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We report a first-of-its-kind analysis on post-Trotter simulation of U(1), SU(2), and SU(3) lattice gauge
theories including fermions in arbitrary spatial dimension. We provide explicit circuit constructions as
well as T-gate counts and logical qubit counts for Hamiltonian simulation. We find a reduction of up to
25 orders of magnitude in space-time volume over Trotter methods for simulations of non-Abelian lattice
gauge theories relevant to the standard model. This improvement results from our algorithm having poly-
nomial scaling with the number of colors in the gauge theory, achieved by utilizing oracle constructions
relying on the sparsity of physical operators, in contrast to the exponential scaling seen in state-of-the-
art Trotter methods, which employ explicit mappings onto Pauli operators. Our work demonstrates that
the use of advanced algorithmic techniques leads to dramatic reductions in the cost of simulating funda-
mental interactions, bringing it in step with resources required for first-principles quantum simulation of

chemistry.
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I. INTRODUCTION

The simulation of strongly interacting quantum many-
body systems has continued to be a challenging problem in
classical and quantum simulation. Simulations of quantum
chemistry [1], condensed-matter physics [2], and lattice
quantum chromodynamics [3,4] consume a significant por-
tion of the world’s high-performance computing resources.
The difficulty of accurately and efficiently performing such
simulations on classical computers inspired the develop-
ment of the field of quantum computing [5] and is still
considered one of its most exciting potential applications
[6-8]. Substantial effort has already been devoted to effi-
ciently simulating electronic structure from first principles,
employing sophisticated algorithms based on both first-
and second-quantized formulations [9—40]. Owing to its
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classical hardness [41], of particular interest is utilizing
quantum computers for dynamical simulations of funda-
mental interactions, particularly non-Abelian lattice gauge
theories (LGTs).

There is a significant corpus of work on the quantum
simulation of the dynamics of LGTs using Trotter product-
formula techniques. Studies include simulation algorithms
of Abelian and non-Abelian finite gauge groups [42—52]
as well as Lie groups [53—57], from one to three spa-
tial dimensions [47—50,54-57], constructed for both noisy
intermediate-scale quantum (NISQ) hardware and fault-
tolerant hardware (FT), and in some cases with rigorous
resource estimates for NISQ and FT regimes [53,55,56]
or even experimental realizations on contemporary NISQ
hardware [50-52,57]. While these papers constitute a thor-
ough body of literature in tandem, each result is limited,
such as only including implementations for a particu-
lar gauge group, being limited to a particular spatial
dimension, or only simulating pure gauge theories without
fermions. One standout paper, however, by Kan and Nam
[58] provides a quantum algorithm and FT resource esti-
mates for Trotterized simulation of lattice gauge theories
applicable for one to three spatial dimensions, including
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fermions, and for U(1), SU(2), and SU(3) LGTs, and
has been a benchmark of comparison in the quantum
simulation of LGTs.

Trotter-based methods, while having simple implemen-
tations and prospectively small constant-factor overheads
[59], have suboptimal asymptotic scaling in parameters
such as problem size, evolution time, gauge group dimen-
sion, spatial dimension, and error. A particular challenge in
LGT simulation is the exponential scaling in the number of
color degrees of freedom in state-of-the-art Trotter meth-
ods [53,58], resulting in dramatic increases in gate counts
from 103 expensive non-Clifford operations for FT simu-
lation of U(1) in 2+1 dimensions (2+1D), to 10*’ for SU(2)
and 10> for SU(3) gauge theories [58]. As such, simu-
lation of LGTs using post-Trotter methods that possess
optimal or near-optimal dependence problem parameters
[60—66]—which we collectively refer to as qubitization
(see Appendix A)—may be advantageous over Trotter
methods in certain parameter regimes. However, to date,
no comprehensive study of qubitized simulation of LGTs
has been carried out to address these potential advantages,
with the few extant results relegated to small system sizes
using the quantum eigenvalue transformation [67], light-
front quantization [68,69], and quantum signal-processing
techniques [60,70-72].

In this work, we build on and fully develop the algorithm
for qubitized Hamiltonian simulation of LGTs, based on
the proposal by Tong et al. [60], and work out all the nec-
essary details for U(1), SU(2), and SU(3) gauge theories
coupled to fermions in arbitrary spatial dimensions. We
lay out the ground work of geometrically local fermion-
to-qubit encodings and construct explicit block-encoding
oracle circuits using the linear combination of unitaries
(LCU) and sparse-access oracle constructions. We also
estimate all relevant algorithmic parameters, including
Lieb-Robinson velocities, and provide complete front-to-
back FT resource estimates in terms of T-gate counts and
logical qubit counts for qubitized Hamiltonian simulation.

Importantly, when comparing our results to Kan and
Nam’s work on Trotterized simulation [58], we find
improvements of up to 25 orders of magnitude in T-
gate counts for SU(3) LGT simulation. This is primar-
ily due to a polynomial scaling in color degrees of
freedom in the qubitized simulation compared to expo-
nential scaling in Trotterized simulation. Such efficiency
was achieved by utilizing oracle constructions relying on
the sparsity of physical operators rather than on their
explicit mappings onto Pauli operators. We note that
while Kan and Nam’s work is not representative of the
most optimal Trotterized simulation algorithm in terms
of gate counts, as the aforementioned corpus of work
contains optimizations for specific problem instances [47—
50,53-57], our work is, to the best of our knowledge,
the first to have polynomial scaling in color degrees of
freedom.

The contents of the paper are as follows. In Sec. I,
we discuss Hamiltonian discretization using the Kogut-
Susskind formalism, followed by explicit constructions
for geometric localization of LGTs by means of various
fermion-to-qubit mappings in Sec. III. In Sec. IV, we pro-
vide explicit constructions of circuits for sparse and LCU
block encodings of U(1) gauge theory and comparison of
the full interaction-picture qubitized simulation to Trot-
terization: we also provide two unique constructions, an
optimized signed-increment-decrement (SID) circuit, and
bounding of Lieb-Robinson velocities for U(1) in dimen-
sion d > 1. In Sec. V, we provide generalizations of the
constructions to SU(2) and SU(3) gauge theories, and we
conclude with a discussion of outlooks for simulation of
LGTs in Sec. VI.

II. HAMILTONIAN SIMULATION
A. Kogut-Susskind Hamiltonian

Throughout this paper, we will follow the notations used
by Kan and Nam [58] for the Kogut-Susskind Hamilto-
nian. The Hamiltonian is defined over a d-dimensional
lattice where each site is denoted by a vector 7z € Z¢. The
lattice sites are labeled even or odd, depending on the
sign (—=1)" = (=) Zi". We will take the lattice to be a
hypercube with linear dimension N and total N sites.

Fermions are distributed on the lattice sites, with
the spinor being staggered such that the fermionic and
antifermionic spinors are on even and odd sites, respec-
tively. Staggering fermions reduces the number of spurious
fermionic degrees of freedom known as doublers, which
arise due to the periodic nature of the dispersion relation
of lattice fermions [73,74]. For gauge theories with various
fermion colors, each site contains multiple spinors corre-
sponding to each color degree of freedom. A link between
neighboring sites is denoted by the tuple (1, 1), where 1
indicates the direction of a nearest-neighbor site to 7. The
links contain the gauge degrees of freedom, which mediate
the interaction between the fermionic degrees of freedom.

The Hamiltonian itself contains four terms [75]:

H = gyHy + geuHeom + geHg + gpHp. (1)

Here, the four constants are related to the physical parame-
ters, namely, the dimension d, the lattice spacing a, the bare
gauge-matter coupling constant g, and the bare fermion
mass m, as

1 g’ 1
=m, = —, = —, = —-—
&M gem 2a 8E 2492 8B 2at-ig?
()
The first of the four operators is the mass term:
Hy =Y (=Dl Gw, (). 3)
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Here, ¥, (7i) and ¥ () are the creation and annihilation
operators for a fermion with color degree of freedom a on
site 71. The (—1)" sign is indicative of the staggered nature
of the fermions. The next three terms are the gauge-matter,
electric field, and magnetic field terms:

Hey =Y Y iU, G.Dy,G+1) +he.,  (4)
nJ a,b
J

=Y U, G, hU, G +1./)U]

a,b,c.e

where 7 and / are links that form a closed loop starting and
ending at a site 7.

The gauge link operator U, (7, ?) and electric field oper-
ator Ep (7, 1) depend on the gauge field under considera-
tion. For U(1) theory, the color index can be suppressed. In
this case, we further note that the Casimir operator £ and
the electric field operator £ have the same eigenfunctions,
which we label as |k) for k € Z. The operators act on these
basis states as follows:

E|k) = kl|k), (3

EXj,m" m") =j G + D|j,m",m"),

j+l/2 2 1

2J +1

. L R
Uabl]am 3m >_
J= |1 1/2|

The first two terms including J, M, and J, My in the
operation of U, are the Clebsch-Gordan coefficients for
SU(2). Conservation of angular momentum along the z
axis requires that @/, = —1/2 or 1/2 whena,b = 1 or 2,

E |p q’ TL’ TL5 YL7 TR5 T}ga YR

Tp+ip Tr+ir

2. 2 X

Uab'paqa TL; TZa YL: TRa T;a YR

#'4") Ty =T 1| Tp=ITr—tr|

dim(p’, q")

Hp =Y > [Ed DT, (5)

Al @
Hy =Y Tr[P5+PL]. ©6)
O

The plaquette operator P is

LG+, DU (7,)), (7)

Ulk) = |k — 1), ©)

i.e., E and U, U' act as the number and ladder operators,
correspondingly [76]. For a practical calculation, the num-
ber of bosonic modes is truncated such that k € [—A, A]
where A € Z* is some integer.

For the case of the non-Abelian SU(2) and SU(3) the-
ories, the situation is more complicated. Each E, can no
longer be simultaneously diagonalized as they do not com-
mute and instead one operates within the eigenbasis of
the Casimir operator. For SU(2), the action of bosonic
operators in this basis is given by

(10)

(J, My |j,mb1)2,a Y (J, Mglj,m®;1/2, )T, My, = m" +d , Mg =m® +1'). (11)

(

respectively. For SU(3), a similar construction applies,
with the link basis again being the eigenbasis of the SU(3)
Casimir operator,

= - (p2 +¢* +pg+30@ +9)Ip,q T, T, Y, Tr, Ta, Ya), (12)

dlm(p Q) Z/ . .
<p q/, T/a TL ) YL'P»Q» TL) TL& YL» 1305 fLJ]_;)’L)

X (p/’ q/a T}/ea T;,, Y;{Ipa q, TRa T}i YR’ 1,0, tR,tzzea)’RHp/, qla TL/’ Tz/a YE; Téa T}?,, Y;{)a (13)
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where p, g € [0, A] are SU(3) representation labels and 7,
7%, and Y are known as the isospin, the z-axis projection
of the isospin, and the hypercharge, respectively. Addi-
tionally, we have T € [0, A] and 77 € [—A, A], where
each are incremented in half-integer steps, and Y e
[—A, A] incremented in third-integer steps. For the gauge
operators, (p/a q/) € {(p + 1= CI), (p - 13‘] + 1), (psq - 1)}
anddim(p,q) = (1 +p)(1 +¢)(1 + (p + q)/2). Here, the
isospin and hypercharge values ¢, ¢*, and y depend on
the color degrees of freedom but ultimately correspond
to incrementing or decrementing the values of 7, 77, and
Y, respectively, by half-integer or third-integer amounts.
Finally, (p’,q,T',T%,Y|p,q, T, T?,Y: 1,0, 1,¢%,y) are the
Clebsch-Gordan coefficients for SU(3) in the fundamen-
tal representation. For more details on the SU(3) gauge
operators, see Ref. [58, Appendix D].

B. Trotterization

Trotterized approaches to Hamiltonian simulation
invoke a product formula approximating the exact time
evolution operator as

r

1
1_[ eHiT/2r ,
J=Nu
(14)

where we have decomposed the full Hamiltonian into the
Ny = 4 subterms of Eq. (1), i.e.,j € {M,GM,E, B}, and
we have decomposed the evolution into » >> T Trotter
steps. A number of algorithms exist that explore Trot-
terized approaches to simulating the dynamics of LGTs
[47-58,77]. We focus in particular on the algorithms pre-
sented in Ref. [58], as that work contains the most general
estimates provided to date including U(1), SU(2), and

Nu
. . » -
elHT: (elHT/r) ~ | |€lH/ T/2r
j=1

J

SU(3) LGTs in d spatial dimensions using a second-order
Suzuki-Trotter formula [78]. We emphasize that while
other works cited provide significantly improved algo-
rithms to the work of Kan and Nam, explicit resource
estimates are limited to particular gauge groups or spatial
dimensions (such as SU(2) in 1+1D [53]), thereby lacking
the generality necessary for comparison to our work.

