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Many complex quantum phenomena require a description that goes beyond the standard paradigm of
state preparations, evolutions, and measurements. A suitable framework for tackling such scenarios is that
of higher-order quantum operations, i.e., quantum operations that transform quantum operations. These
objects are fundamental to modern quantum theory, and recent years have seen a proliferation of technical
and conceptual results that fundamentally rely on them; they naturally emerge in quantum circuit
architectures, correlated open dynamics, and investigations of quantum causality, to name but a few fields
of application. In this tutorial, we provide a pedagogical introduction to higher-order quantum operations:
we offer the tools to work with them in various contexts and firmly embed them within the current research
landscape. Through this approach, our intent is to enable multiple points of access to the field, highlight
the interconnectedness of a priori distinct areas, and provide the means to meaningfully engage with state-
of-the-art research developments. We conclude by identifying open problems and future research

directions in this rapidly evolving field.
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I. INTRODUCTION

The advent of quantum information theory and its
applications for building quantum technologies has led
to a paradigm shift regarding the connection between
physics and information. On the one hand, the laws of
physics limit one’s ability to store, process, and retrieve
information; indeed, “information is physical” [1]. In other
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words, information processing protocols make use of
physical systems and, therefore, must abide by the laws
of physics. On the other hand, information-theoretic
principles have proven instrumental in axiomatically
deriving quantum theory (see, e.g., Refs. [2-5]). This
symbiosis manifests across diverse domains, from quan-
tum computation [6-8] and cryptography [9,10] to pre-
cision metrology [11,12], quantum thermodynamics
[13,14], and open quantum dynamics [15,16], establishing
a fundamental principle: Physics defines the boundaries of
information processing, while information processing
shapes our understanding of physical reality.

This interplay becomes particularly crucial in quantum
technologies. The fundamental challenge across quantum
computation, communication, and cryptography lies in
efficiently and reliably encoding, processing, transmitting,
and reading quantum information—a task complicated by
the inherent fragility of quantum systems. Short coherence
times and thermal fluctuations in quantum devices,
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whether in trapped ions [17] or superconducting systems
[18,19], as well as spurious noise harming optical setups
[20,21], necessitate optimal resource utilization to achieve
meaningful quantum advantages [22,23]. Both static prop-
erties (e.g., coherence, entanglement, and non-local cor-
relations) as well as dynamic ones (e.g., the generation,
transmission, and/or detection of quantum features) are
of utmost importance to understand, quantify, mitigate,
and control for next-generation quantum applications.
As a “catch-all,” we will often dub the latter type of
properties “temporal” and the former “spatial” [24].

However, traditional formulations of quantum theory
often treat space and time on an uneven footing. This
asymmetry manifests itself in several ways: State prepa-
rations are typically deterministic, while measurement
outcomes are inherently probabilistic. Moreover, averag-
ing over measurement outcomes performed on part of a
multipartite state leads to a correct reduced description of
the local statistics, whereas similar temporal averaging
generally fails due to measurement invasiveness [25].
These apparent inconsistencies point to a limitation in
describing quantum information processing across space
and time within traditional formalisms and require a
framework that can concurrently account for spatial and
temporal correlations in a unified manner.

Higher-order quantum operations (HOQOs) offer a
solution through their operational approach to quantum
theory. HOQOs describe transformations between stan-
dard quantum objects—states, channels, measurements,
and instruments—while ensuring valid probability distri-
butions for any experimental intervention. While these
operations often encode spatiotemporal structures of an
envisaged scenario—as is the case for multitime quantum
processes [26—29]—they can also describe more general
causally indefinite processes [30-32]. In particular—in
contrast to the case of states—quantum operations have
both an input and output; hence, whenever considering
transformations between sets of operations, questions
regarding the causal relations among them emerge natu-
rally. From this perspective, the framework of HOQOs is
suitable for analyzing causality and foundational questions
thereof in quantum theory.

Within this framework, all quantum objects become
operations that can be considered as linear maps: State
preparations map probability distributions to quantum
states, measurements transform states into outcome prob-
abilities, and channels convert input states to output states.
Truly higher-order operations include operations that take
quantum channels to quantum channels via encoding/
decoding procedures and mappings from quantum instru-
ments to probability distributions.

The framework’s power lies in its unification of spatial
and temporal aspects of quantum theory and its broad
realm of applicability: it both characterizes spatiotemporal
structures in quantum experiments and enables enhanced

information processing through temporal feed-forward,
circuit optimization, and causal structure verification. For
instance, feeding forward information in time is critical for
benchmarking and correcting errors that are correlated
in both space and time in quantum computers [33-37].
Quantum circuits can be optimized via pre- and post-
processing to transform certain operations into other
more desirable ones [26,38—41]. In the fields of quantum
cryptography, computational complexity, and distributed
quantum computation, HOQOs can be employed to
model multi-round games and protocols where correlations
are shared and/or communication is possible [42—45] and
have been explicitly used to analyze complexity classes
of quantum computation with indefinite causal structures
[46-48]. Lastly, spatiotemporal structures, such as the
causal connection and/or causal ordering between labora-
tories that are separated in space and/or time, can be verified
via operational procedures [49-51]. In short, the quantum
information community broadly understands the resource-
fulness of spatial correlations in quantum states, and
the framework of HOQOs allows one to similarly unam-
biguously quantify and rigorously understand spatiotem-
poral resources such as non-Markovianity (memory)
[28,29,52-55] and causal non-separability [30,49,51].

Since almost all complex physical scenarios involve an
interplay between dynamic and static properties, it should
come as no surprise that such operational descriptions have
been discovered (and rediscovered) within a variety of
different contexts: analyzing memory in open quantum
dynamics [28,29,52,56-59], developing quantum circuit
architectures [26,38], characterizing correlations in com-
plex networks [27], determining optimal quantum strate-
gies for games and information-processing tasks [44], and
describing situations with indefinite causal relations
[30,31,49,60], to name but a few.

While a priori distinct areas of research, all of these
fundamentally concern the interplay of spatial and temporal
properties. As a consequence, in recent years, it has become
increasingly apparent that these fields overlap significantly
through their shared foundation in HOQOs. Indeed, all of
the aforementioned works implicitly employ HOQOs as
their underlying conceptual framework, albeit not neces-
sarily always explicitly phrased in the language of HOQOs.

Correspondingly, our aim in this tutorial is threefold:
i) to provide a pedagogical point of entry to the general
theory of HOQOs; ii) to make explicit the fundamental
relationships between the many different fields that
employ them; and iii) to offer a bridge connecting the
mathematical framework of HOQOs to state-of-the art
research. An explicit goal of this tutorial is to not discuss
HOQOs in a vacuum, but rather to synthesize methodology
and application. With this in mind, we envision this tutorial
to be of help for a variety of readers—from a budding
practitioner aiming to learn the technical details and
conceptual underpinnings of HOQOs, all the way to
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specialists working in specific fields seeking to understand
explicit links to neighboring areas.

We begin by anchoring our initial discussion on three
simple yet illustrative motivating examples in Sec. Il A. We
then formalize these within the framework of HOQOs
throughout Sec. II, before finally recontextualising these
tools with respect to the current research landscape in
Sec. III. This latter section draws the connection between
the general mathematical formalism of HOQOs and several
of their key applications, such as higher-order quantum
information tasks (Sec. III A), open system dynamics and
memory effects (Sec. Il B), many-time quantum physics
(Sec. III C), causality and quantum foundations (Sec. III D),
and finally characterization and experimental demonstra-
tions (Sec. III E). All throughout, we illustrate these explicit
connections via worked examples that tie back to the
developed formalism. We conclude by outlining promising
future directions in this rapidly evolving field.

Reader’s guide. This tutorial aims to provide both a
pedagogical introduction and a comprehensive overview
of HOQOs. We begin with an extensive section on the
“fundamentals” (Sec. II), in which we develop the key
concepts and establish notation, carefully deriving impor-
tant results to help newcomers enter this exciting field.
This part is mostly self-contained, and we only assume
familiarity with the basic tenets of quantum mechanics and
linear algebra (see, e.g., Ref. [61] for an introduction).
Readers already familiar with the mathematical framework
of HOQOs can confidently skip this section. This expo-
sition of the conceptual underpinnings of HOQOs is
followed by a broad discussion of the “state-of-the-art”
of fields that employ HOQOs (Sec. III), in which we
clarify their interconnectedness and demonstrate the ver-
satility of the HOQO framework.

Given that HOQOs have emerged in various contexts
under different nomenclature—both explicitly and
implicitly—we have attempted to strike a balance between
maintaining consistent notation throughout while respect-
ing established conventions within different subfields.
In many of the included works, HOQOs tacitly play an
important role, but their usage is not necessarily explicit or
immediately obvious. Their inclusion in this tutorial and
the corresponding extension of the scope of HOQOs to all
areas where they de facto feature aims at elucidating their
ubiquitousness and is designed to reveal connections
between seemingly disparate fields of research. On the
other hand, our coverage is necessarily selective—we
explore certain topics in considerable depth while present-
ing others more broadly, particularly in areas where
detailed reviews already exist. While we have endeavored
to be thorough, the expansive nature of the field means that
some relevant works may not be included. Nevertheless,
we believe this structure provides both an accessible entry
point for newcomers and a valuable resource for research-
ers already working in the field.

II. FUNDAMENTALS OF HIGHER-ORDER
QUANTUM OPERATIONS

This tutorial first introduces the fundamental concepts and
then presents some state-of-the-art applications of higher-
order quantum operations (HOQOs). We begin with three
motivating examples (Secs. II A 1-II A 3) that build intu-
ition. The rigorous mathematical framework is then system-
atically developed starting in Sec. II B, where we first review
the basic elements of quantum theory—states, measure-
ments, channels, and instruments—before showing how
these primitives can be combined to form HOQOs. We then
examine temporally ordered multitime quantum processes
from a constructive perspective (Sec. II C) before presenting
an axiomatic approach to HOQOs (Sec. II D) that reveals
exotic spacetime structures beyond conventional causally
ordered processes; Sec. II E explores such causally indefinite
quantum processes in detail. Throughout, our goal is to
equip the reader with both conceptual understanding and
technical prowess, enabling them to apply and extend this
framework across quantum theory.

A. Motivating examples
1. Open system dynamics with initial correlations

Let us begin with an illuminating example from open
quantum system dynamics that naturally introduces
higher-order quantum operations (HOQOs) and highlights
their key properties. Broadly speaking, the main goal
of the study of open quantum system dynamics is to
describe the evolution of an experimentally accessible
system (S) that is coupled to an experimentally inacces-
sible environment (E) (see Fig. 1). Together, the evolution
of § and E is closed—and thus the evolution from an initial
time =0 to a final time ¢ is described by a unitary
transformation {/,. On the other hand, if we focus on the
system S alone, its dynamics is open, due to its interaction
with the environment. Concretely, one could, e.g., consider
a qubit in a quantum experiment that is evolving in time
and subject to noise due to unwanted interactions with its
surroundings. One of the main goals in the study of open
quantum system dynamics is to find a description of the
evolution of the accessible system S.

Uncorrelated case. To obtain such a description of the
dynamics of S, we must distinguish between two different
scenarios: one is where at the starting time # =0 the
system and its environment are uncorrelated; the other is
the case where they begin correlated. We first discuss the
former case. In this scenario, we denote the possible
choices for initial system states at t =0 by p() and
the corresponding system states at a later time ¢ by pﬁ") .

The evolution p® > p!¥

by the mapping

can then be formally described

pgx) = trE(Uz[P(x) ® 7]) = CILOWL 2.1
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(b) Superchannel from Open System
Dynamics.

(a) Channel from Open System Dynamics.

FIG.1. Open System Dynamics with Initial Correlations. Here and throughout this tutorial, information along wires “flows” from left
to right and we denote states by triangles with “output wires,” operations by boxes with “input” and “output” wires, and the trace (i.e.,
discarding of degrees of freedom) by a short diagonal wire. (a) If the system and environment begin uncorrelated, the influence of the
environment (ENV) on the system (SYS) is characterized by a quantum channel (i.e., a completely positive and trace-preserving map)

C, that acts on the space of the system alone, taking any input state p*) to the corresponding output state p5x> = C,[p™]. (b) If the system
and environment are initially correlated, the dynamical situation is operationally described by a superchannel 7, that takes preparation

maps (labeled by a choice of preparation x) M ™) to (subnormalised) output states p,x) = T,[MW)]. This example depicts a special case
of a superchannel (i.e., a HOQO with one open slot) with a trivial initial input space (i.e., there is no wire “entering” the superchannel
from the left). We distinguish between the overall (higher-order) quantum operations (orange), enclosed in the gray dashed outline in
the upper panels and comprising primitive elements (green), and the “input” objects upon which said operation acts (blue). While it is
difficult to adhere to an unambiguous color coding throughout—e.g., in many cases “input” objects can themselves be HOQOs—we

strive to follow these conventions as much as possible.

where 7 is the initial state of the environment, U, [*] :=
U, UtT is the unitary dynamics pertaining to the closed
system-environment evolution from time = 0 to ¢, and trg
corresponds to a trace over (or discarding of) the envi-
ronmental degrees of freedom [see Fig. 1(a)].

This evolution defines a quantum channel C,—a linear,
completely positive and trace-preserving (CPTP) map
acting solely on the system’s Hilbert space. A quantum
channel fully describes the evolution of any input state p*)
of interest under the influence of the environment between
times ¢+ = 0 and ¢. One could reconstruct such a channel
experimentally via tomography: Specifically, if the system S

is d-dimensional, then there exists a basis {p™) };%:1 of its
state space with d% elements (throughout, unless stated
otherwise, we will use an extra “hat” on states to denote that
they form part of a basis or are obtained from time evolving
a basis). Preparing such a basis of states as inputs to the
dynamics and measuring their time-evolved counterparts

{ﬁgx) }ﬁl then yields the reconstruction of the channel C,

via linear inversion techniques (see Sec. IIIE 1).
Noticeably, the quantum channel C, is an example of a

(first-order) quantum operation: it maps input quantum

states p®) (at time ¢ = 0) to output quantum states pgx) (at
time f). As we will see throughout the remainder of this
tutorial, CPTP maps such as C, constitute a lower rung of
an infinite ladder of conceivable higher-order quantum
operations, i.e., quantum operations that act on quantum
operations, and so on.

Correlated case. The necessity of truly higher-order
quantum operations becomes apparent when slightly altering
the above example. The situation changes fundamentally
when system and environment start in a correlated state ngp
at time t = 0; this is a rather natural case to consider, since
generically a system will have built up correlations with its
environment due to previous interactions. Nonetheless, an
experimenter may wish to probe the system dynamics by
preparing a set of input states {p*)} as discussed previously.
However, in contrast to the uncorrelated case, preparing
different input states now inevitably affects the environment
due to the system-environment correlations.

For example, the experimenter might prepare an initial
state by measuring the system in the computational basis
and post-selecting on a particular outcome; or they might
do so by discarding the system and replacing it with a fresh
state (which is, by construction, uncorrelated to the
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environment). Let us assume that any such preparation
procedure is labeled by x and corresponds to a map M*)
that acts (linearly) on the system alone. Then, Eq. (2.1)
would read [see Fig. 1(b)]

P& = trp (UMY @ Tp)Insel]) = T [MW],  (2.2)

where 7 is the identity map on the environment, encoding
the assumption that the experimenter cannot directly
influence it. The crucial assumption here is that the control
operations applied to the system M ®) are performed much
faster than the typical relaxation timescale of the envi-
ronment; although this might not be true in general, it is a
reasonable assumption to make in many situations, espe-
cially as control over quantum systems is ever-improving.
However, crucially, the experimenter could prepare the
same initial state of the system using operationally distinct
procedures. For example, consider the target state
p = |0)(0]. One preparation procedure is to measure the
system sharply in the computational basis and post-select
on obtaining outcome 0. The corresponding trace-non-
increasing map is
(Mios ® Ze)lnse) = [0)(0ls ® Olnsil0)s.  (23)
Conditioned on the successful outcome, the system is
therefore in the state |0)(0|, while the environment is left

in the conditional state 5\ := é%lgffo‘m.

experimenter could deterministically reset the system to
|0), e.g., by discarding it and replacing it with a freshly
prepared qubit. This is described by the trace-and-replace
map M, [p] := tr[p]|0)(0|. Its local action on the joint
system-environment state is

Alternatively, the

(Mrep ® IE)MSE] - |O><O|S ® g, (2.4)

where 7y := trg[ngg]. Thus, both procedures prepare the
same reduced system state, pg = |0)(0|, but generally

leave different states of the environment: 1120) #* 1.
Consequently, after the subsequent joint system-
environment evolution, the reduced system state may
depend on how |0)(0| was prepared:

trE(ut[(Ml()?st ® Zg)nsell) # tre(U [(Miep ® Zg)[nsell)-
(2.5)

Therefore, unlike Eq. (2.1), the dynamics cannot be
understood as a linear map acting on initial system states
whenever 7 is correlated. Nonetheless, Eq. (2.2) remains
linear in the preparation map M™, which only acts on the
space of the system. This defines a mapping 7, called a
superchannel, which is a higher-order quantum operation

that maps preparation procedures M) applied at time

(x)

t = 0 to output states p,”’ at time ¢.

We have thus encountered the superchannel 7, [57,59],
the first non-trivial example of a HOQO. That is, a map that

takes operations M@ to (subnormalised) states pﬁ") [cf.
MW is a map that takes states to (subnormalised) states].
Although here we have a map that takes input operations to
output states, we will also consider similar maps with one
open “slot” that take input quantum channels to output
channels [38]; we will refer to both cases as “superchan-
nels” throughout [62]. We discuss the physical relevance of
this shift of perspective in more detail in Sec. II B and
review the usage of HOQOs in the field of open quantum
system dynamics to understand complex quantum proc-
esses in Secs. [II B and I1I C. Here, we simply present some
pertinent properties of the superchannel 7 ,:

(i) While it is clear how a quantum channel C; is made
up of elementary building blocks—namely the joint
unitary dynamics U,, the initial environment state
7, and the partial trace trp leading to the Stine-
spring representation of quantum channels [63]—it
is a priori unclear how to obtain 7, in a similar
manner from the basic elements U,, ngg and trg.

(ii) As we mentioned, C, is CPTP, i.e., tr[C,[p]] = tr[p]

and C, ® Z, is a positive map for any arbitrarily
sized auxiliary system a. A priori, neither of these
properties seems to apply to—or even be mean-
ingful for—a superchannel 7 ,, begging the question
of what properties define a “proper” or “valid”
superchannel in quantum theory.

(iii) Finally, C, and 7, appear to be fundamentally

different objects. While the former acts on states
(i.e., operators), the latter acts on preparations
(i.e., transformations of operators). As we will
see, though, they can be treated on exactly the
same mathematical footing.

These questions motivate our systematic development
of the HOQO framework throughout this part of the
tutorial. Before doing so, let us first provide a second
example where HOQOs crop up naturally, namely in
designing and optimizing quantum circuit architectures.

2. Quantum circuit architecture

Higher-order quantum operations (HOQOs) naturally
emerge not only in open quantum dynamics with initial
correlations but also in quantum computation paradigms
that transcend the conventional prepare-evolve-measure
framework. This extended setting enables us to move
beyond merely enhancing the efficiency of problems with
classical inputs and outputs, allowing us to explore a fully
quantum information-processing paradigm where both
inputs and outputs can be intrinsically quantum mechani-
cal, without classical analogs.

From a computational perspective, standard quantum
operations can be viewed as black-box devices that trans-
form an input state p;, into an output state p,, (which
may subsequently be measured to yield a probability
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distribution). While such operations act as gates—or
boxes—that transform quantum states, higher-order quan-
tum operations work on a higher level: they transform
quantum operations themselves into other quantum oper-
ations. Such operations can be achieved through appro-
priate pre- and post-processing, potentially enabling the
optimization of entire quantum circuits for specific tasks.
The key distinction here is that the operations them-
selves serve as “inputs” to a higher-order “super-
operation” that produces valid “output” operations; thus,
the input operations play an analogous role to that of an
initial state in the standard setting. A straightforward way
to transform a quantum operation is to insert it as an input
into a larger quantum circuit and treat the resulting
concatenated circuit as the overall output operation.
Qubit unitary complex conjugation. To illustrate this
concept, let us examine a concrete example where we
transform a qubit unitary gate into its complex conjugate
[64-66]. Consider a unitary operator U representing an
arbitrary unitary qubit operation U[¢] = U+ U' and the
Pauli-y operator o, = i(|1)(0|—[0)(1]) = 1. Up to an irrel-
evant global phase [67], all qubit unitary operators U respect
o,Uoy, = U, (2.6)
where U is the complex conjugate of U in the computational
basis. This relationship constitutes a HOQO on the level
of the operator U as opposed to that of the corresponding
linear map U, i.e., left and right multiplication by a; =0,
and o respectively define the Kraus form for the HOQO
implementing qubit unitary conjugation. Denoting the qubit

state Pauli-y channel )[¢] := o, * a;, we can express the

- &

(a) Complex Conjugation of a Qubit Unitary.

HOQO 7T, achieving complex conjugation for any qubit

unitary map U as follows. Let 7, (U)[p] denote the overall

map 7, (U) applied to an arbitrary initial state p. Direct

calculation shows that

T.(U)lp]= UpU™ =U]p).
2.7)

YoldoY|p|=06,Us,po,U'tcy =

The above expression denotes the action of the HOQO 7,
on arbitrary inputs / and p. In particular, since it holds for all
p, we can deduce the following statement on how the HOQO
T, acts on arbitrary input unitary maps U/ alone, i.e.,
T .(U) = U. One interpretation of Eq. (2.7) is: If one plugs
an arbitrary qubit unitary map U as an input to the circuit
between two Pauli channels ), then the output map is its
complex conjugate U' =T ,(U) =U, as illustrated in
Fig. 2(a). We therefore have a constructive, universal method
to transform any unitary qubit operation into its complex
conjugate by simply performing another unitary before and
after it (namely )/)—all without any knowledge of the input
unitary to be transformed (beyond its dimension).

Key insights and generalizations. While seemingly
straightforward, this example highlights several important
concepts. The pre- and post-processing operations that
constitute a channel-to-channel HOQO are referred to
respectively as the encoder and decoder. Here, the encoder
and decoder are equal to each other and given by simple
unitary qubit Pauli rotations ), chosen specifically to
implement qubit unitary conjugation and applied before
and after the input unitary in an uncorrelated manner.
More generally, one could choose encoder-decoder pairs
to achieve other desired tasks (e.g., unitary inversion,

el -»

(b) General Transformation of a Quantum Channel.

(c) Sequential Transformation of Multiple Channels.

FIG. 2. Circuits transforming quantum operations. (a) The Pauli operation ) can be applied before and after an arbitrary qubit unitary
U to obtain its complex conjugate {. (b) More generally, an encoder channel £ and a decoder channel D can be used—potentially with
an auxiliary system a—to transform an input quantum channel C;, into some other output channel C,,. Such a transformation from
channels to channels constitutes the more general case of a superchannel (compared with that with a trivial input space described in the
previous section). (c) More generally still, one can concatenate a sequence of intermediate system-auxiliary channels {/C;} to transform
an entire sequence of input quantum channels {C;} into another channel C,,,. Here, and throughout, we depict objects in pink if we wish
to emphasize that they are the output/result of the action of a HOQO applied to another object, independent of what specific type of
object they represent; the input operations are depicted in blue; and the HOQOs mapping the inputs to outputs are depicted in green.
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implementing linear functions, etc.). Furthermore, they
could be unrelated to each other and could incorporate
noise, therefore possibly corresponding to (non-unitary)
quantum channels. Thus, a generic uncorrelated (uc)
encoder-decoder circuit to transform quantum operations
is formed by a pair of quantum channels £ and D that
transforms an arbitrary input quantum channel C;, (again,
not necessarily unitary) into an output one C,,, by sequen-
tially composing the operations:

Couw =DoCipol=T, (cin)- (2.8)

Here, the fact that the encoder and decoder are them-
selves quantum channels ensures that the output is a valid
quantum channel for any input quantum channel, which in
turn makes 7. a valid HOQO. In terms of applicability,
suppose that one can implement some channel C;,, but
desires to achieve a certain task (e.g., quantum state
discrimination) for which it is known that some other
channel, C,,, performs better. Then, one possible way to
improve performance would be to construct an appropriate
encoder £ and decoder D, i.e., construct 7 ., such that
Eq. (2.8) yields the desired channel.

Moreover, the encoder and decoder channels may be
correlated via an auxiliary quantum system that is inde-
pendent of the Hilbert space upon which the input operation
Cin acts, as shown in Fig. 2(b). More precisely, a general
encoder-decoder scheme transforms an input operation C;,
into the output operation C,, according to

Cout =Do (Za ® Cin) of= TSC(Cin)’

where 7 denotes the identity map (here, the maps £ and D
act on the principal system S and the auxiliary labeled by a;
cf. the uncorrelated scheme of Eq. (2.8) where they both
only act on S). The subscript on 7 g stands for super-
channel, which here has a global past and thus take quantum
channels to quantum channels (in contrast to that of the form
in Eq. (2.2), which takes input channels to output states). As
discussed later in this tutorial, under reasonable physical
assumptions, every transformation that takes any single
input quantum channel into an output quantum channel can
be realized in this way, i.e., by composing an encoder and
decoder channel (which may make use of a sufficiently

(2.9)

large auxiliary space to correlate them) [27,38]. Hence, this
constructive encoder-decoder circuit approach to transform
quantum operations provides a completely general charac-
terization of superchannels.

Following this circuit-based approach, another relevant
paradigm consists of transformations where an input quan-
tum channel can be used several times sequentially, as
represented in Fig. 2(c). In general, the input channel
queried at each time need not be the same. To describe
such a setting, one can concatenate sequences of (potentially
different) system-auxiliary channels {/C;} over the auxiliary
system to build what is called a quantum comb [26], with
many open slots for input operations to be inserted. Again,
the quantum comb could help one transform sequences of
sub-optimal channels for a given task into a better one.

Lastly, the scope of HOQOs extends beyond simple
operations to encompass modifications of entire quantum
circuits, complex networks, and probabilistic circuits. A
compelling future application lies in modular quantum
computing: imagine pre-fabricated quantum circuits where
certain components remain fixed while others serve as
customizable “plug-and-play” elements [68], allowing
users to tailor circuits for specific applications (see Fig. 3).
Similar, albeit distinct, settings that we will discuss below
concerns the ability for one to verify properties of quantum
devices, estimate quantum operations, and discriminate
between them. Notably, these tasks can be accomplished
without requiring direct access to the internal mechanisms
of the devices—a significant practical advantage when it
comes to privacy and security. The mathematical frame-
work of HOQOs provides the tools necessary for analyzing
all these scenarios, supporting various quantum informa-
tion processing tasks such as transforming [39—41], dis-
criminating [75,76], and estimating/learning (properties
of) [77-83] quantum operations.

Throughout this tutorial, we will explore the fundamen-
tal properties of HOQOs within the context of quantum
circuit architecture design. Like their quantum channel
counterparts, HOQOs must satisfy specific physical con-
straints to remain valid—constraints we will carefully
detail. By controlling the parameters that characterize
these operations, we can design optimal circuits (or at

FIG. 3.

Customizable quantum circuit architecture. A quantum circuit where some parts (green, within the shaded area) are fixed, but

other parts (blue) may be “plugged in” at the desire of the experimenter in order to customize the overall circuit to achieve a particular

goal, i.e., the channel (pink) on the r.h.s.
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minimum, effective black-box implementations) to
achieve desired quantum processes, which is an important
application in quantum information processing.
Furthermore, just as quantum state tomography allows
us to characterize quantum channels through input-output
relationships, one can probe the structure of HOQOs by
analyzing how they transform different input operations.
This method proves particularly powerful for verifying
spatiotemporal structures in which said operation is
embedded, providing a mechanism to test the principles
of quantum foundations. We will review developments in
line with this perspective throughout Sec. III E. Before
moving on to present the general formalism and tackle
such questions, we consider one last motivating example.

3. Causality in quantum theory

While we have explored HOQOs in open quantum
systems and circuit architectures—where they emerge
from clear physical pictures involving quantum circuits
or global unitary dynamics—their applications extend into
more “‘exotic” territory: quantum processes that may not
possess a pre-defined global causal order. This final
motivating example explores how HOQOs provide a
natural framework for analyzing such scenarios.

Three causal scenarios. Consider two parties, Alice
and Bob, performing experiments in separate laboratories.
In each experimental run, these two players perform
measurements on a quantum system that enters their
laboratory, record measurement outcomes, and send for-
ward the resulting quantum state. More precisely, Alice

implements an instrument 7 , = {M'}" on the incom-
ing state p4:, obtaining outcomes {a} and sending forward

states {/\/lﬁf)(pAl)}. Similarly, Bob applies the instrument

Tseq

7/

(a) Sequential Process.

(b) Parallel Process.

Jp = {/\/lg))}zl; |- (We will formally define instruments
in Sec. IIB3.) This setup allows one to explore three
distinct causal scenarios—sequential, parallel, and caus-
ally indefinite—and compute the associated joint proba-
bility distribution over outcomes {a,b} that the two
players might observe.

