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Quantum low-density parity-check (qQLDPC) codes promise low-overhead fault-tolerant quantum
memory, but many leading constructions are naturally defined on periodic lattices, whereas scalable
quantum hardware favors planar architectures with open boundaries. In this work, we develop a general
operator-algebraic framework and computational algorithms for constructing all gapped boundaries and
defects of two-dimensional topological Pauli stabilizer codes. Starting from a truncated bulk code, our
method identifies boundary gauge operators, boundary anyons, and their string operators, and then
constructs microscopic boundary Hamiltonians through anyon condensation and topological-order
completion, thereby eliminating local logical operators near the boundary. We establish a one-to-one
bulk-boundary correspondence between bulk anyons and excitations of the anomalous boundary
subsystem code, enabling fusion rules, topological spins, and braiding statistics to be extracted directly
from the boundary operator algebra. For translation-invariant codes, Laurent-polynomial representations
reduce these tasks to finite matrix computations based on Hermite and Smith normal forms, enabling
automated constructions for Z; qudits of both prime and composite dimension. We demonstrate the
framework on toric, color, double-semion, six-semion, and anomalous three-fermion codes, and apply it to
bivariate bicycle codes, revealing large logical dimensions and unusually long translation periods for
anyon strings. By systematically converting bulk topological data into explicit boundary and defect
Hamiltonians, our framework can serve as a foundation for constructing low-overhead planar qLDPC

codes with open boundaries and for engineering fault-tolerant logical operations.

DOI: 10.1103/98%h-xjqv

L. INTRODUCTION

Quantum low-density parity-check (qLDPC) codes
offer a promising route to reducing the space overhead
of fault-tolerant quantum memory [1-3]. Among the most
experimentally motivated examples, bivariate bicycle (BB)
codes combine high thresholds with low overhead, but are
naturally specified on periodic lattices [4,5]. Scalable
quantum hardware, by contrast, often favors planar layouts
with physical edges [6—10]. Passing from a periodic code
to an open geometry is not a mild change of boundary
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conditions: simply truncating stabilizer generators gener-
ally leaves unconstrained boundary degrees of freedom,
can introduce local logical operators, and may alter both
the code distance and the number of encoded qubits. A
systematic microscopic theory of gapped boundaries is
therefore a key missing ingredient for converting periodic
topological qLDPC codes into useful low-overhead pla-
nar codes.

The surface code illustrates why boundaries are more
than an implementation detail. Different boundary con-
ditions determine which anyon strings can terminate
without an energy cost and thereby control the logical
degrees of freedom, code deformations, and available
fault-tolerant operations [6,11-14]. For the toric and color
codes, such boundaries and associated defects have been
designed explicitly. Modern topological qLDPC codes,
however, can have larger unit cells, more complicated
stabilizer patterns, multiple logical sectors, and anyon
strings with long translation periods. In these settings, a
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boundary cannot in general be inferred from its geometric
shape or obtained by deleting incomplete checks. One
must instead determine all operators compatible with the
truncated bulk, identify the boundary excitations and their
string operators, and synthesize a commuting boundary
Hamiltonian that leaves no residual local logical operator.

At the level of topological quantum field theory, gapped
boundaries of an Abelian topological order are classified
by Lagrangian subgroups—maximal sets of mutually
bosonic anyons that can condense at the boundary [15-
24]. This classification identifies what may condense, but
it does not by itself specify how to realize the condensate
using local commuting stabilizers on a microscopic lattice.
After truncation, the local operators that commute with all
retained bulk stabilizers form a generally noncommuting
boundary gauge algebra, and truncated bulk stabilizers
need not generate this algebra. Moreover, adding string
operators for a chosen condensate does not always restore
the topological-order condition near the edge. Additional
compatible boundary terms may be required to remove
local logical operators, a step that we call topological-
order completion. Previous constructions for the toric
code, color code, and related models establish important
examples [11,13,18,25-28], but they do not provide a
general microscopic algorithm for arbitrary topological
Pauli stabilizer codes.

In this work, we provide such an algorithmic frame-
work. We first formulate Pauli operator algebra directly on
a truncated lattice and show that its boundary gauge
operators define an anomalous (1 + 1)D subsystem code.
We prove a one-to-one correspondence between its boun-
dary anyon types and the anyon types of the (2 + 1)D bulk,
and we show that fusion rules, topological spins, and
braiding statistics can be obtained entirely from boundary
string operators. This result gives a constructive bulk-
boundary correspondence and extends the operator-alge-
braic and holographic perspectives of Refs. [29,30] to
systems with physical boundaries.

For translation-invariant codes, we turn this structure
into finite computation by using Laurent-polynomial repre-
sentations. Hermite-normal-form and Smith-normal-form
calculations identify boundary gauge operators, boun-
dary anyons, their fusion relations, and the associated
string operators for Z,; qudits of both prime and compo-
site dimension. Given a Lagrangian subgroup, the algo-
rithm then constructs a microscopic gapped-boundary
Hamiltonian in two stages: boundary anyon condensation
supplies mutually commuting finite string operators, and
topological-order completion saturates the boundary with
additional compatible gauge operators. The completed
Hamiltonian permits precisely the condensed bulk anyons
to terminate at the boundary without an energy penalty.
Repeating the construction for every Lagrangian subgroup
generates all admissible gapped boundaries, while the

same machinery constructs domain walls and defects
through folding. The full workflow is summarized in
Fig. 1. In this way, boundary design is reduced from a
model-specific task to a sequence of algebraic operations
that can be automated on a classical computer.

We demonstrate the framework on the Z, and Z, toric
codes, the color code, the double-semion and six-semion
codes, and the anomalous three-fermion code. These
examples test the method across qubits, composite-dimen-
sional qudits, nontrivial secondary boundary gauge oper-
ators, and anomalous subsystem settings. We also apply it
to BB codes [4,5], where boundary synthesis is especially
nontrivial. For the (3, 3)-BB and (2, —3)-BB examples, we
find anyon translation periods of 12 and 1023, respectively,
despite the locality of the bulk stabilizer generators.
For the (3,3)-BB family, our planar construction on a
12L x 12L square has expected parameters [288L2,8,
d =12L — O(1)] (see Sec. V H). This example illustrates
the practical role of the framework: it supplies the
boundary data and microscopic completion needed to turn
periodic gLDPC codes into candidate planar architectures,
while making the resulting locality and overhead tradeoffs
explicit.

Following the initial preprint of this work, two sub-
sequent publications have built on its framework and
results. Reference [31] directly uses the boundary-gauge-
operator and topological-order-completion framework
developed here to construct planar BB codes, and further
introduces lattice-grafting optimization. Reference [32]
also cites the present manuscript and identifies the
288, 8, 12]] planar code constructed in Ref. [31] as an
inspiration for its tile-code construction; it develops a
distinct tile-code framework and explores higher-weight
stabilizers and additional code parameters. Thus, the gen-
eral operator-algebraic theory and systematic boundary-
construction algorithms originate in the present manuscript,
and these later works build on that foundation to develop
and optimize specific planar-code constructions.

More broadly, our results separate the universal topo-
logical choice of a condensate from the model-dependent
problem of realizing it on a lattice. This separation
provides a systematic foundation for constructing and
optimizing low-overhead planar qLDPC codes with open
boundaries, and for engineering boundary- and defect-
based logical operations in topological stabilizer codes.

The remainder of the paper is organized as follows.
Section II develops the physical picture of boundary gauge
operators, boundary anyons, and gapped-boundary con-
struction. Section III establishes the operator-algebraic
foundations and proves the bulk-boundary correspon-
dence. Section IV presents the Laurent-polynomial algo-
rithms, and Sec. V applies them to the code families
described above. We conclude with implications and open
directions.
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Algorithm for constructing gapped boundaries of a topological generalized Pauli stabilizer code. We begin by truncating an

infinite system and solving for boundary gauge operators that commute with all bulk stabilizers. These boundary gauge operators are
then used to form boundary string operators, which create boundary anyons in the (1 4 1)D subsystem code at their endpoints. Each
boundary anyon has a one-to-one correspondence with a bulk anyon in the (2 + 1)D stabilizer code. The topological spin and braiding
statistics are derived from the commutator of the boundary string operators. Finally, we perform boundary anyon condensation and
topological order completion to construct the gapped boundary Hamiltonian. This Hamiltonian ensures that bosons in the Lagrangian
subgroup can terminate at the boundary without incurring an energy penalty, whereas other anyons must violate the boundary

Hamiltonian.

II. PHYSICAL INTUITION AND DESCRIPTION

This section offers a pedagogical overview of general-
ized Pauli operators and Abelian anyon theories within the
stabilizer code formalism, focusing on the microscopic
perspective. Additionally, we extend this framework to
systems with open boundary conditions. We will introduce
boundary gauge operators, which contrast with the bulk
stabilizer operators, and subsequently define boundary
anyons and their corresponding string operators. These
concepts will be crucial for constructing gapped bounda-
ries and defects.

A. Review of bulk anyons in stabilizer formalism

We begin by reviewing the bulk stabilizer code formal-
ism and the microscopic definitions of anyons and topo-
logical data as discussed in Ref. [30]. We first consider the
stabilizer code on an infinite plane with translational
symmetry, which will later be truncated to a finite region
with an open boundary.

Let us recall the standard definitions of d x d general-
ized Pauli matrices for a Z, qudit:

X= Y li+0il  z2=) olj)i

JEZ, jeZy,

. (D

where o is defined as @ := exp(2). The matrices X and Z
satisfy the commutation relation:

ZX = wXZ. 2)

For simplicity, we will refer to these as “Pauli” matrices,
using the term as shorthand for “generalized Pauli.”

We begin by considering a local Pauli stabilizer
Hamiltonian on a two-dimensional lattice that satisfies
the topological order (TO) condition [33-37]. This con-
dition requires that any local operator O commuting with
all stabilizers can be written as a product of stabilizers,
O = [1;e, S; for some set J. The TO condition implies the
local indistinguishability of the ground state(s) in a
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FIG. 2. The black dots indicate the locations where stabilizers
act as ¢ (with ¢ # 1) on the state. These syndromes are labeled
as ¢y, ¢,, and so forth. When these violated stabilizers are
spatially distant from one another, we group the ¢; into separate
patches, treating each patch as a local anyon. In (2+ 1)D
topological Pauli stabilizer codes, any anyon is generated by a
string operator, which is a product of Pauli matrices along a
string that fails to commute with only a finite number of local
stabilizer generators near its endpoints. The concept of bulk
stabilizer violations can be extended to boundary gauge oper-
ators, as discussed in Sec. 11 B.

stabilizer code, meaning no local operator can distinguish
between them. A stabilizer code satisfying the TO con-
dition is referred to as a topological Pauli stabilizer code,
indicating the presence of topological order. This topo-
logical order is described by unitary modular tensor
categories (UMTCs) [38-44], which characterize the
low-energy excitations. Stabilizer models give rise to
Abelian anyon theories, a subset of UMTCs.

An anyon is defined as a violation of stabilizers on the
lattice [30,45-47]. Given a ground state |¥), which is in
the +1 eigenstate of all the stabilizers: §;|Py) = |Wys)-
However, when a Pauli operator M is applied to the ground
state, the resulting perturbed state may no longer reside in
the +1 eigenspace of the stabilizers. Specifically, we have
S:{(M|¥y)) = ¢:(M|¥y)), where ¢; € U(1) depends on
the commutation relation between S; and M. This per-
turbed state is characterized by a set of U(l) angles
{¢1, -, ¢y}, which defines a homomorphism from the
stabilizer group S to U(1):

¢: S-> U1, 3)

where ¢(S;) = ¢;.

So far, violations (¢; # 1) have been described globally
across the entire system. However, locality now plays a
crucial role. If the violated stabilizers are spatially distant,
for example, due to a long string operator M that only
affects stabilizers near its endpoints, we can group the
stabilizers with ¢; # 1 into local patches, as illustrated in
Fig. 2. Each patch represents a local anyon, with ¢;

forming the syndrome pattern. Mathematically, fix a local
generating set {S;} consisting of translates of finitely many
stabilizer generators. A local anyon is defined by a
homomorphism ¢ in Eq. (3), with ¢(S;) = 1 for all but
finitely many generators in this set, meaning the stabilizer
generators are violated locally [48]. In two-dimensional
topological Pauli stabilizer codes, all anyons can be
generated by (infinite) string operators [35,37,48]. This
property does not hold in higher-dimensional models,
primarily due to the fracton phases of matter [49-56].
Anyon types, also known as superselection sectors, can
be characterized as equivalence classes based on the
equivalence relation defined between anyons v and v':

vi= {p)~ o' = (), @

if and only if the sets {¢,} and {¢!} differ only by local
Pauli operators. In other words, two syndrome patterns v
and v’ are considered equivalent if the pattern v’ can be
obtained from v by applying local Pauli operators. Utilizing
the concept of anyon types, we can explore the fusion rules.
The fusion rules of (Abelian) anyons describe the process of
bringing two anyons, a and b, into close proximity (through
their string operators) and identifying their composite as a
third anyon, ¢, under the equivalence relation given by
Eq. (4). This fusion rule is denoted by

axb=c. ®)

Additionally, the topological spin #(a) can be calculated
for each anyon a, which determines its exchange statistics
according to the spin-statistics theorem, distinguishing
types such as bosons, fermions, and semions. The T-
junction process, which involves exchanging the positions
of two particles, can be used to determine the topological
spin [57-62]. Consider paths 7, 7,, and 75 that converge at
a common endpoint p and are arranged counter-clockwise
around p, as depicted in Fig. 3. The topological spin 6(a)

=== D € == =-

71 A 73

1
Y2 1
i

FIG. 3. The exchange statistics, or topological spin, of an
anyon a can be determined using the formula presented in
Eq. (6). In this context, ¥;, ¥,, and ¥3 are oriented paths on the
lattice that intersect at a common point p. The string operators
W, (W$)T, and W4, corresponding to anyon a and defined along
the paths 7,, —¥,, and 73, respectively, may not commute. This
noncommutativity results in the exchange statistics 6(a).
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for anyon a is calculated using the formula:
WE(W3) W = 0(a)Wi(W3) WS, (6)

where W¢ represents the string operator moving anyon a
along the path 7;. The braiding statistics between two
anyons, a and b, can be derived from their topological
spins as follows:

O(a x b)

B(a,b) :W

(7)

See Appendix A of Ref. [30] for a detailed derivation.

B. Defining boundary gauge operators, boundary
anyons, and boundary strings

Throughout this manuscript, we assume translation
invariance of the bulk code and along straight boundary
segments, allowing a finite unit cell. We expect that the
framework also applies to general geometries without
translation invariance.

We have thus far reviewed the microscopic definition of
bulk anyons and string operators within the stabilizer code
formalism. We now aim to extend this framework to
systems with open boundaries. Specifically, we will define
boundary anyons and their associated string operators
using the subsystem code formalism.

To proceed, we truncate the square lattice to the left
semi-infinite plane x <0, as shown in Fig. 2. After
truncation, the bulk stabilizers are all elements of the
original stabilizer group whose resulting support lies
entirely within the retained region. This is the subgroup
Sp = S N 7P defined in Sec. III. A generator crossing the
cut is discarded, but a finite product of discarded gen-
erators is included if its support outside the retained region
cancels. Thus, when specifying a generating set for the
retained bulk Hamiltonian, such supported products must
also be included whenever they are not generated by the
individually retained checks.

Near the boundary, the TO condition is no longer
satisfied. There exists a local operator that commutes with
all bulk stabilizers but is not necessarily a product of bulk
stabilizers. These operators are referred to as boundary
gauge operators. More precisely, these local operators that
commute with bulk stabilizers, quotiented by bulk stabi-
lizers, form the group G of boundary gauge operators.
Additionally, these operators might not commute with
themselves. The terminology is borrowed from the defi-
nition of subsystem codes, where the gauge operators do
not commute, and their commutants form the stabilizer
group. As a result, the Hilbert space of the boundary theory
becomes anomalous, meaning that only boundary gauge
operators can act on it, and the space lacks a tensor product
structure [63—70]. Since the bulk stabilizers locally satisfy

the TO condition, for any boundary gauge operator, there
is an equivalent operator (by multiplying with bulk
stabilizers) that is supported near the boundary and does
not extend into the bulk. This follows from the cleaning
lemma [36,71]. Therefore, we can assume that all boun-
dary gauge operators are supported within a finite distance
from the boundary.

Anyons in the subsystem code can be defined [71]. We
use the intuition similar to Eq. (3) to define our boundary
anyons and boundary string operators as follows.

Definition 1. A boundary anyon is defined as the local
“syndrome pattern” of boundary gauge operators that
indicates how boundary gauge operators are violated:

p: G- U(1), 8

where ¢ is a homomorphism and ¢(G;) = 1 for all but
finitely many generators in a fixed local generating set
{G,} of G, consisting of boundary translations of finitely
many gauge generators.

We will refer to the “syndrome pattern” of the boundary
gauge operators as the gauge violation. In Sec. III, we will
prove the following theorem:

Theorem 1. For any localized gauge violation repre-
sented by a homomorphism ¢: G — U(1), there exists an
(infinite) boundary gauge operator O,, such that ¢ can be
expressed as

»(G) =1G.0,] = GO(/,G_10_1

@

vGeg. 9

Proof. See the discussion following Theorem 15. =

This theorem implies that any boundary anyon (gauge
violation of boundary gauge operators) can be created by
an (infinite) boundary gauge operator, as shown in Fig. 2.
This theorem is analogous to the property that anyons in
two dimensions can be created by bulk string operators.

Similar to bulk anyons, we can categorize boundary
anyons into different equivalence classes (anyon types):

Definition 2. Two boundary anyons are equivalent if
their syndrome patterns differ by a local boundary gauge
operator.

Note that previously, bulk anyons were considered
equivalent if they differed by the syndrome of a local
Pauli operator. Here, we are only allowed to apply a
boundary gauge operator since we need to ensure that the
bulk stabilizers are never violated (only boundary gauge
operators can be violated). Next, we define boundary string
operators:

Definition 3. A boundary string operator along a
boundary segment is a product of boundary gauge

043016-5
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operators in the neighborhood of this segment that creates
boundary anyons at its endpoints.

A boundary string operator does not violate bulk
stabilizers and only fails to commute with boundary gauge
operators at its endpoints. From the definitions above, a
nontrivial boundary anyon is created by an infinite
operator. Without loss of generality, we can assume a
boundary anyon is created by a semi-infinite boun-
dary string operator, containing boundary gauge oper-
ators only on one side of the anyon location.” First,
we can show that boundary anyons are mobile along
the boundary:

Lemma 2. (Mobility of boundary anyons along the
boundary). Given a boundary anyon at a vertex vy, which
is the endpoint of a semi-infinite boundary string operator,
this string operator can be adjusted locally to end at
another vertex v/, far from v,, such that it only violates
boundary gauge operators around ¢/,. In other words, we
can apply a finite string operator to move the anyon from
v, to another vertex v

Given a semi-infinite string, it is evident that the
boundary anyon can move in the direction of the string
by truncating the string operator. To demonstrate that the
anyon can also move in the opposite direction, i.e., that the
semi-infinite boundary string is extendable, we first note
that the syndrome pattern of the truncated string is
bounded within a finite range. Therefore, as we truncate
the semi-infinite string progressively, by the pigeonhole
principle, there must be two vertices such that the
boundary anyons at these vertices are identical (up to a
translation). Consequently, we can use the finite string
operators between these two vertices to “copy and paste”
to form a longer semi-infinite string. Thus, the boundary
anyon can move in both directions along the boundary.

A corollary follows directly from the argument above:

Corollary 2.1. (Weak translational symmetry of boun-
dary anyons). For any boundary anyon ¢, there exists a
local operator (finite string operator) that transforms ¢ into
another anyon ¢’, where ¢’ is ¢ translated by 7 lattice sites
in the y-direction for some integer n.

In other words, a boundary anyon can be shifted by a
distance n and still represent the same anyon type. Note
that in many examples, such as the color code, n cannot be
1, which means that shifting an anyon by a distance of 1
results in a different anyon. However, by the pigeonhole
principle, when the shift is increased, the boundary anyon
must eventually map back to itself. Therefore, it exhibits
weak translational symmetry relative to the lattice.

"This is feasible because we can always divide an infinite
string operator into two semi-infinite strings and discuss the two
boundary anyons separately.

Moreover, we will prove the following lemmas and
theorems using the operator algebra formalism introduced
in Sec. IIl. A boundary anyon can be moved into the bulk
and become a bulk anyon:

Lemma 3. (Mobility of boundary anyons into the bulk).
Given a boundary anyon ¢ at a vertex v, on the boundary,
there exists a bulk anyon ¢ at a vertex v in the bulk, with a
string operator along the path from v, to v that transforms
the boundary anyon ¢ to the bulk anyon ¢.

