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Decoherence inevitably happens when a quantum state is exposed to its environment, which can affect
quantum critical points (QCPs) in a nontrivial way. As was pointed out in the recent literature on (1 + 1)d
conformal field theory (CFT) [Garratt ef al. Measurements conspire nonlocally to restructure critical quan-
tum states, arXiv:2207.09476 (2022)], the effect of weak measurement can be mathematically mapped to
the problem of boundary CFT. In this work, we focus on the (2 + 1)d QCPs, whose boundary and defect
effects have attracted enormous theoretical and numerical interests very recently. We focus on decoher-
ence caused by weak measurements with and without postselecting the measurement outcomes. Our main
results are as follows: (1) for an O(N) Wilson-Fisher QCP under weak measurement with postselection,
an observer would, in general, observe two different types of boundary and defect criticality with very
different behaviors from the well-known Wilson-Fisher fixed points; in particular, it is possible to observe
the recently proposed exotic “extraordinary-log” correlation. (2) An extra quantum phase transition can
be driven by decoherence, if we consider quantities nonlinear with the decohered density matrix, such
as the Renyi entropy. We demonstrate the connection between this transition to the information-theoretic
transition driven by an error in the toric code model. (3) When there is no postselection, though correla-
tion functions between local operators remain the same as the undecohered pure state, nonlocal operators
such as the “disorder operator” would have qualitatively distinct behaviors; and we also show that the

decoherence can lead to confinement.
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I. INTRODUCTION

When a quantum state is exposed to an environment,
it is being constantly probed and “measured,” forming
entanglement with the degrees of freedom in the envi-
ronment. If one is ignorant of the environment and the
measurement outcome is lost, it amounts to tracing out
the environment’s degrees of freedom and the original
pure quantum state becomes a mixed state, which results
in the loss of coherent quantum information. This pro-
cess is referred to as quantum decoherence, and it is
the bridge between the quantum mechanics that governs
the microscopic nature, and our classical macroscopic
world [1]. More generally, if a quantum state is weakly
measured and the measurement outcome is still acces-
sible, one can consider the effect of postselecting the
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measurement outcome and study process that is more gen-
eral than decoherence. In recent years, there has been a
surge of progress in simulating quantum states of mat-
ter with nontrivial entanglement on platforms summarized
as the noisy intermediate-scale quantum (NISQ) technol-
ogy [2], including simulating exotic quantum many-body
states such as topological order, spin liquids, and symme-
try protected topological (SPT) states [3—7], which have
long been discussed in condensed-matter physics. In these
platforms, decoherence can happen due to various reasons,
which motivated recent inspection of the fate of SPT states
under decoherence [8—11] (related studies motivated from
other contexts were also conducted [12,13]).

Quantum criticality represents another class of quantum
many-body states with peculiar and universal entangle-
ment. Recently a class of (1 + 1)d conformal field theory
(CFT), i.e., the Luttinger liquid under weak measurements
has been studied, and it was pointed out that the effect
of weak measurements can be mathematically mapped to
the problem of the boundary of the CFT [14], which is a
subject that was studied extensively in the past [15]. The
same trick was used in the recent study of SPT states under
decoherence [11], which exploited the observation that the
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wave function of the SPT states can be mapped to the par-
tition function of the boundary states of the system after a
space-time rotation [16,17].

In this work, we focus on quantum critical points in
(2 4+ 1)d. The connection between the decohered QCPs
(or QCPs under weak measurement) in the bulk and the
boundary criticality still holds, but the boundary criticality
of (24 1)d QCPs is a subject that has only been care-
fully studied very recently, and it has attracted enormous
interests from both the theoretical and numerical commu-
nities [18—30]. It has been understood since long back that
there exists an ordinary boundary condition of a (2 + 1)d
Wilson-Fisher QCP (or a 3d classical Wilson-Fisher crit-
ical point), where the Landau order parameter ¢ has a
scaling dimension Ag > 1, which is far greater than the
bulk scaling dimension of the order parameter (which is
slightly greater than 1/2). Only recently it has become
clear that at the boundary of an O(N) Wilson-Fisher criti-
cal point, in addition to the well-known ordinary boundary
criticality, there is a so-called “extraordinary-log” bound-
ary criticality, meaning the correlation function of the order
parameter at the boundary reads

(@09 (x)) ~ )

(In |x)?’

where ¢ depends on N. This peculiar scaling was proposed
theoretically [25,26] and recently confirmed numerically
in Monte Carlo simulations [28,29].

Our current work bridges these two directions that are
under active studying, and we demonstrate that a (2 + 1)d
QCP under decoherence or weak measurements naturally
exhibits the peculiar boundary criticality studied recently.
This work is organized as follows.

In Sec. II, we develop the general formalism of ana-
lyzing decohered quantum critical states, including the
general connection between the decohered or weakly mea-
sured bulk state and the boundary and defect criticality.

In Sec. III we discuss the (2 + 1)d O(N) Wilson-Fisher
quantum critical points under decoherence or weak mea-
surements, and in Sec. Il A we focus on the quantities
linear with the density matrix, which can be observed
directly in experiments. We demonstrate that weak mea-
surements generally render the observed quantities rather
different from the bulk QCP (with certain postselection that
preserves the O(N) symmetry in the mixed state ensem-
ble), and we may observe the exotic extraordinary-log
correlation mentioned above.

In Sec. III B we discuss quantities nonlinear with the
density matrix, which reveals a lot more structures of the
mixed state density matrix of the critical state under deco-
herence. In particular, we discuss a quantum information
phase transition that can be diagnosed through the second
Renyi entropy of the decohered system, along with other
correlations defined in this section.

Here we would like to point out an important differ-
ence between the physical scenarios to be considered in
Secs. III A and III B. In Sec. III A we discuss physics under
weak measurements on quantities such as energy density,
and we allow a postselection on the measurement out-
comes. Section III B considers quantities nonlinear with
the density matrix where postselection is not needed in
this scenario; hence it can genuinely correspond to physics
under decoherence due to coupling to the environment.

In Sec. I D we demonstrate that there is an explicit
lattice model with an information transition driven by the
strength of decoherence (or weak measurement) analogous
to the decoherence-driven transition in Sec. III B. We also
show that the transition in this lattice model is dual to an
information transition in the toric code model, which is
related to the error threshold of the toric code [31].

If we forbid postselection, local correlation functions
of the (locally) decohered density matrix would remain
largely unchanged from the undecohered pure state. In
recent years the nonlocal disorder operator has become a
very important diagnosis of quantum states of matter. In
Sec. IV we demonstrate that the nonlocal disorder oper-
ator can still have qualitatively different behavior from
the undecohered pure state density matrix, even if there
is no postselection. In particular, we show that in several
examples, decoherence can lead to confinement.

II. GENERAL FORMALISM

In order to discuss quantum states under decoherence,
one approach is to first explicitly derive the ground-state
wave function |W) in either exactly soluble lattice mod-
els or effective field theories, then construct the density
matrix p” under decoherence [11]. This approach relies
on an explicit derivation of the ground-state wave func-
tion. The ground-state wave function can be derived for
gapped states such as SPT phases [8,16,17], and also gap-
less phases with a Gaussian (free boson) Lagrangian, such
as the (1 + 1)d Luttinger liquid [14], or the Rokhsar-
Kivelson (RK) point in (2 4 1)d models [32]. But for gen-
eral interacting theories, such as systems near the Wilson-
Fisher quantum critical points, deriving the ground-state
wave function is cumbersome. In this section, we follow a
more general procedure to study interacting systems under
decoherence.

Let us prepare an interacting quantum state, which is the
ground state of a Hamiltonian, whose pure state density
matrix is given as pp. After the quantum state is prepared,
we turn off the Hamiltonian and expose the system to local
decoherence. For example, for a lattice model of qubits, a
decohered density matrix may be represented as

=l €=T]&
x (2)
gx[/aO] = (1 —P);ao +pZXﬁOZX9
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where p? describes a mixed state (ensemble) and & is
given as the composition of local decoherence channels
&x. One interpretation of this decoherence channel is that,
there is a certain probability for the environment to mea-
sure qubits in the Z basis (weak measurements) at each
location x, and the measurement outcomes are “lost,”
which amounts to the dephasing noise in the study of quan-
tum circuits. A generic decoherence channel maps a den-
sity matrix gy into p° =", K, b0K,, where {K,,} is a set
of Kraus operators satisfying the condition KLK,, =
1. If we interpret a decoherence channel to be induced by
weak measurements, we can consider a postselection fol-
lowed by the channel where the resulting density matrix is
given as

o _ PP

~D — ~ i
= wmry T 1= KuboK), ()

meP

where P is a generalized projection onto a subset of
measurement outcomes P, i.e., postselection.