Sequential—Consider first a scenario where the labo-
ratories of Alice and Bob are connected in a causally
ordered way—say, with Alice’s output feeding into Bob’s
laboratory. The most general quantum mechanical descrip-
tion involves: Alice first probing the system part of a
global state pgp, the post-measurement state feeding
forward and interacting again with the environment via
some global unitary U, before Bob finally accessing the
system [see Fig. 4(a)]. In this case, the probabilities for
Alice and Bob to respectively observe outcomes a and b,
given that they employed the instruments 7, and J g, are
computed by combining the underlying “building blocks”
into a single HOQO, such that

P(a.bl7 4. T ) =tr| (M} ®Tp)oUo (M @) s

=T g [ MY MP] (2.10)

where 7T, is a linear map acting on the quantum

operations ME{” and ./\/ll(gb), which can be chosen freely
by Alice and Bob. This is analogous to the superchannel
T, of Eq. (2.2), with the slight difference being that, here,
two quantum operations are mapped to probabilities,
whereas in the previous example, 7, mapped a single
quantum operation to a (potentially unnormalized) quan-
tum state [84]. Note finally that one could envisage a
situation where Bob first has access to the system and

liar
1 _id

L
L

(c) Causally Indefinite Process.

FIG. 4. Causal structures of quantum processes. (a) Alice and Bob interrogate a quantum system that enters their respective
laboratories. Here, the state that Alice feeds forward enters Bob’s laboratory, while the state that Bob feeds forward is discarded. Most
generally, the state that enters Alice’s laboratory is correlated with some inaccessible environment and undergoes some unitary
evolution between Alice and Bob (green). The resulting causally ordered HOQO 7, is depicted by the dotted gray boundary [see
Eq. (2.10). (b) In another scenario, Alice and Bob could be causally disconnected. Here, the most general setting is that they each make
measurements on two independent subsystems of a joint initial state (green). Again, the resulting HOQO 7, is depicted by the dotted
gray outline, but in this case of causal independence, the map simply boils down to the initial joint state that they share [since the post-
measurement states are irrelevant; see Eq. (2.11)]. (¢) In principle, the global causal order between Alice and Bob could be indefinite
and therefore be described by a HOQO W that does not allow for a fixed causally ordered representation [like, e.g., the ones in (a) and
(b)], depicted by the yellow object. It is not necessarily composed of primitive elements such as states and unitaries, but nonetheless
leads to a valid probability distribution for any choices of instruments applied by Alice and Bob [see Eq. (2.12)].
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Alice comes second, in which case a similar expression to
above would hold, but with the order of the local inter-
rogations switched.

Parallel—Next, imagine a scenario where Alice and
Bob have no influence on each other, i.e., they are causally
independent and their instruments act upon distinct sub-
systems of some (potentially correlated) initial global state
pagp [see Fig. 4(b)]. In this case, the initial state p,p itself
acts as the HOQO, mapping measurement pairs to prob-
abilities via the Born rule

P(a. b7 0. Tp) = | (MY @ M) [pas]

= T e | MY M. @.11)
This common cause scenario attributes correlations to
shared past interactions between the subsystems [52,85-88].

The HOQOs in Eqgs. (2.10) and (2.11) encode the
particular structure of the underlying physical situation
at hand; in particular, the map in Eq. (2.10) accounts
for the unitary dynamics through which Alice’s outcome
can influence Bob’s, whereas that in Eq. (2.11)—since
it simply comprises a trace with the joint state,
T pur[®. o] = tr[(¢ ® o )psp]—encodes the fact that Alice
and Bob cannot exert any causal influence over each other.

Causally Indefinite—Moving beyond scenarios with
well-defined causal order established by some underlying
circuit, one might ask: What is the most general rule for
computing joint probabilities that agrees with quantum
physics and respects causality locally (i.e., inside the
respective laboratories) but not necessarily globally (i.e.,
there is no assumption of an underlying circuit)? The
answer comes in the form of a linear mapping W (see, e.g.,
Refs. [30-32] and Sec. III D) which yields these joint
probabilities via

P(a.b|T a0 Tp) = W[Mﬁ(”, Mgﬂ, with
W[MA,MB] - 1 V MA’ MBECPTP,

(2.12)

where CPTP is the set of all CPTP maps [see Fig. 4(c)].
Specifically, Eq. (2.12) guarantees that CPTP maps are
implemented deterministically, i.e., with unit probability,
but imposes no further structure beyond that. While all
HOQOs 7 that emerge from some underlying dynamics
(e.g., an initial state and some global unitary) satisfy
the properties of a map W as defined above, there
exist HOQOs that satisfy Eq. (2.12) but cannot be
represented by any quantum circuit (or convex combi-
nations thereof) [30,49,60]. Employing HOQOs thus
enables the investigation of causally indefinite proc-
esses. Although the physical reality of such processes
remains debated [8§9-92], their mathematical description
closely parallels that of causally ordered processes,
differing only in specific structural properties (detailed

in Sec. III D). Most importantly, this framework allows
us to treat all HOQOs—whether causally ordered or
not—within a unified, versatile formalism that makes
their respective properties transparent.

Summary. The three motivating examples presented
above demonstrate the remarkable versatility of HOQOs
across quantum physics. Their application spans open
quantum system dynamics, quantum circuit architectures,
and the investigation of causal order. Other examples
include—but are not limited to—the study of quantum
games [44], within which distributed parties can maximize
their success probability of a game including measure-
ments and guesses by optimizing a corresponding strategy
(which corresponds to the HOQO they plug their mea-
surements into); the analysis of entropy accumulation,
used in the security analysis of device-independent quan-
tum key distribution [93,94]; and the field of quantum
causal modeling [52,86,95,96], where active interventions
are used to determine causal relations between different
events (the former being fixed by the HOQO that describes
the causal connections and signaling possibilities encoded
in the experimental situation at hand). While these various
applications may appear distinct, with different perspec-
tives and underlying assumptions, they share a common
mathematical foundation: HOQOs. The primary aim of
this tutorial is to present a unified framework that not only
encompasses these diverse applications but also illumi-
nates their similarities and differences.

B. Theoretical framework

We will now move to present the theoretical framework
that encompasses the aforementioned scenarios, following
much of the discussion of Refs. [27,97]. As we have seen,
there are two natural ways of motivating the theory of
HOQOs: a constructive one and an axiomatic one.
Regarding the former approach, HOQOs have emerged
as natural descriptors of general quantum circuits [26,27],
quantum games [44], non-Markovian open dynamics
[28,29], or non-anticipatory quantum channels (and trans-
formations thereof) [45,56,98]. We have seen this explic-
itly above in the examples of open quantum system
dynamics in the presence of initial correlations as well
as general circuit architectures, where HOQOs followed
naturally from the respective underlying dynamical build-
ing blocks.

On the other hand, HOQOs can be motivated in
purely axiomatic terms as the set of valid (in quantum
mechanics) transformations of quantum operations, trans-
formations of transformations of quantum operations,
and so on [2,5,99-103]. An example for this vantage point
is given by the discussion of causal order in quantum
mechanics in the previous section. While the constructive
approach leads—by construction—to HOQOs that encode
causal ordering (stemming from the spatiotemporal rela-
tions of the underlying circuit), the axiomatic approach
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offers greater flexibility. When causality is not explicitly
imposed—either directly or through other requirements
(see Sec. II D 2)—it can describe more general scenarios
where causality holds only locally, without requiring a
global causal order [30,31,49,60]. Here, we first lay out the
constructive approach to HOQOs and subsequently circle
back to the more general axiomatic one in order to provide
a well-rounded picture.

1. Notational conventions

Throughout this tutorial, we only consider finite dimen-
sional complex Hilbert spaces ¢°; hence ¢ is always
isomorphic to C¢ for some dimension d € N. With respect
to a Hilbert space .7#’, we denote the set of linear operators
[104] thereupon as .Z (), the set of quantum states by
St(.#), and the set of positive semidefinite operators by
Pos(.7); all of these form convex sets, meaning that any
element X can be constructed via a convex mixture of other
elements in the set, >_; p;X’, where {p;} forms a prob-
ability distribution (i.e., a collection of non-negative real
numbers summing to unity). We will also typically restrict
ourselves to discrete measurement outcomes x €N,
although with careful analysis most concepts can be
extended to the continuous outcome setting.

Regarding notation, we will often label the system that a
state corresponds with by capital Latin letters A, B, ... as
subscripts, e.g., pa € Z(54). On the other hand, we will
typically denote summation indices with i, j, ..., time with
t, discrete times with k, and outcome labels as (a), (b), - -
superscripts. We will occasionally omit either type of label
wherever no confusion can arise, and in very few cases
(i.e., whenever the notation becomes too dense) we will
make exceptions. We will furthermore often require spaces
that are isomorphic to one of interest X, in which case we
will label these with a prime, i.e., X = X’ is such that
dim(X) = dim(X’). Whenever clear from context, we
write X = X’ instead of .7y =~ 77y and dy = dy instead
of dim(.7y) = dim(.¢yx). Lastly, we will denote reduced
states of composite systems by removing the label of the
ignored system, i.e., py := trg[pas)-

For better bookkeeping, throughout this tutorial we will
often distinguish between the input (i) and output (o)
space of a map (and also use them as subscripts to denote
spaces), even if their dimensions coincide, such that a
map F: L(H;) - L(H,) takes linear operators act-
ing on an input Hilbert space .7#’; to those on an output
Hilbert space 57,. We will, however, often drop the
Hilbert space labels where there is no risk of confusion.

2. Linear transformations

In order to intuitively present HOQOs, we begin by
defining linear maps, which make up the primitive build-
ing blocks of all HOQOs.

Linear maps

Definition II.1. A map F: L () - L(H,) is

linear if it satisfies

F(aA + BB) = aF (A) + pF(B) (2.13)

for all complex numbers a,f€C and all operators

A,Be L ().

Note that any linear map JF acting on an operator A can
be written as

F(A)=> L AR, = A, (2.14)
k

where Ly, R,: J¢; — S, are linear operators. Above,
the operator A belongs to an input space £ (. ; ), which is
mapped to an operator A’ belonging to the output space
L(A,). Here, L, (Ry) are the left (right) operators such
that Ly, Ry: 9€; — 5€,. When d; # d,, L, and R; can
be represented by rectangular matrices.

The fact that physical quantum operations must be
linear (or at least convex linear) in their arguments
follows from the linearity of the mixing principle, which
is essential to any reasonable probabilistic theory.
Specifically, let A and B be elements of our theory
(here, e.g., two quantum states) with corresponding
images F[A] and F[B]. If one prepares A with probability
p and B with probability 1 — p, then, on average, one
obtains the state C = pA + (1 — p)B. Linearity of mix-
ing now corresponds to the requirement—satisfied by all
probabilistic theories—that the image F[C] of the aver-
age state C is the same as the average over the images
FI[A] and F[B], such that F[C] = F[pA+ (1 —p)B] =
pF[A]+ (1 —p)F[B]. This argument can then be
extended to linear, rather than convex (i.e., p €0, 1])
combinations, implying the linearity of quantum oper-
ations (see Refs. [101,105,106] for a detailed discus-
sion). We will show below that both quantum
measurement and quantum dynamics can be cast as
linear maps acting on quantum states, thereby placing
these different objects on a similar footing. Viewing all
quantum objects as linear maps in this way also lends
itself to considering HOQOs, which themselves are
nothing but linear maps acting on larger spaces; thus,
this definition will provide a natural foundation for
understanding HOQOs [107].

3. Quantum states, measurements, channels,
and instruments

Quantum states. We are now in a position to present the
lowest order quantum operation, i.e., a quantum operator.
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In particular, we will focus on guantum states, as described
by unit-trace, positive semidefinite operators acting on a
Hilbert space .7#. We have the following:

Definition 11.2. A (normalized) quantum state is an
operator p € £ () satisfying

trjp] = 1.

The set of quantum states on .57 is denoted by
St(H7).

p>0 and (2.15)

Apart from quantum states, there are two other major
facets to quantum theory: measurements and dynamics.
Below we will show that each of these is a linear trans-
formation acting on quantum states. The former is a
mapping from states (unit-trace positive semidefinite
operators) to probabilities (nonnegative real numbers that
sum to unity); the latter is a mapping from one state to
another state. Thus, these seemingly distinct concepts can
be unified through the lens of linear maps, providing a
cohesive mathematical structure. We begin with quantum
measurements.

Quantum measurements. Quantum states represent
the static component of quantum mechanics, containing all
information that can be extracted through measurements.
These measurements are mathematically described by
positive-operator valued measures (POVMs): collec-
tions J = {£™} of positive semidefinite operators sum-
ming to the identity matrix 1, encoding the fact that some
measurement outcome x must Occur.

Measurements/POVMs

Definition I1.3. A measurement/POVM is a collection of
operators 7 = {&M)} satisfying

ED >0 and &V =1. (2.16)

Each POVM element &%) corresponds to a possible
outcome x that could be recorded by the measurement
device J. For a given quantum state p, the probability
P(x|J) of observing outcome x when using measurement
device J = {£W} is given by the Born rule:

P(xlp, J) = rlp £,

(2.17)

The Born rule manifests a linear map commonly known
as the effect map [5,115]:

Definition I1.4. An effect is a collection of linear maps

{EM): L (A#) — C} that transforms states into prob-
ability distributions via the Born rule

EW[o] = tr[e W], (2.18)

This mapping aligns with the general form of linear
transformations [see Eq. (2.14)] when expressed with
L,(f) = R,({x) = (k|\/EY), where {|k)}9_, forms an orthogo-
nal basis of .27 Here, the relation L,({x) = R,(f> ensures real-
valued measurement outcomes and complete positivity
(see below) of £ [116]. Nevertheless, we have denoted
the output space as C to emphasize that the effect map
takes an input quantum state to the trivial output Hilbert
space of complex numbers.

Quantum evolution. Beyond measurement, physical
quantum systems evolve in time. In its simplest form,
noiseless quantum evolution follows unitary dynamics

p>UpU' =p, (2.19)

where U: 5, — S is unitary, ie., U'U = UUT = 1.
This represents a linear transformation as per Eq. (2.14)
with L, = R, = U. This operation maps operators
p€ZL(H) to operators p' € L (A ) such that the input
and output spaces are the same, i.e., 7; = J¢,. More
generally, evolution may occur between different input and
output spaces (as in isometries) or even be non-unitary due
to noise. Such situations can be modeled through the open
quantum systems perspective, which considers the noisy
dynamics of the system of interest to arise from an
interaction with an initially uncorrelated auxiliary state 7
of sufficiently large dimension via unitary system-auxiliary
dynamics U(e) = UU' for some unitary operator
U:. ., - .., and a discarding of the auxiliary
degrees of freedom. This is captured in the following
definition of a quantum channel:

Quantum channels

Definition I1.5. A quantum channel is a linear map
C: L(H;) - ZL(H,) of the form
Cle] = tro,(U[* ® 7.)). (2.20)

where 7, € St(,) and U() = U * U' for some uni-
tary operator U: J;, — .
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The above definition is constructive in the sense that it
details how the effective open dynamics arise from a
globally closed system by way of ignorance of some part
(namely, the auxiliary system), expressed explicitly via the
right-hand side of Eq. (2.20). Evidently, the quantum
channel C: X () - L (A ,) takes arbitrary input
states p € St(.77;) to output states p’ € St(,) following
the form of a linear map; its construction stemming from
quantum mechanics restricts the class of possible linear
maps and imbues it with the following properties:

Properties of quantum channels

Proposition II.1. A quantum channel is a linear map

C: L(H,) - L(I,) satisfying

1. Complete positivity (CP) : C ® Z[n] >0

2.21)
VY nePos(; ® )

2. Trace preservation (TP) : tr[C[p]] = tr[p]

(2.22)
YV peSt(Hy).
The set of quantum channels £ () - £(H,) are
often referred to as CPTP maps and denoted by
CPTP[.L (), L (A )], and simply CPTP whenever
the Hilbert spaces are clear from context.

It is straightforward to see that any transformation of the
form given in Eq. (2.20) leads to a CPTP map, i.e., satisfies
the properties above. Conversely, Stinespring’s dilation
theorem [63] states that any CPTP map can be realized
through an appropriate initial auxiliary state z,, global
unitary dynamics U/, and finally tracing out the auxiliary
degrees of freedom. Thus, the CPTP properties serve to
completely characterize quantum channels.

An alternate approach to deriving quantum channels—
which we will dub axiomatic—reverses this logic:
instead of constructing channels from underlying system-
environment dynamics, we begin by specifying what
properties a valid state transformation should satisfy
within quantum theory, and then characterize the complete
set of operations meeting these requirements. From this
axiomatic perspective, we ask: What requirements must a
(linear) map C: Z(H;) — L () satisfy to be a valid
state transformation in quantum mechanics? Three funda-
mental constraints emerge: First, the operation must
preserve Hermiticity, which is accomplished by setting
L, = £R;, for all k in Eq. (2.14). Second, the operation
must ensure the positivity of the output, even when acting
in the presence of any trivial extension, which requires it
to be completely positive (CP). Complete positivity
condition ensures that any input state, belonging to a
larger system, is mapped to a valid output state [117].

Third, to conserve probability (encoded in the state’s
trace), the operation must be trace preserving (TP).
The first two properties guarantee physical realisability,
permitting a physical implementation via dilated system-
environment dynamics. While complete positivity is
universally required, trace preservation applies only to
deterministic operations; probabilistic processes like mea-
surements correspond to trace non-increasing CP maps.

Importantly, while the constructive and axiomatic
approaches yield identical sets of quantum channels—
guaranteed to exist by Stinespring’s dilation theorem—
the axiomatic framework provides greater flexibility for
systematic generalization. By identifying which properties
are essential and which can be relaxed, we can explore
physically meaningful operations that lie outside the con-
structive paradigm. For example, as we shall see below,
relaxing trace preservation to trace non-increasing naturally
accommodates probabilistic processes such as measure-
ments. More dramatically, in the context of HOQOs (see
Sec. ITE 1), relaxing certain axioms while preserving others
reveals causally indefinite processes that cannot be realized
through any fixed circuit structure, yet remain operationally
well-defined and experimentally accessible. This flexibility
makes the axiomatic approach not merely an alternative
derivation, but an essential tool for discovering and char-
acterizing the full landscape of quantum processes.

A third equivalent characterization of quantum chan-
nels exists: A linear map is CPTP if and only if (iff)
it admits a Kraus representation [115,118] (see also
Secs. IIB 4 and 11 D):

Cll=> CeeCp with > ClC=1. (223
k k

where {C: J; — .} are arbitrary operators satisfy-
ing >, C}EC,( = 1. We note that the above form of a CP
map C corresponds to the representation of a general linear
map [given in Eq. (2.13) with L; = R; =: C;]. The addi-
tional completeness relation CZC « = 1is equivalent to
trace preservation of C.

Finally, note that a quantum state p € St(.7) itself can
be viewed as the output of a state preparation channel
R:C — Z() whose input space is trivial and which
prepares the state p with unit probability, i.e., R[1] = p.
The CP and TP properties of R then are then naturally
inherited by the state as positive semidefiniteness (p > 0)
and unit trace (tr[p] = 1) respectively.

Quantum instruments. Effect maps and quantum
channels represent two extremes of quantum operations:
Effects extract classical information from quantum states,
yielding outcome x with probability P(x|p,J), while
channels convert one quantum state into another without
extracting any information. A quantum instrument uni-
fies these concepts, encapsulating both operations
simultaneously.
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To construct instruments, one must first relax the trace
preservation condition for quantum channels to trace
non-increasing. While trace preservation ensures a deter-
ministic operation (preserving total probability), trace non-
increasing maps describe probabilistic operations, such as
measurement with post-selection. Intuitively, complete
positivity captures the physicality of the map (i.e., all
physical dynamics in quantum theory must be completely
positive), and trace preservation concerns whether or not
any such operation occurs with overall certainty or only
with some (non-unit) probability. Maps describing such
probabilistic operations, called CP maps (as opposed to
CPTP), retain the Kraus representation but with a modified
normalization condition ), CZC,C < 1. We denote the sets
of CPTP and CP (trace non-increasing) maps as
CPTP[L (), L (H )] and CP[L(HA;), L(H,)],
respectively, and drop the arguments whenever clear
from context.

Such non-deterministic quantum operations can be
physically implemented by coupling the system to an
auxiliary one through unitary interaction and performing
selective measurements on the auxiliary system (see
Sec. IID). Recording specific outcomes x leads to
probabilistic state transformations (CP maps C*¥)), while
averaging over all outcomes (i.e., tracing the final auxiliary
system out) recovers deterministic CPTP dynamics.

Instruments

Definition I1.6. An instrument J = {C™} is a collec-
tion of trace non-increasing CP maps summing to a
CPTP map, ie..C=>_, C% e CPTP. Each instrument
element CW: L(#;) — L (H#,) maps operators
to operators plus an outcome label x €N, such that
for all p >0

CWp] =p >0 with P(x|p,J) = tr[p™)].
(2.24)

Instruments naturally generalize POVMs (or, more
precisely, effects)—hence our decision to denote them
by the same label [J—addressing not only outcome
probabilities but also state transformations under meas-
urement, which is important in the context of sequentially
probed quantum systems. For a given instrument
J = {C(x)}, each element C) corresponds to observing
the outcome x, with the system state being transformed to
p1) = CWp]. The probability of observing the outcome x
is given by the trace of the output state.

This probability rule is reminiscent of the Born rule of
Eq. (2.17), which provides the probability of observing a
certain outcome when a POVM is applied. Indeed, for any

instrument, one can write

tr[CY[p]] = tr[CW[p]1] = tr[p CWT[1]], (2.25)
where the adjoint map A" is the unique linear map such
that tr[ A(X) Y] = tr[X.AT(Y)] for all linear operators X, Y;
then A(s) =Y, LR, implies A'(s) = R} *L;.
Evidently, the set {C")'[1]} forms a POVM yielding
identical probabilities to those of the instrument {C*)}.
However, a POVM does not determine the post-
measurement state, leaving room for various non-
equivalent instrument implementations. In contrast, an
instrument uniquely encompasses the dynamics of the
system due to measurement, providing the observed meas-
urement outcome, the probability of observing that outcome,
and the post-measurement output state, all in one object.
This distinction can be illustrated by considering two
different instrument implementations of a POVM {&()}:

(1) Liiders instrument: C<Lx) (p) = VEW py/EX) =
instrument:

P(xlp, ooy, .

(2) Measure-and-prepare Cap(p) =
tr[p 5(“‘)]0—(“‘) = [FD(x /)’ jMP)(y(x)

The first is the Liiders instrument J; [119], where

V&Y is the unique positive semidefinite square root of

£0), P(x|p, T1) = tr[C™ (p)] is the probability to obtain

outcome x and p(Lx) = CI@ (p)/P(x|p, J;) is the updated
normalized quantum state after the measurement with
outcome x. The second is the “measure-and-prepare”
instrument, where after the measurement a quantum state
o) is prepared, which can depend upon the observed
outcome x. While these instruments yield identical
outcome probabilities [P(x|p, J1) = P(x|p, Tmp)], they
produce distinct post-measurement states, demonstrating
how instruments provide a more complete description of
quantum measurement processes.

Revisiting motivating examples and summary.
Several key observations emerge from our discussion.
While channels, measurements, effects, and instruments
are all linear maps acting on quantum states (density
operators), the operations presented in our three motivating
examples operate upon quantum operations themselves—
specifically on instruments or CPTP channels—hence
their designation as higher-order quantum operations.

Another important point is that the operational descrip-
tion of quantum theory distinguishes two fundamental
classes of objects. The first class comprises those that
occur deterministically, such as quantum states or quantum
channels, as encoded respectively by unit trace and trace
preservation conditions. These conditions, though mani-
festing at different levels in the hierarchy of quantum
objects, encode the same underlying property. Importantly,
this notion of determinism does not mean that the state is
pure or known, or that a dynamics does not “mix” the
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spectrum of the system, or any such concept tied to notions
of non-randomness; rather, it signifies that the state
preparation occurs with unit probability, or that the fixed
underlying circuit describing the dynamics can be imple-
mented deterministically.

The second class encompasses objects that occur
probabilistically, such as measurements or instruments with
specific outcomes. While these operations are necessarily
CP, they need not be TP, reflecting their probabilistic nature.
As previously noted, any CP (but not necessarily TP)
dynamics can be physically implemented through a
Stinespring dilation where the environment undergoes
measurement rather than being traced out (see Sec. II D).
The fact that POVMs and instruments comprise collections
of CP operations summing to a CPTP operation captures an
essential principle: While some measurement device or
instrument certainly interrogates the system, individual
outcomes manifest probabilistically.

This deterministic-probabilistic dichotomy extends
naturally to HOQOs. While all of the objects and the
properties that we have discussed here so far are found in
“standard” quantum theory, we recall them both in order to
introduce notation as well as to show how they are all
instances of linear maps, which will allow us to naturally
generalize our analysis to the case of HOQOs. By
conceptualizing  states/measurements and channels/
instruments as linear transformations on appropriate
spaces, we recognize them as the first two layers in the
HOQO hierarchy. To develop a unified framework for the
entire hierarchy of valid quantum operations, we next
introduce the Choi-Jamiotkowski isomorphism. This rep-
resentation treats all linear maps on equal footing and is
endowed with many appealing properties, particularly in
simplifying the verification of CP and TP conditions that
can be challenging to determine for general maps.
Following this, we will introduce the link product, which
provides a systematic method for composing HOQOs in
this representation, enabling the construction of complex
higher-order circuits from simpler primitives.

4. Choi-Jamiotkowski isomorphism:
representation of linear maps

Up until this point, we have discussed HOQOs in a
rather abstract manner, as linear mappings between certain
spaces. It is now time to make them more concrete. In
general, there are many distinct ways to explicitly re-
present the action of a HOQO. For example, when
discussing CPTP maps C, we have already seen that their
action can equivalently be expressed in terms of a Kraus
representation [see Eq. (2.20)]—i.e., C[¢| = >, Ci * CZ—
as well as a Stinespring dilation [see Eq. (2.23)]—i.e.,
Cle] = tr [U[* ® 7,]]. We will discuss both of these rep-
resentations in more detail in Sec. II D. Unsurprisingly,
HOQOs possess a similar freedom with respect to how
their action can be written.

MAP CHOI OPERATOR

FIG. 5. Choi-Jamiotkowski isomorphism. A linear map F can
be expressed as an operator F via its action on one half of an
unnormalized maximally entangled state ®*.

While all statements about HOQOs are, quite naturally,
representation-independent, i.e., independent of how we
choose to express their action, many properties and
relations find particularly elegant expression through the
Choi-Jamiotkowski isomorphism (CJI) [120,121]. The
CJI enables us to represent linear maps as operators,
placing all spatiotemporal quantum objects on equal
mathematical footing. This representation proves espe-
cially advantageous for HOQOs—which, while acting on
linear maps themselves, remain linear maps in their own
right. Additionally, the relevant properties for quantum
operations, e.g., CP and TP and their higher-order analogs,
adopt particularly clear forms in this representation. This
operator formalism also facilitates the application of
established quantum state techniques, including semide-
finite programming, matrix product operator representa-
tions, and tools from entanglement and quantum resource
theories, amongst others. Following our discussion of the
CJI, we will subsequently introduce the [link product,
which provides the appropriate composition rule in this
representation, enabling both the definition of a spatio-
temporal Born rule and the construction of complex
higher-order objects like superchannels from elementary
components.

The CJI establishes a correspondence between any
linear map F: L (H;) - £ () and a bipartite oper-
ator Fe L(, @ ;) (see Fig. 5) [122]. Formally:

Choi-Jamiotkowski isomorphism

Definition I1.7. A linear map F: L () —» L(H,)
is isomorphic to the operator F,; € (7, ® ;)
via

Fos :=Choi(F) = (F@I)[@]=) F(i){(j))®li)(j

ij

(2.26)

where @7 := Zi}':l lit)(jjle £ (' @ 7 ;) denotes
the unnormalized maximally entangled state.
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Throughout this tutorial, we denote abstract maps by
calligraphic letters and their corresponding Choi operators
by sans-serif versions (or occasionally Greek letters
following established conventions). Thus, F_; represents
the Choi operator of the map F: L () —» L(H,),
and when unambiguous, we omit the explicit distinction
between maps and their Choi representations. Moreover,
when clear from context, we will drop the input/output
space labels and simply write, e.g., F instead of F_;. We

note that the basis {|i j)}f}zl can be chosen arbitrarily,

but once it is fixed, all basis dependent operations
pertaining to Choi operators—Iike transposition or com-
plex conjugation (see below)—are understood with respect
to this basis. Although various versions of the CJI exist in
the literature—differing in map ordering (Z @ F versus
F ® 1), transposition conventions, or normalization—
these differences, while affecting specific expressions,
do not impact the fundamental results presented here.
Lastly, note that in principle, the CJI can alternatively be
defined through the action of the map on half of any pure
state of full Schmidt rank (indeed, such a generalization
proves necessary to properly define the CJI in infinite
dimensions [123]).