The number of Trotter steps contributes a multiplicative
prefactor to the cost of the full simulation complexity and
individual operators exp(if{; T/2r) can be realized using
polylogarithmic-size circuits. In particular, when consid-
ering the complexity scaling with respect to the bosonic
truncation parameter A, the second-order Suzuki-Trotter
formula requires only O(A) Trotter steps [56]. On the
other hand, typical qubitization approaches have a com-
plexity scaling proportional to the Hamiltonian norm,
which is dominated by the electric field term since ||Hg| =
O(A?) in the electric field basis for the gauge field. Thus,
the product-formula approach seems to admit a quadratic
speed-up over typical qubitization approaches, but this
overhead can be avoided by performing simulation in the
interaction picture or by moving into a different basis for
the gauge fields [45,79]. This will be discussed further in
Sec. II C. In addition to the bosonic truncation parameter,
the number of Trotter steps will also scale with the total
evolution time 7" and the precision of the approximation €
as O(T3/? /€!/?) [56] for the second-order product formula.

In Ref. [58], a binary encoding is used for the bosons
stored on each lattice edge but the Jordan-Wigner trans-
formation, which does not maintain geometric locality of
the resulting qubit Hamiltonian, is used to encode the
fermions. The authors then construct explicit circuits for
each of the operators exp(iH; T/2r) with respect to these
encodings for U(1), SU(2), and SU(3) LGTs. The full
asymptotic gate complexities are

U(1) ~ O3N327372 Ae =2 polylog(A)), (15)

SUQ), SUB) ~ O3 -DN32T3/2 A ¢=12p01ylog(N34/2 T3/ Ae=3/2Y), (16)

where we have explicitly included the prefactor scaling
exponentially in the number of colors responsible for the
increase, by several orders of magnitude, in complexity
when scaling up from U(1) to SU(2) and SU(3) in Ref.
[58].

This exponential prefactor is a result of the decompo-
sition that the authors perform to block diagonalize the
Hamiltonian terms in order to implement their Trotter-
ized time evolution more efficiently. The decomposition
splits the Hamiltonian into a sum over all possible parity

(

configurations, in which off-diagonal elements can be writ-
ten as D - P where D is a diagonal operator and P is a Pauli
string. To obtain the sum over all local quantum numbers,
D - P can be conjugated with the possible parity operations
over sums involving color indices.

Despite the exponential prefactor, the authors of Ref.
[58] note that this is a superpolynomial improvement over
the results of Ref. [54], which scale as (’)(A‘“"z’l)) for
SU(2) and SU(3). However, we note that this is only a
quadratic improvement over a naive Pauli decomposition.
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Each gauge-field operator of size (n2 — 1) log A x (n* —
1)log A can be represented as a string of A2¢¢~1 Pauli
operators. Then the magnetic field term, a product of four
gauge-field operators, will dominate, scaling as A80E=D),
We emphasize this prefactor here to compare to our
algorithm later in Sec. IIC, which scales polynomially
in n.

C. Qubitization

While various qubitization-based approaches to simulat-
ing LGTs have been considered in the literature [70,71], we
focus on an efficient algorithm proposed in Ref. [60] that
has a near-optimal scaling in the space-time volume. We
consider a d-dimensional lattice with total number of sites
N4, for which we want to carry out dynamical simulation
of some geometrically local Hamiltonian A for time 7 with
error €, starting from a state with local quantum numbers
between [— Ay, Ag] at any gauge link.

The core of the algorithm is the Haah-Hastings-Kothari-
Low (HHKL) decomposition [80], which allows us to
decompose full time evolution into time evolution of local
blocks B, of size N = O(polylog(N9Te~")), for which
we only require simulation for time T = (O(1). The entire
simulation of the system then requires O(T) such segments
and O(N?) such blocks. The HHKL decomposition is only
valid under certain assumptions on the geometric locality
of the Hamiltonian, all of which are satisfied by the LGTs
under consideration here [60].

One can then consider the time evolution of the Hamil-
tonian restricted to the local blocks B, which are polylog-
arithmic in the system size. Rather than constructing e o
directly, one finds that for LGTs, using interaction-picture
dynamics yields a particularly efficient implementation.
Specifically, one can fast-forward the dynamics of the
electric field term, et , as it is entirely diagonal in the
link basis, regardless of the gauge theory. This removes a
quadratic dependence on the bosonic cutoff in the overall
scaling of the algorithm that would otherwise be neces-
sary to block encode the electric field term. Since each of
the electric field terms acts on separate links, all of these
terms will commute and their simulation can be performed
in parallel, so simulation of ¢™E for each local block
has only O(N{polylog(Aot)) = O(polylog(N?TAgte 1))
gate complexity.

After fast-forwarding, one can simulate the dynamics
with the time-dependent interaction-picture Hamiltonian:

HE (1) = "1 (g HE + gauHE, + gsHE)e " E.

(17)

By making use of a truncated Dyson-series implemen-
tation [62], one can simulate the dynamics of H,B(t)
using O (atpolylog(ate~!)) queries to the time-dependent

block encoding of HPF(t), where o = maxse |HF (5)|,
referred to as HAM-T. Since each term Hys, Hgy, Hp 1S
bounded by a constant, the total norm scales simply as
Ng. Therefore, O(polylog(N“TAge~")) queries to HF(t)
are required. The implementation of HP(f) itself must
scale as N{, as there are only Nji terms in each Hamilto-
nian. Therefore, the final asymptotic gate cost should still
be O(polylog(N?TAge™")). Finally, given that we must
simulate O(N¢) such blocks at each of the O(T) time
segments, the total asymptotic cost is

gate cost ~ O(n*N“Tpolylog(NTAge™)). (18)
The qubitized algorithm implements the gauge operators
directly, meaning that for a single plaquette of the mag-
netic field term, we only need to sum over the n? possible
color configurations at the plaquette vertices. Thus, by
using qubitization, we achieve exponential improvement in
algorithm complexity with respect to the number of colors
compared to the Trotterized approach of Ref. [58], which

has scaling O(28¢¢=D). In this work, we will establish rig-
orous resource estimates for qubitized simulations of LGTs
for various gauge theories and dimensions.

III. GEOMETRICALLY LOCAL QUBIT
ENCODINGS

As a final technical stepping stone to resource estimates,
we provide explicit constructions for boson- and fermion-
to-qubit encodings for arbitrary dimension d and gauge
theory SU(XV). Importantly, we provide constructions that
preserve geometric locality of the Kogut-Susskind Hamil-
tonian, a necessary component of efficient simulation using
the qubitized algorithm involving the HHKL decomposi-
tion as described in Sec. I1 C.

A. Boson-to-qubit mapping

The Hilbert space of each bosonic degree of freedom
(DOF) is infinite dimensional, meaning that a truncation
on the space is necessary in order to achieve a tractable
encoding. The trade-off between the precision of the result
and level of truncation is finely tuned but a provable bound
has been established in Ref. [60]. In particular, given an
initial state in which the local quantum number on every
link is within [— Ay, Ag], evolving a truncated Hamiltonian
for time 7 on N lattice sites to error € can be achieved
by keeping bosonic modes only in the range of [— A, A],
where

A = Ao+ OxT+ DpolylogN/e)), — (19)
with x being a constant depending solely on the model
parameters and not on N and 7. For LGTs, we have
x = c(4lggl + 2|gem|), with ¢ being the number of (color-
indexed) gauge operators U, in the theory. This bound has
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(a)

FIG. 1.

The fermion-to-qubit encoding schemes. (a) The generalized superfast (GS) encoding [84] for SU(3) in three spatial dimen-

sions on a 3 x 3 x 3 cubic lattice. Each lattice vertex of degree 2d is assigned d qubits to store a single color DOF (large red circle)
and a single edge for every vertex is decorated with n. — 1 qubits (small green and blue circles) to store the remaining color DOFs.
(b) The Verstraete-Cirac encoding [85] for U(1) in two spatial dimensions on a 4 x 4 square lattice. Each lattice site contains one
physical fermion (shaded circle) and one auxiliary fermion (open circle). The sites are enumerated according to our imposed ordering
and the vertical and horizontal connectivity between sites is depicted by blue and red dashed lines, respectively, between physical and

auxiliary fermions.

been further improved in Ref. [81] to

A=Ag+ O (Tlog(NAgxT/¢)). (20)
There are two main approaches taken for direct boson-to-
qubit encodings [82]. A unary encoding requires a linear
number of qubits but fewer gates to implement oracles,
while a binary encoding uses only a logarithmic number of
qubits but more gates to implement oracles. We opt to use
the latter. The binary encoding stores each bosonic mode
A € [—A, A] as a binary representation of the integer X,
using a register of size [log(A)] + 1, where the additional
qubit stores the sign of the integer. Each vertex in the d-
dimensional lattice has d associated edges, each of which
hosts a boson. Thus, for a lattice on N sites, we require
dN“([log(A)] + 1) qubits. Finally, we impose a consistent
local ordering of the edges at a site to establish an ordering
of all bosons. The full bosonic register can then be written
as

Ay = AL A28, a9l a3 g gy,
(21)

where the subscripts are site labels and the superscripts are
edge labels at the corresponding site.

B. Fermion-to-qubit mapping

Fermions, unlike bosons, do not suffer from the infinite-
dimensional Hilbert space but possess their own technical
challenges to be overcome. The traditional Jordan-Wigner
encoding [83] maps fermions onto qubits acted on by
strings of Pauli operators within the lattice. In two or more

dimensions, one must impose an ordering of the fermions
to generate the strings of Pauli operators and this leads to
nonlocal operators with weights scaling as O(N). How-
ever, in order to invoke the HHKL decomposition [80],
we must encode the fermions in a way that preserves their
geometric locality.

One such way of encoding fermions that preserves geo-
metric locality is the generalized superfast (GS) encoding
[84]. Given a d-dimensional hypercubic lattice, the GS
encoding assigns d qubits to each vertex storing the first
fermionic color DOF. Then, for each vertex, a single (but
consistent) edge is chosen and decorated with n, — 1 qubits
storing the remaining color DOFs. An example of the
GS encoding for SU(3) in three dimensions is shown in
Fig. 1(a).

In order to map fermionic interactions onto these qubits,
an associated operator basis must be chosen. To fix an
operator basis, we begin with the fermionic creation and
annihilation operators 1/ij and y; for each fermionic mode
j or, more conveniently, with a pair of Majorana operators,
Y =¥ + 1//; andy; = —i(y; — ij). A generating set for
the algebra of even operators is then given by the parity
operator V, for each vertex v and the Majorana bilinear
E, v for each edge (v, v’), defined by

(22)
(23)

Vo =—iyyyy = (_1)nu’
Ev,v’ = —iYy V.
To obtain the qubit counterparts to V, and E, s, we first

define for each vertex v a set of 2d independent mutu-
ally anticommuting Pauli operators ¢, 1, .. ., cy24. A local
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edge ordering at each vertex is imposed such that ¢, ; cor-
responds to a Pauli operator originating from the jth edge
of vertex v. Then, the parity and bilinear terms generating
the even-parity algebra are

2d
Vo= (=0 ]e- (24)
j=1

Ev,v/ =CyiCv k= _Ev/,va (25)
where (v, v’) corresponds to an edge between lattice ver-
tices v and v’, while j and k correspond to the imposed
edge ordering of each vertex such that the j th edge of ver-
tex v is the kth edge of vertex v’. Importantly, this encoding
uses only one auxiliary qubit per lattice site and can be
easily generalized to higher dimensions and to SU(N)
LGTs.

An alternative locality-preserving fermionic encoding
in two spatial dimensions is the Verstraete-Cirac (VC)
encoding [85]. The VC encoding assigns an auxiliary
fermion for each physical fermion at a site to facilitate
fermionic hopping in two spatial dimensions, as opposed to
one-dimensional fermionic hopping in the Jordan-Wigner
encoding. There is one physical fermion, and thus one
auxiliary fermion, for each color DOF in the LGT, mean-
ing that n. auxiliary qubits per lattice site are needed. An
example of the VC encoding for U(1) in two dimensions is
shown in Fig. 1(b).

Again, the fermion interactions must be mapped onto
qubit operations obeying the fermionic anticommutation

J

ne

1 a . a
Hiy = 7 9 0 Kevns = iYees) Utk Lk D™ (X + i) St + 11, D,

k1 ab=1

where

. ab __ b —b+1 Nne 7he 71 ~1 a—1 ~Fa—1
S+ LLkD™ = Z0,Ze1 - ZiiZeiZr i Linais

relations, which amounts to fixing an associated Pauli
basis. Such a procedure is discussed in Ref. [85] but the
resulting Hamiltonian is not provided. We construct the
explicit VC-encoded Hamiltonian here. In order to do so,
we need to impose an ordering of the physical and auxil-
iary fermions in our system, namely, the ordering shown
in Fig. 1(b). We first enumerate the lattice sites using a
vector x = (k, ), where k is the column index and [/ is the
row index. Then, within each site, the fermions are ordered
such that they alternate between physical and auxiliary
fermions for each color. The resulting basis is

’_f‘lncnfl]ncaféla_lea M) Nnca ;\/nc)n
(26)

) = 1L ALAE AR

where f indicates an auxiliary fermion, the subscripts are
site labels, and the superscripts are color labels.