Later, we will prove the following important theorem:

Theorem 4. (Bulk-boundary correspondence). There is a
one-to-one correspondence between bulk anyon types and
boundary anyon types, defined using the respective equiv-
alence relations under local Pauli operators and local
boundary gauge operators. For corresponding types, a
string operator can transport a boundary anyon at a vertex
v, to a bulk anyon at a vertex v, and conversely.

This theorem implies that the (2 + 1)D bulk stabilizer
code and the (1 + 1)D boundary anomalous® subsystem
code are dual to each other. The topological spins and
mutual braiding of the boundary anyons can be directly
determined from the boundary anyon string operators (a
detailed proof is provided in Appendix A):

Theorem 5. (Topological spins of boundary anyons).

. 3
U(a),_;

a’l )

a
U(a)lﬂz

a’l 1

Given boundary string operators U(a),_, and U(a),_;
that move the boundary anyon a from vertex 1 to 2, and
from vertex 2 to 3, respectively (as shown in the figure
above), the topological spin of a is given by

0(a) = [U(a) oy, U(a)ys)
= U(a)HzU(C’)z—ﬁU(a)LzU(a);—ﬁ- (10)

*“Anomalous” refers to a situation where the Hilbert space
lacks a tensor product structure. Operators must be “gauge-
invariant,” meaning they commute with specific gauge con-
straints, such as the bulk stabilizers in our context.
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Theorem 6. (Braiding between boundary anyons).

Given boundary string operators U(a),_5, which moves
the boundary anyon a from vertex 1 to 3, and U(b),_4,
which moves the boundary anyon b from vertex 2 to 4 (as
shown in the figure above), the braiding statistics of these
two anyons is given by

B(a,b) = [U(a),_3, U(b),_4]
= U(a)1—>3U(b)2—>4U(a)J1r_>3U(b);_w (11)

We emphasize that Egs. (10) and (11) are consistent
with the proposal in Ref. [29], which is derived from the
holographic perspective of topological stabilizer codes.
Therefore, without knowledge of the bulk stabilizers,
we can retrieve all topological data of Abelian anyon
theories—such as anyon types, fusion rules, and topo-
logical spins—using only boundary gauge operators: The
boundary carries the same topological information as
the bulk.

On the other hand, for practical purposes, such as
constructing different boundaries or finding all boundary
anyons using computers, information about the bulk
stabilizers can save computational effort. To facilitate this,
we first divide the boundary gauge operators into
two types:

(1) Primary boundary gauge operators are defined as
the operators that are truncated stabilizers, i.e.,
original stabilizers with Pauli operators directly
removed at the qudits disappearing due to trun-
cation.?

(2) Secondary boundary gauge operators are defined as
the group of boundary gauge operators modulo the
primary boundary gauge operators, meaning that
the nontrivial elements in this group correspond to

*More precisely, we consider these operators quotiented by
bulk stabilizers, so primary boundary gauge operators form a

group.

boundary gauge operators that cannot be expressed
as truncated stabilizers.*

To demonstrate the primary and secondary boundary
gauge operators, we consider the following example fish
toric code, which is the Z, standard toric code conjugated
by a finite-depth Clifford circuit:

Hfish — _ZAgsh _ ZBﬁiSh, (12)

v p

where the AT" and B terms are

| :—X— A
X i S Z

Al = Py Bt z v 7. (13)
T [ z

Its primary and secondary boundary gauge operators are
shown in Figs. 4(a) and 4(b).

In Sec. III, we will prove the following theorems to
simplify the process of finding boundary string operators
and boundary anyons.

Theorem 7. A boundary anyon is uniquely determined
by the syndrome pattern of primary boundary gauge
operators.

Proof. See the discussion following Corollary 14.1. =

Theorem 8. Given a boundary string operator, we can
multiply local boundary gauge operators around its end-
points so that this modified boundary string operator is a
product of primary boundary gauge operators.

Proof. See the discussion following Lemma 16. (]

Caveat: We still require that the boundary string
operators commute with both primary and secondary
boundary gauge operators except around their endpoints.

According to Theorem 7, when comparing two boun-
dary anyons, it is sufficient to know the syndrome pattern
of the primary boundary gauge operators. Similarly,
Theorem 8 states that when solving for boundary string
operators to identify boundary anyons, we only need to
consider string operators formed by primary boundary
gauge operators. These two theorems reduce the computa-
tional complexity.

For the fish toric code defined in Egs. (12) and (13), the
boundary string operators are shown in Figs. 4(c) and 4(d).
These boundary strings are products of primary boundary
gauge operators.

“In the standard toric code, only primary boundary gauge
operators exist, rendering the secondary boundary gauge oper-
ators trivial. Reference [29] did not address the possibility of
secondary boundary gauge operators.

043016-7



LIANG, YANG, IOSUE, and CHEN

PRX QUANTUM 7, 043016 (2026)

oy Q x
hdl 1D hal 1D
Z P X Z P X
z) ¢ |z z » Z o R
P Z %{ X 7 . C?(X z «
X X| z ¥
. X
Z Aol Z <
®z Z z v
X . . X
v By x by 7 X
X . Z X ®z Z Xy X
@
z
() (©) (d)

FIG.4. Bulk stabilizers and boundary gauge operators of the “fish toric code” in Eq. (13). (a) The blue components represent the bulk
stabilizers A" and Bg“’. The nontrivial primary boundary gauge operators are generated by the green terms labeled ®, @, ®, and @, as
well as their translational counterparts in the vertical directions. Bulk stabilizers are considered trivial primary boundary gauge
operators. Note that the primary boundary operators are truncated bulk stabilizers A" and B%Sh and therefore commute with all bulk
stabilizers. (b) All boundary gauge operators are generated by the terms labeled ©, @, @, and ®, as well as their translational
counterparts. The terms ® and ®© are nontrivial secondary boundary gauge operators, i.e., they commute with all bulk stabilizers but are
not truncated Af" and BESh. (c) A boundary string operator for the e anyon. (d) A boundary string operator for the m anyon. Both strings

are products of primary boundary gauge operators.

C. Lattice construction of boundaries and defects

As illustrated by the folding argument in Fig. 5, the
defect (a local modification of the Hamiltonian) in the
two-dimensional code A can be interpreted as equivalent
to the boundary of the “doubled” code AX.A, where A
represents the anyon theory with the same anyons as .4, but
with all topological spins inverted, i.e., #(a) = 6(a)~!. For
example, defects in the Z, toric code are equivalent to the
boundaries of Z, x Z, toric codes. This equivalence
suggests that studying boundary constructions of topo-
logical Pauli stabilizer codes is sufficient for understand-
ing the properties of defects.

/ / defect / ﬂ) boundary
[ >

Anyon theory A Anyon theory AX A

FIG. 5. The defect in an anyon theory .4 can be interpreted as
the boundary of the folded anyon theory AX.A.

It is well-known that each gapped boundary of an
Abelian topological order (Abelian anyon theory .A)
corresponds to a Lagrangian subgroup £ C A, which is
a maximal set of bosons with trivial mutual braiding with
each other [15,16,19,22]. For any anyon a € A not con-
tained in £, there exists at least one boson b € £ such that
it braids nontrivially with a, i.e., B(a, b) # 1. The physical
intuition is that these bosons in £ can condense on the
boundary, allowing their string operators to terminate on
the boundary without incurring any energy cost.

More precisely, every Abelian anyon theory can be
described by a U(1)V Chern-Simons theory [72-74],
where the boundary hosts a conformal field theory with
a certain number of left-moving and right-moving modes.
These boundary modes are said to be “gapped” if it is
possible to add perturbations to the edge theory that make
these modes massive. The key idea is that we can gap the
theory by introducing additional terms to the edge. These
terms correspond to the string operators of bosons in the
Lagrangian subgroup L, truncated at the boundary. Adding
these terms condenses the bosons (as described in
Sec. I1C 1), allowing their strings to terminate without
an energy cost. In contrast, strings of anyons that braid
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nontrivially with £ cannot terminate without creating
boundary excitations. A gapped boundary may still sup-
port mobile finite-energy excitations. For further details,
we refer to Ref. [75].

In the stabilizer formalism, boundary gauge operators
commute with all bulk stabilizers and therefore act within
the initially unconstrained boundary degrees of freedom.
Adding mutually commuting strings for a Lagrangian
subgroup establishes the desired condensation properties
(see Theorem 9); topological-order completion then
removes residual local logical operators near the boundary.
However, the explicit lattice procedure for achieving this
condensation is not straightforward. It requires two steps:

(1) Boundary anyon condensation: Identify mutually
commuting short boundary string operators for
bosons in the Lagrangian subgroup and include
them in the Hamiltonian.

(2) TO completion: Add local boundary gauge oper-
ators into the Hamiltonian to ensure that the
topological order condition near the boundary is
satisfied.

Both steps are nontrivial and require careful computa-
tion. In this work, we will establish a theorem demonstrat-
ing how boson condensation near the boundary is achieved
on the lattice, and we will provide a computational
algorithm to construct the boundary for any given topo-
logical Pauli stabilizer code.

1. Boundary anyon condensation

We first describe the procedure for performing boson
condensation on the lattice. The physical intuition behind
condensing a boson b on the boundary is that the boson
proliferates on the boundary, and the ground state
becomes a superposition of all possible configurations
of the boson. In other words, when the boson string
operator is applied to create or move the boson b, the
ground state remains unchanged. Consequently, as dis-
cussed in Refs. [54,55,76,77], condensing the boson b is
equivalent to including the mutually commuting short
string operators of the boson into the Hamiltonian’:

Theorem 9. (Boson condensation on the boundary). To
condense the boundary bosons {b;} € L, we introduce
mutually commuting short boundary string operators
corresponding to each b; into the Hamiltonian, which
initially consists of bulk stabilizers. As a result, the bulk
string operator of any anyon b € £ can terminate on the
boundary without causing any energy excitations. In
contrast, if the bulk string operator of an anyon a ¢ L

>Originally, an additional step is needed to eliminate stabilizer
terms that do not commute with the short string operators.
However, in our case, the boundary string operators are defined
to commute with all bulk stabilizers, which allows us to bypass
this step.

terminates on the boundary, it will induce energy excita-
tions, as illustrated in the figure below:

Proof. See the proof following Lemma 17. [

By Theorem 9, the remaining task for boson condensa-
tion is to identify short string operators for the bosons {b;}
that commute with each other. However, the condition that
the topological spin 8(b) = 1, as given in Eq. (10), only
ensures that two strings of b with sufficient length
commute. This does not necessarily imply that the shortest
string operators will also commute. To address this, we
propose a systematic method for constructing mutually
commuting “short” string operators. These operators are of
finite length, though they may not be the shortest possible
string operators. Given a Lagrangian subgroup £, we first
identify the infinite boundary string operators correspond-
ing to each boson b€ L (see the discussion following
Theorem 1 and Lemma 2). We then truncate these infinite
boundary strings into finite boundary string operators, as
illustrated in Fig. 6. The resulting finite boundary string
operators are sufficiently long to guarantee mutual com-
mutation. This construction is always feasible because the
commutation relations depend only on the finite region
around where the operators intersect. This approach
ensures that the finite boundary string operators for the
bosons {b;} commute, thereby achieving the boson con-
densation on the boundary.

2. Topological order completion

This section outlines the final step in constructing a
gapped boundary for a topological Pauli stabilizer code.

Theorem 10. (Topological order completion). To
ensure that the system satisfies the topological order
condition, additional boundary gauge operators that com-
mute with themselves and the existing short boundary
string operators of bosons b € £ must be added into the
Hamiltonian. While several valid choices exist for these
additional boundary gauge operators, the specific selection
does not affect the condensation properties described in
Theorem 9.

Proof. See the proof following Lemma 17. [
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b, b,

bfl
“short” boundary bl 2
1

infinite boundary C
string operators

string operators

cut
H

1
b, P>
by

1 b}

FIG. 6. To find the mutually commuting short boundary strings
of bosons in the Lagrangian subgroup £, we begin by con-
structing their infinite strings, as described in Corollary 2.1. We
then cut these infinite strings into finite segments, ensuring that
these segments are long enough so that the commutation
relations of the string operators on them match the topological
spins given in Theorem 5. Additionally, it is crucial that the
cutting point of each string b; is fully contained within the
interval of the finite segments of another string b;, ensuring that
the commutation relations between string operators of different
bosons satisfy the braiding statistics described in Theorem 6.
These finite string operators form the mutually commuting
“short” boundary strings of bosons in L.

In other words, we can add more boundary gauge oper-
ators to the Hamiltonian until it “saturates”—meaning no
additional boundary gauge operators can be incorporated

Z
Z
Zp » Z
Z 7z Z

X

X Z
X A

Z

(a) Condense {e}

while commuting with all existing terms. The detailed
computational algorithm for incorporating these additional
boundary gauge operators into the Hamiltonian will be
discussed in Sec. I'V. This process, named as topological
order completion, is crucial due to the presence of
secondary boundary gauge operators, which have been
often overlooked in previous literature. For example, the
e-condensed and m-condensed boundaries of the Z, fish
toric code are illustrated in Fig. 7. It is important to note
that the shape of the boundary does not determine its
condensation properties. In the Z, standard toric code,
there is a common assumption that a smooth boundary is
m-condensed and a rough boundary is e-condensed.
However, whether a boundary is m-condensed or e-con-
densed depends on which short boundary string operators
are included in the Hamiltonian. Thus, a smooth boundary
can represent either type.

ITII. OPERATOR ALGEBRA FORMALISM

In this section, we introduce the operator algebra
formalism for generalized Pauli matrices on a (truncated)
lattice. This approach is essential for providing a rigorous
mathematical foundation for the concepts discussed ear-
lier, allowing us to prove the lemmas and theorems
formally. However, for readers more interested in the
practical aspects of applying the computational algorithm
to construct boundaries and defects in generalized Pauli
stabilizer codes, it is possible to proceed directly to Sec. IV
without losing continuity.

Z
Z
A IR 4 X X
X
Z 7z X X

e
-
-
o~
e
-

X . Z

Z

(b) Condense {m}

FIG. 7. Boundary constructions of the Z, fish toric code. The Hamiltonian consists of blue terms representing the bulk stabilizers,
green terms corresponding to the short string boundary operators of the e anyon [in (a)] and m anyon [in (b)], and purple terms
indicating the operators added for topological order completion. There are two choices for these purple terms, and either one can be
selected. All terms have their translational counterparts: bulk stabilizer terms can move in both the x- and y-directions, while the
boundary terms can only move in the y-direction. The red operators represent bulk strings that can terminate on the boundary without

causing any energy excitation.
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The approach in this section is inspired by the sym-
plectic and quasi-symplectic formalisms developed in
Refs. [48,78]. This formalism provides flexibility for
handling the boundary of a system.

A. Symplectic Abelian groups

Given any (finite, infinite, or truncated) lattice, label its
sites with an index set /. Each i € I refers to a site where a
qudit is situated. The shift and clock operators [X and Z
defined in Eq. (1)] on each qudit are represented respec-
tively by (}) and (?). Products of shift and clock operators
form the group of generalized Pauli operators. Each
generalized Pauli operator has a corresponding sum of
(;) and ({), which is only unique up to a phase. For
example, both X?>Z and XZX are represented by (). As
X?=27¢=1, we have ({) = (9 = (}). All calculations
shall therefore be done modulo d, where d is the dimension
of the qudit. We denote the set of all length-2 column
vectors modulo d by Z2.

The commutation relation between two operators is
recovered by the matrix (% {): two Pauli operators (£) and
() commute up to a phase exp(2zi?%) with

m=(a b)(_ol é)(g) (14)

This is also called the standard symplectic form
w: 73x 7% — Z,. (15)

On a lattice, generalized Pauli operators come in two
flavors: ones with finite support and ones with (possibly)
infinite support. They are respectively represented by
Abelian groups P = @,Z2 and P =[], Z3.° An element
a in either consists of vectors a; € Zfi indexed by I, but
only the latter allows infinitely many nonzero vectors. For
example, the elements X and Z with X; = (}) and Z; =
(%) for all i€ only exist in P when [ is infinite. They
represent the tensor product of X and Z operators on all
qudits, respectively. Commutation relation @ naturally
extends to

Q: PxP— 27, (16)
and
Q: PxP -2z, (17)

by > ;e ; ®; modulo d. However, the commutation relation
between two infinite operators is not well-defined, and
there is therefore no extension of w to P x P — Z,. For
example, the commutation relation between X and Z as
defined above is ill-defined in general.

®p = P when I is finite.

For any subgroup A C P, define
A ={ceP: Q(c,a)=0 forallacA}. (18)

A Pauli stabilizer code is determined by an isotropic
subgroup S C P, meaning Q(s, s,) = 0 for any s, 5, € S.
Equivalently, this can be expressed as S C S°. A code
satisfies the topological order condition if it has no local
logical operator. This condition is met if § is also
coisotropic, meaning S° C S. Therefore, a topological
Pauli stabilizer code satisfies S = S. We call a subgroup
A of P closed if A% = A. There are two important
examples of closed subgroups. First, for [ finite, any
subgroup A is closed. Second, a stabilizer code satisfying
the topological order condition is closed as implied by the
following lemma, bearing in mind that S = §.

Lemma 11. Given a subgroup A of P, A% = A9
In other words, A% is closed.

Proof. From the definition, A® C A%??. Conversely,
let c € A%, Any a € A is also in A%, Thus Q(a, ¢) = 0.
This implies that c € A®. "

We make another definition whose use will be clear
later. Given M C P and N C P, define

Mt ={¢eP: Q@& m)=0 forall meM}
and
Nt ={ceP: Q(n,c)=0 forall n€N}.

Notice that (-)* alternates between P and P.

Sometimes, we focus our attention on a subsystem
within a system. For example, when studying boundaries,
we focus on one half of the system. Given a group of Pauli
operators P = P ,Zg, a truncation is a group homomor-
phism z: P — P satisfying:

(1) (Projection) mwoxz = z and

(2) (Orthogonality) Q(ker z, zP) = 0.

For example, given a subset J C [ of qudits, projection
m; onto zP := @), 77 is a truncation. Orthogonality simply
states that Pauli operators on qudits in J and qudits in 7\J
commute with each other.

The following lemma is important for showing bulk-
boundary correspondence.

Lemma 12. Given a subgroup A C P, ALl =A4,
where A C P contains both finite and infinite products
generated by elements in A

"For an infinite product, the Pauli matrix at each site must
appear finitely many times for the product to be well-defined.
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Proof. We prove this lemma in two steps: A ¢ ALL

and A D A+L,
We first show that A ¢ AL, Let & € A. We want to show

that Q(a, ¢) = 0 for any ¢ € A+ C P. Consider the decom-
position:

a= || I e @

supp(a,)rsupp(c)#@  supp(a;)supp(c) =

where a,, az € A, and the support (supp) refers to the sites
where a Pauli operator is non-identity. Note that the
product b := [ [qupp(a,)nsupp(c)p da 1S in A since cE€P
has finite support. The other term Hsupp(aﬂ)mupp(c):@ ag
may have infinite support; however, it does not overlap
with ¢ and commutes with ¢. Thus, we find that
Q(a,c) = Q(b,c) =0, where the final equality follows
from the fact that €A and c€A*L. Therefore, we
conclude that A ¢ AL,

Next, we prove that AL ¢ A. For any a € A1L, we need
to show a € A. Specifically, we want to demonstrate that
any finite part of @ comes from an element of A, implying
that a can be expressed as, at most, an infinite product of
elements from A. To do so, it suffices to show that for any
finite region I C I, there exists ar € A such that a — ar is
supported outside I'. Note that ar is not necessarily
supported entirely within I'; typically, ar is chosen to
extend slightly beyond I'.

g
”'ul
e

Indeed, consider a sequence of nested finite regions {I';}
with I'; c I,y and |J,I; =1. In each region I';, the
element a is approximated by some ar, €A, with any
error confined to the outside of I';. By the definition of the
limit, the sequence {ar, } converges to a. At each step, ar,
is a product of stabilizers in A; therefore, the limit, a, is an
(infinite) product of stabilizers in A, which implies that a is
an element of A.

Thus, we now show that such a ar always exists forany I'.
For a finite region I', denote Pauli operators supported in I"
by Pr. Let Ar = zr-A be the image of A under truncation to
I". Clearly, Ay is a closed subgroup of Pr. Since a € A*+, by
definition, @ commutes with every elementin A*. When we
project a onto the finite region I, denoted by zra, this
projection will still commute with the elements of A+ that
are fully supported in I'. These elements form the subspace
A, where (-)* is taken inside the finite group Pr. By the

commutation property, we have zra € A+, where AL is
the double orthogonal of A within Pr. In the context of the
finite-dimensional space P, we know that At coincides
with A itself. Therefore, we have shown that zr-a € Ar. By
definition, there exists ar €A such that zrar = zra and
a — ar is supported outside I'. L]

Remark 1. The approximation process outlined in the
proof gives rise to a useful natural topology on P. See
Sec. 3.1 of Ref. [78] for a detailed account and other
applications.