With our definition of the CJI at hand, the action of a
linear map F: L (H;) - £ (7 ,) on an arbitrary input
operator p; € £(;) can be expressed in terms of its
Choi operator F; € (., @ ;) as

Flps] = tr;[Foi (1o ® pi)]. (2.27)

where tr; denotes the trace over 7 ;. Direct substitution of
P = ,sPrs|r)(s| and the definition of F,; = Choi(F)
verifies this expression:

try {Foi(“o ®/’D]
= > [(FIR @ k) (1) (1o ® pysls) (r])]

= 3 FIRNpntrtn = F | Spuclkitel| = #1oL

(2.28)

where p,, = (r|p|s), 8,, is the Kronecker delta, and we
have used the linearity of F.

Standard quantum objects revisited with the CJIL.
While the CJI establishes a general correspondence
between any linear maps and operators, quantum theory
imposes additional constraints on physically valid Choi
operators. Above, we have used the letter F to denote
generic linear maps; in what follows, we will use the letter
C to refer to quantum channels. A quantum channel
CeCPTP has a corresponding Choi operator C that
equivalently satisfies

C,; 20 (CP) and tr [C.;]=1; (TP). (2.29)

Positivity of the Choi state C_; follows directly from its
definition [see Eq. (2.26)] and the complete positivity of C.
To show that positivity of C; is sufficient for the complete
positivity of C, we first note that it allows one to write
Coi = D _p44lB)(B|, where 43 > 0 and {|B)} is an ortho-
normal basis of 7, ® ;. The action of C on a state
p € .L(A;) can then be written as [see Eq. (2.27)]:

Clo] = t: [Cos (1o ® p1)] = Y 25 (kIB) (BIE) (Klp|£)

Bkt

=3 \JatkIB KIplE) (B1E) 2= S KoK,
p

Bkt
(2.30)

where {|k)} is an orthogonal basis of .#; and
Ky =73 1 \/As(k|B)(k|. Positivity of C,; thus implies
that C admits a Kraus representation [see Eq. (2.23)];
any channel C with a Kraus representation is CP,
since for any #7>0 we have (C®I)[n] =) 4(K; ®

ﬂ)\/ﬁ\/ﬁ(K; ® )= ZZZﬂ >0, where we have set

Z; = (Kz ® 1),/ and made use of the fact that » has

a unique positive square root. Positivity of the final
operator follows from the fact that any operator of the

form Z;Zﬂ is positive semidefinite, and consequently so is
a sum of them. Concerning the second condition in

Eq. (2.29), we see that tr,[C,;] = 1; guarantees trace
preservation of C, since

triClp]) = tr{Cos (1, ® pT)] = trfir, [Cos "]
— ttfp"] = rfp]

for all p € £(;). Conversely, following the same lines,
requiring trace preservation of C implies tr[tr,[Cy;pt] =
tr[p] for all p, which is only possible if tr,[Co;] = T; (see
Sec. II D for a more detailed discussion of the properties of
Choi operators). Taken together, these conditions imply
that the Choi operator of a CPTP map is a supernormalised
quantum state, i.e., a positive semidefinite operator with
trace equal to d;; although not a normalized state, in
keeping with the literature, we will use the terms “Choi
operator” and “Choi state” interchangeably whenever
they correspond to a completely positive map [124]. For
trace non-increasing CP maps Ce€CP, the conditions
modify to C,; >0 and tr [C,;] < 1;. An instrument in

(2.31)

the Choi representation thus comprises a collection {ngf }
of Choi states of trace non-increasing CP maps such that
tro >, Cffi) | = 1, ensuring their sum constitutes a CPTP
map C.; = 3", C') € CPTP.

If the output space of an instrument is trivial (i.e., post-
measurement states are disregarded), an instrument
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reduces to an effect map {EW}: £(#) - C.
Normalization of the instrument ensures that we have
S~ E® = 1, confirming that {E®)} constitutes a POVM.
In this case, Eq. (2.27) coincides with the Born rule
Eq. (2.17). For an effect map EW[e] == tr[+™] with
POVM elements {£™)}, the Choi state is simply the
transpose of the relevant POVM element, i.e.,
E® = Choi(£™) = éXT, From Eq. (2.27), we obtain

EWp] = u[EWp"] = u[EWTp] = u[¢Wp] = P(xlp, T).
2.32)

using the self-duality of transposition tr[ATB] = tr[ABT]
and expressing the Choi state in terms of the original
POVM element [127].

More generally, computing probabilities for an instru-

ment J = {ngf} via Eq. (2.27) yields

P(x

p.J) =tlCWp]) = ros [CX (1, @ pT)]
= tr[(tro [CS?] )Tpi}.

Consequently, every instrument J = {ngl)} defines a
unique POVM {(tr,, [Céxl)])T} by tracing out the output
degrees of freedom [see Eq. (2.24)]. Conversely, a given
POVM may be compatible with multiple instruments, as it
contains no information regarding the post-measurement
state.

Two particularly important Choi states are those of the
identity map Zy and the partial trace try. Direct compu-
tation shows Choi(Zy) = @}, and Choi(try) = Ty.
Notably, this latter relation identifies the trace map with

(2.33)

(a) Superchannel

the trivial single-element POVM; indeed, the trace (or
equivalently, the identity matrix 1) represents the unique
deterministic effect [128,129]. Additionally, quantum
states p themselves emerge as Choi states of preparation
maps with trivial input spaces R: C — £ (). For a map
R preparing state p with unit probability, p = Choi(R),
with complete positivity and trace preservation translating
to the familiar conditions p >0 and trp] =1 for all
pES(I) [130].

Finally, an alternative construction of the CJI involves
first vectorizing an arbitrary linear operator A: J¢; — 7,
via

A) = (A @ 1)|0F) €, ® H,. (2.34)

With this, if F is an arbitrary linear map given by
F() =3 Ly*R), its Choi state is given by
F=> i |Li){Ri|. Analogously, if C is CP, such that
Cls] =>4 Ci*Cl, then its Choi state is C=
>k ICY(Cy|. In particular, if U is a unitary channel
given by U() = U+ U', its Choi state is U = |[UN{U].

CJI of motivating examples. The Choi-Jamiotkowski
isomorphism (CJI) extends beyond its familiar application
to quantum channels: It fundamentally provides an iso-
morphism between linear maps acting on vector spaces and
linear operators acting on joint vector spaces. This corre-
spondence naturally applies to HOQOs, as these are
themselves linear maps acting on spaces of input maps.
We can thus represent HOQOs as multipartite quantum
states through the CJI by inserting halves of maximally
entangled pairs into each open slot of the HOQO, as
depicted in Fig. 6 and as we will discuss in detail in
Sec. I C. Just as with quantum channels, the resulting

<I>+‘

foXa

(b) Process matrix.

FIG. 6. Choi states for HOQOs. Just as the Choi state of a channel can be constructed by feeding in half of a maximally entangled
state, the Choi state of any HOQO can be constructed by swapping in half of a maximally entangled state ®* at each open slot (denoted
by the vertical line with an X on both ends). (a) The superchannel 7 g gets mapped to a four-partite Choi state Tgc; (b) The process
matrix WV gets mapped to a four-partite Choi state W. Throughout, we will reserve orange and yellow to depict processes with a fixed
causal order (see Sec. II C) and processes with indefinite causal order (see Sec. Il E), respectively.
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Choi states of valid HOQOs exhibit specific structural
properties that generalize complete positivity and trace
preservation.

Let us revisit our three motivating examples of Sec. I A
in light of the CJI. In our first example of open quantum
system dynamics with initial correlations (Sec. 11 A 1),
we encountered the superchannel 7 that transforms any
preparation procedure M) at the initial time ¢ = 0 to the
corresponding output state [131] [see Eq. (2.2)]:

T: [L(Hy) > L(Hy)] » L)) with

(2.35)
M(x): g(%ol) g g(%OO),
where we relabel the final time as t = 1 for notational
simplicity.
Both objects admit Choi state representations. The input
preparation element M) is represented by a bipartite

operator M(())f))ol € L(Hyp ® H:) that is positive semi-

definite (M(()i)oi >0) and satisfies troe[)_, M(()f))Ol] =T,
which follow from the fact that { M)} forms an instru-
ment. Similarly, by swapping in half of a maximally
entangled state into the “input” space at time f,, the
superchannel 7 maps to a tripartite operator
Tiigo: €L(H 12 @ Hpe ® H ). This Choi state must
be positive semidefinite (T ipop: > 0) and satisfy
try: [Tiigegi] = Toe ® po: (for some state p: ), generalizing
the concepts of CP and TP to HOQOs (see Sec. II C).

Our second example [Sec. IT A 2, see Fig. 2(b)] featured
a quantum superchannel 7 g that transforms operations
between laboratories [132] [see Eq. (2.9)]

Tsc: [L(Hps) = L(Hpo)| = [L(Hpi) > L(Hpo)].
(2.36)

In words, this superchannel takes an input operation
Cp: L(Hy1) > L(H ) to an output operation
Cp=TsclCyul: L(Hp) » L (Hg) (here, we have
relabeled the spaces “in” and “out” in the example to
“A” and “B” respectively for convenience). This super-
channel has 4 “wires”—two that will eventually contract
with those of the input map C,, leaving two to correspond
to the output map Cyz. The four-partite Choi state
TBvoAiBi Eg(%lgo ® o ® <}iﬂAi (%4 %Bi) is con-
structed by feeding in half of a maximally entangled state
to the input spaces of both labs [see Fig. 6(a)]. Similarly
to the tripartite superchannel above, this four-partite
superchannel is completely positive (Tgojopig: = 0).
Moreover, as the overall operation takes place with
a fixed causal ordering, the superchannel satisfies
trpo[Tpogonipi] = Ty @ Tyipi, where Tyip: itself is a
quantum channel from B* to A%, i.e., it in turn satisfies
Taipgs > 0and try: [Tyipi] = 15:. We will later see that this
cascading structure of trace conditions characterizes

HOQOs that occur overall deterministically with a fixed
temporal ordering.

Finally, we examined process matrices )V that go
beyond fixed causal order (Sec. II A 3). These take two
instruments as inputs

Tsd MW LA L) — LA ).

®) (2.37)
TpdD My’ L(Hys) > L(Hpo)

and output a probability distribution P(a, b|T 4, Tg) =
WM M), e,

W: ([L(Hp:) = L(Hp0)], (2.38)
[ZL(Hp:) > L(Hpo)]) — C.

Thus, the process matrix has four “wires” and is
represented by a four-partite Choi state W i opige €
LAy @ Hpo @ Hpi @ Hpo) by feeding in half of
a maximally entangled state into the input spaces of both
labs [see Fig. 6(b)], as was the case for the four-partite
superchannel 7 g above. The Choi state must be positive
semidefinite (Wi 05150 > 0) to ensure valid probability
distributions for any pair of independent instruments, and
to guarantee that the process matrix maps completely
positive maps onto completely positive maps, even when
only acting non-trivially on a part of them (see Sec. IIE 5
for a more detailed discussion). Notably, the absence of
fixed causal order means there are fewer additional
constraints on the Choi state of V than there were for
the case of superchannels, which abide by a fixed causal
order (see Sec. IIE5).

Summary. With these foundational elements—the
basic quantum formalism and the CJI representation of
linear maps (see Table I)—we have almost all the pieces
needed to derive HOQO theory from operational princi-
ples. The final crucial element required is the link product,
which provides a unified rule for composing quantum
objects through their Choi states. This encompasses every-
thing from fundamental operations (like channels acting
on states and the Born rule) to genuinely higher-order
quantum operations (such as superchannels acting on maps
and process matrices acting on instruments). The link
product ultimately gives rise to the spatiotemporal Born
rule, enabling one to calculate observed probability dis-
tributions for quantum experiments with arbitrary causal
structure and establishing a comprehensive framework for
transformations between higher-order quantum objects.

5. Link product: composing linear maps
in the Choi representation

The link product is the mathematical operation that
enables the composition of linear maps in their Choi
representation. The form of such compositions can depend
on context, e.g., one can compose independent quantum
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TABLE 1.

Basic quantum objects as linear maps. All fundamental elements of quantum theory can be understood as linear maps

between appropriate spaces. Lower-order quantum operations include states (mapping probability distributions to density operators)
and measurements (mapping density operators to probability distributions). Their Choi states have simple representations: The Choi
state of a preparation map R is simply the prepared density operator p itself; while a measurement map £ with outcome x, defined by

the effect £[e] := tr[s¢()], has Choi state E®) = 0T

. The next tier comprises dynamical transformations between quantum states,

including deterministic quantum channels and probabilistic instruments (which capture both measurement outcomes and post-
measurement states). These are all special cases of HOQOs, with their properties generalizing naturally to the higher-order framework.

Object Map Action Choi CP TP
Quantum state R: C—- L) R[] =p R=p p>0 trlp] =
Measurement/effect  {£0}: £(#) - C EWp] = trp EW] EW =0T EW >0 S EW =
Quantum channel C: L(AH;) - L(H,) p' = Clp] C C>0 try [C] 1,
Instrument {CWY: L)) —» L(AH,) p) =W p) ck) CW >0 tro[>-, CW] =1,
states (in which case the link product reduces to the At the same time, we have K[p,| = N [Mp,]] =2 N[p,].
familiar tensor product) or one can compose sequential ~ Consequently, we have

transformations to, e.g., compute the output of a quantum

channel acting on a state. As we shall see below, both of Klp1] = Nps] = tr;[(13 ® pT)N3y). (2.42)

these cases—as well as various other more complicated
scenarios—are special cases of the link product.

Consider a simple case: a channel acting on a quantum
state, expressed as p' =C[p]. When the map
C: L(H;) - ZL(A,) is represented by its Choi state
C.;€e&(H, Q@ ), its action on an input state
p; €ZL(A ;) is written as [see Eq. (2.27)]

Po =t [(1, ® p})Cosi] =:ps * Cos € L(,). (2.39)

This represents a basic application of the link product x,
as the input quantum state here can itself be considered the
Choi state of a preparation map (i.e., a map with trivial
input). The key message is that the resulting Choi state
(here, p.) comes from the link product of the constituent
Choi states.

Similarly, when composing sequential channels
M: L) - L(H,) and N2 L(H,) - L(H5),
the Choi state of their composition K :=

NoM: L(AH\) - L (%) is given by the link product

of the constituent Choi states

Ksi = tro[(13 ® M3i) (N3, ® 1)) (2.40)
=M, x N3y, € Z(H3 @ 7).

Here, *Tx represents a partial transposition with respect
to the Hilbert space 7.

Proof. The validity of this expression can be checked
directly by expressing the action of both channels M and
N in terms of their Choi states [as per Eq. (2.39)]. First,
we know that the action of /C can be written as

Klpi] = tr; [(13 ® p{)Kai

= K31*p1. (241)

Expressing p, in terms of the Choi state of M as

pr = Mlpi] = tr;[(1, ® pI)M,;], we then see that

Klp1] = tr[(13 ® tr[(1; ® pf )Myy]™2) N3, ]
(T3 ® p) (13 ® My} (N3, ® 1))
= try[(13 ® p])tna[(13 ® Myj) (N3 ® 1)]]
try[(T3 ® pi )My * N3o] = (My; x N3p) % py,
(2.43)

thus providing the form of Ks; given in Eq. (2.40). (]

We emphasize that this result can be proven more
directly by invoking the associativity of the link
product (see below): N oM|p;] =Nz x (My; *p;) =
(N3z % My;) % p; =:K3; % py, such that K3 = N3 % My,
which is equivalent to Eq. (2.40). Above, we chose the
slightly longer derivation for the sake of pedagogy.

This formalism extends naturally to build HOQOs by
contracting certain spaces of maps while leaving others
open. Since all quantum objects can be described as linear
maps with associated Choi states, the link product provides
a unified rule for describing all sorts of complicated
scenarios, from complex quantum circuits to causally
indefinite process matrices (see below). It accommodates
various operations: composing independent quantum
objects (in which case it reduces to the tensor product),
computing measurement outcome probabilities (yielding
the Born rule), determining the output state of a quantum
channel for a given input, and concatenating sequential
quantum operations.

As we have discussed, we can compose many such
elemental objects in various ways to yield complex
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quantum circuit architectures, potentially with remaining
“open” slots. When constructing such complex networks
by linking elementary components, it iS important to
keep track of the spaces upon which each object/map acts
in order to ensure sensible results. For instance, input
states must match channel dimensions, output wires
cannot link to their own inputs (avoiding causal loops),
and input wires of different channels cannot be linked
together. We now present the formal definition of the link
product:

Link product

Definition 11.8. Consider two sets, a and f
with intersection an g and set differences a\p
and p\a. For operators AE.L(®yecqaH4) and
B€$(®ﬁjeﬁ j‘f/;/), the link product A % B is

A% B := traﬂﬂ[(]]ﬁ\a ® AT‘m/})(B ® ﬂa\ﬂ)]

(2.44)
EL(Hpa ® Ha\p)

Here, 1, ®jery Hj
and *Tn denotes transposition on I roy = ®Qjexny

is the identity matrix on 7, :=

/'.

As we will discuss in detail below, Egs. (2.27), (2.32),
and (2.33) can all be seen as examples of the link product
being applied to certain quantum objects. The link
product between two operators A and B consists of:
(i) “padding” both of them out with identity matrices (on
the spaces labeled by the sets #\a and \f, respectively)
so that they are defined on the same space overall;
(ii) partially transposing one of the operators with
respect to the spaces that both of them act non-trivially
upon (i.e., the spaces labeled by the set a N f); and
(iii) multiplying the resulting matrices and taking the
partial trace over the spaces that both of them act non-
trivially upon [133].

For pure/unitary operators, the link product can also be
expressed in terms of Choi vectors |U),, € 7, ®
and |V)),; € 7, ® 5 [see Eq. (2.34)] as

Ui % Vo = Y (11 ® (i) |UD 1o ® ({7l ® 13) [V
= (U ®

(2.45)

With this, it holds that |U), % [V)),; = |VU)),; and for
lw) € .7, we have |U),, x |y);, = Ulw). Moreover, the
resulting Choi state [UN(U|* [V)H{V| can be calculated
via (JU) x [V))(JU) * [V))T [91].

13)(1, ® [V)a3) €51 @ Hs.

The link product possesses several important properties:

Link product properties

Proposition I1.2. The link product satisfies the follow-
ing properties:

(i) Hermiticity preservation: The link product of
Hermitian operators is Hermitian.

(i1) Positivity preservation: The link product of
positive semidefinite operators is positive semi-
definite.

(iii) Associativity: For operators A, B, C acting
on Hilbert spaces labeled by the sets a,pf,y
respectively, with anpfny=@, we have
Ax (BxC)=(AxB)«xC.

(iv) Commutativity (up to a swap): AxB=
$(B % A)$, where $ is the unitary swap operator
on Hp o Q Hyp\p-

The first two properties (i) and (ii) ensure that concat-
enating physically valid quantum operations yields valid
CP maps, therefore remaining in the realm of physically
realizable objects. We prove these below.

Proof. First, it is straightforward to see that the link
product preserves Hermiticity. Let A = A" and B = B'.
Then

(AxB)" = (trans[(Tpra ® ATv)(B ® Toip)))’
= tarp[{(Tpra ® AT) (B ® T1p)} ]
= Uarpl(B ® Tayp) (1o ® AT )]
= sl (BT @ Toyp) (T ® (ATers)T)]

tanp[(B ® Taip) (1p10 ® ATev)]
[(

- tran/)’ 1]/)’\(1 ® AT(mﬂ)(B ® ]]a\/)’)}

= AxB.
(2.46)

Above, we have first used the fact that for any operator
My, €.2(#) ® #,), we have (tr;[M,])t = tr;[M,].
We then used the identity (M{})" = (Mi,)™ and hence
for Hermitian My,, we have (M[})" =M].. Finally,
we used cyclicity on the traced subsystem under the
partial trace, ie., for M,e 2 (¥ ® 5,) and
Ny € Z(H2 @ H3), trz[(Mi2 @ 13)(1; ® Np3)] =
(1) ® Ny3) (M2 @ 1;)].

Next, to prove (ii), note that AxB=
>« (C|A[k)(¢|B|k), where {|£)} and {|k)} each form
an orthonormal basis of ., Writing A=
> Al (@] in its eigendecomposition, with 1, >0
(since we assume A to be positive semidefinite), we obtain
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A%B = > VA1) (CIBIK) .k V2 = D K.BKL,

k,f,x X
(2.47)

where we have set K, := Y, \/4,(¢|¢,)(Z| and used the
fact that (Z|¢,) commutes with (#|B|k). As we have
seen in the discussion of the Kraus decomposition of CP
maps, if B > 0, then so is >, K,BK], proving property
(i1) above. u

The latter two properties (iii) and (iv) relate to proper
bookkeeping of the involved spaces: The condition
anpny=gis always satisfied in practice (by labeling
spaces appropriately) and prohibits ill-defined linkages. For
example, consider the link product A x B x C. An output
space of one map—say, A—can correspond to the input
space of at most one other map—say, B; but then it cannot
also appear as one of the labels of the third map C, leading
to an f Ny =@. In other words, once a set of labels has
been contracted over once, it cannot be contracted over
again; consequently, a label appearing more than twice in a
given link product expression evidences inappropriate
labeling. Associativity of the link product [property
(iii) above] then follows directly from the properties of
the trace. Without loss of generality, let us assume for
51mp11c1ty that Ae.iﬂ(j’fl ® %2), Beg(%z ® %3)
and Ce Z(#3 ® #,). Then B*xC = tr3[(1, ® BT?)
(C® 1,)] and

Ax (BxC)=tn[(1,®A™)(tr3[(1,®B™)(C®1,)|®1,)]
:tr32[(ﬂ43®AT2)(“4®BT3 ®“1)(C®ﬂ12)])
=tr3[1, @t [(1; ®A™)(B®1)|(C®1,)]

=(A*xB)*xC=A%xBx*C. (2.48)
oa={1,2,3} -
1 1=
3 -3
9 2
— %9
4 4
6 —6
5 5—
B =1{4,56}

(a) Example II.1: Independent objects.

The extension to more general index sets a,f and y is
straightforward.

The commutativity property (iv) ensures (up to appro-
priate space relabeling) consistent results regardless of
calculation order. Again, with proper bookkeeping this
property holds automatically, as the “position” of the
operators in an expression is rendered irrelevant due to
the labels, e.g., for two independent states, we clearly have
pa*pp=pp @ pa=pas® pp=pp*ps; this property
holds true for the link product more generally—as can
be seen by direct insertion—and the swap operator
becomes superfluous. Of course, in practical situations
it is sometimes necessary to explicitly account for the swap
operator, e.g., when calculating a link product in a
computer program. Importantly, this commutativity prop-
erty does not imply that sequential operations commute
(MoN # N oM in general), but rather that properly
labeled Choi states yield consistent results regardless
of their position in the link product formula. To see this
point more explicitly, we emphasize that, when properly
considering the labeling of input and output spaces,
MoN and N o M are only both meaningful objects if
they do not share any common spaces. For example, if
N: .,2”(%1)—)92”(%2) and M: g(%z)—)f(%_g),
then MoN: L(#) - L (3). On the other hand,
N oM does not make much sense as a concatenation,
since the output of M is not an input of A/. The only
possible interpretation of this “concatenation” would then
seem to be NoM=NQM: LA Q) —
L(Hy @ H3), where ', appears both as an input
and an output space, which is nonsensical (recall that
we explicitly distinguish between all involved spaces).
Naturally, if 75 = ¢, one can physically concatenate

(b) Example I1.2: Link product on the same
space.

FIG. 7. Link product examples (1). In each panel, C = A % B is depicted in the gray dashed outline. (a) Example II.1: Independent
Object. When the Choi states A and B are defined upon mutually exclusive spaces, i.e., a and f such that « N f = @, the link product
reduces to the tensor product. (b) Example I1.2: Link product on the same space. When the Choi states A and B are defined upon the
same space, i.e., a and f such that a = f3, the link product reduces to the trace, yielding a scalar. Note: Here, we depict the physical
meaning of the link product, not the mathematical operation it represents (i.e., in terms of partial transposes and traces—see Rem. I1.3

for further discussion).
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Simple link product examples. The link product is
particularly useful when considering (partial) composi-
tions of quantum objects, as we now highlight through
some simple examples. In what follows, we often drop the
explicit distinction between a map and its corresponding
Choi state; in particular, in the corresponding figures we
depict the action of the link product between Choi states in
terms of the corresponding action on the respective maps.
Although somewhat of an abuse of notation, this choice of
representation has the advantage of clarifying the physical
meaning of the link product.

the channels A" and M in the order N'o M: L(H5) —
L(Hy), where N2 L(A5) — L () has the same
action as V" but acts on a different input space and maps to
a different output space 5¢, = .7¢,. However, N is now a
different map to A\, and in general we have that N # N and

MxN#NxM as expected. Consequently, throughout
this tutorial, channels must always be understood as
equipped with labels for their input and output spaces,
and as long as this labeling is done diligently, the above
properties of the link product apply. Naturally, properties
(iii) and (iv) equally apply to the link product of Choi
vectors [see Eq. (2.45)].

As we have seen above, the concatenation of maps
can often be conveniently phrased in terms of the link
product, e.g., such that (AoB)jp|=AxBxp [see
Eq. (2.43)]. This result holds in full generality—i.e.,
even when the output space of B does not fully coincide
with the input space of A—and all concatenations of
maps and any higher-order objects can indeed be
expressed via the link product. To see this explicitly,
it suffices to show that the Choi state of A o B is equal to
A % B as defined above. To this end, we note that the
action of a channel 3 on a state p is indeed given by
the link product, i.e., Blp] =Bxp [see Eq. (2.39)].
Consequently, (AoB)[p] = ABlp]] =Ax (Bxp) =
(A% B) % p, where we invoked associativity of the link
product. Since this holds for all p, we can deduce that the
Choi state of Ao B is equal to A% B.

Link product of independent objects

Example II.1. When one independently prepares two
quantum states, py € £ () and oz € L(Hp), the
link product reduces to the tensor product:
pakop =0 Q@ py€L(Hy Q ). This is the
standard way of composing independent quantum
objects. As an aside, note that when keeping track of
Hilbert spaces through appropriate labeling, the order
of operators in the link product becomes irrelevant,
as the operation commutes up to relabeling: p4, ® o5 =
op ® p4. Throughout, in both equations and figures, we
will adhere to this convention of denoting the space that
an operator belongs to by labeling, rather than its
position in the tensor product. More generally, for
any two Choi states A, B defined on Hilbert spaces
labeled by disjoint sets a, f (i.e., a N f = @), we have
[see Fig. 7(a)]

Graphical representation of maps and Choi operators

Remark I1.3. Note that the graphical depiction in Fig. 7 AxB=B®A whenever anp=¢g. (2.49)
deliberately “mixes” the representation of HOQOs in
terms of maps (boxes with inputs and outputs) and in
terms of Choi operators (which would correspond to
triangles with wires to the right). Concretely, we label
the respective maps by their Choi operator labels (i.e.,
the corresponding sans serif symbols). This “mixed”
representation has the advantage of clarifying the

physical meaning of the link product, i.e., it depicts

Link product on the same space

the physical operation that the link product corre-
sponds to, instead of the mathematical operation it
represents.

Since we predominantly phrase results in terms of
Choi operators throughout, we will often opt for this
mixed notation to elucidate the connection between the
derivations in the main text—phrased in terms of link
products—and the underlying physical situation—
depicted in terms of circuits. Whenever we explicitly
intend to display the Choi operator itself, we will depict
it accordingly, i.e., by the corresponding triangle with
wires to the right (see, e.g., Fig. 17).

Example I1.2. Consider measuring a quantum system
using POVM elements {£%)}. When one takes the link
product between two Choi states defined on the
same space—say, p €. () and {EW) = WTY e
L(H,)—it reduces to the trace: prEN) =
trp EXT] = tr[p W] € C. This yields the standard
Born rule. More generally, for any two Choi states
A, B defined on Hilbert spaces labeled by the same set
(i.e., a = f), we have [see Fig. 7(b)]

A xB = tr[AT B] (2.50)

whenever a = f.
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Concatenating quantum channels Similarly, whenever a state is measured with an instru-

) ment but is not discarded, the resulting (sub-normalized)
Example 11.3. Consider two quantum channels,

state can be computed via the link product.
MZX(%A)_)X(%B) and N:g(%lg)—)

MBAEX(%B®%A) and NCBGZ(%C®%B) i ¢ ¢ q ¢ ¢ -
respectively. Their concatenation % =N o M: Example I1.5. For an initial state p € £ (. 4: ) measured
L(AH ) - L () has Choi state [see Fig. 8(a)] by an instrument J 4={AW}: L(H41) = L (H 4o)
Loy = Mgy % Neg described by Choi states Al?) . =Choi(A@), the post-
— 51 ® M;ﬁ;)(NCB ®1,)] 2.51) measurement state is [see Fig. 9(a)]
E.,g/ﬂ(%c (024 %A) GI(:O) =Py *AX?AI
This simple identity (together with the associativity and =ty [(Tge ® /’Xi ) AXZ)Ai] (2.53)

commutativity of the link product) allows us to directly
compute the Choi operator of arbitrary networks of
quantum maps. We have already encountered its proof
below Eq. (2.40).

€ L(H ).

The post-measurement state encodes the probability
to record outcome a in its trace: P(alp, J4) =

tr[A@[p]] = tr[o'Y].

