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Fusion-based quantum computation is a promising quantum computing model where small-sized pho-
tonic resource states are simultaneously entangled and measured by fusion gates. Such operations can
be readily implemented with scalable photonic hardware: resource states can be deterministically gen-
erated by quantum emitters and fusions require only shallow linear-optical circuits. Here, we propose
fusion-based architectures tailored to the capabilities and noise models in quantum emitters. We show that
high tolerance to dominant physical error mechanisms can be achieved, with fault-tolerance thresholds
of 8% for photon loss, 4% for photon distinguishability between emitters, and spin noise thresholds well
above memory-induced errors for typical spin-photon interfaces. Our construction and analysis provide
guidelines for the development of photonic quantum hardware targeting fault-tolerant applications with

quantum emitters.
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I. INTRODUCTION

Photonics has emerged as a leading platform for fault-
tolerant quantum computing (FTQC), due to its scalabil-
ity and inherently long coherence times. These benefits
come at the cost of probabilistic entangling gates, and
FTQC with photonic qubits therefore motivates a dif-
ferent approach than the circuit-based model favored by
other platforms. Measurement-based quantum computing
(MBQC) [1] is a more natural model, exchanging entan-
gling gates with destructive measurements on large and
highly entangled cluster states. A variant of this approach,
fusion-based quantum computation (FBQC), was recently
proposed [2], in which two-qubit fusion measurements are
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systematically applied to small entangled states to effec-
tively entangle and measure the cluster state of an MBQC
scheme in a single step. The resource states of FBQC
can therefore be much smaller, reducing overheads of a
photonic quantum computer, but their generation remains
a critical and costly part of the architecture. Quantum
emitters, such as neutral atoms, semiconductor quantum
dots or color centers, have been shown to be promising
candidates for the deterministic generation of multipho-
ton entangled states on demand [3—8], which could lead
to lower resource costs as compared to sources based on
spontaneous parametric down-conversion and probabilis-
tic entangling gates [9].

Photon loss remains the primary obstacle to the practical
implementation of FBQC schemes, and it is therefore criti-
cal to ensure robustness of any photonic architecture to this
failure mode. Previous works using unencoded resource
states and boosted physical fusions can typically tolerate
loss below 1% [10,11], a daunting prospect for current
state-of-the-art devices. Code concatenation is an effec-
tive method to increase loss tolerance, and schemes using
Shor codes [2,12,13] and graph codes [14,15] have been
used to achieve great improvements in the loss thresholds

Published by the American Physical Society


https://orcid.org/0000-0002-0602-7162
https://orcid.org/0000-0003-1504-8165
https://orcid.org/0000-0003-2049-8558
https://orcid.org/0000-0001-7220-3630
https://orcid.org/0000-0003-1337-9163
https://orcid.org/0000-0001-5709-0906
https://ror.org/035b05819
https://ror.org/0524sp257
https://ror.org/0524sp257
https://ror.org/035b05819
https://crossmark.crossref.org/dialog/?doi=10.1103/PRXQuantum.6.020304&domain=pdf&date_stamp=2025-04-04
http://dx.doi.org/10.1103/PRXQuantum.6.020304
https://creativecommons.org/licenses/by/4.0/

MING LAI CHAN et al.

PRX QUANTUM 6, 020304 (2025)

TABLE I. Summary of main results. sFFCC, synchronous
foliated Floquet color code lattice; REP, encoded fusion with
repetition code of fixed code size m. RUS, repeat-until-success
encoded fusion with varying code size m < N where N is the
maximum number of physical fusion attempts. £, V, and p® /pés)
are thresholds for photon loss, photon indistinguishability from
different emitters, and spin depolarizing and Z error probability,
respectively.

v 0

m=5 229% 4.5% 0.125% 0.19%
N=10 8% 4% 0.15% 0.59%

Lattice Fusion type Code size ¢

sFFCC REP
sFFCC RUS

of FBQC. Many of these proposals also feature adap-
tivity in the ordering or basis of fusion measurements
[13,14,16], achieving loss thresholds in excess of 10%,
but the assumed complex resource states are challeng-
ing to generate, requiring multiple quantum emitters and
probabilistic gates [17]. A recent proposal based on repeat-
until-success (RUS) CZ gates between quantum emitters
to implement a surface-code logical memory has shown a
modest loss threshold of 2.75% [18].

Here, we present a fusion-based architecture tailored
to quantum emitters and analyze how relevant physical
processes affect its fault-tolerant performance. The archi-
tecture is based on the foliated Floquet color code (FFCC)
[11] where each resource state can be deterministically
generated by a single quantum emitter, with high toler-
ance to photon loss and qubit errors. The fault-tolerant
performance of FFCC was previously analyzed using a
phenomenological error model for fusions, in which era-
sure and error occurs independently for each fusion mea-
surement [11], without considering physical noises dom-
inant in quantum emitters. We develop a framework to
describe how these noises propagate to the logical qubit
level of the architecture and evaluate its performance in
terms of fault-tolerant thresholds. Specifically, we inves-
tigate photon distinguishability, Markovian spin noise in
spin-photon interfaces, and photon loss. We show that our
tailored architectures are highly resilient to these noises, as
summarized in Table 1.

The paper is structured as follows. In Sec. Il we intro-
duce the FFCC lattice and rules to decompose the lattice
into fusions between linear photonic cluster states. Next,
in Sec. III we revisit the protocol for deterministic gen-
eration of the necessary photonic resource states from
single-photon emitters. In Sec. IV we then show the base-
line fault-tolerant properties of the architecture. Section V
discusses the physical noise mechanisms relevant to the
emitters. In particular, we show how these errors propagate
through the cluster-state generation protocol and impact
the performance of fusion gates.

To suppress these errors, in Sec. VI we discuss the
use of code concatenation, redundantly encoding each

qubit of the linear cluster state and performing encoded
fusions between them. We consider two types of encoded
fusion, based on static repetition codes (REP) and repeat-
until-success gates (RUS), and elucidate the relationship
between the two. The thresholds of our construction to var-
ious noise models are then presented in Sec. VII, before
suggesting directions for future work.

II. FFCC LATTICE AND FUSION NETWORK

In Ref. [11], the authors introduced the FFCC lattice,
constructed by foliating the Floquet color code [19,20].
The code can be understood both in the circuit-based
model and by looking at the graph state version of it in
Fig. 1(a). Here we describe it in terms of the latter. In gen-
eral, a graph state is associated with a certain graph, where
each vertex represents a qubit prepared in the state |+) and
edges represent CZ gates. In the Floquet color code, data
qubits are situated at the vertices of a hexagonal lattice,
and check operations are determined by a coloration of the
lattice. All faces are assigned a color, such that no two adja-
cent faces share the same color. Edge colors are determined
by the color of the faces at either end of an edge, e.g., a
green edge connects two green faces. The check operators
of the Floquet color code are built up from two-body check
measurements defined by the colored edges [20].

These two-body measurements are performed in layers
corresponding to each color, i.e., first green, then red fol-
lowed by blue. Many rounds of measurement of a given
color can be combined into a stabilizer check of the color
code, with a +1 eigenvalue in the error-free case. This
in-plane connectivity is contained in the additional check
qubits [white circles in Fig. 1(a)] which are coupled to
the data qubits (black circles) involved in the check [11].
A qubit can be encoded into the cluster state and propa-
gates, e.g., from the bottom to the top layer by measuring
all qubits in the lower layers. From the measured check
and data qubits we can then extract syndrome information,
which allows us to correct errors.