In this work, we mostly study systems at or close to
a QCP, hence we use a coarse-grained continuous space
rather than a lattice model. In the coarse-grained formal-
ism, the density matrix of a pure state is given by the
following imaginary time path integral:

[0l 0,020 = (D1 (D) W) (V]2 (x))

- ﬂll)nc}o ﬁ(x,O)—m(x) D (x,7) exp(=5), (4)
(x.B)=r(x)

where S = foﬂ drdx L(¢) is the bulk action of the sys-
tem and x = (x,...,xy) is the spatial coordinate. Follow-
ing Ref. [11,14], a class of decoherence problem in the
coarse-grained continuous space can be converted into the
following imaginary-time path integral:

["D

~ lim Do (x,t
P lpr0.0200 ~ IIm [MO)_ o1 PPXD)

P (x,8)=¢2(x)
X exp (—S — Sim) ;

B
S=/ drdx L(¢),
0

St — f dx L7 (x,0),6(x,B).  (5)

The effect of decoherence or postselection is captured by
an extra interaction term £™ in the Lagrangian, and £™
has no temporal integral, i.e., it is a “long-range” inter-
action in the Euclidean temporal direction, between fields
at T = 0 and T = B. The coupling constant in £ is con-
trolled by the strength of decoherence (or strength of weak
measurement) p. A natural choice of £™ favors config-
urations with ¢ (x,0) ~ ¢ (x, §), meaning it enhances the

weight of the diagonal components of the density matrix,
which drives the system into a mixed-state density matrix.

The most important factor that determines the form of
L s still its symmetry. Let us label the symmetry of
the original Lagrangian £ as G, and assume that the orig-
inal pure state without decoherence is a symmetric state
under G. Then there are two types of symmetry con-
straints on £, If the environment is weakly “measuring”
quantities that are invariant under G, then £™ must be
invariant under a “doubled” symmetry transformation, i.e.,
it is invariant under symmetry transformation G on ¢ (x, 0)
and ¢ (x, B) separately. In the language of Ref. [11], this
is the case that preserves the doubled G* x G' symme-
try, where G* and G’ correspond to the upper and lower
symmetry in the formalism of doubled Hilbert space using
the Choi-Jamiolkowski isomorphism [33,34], which maps
any density matrix to a pure ket state in the doubled
Hilbert space. However, if the environment is measuring
quantities that carry a nontrivial representation of G, but
eventually we sum over the measurement outcomes within
the same representation of G with equal weight, mean-
ing the symmetry G is broken in each quantum trajectory
but still preserved in an average sense, then £™ is only
invariant under symmetry G, which is the diagonal sub-
group of G* x G/, and it corresponds to a simultaneous
transformation of ¢ (x, 0) and ¢ (x, 8).

In Eq. (2), if the original pure state is invariant under
a Z, symmetry action [[, Xy then the pure-state density
matrix dy is invariant under a doubled Z% x Z! symme-
try, where Z4 and Z) correspond to the left and right
operations of the Z, symmetry. But since the decoherence
is caused by weakly measuring the Ising variable, which
carries a nontrivial representation of Z,, the decohered
density matrix 4 is no longer invariant under separate Z
or Z) action, it is instead only invariant under the simul-
taneous action of both Z4 and le, hence pP is invariant
under a diagonal Z, symmetry. Here the Z4 x Z!, symme-
try is explicitly broken down to Z, by the decoherence;
later we also discuss an example where the decoherence
preserves the doubled symmetry but the doubled symmetry
can be spontaneously broken down to the diagonal Z,.

Now suppose we would like to compute the expectation
value of a certain quantity 0((]3) that is a composite of 43
The expectation value is linear with the density matrix, and
it can be evaluated in the path integral form:

t[520)) ~ /
¢ (x,0)=¢(x,8)

x exp (-8 — &™), (6)

D¢ (x,7)O(¢:=0)

where we identify the field configurations ¢(x,0) and
¢ (x, B) due to the trace. If there is no postselection at
all, one can easily show that tr{52O(¢)} and tr{p,O(¢)}
have essentially the same behavior (except for some local
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FIG. 1. Euclidean space-time diagram. The expectation value
of operators amounts to evaluating the path integral in the imag-
inary space time with a defect inserted at the d-dimensional slab
between T = 0% and t = B~. Microscopically, the defect (non-
trivial S™) is captured by the summation over Kraus operators
for a local decoherence channel. No postselection corresponds to
P being all possible labels of {m,}. Since ), K,LK,,, =1, if the
inserted operator O(¢) is the product of local operators, its expec-
tation value (correlation function) would acquire only a constant
correction. With postselection, the set P is constrained, and the
effect of the summation of P corresponds to a nontrivial defect
inserted at T = 0 (or equivalently v = ), and connections to
recently studied boundary and defect criticality of (2 + 1)d QCP
can be made.

corrections) as long as O(¢) is a product of local opera-
tors [35], as pictorially illustrated in Fig. 1. For example,
the correlation function tr{5” <}3 (x4 )(]S(xz)} should have the
same scaling in space as tr{ﬁoé(xl)é(xz)}. In the field-
theory language, this corresponds to S™ being trivial when
¢ (x,0) = ¢ (x, B).

But if there is some weak postselection by P even
on quantities that are singlet under G, tr{ﬁ?q@(xl)qg(xz)}
can be very different from tr{ ﬁoqg(xl)q;(xz)}. With postse-
lection, S™ remains nontrivial even at ¢ (x, 0) = ¢ (x, B),
which effectively corresponds to the insertion of defects at
the slab T = 0 (or T = f) in the path integral in the (d +
1)-dimensional Euclidean space time. This is where we
can make a connection to all the recent studies on bound-
ary criticality for systems with d = 2 [36], and the desired

(a) I—:IB/2 ........ >y (b)

t=0,p

FIG. 2. Euclidean space-time diagram and its space-time
rotated version. The evaluation of the second Renyi entropy
of pP becomes a path integral in the Euclidean space time
with an interaction between fields at ¢ = 0 and t = /2. In the
space-time rotated picture, such an interaction corresponds to
the long-range interaction between fields at y = 0 and y = L/2,
where L = . Note that the first coordinate of x = (x, ) is not
shown in the diagram.

decohered correlation functions become the correlation
functions restricted on the planelike defect.

The expectation value of an operator is linear with the
density matrix, which is directly related to experimental
observables. But a lot of information of the quantum sys-
tem is encoded in quantities that are nonlinear with the
density matrix. The most famous example of such is the
von Neumann entropy of the density matrix. In this work,
we evaluate quantities such as the second Renyi entropy of
/P, which is an analogue of the von Neumann entropy, and
it also provides an approximate characterization [37] of the
amount of quantum information lost due to entangling with
the environment:

§® = —logtr{(5”)*}

~ —logﬁlim /D(p(x,r)

X exp (—S — / dx L™(¢(x,0), P (x, /3/2))> .
(7)

This calculation is schematically shown in Fig. 2, which
amounts to evaluating the partition function and free
energy of the system with an interaction between fields at
imaginary time T = 0 and t = /2. Or we can also rotate
the space time (assuming there is a Lorentz symmetry),
then the problem becomes evaluating the partition func-
tion of the system with nonlocal interaction in space, but
constant in time.

Other quantities of interest include tr{(52)20(¢)} or
tr{pP0($) pPO($)}. We show that these quantities non-
linear with p” would reveal some novel quantum phase
transitions. In the example we discuss in the next section,
the decoherence respects the doubled Z% x Z!, symmetry;
but when we increase the decoherence strength, the second
Renyi entropy of the system (which captures the informa-
tion loss to the environment) may encounter singularity
at a critical decoherence strength, which corresponds to
the spontaneous symmetry breaking from Z4 x Z) to the
diagonal Z,.