The link product can equally be employed to denote the One can extend this example to a more general
action of trace non-increasing CP maps, as well as the action scenario of calculating the probability distribution over
of maps on only a subset of wires in order to, e.g., compute a pair of sequential measurements. Continuing from
quantum states conditioned on measurement outcomes. above, suppose that after the interrogation J 4, the

system evolves according to a quantum channel
C: L(Hyo) > L (H ) € CPTP, before being sub-
ject to a final measurement 7z = {B")} € L (A p:).

Computing conditional states

Example II.4. Consider a bipartite quantum state The probability of sequentially obtaining the outcomes
pap € ZL(H s ® Hp). Suppose that Bob performs a a and then b in this experiment is given by the standard
local measurement described by {Eg’)} € L (). The Born rule
conditional (subnormalised) state of Alice’s system is ®) (@
[see Fig. 8(b)] P(a,b|T 4. Tp) = tu[B" (C(AW[p]))].  (2.54)
(b) (b) (b)T When all maps are described in terms of Choi
(o2 _pAB*E —trB[pAB(ﬂA®E )]EX(%”A)
. ? ? 252 states, ie, A, =Choi(A®),Cy: e = Choi(C),
Bg’i) = Choi(B")) (where B")[¢] := tr[B(")] represents

B B
*

L
A o A
(a) Example I1.3: Link (b) Example I1.4: Conditional states.
product of quantum
channels.

FIG. 8. Link product examples (2). (a) Example I1.3: Link product of quantum channels. The concatenation of two quantum channels
M and N yields the quantum channel L = M % N (within the gray dashed outline). (b) Example I1.4: Conditional states. Consider a

bipartite state p,z upon which Bob makes a measurement {Eg’)}; the conditional (subnormalised) state of Alice for each outcome b is
Uﬁp = pap * Eg’) (pink).
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Bob’s effect), the expression can be written as

P(a,b|T 4. T5) =BY xCpipe kAL [ xpyi. (2.55)

As we can see, the link product generalizes both
spatial (i.e., tensor product) and temporal (i.e., trace
or concatenation) composition rules for quantum objects,
and it can be readily employed when operations only act
on a subset of wires. This allows one to build up more
complex HOQOs by linking together elementary build-
ing blocks. Here, we demonstrate how the (partial)
concatenation of two quantum channels leads to a
superchannel; this construction readily generalizes to
arbitrary numbers of quantum channels (see Sec. I1 C2
for more details).

Concatenating parts of channels

Example I1.6. Consider two quantum channels,
M.g(%A®%B)_)g(%C®%D) and
N: L(Hp Q Hg) - L(Hr® #), described
by the Choi states Mpepgs € L(Hp @ Hc @ H'p ®
Hy) and Ngppp € L(H 6 Q@ H'p & H'p @ H'p)
respectively. Concatenating these channels over the
system D leads to the dynamics .& := N o M: L (H
® Hp® Hp)—> L(He® HrQ® H) described
by the Choi state Lgrpepa € L(Hc ® Hr ®
Hg @ He® HpQ IHy)

LGFECBA = MDCBA * NGFED

=trp[(Tgre ® ME)DCBA)(NGFED ® Tcpa)l-
(2.56)

As depicted in Fig. 9(b), the resulting object L;rrcpa
can be understood as a superchannel with one open
slot. Indeed, it correctly reproduces the channel result-
ing from “plugging” an arbitrary CPTP map
Q: L(H¢) » L(AHg) with corresponding Choi
state Q. into said slot, since

Lerecea * Qce = Mpega * Ngrep * Qck
= Mpcpa * Qcg * Ngrep

= Choi[N 0 Qo M]|. (2.57)

Building HOQOs with more open slots follows in a

similar vein to Eq. (2.56) by linking together more than
two CPTP maps.

Link product for motivating examples. The power of

the link product becomes particularly evident when apply-
ing it to HOQOs. Two key properties—commutativity and

associativity—allow us to contract specific spaces while

leaving others open, enabling the construction of HOQOs

with open slots as we will formalize in Sec. II C. We first
return to see this applied in practice to the motivating
examples.

(1) Superchannels on Preparation Procedures: The
action of a superchannel 7 on a preparation
procedure M@ [see Egs. (2.2) and (2.35)] can
be expressed as pgf) =T ig00t * M(()’f,z)i.

(2) Encoder-Decoder Superchannels: The action of a
superchannel 7g- on an input operation Cy4
[see Egs. (2.9) and (2.36)] becomes C. . =
Tgoo4igi * Cyo4i - Moreover, the superchannel itself
can be constructed in terms of the encoder-decoder
circuit elements as Tgoygopigi =E_4ipi ¥ Dpogo,.

(3) Process Matrices: For a process matrix ¥V applied
to instrument elements Mg‘” € J 4, Mg’) €Js
[see Egs. (2.12), (2.37) and (2.38)], we have

P(a,b|Ta Tp) = Wy gopipe x MY % MP)
It is straightforward to verify the above expressions via
the definitions of the Choi state and the link product. We
hope that it is now clear to the Reader why this repre-
sentation is so favorable: All concatenations of quantum
objects—be they simple tensor products for independent
composition, the standard Born rule, quantum channel
dynamics, or more intricate higher-order scenarios—are
manifestations of the same rule, namely the link product.
Thus, working in this setting, one need not concern oneself
too much with worrying about complicated expressions
involving different kinds of objects (maps, operators, etc.)
but rather can simply cast everything into the Choi
representation and apply the link product appropriately.
As we shall see in more detail below (see Sec. II E) this
ease of framework even goes beyond the concatenation of
objects familiar in standard quantum mechanics and also
applies to all kinds of HOQOs, e.g., those displaying
indefinite causal order.

Link product “Rules of Thumb”

Proposition 11.4. The properties of the link product
imply several “rules of thumb” that generalize natu-
rally to the higher-order setting:

(i) Independent composition: Independent objects are
composed via the tensor product.

(ii) Spatiotemporal Born rule: When all wires in an
expression are contracted, the result is a prob-
ability.

(iii) Preservation of overall determinism: Linking deter-
ministic objects always yields another deterministic
object. Linking probabilistic objects yields a prob-
abilistic object (i.e., no supernormalised “proba-
bility distributions” can arise).
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Al Al

e =

(b) Example I1.6: Partial concatenation.
FIG. 9. Link product examples (3). (a) Example I1.5: Post-measurement states. Suppose Alice performs an instrument {AXf,)Ai} on a
quantum state p4: ; the post-measurement (subnormalised) state for each outcome is GXL) =Pk Ai“o)Ai (pink). (b) Example I1.6: Partial
concatenation. The partial concatenation of two channels M and N over subsystem D leads to a channel L that takes states in

L(Hy @ Hp ® H) to those in L(H - @ H'r ® H ). Equivalently, it can be understood as a superchannel L with one slot
(outlined in gray, rightmost), into which one could insert any channel Q: Z(¢) - £ () (not shown) to yield the correct

resulting channel from £(#, @ ) to L(Hr @ H ;) [see Eq. (2.57)].

Summary. We have explored a favorable representation
of linear maps—as operators via the CJI—that exhibits
particularly nice properties for the types of operations
relevant in quantum theory. We demonstrated how simple
objects such as states, measurements and channels, can
be concatenated via the link product when represented
in this way. The link product generalizes both spatial
(tensor product) and temporal (trace) compositions; all
concatenations—from simple tensor products to complex
higher-order scenarios—follow this same fundamental
rule. Working in the Choi representation thus eliminates
the need to handle different types of objects (maps,
operators, etc.) separately, placing them all on equivalent
mathematical footing. While this is not the only mean-
ingful way of representing HOQOs, given these advan-
tages, we shall opt for the CJI representation throughout
whenever appropriate.

So far, our discussion has mostly centered on “lower-
order” quantum operations that are familiar from standard
quantum theory, such as state preparations, channels, and
measurements. However, we also provided glimpses on

Fsy  Es Eo’
o 2 2* 2
foxs

how these concepts can naturally be applied to “higher-
order” settings by way of the motivating examples. The
Choi representation naturally extends to the higher-order
realm by linking elementary components across difference
spaces. This formalism sets the stage for constructing more
sophisticated quantum objects in a systematic way, as we
now move to discuss.

C. Time-ordered quantum processes

So far, we have explored how the link product can
be used to concatenate “standard” objects in quantum
theory—such as states, measurements, channels and
instruments—to yield other such objects or probability
distributions. More generally, one can concatenate all sorts
of complicated spatiotemporal quantum objects using the
link product, e.g., parts of quantum circuits, as shown in
Fig. 10, in order to construct HOQOs from such elemen-
tary building blocks. We begin with a simple such
construction, namely that of the superchannel in terms
of its underlying dilation, before generalizing to multitime
quantum processes.

FIG. 10. Superchannel construction. The superchannel T (orange, right), which acts only on the space of the system, can be
constructed explicitly by linking the Choi states of the initial joint state #, the joint unitary U and the trace 1 (green, left) over the
environment degrees of freedom (explicitly denoted by linking identity channels @ over the environment between times).
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1. Quantum superchannels: one-slot quantum combs

Quantum superchannels represent the simplest case of
HOQOs, characterized by having a single “open slot”
where an operation can be inserted. These mathematical
objects are particularly useful for describing open quantum
dynamics where a system interacts with an environment,
especially in scenarios with initial system-environment
correlations (as we considered in Sec. II A 1).

A superchannel combines several fundamental elements
of quantum mechanics: an initial system-environment
state ne.L(AH s @A Eli)’ a unitary evolution
U: L(AHs,, @ Hp.) > L(As, ® A,) acting on
both system and environment, and a final partial trace over
the environment trg, : £ (g, ) — C. Additionally, we
include identity maps representing the evolution of the
environment that remains inaccessible between times,
e, It L( Ay ,) > L(Ak,) and 11 L(H,) -
ZL(Hk,,). Here, we focus on superchannels with one
open slot and a future output wire (with no global past)
which conveys the crucial points; the case with a global
past can be derived similarly including an additional
space labeled by Sy and replacing the initial system-
environment state with an isometry map V: Z(#,,) —
g(%fjli ® ‘%ﬂsli)'

As mentioned previously, we distinguish between input
and output spaces (in the definition of ¢/ and Z) and do not
identify the systems S;: and S;.. This distinction between
input and output spaces is crucial as it denotes where an
experimenter can intervene throughout the process: Any
map M: Z(Hs ) - ZL(Hs,,) acts on the system in
between 7 and /. In contrast, the environment part of the
initial state “feeds forward” without intervention to
become an input to the global unitary evolution, repre-
sented by the identity map; similarly for the environment
degrees of freedom output by the unitary that eventually
get traced over.

The mathematical construction of the superchannel in
terms of its primitives can be described via the link
product. Expressing all of the constituent maps by
their  Choi states, ie, U g 5.5, = Choilf)e
L(Hs, @ H, @ Hs., Q@A) Ppop, =
Choi(Z) e L(H g, ® %”Exi) and 1g,, = Choi(trg,,) €
ZL(Hk,,), the Choi state Ts 505 €L(Hs, ®
Hs,, ® Hs,, ) of the superchannel 7: L[L(H s, ) —
L(Hs,,)| — L (A, ) is given by (see Fig. 10)

_ + +
TSziSIOSIi - H Ezo *(DEziEzo *Uszl EzisloElo *(DEliE]O *WSliEli

=T *Us  pros,or: *7s .k, » (2.58)

where in the final line we wused the property
Xap * @ = Xac, which encodes the fact that linking

an identity map with some object simply relabels the wire
appropriately. Although we explicitly included the identity
maps in the top line of the formula above, in most cases
we will only include it implicitly by identifying and
relabeling the wires that get connected. Finally, from this
point on, we will often drop the labels S and E wherever
unambiguous: For instance, we understand the super-
channel above T to act on the Hilbert space associated
to the system S at times #; (both input and output spaces)
and f, (only input space), and therefore will write the
condensed T,i 01 instead of TS2i §108,5 ON the other hand,

the labeling of objects such as U S,iEpoSioFE,s above (where

system and environment spaces must remain distinguish-
able) will be condensed to Ug

The construction above ensures two essential physical
properties for the superchannel: generalized complete
positivity and generalized trace preservation. Generalized
complete positivity ensures that the superchannel main-
tains positivity when acting on any (part of a) physical
operation, mathematically expressed in the Choi repre-
sentation as T,ijo;: > 0. This property guarantees that the
output of a superchannel remains positive semidefinite
(even when only acting on parts of objects). Generalized
trace preservation ensures overall deterministic evolution
and enforces causality by preventing any future measure-
ments from influencing past statistics (on average). This is
expressed in the Choi representation as try:[T,ijopi] =
Tio ® py: for some quantum state p;:. Conversely, any
operator satisfying said conditions represents some fixed
underlying system-environment dynamics (see Sec. II D).
Thus, we have:

Superchannels

Definition 11.9. A superchannel Ty o € L(H5, @
Hs,, ® %”Sli) is characterized by

yijo B0y

1. (Generalised) Complete positivity :Tyijo: >0
(2.59)

2. (Generalised) Trace preservation :
trzi [Tziloli] = ﬂlc ®p1i
for p: eSt(%li).

(2.60)

The fact that these conditions hold for superchannels
arising from an underlying system-environment dynamics
can easily be verified by applying the properties of the link
product and the fact that ¢/ € CPTP to Eq. (2.58). In
particular, since TSziSIoSIi =Tg,. * USZiEZOSIOEli * s E
the fact that TSzi 55, 2 0 follows immediately from
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property (ii) of the link product; moreover, we can directly
calculate

trys [Tospors] =trg, [Tg, *Us  prosioE, %755, ]

=y By [USziEzoSloE]i *”S]iEli] 2.61)
=Tso0r, *Ns s

:ﬂslo ®trEli [”SliEli] = ]] 1° ®p]i’

where py: = trg [”SIiEli]- As in the case of quantum
channels, these two properties refer to the physicality
and the overall deterministic occurrence of the dynamics.
Firstly, the generalized notion of complete positivity
means that for any physical operation Cg4 € CP that an
experimenter might implement on both the system § and
some additional auxiliary degrees of freedom A (of
arbitrarily large dimension), the resulting object
Ts ® Z,[Csy] is a CP map [57] (see Fig. 11); this also
implies Hermiticity preservation and that for any local trace
non-increasing CP map Cg applied, the resulting output
(potentially subnormalised) state is positive semidefinite.
Secondly, the generalized notion of trace preservation
ensures that whenever the superchannel acts on an oper-
ation Cy that is TP—i.e., overall deterministic—then the
resulting output state 7,: is of unit trace. Indeed, if

Cloli — ChOi{CS], then

tr[n21] — tr[Tziloli * Cloli] - tl'[tl'21 [Tziloli] * Cloli]
:tr[(ﬂlo ®pli)*cloli] — 1, (2.62)

where we have explicitly used trjo[Cio:] = 1,1 in the
last equality.

In addition, generalized trace preservation implies that
the Choi operator of the superchannel is a supernormalized
quantum state with trace equal to the dimension of the S
output Hilbert space. As we will discuss in more detail later,
for HOQOs, this generalized notion of trace preservation
means that the superchannel itself is an overall deterministic
object, which equivalently encodes a causality constraint:

FIG. 11. Complete positivity of a superchannel. The natural
extension of the notion of complete positivity to a superchannel
T means that its action upon any CP map C which acts on the
system and an arbitrarily large auxiliary system yields a map M
that is CP.

On average, no information can be sent from the future to
the past. This can be seen by considering an experimenter
that aims to send information from 1° back in time to 11 by

feeding states {ﬂgﬁ)} into the process. On 2%, they can

perform measurements, corresponding to a POVM {Egyi)},
which overall adds up to the unique deterministic effect

Do Egyi) = 1,:. Thus, on average, when aiming to send the

state ygﬁ), the experimenter would perform an operation that

corresponds to the Choi state 1,: ® /,t(l)f,). Plugging this
operation into the superchannel yields

(T ®ﬂ§)§))*T2iloli :,ug)g)*tl‘zi [Tyijo:] :,u(l)f))*(]] 10 ®p:)

:tr[ﬂgﬁ)]ﬂli =pit, (2.63)
which yields the initial state p,: of the system, independent
of the choice of /4&? , 1.e., no information was transmitted.
This impossibility of sending information back in time (and
more general variants thereof) is sometimes referred to as
no backwards-in-time signaling [134,135].

Conversely, for any operator satisfying the (generalized)
complete positivity [Eq. (2.59)] and trace preservation
[Eq. (2.60)] properties, there exists an underlying dilation
in terms of an initial system-environment state, a joint
unitary evolution and a final partial trace over the envi-
ronment [26-28,38] (as per the L.h.s. in Fig. 10); thus, said
operator is the Choi representation of some quantum
dynamics. This representation theorem is the higher-order
analog of Stinespring’s dilation theorem for quantum
channels [63] (see Sec. II D).

A particularly interesting case arises when the initial
system-environment state is uncorrelated, NS E; =
ps. ® g, . In this scenario, the superchannel simplifies
t0 Tyijes = Cpije ® pys, Where pys = pg . is the initial
system state and Cyio:= CS2 o X TE
is the quantum channel describing the open system
dynamics between times due to interactions with the
(initially uncorrelated) environment (see Fig. 12). This
can be seen directly by inserting Ns.E; =Ps; ® Tk, into

=1z *
E; UsziloE

ijo

C21 10 X P1i

T2i 1011

FIG. 12. Superchannel with no initial correlations. If the initial
system-environment state ngg = pg ® 7 is uncorrelated, the
superchannel T,:jo: (gray, dashed, left) reduces to a tensor
product form between the initial system state and an independent
channel Cyi o ® py: (gray, dashed, right).
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FIG. 13. Superchannel Action. The superchannel T (orange)
acts upon an instrument applied at the first time {M®™)} (blue) to
yield the (subnormalised) state p(") at the second time.

Eq. (2.58). This special case represents Markovian (mem-
oryless) quantum dynamics, where the system’s future
state depends only on its current state, not on its history.
That both the initial state p,: and the channel C,: ;- here act
on the Hilbert space of the system alone reflects the fact
that memoryless dynamics can be fully understood in
terms of two-point dynamical state transformations of the
system of interest.

In experimental settings, superchannels prove invalu-
able for computing output states and analyzing sequential

measurements. When an instrument J; = {Mgf,)li}e

L(H 1o @ 1) is applied to the system, the output
state is given by (see Fig. 13)

P = TIMO] =Ty pops % MW

IENEN

(2.64)

Here, the (subnormalised) state pg’i‘) output by the

superchannel has trace equal to the probability of observ-
ing outcome x when the system is probed with the
instrument 7;. It is labeled with 2% as it could be
considered as the “input” state to a final measurement
of the experimenter’s choice at time #,. Supposing that

such a measurement 7, = {Egy)} € L (A 5:) is made on

this state, then the probability of sequentially observing
outcome x and then y is computed as

Py T 1. Ta) = Tores x MUY X ED) (2.65)

The superchannel is a deterministically occurring object
and is the two-time version of the more general multitime
quantum processes that we will analyze in Sec. IIC2. In
contrast, the sequence of instrument and measurement here
together constitutes a probabilistically occurring object;
more generally, the experimenter could correlate the
instrument applied at #; with the measurement performed
at 1, leading to a generalized (multitime) instrument
known as a superinstrument, which we will explore in
Sec. I1 C 3. Both of these objects possess a representation
theorem analogous to Stinespring’s dilation theorem [63]
(see Sec. II D).

So far, we have phrased all of the properties of the
superchannel in terms of its Choi state; however, a
superchannel is fundamentally a linear map 7 from CP

FIG. 14. Alternative representation of a superchannel. A
superchannel 7 can be represented as a particular type of
1-to-2 channel 7 by pulling all wires corresponding to output
spaces to the left and those corresponding to input spaces to
the right.

maps, which themselves act as £ (:) - L (' 0), to
output states in L (), ie., T: L[L(H:)—
L(H10)] > ZL(H# ). The Choi representation is con-
structed by swapping in half of a maximally entangled
state at time #; [see Fig. 6(a)]. However, instead of
representing such a map via the CJI, one could represent
it by pulling all “input” wires to the right and all “output”
wires to the left (see Fig. 14). This leads to an equivalent
description of the superchannel in terms of a linear map
from outputs to inputs; by construction, this linear map is
CPTP in the regular sense [136]. However, it is not a
general one-to-two type quantum channel, as the causality
constraint imposes additional structure.

Superchannels find applications across various areas of
quantum physics, from modeling open quantum systems
with initial correlations to analyzing sequential quantum
measurements. They provide a powerful framework for
studying quantum memory effects and characterizing non-
Markovian quantum dynamics, making them essential
tools in modern quantum physics research. The framework
of superchannels exemplifies how HOQOs can capture
complex quantum dynamics while maintaining mathemati-
cal rigor and physical interpretability. Their ability to
describe correlated quantum processes while respecting
causality makes them fundamental to our understanding
of temporal quantum processes and their applications in
quantum information science.

2. Deterministic higher-order quantum operations:
quantum combs/process tensors

The superchannel described above is the first example
of a deterministic HOQO. As mentioned previously,
by “deterministic,” we mean that it describes some fixed,
underlying quantum circuit in which all elements occur
with unit probability; equivalently, its action upon any
valid “probabilistic” object such as a sequence of mea-
surements (or, more generally, a superinstrument; see
below) is guaranteed to yield a probability distribution
[see Eq. (2.65)]. It is thus the natural generalization of
other deterministic quantum objects, such as states and

042001-27



TARANTO, MILZ, MURAO, QUINTINO, and MODI

PRX QUANTUM 7, 042001 (2026)

Es.
o+

Ess
e "

FE3o
*L’

FIG. 15.

Quantum comb construction. The quantum comb T (orange, lower) can be constructed by linking the Choi states of the

initial joint state 7, the global unitaries U;, and the final partial trace 1 (green, upper) over the environment degrees of freedom (here we
explicitly link identity channels ®T on the environment between times and show the construction for n = 3).

channels, to the case of describing two-time open quantum
dynamics with initial correlations.

Quite naturally, one can extend the superchannel to
allow for experimental interventions on the system of
interest at multiple points in time, yielding a multitime
quantum process known as a quantum comb or process
tensor [137]. Such processes provide the most general
description of time-ordered open quantum dynamics
probed at any finite number of times. Just as we con-
structed the superchannel, we can build a quantum comb
by connecting several basic elements: an initial joint
system-environment state, a sequence of system-
environment unitaries, and a final partial trace over the
environment. This construction yields a (2n — 1)-partite
Choi state Tg , .5 5.5 . GZ(,%”Sni ®~--®%ﬁsli), where
n represents the number of times at which one can
intervene (see Fig. 15)

Tsni Sy S10 8,5
=T * USniE,,Sn,]oE,,,l Kook USZiEzS]oEl *1Ns

STy (2.66)

Although we have been explicit with all of the labels in
the above equation out of necessity, from now on we will
understand such a multitime quantum process to always
act on the tensor product of Hilbert spaces associated to
some system of interest and compress the notation to
T,:.i, with the understanding that all input and output
spaces between n' and 1% (inclusive) are accounted for
(unless specified otherwise). Lastly, note that this structure
does not always have to correspond to the same system
being probed at many times, or the same environment
carrying the memory; all that is necessary is that there
is some fixed underlying dynamics with respect to which
the interventions occur in a fixed temporal order. Such

processes can therefore naturally describe multitime gen-
eralizations of both the superchannels considered in
Secs. IIA1 and IT A 2.

The construction of a quantum comb T,:.;: above
follows directly from linking together various compo-
nents over the environment degrees of freedom. Just like
was the case for superchannels [see the discussion
around Eq. (2.61)], this systematic building-up of
processes ensures that quantum combs inherit two
crucial properties: generalized complete positivity and
generalized trace preservation, summarized in
Eqgs. (2.67) and (2.68) below. In the multitime setting,
generalized complete positivity means that when the
comb acts on any sequence of completely positive maps
(which might act on an additional arbitrarily large
auxiliary system), it results in another completely
positive map (see Fig. 16). This property ensures that
the description of the physics remains valid even when
we consider interventions that might be correlated or
entangled with additional systems.

The trace preservation property manifests as a hierarchy
of trace conditions that enforce causality in the form of no
backwards-in-time signaling [128,134,135]. This means
that no deterministic operation performed at a later time
can influence the statistics of measurements made at
earlier times (for any choice of instruments). Although
this causality constraint emerges automatically from the
constructive approach to multitime HOQOs [i.e., by
building them from elementary primitives as per
Eq. (2.66)], it is worth noting that there exist more exotic
deterministic HOQOs (such as the process matrix consid-
ered in Sec. II A 3) that do not obey such temporal ordering
(see Sec. II D). Both generalized complete positivity and
trace preservation follow automatically from the construc-
tion of the quantum comb in terms of system-environment
circuit primitives [see Eq. (2.66)].

042001-28



A GUIDE TO HIGHER-ORDER QUANTUM OPERATIONS

PRX QUANTUM 7, 042001 (2026)

FIG. 16. Complete positivity of a quantum comb. For two slots, complete positivity of quantum combs implies that any pair of CP

maps—here, C; and C, (blue)—is mapped onto a CP map (here, M),i.e., M = T;:.;: xC; xC, > OforallC{,C, >

0O—even when the

quantum comb only acts on part of them. This may be viewed as the natural higher-order generalization of complete positivity for linear
maps. Since this must hold for arbitrary auxiliary spaces .77 A Hp o K 4, and I 5, » complete positivity of the comb is equivalent

to T3i:1i > 0.

In the converse direction, any operator satisfying said
conditions represents some fixed underlying system-
environment dynamics [26-28,38,97] (see also Sec. II D).
Thus, we have the following:

Quantum combs/process tensors

Definition I11.10. A quantum comb/process tensor
T €L(Hw @ Hityp ® - @ H'1o @ Hys)
is characterized by

1. (Generalised) Complete positivity : T,:.;: >0

(2.67)
2. (Generalised) Trace preservation :
tr,: [Tyiq] = Tiumpye @ Timpyips
trnfli[T(nf])i:ll] = 1] (-2 ® T(unyips

try: [Toips] = Ty @ pys
where Tji.;s >0V j and pp: €St(H):).
(2.68)

One of the most elegant aspects of quantum combs is
their ability to unify various quantum objects within a
single framework. This definition supersedes all previ-
ously defined deterministic quantum objects since any of
the Hilbert spaces considered above could be trivial. By
considering such special cases, we can recover simpler
quantum objects: When all but one input space is trivial,
we have a (single-party) quantum state; when we have
just one input and one output space, we have a (one-to-
one) quantum channel; and when we have three or four
non-trivial spaces arranged appropriately, we recover the
superchannels discussed earlier [138]. Again, just like

for superchannels, quantum combs can also start on a
space labeled by 0°, representing situations in which
an initially uncorrelated system state can be fed in to
the dynamics; this merely represents a slight notational
change to the above expressions without impacting
any results.

We emphasize that the above trace conditions can be
endowed with physical meaning in terms of signaling
constraints that reflect the fixed causal order of the
comb. To see this, consider the first trace condition,
tr,i[T,i.3] = 1,10 ® T,_;:.:. This implies that discard-
ing the final output of the comb—denoted by the operation
tr,: on the Lh.s.—amounts to also discarding the final
input of the comb—denoted by 1,_;- on the r.h.s., which is
the Choi state of tr,_j.. As a consequence, any operation
applied to the final input at time ¢,_; cannot influence/
signal information to any previous times. Since the same
condition holds for T,_;i.;: and so on further down the
hierarchy, we see that the above trace conditions nicely
encode the fact that there is no signaling backwards in time
for quantum combs. Since this is a reflection of the
inherent causal order of quantum combs/process tensors,
we will often refer to these trace conditions as causality
constraints (see Sec. I E for a more detailed discussion on
causal order in HOQOs).

Just like the superchannel, the Choi state of a quantum
comb can be operationally prepared (up to normaliza-
tion) by swapping the system with one half of a
maximally entangled state at each intervention time
(see Fig. 17). More precisely, begin with the system-
environment dynamics shown in Fig. 15 and denote
the initial system-environment state by # and the uni-
tary maps describing the joint evolution between
times 7;_; and ¢; by U;.; ;. Now consider n — 1 addi-
tional maximally entangled pairs, d>;2,jo, associated to
auxiliary systems Ajo
as @ ., =QZ 1<I>to,
between times act on the environment and one half
of the appropriately swapped in auxiliary systems,

~ Ao = §, collectively described
Letting the unitary maps
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FIG. 17. Choi State of a quantum comb. Here we depict the
Choi state of an n = 3-step quantum comb. As previously, this is
constructed by swapping in half of a maximally entangled state
®* at every open slot.

i.e., uj:j—l . ‘iﬂ(%A,-_lo ®%Ej_|°)_)$(%sji ®%Eji)
yields the Choi state of the multitime quantum process

Tnizli:trE[un:n,I"‘u2:1(ﬂ®®:71:1)]. (269)
What makes quantum combs particularly powerful is
their ability to describe complex quantum dynamics where
the system of interest might change between interventions,
or where different environments might carry the quantum
memory. The only requirement is the existence of some
fixed underlying dynamics with respect to which the
interventions occur in a definite temporal order.

3. Probabilistic higher-order quantum operations:
superinstruments

Having explored deterministic quantum combs, we now
turn to their probabilistic counterparts: superinstruments.
These objects naturally extend the concept of quantum
measurements and instruments to multiple timesteps,
providing a framework for describing complex measure-
ment sequences in quantum mechanics.