B. Stabilizer codes and boundary gauge operators

For a stabilizer code S C P, truncation z gives rise to
several new objects. Sp := S N 7P denotes the bulk stabi-
lizers. S7 = &S denotes the truncated stabilizers (including
the bulk stabilizers). G = S% N zP denotes all operators on
the truncated space that commute with the bulk stabilizers.
Clearly, Sp C St C G. We observe the following:

(1) S7/Sp are referred to as the primary boundary

gauge operators.

(2) G/S; are referred to as the secondary boundary

gauge operators.

(3) G = G/Sp represents the boundary gauge operators,

determined up to bulk stabilizers.

The group G is often called the gauge group.

Remark 2. Note G =S¢ N zP is more compactly
known as S% treating Sy as a subgroup of zP instead of
P. We also use this notation when there is no ambiguity.

Lemma 13. Given a € P,b € nP, Q(a, b) = Q(za, ).

Proof. Using bilinearity, Q(a,b) = Q(ra, b)+
Q(a — za, b). The latter term vanishes because of ortho-
gonality and projection. n

The next theorem says that, for a topologically ordered
stabilizer code, the set of all operators that commute with
all the truncated stabilizers is the same as the set of all bulk
stabilizers.

Theorem 14. If S C P is isotropic and coisotropic
(i.e., satisfies the topological order condition), then Sp =
S% N 7P, or more compactly (see Remark 2), Sz = S%.

Proof. The proof contains two directions:

(1) (©): Given beSz=SnzP, Q(I,b) =0 for all
leS (using isotropy). By the lemma above,
Q(zl,b) = Q(l,b) = 0forall I € S, which is equiv-
alent to Q(I,b) =0 for all [€S; = xS. There-
fore, b e S‘T2 N 7P

(2) (D): Given b€ S$ N 7P, we again have Q(I,b) =
Q(zl,b) for all /€S from the lemma above. As
be S, Q(nl,b) =0 for all [€S. In other words,
b€ S® C S (using coisotropy). Since b is supported
in zP, we have b € Sp.

|
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Corollary 14.1. A local Pauli operator on the truncated
system that does not violate bulk stabilizers or primary
boundary terms must not violate secondary boundary terms
either.

Proof. An operator that does not violate primary
boundary terms is by definition in S$ N zP. By the
theorem above, it is in Sp, which by definition commutes
with everything in G = S% n zP. "

Together with the weak translational symmetry of
boundary anyons demonstrated in Corollary 2.1, the above
corollary leads to the proof of Theorem 7, which asserts
that the syndrome pattern of primary boundary gauge
operators is sufficient to uniquely identify an anyon.
Consider two finite boundary strings that share the same
primary boundary syndrome at their endpoints. Without
loss of generality, we can assume they have the same
length by finding the least common multiple of their weak
translational symmetry. Each string exhibits a syndrome
pattern at one end and the opposite pattern at the other. The
difference between these two strings does not violate any
primary boundary gauge operators, and, as a result, does
not violate any secondary boundary gauge operators
according to Corollary 14.1. Therefore, only the syndrome
pattern of primary boundary gauge operators is enough to
describe a boundary anyon.

With the theorems, corollaries, and mathematical frame-
work established above, we can rigorously derive the
statements presented in Sec. II.

Proof of Theorem 1. The proof proceeds in two parts:

(1) Creating multiple boundary anyons via a local
boundary gauge operator: We begin by demonstrat-
ing that a superposition of boundary anyons ¢ at
distinct locations, where the greatest common
divisor (GCD) of the anyon multiplicities at each
location and d is 1, can be generated by a local
boundary gauge operator O,.

(2) Constructing an infinite boundary string operator
that creates a single boundary anyon: Given the
boundary gauge operator O,, we show that it can be
applied repeatedly at different locations to construct
an infinite operator

0, =[Joaw).

where O,(l;) represents the operator O, translated
by [; in the y-direction, and this operator O,
generates a single boundary anyon ¢.

We begin by proving the first part. We claim that for any
localized homomorphism ¢: G — U(1), there exists a
local boundary gauge operator whose syndrome pattern
equals a superposition of ¢ and its translated copies along
the boundary. In other words, though ¢ may not be
creatable by a local boundary gauge operator, several
copies of it located at different positions can be. This step
follows directly from the following theorem:

Theorem 15. (Proposition 10 of Ref. [48]). Let M be a
quasi-symplectic R-module equipped with a sesquilinear
pairing Qg: M x M — R. Then M*/M is a torsion
module.

Let us now explain this theorem in detail. We begin by
setting R = Z,[y,y~!], the Laurent polynomial ring
reviewed in Sec. IVA, where y represents the translation
in the y-direction. The involution on R is defined by y = y~'.
Sesquilinearity means that Qg(m’, rm) = rQg(m’,m) =
Qg (7m’, m). A quasi-symplectic module is finitely gener-
ated, the constant term of Q(m, m) vanishes for every m,
and the form is non-degenerate: Qp(m’,m) =0 for all
m’ € M implies m = 0. Thus, the map M — M* given by
m > Qg(—,m) is injective.” Theorem 15 says that the
quotient M*/M 1is a torsion module, meaning that for any
m* € M*, there exists an element » € R (where r is not a zero
divisor’) such that rm* = Qg(—, m) for some m € M. We
now apply this theorem to G. Its finite generation over R
follows from Theorem 46 of Ref. [78]. The scalar commu-
tation pairing in Eq. (16) induces the polynomial-valued
pairing

Qrlg.h) = Y Q"9 h)y",

nez

where representatives in G may be chosen for g, heG.
Locality makes the sum finite, and the pairing is well-defined
modulo Sp. It is sesquilinear and its diagonal has zero
constant term. If a representative commutes with all of G, it
commutes with S C G and hence belongs to Sg, by the
identity $% N 7P = Sy proved above. Thus, the induced
pairing is non-degenerate, so G is quasi-symplectic.
Writing ¢(g) = exp(2ziay(g)/d), the localized gauge vio-
lation determines an element of G* through a(g) =
> . ao(y"g)y". Therefore, by the theorem, G*/G is a torsion
module. This implies that multiple copies of a boundary
syndrome pattern at different locations, indicated by r € R,
sum to a trivial syndrome pattern generated by a local
boundary operator in G.

Next, we prove the second part. Since there is a local
boundary gauge operator O, creating a superposition of
multiple ¢ syndromes along a one-dimensional boundary,
we can isolate a single ¢ syndrome by repeatedly applying
translations of the local operator. For example, consider a
special case where the initial boundary anyons are located at
positions y{,y,,y3,--- such that y; <y, <y3 <y, <---.
By applying a translated operator, we create new boundary
anyons at positions y;, y, + (y2 = ¥1),¥3 + (y2 = y1). -~
When subtracting the boundary anyons, the anyon at y,
remains, but the anyon at y, is canceled. The next remaining

Here M* = Hompg (M, R) is the module of R-antilinear maps
from M to R, where M denotes M with the scalar action twisted
by the involution.

This requires that the coefficients of the polynomial r,
together with d, have greatest common divisor 1.
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anyon, y5, defined as the first anyon to the right of y;, is now
either at y; or at y, + (v, — y;). This location is either
farther from y,, or the multiplicity of boundary anyons at y,
decreases. By repeating this process, the second anyon
adjacent to y; can be pushed to infinity, effectively
trivializing the contribution of the remaining boundary
anyons.

For the general case where y; might be equal to y,, we
need to prove that if  is not a zero divisor, then there exists
aninverse I € Z,((y)) such that I = 1. In Appendix B, we
have shown that an element in the formal Laurent series
has an inverse if and only if the greatest common divisor of
its coefficients together with d is 1. Therefore, since r is
not a zero divisor, it satisfies this condition, ensuring the
existence of an inverse. This completes the proof of
Theorem 1. [

Proof of Lemma 3. For a boundary anyon, there exists
an infinite boundary string operator s that commutes with
both bulk stabilizers and boundary gauge operators. This is
because Theorem 1 shows that a boundary anyon can be
created by a semi-infinite boundary gauge operator (see
Definition 3), and this string can be extended to infinity
without violating any boundary gauge operator by
Corollary 2.1.

Since s commutes with both bulk stabilizers and
boundary gauge operators, it commutes with all elements
of G, meaning s€G*t. Given that G = S% N zP or
equivalently G = S3, where S is S viewed as a subset
of 7P, we have G+ = S4*. By Lemma 12, Sz = S5, so
sel g- In other words, s is an (infinite) product of bulk
stabilizers:

s=TTs- (20)

iel

Next, we choose a finite subset J; C J, containing all
stabilizers from J that are fully supported within a large
local region R, as shown in Fig. 8. We define a new
operator

sle = ] Si- 1)

=

In the interior of R, farther from both J0R and the
physical boundary than the stabilizer range, s|, agrees
with s and therefore acts as the identity. It also acts as the
identity outside R, so its support is confined to a neighbor-
hood of dR. Along the physical boundary, away from the
two ends of the boundary segment contained in R, s
agrees with s. Thus, s|; is a closed-string version of s.
Cutting this closed string as shown in Fig. 8 gives an open
string with one bulk endpoint and one boundary endpoint.
This string transports the boundary anyon into the bulk.

For the trivial boundary-anyon class, the finite boundary
string may be chosen as a product of local boundary gauge
operators near its two endpoints. Sending both endpoints

closed string
operator |z

cut
region R | —> a’l

FIG. 8. We first modify the infinite string operator s into a
closed string operator s|, by selecting a subset of bulk stabilizers
within the region R, as defined in Eq. (21). Then, we cut this
closed string operator to form an open string operator, resulting
in a bulk anyon and a boundary anyon at its endpoints.

to infinity then gives the identity in the local limit, and the
construction yields the trivial bulk-anyon class.
Independence of the representative and of the chosen
string is established in the proof of Theorem 4 below. m

Proof of Theorem 4. We call a finite Pauli string operator
with one endpoint on the boundary and one endpoint in the
bulk a mixed string operator. We orient such a string by
viewing it as transporting a boundary anyon b to a bulk
anyon a; the inverse operator reverses this transport. By
Lemma 3, such a string exists for every boundary anyon.
Conversely, given a bulk anyon, choose a bulk string
whose other endpoint lies on the discarded side of the
boundary and truncate it. The resulting mixed string
transports the bulk anyon to a boundary anyon. When
comparing strings, we may move boundary endpoints into
a common finite neighborhood using Lemma 2. Using bulk
mobility, we also choose the bulk endpoints in a common
finite neighborhood sufficiently far from the boundary that
the local corrections below are supported within the
retained half-plane.

We first show that the bulk anyon type depends only on
the boundary anyon type. Suppose that mixed strings U
and V transport equivalent boundary anyons to bulk
anyons a and a’. By the boundary equivalence relation,
we may multiply one of the strings by a local boundary
gauge operator so that their boundary syndromes agree
exactly. These syndromes cancel in U~'V. In particular,
this finite-support operator commutes with every truncated
stabilizer whose original support crosses the boundary.
Extending it by the identity to the full plane therefore
creates no additional stabilizer violations at the cut: its
commutation phase with a crossing bulk stabilizer equals
that with the corresponding truncation. Its only bulk
syndrome is the difference between a and a'. Thus a
and «’ differ by the syndrome of a local Pauli operator and
represent the same bulk anyon type.
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To prove injectivity, suppose that mixed strings U and V
transport boundary anyons b and b’ to equivalent bulk
anyons. After multiplying one string by a local Pauli
operator near its bulk endpoint, we may assume that the
bulk syndromes agree exactly. They then cancel in U™V,
leaving a finite-support operator that commutes with every
retained bulk stabilizer. Hence U™'V € G = S n zP and
represents a boundary gauge operator in G = G/Sg. The
boundary syndromes of b and b’ therefore differ by a local
boundary gauge operator, so they represent the same
boundary anyon type.

These arguments establish well-defined maps on equiv-
alence classes in both directions. They are mutually
inverse: if U transports b to a, then U~! transports a
back to b. Since the endpoint types are independent of the
representatives and of the chosen mixed string, both
compositions are the identity. This proves the claimed
bijection. [

Remark 3. An algebraic proof of the two-dimensional
correspondence, together with an extension of the boun-
dary-to-bulk construction to higher dimensions, is given in
Sec. 4.2 of Ref. [78].

To further establish Theorem 8, we need a lemma
concerning bulk Pauli stabilizer codes.

Lemma 16. Given a bulk Pauli stabilizer code S C P
satisfying the topological order condition S = S, a closed
anyon string operator is equal to a finite product of
stabilizers.

Proof. Such a closed string operator commutes with all
bulk stabilizers. Therefore, it is contained in S =S. =

Proof of Theorem 8. Embed the boundary string
operator into the complete bulk system. It commutes with
all bulk stabilizers except at the two endpoints. The
boundary string becomes a bulk string, creating two bulk
anyons at its endpoints. These anyons are mobile [35,48]
and can be moved out of the truncated system and
annihilate each other. The resulting closed string operator
can be expressed as a product of bulk stabilizers by
Lemma 16. Truncating this closed string gives an equiv-
alent boundary string consisting only of primary boundary
gauge operators.

closed bulk
string operator

boundary
string operator] y

truncate

Now, we will prove Theorems 9 and 10. Before
proceeding with these proofs, we note the following
property, which generalizes the result of Lemma 16:

Lemma 17. Consider the semi-infinite bulk and boun-
dary string operators, as shown in Fig. 9. This combined
operator O can be represented as an infinite product of
bulk stabilizers.

Proof. Let S be the group consisting of infinite products
of bulk stabilizers. The orthogonal complement of this

A

group, S+, consists of all finite products of bulk stabilizers
and boundary gauge operators.

Now, consider the infinite string operator O, which is
composed of a bulk string operator and a boundary string
operator, as illustrated in Fig. 9. The construction of this
operator O is designed to commute with all bulk stabilizers
and boundary gauge operators.

Since O commutes with all elements in S* (finite
products of bulk stabilizers and boundary gauge opera-
tors), it follows by definition that O € S+ By Lemma 12,
we know that S+ = §. Therefore, O € 3‘, which means
that O can be expressed as an infinite product of bulk
stabilizers. This completes the proof of the lemma. ]

Using Lemma 17, we can establish Theorems 9 and 10.

Proof of Theorems 9 and 10. First, we demonstrate that
the bulk string of anyon b can terminate on the boundary
without causing any energy excitations. As shown in
Fig. 9, we can multiply short boundary string operators
corresponding to the boundary anyon b to form a semi-
infinite boundary string operator, which can then be
attached to a semi-infinite bulk string operator. Since
these short boundary string operators are part of the
Hamiltonian, they do not contribute to any energy viola-
tions associated with the original bulk string operator. By
Lemma 17, the combined operator, consisting of the semi-
infinite bulk and boundary string operators, can be
expressed as an infinite product of bulk stabilizers.

semi-infinite bulk
string operator bb

semi-infinite
boundary string
operator

bulk stabilizers

s

FIG. 9. According to Lemma 3, a boundary anyon can move
into the bulk, allowing the bulk and boundary string operators to
merge without violating any bulk stabilizers or boundary gauge
operators.
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bQ
boundary
string operator || 4

the bulk string
operator bent into

a boundary
string operator

FIG. 10. A bulk string operator for anyon a ¢ £ can terminate
on the boundary, creating two boundary anyons, as illustrated by
the red string. The green string represents a boundary string
operator for anyon b € L, formed by a product of many short
boundary string operators in the boundary Hamiltonian. Both
strings must be long relative to the size of the boundary anyons to
ensure that their commutation corresponds to the braiding
between a and b, as described in Theorem 6. By the definition
of the Lagrangian subgroup, the braiding B(a, b) # 1, so the bulk
string operator for anyon a terminating on the boundary must
violate the boundary Hamiltonian.

Consequently, this combined operator does not violate any
bulk stabilizers or boundary gauge operators, including
those associated with boson condensation and topological
order completion on the boundary. Therefore, the bulk
string of anyon b can terminate on the boundary without
incurring any energy cost.

Next, we show that if a ¢ L, its string ending on the
boundary will violate certain boundary terms in the
Hamiltonian. According to the bulk-boundary correspon-
dence (Theorem 4), the bulk string of anyon a can be bent
into a boundary string, as depicted in Fig. 10. We then
consider a boundary string of anyon b that has a long
enough overlap with the boundary string of a. Since a ¢ L,
we can choose b € L such that the braiding between a and b
is nontrivial, meaning B(a, b) # 1. By Theorem 6, this
nontrivial braiding implies that the commutator of the two
boundary strings of a and b is nontrivial, indicating that the
string operators do not commute. Given that the boundary
string of b can be constructed as a product of short string
operators in the Hamiltonian, the presence of the non-
commuting string operators means that the bulk string of a
must violate at least one term in the Hamiltonian. Thus, we
have shown that if a & L, its string ending on the boundary
results in a violation of certain boundary terms, completing
the proof. m

IV. COMPUTATIONAL ALGORITHMS

This section presents a computer-based algorithm for
analyzing the boundary theory of a given topological Pauli
stabilizer code. The algorithm addresses three aspects:

(1) Determine boundary gauge operators, which gen-
erate the anomalous Hilbert space of the boundary
theory.

(2) Obtain boundary string operators and boundary
anyons, classify these anyons using equivalence
relations, and compute their fusion rules.

(3) Construct gapped boundaries and defects via boun-
dary anyon condensation and topological order
completion.

Notably, the algorithm applies to qudit systems with
nonprime dimensions, such as Z4 qudits. This section
provides the detailed procedures of the algorithm; readers
interested in the applications can proceed directly to Sec. V
without delving into the technical details presented here.

Section IV A begins with reviewing the Laurent poly-
nomial formalism along with the necessary notations and
conventions used throughout this section. In Sec. IV B, we
present an algorithm that systematically derives the boun-
dary gauge operators for a truncated Pauli stabilizer code.
Section IV C focuses on obtaining boundary string oper-
ators as products of these boundary gauge operators. These
boundary string operators generate boundary anyons at
their endpoints, and we use equivalence relations to
classify these anyons. The fusion rules between these
anyons can be computed using the Smith normal form. In
Sec. IV D, we delve into the procedure of boundary anyon
condensation and the topological order completion. The
computation is analogous to the approach for obtaining
boundary gauge operators described earlier in Sec. IV B.

Additional details are provided in Appendix F
Appendix F 1 explains how to derive the condensed strings
terminating on the boundary and the bulk strings crossing a
defect line. Appendix F?2 describes the process for
identifying the endpoint of a defect line when the defect
line has a finite length.

A. Review of the Laurent polynomial formalism

To efficiently compute translation-invariant Pauli stabi-
lizer models, we use the Laurent polynomial formalism,
a well-established method in the study of fracton models,
topological orders, bosonization, quantum cellular
automata, and error-correcting codes [30,35,37,50,62,79—
82]. This section briefly reviews the Laurent polynomial
formalism and its application to translation-invariant stabi-
lizer codes, following the conventions in Ref. [30]. Readers
are encouraged to consult the original references for a more
comprehensive explanation.

In this section, we demonstrate the case involving two
Z, qudits per unit cell, such as the case where a qudit is
located at each edge of a square lattice. This framework
can be generalized to scenarios with w qudits per unit
cell. We begin by showing that any Pauli operator,
defined as a finite tensor product of Pauli matrices across
different lattice sites, can be expressed (up to an overall
constant) as a column vector over the polynomial ring
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7 8 9
4 S 6
1 2 3

FIG. 11. We put a qudit on each edge, with generalized Pauli
operators X, and Z, acting on it.

R=2Zyx,y.x',y1,'" as described in Ref. [35]. We
assign column vectors over Z, to the (generalized) Pauli
matrices X5, Z2, X4, and Z 4, depicted in Fig. 11:

Xpp= . Zp= . Xu= , Zu=

(= =]

0
0
0
1

S O O -
o O = O

From now on, Pauli operators represented as column
vectors are denoted by curly letters, where the coefficients
in these vectors indicate the corresponding powers. For
instance:

mi

mo_ | M
=P = mk

ml

.Y mez, (22

~ ™~ o~

Translation of operators is represented by polynomials
in x and y, which denote shifts in the x- and y-directions,
respectively. For example, translating the operator on edge
ey, to edge esg [with a vector (0, 2)] or to edge esg [with a
vector (1,1)] involves multiplying the column vector of
the operator by y* or xy, respectively:

0

X
Xsg = xyXy = Oy
0

""This ring contains all Laurent polynomials in x, x~!, y, and
y~!, with coefficients in Z,.

ay 0
I\Zt I N . 0 .
AN AN Ty  —ry
W g+ oy
e R
Ly Ly
Y Y
,'“‘ 3 T 1 0
IR Co St I - X 3
(- 3 N SN
(0,0) '
‘_7:2, O

FIG. 12. Examples of polynomial expressions for Pauli strings.
The flux term on a plaquette and the XZ term on edges are
shown. The factors such as x*y? and x” represent the locations of
the operators relative to the origin.

