 −ð−1Þja
�
ϕee

�
1 0

0 −ð−1Þjb
��

⊗ diagðf ffiffiffiffiffi
χk

p gÞ: (16)

The matrices with sign factors are just basis vector
inversions and do not affect the singular values. The tensor
product structure shows that the Schmidt coefficients of
jψ ðνÞi are given by pairwise products of that of jϕeei and
jψ ðν−1Þi, i.e., each rðν−1Þ Schmidt coefficients f ffiffiffiffiffiffiffiffiffiffi

λþχk
p g

and f ffiffiffiffiffiffiffiffiffiffi
λ−χk

p g with λ� given in Eq. (3). Straightforward
algebra then shows that the entanglement, defined in
Eq. (1), is given by EðνÞ ¼ Eðν−1Þ þ Eee.
This type of entanglement transfer has the following

properties: (i) It works independently of the choice of
entanglement resource state jϕeei (with Eee > 0) and also
comes without any explicit constraints on the values of the

rðν−1Þ Schmidt coefficients, apart from rðν−1Þ ≤ bd=2c.
(ii) The norm of the state jψ ðνÞ

jajb
i is 1=2, which means

that the probabilities of individual measurement outcomes

are equal, PðνÞ
jajb

¼ 1=4. (iii) If during the conditional
operation CðUK;0; UK;1Þ a single-qubit Z gate is applied
on the electron spin eK, this amounts to multiplying the

Schmidt vectors of jψ ðνÞ
jajb

i with phases, which does not
affect the complete transfer.
Since Eq. (14) is a necessary condition but requires rðνÞ

to be even, it is impossible to generate an odd Schmidt rank
rðνÞ by a complete deterministic transfer. This includes the
generation of an odd-ranked maximally entangled state.
It might still be possible to achieve the latter goal by an
incomplete deterministic transfer; the corresponding con-
ditions are given in the next subsection (Sec. II B 2).
Otherwise, only probabilistic entanglement transfer
remains as an option to generate odd-ranked maximal
entanglement.

2. Deterministic generation of maximal entanglement

Consider now the final iteration in which a maximally
entangled state, EðνÞ ¼ Ed, is to be generated. If

Eðν−1Þ ¼ Ed − 1, then, apart from the need EðνÞ
ee ¼ 1, the

situation is equivalent with that considered in Sec. II B 1,
and the necessary and sufficient condition is Eq. (14).
Here we thus consider Eðν−1Þ > Ed − 1, and hence,
rðν−1Þ > d=2. In Appendix A we derive the following
items as necessary and sufficient conditions:
(1) jϕðνÞ

ee i is maximally entangled, i.e., EðνÞ
ee ¼ 1. (Thus,

the entanglement transfer is incomplete.)
(2) The diagonal elements of S↓, consisting of squared

Schmidt coefficients and zeros, come in pairs
1=d� εi with 0 ≤ εi ≤ 1=d, for i ¼ 1;…; bd=2c,
and one further unpaired central element 1=d in
the case of odd d. Groups of identical successive
diagonal elements of S↓ are termed blocks.

(3) The unitary matrix UK (for K ¼ a; b) has a corre-
sponding block-antidiagonal structure. This yields
an explicit condition for the physical interaction
UK, since the transformation QK relating the two
matrices is for rðνÞ ¼ d uniquely determined, apart
from trivial operations (phases/reordering) within
subspace V⊥

K .
(4) Two further constraints on fUKg described by

Eqs. (A8a) and (A8b), which can be further sim-

plified depending on rðν−1Þ and the choice of jϕðνÞ
ee i.

Note that constraint (2) implies that δrðνÞ Schmidt
coefficients must be equal to 2=d, and further, that it is
impossible to deterministically generate maximal entan-
glement for odd d when the previous state is even-ranked
with equal Schmidt coefficients. Therefore, a strategy
derived from these constraints, which covers only the
final iteration, cannot be combined with a scheme for the
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first iterations derived from Sec. II B 1, to give a complete
scheme for odd d.

3. Implications

Before applying the transferability conditions to an
actual physical model, it is worth discussing their general
implications in more detail. The condition (14) for com-
plete transfer is particularly relevant for the first iterations,
where the target Hilbert space is still sufficient to adapt
each EðνÞ

ee . This condition depends only on the Schmidt
vectors obtained from the previous iteration and the
electron-nuclear interaction UK;j. If it can be repeatedly
fulfilled, it allows us to maximally entangle d ¼ 2n qudits
by n successive transfers of 1 ebit. This is illustrated in
Fig. 3(a), along with two further example transfers starting
with an odd rank. These are essentially all possible
complete transfers reaching ranks up to ten. Note that
because (14) is independent of the resource state and
inherited Schmidt coefficients, each triangle in part (a)
could be made smaller (keeping the base level fixed)
and/or shifted downwards toward E ¼ 0. However, the
most relevant application of this condition is indeed the
realization of successive 1-ebit transfers, where Schmidt
coefficients remain equal (so that E ¼ log2 r).
A different situation occurs in the potentially final

iteration, where only limited target Hilbert space is
available, as shown for d ¼ 3 in Fig. 3(b). The case of
odd d is more interesting here as it forbids a complete
transfer, even regardless of Eee (first two crossed-out
triangles). Rather counterintuitively, this situation forces
us to use an EPR pair (i.e., 1 ebit) as the resource. In the
case d ¼ 3, the two Schmidt coefficients obtained from the
previous iteration (ν ¼ 1, reaching rð1Þ ¼ 2) are precisely
determined as f ffiffiffiffiffiffiffiffi

2=3
p

;
ffiffiffiffiffiffiffiffi
1=3

p g, and so is the entanglement

Eð1Þ ¼ − 2
3
þ log2 3 ≈ 0.918 (base level of the truncated

triangle on the left). In particular, as already mentioned
above, for any r ≠ 2n we cannot reach E ¼ log2 r by one
rank-increasing transfer from E ¼ blog2 rc (third crossed-
out triangle). The only alternative to the allowed solution
shown for d ¼ 3, which we have not ruled out completely,
is a scheme with additional iterations, some of which are
rank-preserving; however, such a scheme is not expected
to exist in any typical case because more iterations only
lead to more constraints.
Here, we have discussed transferability conditions for

deterministic entanglement accumulation. In principle, it
is possible to derive conditions for probabilistic gener-
ation of maximal entanglement (i.e., using postselection
of electron measurement results). However, these con-
straints are less transparent and omitted for simplicity.
Note that in the case of postselection, a complete transfer
may be realized even when the operations CðUK;0; UK;1Þ
do not have full entangling capacity, as opposed to
condition (14); this fact is closely related with entangle-
ment concentration through probabilistic entanglement
swapping proposed in Ref. [32].

III. MODEL OF THE QUANTUM NETWORK

The concept of entanglement transfer is known to be
applicable to both defect centers with central nuclear spin
[17] and with weakly coupled nuclear spins [33]. In order
to apply the concept in the version generalized to higher-
dimensional memory qudits, we define an explicit physical
model of a quantum network node as a defect center with
higher nuclear spin in Sec. III A. A known mechanism for
entangling two such nodes is described in Sec. III B. In
Sec. III C we review the methods for using electron and
nuclear spins as separate information carriers in each hybrid
node, and discuss the errors accumulating on nuclear spins
during each electron-electron-entangling scheme.

A. Single node: Defect center

A defect center with one central electron and one
nuclear spin serves as a node, and we assume that no
further strongly coupled spins are nearby. Decoherence is
not included as we focus on the basic principle; this is also
to a good degree justified from the time scales as discussed
in Secs. III C and VI. We further assume that a magnetic
field B is applied along the symmetry axis of the defect,
which is taken as the z axis. The Hamiltonian of the node is
composed of electron, nuclear, and hyperfine parts,

H ¼ He þHn þHhf: (17)

The electron part He may contain several contributions
depending on the type of defect center and crystal. In this
Section, we describe the simplest case without additional
contributions such as strain and orbital degree of freedom,

FIG. 3. Some relevant cases of allowed and forbidden (crossed
out) deterministic entanglement transfers. Each (truncated)
triangle represents an (in-)complete entanglement transfer,
where the electronic entanglement Eee is indicated by the base
width, in most cases 1 ebit, and the nuclear spin entanglement E
corresponds to the vertical axis. The number above the triangle
base denotes the rank prior to the transfer. In (a), the target space
dimension could be any number d ≥ r with r the final rank to be
reached, while in (b) the case d ¼ 3 is shown.
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which are treated for other defect centers in Appendix B.
The model discussed here is applicable to an ideal NV
center and to implanted group-V donors in silicon, and is
referred to as NV-type center. In this model, the electron
part only contains the quadrupole or zero-field splitting
(for electron spin quantum number s > 1=2) and the
Zeeman terms,

He ¼ DS2z þ γeBSz: (18)

The terms in the nuclear-spin Hamiltonian are analo-
gous to that of He, but by contrast to Eq. (18) are universal
to all types of defect centers,

Hn ¼ QI2z − γnBIz; (19)

with parameters Q and γn depending on the nuclear
isotope. Transverse quadrupole components would require
symmetry breaking by strain, interfaces, gates etc., and are
neglected here. Due to the quadrupolar interaction energy
Q, the nuclear spin levels are not equidistant, which makes
them individually addressable [1].
We consider high-symmetry defects, where the hyper-

fine tensor is approximately diagonal with Axx¼Ayy¼A⊥
and Azz ¼ Ak,

Hhf ¼ AkSzIz þ
A⊥
2

ðSþI− þ S−IþÞ; (20)

where S� ¼ Sx � iSy, I� ¼ Ix � iIy. Since the hyperfine
coupling between the central spins is mainly due to the
Fermi contact interaction, the two components Ak and A⊥
are of the same order of magnitude; for donor spins
in silicon, they are often taken as identical [16].
In analogy to the spin-1/2 scheme of Refs. [17,34], we

use the Ising component Ak for the entanglement transfer.
The exchange part A⊥ as well as the off-diagonal terms in
He may be suppressed by choosing the two electron qubit
levels sufficiently separate in energy from neighboring
levels in terms of the magnetic quantum number. This is
usually achieved by tuning B and reduces the undesirable
terms to dispersive level shifts. We discuss this in more
detail for two types of defects in Appendix B. In
Appendix C we show explicitly for the NV center in
diamond that the influence of this correction on the
generated entanglement is very small and may be safely
neglected. With this secular approximation applied, we are
left with an interaction term, Hhf ¼ AkSzIz.
The nuclear partHn is diagonal and thus commutes with

Hhf, which is the only way in which the nuclear spins are
operated on. This means that Hn only generates a single-
qudit gate that does not influence the entanglement E
between remote nuclear spins. More precisely, if we
consider the full hyperfine interaction (20), there is a
correction which is quadratic in A⊥ but so small that it may
be safely neglected.