A quantum superinstrument can be thought of as a
collection of measurement operators that act across multi-
ple times while preserving the fundamental requirements
of quantum mechanics; as such, they have been referred to
as “process POVMs,” “testers,” “measuring co-strategies,”
or  “superinstruments”  throughout the literature
[39,40,44,139]. Typically, the former two terms have been
used to describe situations in which only classical infor-
mation is extracted from a quantum process: Process
POVMs or testers are higher-order analogs of POVMs/
effects. We will use the term “superinstrument” to refer to
the more general case where a quantum object can also be
output (alongside classical information): In this sense,
superinstruments are to quantum combs what instruments
are to quantum channels. As such, they comprise multitime
objects that individually satisfy generalized complete

positivity and sum to a proper quantum comb. These
requirements ensure that whenever we perform multitime
interrogations described by a superinstrument, we always
obtain valid probability distributions and quantum outputs.

The simplest way to understand superinstruments is to
first consider how a quantum comb T, .}: interacts with a

9]

sequence of independent instruments {éiﬁ‘l)i, cee Efjﬁ”}.
Here, and in what follows, we add additional “breves”
on operators to stress that their role of inputs and
outputs is reversed compared to the quantum comb that
they act on, i.e., their inputs are outputs of the comb,
and vice versa. When the sequence of instruments is
applied, a sequence of outcomes xi,---x, is observed.
The probability of obtaining any such sequence is
calculated via a particular case of the generalized
spatiotemporal Born rule (see below)

[I:D(x119""xl|k7n""’k71)
— v(x”) u(x) . .
— Enl * t *Glolli *Tnl:ll

_ v(Xu) U(X) i i
= tr[(Eni ® - ® Glolli)T T}ll:ll}.

(2.70)

The above expression constitutes a special case of how
HOQOs act on each other: Here, we are contracting all
open slots of the deterministic quantum comb with a
probabilistic operation associated to each time in order to
yield a probability distribution (thus, one might refer to the
superinstrument above as a “tester”’). However, measure-
ments need not be independent across different times.
Consider, for instance, a scenario where we feed forward
some auxiliary system between measurements, creating
temporal correlations in our measurement strategy. This is
where superinstruments truly shine—they can capture
such correlated measurement sequences in a mathemati-
cally elegant way. A superinstrument consists of any
collection of positive semidefinite operators that sum to
a quantum comb, formalized as follows:

Superinstruments

Definition I1.11. A (causally ordered) superinstrument
J that can be applied to a quantum comb T,:.;: is a

collection {G}(/l?:li}eg(%ni@”'@%]i) of posi-
tive semidefinite operators GE;)-P > 0 such that over-
all Gnizli = Gfﬁ)zll is a quantum comb, i.e., it
satisfies the hierarchy of trace conditions in

Eq. (2.68), but with input and output labels reversed
(see Fig. 18), i.e.,

v

Gyt = T,0 ® Giygoryi 1,10 [Gy o]
— ﬂ”_li ® Gn_zo:li,"‘,trlo[Glo:]i] - ﬂli.
2.71)
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FIG. 18. Spatiotemporal Born rule. The probability of observ-
ing outcome x when a quantum comb T, .}: is interrogated with
a superinstrument éif) ;: is given by P(x[J) = éi{):li * T i
Throughout, we use blue when we want to signify that an object
is considered as an “input” to a HOQO; naturally, such input
operations can be HOQOs themselves, as is the case here. We
emphasize that the role of input and output spaces are reversed
for combs and superinstruments that can meaningfully be applied
to them; inputs to the comb are outputs of the superinstrument.

Similar to how the definition of multitime quantum
processes supersedes that of all previous deterministic
objects (such as states and channels), the definition of a
superinstrument indeed encapsulates instruments and
POVMs by allowing certain Hilbert spaces to be trivial.
Just as an instrument can always be thought of as arising
from a system-environment dynamics where the environ-
ment is finally measured (instead of traced out), so too
can a superinstrument be considered a multitime open
system dynamics where the environment is finally mea-
sured (see Sec. IID 4).

Thus, intuitively, superinstruments are the most general
objects for which any deterministic multitime quantum
process is guaranteed to yield valid output quantum objects
(e.g., probability distributions, quantum states, channels,
etc.) when acted upon. Whenever a superinstrument is
applied to a quantum comb, the probability of observing
outcome x is given by the higher-order contraction, i.e., the
spatiotemporal Born rule [27,44] (see Fig. 18)

P(x|7) = GY . x Ty = tr[éf;?:TIiTni:li] (2.72)

Quite naturally, as stated in the above definition, it is
important to keep track of the labeling of Hilbert spaces
(or timesteps) when contracting multitime quantum
combs with superinstruments: Sensible results only
ensue when objects with the same temporal order are
contracted. When contracting a superinstrument with a
deterministic comb, the input and output labels on the
superinstrument essentially function alternatingly to
those of the comb with which it is contracted, meaning
that the hierarchy of trace conditions applies to the
opposite labels (i.e., inputs interchange with outputs);
this can be seen by explicitly connecting identity map
wires during the contraction, which serves to swap the
input and output labels appropriately.

One particularly powerful aspect of superinstruments is
their ability to describe partial measurements. When we
apply a superinstrument to only some of the time slots in a
quantum comb, we obtain a “conditional process” for the
remaining times that describes the correct behavior of the
concatenated dynamics [55]. In other words, the resulting
object contains all of the information required to compute
the correct probability distribution for any instruments
applied to the remaining times. While these conditional
processes might not themselves be proper quantum combs
(due to the probabilistic nature of measurements), their
average over all possible measurement outcomes always
yields a valid quantum comb.

Conditional processes

Example 11.7. To illustrate this, consider a simple
scenario with three parties—Alice, Bob, and Charlie—
arranged in a temporal sequence that is encoded in the
quantum comb T,z (see Fig. 19). If Bob applies the

(super)instrument Jp = {ég})}, Alice and Charlie are

left with a conditional process Tgbc) = Typc* ég’) that
depends on Bob’s measurement outcome b. For this
simple one-slot scenario, the condition on J5 to be a
superinstrument boils down to the “normal” instrument

case, 1.e., Zb ég’) corresponds to a CPTP map.

The probability of Bob recording outcome b—which
depends on state p, input by Alice—can be calculated
from Tgbc) via P(b|Tg,pa) = trU)A*TX’g]. Since this
procedure amounts to Bob post-selecting an outcome

after Alice, this conditional process Tgbc) is not neces-
sarily a proper comb (in this case, channel) for any
specific outcome (although it is positive semidefinite);
nonetheless, by averaging over all of Bob’s possible
outcomes, one recovers a valid quantum channel
describing the effective/average dynamics between
Alice and Charlie. More precisely, T5¢ =3, Tgbc)
satisfies Eqgs. (2.67) and (2.68) for any (super)instru-
ment Jp, which follows from the fact that Bob’s
(super)instrument sums to a proper quantum comb
(in this case, a quantum channel).

The notion of superinstruments provides the most
general description of quantum measurements across
multiple times while respecting causality. Just as quantum
combs unify various deterministic quantum objects, super-
instruments unify probabilistic quantum objects like
POVMs and instruments under a single mathematical
framework. They form the dual cone to quantum combs,
meaning that they are the most general objects that yield
valid probability distributions when contracted with any
quantum comb of compatible temporal order. As we saw

042001-31



TARANTO, MILZ, MURAO, QUINTINO, and MODI

PRX QUANTUM 7, 042001 (2026)

Alice Bob Charlie

Alice Charlie

C — A C

FIG. 19. Conditional quantum processes. Here the HOQO T
(orange) connects Alice, Bob, and Charlie in a temporally ordered
way. If Bob applies the (super)instrument .7, B:{ég)} (here
depicted as a single step instrument, blue), then the conditional
process that Alice and Charlie see (pink), for each outcome b,

is Tibc)v = TABC * Gg’)

above, care is necessary when considering their structural
properties, since inputs of superinstruments are outputs of
the comb they act on, and vice versa. Finally, having seen
how HOQOs (both quantum combs and superinstruments)
arise from underlying system-environment dynamics
and/or quantum circuits, we now take a complimentary
approach to the constructive one to deriving HOQOs that
we have so far focused on, namely an axiomatic one.

D. Axiomatic approach to higher-order
quantum operations

Up to this point, most of our discussion on HOQOs
focused on building intuition and was based on a con-
structive approach, i.e., higher-order processes were built
up from quantum circuits by combining lower-order
elementary quantum objects such as states, channels,
measurements, and instruments. From this perspective,
we derived mathematical properties of multitime quantum
processes and superinstruments based on linear/affine
and positive semidefinite constraints of Choi states (see
Defs. 11.10 and II.11). In this section, building upon the
developed intuition, we will reexamine HOQOs in a more
formal way and reconceptualize them from an abstract
point of view, namely as transformations of quantum

(a) Superchannels.

objects, and analyze whether or not this axiomatic
approach leads to the same set of HOQOs as the con-
structive one.

For example, while it is clear that every superchannel
maps quantum channels to quantum channels, it is,
a priori, unclear if every HOQO that maps quantum
channels to quantum channels (and preserves complete
positivity) is indeed a superchannel in the constructive
sense, i.e., it can be represented as a concatenation of
states, channels, and measurements. Answering this
question splits into two parts: i) showing that the Choi
state of a general mapping from quantum channels to
quantum channels satisfies the properties laid out in
Egs. (2.59) and (2.60); and ii) demonstrating that any
object that satisfies these properties can be represented as
a concatenation of quantum states and channels, i.e.,
admits a (generalized) Stinespring dilation.

These considerations arise in the same vein for multi-
time quantum combs, i.e., objects that satisfy Eqs. (2.67)
and (2.68), as well as more general HOQOs. Here,
again, one may wonder if the set of multi-slot quantum
combs obtained from combining states and channels
as in the previous section (i.e., the constructive
approach) is equivalent to the set of HOQOs that satisfy
certain input/output relations (i.e., the axiomatic
approach). A priori, it is unclear if these two distinct
routes to HOQOs coincide in the first place, and if so,
under what conditions.

In the following, we will see that the constructive and
axiomatic approach to HOQOs are indeed equivalent for a
specific, well-justified choice of input/output conditions
on HOQOs, and we will derive a (generalized) Stinespring
dilation for such HOQOs. Importantly though, the ensuing
equivalence between underlying quantum circuits and
HOQOs does not hold for all conceivable HOQOs—not
all possible, physically motivated mappings from super-
channels to superchannels admit a representation as a
quantum circuit [140] (see Fig. 20). In other words, the
axiomatic approach to HOQOs in general yields a larger
class of transformations than what can be realized in the

Z

(b) Super-superchannels.

FIG. 20. HOQOs with and without a Stinespring dilation. (a) Transformations S of channels to channels can always be represented as
a quantum circuit (see Sec. II D 3). (b) Transformations Z that map superchannels to superchannels cannot necessarily be represented

by a quantum circuit [140].

042001-32



A GUIDE TO HIGHER-ORDER QUANTUM OPERATIONS PRX QUANTUM 7, 042001 (2026)

guarantees

Stinespring dilation Positivity + trace

(realisation via a conditions
unitary circuit) | of the Choi state
A implies 1:! A
i guarantees : :

; 'eS ivalerto correct i implies
i q mapping | i

Y

Constructive Approach:
HOQOs obtained
from Quantum Circuits

T -1

Axiomatic Approach:
HOQOs as maps from
(n-1) combs to channels

<~

P

FIG. 21. Constructive and axiomatic approaches to HOQOs. Constructively, HOQOs are obtained from underlying quantum
circuits; axiomatically, they are motivated via their input/output relation, as those maps that map (n — 1)—slot combs to channels
(see Sec. II D 2). Equivalence of these two approaches to HOQOs is shown via the above diagram: The constructive approach is
equivalent to the existence of a Stinespring dilation, i.e., each corresponding HOQO can be understood as stemming from a fixed
quantum circuit only containing unitaries/isometries and partial traces. The Choi state of any quantum circuit is positive semidefinite
and satisfies the trace conditions of Def. II.10. In turn, these conditions are equivalent with the satisfaction of the input/output
relations required in the axiomatic approach (see Secs. II D 1 and II D 2). Finally, any positive semidefinite Choi state that satisfies
the trace conditions of Def. II.10 admits a Stinespring dilation, i.e., it can be understood as stemming from a fixed quantum circuit
only containing unitaries/isometries and partial traces. Together, this diagram implies the equivalence of the axiomatic and the
constructive approaches to HOQOs. We emphasize that this equivalence only holds true if the axiomatic requirements of HOQOs are
rather strict (see Prop. I1.8), and there are many meaningful HOQOs that satisfy weaker requirements and do not admit a circuit

representation (see Sec. IIE5).

constructive setup. Consequently, axiomatic considera-
tions of HOQOs will be useful to identify the appropriate
scope of the aforementioned definitions of combs and
superchannels, and to tackle HOQOs that go beyond the
paradigm of global causal order (i.e., do not admit a
generalized Stinespring dilation).

Below, we will first reiterate the axiomatic consider-
ations that lead to quantum channels and more generally
quantum combs [26,97] (see also Ref. [141] for an
analogous, yet slightly more abstract, approach); specifi-
cally, we will consider HOQOs solely in terms of restric-
tions concerning their input/output behavior, without
reference to an underlying circuit and pinpoint the con-
ditions that make them coincide with the set of combs that
we introduced constructively above. In subsequent sec-
tions, we will weaken these restrictions and show how
the axiomatic approach readily leads itself to encompass
quantum operations that lie outside the quantum comb
formalism (i.e., outside of what can be obtained con-
structively) [30,31,51,103,140,142-144]. As a warm-up,
before considering a truly “higher-order” case, we begin
with the axiomatic approach to quantum channels in order
to build intuition. For a flow chart of the logic that leads to
the equivalence of the constructive and axiomatic approach
to HOQOs, see Fig. 21.

1. Axiomatic approach to quantum channels
As discussed in Sec. II A 1, a constructive approach to
general deterministic transformations between quantum
states is to define a quantum channel via its underlying
unitary dynamics via [see Fig. 22(a)]

Clp] = tra[U(ps ® [0)(0]) U] =:tra[VpVT].  (2.73)

Here, in order to physically realize a quantum channel C,
the system of interest is coupled to an auxiliary system
with Hilbert space .77 ,, which may be taken to be initially
prepared in the state |0)(0|, without loss of generality.
The joint system then undergoes a unitary interaction
U: 0, Q Hp — I, @ I, after which the auxiliary
system is discarded. Equivalently, such a realization may
be described by an isometry V: 7, — 5, ® F,, with
V = U|0),, such that V'V = 1, since any isometry can
always be completed to a unitary by extending the
auxiliary space appropriately. We will therefore predomi-
nately work with isometric dilations. For the sake of
simplicity, we also assume 7, = J¢; throughout this
section; the more general case follows straightforwardly
by enlarging the auxiliary space appropriately, i.e.,
by replacing the trace over the auxiliary space A in
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(a) CPTP map

(b) CP trace non-increasing map

FIG. 22. Stinespring dilation. (a) Any quantum channel C: Z(7;) - £(,) can be understood as arising from an isometry
V. Hy — Hy Q@ A, with V[s] = Ve VT and a partial trace over ;. (b) Similarly, any CP trace non-increasing map can be
understood as arising from an isometry and a projective measurement on the auxiliary space (with corresponding POVM

element HS)).

Eq. (2.73) by a trace over a space A’, such that
dim(7;) x dim(s7,) = dim(,) x dim (.7 ).

A key feature of this construction is that it is non-
unique: a given quantum channel generally admits many
distinct dilations, corresponding to different choices of
auxiliary systems and interactions. This freedom moti-
vates the study of minimal dilations, namely those that
realize the channel using an auxiliary space of the
smallest possible dimension. In this sense, minimal
dilations provide the most economical physical realiza-
tion of the dynamics and will play an important role in
our analysis. Accordingly, in this section, we denote
general dilation spaces by 7, and reserve 7, for
minimal ones.

From the circuit representation of Eq. (2.73), it is
straightforward to see that C: £ (;) — £ () inher-
its the properties of being a linear CPTP map and thus that
its Choi state C;, € L(H#, ® ;) satisfies C > 0 and
tr,[C;o] = 1; [see Eq. (2.29)] [145]. The approach to
quantum channels above is constructive because it spec-
ifies an explicit physical realization of the channel in terms
of a unitary interaction with an auxiliary system and a
partial trace, rather than characterizing admissible maps
solely through abstract axioms such as complete positivity
and trace preservation, as we will now consider.

Axiomatic approach: Desiderata. In contrast to the
constructive approach, an axiomatic approach to quan-
tum channels starts by listing their basic requirements,
and then accepting any transformation that satisfies
them. We have already encountered these basic require-
ments in Sec. II B 2, but we reiterate them here in order
to make the subsequent discussion of HOQOs more
transparent.

To respect the linear structure of quantum theory (or,
more generally, any probabilistic theory), it is natural to
impose that any valid channel must be a linear map
C: L(AH;y) - L(AH,) from the considered input space
[here, £ (5;)] to the output space [here, £ ()]
Focusing further on deterministic operations, one imposes
that for any deterministic input object, the output is also a

deterministic object within the considered theory. For
transformations of quantum states, this corresponds to
demanding that any unit trace input state p is mapped to a
unit trace output state p’ = C[p], i.e., the map C should be
trace preserving (TP). Additionally, the map C must
preserve positivity, i.e., for any p > 0, we should have
Clp] = 0. Moreover, it is reasonable to impose that trivial
extensions C ® Z of C should also lead to valid output
states; in other words, C should be completely positive
(CP), i.e., C ® Z(p;a) > 0 for every auxiliary space .7
and every operator p;, > 0. Note that, while the set of
positive maps is strictly larger than the set of completely
positive maps, trace preservation already implies complete
trace preservation, i.e., if C is TP, then so is C ® Z by
linearity. Hence, we can argue:

Quantum channels—axiomatic approach

Proposition I1.5. For a quantum channel C: .Z(J¢;) —
L(A,) to be valid, it must be linear, completely
positive (CP), and trace preserving (TP) (see Prop. IL.1).

We call this characterization the axiomatic approach,
as it defines quantum channels through mathematical
properties—CP and TP—that any valid state transforma-
tion must satisfy on physical grounds, without reference to
an underlying microscopic realization. This reverses the
logic of the constructive approach: Rather than building
channels from system-environment dynamics and deriving
that they are CPTP, we require CPTP as defining proper-
ties and ask which maps qualify. Remarkably, these two
characterizations coincide: Any map of the constructive
form [Eq. (2.20)] is necessarily CPTP, as shown in
Proposition II.1. Conversely, Stinespring’s dilation theo-
rem [63] guarantees that every CPTP map admits a
constructive realization via Eq. (2.73)—there exists an
auxiliary system, initial state of it z,, and global unitary
dynamics U/ that reproduce the channel exactly. Thus, the
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constructive and axiomatic approaches define precisely the
same set of quantum channels, though from complemen-
tary perspectives.

Stinespring dilation. As mentioned above, the
Stinespring dilation [63] ensures that for every CPTP
linear map C, there exists an auxiliary space .7, and an
isometry V;_ .1 H; = H, ® 5 such that Clp;]| =
tra[Vp; V'] [see Fig. 22(a)]. That is, it guarantees that
every axiomatically defined channel can also be
obtained constructively. This can be proven directly:
Given a Kraus decomposition {K,}~ , of C, such that

Clps]=>"" lKapin,, it is straightforward to see that

for any orthonormal set of vectors {|v,)}Y_,, an isometry

of the form Vi a=>N K,®|v,): H; —
Ho @ Ay,  with A, =span({|vg)}Y )  and
dim(s#,) = N provides a dilation for C with an

N-dimensional dilation space 7.
VT

i—0A

Indeed, we have
Vison = 15 (i.e., it is an isometry) and

0a[Vinonps Vinoa = D _tral(Ka ® |04))ps (Kjy ® (v])]
ap

=Y KupiKi = Clps, (2.74)

where we have used (v,|vs) = 6,4. The constructive and
axiomatic approach to quantum channels thus coincide.
As an aside, any CP trace non-increasing map C%) with
Kraus operators {L,}"_, and SV | LiL,=:F < 1 can be
implemented in a similar way by means of an isometry and
a projective measurement on the environment. Concretely,

set Ly, ==+ 1—F >0, such that V' N L,

ison’ a=1
lu,) is an isometry and dim(.#,) = N + 1. Then

COlps) =y [Vi_upi Vil @79)

where H:f) = > N |ug)(uy| is a POVM element on 2’

[see Fig. 22(b)]. That is, every trace non-increasing CP
map can be understood as stemming from an isometry and
a selective, projective measurement on the auxiliary
degrees of freedom.

Minimal and canonical dilations. While providing a
valid dilation, the constructed isometries above manifestly
depend upon the choice of the set of Kraus operators of C,
and might not be minimal. That is, both C and C**) might
be dilatable by means of smaller dilation spaces .7, and
I 41, respectively. Since minimal dilations play a promi-
nent role in our subsequent discussion, we take a moment
here to discuss this concept in detail, focussing on the trace
preserving case (the trace non-increasing case follows in a
similar manner [97]). Concretely, we have the following
proposition:

Quantum channels—minimal dilation

|

Proposition I1.6. For a quantum channel C: .Z(J¢;) —
LA ) with Choi state Ci, =
S5 APl €L (A ® H,) in its spectral decom-
position, the dimension of the minimal required dilation
space is given by dim(.77,) = rank(C;,)=:R. A pos-
sible choice for the corresponding isometry is

where

1—>oa =

Z Kj ® [vp),
Ky = \/T,;Zuci B)k
k

with {[vg) }5_, and {|k; )}% | orthonormal bases of 7,
and 7;, respectively. We then have Cp;]=
Zli KﬂpiK;, and this choice of Kraus operators is

(2.76)

which here means that it satisfies

1K) = 85,25,

canonical
tr[KT K,| = 6y, tr[K

We emphasize that, as mentioned, the Kraus decom-
position itself is non-unique and only fixed up to an
isometric freedom. In particular, let {K;} be a minimal set
of Kraus operators for a map C. If {L, =} sw,Kz},
where w,; € C are the matrix elements of an isometry, i.e.,
>y WysWya = Oqp, then {L,} is also a (generally non-
minimal) set of Kraus operators for C [61].

Proof. To prove that the above is a minimal and
canonical dilation, we first check that the isometry of
Eq. (2.76) indeed dilates C. By insertion, we see that

Vi oaVicoa = D Aglks) (Blks) (K. |B) (K, |

Bk

= D Alks ) (Blks L) (Koo |B) (K|

Bk K ¢

= > ki) (K[ [C
kK

= ﬂ i

io] |k1><k/1| =1, [Cio}T

(2.77)

where {|Z,)} is an orthonormal basis of .7#, and we have
used tr,[C;,] = T;. We emphasize that here and in what
follows, for the sake of precise bookkeeping, we denote
the spaces that bras and kets act on by additional subscripts
in typewriter font. In contrast, summation indices will
be denoted in normal font. Additionally, note that
{|p)e #; ® 7.} corresponds to the eigenbasis of
C,, and {|k;) €} denotes the computational basis
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of ;. We do not assume a fixed relationship between
them, e.g., |# = 0) is generally not equal to |0;0,), etc.

In a similar way as above, we can also verify the action
of the channel by computing

tra |:Vi—>oapi Vj_—»oa]

= 3 S (s ks @l s (KL) 1K) @ ()
Btk
:2/1/,<ki|ﬁ><ki‘/’i|k/i><ﬂ|k/i>

pokk

= Kyp;i Kjj=tr;[Ci,(pT®1,)] =Clp,]. (2.78)
B

The fact that the chosen Kraus decomposition is
canonical follows directly from its definition, since

KK, = \/l/;ﬂy;tr[lkﬁ<ﬂ|ki><k'i|7/><k’i|} 079)

Finally, let us assume for the sake of contradiction that
there exists a dilation with a smaller auxiliary space 77",
that satisfies R’ := dim(/#,) < dim(s¢,) = R. Denoting
the corresponding isometry by V', .. we would obtain for
the Choi state C;, of C

Cio = (CRI)[|D7; NP, ]

R/
= trb[vliﬁob|(biri’><(bji’ |V/i-{-—>ob] = Z |KL>><<K;1|’
u=1

(2.80)

where  |K})) = (pp|V'_op|®7,/). This implies that
rank(C;,) < R’, which contradicts the assumption that
rank(C;,) =R > R'. "

Stinespring dilation from the Choi state. The above
provides a minimal and canonical Stinespring dilation of C,
but the choice of V; _,, is still manifestly dependent on the
choice of vectors {|vj)} spanning J#,. Additionally, it is
not phrased in terms of the Choi state C;, which—given
that we predominantly use the Choi representation for
HOQOs throughout this tutorial—makes it difficult to
generalize the explicit form of the required isometry to
the multi-slot case. Consequently, in anticipation of the
following sections, we now re-derive said minimal
Stinespring dilation manifestly in terms of its Choi state
C;,. This extra work, in turn, provides us with a blueprint
for the generalization to the multi-slot case and yields a
canonical choice for the vectors {|v);} in the definition
of Vi—>oa‘

While rather straightforward, the corresponding deriva-
tion requires careful bookkeeping of the involved spaces;

we recall the convention that “primed” spaces are iso-
morphic to “unprimed” ones, e.g., ¢ = J;, and
analogously for operators defined on “primed” and
“unprimed” spaces, e.g., C;, = C;,, etc.

Now, in order to (re-)derive the Stinespring dilation,
firstly, let C;, € Z(°, ® ;) be the Choi state of a
CPTP map C, whose action is given by

Clol =tr;[Cic(pl ® 1,)] V peL(57;). (281

As already discussed around Eq. (2.29), the Choi state of
any CPTP map satisfies

Cio > 0 and tro[Cio] = ﬂi' (282)

To show that there exists a Stinespring dilation for any C
that satisfies Eq. (2.82), let us introduce a purification of
C,, as follows

|é>ioa = <\/6'jf.0 ® ﬂi'O/)‘q)ri’>|q):)_o’>

R
=S B en @ L@ A, 283)
=1

where [f*) == |#)* is the complex conjugate of |f) with
respect to the product basis {|k;Z,)} of 7; ® H, [146].

Setting C;o = [Ci0a)(Cioal, it is straightforward to see
by insertion that C;, = tr,[C;,,] holds. Additionally,
from Eq. (2.83), we can deduce that the required purifi-
cation space 77, C ¢, @ s ;—which will turn out to
be the dilation space for the Stinespring dilation of C—
satisfies dim(.7, ) = rank(C;,), coinciding with the min-
imal possible dimension for the purification.

From Eq. (2.82), we further have that tr,,[C;..] = T;
holds, making Cioa a purification of T;. On the other
hand, a minimal purification of 1; is given by
O, € L(H; ® Hy). Now, any purification |C;,,)
of 1, is isometrically related to this minimal one via

1C)ioa = Viroal®7, ), (2.84)

where Vi .1 3 — A @ H, is an isometry that
acts only on the purification spaces. As one would expect,
this is exactly the isometry required for the Stinespring
dilation of C; we derive its explicit form below [see
Eq. (2.88)]. First, we insert the above into Eq. (2.81) to
show that the CPTP map C can indeed be understood as
stemming from this isometry. Specifically, we have
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C[P] = tria[éioa(pz ® 1]oa)}
- tr1<’a[vl”—>oa|qyL ,,><(I)+ ”|V11—”_>oa(ppf ® “oa)]
= Ztra Vinoalksr)(€un Vi, (ks lps|#5)]

tra[vi—mapl VT }

1—0a

(2.85)

=1 [Vl"—mapl”v "

1 —>oa]

where we made the replacement 1” > 1 in the last line.
It remains to derive the isometry V; _, ., explicitly. This
can be done by using the fact that

(@7 0|Virooal @)
- Z (kiksn|Vinoon|€i€in)
k.t

(2.87)
=N ki) irmcal€i0) thin] = Vi
k.l

Here, and in what follows, we will often omit identity
matrices to avoid cluttered notation and make the
spaces objects act on/map into explicit through subscripts.
With the above, one can directly read off V;,_,, from
Eq. (2.84) as

n Virsoa = <(Dji”|éioa> and thus Visoa = < i”i |Cl oa>
<(I) i —>oa|q)ii”> =Viroas (2.86) (2.88)
which holds since This indeed defines an isometry, since
VioaVian = Coranl®h )00 Cors) = (@8 [(@FIVC oy |08, ) (07 VT [0 )7}
= Z <ki’ki”fofo’|\/—i”o|mi"mi><"i"”i|\/6Ti”o|l’i”Pi'6]oCIo’>
k,t.m.n,p.q
= Z 5kp66’q<ki”fo|\/6i”o i ><ni"|\/61”O|QOpi”>|mi><ni|
k.Z,m,n,p.q
= SlVCchme) e VCLs me) |
- Z nj //|t1' |m " |m 1| - Z@nn'm (289)

m,n

where we have used tr, [C;»

o] = T;». While Eq. (2.88) expresses the isometry V; _, . in terms of the Choi state C; , in this

form it does not lend itself nicely to generalization to the multi-slot quantum comb case. In anticipation of this
generalization, following Refs. [97,147], it proves advantageous to re-write Eq. (2.88) as

% q)-i’—//j_|ci”oa> = <<Dj.—”1|\/_

i—soa — <

ol P ;)P ,)

=Y (kinks|[VCL |38 ) mamg) = > (ksnng|VCLg|£50my) notsime) (ks |

k,Z.m

k., ,m,n

= Z <?’ﬂi’mo’|\/a*i’o’|ki’no’>|n0fi’mo’><ki|

k,Z,m,n

= Y [(Cumg|VCiglkimg)|£smy) ksmg|]|@F,) i) (rs]

k,Z,m,n,r

= \/61’0' |q);ro’>]] i1’

where we have used that (£;my|vVCiylkyng) =
(ksnk; |[V/CL |£50€5)) together with |n,) = (ny|®7 )
and  [k;) = (ks D2, [ra)(ri| = (ki|Tio5.  Intuitively,
Eq. (2.90) expresses the fact that V;_ ., coincides with
\/éz’o’ up to a transformation of an “input space” into an
“output space”—given by the multiplication with |®7_)—

(2.90)

|
and a relabeling of one of the involved spaces—denoted
by 1., (see Fig. 23).