In general, any Pauli operator can be written as

by b b
P:nxg‘;xgg...xggzeizei...z m

(23)
where 7 is a root of unity of order 2d. After disregarding
the global phase 7, the corresponding column vector for
this operator is a linear combination of the individual Pauli
matrices, written as

P:aIXel +a2Xe2+'”+anXen+bIZe/] +b226/2+
b2, (24)

Additional examples are provided in Fig. 12.
The antipode map is a Z,-linear map from R to R
defined by

b::

x?yb — x4y xyb, (25)

To determine whether two Pauli operators represented
by vectors »; and v, commute or not, we define the dot
product as

V) Uy = @{sz, (26)

where T is the transpose operation on a matrix and

’ 0
1

0 27)

‘ 0

(=] [a R

is the matrix representation of the standard symplectic

bilinear form. For simplicity, we denote (---)" as (---)%.
The constant term of a polynomial p(x,y) is denoted as
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(p(x,¥))o- The two Pauli operators v; and v, commute if
and only if (v - v,)y, = 0.
A translation-invariant stabilizer code is R-submodule ¢
such that
V|V = /U.:-A/Uz =0, Y v, 0, €0, (28)
i.e., a module of commuting Pauli operators. This ¢ is
named the stabilizer module. The Hamiltonian could have

¢t terms per square to have a unique ground state on a
simply connected manifold, denoted as

H:—Z(Sl +8 4 +S), (29)

cells

where S7,S,,---,S, constitute the generators of the
stabilizer module ¢ and will henceforth be referred to
as stabilizer generators.'' For example, the trivial phase
H 0= — Z e X e is

S] == 82 - (30)

1 0
0 1
0]’ 0’
0 0

and the standard Z, toric code Hamiltonian

|
X VAl
HTcz—Z—XH”—X— -> lepjz :
' Xt g
|

(31)
corresponds to
1—Xx 0
S = 165) . S, = 18 (32)
0 —1+x

Next, we define the excitation map for any Pauli
operator P on a general Pauli stabilizer code with stabilizer
generators ¢ = (51, S5, -+, S;) as

G(P> = (0TAP)T = [Sl : P’ 82 : 7)’ T St : P]’ (33)

which indicates how the Pauli operator violates stabiliz-
ers §1,855,-++,S,.

"'"The stabilizer generators are not required to be independent
from each other.

To obtain the possible anyons in this theory, we solve the
bulk anyon equation

e(a(x, y)X| + p(x, )X, +7(x.9) 2, + 6(x,y)2,)
=(1—x")v, (34)

where n is an integer and v is a length-f row vector,
referred to as an anyon. The physical interpretation of the
bulk anyon equation is that when we apply Pauli matrices
X, X5, Z,, and Z, at locations a(x, y), B(x, y), y(x, y), and
&(x,y), it violates the stabilizers around the origin (0, 0)
and the point (n,0) with patterns v and —v, respectively.
This operator creates an anyon v at (0,0) and its anti-
particle at (n, 0). Note that if » is an anyon, x?y® v is also an
anyon for all a,be Z.

To make this polynomial formalism practical for com-
puter manipulation, we store the coefficients in the poly-
nomial as a vector over Z, For instance, a polynomial
such as f(x,y) = 1 + 3y — 2xy~! € R can be expressed as
a coefficient vector over Z,

lxyXxyx>xyy*xy Xy--- (35)
f=[103000 0 0-2 0--1,

where each entry represents the coefficient of the corre-
sponding monomial x“y? in the polynomial f(x, y). In the
rest of this paper, we denote f as the coefficient vector of
the polynomial f(x,y)€R. In practice, we choose the
polynomial within x** and y**. Given a fixed k, we define
the truncation map as

FEZyx,y, xl y | > Fez8H N (36)

The truncation size is governed by the parameter k, a
large positive integer relative to the size of the stabilizers.
We allow this truncation map to act on any a x b matrix M
over Z4|x,y,x~!, y~!] by acting on each entry to expand to
a row vector with length (2k + 1)2, and by joining these
row vectors to form an a x b(2k + 1)> matrix M over Z,.

Also, we define the translational duplicate map TD,, ,,
that takes the input as a length-/ row vector F =
[fi.f2.---.fi] and returns a (2m, +1)(2m, + 1) x 1

matrix formed by its translations within x*"xy®m:
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X MyT

x*mer 1 y—m), F

xmx.—ly—m).F
mey_"l}'F
x—rnxy—merlF

x‘mx+1y_”’>'+1F

x’”»‘ly_’”yHF , (37)

mey7m>'+1F

F - TDm,pmy (F) :=

x—mxymy F

xfmﬂtlymyF

XM~ 1 ym}, F
xmxymy F

where x?y’F is the row vector multiplying x?y? to each
entry of F, i.e., xXy'F = [x*y’ £, xY0 £, - -+, xyP f)].

B. Boundary gauge operators
and gauge violation map

We have introduced computational tools such as vectors
of truncated polynomials and the translational duplication
map. This section will present an algorithm that deter-
mines all possible local boundary gauge operators given
the bulk stabilizers. The steps of the algorithm are outlined
below, with detailed pseudocode provided in Appendix D.

The algorithm constructs boundary gauge operators,
formed as products of Pauli X and Z operators, that
commute with the bulk stabilizers. We first analyze how
individual Pauli X and Z operators violate the bulk
stabilizers and then combine these operators in such a
way that the resulting operators commute with all bulk
stabilizers. For simplicity, we work within a large but finite
truncated system, considering only the Pauli operators and
bulk stabilizers fully supported within this region.
Throughout this algorithm and Appendix D, the retained
stabilizer generators must generate Sz = S N 7P, as speci-
fied in Sec. II B. In particular, the generating set must
include supported products of discarded checks when
these are not generated by the individually retained checks.

The lists entering M; and M, are understood to include
these additional generators. To visualize this analysis, we
construct the matrix M, which captures the commutation
relations between single Pauli operators and bulk

stabilizers within the truncated systemlz:

(Py-BS)y (P1-BS,)y (Py-BSs),
(Py-BS1)g (Py-BSy)y (P,-BS;3),
My =1(Py-BS))y (P3-BSy)y (Ps-BSs)

(38)

The rows P of matrix M, are labeled by the Pauli
operators, which include:

P:XI,XXI,th"',Xz,xXz,sz,"',
Zl,le,yzl,'",Zz,XZz,yZQ,"', (39)

and the columns BS of matrix M, are labeled by the bulk
stabilizers, which include:
BS:Sl,xSI,ySI,--',Sz,xSZ,ySz,-". (40)

The terms x%y” X; x4y Z;, and xy*%S; denote the
translated versions of the single-Pauli operators &;, Z; and
the bulk stabilizer generator S, respectively. The indices
a;j, b, c;, and d; are restricted by the size of the truncated
system to ensure that the Pauli operators and bulk
stabilizers are fully supported. Each entry in the matrix
M, denoted (P - BS),, represents the constant term of the
polynomial resulting from the dot product as described in
Eq. (26). This term characterizes the commutation
between a given Pauli operator and a bulk stabilizer.

By applying the modified Gaussian elimination (MGE)
algorithm [30], reviewed in Appendix C, we can identify
specific combinations of row vectors (Pauli operators) that
commute with the bulk stabilizers. The procedure for
constructing the boundary gauge operator G is outlined as
follows:

(1) Step 1: Construct matrix M; to demonstrate how
Pauli X and Z operators interact with the bulk
stabilizers, as defined in Eq. (38).

(2) Step 2: Apply the MGE algorithm to M to derive
relation matrix R;. Extract the local operator set O
from the rows of R, that correspond to zero rows in
the elimination process.

PIn practical applications, incorporating every possible Pauli
operator is not required. Instead, retaining only a sufficient
subset of Pauli operators located near the boundary is efficient.
This subset ensures it can construct all possible boundary gauge
operators, quotiented by bulk stabilizers. The criterion for
determining the sufficiency of the selected Pauli operators
involves a dynamical process: we continue to add Pauli operators
to our computation until no new boundary gauge operators (up to
translation) are generated. Details are discussed in Appendix F.
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(3) Step 3: Identify nontrivial boundary gauge oper-
ators from the set O, which may also include bulk
stabilizers:

(a) Step 3-1: Construct matrix M, containing the
bulk stabilizer generators and their translations:

TDe,.4,(S1)

M, = | TD. 4, (Sy) |, 41)

with translations constrained by the truncated
system size.

(b) Step 3-2: Apply the MGE on M, to derive
MGE(M,). )

(c) Step 3-3: Evaluate whether the first row of O is
spanned by the rows of MGE(M,). If it is, this
row represents a trivial boundary gauge oper-
ator, and the process moves to the next row. If it
is not, it is identified as a nontrivial boundary
gauge operator G. Then, update MGE(M,) by
appending:

5 :="TD,, o, (9. 42)

and reapply the MGE to integrate this newly
identified boundary gauge operator and its
translations into the generating matrix. Repeat
this evaluation for each subsequent row to
identify all boundary gauge operators.

With the boundary gauge operators now determined, our
next objective is to obtain the boundary anyon and the
corresponding boundary string operator. The excitation
map (33) demonstrates how Pauli operators violate the
bulk stabilizer, leading to the formulation of the bulk
anyon Eq. (34). However, creating boundary anyons
requires the boundary string operator to commute with
the bulk stabilizers. This constraint necessitates using only
boundary gauge operators to construct the boundary string
operator. Therefore, our task is to arrange these boundary
gauge operators to form a boundary string operator that
commutes with all bulk stabilizers while only failing to
commute with boundary gauge operators at its endpoints.

To address this, we introduce the gauge violation map,
which records violations of boundary gauge operators by a
specific operator. For the generators" of boundary gauge
operators G;,G,,---,G,, the gauge violation map for a
Pauli operator P is defined as

C(P) = [<g1 ' P>xo’ <g2 : P>x0’ T <gr ' P>xo]’ (43)

PThe generators and their translations generate the entire
gauge group.

where (G; - P) .0 denotes the polynomial component of G; -
‘P where the exponent of x is zero (the exponent of y can be
any integer), reflecting the fact that these operators
preserve translational symmetry only in the y-direction.
Each entry of {(P) is a component in Z [y, y~!], forming a
row vector with r entries. Utilizing the gauge violation
map to document these violations, we will introduce the
boundary anyon equation in the subsequent section.

C. Computing boundary anyons
and boundary string operators

In Sec. IV B, we introduced boundary gauge operators
and defined the gauge violation map (43). This section
presents the boundary anyon equation and the equivalence
relations between anyons. We then show how to solve the
boundary anyon equation using boundary gauge operators
to determine the possible boundary anyons and their
corresponding string operators. Finally, we classify the
boundary anyons by computing the Smith normal form,
which identifies the basis anyons14 of the boundary theory
and their fusion rules. The algorithm pseudocode is
provided in Appendix D.

In comparison to the bulk anyon Eq. (34), the boundary
string operators must commute with all stabilizers and only
violate the boundary gauge operators at their endpoints,
without affecting the boundary gauge operators along the
middle of the string. Given this property, any boundary
string operator must be constructed from the boundary
gauge operators. To achieve this, we use the gauge
violation map, which records how an operator violates a
boundary gauge operator. Since boundary string oper-
ators are constructed from boundary gauge operators,
we begin by analyzing the gauge violation map of the
generators of boundary gauge operators G; € G, and then
combine them to form boundary string operators that
create boundary anyons at their endpoints. Specifically,
we define the boundary anyon equation to determine the
boundary anyons:

(a1 (0)G1 + . (9)Gr + a3(y)G3 + - + a.(v)G,)

=1 =y)q1(¥),q(y), - q,(¥)] = (1 =y")v,

(44)

where v is a length-r row vector, referred to as a boundary
anyon. This equation indicates that when the boundary
gauge operators G, are applied at locations «;(y), they
violate the boundary gauge operator near the origin (0, 0)
and the point (0, n) with patterns v and —v, respectively.

To determine whether two bulk anyons are of the same
type, we check if they differ by applying local operators, as
described in Eq. (4). However, for boundary anyons, the

14 . ..
Basis anyons are a minimal set of anyons that generate all
anyons.
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local operators must not violate the bulk stabilizer,
restricting them to the boundary gauge operators. We
define the equivalence relation between anyons v and v’ as
follows:

v ~v (ie., v'is equivalent to ), (45)

if and only if there exist finite-degree polynomials
p1(y), p2(y), -+, p,(y) such that

v'=v+pi(V)(G) + p2()8(G2) + -+ pr(¥)E(G,).
(46)

Physically, two boundary anyons are equivalent if they
differ only by the application of boundary gauge operators
G1,G,, -+, G, at positions determined by the polynomials
P1(¥), p2(y), -+, pr(y), meaning they can be transformed
into one another through these local operations.

We now detail the algorithm used to solve the boundary
anyon equation and ultimately obtain the basis boundary
anyons. The steps are outlined as follows:

(1) Step 1: Compute the gauge violation map (43) for
generators of boundary gauge operators G, €§
fori=1,2,...r.

(2) Step 2: To solve the boundary anyon Eq. (44),
construct the following matrix M,:

T])m):O,my (Z:(g1>)
TDm,(=0,m_v (C(g2>)

_ D, —0.m, (£(G,))
. L

D, g, ([(1 = 37)-0.....0)
D, g, (10 (1 = 3. ...0)

_TDmX:o,m,([Ov 0,....(1—ym)])

where M, is a 2(2m, + 1)r x (2k + 1)*r matrix.
We examine n = 1,2, - - -, ng for large enough n to
ensure that all anyons are obtained, similar to the
bulk anyons derived in Ref. [30].

(3) Step 3: By applying the modified Gaussian elimi-
nation, as outlined in Appendix C, to M4, we derive
relations among the rows. These relations enable us
to identify specific combinations of rows that sum
to zero, where the coefficients of the top (2m, + 1)r
rows correspond to the boundary string operators,
denoted by «;(y) in Eq. (44). Meanwhile, the
negatives of the coefficients of the bottom
(2my + 1)r rows correspond to the boundary any-
ons at the endpoints, labeled by ¢;(y) in Eq. (44).
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(4) Step 4: At this stage, we have a set of boundary

anyons V = {v, v, v3,---} that may contain re-
dundancies. Two anyons, v and ¢/, are considered
equivalent if they are related by local boundary
gauge operators shown in Eq. (46). Thus, we aim to
retain only the basis boundary anyons while elimi-
nating the redundant ones. To do this, we add local
boundary gauge operators at the endpoints of the
strings to check whether the endpoints of two
strings are equivalent. The following steps should
be taken to achieve this:

(a) Step 4-1: Construct the matrix M5 as follows:

| D, 0, (£(G2))
My = .8

which corresponds to trivial boundary anyons.

(b) Step 4-2: We begin with Mg, = MGE(M5)
and an initially empty set Vgen := {}. The goal
is to sequentially examine the boundary anyons
in the set V, while M, tracks the space
spanned by trivial boundary anyons and those
that have been processed up to that point. First,
we check whether each boundary anyon ? can
be expressed as a linear combination of the rows
of My, If ¥ is spanned by the rows of My, it
is redundant, and we move on to the next
boundary anyon. However, if # is not spanned
by the rows of M,,, we treat it as a generator of
V and append it to the generator set V,.,. To
maintain the spanning space, we update My,
by incorporating 7 into the previous M,,, and
performing Modified Gaussian Elimination to
clean up the matrix. This process ensures that
M gy, includes the newly identified basis boun-
dary anyon ?. This procedure is repeated for
each subsequent anyon in V until generators of
V have all been identified in V.

(c) Step 4-3: Boundary anyons in V., can still be
redundant, for example V., = {e? e, m} for
the Z, toric code. Following Ref. [30], we can
construct the relation matrix of these anyons and
compute its Smith normal form. With integer
relations stored as rows of M, this process yields
unimodular matrices U, Q, and a diagonal
matrix A satisfying UMQ = A. The row-
stacked anyon and string representatives are
transformed by left multiplication by Q~'; the
Smith diagonal entries greater than one give the
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orders of the retained basis anyons, as detailed
in Algorithm 2.

D. Boundary anyon condensation and topological
order completion

After deriving the boundary string operators, the next
step is to explore various boundary constructions based on
the Lagrangian subgroup. Using the folding argument in
Fig. 5, we can subsequently construct defects as the
boundary of the folded system. A crucial part of the
construction is to ensure that the TO condition is satisfied.
The construction steps are as follows:

(1) Step 1: Using the boundary anyons and the corre-

sponding short boundary string operators derived
from Sec. IV C, calculate the topological spin 6(a)
from Eq. (10) and the braiding statistics B(a,b)
from Eq. (11). According to the bulk-boundary
correspondence (Theorem 4), the topological data
of the boundary match those of the bulk. Thus, the
Lagrangian subgroup determined for the boundary
will dictate the bulk anyon condensation.

(2) Step 2: Based on the Lagrangian subgroup, add
products of short boundary string operators (with
weak translational symmetry in the y-direction) to
the Hamiltonian. These short boundary string oper-
ators become stabilizers in the new Hamiltonian.

(3) Step 3: After adding all the short boundary string
operators for the anyons in the chosen Lagrangian
subgroup, apply the procedure from Sec. IV B to
derive an operator that commutes with the stabiliz-
ers but is not itself a product of stabilizers. Incor-
porate this operator, along with its translations, into
the Hamiltonian as new stabilizers. Repeat this
process iteratively until no additional operators
can be found. This procedure is referred to as
topological order completion, ensuring that the
TO condition is satisfied.

(4) Step 4: With the boundary explicitly constructed,
use the method outlined in Appendix F 1 to derive
the bulk string operators that can terminate on the
boundary without energy cost.

V. APPLICATIONS TO BOUNDARY AND DEFECT
CONSTRUCTIONS OF QUANTUM CODES

This section applies our algorithm to various topological
Pauli stabilizer codes and presents the corresponding
boundary and defect constructions. These include the
Z, standard toric code (Sec. VA), the Z, fish toric code
(Sec. VB), the Z, standard toric code (Sec. V C), the
double semion code (Sec. VD), the six-semion code
(Sec. VE), the color code (Sec. V F), and the anomalous
three-fermion code (Sec. V G). The number of distinct
boundaries and defects is shown in Table I. Since the three-
fermion code is anomalous and can only exist on the

TABLE I. The number of distinct boundaries and defects in
various topological Pauli stabilizer codes, derived by identifying
the Lagrangian subgroups of the corresponding anyon theories.

Boundary Defect
Z, toric code 2 6
Z, fish toric code 2 6
Z, toric code 3 22
Double semion 1 2
Six-semion code 1 22
Color code 6 270
Three-fermion code N/A 6

boundary of (3 + 1)D topological phases [62,77,83], we
discuss only its defects. We note that it is not a coincidence
that both the Z, toric code and the three-fermion code have
6 defects, and both the Z, toric code and the six-semion
code have 22 defects. By re-arranging the anyons in two
copies of the Z, toric code, we can obtain two copies of the
three-fermion code. Similarly, re-arranging the anyons in
two copies of the Z, toric code yields two copies of the
six-semion code, as we will demonstrate in Secs. V E and
V G. We find all defects of these models, including both
invertible and non-invertible ones. In particular, the invert-
ible defects contain the familiar constructions obtained by
gauging lower-dimensional SPT phases [17,27,84,85].
Additionally, we provide the boundary gauge operators
for two specific BB codes, (3,3)-BB codes and
(2,—3)-BB codes, in Secs. VH and VI. As proposed in
Ref. [4], BB codes offer high-threshold, low-overhead,
fault-tolerant quantum memory. These two BB codes are
equivalent to 8 and 10 copies of the Z, toric code by
Clifford circuits, which have 1,270,075,950 and
167,448,083,323,950 distinct gapped boundary construc-
tions, respectively (as calculated in Appendix E).
Consequently, we do not present explicit boundary or
defect constructions for these codes; instead, we highlight
the unique properties of the anyon string operators.
Notably, the ‘“shortest string operators” for anyons in
BB codes are relatively long compared to the stabilizer
generator size. In the two examples below, the string
operator lengths are 12 and 1023 times the lattice constant
in the square lattice, respectively. Stabilizer codes with
long string operators have been studied in Refs. [86,87].
For general (a,b)-BB codes, as defined in detail in
Sec. V H, with small values of a and b, the number of basis
anyons, k, and the length [/ of the shortest period of all
anyons in the y-direction are presented in Table 1.
Notably, k corresponds precisely to the dimension of

“Due to symmetry, the string length in the x-direction for the
(a,b)-BB code is equivalent to the string length in the y-direc-
tion for the (b, a)-BB code. Therefore, only the string length in
the y-direction is listed in the table.
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TABLEIIL. For each (a, b)-BB code defined by the stabilizers in Eq. (59), the table lists the number k of basis anyons and the minimal
string length / along the y-direction required to generate all anyons. Several listed periods involve products or divisors of powers of 2

and numbers 2/ — 1; for example, 217 = 7 x 31, 341 = 1023/3, 762 = 2 x 3 x 127, and 889 = 7 x 127.

a\b -3 —2 -1 0 1 2 3

3 k=18,1=42 k=12.1=63 k=61=7 k=8,1=3 k=14,1=127 k=20 1=341 k=26, 1="762
—2  k=121=21 k=81=15 k=01=1 k=81=15 k=121=21 k=161=217 k=20, =889
1 k=6,1=7 k=0.1=1  k=61=7 k=81=15 k=10,1=31 k=12,1=21 k=14, 1=127
0 k=81=3 k=81=3  k=81=3 k=81=3 k=81=3  k=81=3 k=81=3
1 k=14,1=127 k=121=9 k=10,1=31 k=8,1=15 k=01=1  k=61=7 k=61=7
2 k=201=1023 k=16,1=217 k=121=9 k=8,1=15 k=61=7 k=01=1 k=10 1=3l
3 k=261=762 k=20,1=889 k=14,1=127 k=8,1=3 k=61=7 k=10,1=31 k=161=12

the logical space when the BB code is placed on an
[ x [ torus.