We assign the electron qubit states j0i and j1i to the
magnetic quantum numbers ms and m0

s, respectively, and
assume that all other electron levels remain unoccupied
throughout. Thus, we can write the Hamiltonian as
H ¼ j0ih0j ⊗ heff0 þ j1ih1j ⊗ heff1 , where heffj are two
effective conditional Hamiltonians for the nuclear spin.
If ms þm0

s ≠ 0, we can simplify the expressions, without
affecting the entanglement, by choosing a symmetrizing
nuclear spin rotating frame defined by the time-dependent
basis change UðtÞ ¼ exp½−iðms þm0

sÞAkIzt=2ℏ�. In this
way, we obtain

heffj ¼ ð−1ÞjðAnetIz þ ΔI0Þ=2; Anet ≡ ðms −m0
sÞAk;

(21)

where Δ is the energy difference between levels ms and
m0

s. We assign the qubit states such that Anet > 0. For
s ¼ 1=2 or any two consecutive levels of a higher spin
manifold, Anet ¼ jAkj, while otherwise, Anet is amplified
but without any fundamental advantage (i.e., extension
of control possibilities) compared to the s ¼ 1=2 case.
Adding a node index K, the time-evolution operators
corresponding to heffj are

UK;j ¼ Z̃K;ð−1ÞjφK
;

Z̃K;φK
≡ expð−iφKðIz þ ξKI0Þ=2Þ;

(22)

where φK ≡ Anet;Kt=ℏ and ξK ≡ ΔK=Anet;K. The dynamics
of the electron-nuclear system is thus described by the
CPHASE-like gate j0ih0j ⊗ Z̃K;φK

þ j1ih1j ⊗ Z̃K;−φK
. In

the hypothetical case ξK ¼ 0, the operator Z̃K;φK
reduces to

the Z rotation (ZφK
). The electronic level difference ΔK is

typically in the GHz regime and may in general cause
undesirable rapid oscillations in the entanglement trans-
ferred onto the nuclear spins as a function of φK. Switching
to a rotating frame for the electron spin as done in
Refs. [17,34] does not remove these oscillations since
the measurement needs to be carried out in the laboratory
frame. The points of complete deterministic entanglement
transfer are unaffected by the oscillations (i.e., indepen-
dent of the precise value of ξK) due to property (iii) derived
in Sec. II B 1; an additional exception is discussed in the
next subsection.

B. Entangling nodes

For defect centers featuring a spin-photon interface,
single-photon interference may be the preferred way of
projecting electron spins in distant nodes into an entangled
state. Any other entangling mechanism which is capable
of keeping nuclear spin qudits decoupled is explicitly
allowed. For our purpose it just matters which state jϕeei
with Eee ¼ 1 is produced. Even though complete deter-
ministic entanglement transfer is unaffected by this choice,
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it is relevant for other transfer types and for the nuclear
spin state being generated. Note that while photon-
mediated interactions between higher-dimensional spin
systems are conceivable [35], in this work we use the
electron spins as qubits and correspondingly the spin-
photon interface in the traditional binary fashion with two
outcomes, e.g., reflection or no reflection of the photon.
The photonic scheme has been described in Ref. [17]

and analyzed in more detail for both the NV center and a
group-IV (silicon) vacancy in diamond in Ref. [36]. Here
we assume a perfect photonic scheme without any losses
in the channels and with perfect contrast of the spin-
dependent reflection. We consider the Mach-Zehnder
interferometer setup shown in green in Fig. 1. It consists
of a single-photon source, a 50∶50 beam splitter, the spin-
photon interface of each node, another 50∶50 beam splitter
(which in a two-way setup would coincide with the first
one), and a single-photon detector. We assume that the
photon is reflected (with an irrelevant phase shift π) if the
cavity’s electron spin (stationary qubit) is in state j0i,
while it is lost (scattered) for the other qubit state j1i. In
neither case a change to the stationary qubit occurs.
Initially, each stationary qubit is in one of the two super-
position states j�i ¼ ðj0i � j1iÞ= ffiffiffi

2
p

. Without loss of
generality, we may consider one of them to be in jþi;
in particular, we consider the initial state jþ �ieaeb . In the
following, we use the notation jph1ph2eaebi for the state
of both flying and stationary qubits, where “1” and 2” are
the photonic channels on the left and right side of the beam
splitter, respectively. The (photon amplitude) number
phi ∈ f0; 1g describes the absence/presence of a photon
in channel i. A single photon is incident in channel 1, so
the entire initial state is j10þ�i. After scattering from the
beam splitter, the state is path-entangled, 1ffiffi

2
p ðj10þ�iþ

j01þ�iÞ. The photon modes now interact with the
corresponding cavities which yields 1ffiffi

2
p ðj100�iþ

j01þ 0iÞ. Here we omitted two further terms for which
no photon is reflected from either cavity. Effectively this is
realized by a post-selection of outcomes with detector
click events. Now, the reflected photon parts interfere at
the second beam splitter, which destroys the which-path
information and leads to 1

2
ðj100�i − j010�i þ j01þ 0iþ

j10þ 0iÞ. Here, a π phase shift occurs for transmission
from the upper left to the lower right channel (but could
be at any other scattering matrix element). Finally, by
selecting outcomes where the detector at the dark port
(channel 2) clicks, the stationary qubits are projected into
the state jΨ∓i, where

jΨ�i ¼ 1ffiffiffi
2

p ðj01i � j10iÞ: (23)

This state can be transformed into any other maximally
entangled state by local operations. In particular, one of the

other two Bell states

jϕ�i ¼ 1ffiffiffi
2

p ðj00i � j11iÞ (24)

is obtained by driving one spin qubit with a π-pulse. On the
other hand, driving with a π=2-pulse yields a two-qubit
cluster state, e.g.,

jϕCi ¼
1ffiffiffi
2

p ðj0þi þ j1−iÞ ¼ 1ffiffiffi
2

p ðjϕ−i þ jΨþiÞ: (25)

As a side note, if the naturally obtained state jΨ�i is
used, the entangled state preparation (excluding initializa-
tion) commutes with the electron-nuclear controlled gate,
while with driving it does not.
The probability for the detector to click, i.e., for

entangling the remote electron spins, is 1=8. Thus the
photonic scheme is repeated until success (dash-dotted box
in Fig. 1) in each iteration of entanglement transfer (dashed
box in Fig. 1). When we give probabilities for the iterative
entanglement transfer scheme in Sec. IV, we do not include
the photonic scheme probability, which simply multiplies
to the overall probability. We further note that an alter-
native photonic scheme has been proposed [36], which
generates a maximally entangled state deterministically.
The key difference is that the phase instead of the
amplitude of the cavity-reflected photon is dependent on
the electron spin, with the downside of not allowing a
quantum non-demolition measurement of the qubit state
without making use of an interferometer.
The photonic scheme described above naturally results

in one of the Bell states jΨ�i. Substituting this state along
with evolution operators (22) into the effective gate (6),
one can see that the typically large parameter ξ drops out
from the nuclear spin evolution and entanglement, pro-
vided ξ is identical for both nodes. For all other states
jϕeei, the generated qudit entanglement typically oscillates
rapidly as a function of the CPHASE angle φ, except at
points of complete deterministic transfer (see property
(iii) in Sec. II B 1). In Ref. [17] (d ¼ 2), the two-qubit
cluster state jϕeei ¼ jΨCi≡ ðj0þi þ j1−iÞ= ffiffiffi

2
p

was
chosen as the resource with the goal of generating a
nuclear spin cluster state; here we briefly note that the
generated state depends on ξ and is a two-qubit cluster
state up to local Z rotations (for any measurement out-
come) only for 2ξ integer and odd, which could be
achieved by fine tuning B [37].

C. Controlling the hybrid interface

Since the hyperfine interaction is always on, the
operations on the electron spins require a precisely timed
schedule. In particular, the spin-echo technique is useful
for effectively decoupling electron and nuclear spins at all
relevant events. In principle, this works independently of
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the nuclear spin quantum number I, and hence, we can
largely base our timing protocol on Ref. [17]. However,
there are some subtle points which are worth to discuss.
We first note that we have not chosen a nuclear spin
rotating frame such that heff0 ¼ 0 but such that
heff0 þ heff1 ¼ 0, see Sec. III A. In practice, this does not
make any difference, because in either case one needs to
precisely record the time electrons spend in a polarized
state to track the natural Z evolution of the nuclear spins.
Denoting the controlled gate CðUK;0; UK;1Þ by WKðtÞ, we
see that WKðtÞðY ⊗ I0ÞWKðtÞ ¼ Y ⊗ UK;0UK;1, where
we used that UK;0 and UK;1 commute. This shows that
the application of a spin-echo π pulse on the electron spin
at a time t results in a decoupled evolution of the nuclear
spin at the 2t time, and further, this holds for arbitrary
(even mixed) states of the two electron spins within
their qubit subspaces. For our particular (symmetrizing)
rotating frame UK;0UK;1 ¼ I0, so the nuclear spin state at
the 2t time is identical with that at the beginning of the
spin-echo period.
The spin-echo technique is critical during entangling

attempts on the electron spins. Here it is crucial to
synchronize the spin-echo schedule in each node with
the operationally relevant events of the entangling mecha-
nism. For the case of the photonic entangling scheme
described in Sec. III B, we suggest defining three time
windows as follows, with a spin-echo pulse applied in the
center of each window to ensure decoupling of nuclear
spins at the end of the window; this sequence contains only
minor modifications with respect to Ref. [17]. (i) In each
node K, the first time window begins with rotating eK into
the superposition state j�i and ends at the time tcav;K when
the photonic wave part interacts with this cavity. (ii) The
second window starts at tcav;K and ends at the expected
click time tclick of the detector at the dark port (in the
successful case), at which time the electron spins are
effectively projected into a new state. Due to the state
independence of the spin-echo technique, it is not neces-
sary to make any assumption about the state of the electron
spins (e.g., as maximally mixed state in the unsuccessful
case [17]). (iii) A third window, starting at tclick and ending
at tend (defining the end of one internode entangling
attempt) serves as a decision window. The decoupling
at tend is used to proceed with the protocol depending on
detector clicks. In the successful case (dark port detector
clicks), this time commences the natural CPHASE gate
between electron and nuclear spins, and the appropriate
local gate should be applied at this moment if a state jϕeei
different from the naturally obtained state jΨ�i is desired.
The CPHASE gate in node K, characterized by the angle
φK, is simply a waiting time of length ℏφK=Anet;K with no
pulses applied and extends until the measurement of eK in
the X basis. In the unsuccessful case (dark port detector
does not click), one measures and reinitializes the electron
spins at the time tend to start another entangling attempt.