A. Fusion-based quantum computation

To construct a fusion-based architecture out of such a
topological cluster state, the cluster state is first decom-
posed into an arrangement of smaller entangled resource
states and fusion measurements, called a fusion network
[2]. A fusion is a two-qubit entangling measurement, intro-
duced as a method of building cluster states in Ref. [21].
Type-II fusion gates, which we consider in this work, per-
form destructive joint Pauli measurements on two qubits.
For input qubits a and b, a fusion ideally measures the
commuting operators X, X}, and Z,Z; [2] with Pauli opera-
tors X /Z, thereby projecting them into a Bell state. This
is referred to as a {XX,ZZ} fusion. Here we are inter-
ested in optical implementations of fusion networks. Pho-
tonic qubits can be represented by two orthogonal modes
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Decomposition of FFCC lattice. (a) Cluster state for the FFCC lattice. In the measurement-based picture, all qubits are

measured in the Pauli-X basis to provide syndrome data for error correction. (b) The lattice is decomposed into a fusion network
consisting of six linear cluster states localized in one unit cell, with fusions applied along the horizontal edges. (c¢) Original FFCC
fusion network [11] where resource states (identified by different colors) extend into other unit cells and fusions connect different
layers. (d) Linear-optic circuit for a type-II {XX, ZZ} fusion and possible outcomes based on different detection patterns. Successful
fusions project two input qubits into a Bell state |1*), while fusion failure leads to single-qubit measurements. (e) Edge split rule is
used to decompose the FFCC lattice into (c). (f) Node split rule is applied to convert a qubit into fusions between two additional qubits.
When combined with X measurements on the neighbors, this results in (b).

encoded, e.g., in polarization, frequency, time bin, and
photon number. Dual-rail encoding, which uses the pres-
ence of a photon in either of the two orthogonal modes
as a qubit, offers loss-tolerance properties, which make it
appealing for FBQC [2]. With linear optics, fusion mea-
surements can be implemented on dual-rail qubits by a
simple four-mode circuit, with photon-counting detectors
on each mode [Fig. 1(d)]. This linear circuit performs
fusion measurement with 50% success probability. When
the fusion fails, measuring single-qubit operators Z, and Z;,
retrieves the Z,Z, outcome. Single-qubit gates can be used
to rotate the bases of these measurements, e.g., a Hadamard
on one of the input qubits results in a {XZ, ZX '} fusion, and
Hadamards on both inputs lead to a {ZZ, XX } fusion, which
retrieves XX upon fusion failure.

Fusion networks can be conveniently described in the
stabilizer formalism [22], where quantum states are rep-
resented as eigenstates with eigenvalue +1 of a set of
operators, e.g., the graph state in Fig. 1(a) is the eigen-
state of a set of operators X; ]_[ en: Zj, where i is the qubit
index, and  is the nelgborhood of qublt i, which refer to
all qubits connected to it by an edge in the graph. In the
fusion-based picture, fusion measurements and resource
states can both be represented by subgroups of the Pauli
group, denoted F and R, respectively. F is the set of oper-
ators measured by all fusions, and R is the stabilizer group
of all resource states [2]. The intersection of these two
groups gives the surviving stabilizer group C:="RNF

[2], a group of check operators that return a 41 eigen-
value in the absence of errors. Errors in the resource states
or fusion measurements that anticommute with elements
of C result in negative eigenvalues for one or more check
operators.

The set of eigenvalues of check operators is called
the syndrome, and is interpreted by a decoder for error
correction in FTQC.

B. Constructing fusion networks from lattice
decomposition

Our method for constructing a fault-tolerant fusion net-
work is to decompose a cluster state into simpler resource
states using the concepts of edge split and node split.

An edge-split rule is constructed by noting that a
{XZ,ZX} fusion is equivalent to a CZ gate between the
qubits involved in the fusion, before both qubits are mea-
sured in the X basis [Fig. 1(e)]. For any edge in a cluster
state, we can apply an edge split, introducing a fusion mea-
surement, and assert that a {XZ,ZX} fusion will recover
the same stabilizer group as the cluster state protocol, up
to Pauli frame updates due to the measurement outcomes.
For node splits, an equivalence is identified between the
measurement of a cluster state node in the X basis and a
{XX, ZZ} fusion between two nodes that are introduced at
the same site. One of the new nodes is connected to a sub-
set of the neighbors of the original node, with the other
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connected to the complement, as shown in Fig. 1(f). A sim-
ilar concept of node splitting was introduced in Ref. [23]
but not in the context of fusions.

The proofs for both rules are provided in Appendix A.
In general, these decomposition rules can be systematically
applied to any cluster state until target resource states are
obtained. Any remaining qubits that do not take part in
fusion gates have implicit X measurements on them, and
so we follow Refs. [2,11] and directly prepare the resource
states where these qubits have been projected onto |+).

To obtain the synchronous FFCC fusion network in
Fig. 1(b) from decomposition of the FFCC lattice, we
first apply a node split on each check qubit of the lat-
tice [white circles in Fig. 1(a)] and replaces it with two
qubits, which are measured by a {XX,ZZ} fusion. Next,
since the two qubits (black) that were connected to the
check qubit prior to the node split do not participate in
fusions, we consider them as “virtual qubits” that are not
generated by actual hardware, but are rather assumed to
be measured in the X basis resulting in 4+1 outcomes. X
measurements on these qubits remove them from the graph
and have their neighbors connected, then add Hadamard
rotations on the neighboring qubits, which participate in
the {XX,ZZ} fusion (Appendix A). As such, the fusion
failure basis is switched to XX . This results in a fusion net-
work consisting of linear cluster states shown in Fig. 1(b),
which we refer to as “synchronous FFCC,” where qubits
on the same layer can be simultaneously generated. As we
shall describe later, this synchronicity allows for the use
of RUS fusions, providing significant practical advantages
for the implementation and noise tolerance of this scheme.
As a comparison, the original FFCC fusion architecture
[Fig. 1(c)] was constructed using edge splits.

Another important advantage of the synchronous FFCC
network is that resource states remain spatially local and
interact with only three neighboring states. For resource
states generated by quantum emitters, this feature ensures
that routing requirements for photons from different emit-
ters remain constant with the size of the computation
(Fig. 2), in contrast to the original scheme.

III. RESOURCE STATE GENERATOR

In Ref. [3], Lindner and Rudolph proposed a simple
protocol for the generation of photonic resource states by
utilizing spin states of a single quantum emitter and pho-
ton emissions [Fig. 3(a)]. The protocol requires a quantum
emitter capable of generating single photons on demand,
where photon emission is conditioned on the state of the
emitter. This is possible using, e.g., an A-type level struc-
ture [Fig. 3(a)] or a four-level system with degenerate
closed optical transitions [3], with emitter spin ground
states |0) and |1). Hadamard gates are applied to the spin
to coherently transfer from |0) (|1)) to |+) (]—)), where
1+) = (10) £ [1))/v/2.

<7 T
Time
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Koo 4 $
L ] < ‘ ] ®
° é [ ] ® ® 3rd
l 24 04
*e ¢4 "
[ [ ] ‘ [ ] l
[ Y [ ] i ® 1% layer
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(] [ 3 [ )
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L ] e
RS,

FIG. 2. Fusion network for synchronous FFCC. Resource
states (RSs) are generated by an array of quantum emitters (red
circles). Fusions (yellow) are performed between photons to
obtain pairwise parity checks (cyan wavy lines) layers by layers.

To generate an n-photon linear cluster state, the protocol
proceeds as follows:

(1) Prepare the emitter in the superposition state |) =
I-4+) = 1/4/2(10) + [1)).
(2) Repeat the following steps n times:

(a) (b)

Linear chain

I+) — 4

|04> | N Z—— 4

|03) ] 3
2
1

Quantum emitter

[02) ¢
01)

Encoded linear chain

+) {H]} H}- o«
[04) — & *&4
|0s) «°
[02) ﬁz
[01) »

FIG. 3. Generation of photonic resource states with a quantum
emitter. (a) Schematic of one possible energy-level structure of
the emitter to generate time-bin photon entangled with its spin.
A photon is emitted (blue wavy arrow) upon optical excitation
(orange) of the |0) — |e) cycling transition. A time-bin encoded
photon is generated by two optical excitations of the transition
interleaved with a spin 7 rotation [24]. Hadamard gates are
implemented by coherently controlling the emitter ground states
(red). (b) Quantum circuits to generate linear and encoded linear
chain states.
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(a) Optically excite the emitter to emit a photon
in state &g |@) or &T |#) entangled with the spin

states: |) — 1/+/2(10) &) + (1) al) 19);
(b) Perform a Hadamard gate on the spin: |¢) —

1/V2(+) 8 + =) a}) 19);
(3) Measure the spin in the computational basis.