III. DECOHERED WILSON-FISHER CRITICAL
POINT

In this section, we study two different scenarios for the
system under weak measurements. In Sec. III A, we post-
select a set of measurement outcomes and show that the
resulting correlation functions linear in the density matrix
P8 exhibit novel behaviors. In Sec. 111 B, we average over
all measurement outcomes, which corresponds to genuine
decoherence; although correlation functions linear in p?
would exhibit an ordinary Wilson-Fisher behavior in this
case, we show that quantities nonlinear in p? still exhibit
novel behaviors including the extraordinary-log criticality
and information-theoretic phase transition.
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A. Quantities linear with 52

First, we discuss critical physics under postselection as
elaborated in Eq. (3). The critical system we consider is
the O(NV) Wilson-Fisher fixed point in (2 4+ 1)d, where x =
(x,y) is a two-dimensional spatial coordinate. Under post-
selection onto a set of measurement outcomes P, we would
like to consider quantities linear with p5, for example,
the correlation function tr{55 ¢;(0) . qAﬁ(x)}. The evaluation
of quantities such as tr{ﬁ}[,’ 0((]3 (x))} can be performed by
evaluating path integral Eq. (6). Since we would like to
keep at least the diagonal O(N) symmetry, the postselected
measurement outcomes P should be invariant under O(N)
symmetry. Under that condition, the corresponding S™
becomes a function of the magnitude of the order parame-
ter |¢| at = 0, which is always equal to |¢| at T = 8 due
to the trace. The simplest term (and most relevant term) of
Sinl is

Sint — / dxdy €|¢(x,0)[%. (8)

The term S™ can be interpreted as weakly measuring the
energy density or the order parameter ¢ of the system,
followed by postselection.

Although there is only one simple term in S™, the phys-
ical consequence is already rather nontrivial. S™ is a 2d
interface in a (2 4 1)d cylindrical space time with extra
mass ¢ for the order parameter, and obviously ¢ is always
a relevant perturbation, as the scaling dimension of |¢|?
is always smaller than 2 at the O(N) Wilson-Fisher fixed
point. When ¢ > 0, S™ suppresses the fields at 7 = 0, and
“cuts” the connection between T = 0" and T = 87, i.e.,
7 = 0" and T = B~ become two boundaries with ordinary
boundary condition. In this case, the correlation function
tr{p2 $(0) - p(x)} scales as [38]

NS 1
w52 $(0) - X)) ~ ——, ©)

|X|2A¢

where

Ab—1+2+0 1 (10)
¢ 3N N2
is the boundary scaling dimension of the order parameter
¢ to the first-order expansion of 1/N. Note that the value
of Ag is far larger than the bulk scaling dimension of ¢.
When ¢ < 0, the latest progress [26,36] of the boundary
criticality indicates that S™ will drive the interface T = 0
into an extraordinary-log criticality, which implies that the
correlation function becomes

tr{5H(0) - p(x)} ~ (11)

(In|x))¢’

Note that, for a single exposed boundary against the vac-
uum, the extraordinary-log criticality exists only for N <

N., with the critical N, estimated around N. ~ 5 [26];
but for an interface defect inserted in space time, the
theoretical prediction is that N. — oo [36].

B. Quantities nonlinear with 52

Now we evaluate quantities nonlinear with pP.
Although our formalism can be straightforwardly gener-
alized for any higher orders of p”, here we focus on
the quantities that are quadratic in p”. The quantities of
interest include the second Renyi entropy S, the cor-
relation function C®(x), the “crossed” correlation func-
tion C}z) (x), and the “crossed-Ising” correlation function

Cgf,) (x) defined as follows:

@ = —logtr{(p”)*},
CP(x) ~ tr{(p”)*4(0) - p(®)},

P @ ~ > tr{pPha(0) 5P a0}, (12)

CF ) ~ D {52 ba(0)d5 (%) 5P Pa(0)1 (%))},
a#b

The expression of the correlation functions above needs to
be divided by the purity of the decohered density matrix
tr{(p?)?} to be properly normalized. We note that these
correlation functions are distinguished by their represen-
tation under O(N)* x O(N)! symmetry, which becomes
clear in the doubled Hilbert space as in Fig. 3.

As an example, we consider the following interaction
term S™ in Eq. (7):

Sint _ / dxdy [W<|¢<x,0>|,|¢<x,ﬂ/2>|>

—w(@x0 - ¢x, 8/2)* |

$a(x)
)
l1”)
$40)
® o~ (0 )

(13)

$4(0)
(a) CO(x) ~ < 1

)
g "l
© $40) ¢,
c
2
@) ~ < )
8i0) 40 1p°)
FIG. 3. Correlation functions in the doubled Hilbert space. The

red and blue lines represent the upper and lower Hilbert spaces,
respectively, in the doubled Hilbert space (see Sec. II1 D).
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Here W is still a function of the magnitude of the order
parameter at T = 0 and 7 = /2. The two terms in Eq. (13)
correspond to two different types of weak-measurement
(decoherence) channels. The first term still corresponds to
weakly measuring the energy density of the system, which
preserves the doubled symmetry of the system, resulting in
the coupling

fdxdy Wl (x,0), |9 (x, B/2)])

_ fdxdy 1B 0P + 1606 B/2P) 4+, (14)

33 ER]

where the part includes quartic and higher-
order terms in [¢(x,0)] and |¢(x,8/2)|, such as
| (x,0)]?|p(x, 8/2)|%. The second w term can be rewritten
as

—w((x,0) - p(x, 8/2))

N
~=w > Q%00 (%, B/2) + -+, (15)

a,b=1

where Q. = ¢%¢p? — (1/N)8.p|p|? is the traceless rank-2
symmetric tensor of the O(N) vector ¢, and the ellipsis
are terms that depend only on |¢| and can be absorbed
into W. The w term can be interpreted as a weak mea-
surement on the tensor Q,p, and eventually all the mea-
surement outcomes are summed with equal weight. The w
term breaks the SO(N)* x SO(N)’ down to the diagonal
SO(N), but still preserves the Z5 x le symmetry, where
Z, corresponds to changing the sign of ¢.

One can perform the space-time rotation in the (y, t)
plane, so the two interfaces at T = 0, /2 become spatial
interfaces at y = 0 and L/2, with L = 8. The interaction
term then becomes

SM = /drdx W (I (x, T)ly=0, [ (x, T)y=1,2)

—w (P06, Ty - B0 Tymr ) (16)
The first term W will either explicitly include an extra mass
term £|¢|? at the interface y = 0 and y = L/2, or generate
the mass term through renormalization group flow. Then
depending on the sign of ¢, there can be three possible
scenarios:

(1) If & > 0, the extra mass term ¢|¢|* at the interface
y=0and y = L/2 is a relevant perturbation. The
role of this extra mass term is to “cut” the system
into two halves: the region from y € (0,L/2) and
region y € (L/2,L ~ 0). The relevant mass term
will make the two interfaces at y = 0 and y = L/2
both at ordinary boundary criticality.In this scenario,

2
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w is obviously an irrelevant perturbation since both
interfaces y = 0 and y = L/2 have ordinary bound-
ary criticality, and the scaling dimension of ¢ is
greater than 1 at the interfaces. Hence the direc-
tions of ¢ at the two interfaces are pretty much
uncorrelated to each other. Then we expect the cor-
relation function, the crossed-Ising correlation, and
the crossed-correlation functions to behave as

C? ~ t((HP)’$(0) - p(x)} ~

|X|2Ag ’
CH ~ 3 (5260 ds ()5 ha (0 ()} ~ 0,

a#b

CY ~ > te(pPPa(0) 5P Pa ()} ~ 0. (17)

For example, the crossed correlation Cg?) corre-
sponds to the correlation function between order
parameters at the two different interfaces; since w
is irrelevant when & > 0, the directions of order
parameters at the two interfaces are uncorrelated,
hence C§?> should vanish in the limit 8,L — oo.
Another way to perceive these results is that, since
w is irrelevant, the system should have a full
SO(N)* x SO(N)! symmetry in the infrared, but
the correlation function Cg?) and C§?} break the
SO(N)* x SO(N)! symmetry, hence they must van-
ish.

In the case with ¢ < 0, the extra local mass term
¢ is still a relevant perturbation, and it flows to
the extraordinary-log criticality. Then the w term
(we assume w > 0) is a very relevant perturba-
tion, and it will flow to w — 00.The fate of the
system with strong w can be perceived through a
mean field decoupling of £™. We first recognize
that the w term is analogous to the coupling between
two sets of Néel order parameters in the J; —.J,
Heisenberg model on the square lattice, which has
applications in the context of frustrated magnets
and iron-pnictide superconductors [39—43]. Guided
by the previous studies in these contexts, the most
natural mean field decoupling of the w term is

—w (¢, T)ymo - (6 T)ymry2)’
~ —2W<I>(x, T) (d)(x’ T)y=0 : d)(xa 7:)y=L/2)
+ wd(x, 7)°. (18)

Here we introduce an Ising order parameter
D(x,7) ~ (P, T)ymo - ¢(x,T)y=rs2). The order
parameter @ is analogous to the nematic order
parameter in the J; — J, Heisenberg model on the
square lattice, and the phase with large w is likely a
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phase with condensation of ®, which spontaneously
breaks Z4 x Z!, down to the diagonal Z;.