Alternatively to the decision window (iii), one could start
the CPHASE gate at tclick in both cases, and choose the
CPHASE angle φ as the actual one (as a multiple of 2π) in
the (un-)successful case.
Errors that accumulate on nuclear spins during attempts

to establish entanglement between remote electron spins
have been determined in Ref. [17] (Sec. IV of the
Supplementary Information therein) as timing issues,
nuclear decoherence, and excitation of the electron.
Here we discuss those error sources in the context of
the high-spin memory qudit.

(i) The first error source is poor timing control and,
associated with it, a finite duration of the microwave
pulses. This becomes particularly important for
truly high nuclear spins, whose hyperfine coupling
is typically an order of magnitude larger than for the
NV center. While this is beneficial with respect
to decoherence, it might make it necessary to drive
single-qubit gates by composite pulses or to use
optimal control techniques.

(ii) Nuclear spin decoherence. Since during the
electron-electron entanglement scheme, nuclear
spins are effectively decoupled by the spin-echo
technique, here we consider the “intrinsic” nuclear
decoherence due to other noise. This becomes less
problematic for the high-spin nuclei, as their coher-
ence times have been shown to be ultralong in
experiments. Further, the transfer per iteration is
fast as mentioned in (i), and even when the total
duration of the scheme, then governed by the time
needed to establish electron-electron links, is in
the μs range, the error due to intrinsic nuclear
decoherence is presumably not dominant.

(iii) A significant error presumably occurs in the case of
a photon being absorbed by the defect. In Ref. [17],
where for the NV center the absorption probability
is calculated as smaller than 0.01, these events are
considered as an error source due the possibility of
non-spin-conserving transitions back to the ground
state, resulting in an error probability of ∼3 × 10−5.
However, another error source, which does not seem
to be discussed, is the error resulting from the time
spent in (unknown) excited states, with typically
much stronger hyperfine interaction and without
reliable decoupling technique. If this error cannot be
suppressed, it might be necessary to discard an
already established entanglement link in this event,
which (together with other photon loss sources) is
heralded by the absence of a detector click at both
dark and bright ports.

IV. ENTANGLEMENT ACCUMULATION

In this section, we consider two nodes and explore
schemes to accumulate entanglement between the nuclear
spin qudits via the Ising coupling to their respective
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electron spins. Each node is effectively characterized by
the coupling strength Anet and the transition energy Δ. By
default, all nuclear spin levels are used to define the qudit
so that d ¼ 2I þ 1, but it is possible to deliberately lower
the dimension by leaving levels unoccupied at one end (or
both ends) of the magnetic ladder. Then the occupied
levels up to a rotating frame evolve equivalently to a
nuclear spin with the corresponding level number. This
gives the opportunity to define from nuclear spin I a qudit
with dimension d ¼ 2blog2 ð2Iþ1Þc, which, as shown in
Sec. IVA, is suitable for deterministic entanglement
accumulation. As an example, a d ¼ 8 qudit may be
defined from the I ¼ 9=2 spin of 73Ge by leaving the
two levels mI ¼ �9=2 empty. The only disadvantage is
possible leakage into the unoccupied levels especially
during driving operations, causing lower fidelities. An
alternative but more profound modification is defining a
qudit from the electron spin (provided its quantum number
is s > 1=2), which, for the same coupling SzIz, would alter
the set of favorable qudit dimensions d accordingly, since
the base two in 2n is the qubit dimension.
Since the rotation axis is fixed throughout and no

other (driving) operations are applied, the effective gates
(fT ðνÞg) commute with each other, so that generally the
order in which the phases fφðνÞg are applied does not affect
the final state. The rank doubles in each iteration
(rðνÞ ¼ 2rðν−1Þ) or reaches the maximum (rðνÞ ¼ d), when-
ever we apply a phase φðνÞ that has not been applied in one
of the previous iterations; otherwise the rank remains

the same or even decreases. (If jϕðνÞ
ee i ≠ jϕðν0Þ

ee i, then only
discrete values of φðνÞ ¼ φðν0Þ do not double the rank.)
The state jψ ðνÞ

J i after ν iterations depends on the 2ν

measurement outcomes J≡ fjðμÞa ; jðμÞb jμ ¼ 1;…; νg and its
entanglement EðνÞ

J may in general also depend on the
measurement record J. Of interest is the expectation

value of the entanglement, hEðνÞi ¼PJ PJE
ðνÞ
J , with

PJ ¼ hψðνÞ
J jψ ðνÞ

J i. Without giving a proof, we note that
hEðνÞi is 2π-periodic in any φðνÞ and for any ξ. In the
following, we omit the measurement outcome index J for
ease of notation.

A. Constructed deterministic entanglement
transfer scheme

A unique property of quantum spin is that the rotation
around a fixed axis can generate a complete orthonormal
set of states from a single, suitably chosen, state vector.
More specifically, for the essential z-axis rotation Z̃K;φK

,
Eq. (22), the necessary and sufficient requirement is
that the initial state is uniform in the eigenbasis of Iz
(i.e., each component has square modulus 1=d), and the
rotation angles form the cyclic group, φk ¼ 2πk=d, with
integer k. We can thus exploit a conditional Iz rotation to
implement a simple realization of repeated complete

deterministic entanglement transfer. For this, the initial
nuclear two-qudit state needs to be chosen as

jψð0Þi ¼ jþdi ⊗ jþdi; jþdi≡ 1ffiffiffi
d

p
Xd−1
i¼0

jii: (26)

For the first iteration, the orthogonality condition (14) is

hþdjZ̃K;2φð1Þ
K
jþdi ¼ 0 and yields φð1Þ

K ¼ k2π=d with integer

k∈ f1;…; d − 1g. Choosing φðνÞ
a ¼ φðνÞ

b ≡ φðνÞ, the plot in
Fig. 4 confirms for d ¼ 8 and jϕeei ¼ jΨþi that the
expected entanglement reaches 1 ebit for these angles.
The individual probabilities Pjajb and entanglements Ejajb

are also shown; note that E01 ¼ E10 ¼ 1 for any φð1Þ. The
plots for other d are analogous.
For any of the later iterations ν we use that the transfer

of 1 ebit has been deterministically achieved in each
previous iteration by choosing suitable angles fφðμÞg, so
that the Schmidt rank of jψ ðν−1Þi is rðν−1Þ ¼ 2ν−1. This
further implies that for each node K, the 2ν−1 states,���vðν−1Þfσð���Þg

E
K
¼ Z̃σðν−1Þφðν−1Þ � � � Z̃σð1Þφð1Þ jþdi; (27)

with sign factors σðμÞ ¼ �1 are an orthonormal set with the
same span as the Schmidt basis for jψ ðν−1Þi. Thus we can
express the single-node condition (14) as

K

�
vðν−1Þfσð���Þg

���Z̃K;2φðνÞ

���vðν−1Þfσð���Þg

	
K
¼ 0; (28)

which must hold for any of the 22ν−2 combinations of sign
factors. Since the parameter ξK only causes scalar phase
factors, it drops out from the condition as expected for a
complete deterministic transfer. Explicit evaluation yields

XI
k¼−I

exp
�
−ik
�
φðνÞ þ

Xν−1
μ¼1

τðμÞφðμÞ
��

¼ 0; (29)

FIG. 4. First iteration of entanglement transfer (d ¼ 8,
jϕeei ¼ jΨþi), showing entanglement and probability for indi-
vidual measurement outcomes ðja; jbÞ as well as the expected
entanglement, as functions of the CPHASE angle.
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for all combinations of fτðμÞg, where τðμÞ ∈ f−1; 0; 1g.
With τðμÞ ¼ 0 for all μ, we obtain the same phase
discretization as for the first iteration, φðνÞ ¼ kðνÞ2π=d
with integer kðνÞ ∈ f1;…; d − 1g. The other combinations
further restrict the allowed indices kðνÞ. For the
second iteration, we find the constraints kð2Þ ≠ kð1Þ and
kð2Þ ≠ d − kð1Þ. Any number up to νmax ¼ bEdc of maxi-
mal transfer iterations can be realized by the set of
indices kðνÞ ¼ 2ν−1, which is also the set with the shortest

gate duration. Thus, with each jϕðνÞ
ee i providing 1 ebit, the

phase set

φðνÞ ¼2νπ

d
; ν¼1;…;νmax; νmax¼bEdc (30)

deterministically results in E ¼ bEdc, which corresponds
to the maximal entanglement Ed for the case d ¼ 2n with
any integer n. The order in which the phases fφðνÞg are
applied does not matter and could also differ between the
two nodes, but this would result in a longer total duration.
The plots in Fig. 5 confirm that this phase set indeed

leads to a deterministic increase of the entanglement
by 1 ebit in each iteration, for all choices of (maximally
entangled) jϕeei. This deterministic increase is possible
until E ¼ bEdc is reached. The total CPHASE angle
required to achieve this is smaller than 2π (e.g.,
φ ¼ 7π=4 for d ¼ 8 shown in Fig. 5).
Not surprisingly, the bipartite entanglement generated

by such a series of 1-ebit transfers is decomposable [38],
i.e., the correlations are reproducible by n pairs of qubit
Bell pairs. This is not the case for the remaining schemes
based on incomplete transfers, nor does it generalize to
the multipartite case (Sec. V). Furthermore, this property
should not necessarily be considered a downside for
quantum computing tasks.
For qudits with d ≠ 2n we require at least νmax ¼ ⌈Ed⌉

iterations to reach E ¼ Ed, but the constraints implied by
Eq. (29) cannot be fulfilled for any further iteration,
ν > bEdc. It further turns out that, in agreement with
the deviating constraints for generating maximal entangle-
ment deterministically (Sec. II B 2), after such bEdc
iterations of deterministic transfer we are in a bad position
for further increasing the expected entanglement signifi-
cantly (e.g., for some d the entanglement directly
decreases from this point). Reaching higher values of
entanglement for such qudit dimensions requires other
schemes, which are identified in the following subsections;
in particular, we do not find a method without driving that
achieves (near-) maximal entanglement deterministically.

B. Constructed entanglement transfer scheme (d = 3)

We now consider the lowest unfavorable qudit dimen-
sion, d ¼ 3, and investigate whether maximal entangle-
ment can be generated deterministically in some other way.