As an aside, if we did not already know the size of the
required dilation space 77, it could be deduced from the
above form of V;_ ., as dim(#,) = dim(rmg(v/Ci1)),
where rg(X) := {|¢@): 3|&)s.t.|p) = X|&)} is the range of
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the operator X. Since we have that dim(mg(v/C)) =
rank(C*,_,) = dim(supp(v/C}/y/)), where supp(X) is the
support of X, this coincides with the dimension of the
dilation space given above (and also the one provided in
Refs. [97,147]).

Let us finally summarize these results on the Stinespring
dilation of quantum channels:

Quantum channels—Stinespring dilation

Proposition I1.7. Let C: L(H;) - L () be a
quantum channel with corresponding Choi operator
C,,e&(H; ® #,). A minimal dilation Clp;] =
tra[Vi—ma/)lVI—ma

Vlaoa.%i_)% ®jfa’
rank(v/C',

| of C in terms of an isometry
where  dim(s7,) =
), is givenby V;_ ., = fl,01|® DY

For completeness, it remains to show how this form
of isometry V;_., corresponds to the representation
Vioa = 2.5 Ks ® |vp) provided in Eq. (2.76). To this
end, we can re-write Eq. (2.90) as
|

FIG. 23. Isometry of a quantum channel from its Choi state.
The isometry V,_.: 5 — o ® 4, leading to a channel
C: L(AHy) - L(A,) via Clo] =tra[ViLoas Vi ] coin-
cides with \/E’i‘o—where C;, is the Choi state of C—up to a
“bending of a wire,” corresponding to multiplication with |®_/),
and the relabeling of some spaces. We reiterate that
I, C I Q Iy, and we tacitly assume the combination
of the wires labeled by i’ and o’ into the wire labeled by a in the
above figure. Moreover, for simplicity we assume J¢; = J¢;,,
and denote appropriate relabeling by 1, . Note that here, the
depicted objects correspond to operators, not maps like in the
circuit diagrams previously. To emphasize this difference, these
operators are depicted with a gray, rounded frame and labeled in
white, and “wires” are depicted in gray.

Visoa = \/_1’0"(1) 1—»1’ - Z \/7|ﬂ ﬁi/o’|k f >|fo><k1|
Bkt
=3 Jas B o) kst B ks :Zﬂ; 1B (ks i) ks |
p.k.C
K})
=> Kz Q |pi,) K ® Ky @ —F— (2.91)
zﬁ: e Z ’ Z ’ tr[K};Kﬁ]

where we have used Kj= /Ag> ;(ki|p)(k;| and
IKG) = KGlPL0) = \/4plhlg)- By
\K5)/ tr[K[TjK 5] this (canonical) form of V; _, ., coincides

with that given in Eq. (2.76).

This concludes our discussion of the axiomatic
consideration of quantum channels and their equiva-
lence to the constructive approach. We have demon-
strated that every axiomatically admissible channel C
can be obtained from a quantum circuit only containing
isometries (and partial traces) and vice versa. In
addition, we have explicitly constructed the correspond-
ing isometry V;_ ., based on the Choi state of C and
massaged it into a form that can straightforwardly be
generalized to the multi-slot case. Along the way, we
have introduced a lot of machinery that will prove
helpful in the following sections. Armed with these
insights for quantum channels, we will now follow a
similar logic in order to first provide an axiomatically
motivated derivation of quantum combs and show that it

setting  [vy) =

[

indeed coincides with the constructive approach taken
in Sec. I C2.

2. Representation theorem for quantum
combs/process tensors

As is the case for quantum channels, HOQOs can be
motivated in two—a priori distinct—manners: construc-
tively, as the result of linking together the elements of an
underlying circuit; or axiomatically, as HOQOs that satisfy
appropriate relations concerning the objects they map
between. For quantum channels—which only map input
states to output states—the unique physically motivated
axioms are expressed via the CPTP properties. In contrast,
for the case of HOQOs, there is freedom in choosing what
are sensible objects to map between: Should they take all
deterministic HOQOs of lower order to appropriate deter-
ministic HOQOs, or only subsets thereof, or something
else entirely?

Above, we have already discussed the constructive
approach to HOQOs in detail in Sec. IIC2 and proved
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that it yields HOQOs with Choi states T > 0 that satisfy
the hierarchy of trace conditions laid out in Def. I1.10, i.e.,
quantum combs/process tensors. Here, we will consider
the axiomatic approach to HOQOs and first show that, by
choosing the respective input/output relations appropri-
ately (see below), we obtain exactly the same set of
HOQOs satisfying this hierarchy of trace conditions,
i.e., quantum combs/process tensors. This result implies
that all constructively obtained combs can be understood
as HOQOs obeying certain axiomatic requirements.
Subsequently, we will demonstrate that any HOQO that
satisfies said axioms can also be obtained in a constructive
manner via a generalized Stinespring dilation. This crucial
result thus demonstrates the equivalence between the
axiomatic and the constructive approach to quantum
combs/process tensors. In what follows, “quantum
comb/process tensor” will only be used for operators
T >0 that satisfy the trace conditions of Def. II1.10;
otherwise we will simply call T a “HOQO,” “n-slot
HOQO,” or “deterministic n-slot HOQO.”

Axiomatic approach to quantum combs/process ten-
sors. While the axiomatic requirements for a quantum
channel discussed in the previous section are immediately
evident, as we shall see, the situation presents itself more
nuanced in the multi-slot scenario. To elucidate this point,
let us assume that T, 1)i.g0 € L(H (1) @+ ® e ) is
the Choi state of a multi-slot HOQO that we wish to
characterize axiomatically; recall that the subscript
(n+1)*:0° indicates that T, ):.- lives on all Hilbert
spaces corresponding to labels 0°111°---ntn®(n + 1)
A priori, T is not necessarily a quantum comb/process
tensor and the aim of this section is to deduce the
axiomatic constraints that force it to be one.
Nonetheless, foreshadowing this final result, we will
call T(,;1):.00 an n-slot HOQO and it is a good mental
crutch to already think of the spaces T(,, +1yi:00 playing

the same role as they would in a quantum comb/process
tensor. By the end of this section, by generalizing the
considerations that led to quantum channels, we will
obtain a set of valid (i.e., satisfying the correct proper-
ties) HOQOs that coincides exactly with that derived
constructively in Sec. IIC2, i.e., it yields the set of
quantum combs/process tensors (see Def. 11.10) [148].

Recall that for quantum channels C_; —the lowest order
of deterministic quantum operations—we required that
they are CPTP; that is, they preserve both the positivity the
trace of the state (which amounts to preserving determin-
istic objects), even when only acting on a part of an input
state. Analogously then, for general n-slot HOQOs
Tius1)i:00» we would require that T, )i.o0 “preserves
positivity” and maps deterministic objects to deterministic
objects—where “deterministic” is yet to be properly
defined—even when only acting on part of an input.
Since they preserve deterministic objects, we will call

12

FIG. 24. Complete preservation of complete positivity and
trace preservation. A deterministic 1-slot HOQO T must map
CPTP maps C onto a quantum channel, even when acting on a
part of C, i.e., M = T x C must be (the Choi operator of) a CPTP
map for all CPTP maps C.

such HOQOs deterministic n-slot HOQOs in what follows.
For example, a deterministic one-slot HOQO should map
CPTP maps to CPTP maps, even when only acting on a
part of them (see Fig. 24 for a one-slot depiction of this
requirement), thereby completely preserving both com-
plete positivity and trace preservation [149].

Similarly, the next level of deterministic HOQOs (i.e.,
those with two open slots) should map one-slot determin-
istic HOQOs to channels even when acting on only a part
of them; the next level above should similarly map one-slot
deterministic HOQOs to one-slot deterministic HOQOs in
a complete sense [see Fig. 20(b)], and so on. In principle,
this leads to an ever growing set of requirements, starting
with CP and TP, continuing with CCPP (completely
complete-positivity preserving) and CTPP (completely
trace-preservation preserving), and continuing in this
vein. Preservation of CP in this general sense ensures that
probabilities always stay non-negative, while preservation
of trace preservation in this general sense ensures that all
probabilities add up to unity in the end. Put differently,
generalized trace preservation is the requirement that
deterministic HOQOs map deterministic objects to deter-
ministic objects. Informally, we thus have the two follow-
ing fundamental requirements for deterministic n-slot
HOQOs [150]:

Requirements for deterministic n-slot HOQOs (informal)

A deterministic n-slot HOQO T, y.oo should be
completely positive in a general sense and map deter-
ministic objects to deterministic objects, even when
only acting non-trivially on a part of them.

On the level of Choi states, complete positivity in a
general sense requires that T(n +1)t:00 Maps positive objects
to positive objects, even when only acting non-trivially on
a part of them, i.e.,

Ty *X 20V X >0. (2.92)
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(a) Possible axiomatic consideration for two-slot

HOQOs.

FIG. 25.

(b) Action of the HOQO W in
(a) on a one-slot HOQO S.

HOQOs beyond the constructive approach. (a) Demanding that channels are mapped to deterministic one-slot HOQOs with

no initial input and final output yields two-slot HOQOs WV that do not permit a representation in terms of an underlying quantum
circuit, i.e., they lie outside the constructive approach. These HOQOs W are known as process matrices and play an important role in
the study of causality in quantum mechanics (see Secs. Il E and III D for further discussion). (b) When acting on deterministic one-slot
HOQOs S—depicted vertically here, to “fit” into JY—such HOQOs W do not generally yield unit probability, i.e., they cannot be
meaningfully applied to all deterministic HOQOs at “lower rungs of the hierarchy.”

Since this has to hold for any positive X—no matter
what space X is defined on—this implies T, 1)i.oc 20,
just like for the case of quantum channels where we argued
for the positivity of C on the same axiomatic grounds. In
general, we should then be able to build up the hierarchy of
deterministic (i.e., satisfying T > 0 as well as the correct
input/output relations) n-slot HOQOs by starting from
states and channels (the most basic deterministic objects),
and then demanding that all deterministic higher-level
HOQOs map “lower rungs” of the hierarchy to deter-
ministic objects. Deterministic elements would then be all
the HOQOs in this hierarchy, obtained starting from states
and channels as the base, and the resulting HOQOs should
coincide with the sets of quantum combs we obtained in a
constructive manner above.

However, as it turns out, this recipe is too broad [27] and
only demanding that particular deterministic objects are
mapped to other deterministic objects (say, deterministic
one-slot HOQOs to deterministic one-slot HOQOs) would
lead to HOQOs that do not abide by a global causal order, i.e.,
they cannot be represented by a quantum circuit with only
isometries and partial traces. The most well-known simple
example of this phenomenon is the set of transformations
that map pairs of independent CPTP maps to unit probability

(or, equivalently, the set of transformations that map quantum
channels to one-slot combs with trivial input and output
space [see Figs. 4(c) and 25(a)]).

As shown in Ref. [30], such HOQOs—known as
process matrices—can be used to violate so-called causal
inequalities—a feat impossible under the assumption of a
global causal order—and thus lie outside the set of
processes that can be obtained from a quantum circuit
(or convex combinations thereof; see Secs. I E and II1 D).
To remedy this issue, i.e., to make the sets of construc-
tively and axiomatically motivated quantum combs
coincide, we must enforce stricter axiomatic requirements
(for a more detailed analysis, see Ref. [27]).

We obtain quantum combs as the set of deterministic
n-slot HOQOs only if we require that they not only map
certain deterministic objects to deterministic objects,
but rather map all the “lower rungs” of the hierarchy
onto deterministic objects. That 1is, an operator
T(us1)i:00 2 O—corresponding to an n-slot HOQO—
would be deterministic iff

Tint1yiz00 *T(k+l)°:li

(2.93)
is a deterministic (n — k — 1)-slot HOQO

FIG. 26. Action of deterministic HOQOs on deterministic HOQOs. A valid deterministic n-slot HOQO should map any valid
deterministic k-slot HOQO to a valid deterministic (n — k — 1)-slot HOQO. Here, this situation is depicted for n = 5 and k = 2.
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for all £ < n and all deterministic k-slot HOQOs 'T'(k ERICIE
[151] (see Fig. 26). We emphasize that the roles of “input”
and “output” spaces for T, .o and 'T'(kﬂ)o:li are
interchanged—inputs  of T, .o are outputs of

T-(k+1)o: i and vice versa. As in Sec. 11 C 2, this difference
in the role of spaces is indicated through the breve on
'T'(k +1)o:1:- Evidently, the only deterministic object that is
given a priori are quantum channels, while all other
deterministic HOQOs are defined recursively via the above
equation (see also the discussion below). Note that, in
principle, one must add the requirement of completeness to
Eq. (2.93), i.e., determinism of the resulting object even if

T is defined on additional spaces that T does not act on.
Since it will turn out that all HOQOs abiding by Eq. (2.93)
can be represented by quantum circuits (see below) we will
obtain satisfaction of this additional constraint for free, and
Eq. (2.93) is already sufficient to fully define the set of
deterministic n-slot combs.

Requiring Eq. (2.93) to hold for all k < n is a much
stronger requirement than only demanding it for a fixed k.
In contrast, for example, process matrices only require that
channels are mapped to 1-slot combs (without initial input
and final output space), but not that all superchannels are
mapped to the value 1, the only valid “comb” on .#(C)
[see Fig. 25(b)]. As a result, process matrices can display
causal indefiniteness (see Sec. Il E), while quantum combs
can always be represented by a causally ordered quantum
circuit (see below).

As mentioned, this additional requirement is indeed
sufficient to guarantee that only proper combs (i.e., objects
satisfying the conditions of Def. II.10) survive, and we will
thus call all such axiomatically motivated n-slot HOQOs
quantum combs in what follows. Phrased in terms of
Eq. (2.93), this axiomatic definition of quantum combs
is still somewhat messy; however, we can equivalently
express it in a more systematic way that “builds up” the set
of quantum combs in a recursive manner:

This proposition establishes a natural axiomatic frame-
work for characterizing deterministic quantum combs: Any
valid comb within the hierarchy defined by the above
criteria is regarded as deterministic, as it is constructed

|

Clurnioe = Tugryioe * TV 7o ki

r—1)
= T(n+]>i:oo * (T o. kl ®T 1 (k

is a CPTP map for all possible sets {k,, k,_, -,k } C
{n,n— S} with k> kg >k, p > o>k =1
and all correspondmg deterministic (k, — 1 — k,_;)-slot

HOQOs T !} .., (see Fig. 28).

1)°: (k1)

n-slot quantum combs—axiomatic approach

Proposition 11.8. A 0-slot quantum comb is a quantum
channel. For arbitrary n €N, an n-slot quantum comb
Tinsnyi-00 2 0 is recursively defined as a HOQO that
maps (n — 1)-slot quantum combs onto quantum chan-
nels, i.e., for all valid (n— 1)-slot quantum combs
T,.;:, we have that Tty 00 *T o =:C,y1)i0 18
the Choi state of a quantum channel C: £ () —
ZL(IH (411):) (see Fig. 27).

recursively starting from quantum channels, which are
themselves deterministic objects. Conversely, any HOQO
that lies outside this hierarchy—i.e., outside the set of
objects specified by the definition—is considered
non-deterministic (or may result in supernormalised
“probabilities”). This concept of “deterministic”’ naturally
extends to less constrained scenarios, such as the process
matrix framework, where all objects that map pairs of
CPTP maps to unit probability are classified as
deterministic.

While a priori seemingly different in spirit, the defi-
nition of quantum combs provided in the above proposi-
tion coincides with that of Eq. (2.93): Naturally, if a
HOQO T, i.¢- satisfies Eq. (2.93) for all k < n, then it
also satisfies the requirements of Prop. IL.8 [set k =n — 1
in Eq. (2.93)]. For the converse direction, we first note that
the deterministic objects “at the base of the hierarchy” are
states and channels, i.e., the O-slot deterministic HOQOs
according to Eq. (2.93) coincide with those provided in
Prop. 11.8. Evidently, determinism according to Eq. (2.93)
is then defined in a recursive way: a deterministic n-slot
HOQO must map all deterministic k-slot HOQOs (with
k < n) onto deterministic (n — k — 1)-slot HOQOs, where
only the “lowest level” (i.e., the 0-slot case) of determin-
ism is defined a priori in terms of quantum channels.
Consequently, determinism can always be traced back to
“mapping deterministic objects onto quantum channels.”
That is, the validity of a deterministic n-slot HOQO
according to Eq. (2.93) means that

*T’l *T

71011

et )

]) (kr ])l (294)

|

For example, consider the (9-slot) case of Tpi.go
depicted in Fig. 28. In order for it to be deterministic
it must—amongst others—map all deterministic 1-slot

HOQOs T ,+ onto deterministic 7-slot HOQOs. In turn,
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1-slot comb

0-slot comb

2-slot comb

FIG.27. Axiomatic definition of n-slot combs. Starting from quantum channels (0-slot combs), every n-slot quantum comb must map
(n — 1)-slot combs to channels. Note that in this definition spaces can be trivial, i.e., isomorphic to C, e.g., combs can start on an output

space such that we have J#p = C.

FIG. 28. Determinism according to Eq. (2.93). Requiring that every deterministic n-slot HOQO T, ):.o- maps all deterministic
k-slot HOQOs onto deterministic (n — k — 1)-slot HOQOs is equivalent to requiring that, when acting sequentially on deterministic

F-1)

£(r) .
HOQOs T (y=1)°: (k1)

n°ky’

..,ng_l)o:p with fewer slots, eventually T, ):.qo yields a quantum channel C<n +1)i00, for all

possible sequences of such HOQOs with fewer slots. Here, this is depicted for the case n = 9 and ky = 1, k, = 3, and k3 = 7, and the
resulting channel is given by Cypigo = Tygi.go *'T'(g?ﬂi *Té?ﬁi *T;):P'

the resulting (7-slot) object T i .0 * Tzo .1 must map, e.g.,
all deterministic 3-slot HOQOs T6o:3i onto deterministic
3-slot HOQOS T i .0 * 'T'ﬁo 31k T, .1, and so on, until no
more open slots remain and the final resulting object must
be a (deterministic) quantum channel. Varying the number

of slots of the individual deterministic HOQOs T in this
line of reasoning then yields the conditions of Eq. (2.94).

Now, to show that Prop. I1.8 indeed implies satisfaction
of these constraints, all we require is that a tensor
product of valid quantum combs (according to

9

Prop. I1.8) remains a valid quantum comb, i.e., T,o.: =
T(r) T(r—1) . (1) g i

Toor ® T 1oty @ @ T yporys is 2 valid
comb whenever each Tffo): i is [152]. If this is the case,

then it immediately follows from Prop. II.8 that

Cusyioe = Twanyizo * Tyourt (2.95)

is a valid CPTP map for any “decomposition” (in terms of
tensor products of quantum combs with fewer slots) of

9

T,o.: and the definition of n-slot combs given in Prop. I1.8

coincides with that given in Eq. (2.93). Importantly, this
equivalence hinges on the assumption that the space of
valid quantum combs (defined according to Prop. I1.8) is
stable under tensor product composition. As we will see
below, all n-slot combs that satisfy Prop. IL.8 are repre-
sentable by a quantum circuit, and tensor products of
quantum combs are thus still valid quantum combs,
justifying this assumption.

In a similar vein, this fact also guarantees that a HOQO
T(ui1)i:00 satisfying the requirements of Prop. IL.8
preserves complete positivity and deterministic objects
in a complete sense. If T, 1):.¢o stems from an underlying
unitary/isometry circuit (as we will prove below), then
Tos1)00 *Tnano:lila, the contraction of an n-slot comb
T(ns1)::00 With an (n — 1)-slot comb T ,20:111= potentially
acting on additional spaces (labeled by n® and 1%)
corresponds to the contraction of two quantum circuits,
always yielding a quantum channel.

Hierarchy of causality constraints on quantum
combs. With this axiomatic motivation of quantum combs
in hand, we can now analyze whether or not it coincides
with the constructive derivation of quantum combs
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presented in Sec. II C. This will be done in two steps: First,
we will show that an operator T, | 1: .o is a quantum comb

according to Prop. I1.8 iff it satisfies the hierarchy of trace
conditions of Def. II.10, i.e., the trace conditions that
follow from the constructive approach to quantum combs.
Subsequently—similarly to the case of channels—we will
show that every comb satisfying the trace conditions of
Def. I1.10 can be understood as stemming from a quantum
circuit that only contains isometries and partial traces, i.e.,
it possesses a Stinespring dilation. Let us phrase the first
step as a proposition:

Properties of nr-slot quantum combs

Proposition 11.9. An operator T, , .o 2 0 is the Choi
state of an n-slot quantum comb according to Prop. I1.8
iff it satisfies the hierarchy of trace conditions in
Def. 11.10.

Proof. First assume that T, ):.0- >0 and Teq:>0
are two operators satisfying the trace conditions of
Def. 11.10, i.e.,

(1)t [Tyt 00] = Too @ Ticgo, oo+t [Toig0]

=T1o @ Tyergon trya[Tyicge] = Toe,

(2.96)
and trno [Tnoili] — “ni ® Tn—loili’ st ,trzo [TZOZli]
=Ty @ Tporyi, trpe [Tro] = 1.

(2.97)

We reiterate that the role of spaces is exchanged for the two
combs T, )i:0o and T,o. s, i.e., inputs of T, ):.¢0 are
identified with outputs of 'T'no .1: > 0 and vice versa; hence

the different trace conditions on the two combs. By
invoking the conditions (2.96) and (2.97) alternatingly,

we can now show that T, ):.qe *-T-no:li =:C,y1)i0 18
indeed the Choi state of a quantum channel, i.e, it satisfies
(1)1 [Clup1yioe] = Too, as follows

1) [Clurnyioe] = gy [Tagnyizo0] * T oo
= (T @ Tpinge) * T ooy
=T g0 ke [T o0 2]
== (1o @ Tyige) * Thou e
=Tigo *trpo[Tho. ]

=T x 1y = Tge. (2.98)

That is, if n-combs satisfy the trace conditions of Def. I1.10
for all n €Ny, then n-combs map (n — 1)-slot combs to
quantum channels, thereby satisfying Prop. I1.8.

The converse direction is shown by induction. To this
end, let us assume that (k — 1)-slot combs coincide exactly

with the set of operators 'T'ko: 1+ = 0 that satisfy the trace
conditions of Def. I1.10, i.e., the conditions of Eq. (2.97).
This implies that Tyo. |+ = dk%‘]]ko:li +eop @ Xy i —
where o;- is some traceless operator, X;:.,: is arbitrary,
and dyo is the total dimension of the spaces labeled by o—
is a proper (k — 1)-slot comb for sufficiently small & (such
that -\i—kozli >0). If a k-slot quantum comb T )i e
satisfies Prop. 1.8, then

gy [T iknyi00 * Tponrs]

1
= d_kotrk+li:1i [Tiesn)::00)

+etrge. 11 [00g1) [T gyt 0] (G0 @ K1)

= Tge. (2.99)

This must hold for all traceless operators oo, all Xpi .1,
and all e sufficiently small. Since the r.h.s. of the above
equation is independent of all of these terms, this implies
that tr(k+l>i [T<k+1)i200} — ﬂko ® TkiZOO' TO ShOW the full
hierarchy of trace conditions on T ):.¢-, we employ the
fact that—due to Eq. (2.97)—we have that -i—ko: i =

d;%o Tpouyi + el e ® U(Tk—1)° ® X(Tk—1)i:1i is also a proper
Ekfl)i:li’
and sufficiently small e. Repeating the above argument
with  this  choice  of Tko .11, we  obtain
tri [Tei0e] = T—1)e ® T(_1yi.0o- Continuing this pro-
cedure then yields the entire hierarchy of trace conditions
on Tgy.eo. Finally, we remark that O-slot combs—
quantum channels—satisfy the trace conditions of
Def. 1110, thus providing a suitable starting point for
the induction. [

Stinespring dilation of quantum combs. To show that
the axiomatic and constructive approach to quantum
combs coincide, it finally remains to demonstrate that
every comb T, y:.(o that satisfies the trace conditions of
Eq. (2.96) can be understood as stemming from a quantum
circuit; in other words, we must derive a Stinespring
dilation for quantum combs [27,97].

Proof. To arrive at such a representation of a quantum
comb T, )i.g0, 1-€., to derive the n + 1 isometries that
make up the circuit that leads to T, y:.o0, wWe follow
similar logic as for the case of quantum channels discussed
in the previous section, albeit with a slightly more
cumbersome notation. Let T, )i.00 € L(H,11): @
Ao @ -+ Q ) be a quantum comb that satisfies

(k—1)-slot comb for all traceless oy, all X
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the trace conditions of Eq (2.96). Similar to the channel case, a purification of T, ): :0% can be constructed as follows

@

|-r(n+1)i10°an+l> = \/-_rz-n+] n+1 (n+1)j/> (D:ono/> e |¢&00/> e%(n_;,_])i ® s ® %00 ® %anﬂ N (2100)

where 52, = supp(T,11)::00) © H i1y @ Hpor @ -+ ® H yor. From the trace conditions of Eq. (2.96), we have
that tr, 1y [T(ui1)i:00] = Te @ Tpisge, such that T(,,H) 0°a,,, = |T<n+1> .0°a,,+,><-r(n+1) :0°a,,| 18 a purification of
T,Q®T,: opor) @ |Tn1:00an> with

IToiora,) = VT ol @) R e upyor) [ @) €EH s ® -+ @ Hgo ® H s, (2.101)

provides another (minimal) purification of 1,0 ® T,:.¢0 With J2, = supp(T,:.¢0) € 10 @ Hpy_jor @ -+ @ H on.
Consequently, there exists an isometry V) : 2 . ® H o, = H (1) @ H,,,, that acts only on the purification
spaces and connects both purifications via

Tosnycova,,) = VODI@ o) Tt oea,) (2.102)

We can now run this argument again for |Tni:00a”>, |T(n_1)i:00a”71>,"', yielding a set of n+ 1 isometries
(V& or @ Hay = H(41y: @ Hay,, i, that we can use to express |T(n+1)i:00an+l> as

|T(n+1)i;00an+]> - V(n+1)|(1):0n0,,> n |¢ (n l)o//> cte V(2>|¢1 ]orr>V 1 |¢Oooou> (2103)

Since T, 1yi.00 = tra ['T'(n +1)i:00a,,,]» We see that the n-comb T, ):.¢o indeed stems from a sequence of isometries
acting on halves of maximally entangled states followed by a partial trace over the ancillary space 7,  [see Fig. 29],
Le., there exists a quantum circuit that yields T, ..