This prepares the n-photon linear cluster state up to a Z
rotation on one of the photons, dependent on the measure-
ment outcome. Depending on the choice of qubit encoding,
there are different approaches to implement step (2) (a). For
time-bin encoding [Fig. 3(a)], it is equivalent to applying
two optical excitation pulses separated by a spin -rotation
pulse [24,25]. An equivalent quantum circuit for a linear
cluster state or chain is shown in Fig. 3(b). In this picture,
the protocol proceeds via a sequence of Hadamard and
controlled-NOT gates, where the emitter acts as the control
qubit and the target (photonic) qubits are initialized in |0).
An encoded linear chain state can also be generated by a
single emitter, where each qubit is redundantly encoded in
m photons [17]. As shown in Fig. 3(b), this is done by omit-
ting some interstitial Hadamard gates on the emitter in step
(2) (b) of the circuit, which generates a linear chain with
each encoded qubit (gray dashed circle) in an m-photon
repetition code [17]. In the graph state picture, these addi-
tional photons can be described as branches on the linear
chain. This encoding is essential for improving the loss
and fault tolerances of the fusion-based architecture, as we
shall cover in Sec. VL.

IV. FAULT TOLERANCE UNDER
MEASUREMENT ERRORS

Before incorporating physical noises from quantum
emitters into the architecture, we first investigate the
fault-tolerant properties of the synchronous FFCC fusion
network, where a phenomenological noise model is intro-
duced for fusion measurements. In this model independent
and identically distributed (IID) errors and erasures occur
on each fusion outcome with probabilities pey and peras,
respectively.

For synchronous FFCC, each fusion outcome con-
tributes to two checks, for the primal and dual lattice,
respectively [11]. From here a syndrome graph can be
constructed. It has a degree of 12, with each check con-
sisting of six XX and six ZZ outcomes. The decoding
process consists of two steps: First, for lost measurement
outcomes due to fusion erasures, we adapt methods out-
lined in Ref. [26] to merge checks and construct supercells,
which have higher weight but depend only on measure-
ments that have not been erased. The syndrome graph is
then modified with the newly merged cells, and a new log-
ical correlation operator is found [11]. If such an operator
cannot be found, this leads to a logical erasure. Second,

with the modified syndrome graph, we use the minimum-
weight perfect matching (MWPM) decoder implemented
with Pymatching [27] to find a minimum weight correction
to the given syndrome. If the correction results in a flipped
logical correlation operator, this constitutes a logical error.

Simulations are performed by Monte-Carlo sampling of
different configurations of fusion error and erasure. For
each data point, Nyius = 10* trials are used to estimate
the logical error rate R = Ngyj1/Nyials, Where Ng; is the
number of trials when the decoding fails due to either
logical errors or erasures. The lattice is simulated using
periodic boundary conditions, as we are interested primar-
ily in the behavior of the bulk. To identify the region of
fault rates that can be corrected by the architecture, we lin-
early parameterize pey and perys by an error parameter x,
and calculate logical error rates for various lattice sizes L
as x is varied.

Figure 4(a) shows an example of simulated logical error
rate as a function of lattice size and error parameter x,
where the threshold occurs at (Per, Peras) = (0.8%, 1.8%).

—_
']
f=

Logical error rate

0.0 0.2 0.4 0.6 0.8
Error parameter x

G

0.12 -

0.10 7
0.08 1
0.06 1

0.04 1

Fusion erasure rate

0.02 1

0.00 L +—+——"r——F1——+———1———m
0.000 0.002 0.004 0.006 0.008 0.010
Fusion error rate

FIG. 4. FFCC lattice performance. (a) An example of thresh-
old estimate by sweeping x to change the fusion error and
erasure rates, with pe;; = 0.0027 + 0.014x and per,s = 0.0148 +
0.0082x. The logical error rate is computed for various lattice
sizes L. The threshold x* = 0.392 corresponds t0 (Perr, Peras) =
(0.8%, 1.8%). (b) Shaded region represents the fault-tolerant
region for synchronous FFCC fusion-based architecture, where
errors can be reliably corrected. The solid curve is a polynomial
fit to guide the eye.
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From the intersection between error curves, we extract the
threshold value of the error parameter x*, below which
errors can be arbitrarily suppressed by increasing the lat-
tice size. The fault-tolerant region for synchronous FFCC
is shown in Fig. 4(b). The marginal fusion error thresh-
old is found to be 1%, and the marginal fusion erasure
threshold is 11.9%, in line with previous proposals based
on similar decompositions [11].

V. PHYSICAL ERROR MODELS

In this section we introduce various physical error
and loss models into the generation of resource states
with quantum emitters, which give more insights on the
fault-tolerant properties of the synchronous FFCC fusion
architecture in a realistic implementation.

A. Photon loss and distinguishability between emitters

Photon loss is the dominant failure mode of photonic
devices, and can be caused by imperfect photon extraction
from the quantum emitter, propagation loss in optical ele-
ments, and photodetector inefficiency. For a type-II fusion
gate, loss of either of the two input photons [Fig. 5(a) (1)]
results in the erasure of both measurement outcomes.
Importantly, because the type-II fusion requires two detec-
tions, this erasure is heralded. Here we bundle all forms of
loss into one parameter 1, which represents the end-to-end

(a)
Photon aé 4* < :?ai X '

|0y —

® ., <

(i) (i)

(b) .

Photon b { )

-

N
N
=

+) e{Hfe - A
|04> % 4"&‘”}
|03) SPA D = 3l
02) rx——— zﬁ
) L

FIG. 5. Physical noises considered in the architecture analysis.
(a) Linear-optic type-II fusion with photon noises. (i) Loss in one
of the photons leads to fusion erasure. (ii) Distinguishable pho-
tons generated by the emitter do not interfere and lead to both
fusion erasure and errors. (b) Example of spin error propagation
into photon errors in the generation of redundantly encoded lin-
ear cluster states. A spin-flip error (denoted by X gate, dashed
line) in the circuit leads to a X error on photon 2, and a Z error
on photon 3, which is equivalent to having a X error on photon
1, up to stabilizers.

efficiency. To the first order, a finite multiphoton compo-
nent g > 0 in one of the input photons also leads to
erasure of both measurement outcomes, as it would cause
(n > 2)-fold coincidence detection events in the fusion. In
this work we neglect the effect of this error as we expect
it to be less prevalent than photon loss, but as tolerable
loss rates are increased, it will be important to incorporate
second-order effects induced by the combination of g? >
0 and loss.

For FBQC, high-fidelity quantum interference between
photons from different emitters is required, since pho-
ton distinguishability limits the Hong-Ou-Mandel (HOM)
interference [28] required to perform successful type-II
fusion gates. For imperfect quantum emitters in an inho-
mogeneous magnetic environment, we may expect the
spectral profile of emitted single photons to be time vary-
ing, or mismatched between two sources, such that inter-
fering photons are partially distinguishable [Fig. 5(a) (ii)].
For a {XX,ZZ} fusion, partial distinguishability causes a
Z error on the successfully projected Bell state with rate
(1 = V)/4, where V is the HOM dip visibility [29,30].
Fusion error and erasure rates due to photon distinguisha-
bility are calculated analytically, and verified by simula-
tions using the one-bad-bit model [29]. It is important to
note that for simplicity we have not considered photon
distinguishability from the same emitter. In principle, a
finite distinguishability induces measurement errors in ZZ
outcomes obtained from fusion failure.

B. Spin errors during resource state generation

During resource state generation, spin-flip (denoted by
T, time) or dephasing (spin coherence time 73) errors
may arise owing to an imperfect quantum emitter, which
then propagate through the generation circuit and mani-
fest as photonic errors in the resulting state. The noise
accumulated during resource state generation may have
correlations that are not well captured by an IID error
model, so circuit-level noise modelling is important.