A scheme for d ¼ 3 might also be useful as an elementary
block of a scheme for (even) multiples of d ¼ 3. It is
plausible to follow a reverse engineering approach by first
applying the constraints derived in Sec. II B 2 for the final
iteration. For d ¼ 3, the controlled gate CðUK;0; UK;1Þ is
described by

U†
K;0UK;1 ¼ eiξKφK

 eiφK 0 0

0 1 0

0 0 e−iφK

!
: (31)

We denote the index of the final iteration by νf. Due to
the constraints on the Schmidt coefficients (item 2 from
Sec. II B 2), we have

Sðνf−1Þ↓ ¼
0
@ 1

3
þ ε 0 0

0 1
3

0

0 0 1
3
− ε

1
A (32)

FIG. 5. Generating maximal entanglement deterministically in
three iterations for d ¼ 8. The expected entanglement without
postselection is shown as a function of the accumulated
CPHASE angle. Only the fastest phase combinations are shown
(set (30), any ordering).
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with 0 < ε ≤ 1=3. Only single element blocks are present,
and thus, unitary UK has the antidiagonal structure,

UK ¼
 

0 0 eiαþ
0 eiα0 0

eiα− 0 0

!
; (33)

with yet arbitrary phases. Since U†
K;0UK;1 and UK are

related by the unitary transformationQK, their eigenvalues
must be identical. The three eigenvalues of UK are
f�eiðαþþα−Þ=2; eiα0g. There are two solutions, namely

UK ¼ eiξKπ=2

0
@ 0 0 eiαK

0 1 0

−e−iαK 0 0

1
A ∧ φK ¼ π

2
; (34)

and

UK ¼ eiξKπ

0
@ 0 0 eiαK

0 −1 0

e−iαK 0 0

1
A ∧ φK ¼ π; (35)

each containing one arbitrary phase angle αK. So far we
can choose any combination of the two solutions for the
two nodes. The remaining constraints from Sec. II B 2 are

EðνÞ
ee ¼ 1 and Eqs. (A8a) and (A8b). The constraints from

Eqs. (A8a) and (A8b) are least restrictive if we choose
ε ¼ 1=3. As we will see, this still fixes the state from the
previous iteration (up to a phase factor), so that it is not
necessary to evaluate the case ε < 1=3, in which at least
one additional iteration would be required (νf ≥ 3) because
rðνf−1Þ ¼ 3, which only lowers the success probability.
Thus, we now take ε ¼ 1=3. The upper left and lower right
element (block) on the l.h.s. of both Eqs. (A8a) and (A8b)

then vanish, which yields PðνfÞ
eq ¼ 1=2. The central element

of the two solutions for UK is �eiξKφK . Since this is a
scalar, the l.h.s. of Eq. (A8a) also vanishes for the central
block. The remaining condition from the central block of
Eq. (A8b) becomes

c2 cos ðξaφa þ ξbφbÞ −
�
1

2
− c2

�
cos ðξaφa − ξbφbÞ ¼ 0:

(36)

Depending on the values of ξa and ξb, this equation
typically has zero or one solution for c within the allowed
range (0 ≤ c ≤ 1=

ffiffiffi
2

p
), except at discrete points where all

allowed c yield a solution. Below wewill give an argument
for choosing the solution (34) in both nodes, so
φa ¼ φb ¼ π=2; in this case, the discrete points are at:
one ξK integer and even, and the other ξK integer and odd.
For simplicity we now take ξa ¼ ξb ≡ ξ, which seems to
be the most relevant practical case. In this case (and still
φa ¼ φb ¼ π=2), Eq. (36) has one (and only one) solution
if ξ is not farther away from an even number than 1=2 (i.e.,

jξmod 2 − 1j ≥ 1=2). If we consider integer and even ξ,

then the solution is c ¼ 1=2, which means that jϕð2Þ
ee i is a

two-qubit cluster state.
The chosen solutions (out of (34) and (35)) for the two

nodes are sufficient to essentially fix the state jψ ðνf−1Þi
prior to the final iteration. From Eq. (10),
ψ ðνf−1Þ ¼ Qa

ffiffiffiffiffi
S↓

p
Q⊤

b . Since UK ¼ QKUKQ
†
K is diagonal,

the columns ofQ†
K are the ordered eigenvectors of UK. The

effective gate T jajb is also diagonal, which allows us to
inspect the possibility of reaching the state jψ ð1Þi from a
product state jψ ð0Þi in the first iteration. (It is fairly obvious
that using more than one iteration to generate jψ ðνf−1Þi
must further lower the success probability, hence we now
set νf ¼ 2.) It turns out that the structure of jψ ð1Þi (in
particular, the positions of the vanishing elements) is
fitting to the model only if we choose the solution (34)
in both nodes, and this choice yields

ψð1Þ ¼ 1ffiffiffi
6

p
 −1 0 1

0
ffiffiffi
2

p
eiðαaþαbÞ 0

1 0 −1

!
: (37)

Despite the phase freedom at the central element, the
state jψ ð1Þi seems too strongly constrained to be capable of
being prepared by entanglement transfer. However, it turns
out that we can prepare this state by a single entanglement
transfer followed by postselection with a success rate of
0.5 (next paragraph). Alternatively, we can aim to prepare
its Schmidt coefficients by entanglement transfer and
apply local basis changes afterward; this is shown to
allow for deterministic schemes (paragraph below).
Instead of performing a general construction, we use the

observation that Bell states are the suitable resource to
directly generate the state given in Eq. (37) in the first
iteration. More specifically, we choose jϕð1Þ

ee i ¼ jΨþi,
select φð1Þ

a ¼ φð1Þ
b ¼ π, and postselect ja ¼ jb; other

options are given below. It is convenient to partition the
d2 diagonal elements of T jj into a d by dmatrix, explicitly

½diagðT jjÞ�mat ¼
1ffiffiffi
2

p
 

1 0 −1
0 1 0

−1 0 1

!
; (38)

so that ψ ð1Þ ffiffiffiffiffiffiffi
Pjj

p ¼ ½diagðT jjÞ�mat ⊙ ψ ð0Þ, where ⊙ is
elementwise multiplication, and ψ ðνÞ are normalized.
The effective gate described by Eq. (38) has a compatible
structure with the state from Eq. (37). In particular, the
state jψ ð1Þi=2 (with norm 1=2) is generated by T jj from the
product state

ψ ð0Þ ¼ 1

2
ffiffiffi
3

p ð 1 − ffiffiffi
2

p
eiðαaþαbÞ 1 Þ ⊗

 
1

1

1

!
: (39)
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Since both outcomes with ja ¼ jb are allowed, resulting
in the same state up to an irrelevant global phase, the
success probability is 1=2. We can summarize the entire
scheme, with the parameter ξ tuned to an even integer
number, as follows,

jϕð1Þ
ee i¼ jΨþi; φð1Þ

a ¼φð1Þ
b ¼π; jð1Þa ¼ jð1Þb ; (40a)

jϕð2Þ
ee i ¼ jϕCi; φð2Þ

a ¼ φð2Þ
b ¼ π

2
: (40b)

This is the driving-free scheme with the highest overall
success rate (equal to 1/2) for generating d ¼ 3 maximal

entanglement. We could equivalently choose jϕð1Þ
ee i ¼

jΨ−i and postselect jð1Þa ≠ jð1Þb ; further, with ξ tuned to

an integer, jϕð1Þ
ee i ¼ jΦ�i would also work.

The second pursuable option is generating the required
Schmidt coefficients f ffiffiffiffiffiffiffiffi

2=3
p

;
ffiffiffiffiffiffiffiffi
1=3

p g in the first iteration
with arbitrary Schmidt vectors, and use local driving of
nuclear spins to apply the required state correction after-
ward. One way to achieve such Schmidt coefficients
deterministically can be deduced from our transferability
condition for complete transfer. From the previous sub-
section (Sec. IVA) we know that with nuclear spins
initialized in the equal superposition state (26), a complete

deterministic transfer takes place at φð1Þ
a ¼ φð1Þ

b ¼ 2π=3,

irrespective of the two-qubit resource state jϕð1Þ
ee i. If we

choose a partially entangled state jϕð1Þ
ee i with just the

required Schmidt coefficients f ffiffiffiffiffiffiffiffi
2=3

p
;
ffiffiffiffiffiffiffiffi
1=3

p g, and apply

the transfer with these settings, the obtained state jψð1Þ
jajb

i
must have those Schmidt coefficients for any measurement
outcome. The advantage of this solution is that it works
independently of the value of ξ; however, one has to find a

way for preparing a partially entangled state jϕð1Þ
ee i. In the

case of a maximally entangled state jϕð1Þ
ee i, we have been

able to determine a solution by numerical evaluation only.
Without going into details, this solution consists of

choosing the default initial state (26), jϕð1Þ
ee i ¼ jΦCi, one

out of suitable values for φð1Þ
a ¼ φð1Þ

b (e.g., ≈1.71255),
and fine-tuning the parameter ξ (to an integer multiple
of ≈1.83543).
So far in this subsection, we have identified how to

realize the deterministic transfer represented by the trun-
cated triangle in Fig. 3(b), and further a deterministic
(complete or incomplete) transfer reaching the base level
E ¼ − 2

3
þ log2 3 of this triangle in one iteration from

E ¼ 0. The remaining question is whether these schemes
are useful to construct schemes for qudits with dimension
d given by a multiple of three, in particular d ¼ 6, where
one complete transfer, indicated by the triangle starting
with rank 3 in Fig. 3(a), from E ¼ log2 3 would lead
to maximal entanglement. A solution to this question is

obtained by virtually reducing the dimension from six to
three in the first iterations by leaving three outermost
levels unoccupied during initialization. This allows us to
generate in d ¼ 6 the Schmidt coefficients f ffiffiffiffiffiffiffiffi

1=3
p

;ffiffiffiffiffiffiffiffi
1=3

p
;
ffiffiffiffiffiffiffiffi
1=3

p g via any one of the schemes from above;
in particular, a deterministic scheme can be applied, even
though driving operations have to be translated to account
for the higher-dimensional space. Identifying a complete
transfer from this point (i.e., from rð2Þ ¼ 3 to rð3Þ ¼ 6) is
relatively simple based on the condition in Eq. (14). As an

example, we can set φ ¼ π (i.e., φð3Þ
a ¼ φð3Þ

b ¼ π), which
gives U†

K;0UK;1 ∼ diagðf1;−1; 1;−1; 1;−1gÞ. Thus, the
Schmidt vectors in both nodes could be chosen as the
columns of the matrix VK ¼ 13 ⊗ ð1; 1Þ⊤, independently
of ξ and the choice of EPR pair jϕð3Þ

ee i. Since any other set
of three Schmidt vectors (in the higher-dimensional
space, d ¼ 6) are related to this set by a unitary trans-
formation, there is a driving operation that facilitates
the required basis change of the nuclear state after
the second iteration. Therefore, a deterministic scheme
(or a driving-free scheme with success rate 0.5) is also
available for d ¼ 6.
To summarize, in this subsection, we have identified

schemes for maximally entangling qutrit pairs via two
successive transfers from the electron spin qubits. A
scheme without driving (40) based on an unconventional
initial state (39) (unequal superposition in one node) is
available with a success rate of 50% due to the first
iteration. The inclusion of nuclear spin driving in between
both iterations allows for deterministic schemes. All
schemes can be adopted to d ¼ 6 by combining with a
complete 1-ebit transfer without reducing the success rate.
Even though other multiples such as d ¼ 9, or prime
numbers other than d ¼ 3, are expected to require indi-
vidual strategies, we may infer from the obtained results
that intermittent nuclear spin driving allows the construc-
tion of deterministic schemes for generating maximal
entanglement between qudits of any dimension d.