Next, the Jordan-Wigner transformation is performed on
the composite system of physical and auxiliary fermions in
order to obtain the encoded Hamiltonian. In particular, the
mass term of Eq. (3) transforms as

Hy — ) i(—l)”@”(l - Z{),

kI a=1

27

which acts only on the physical fermionic DOFs. On the
other hand, the gauge-matter Hamiltonian of Eq. (4) splits
into two terms. First, we have the usual horizontal-hopping
term that arises in the Jordan-Wigner encoding but now
acts on both physical and auxiliary fermions,

(28)

29)

is just a string of Pauli-Z operators between fermions fo » and i, ). In addition to the horizontal-hopping term, we

obtain a vertical-hopping term of the form

1 o B ;
Hoy = 5 DO e — iYean) Utk I+ 1k D (Xig + i¥eg)* (=D

kil ab=1

The electric field term of Eq. (5) and the magnetic field
term of Eq. (6) act purely on the gauge fields and are

i/,‘jJX’kZH, if k is even, (30)
Xk‘flf’,fhl, otherwise.

(

therefore left unchanged under the VC encoding. Lastly,
there is an additional auxiliary Hamiltonian term,
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Huw =Y VeiVeriVerm Vg S+ 1,k D™S(+ 1,1+ 1k, 1+ 1)

kodd a=1
lodd

+ )Y KX X S+ 1L Lk DS+ 1,1+ 1k, 14 1)

k even a=1
o

+ >0 ViV Ve Ve SUa Lk — 1L,D“S(k+ 2,1+ Lk + 1,14+ )™

kodd a=1
I even

+ Y B K Ko S Lk — 1,0 S (e + 2,0+ 1k + 1,1+ 1™, (31)

k even a=1
I even

which is necessary to fix the ground state of the full
Hamiltonian after the addition of the auxiliary fermions.
However, as we are only interested in studying the dynam-
ics of LGTs, provided that our initial state is an eigenstate
of H,u, it will only contribute an irrelevant global phase to
the final state. In fact, the physical states of the LGT must
be eigenstates of H,,x, so we will always be preparing an
initial state that is an eigenstate of H,.

Finally, we note that for U(1) in two spatial dimen-
sions, the GS and VC encodings require the same number
of qubits per site and have Pauli operators of equivalent
weight. We first present explicit circuit constructions for
U(1) in two dimensions and for pedagogical reasons, we
use the explicit VC-encoded Hamiltonian that we have just
constructed. We defer employing the GS until we discuss
generalizations to higher dimensions and arbitrary SU(N)
LGTs.

IV. U(1) GAUGE THEORY IN TWO DIMENSIONS
A. Fast-forwarding Hg

Within the interaction picture, the only term of the
Hamiltonian that is simulated without block encoding is
the electric field term Hg as it is diagonal in the electric
field basis and can be fast-forwarded [86]. Applying the
HHKL algorithm [80], the electric field term is decom-
posed spatially into blocks B and we are only tasked with
determining the circuit complexity of time-evolving H5,
the electric field within a single block.

We efficiently simulate the time evolution from Hf
using a general circuit for simulating diagonal operators
in Fig. 2[87, Rule 1.6]. Here, Uy is a unitary that takes
an electric field eigenstate and prepares a binary represen-
tation of the associated eigenvalue on an ancilla register
to p bits of precision. In general, the eigenvalues of the
Casimir operators for LGTs are products of the represen-
tation indices, so one way of efficiently implementing U
is via a Karatsuba-based integer multiplier quantum circuit

(

[88]. This algorithm requires 4p? — 3p Toffoli gates and is
linear in p ancilla space. However, for the special case of
U(1), we note that given an eigenstate |k), we only need
to prepare the eigenvalue k% on the ancilla register to p =
[og A% = [21og A1 bits of precision. Squaring an integer
can be accomplished more efficiently than general multi-
plication, as noted in Ref. [28, Lemma 7], requiring only
[log A1(Jlog AT — 1) Toffoli gates. Additionally, P(0) is
the phase gate that performs rotations about the z axis
for each 6 € {—2/¢ mod 27 }5:(} . Each phase gate can be
implemented to arbitrary precision € within the Clifford+T
gate set using at most 4 log(1/¢) T gates [89]. Here, we can
set € < ming<; Sp,l{—Zf ¢t mod 2x}, meaning that the full
T complexity is

T[eiitH’?] — (8 log A(log A — 1/2) + 8log A log(l/é))

x dN§. (32)
] P(—t) =
— P(=2t) -
10)* 10)*
U, Ul
— P(—2r1t) —
\k} __ __ eith? \k}

FIG. 2. A circuit for fast-forwarding the time evolution of the
electric field Hamiltonian HEB in U(1). Given an electric field
eigenstate |k), the unitaries U, prepare the eigenvalue k* on an
ancilla register to p bits of precision, then a series of phase gate
rotations P(0) are performed to various angles 0, and finally the
ancilla register is uncomputed.

040347-8



EXPONENTIAL IMPROVEMENTS IN SIMULATION...

PRX QUANTUM 5, 040347 (2024)

While the scaling of this circuit holds for arbitrary A
and utilizes the best asymptotically scaling subroutine for
implementing U} to date, the large prefactors make this
approach less desirable for practical implementations. In
practice, A can often be small, as is the case for the
results presented in Ref. [5S8] where A = 10. For small
A, an alternative circuit implementation of U; can be
realized using a quantum lookup table or, equivalently, a
quantum read-only memory (QROM). Here, the possible
eigenvalues k? are classically precomputed and stored in a
database for each k € [—A, A]. Upon receiving an index
state |k), the QROM loads the associated eigenvalue k?
into the quantum computer. The complexity of implement-
ing a QROM is 4A — 4 [18], meaning that this alternative
approach to fast-forwarding the electric field term scales as

T[e ™E] = (2(4A —4) +8log A log(l/e)) x dN.
(33)

In Fig. 3, we show the complexity of both subroutines for
implementing Uy as a function of A. We see that for both
values of €, the arithmetical implementation is equal to or
better than using QROM. The major difference between the
two implementations, however, appears at A ~ 40, in that
the arithmetical method is significantly better. However,
in the case of interest, A = 10, using either methodology
would yield a similar estimate for U(1) LGTs.

B. Sparse-access oracles

After fast-forwarding the evolution of Hg, the remain-
ing Hamiltonian terms need to be block encoded in order
to perform qubitized simulation of the full Hamiltonian.

J

Hi o000 = { 0

(—iyebes (~ 1y

In this section, we consider the sparse-access oracles, defe-
rring the LCU block-encoding oracles to Sec. IV C.

In general, three oracles are needed to encode a sparse
operator:

O, 1i) [£) = i) [c(i, ©)), (34
Ocj)16) =17} IrG, D)), (35)
Ou i) ) 1k) = 1i) I/} |k & Hy), (36)

where c(i,£) and r(j, £) are functions that return the col-
umn and row index of the fth nonzero matrix element in
row i and column j, respectively, and /j; is a binary rep-
resentation of the Hamiltonian matrix-element value. Note
that for Hermitian operators, such as Hamiltonians, then
we have O, = O, =: O, which we will make use of in the
remainder of this work.

In order to realize these oracles for the VC-encoded
Hamiltonian, we employ some useful features of the Pauli
algebra to simplify the structure of the oracles. Gener-
alizing the results of Ref. [90, Lemma S.1] to s-sparse
Hamiltonians, the oracles can be rewritten in the following
form suitable for LGT Hamiltonians:

OF I, M) 1€) = [, A) |f @ ap, A — 1), (37)
Ou I, W) [F A XY 12) = IF, 2) [ S A) |z @ Hopoy o). (38)

Here, the states |[f') and |A) store the fermionic and bosonic
occupation states as in Eq. (26) and Eq. (21), respectively.
Further, |£) stores a binary representation of an integer
indexing the lattice sites and |z) is a register that will store
the matrix-element value. The matrix-element value after
the action of a Pauli operator can be expressed as

if[f/’)\'/> = V @ala)"?’v - 1>9

39
otherwise, (39)

where a, and by; are the classically precomputed length-2Ng& symplectic binary representations of a Pauli operator P =

Py ®Pz®---®PNg,deﬁnedby

@ 0, ifP, =127,
a =
YETNL iR =X, 7,

We obtain a vector for each lattice-site index £ and the vec-
tors b are additionally indexed by j € [0, 3] to determine
which of the weight-4 Pauli operators is applied at the site
according to Egs. (28) and (30).

We note that the LCU model makes use of an index reg-
ister |£) that iterates over physical sites in a system, while

and  (bg;); =

0, ifP,=1X,

40
1, ifP,=7Y,Z (40)

(

the sparse-access model requires |£) to index the locations
of the nonzero matrix-element values. However, here we
make use of the fact that the Pauli terms in the Hamiltonian
map a fermionic state to at most one other fermionic state,
so the sparsity of the Hamiltonian terms is at most &V, g. The
symplectic binary vectors a, are unique for each site and
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FIG. 3.

T-count ratio

75

100

The associated complexity of implementing the unitary Uy for fast-forwarding the electric field term using an arithmetic

circuit of Su et al. [28] and QROM for U(1) gauge theory. (a) The resources per gauge link, namely, T[e”"Hl? 1/(dN g,), are shown. The
solid lines correspond to € = 10~! and the dashed lines to € = 1072, (b) The ratio of the arithmetic T count to the QROM T count.

this allows us to map our lattice-site vectors x = (k, /) onto
an integer index £ using the imposed enumeration scheme
in Fig. 1(b). Therefore, the sparsity index £ can be more
naturally thought of as a lattice-site index here.

Up to now, we have primarily focused on the action
of the fermionic operators. This is due to the fact that
the gauge operators are quite simple in U(1) LGTs, cor-
responding to incrementing or decrementing the occupied
bosonic mode [see Eq. (9)]. Thus, the gauge operators only
determine the locations of the nonzero matrix-element val-
ues, via oracle calls to Of, while oracle calls to Oy will
be solely determined by the action of the fermionic oper-
ators. We now consider the complexities of constructing
these oracles for each of the three Hamiltonian terms.

1. Mass term: Hy;

Consider the mass term Hy, of Eq. (27), restricted to a
geometrically local HHKL block B. For block encoding,
the Hamiltonian must be rescaled such that ||H||max < 1,
i.e., the maximum matrix-element value is at most |1].
This amounts to scaling the Hamiltonian by (¥, g /2)7'. To
accomplish this, we will construct oracles for the unnor-
malized Hamiltonian and at the end of the computation
append additional ancilla qubits to the result to bit shift
the encoded values.

Since the Hamiltonian H,, is diagonal, the enumerator
oracle O is implemented via a series of controlled-NOT
(cNOT) gates that copy the row index to a new register,
as shown in Fig. 4. We omit the bosonic register here for
simplicity, as the mass term only acts on the fermionic
matter.

In order to implement the matrix-element-value ora-
cle, Oy, we first note that the spectrum of H,, ranges
from —N{ /2 to N&/2. Additionally, the staggered fermion

structure of the lattice corresponds to incrementing or
decrementing the matrix-element value on alternating
sites, depending on the site occupancy. We store a p-bit
representation of the matrix-element value with the cir-
cuit in Fig. 5. Controlled on the occupancy of the physical
fermion site, the current matrix-element value is alter-
nately incremented or decremented and the final state of
the second register stores a binary representation of this
value. Finally, this register must be bit shifted to ensure
that ||Hys|lmax < |1] but this bit shift can be implemented
by introducing a few additional ancillas.

We further optimize the circuit by defining a SID gate.
The SID gate acts on signed integers encoded in a binary
representation and will either increment or decrement the
value of this integer depending on the state of an ancilla
qubit. This allows us to reduce the number of increments
and decrements by a factor of 2 by first computing the par-
ity of two successive physical fermions in |f'). Namely,
if the parity is zero, the state remains unchanged and
if the parity is one, either an increment or decrement is
performed. Incrementing or decrementing is distinguished
by whether the first qubit in a successive pair is one or
zero, respectively, so by controlling on these registers, the
appropriate operation is performed.

The qubit overhead can also be reduced by temporar-
ily storing the parity in the second qubit of a successive

OF =

——

FIG. 4. The implementation of the enumerator oracle Of for
the mass term H),. Since H), is diagonal, the row and column
indices of the nonzero matrix-element values are equivalent.
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1f)
Hh—— —
On =
0) —_ — (N a
‘0>®log(1\5/2)+1 +1 -1 ) 41
FIG. 5. The naive implementation of the matrix-element-value

oracle Oy for the mass term H,,. The staggered fermion model
imposes that alternating sites occupied by physical fermions
amounts to incrementing (41) or decrementing (—1) the cur-
rent matrix-element-value state. The value at the end of the
computation is the eigenvalue of the corresponding basis state.

pair, which then acts as the control register of the SID gate.
To avoid using separate subroutines for both the incre-
ment and decrement operations, note that the decrement
circuit can be obtained from the increment circuit simply
by bit flipping the input state prior to incrementing, so an
additional layer consisting of a multitarget CNOT gate is
included. An additional qubit must be included to store the
sign of the matrix-element value. After incorporating all
of these techniques, the optimized oracle Oy is shown in
Fig. 6 and the controlled-SID gate is shown in Fig. 7.