As for the case of quantum channels, it remains to derive the explicit form of each V**1) and show that they are indeed
isometries. To this end, we first note that Eq. (2.102) implies

T T
Ten)ora,) = VE @) VT 0 [P ) [ e yyon) [ Pigen)- (2.104)

As a result, we have

+ =
k+1 |q)koko//>|q)klk1//>|q) k 1 o/r> : |(Doooo//> (\/Tki:()o) 1|T(k+1)i:0°ak+l>’ (2105)
a as ag ap An41
Oou 1i 21 3)’ ......... L n+ 1%
& "
10// li
ot (o 1°
Q01 9i -
e 9 o
: nel : : Pt
ot o o

FIG.29. Stinespring dilation of n-slot quantum combs. The operator T(n +1)i:00 corresponding to an n-slot comb can be understood as
the Choi state of a circuit only consisting of isometries V**1)[s] = V(k+1) o Y417 [gee Eq. (2.103)].
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where (\/'_I' ]ti :00) is the Moore-Penrose pseudoinverse of Na kl oo @nd we have used that y (k1) |CI> ogor) and VT IZ 0o @
defined on disjoint Hilbert spaces. Similar to the case of quantum channels [see Eq. (2.88)], we can now directly read off
the isometry V(+1) by using the fact that (@ jx,,|V(k“)|<I>Jt ) = V&) for all j < k and x € {1, o}, which yields

V(k+1) <q)+

ke ke | <®+

kiki//|<q)?;¢—l)°(k—l)°”| st <q)3;00//| X (\/T]ti;()o)_l|T(k+1)iiooak+|>‘ (2106)

To show that the set {V(k“)} comprises only isometries, we bring V**1) into a more manageable form, along the
lines of Eq. (2.90) for the case of quantum channels. We first note that for any operator X, its partial transpose can be
expressed as

(D oo XD ) = 1o XTI o e, (2.107)

where the extra matrices 1.~ and lz«_, are merely required for proper labeling. Inserting this identity into
Eq. (2.106) and employing the definition of |T ;. )i.¢e4,,,) from Eq. (2.100), we obtain

k+1) + T Tko
V( +1) = ‘]]ko_)kor |:(\/-_rki.oo> \/_ k+l ] q)?[_(_’,l) (k+1)i/>'l]k°”—’ko
o M oo

T -1 + Tyo
(k+1) (k+1)Y" K\/.k 00) \/’(k+1) } |(D (k+1)* (k+1)i'> (k+1) (k+1)*
i -1 T
= (Vo) Vo0 19y o (2.108)

- ’“k°—>k°’ <q)

where we have set k° := k°:0° and have used that (CI);ku X|®,
Eq. (2.107) and relabeling terms appropriately. For improved clarity, we relabel the input spaces of V**1) such that they
are labeled in the same way as the outputs of V¥); this notational change amounts to replacing “double primes” by “single
primes” in Eq. (2.108). Finally, we strip spaces that are exclusive to V1) of their primes, such that

VD e @ H oy = H i1y @ Hay,,» With H, CH ) Q- @ H oo and A, | CH 1) @ - @ Hpr.
Performmg these notational changes on Eq. (2.108) ylelds (see Fig. 30)

= X in the second line; the last line follows from

kl kll >

Vi) [\FT;“,(H)l,:OO,(\FT,’;i,:OO,) ]|q> s ) Vi (2.109)
In this form, it is easy to see that V**1) is an isometry since

[(ﬁki/:oo/) T*k+1 ir.gor (ﬁki/:00/> :||(D k+1 (k+1)i/>’“ko_)ko/

* -1 + * -1
= T [(ﬁki':om) (k1) [T(kﬂ)u:OO,} ( Tki’:OO’) ]“k"—»ko’ =Tl ®1,, (2.110)

k+1 k+1)
V( 4 )Tv( +1) — ’“kO/—>kO<®E~;(+l)i(k+1)i/

ak41
Ak41 g ]

(k+1)*

FIG. 30. Isometries for constructing quantum combs. The isometries V*+1): 7. ® Hy, = H (k +1 : ® H,,,, making up the
circuit corresponding to an n-slot comb T, ):.- can be built from the “reduced” combs {T;:. ¢}t i [see Eq. (2.109)].
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where we have made use of U (g 1) [TZ‘k +1)i,:00,] =T ®

Tro g and (VT w00) VT ge = 15,

Similarly to the channel case, the required dilation

space H,,  for the constructed isometries VD : 7. ®
%ak g jf k+1 ® %akﬂ’ Wlth %akﬂ =
supp(T (1)t -00) = supp(\/'TZ‘kH)v ) is minimal
[27,97]:  Any isometry VU370 @ 7, —
H (g1 ® Hp,,, With potentially smaller dilation space
byyr in the circuit that leads to T yi.o connects
purifications of T yi.0o and Ty g0 via
|T(k+1)i:0°bk+]> = Vit |(Dk°k0’>|:rki:0°bk>' (2.111)

Since the purification |T(k +1)i:0°a,,,) that we used in our

construction was minimal, we see that dim(7%, ) <
dim(77,, ) is not possible. "
The above argument culminates in the following:

Stinespring dilation of quantum combs

Proposition 11.10. A positive semidefinite operator
Tis1yi:00 € L(H i1y ® -+ ® Hpe) is the Choi
state of a quantum circuit with isometries
(VD Ao @ H oy = A1y @ H oy Vi iff it
satisfies the hierarchy of trace conditions of Def. I1.10.
A minimal choice of isometries is given by

Vil — [ﬁ?k+1)i’:0°’ (ﬁzi’:oo') }|‘D

k1)t (k+1)i’>]]k°—>k°"
(2.112)

(a) 1-slot quantum comb
and corresponding circuit.

FIG. 31.

As a result, every positive semidefinite operator
Tis1)i:00 20 satisfying  the trace conditions  of
Def. I1.10 is the Choi state of a quantum circuit. Put
differently, the axiomatic and constructive approach to
quantum combs yield exactly the same set of valid
processes.

We emphasize that this equivalence of the set of
axiomatically defined HOQOs and the set of HOQOs
stemming from quantum circuits only holds if we demand
that a proper HOQO has to map all HOQOs on “lower
rungs” of the hierarchy to deterministic objects [153]. If,
however, one only requests that a HOQO of interest maps
particular sets of HOQOs to other HOQOs—Ilike, e.g.,
superchannels to superchannels—then quantum combs do
not constitute the maximum set of deterministic quantum
operations, and one readily obtains HOQOs that cannot be
represented by quantum circuits (or convex combinations
thereof). The discussion of such more general HOQOs is
the subject of the following sections.

3. Example: 1- and 2-slot quantum combs

We now demonstrate the general considerations of the
previous section for the simplest cases: 1- and 2-slot
quantum combs. Respectively, these are HOQOs that
map channels to channels and 1-slot combs to channels
(see Fig. 31).

1-slot quantum combs. We begin by deriving the
building blocks, i.e., the isometries V(1) : 7 — 7 ®
H,, and Ve e ® Ho = Ky @ H,, for a
1-slot comb Tzl.oo that satisfies

try: [Tzi:oo] =11 ®Ti.pe and trli[Tli:Oo] = Tpo.

(2.113)

(b) 2-slot quantum comb and
corresponding circuit.

Circuit representation of 1- and 2-slot quantum combs. (a) Any 1-slot quantum comb can be obtained via two isometries V(1)

(called the “encoder”) and V) followed by a partial trace over the ancillary space (together, this final isometry and the partial trace
form the “decoder”). (b) Analogously, every 2-slot quantum comb can be represented by three isometries and a final partial trace.
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Employing Eqs. (2.112), we can directly read off V(1)
and V® as

Ve = [ﬁzi’:om(ﬁfi/:m’rq|‘Dz+i2r>“1°~1°/ and

v — [ﬁ’;ﬂ:o@,} @7, 1) Tgooe (2.114)

It is often useful to not only construct the isometries, but
also their Choi states V'!) 1 €L (Hyp @ Hy: @ Hy,)

0°1*a
and Vgi) iy €EL(H 0 @ Hy @ Hy: @ H,,), such
a;2ta,
that
1 2
TZi:OO = U‘az |:V(()O)lial * V(1°>alZia2i|

_ vy (2)
= V0°1ia, *Ur,, [Vloalziaj

=: Eoolial *Dallozi, (2'115)

where we have introduced the “encoder” Epe:, and
“decoder” D, i, channels. Concretely, we have [154]

0°0°"

- \/-_rTi/zoo/((D(;oo, ® CD_I'_ili’> Vv Tli’:(]o"

Egeria, = ChoilVW] = V@, ., VDT
(2.116)

We emphasize that tr, [Ege i, ] = Tii.0o holds, ie.,

Eperia, = |T6011a1>(T6011a1| is a purification of T :.g.
The Choi state V() follows analogously, with a slightly

longer calculation to bring it into a nicer form. First, we

note that

ChoiV@] = V(D00 @ @0 @ Do) VAT
= [V@H(v@|, (2.117)

where we require the double primes on the maximally
entangled states for proper bookkeeping, such that
VOYe ) @ H, & Hy @ H, with A, C
FCoor @ I 111 Q F o ®<%ﬂ211 and %al CIH0gon Q@ I in.
Since in Eq. (2.115) we trace over the final auxiliary
space a,, for the I-slot case we are not necessarily
interested in the full Choi state V() but rather tr, [V?)]:

) - o y®@
traz |:V1°a|21a2:| = troo/11/10/21/ |:V1°a12ia21|

—tr,, [[ﬁ;ﬂ:oe,(ﬁ’;ﬂﬂm)fﬂ g ® By ® By ® O

li! 2i2i/

[\/-_r;i’ 0%/ (\/-_I-Ti’ :OO’)il} T}

= tra2 [|:(\/-_rli/:oo/)71T21/:Oo/(ﬁli/:oo/)il} $Oo/oo// ® $li/]1// ® $1°1°' ® $21211] . (2118)

Here, $3v = (@i )T = (@}1) ™ denotes the swap operator between the spaces 77« and ¢}y and we have used
both the cyclicity and invariance under transposition of the trace. It is easy to see that “tracing against swap operators”
amounts to a simple relabeling of spaces, i.e.,

troolli/lo/zi/ [Xzi/joo/($0°/00” ® $lj/li/r ® $lolor ® $21211)] = ’I]lioo_)li//oo//XZi:Ooﬂ 11700”51109 - (2119)
Consequently, we obtain
— ) — ) ) ) -1 ) ) =11 . .
D, 1o = tr, [Vioaia,] = Tysgonginger (VT 1 00) ™ Taiige X (VT 15100) ™M pangor o (2.120)

Finally, we replace the double primes in the above equation by single primes so that the auxiliary spaces in Ege;:, and
D,,i0p: are labeled appropriately, yielding:

Encoder and decoder for 1-slot quantum combs

Proposition II.11. Any 1-slot quantum comb T,:.4. can be obtained as a concatenation of two CPTP maps E.;:, (the
encoder) and D_+,: (the decoder), such that

Tyei00 = Eqoyia, * Dy one 2.121)
with  Egejin = V100 (@pfoger @ @) VT 00 (2.122)

and
Darors = Tisgemig (VT 1t00) " Tatie (VT 1:00) ™ Tygeniges (2.123)

where J7, C 11 @ F .
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For easier manipulation, it is advantageous to incorporate the relabeling 1,0_,;1¢0 into the notation, which can be done
by making all the spaces T,i.po = T5ijoqigo is defined on explicit. With this, we have

EOOIial -

TTi/Oo/( 000! ® q)llll,)\/Tli/Oo/ and Dallozi = (\/-_rli/oo/)_sziloli/oo/<ﬁli/oo/)_l

(2.124)

It is now easy to prove Eq. (2.121)—which holds by construction—explicitly, by direct insertion:

Ta
Eoolia] *Dal]ozi - tral |:EoolialD ! :|

a, 102t

=ty [\/T;,Oo,( e ® VT o (VT o) lngj';;;,og,(\/T{i,oo,)fl}

o/ 1/
= troorli/ |:( 0°0°/ ® (I)l il T2§)1c}11/001:| - T2i1°110°’

where we have used the cyclicity of the trace and
Hermiticity of T, as well as the identity

troo/lu[( 0°0° ® (I)1 11/)X2i1°1i’00’] Xzfoll)ll ige-
Importantly, for the n-slot case, the construction of

the initial encoder Eyo:, does not change. On the

other hand, the final decoder D, ,o(,1): follows from a

simple generalization of Eq. (2.124) as Danno(n b=

(\/-_rni’(n—l)"’n-o"’)ilT(n+1) n°nt' (n— 1)0’-~-O°’(\/-_I-ni’(n—l)"’-4-0"’)71
The only building block we have not yet discussed in detail
in the Choi formalism are the “intermediate” isometries
V® for k# 1 and k # n + 1. We will now address this
point explicitly when discussing the 2-slot case.

|

<

- [(ﬁll,,oo,,)—lﬁ;i,lo,li,oo,}| Do) [P ) [ Do)

such that we obtain

2 —1,/T* -1
Vi e, = | (VT o) ™V T o000 | @gen @ @i ® Py ® Py VT joryirger (VT yinger) 1|

<2)» = [ﬁ;i’l"’li’o"’(ﬁ;’o(’/) }|q)0°’00”>|q)11’11”>|q)1°1°’>

(2.125)

2-slot quantum combs. For a comprehensive discus-
sion of the 2-slot case [see Fig. 31(b)] with Choi state
T3:.00 = T3ig00i 101100, it remains to provide a concise form

of the Choi state Vlo 2ia of V@, As mentioned,
the respective encoder Eoolial = VT (@ ®
o li,)\/Tlli/oo/ and decoder D, 203 =

—1 1 . .
(\/-T-zillo/li/oo/ ) T3i pogirqoriser (\/-T-zillo/ 1 iloo/) lmmedl-

ately follow from the 1-slot case.

We can obtain a concise form of V1°a gig, =
1 2

[VEW(V®| by inserting the definition of V) [see
Eq. (2.114)] into Eq. (2.117) [155]:

©3i0)

S

(2.126)

(2.127)

where Hay CHgon @ Hysw and H o, C Hopo @ Hy @ Hyor @ H 5, and we have used Xisrgor [@jorgon) [P y5n) =
ll//()o// | Dorger) [P 20) as well as the Hermltlclty of Ty:ngor. We emphasize the proximity to the form of the encoder Eeo s,
in Eq. (2.121), which is a purification of T,:y. Here, re-writing Eq. (2.127) we have

V(Z) . = (\/-_rli//oo//) |TOO”11//1021a2> <T/

1°a;2*a,

where tr, [Tior injop:, | =

the labels of the involved spaces—with that of Egeys,,

Toonjinjeqi. If the spaces .7 o and J7:» are trivial, then this form of v

00//11111021 |(\/-_I-li//0c>//>_1, (2128)

1oa,2a coincides—up to

in Eq. (2.121). In summary, we have:
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Building blocks for 2-slot quantum combs

Proposition 11.12. Any 2-slot quantum comb T3:.00 = T3iq09ij01igo can be obtained as a concatenation of three CPTP
maps Egopiy s VE?alZiaz and D, 5031, such that
2
T3i202ilo]ioo — Eoolia] * V(lo)aIZiaz * Da2203i, (2.129)
Wlth E()Olia] - \/-_I—Ti//ool/((ba-o()o// ® Q);li//) \% Tli//oo//, (2130)
Da2203i = (\/-_rzillo/liloo/)ilT312021/lo/11/oo/(\/-T-zillo/li/oo/)il, (2.131)
and
2 — * / —
V(lo)a]21612 = [(\/-_rli//oo//) lﬁzi/lo/li/ool]d)a—o,oo” ® q);,li,, ® (DTOIO/ ® q);,_izi/ X [ Tzillo/lj/oo/(\/-_rli//oo//) 1], (2132)
where %a] C %li” ® L9?00// and %az C %Ool ® %]if ®%10/ ® %2ir.

Note that, in order to make the auxiliary space a; match in the definition of Eye i, and v

1o, 21, W€ have changed

single primes to double primes in Eq. (2.130). Similarly to the 1-slot case, we can show Eq. (2.129)—which holds by

construction—explicitly:

2 %
EOO lia, *V( ) * Da22°3i =1ryingor |:($0000// ®$li 11//)\/-?21/10/11/00/ (q)go/oou ®(I)Ti'li” ® (I)Tolm ®q);21,) \% Tzi/lo/]i/oo/:| * Da22OSi

1°a,2%a,

:trQi/]o/]i/Oo/ |:($Oo/oo// ®$li/li// ®$lolo/ ®$2i21/)T312021/]O/li/OOIj| :T312021 lolioo N

where we have again used the fact that “tracing against

the swap operator” amounts to a relabeling. Naturally,

the above definition of V(li)a] 2, directly generalizes to
/(c]i)loak,l Kia, and the corresponding multi-slot case.

This concludes our discussion of the axiomatic and
constructive approach to causally ordered HOQOs. As we
have seen, starting from quantum circuits, we always end
up with HOQOs that satisfy the causality constraints of
Def. I1.10 and vice versa: Any HOQO that satisfies said
trace conditions can be understood as the Choi state of a
quantum circuit. Finally, we have seen that, if we impose
strict axiomatic constraints, then we recover the same set
of HOQOs when following only axiomatic considerations.
This begs the question of what happens to the hierarchy of
HOQOs when these axiomatic requirements are loosened.
The ensuing HOQOs, which lie outside of the set of
causally ordered combs, as well as the notion of causal
indefiniteness in HOQOs is the subject of the following
section, after briefly discussing axiomatic considerations
for superinstruments.

4. Axiomatic considerations for superinstruments

Having considered the axiomatic foundations of
n-combs, it remains to briefly discuss the analogous

(2.133)

|

motivation for quantum superinstruments, which we have
already encountered in Sec. II C 3. There, we introduced
them as objects that extract classical information from
quantum channels, quantum combs, and other higher-order
quantum objects, while at the same time potentially
outputting a valid quantum object. A special case is the
so-called festers or process POVMs [139], which typically
describe higher-order quantum objects that are fully
contracted with the object on which they act, thereby
leading to only a classical output (in the form of a
probability distribution). In other words, superinstruments
are the higher-order analog of instruments, while testers/
process POVMs are the higher order analogs of
effects/POVMs.

In the previous section, we have seen that quantum
combs—i.e., deterministic (causally ordered) HOQOs—
can be derived from axiomatic considerations; here, we
will extend this analysis to superinstruments—i.e., their
probabilistic counterparts. As per Def. II.11, a (causally
ordered) superinstrument 7 is a collection {GE;);H}E
LAy ® -+ Q 1) of positive semidefinite operators
G;(q)?:li >0 such that overall G:.p: =), G;(;):N
(deterministic) quantum comb [156]. First, as is the case
with quantum combs, the elements of a superinstrument

1s a
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must be positive semidefinite; otherwise, they would
potentially map positive semidefinite operators to non-
positive  operators, which would yield negative
“probabilities”—an unphysical scenario. Moreover, when
all elements of a superinstrument are summed over, one
must obtain a deterministic transformation overall since
this represents an event that occurs with certainty. Within a
causally ordered setting, such a sum of superinstrument
elements must therefore form a quantum comb (see below
for a generalization beyond the causally ordered case).
Next, we observe that all (causally ordered) superinstru-
ments can indeed be realized by a quantum comb followed
by a measurement on an auxiliary system. That is, all
quantum superinstruments can be implemented by means
of a quantum circuit and an additional (projective) meas-
urement. To see this, consider a superinstrument

{G()? N

i Faet- We can construct a quantum comb

T=3 G ® %) (xl., (2.134)

where {|x)}_, forms the computational basis for the
auxiliary system .7, := CV. Direct calculation shows that
T is indeed a valid comb. Intuitively, this comb makes use
of an auxiliary system to output a quantum “flag” state |x)
that indicates which superinstrument element was applied

on the system, and we have T * |x) (x|, = G’(fi):li for all x.
More precisely, by performing a measurement (in the
computational basis) on the auxiliary system, we obtain a
realization for any superinstrument by combining a quan-
tum comb with a final measurement (see Fig. 32).

In light of discussions to come regarding the application
of HOQOs to scenarios that go beyond a definite causal
structure, i.e., HOQOs where the respective slots are not
necessarily temporally ordered in a fixed way (see
Secs. I E and III D), we emphasize here that this relation-
ship between deterministic HOQOs (e.g., quantum combs)
and their probabilistic counterparts (e.g., causally ordered
superinstruments) holds true more generally, in particular
for the case where the admissible set of deterministic
HOQOs can comprise HOQOs that are causally indefinite.
In this case, in complete analogy to the causally ordered
case, we can then consider higher-order analogs to instru-
ments that are not necessarily causally ordered in time.

More precisely, if {DS?: li} is a set of positive semidefinite
operators that add up to some general deterministic k-slot
HOQO—which may not have a definite causal order—the
operator W := " DS?: 1+ ® [x) (x|, will also be a general
deterministic k-slot HOQO of the same type, providing a
method to “implement” the probabilistic object from its
deterministic counterpart. We will refer to such objects as
general superinstruments [157].

Returning to the causally ordered setting, since super-
instruments can be implemented in terms of quantum
combs plus a final measurement on an auxiliary system,
their axiomatic derivation follows that for quantum combs
described above. However, for the sake of concreteness,
below we present a brief alternative axiomatic approach to
one-slot superinstruments without a global future, i.e.,
objects that transform quantum channels to probability
distributions.

Consider an arbitrary quantum channel in its Choi
representation C;, € Z(°; ® ). We seek the set
of maps T : Z(A#; ® ) — C that take any such
input channel into a probability distribution P(x), thereby
playing the role of a higher-order effect. Concretely, we
require that 7™ [C;,] >0, and > 7W[C, ] = 1 for all
C;, €CPTP. In order to be compatible with quantum
theory, these superinstruments must comprise only linear
maps; hence, by the Riesz representation lemma, for any
constituent element, there exists an associated unique
linear operator T'" such that 7®[C;,] = «[T C,,]
[158] for any self-adjoint linear operator C;, € £ (#; ®
A ) (such as any quantum channel in its Choi represen-
tation). In order to ensure that any superinstrument will
lead to non-negative probabilities (see also Ref. [159])—
even when applied to part of a bipartite channel—we
require the elements 7™ to be completely positive; hence,

we must have that T(ixo) > 0. The normalization condition
imposes that

(2.135)

Ztr |:T(l)2 Cio:| =1.
X
As we require testers to be universal, the above ex-

pression must hold for arbitrary quantum channels C; €
CPTP. Now, we define the operator T;, =, T(ixcz. Since

FIG. 32. Realization of superinstruments. Any (causally ordered) superinstrument {Gif):ll} can be realized by a quantum comb

T=5, Gi);):li ® |x) (x|, followed by a measurement {M™) := |x)(x|} on an auxiliary system. The classiclal outcome x is explicitly
represented by double lines. While the depicted superinstrument begins and ends on input wires—I1* and n*, respectively—

superinstruments can also begin and/or end on output wires.
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we must have tr[T;,C; ] = 1 for every quantum channel
Cio, which in particular satisfy tr [C;.] =1, it is
straightforward to see that there must exist a quantum
state 0; €. Z(;) such that T;, =o0; ® 1,. Lastly,
as proven in Refs. [27,139] (and using purification
methods that are analogous to the ones from the previous

. (x) .
section), for any set of operators T, >0 respecting

> T(ixcz =o0; ® 1, there exists a bipartite quantum state
P €L (A, ® H,), and a POVM with elements
EY e 2(#., @ #,) such that TO) = p,_ xES), pro-
viding a “Stinespring/Naimark dilation” for any such one-
slot superinstrument.

E. Quantum processes with indefinite causal order
and indefinite time direction

Up to this point, our axiomatic considerations for
HOQOs have been rather strict; so strict that they led to
n-slot quantum combs being the only admissible trans-
formations. Both from a foundational as well as a practical
point of view, it is often reasonable to weaken the
requirements on valid HOQOs to yield more general
objects that nonetheless still describe physically mean-
ingful scenarios.

A pertinent avenue to this end concerns the notion
of causality. Although a crucial part of our everyday
experience, the assumption that events occur in a
definite causal order or time direction is not explicitly
enshrined in the axioms of quantum mechanics.
Previously, we saw that if one begins from constructive
considerations, i.e., on a dilated space, then one natu-
rally arrives at quantum combs/process tensors, where
individual slots—corresponding to events—are sorted in
a clear temporal order. However, we have also seen that
there is no fundamental problem with defining mean-
ingful HOQOs that lie outside of the set of processes
with a fixed causal order. This immediately begs the
question: what types of causal order can quantum
mechanics—in principle—allow for?

Investigations to this end can be motivated from (at
least) two directions. First, it is possible to imagine that
the laws of causality in nature might be more general than
our intuition would permit—particularly in the regime

FIG. 33.

of quantum gravity [2,30,31,99—101]—necessitating an
understanding of the HOQOs that could describe such
scenarios. Second, such analysis allows one to map out the
fundamental limits of quantum processes (say, for infor-
mation theoretic tasks) and enables one to pinpoint the
consequences of restricting events to occur in a fixed
causal order. In turn, this provides a deeper insight into the
nature of causality itself, independent of whether or not
processes with “exotic” causal structures truly exist in
nature or not.

Here, we aim to provide a brief introduction to the
analysis of causality in quantum mechanics. We begin by
discussing how the notion of causal order is encapsulated
by signaling properties of the HOQO at hand and
analyzing some key examples that lie outside the frame-
work of (causally ordered) quantum combs/process ten-
sors. We then discuss three paradigmatic examples of
HOQO:s that lie outside the quantum comb formalism: the
process matrix and the quantum switch—which are the
standard examples of quantum process with indefinite
causal order—as well as the quantum time flip, which
exhibits indefinite time direction.

1. Process matrices and spatiotemporal
signaling structures

Quantum processes with fixed causal order. As we
briefly discussed below Prop. II.10—and as is evident
from their temporally ordered implementation—quantum
circuits and consequently n-slot combs naturally display a
fixed causal ordering: Any input at a “later” time—say,
t,—cannot influence the resulting comb defined on any
earlier times—say, t, for k < . More concretely, con-
tracting an n-slot comb T, i.o with any k-slot comb

[164] 'T',, +1::n—ke that acts on all of the “final” degrees of
freedom of the former (see Fig. 33) yields a comb that is

independent of T, 1., ;o, i.€.,

Toiti0e *'T'Hli:n,ko is independent of 'T'Hli:n,ko
(2.136)

as long as T, :., 1o is a proper (i.e., deterministic)
quantum comb. This can be seen by direct insertion:

T/
-I-S1 30

Quantum combs cannot signal backwards in time. Whenever a quantum comb T, :.¢. is contracted with another comb

'T',, +1i: o that acts on all of the “final” degrees of freedom of the former, the resulting comb on the “earlier” k times is independent of

the latter comb [see Eq. (2.136)]. Here, this is shown for n = 4 and k = 2; contracting T nt1t:00 with two different combs Ts;: .50 and

Tsl .30 on the final degrees of freedom yields the same resulting comb Ts:.q0 =

= Tsiigo * Tsiig0 = Tsingo % Thig0.
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Since T, ., ends on an input space, it must be of the
form T, :.po = 1,412 ® T,0., 4o, and so we have

Tn+11:0° * Tn+1i:n—k° =, s {Tn-‘rli:OO] * Tn":n—kO
= (ﬂno ® Tni:()o) *Tno:n—ko

=T,i.00 X trpe [T o pso]
= =T, 100, (2.137)
where we have alternatingly employed the trace conditions
satisfied by quantum combs. Since this expression is
independent of 'T'n +1i:n—ko» We see that indeed any “later”
choice of input to the n-comb T, :.oo cannot influence
what is “seen” at the preceding times. Put differently,
quantum combs do not allow for signaling from the future
to the past, making fixed causal ordering equivalent to a
signaling constraint on quantum combs. Notationally,
we will denote such signaling structures by either 0° <
I'<---<n°<n+1% or A< B<C<---, depending
on whether we wish to emphasize the individual spaces
(corresponding to a single degree of freedom) or the parties
(corresponding to an overall slot) that can signal to
each other.

Crucially, the above reasoning only holds true if

T, 1 ke is @ deterministic k-slot comb. In contrast, if

it were merely a tester element éiﬁli'n—ko > 0, then
A (x) :
Tn+li:00*GHli:n7kc would generically depend upon

A (x
Gilﬁm—k@'
implemented deterministically, this situation does not
amount to signaling backwards in time, which pertains
to overall rather than post-selected phenomena.
Nonetheless, setups with tester elements can be used to
probabilistically simulate processes with indefinite causal
order [114,165-167].

On an abstract level, by identifying each slot of a
quantum comb as a distinct laboratory (A, B, C,...) with
an input and output space, we can think of a quantum comb
as the object containing all spatiotemporal quantum
correlations between these distinct laboratories. That is,
if we do not allow for any additional communication
between the parties A, B, C, - - - besides the comb, it fully
specifies in what way they can signal to each other, and
how correlated their respective measurement outcomes can
be. Naturally, in an experiment, different slots of a comb
would not necessarily have to correspond to physically
distinct laboratories; but rather to, say, measurements
made in a single laboratory at different points in time.
Since each slot of a comb comes equipped with its own
Hilbert spaces, mathematically there is no problem with
this separation into distinct laboratories. Adopting the
viewpoint of distinct laboratories proves fruitful for con-
sidering causally disordered processes as the most general
admissible HOQOs between separated parties. Here, we

However, since a tester element cannot be

Fixed causal order: A < B < C

Example 11.8. To illustrate this notion of fixed causal
order/signaling, consider the HOQO T, g€
z(%m@%Ao@%Bi ®%30®%Ci ®jfcc)
with three slots—which we identify with the three
parties A, B, and C, with corresponding input and
output spaces labeled by A, A°, B°,...—that abides
by the ordering A < B < C. The fact that C is the last
party implies that

Tapc*Crico = Type ¥ Cli o =t Tup

i co (2.138)

for all CPTP maps Ccico and C. ., that party C
performs. That is, the choice of operation by C cannot
be signaled to A and B. The additional condition that
A < B implies that

TAB*CBiBO :TAB*C/ =:TA (2139)

BiBo
for any choice of CPTP maps Cp: . and Cl; ;. by B.
Again, this implies that no signal can be sent from B
to A. On the other hand, A can potentially signal to B
and C, since the constraint A < B < C allows for

Tape * Cuige # Tapc % Ci\o

(2.140)

for some CPTP maps C,:i4o and C;,, performed

by A. A similar reasoning would naturally apply to
more slots.

focus on the two-party case, i.e., two slots only, since for
this case the notion of causal indefiniteness/causal disorder
is rather unambiguous and easy to define [30,49]. The
multiparty case presents itself much more layered, since it
allows for dynamical notions of causal order—i.e., the
causal order is determined on-the-fly as the parties act, and
their respective actions can potentially influence the causal
ordering of the others—Ieading to a more involved concept
of “causally ordered” [60,168-170].