C. Other probabilistic schemes and optimization

In this subsection, we return to a simpler setting and
explore some further schemes for probabilistic entangle-
ment accumulation. In particular, we exclude nuclear-spin
driving, consider for the initial state jψ ð0Þi the equal
superposition state from Eq. (26), and further choose
the same resource state jϕeei in all iterations. The argu-
ments for these choices are a possibly easier implementa-
tion, as well as a simple generalizability to the multipartite
case as discussed in Sec. V. For d ≠ 2n these restrictions
result in less optimal bipartite schemes than the scheme
without driving constructed in the previous subsection.
Apart from that, for simplicity and because no benefit has
been obtained so far from a different choice, we still
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consider identical nodes (ξa ¼ ξb ≡ ξ) and apply the same

CPHASE angle to both nodes, φðνÞ
a ¼ φðνÞ

b ≡ φðνÞ.
While it is possible to construct the schemes in this

setting from general conditions, for simplicity we identify
them by inspection of the output states together with the
numerical evaluation of the entanglement. Due to the
projecting character of the effective gate T ðνÞ

jajb
, it is of

no advantage to use more than the minimum number of
iterations required for generating E ¼ Ed; thus, in this
subsection νmax ¼ ⌈Ed⌉.
From Eqs. (6) and (22) we know that T ðνÞ

jajb
is diagonal,

and (in the case ξ ¼ 0) the diagonal elements are linear
combinations of at most four terms of the form
expðimφðνÞ=2Þ with integer m and jmj < d. For certain
discrete phase sets, the output states take a simpler form
than for arbitrary angles; e.g., the scheme (30) consists of
power-of-two multiples of π=d. Another universal phase
set consists of power-of-two fractions 2π=2n, differing
from the previous case for d ≠ 2n. For these angles, the
number of different values of E over the set of 4νmax

possible measurement outcome series becomes particu-
larly small.
To see that this phase set is also suitable for the

probabilistic generation of maximal entanglement, let us
start by considering Bell states as the entanglement source,

for simplicity jϕeei ¼ jΨþi, and postselecting jðνÞa ¼ jðνÞb in
each iteration ν. For this choice, the state jψðνÞi has the
following coefficients in the computational basis,

ðψ ðνÞÞia;ib ¼ hia; ibjψ ðνÞi ¼ 1

2ν=2d

Yν
μ¼1

cos
�
ia − ib

2
φðμÞ

�
:

(41)

Now, we choose the phase set fφðνÞg (ν ¼ 1;…; νmax)
with

φðνÞ ¼ 2π

2ν
ð2pðνÞ þ 1Þ; νmax ¼ ⌈Ed⌉; (42)

where pðνÞ are arbitrary non-negative integers and are
typically chosen as pðνÞ ¼ 0. With this choice, we find that
the state becomes a two-qudit Bell state, ψ ðνÞ ¼ 1d=d with
norm 1=

ffiffiffi
d

p
. For d ≠ 2n, any other measurement outcome

series (i.e., measuring jðνÞa ≠ jðνÞb in one or more iterations)
results in a partially entangled state. Thus, the scheme (42)
generates E ¼ Ed with success rate P ¼ 1=d for such d,
while coinciding with the deterministic scheme (30)
for d ¼ 2n.
The top panel of Fig. 6 shows the accumulation of

entanglement for d ¼ 3 based on the phase set (42) for
the state jϕeei ¼ jΨ�i, independently of ξ. The non-
deterministic entanglement transfer is generally dependent

on the choice of jϕeei, and it is worth exploring other
states. For states other than jΨ�i, oscillating modulations
appear, typically with period π=ξ. For jϕeei ¼ jϕ�i, exact
maximal entanglement is reached only for ξ being an
integer multiple of 2νmax−1 (i.e., ξ integer and even for
d ¼ 3), and the success rate is the same as for
jϕeei ¼ jΨ�i. For jϕeei ¼ jϕCi, on the other hand, only
near-maximal entanglement is reached, but the success
rate can be higher as discussed in the following.
We observe that for any d ≥ 2, the protocol (42) is the

only one generating maximal entanglement exactly and
with finite probability, and for d ≠ 2n this requires jϕeei
to be a Bell state. However, if we relax our goal from
maximal to near-maximal entanglement, there might be
other schemes with a possibly higher success rate. As an
example, consider the case jϕeei ¼ jϕCi and d ¼ 3 with
the postselection from above (lowest panel of Fig. 6),
for which we numerically find the optimal phase set
ðπ; 0.575πÞ with E=Ed ≈ 0.989 and a success probability
P ≈ 0.258. It turns out that in this particular case we can
drop the postselection in the first iteration and still obtain
exactly the same entanglement E ¼ Eðφð1Þ ¼ π;φð2ÞÞ; the
phase set above (where the order now matters) then leads

FIG. 6. Generating maximal entanglement in two iterations for

d ¼ 3, using a postselection of jðνÞa ¼ jðνÞb in each iteration ν.
Different panels correspond to different entangled electron states
as indicated. The electron qubit splitting parameter is chosen to
be ξ ¼ 20.
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to the same E=Ed ≈ 0.989with a success probability twice
as large, P ≈ 0.516.
A similar numerical optimization is also possible for

higher d ≠ 2n, but depends on where the weight is put in
the tradeoff between entanglement E and success rate P.
From an alternative viewpoint, it could also be relevant
to optimize the expected entanglement hEi averaged over
all measurement outcomes. Interestingly, we find that for
this purpose, jϕeei ¼ jΦCi is the optimal source state (for
a properly tuned parameter ξ), and the optimal phase set
is essentially just the set (42) (with at most marginal
deviations). Before we discuss this sort of optimization
in more detail, it is thus worth inspecting the set of
entangled states generated by the phase set (42). A
statistical evaluation is shown for up to d ¼ 16 in
Table I. As for the postselected results discussed above,
the expected entanglement for this phase set is periodic
in ξ with maxima at integer multiples of 2νmax−1; note
further that for phase set (42) and such values of ξ, the
Bell states jΦ�i and jΨ�i are equivalent in terms of the
generated entanglement. For the power-of-two dimen-
sions, d ¼ 2n, the scheme coincides with (30) and hence
works deterministically. The worst ratio hEi=Ed is
typically found for the dimensions directly above each
2n, with an increase toward the next favorable dimension,

d ¼ 2nþ1. Comparing Bell and two-qubit cluster states,
we find that the latter allows higher hEi, with a weaker
dependence of the entanglement on the measurement
outcomes. The cluster state is also the best for optimizing
hEi by adapting the CPHASE angles as discussed in the
remainder.
For completeness, let us first discuss the optimization in

the case of Bell states. The upper panel of Fig. 7 shows the
expected entanglement for jϕeei ¼ jΨ�i, again for d ¼ 3
and the phase set (42). The phase set (42) leads to
hEi ≈ 1.195; numerical optimization yields hEi ≈ 1.224
for the phase set fφðνÞg ≈ ð2.673; 1.617Þ, i.e., just a slight
improvement. For all other source states, the ξ-dependence
of the expected entanglement could generally make the
optimization more complicated. The thin dashed lines in
Fig. 7 are for the hypothetical case ξ ¼ 0. In the case
jϕeei ¼ jΦ�i the oscillations may indeed enhance hEi
over the ξ ¼ 0 case, but the optimized hEi remains lower
than that obtained by jϕeei ¼ jΦCi, so we do not analyze
it further.

TABLE I. Entanglement generation with the phase set (42),
with Bell or cluster states as a resource. hEi is the expected
entanglement, #ðEÞ is the number of different E occurring in
the set, and σðEÞ is the standard deviation. The values of hEi

Ed
are

given in %. Decimal numbers are rounded to a fixed number of
visible digits. Note that the number of elements (different
measurement results) is 22νmax in general, or 2νmax for Bell states
by combining equivalent measurement results. The parameter ξ
is set to an integer multiple of 2νmax−1 for jΦ�i and jΦCi, or
arbitrary for jΨ�i.

jΦ�i or jΨ�i jΦCi

d νmax Ed hEi hEi
Ed%

#ðEÞ σðEÞ hEi hEi
Ed%

#ðEÞ σðEÞ
2 1 1 1 100 1 0 1 100 1 0
3 2 1.585 1.195 75.4 2 0.276 1.392 87.8 1 0
4 2 2 2 100 1 0 2 100 1 0
5 3 2.322 1.881 81.0 5 0.354 2.065 88.9 3 0.077
6 3 2.585 2.274 88.0 4 0.237 2.372 91.8 4 0.106
7 3 2.807 2.617 93.2 2 0.078 2.676 95.3 1 0
8 3 3 3 100 1 0 3 100 1 0
9 4 3.170 2.765 87.2 9 0.432 2.934 92.6 10 0.075
10 4 3.322 2.906 87.5 9 0.329 3.055 92.0 12 0.079
11 4 3.459 3.072 88.8 9 0.239 3.205 92.7 10 0.051
12 4 3.585 3.277 91.4 8 0.204 3.377 94.2 10 0.050
13 4 3.700 3.444 93.1 8 0.118 3.516 95.0 9 0.028
14 4 3.807 3.635 95.5 6 0.076 3.672 96.4 8 0.032
15 4 3.907 3.814 97.6 2 0.025 3.832 98.1 1 0
16 4 4 4 100 1 0 4 100 1 0

FIG. 7. Expected entanglement without postselection for
d ¼ 3, for three different types of electron resource states.
The electron qubit splitting parameter is chosen to be ξ ¼ 20
for the solid lines, while the black thin dashed lines are for ξ ¼ 0.
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For jϕeei ¼ jΦCi the case ξ ¼ 0 is relevant again,
because for most d it constitutes an upper bound for the
optimized hEi, which is also reached by fine tuning the
actual parameter ξ ≫ 1 to an integer multiple of 2νmax−1.
We now analyze the question whether hEi can be opti-
mized, depending on d. For d ¼ 2n the scheme (42) is
perfect, and obviously no optimization is possible. For any
d ¼ 2n − 1, such as d ¼ 3 and d ¼ 7, we also find that no
optimization is possible; further, for this phase set all
measurement outcome series lead to the same E, see
Table I. For other d we find that just marginal optimization
is possible and requires just tiny corrections applied to one
or several phases φðνÞ from set (42); these corrections also
raise the number of different values E in the outcome set.
Furthermore, these corrections also break the above-
mentioned periodicity of hEi in ξ, so that many parameters
affect the optimization procedure; however, it is roughly
sufficient to consider the case ξ ¼ 0 because the correc-
tions are so tiny that the periodicity still holds approx-
imately, as becomes evident from the following examples.
For d ¼ 5 and ξ ¼ 0, two out of three phases are slightly
altered, fφðνÞg ¼ ðπ; ðπ=2Þ þ 0.091; ðπ=4Þ − 0.033Þ, lead-
ing to hEi ≈ 2.072, which corresponds to an improvement
of ∼0.3% over the result 2.065 from Table I. For d ¼ 5, but
with ξ ¼ 20, the same two phases are slightly altered,
fφðνÞg ¼ ðπ; ðπ=2Þ þ 0.028; ðπ=4Þ − 0.008Þ, leading to
hEi ≈ 2.073, so the difference to ξ ¼ 0 is negligible.
For d ¼ 6 and ξ ¼ 0, the optimal phases are fφðνÞg ¼
ðπ; ðπ=2Þ − 0.020; ðπ=4Þ − 0.0006Þ, leading to an im-
provement of only ∼0.02% over the result hEi ≈ 2.372.
Therefore, we conclude at least for up to d ¼ 8 that the
phase set (42) is exactly equal or very close to the optimal
one for maximizing hEi without postselection, if we set ξ
to any one of the (nearly) optimal values at integer
multiples of 2νmax−1.