The condensation of ® will “pin” q3y=0 and qSFm
along the parallel direction. With a nonzero conden-
sate of &, the three correlation functions mentioned
above behave like

C? ~ tr{(pP)?h(0) - p(x)} ~

1
(In|x))¢’

CH ~ 3 (AP $u(0)ds(x) 5 ha(0) by (%))
a#b

~ Const,

(19)

5 A A

Cy' ~ ;tr{p%a(mp%a(x)} ~ G
The crossed-Ising correlation saturates to a nonzero
constant in the limit of large |x| due to the conden-
sate of ®, which also leads to an extraordinary-log
correlation of crossed-correlation function. When w
flows to infinity and & condenses, there is only
one O(N) symmetry in the infrared; hence all these
correlations can be nonzero.

(3) Now if ¢ = 0, with large but finite N, the scaling
dimension of the traceless rank-2 symmetric tensor
O is A =14 32/(37*N) to the leading order of
1/N expansion. This means that w is weakly irrel-
evant with scaling dimension [w] = —64/(372N).
Then the 8 function of w should be

dw 4 5
——w+ Cw,

'B(W):dl_nl: N

(20)
where 4 = 64/(37?). The constant C can be
extracted through some OPE calculation, or simply
a one-loop calculation in the large-N limit. Since C
is positive, there is a fixed point at finite w,, beyond
which w will flow strongly, and the order parameter
® defined above will condense.

C. The phase diagram

In the phase diagram, Fig. 4, we summarize the results
related to (pP)? discussed in this section. The order-
disorder transition of @ should extend to the region with
& > 0, where there is a competition between &, which
drives the interfaces to the ordinary boundary criticality
and w which drives the crossed-Ising transition. In this
phase diagram, the critical w, is a function of &: w.(g) —
we(0) ~ g®w/2¢ and A, are the scaling dimensions of
parameter w and ¢.

Since P (x) ~ ¢(x,0) - p(x,8/2) is the crossed-Ising
order parameter, the crossed-Ising correlation function
should show a transition from short range to correla-
tion while increasing w. If we consider tr{(5")?} as the

w

crossed-Ising
order
extraordinary-log +
crossed-Ising order

ordinary

e<0 e>0 &

FIG. 4. Phase diagram. The global phase diagram of deco-
hered Wilson-Fisher critical point in terms of quantities nonlinear
. I\D
in p~.

partition function, and the second Renyi entropy S? =
—logtr{(p")?} as the free energy, the nature of the tran-
sition at w = w, and ¢ > 0 should belong to a 2d clas-
sical Ising universality class. Without coupling to other
modes with nonlocal correlations in the infrared, the order-
disorder transition of an Ising order parameter in the 2d
space should belong to the 2d Ising universality class, and
here we should consider the perturbation of the coupling w
on top of the 2d Ising transition. In fact, if we start with a
2d classical Ising transition of order parameter ®, the cou-
pling —w®(x) (¢ (x,0) - ¢(x, §/2)) is irrelevant knowing
the fact that the scaling dimension Ag > 1 for the ordinary
boundary criticality at & > 0. Hence at w = w,. and ¢ > 0,
the crossed-Ising correlation function should scale as

C(r) ~

e2y)

|r|1/4‘

Also, when we increase w across w,, the second Renyi
entropy S@ = —logtr{(p?”)?} should have the same sin-
gularity as the free energy of the classical 2d Ising model.

D. Lattice model and doubled Hilbert space

We have shown that a decoherence channel whose Kraus
operators are symmetric under O(N) can drive an Ising-
type phase transition that spontaneously breaks the Z% x
Z’z C O(N), x O(N); symmetry down to the diagonal Z,
symmetry for quantities nonlinear in the density matrix.
However, most physical quantities are linear in the density
matrix, and this calls for a proper physical interpretation of
these quantities. As we see, our crossed-Ising transition is
closely related to a better known information transition in
the context of topological surface codes.

In the following, we use another model to illustrate the
essential physics of such a spontaneous symmetry break-
ing (SSB) from Z5 x le to the diagonal Z,. Instead of
starting with a state at quantum criticality, we consider
a concrete lattice model with a trivially disordered state
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1) = |+)®Y ona L x L square lattice with qubits defined
on vertices. We consider the following quantum channel as
a symmetric local decoherence model:

ge:(v,v/) o= (1 —P)P +PZva’,OZqu/, (22)

where “e” labels the edge between the nearest-neighbor
pair of sites v and v’. The decoherence channel is given as
the composition of local channels, £ = [, &,. To proceed
further, we apply the Choi-Jamiolkowski isomorphism to
map the density matrix into the pure state and decoher-
ence channel into the operator in the doubled Hilbert space.
Under this mapping, the Choi state of the pure state den-
sity matrix pyg = |€20) (20| is denoted as || pg)) = [€20)|20),
which is nothing but a vectorized density matrix, and the
Choi operator of the decoherence channel is given as

= [[ a—2p)/Pe?utvateizos (23)

e=(v,v')

where tanh t = p /(1 — p). As illustrated in Fig. 5, the iso-
morphism effectively maps the density matrix into the pure
state in the bilayer system. Now, when the system is sub-
ject to the decoherence, we can show that || p”) = & leo)
is the ground-state wave function of the following local

v Kramers v

Duality
~ 7,777, coupling 7 ~ Anyon tunneling 7
Z, symmet i
symmetric 2 SY ry dr_JubIed Tc.mgle
i broken (SSB) toriccode i toric code
e e -
& e

(ZvuZyyXZy1uZyr1)) ~ const

(I ZeaC TT Zer)) ~ const

eeyt eeyt

FIG. 5. Choi isomorphism and duality. Schematic diagrams
illustrate how decohered mixed states map into the cou-
pled bilayer system under the Choi-Jamiolkowski isomorphism.
Through the Kramers-Wannier duality, Z, paramagnet under
symmetric decoherence (left) maps into the Z, toric code under
dephasing noise (right). Accordingly, their phase diagrams in the
doubled Hilbert space is also dual to each other. At p > p?,
both sides are characterized by nonvanishing correlation func-
tions of operators, which corresponds to (left) the formation of
mean field for Z, ,Z,; operator or (right) condensation of a pair
of e anyons e, ¢;.

Hamiltonian in the doubled-Hilbert space [8,11]:
Htot = Hu + Hl + I_]int

Hu(]) = —cosh2t ZXv,u(])

Hipt = Zcosh42r 110 - 2wz uZ0izy s tanh 20),
1) €v

24)

where v’ € v means that v’ is a nearest-neighbor site of
v. Atp = v = 0, it reduces into two decoupled disordered
states. At p > 0, the decoherence gives rise to the (local)
coupling between two layers that may induce a phase tran-
sition into an SSB phase that breaks the Z4 x Z) into the
diagonal Z, symmetry. The (unnormalized) ground state
can be written as

Ellpo) = (1=p)™ Y (tanh )3 @ 31, (25)

1

where the summation is taken over all string configurations
1 on the edges of the square lattice, |31) = [[,c5 Zvl0),
and N, = L? is the number of vertices in the square lat-
tice. We stress that & llpo)) is normalized in the sense
that its corresponding density matrix p? (under the Choi-
Jamiolkowski isomorphism) is normalized with tr{p”} =
1 in the single Hilbert space while it is unnormalized as a
state in the doubled Hilbert space. Then, it is straightfor-

ward to show that the norm of the wave function & loo),
i.e., the purity of the density matrix tr{(p?”)?} is equivalent
to the partition function of the 2d Ising model at the tem-
perature 8 = 21, as explicitly derived in Appendix A 6.
Accordingly, at g = 0.441, which corresponds to p» =
0.178, the wave function in the doubled Hilbert space
undergoes the transition of 2d Ising universality. Here the
superscript in p implies that the transition happens in the
quantity that involves the product of two density matrices.

The SSB transition between the Z% x Z)-symmetric
phase and the phase with only the diagonal Z, symmetry
in the doubled Hilbert space is captured by the suscepti-
bility x to an external symmetry-breaking field coupled to
O =3, Zy.Z,, (in the doubled Hilbert space):

1
x =75 ((0% - (0)).

1 <<<pD||02||pD» B <<pD||0||pD>>2)

2\ (P1eP) (ePlleP)?