We model spin noise with a depolarizing channel where
stochastic single-qubit Pauli X, Y, and Z errors are applied
to the emitter spin during state generation, with proba-
bilities py’ = p\ =py’. In general, the relaxation and
dephasing of a quantum emitter due to its coupling to a
Markovian noise bath can be modeled by a Pauli error
channel [3,18], where p = p\¥ £ p%¥ with T, < 277. In
the simulation, we sample spin errors from the Pauli group
P ={l,X,Z,Y} at each step during state generation with
probabilities {1 — p©@,p® /3, p® /3 p© 3} where p© is
the depolarizing error probability. Therefore, for a Marko-
vian noise model we have p®/3 = 1[1 — exp(—1/T>)]
[18] where T is the time required to generate a photon.
We note that a depolarizing channel, where 7, = Ty, is a
worst-case assumption for the noise allowing us to infer a
lower bound on the threshold for 75 from p®. A mapping
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from spin to photonic errors is constructed by propagat-
ing these errors through the circuit using the identities
CnoTX @ DCror =X ® X, CnoT(Z® DCxyr =Z ®
I and HXH = Z, where the spin (each photon) is initial-
ized in [+) (|0)). The CnoT gate “copies” X errors from
the spin onto the photon, whereas Z spin errors remain as
single-qubit errors. A Hadamard gate exchanges the error
type and prevents X errors from proliferating across the
whole resource state. By considering the stabilizer group
of the resource state, a set of photon errors on the result-
ing state can be obtained, as two sets of Pauli operators that
are equivalent up to stabilizers will give the same stabilizer
measurement outcomes [22]. Given that the photon is ini-
tialized in |0), a Z spin error before a Cnort is equivalent
to a single Z errors on the emitted photon. Similarly, a ¥
spin error before the Cnot 1S converted into a X spin error
and a Y error on the generated photon [3].

As an example, we now consider error propagation in a
redundantly encoded linear cluster state [Fig. 5(b)], which
is the resource state for synchronous FFCC. Here a spin
X /Y error generally leads to a mixture of photon X /Y
and Z errors, depending on when the error occurs. For
instance, a spin X error occurred after the first emitted
photon will lead to X errors on all subsequently emit-
ted photons of the current branch i, as well as a Z error
on the first photon emitted in the next branch j. There-
fore, a X spin error appeared in one branch is correlated
with a Z photon error in the next generated branch. In
Fig. 5(b), since the encoded linear cluster state |1eqc) is
stabilized by the generatorX Z = X1 X,Z; with a local rep-
etition code described by Eq. (1), we have X373 |Wenc) =
X Z5X; Z [Venc) = X1 |Wene), €quivalent to applying a X
error on photon 1.

VI. LOCAL REPETITION CODES

Code concatenation is frequently used in quantum error
correction to suppress errors, at the price of increased qubit
count and more complex decoding schemes. In Sec. IV we
have shown that our baseline architecture can tolerate mod-
erate levels of hardware imperfection. Here we explore
whether we can increase the robustness of this architec-
ture by employing a simple code concatenation scheme for
the resource state.

Specifically we consider a redundantly encoded linear
cluster state, where each qubit is encoded in an m-photon
Z-repetition code, with logical operators and stabilizers &
of the local code given by

S =(ZZ)],, X =Xx®" Z=2Z. (1)

This code is natively generated on each qubit of the lin-
ear cluster state by the resource state generation protocol
described in Sec. III by omitting Hadamard gates.

A. Encoded fusion with repetition codes

With a local encoding, the physical fusions are substi-
tuted for encoded fusion measurements. For an m-qubit
repetition code, the fusion group JF associated with an
encoded fusion between two qubits a and b, is

F = (XoXp, Z,Zp) <®Xa]kaaZa1Zb1> (2)

\/ k=1

where a; refers to the jth physical qubit in the encoded
qubit a. These operators can be recovered by performing
fusions transversally [Fig. 6(a)], such that each qubit from
one code undergoes a physical fusion with its equivalent in
the other. For synchronous FFCC, we seek to perform log-
ical {XX,ZZ} fusions on qubits encoded in a Z-repetition
code of size m. In order to recover the XX outcome, all m
physical XX outcome must be obtained [Eq. (2)], but for
ZZ a single physical ZZ outcome is sufficient. As such, it
is beneficial to perform rotated physical fusions on each
pair of physical qubits, which measure XX and ZZ on
success, and recover the XX outcome upon fusion failure
(Sec. I A). In this manner, the XX outcome is protected
by the choice of physical fusion, while ZZ is protected
by redundancy of the repetition code. The probabilities of
errors and erasures on fusion outcomes using a repetition
code with fixed code size (REP) are calculated analyti-
cally in Appendix B. We employ a simple majority-voting

(a) REP (static code size)

|
Fusion -— Q

failure Time
. Lossi_/

~ r N

) )

1st 2nd st 2nd

Biased in ZZ

FIG. 6. Encoded fusion protocols. (a) With a static repetition
(REP) code size of m = 3, an encoded fusion equates to applying
m transversal physical fusions between encoded qubits of each
resource state. (b) Repeat-until-success (RUS) encoded fusion
performs a minimal number of physical fusions to recover one
or two measurement outcomes. If the first physical fusion fails,
another pair of photons is emitted for a second attempt. If one of
the photons is lost, the next fusion will be biased in ZZ [10] to
guarantee an outcome in ZZ.
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decoding strategy for errors on the £ nonerased ZZ out-
comes, such that | (k — 1)/2] errors can be corrected. The
Z-repetition code offers no tolerance to Z error, so the
error rate on the XX outcome, provided it is not erased,
is the probability of having an odd number of erroneous
XX outcomes.

B. Repeat-until-success encoded fusions

It is well known that adaptivity in physical fusion mea-
surements can greatly improve the recovery probability for
encoded fusion outcomes over static methods [13,14,16].
So far we have considered encoded fusions with a fixed
number of physical fusions m defined by the repetition
code, but a more resource-efficient approach is possible
using a repeat-until-success (RUS) fusion. This can be
thought of as a variable-size repetition code, where we only
generate the minimal size of code required to achieve an
encoded fusion.

The central idea of RUS encoded fusion is to terminate
further fusion attempts when one of the following condi-
tions is met: (1) both XX and ZZ outcomes are recovered
from prior attempts, (2) only ZZ is recovered, or (3) a
maximum number of attempts N is reached. This reduces
the risk of a photon loss erasing the XX outcome, and
the smaller average code size m reduces the impact of Z
errors. If a loss occurs in a prior fusion attempt, XX is no
longer recoverable, and the failure basis of the next phys-
ical fusion is switched to ZZ [10] to recover ZZ with high
probability [Fig. 6(b)].

RUS fusion between two resource states is implemented
by an emit-and-measure scheme, where both emitters
sequentially emit photons to be fused until one of the above
conditions is met. This means that we only generate the
minimum required number of photons and are thus less
susceptible to photon loss, but we note that the adaptiv-
ity in measurement also comes with higher demands for
the hardware, which now needs to condition the control
fields on the measurement outcomes. Furthermore, RUS
fusion places scheduling constraints on the order of lat-
tice fusions, which are most simply satisfied by requiring
that fusions occur between qubits on the same layer of
the lattice (Fig. 2). This means RUS fusion is applicable
for synchronous FFCC, but is not possible in the original
FFCC construction [Fig. 1(c)].

The probabilities for different encoded fusion outcomes
of a single RUS fusion under photon loss and errors can
be analytically derived, see Appendix B. Using these ana-
lytical expressions, encoded fusion outcomes are sampled
to obtain a syndrome graph for calculating fault-tolerant
thresholds.