V. MULTIPARTITE ENTANGLEMENT

The extension of our scheme to more than two nodes
works to some extent analogously to the case d ¼ 2
described for cluster states in Ref. [17]. This means that
genuine multipartite entanglement may be generated by
successively establishing entanglement links between each
two linked nodes of a cluster, where we denote the number
of nodes by M.
As a simple example, consider a row of M ¼ 3 nodes

labeled ðaÞ; ðbÞ; ðcÞ, the case of pairwise Bell states used
as the resource, jϕeei ¼ jΨþi, and the special case of

postselection jðνÞK ¼ jðνÞK0 for any ν and the two nodes K;K0

being entangled. With nuclear spins initialized in jþdi, a
two-qudit Bell state on nodes ðaÞ and ðbÞ can be generated
with P ¼ 1=d for any d using phase set (42), i.e., by the
operation

Qða;bÞ ¼
Y⌈Ed⌉

ν¼1

T jðνÞa ¼jðνÞb
ðjΨþi; 2π=2νÞ: (43)

Then the successive application of this scheme to pairs
ða; bÞ and ðb; cÞ corresponds to

ð1ðaÞd ⊗ Qðb;cÞÞ ðQða;bÞ ⊗ 1ðcÞd Þ (44)

and results in a tripartite qudit Greenberger-Horne-
Zeilinger (GHZ) state, ð1= ffiffiffi

d
p ÞPd−1

i¼0 jii ⊗ jii ⊗ jii, with
success rate 1=d2. We note that since Q is diagonal, the
order of building up entanglement does not matter; for
example, we could first generate 1 ebit for each pair ða; bÞ
and ðb; cÞ, and then add further entanglement to both pairs.
The same principle can be applied to longer chains of

modules (higher M), if each two neighboring sites can be
addressed with this scheme. The special case (jΨþi,
jðνÞK ¼ jðνÞK0 ) above then results in an M-partite qudit
GHZ state, which could find application in several quan-
tum networking proposals in QC.
For d ¼ 2n qudits, the non-postselected outcomes

(jðνÞK ≠ jðνÞK0 for some ν; K;K0) for M ¼ 2 also result in a
maximally entangled state, see Sec. IVA. Thus, a natural
question, but beyond the scope of this paper, is whether the
unselected multipartite states (M > 2) for d ¼ 2n belong
to the same entanglement class as the qudit GHZ state.

VI. DISCUSSION

The nuclear spin quantum memory and transfer scheme
presented here may be understood as a higher-dimensional
version of the qubit scheme for 15NV centers [17,34]. Since
our model focused on the intranode dynamics, a complete
benchmark analysis of the architecture is difficult, par-
ticularly without specifying the defect center, host material
etc. However, it is worth summarizing the common error
sources. One error source explicitly included in the model
is the transverse hyperfine coupling A⊥. In lowest order,
this component results in rather fatal electron-nuclear
flip-flop processes, so it needs to be suppressed by a
sufficiently large magnetic field or inversion-symmetry-
protected spin-orbital locking (GeV-type systems with
low strain), or both. The next-higher-order correction
consists of dispersive level shifts, which have been
shown to cause a small error, presumably much smaller
than other error sources.
In Sec. III C we have qualitatively discussed the errors

accumulating on nuclear spins during electron-electron-
entangling attempts. We still need to discuss the nuclear
decoherence due to the coupling with the electron spin;
this channel is active during the CPHASE gates, where
spin-echo pulses are not allowed. The T�

2 of the electron
spin during this gate (taking 165 ns for 14NV) is considered
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the limiting coherence parameter in Appendix C of
Ref. [17]. However, this issue does not become more
severe for higher nuclear spins. The total CPHASE angle
from all iterations can be chosen to be smaller than 2π, so it
is not much larger than the angle π used for d ¼ 2. Hence,
especially with strong coupling, the process is very fast.
As an example, 2πℏ=jAkj ≈ 27 ns for 73Ge with jAkj ≈
37 MHz [15], which is much faster than electron coher-
ence times, typically in the range of 10–100 μs at low
temperatures. For the 14NV center with I ¼ 1, due to
comparable parameter values with the 15NV center, the
error analysis of Ref. [17] should be qualitatively adoptable.
The strong coupling of truly high nuclear spins can

further be leveraged for operating on nuclear spins via
hyperfine-selective microwave pulses. This could pos-
sibly speed up the single-qudit nuclear gates required
for initialization, intermittently (in schemes with driv-
ing), or final state correction (prior to entanglement
consumption). In the very strong coupling regime (e.g.,
1.475 GHz for 209Bi), advanced techniques such as
optimal control are indispensable to individually address
the electron qubit.
For the diamond defects NV and GeV, the available

spin-photon interface can be used for electron-spin
initialization, electron-electron entanglement generation,
and electron-spin readout [17]. The performance of this
interface, in terms of the spin contrast as well as
absorption probability, then determines a number of
further error sources which are expected to dominate
over the errors related with the nuclear memory itself.
For example, the entangled resource states jϕeei could
have a low fidelity, and the high-fidelity non-demolition
readout via optical photons could require many attempts,
resulting in a significant chance of exciting the NV
center. We do not discuss these errors in more detail as
they are not specific to high-spin nuclei; in particular, our
(deterministic) scheme does not require more resource
states or more readouts per generated distant entangle-
ment than the qubit scheme.
A feature adopted from Ref. [17] is the modular

structure of the approach, which makes it suitable for
the creation of larger clusters. We explicitly confirm that
genuine multipartite entanglement may be generated
successively by applying the scheme to each pair of
neighboring network nodes. Apparently, the higher d,
the more rapid is the scaling of the entanglement with
the number of parties. For the particular application of our
scheme in MBQC, the possibility of preparing dedicated
states such as higher-dimensional cluster states remains to
be investigated.

VII. SUMMARY

We have analyzed methods to accumulate entanglement
in nuclear spin memory qudits by repeated entanglement

transfer from their respective electron spin communication
qubit, mediated by the native Ising coupling. Based on a
universal model, our study is applicable to a wide range
of platforms, such as the 73GeV center in diamond or the
123Sb donor in silicon. The protocol that we consider to
have the highest practical relevance is described by a
universal phase set, Eq. (30), and generates maximal
entanglement deterministically for d ¼ 2n qudits. The
application of our scheme to larger quantum networks
opens the possibility of realizing higher-dimensional qudit
versions of several QC protocols. We have also pointed out
some crucial properties of entanglement transfer which
could be of importance even in the case d ¼ 2.
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APPENDIX A: CONDITIONS FOR
DETERMINISTIC GENERATION OF MAXIMAL

ENTANGLEMENT

Here we evaluate a necessary and sufficient condition
for generating d-ranked maximal entanglement in some
iteration ν (the final one if successful) of entanglement

transfer. If jψ ðνÞ
jajb

i is rank-d maximally entangled, this

means that the matrix ðd=PðνÞ
jajb

Þ1=2ψ̃ ðνÞ
jajb

is unitary. The

coefficient matrix ψ̃ ðνÞ
jajb

is given for a general two-

qubit resource state jϕðνÞ
ee i in Eq. (13). Evaluating the

equation ψ̃ ðνÞ
jajb

ðψ̃ ðνÞ
jajb

Þ† ¼ ðPðνÞ
jajb

=dÞ1d, we obtain the fol-
lowing condition,

ΛK;00−ð−1ÞjaΛK;10−ð−1ÞjbΛK;01þð−1ÞjaþjbΛK;11

¼ 4

d
PðνÞ
jajb

1d;
(A1)

for K ¼ a, where the matrices are defined as

Λa;00 ≡ ðc200 þ c201ÞS↓ þ ðc210 þ c211ÞUaS↓U
†
a; (A2a)

Λa;10 ≡ ðc00c10 þ c01c11ÞS↓U†
a þ h:c:; (A2b)
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Λa;01 ≡ c00c01
ffiffiffiffiffi
S↓

q
U�
b

ffiffiffiffiffi
S↓

q
þ c10c11Ua

ffiffiffiffiffi
S↓

q
U�
b

ffiffiffiffiffi
S↓

q
U†
a þ h:c:; (A2c)

Λa;11 ≡ c00c11
ffiffiffiffiffi
S↓

q
U�
b

ffiffiffiffiffi
S↓

q
U†
a

þ c01c10
ffiffiffiffiffi
S↓

q
U⊤
b

ffiffiffiffiffi
S↓

q
U†
a þ h:c: (A2d)

Without loss of generality we have taken the coefficients
cjajb of the two-qubit state, Eq. (2), to be real. We do
not make any assumption about its entanglement Eee.