For a register storing the matrix-element value of size
log(N§/2), the controlled-SID gate requires 2 log(Ng/2) +
1 Toffoli gates. Additionally, the controlled-SID gate must
be performed Ng’ /2 times. This brings the total T count of
OH to

T[Ox] = 2NE 2 log(NE/2) + 1). (41)

‘ d
|0>®10g(N5/2)+1 : SID N SID

FIG. 6. The optimized implementation of the matrix-element-
value oracle Oy for the mass term H), using the controlled-SID
gate. The parity of successive pairs of physical fermions is com-
puted and temporarily stored on the second qubit of the pair (the
|ctrl) qubit). If this parity is odd, an increment or decrement
is performed depending on the state of the first qubit in a pair
(the |inc) qubit). This circuit computes the matrix-element value
using half of the calls to an increment or decrement circuit using
fewer T gates and only one additional qubit.

2. Gauge-matter term: Hgyy

For the gauge-matter terms, H(h;M and Hf,,, both the
fermionic and bosonic operators must be considered,
though each of these operators can be treated indepen-
dently. Starting with the fermionic part of H,,, the sym-
plectic binary vectors a, of the Pauli strings are classically
precomputed according to Eq. (40).

The enumerator oracle O is then realized using these
symplectic binary vectors, which map a fermionic occu-
pancy state onto at most one other fermionic occupancy
state by tracking the action of the Pauli operators. The
bosonic operators also map a bosonic state to at most one
other bosonic state, the action of which is simply to incre-
ment or decrement a corresponding bosonic mode. Finding
the correct final states under the action of the Hamilto-
nian terms will give us the correct locations of the nonzero
matrix elements. The classically precomputed binary sym-
plectic vectors are loaded in via a QROM [18], just as
the eigenvalues were for the electric field term in Sec.
IV A. Using these vectors, the corresponding actions of the
fermionic and bosonic operators of Eq. (37) can be con-
structed in a quantum circuit. The explicit circuit is shown
in Fig. 8.

The overall complexity of this circuit will consist of the
T counts from both the QROM and the multicontrolled-SID
gates. The QROM requires only 4N — 4 T gates [18]. To
obtain the remaining complexity, we promote each gate in
the controlled-sID circuit of Fig. 7 by one level of control.
Combining these two results, the associated T count is

T[OF] = (4N — 4) + 4NZ(2log A + 4)

= 8Nf log A + 20Ng — 4. (42)

The matrix-element-value oracle Oy takes a similar form
but now relies on both of the classically precomputed sym-
plectic binary representations, a, and b, ;. The vectors a,
have already been loaded in as part of the implemen-
tation of O and we will reuse them here. The vectors
bg; are now loaded in via a QROM with two additional
qubits in the index register such that a unique vector by ; is
loaded for every possible combination of lattice site £ and
weight-4 Pauli term j € [0, 3]. This amounts to repeating
the QROM subroutine 4 times, one for each unique Pauli
term in the Hamiltonian of Eq. (30). The matrix-element
value of Eq. (39) is then determined by computing the
bit-wise AND operation between two sets of registers. The
circuit construction is given in Fig. 9.

The T complexity results from a call to the QROM as
well as two series of Toffoli gates to compute the bit-wise
AND between the two sets of registers. Combining these
two pieces, the T count is

T[Oy] = 4(4Nf — 4) + 3 + 4(4N{) = 32NZ — 13. (43)
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Finally, we note that the oracle implementations for the counts. Not surprisingly, this is a result of the similar
horizontal gauge-matter term H(’;M will follow this struc-  structure in the terms for both the vertical and horizontal
ture exactly and can be implemented using equivalent T  gauge-matter Hamiltonians.

FIG. 7. The controlled-SID gate.

)
A)
101 ]
i S
. M 87
-+ = | QRON O
P o TR ®
0) +— —
. 87
. 87
|0) — oz T & & 0)
log A '_I_|SID
log A L1
‘0>®2Ng log A '_SID_|
log A
log A I_SID_|

FIG. 8. The implementation of the enumerator oracle Of for the vertical gauge-matter Hamiltonian H¢,,. First, the QROM loads
in the vector a, controlled on the index register |¢). Then, the action of the bosonic operators is performed. Based on the ordering
imposed by the VC encoding, the first nonzero bit in a, indicates the physical site that the link originates from and the third nonzero bit
indicates the physical site at which the link terminates (the second and fourth nonzero bits act on auxiliary fermions and do not affect
the bosonic links). Note that imposing an ordering of the vertical links, namely, that bosonic operators propagate from a starting site
downward, eliminates the need for indexing on both the initial and terminal sites, so we need only control on the first nonzero bit of
a,. Thus we control on every other bit of @, (corresponding to physical sites) of which there will always be two nonzero bits. To avoid
performing two decrements, we introduce a flag qubit. If the flag qubit is off, then the decrement is performed on the corresponding
bosonic mode A} (as will be the case for the first nonzero bit in a;) and a successive CNOT flips the state of the flag qubit such that the
second nonzero bit of a; does not trigger a decrement. Finally, the fermionic action is performed via a series of CNOT gates between
|f') and |a,), as given in Eq. (37).
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FIG. 9.

The implementation of the matrix-element-value oracle Oy for the vertical gauge-matter Hamiltonian H¢,,. First, the same

index register |£) used in O is used to index the QROM, which ensures that a, and b, will correspond to the same site £. An additional
two qubits are prepared in the |+) state to index the type of Pauli operator acting on site £. Then, the corresponding binary symplectic
representation by ; is loaded in. With this vector, the matrix-element value can computed from Hy s g4, = (=Dbei T (—iy®bei To do
so, the value by ; - f is computed (for each j) and stored in the first qubit of |z). In order to compute a; - b, an XOR is performed
between f/ and f* @ ay, returning a,. Then a; - by; is computed and stored on the second qubit of |z). The state of |z) is then mapped

uniquely to the matrix-element value £1 or =£i.

3. Gauge term: Hp

For the magnetic field term Hp in U(1), the trace oper-
ation of Eq. (6) can be ignored as there is only one
associated color. Each Hamiltonian term is the product of
four bosonic operators forming a plaquette. The implemen-
tation of the bosonic operators has been discussed in Sec.
IV B 2 when considering the gauge-matter interaction, so
the circuit for the magnetic field Hamiltonian will just con-
sist of a product of four controlled-sID gates, each acting
on their respective bosonic modes.

As mentioned previously, the enumerator oracle O is
realized by the action of the Hamiltonian terms on the basis
states, as this yields the locations of the nonzero matrix
elements. Imposing an enumeration scheme such that the
lattice-site index £ fixes the upper-left vertex of a plaquette
uniquely identifies which bosonic modes are acted on by
each plaquette term Pg). Given that |€) is a superposition
over binary encoded states, the naive way to implement
Or is via a series of multicontrolled gates in which there is
a unique operation for every possible binary configuration
of the controls. The Clifford+T decomposition for such a
circuit is not optimal.

Instead, we make use of the unary-iteration subrou-
tine, which converts a binary encoding into a successive
preparation, and then unpreparation, of unary-encoded
states that only require operations with a single con-
trol [18]. Using unary iteration, each lattice-site index is
successively controlled on and the associated plaquette
operator P(De) is applied. This is accomplished via the
circuit in Fig. 10.

J

T[HE] = 4Ng(2log(NE/2) + 1) + 16 log(N/2) log(1/€) ~ 8N log(Ng/2),

The complexity of this oracle combines the cost of
unary iteration and the cost of implementing four bosonic
operators at each lattice site. The full complexity is

T[OF] = 4N§ + 4(4NZ(2log A + 1))

= 32N§ log A + 20Ng. (44)
The value oracle Oy for the magnetic field term is trivial
in U(1), as all matrix-element values are 1.

4. Resource requirements

Given the explicit sparse-access-oracle constructions,
the Hamiltonian interaction terms can be block encoded.
This circuit complexity is given in Ref. [63, Lemma 48]
and a circuit representation is given in Ref. [65]. In terms
of our registers, the block-encoding circuit is shown in
Fig. 11.

Since block encoding the Hamiltonian interaction terms
is realized via two calls to Or and Oy, as well as a series
of controlled rotations, its full complexity is

T[H] = 2T[OFr] 4+ 2T[Oy] + 4p (41log(1/€)),  (45)
where p is the number of qubits needed to store the matrix-
element value and e is the rotation-synthesis error to which
a rotation can be approximated in the Clifford+T gate set,
using the optimal bound of Ref. [89]. For U(1) gauge the-
ory, p = log,(N{/2) for storing the terms in Hy;. Then, for
each Hamiltonian term, their complexity scales as

(46)
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FIG. 10. The implementation of the enumerator oracle O for the magnetic field term Hp. The lattice sites £ are indexed via unary

iteration [18] and the corresponding bosonic operators are applied

around the associated plaquette. An example is shown here using

the enumeration scheme of the 4 x 4 lattice in Fig. 1(b). The plaquettes are enumerated by the index of their upper-left lattice sites.

TIHE,, ] = 2(4Ng — 4 + 4NE(2log A + 4)) + 2(4(4Ng — 4) + 3 + 4(4N2)) + 321log(1/€)

~ 16N log A + 104N,

(47)

T[HF] = 2(4Ng — 8 + 8(4(ND)(2log A + 1)) + 2Np(2log A + 1) + 16log(1/€)

~ 64N log A + 72Ng.

The reason that two calls to Oy are made, along with a
series of controlled rotations, is to implement an alternative
version of the matrix-element-value oracle,

O 10) 1i) |j) = <H,_~, |0) + /1 — |Hj | I1)> 0 1), (49)

which encodes the matrix-element value in the amplitude
of the signal qubit. While for U(1) it is possible to
remove this overhead by implementing Eq. (49) directly,
in general this approach will not be as straightforward.
When matrix values are more complicated functions
of the system parameters, such as those in SU(2) and
SU(3) LGTs, it is more convenient to design an ora-
cle that stores the p-bit representation of the matrix-
element value, as we have done, and then convert to the

(48)

(

signal-qubit encoding when block encoding via the circuit
in Fig. 11.

C. LCU oracles
E]olnsider the LCU oracles for a HaLm%ltonian H =
420 ot Up with norm [ H|| < [[&@ll; = Y12 lere|, defined
in Ref. [62] as

L—1
oy
0) = — |l), 50
PREPARE |0) ; B 1€) (50)
SELECT [£) |) = [€) Uy |¥) . (51)

Since the phases can be absorbed into the unitary opera-
tors Uy, we can assume that all coefficients «; are positive

) [B,(/2) ] =
0)°” =
0175 o, ol
|f,A) ————Or O AT
|O>®2Ng(1+1ogm | El

FIG. 11. A circuit to block encode the Hamiltonian via sparse-ac

cess oracles [65]. The top qubit is the signal qubit, while the second

register stores the matrix-element value to p bits of precision. The third register stores a lattice-site index, the fourth register stores the
Hamiltonian matrix row indices, and the fifth register stores the matrix-element column indices. Importantly, this circuit is successful

only upon all measurement outcomes being 0.
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and real. Thus, PREPARE generates a superposition of index
states weighted by the Hamiltonian coefficients «;, and
SELECT applies the unitary term U, controlled on the index
state |£).

1. Mass term: Hy,

For the mass term H), in U(1), we first rewrite the
Hamiltonian of Eq. (27) in a form more suitable to the LCU
oracles,

d
Ng-1

_l _1\¢+1
HM—zzy D1z,

(52)

where the lattice vector indices x = (k,/) have been
mapped onto scalar indices £ with the ordering imposed
by the VC-encoding, much like the indexing scheme for
the sparse-access oracles. The phases (—1)“*! can all be
absorbed into the unitaries such that oy = 1/2 for all ¢.
Then, the action of the PREPARE oracle is

d
Ng—1

1
PREPARE [0) = —— Y _ |¢),

JNE =0

corresponding to a uniform superposition over the site
indices. This circuit is implemented with a single layer of
Hadamard gates and thus has a trivial complexity. As we

(33)

J

SELECT |4, B,€) |{) = |4,B,£) ®

where ¢’ is a function of ¢ determined a priori from the
lattice enumeration and the phase of each term also has
a known dependence on ¢. Here, 4 and B are single-
qubit index registers the states of which determine which
type of Pauli operators are applied. Much like the mass
term, since the phases are absorbed into the Pauli terms,
then oy = 1/4 for all £. The PREPARE oracle takes the

X, Yo X Xp U 0) 1),
+iY, Y Xp Xp U5 0) |¥r)
FiX, Yo Yo Xp U5 0) |¥),
Y, Y Yo Xp U5 0) 1Y),

will see, PREPARE will be trivial for each Hamiltonian inter-
action term in U(1), making it a desirable encoding model
for this problem.

On the other hand, the SELECT oracle is implemented via
operations controlled on the index states |£). As mentioned
previously, rather than performing a series of multicon-
trolled gates for all possible binary configurations of the
index state, we use the unary-iteration circuit of Ref. [18].
Then, the action of SELECT is to apply £Z to the physical
fermion sites controlled on the unary-encoded index states.
This is accomplished via the circuit in Fig. 12. The total
T-gate count of the SELECT circuit comes from the unary
iteration subroutine, so

T[SELECT] = 4N — 4 (54)
and we obtain an O(log N{}) improvement over the sparse-
access encoding of the mass term in Eq. (41).