A. Z, standard toric code

We consider the Z, standard toric code as an intro-
ductory example. The boundary gauge operators for both
the smooth and rough boundaries, obtained using
Algorithm 1 outlined in Sec. IV B and Appendix D, are
shown in Fig. 13 in green, with the bulk stabilizers
depicted in blue. In the case of the Z, toric code, the
boundary gauge operators also serve as the short boundary
string operators, derived through Algorithm 2, as described
in Sec. IV C and Appendix D. For clarity, we label the
corresponding boundary anyons in Fig. 13 from top to
bottom as e; and m; for the smooth boundary, and e, and
m, for the rough boundary. The fusion rules are
e2=m? =1, Vie{l,2}, indicating that all have order
2. Their topological spins [Eq. (10)] and braiding statistics
[Eq. (11)] are given by

9(8[):9(1’”['):1, B(e,-,ml-)z—l, VlE{l,Z},
B(al,az):L Vale{el,m]}, aze{ez,mz}.
(49)
Z A A
Z Z Z 7 A Z Z
Z Z
X X] X
X X X X X X
X X] X

FIG. 13. The left side illustrates a smooth boundary, while the
right side illustrates a rough boundary. The blue components
represent the bulk stabilizers of the Z, toric code, and the green
components represent the boundary gauge operators, which also
serve as the short boundary string operators. The corresponding
boundary anyons are labeled from top to bottom as e; and m, for
the smooth boundary, and e, and m, for the rough boundary.

This describes two copies of the Z, toric code (due to
the presence of both smooth and rough boundaries),
thereby confirming the bulk-boundary correspondence
in Theorem 4.

We now demonstrate the construction of the gapped
boundary. The explicit boundary constructions of the Z,
toric code are shown in Fig. 14. Green components
represent short boundary string operators of bosons in
the Lagrangian subgroups (with translational symmetry in
the y-direction), while red components correspond to bulk
anyon string operators. These bulk string operators violate
the bulk stabilizers without violating the boundary
Hamiltonian, indicating the condensation of bulk anyons

7 A 7
X z z X
x f'x ’ 2 ) D
X 7 7 X
z\lz 1z 1z 7z |z |7
(a) (b)
A A
X 7z 7z X| VA z X
x I'x X X x ) x
X 7 X 7 X
xp x| x| x x | Ix Ix
(© (@)

FIG. 14. The boundaries of Z, toric code. Blue components
represent the bulk stabilizers of the Z, toric code, green
components represent the boundary Hamiltonian, and red com-
ponents represent bulk strings that terminate at the boundary
without causing energy violations. (a) {e;}-condensed, (b)
{e, }-condensed, (c) {m, }-condensed, and (d) {m, }-condensed.
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Z Z 7 i Z 7
Z z 7] z Z z z 7] Z z z Z X z z
7 7 7 7 7 R 7
A
X Z X X X X X
v | x A pdl D y fx X x| x x 01X A v fx
X X be X X 74 X
A
A A A 7 A VA A A
X] X] X] X]
70zl z |z
x v Ix [Ix
A A VA A
(a) {e1,e2}-condensed (b) {e1, ma}-condensed (c) {m1,e2}-condensed
A A A A A A X 7
z z X z z z z 4,F z z z z Z z z
Z 7 7 Z Z 7
X|
VA
X Ix X X x x X| z x
x |x X x |'x hdl B el 1D x | x bdl D x| z x | x
X X X X X X X| X
zVlz 1z ]|z
x| x| x| x x| x| x| x x Ix Ix Ix x| x| x| x
| X X X X ; X X X X
z\\z\lzlz 0zt z 21 2 7zl z |z |2z

(d) {m1, ma}-condensed

FIG. 15. The defects of the Z, toric code. Blue components
Hamiltonian, and red components show bulk string operators that

(e) {eie2, mima}-condensed

(f) {e1ma, m1ea}-condensed

indicate bulk stabilizers, green components represent the defect
terminate on or pass through the defect. The red strings commute

with the green defect Hamiltonian. Figures (a)—(d) depict non-invertible defects, where the left-hand side and right-hand side are
decoupled, with e, or m; and e, or m, condensed independently. Figures (e) and (f) illustrate invertible defects: (e) corresponds to the
trivial defect, where the defect Hamiltonian matches the bulk Hamiltonian, and (f) represents the ¢ — m exchange defect, where e and m

are permuted as they pass through the defect.

at the boundary. For clarity, we denote the short boundary
string operators of boundary anyons e; and m; as O, and
O,,,, respectively. The boundary construction process is
outlined as follows:

(1) Determine Lagrangian subgroups: First, we identify
the Lagrangian subgroups for the boundary anyons:
{1,¢;} and {1, m;}. The Z, toric code allows two
types of boundary condensations.

Boundary anyon condensation: According to the
condensation procedure in Theorem 9, there are
two possible constructions for the boundary Hamil-
tonian: either adding O,, to condense ¢;, or adding
0,,, to condense m;. Since O, and O, do not
commute, adding O,, with translational symmetry in
the y-direction to the boundary prevents the inclusion
of 0,,.

Topological order completion: After adding
the short boundary string operators, we apply

2)

3)

Algorithm 1 to search for any additional boundary
gauge operators needed to satisfy the TO condition,
as described in Theorem 10. In the case of the
standard toric code, no additional boundary gauge
operators are required.

Bulk strings condensed at the boundary: Following
the procedure in Appendix F1, we obtain the
condensed bulk string operators at the boundary
after selecting the boundary Hamiltonian. This
corresponds to the red components in Fig. 14.

So far, we have only considered the boundary
Hamiltonian on the smooth or rough boundary of the Z,
toric code. For defect construction, however, we must
simultaneously consider both the left and right semi-infinite
systems in Fig. 14. Specifically, we select Lagrangian
subgroups in the doubled theory {I,e;,my,f;} x
{1, e5, m,, f>} to condense at the defect. The explicit defect
construction is illustrated in Fig. 15, where blue components

“)
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represent bulk stabilizers on both sides, green components
represent defect Hamiltonian, and red components show
bulk string operators terminating on or passing through the
defect. In the example of {e;m,,me,} condensation
[Fig. 15(f)], as e; moves through the defect, it transforms
into m,. Similarly, m; transforms into e,. The defect
construction process is outlined below and closely resem-
bles the boundary construction process:

(1) Determine Lagrangian subgroups: The Lagrangian
subgroups of two copies of Z, toric codes are:
{erex}, {ermp}, {mimy}, {my ey}, {ejey,
mymy}, {eymy, myes}.

(2) Defect anyon condensation: Following the conden-
sation procedure in Theorem 9, there are six distinct
types of defect constructions. These defect string
operators16 are formed by appropriately combining
boundary string operators at both smooth and rough
boundaries, following the structure of the Lagran-
gian subgroup. A crucial part of this process is
ensuring the correct combination and placement of
the boundary string operators.

For example, when condensing the set
{eymy, me,}, we construct the e ;m, defect string
operator, denoted O, ,,,, by combining O, at the
left smooth boundary with O, at the right boun-
dary. Similarly, we form the me, defect string
operator, denoted O,, ,,, by combining O,, at the
left smooth boundary with O,, at the right boun-
dary. It is crucial that O,, ., commutes with O, ,,,.

(3) Topological order completion: After adding the
short defect string operators into the defect
Hamiltonian, we apply Algorithm 1 to search
for any additional defect gauge operators to
satisfy the TO condition. In the case of the
standard toric code, no additional defect gauge
operators are required.

(4) Bulk strings terminating on or passing through
the defect: Following the procedure in
Appendix F 1, we obtain the bulk string operator
terminating on or passing through the defect after
selecting the defect Hamiltonian. This is repre-
sented by the red components in the configuration
shown in Fig. 15.

B. 7, fish toric code

As a second example, in contrast to the Z, standard toric
code, we demonstrate the necessity of topological order
completion (Theorem 10) in this case. The bulk stabilizers,
boundary gauge operators, and boundary string operators

"®We refer to these as defect string operators to maintain
consistency with the previously used term boundary string
operators. This naming convention will also apply to defect
gauge operators in the following discussion.

®
X
’ Z z 1z X
X 4 IR "4 VA ¥
@ y Z
X Y Z A ¥
Z
X
A z X
1 KA 4 Z ¥
A p
Z X
Z X Z X
® Iz ¥ ('\\ Z
Z
X A
X Z Z
(a) (b) (©)
FIG. 16. (a) Boundary gauge operators for the rough boundary,

labeled @, @, ®, and @, along with their translational counter-
parts. The operators @ and @ represent nontrivial secondary
boundary gauge operators, meaning they commute with all bulk
stabilizers but are not truncated A" or BgSh operators. (b),(c) De-
pict the boundary string operators along the rough boundary.

of the Z, fish toric code for the smooth boundary are
shown in Fig. 4 in Sec. II, while the rough boundary is
depicted in Fig. 16.

Since the Z, fish toric code is equivalent to the Z,
standard toric code conjugated by a finite-depth Clifford
circuit, it does not alter the bulk topological data of the
standard toric code. Therefore, according to the bulk-
boundary correspondence, the topological properties of
the boundary anyons remain the same as in Eq. (49).
Consequently, there are two types of boundary construc-
tions and six types of defect constructions. Following the
procedure outlined in the previous section, the boundary
constructions of the fish toric code are depicted in Fig. 17.
In addition to the short boundary string operators along the
boundary, other boundary gauge operators (highlighted in
purple) are included in the boundary Hamiltonian. For the
smooth boundary, we can add the boundary gauge operator
® or ® as shown in Fig. 4(b). For the rough boundary, we
can add a boundary gauge operator @ or ® as shown in
Fig. 16(a). These boundary gauge operators can be
selected arbitrarily as long as the topological order con-
dition is satisfied, and the choice does not affect the
condensation properties (Theorem 10).

Finally, the explicit defect constructions are illustrated
in Fig. 35 in Appendix G. Additional defect gauge
operators must be incorporated into the defect
Hamiltonian, similar to the boundary case. In each instance
of condensation, the defect Hamiltonian satisfies the
topological order condition.
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X X X X X
X ; X
X X X X X X X
X X
¢ or or \
z 47V
zZ
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7 X X|
7 X X 7/ A
A IR V4 X X] 4 R "
Vi » Z 7 A
X X X X X X X X X X X
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il B'e B B B B a IR B B B B
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X X X X X
X 3 X
Sl A X X Sl
X X
v or or -
Z Z| 7z 4
zZ
A

(©) (d)

FIG. 17. The boundaries of Z, fish toric code. Blue compo-
nents represent the bulk stabilizers of the Z, fish toric code,
green and purple components represent the boundary Hamil-
tonian, and red components represent bulk strings that terminate
at the boundary without causing energy violations. (a) {e; }-con-
densed, (b) {e,}-condensed, (c) {m;}-condensed, and (d)
{mj,}-condensed.

C. Z4 toric code

We apply our algorithm to nonprime-dimensional qudits
by exploring explicit boundary and defect constructions
for the Z, toric code, in contrast to the Z, case. The
boundary gauge operators are shown in Fig. 18, which also
serve as the short boundary string operators. For clarity, we
label the corresponding boundary anyons from the top
boundary string operator to the bottom as e¢; and m, for the
smooth boundary, and e, and m, for the rough boundary.
The fusion rules are ¢} = m? =1, V i€ {1, 2}, indicating
that all have order 4. Their topological spins [Eq. (10)] and
braiding statistics [Eq. (11)] are given by

B(Cl],az) = 1, v a E{el,ml},

je{l1,2},
a, €{ey, my}.
(50)

Following the same construction method, Fig. 19 illus-
trates 3 types of boundary constructions, while 22 types of

7 Z VA
A Z A Z A Z
A VA Z
X X X
hall 1D X1 X 1D
X pY | X

FIG. 18. The left side illustrates a smooth boundary, while the
right side illustrates a rough boundary. The blue components
represent the bulk stabilizers of the Z, toric code, and the green
components represent the short boundary gauge operators, which
also serve as the short boundary string operators. The corre-
sponding boundary anyons are labeled from top to bottom as e,
and m; for the smooth boundary, and e, and m, for the rough
boundary.

defect constructions are presented in Figs. 36 and 37 in
Appendix G. The Lagrangian subgroups are labeled
individually in each of these figures.

D. Double semion code

We study boundary and defect constructions for the
double semion code with Z, qudits as another example
of nonprime-dimensional qudits. The boundary gauge
operators are illustrated in Fig. 20, which also serve
as the short boundary string operators. For clarity, we
label the corresponding boundary anyons from the top to
the bottom as b; and s; for the smooth boundary, and b,
and s, for the rough boundary. The fusion rules are
b? =s? =1, ¥V i€ {l1,2}, indicating that all have order
2. Their topological spins [Eq. (10)] and braiding statistics
[Eq. (11)] are given by

0(b;) =1, 06(s;) =1,

B(bj,sj):—l, ]6{1,2},

B(aj,ay) =1, ¥ a; €{by, 5.}, ar €{by, 5},
where s; is a semion and b; is a boson. Thus, we can only
condense b; at both the smooth and rough boundaries, as
shown in Fig. 21 (s; cannot be condensed since its
boundary string operators do not commute with them-
selves). Furthermore, there are 2 types of defect con-
struction, as illustrated in Fig. 22: condensing {b,, b, } and
condensing {b;b,,5s,}.

Interestingly, we can consider orientation-reversing
defects in the double semion code, where one side of
the semi-infinite plane is flipped upside-down. This setup
is equivalent to placing quantum codes on unorientable
manifolds, such as a Klein bottle, which can lead to the
emergence of additional logical gates [14]. Although the
higher-group symmetry structure of these defects has been
studied at the field theory level [27,88], an explicit lattice
construction remains to be demonstrated. Figure 23
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e e e
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FIG. 19. The boundaries of Z4 toric code. Blue components represent the bulk stabilizers of the Z, toric code, green components
represent the boundary Hamiltonian, and red components represent bulk strings that terminate at the boundary without causing energy
violations. (a) {e;}-condensed, (b) {m,}-condensed, (c) {e?, m?}-condensed, (d) {e,}-condensed, (e) {m,}-condensed, and (f)

{e3, m3}-condensed.

A
A ;
xizt Yz
\\’ AN VA . - D
7 X A : = Xzl
- . v X7z 7 X A
xizt Nz | 7 Xzt Nz .
bl X2 X X ~ . .
x| z St X4 7 Vi _ , :
7z 7 = 2 2 P
B Xz 7z : Z -
7’ X - 7> 7 7
VA Z° X X] 7 7 X
7 : 7 x Ix Ix Ix2 X2 X X Ix?
E -
FIG. 20. The left side illustrates a smooth boundary, while the (a) (b)
right side illustrates a rough boundary. The blue components
represent the bulk stabilizers of the double semion code with Z,4 FIG. 21. The boundaries of Z, double semion. Blue compo-

qudits, and the green components represent the short boundary
gauge operators, which also serve as the short boundary string
operators. The corresponding boundary anyons are labeled from
top to bottom as b and s, for the smooth boundary, and b, and s,
for the rough boundary.

nents represent the bulk stabilizers of the Z, double semion,
green components represent the boundary Hamiltonian, and red
components represent bulk strings that terminate at the boundary
without causing energy violations. (a) {b, }-condensed and (b)
{b,}-condensed.
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) Xzt Nz .
A X A A b 7>
Z 7 X z’ Z X Z Z X X 7z Z X
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Z° Z Z 7z
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FIG.22. The defects of the Z, double semion code. Blue components indicate bulk stabilizers, green components represent the defect
Hamiltonian, and red components show bulk string operators that terminate on or pass through the defect. The red strings commute
with the green defect Hamiltonian. (a) {b, b, }-condensed and (b) {b,b,, 5,5, }-condensed.

illustrates the defect constructions, where the double
semion code on the left is flipped upside-down relative
to the one on the right.

E. Six-semion code

We present another example involving Z, qudits: the
six-semion code. The stabilizers and boundary gauge
operators are depicted in Fig. 24, where each edge contains
two Z,4 qudits labeled by subscripts 1 and 2. The boundary
gauge operators ® and @ on the smooth boundary, as well
as ® and @ on the rough boundary, also serve as short
boundary string operators. We label the corresponding
boundary anyons as &, /i, &,, and 71,. The fusion rules

are ¢t =m} =1, Vie{l,2}, indicating that all have

order 4. Their topological spins [Eq. (10)] and braiding
statistics [Eq. (11)] are given by

je{l1,2},
a, € {éz, ﬁ’lz}
(51)

B(aj,ay) =1, ¥ a; €{&,m},

Compared to Eq. (50), the six-semion code is analogous
to the Z, toric code, but with bosons e and m replaced by
semions & and 7. In this anyon theory, there are 16 anyons,

with 4 bosons 1,22, m?, &2m?, 6 semions @&, 7, &, i,

YAl X Al
. z |z xizt |z | z |z xXizt Nz
) xiz X2 X X’ M xiz X X X
- . = ‘
xizt Nz X% z xizt Mz Z* N R %
= : ]
z 2 ’ 2 )‘((l 4 72
VA 7 X 7 VA VA el IS 7
Z 7 x> Z 4 x 7 72 X2 xzt z’ 72 X
7 7
7z Z Z° Z

(a)

FIG. 23.

(b)

Orientation-reversing defects in the Z, double semion code. The left side shows the orientation-reversed double semion

code, flipped upside-down, compared to the double semion code on the right. Blue components indicate bulk stabilizers, green
components represent the defect Hamiltonian, and red components show bulk string operators that terminate on or pass through the
defect. The red strings commute with the green defect Hamiltonian. (a) {b,, b, }-condensed and (b) {b,b,, 5,5, }-condensed.
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FIG. 24. The left side illustrates a smooth boundary, while the
right side illustrates a rough boundary. The blue components
represent the bulk stabilizers of the Z, six-semion code, while
the green components represent the boundary gauge operators.
The boundary gauge operators @ and @ on the smooth boundary,
as well as @ and @ on the rough boundary also serve as the short
boundary string operators. The corresponding boundary anyons
are labeled as &, /;, &, and 7i,.

3,&%m, and 6 anti-semions em?, &%, & m?*, &*in’, ein,
3in3. There is a single boundary construction, correspond-
ing to the condensation of all bosons in the six-semion
code, generated by &>, /Mm% as shown in Fig. 25.
Additionally, 22 types of defect constructions correspond
to the condensation of the following Lagrangian sub-

groups:

e
e

Ly={e},m2 &3, m3}, L,=/{eme,m3,mtm3, &m3},
Ly ={e&3m3, ey}, L4={& &3, miim3, é3},
Ls={e,&m3,me,im3}, Lg=/{&m i, mies,m3},
L, ={e,&3m3,m &5m,}, Lg=/{&Im3, i &y, m3},
Lo ={22yiny, i &5m3}, Lig= {21220y, M3, 833},
Ly ={e ey, &3z}, Lin={2e3m3, i &30, },
Lz ={e¢\eym5,mie3imy}, Ly ={2eym3,m e3m;},
Lis={e2imnd,im &,m3,83}, Lig=/{2&3m3,in &,in,},
L, ={&,&m,,mies,m3}, Lig=1{e,&3m3, i e,m3},
% ~2

(3 5 B 22 13 325 . 332
Lig={e,m &y, mim3. 25}, Lyg={8 &My, i &3},

1
13252 & 525 _(3.325 33753
Loy ={eéje5.meziy, s}, Loy ={e&50m,, i &5m;}.