Similarly, from ðψ̃ ðνÞ
jajb

Þ†ψ̃ ðνÞ
jajb

¼ ðPðνÞ
jajb

=dÞ1d we obtain
Eq. (A1) for K ¼ b, where the matrices Λb;jj0 for node
b are obtained from the matrices Λa;jj0 by swapping nodes
(a ↔ b) and coefficient indices (cjj0 ↔ cj0j).
We investigate the condition for deterministic entangle-

ment generation, in which case Eq. (A1) needs to hold for
all four combinations of ðja; jbÞ. This allows us to solve
the four equations for the four matrices (each forK ¼ a; b)
to obtain that each one is the identity matrix multiplied
with a scalar, namely,

ΛK;00 ¼
1

d
1d; (A3a)

ΛK;10 ¼ − 2

d



PðνÞ
00 þ PðνÞ

01 − PðνÞ
10 − PðνÞ

11

�
1d; (A3b)

ΛK;01 ¼
2

d



PðνÞ
01 − PðνÞ

10

�
1d; (A3c)

ΛK;11 ¼
2

d

�
PðνÞ
00 þ PðνÞ

11 − 1

2

�
1d: (A3d)

We start by inspecting the first equation, (A3a).
Defining c200 þ c201 ¼ 1 − c210 þ c211 ≡ τa=2 and c200 þ
c210 ¼ 1 − c201 þ c211 ≡ τb=2 (with 0 ≤ τK ≤ 2) we can
express it as

U†
KτKS↓UK ¼ 2

d
1d − ð2 − τKÞS↓: (A4)

This equation puts constraints on the Schmidt coeffi-
cients delivered by the previous iteration ν − 1. Since UK
is unitary, the entries on the diagonal of τKS↓ must be, up
to reordering, the same as those on the r.h.s. of the
equation. However, the diagonal entries on the r.h.s. are
reversely ordered in comparison with that of τKS↓, and it
follows that τKS↓ þ ð2 − τKÞS↑ ¼ ð2=dÞ1d, where S↑ is
obtained from S↓ by reversing the order of diagonal
elements. Thus, the diagonal entries of S↓ (and S↑) come
in pairs f1=dþ ð2 − τKÞεi; 1=d − τKεig (with 0 ≤ εi) for
i ¼ 1;…; bd=2c, and one further central element 1=d in
the case of odd d. Now, since the diagonal elements are

squared Schmidt coefficients or zeros, they must sum up to
1, which yields τa ¼ τb ¼ 1. Therefore, the paired diago-
nal elements of S↓ are 1=d� εi with 0 ≤ εi ≤ 1=d, for
i ¼ 1;…; bd=2c, and one further unpaired central element
1=d in the case of odd d. (This is not a constraint for
d ¼ 2.) The condition (A4) can now be restated as

U†
KS↓UK ¼ 2

d
1d − S↓ ¼ S↑: (A5)

In the following, the term block refers to a “degenerate”
subspace in which diagonal elements of S↓ (or S↑) are
identical. We take Eðν−1Þ < Ed as we want to increase the
qudit entanglement, so there is at least one non-vanishing
εi and hence there are at least two blocks. Equation (A5)
implies that the matrices UK must be block-antidiagonal,
each block being unitary. The swapped version of this
equation, U†

KS↑UK ¼ S↓, must also hold since blocks are
arranged symmetrically with respect to the center.
Another constraint derives on the entanglement resource

state jϕeei. Since τa ¼ τb ¼ 1, it must have the form

ϕee ¼
�

σ00c σ01
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 − c2

p
σ10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 − c2

p
σ11c

�
(A6)

with 0 ≤ c ≤ 1=
ffiffiffi
2

p
and arbitrary sign factors σjajb . Let us

define κσ ≡ ðσ00σ11 þ σ01σ10Þ=2∈ f−1; 0; 1g and
κc ≡ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 − c2

p
. An EPR pair (any maximally entangled

two-qubit state, taking coefficients real) is of the form (A6)
as its matrix

ffiffiffi
2

p
ϕee is unitary, and is characterized by

κσκc ¼ 0; in particular κc ¼ 0 corresponds to a Bell state
and κσ ¼ 0 together with κc ¼ 1=4 to a two-qubit clus-
ter state.
Equations (A3b)–(A3d) can now be written as

− σ10σ11κσκcðUKS↓ þ h:c:Þ

¼ 2

d



PðνÞ
00 þ PðνÞ

01 − PðνÞ
10 − PðνÞ

11

�
1d; (A7a)

σ00σ01κc
ffiffiffiffiffi
S↓

q
U�
b

ffiffiffiffiffi
S↓

q
þσ10σ11κcUa

ffiffiffiffiffi
S↓

q
U�
b

ffiffiffiffiffi
S↓

q
U†
aþh:c:

¼ 2

d
ðPðνÞ

01 −PðνÞ
10 Þ1d; (A7b)

σ00σ11c2
ffiffiffiffiffi
S↓

q
U�
b

ffiffiffiffiffi
S↓

q
U†
a

þ σ01σ10

�
1

2
− c2

� ffiffiffiffiffi
S↓

q
U⊤
b

ffiffiffiffiffi
S↓

q
U†
a þ h:c:

¼ 2

d

�
PðνÞ
00 þ PðνÞ

11 − 1

2

�
1d: (A7c)

These equations must also hold when swapping a ↔ b
and σ01 ↔ σ10. The S-matrices may be commuted to the
left using the generalized commutation relation (A5) along
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with its swapped version (S↓ ↔ S↑). On the l.h.s. of
Eqs. (A7a) and (A7b), each term contains a product of
an odd number of UK-matrices and is thus block-
antidiagonal (in particular, since there are at least two
blocks, the upper left element of the matrix is zero), while
the r.h.s. is diagonal, hence both sides must vanish. From

both r.h.s. we obtain that PðνÞ
00 ¼ PðνÞ

11 ≡ PðνÞ
eq =2 and

PðνÞ
01 ¼ PðνÞ

10 ¼ ð1 − PðνÞ
eq Þ=2. Note that this is not a separate

constraint, i.e., it is fulfilled for any state jψ ðν−1Þi and
conditional operations UK. Setting the l.h.s. of Eq. (A7a)
equal to zero, we obtain that either jϕeei is an EPR pair
(κσκc ¼ 0), or UKS↓ þ U†

KS↑ ¼ 0. There is no unitary UK

that fulfills the latter equation unless all εi vanish, which
we have excluded. Hence, jϕeei must be an EPR pair. This
is trivial in the case Eðν−1Þ ¼ EðνÞ − 1 (with EðνÞ ¼ Ed), but
not for higher Eðν−1Þ. We are now left with

κc
ffiffiffiffiffiffiffiffiffiffi
S↓S↑

q
½Ua; ðUb þ U†

bÞ⊤� ¼ 0; (A8a)

ffiffiffiffiffiffiffiffiffiffi
S↓S↑

q �
c2UaU⊤

b −
�
1

2
− c2

�
UaU�

b þ h:c:
�

¼ σ̄c
2PðνÞ

eq − 1

d
1d; (A8b)

where σ̄c ≡ σ00σ11 for c ≠ 0, and σ̄c ≡−σ01σ10 for c ¼ 0

(jϕeei ¼ jΨ�i); we have used that σ00σ01σ10σ11 ¼ −1,
which follows from κσ ¼ 0 or can be freely chosen in
the case κc ¼ 0. Equations (A8a) and (A8b) must also hold
when replacing a ↔ b.
In the case Eðν−1Þ ¼ EðνÞ − 1, the goal considered here is

equivalent with that from Sec. II B 1, with Eee ¼ 1.
Indeed, under the constraints derived from Eq. (A4),
this case requires that d is even and jψ ðν−1Þi is
rðν−1Þ ¼ d=2-ranked maximally entangled, hence εi ¼
1=d for all i, and the matrix S↓S↑ is zero, so that
Eqs. (A8a) and (A8b) are fulfilled and the constraint
(A5) reduces to Eq. (15).
The other case is Eðν−1Þ > EðνÞ − 1, which means that

rðν−1Þ > d=2 and the available target Hilbert space for
entanglement transfer is too small to fit the entanglement
of the EPR pair. We can further distinguish the case
rðν−1Þ < d, in which the outermost diagonal blocks of S↓S↑
are zero and hence, from Eq. (A8b) we obtain PðνÞ

eq ¼ 1=2,
and the case rðν−1Þ ¼ d, in which S↓S↑ is invertible. In both
cases, Eqs. (A8a) and (A8b) can be further processed by
inspecting diagonal blocks individually. We refer to
the antidiagonal blocks of Ua (Ub) as fAε̄g (fBε̄g).
Here, ε̄ ¼ þε for the blocks in the upper right quarter,
ε̄ ¼ −ε for the ones in the lower left, and ε̄ ¼ 0 for the
central block (if existent). Note that the central block must
exist for odd d. For outermost blocks in the case rðν−1Þ < d
(i.e., blocks with �ε ¼ �1=d) no constraint (except

unitarity) is obtained. For other blocks (in both cases)

we define ζðνÞε ≡ σ̄cðPðνÞ
eq − 1=2Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − d2ε2

p
. It is possible

to simplify the constraints given in Eqs. (A8a) and (A8b)
by specifying the resource state jϕeei. For c ¼ 1=

ffiffiffi
2

p
(Bell

state, jϕeei ¼ jΦ�i) we obtain that the real part of the

eigenvalues of the matrices Aε̄B⊤̄
ε must be ζðνÞε ; this means

zero in the case rðν−1Þ < d. For c ¼ 0 (Bell state,
jϕeei ¼ jΨ�i) we obtain the same eigenvalue constraint
but for the matrices Aε̄B�−ε̄. For κc ≠ 0 (other states jϕeei)
the constraints do not simplify that much. One further
special case is c ¼ 1=2 (two-qubit cluster state,
jϕeei ¼ jϕCi), for which we obtain that (still for jε̄j <
1=d only) the real part of the eigenvalues of the matrices

Aε̄ðBε̄ − B†−ε̄Þ⊤ must be 2ζðνÞε , as well as the condition

Aε̄ðBε̄ þ B†−ε̄Þ⊤ − ðB−ε̄ þ B†
ε̄Þ⊤A−ε̄ ¼ 0: (A9)

Again, the given conditions for each case are necessary
and sufficient for generating d-ranked maximal entangle-
ment starting from Eðν−1Þ > EðνÞ − 1.

APPENDIX B: DEFECT CENTER MODELS

In this section we derive effective Hamiltonians for
two defect centers: the GeV center in diamond and the
vanadium defect in silicon carbide.