_ P22 0P 2 20) (8, P22}
=L " Do) _< Lu((oP)?) )

(26)

which is given by the summation over connected cor-
relation functions of the order parameter Z,,Z,; of this
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SSB transition in the doubled Hilbert space, related to the
crossed-Ising correlation function C§?,> in Eq. (19). x is
closely related to the crossed-Ising correlation functions in
Eq. (19). x diverges as |p — p?|~7/* at the SSB transition.
The exponent 7/4 is the signature of the 2d Ising univer-
sality class of this SSB transition. Note that {(O)) in the
definition of x is the order parameter that takes a nonzero
value in the symmetry-broken phase and should be evalu-
ated with § = 07 after the thermodynamical limit is taken.
We elaborate more on this in the next section.

In the doubled Hilbert space, the definition of x and the
associated notion of the external symmetry-breaking field
are standard for generic condensed matter systems with
global symmetries. In Sec. III E, we explain their physical
meaning at the level of the density matrix p”.

E. Correlation functions and physical meanings

In the previous sections, we define several correlation
functions or physical quantities, which are nonlinear in
decohered density matrices. Accordingly, these quantities
are not directly accessible from experiments, raising ques-
tions about what they really mean physically. In order to
connect these quantities to experiments, we consider the
signatures of the transition in the probability distribution
of measurement outcomes. More precisely, we show that x
in Eq. (26) corresponds to the sensitivity of the decohered
mixed state against small perturbations. This, in turn, is
related to the amount of information that can be obtained
from measuring the mixed state.

To proceed, we define the notion of distance between
two different density matrices as the following:

Djy(p,0) =tr(plogp — plogo 4+ o logo — o log p).
(27)

This quantity is the quantum generalization of the Jef-
freys divergence [44] (or symmetrized quantum relative
entropy), which quantifies the distance between two den-
sity matrices. It satisfies good properties to be a valid
metric between mixed states: (i) non-negative, (ii) vanish-
ing ifand only if p = o, and (iii) monotonically decreasing
under the application of quantum channels.

In order to discuss the “sensitivity” of the decohered
density matrix, we define an infinitesimal variation of the
original density matrix under symmetry breaking “pertur-
bation”, defined as the following quantum channel:

Mﬁ,v o> (1 =98)p+8ZypZ,,

p=Milpl, My=[[ Mo, @

which amounts to the application of weak measurement
in the Z basis. Hence, § also serves as a symmetry-
breaking field in the doubled Hilbert space. Then, D(§) =

Dy (pP, ,of) quantifies the difference between the unper-
turbed and perturbed decohered density matrices. Accord-
ingly, how fast the distance changes with § tells how
sensitive the decohered system is against weak measure-
ment in the Z basis (or how informative the Z measurement
is). This is captured by the second derivative of the dis-
tance, which is related to the (classical) Fisher information
as F = 0}D(8)|,_, [45].

However, the expression in Eq. (27) is very challenging
to evaluate. To proceed, we generalize the Jeffreys distance
in a way similar to Ref. [46]:

1
D" (p,0) = —1(10g tr(p") + logtr(a™)
n —

—logtr(pe" ') — logtr(op”*l)). 29)

This nth Jeffreys distance is symmetric and non-negative
[47]. Furthermore, in the limit n — 1%, D™ — D;. At
n = 2, we find that the expression behaves like an overlap
between Choi states of two density matrices in the doubled
Hilbert space description:

DO (p,0) = — log(——LIT)_

(ollp) - (ollo)

(30)

With this definition, we evaluate the derivatives of the
“distance” between p? and its perturbed version p? with
respect to & (see Appendix B). This quantity exhibits
interesting behaviors when § — 0 and L — oo. The two
different orders of limit lead to different results, which have
natural interpretations from a standard condensed matter
perspective and from a quantum information perspective,
respectively.

In the limit where the thermodynamical limit L — oo is
taken first and § — 0% afterward, the conventional choice
of limit for a condensed-matter system experiencing SSB,
the second-order derivative 97D produces a quantity
proportional to the susceptibility:

€2))

1
lim lim —3?D® =
§—0t+ L—oo 278 X

which diverges at the SSB phase transition. Based on the
nature of this SSB transition and the interpretation of § as
the symmetry-breaking field, we conclude that the deco-
hered density matrix undergoes a qualitative change (with
respect to this distance) as a function of p. Beyond critical
p?, the density matrix changes significantly under weak
measurements in the Z basis.

However, when we consider taking the limit § —
0 before the thermodynamical limit, the second-order
derivative produces a quantity that aligns with the
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information-theoretic intuition:
tr{pDZva/ pDZvZu/ ! N
Litr{(pP)?} Y
(32)

Py 3
; ; @ —
m i e D = :

v,V

where M can be interpreted as the expectation value of the
squared order parameter, which vanishes in the paramag-
netic phase but acquires a finite value in the SSB phase.
Since this SSB transition belongs to the 2d Ising uni-
versality class, the standard phenomenology of the Ising
model can be directly translated into the language of our
study. In an Ising ferromagnet, the magnetic order of
the ground state of the system is very sensitive to an
infinitesimal external Zeeman field. This well-known fea-
ture corresponds to the sensitivity of the density matrix
to the decoherence in the Z, basis [as in Eq. (28)], in the
phase where the Z4 x Z) symmetry is spontaneously bro-
ken down to the diagonal Z,. This is quantified by the
value of 852D(2)\ s—o (Where § is set to 0 before L grows

large) scaling as L* in the SSB phase, which aligns with
the Fisher information of the GHZ state in the context of
quantum metrology [48].

It is straightforward to argue that the second derivatives
of the distance D">?) in both limits would also exhibit sim-
ilar behavior across a certain critical value (that depends on
n), particularly because tr((0”)") is mathematically equiv-
alent to the partition function of the coupled » copies of
Ising model, which is expected to undergo a transition
from a paramagnetic to a ferromagnetic phase potentially
at a different critical strength p( > p®. Accordingly, we
expect the behavior of 32D™ to extrapolate in the limit
n — 1. Therefore, there should be two different phases
separated by a critical point at strength p = p{!. This is
indeed the case, as we see by using a dual description of
the model.

F. Duality, intrinsic transition, and decodability

Under the Kramers-Wannier (KW) duality, the Z, para-
magnet under symmetric decoherence maps to the toric
code under dephasing noise. The toric code under dephas-
ing noise, in turn, is well known to exhibit an information
transition at critical noise strength, beyond which the quan-
tum information (logical qubits) stored in the toric code is
not decodable [31]. This hints at an intimate connection
between the criticality discussed above and a well-known
information transition.

First, we illustrate how the doubled Hilbert space for-
malism provides us some insights into the transition in
the decohered toric code. Under the KW duality (see
Appendix A 5), the Hamiltonian in Eq. (24) maps to the
two copies of toric code coupled by local anyon tunneling
terms, as schematically shown in Fig. 5. At critical strength
of the tunneling, the anyon condenses and the topological

order reduces into a single toric code. The critical behavior
is associated with a Higgs transition signified by the devel-
opment of the anyon condensation amplitude proportional
to «PD“)?uJ;l”/OD», where ),/\u/l = ]_[eeyL Ze,u/l creates a pair
of e anyon at the end of the string . In turn, this implies
that 5 and ppP7 have an appreciable overlap and they
become less and less distinguishable for p > p(? in the
doubled Hilbert space.

In this coupled toric code in the doubled Hilbert space,
the existence of the criticality can be directly seen by calcu-
lating the norm of the wave function, which is equivalent
to the purity of the decohered toric code. The said quan-
tity is given by the partition function of the 2d Ising model
at B = tanh~'(1 — 2p)? as shown in Appendix A 3, which
has a transition at § = In(1 + V2) /2. As expected from
the KW duality, this transition from an ordered to disor-
dered phase upon increasing p coincides with the transition
of the original Choi state Eq. (25) from a disordered to
an ordered phase, giving rise to the same critical point
p? =0.178.

As a next step, we calculate the von Neumann entropy
of the decohered toric code state, a quantity highly non-
linear in the density matrix that enters the expression in
Eq. (27). Following the calculations in Appendix A 2, we
show that the von Neumann entropy of the decohered
density matrix is proportional to the free energy of the ran-
dom bond Ising model along the Nishimori line [49,50]
at f = tanh™'(1 — 2p), which is known to be critical at
p = 0.1094 [51]. Therefore, the transition behavior indeed
extends down to the n — 1 limit for a toric code under
dephasing noise, and by the KW duality, for the original
paramagnetic spin model under symmetric decoherence.
As remarked, the transition behavior in the limit n — 1
corresponds to the singularity of the Fisher information,
a well-known information-theoretic quantity. We remark
that this series of transitions for different » is intrinsic to
the decohered density matrix (and the distance in use), as
these transitions are associated with spontaneous symme-
try breaking. Interestingly, the n — 1 limit of this intrinsic
transition coincides with the decodability transition point
demonstrated in Ref. [31], which is based on a certain
decoding procedure. Such a connection may imply that
the intrinsic transition point provides an upper bound for
some information retrieval protocols to be successful in
this setting.