VII. FAULT-TOLERANT THRESHOLDS

The loss-tolerance thresholds are presented in Fig. 7(a),
for various code sizes m for REP and maximal number
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FIG. 7. Loss and indistinguishability thresholds. (a) Photon-
loss threshold as a function of the number of fusion attempts
per encoded fusion (m for REP and N for RUS). Red solid
circle represents RUS with N reattempts when emitters are
reinitialized on the previous layer of fusions. (b) Indistinguisha-
bility between photons from different emitters required for fault
tolerance, assuming no photon loss.

of physical fusion attempts N for RUS. The highest REP
loss threshold obtained is £ = 2.29% for m = 5. For RUS
encoded fusion, we observe that £ improves significantly
as the number of maximally allowed fusion attempts N
increases, achieving ¢ = 7.4% with N = 10. £ can be fur-
ther improved to 8%, by using a strategy where additional
N reattempts of RUS are allowed with both emitters reini-
tialized from the previous layer of encoded fusions. This
trick stems from the observation that a biased physical
fusion requires performing single-qubit Z measurements
on both photons to generate the ZZ outcome. Since the
emitted photon and its entangled spin share the stabilizer
ZZ, measuring the photon in Z effectively projects the spin
in Z basis, which reinitializes it. If two emitters were reini-
tialized from the previous layer of encoded fusions, they
are detached from any correlations and hence N additional
reattempts of RUS can be applied to make the next encoded
fusion near deterministic (Appendix C).

In the absence of loss, the RUS distinguishability
threshold continues to increase with N, but saturates at
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V' =95.9% [Fig. 7(b)] when N = 10, whereas REP can
tolerate V' = 92% with m = 10. The reason for the differ-
ence in thresholds is that photon distinguishability between
emitters introduces a X error in the rotated fusion gate
assumed for these encoded fusions, which is well toler-
ated by the repetition code through majority voting. This
strategy is not available using RUS fusions, which are ter-
minated once the first ZZ outcome is obtained, thus leading
to the difference in thresholds observed here.

For thresholds under spin noise, simulations are per-
formed in two steps: (1) the encoded fusion outcomes
are sampled without photon loss. With only fusion fail-
ure Pgii = 50%, RUS results in either (i) XX, or (ii) both
XX and ZZ outcomes. (2) For each encoded fusion that
ends up in case (i), all physical fusions failed thus m = N.
For case (i), the number of fusion attempts m < N is sam-
pled according to the probability (1 — Pgi) Pgy; A list of
values of m is then obtained and used to extract encoded
fusion errors based on a presampled list of photon errors
originated from spin noise during resource generation (Sec.
V B). It is important to note that the simulation only
accounts for spin decoherence of the two emitters involved
in the current encoded fusion, whereas other emitters are
assumed to be perfectly coherent during the RUS gate.

Figure 8(a) plots the simulated spin Z error threshold
with the number of fusion attempts per encoded fusion,
with p,(f) = p,(,s ) =0. We observe that for spin errors
occurred during the generation of encoded linear chains,

the RUS threshold increases up to pés) =0.59%atN =10

whereas for REP it peaks at pg) = 0.19% then steadily
decreases to 0.095%. As discussed in Sec. VB, a spin Z
error will localize as a Z error in the next emitted pho-
ton. For REP the number of fusion attempts m is fixed,
such that when m grows the probability of flipping XX
also increases, and this leads to the decreasing threshold
for high m. In the limit of low m, however, the fusion suc-
cess probability increases with fusion attempts, resulting
in a more connected and hence more robust lattice, with
an optimal threshold at m = 5. For RUS, most encoded
fusions terminate in a few attempts assuming no pho-
ton loss (Appendix B), so that only Z errors occurring in
the photons emitted during those attempts contribute to a
flip in XX. As a consequence, the spin Z error threshold
saturates as we increase N.

For spin depolarizing error [Fig. 8(b)], both thresh-
olds again increase for the low number of fusion attempts
thanks to a better connectivity of the graph as explained
above. The RUS (REP) threshold peaks at p® = 0.2%
(0.125%) then gradually decreases. This can be understood
by first considering the propagation of spin X /Y errors dur-
ing resource state generation into photon errors, before
mapping these photon errors to encoded fusion errors. A
spin X /Y error occurred while generating the first £ < m
photons in an encoded qubit will lead to X /Y errors in
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FIG. 8. Spin error thresholds. (a) Spin Z error threshold pg) as
a function of the number of fusion attempts per encoded fusion
(m for REP and N for RUS), with p,@ :p)(f) = 0. (b) Spin
depolarizing error threshold p® where each spin Pauli error
probability is identical: p)((s) =p¥) =p§) =pW/3,

the subsequently generated m — k photons [31], as well as
a Z photon error on the first photon of the next encoded
qubit (Sec. V B). This implies that the probability of flip-
ping the ZZ outcome (hence ZZ) increases with the number
of fusion attempts, since a larger m results in a greater
probability of X /Y spin errors within an m-photon encoded
qubit. Both error thresholds therefore reduce at higher val-
ues of m/N. Moreover, for REP, majority voting becomes
ineffective at correcting the erroneous ZZ outcome due to
a high weight of X' /Y errors from a single spin error.

In practice, the above considered errors will likely be
present simultaneously during computation. In Appendix
D, we have considered a combination of photon loss, dis-
tinguishability and spin depolarizing errors, and simulated
the corresponding fault-tolerant region using RUS fusions.

VIII. DISCUSSION

We have proposed a fusion-based quantum computing
architecture tailored to quantum emitters, which is highly
resilient to both photon loss and qubit errors, including
photon distinguishability between different emitters and
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decoherence in spin-photon interfaces. The only resource
state required in the architecture is a redundantly encoded
linear cluster state, which can be deterministically gener-
ated from a single quantum emitter. The presented high
loss threshold of ¢ = 8% originates from decomposition
of the FFCC lattice in which all fusions on the same
layer of the lattice (Fig. 2) can be applied simultane-
ously, thus enabling a repeat-until-success (RUS) strat-
egy. For photon distinguishability between emitters, RUS
fusions allows a distinguishability threshold of 4%, close
to what is already achievable from state-of-the-art quan-
tum emitters (7%) [32]. Encouragingly, since this error
only manifests as a photon X error for rotated physical
fusions, biased decoders could be used to further improve
the threshold [33].

Markovian spin noise occurred during resource state
generation is modeled by a depolarizing channel with spin
error probability p® per photon generation time 7. Our
architecture can tolerate p® = 0.15%, which translates
to a required spin coherence time of 7, = 5007, already
below the spin coherence times [34] for some quantum
emitters used in, i.e., spin-photon entanglement sources
with an inherent spin-echo sequence [8].

Photon loss still remains to be the primary bottleneck
for FBQC, with the highest demonstrated outcoupling effi-
ciency currently limited to 71% [35]. However, recent
experimental breakthroughs in photonic hardware [36,37]
and further architectural optimizations hold promise to
bridge this gap. For instance, deterministic entanglement
between two emitters is possible by attempting RUS
fusions between their respective coupled emitters, fol-
lowed by entanglement swapping upon fusion success.
This would significantly improve the encoded fusion suc-
cess probability and hence its resistance to photon loss
[15,38]. A detailed comparison between the aforemen-
tioned thresholds and current experimental capabilities is
provided in Appendix E.

Our analysis provides the foundations for capturing
realistic errors during resource state generation in emitter-
based FBQC architectures. Further study will explore more
detailed noise models including hardware-specific error
processes, such as imperfect Raman pulses [5], finite opti-
cal cyclicity [8] and non-Markovian spin noises relevant to
photon emitters [39].

While architectures with RUS fusions demonstrated
greater tolerance to loss and spin errors than that with
REP (static repetition code) fusions, they may also be more
experimentally demanding. For RUS fusions between two
resource state generators, no fiber delay is required, but
the failure basis needs to be adaptively switched based on
the previous physical fusion outcome. In the REP archi-
tecture, fusions on the same layer can in principle be
performed synchronously with less resource state gener-
ators through interleaving [40]. However, this requires
additional fiber delays, which, in combination with the

lower loss threshold (¢ = 2.3%) of the REP architecture,
can pose significant challenges.

Despite these experimental hurdles, the synchronous
FFCC architecture requires only a fixed number of opti-
cal switches per resource state generator, independent of
the lattice size. This is in contrast to the original FFCC
architecture [11], which requires an increasing number
of switches for fusions between different resource states
at larger lattice sizes, as the resource states percolate
across multiple unit cells. The practical implementation of
these architectures will be a key focus for future research
directions. Our work, therefore, creates a clear path for
further development of both quantum photonic hardware
and fusion-based architectures leveraging deterministic
quantum emitters.