2. Gauge-matter term: Hg)y

The vertical gauge-matter term Hj,, of Eq. (30) is
also naturally suitable to the PREPARE and SELECT oracles.
Again, imposing an enumeration of the lattice sites fixes
the locations of the fermions that can be acted on by the
gauge-matter term. This then fixes the structure of the asso-
ciated Pauli operators and the overall phase of the Pauli
operator, i.e., the row and column parities are uniquely
determined by ¢ under a specified enumeration scheme.
Then, the action of the SELECT oracle is

A AN B AL iseven,
A AN =B AL 1is even,
=4 A B AL 1is even,

—=A A =B A £ is even,

.. (55)
+X X Xy Yo UW': 0) |W), AABALisodd,
+iY Xo Xy Yo U €) |), AA—=BALisodd,
FiX X Yy YpUW: 0) |¥), —AABALisodd,
+Y, X, Yy Yo UW; ) W), —AA—-BALisodd,
[
form
NE-1
PREPARE |0) = 1 Z [+)4 1) 5 1£) (56)
2JN; & TR

which is again just the uniform superposition state and can
be implemented trivially.
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FIG. 12. The implementation of SELECT for the mass term H, using unary iteration [18]. Controlled on the iteratively produced
unary-encoded site indices |£), the controlled-+Z gates are performed on the corresponding physical fermion sites.

To implement SELECT, unary iteration is again used to
successively generate the index states |[£) and the addi-
tional index qubits 4 and B will not be iterated over in
unary iteration but, instead, will index the Pauli operator
applied at each site. Thus, unary iteration must be repeated
over the lattice sites 4 times, once for each configuration
of |4, B). The first iteration of the SELECT oracle is shown
in Fig. 13.

J

T[SELECT] = 4(4N — 4) + 3 + 4Nj(2log A + 1) = 8N log A + 20N — 13.

As for the horizontal-hopping term ﬁé’; , as given in Eq.
(28), it takes the same form as the vertical-hopping term in
the LCU formalism. The only difference is that the Pauli
strings in the SELECT operation can be of higher weight
for SU(2) and SU(3), but are of lower weight for U(1).
In either case, these do not contribute any additional T

J

The full complexity is once again determined from both
unary iteration as well as the cost of implementing the
controlled unitary operations at each lattice site. However,
while the fermionic unitaries can be implemented triv-
ially, to implement the gauge operator we need to imple-
ment a controlled-SID gate once again. The complexity
is thus

(57)

gates. The total T-gate counts for the combined vertical
and horizontal hoppings are double that of the horizontal
contribution and we require one additional control qubit
D, which determines the hopping direction—vertical or
horizontal.

3. Gauge term: Hpg

The magnetic field term Hp for U(1) amounts to decrementing, or incrementing, the bosonic modes on the links forming
a plaquette in the lattice, as was the case for the sparse-access oracles. Once again, the lattice structure plays a crucial
role in the construction of these oracles, as a site index £ will allow us to uniquely determine the plaquette and thus the
bosonic modes that need to be modified. In particular,

SELECT ) [¢) = U"(L + 1; )U (£ + N 4+ 1; € + DU (€ + N&; € + Ng + DU (6; € + ND|y), (58)
where U"(f, i) (U(f, 1)) acts on the horizontal (vertical) links oriented from site i to site f. The circuit for implementing
SELECT will actually be identical to the circuit implementing the sparse-access oracle O for the magnetic field term in
U(1), though an additional control qubit is needed for the LCU implementation.

The PREPARE oracle does not require T gates and only involves Hadamards, as we only need to prepare the uniform
superposition over the index register |£),

d
NE-1

1
PREPARE [0) = —— Y _ [¢).

JNE =0

(59)
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FIG. 13.

The partial implementation of SELECT for the gauge-matter term Hg,,. This example shows the first configuration for

|4, B) = |11) and thus will apply U = £X, ¥, X, X, U(€'; £) or U = £X, X, Xy Y, U(£', £) according to Eq. (55), depending on whether
£ is an even or odd site. This circuit will then be repeated for the remaining three configurations of |4, B) to apply the rest of the terms.

4. Resource requirements

Block encoding the Hamiltonian using LCU oracles is accomplished via the circuit shown in Fig. 14, with a T count of

T[H] = 2T[PREPARE] + T[SELECT], (60)
such that
T[HS] = 4Ng — 4 ~ 4Ng, (61)
T[HE,] = 2(4(4NgE — 4) + 3 + NE(4(2log A + 1)) =~ 16Ng log A + 40N§, (62)
T[HSF] = 4Ng — 4 + 8NE(4(2log A + 1)) + 2N5(2log A + 1) ~ 32Nz log A + 36Ng. (63)

D. Resource comparison

Here, we compute the total resource requirements for a
two-dimensional U(1) LGT Hamiltonian simulation using
the interaction-picture simulation method, HHKL block
decomposition, and the costs for electric field circuits and
block-encoding circuits determined in Secs. I[IVB4 and
IV C4. We conclude this section by comparing with the
cost of Trotterized Hamiltonian simulation developed by
Kan and Nam [58].

We first establish the resource requirements for the
total block encoding of HE5 +Gu4p- 1O prepare a linear
superposition over our three block encodings, H, HE,,,
and H?, with constants gy, ggu, and gp, we use two
ancilla registers containing a single-qubit rotation on each
ancilla and controlled application of each of the three
block-encoded operators therein. The costs for doubly
controlled applications of the sparse block encodings are as
follows:

T[CC — HE] = 16Ng + 4Ng(2log(Ng/2) + 5) + 16log(Ng/2) log(1/€), (64)
T[CC — HE,;] = 40N{ + 2(4Ng + 4 + 4NE(2log A + 6)) + 2(4(4N — 4) + 5 + 32Ng) + 321log(1 /e), (65)
T[CC — HF] = 2(4Ng — 4 + 32Ng(2log A + 1) + 2Np(2log A + 1)) + 161og(1/e), (66)
O = 6NZ + 4Nglog A + 2log Nii + 2, (67)

where Q is the number of qubits required, and similarly for the LCU encodings:
T[CC — HB] = 4N{ + 4, (68)
T[CC — HE,;1 = 2(4(4NE +4) + 3 + 4NE(2log A + 1)), (69)
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T[CC — HF] = 4NZ + 4+ 32Ng(2log A + 1) + 2Nz(2log A + 1),
O = Nj +2Nglog A + 2log Nii + 2.

The total cost of block encoding is then

T[HAI?1+GM+B] = T[CC — Hy;] + T[CC — H§\,] 4 T[CC — HF'] + 6 log(1/e€).

We note that the addition of the two extra control qubits
just yields a constant overhead for LCU due to the presence
of unary logic, whereas significant overheads are present
for the sparse-access model. This is because the circuits
for the sparse-access models involve CNOT gates for logic,
which get elevated to multicontrolled Toffoli gates once
two additional control lines are added.

We present these resource estimates in Fig. 15, alongside
the cost of implementing the fast-forwarded term &HE
We find that the LCU block encoding beats the sparse
encoding by a factor of approximately 3 in T counts. Fur-
ther, the cost of simulating the electric term is an order of
magnitude smaller than either block encoding. This would
indicate that the LCU encoding significantly outpaces the
sparse encoding in practical applications. However, as
mentioned in Sec. II on qubitized simulation, the ora-
cle that is queried in the interaction-picture simulation is
HAM-T, which requires multiple queries to the electric
field term but only a single query to the block encoding.
We will see shortly that the overhead of multiple queries
eliminates any T-gate reduction from LCU. We addition-
ally find an improvement by a factor of 2—3 in the qubit
counts in the LCU block encoding relative to the sparse
encoding.

T[e""] = « (T[e"HE6 1+T1-1+

The final cost is then just a multiplicative factor of the
above expression:

T N9 TT[
qubitization = - 1€
Nj

iHB]

(75)

The only remaining unknown parameter is the size of
the HHKL blocks, which is determined by the Lieb-
Robinson velocity of the system and the block-simulation
time, namely, Nz = v gr. We document our approach to
bounding the Lieb-Robinson velocity in Appendix B.

For our direct comparison to Trotterization, we take
the physical parameters cited in Ref. [58] for the case

Inln(2a/€) + 1

(70)
(71)

(72)

In implementing HAM-T, we note by Ref. [92,
Theorem 7] that it is computed using [log, M queries
to controlled applications of eH£/C9 where o =
maxeo,y 1, IB (s)|| defined in Eq. (17), and a single appli-
cation of the block encoding T[H5 +cm+p)- Here, M =
16(a + ag)/€, where ap = gg||[HF||. Noting the coeffi-
cients in the Hamiltonian, we can express the norms as o« =
2(gm + 8gom + Iggl)Ng, op = 2gEA2N§. The total cost for
HAM-T is then

; 16
TIHAM-T®) = Tle " log, + 20 *2)

+ TIH},  Gris): (73)
This requires an additional [log, M qubits.

We then make use of Ref. [92, Lemma 6] to obtain the
T-gate cost for the simulation of e ® from HAM-T. In
total, we will require o segments of simulation, each of
which require one call to eME/2) and 3K calls to HAM-
T where K = [—1 4+ {2In2a/€)/[InIn(2a/€) 4+ 1]}]. No
additional qubits are required. The total simulation cost for
a single HHKL block to unit time is

2InQRa/e€)

]T[HAM—TB]) . (74)

(

of simulating heavy-ion collisions on a two-dimensional
U(1) gauge theory: a=0.1, N =100, T=10, A =
10, and m = g = 10. The Lieb-Robinson velocity and
the subsequent block-size calculation yield Nz > 53.
We consider € = 1078, as per Kan and Nam, but also
include comparison with lower-accuracy simulations € =
1071,1073,1073, as the accuracy scaling is worse for the
Trotterization than for qubitized simulation. The simula-
tion costs are shown in Fig. 16.

Qubitized simulation outperforms Trotterization for
essentially all accuracies, with the crossover in costs occur-
ring at very low accuracies € < 107!, Both qubitized
methods perform between 2 and 4 orders of magnitude
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FIG. 14. The block-encoding circuit in the LCU model
[65,91].

better in T-gate counts, with larger improvements at higher
accuracies. However, we note that there is practically no
difference between LCU and sparse implementations of the
block encoding: this seems contradictory to our previous
results for the block encoding, showing approximately 3
times improvements in LCU over sparse block encodings.
The closing of the gap, per se, can be understood by look-
ing at HAM-T, which requires log, (16(c + ag)/€) ~ 50
applications of the electric field term, which becomes com-
parable in cost to the block encodings themselves. As such,
the improvement in the total cost of implementing HAM-T,
the primary query oracle, is diminished, as the electric field
implementation is agnostic to the block-encoding method.

We also report the computational volume, defined as a
the T-gate count multiplied by the logical qubit counts.
We see that there are additional improvements here for
the qubitized algorithm, where the Trotter model requires
5 x 10° qubits, while the sparse and LCU models, respec-
tively, take 1 x 10° and 5 x 10* qubits. Overall, we see
an improvement by 6 orders of magnitude in compu-
tational volume between the Trotterized and qubitized
methods. We have also included a qubitized simulation
without using HHKL, where Nz = N. We find that this
naive qubitized simulation outperforms Trotterization and
is slightly worse than HHKL, as expected since we have
only four HHKL blocks in this parameter range.

(a)

} —— Sparse
1 LCU
10*§ —.- Electric
=] 1 ”
-
S 10° 4 e
- 1 P
] /‘/
10 3 ‘/‘/
1
-
10° 10!
NG

FIG. 15.

For a richer comparison between the techniques, we also
compare the resource estimates for different values of other
physical parameters. The qubitized algorithm purports to
be optimal in space-time volume, wherein we may look
at different 7" and N. The case for T is quite straightfor-
ward, so we exclude it. As for N, the case is more complex,
since the real benefit of the qubitized approach is when
the HHKL block size is sufficiently small, becoming poly-
logarithmic in N. It is clear that for the above parameters,
this may not be the case and so we may not be getting the
greatest benefits of the technique.

We also vary g, m, and a, as they affect v g, as well
as the commutators for Trotterization. We find, how-
ever, that changing g and m does not significantly affect
VLR; €.8., a variation by 2 orders of magnitude in either
takes v g > 53 — v > 42. The values do change the
resource estimates; e.g., changingm =g = 10tom =g =
0.1 increases the T-gate counts in Trotterization, almost
independently of all other parameter variations, by 3 orders
of magnitude. However, the same applies for qubitiza-
tion, meaning that the relative improvement in using either
method is nearly unchanging with g and m. The remaining
parameter is a, which highly influences v g and also the
commutators for Trotterization.