IV. NONLOCAL OPERATORS

As we mentioned previously, without any postselec-
tion, the correlation function for local operators linear with
the decohered density matrix should have the same scal-
ing as the undecohered correlation function. But in this
section, we show that nonlocal quantities can still have
qualitatively different behaviors even if we consider only
expectation values linear with the density matrix.
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A. 1d quantum rotor

To illustrate the behavior of nonlocal operators under
decoherence, let us start with the 1d systems with a
description in terms of the quantum rotor, such as the
spin-1/2 chain. In terms of the Abelian bosonization, the
Néel and valence-bond-solid- (VBS) order parameters of a
spin-1/2 chain are represented as

(Nx,Ny,NZ, V) ~ (sinf, cos O, sin ¢, cos @) . (33)

Under decoherence or weak measurement of (for example)
local operator e/, the density matrix becomes

PP =€l E=T]en

~ R D i A —id
Elpol ~ (1 =p)bo + 5 &) e
L P b o

5 (34)

Qo s the undecohered density matrix of the spin-1/2 chain,
and pP = E[po] still keeps tr[p”] = 1.

We can first evaluate the correlation function of local
operator O(r):

CP(r) = tr{pP 0N O(0)} = tr{HE[O) O(0)]},

ELOMOW0)] ~ (1 —p)Or)O(0)

+ £ #0000

+ % e D O D(0) | (35)
For local bosonic order parameters at position », such
as the Néel and VBS, their nontrivial commutation with
e?™ would be exponentially suppressed by the separa-
tion |r — x| at long distance, and thus for |r—x| > 1,
O@) and ™ should commute. When O ~ cos(¢) or
sin(¢), since ¢®® always commute with O(0) and O(r),
€x[0(r)0(0)] = O(F)O(O), and the decoherence does not
affect the correlator. When O = N* or N, the decoher-
ence channel does not commute with O(r) only in the
vicinity of ». However, (i) the field (N*, N”) is already
the primary field with the lowest scaling dimension that
forms an irreducible representation of the U(1) rotation
symmetry generated by ) _SZ of the spin chain (0 > 6 +
a), and (ii) the decoherence channel explicitly preserves
this U(1) symmetry, e (N, N;)e ") belong to the
same representation as (Nf,Nry ) and would not generate
any field with lower scaling dimension. Therefore, under
decoherence the correlation functions of local operators
(N*,NY,N?, V) acquire only a constant amount of multi-
plicative factor aside from potential subleading power-law
contributions, implying that they should still have the same

power law with scaling dimensions of the undecohered
spin-1/2 chain [52].

However, for nonlocal operators, the situation can be
very different. A particular family of nonlocal operators is
the disorder operators [53—60] [61], which have attracted
great interests recently. These operators have been used as
an auxiliary diagnosis for the states of matter, especially
for critical states of matter. For a 1d quantum rotor, if we
view (;3 as the phase angle of a local boson creation opera-
tor, then (V,6)/27 is the boson density fiy. The following
operator is called a disorder operator:

N _ N YR
0, = exp <za fo dx n¢(x)> , = exp (lzn @) 9(0))) .
(36)

If (Z) carries a full U(1) symmetry, then a € R; if ngS car-
ries only a Zy symmetry, then o = 2wk/N with k €
{1,...,N}, as iy is defined modulo N.

For example, for the spin-1/2 chain, if we view b as

a local operator, then ¢/? is a disorder operator of qAS,

and €/? plays two roles simultaneously: it first creates a
fractionalized spin-1/2 excitation (i.e., a spinon), it also
creates a domain wall of the VBS-order parameter, i.e.,
¥ shifts ¢(x) — ¢(x) + 7 for x < r. Indeed, it is
well-known that a spin-1/2 is localized at the domain wall
between two VBS orders. We can evaluate the correlation
function of /2 for the decohered density matrix:

CD(V) _ tr{b\Deié(r)/Z e—ié(())/z}

~ e*i‘/{:tr{lao eiG(r)/2 e*iG(O)/Z}’ (37)

where tr{oe” "/ e7#©/2} is the correlation function of
¢”/? for undecohered spin-1/2 chain, and the “correlation
length” £ is &€ ~ —1/In(1 — 2p) for small p.

Hence our calculation for the 1d quantum rotor system
implies that, although the disorder operator has a power-
law correlation with the absence of decoherence, it can be
rendered short-ranged under decoherence. As we show in
the next subsection, similar behavior of the disorder oper-
ator happens in higher dimensions as well. The spin-1/2
chain is also an example of spin liquid with fractionalized
spinon excitations since the spinon correlation function
decays as a power law in the undecohered spin-1/2 chain.
But under decoherence or weak measurement on the VBS-
order parameter the spin chain loses its fractionalization,
as the spinon operator decays exponentially. This can be
intuitively understood as the fact that, if the VBS operator
is “measured,” in each measurement outcome the system is
pinned to a certain particular VBS pattern, which leads to
confinement in this measurement outcome. The confine-
ment persists even if we average over all measurement
outcomes.
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B. (2 4+ 1)d quantum critical points with a U(1) or Zy
symmetry

Now let us consider a (2 + 1)d QCP or CFT with a
global U(1) symmetry, or Zy symmetry that can be embed-
ded into a U(1) that emerges in the infrared. This U(1)
symmetry is dual to a noncompact U(1) gauge field [62—
64]. We always turn on decoherence on the scalar boson
creation operator, which carries the U(1) charge, or equiv-
alently the monopole operator of the dual U(1l) gauge
field. The decohered density matrix takes the same form
as Eq. (34):

P’ =¢lp). E=]]éx

Exlbo] ~ (1L =)o + 5 &0 fpe™0  (38)

+ 1% e iPM 5PN

Here /™ is the monopole operator, which creates a scalar
boson, or a 27 gauge flux at location x.

We evaluate the expectation value of the following
quantity defined for a closed loop C = 9.A4:

~ 2w,

Oc = exp ( Z Tn(p(x)). (39)
x€AA=C

In the undecohered density matrix, and in the dual formal-

ism, this quantity reduces to the evaluation of the Wilson

loop:

(Dc) ~ (exp (% yﬁ dx.- ﬁ(x>)>, (40)

and as shown previously, it should obey a perimeter law,
with a universal logarithmic contribution from the sharp
corners of the loop C [57,58,65]. The coefficient of the
universal logarithmic contribution arising from the cor-
ner is proportional to the universal conductivity of the
scalar boson current at the (2 + 1)d CFT in the ac limit
w/T — oo.

However, under decoherence, the operator Oc will shift
$(x) by angle 27/N for x € A. Hence we expect the
decoherence to change the behavior of (O¢) significantly:

~ 27 \\*
(Oc) ~ <(1 —p) +pcos <7>) ; (41)

namely (Oc) should now decay with an area law. Just like
the 1d example discussed in the previous subsection, an
area-law decay of the Wilson loop is a sign of confine-
ment. It means that the vortex of the U(1) boson, which
is also the gauge charge of the dual gauge field a, should

be confined under decoherence of the scalar boson creation
operator. Here we would like to remark that, one of the
tools for diagnosing fractionalization and deconfinement
is the dynamic structure factor, where the fractionalization
would lead to a continuum [66—68]. Computing real-time
dynamics is beyond the current setup of our current paper
as it requires the formalism that involves the Lindbladian.
Here we use the behavior of the Wilson loop as the sign of
confinement or deconfinement.

V. SUMMARY AND FUTURE DIRECTIONS

In this study, we examined the effects of decoherence
and weak measurement on quantum critical points in (2 +
1)d space time. We found that this problem is mathemat-
ically equivalent to the boundary or defect criticality of
(2 4+ 1)d conformal field theories, which have been exten-
sively researched in recent years. Our results indicate that
when a QCP is exposed to decoherence or weak measure-
ment, observers may observe peculiar behaviors, including
the extraordinary-log correlation recently discovered in
the context of boundary criticality. Additionally, as the
strength of decoherence or weak measurement increases,
the system can experience an information-theoretic transi-
tion that is captured by quantities nonlinear in the deco-
hered density matrix. This transition is linked to sponta-
neous symmetry breaking when we consider quantities to
the nth power of the density matrix; in particular using
the “doubled formalism,” we provided a specific example
where the transition belongs to the 2d Ising universality
class for n = 2. By KW duality, this transition is con-
nected to the error threshold transition in the decohered
toric code, which is another type of information-theoretic
transition in quantum systems.