For simplicity, we only list the generators of each
Lagrangian subgroup above. The construction follows
the same method in previous sections, so we omit the
detailed constructions of all 22 defects. The defect
Hamiltonian terms are formed by combining the short

] . |
VAL : =7
Xizix{ 7, v 73 7} xizixi 7 $2
1 0¢ l.\ 17X} ‘ /\"/\'ll\ z.x3 =
XX, Z Zi XX z
- X , .
7 X/ X Z!
VA 7 7 X7 Xi Z Z7 7 X7
Z} Z}
VAl Z
X Z',, Z. X2 Z 7. X2
e Yevs - -
X, 773 Z 773
X
Z X3 X3 7
Z. Z X3 X3 73 7 X3
. 77 VAV%,
Z VA1 2
|\ 2|z |z 2Nz |z | 2
XiX3 XiX3 XiX3 XiX3 XiX3 XIX3 XiX3 XiX3
Z\ 2 2z 0N 72|z 7z
x] xf xf xj x4 x] x}] x}
(a) (b)

FIG. 25. The boundaries of the Z, six-semion code. Blue
components represent the bulk stabilizers of the Z, six-semion
code, green components represent the boundary Hamiltonian,
and red components represent bulk strings that terminate at the
boundary without causing energy violations. (a) {&2,7m3}-
condensed and (b) {2, i3 }-condensed.

boundary string operators of the corresponding bosons in
the given Lagrangian subgroup. In this case, we have
verified that the topological order completion step is not
required for these defect constructions.

Note that these 22 defects correspond to the 22 defects
in the Z, toric code. This correspondence arises from the
fact that anyons in two copies of the six-semion code can
be mapped to anyons in two copies of the Z, toric code,
and vice versa, as follows:

e < emy, eymeym; < ey,

iy < etmiesm3, or emim, < e,

e < exmy, e,y < my,

My < eymiesms, giinlerid < my.
(52)

This mapping is consistent with the topological spins
and braiding statistics of the Z, toric code and the six-
semion code in Egs. (50) and (51).

F. Color code

In this section, we examine the boundaries and defects
of the color code on a honeycomb lattice, where each
vertex hosts a single qubit. The honeycomb lattice is
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FIG. 26. The stabilizers of the color code consist of products of
Pauli X or Z operators acting on the vertices of each hexagon.
The hexagons are colored red, yellow, and blue to distinguish the
different types of anyons. A white region in the center represents
a defect, with the boundary gauge operators on both sides
depicted in green, exhibiting translational symmetry along the
defect line. The boundary gauge operators labeled @ through
also serve as short boundary string operators. The corresponding
boundary anyons are labeled e, m, e,, m,, e3, ms, e4, and my,
respectively.

naturally embedded into a square lattice, with the vertices
of the honeycomb lattice positioned on the edges of the
square lattice, following the conventions established in
Refs. [30,89,90]. The boundary gauge operators of the
color code, which also function as short boundary string
operators, are illustrated in Fig. 26. The boundary anyons
are labeled as e, m;, e,, m, for the left boundary, and e5,
msy, ey, my for the right boundary. The fusion rules
are e7=m? =1, Vie{l,2,3,4}, indicating that all
have order 2. Their topological spins [Eq. (10)] and
braiding statistics [Eq. (11)] are described by the following
relations:

0(e;) = 0(m;) = 1, B(e;,m;) = —1,

B(e[, ej) - B<€[,mj) - B(m[amj) = 17 v l#.]y

(53)

where i, j € {1,2,3,4}. Note that each side corresponds to
two copies of the Z, toric code, as the color code can be
interpreted as the “folded” toric code [91]. The boundaries
of the color code exhibit 6 types of boundary anyon
condensations, as illustrated in Fig. 39. These boundaries
are equivalent to defects in the Z, toric code by the folding
argument. The color code itself allows for 270 distinct
defect constructions, which is proved in Appendix E.

A few examples of Lagrangian subgroups for these defect
constructions are listed below:

L= {31,62763734}»
L, = {31, €2, M3€y, e3m4},
Ly = {mye3, e;m3, mymy, ere4}, (54)

Ly = {myesey, e1ese3my, myezey, myesmyey},

The detailed constructions of these Lagrangian sub-
groups are omitted for brevity. Computational verification
confirms that topological order completion is not required
for these 270 anyon condensations.

G. Anomalous three-fermion code

Our algorithm can also be applied to anomalous Pauli
stabilizer codes, where the Hilbert space lacks a tensor
product structure. For example, with two Z, qudits on each
edge, consider the three-fermion code:

47

X121 Z1 |_Z1—|
G, = —X1-~XlZ1J =1, S=2Z1 7y,
T 8
[277)
Z1X2Z2 Z1Z2 |_Z2
Gz = —X2+21X22J2 =l &=22 2y,
X5 |—Zz

(55)

where G| =1 and G, = 1 are gauge constraints on the
Hilbert space of the three-fermion code, indicating that G,
and G, cannot be violated, and we only consider operators
that commute with them. Under these constraints, anyons
are defined as violations of §; and S,, which together form
the three-fermion topological order [62,71,83,92].

As this anomalous theory lies at the boundary of a
(3+ 1)D invertible topological phase [93], it cannot
support a further boundary, i.e., the boundary has no
boundary. Therefore, we follow the procedure outlined in
Sec. IVB to derive the defect gauge operators that
commute with Gy, G,, S, and S,. Figure 27 illustrates
the gauge constraints G; and G,, represented in orange,
throughout the defect lattice, while the stabilizers S; and
S, are only present away from the defect. The defect gauge
operators are depicted in green. For clarity, the bulk anyons
in Fig. 28 are labeled as f¢, ’1’ ,and f¢ on the left side, and
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FIG. 27. Three-fermion code. The orange components re-
present the gauge constraints, the blue components represent
the stabilizers, and the green components represent the defect
gauge operators that commute with all gauge constraints and
stabilizers.

XX X X XX XX

—tzz 2222022, zzhzzhzz2 220 —
X, X, X, X X, X, X, X,

N N N N pn N N B

XX, XX, XX, ij, XX, XX, X, X, XX,
_-ﬂ.leZTa | ﬂ-szTZJ#

FIG. 28. The bulk string operators are labeled with anyons,
from top to bottom, as f, f?, and f{ = f‘l‘fl]’ on the left, and f9,
f’z’, and f§ = f‘z’f’Z7 on the right.

f4, f5, and f5 on the right side. The fusion rules are
(f9)? = (f9)? =1, ¥ je{1,2}, indicating that all have
order 2. Their topological spins [Eq. (10)] and braiding
statistics [Eq. (11)] are given by

0(f9) =0(f2) =1, B(f4.f5) =—1, je{l,2},
B(aj,ay)) =1, ¥ ay € {f% "}, ar € {f4. f4},
(56)

where we have omitted the data for f = /% f ]b- as it can be
generated from f7 and fj?. According to the anyon theory,

we can enumerate 6 distinct Lagrangian subgroups, with
the corresponding defect constructions provided in Fig. 38
in Appendix G.

Note that these 6 defects are related to the 6 defects in
the Z, toric code. This is because anyons in two copies of
the three-fermion code can be mapped to those in two
copies of the Z, toric code, and vice versa, as follows:

f§ < emy, 1irs e
1 < eeam, or [ < m, 57)
5 < exms, fofs < e,
flz7 <~ eye my, lezfgfg < m,.

This mapping is consistent with the topological spins
and braiding statistics of the Z, toric code and the three-
fermion code in Egs. (49) and (56).

H. (3,3)-bivariate bicycle codes

This section focuses on the (3, 3)-BB code, which is part
of the family of LDPC codes proposed in Ref. [4]. This
code is represented as the [144,12, 12] code on a finite
12 x 6 torus, with its stabilizers expressed as follows:

f

o O

{f=y2<x+x2+y”),
S Ly =20y 4,

~1 QI

(58)

where a = b =3, and we are working with Z, qubits,
making the minus signs irrelevant. Since we have the
freedom to redefine the generators of the Pauli operators,
we can shift f and g by arbitrary polynomials. For
instance, we can use alternative stabilizers given by

f 0
S — g S 0 {f/:x"'xz"‘yb,
1 O ’ 7| / — 2 a
g g =y+y +x°

0 f

(59)

with a = b = 3. The stabilizers in Egs. (58) and (59) are
illustrated in Fig. 29. Notably, we can shift the horizontal
edges two steps down and the vertical edges two steps to
the left to transform the stabilizers from Eq. (58) to
Eq. (59). Under periodic boundary conditions, these two
expressions of stabilizers are equivalent. However, with
open boundary conditions, their boundary constructions
must be examined separately, as there is no straightforward
correspondence achieved by simply shifting the edges. We
will analyze both expressions, as Eq. (59) is more compact
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FIG. 29. The stabilizer S; is depicted in light blue at the top,
while S, is shown in dark blue at the bottom. (a) Stabilizers from
Eq. (58) and (b) stabilizers from Eq. (59).

locally and may be more practical for experimental
implementation. We refer to Eq. (59), with general integers
a and b, as the (a,b)-BB code.

We apply our algorithm to compute the boundary gauge
operators for these stabilizers. For the bulk stabilizers in
Eq. (58), the boundary gauge operators consist solely of
primary ones, meaning they can all be obtained as
truncated stabilizers. In contrast, for the bulk stabilizers
in Eq. (59), there are secondary boundary gauge operators,
as illustrated in Fig. 30.

Using these boundary gauge operators, the number of
boundary anyon generators for string lengths from 1 to 12
is given by

12345 6 789 10 11 12
008 0O0120038 0 0 16

String length

No. of generators

Our computation finds 16 generators of boundary string
operators, as illustrated in Fig. 40 in Appendix G, each
with a string length of 12. These generators yield the
topological content of 8 copies of the toric code.
The Grobner-basis approach of Ref. [94] confirms that
the maximal number of independent anyon generators is
16, establishing the completeness of this set. In Ref. [4],
the (3, 3)-BB code is placed on a 6 x 12 torus, resulting in
a [[144,12,12]] qLDPC code. The logical dimension is 12
because, with a period of 6 in the x-direction, only 12 of
the 16 boundary anyon generators remain. When the
(3,3)-BB code is placed on a 12 x 12 torus, it utilizes
all anyons, resulting in a [288, 16, 12]] gLDPC code. More
generally, on a torus of size 12L x 12L, the qubit count

o o |
X ) X X
| X X
@, @
X Z| X
A VA
x ~ X
X X (O] ID. A X
. ® N
X X
X ®
zZ
® 7
7 Z
P Z
®
®] X X
7Z Z X 7Z Z
X
Z zZ
X
X X X
Z Z
Z Z
® 7 Z ©Z
A
Z
Z 4 z

FIG. 30. The left side illustrates a smooth boundary, while the
right side illustrates a rough boundary. The blue components
represent the bulk stabilizers of the (3, 3)-BB code in Eq. (59),
and the green components represent the boundary gauge oper-
ators. The operator @ for the smooth boundary and the operator @
for the rough boundary are secondary boundary gauge operators
that cannot be obtained through truncation.

n = 288L? and logical count k = 16 are fixed by the
lattice and anyon content. The distance entry 12L for the
BB family in the following comparison is numerically
motivated and is not asserted as an analytic result for all L:

Codesonal2L x 12L torus
(3,3)-BB code

Standard Z, toric code

[n, k. d]
[288L2,16,12L]  (60)
[288L2,2,12L]

We assume that nontrivial spanning bulk strings have
minimum weight 12L, as suggested by the numerical
results.

To construct a planar (3,3)-BB surface code on a
12L x 12L open square, we include as stabilizers local
generating sets of all X-type boundary gauge operators on
the left and right edges and all Z-type boundary gauge
operators on the top and bottom edges, including both
primary and secondary generators. We perform TO com-
pletion at the corners by adding compatible local terms.
These boundaries condense {m,} and {e;}, respectively.
Once residual boundary and corner logicals are removed,
the eight toric-code sectors give k = 8, while the qubit
count is exactly n = 288L2.

The logical operators are anyon strings connecting
opposite condensing boundaries. Since the boundary
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gauge operators include all truncated bulk stabilizers, after
being embedded into an infinite plane, these strings
commute with bulk stabilizers away from their endpoints
and are segments of infinite bulk anyon strings. Therefore,
every nontrivial planar logical operator is obtained from
such a spanning bulk segment by modifying only endpoint
regions of fixed size independent of L. These modifica-
tions change the weight by at most a constant C indepen-
dent of L. Under the bulk-weight assumption (60), this
gives d > 12L — C, and we expect the parameters:

Codesonal2L x 12L square
(3,3)-BBsurfacecode

Standard Z, toric code

(n,k,d]
[288L2,8,d=12L—0(1)]
[288L2,1,12L]

(61)

Reference [31] gives an explicit [[288, 8, 12]] planar BB
code using a different choice of bulk stabilizers.

I. (2,-3)-bivariate bicycle codes

The stabilizers of the Z,(2, —3)-bivariate bicycle code
are given by the following expressions:

n 0
K |0 W =x+x*+y73,
Si=lo| S=|w| {k’—y+y2+x2.
0 n

(62)

Alternatively, they can also be written as

h: 2X+x2+ 731
S, = . 8= ’ { ¥ ( )

k=x*(y+y*+x%).

[l N
SO O

(63)

Both sets of stabilizers are depicted in Fig. 31. On a
periodic lattice, such as a finite torus, the stabilizers in
Egs. (62) and (63) are equivalent up to edge shifts. However,
when considering open boundary conditions, these two
cases are treated separately, similar to the distinction
between Egs. (58) and (59) from the previous section.

From these stabilizers, we compute the boundary gauge
operators. We have verified that, for both smooth and
rough boundaries, only primary boundary gauge operators
are present for the bulk stabilizers in Egs. (62) or (63).17

A subtle point arises for the boundary: certain qubits on
specific edges are not acted upon by any bulk stabilizers, so these
edges are excluded when computing the boundary gauge
operators.

x X
bl B
x X
X X
x1'x
X
z
X
7
7
1 2 Z
P Z] .z
Z
Z
(@) (b)
FIG. 31. The stabilizer S, is depicted in light blue at the top,

while S, is shown in dark blue at the bottom. (a) Stabilizers from
Eq. (62) and (b) stabilizers from Eq. (63).

Unlike the bulk stabilizers, which possess translational
symmetry in two dimensions, the boundary gauge oper-
ators exhibit translational symmetry in only one dimen-
sion, facilitating more efficient computation of the anyons.
Consequently, we verified that at a string length of 1023,
there are 20 generators of boundary string operators
corresponding to the anyons in 10 copies of the toric
code. The bulk anyons also exhibit a periodicity of 1023
due to the bulk-boundary correspondence established in
Theorem 4. This long periodicity of anyons is a typical
feature of the BB code family.

VI. DISCUSSION

This work improves upon the method in Ref. [30] by
introducing an operator algebra formalism on a truncated
lattice, offering a rigorous framework for proving key
lemmas and theorems. We develop algorithms to extract
boundary gauge and string operators from truncated Pauli
stabilizer codes, enabling the calculation of topological
spin, braiding statistics, and Lagrangian subgroups for
constructing boundaries and defects. The algorithm
applies to both prime and nonprime dimensional qudit
stabilizer codes and has been tested on various examples,
demonstrating its effectiveness and versatility. Our method
extends to lattices with different codes on either side,
enabling the construction of defects that bridge and modify
bulk anyons. Using bulk-boundary correspondence, we
infer bulk properties from the (1 + 1)D boundary, accel-
erating the computation of topological data in the (2 + 1)D
bulk, such as identifying anyons and their string operators.
For instance, in the (2,—3)-BB code, we derive 20
independent generators of the boundary-anyon fusion

043016-33



LIANG, YANG, IOSUE, and CHEN

PRX QUANTUM 7, 043016 (2026)

group, corresponding to 10 copies of the Z, toric code,
with period-1023 string operators at a speed ten times
faster than bulk computation using the method in
Ref. [30]. Our approach offers an efficient tool for
deriving topological data in Pauli stabilizer codes. A
promising future direction is optimizing our algorithm to
handle stabilizers with larger weights, which is crucial for
studying BB codes, where stabilizers typically involve
large structures. Recent studies have focused on the
properties of BB codes [4,5,95-105], making this opti-
mization especially relevant.

Beyond Pauli stabilizer codes, extensions like the XS
[106] and XP [107,108] formalisms modify the stabilizer
framework by incorporating roots of the Pauli Z operator.
Since XP stabilizer codes also have a symplectic repre-
sentation, extending the polynomial formalism and our
algorithm to these codes is feasible. This represents a
crucial step toward exploring non-Pauli or non-Clifford
stabilizer codes, which could exhibit non-Abelian anyon
statistics—an essential feature for universal topological
quantum computation.

Another potential extension of our polynomial formal-
ism involves generalizing the Z? translational symmetry to
more general, possibly non-Abelian, groups. Currently, we
focus on Pauli stabilizer codes on two-dimensional lattices
with Z? symmetry, represented by the Laurent polynomial
generators x and y. We aim to extend this to more complex
graphs with arbitrary translation groups G, where the
generators are labeled g, g5, g3, etc. This generalization
would still use a “polynomial” ring over these generators,
enabling the representation of Pauli stabilizer codes on the
Cayley graph of G. This approach, widely used in
constructing qLDPC codes [1-3,109,110], will guide the
adaptation of our algorithm, providing new insights into
advanced qLDPC codes.

In addition, we are exploring a (3 + 1)D generalization
of our algorithm. A new protocol would be required to
detect loop excitations. One approach involves using
dimensional reduction by compactifying one dimension
of the (3 + 1)D system, transforming it into a quasi-2D
system [111]. This technique would enable efficient
detection of both particle and compactified loop excita-
tions. Also, we can study the (2+ 1)D anomalous
boundaries of (3 + 1)D Pauli stabilizer codes, such as
the three-fermion code at the boundary of the Walker-
Wang model [112], to investigate chiral boundary theories.

Furthermore, an additional generalization involves sub-
system codes [71,113-115] and Floquet codes [116-120].
Subsystem codes relax the need for all Hamiltonian terms
to commute, allowing noncommuting terms to act as gauge
operators—an approach we have used to describe boun-
dary theories in this paper. Floquet codes add further
complexity by leveraging the temporal sequence of

measurements, where each cycle generates an instanta-
neous stabilizer code, such as the toric code derived from
the honeycomb model [116]. Applying our algorithm to a
broader range of subsystem and Floquet codes could
provide deeper insights into these dynamic systems.
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APPENDIX A: TOPOLOGICAL SPINS AND
BRAIDING STATISTICS FROM BOUNDARY
STRING OPERATORS

In this appendix, we will prove Theorems 5 and 6. We
begin by showing that the expression for the boundary
topological spin in Eq. (10),

0(a) = [U(a) |-z, U(a)rs]

= Ul(a).,U(a),-3 U(a)LZU(a);_,3, (AD)
is a topological invariant, meaning it is independent of the
specific choice of U(a),_, and U(a),_5. Next, we will
demonstrate that this topological invariant corresponds to
the topological spin obtained from the T-junction process
for bulk anyons. Finally, we will apply the same concept to
derive the braiding statistics between boundary anyons.
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1. Topological invariant

a 3
U(a),
-1
2
a
Ua),_,
a’l 1

Given the boundary string operators U(a),, and
U(a),_5, which move the boundary anyon a from vertex
1 to 2 and from vertex 2 to 3, respectively, as illustrated in
the above figure, we first show that Eq. (A1) is indepen-
dent of the specific choices of U(a). For simplicity, we
denote U(a),_, and U(a),_5 as U, and U,.

Since we have the freedom to redefine the boundary
anyon by applying local boundary gauge operators, we can
“dress” the string operators with some boundary term G
near their endpoints, resulting in new boundary string
operators:

U, - U, = GUG.. U, - Uy = GUGi.  (A2)

As a result, a string operator from point 1 to 3 trans-
forms as follows:

U,U, = GsU,GiG,U\G) = GU,U Gl = U, Uy . (A3)

Thus, we see that the transformation preserves the
overall structure of the string operator, with the redefini-
tion occurring only at the endpoints.

Before we proceed to compute the commutator between
the new U; and U,, we need to mention a fact:
[G,, U,U,] = 1, using the group commutator defined in
Eq. (Al). In other words, the boundary term G, at point 2
commutes with the longer string operator from point 1 to
point 3. This follows from the definition of boundary string
operators, which commute with all boundary terms in their
middle parts and only violate something near their
endpoints.

We now compute the commutator between the new

string operators U, and Z];:

U,U,U,"Us" = (G,U,G))(G3UG5)(G1 UG (G,ULGY)
= G,U,G,G3U,G3G, UTU;gg
= G,U,GxU,G:G5G, Uy 'Gi UL,

where we have used the relation G3U, = yU,G;, where
y€U(1), given that both G and U are Pauli operators.
Since U, G;, and G, are far from Gs, they commute with
Gs. Similarly, G; commutes with both U, and G,.
Therefore, we can simplify the expression as follows:

U,U,U,'0," = G,U,G{U,656,U U}
= G,U,U,Gi U U}

= U,U,UUI. (Ad)

The commutator remains unchanged by the redefinition
of the string operators, confirming that the expression is
independent of the specific choice of U(a).