We report the required resources in terms of T-gate
counts and computational volume, as well as the rela-
tive improvement for qubitization over Trotterization in
space-time volume in Table I at a fixed m =g = 10,
while varying € € {1073,107'}, N € {100, 1000}, and a €
{1072,107!, 1}. For the sake of readability, we have only
included the LCU results here. We see a general trend,
namely, that increasing a is the primary improvement, indi-
cating that Trotterization is preferred for small a. Further,
as € decreases, the improvements increase, indicating that

103 E

102 E

Qubits

10! E

10° 10!
Ng

The total (a) T counts and (b) qubit counts needed to block encode the Hamiltonian. The LCU model achieves an approx-

imately 3 times improvement over the sparse model in the T count and an approximately 3 times improvement in qubit count. Here,

we present results for A = 5Sand € = 1073,
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FIG. 16. A comparison of the resource estimates for Hamiltonian simulation of a two-dimensional U(1) lattice gauge theory using
the methods in this work, labeled “LCU” and “sparse,” and from the Trotterized simulation of Kan and Nam [58] for the case of
heavy-ion collision. (a) T-count comparisons. (b) The computational volume, defined as the T counts multiplied by the qubit counts.
Costs are shown for different values of accuracy of the simulation, €. Here, we take the parameters given by Kan and Nam (¢ = 0.1,

N =100,7=10,and A = 10) and m = g = 10.

at high accuracies, the qubitized simulation outperforms
Trotterization.

We note, however, that the expected improvements in
qubitization with respect to N are not seen and an oppo-
site trend is observed. Second-order Trotterization scales
as O(N3/?), naive qubitization as O(N?), and HHKL as
O(N), up to logarithmic factors. For qubitization, the
O(N?) scaling is a product of the O(N) Hamiltonian norm
appearing as a factor in query complexity and the O(N)
block-encoding cost. Therefore, the HHKL scaling is only
O(N), asymptotically, in the regime in which the sizes of
blocks simulated via qubitization are much smaller than
the system size, which is not the case for U(1). As such, we
see that the U(1) scaling is closer to the naive qubitization
scaling and hence scales worse with N than Trotterization.

TABLE 1.

If one were able to find tighter bounds for v g, this might
not be the case.

As it stands, we find that the Trotterization scheme of
Kan and Nam [58] will outperform our qubitized imple-
mentation for simulations with asymptotically small a,
large €, and large N. Physically, a dictates the length scale
of physical interest and N the system size. While we do not
comment on the quantitative regimes in which qubitization
outperforms Trotterization, we note that resources pertain-
ing to a particular simulation task can be computed from
our resource-estimate expressions. A quantitative analysis
would be of particular interest to U(1) gauge theory since
in 3+1 dimensions (3+1D) and 2+1D, U(1) has massless
photon interactions, for which finite-size corrections scale
only polynomially with the system size [93], in contrast

A comparison of Trotterization- and HHKL-based simulation using an LCU block encoding for U(1) lattice gauge theory

in two dimensions for a heavy-ion simulation. Various accuracies €, linear system sizes N, and lattice spacings a are shown. Bounds on
the Lieb-Robinson velocity v; g, T-gate and qubit counts are derived and a final improvement in space-time volume of the computation

(T counts times logical qubit counts) is reported.

€ N a ULR T Trotter T qubitization QTrotter Qqubitization Improvement
103 10? 10° 1.0 x 10! 3.2 x 1093 4.7 x 1012 5.1 x 10° 8.1 x 10* 44 % 103
107! 5.3 x 10! 1.3 x 10'® 2.6 x 104 5.1 x 10° 7.6 x 10* 3.5 x 102
1072 4.2 x 10? 1.1 x 10" 7.8 x 1013 5.1 x 10° 7.7 x 10* 9.8 x 10!
10° 10° 1.0 x 10! 3.2 x 10'8 47 x 10" 5.1 x 107 8.1 x 10° 4.4 % 10
107! 5.3 x 10! 1.3 x 10" 2.6 x 10'° 5.1 x 107 7.7 x 10° 3.5 x 10°
1072 4.2 x 10? 1.1 x 1020 1.7 x 10" 5.1 x 107 7.6 x 10° 4.4 x 10!
107! 102 10° 1.0 x 10! 3.2 x 10" 3.1 x 102 5.1 x 10° 8.1 x 104 6.9 x 10?
107! 5.3 x 10! 1.3 x 103 1.8 x 10 5.1 x 10° 7.7 x 10* 5.1 x 10!
1072 4.2 x 10? 1.1 x 10'® 5.6 x 101 5.1 x 10° 7.7 x 10* 1.4 x 10!
10° 10° 1.0 x 10! 3.2 x 10V 3.1 x 10" 5.1 x 107 8.1 x 10° 6.9 x 103
107! 5.3 x 10! 1.3 x 10'8 1.8 x 10'® 5.1 x 107 7.7 x 10° 5.1 x 102
1072 4.2 x 102 1.1 x 10¥° 1.3 x 10 5.1 x 107 7.6 x 10° 6.0 x 10°
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to SU(N) theories, which scale exponentially. As such,
the quantitative assessment of “small a, large N would
be particularly important in determining the benefit of
qubitization over Trotterization for U(1) LGTs.

V. GENERALIZATION TO NON-ABELIAN GAUGE
THEORIES AND HIGHER DIMENSIONS

The explicit circuits for block encoding the Kogut-
Susskind Hamiltonian that we have provided can be
readily adapted to higher space-time dimensions and
higher-order non-Abelian LGTs, such as SU(2) and SU(3).
While the VC encoding [85] is sufficient for U(1) LGTs
in two dimensions, it is more resource efficient to con-
sider the GS [84] encoding for SU(2) and SU(3) in higher
dimensions. The advantage of the GS encoding is that it
is easily amenable to changing lattice geometry, number
of colors, and spatial dimension and uses only one extra
qubit per lattice site, in contrast to the O(n.) extra qubits
required in the VC encoding. Additionally, its structure and
ordering follow closely that of the VC encoding, so the
circuit constructions that we employ will follow the same
logic.

Using the GS construction, we have already seen that
considering a d-dimensional cubic lattice on N sites for
simulating an SU(n.) LGT will require (d +n, — 1)Ng
qubits to store the fermionic degrees of freedom. Unlike
fermions, the bosonic interactions are always local, so
there is no need to consider any special form of encod-
ing. Instead, the bosonic encoding will scale directly in
terms of the spatial dimension and the specific LGT. For
d spatial dimensions, each lattice site will store d bosons,
corresponding to the d ordered edges, and for SU(xn.), each
bosonic state will have n? — 1 registers, each of size at
most log A, indexing the local quantum numbers. Thus, the
total number of qubits needed to store the wave function is

Q= (d+n.— DN+ dN? (> — 1) log A. (76)

Rather than providing full resource estimates for both the
sparse- and LCU-encoding models as for the U(1) case,
here we restrict ourselves to providing resource require-
ments in only the sparse-access model, for three reasons.
First, as noted in the U(1) case, the difference in resource
requirements between the sparse and LCU models for full
simulation is insignificant with respect to the dominant
electric field term, making either encoding model a valid
candidate. Second, the gauge-field operators Uab(ﬁ,?) are
conventionally written in a form suitable to the sparse-
access model [see Egs. (11) and (13)]. In the LCU model,
one must determine a sequence of elementary gates to
implement these operators directly on basis states, which
is not only nontrivial but will be unique to each LGT
considered and thus does not generalize well to SU(xn,).
We remark that a possible implementation of the gauge-
field operator could be realized via a modification to the

Clebsch-Gordan transform [94]. One would need to adjust
the quantum circuit to transform both the left and right ends
of a lattice link and include the dimensional normalization
prefactor. Additionally, the generalization of the Clebsch-
Gordan transform to SU(#n,) relies on using qudits, so one
would need to construct the Clebsch-Gordan transform for
SU(3) on qubits. Third, provided that one could find an
implementation for SELECT, then the resource requirements
could be determined straightforwardly from the expres-
sions given in the U(1) case, as the complexity of the
unary-iteration subroutine would scale directly with the
spatial dimension and number of colors in the LGT. One
would only need to account for the cost of implementing
the controlled-U,, gates.

The logic of our algorithm remains relatively unchanged,
with only modifications to the operators being applied
in the corresponding LGT. The mass term generalizes
straightforwardly, scaling with the number of sites and col-
ors. In the sparse-access model, only O contributes to the
complexity scaling, which requires a controlled-SID gate
for each lattice site and each color DOF. Additionally, the
size of the registers being incremented or decremented will
scale with the type of LGT. Thus, for SU(n.) in d spatial
dimensions, we have

T[On (Hy)] = 4n.N*Qlog(N* + n. —2) + 1).  (77)

The remaining Hamiltonian terms all have contributions
from the gauge-field operators, which will depend more
strictly on the specific LGT being considered. At this point,
we will restrict to SU(2) and SU(3) LGTs. The simplest of
the gauge terms is the electric field term, which again will
be fast-forwarded. In SU(2), the Casimir operator is given
by Eq. (10) and in SU(3) by Eq. (12).

The cost of implementing these operators can again be
determined using the circuit for fast-forward evolution in
Fig. 2. For SU(2), either the QROM or Karatsuba integer
multiplication can be used, as before, to implement a uni-
tary U that prepares the eigenvalues of the Casimir oper-
ators, depending on the bosonic truncation parameter A.
Here, we provide resource estimates using a QROM, as it
outperforms integer multiplication for physically relevant
values of A.

On the other hand, for SU(3), there are now two repre-
sentation indices characterizing the action of the Casimir
operator, meaning that a QROM will scale as O(A?). The
alternative approach of implementing the integer arith-
metic on the fly will also require more work. In addition
to the Karatsuba multiplication algorithm [88], we also
require algorithms for integer addition [95] and integer
division [96]. There is again a trade-off in optimal com-
plexity depending on A. Numerically, for A < 90, the
QROM is more efficient. The associated complexities are
then given by
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SU(2): T[e_”HEB] =2(4A —4) +4log(A(A + 1)) log(1/e), (78)

(QROM) SU(3): T[e—”’Hz? 1=2Q2A% —4) 4+ 4log(A(A + 3)) log(1/e€), (79)

(arithmetic) SU(3): T[e £ ] = 2(99 1og?(A (A + 3)) — 60 log(A (A + 3)) — 16) + 4log(A(A + 3)) log(1/€)]. (80)

The oracle constructions for the gauge-field operators
Uab(ﬁ,?) are also required for both the gauge-matter and
magnetic field interaction terms. For SU(2), the gauge-
field operators are given in Eq. (11) and for SU(3),
in Eq. (13).

In the sparse-access model, we generalize the bosonic
part of the circuit constructions for O and Op in Figs.
8 and 9. The fermionic part of the gauge-matter interac-
tion will follow the same logic as in the U(1) case. A
QROM will load in the binary symplectic vectors associ-
ated with the particular Pauli representation chosen. Then,
the nonzero final states are given by |f @ ay), just as
before. The only difference is that now, in addition to
their being a unique symplectic vector for every site, there
will also be a unique vector for every color configuration,
meaning that the QROM contains n2Ng elements in the
database.

In order to implement the gauge-field operators, though,
we must be a bit more careful than in the U(1) case. For
the U(1) LGTs, we were able to implement the gauge-field
operators directly onto the bosonic registers, as they cor-
responded to increments or decrements of occupancies of
individual bosonic modes. On the other hand, for SU(2)
and SU(3), the gauge-field operators require preparing a
superposition of final states.

For our particular method, we make use of a space-time
trade-off. Rather than storing a superposition of final states
on a single register, we store each final state in its own
register, increasing the spatial resource requirements by
a constant-prefactor overhead. The number of additional
registers will depend on the specific LGT, but for SU(2),
one additional register is required and for SU(3) (in the
worst case), 11 additional registers are required, each of
size O(log A). With this approach, computing the final
states amounts to performing only controlled increments
and controlled decrements on the state indices. Addition-
ally, with each nonzero final state stored in its own register,
then the unique matrix-element values for each state can be
computed in Oy on these separate registers.

While we make use of the approach involving addi-
tional state registers for computing resource requirements,
we also provide some alternative, less intuitive, approaches

J

(

that one could employ. First, rather than storing each entire
final state, we can include an (1) size register of indica-
tor qubits that determine the final state that we are in. In
SU(2), for example, the action of the gauge-field opera-
tor would map |j) — {|j)10),[j)|1)}, where the state of
the indicator qubit corresponds to the states |j + 1/2).
However, since computing the matrix-element values in
Oy requires arithmetic, the explicit circuit construction
would require additional controlled operations on the indi-
cator qubit to prepare the correct binary representation of
the state prior to doing the arithmetic. Another alternative
approach applicable only to SU(2) involves decomposing
the gauge field operators into sums of one-sparse terms,
which are easy to encode via the sparse-access oracles [90].
For the magnetic field term Hjp, though, this amounts to
exchanging the sums of the gauge-field operators and the
trace operation over the plaquettes, which is only possi-
ble in SU(2), as the isospin parameters in SU(3) are color
dependent.

Using the approach to store each entire final state, for the
bosonic part in SU(2) the nonzero final states |J, My, Mg)
are constructed via a series of increments or decrements,
similar to the U(1) case. However, for SU(2), we now need
six increments or decrements for each gauge-field operator
with fixed color indices, three for each of the |j 4+ 1/2)
final states. Thus, in Fig. 8, we can replace each controlled-
SID gate with six controlled-SID gates (three to each of the
two registers storing the two final states). The rest of the
logic will follow exactly as in the U(1) case.