Note added. Recently, we became aware of a simi-
lar work investigating photonic fault-tolerant architectures
with quantum emitters [41].
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APPENDIX A: PROOF FOR EDGE AND NODE
SPLIT RULES

In this section, we provide proofs for the edge and node
split rules using stabilizer formalism. We then show how
the node split rule is applied to decompose the FFCC lat-
tice in Fig. 1(a) into the synchronous FFCC fusion network
in Fig. 1(b).

j i i i
Mx My T

FIG. 9. Edge split. My is a X measurement performed on the
black qubit. Pink bar represents a {XZ, ZX'} fusion.
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Edge split rule is constructed based on the equivalence between a {XZ, ZX'} fusion and a CZ gate between the two
qubits involved in the fusion, before they are measured in the Pauli-X basis. It can be applied to any two qubits connected
with a common edge. In Fig. 9, we consider a general case where each of the qubits involved (1 and 2) is connected to an
arbitrary graph.

To show the equivalence of two graphs shown in Fig. 9, we compare their stabilizer generators after measurements. For
the LHS, the stabilizer generators associated with qubits 1 and 2 are as follows:

*
Stns = (XiZnvp\@21 22, (X ZnmZikjenzs X2Znop\inZis AXiZni 1 Zabiens\i1y)
X *
= X ZyvinZidjeninizys ZnopmZ, (XiZap\ 21 XiZnp 2y tienm\1y) ® (X2)
X
S UZp X Z e Zvin@XiZa e lievsn) ® (o) ® (X)), (Al)

where Zy;\ iy = ]_[j en\(ky Z 18 the tensor product of Pauli-Z operators on all neighboring qubits N; connected to qubit
i, but excluding the Z operator on qubit &. The symbol (x) indicates that the stabilizer generator anticommutes with
measurement in the subsequent step and is thus picked to construct a new list of post-measurement stabilizer generators
[43]. For simplicity, we assume that all measurements are deterministic and give positive outcomes. A negative outcome
only changes the sign of stabilizers. The curly bracket {S; };ca:\ () includes all stabilizer generators S; of qubit j where j
belongs to a set of neighbors of qubit i excluding qubit £.

For the graph on the RHS, the relevant stabilizer generators evolve as

*
Srus = (X1 Zn\ 12 (X ZnpinZijenys XoZno\iZis AXiZnin21 22 bieny )

Z1 Xy *
—5 X ZyonZiYjeny s XoZnoinZis (X Za Zn Y2 KiZnp\ 2y Yieny ) © (21 Xyr)

X1 Zy
=5 ({Zny 02X Zag\ (1)} ey 12N G XiZa @y bieny ) © (ZiXy) ® (X1 Zy)

= ({Zny\y X Znnylien2ys (22 XiZap ey tieno\iny) @ (Zv X)) @ (X Zy), (A2)

which gives identical stabilizer generators as in Eq. (Al). The equality in the last step results from the fact that the set of
neighboring qubits Ny, (NVy) is equivalent to the set N \ {2} (N> \ {1}). X1Z> and Z;/ Xy are measurement operators for
a successful {XZ, ZX'} physical fusion on qubits 1" and 2'.

Node split rule states that measuring a qubit of a cluster state in the Pauli-X basis is equivalent to applying a {XX, ZZ}
fusion (yellow bar in Fig. 10) between two additional qubits introduced to the same node of the graph.

The graph on the LHS is stabilized by generators, which change after measuring qubit 1 in the X basis:

*
Sins = (Xi1Znys KiZnoyZy, XiZnpninZis AXeZni ZiYkeni\iiy)
X,
= (Znys X Znp\nXiZnp1ys X Zn 0 X S ken i) © (X1). (A3)

Similarly, for the RHS,

*
Srus = X1,Zn 112> K Znp\(aZias X Znin 1021 Y keni \G)s
Xi,Zni\irZis XiZwiniip) Z1ys AXEZN (1) 21 keni, Vi)

Zlazlb %
— (XiZnaZies XZnnniaZiadken \Gys X1:X1,Zn N1 2 2N\ iy Zis

XiZnapZiys X1,y 21, ken i) ® (21,21,,)

Xlath
— (X Zy\ 0 XeZniia ke b1 Zai )2 2N\ s

X Zn\ 1 KiZniving)s X Zn\ X2y ke, i) © (Z1,21,) ® (X, X1,)
= (Zny> KjZn\in XKy X5 Za (0 Xy Skeni\.y) ® (Z1,21,) @ (X1, X1,). (A4)
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FIG. 10. Node split. Qubits i and j are included to show equiv-
alence in the surviving stabilizer group between both graphs.

The equality in the last step originates from (1) Zy, =
Zn,,Zx,,» and (2) the set of qubits in N1} N\ {1))
of the LHS is identical to the set ; \ {1} (NV; \ {1,}).

1. Decomposition into synchronous FFCC fusion
network using node splits and X measurements

The decomposition can be understood in two steps:
First, apply node split to every check qubit (white circle)
of the lattice in Fig. 1(a). Next, X measurements are per-
formed on two neighboring qubits previously connected to
the check qubit.

In Fig. 11 we visualize the decomposition process in
the graph state picture. We begin with a ladderlike graph
in the FFCC lattice. As described in the main text, in
the measurement-based model, all qubits including data
(black) and check qubits (white) are measured in the Pauli-
X basis to propagate information from bottom layers to the
top. Since we are interested in the graph transformation
in the vicinity of the check qubit i, only X measurements
on its neighbors (qubits 2 and 6), which are relevant to
the transformation are shown in the first graph of Fig. 11.
The idea of decomposition is to split the ladderlike graph
into a fusion between two simpler states, i.e., linear cluster
states. Therefore, we choose to split qubit i into two addi-
tional qubits, instead of its neighbors. Using the node split
rule in Fig. 10, we obtain the second graph with additional
qubits 4 and 8, which is equivalent to a fusion between
two branched chain states followed by X measurements
on qubits 2 and 6.

Next, instead of applying node split again, these X mea-
surements are performed to transform the graph into two
linear cluster states, with Hadamard gates on both qubits
4 and 8, as shown in the third graph of Fig. 11. These

; Node split
Mx
Mx Mx o Mx My — H H

FIG. 11. Graph decomposition using node split and X mea-
surements. Here we consider the decomposition of a section of
the FFCC lattice into a fusion between linear cluster states. First,
the check qubit (white) is split into qubits 4 and 8, which will
undergo a {XX, ZZ} fusion. Second, X measurements on qubits
2 and 6 remove them from the graph and connect their neighbors,
with a Hadamard gate on each of the neighbors.

Hadamard gates do not change the fusion measurement
outcomes and only alter the fusion failure basis. The graph
transformation under a X measurement can be verified
similarly. After measuring qubit 2 in X in the second graph
of Fig. 11, the stabilizer generators of the left branch chain
state become

*
S = (X1 ZoZn\2ys X221 2324, X3ZoZniy\ 2y, Xao)

X
= (XiXaZn\ 2y, 212324, X3X4Zpp\(2))

= Hy (X1 ZsZni\2)> Z123Xa, XaZaZnip\2))],  (AS)
which is indeed identical to a linear cluster state with a
Hadamard rotation on qubit 4.

Therefore, repeating the above steps on all other check
qubits in Fig. 1(a), we obtain the synchronous FFCC fusion
network depicted in Fig. 1(b). It is important to emphasize
that during resource state generation, these X measure-
ments are not implemented, i.e., they are effectively virtual
measurements that always give +1 outcome. As a result
of the equivalence depicted in Fig. 11, it is only neces-
sary to generate linear cluster states and perform fusion
measurements. In other words, the synchronous FFCC
fusion network is equivalent to the FFCC lattice in the
measurement-based model, where these X measurements
are always successful resulting in the +1 outcome.