2. Topological spin

Next, we will demonstrate that this topological invari-
ant corresponds to the topological spin of the anyon. As
shown in Fig. 32, the boundary string operators U(a),_,
and U(a),_ move the boundary anyon a from vertex 1 to
vertex 2 and from vertex 2 to vertex 3, respectively
(as shown in the figure above). Additionally, the bulk
string operator U(a),_,, moves the bulk anyon a to the
boundary.

For simplicity, we will refer to these string operators as
U =U(a),,, Uy =U(a)y s, and U3y = U(a),_,,. When
the right-hand side of the system is restored (recalling
that the open system is a truncated version of an infinite

b 3

Ula),-;

right-hand side ,

: -

complete the 1

a

a ’1

FIG. 32. The boundary string operators U(a),_, and U(a),_;
move boundary anyon a, while U(a),_,, represents a bulk string
operator terminating at the boundary, also creating the boundary
anyon a. We first embed the truncated system into the original
infinite plane by completing the right-hand side, transforming
U(a),_,, U(a),_3, and U(a),_,, into bulk string operators in the
completed system. Subsequently, we slightly extend U(a),_,, to
the right, represented by the green string, and append a string
operator along the semi-circle (purple) to U(a),_;U(a),_, to
form a closed loop.
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system), these string operators are embedded as bulk string
operators within the complete system. In this completed
configuration, we can apply the T-junction process (6) to
compute the topological spin of the anyon a':
6(a) = UUSUTUSUL U, (A5)
Since U,, U,, and U; are Pauli operators, their com-
mutators result in U(1) phases. Using the relation
[Ul,Uj]=[U;,Uj]"", we can express the topological
spin as
0(a) = [Us, Up] x [U3, Ui x [Up, Uy].  (A6)
This shows that the commutation relations between
these string operators determine the topological spin.
Now, we study the two commutators [Us, U,] and
[Us, U]. Using the fact that U represents Pauli operators,
we find that their product is equal to [Us, U,U,]. We can
gain insight into the commutation between Uz and U, U,
in the completed system. We extend Uz = U(a),_,
slightly into the bulk (green string in Fig. 32) and complete
U,U, = U(a),_;U(a),_, by adding a bulk string oper-
ator U(a),_,; (purple semi-circle in Fig. 32). Importantly,
the extended semi-circle does not affect the commutation,
as it is spatially distant from the extended U;. We define
the extension of Uz as U;O;psOrps, Where O;ys and
Ogys are Pauli operators fully supported in the LHS and
|

complete the
3 right-hand side
AN

RHS, respectively. Since the middle part of the extended
green string still commutes with the bulk stabilizers in
the LHS, O;ys must be a boundary gauge operator.
Consequently, by definition, O;yg commutes with the
boundary string operator U, U /. Furthermore, it is evident
that Ogys also commutes with U,U;, as they do not
overlap. Thus, we conclude that the extensions of Uz and
U,U, do not affect their commutation relation.

This transforms the commutator [Us, U, U, | into the full
(counter-clockwise) braiding of the anyon a~! in the bulk:

U, U,U1] = Us(U,U) U3 (U,U)" = 0(a)®. (AT)
Thus, we obtain
U2, U1] = 6(a)™, (A8)
or more precisely,
0(a) = [U(a)(1-2) U(a) p=3))- (A9)

This expression captures the topological spin of anyon a
from the boundary string operators.

3. Braiding statistics

2

To analyze the braiding process between boundary
anyons, we slightly modify the setup by defining the
boundary string operators U(a),_; and U(b),_,, which
move boundary anyon a from vertex 1 to 3 and anyon b
from vertex 2 to 4 along the boundary, as illustrated in the
figure above. After restoring the right-hand side, we
append the boundary operator U(b),_,, with a bulk string
operator U(b),_,,, which moves the bulk anyon b from
vertex 4 back to 2 along the semi-circle.

"®The orientation of U, is reversed compared to the setup in
Eq. (6), so W; is replaced with U,.

v

Following the same intuition used in deriving the
topological spin, we can express the full braiding between
anyons a and b as

B(a,b) = U(a),_3(U(b)y-4U(b)4)
U(a)i_3(U(5)y-4U(b)asn)".
Since U(b),_, and U(a),_; are spatially separated,

they commute with each other. Therefore, the braiding
statistics of boundary anyons can be computed as

(A10)

B(a,b) = U(a)1—>3U(b>2—»4U(G)I—>3U(b)2T—>4- (A1)
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APPENDIX B: UNITS IN THE FORMAL
LAURENT SERIES

In this section, we derive the necessary and sufficient
condition for an element in the formal Laurent series
Z4((x)) to be a unit.

First, the formal Laurent series Z,((x)) is defined by the
polynomials of x and x~!, and the degree of x is allowed to
be positive infinite. Any element f(x) € Z,((x)) can be
written as

HOEDIES (BI)

i—k

with k € Z and a; € Z,;. The formal Laurent series Z;((x))
forms a ring since the multiplication of the polynomials
can be defined in the standard way. A unit is an element in
the ring with a multiplicative inverse.

Lemma 18. An element in the formal Laurent series
fx) =% ,aix'€Z4((x)) with a; €Z, is a unit if and
only if the ideal generated by {a;} is Z,. Equivalently,
there exist coefficients {m;} with each m; € Z, and an
integer n such that

(B2)

Proof. We first show that Eq. (B2) is necessary for f(x)
to be a unit in Z,((x)). If the GCD of the coefficients
{a_x,a_yyy,---} together with d is greater than 1, then
every multiple of f(x) will have coefficients divisible by
this GCD, which implies that f(x) cannot have an inverse
in Z;((x)). Therefore, Eq. (B2) is necessary for f(x) to be
invertible.

To demonstrate that the condition in Eq. (B2) is
sufficient, we begin by considering the primary decom-
position of the ring Z,, which can be expressed as a
product of rings corresponding to the prime power factors
of d:

Z, = ZP'f' X Zp;z XX Z (B3)
where p; are the distinct prime factors of d and k; are the
corresponding exponents in the factorization of d. By the
Chinese remainder theorem, f(x) has an inverse in Z ;((x))
if and only if it has an inverse in each Z ((x)). More

concretely, if f(x) has an inverse f(x) k,-l modulo pf" for

each i, then by the Chinese remainder theorem, there exists
a unique solution /(x) modulo d that satisfies:

I(x) = f(x);!  (mod pl").
I(x) = f(x);!  (mod p5?),

(B4)
I(x) = f(x);" (mod pi).

Multiplying both sides by f(x) and applying the

Chinese remainder theorem again, we obtain:
Ff)I(x)=1 (mod d). (B5)

Thus, it suffices to show that f(x) has an inverse in
each Z ((x)).

Without loss of generality, consider d = p” where p is a
prime. If the GCD of the coefficients {a_;,a_s,, -}
together with d is 1, then not all a; are divisible by p. This
implies that when we reduce modulo p, the image

f(x)€Z,((x)) is nonzero. Since Z,((x)) is a field of
Laurent series over the finite field Z,,, f(x) is invertible in
Z,((x)). Let g(x) € Z,((x)) be the inverse of f(x). We
then lift g(x) to some g(x) € Z,-((x)) such that:

f()g(x) =1+ h(x),

where h(x) € (p), meaning that all coefficients of /(x) are
divisible by p.

Since h(x) is nilpotent (i.e., some power i(x)" =0 in
Z,((x)) because p” =0 in Z,), the element 1 + h(x)
has an inverse in Z,((x)), denoted (1+ h(x))~" (see
Proposition 1.9 in Ref. [121]). Thus, we define the inverse

of f(x) as

(B6)

I(x) = g(x)(1 + A(x))™". (B7)
This inverse satisfies:
f)I(x)=1 (mod d). (B8)

Hence, I(x) is indeed the inverse of f(x) in Z,((x)).
Therefore, the condition in Eq. (B2) is both necessary
and sufficient for f(x) to be a unit in Z,((x)). n

In the proof above, we only prove the existence of the
inverse but do not construct it explicitly. For practical
purposes, we would like to know how to obtain the
inverse precisely, which can be used to construct the
(semi-infinite) boundary string operators for boundary
anyons. Now, we are going to provide an alternative
constructive proof for the inverse of f(x) in Z,((x))
with d = pk.
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Lemma 19. Let f(x) € Zy4((x)), where d = p* for some
prime p and integer k > 1. If at least one coefficient of
f(x) is not divisible by p, then f(x) is invertible
in Z;((x)).

Proof. We will prove this lemma by induction on k.

For k =1, Z,((x)) = Z,((x)), which is a field. If at
least one coefficient of f(x) is not divisible by p, then
f(x) #0in Z,((x)). Since Z ,((x)) is a field, any non-zero
element has an inverse, which can be computed by
recursively solving for its coefficients in the Laurent
series. Therefore, f(x) is invertible in Z,((x)), and the
lemma holds for k = 1.

Assume that the lemma holds for all k < k;, where
ko > 1. We need to show that it also holds for k = ky + 1.
Consider f(x) in Z -+ ((x)). We can express f(x) as a
formal Laurent series:

flx) = io: a,x".

n=—N,

(B9)

Now, focus on the terms where the coefficients are not
divisible by p. Define a series g(x) in Z,((x)) using only
those coefficients a, of f(x) that are not divisible by p.
Since g(x) has at least one coefficient not divisible by
p, there exists an element h(x) in Z,((x)) such that
g(x)h(x) = 1in Z,((x)). This implies that f(x) and % (x)
satisfy f(x)h(x) = 1 modulo p.

Multiplying through by p, we get:

phf(x)h(x) = p*  (mod ptt),
where h(x) has been lifted to Z,((x)). This shows that
f(x) can generate p* modulo p**!. By the induction
hypothesis, there exists an inverse f(x);ol in Z,((x))
such that

(B10)

f@)f(x)g =1 (mod p). (B11)
We can express this as
fOf@) =1+ phalx), (B12)

where a(x) € Z((x)). Notice that the term p*a(x) repre-
sents a correction needed for lifting to Z 4+ ((x)), and

since f(x) can generate p*o modulo p*o*! as shown earlier,
we can adjust f(x).' to construct the inverse of f(x) in
Z 1 ((x)). Specifically, consider the modified inverse:

FORL = F)i! = alx)pon(x). (B13)
Then, we have:
fE)f(x)g =1 (mod pott). (B14)

This demonstrates that f(x) has an inverse in
Z o+ ((x)). By the principle of induction, the lemma
holds for all £ > 1. [

APPENDIX C: MODIFIED GAUSSIAN
ELIMINATION

This appendix reviews the modified Gaussian elimination
method introduced in Ref. [30]. Standard Gaussian elimi-
nation is not applicable over the ring Z, because the
multiplicative inverse of an element may not exist; for
example, the element 2 in Z, does not have an inverse.
Furthermore, Z; can contain zero divisors, meaning there
exist nonzero elements a and x € Z,; such that ax = 0. For
instance, in Z4, 2 x 2 = 0, indicating that 2 is a zero divisor.

Therefore, we introduce the modified Gaussian elimi-
nation algorithm over Z,, which is based on the Hermite
normal form:

(1) Given an n x m matrix A over Z, we treat the
entries in the first column q;; for all
i€{l,2,---,n} as integers {0,1,2,---,d—1} in
Z. To restore the Z, periodicity, we append a new
row [d,0,0,---,0] to the bottom of matrix A,
transforming it into a (n + 1) X m matrix, denoted
as A’. Next, we find the greatest common divisor of
its first column {a;;,a,1,---.a, ,d}, denoted as
GCD(a;,),."” From the extended Euclidean algo-
rithm, there exists a linear combination:

r1a1_1+r2a2,1+'--+rnan,1 +r0d

— GCD(a;,),. (1)

Moreover, this linear combination can be ob-
tained by repeatedly subtracting one entry from
another entry, starting from

[a1,1,02,1,a3,1,"',an,lvd], (C2)
and obtaining the final form
[GCD(a;)4,0,0,---,0,0]. (C3)

Subtracting one entry from another and reorder-
ing corresponds to row operations in the matrix A’.
Therefore, we apply the corresponding row oper-
ations in the matrix A" according to the extended
Euclidean algorithm, which transforms the first
column into

[GCD(ai,l)d, 0, O, s

,0,0]T. (C4)

"“For convenience, we choose GCD(a; ), to be in the set
{0,1,2,--.d—1}.
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(2) If GCD(a; ), is not a zero divisor, meaning there is
no r* such that 0 < r* < d — 1 for which
GCD(a; ), xr*=0 (mod d), (C5)
we can multiply an invertible number in this row to
make it equal to +1.

(3) The first column and the first row have been
processed. We then repeat the above procedures
on the submatrix, which excludes the first column
and the first row.

In the original matrix A, linear relations exist among the
row vectors; specifically, certain row vectors can be
combined linearly to yield the zero row vector (mod d).
These relations are crucial as they provide insights into the
connections between the row vectors. For instance, sup-
pose one row r; represents the syndrome pattern of an
anyon v, another row r, represents the syndrome pattern of
a different anyon ¢/, and a third row r; represents the
syndrome of a local Pauli operator P. If these rows satisfy
the relation r; — r, + r3 = 0, it implies that the anyons v
and o' are related through the local operator P, or more
specifically,

v =v+e(P),

indicating that » and ¢’ are of the same anyon type.
Therefore, identifying all such relations among the row
vectors is essential.

We present a concrete example of implementing the
modified Gaussian elimination algorithm on a selected
matrix A over Zg. The matrix A is defined as follows:

4 20 —
6 0 31:{— v, —1, (Co)

0 7 4

A:

- vy —

where v, v,, and v3 denote the row vectors of A. Our
objective is to derive the relationships among the row
vectors vy, v, and v3.

First, we embed the matrix over Z such that each entry is

chosen from 0, 1,2, - - -, 7. We then insert a row [8,0, 0] at
the bottom:
4 2 0 1 0 0 O
6 0 3 01 0 O
! _
[A |R] 10 7 4 O 0 1 0} €7
8 0 0 0O 0 0 1

where the matrix R is used to track row operations during
the following process, recording how each current row is
derived from the rows in the original matrix A. The GCD
of the first column is 2, which can be computed from
(—1)x6+1x8:

4 2 0 1 0 0 0
6 0 3 0 1 00
0 7 4 0 0 1 0 €8
2 0 -3 0 -1 0 1

Subsequently, we move the last row to the top and use it
to eliminate entries in the other rows:

2 0 =3 0 -1 0 1

0 2 6 1 2 0 =2

0 0 12 0 4 0 -3 €
0 7 4 0 0 1 O

The first row and column have been completed. From
this point onward, the first row will not be involved in
subsequent calculations. We will continue the process by
initially inserting [0, 8, 0]:

2 0 3 0 -1 0 1 O
0 2 6 1 2 0 -2 0
0 0 12 0O 4 0 -3 0 (C10)
0 7 4 0O 0 1 0 O
0 8 0 0 0 0 0 1

The GCD of the second column (excluding the entry in
the first row) is 1, obtained from 8 — 7:

2 0 =3 0 -1 0 1 0
0 2 6 1 2 0 -2 0
0 0 12 0 4 0 -3 0 (C11)
0 7 4 0 0 1 0 O
01 —4 0O 0 -1 0 1

Next, we place the last row in the second position and
use it to cancel entries in the rows below:

2.0 3 0 -1 0 1 0
01 —4 0O 0 -1 0 1
0 0 14 1 2 2 -2 =2 (C12)
0 0 12 0O 4 0 -3 0
0 0 32 o 0o 8 0 -7
Finally, we insert [0, 0, 8]:

[2 0 -3 0 -1 0 1 0 0]
01 —4 0o o0 -1 0 1 O
0 0 14 1 2 2 -2 =20
0 0 12 0o 4 0 -3 0 0} (C13)
0 0 32 0o 0 8 0 =70

00 8 |0 0 0 0 0 1

and find the GCD of the third column (excluding the
entries in the first and second rows) is 2, which can be
obtained from 14 — 12:
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20-3[0-10 1 00
01400 —-10 10
002 |1-22 1 -20
001204 0 -3 0 0 (€19
003200 8 0 —70
00 800 0 0 0 1

Finally, we use this 2 to cancel all entries below:

20 3] 0 -1 0 1 0 0
01 4| 0 0 -1 0 10
im0 0 2 1 =2 2 1 =20
AIRI=100 0 | =6 16 —12 =9 12 0
00 0 | —16 32 —24 —16 25 0
00 0 | -4 8 —8 —4 8 1]

We have achieved the row echelon form for the integer
matrix A. We then select the bottom-left 3 x 3 block of
matrix R to serve as the relation matrix resulting from the
modified Gaussian elimination:

-6 16 —12 2 0 4
relation := l—16 32 —24‘| lO 0 0] (mod 8).
-4 8§ =8 4 0 0

The last three columns in R will be reduced modulo Zy,
and thus they do not play a role in the obtained relations.
The relation matrix traces the relationships among vy, v,,
and v5 as derived from Eq. (C6):

21)1 + 41)3 [O 0 0]

4p; =[0,0,0] (mod 8).

(C15)

1. Time complexity of MGE

Consider MGE applied to an n x m matrix over Z,. Let
N = min{n, m} be the maximum number of elimination
rounds. In each round, MGE performs two types of
operations:

(1) Pivot extraction via GCD. Instead of requiring an
invertible pivot, MGE computes a GCD-type pivot
for the current column by adjoining the extra row
[d,0,...,0] and applying the (extended) Euclidean
algorithm to obtain a linear combination that re-
duces the column to [GCD, O, ...,0]7. This costs
O(nlogd) arithmetic operations per round (GCD
aggregation over n entries with bit-cost O(log d)).

(2) Elimination of the remaining submatrix. After the
pivot is produced, MGE applies elementary row
operations to eliminate the current column entry in

the other rows and updates the remaining submatrix.
At round i the active submatrix has size roughly
(n—i)x(m—i), so the update cost is

O((n—i)(m —i)). Summing over i =0, ...,N — 1
yields
N-1
> 0((n—i)(m—i)) = O(nmN).
i=0
Combining the two contributions gives
T n,m;d) = O(nmN)+ O(Nnlogd),
wicE( ) = O(nmN) + O( ) C16)

N = min{n, m}.

In the typical near-square case n ~m ~ N, this sim-

plifies to
TMGE = 0(N3> + O(N2 logd) = 0(N3),

i.e., MGE is of the same asymptotic order as ordinary
Gaussian elimination, with an additional (usually mild)
log d overhead from the Euclidean/GCD pivoting step. If
one explicitly tracks row operations by augmenting the
matrix with a relation matrix (as in this Appendix), the
column dimension increases by O(n), changing the pre-
factor but not the asymptotic scaling.

APPENDIX D: ALGORITHM PSEUDOCODE

This appendix presents the pseudocode for the algo-
rithm described in Secs. IV B and IV C. By adjusting the
stabilizer polynomials S and the input range A of Pauli
operators, the algorithm can also be used to derive the
condensed bulk string at the boundary or the bulk string
passing through defects, as outlined in Appendix F 1.
Additionally, it can be applied to determine the endpoints
of defect lines, as discussed in Appendix F2. In
Algorithm 1, choose the stabilizer search window to
include every retained stabilizer generator intersecting
the Pauli search reglon Choose k so that no term in the
translated rows of Mz, M3, or O is discarded. The stated
matrix dimensions count rectangular translation windows,
with zero rows or columns padding translations excluded
by the physical boundary.

1. Time complexity of Algorithm 1
For fixed d, we estimate the initial elimination cost
using

Tyvige(n, m) = O(nmmin{n, m}).
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ALGORITHM 1. Solving for boundary gauge operators.

Input: Stabilizer polynomials S generating Sy = S N zP, including the supported products specified in Sec. II B, truncation range k,

range of Pauli /, and [, range of stabilizer m, and m, qudit dimension d

QOutput: The boundary gauge operators G

1:

el e AR

—_ O

12:
13:
14:
15:

Construct matrix M, shown in Eq. (38) based on the range of Pauli /, and [, and stabilizer m, and m,,

(Py-BS1)y (Py-BSy)y (Py-BSs)
(Py-BS1)g (P-BSy)g (P,-BS3)y ---
M, < (Py-BS1)y (P3-BSy)y (P3-BSs)y -+ |* Y

M, is a [4(21, + 1)(21, 4+ 1)] x [t(2m, + 1)(2m, + 1)] matrix with 2 qudits per unit cell and ¢ stabilizers.

Perform modified Gaussian elimination (for nonprime dimensional qudits) or Gaussian elimination (for prime dimensional qudits)
on M, to get a relation matrix R;.