For SU(3), the generalization is similar. The isospin and
hypercharges will be incremented or decremented accord-
ing to the fixed color indices. However, unlike SU(2), the
SU(3) gauge-field operators have sums over 7] and 7% in
addition to the sum over the representation indices. While
T; and T} are color dependent, 7,z € {0,1/2}, so in the
worst case, we obtain at most four additional nonzero final
states. Thus, there are a total of 12 nonzero final states,
each one requiring either seven or eight controlled-SID
gates. So each controlled-decrement gate in Fig. 8 will
now be replaced with 88 controlled-SID gates. The result-
ing complexities for the gauge-matter and magnetic field
term then become

SUQ2): T[OF(Hey)] = 4(4NY) — 4 + 96N9(2log A + 4), (81)
SUQ3): T[OF (Hou)] = 4ON?) — 4+ 3168N“(2log A + 4). (82)
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While the implementation of Oy was trivial for the gauge
fields in U(1), it is not so for SU(2) and SU(3) and we
must include additional subroutines to the circuit in Fig. 9
to obtain the bosonic matrix-element values. In both SU(2)
and SU(3), this amounts to computing the Clebsch-Gordan
coefficients and the dimension-normalization prefactor.
While each of these amplitudes is known a priori, allow-
ing us to use a QROM to classically precompute and load
these values in, we will see that it is in fact more efficient
to do the arithmetic on the fly. For SU(2), there are four
Clebsch-Gordan coefficients ca; am indexed by the change
in angular momentum Aj =J —; and the change in the
z component of the angular momentum, Am = M — m.
However, each of these coefficients is a function of j
and m. Since j € [0, A] (with half-integer steps) and m €
[—A, A], there are 16A? elements in the classical database.
On the other hand, each of the Clebsch-Gordan coefficients
is a simple function of j and m and can be readily computed

SUQ): T[Oy (Hey)] = 4(4(4N?) — 4) +3 + 8(d + DHN? +2(711og? A — 16log A — 32),
SUQB3): T[Ox (Hey)] = 4(4(ON?) — 4) + 3 4 8(d + 2)N? + 12(263 log® A — 28 log A — 164).

Finally, the magnetic term is realized as the product of
four gauge-field operators around a plaquette in the lat-
tice, with the additional constraint that the color indices
contract to singlets at each vertex, denoted by the trace
operation. Thus the nonzero final states will be given by
the tensor product of incremented or decremented basis

J

N = (;Z)NZ(N + )42,

The associated complexities are

SUQ2): T[OF (Hp)] = 4(2*No) — 4 + 384N“(2log A + 1),

[
[

SU(2): T[Oy (Hp)] = 8(71log? A — 16log A — 32),
SUQB): T[OF(Hz)] = 4(3*No) — 4+ 12672N9Q21log A + 1),
SU(3): T[Oy (Hp)] = 48(263 log? A — 28log A — 164).

With each of the oracle complexities, we can give the full
block-encoding complexities for each Hamiltonian term.
Since we are actually interested in a block encoding of
Hy; + Hgyy + Hp, we need two additional levels of control

using the integer-arithmetic subroutines from the electric
field term in addition to a subroutine for computing the
square root [97]. The dimension-normalization prefactor
can also be readily computed in this way.

For SU(3), the same logic applies, though now the arith-
metic is a bit more involved, but still more efficient than
implementing a QROM for a database of size O(A®).
The SU(3) Clebsch-Gordan coefficients can be computed
from the product of the isoscalar factors /,; and the SU(2)
Clebsch-Gordan coefficients, with Aj and Am replaced
by AT and AT?. In contrast to SU(2), there are now 15
Clebsch-Gordan coefficients, each of which is a function
of the representation indices p and ¢, the isospin 7, the
hypercharge Y, and the z component of the isospin, 77 (for
a more detailed review, see Ref. [58, Appendix D]).

Including these additional costs in the circuits of Fig. 9,
we obtain the resource requirements for the gauge-matter
term of the Hamiltonian in both SU(2) and SU(3):

(83)
(84)

(

states resulting from the action of the gauge-field opera-
tors. The complexity is 4 times as costly as implementing
the encoding oracle for a single gauge-field term and we
can use unary iteration to index over the lattice plaquettes.
The number of plaquettes in a d-dimensional hypercubic
lattice is

(85)

(86)
@87
(8%)
(89)

on each individual encoding circuit as well as two single-
qubit rotations to implement an LCU encoding of our
block encodings. The doubly controlled block-encoding
complexities for SU(2) are
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T[CC — Hy] = 32N + 16N9(2log(N?) + 5) + 16 log(N?) log(1 /€), (90)
T[CC — Hgu] = 48(d + DN + 2[4(4N“) + 4 4+ 96N/ (2 log A + 8) + 4(4(4N?) — 4)
+5+24(d + DN’ +2(684log> A — 4321log A + 16)] + 32p log(1/e), 91)

T[CC — Hp] = 2[4(2*Noy) + 4+ 384N9(2log A + 1) + 8(684log? A — 4321log A + 16)] + 16p log(1/¢)  (92)

and those for SU(3) are

T[CC — Hy] = 48N + 24N9(21og(N + 1) + 5) 4 16log(N“ + 1) log(1/€), (93)
T[CC — Hgy] = 48(d + 2)NY + 2[4(4N?) + 4 + 12672N(2log A + 8)
+ 4(4(ON?) — 4) + 5 +24(d + 2)N? + 12(2988 log® A —2028 log A + 148)] + 32p log(1/€), (94)
T[CC — Hp] = 2 [4(3*Np) + 4 + 384N“(2log A + 1) + 48(2988 log® A — 2028 log A + 148)] + 16p log(1/e€),

where p = 64 corresponds to double-precision accuracy
for the matrix-element values.

In Fig. 17, we show a comparison of the different com-
ponents of HAM-T, similar to Fig. 15, for SU(2) and
SU(3). We see that for SU(2), the block-encoding cost is
about 25 times the cost of the electric field term, in con-
cordance with the U(1) calculations. This means that for
HAM-T, the electric field term still dominates and hence
the method of block encoding is not particularly impor-
tant. Proceeding with only the sparse encoding will still
yield good resource estimates. As for SU(3), the ratio
is closer to 1000 and so the block encoding is finally
the dominant cost in HAM-T. Accordingly, improvements
in block-encoding techniques, such as LCU, may yield
improvements in SU(3) simulation relative to the numbers
that we will report with our sparse encodings.

In Tables II and III, we provide resource comparisons
for three-dimensional simulations of SU(2) and SU(3)
LGTs between our qubitized simulation, without HHKL
and using the sparse block encoding, to the Trotterized
implementation of Kan and Nam [58]. We find for SU(2),
at a minimum, an improvement in the computational vol-
ume by 10 orders of magnitude and for SU(3), a minimum
improvement by 23 orders of magnitude.

We remark that the main contribution to the large
improvement over the results of Ref. [58] is a result of
the particular representation used for the gauge-field opera-
tors U,p. Kan and Nam map the explicit gauge-field terms
of Egs. (11) and (13) to a block-diagonal representation
of the operator that consists of approximately 10'? terms
for SU(2) and approximately 10?' terms for SU(3). This
operation dominates their complexity, as the number of
terms dictates the number of calls to their arithmetic oracle
but allows them to exponentiate the gauge-field opera-
tors for Trotterization. We do not encounter this problem
using the sparse-access block-encoding model, because

95)

(

the sparse-access oracles do not require any structure on
the individual Hamiltonian terms, so we do not need a
representation in which individual terms are Hermitian
or unitary. As discussed in Secs. IIB and 11 C, the over-
head of the block-diagonalization procedure of Ref. [58]
is largely related to the exponential scaling with respect to
n., while the sparse-encoding model only has a polynomial
dependence on #..

VI. CONCLUSION AND OUTLOOK ON THE
SIMULATION OF LGTs

In this work, we have carried out a careful analy-
sis of qubitized simulation of LGTs. We have built on
and fully developed the qubitized Hamiltonian-simulation
algorithm proposed by Tong et al. [60] for U(1), SU(2),
and SU(3) gauge theories with matter fields in arbitrary
spatial dimension. In doing so, we have worked out the
details of various locality-preserving mappings of these
models onto qubits [84,85,98], constructed block encod-
ings for the corresponding qubit Hamiltonians based on
sparse and LCU oracles, and used the block encodings to
construct a full front-to-back analysis of the qubitized sim-
ulation algorithm, including estimates of Lieb-Robinson
velocities for U(1) gauge theory and a novel SID circuit.

Additionally, we have carried out resource estimates (T-
gate counts and qubit counts) for the entire simulation cost
within the interaction picture and compared our numbers
to those obtained in Ref. [58], wherein Trotterized time
evolution has been considered. For the case of simulating
the SU(3) model in three spatial dimensions, our algorithm
leads to computational-volume requirements that are 25
orders of magnitude lower compared to Trotterization.
A key ingredient for reaching such an improvement has
been leveraging the sparsity of color gauge-field operators,
which is possible in both the sparse and LCU models of
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The total (a) T counts and (b) qubit counts needed to block encode the Hamiltonian for SU(2) and SU(3) gauge theories.

Also shown are the electric field costs, which are necessary to compute the cost of HAM-T.

block encoding. The resulting algorithms have polynomial
dependence on the number of colors 7., an exponential
improvement over state-of-the-art Trotterized simulation
techniques [53,58]. Given the significant improvements
found in this work, one may wonder what additional
improvements can be made and what the results mean
in the context of other approaches to the simulation of
LGTs on quantum devices. In terms of additional improve-
ments to the algorithm in this work, we note that the
dominant contribution to the cost of the algorithm for
small gauge groups such as U(1) and SU(2) come from
the fast-forwarding of the diagonal electric field term.
Given its asymptotically optimal scaling with the Hamil-
tonian norm, significant improvements in this direction
are unlikely. However, in the case of SU(3) gauge theo-
ries, and more complex gauge groups that arise in grand-
unification theories such as SU(5) [99] or SO(10) [100],
the sparse block-encoding of the magnetic plaquette term

TABLE II.

is the dominant cost. It is likely that progress can be made
here in reducing resource requirements by making use of
LCU implementations utilizing efficient circuits for Schur
and Clebsch-Gordan transformations [94].

We note, however, that the efficient Trotterized simula-
tion of LGTs is by no means a lost cause. While a naive
look at our reported improvements for SU(3) would indi-
cate that Trotterization would always fall behind qubitiza-
tion, independent of system size, error, and lattice spacing,
the overheads for Trotterization come mainly from a costly
decomposition of the plaquette term in Ref. [58] and
the expensive arithmetic therein, required for maintain-
ing gauge invariance. Recent work [42—45] has indicated
that these costs can be radically improved with two steps:
first, working in the magnetic field basis, and, second, dis-
cretizing the gauge group, e.g., going from U(1) to Zy.
In doing so, these methods can implement the plaquette
term in Trotterization while maintaining gauge invariance

A comparison of Trotterization and qubitized simulation using a sparse block encoding for SU(2) lattice gauge theory in

three dimensions for a heavy-ion simulation. Various accuracies ¢, linear system sizes N, and lattice spacings a are shown. T-gate and
qubit counts are derived and a final improvement in the space-time volume of the computation (T counts times logical qubit counts) is
reported. Note that we use naive qubitization here, with no HHKL decomposition.

€ N a T Trotter T qubitization QTrotter Qqubitization Improvement
103 103 10° 1.2 x 10%° 1.4 x 10% 10! 3.4 x 1010 2.9 x 1010
107! 3.9 x 10%7 2.2 x 10% 10! 2.4 x 1010 7.1 x 101!
1072 1.2 x 10%° 9.6 x 10 10 2.4 x 100 5.1 x 102
10? 10° 3.9 x 103! 1.0 x 10%° 108 2.4 x 107 1.5 x 1012
107! 1.2 x 1033 1.5 x 1020 108 2.4 % 107 3.1 x 1013
1072 3.9 x 10% 6.9 x 10?0 108 2.4 x 107 2.2 x 1014
107! 103 10° 1.2 x 1033 6.8 x 10% 10! 2.4 x 1010 7.3 x 10°
107! 3.9 x 103° 1.0 x 102° oM 2.4 x 100 1.5 x 10"
1072 1.2 x 10%° 4.4 x 10% 1o 2.4 x 100 1.1 x 10"
102 10° 3.9 x 1030 4.7 x 10" 108 2.4 % 107 3.3 x 10!
107! 1.2 x 1032 7.2 x 10" 108 2.4 % 107 6.9 x 102
1072 3.9 x 103 3.2 x 1020 108 2.4 % 107 4.9 x 10"
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TABLE III.

A comparison of Trotterization and qubitized simulation using a sparse block encoding for SU(3) lattice gauge theory in

three dimensions for a heavy-ion simulation. Various accuracies €, linear system sizes N, and lattice spacings a are shown. T-gate and
qubit counts are derived and a final improvement in the space-time volume of the computation (T counts times logical qubit counts) is
reported. Note that we use naive qubitization here, with no HHKL decomposition.