As a final check, the equivalence between the first and
third graphs in Fig. 11 is verified by comparing their
surviving stabilizer groups:

*

Sius = XiZyv\y22, X021 223, XaZnip\2y22, XiZoZs, XeZsZiZq, XsZpis\16)Z6, X1Znr\(6)Z6)
Xi *
—> (XiZnp\py22, X3Zn\i2y22, 2226, X2Z123X6 2527, XsZns\i6)26> X1ZN\(6)26) @ (Xi)
X

*
— (X1Znp\ 23 X320\ (21, X122y Lo, 2123 X6Z527, XsZnis\i6)26> X712\ (6)26) Q@ (Xi) ® (X2)

X,
= X Znn\ X Za 2y 21237577, XiZa @ XsZs\(6)s XiZap X7 2 o) © (Xi) © (Xa) ® (X). (A6)
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*
Srus = (X1Zn\4)Z4, XaZ1Z3, X3Zniy\j4)24, XsZpig\(8y23y XsZsZr, X7Zni\(8)23)

X4 X3

*
— (X421 Z3, XiZnp\sy X Zn\(4)> Xt 2\ XsZnis\i8)2a 28, XsZsZy, Xi1Zn\ (a3 X1Znr\(8)2425) @ (X4 X3)

VAVA

—> (X1 Znv\@a1 a2\ 14y, XiZnp\ayXsZns\i8)y> 212432527, X1 Zap\ayX7Zam\8)) @ (XuXg) ® (Z4Zs),

where Zy;\2) (Zas\(6)) in the first graph is identical to
ZNI\{4} (ZN7\{8}) in the final graph.

APPENDIX B: ERASURE AND ERROR RATES OF
ENCODED FUSIONS

Here we calculate the probability of obtaining or recov-
ering measurement outcomes XX and ZZ in an encoded
fusion, using REP and RUS in the presence of photon loss.
The encoded fusion error rates are also computed, with X
and Z errors applied to each physical fusion. In general,
with an end-to-end efficiency of n and a fusion failure rate
of Py, for a physical fusion there are three possible events:

XX and ZZ, P, = n*(1 — Pgi);
XX only,
erasure,

Recovered outcome = Pr = 1> Pail;
Pl =1- 7723

(B1)

where the subscripts s, f, and / correspond to fusion suc-
cess, failure, and erasure due to photon loss, respectively.
As discussed in Sec. VI, it is beneficial to do rotated physi-
cal fusions where the XX outcome is retrieved upon fusion
failure.

For REP encoded fusions, as outlined in the main
text, m fusions are attempted ballistically between pairs
of photons in the encoded qubits. All m physical XX out-
comes are required to obtain the XX outcome, whereas
only a single physical ZZ outcome is required for ZZ. The
corresponding recovery probabilities are then

Ryg = (Ps+P)"; Rz=1-—(1-P)". (B2
The logical error rates of REP fusion can be found by
counting the number of physical fusion errors and deter-
mining whether this gives a logical error. Let us assume
that X and Z errors occur on each fusion outcome with
probabilities py and pz, which flip ZZ and XX outcomes,
respectively. If the probability that a photon acquiring Z
error prior to fusion is ez, then the probability of having a
flipped XX fusion outcome is the probability of odd num-
bers of photon Z error, which is py = 2e;. Similarly on the
logical level, since the Z repetition code offers no assis-
tance to the recovery of XX outcome, the probability of
a logical error in XX is the probability of having an odd
number of Z fusion errors in m physical fusion attempts:

(AT)

(

Eor=Y. (’,’j) ) U —p" ™t (B3)
k odd

With majority voting, flips in the ZZ outcome occur when
half or more of the # recovered physical ZZ outcomes have
an error.

Ez=). ("t’) (P)(1— Py

t=1
t

1
Y (,Z)(px)"(l — R

— (B9
k=(t+1)/2] 2z

These expressions denote the conditional probability of
an error given that XX and ZZ were recovered. We can
improve the error tolerance by treating a ZZ outcome as
erased when there are equal numbers of good and erro-
neous physical ZZ outcomes, as we have no confidence in
the value of the ZZ operator.

RUS encoded fusions have the same requirements for
obtaining encoded fusion outcomes, but now the code size
can vary. Moreover, only a single ZZ operator is required
to recover ZZ since RUS terminates further fusion attempts
once ZZ is obtained. Four distinct events can occur after a
logical RUS fusion: () 0 <j < N failures occur before
a successful fusion, recovering both XX and ZZ. @) : N
consecutive failures occur, recovering only XX. 3) : 0 <
j <N — 2 consecutive failures occur, followed by a loss
in the (j + 1)-th fusion. The physical fusion failure basis
is changed to ZZ. There are then 0 < k < N —j — 2 addi-
tional losses before a single nonlossy fusion that recovers
ZZ only. @ : As for 3), but all fusions after the j failures
have loss. No outcomes are recovered, corresponding to
logical erasure. These events occur with probabilities

N-1
XX andZZ: P, =P Z(Pf)i;
j=0
XX only: P,= (Pf)N;
N-2 N—j-1
ZZonly: P3= Z(Pf)] Z (P)*(1 = Py;
j=0 k=1
N-1
Erasure : Py = Z(Pf)i PN, (B5)
Jj=0
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FIG. 12. Monte Carlo simulation of RUS fusion. (a) Simulated encoded fusion success probability as a function of end-to-end
efficiency 7. The simulation uses N = 11 with 10* trials. Analytical curves are obtained using Eq. (B5). (b) Distribution of the number
of fusion attempts m in a RUS encoded fusion. z axis is the probability that the RUS fusion stops at mth attempt. At 20% loss, there is

a 84% chance that the RUS fusion terminates within m = 3 attempts.

where P; + P, 4+ P3 + P4 = 1. The recovery probabilities
for the respective outcomes are then Ryy = P + P», and
R77 = Py + P;. In the simulation, we draw samples of
RUS encoded fusion outcomes from the weighted proba-
bility distribution {Py, P>, P3, P4} using Eq. (BS).

The encoded fusion error rates are calculated similarly
to before. However, since ZZ is always recovered by one
ZZ outcome, this means that majority voting is no longer
possible, thus the encoded fusion error rate is equal to the
physical fusion error rate.

N-1 j+l

. j 1 .
Ece=| 2 (PYPY. (’ Z )(pz)"(l —py
=0 k odd
NN 1
+ (Pf)N Z <k>(PZ)k(1 —PZ)Nk:| %;
k odd

These expressions are verified by Monte Carlo simulations
[Fig. 12(a)], which we then use to inspect the distribution
of number of physical fusion attempts when N = 11, as
plotted in Fig. 12(b). In the absence of loss, there is a
87.5% chance that RUS fusion terminates within m = 3
attempts.

APPENDIX C: RUS FUSION WITH
REINITIALIZATION OF EMITTERS

For RUS encoded fusions, when a photon is lost dur-
ing a physical fusion, the XX outcome is irreversibly lost
thus XX cannot be recovered. On the other hand, the ZZ
outcome can still be obtained by retrieving ZZ in the next
fusion attempt (Sec. VIB), due to reemission of the pho-
tons followed by single-qubit measurement in the Pauli-Z
basis. Crucially, when ZZ outcomes are retrieved from
two neighboring encoded fusions, the two emitter spins

involved are indirectly measured in the Pauli-Z basis, since
the measured photon and its entangled emitter share the
stabilizer ZZ. This implies that once the encoded fusion
results in ZZ outcome only, the emitter spins become
disconnected from the original graph with their states
effectively reinitialized. In the case of two neighboring
encoded fusions being biased in ZZ at an initial time
t = 0 (Fig. 13), both emitters at = 1 are reinitialized and
detached from any previous correlations, allowing the next
encoded fusion to attempt RUS as many times as possible.
The probability of recovering both XX and ZZ is therefore
drastically increased. For realistic simulation, this num-
ber is set to be equal to the number of maximum physical
fusion attempts N. In the absence of photon loss, the prob-
ability of recovering both encoded fusion outcomes scales
as 1 — 27" thus making the encoded fusion near deter-
ministic. Interestingly, in a realistic experiment this trick
can be applied to the first layer of encoded fusions in the
FFCC lattice to make them near deterministic, since all
emitters are initially disconnected. Here for simulations
we are only interested in the bulk of the lattice thus it is

RENI

FIG. 13. Schematics of RUS fusion with reattempts. A RUS
fusion (blue) at time # =1 can be reattempted when the two
emitters are previously disconnected from the graph due to two
encoded fusions (pink) resulting in biased ZZ outcome at ¢ = 0.