Obtain local operator O from rows of R; corresponding to zero rows in Modified Gaussian elimination

Construct M, in Eq. (41) from the same generators of Sy used in M, including the required supported products, and their allowed

translations within ranges m,, m:

_ ™, . (S
M, < am(82) 1 (D2)

TD,, i, (S1)

M, is a [1(2m, 4+ 1)(2m, + 1)] x [4(2k + 1)?] matrix with two qudits per unit cell and ¢ stabilizers; each translated four-
component Pauli vector is stored as one row.
Perform MGE on M, to get MGE(/M,).
Initialize an empty set G of boundary gauge generators.
Local operator matrix O « apply the truncation map to local operator set O
for O; in local operator matrix O do
if O, is not in the row span of MGE(M,) then
Let G; be the Pauli operator represented by ©;, and append G; to G.
Construct M in Eq. (42),

M5 < TD,, o, (Gy). (D3)

MGE(M,) < MGE(concat(MGE(M,), M5))
end if
end for
return The boundary gauge operators G

In Algorithm 1, the two initial eliminations are: (i) MGE(M;) with

M ez, ng =420+ 1)Q2L, +1); my =t(2m, + 1)(2m, + 1). (D4)
(ii)) MGE(M,) with
M,ezZ™™, ny, = t(2m, +1)(2my, + 1), my = 4(2k + 1)2. (D5)
Thus
T At initial = O(nym; min{n;, m;}) + O(nymy min{ny, m,}), (D6)
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ALGORITHM 2. Computing boundary anyons and boundary string operators.

Input: The boundary gauge operators G over Z,, range of boundary gauge operators m,, truncation range k, search range N, for the

y-direction. Choose k so that no terms in the matrices below are discarded for any n < N,.

Output: Basis boundary anyons V and coefficient rows P specifying the corresponding boundary string operators in the gauge

1:
2:

3:

4.

LRI

generators.
forn=1,2,....N, do
Get the error syndromes ¢(G) between boundary gauge operators. Since G only has translational symmetry in the y-direction,
we should only extract the polynomials containing x° of each dot product.

Define matrix M, in Eq. (47) as
i TDmvtzo,m(\, (C(gl )) 1
TD,, —0.m, (£(92))
) D, ~0.m, (£(G,))
M4 - m, O.m}( ( )) (D7)
TDmx:O,mv([(l - yn), 0’ tee 0])
TDmxzo,m}.([o’ (1 - yn), A 0])
LTD,~0m, ([0,0, ..., (1 = y")]) 4
My is a [2r(2m, + 1)] x [r(2k + 1)*] matrix with r boundary gauge operators.
Calculate MGE(M,) and its relation matrix R;. For each relation, interpret the top-half coefficients as the polynomials
al(j ) (y) and the negatives of the bottom-half coefficients as qgj ) (y), so that Eq. (44) holds. Stack the resulting anyon rows
v =g’ (). a7 (v)] into
vy
Vel (D8)
Vg

which is an @ x [r(2k + 1)?] matrix, where « is the number of solutions obtained from these relations. Their string operators along
the y-direction are recorded by the coefficient rows PY% := [a%’ ) ), -, ) (y)], representing the physical Pauli strings
> agj )(y)G. These rows form the string coefficient matrix
P
Pe| (DY)
P
which is an a x [r(2k 4 1)*] matrix obtained from the top-half coefficients of R;.
Construct Ms in Eq. (48),

TD,, —om (C(G2))
MS — mxf().my(él(gﬁ) ’ (DlO)

Ms is a [r(2m, + 1)] x [r(2k + 1)?] matrix with r boundary gauge operators.
Perform MGE on Ms to get MGE(M5).
Initialize empty matrices V' and P’ to store the retained anyon and string coefficient rows.
for V,, P, in anyon matrix V, P do
if V; is not in the row span of MGE(M5) then

(Table continued)
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ALGORITHM 2. (Continued)

10: V' « concat(V', V;)

11: P’ « concat(P', P;)

12: MGE(M5) « MGE(concat(MGE(Ms), V;))

13: end if

14: end for

15: if the d of Z, is nonprime then

16: Let s be the number of rows of V’. Construct an integer relation matrix M, whose rows generate all ¢ € Z'** satisfying
cV' e rowspany d(Ms)- Include the relations dI,; here Ms is the original matrix of trivial anyons in Eq. (48).

17: Calculate the Smith normal form UM ,Q = A, where U and Q are integer unimodular matrices and the diagonal entries of A

are positive.

18: index « {ie{l,...,s}: A(i,i) > 1}. The retained diagonal entries give the orders of the basis anyons.

19: Refresh the basis boundary anyon matrix by V' < (Q~'V')(index, : ).

20: Refresh the corresponding string coefficient matrix by P’ « (Q~'P')(index, : ), with coefficients reduced modulo d.
21: end if

22:  end for

23:  Choose the smallest n attaining the largest recovered fusion-group order among n = 1, ...,

Ny, and denote it by n*. For prime d

this order is d*, where s, is the number of retained rows of V' at that n; for composite d it is the product of the retained Smith

diagonal entries.

Basis boundary anyons V « V'(n*)

Boundary string coefficients P « P'(n*)

(D11)

24:  return Basis boundary anyons V and their boundary string coefficient rows P.

The total runtime also includes matrix construction and
the membership tests and elimination updates in the loop;
their costs depend on the number of candidate operators
and retained gauge generators.

2. Time complexity of Algorithm 2

The main elimination steps in each iteration of
Algorithm 2 are MGE(M,) and MGE(M5), where

M4 e Z§n3><m3’
ny = (2m, + 1)r,

n3yXm
MseZ,/ ",

D12
ms = (2k + 1)2}’ ( )

Thus, for fixed d, the elimination cost over the N, values
of nis

T p1g2.clim = O(N y [2n3m3 min{2n3, ms}

. (D13)
+ nyms min{ns, msy}]),

in addition to matrix construction, span reduction, and the
Smith normal form computations on M,. The latter costs
must also be included if the number of candidate anyons
is large.

APPENDIX E: COUNTING THE LAGRANGIAN
SUBGROUPS OF THE Zj TORIC CODE

In this section, we count the number of Lagrangian
subgroups in the n-copy Z, toric code. For a G-gauge
theory, it is well known that gapped boundaries
(Lagrangian subgroups) are classified by a subgroup
N CG and a 2-cocycle in H*(N,U(1)) [17,122,123].
Reference [13] provides explicit representations of the
Lagrangian subgroups for the Z% toric code when
n=1,2,4. Here, we present the formula for counting
the number of Lagrangian subgroups for general n.

For small values of n, we first use a computer to
enumerate all Lagrangian subgroups:

(1) For n =1, |£(Z, toric code)| = 2.

(2) For n = 2, |£(Z3 toric code)| = 6.
(Z3 toric code)| = 30.

(4) For n = 4, |£(Z; toric code)| = 270

(5) For n = (Z; toric code)| = 4590.

In the following, we will prove

Theorem 20. The number of Lagrangian subgroups of
the Z toric code is given by

n—1

=@ +1).

i=0

|L(Z% toric code)| (E1)
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This is OEIS sequence A028361, which counts maximal
totally singular n-dimensional subspaces of the split
quadratic space (F3", ¢). Writing an anyon as [[; ei'm]",
the quadratic form ¢(u, v) = u - v records its topological
spin O(u, v) = (—1)7“?), Bosonic Lagrangian subgroups
are precisely these totally singular subspaces. The quad-
ratic condition is essential: isotropy for the associated
bilinear form alone would also allow fermionic generators.
In addition, this sequence represents the number of nodes
in the bosonic orbifold groupoid for Z symmetry [124].

Using the counting formula from Eq. (El), the number
of Lagrangian subgroups for the two bivariate bicycle
codes studied in Sec. V is 1,270,075,950 for n = 8 and
167,448,083,323,950 for n = 10.

Proof of Theorem 20. The Z/, toric code corresponds to
a G gauge theory with G = Z/;, where any subgroup N
must be isomorphic to Z4 for 0 < k < n. In the second
cohomology group H?(N,U(1)), only type-II cocycles
exist, and their generators are composed of pairs of
elements from Z, within Zé, leading to

)
(25, U(1))] =2(2 . (E2)
Let aj} denote the number of k-dimensional subspaces in
an n-dimensional vector space over Z,, which corresponds
to the number of subgroups N C G such that N ~ Z%. The
total number of Lagrangian subgroups is then given by

)
|L(Z} toric code)| = Zaﬁ X 2<2 . (E3)

k=0

Next, the basis of a k-dimensional subspace can always
be reduced to the row echelon form:
J

n=l sI-1 (k)
3 (H 2K(1 + 2")> x al -l x 2\ 2
k=0 \i=0

forany 1 </ <n-—1.

This lemma will be proved later in this appendix.

- _il (ﬁZ"(l +2i)> X a1 x 2(];)

N A A A

0--- 1 520 %20 %20 %

O--- 0 0--- 1 %--- 0 = 0 =*

0--- 0 0--- 0 0--- 1 = 0 = k

0--- 0 0--- 0 0--- 0O 0 =x

L0 00 0 0--- 00 1 o*---d
(E4)

where by+b;+---+ by =n—k, ensuring that the
matrix has size k x n. Each % in the matrix (E4) can be
either O or 1; thus, the number of k-dimensional subspaces
in an n-dimensional vector space over Z, is

n _ E
a, =

bbbyl
bo+by by =n—k

b1 4+2by+3b3+-+kby (ES)

To simplify the expression in Eq. (E3), we derive a

useful recursive relation for aZ“:

aptt =2kal + ay . (E6)

The first term arises from the case where by > 1,
contributing 2ka’,§ by redefining b} = b; — 1 and factoring
out the overall 2¢ from the summation. The second term
results from the case where b, = 0, which reduces to
computing aj_,.

Before proceeding, we introduce a useful lemma for our
subsequent computations:

Lemma 21. The number of k-dimensional subspaces of
an n-dimensional vector space over Z,, aj defined in
Eq. (ES), satisfies the following relation:

(E7)

k=0 i=0

Now, we simplify Eq. (E3) by substituting af with af~! and a}~|:

n

y
|£(Z4 toric code)| = Z (2kap=t + a1 x 2(2

k=0

I
3
|

T
o

(E8)

(2) (2)
(24ap 'y x2\2/ + 3 apml x2\2/
k=1

where we must carefully adjust the range of the summations. Since ('2‘) = (kgl) + (le), we introduce the substitution
k' =k — 1 for the second term and rewrite the expression as
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|L(Z3 toric code)| = 3 (2kap=1) <k>+zanl <k—1>+(k11>
(2Fap! x2<k> +sz " 1x2<k/>

- nz;i(ﬁzk(l +2")> x ap=! x 2(];)

By repeatedly applying the recurrence relation in Eq. (E7), we reduce the summation involving aj down to agz

=
,_

W
o

=
,_

n—

=~
Il
=}

8]

y

n— 1

|£(Z5 toric code)| = < 2K(1 + 2i)> X ap=? x 2<2
0

i=

T
(=)

=
w

e cala)

k=0 (E9)
(2)
0 n—
:Z(sz +21) ) x al x2
=0 \i=0
Finally, by a) =1 and (J) = 0, we derive
n—1
|£(Z5 toric code)| = [ (2 + 1) (E10)
i=0
u

In the final part of this appendix, we prove Lemma 21.

Proof of Lemma 2 1. We begin the proof by simplifying the left-hand side. Using Eq. (E6), we substitute ag’l with aZ’H
and a}~1=1:

S (f02) a2

y
n—I -1
= ( 241+ 2")) x (2%a) "+ af ) 2(2

=

<] ()¢ (2)
——1 —1 n
:Z<sz(1+2i)>x2ka;;—l—lx2 +Z(H2k +21) >xa"“x2 2/,

=0 \i=0 Py
where we have adjusted the range of the summations. By the identity (4) = (*;') + (*') and the substitution k¥ = k — 1

for the second term, we rewrite the above expression as
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k=
(")
= (H 1+2’>x2k”“x22
k=0 Ni=
(2)
|
—= H2k1+2’>x2kak“x2 2
k=0 \i=0
(2)
n=l-1 s 1
— (sz +2)> ar=1x2 :
k=0 \i=0
Therefore, we have proved Eq. (E7). [

APPENDIX F: EXTENDED APPLICATIONS
OF ALGORITHM 1

As shown in previous sections, we have employed
Algorithm 1 to determine boundary gauge operators that
commute with the bulk stabilizers. This algorithm has
broader applications, allowing us to identify all operators
that commute with a given set of input operators within a
specified range. In Sec. IV B, we concentrated on finding
boundary gauge operators within a specific boundary
range. By selecting different input operators over various
ranges, we can derive further results of interest.

The essence of the algorithm lies in computing operators
that commute with the input operators. This method can be
used to obtain condensed bulk strings that terminate on the
boundary or to generate bulk strings passing through a
defect, as discussed in Appendix F1. Moreover, the
algorithm can be applied to identify the operator located
at the endpoint of a finite defect line, as described in
Appendix F 2.

1. Bulk strings terminating on boundaries
or passing through defects

We can apply Algorithm 1 to obtain condensed bulk
strings, as it ensures that these strings commute with all
stabilizers and the additional boundary terms. Instead of
selecting the range of Pauli operators along the boundary,
as described in Sec. IV B, we choose a range where the
Pauli operators act along a finite-width line extending
from the boundary into the bulk. Using Algorithm 1, we
can find operators that commute with both the boundary
Hamiltonian and the bulk stabilizers, except near the
endpoint of the line in the bulk. In practice, this can be
done on a finite lattice by defining the range of Pauli

- <k—l)+<k—1>
<H2k(1+21> nllX2 2 1
k/
= ' , <2>
<H2k+1(1 +2l)> x 2K a1 % 2
()
1 /-1
(HZ"’(] +21’)) X21+k/az/7171 w2\ 2

|
operators within a rectangle that spans from the right
boundary to the left boundary.

The procedure for bulk strings passing through a defect
is similar. We select a range of Pauli operators that crosses
the defect from left to right. By applying the same
algorithm from Sec. IV B, we can find the bulk string
passing through the defect, ensuring it commutes with all
defect Hamiltonians and bulk stabilizers, except at its
endpoints. For specific examples, refer to Sec. V.

2. Determining commuting operators
at defect line endpoints

If the defect line is finite, we design the Hamiltonian terms
at its endpoints. First, we introduce all the defect terms with

A
A
7 X ) Z A
4 4 X] 4 4
Z Z
X
Z)
Z
X
X Z
X X X
X X X X
X X
X7
7
7

FIG. 33. The blue components represent the bulk stabilizers of
the Z, toric code. The green components indicate the defect
terms added along the defect line, extending up to its endpoints.
The red components highlight the defect Hamiltonian terms
specifically introduced near the endpoints.
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FIG. 34. Based on the construction shown in Fig. 33, we obtain the string operators that commute with all defect Hamiltonian terms,

highlighted in red.

translational symmetry in the y-direction along the defect
line, extending up to the endpoints. Then, we select a region
of Pauli operators large enough to cover one of the endpoints
and apply the algorithm to identify the commutant of the
defect Hamiltonian terms and the bulk stabilizers away from
the defect. This process effectively completes the topological
order around the defect endpoints.

Using this method, we can identify the operator at the
endpoint of the defect line, as illustrated in Fig. 33.
Furthermore, by applying the approach outlined in
Appendix F 1, we can derive the corresponding bulk string
operators that terminate at the defect endpoint, as shown
in Fig. 34.

APPENDIX G: EXPLICIT BOUNDARY AND
DEFECT CONSTRUCTIONS FOR VARIOUS
QUANTUM CODES

This section presents the explicit boundary and defect
constructions for various examples discussed in Sec. V.
Figure 35 illustrates 6 defects in the Z, fish toric code.
Figures 36 and 37 demonstrate 22 defects in the Z, toric
code. Figure 38 shows 6 defects in the three-fermion code.
Figure 39 constructs 6 boundaries of the color code,
representing both the left and right boundaries of semi-
infinite planes. Figure 40 lists 16 generators of the
boundary string operators for the (3, 3)-BB code.
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X X| X (| X X
X X X X
Z Z Z
or A A &2 FAW) or xlxlxlx or xlxlxlx
7 z |z |z |2 Z A A 7 X x A
7 7 v
(a) {e1,e2}-condensed (b) {e1, m2}-condensed (c) {m1, ma}-condensed
X X Z
X / Z Z z| Z Z z1z] 7 Z
X X| A I Y4 Z Z A I \'\ X 7 A I "4
7 7 7 T 71~ 7
Z 7 XZ Z 7 Z) s(Z Z) 7 X X XZ
, 1. v |2
7 7 X . z2\» |z x| Py z z X .
zZ Z Z
Z Z X A
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lelelsl 47 F 147 A7Vl o x|«
X X] X] X X| z Z) Z 7| 7| A 7| 7| ZZ A A 7 A 7 A X] ZY X
pal B Pl Wl Wl W5 il W W WA i W WA W b el Bl
7 7 X Z A Z 7] 7] 7] 7 \Z Z 7 7] 7 7 7] X
Z X X X X
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BEEEEE A N B IS I I I
(d) {mu1, e2}-condensed (e) {e1e2, m1ma}-condensed (f) {exma2, mie2}-condensed

FIG. 35. The defects of the Z, fish toric code. Blue components indicate bulk stabilizers, green components represent the defect
Hamiltonian, and red components show bulk string operators that terminate on or pass through the defect. The red strings commute
with the green defect Hamiltonian. Figures (a)—(d) depict non-invertible defects, where the left-hand side and right-hand side are
decoupled, with e; or m; and e, or m, condensed independently. Figures (e),(f) illustrate invertible defects: (e) corresponds to the
trivial defect, where the defect Hamiltonian matches the bulk Hamiltonian, and (f) represents the e — m exchange defect, where e and m
are permuted as they pass through the defect.
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FIG. 36. The defects of the Z, toric code (part 1). Blue components indicate bulk stabilizers, green components represent the defect
Hamiltonian, and red components show bulk string operators that terminate on or pass through the defect. The red strings commute
with the green defect Hamiltonian. (a) {e;, ¢, }-condensed, (b) {e;, m, }-condensed, (c) {m,, m, }-condensed, (d) {m,, e, }-condensed,
(e) {ejey,mym3}-condensed, () {ee3, mim,}-condensed, (g) {eje3, mm,}-condensed, (h) {e?e,, m;m3}-condensed,
(i) {eymy,mie3}-condensed, (j) {e;m3, mie;}-condensed, (k) {e;m3, mye,}-condensed, (1) {e?m,, m e3}-condensed,
(m) {e2,m?, m,}-condensed, (n) {e?,m?, e,}-condensed, (0) {e3, m3, e, }-condensed, and (p) {e3, m3, m, }-condensed.
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FIG. 37. The defects of the Z, toric code (part 2). Blue components indicate bulk stabilizers, green components represent the defect
Hamiltonian, and red components show bulk string operators that terminate on or pass through the defect. The red strings commute
with the green defect Hamiltonian. (a) {e}e3, m;m,, m3}-condensed, (b) {e?m3,m,e,,e3}-condensed, (c) {e ey, mim3,el}-
condensed, (d) {m2m3, e,m e,m3, e3m3}-condensed, (¢) {e;m,, m?e3, m3}-condensed, and (f) {2, m?, €3, m3}-condensed.
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FIG. 38. The defects in the anomalous three-fermion code are depicted. Blue components represent the bulk stabilizers, green
components indicate the defect Hamiltonian, and red components show the bulk string operators that either terminate at or pass through
the defect. The red strings commute with the green defect Hamiltonian. (a) {f¢f5, f* f4}-condensed, (b) {f4f5, f2f5}-condensed,

(©) {fSf5, fifs}-condensed, (d) {215, fif5}-condensed, (e) {f%f4, f¢f5}-condensed, and (f) {f%f5, f4f5}-condensed.
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(@

FIG. 39. The 6 boundaries of the color code for both the left and right semi-infinite planes are shown. Blue, red, and green
hexagons represent the bulk stabilizers of the color code. The green components indicate the boundary Hamiltonian and the
black lines represent bulk strings that terminate at the boundary without causing energy violations. (a) {ej,e,}or{es, e4}-
condensed, (b) {e;,m,}or{e;,my}-condensed, (c) {my,e,}or{ms,e,}-condensed, (d) {m,,m,}or{ms, my}-condensed,
(e) {e1ey, mymy} or {ezey, mymy }-condensed, and (f) {e,m,, m e, } or {e3my, mye, }-condensed.
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FIG. 40. The red components depict the 16 generators of the boundary string operators for the (3, 3)-BB code, as defined in Eq. (59).
Each string operator has a length of 12 and can be multiplied by its shifted version to form a longer string operator, moving the
boundary anyon by multiples of 12. While some of these string operators are shifted versions of others, the boundary anyons they
generate are not equivalent under local boundary gauge operators.
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