€ N a T Trotter T qubitization QTrotter Qqubitization Improvement
1073 10° 10° 1.0 x 10°° 2.0 x 10%7 2.6 x 101 6.0 x 1010 2.1 x 102
107! 3.2 x 107! 2.9 x 1077 2.6 x 101 6.0 x 1010 4.6 x 10%
1072 1.0 x 103 1.2 x 108 2.6 x 101 6.0 x 1010 3.5 x 10%
102 10° 3.2 x 10% 1.6 x 10?! 2.6 x 108 6.0 x 107 8.4 x 10%
107! 1.0 x 10%7 2.3 x 102! 2.6 x 108 6.0 x 107 1.8 x 10%
1072 3.2 x 10%8 1.0 x 1022 2.6 x 108 6.0 x 107 1.3 x 107
107! 10° 10° 1.0 x 10% 1.7 x 1077 2.6 x 10! 6.0 x 1010 2.5 x 102
10~! 3.2 x 10%° 2.5 x 1077 2.6 x 10! 6.0 x 1010 5.4 x 102
1072 1.0 x 10°2 1.0 x 1028 2.6 x 10! 6.0 x 1010 4.1 x 10
102 10° 3.2 x 10% 1.3 x 102! 2.6 x 108 6.0 x 107 1.0 x 10*
107! 1.0 x 10% 1.9 x 102! 2.6 x 108 6.0 x 107 2.1 x 10%
1072 3.2 x 10¥7 8.4 x 102! 2.6 x 108 6.0 x 107 1.6 x 10%

without expensive arithmetic. Even with these improve-
ments, Trotterization would still be asymptotically worse
than qubitized simulation but extrapolating from electronic
structure simulation results [33], it is likely that Trotteriza-
tion with these improvements would beat qubitization for
small N and large €.

Trotterization in this regime has another distinct advan-
tage, namely, that one may be able to numerically compute
tight, and perhaps even state-dependent, Trotterization
bounds [101,102]. It is therefore likely that such Trotter-
ized simulation methods would outpace qubitization for
small simulations with low accuracy requirements. On
the other hand, if one required high accuracies and large
simulation cells—and, in particular, if one were unwill-
ing to incur errors from discretizing the gauge group—the
qubitized simulation would certainly be better.

Other recent developments in the simulation of lattice
gauge theories can be used to improve both the qubitized
and Trotterized simulation methods. In particular, recent
results using hybrid architectures, wherein different hard-
ware is used to simulate the bosonic and fermionic degrees
of freedom [103,104], allow for significant improvements
in the simulation of lattice gauge theories. For example,
in such an encoding scheme, the implementation of any
unitary in the plaquette term becomes trivial, having zero
non-Clifford cost. This may lead to an improvement in the
cost of qubitized simulation of 5—6 orders of magnitude for
SU(3) relative to the numbers that we have reported.

Two other related points of interest in the simulation
of lattice gauge theories are the choice of model and the
topic of gauge invariance. In terms of considering different
physical models, one natural direction to explore is investi-
gating the peculiarities of mapping various lattice fermions
(Wilson [105], overlap [106], domain-wall [107], etc.)
onto qubits. More broadly, as numerous formulations of
LGTs emerge (purely bosonic [52,108,109], prepotential

[53,110], loop-string-hadron [53,111,112], orbifold [113],
etc.), investigating their compatibility with state-of-the-
art simulation techniques appears to be a crucial direction
of research from the algorithmic perspective. Regarding
gauge invariance in the simulation, the qubitized algorithm
presented in this work can break gauge invariance up to
an error included in the € simulation error of the dynam-
ics. If gauge invariance breaking is absolutely intolerable,
then there are a few potential approaches to addressing
it. First, one may choose to use discretized gauge theory
approaches wherein simulation can be done without incur-
ring gauge invariance breaking [42—45]. Second, one may
choose to use specially adapted polynomials for quantum
signal processing in the context of qubitized simulation
that preserve gauge invariance, an open research problem.
Third, one may forego addressing this question at the level
of the logical algorithm and instead address it in within
the context of the error-correcting code that a prospective
fault-tolerant device would make use of [114]. Lastly, one
may use an approach such as discrete gauge group Trotter-
ization [42—45], which has built-in gauge invariance under
the discrete group.
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APPENDIX A: THE NOTION OF QUBITIZATION

In the quantum simulation literature, the notion of
qubitization has been repeatedly used for several different
concepts. To avoid potential confusion, we discuss those
concepts below:

(1) In the original work [62], qubitization referred to
the process of constructing a special form of block
encoding, the Szegedy walk operator Wy, from a
general block encoding Uy . The action of Uy on a
state of the form |0™)|)1), where |)1) is an eigenvector
of H with eigenvalue A, can be written as

Un0™)alA)s = AO0™)alA)s + V1 = 22| LH)4s,
(A1)

where the subscripts s and a indicate the system- and
ancillary-qubit registers. As compared to Uy, the
quantum walk operator Wy has an additional prop-
erty that for each A, the vector | L"), factorizes as
|1 as = |LM)alA):

Wigl0")al2)s = (10" = VT = 2217, ) 12)s
(A2)

where the minus sign between the two terms is con-
ventional and has been added to match the definition
used in Ref. [62].

The form of Eq. (A2) allows one to express its con-
secutive applications to the eigenstates of H in terms
of Chebyshev polynomials and to readily utilize the
machinery of quantum signal processing (QSP) [61]
for implementing polynomial functions of H using
controlled calls to Wy.

(2) Qubitization is also frequently used as a term for
the entire procedure of Ref. [62] for simulating the
dynamics governed by time-independent Hamilto-
nians, which rely on QSP and controlled calls to
Wh.

It is, however, important to note that simulating
time evolution is not the only use case of Wy in
quantum simulation. For example, Szedegy walk
operator is utilized in a highly efficient implemen-
tation of quantum phase estimation from Ref. [115].

Such a construction is possible due to the fact that
the spectrum of Wy contains eigenvalues that are
simple functions of the Hamiltonian eigenvalues:

{eii arccos A } .

spec Wy D (A3)

(3) Qubitization is sometimes used as an umbrella term

for all post-Trotter methods relying on block encod-
ing. This is largely due to the fact that the approach
of Ref. [62] provides the most asymptotically effi-
cient way of simulating time-independent Hamilto-
nians, with complexity OH |t + log1/e).
Such terminology can be quite confusing, since
near-optimal methods may use neither W nor QSP.
For example, one can simulate time evolution with
complexity O H |t + log1/e) by implementing
the real and imaginary parts of the time-evolution
operator via quantum singular-value transformation
(QSVT), which are then added up using the LCU
formalism [63,65]. While QSVT is closely related
to QSP, in this approach the construction of Wy is
not required.

(4) The notion of gubitization has also been used to
denote the process of mapping physical degrees
of freedom in discretized formulations of quantum
field theory onto qubits [116,117]. This arguably
most confusing convention is not related in any way
to (1)~(3) above.

The present authors did not agree on whether the usage
of the term qubitization was permissible in the paper, as
the truncated Dyson-series algorithm [92,118] is neither
related to QSP nor does it employ the Szegedy walk oper-
ator. Similarly, the notion of “Trotter” decomposition is
used throughout the paper as an umbrella term for meth-
ods based on product formulas. The decisions were made
by vote.

APPENDIX B: BOUNDING THE LIEB-ROBINSON
VELOCITY

Here, we establish an upper bound on the Lieb-Robinson
velocity v g, which is needed to lower bound the linear
size of the HHKL block for the simulation. To accomplish
this, we employ the algorithm of Ref. [119], which estab-
lishes the tightest known Lieb-Robinson bounds for strictly
local systems.

The algorithm begins by constructing the commutativity
graph G of the Hamiltonian, in which the vertices of G cor-
respond to terms of the Hamiltonian, and two vertices, v,
and v,, are connected by an edge if [v;, v;] 7% 0. Then, one
can write the associated Green’s function of the commu-
tativity graph, Gj; (f), which is a solution to the differential
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equation

Gy()= Y HuGy (0,

k(ik)eG

(B

where Hj; = 2,/1h||h;j|6({(ij) € G) and h; are the coef-
ficients of the Hamiltonian term at site i. While a full
solution is needed to bound the norm of the commuta-
tor for observables over disjoint regions, i.e., to obtain a
Lieb-Robinson bound, the simpler task of obtaining the
Lieb-Robinson velocity vir only requires the matrix H. In
particular, assuming translation invariance, we can work in
the Fourier-integral representation of the Green’s function
Gji (1) := Gra.y(0), defined by

G (t) _ " ddk G(k) (f) iic'»(f’/—b) B2
g - —71 (27T)d apf e ’ ( )
where Gfﬂ) (¢) is a solution to the differential equation
- ! o -
G =Y HRGH®. (B3)

y=1

Here, 1,J € [1,] label unit cells of the lattice and HOE/;) is
the Fourier transform of Hy,. s,

HY = > Higype * 01770, (B4)
J

The task at hand is thus to construct HO([I;), from which
we can bound the Lieb-Robinson velocity using its eigen-
values. We now describe a simple approach to accom-
plishing this task whenever the strictly local Hamiltonian
can be represented entirely in terms of Pauli operators or
Majorana fermion operators, a structure present in many
physical Hamiltonians of interest.

One might wonder how this approach will be possible
for the Kogut-Susskind Hamiltonian, given that the gauge
operators do not evoke a Pauli or Majorana representation.
According to Ref. [60, Lemma 13], the on-site electric
field terms cannot change the Lieb-Robinson velocity, so
they can be excluded from the commutativity graph. This
allows us to additionally exclude the magnetic field terms
from the commutativity graph, as the gauge operators
only fail to commute with the electric field terms. The
gauge operators will, however, remain in the gauge-matter
interaction as a result of the fermionic anticommutation
relations between terms, but the gauge operators will only
contribute a constant prefactor from their norm, so we can
write the commutativity graph purely in terms of fermionic
operators. We can now construct ® for our strictly local
Hamiltonian expressed only as Pauli operators or Majorana
fermions.

To do so, we note that we can encode any Pauli or Majo-
rana operator on n qubits as a binary string of length 2n,
namely, a vector v € F5". The first n elements of v index
the presence of an X or y operator and the second 7 ele-
ments indicate the presence of a Z or y operator, depending
on the representation. Now consider the binary field exten-
sion [ (x,x~1)?" such that for vectors v, w € F3", we have
v +xw e Fy(x,x~1)?". The variables x and x~! allow us
to represent translations of unit cells in the lattice, so
for higher dimensions, additional extension variables, and
their inverses, must be included.

The associated commutation relations of this repre-
sentation are determined by 0 Ao mod 2 € F,(x,x~1)?",
where o is a 2 x n matrix composed of the binary repre-
sentation vectors for the » terms in a unit cell of the lattice
and

A =1 (Majorana) and A = <g g) (Pauli). (BYS)

Also, in this representation, T corresponds to taking a
transpose of the matrix and replacing x with x~!, or vice
versa. }

The next step is to define a function f ® : I, (x,x~1)?" —
C?" that maps x > € or, in general, x > ¢*/. We can
then evaluate f ® (c¥ Ao mod 2) for a given wave vector
k. The last piece needed to construct the coefficient matrix
H™® is a vector storing the coefficients of the Hamilto-

nian terms. In particular, let ¢ = v2(VA1, V2, . . ., N/In).
Then, combining all of this together, we have

HY — oM of®etAc mod?2), (B6)

where © indicates element-wise multiplication.
At this point, we are ready to bound the Lieb-Robinson
velocity, v r. According to Ref. [119], we have

(B7)

where w (k) is the largest eigenvalue of H® and &y =
sgn(7)ky. Finally, 7 varies over all possible sign configu-
rations for unit translations of the unit cell.

We now use this technique to bound the Lieb-Robinson
velocity for the U(1) LGT in d = 2. We use the Majorana
representation for simplicity, in which our fermionic terms
of the Kogut-Susskind Hamiltonian become

Hy = %M ;ol + i), (BS)
8GM . o -
How = == ) (U= UNyesi + iU+ U s
— ip(U+ UNyess + (U= UNjgn. (BY)
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We construct our binary representation vectors in the field
extension F, (x,x~!, y,y~1)?", which allows us to construct

1 » 0
y 1 14+y)-

(B10)

(1 14x 1 x 0 14y
=\t 0 x 1 14x 0

Using the coefficients g),/2 and ggy, /4, we can construct
the coefficient vector ¢ and employ Eq. (B6) to obtain

H®_ Finally, we compute the largest eigenvalue and map
k= (ky, ky) — iko. For the U(l) LGT in d = 2, sgn(7)
yields the same eigenvalue for all possible translations of
the unit cell. Then, employing Eq. (B7), we minimize the
eigenvalue over kg, where we have fixed the parameters
gy = m and ggy = 1/2a and used the parameter values
m = 10 and @ = 0.1 reported in Ref. [58]. This results in

vrr < 53. (Bll)
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