There are many related directions that are very much
worth exploring in the future. We list two such directions
as follows:

(1) Unconventional quantum criticality under decoher-
ence: It is known that in the world of quantum
many-body systems, there are two types of quantum
critical points: conventional and unconventional.
Conventional QCPs correspond to quantum phase
transitions between a disordered state that can be
adiabatically connected to a direct product state, and
a state that spontaneously breaks certain symme-
try. This type of QCP has classical analogues, such
as the Wilson-Fisher fixed points discussed in this
work. Well-understood examples of such conven-
tional QCP can be found in Ref. [69], including the
QCP of the transverse field quantum Ising model,
which is between the Ising ordered phase that spon-
taneously breaks the Ising symmetry, and a symmet-
ric disordered phase that is adiabatically connected
to a direct product state. For a two-dimensional
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quantum Ising model, the QCP is described by the
three-dimensional (3D) Ising Wilson-Fisher fixed
point. Another well-known example of such con-
ventional QCP is the quantum phase transition
between the superfluid phase and the Mott insu-
lator phase in the Bose Hubbard model at integer
filling [70], which belongs to the 3D XY Wilson-
Fisher universality class if the model is built on a
two-dimensional lattice.On the other hand, uncon-
ventional QCPs are those that do not have a sim-
ple classical analogue and may involve transitions
between two ordered phases with different symme-
tries, or between an ordered phase and a topological
order. The most well-known example of unconven-
tional QCPs is the deconfined QCP [71,72], which
has many desirable phenomena such as deconfine-
ment and a duality web as was summarized in
Ref. [73]. There is another large class of uncon-
ventional QCPs, which involve quantum disordered
states that cannot be adiabatically connected to a
direct product state, such as the topological orders.
One early example of such quantum phase transi-
tions can be found in Ref. [74]. It is reasonable to
expect that the unconventional QCPs under deco-
herence can also be mapped to certain boundary
criticality problems, and it is going to be an unusual
boundary criticality with unconventional QCP in the
bulk. As we have already seen in the current work,
decoherence may be at odds with deconfinement, as
deconfinement is often signified by nonlocal opera-
tors such as the disordered operators or the Wilson
loops, whose behavior can be strongly affected by
decoherence. It would be interesting to study the
fate of unconventional QCPs under decoherence in
general in the future.

(2) The strange correlator: the notion of a strange corre-
lator was originally proposed as a tool to diagnose
SPT states using their bulk wave functions [17],
rather than edge states. The strange correlator is
defined as the following quantity:

(21000)0(r) | W)

S _
Cm=""aw

; (42)

where |W) is the wave function that awaits diagno-
sis, and |2) is the trivial direct product disordered
state with the same symmetry G and Hilbert space
as |W). O is an order parameter that carries a non-
trivial representation of G. The arguments given in
Ref. [17] suggest that, although the ordinary cor-
relation functions in both |W¥) and |2) must be
short ranged, this strange correlator Eq. (42) must
have either long-ranged or power-law correlation,
for 1d and 2d states. In the past decade, the strange

correlator has been used as a tool for both concep-
tual understanding and numerical diagnosis for SPT
states and also topological states [57,75-95].

One of the future directions worth pursuing is the strange
correlator between a quantum critical state |€2), and an SPT
wave function |W). Let us still focus on two-dimensional
systems. Using the formalism developed in this work,
this problem may be mapped to the 2d interface between
a quantum critical point on the temporal domain 7 <
0, and an SPT state on the other domain 7 > 0 in the
Euclidean space-time path integral. Under space-time rota-
tion, the strange correlator is mapped to the spatial inter-
face between a quantum criticality and an SPT state. This
kind of interface has two types of boundary effects: the
boundary states arising from the bulk topology, and also
the boundary criticality originating from the bulk criti-
cal modes. This is a subject under very active research
lately, both theoretically and numerically [18-22,24,27].
In particular, some novel interface criticality especially a
(1 + 1)d deconfined quantum critical point was identified
in the literature [24]. One potentially highly interesting
direction in the future is to analyze the strange correla-
tor (and its generalized form defined in Ref. [11]) between
quantum criticality and SPT state, and explore the possible
novel phenomena, especially when either the bulk quan-
tum critical state |Q2), or the SPT state |¥), or both are
under decoherence.
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APPENDIX A: TORIC CODE UNDER
DECOHERENCE

The goal of this section is to show that the entangle-
ment entropy of the toric code state under dephasing noise
is given by the free energy of the random bond Ising
model along the Nishimori line. We show that such a deco-
hered state is dual to the disordered product state under Z,
symmetric decoherence channel in Eq. (23).
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First, the toric code Hamiltonian is defined as

-2 Ilz-2 1%
v esdv p eep

=—> 4, Y B,
v P

(AD)

The ground state is characterized by 4, = B, = 1. Further-
more, on the torus, the ground state is fourfold degenerate
with two logical qubits. Logical qubits reside on the space
where the following effective Pauli operators act on Cf( =
[leec, Xe and ¢/ =[lec 1 Z, where Cj is a cycle along the

ith axis; while C; is along the bond, C,-L crosses the bond.
Note that {Cf,C5} = {C%, 5} = 0, while [C4, C¥] = 0.
As an example we choose to study one of the four ground
states denoted as |y.), whose pure-state density matrix is
Pre = |Wie) (Yre]. The ground state is the eigenstate of the
qubits C¥ |i.) = aj| ), witha; = ay = 1.

1. Decomposition

We consider the toric code ground state decohered under
the following channel:

Eeip— (1 =p)p+pZepZe, E=[]E. (A2

In order to understand the structure of E[p], first we
evaluate the matrix elements of the decohered toric code
density matrix. To do the job, consider psy = Q) (S2]
where |€2) is a generic product state characterized by

S = {8}, 5. = £1:
o =[[z07R e, (A3)
where N, = L? is the number of vertices. Then
(1€ pec]IRy) = tr(/)s,s/g[ptc]) = tr(g[ps,s/]ptc), (A4)
where E[psy] is given as
1—ses., 2
Pos = 22N H(l + 5. Xz
(A5)

1—s¢8,)/2
Elpss] = 22—% [T+ 500 = 2p)x0 2 ",
e

For tr(E[psy]pr) not to vanish, (s - s’) = 0 so that prod-
uct of Z, does not create anyons. In such a case, the product
of Z strings always commutes with a loop of X strings

along the bond. In fact, we can show that

1—'g; 2
(el [T Xe ]‘[Zé ORIy = F,s - $)801085(s:.0-
eel

(A6)

where s - ' defines a nontrivial link configuration along
the dual link whenever it takes a negative value. For
CXYZ = ¢} we have

F,s-8) = (Yl € Chig g 1) (A7)

where h(l) € m;(T?) is the element of the homotopy group
of the torus. For the simplest case where Cy 12 =1, we
remark that F(I,s - §') is nonzero if and only if h(s, s) is
trivial. Then, the overlap in Eq. (A4) is given as

tr(E[pss1pe) = 2zN Z(l —20)" T

eel
(1—ses,)/2
x<1/fw|1'[Xe]'[ze ! |1/ftc>
eel e
Sh(s-s/).1

~Zrem[s, Bl (AB)

= 2Mu(2cosh B)2M

where the summation is over all possible edge configura-
tion /, tanh 8 = (1 — 2p), and

Z 1_[ eﬁsLavo/

0 e=(vy)

ZreiM[S (A9)

which turns out to be the partition function of an Ising
model with random signs, specified by {s.}, in the near-
neighbor spin-spin interaction. At p =0, g~! =0, i.e.,
zero temperature limit, It has an interesting consequence:
the matrix element (Q25|E[p]|2s) vanishes unless s and
s’ belong to the same equivalence class, i.e., d(s-s') =
0. Furthermore, if s ~ §’, then Zrpm[s, 8] = Zremu[s’, B].
Accordingly, E[ps] is block-diagonal. Therefore, £[p]
decomposes as the following:

Elpel = ) pustr(pssELoc))

s,/
1

= G eosh % Xm:ZRBIM[sm,ﬂ]pm. (A10)

where the summation is taken over the equivalence class of
s, denoted by m; the equivalence class is defined as 9 (s -
s') = 0. sy, is the representative of the equivalence class m,
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and py, is defined as

pm= Y 1Q)(Q

s,8' ~Sm

(All)

Therefore, the decohered density matrix has the following
block-diagonal structure (in X basis)

oo
0[3_2\0

0 0 B;

Elpe]l = (A12)

)

where each block is 2~ by 2M~! dimensional matrix
labeled by the equivalence class m and its entries are all
equal, i.e.,

2Nv—l

=21 ) (Pml,

2Ny—1

(A13)

where [¢m) = (1/V2M=1) 30 o Q). There are total

2N+l equivalence classes originated from (N, — 1) inde-
pendent stabilizers B, and two logical operators C¥.