1. Germanium vacancy center in diamond

The GeV is a split vacancy with an orbital degree of
freedom. Following Ref. [15], we derive a low-energy
effective Hamiltonian. The magnetic field B is assumed to
be aligned along the z-axis. The isolated electron
Hamiltonian in the basis fjeþ;↑i; je−;↓i; je−;↑i;
jeþ;↓ig is

He ¼
1

2

0
BBB@

λþ γeB 0 2ϵ 0

0 λ − γeB 0 2ϵ�

2ϵ� 0 −λþ γeB 0

0 2ϵ 0 −λ − γeB

1
CCCA
(B1)

where λ ∼ 165 GHz [39] is spin-orbit coupling and
ϵ ¼ α − iβ is a strain parameter. The orbital Zeeman effect
is neglected as it is quenched. The hyperfine Hamiltonian
Hhf is given by Eq. (20), with I ¼ 9=2 for 73Ge. The
isolated nuclear spin Hamiltonian Hn, see Eq. (19), is not
required for the reasons outlined in Sec. III A.
For γeB; jϵj ≪ λ there are two blocks fjeþ;↑i; je−;↓ig

and fje−;↑i; jeþ;↓ig, which are energetically far separate
from each other. The two blocks are coupled by the strain ϵ
and the perpendicular hyperfine component A⊥. Treating
the coupling by a Schrieffer-Wolff transformation, we
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obtain an effective Hamiltonian Heff ¼ Heff
e þHeff

hf for the
lower energy block

Heff
e ¼ − λ

2
þ γeBSz − 4jϵj2; (B2)

Heff
hf ¼ AkSz ⊗ Iz − 1

λ

�
0 ϵ�A⊥I−

ϵA⊥Iþ 0

�
: (B3)

Removing the constant (spin-independent) terms, we
can write

Heff ¼ γeBSz þ SAI; (B4)

with the hyperfine tensor

A ¼
0
@−αA⊥=λ −βA⊥=λ 0

βA⊥=λ −αA⊥=λ 0

0 0 Ak

1
A: (B5)

To remove the perpendicular hyperfine component, we
consider the parameter regime ðjϵjA⊥=λÞ2 ≪ jγeBAkj,
which seems realistic. This allows us to perform another
Schrieffer-Wolff transformation. In zeroth order, we are
left with the Hamiltonian,

Heff ¼ γeBSz þ AkSzIz: (B6)

For vanishing strain jϵj this result is exact, while
otherwise, higher-order corrections appear. These correc-
tions have only a marginal influence on the generated
entanglement, which can be seen from an evaluation
analogous to that in Appendix C for the NV-type center.
The Hamiltonian (B6) is of the desired form, i.e., it is

consistent with the model from Sec. III A. The Zeeman
term may be removed by transforming to a rotating frame,
and the term AkSzIz allows us to implement a CPHASE-
like gate.

2. Vanadium defect in silicon carbide

Another qudit memory is provided by the V defect in
SiC, with nuclear spin I ¼ 7=2 for the isotope 51V [40,41].
The level structure of the Kramers doublets formed by the
combination of the crystal field, spin-orbit coupling, and
strain has been studied in detail in Ref. [42]. The resulting
effective Hamiltonian Heff ¼ Heff

e þHeff
hf is, in this case,

Heff
e ¼ γeBSz; (B7)

Heff
hf ¼ SAI; (B8)

where an irrelevant additive constant in (B7) was omitted,
and where the hyperfine tensor A, assuming strain in x
direction, is given by Eq. (23) of Ref. [42],

A ¼
0
@axx þ axy 0 axz

0 axx − axy 0

−azx 0 azz

1
A: (B9)

For the ground-state doublet j1;−; σi, one finds for the
matrix elements aij ¼ aij1;− the following expressions,
azz ¼ az11 − 2az11

00 cosðθ1Þ, azx ¼ ax11
0 sinðθ1Þ, axy ¼

−ax11½1þ cosðθ1Þ�, axz ¼ ax11
0½1 − cosðθ1Þ�, and axx ¼

−az110 sinðθ1Þ [42]. In the case of strain in the x direction,
the strain mixing angle is given by tanðθ1Þ ¼ 2ϵx11=λ

z
11

where ϵx11 ¼ sx11ϵxz þ sx11
0ðϵyy − ϵxxÞ=2 denotes the

reduced component of the strain tensor and λz11 ¼
529 GHz the relevant spin-orbit coupling constant.
Here, ϵij are the strain tensor matrix elements and
s11 ¼ 251 THz and s011 ¼ 230 THz are strain-orbital cou-
pling coefficients.
For small strain, θ1=π ≲ 0.1, and magnetic fields

B ≫ 10 mT, we are in the regime γeB ≫ axx; axy;
azz ≫ axz; azx. In this case, the hyperfine Hamiltonian
acquires a diagonal form similar to Eq. (20), with the
parallel hyperfine coupling Ak ≈ azz. For unstrained SiC,
azz ¼ 232 MHz, while in strained SiC, the coupling
decreases monotonically to azz ¼ 201 MHz for
θ1 ¼ π=2 [42]. However, the transverse diagonal compo-
nents are not renormalized by a ratio of strain and spin-
orbit coupling as for the GeV. The isolated consideration of
the ground state Kramers doublet restricts the Zeeman
energy γeB to values much smaller than the energy of the
first excited Kramers doublet, which is in the range of
10–500 GHz, depending on the SiC polytype and defect
site [43]. Therefore, at least for the α-site V defect, the
suppression of A⊥ components works to some degree, even
though the higher-order corrections, determined by level
shifts on the order A2⊥=Ak=γeB as derived in Sec. C, could
become more significant than in the NV (and group-IV
vacancy) center model.

APPENDIX C: EFFECT OF EXCHANGE
COUPLING ON NUCLEAR-SPIN

ENTANGLEMENT

The transverse hyperfine component A⊥ in our protocol
constitutes an undesirable coupling between electron
and nuclear spins. While its magnitude is similar to the
component Ak, its effect may be suppressed by tuning
into a parameter regime where consecutive electron
spin states are split by energies much larger than jA⊥j,
so that a Schrieffer-Wolff approximation is appropriate.
This is carried out in the following for the NV center
model described in Sec. III A, keeping the electron and
nuclear spin quantum numbers (s and I, respectively)
general in the beginning. The transformation works
analogously for other defect center models in appro-
priate parameter regimes.
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We first split the Hamiltonian H from Eq. (17) into the
unperturbed part H0, which is secular and thus block-
diagonal (here, even diagonal),

H0 ¼ DS2z þ γeBSz þ AkSzIz þQI2z − γnBIz; (C1)

and the block-off-diagonal perturbation

V ¼ A⊥
2

ðS−Iþ þ SþI−Þ; (C2)

describing flip-flop processes. At this point, we do not yet
project the Hamiltonian onto the electron spin qubit
subspace, because the flip-flop transition to the non-qubit
state may in general be just as important as the qubit
transition.
We want an effective Hamiltonian Heff ¼ eSHe−S that

is block-diagonal to first order in A⊥. This is the case if the
anti-Hermitian generator S satisfies ½H0;S� ¼ V. The
solution strongly simplifies if we neglect the contributions
of the last three terms in H0 (which are typically smaller
than the first two electron-only terms) in the occurring
energy denominators, i.e., approximating the zeroth-order
energy of the electron spin by ϵms

≈Dm2
s þ γeBms. Then

we find

S ¼ A⊥
2

Sþ

 Xs−1
ms¼−s

jmsihmsj
εmsþ1 − εms

!
I− − h:c: (C3)

The effective Hamiltonian is then found in second-order
perturbation theory [44] as Heff ¼ H0 þHð2Þ þOðA3⊥Þ
with Hð2Þ ¼ 1

2
½S; V�. For the diagonal blocks of Hð2Þ we

obtain

hmsjHð2Þjmsi ¼
A2⊥
2

�ð1− δms;−sÞI−Iþ
εms

− εms−1
þð1− δms;sÞIþI−

εms
− εmsþ1

�
:

(C4)

This describes virtual transitions between successive
nuclear spin levels, weighted by the inverse energy cost of
the corresponding electron spin flip-flop transition. In the
qubit case I ¼ 1=2, the error resulting from this second-
order correction can be calibrated away, because the r.h.s.
can be described by (ms-dependent) scalar and Iz terms, as
those in H0. In the case I > 1=2, the error on a CPHASE
gate becomes difficult to correct. However, since the
conditional Hamiltonians for the two electron qubit states
still commute, the spin-echo technique described in
Sec. III C also erases an electron-nuclear entangling
mechanism resulting from the second-order correction.
Therefore, an error from A⊥ coupling manifests itself
mainly during the qubit-qudit entanglement transfer rather
than during electron-electron-entangling attempts, and this
error is estimated below.
To give an explicit example of the Hamiltonian, we

consider s ¼ 1 and I ¼ 1 (14NV center) and select the

statesms ¼ 0 and ms ¼ þ1 as the qubit subspace. We also
take ξa ¼ ξb ≡ ξ again. The unperturbed conditional
Hamiltonians from Eq. (21) are

heffj ¼ ð−1Þj Anet

2
diagð1þ ξ; ξ;−1þ ξÞ; (C5)

and the corrections to be added are given by

heff;corr1 ¼ −Anetdiagð0; ζþ; ζþÞ; (C6)

heff;corr0 ¼ Anetdiagðζþ; ζþ þ ζ−; ζ−Þ; (C7)

with ζ� ≡ A2⊥=Anet=ðD� γeBÞ. Since we are interested in
rough error estimates, we further neglect the Zeeman term
in the denominator of ζ� below, assuming a significantly
larger zero-field splitting D, so we replace ζ� by
ζ≡ A2⊥=AnetD. As an example, for the 14NV center,
ζ ≈ −1.2 × 10−3. For jζj ≪ 1, the entanglement trans-
ferred onto nuclear spin is subject to a small correction
of order Oðζ2Þ, as long as our scheme is sufficiently short,
i.e., not extending over many (Oð1=ζÞ) periods of
2πℏ=Anet. This is obviously the case if we select the phase
φðνÞ for each iteration from within the first period, which
also minimizes the impact of decoherence.
To evaluate the influence of the perpendicular hyperfine

component, we pick two relevant cases, for which our
scheme in the case ζ ¼ 0 results in E ¼ Ed without
dependence on ξ (taking ξa ¼ ξb ≡ ξ again). First, we
consider the conditional entanglement for d ¼ 3 and

jϕeei ¼ jΨ�i, obtained by postselection of jðνÞa ¼ jðνÞb for
all ν. For the phases φð1Þ ¼ π and φð2Þ ¼ π=2, the relative
reduction of E from Ed ¼ log2 3 is about 8.2ζ2. This
corresponds to a tiny value of about 1.1 × 10−5 for the
parameter value of ζ given above for the 14NV center. The
actual maximum of E is shifted to slightly different phases
fφðνÞg, where the shifts are on the order of ζ. However, for
the optimal phases, 1 − E=Ed ≈ 9.3 × 10−6, so there is
hardly any benefit. Second, we consider the unconditional
expected entanglement for d ¼ 4, where the set of phases
ðπ; π=2Þ achieves two consecutive complete transfers.
Here, the relative reduction of E from the ideal value
Ed ¼ 2 is about 13.8ζ2. These results should be sufficient
to estimate the small influence of A⊥. For higher qudit
dimensions, corrections remain within the same order of
magnitude. In a realistic setup, these errors are presumably
negligible compared to other error sources not included in
our model.
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