Both XX, ZZ
ZZ only

Standard RUS

RUS w/ reinit.
emitters
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applied only to the subsequent layers. It is important to
note that this scheme relies on the previous two neigh-
boring encoded fusions only retrieving the ZZ, which is
a second-order effect, and thus, this additional trick gives a
modest improvement of the loss threshold to §%.

APPENDIX D: FAULT-TOLERANT REGION WITH
MULTIPLE ERRORS

A practical quantum computer will likely be simulta-
neously subject to multiple error channels, it is there-
fore useful to know whether a given set of errors lies
within the fault-tolerant region of the quantum computing
architecture.

In Fig. 14, we simulate the combined effect of photon
loss, distinguishability between emitters, and spin depo-
larizing errors, and present the region (shaded in pink)
in which the logical error can be corrected. The col-
ored curves at the boundaries are fault-tolerant thresholds
obtained with either two of the above errors. Here we
consider the synchronous FFCC architecture, using RUS
encoded fusions in which the reinitialization of emitters
is allowed for maximum loss threshold. Both the numbers
of maximum physical fusion attempts and RUS reattempts
are set to N = 10 since the thresholds shown in the main
text begin to saturate at N > 10.

The noise simulation is a two-step process, simi-
lar to the one with only spin noise discussed in Sec.
VII, which begins by first sampling encoded fusion out-
comes under the presence of both photon loss and dis-
tinguishability from the weighted probability distribution
{PX%,PX, P%, P%}, where the analytical formula for each

Distinguishability (%)

FIG. 14. Fault-tolerant region of the sFFCC architecture, using
RUS fusions with emitter reinitialization. We consider photon
loss, distinguishability between emitters, and spin depolarizing
error. The number of maximum fusion attempts and the number
of RUS reattempts are both set to N = 10.

probability is
B N-1
XX andZZ: Py? =P, + P, Z(Pf)iQ
i=1
XX only :  PY = @)Y = () PePy";
Erasure : Py = (P + P))(P)"~!

N-1
+ (PP Y (P Py

i=1
ZZonly : P{=1-—Py —Pi — Py~ (D1)
P); is the probability that an encoded fusion results in mea-
surement outcome j within N physical fusion attempts.
With finite photon distinguishability 1 — V' £ 0, a phys-
ical fusion could, in principle, result in erasure of both
outcomes, i.e., when a {ZZ, XX} fusion fails without
recovering XX . In such a case, the ZZ/XX outcome
is erased with probabilities P4 = % =1—-Pz and P =
(1 = 7)/4 =1 — Pyx. Including photon loss, there are in
total five possible fusion outcomes: (1) successful fusion
without erasure in XX, denoted by Py, (2) successful fusion
with XX erasure P¢, (3) failed fusion without XX erasure
Py, (4) failed fusion with XX erasure Py, and (5) fusion
erasure P; owing to photon loss. For the first four cases,
both photons are not lost. As a result, the probability for
each of the above five cases is

Py = n*P;Py; P°=n*P,P%;

P =w’PiPx; P{=1u'PsPy; Pr=1-n’ (D2)

After sampling a list of outcomes for all encoded fusions, a
search is performed over each layer of the lattice to locate
encoded fusions that end up only in ZZ. If the condition for
RUS emitter reinitialization is fulfilled (Appendix C): two
neighboring encoded fusions are biased in ZZ at layer i,
and the encoded fusion at layer i 4 1 only gives either one
or no measurement outcome, then its outcome is resampled
for N additional RUS reattempts.

Once a final list of encoded fusion outcomes is obtained,
a fusion error-sampling process for distinguishability and
spin depolarizing noise begins for each encoded fusion:

(1) If RUS fusion results in both XX and ZZ, the ZZ =
ZZ outcome has a probability of (1 — V)/2 being
flipped due to photon distinguishability. This ZZ
outcome would have resulted from the last phys-
ical fusion attempt m < N, since encoded fusion
stops once ZZ is recovered. m is sampled from a
list of N probabilities Py ; = {P;}ic(1,5], Where P; =
Pf% — PX2 is the probability that RUS terminates
on exactly the ith attempt. Note Py # = 0. The value
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TABLE II.

Comparison between experimental state of the arts and thresholds required for sSFFCC. Upper panel: required speci-

fications to reach fault tolerance for sSFFCC. It is important to note that these parameters are derived from the relevant thresholds
assuming other errors are absent. Lower panel: current state of the arts. Outcoupling efficiency is considered to allow compar-
ison between different material platforms. Emitter-emitter indistinguishability is defined by the measured raw Hong-Ou-Mandel

visibility between photons from two emitters.

Architecture End-to-end Emitter-emitter

efficiency indistinguishability Required 75 (photon generation time 7)
sFFCC, RUS (N = 10) 92% 96% 5007

) ) ) ) T, time

Emitter platform Outcoupling Emitter-emitter

efficiency indistinguishability Required Achieved
Neutral atom in optical cavity 66% [5] 95.5% [44] 37.5ms (r = 75us [37]) 1.2 ms [5]
Quantum dot 57% [45], 71% [35] 93% [32] 34.5us (r = 68.9ns [8]) 113 s [46]
SiV in diamond cavity 42% [47] 72% [48] 0.071ms (r = 142ns [47]) >1.5ms [49], 13 ms [50]

of m allows one to extract the error on the mth pho-
ton of an encoded qubit in the resource state. Odd
numbers of X (Z) photon error(s) would lead to a
flip in ZZ (XX).

(2) If RUS fusion ends up with only ZZ, m is sampled
from the list P; = {P;}ie1,5) Where P; = PZ PlZ -

Note P§ = 0. Errors in the photons involved in the
mth physical fusion would contribute to an error in
7Z.

(3) When a RUS fusion leads to XX only, m is sam-
pled from Py = {P ienivy- In such case, XX =
(XX)®", and hence an odd number of errors in the
first m photons in each of the two encoded qubits
would flip XX .

APPENDIX E: COMPARING THEORETICAL
THRESHOLDS WITH CURRENT STATE
OF THE ARTS

The threshold analysis presented in the main text is
hardware-agnostic, as it focuses on error channels intrinsic
to quantum emitters. Generally, any quantum emitter with
access to spin and optical transitions (key prerequisites for
the deterministic generation of entangled-photon cluster
states) is inherently susceptible to spin dephasing, pho-
ton loss, and distinguishability errors. The fault-tolerant
thresholds we have derived aim to provide a useful base-
line, which helps consolidate experimental efforts towards
improving specific areas crucial for practical implementa-
tion of the architecture. In this context, it is instructive to
compare the current state-of-the-art figures of merits with
the theoretical thresholds, as it highlights areas that require
further advancements.

The upper panel of Table II shows the required fig-
ures of merits derived from thresholds for the sFFCC
architecture with RUS fusions and emitter reinitializa-
tion. The lower panel lists the experimental state-of-the-
art parameters for three prominent material platforms,

which have emitters with a built-in spin-echo sequence.
Note that the table is not meant to be exhaustive, and
some numbers may not be directly comparable due to
different experimental conditions. From the table, sev-
eral conclusions could be drawn: (1) photon loss is the
primary bottleneck for FBQC. The 92% required end-
to-end efficiency derived from the photon-loss thresh-
old includes the following: the outcoupling efficiency of
each resource state generator, fiber transmission, coupling
efficiency to chip, and detection efficiency, etc. While
tremendous progress has been made in improving the effi-
ciencies of integrated components [36], the outcoupling
efficiency still requires significant advancements to bridge
the gap. (2) Both single neutral atom and quantum dot
systems have demonstrated close-to-threshold photon dis-
tinguishability between emitters. (3) Both quantum dot
and SiV platforms may have reached the required tol-
erance for spin decoherence, while single neutral atom
suffers from long generation time 7 = 75 s between two
consecutively emitted photons owing to both qubit trans-
fer and rotation pulses [37]. However, for both quantum
dot and SiV, additional decoherence processes like laser-
induced or heating-induced dephasing, should be con-
sidered in future simulations to obtain a more realistic
threshold.
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