2. Entanglement entropy

After reorganizing terms, we get

ZrBM[Sm> B]

2 - (2cosh B)2Mv’ (Al4)

pe = Pmlfm)(@ml. pm=

m

Note that the entanglement entropy has a very interesting
structure:

S = —tr(,oth) In pth))
=- me log pm
m

o =Y Zlsm, B110g Z[sm, A1, (A15)

which is nothing but a disorder averaged random bond
Ising model’s free energy along the Nishimori line, whose
transition point is located at p. = 0.1094 [51]. Therefore,
there is an intrinsic phase transition of the entanglement
entropy of the decohered toric code state at p, = 0.1094,
which coincides with the decodability transition point
obtained in Ref. [31].

3. Purity

Interestingly, the purity of the decohered density matrix
maps to the partition function of the Ising model (here C =
(2% - (2 cosh p)*Mv)~1y:

72
tr((p)?) = CZZIZQBIM[SHUIB] Z R];Izl\\ff,—l

(@%mzzzza@ww

[ o/ L] L2

xnsense/ndinff_{,

eel) fely iedl; jedly

(A16)

where L; is the link configuration defined on the square
lattice. This expression can be further simplified by the
following:

tr((p2)?) = o0+ 24NU+N = ZZ Y (1 - 2p)hiltita

o’ Li,Ly
2Ny ) /
<2 T T
i€dl; jedlp

1

T QAN AN+ Z(l = 2p)laitita
' Lyl

2N, N N,
<278, 1,2 88,0 - 2785150

1
= SW > (1 =2p) sy
L

- M /o _ 2
B 2(2 cosh ﬂ/)sz 5 tanhﬁ — (1 2]7)
(A17)

where Zpv[B'] = Zremu[1, B'] is the partition function of
the ferromagnetic Ising model. In the last equality, we use
that

Zramls, B]

~ 2Mo(cosh B)2Me” (AL®)

> (tanh )" [ Tse =

dy=0 ecy

Since the ferromagnetic 2d Ising model has a transition
at 8 = In(1 + V2) /2 = 0.441, correlation functions in the
doubled Hilbert space (in the next section) would exhibit a
critical behavior at p/? = 0.178.

4. Choi isomorphism

One may study the decohered toric code state in the
doubled Hilbert space under Choi isomorphism. The deco-
hered density matrix maps into the following Choi state:

Z i) ® Elpeli)) = me|¢m |fm).
(A19)

I€Lpee])
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where we use Eq. (A14). The dephasing channel maps to
the following Choi operator in the doubled Hilbert space:
£ = H(l —2p) Pt tentel

tanht = 1L, (A20)

which can be considered as an imaginary time evolu-
tion by an Ising Hamiltonian. Note that cosht = (1 —

p)/+/1 —2p and sinht = p/./1 — 2p. Then, we see that
éXe,uéil = e,ueiztze’uze’l

o & = B, [ 2

eep

(A21)

Now, consider the following parent Hamiltonian:
1
Hiarent = 5 ) (1 = A (1 = 4)

v

1
+ z;(1 —-B,)'(1 -8, (A22)

o, f > Ofor some o, > 0. Following the procedure in
Ref. [11], we can show that the Choi state ||E[p]) =
E |l o) is the ground state of the following Hamiltonian:

"D D "D "D
H = Hu + H] + Him
HY=—) 4,,— ) cosh (21 Zze,uze,l> By
v p eep
Hﬁt — Z 1—[ e—4TZe,uZe,l

p e<p

(A23)

However, using that cosh(2t Zeep ZouZes) > 0 and it
commutes with 4, and B,,, we can simplify it as

HP = HP + HP + HP

nt

HY == dyu—> By
v p

T2 = [ (cosh2r — Z.,Zossinh27)  (A24)
p eep
In this doubled system, the coupling ﬂfn breaks two

microscopic magnetic one-form symmetries into their
diagonal subgroup, and we expect the phase transition
from a doubled toric code order to a single toric code order.
The transition should be captured by the condensation of e
anyons, which is diagnosed by nonvanishing expectation
values of

< 1_[ Ze,u 1_[ Ze,l

> ~ const,
ecyl ecyl

where y* is the open string defined along the dual lattice.

(A25)

5. Kramers-Wannier duality

Under Kramers-Wannier duality, the toric code maps to
the trivially disordered state, |Q2) = |+)®" on the vertices
of the dual lattice. The mapping is explicitly given as the
following:

[[X < x..
esv (A26)

ZeJ_(u,v/) <~ Zva"

Note that in this dual model, the system has two 0-form
Z, symmetries even under decoherence. Also, v that labels
the vertices in the dual lattice labels the plaquette in the
original lattice. Since [[, X, is dual to [], B, = 1 in the
toric code, the mapped states must be symmetric under the
0-form Z, symmetry. The above relation makes it clear
that the dephasing channel in Eq. (A2) maps to the Z,
symmetric decoherence channel in Eq. (23).

Now, applying the Kramers-Wannier duality on the dou-
bled Hamiltonian in Eq. (A23), we can obtain the Hamil-
tonian for the dual model in the doubled Hilbert space as
the following:

HP = HP + HP + T

nt>

7:[5 = —2cosh2t ZXU,
v

ﬂﬁt =2 Z H(cosh 4t — ZyuZy yZy Zy 1 Sinh 47).
v Vev

(A27)

In this model, the transition should be captured by the
development of an order parameter that breaks off-diagonal
74 x 7} symmetry, which is diagnosed by nonvanishing
expectation values of

<(ZU,qu,l) (Zv’,qu’,l)> ~ const (A28)

for any well separated v and v'.

6. Purity calculation

As stated in the main text, the (unnormalized) ground
state of the above Hamiltonian in the doubled Hilbert space
is given as

Ellpo) = (1 = p™ 3 (tanh 1) 131y @ [31).  (A29)
1
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The norm of this wave function is given as

tr{(0”)*} = (p”llp") o< D S, an, (tanh )M R

I

ocZ[l_[(l + tanh t nsv)]z

{sv} e vede
1o Zl_[ (1 + tanh 27 l_[ Sy)
{sv} e vede
o Zpv[27], (A30)
where we use the following identity:
1
3a1,,01, = Ny Z 1_[ Sy 1_[ Syl (A31)

sye{x1}vedl; v'edly

Note that at p = p», 2t here agrees with B’ from
Eq. (A17), which establishes the self duality in the 2d Ising
model.

APPENDIX B: DERIVATIVES OF THE DISTANCE

In this section, we calculate the second derivative of
the distance defined in Eq. (30) for the decohered density
matrix p? = E[|Q0)(|] from Eq. (23). The perturbation
is defined by the following channel:

M(S,v o> (1 - 8)10 +5ZU,OZU,

o= Mslpl, Ms =] Ms,.  BY

By defining 4 such that tanhh =6/(1—-38) (¢ =
1/4/1 — 26), the channel can be mapped to the following
operator under Choi isomorphism:

Ms =[] = 28) 2, (B2)

Note that 94/95 = 1/(1 — 25). Then, we can show that

@ _ §o213:08)  (pP113505)

9D = - ,
’ PIePY — (pPlloP) )
2 p _ §05pP1500) __(«pDnaapé’»)2
’ (oP 1 pP) (oPlpfy )

LetO =), Z,.Z,; Then, at § — 0, we evaluate that

s M = (0 —1%.

50 = (B4)

Furthermore, exactly at § =0, ((0))| s—o = 0 due to the
symmetric nature of the initial decohered density matrix
under symmetric decoherence channel. Then, plugging

Eq. (B4) into Eq. (B3), it is straightforward to show that
the first derivative of the distance vanishes as expected,

and the second derivative, depending on the order of limit,
would be given as Eq. (31) or Eq. (32).
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