Quantum processes with indefinite causal order.
While first conceived in the context of computational
advantages without definite causal order [31,99,142], we
will here begin with a discussion of causally indefinite
quantum processes that is closer in spirit to our previous
considerations. Such a discussion was provided in
Ref. [30], in which the process matrix formalism—which
we have already encountered in Sec. II A3—was
introduced. To motivate it, consider two parties,
Alice (A) and Bob (B), who are spatially separated
(i.e., they are in distinct laboratories) and assumed to be
able to act freely. In their laboratories, they can receive
quantum states, manipulate them, and send them forward.
Assuming that quantum mechanics holds in both
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FIG. 34. Process matrix action. A process matrix W,z maps
pairs of instruments 7, = {M{"} and 7 = {N{’} to proba-
bility distributions P(x,y|74, J5). Unlike in the causally
ordered case, here there can be both signaling from Alice to
Bob (depicted by the navy dotted line) and from Bob to Alice
(violet dotted line). Since, overall, probabilities are guaranteed to
be normalized whenever W, acts on any pair of CPTP maps,
such “two-way” signaling does not lead to logical paradoxes.

laboratories, the most general (independent)
procedures that they could perform consist of local instru-
ments J, = {Mga): L(Hys) > L(Hpo) )it and
Jp = {N;b): L(Hp) - L(Hpe)},E, on the quan-
tum systems that they receive and subsequently send
forward (see Fig. 34). Now, we might wonder what the
most general spatiotemporal structure that Alice and Bob
can be embedded in looks like, i.e., what is the most
general set of admissible HOQOs that connect them. We
emphasize that “admissible” is a rather important qualifier
here; naturally, when going from quantum combs to
causally indefinite processes, one should not allow for
arbitrary processes which might lead to, e.g., unnormal-
ized probability distributions. We will use the term
“admissible” to mean that the HOQOs we consider lead
to local causality being fulfilled, or equivalently, that all
possible deducible probability distributions are normal-
ized, i.e., they are positive and sum to unity.

To introduce these requirements, we note that—as was
the case previously—linearity forces one to compute joint
outcome probabilities via the generalized spatiotemporal
Born rule

a b
P(a 1T 40 T5) = tr| (Mo ® NG T Wi oo |
a b
= W igopipgo * MEP)AO * NfBRBO,

(2.141)

where the process matrix Wyijopigo € L(H 4 @
Hpo @ Ay @ o) encapsulates all possible spatio-
temporal correlations between Alice and Bob. Naturally,
one requires that P(a, b| 7 4, J g) = 0 holds for all CP maps

MX?AO *Ng’i)Bo. As we will discuss in Sec. IIES5, this

condition by itself does not suffice to guarantee overall
positivity of W 4i 4051 5o, but only when restricted to acting

on pure tensors [171,172], i.e., positivity on tensor products
of operations that Alice and Bob perform without additional
auxiliary spaces. Positivity of W i 405 go is enforced by the
additional demand that W yields positive quantum objects
even when only partially acting on CPTP maps.

Evidently, the process matrix plays a similar role to a
quantum comb T in the causally ordered case, in the sense
that it provides a single object from which all observable
behavior [i.e., the probability distribution P(a, b7 4, T )]
can be computed for any choice of instruments 7 4, J p.
However, a quantum comb further assumes a global causal
order: Either Alice can send signals to Bob (A < B) or Bob
can send signals to Alice (B < A), but not both. Here,
instead, we merely demand that causal ordering holds
locally, i.e., in each laboratory individually. Concretely,
this means that for whatever deterministic operation either
party performs, the resulting HOQO describing the sit-
vation in the other laboratory is causally ordered.
Mathematically, this implies that

WAB*MA :,O(B'\flA) ®ﬂBo and

. (2.142)
WAB *NB = 771(418) ® ﬂAo
(My) (Ng)
for all CPTP maps {My, Ny}, where p,i*" and ,;" are

quantum states that may depend on M, and N, respec-
tively, and we have set A :== A*A° and B := B B°. We note
that it is unnecessary to demand both requirements in
Eq. (2.142), since they are equivalent to each other, as
can be seen by direct insertion. Moreover, while a 2-slot
quantum comb without global past or future would satisfy
similar structural constraints, only one of the states p('\f*‘)

B
and 11;'\:3) could depend on the CPTP map applied by the

other party. For instance, given a comb T4 (without global
past or future) with causal ordering A < B, then
Tup*xMy = pg\f“) ® Tgo generally depends on My, but
Tag *Np =14 ® 140 is independent of the choice of
CPTP map Np, reflecting the fact that Bob cannot signal to
Alice in this case. The above discussion represents a
weakening of the axioms laid out in Sec. IID 2 that led
to admission of (causally ordered) quantum combs/process
tensors as the only valid deterministic HOQOs; by weak-
ening these axioms, causally indefinite process matrices
become included in the set of admissible deterministic
HOQO:s.

Process matrices and non-signaling channels. The
requirements of Eq. (2.142) can equivalently be expressed
more concisely as

Wy xMyxNz =1V My, N; €CPTP. (2.143)
This implies that all pairs of trace preserving maps are
mapped to unit probability by the process matrix W g
according to Eq. (2.141). The equivalence between
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Eq. (2.142) and Eq. (2.143) follows by direct insertion:
If W, satisfies Eq. (2.142), then W,z *M, x Ny =
(Wap * M) *Np = (0N @ 150) x Ny =1 for  all
M,,Nz €CPTP. Conversely, if W,; satisfies
Eq. (2.143), then (Wyz*xMy)xNz=1 for all
My, Nz € CPTP. This can only hold if (W45 x My) is of
the form pgz: ® I for some unit trace positive semi-
definite operator pp:; analogous reasoning leads to the
second identity in Eq. (2.142).

In Sec. ITE 5, we will consider HOQOs as transforma-
tions between sets of HOQOs, which chimes well with the
foundational motivation for process matrices presented
here. Process matrices Wi qopigo > 0 are precisely those
operations that map quantum channels M, . to 1-slot

combs Sgigo = pg\iﬂA) ® 1. without global past or future
[see Eq. (2.142)], or equivalently, pairs of channels
M, ® Ni to unit probability [see Eq. (2.143)]. While
the former definition agrees exactly with the one to be
discussed in Sec. II E 5—thus leading to the characteri-
zation of process matrices given in Egs. (2.186) and
(2.187)—the latter seems slightly at odds with it, since
the set of product channels M4 ® Ny is not defined by a
positivity constraint, a projector, and a trace constraint
(which can be seen by noting that the set of product
channels is not convex).

Evidently, though, if Eq. (2.143) holds for all pairs of
CPTP maps, then it follows that

WAB* RAB = 1, for RAB = ZUMX{) ® Ng), with
A

MY N eCPTP and Y r, =1. (2.144)
A

Any quantum channel R,y that can be written in this
way is non-signaling, i.e., it cannot be used to send signals
from Alice to Bob and vice versa. For example, suppose
that Alice feeds in an arbitrary quantum state p,:. The
resulting channel that Bob “sees” is given by

(Pa: ® 140) xRy :Zm [(PAi ® ﬂAO)*M%)} N}

A
= Zl"ﬂN(;),
i

(2.145)

where we have used the fact that each ME"{) itself is a
quantum channel. Since the above expression is indepen-
dent of p,:, the channel that Bob “sees” locally is
independent of any state that Alice feeds into the overall
channel R,3. Analogous reasoning for Bob then shows
that such a channel cannot be used for any signaling
between the two parties.

As it turns out, all non-signaling channels R,z > 0
between Alice and Bob can be written as an affine
combination (i.e., with prefactors that sum up to unity
but are not necessarily all positive) of product channels
[31,173], as in Eq. (2.144). Consequently, we obtain yet a
third, equivalent definition of (bipartite) process matrices
as those HOQOs W,z > 0 that map non-signaling chan-
nels R,z to unit probability. In contrast to the set of
product channels, the set of non-signaling channels is
characterized by a positivity constraint, i.e., Ryz >0, a
projector P, ® Pp, where Py is the projector onto the
span of the set of CPTP maps from .Z( 7 y: ) to L (7 xo)
for X € {A, B} [see the first condition of Eq. (2.175)], and
a trace constraint tr[Rag] = d4:dpi. Consequently, the
properties of W, can again be deduced by using the
methods that will be presented in Sec. Il E 5 [174]. We also
see that process matrices form a strict superset of the set of
2-slot quantum combs without global past and global
future: Such 2-slot combs T (with order A < B w.l.0.g.)

must map any 1-slot comb T with order A < B to 1 (put
differently, they must be compatible with “remote con-
nection” [27], i.e., yield valid probability distributions
even if the respective parties can send signals to each other
outside the comb T). Since such 1-slot quantum combs T
form a strict superset of the set of non-signaling channels
(as they can signal one way), the corresponding set of
admissible 2-slot combs T must be strictly smaller than
that of process matrices.

Finally, the understanding of process matrices as the set
of positive semidefinite operators that map non-signaling
maps to the value 1—i.e., process matrices form the
affine dual of the set of non-signaling channels—also
allows for a straightforward extension to the multipartite
process matrix case [49]. In particular, a multipartite
quantum channel Rypc... > 0 that does not allow for any
signaling between the involved parties is characterized by
the projector Py, @ Pp ® P ® ---, where Py is the
projector onto the (span of the) set of CPTP maps
from L (i) to L(Hx) for Xe{A,B,C,---} [see
the first condition of Eq. (2.175)], and the trace condi-
tion tr[Rupc..] = dyidgide: ---. The set of multipartite
process matrices is then the set of all operators W, z¢... that
satisfy [49]

Wypc.. 20
for all non-signalling channels Ryzc....
(2.146)

and WABC-~~ * RABC~~- = 1

While we will not discuss the multipartite case in detail,
we note that the properties of such multipartite process
matrices could again be straightforwardly derived by
means of the projector based approach that is presented
below in Sec. IIE 5 [49,140].
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2. Witnessing causal indefiniteness

Up to this point, we have emphasized that process
matrices can lie outside of the set of 2-slot combs without a
global past and future due to the weaker axiomatic
requirements that the former must satisfy. Such process
matrices that go beyond the quantum comb formalism do
not abide by a fixed causal order and cannot be represented
by an underlying quantum circuit. However, this fact alone
does not render them causally indefinite per se. To see this,
consider a process that is sometimes (with probability p)
given by a quantum comb T4<8 with causal ordering
A < B, and the rest of the times (with probability 1 — p) by
a quantum comb T?<4 with causal ordering B < A. This
happens, for instance, in situations where one flips a coin
(with probability p for heads and probability 1 — p for
tails) in each run of an experiment to choose between two
causally ordered circuits: one in which Alice comes before
Bob, and the other in which Bob comes before Alice. The
overall HOQO describing this scenario is

WS, = pTA<B 4 (1 — p)TB=A, (2.147)

HOQOs WS¢}, that can be written as such a convex
combination of processes with a fixed causal order are
called causally separable (cs). These processes typically lie
outside of the set of quantum combs and allow for signaling
in two directions. In other words, both WS, x M, and
WS¢, x N generally depend on the CPTP maps M, and N.
Nonetheless, there is nothing particularly exotic about their
causal structure, since they can be implemented by means of
standard quantum circuits and a coin flip that decides which

|

1
4

1 .
WAOiCABoBiBo == ]]AiAOBiBO +7§(]]Ai ® O',Zqo ® U;@ ﬂBO +0:41 ® ﬂAO ® (Tgi ® O'ZBo) ,

where ¢ :=|0)(1| + [1)(0] and o° :={0)(0| — [1)(1] are
respectively the Pauli-x and Pauli-z operators. It can be
shown by direct insertion [e.g., into Eqs (2.186) and
(2.187)] that ngcfo o 1S indeed a valid process matrix.
To prove that it is causally non-separable, there are two
possible ways.

For the first one, note that the set ®° of causally
separable process matrices is, by construction, convex.
Consequently, via the hyperplane separation theorem, for
any causally non-separable W} & ©% there exists a
causal witness D,p such that tr]W{3D,5] <0, while
tr[WS;D4p] > 0 for all causally separable WS, € O
As such, if minimizing the quantity tr[W,zD,p] over all
valid witnesses—i.e., all D4p that satisfy trf[W$,D4p5] > 0
for all W5, € ®*—yields a negative value, one can be
certain that W, is causally non-separable. Since, in the
bipartite case, the definition of causal separability is
relatively simple [see Eq. (2.147)], the set of causal

of the circuits is used in each run of the experiment;
crucially, in each run, the process has a clear causal
ordering. Consequently, we shall only call process matrices
that lie outside of the convex hull of causally ordered
processes causally indefinite/non-separable (cns):

Causally indefinite/non-separable process matrices

Definition II.12. A (bipartite) process matrix W, is
causally indefinite/non-separable iff it cannot be written
as a convex combination of causally ordered quantum
combs, i.e.,

W, # pTA<B 4 (1 — p)TB=4, (2.148)
where TX<Y >0, with T*<Y =1y ® Tyiyey: and
tryi [Tyixoyi] = px: ® Iy for X, Y € {A, B}, with py:
a quantum state. Otherwise, we say that W 5 is causally
separable.

Interestingly, there indeed exist causally non-
separable process matrices [30]; a priori, quantum
mechanics therefore allows for processes that lie
outside of the paradigm of causal order (even when
probabilistic mixtures of causal orders are permitted).

An example of such a causally indefinite process matrix
on qubit systems is ngcfo 5 po (named after the authors of
the paper where it was introduced—Oreshkov, Costa, and
Brukner [30]), which is of the form

(2.149)

I

witnesses can be characterized in terms of conic constraints
and the minimization of tr[W,zD,z] can be phrased as a
semidefinite program (SDP) [175] that can readily be
numerically solved to high precision [49,176]:

given W
minimise tr[W,5D 5],
subject to DAB = PAB[GAB]’ AOGAB > 0, BOGAB > O,

1
AB D,y =Pagldasl. Jag=0. (2.150)
dAOdBO

where we employ the notation ye := :;—i ® try[*] and Pyp is
the projector onto (the span of) the set of process matrices
given in Eq. (2.186) (see Sec. IIE5 for a detailed dis-
cussion). We forego the derivation of this SDP here (the full
derivation can be found in Ref. [49]) but note that it is easy
to see that any such witness D45 satisfies tr[D,WS;] > 0
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for all WS, € @, since

tr[Dop Wi = tr [PAB [GaplWis] = tr[GupPas [Wﬁsg]}
= ptr[GupTA=B] + (1 — p)tr[G s 5]
= ptr[Gup (5 T*E)] + (1 — p)tr[Gap (4o TE<)]

= ptrfpeGyp ] + (1 — p)trfoGyp TP 2 0,

where we have used the invariance of W, under the
projector P,p, the fact that P,p and y.* can be moved
around freely within the trace, as well as that TX<Y =
yoTX<Y and .G, > 0 for X, Y € {A, B}. The remaining
restrictions on D, i.e., the last line in the above SDP, that
we did not use in this reasoning, ensure that the value of
tr[DsgW, 3| is bounded from below [49]. The above
program can be solved analytically and yields a value
of min (tr[D,sWQSP]) = 1 — v/2 < 0, demonstrating that
WSSE is indeed causally non-separable [49,176].

The notion of causal non-separability is fundamentally
device-dependent; the fact that WQgB is causally non-
separable means that there exist no two causally ordered
processes TA<B and TE<4 on qubits such that WQSE can be
written as a convex combination of them. This does
however not necessarily mean that the statistics
P(a,b|J 4, Jp) that can be obtained from W?B cannot
be reproduced in some causally ordered way. This dis-
tinction is akin to the difference between entanglement and
the violation of Bell inequalities: A (bipartite) quantum
state is entangled iff it cannot be written as a convex
combination of product states, but this does not imply that
there does not exist a local hidden-variable model that
reproduces the measurement statistics exhibited [177]. Put
differently, any quantum state that does not admit a local
hidden-variable model is necessarily entangled, but the
converse is not true. Similarly, the violation of causal
inequalities—i.e., inequalities that are satisfied by any
causally definite process—provides a stronger, device-
independent notion of causal indefiniteness [30,178,179].
Indeed, although all processes that violate a causal
inequality must be causally non-separable, there exist
causally non-separable processes that do not violate any
causal inequalities [49,91,180,181], such as the quantum
switch (see below). We will not go into the details of the
derivation of causal inequalities here (see Ref. [179] for a
collation of the simplest causal inequalities), but remark
that WQSE is not only causally non-separable, but also
violates a causal inequality (which we will call the OCB
inequality below) [30], thereby demonstrating that its
statistics are impossible to be reproduced in a causally
definite manner. Additionally, relaxing the underlying
assumptions that lead to causal inequalities, one can derive
broader classes of device-independent and semi-device
independent certifications [50,182-185] of causal

(2.151)

I
indefiniteness; we discuss some of these ideas in more
detail in Sec. III D 2.

While causally indefinite processes like WQ5B are
admissible from a mathematical and foundational perspec-
tive, it remains a priori unclear how they arise in nature
and whether they can be faithfully implemented exper-
imentally. Furthermore, their inherently strong causal
indefiniteness begs the question whether or not they are
potentially excluded by means of introducing reasonable
additional postulates to quantum mechanics [89]. We
finish this exposition on causally indefinite processes
with a discussion of the quantum switch [31], an
HOQO with two slots—similar to process matrices—but
with an additional global past and future.

3. Indefinite causal order: quantum switch

Causally indefinite HOQOs with global past and
future. Thus far, the HOQOs we have considered for the
analysis of causal order (or lack thereof) had two slots, but
no global past or future. We will now go beyond this
scenario and allow for an additional input that lies in the
global past of both slots, and an additional output that lies
in the future of both slots (see Fig. 35). For reasons that
will become clear shortly, we split the global past in two
systems P and C (for past and control) and the global

o c’
!
I
H Al A°
e m
I \| r
I NN 1 ——

FIG. 35. Quantum switch. Depending on the state of the
control C, any state that is inserted on system P either goes
first through Alice’s laboratory and then through Bob’s (if the
control is in state |0¢); navy dotted path) or vice versa (if the
control is in state |1); violet dotted path). The influence of
the control on the causal path is depicted by the red dotted line: If
the control is in a superposition of [0¢) and |1¢), then the two
paths are taken in superposition and the final state of the control
system C’ is generally entangled with that of the system F.
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future in two systems F and C’ (for future and control).
We denote the corresponding HOQO on the two slots plus
past and future as W peyi 405t go e and will shorten or omit
the subscript whenever there is no risk of confusion.
Axiomatically, in a similar vein to the process matrix
case, we make the minimal demand that W > 0 maps all
pairs of CPTP maps M, ® Nj onto a CPTP map from the
global past to the global future. Put differently,

Whcaiaepiporer * My x Np =:Kpcrpe (2.152)
is the Choi state of a CPTP map K: Z(#p Q 5 ¢) —
L(Hp @ # ). For the case where global past and
global future are trivial, ie., Jp = (¢ ==
H~ = C, this definition coincides with that of process
matrices [see Eq. (2.143)]. In addition, it ensures that
both Alice and Bob locally “see” a causally ordered
process. For instance, if Alice implements a CPTP map
My, the remaining HOQO is given by Spcpigopc =
Wocaigopigore * My. From Eq. (2.152), it follows that
Spepipore maps every CPTP map Ny onto a CPTP map
Kpcre and is thus a valid 1-slot comb, i.e., a HOQO with a
fixed causal order (see Prop. IL.8).

Analogous to the case of process matrices, Eq. (2.152)
can be equivalently phrased as a mapping from non-
signaling channels R,z to (general) channels Kpcpcr,
making it amenable to a characterization of the HOQO
Wpcaigopigorer in terms of a positivity constraint, a
projector, and a trace constraint (see Sec. IIE5). In
particular, if W >0 is a valid HOQO [according to
Eq. (2.152)], then

Kecrer 3= Wpeaiaopipore * Ras (2.153)
is a quantum channel for all non-signaling channels R,p.
Since we have already encountered the projectors onto the
(span of the) set of non-signaling channels Rz, as well as
the (span of the) set of CPTP maps Kpcpc, we could
readily deduce the characterization of all such admissible
HOQOs W using the procedure that is outlined below in
Sec. IIE5. However, rather than providing this general
derivation, we leave the characterization of all admissible
HOQOs Wpyipopiporc as an exercise to the reader and
instead turn our attention toward a particular HOQO: the
quantum switch.

Quantum switch. The quantum switch Spepig0pigopcr
is a particularly insightful example of a HOQO with two

|

trpe[S] = trp[|0c) (0c]| @ @f . @ @FL . @ Doy + 1) (1| @ D @ D, @ D]
= |OC><OC| ® (D;Ai ® QXoBi ® Tgo +

slots and a global past and global future. It was introduced
in Ref. [31] in the context of quantum computation without
causal order and its advantages for information theoretic
tasks have been investigated both theoretically [142,186]
as well as experimentally [187-191]. We refer the reader to
Sec. III D 2 for more applications of the quantum switch
and Sec. IITE 3 for more on its experimental realization.

In the two-party case, the quantum switch permits the
coherent superposition of causal orders. That is, if one

plugs two quantum operations Ml(qx) and Ng) into its slots
(see Fig. 35), one can—depending on the state of the
control C—obtain a superposition of “first Alice, then

Bob” (i.e., Nﬁ,?’) o ng)) and “first Bob, then Alice” (i.e.,

Mﬁj” oN 5;')). Naturally, the HOQO describing such a
situation lies outside the set of (convex combinations
of) causally ordered processes (see below for a simple
proof). Here, we first discuss its mathematical structure
and then provide a concrete information theoretic task
where it offers an advantage over causally ordered
HOQOs. To simplify the discussion, let us first state the
explicit mathematical form of the quantum switch and then
show that it indeed exhibits the aforementioned behavior,
i.e., enables the superposition of different causal orders. In
particular, the quantum switch S = |S){S] is of the form

S) = 10c)|®,:)

JF
PAY (I)A°Bi>

+ |1C>|q);gl> CI);OAi>

@y p)[0c)
pop)|lcr),

(2.154)

where all systems are qubits. Here, the |®") operators
represent identity channels between the appropriate par-
ties. Hence, upon feeding in |0), for the control, we
observe the fixed causal order P < A < B < F; on the
other hand, upon feeding in |1). for the control, we
observe the fixed causal order P < B < A < F.

By direct (albeit somewhat lengthy) calculation one can
check that this HOQO indeed maps pairs of CPTP maps to
a CPTP map, i.e., S x M4 % Ny is CPTP for all CPTP maps
M, and N (we provide a simple proof below). In addition,
S does not abide by a fixed causal order with PC and FC’
as global past and global future, respectively
(PC<A<B<FC'orPC<B<A<F(C),since it does
not satisfy the trace conditions of Def. I1.10; in particular,
we have that

(2.155)

1)1/ @ B @ DL ® 1o,
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which is neither of the form 1z ® S'—required for the
fixed ordering PC <A < B < FC'—nor of the form
14 ® S'—required for the ordering PC<B<A<FC'.
In addition, since S = [S){S| is rank-1, it cannot be
represented as a convex combination of causally ordered
processes and is therefore causally non-separable (as for
the case of process matrices, the causal non-separability
of the quantum switch can also be shown via causal
witnesses [31,49,188,189]).

To demonstrate the aforementioned behavior of the
quantum switch explicitly, we note that the process dis-
plays two different causal orderings, depending on the
initial state of the control. In particular, we have

S 0c)(0c| = @}, @ Dl @ Dfr ® [00)(0c].-
(2.156)

Since @ is the Choi state of the identity channel, the
above expression corresponds to an identity channel from
P to A*, followed by an identity channel from A° to B* and

|

finally an identity channel from B° to F, while the control
qubit remains unchanged. That is, the process exhibits a
causal ordering P < A < B < F if the control qubit is
initialized as |0¢). On the other hand, if the control qubit is
initialized as |1¢), we yield

S*|1C><1C| = ¢;Bi ® ®§°Ai ® ®XOF ® |1C1><1C/|.
(2.157)

That is, we have the same process (i.e., identity channels
between the laboratories), but in this case the causal
ordering is P< B <A < F.

This phenomenon can be succinctly expressed in terms

of Kraus operators. If My = ", [K')(K\”| and N, =
) |L£;ﬁ )))(<L£f)| are CPTP maps with respective Kraus

operators {Kﬁf): Hps > Hpo} and {Lgﬁ: I g —
Ao}, then

ISHESI* My x Ng = STISH(S| % (KL HUKY | % 1LY HLy|

ap

= SR 1o ) ((SILE VR ) = SIS (s
a.p ap

The resulting Kraus operators {S(@): 7#p @ ¢ —
Hp ® H ¢} of Sk My * Ng can be derived by inserting
the definition of |S)) into the above equation, which gives

Slap) — |0c) (0| ® LA K@) 1 1) (1c] ® K@L®),
(2.159)

with the understanding that K(®) maps from . p to % p:
in the first term, and from ¢ ,: to ) in the second,
while L) maps from ¢ p to % in the second term, and
from 575 to 5 in the first. With this, it can easily be
checked that y_,; S@)7S(@) = 1 holds, i.e., the quantum
switch indeed maps pairs of quantum channels to quantum
channels. A relevant special case occurs when M, and Ng
are unitary channels, hence each being described by a
single Kraus operator U, and Ujp respectively. In this case,
the output operation of the quantum switch is also unitary
and thus described by a single Kraus operator

§:= 8@ =100)(0c| ® UpUy + |1¢) (1| ® UyUp.
(2.160)

In Ref. [192], it was shown that the action of the
quantum switch on unitary operators suffices to fully

(2.158)

|

characterize the quantum switch as a HOQO, and hence
the transformation on unitary operators (Uy, Ug) —
0c){0c| ® UpUas + [1¢){lc| @ UsUsp implicitly
defines the action of the quantum switch on arbitrary
quantum operations.

If one feeds a classical state, i.e., |0¢) or |1¢), into the
control, the quantum switch outputs either UgU 4 (in case
of |0¢)) or UyUp (in case of |1¢)). In other words, a
process with definitive causal ordering between A and B
ensues. More generally, if one inputs a probabilistic
mixture of such classical pure states, e.g.,
pc = pl0)(0]- + (1 — p)|1){1]o, into the control, the
quantum switch outputs p UgU, + (1 — p)U,Up; i.e.,
a probabilistic mixture of causal orders. Perhaps the most
interesting behavior of the switch occurs when, instead
of |0¢) or |1¢) (or probabilistic mixtures thereof), one
feeds a superposition such as |+)c ==%(|OC> +1¢))

into the control. In this case, the two different causal
orders from above occur in superposition, enabling the
aforementioned information processing advantages that
the quantum switch permits (see Example II.9 and
Sec. III D 2).

We finish with a brief analysis of what happens when
the final control system C' is discarded (i.e., traced out). In
this case, we obtain

042001-58



A GUIDE TO HIGHER-ORDER QUANTUM OPERATIONS

PRX QUANTUM 7, 042001 (2026)

tre[S] = 10¢)(0c| ® @,

+
BT X - X

por T 1) (le] @ @pps @ @y yi ® @it

(2.161)

i.e., a classical switch between two causally ordered processes. For any input state p- of the control, the classical

switch yields

® P

tre'[S] * pe = (0lpcl0) - @, OB

PA*

which is a convex mixture of the two causally ordered
processes @, @ @y @ Ppop  (with  order
P<A<B<F)and @, ® O}, . ® P (with order
P <B <A< F). Consequently, as soon as the final
control qubit is discarded, the causal non-separability of
the quantum switch is lost—and with it, many of the
advantages that the switch provides over causally ordered
processes [31]. This also means that the quantum switch is
the purification of a rather benign process, the mixture of
an identity process in one direction with an identity
process in the other. This is in contrast to the process
matrix WOCB we encountered above [see Eq. (2.149)],
which is not the purification of a causally separable
process. Since in quantum mechanics, purifications of
admissible objects are generally themselves admissible,
this fact provides yet another justification for the quantum
switch as an interesting and physically relevant object.

Finally, note that the quantum switch is not merely a
theoretical abstraction; information processing tasks for
which it has been shown to provide a concrete advantage
over causally ordered strategies have been demonstrated
(see, e.g., Refs. [49,142]), as we discuss below.

Advantage from quantum switch

Example I1.9. A referee provides two unitaries, U, and
Up, with the promise that they either commute or anti-
commute, i.e., either UyUp=UzU, or U,Up =
—UpgU,. It has been shown that determining which of
these two options is the case using any causally ordered
setup (i.e., quantum comb/process tensor) requires at
least two calls of at least one of the input unitaries
[49,142]. On the other hand, upon inserting U, and Upg
into the quantum switch, the unitaries are put in a
superposition of their possible orderings, which sub-
sequently allows one to determine whether they com-
mute or anti-commute from a single call of each of them.
Concretely, choosing the initial input and control states
respectively as |w)p and |+)., it follows from
Eq. (2.159) (setting S@h) =: § since here there is only
one Kraus operator for each party) that the resulting state
on Ho @ Hp is

SI+)elwle =5 (e (Un Uswo

— =) Ua, Upllw)p). (2.163)

® Opop + (1lpcll) - @Fp @ P @ Do,

(2.162)

where [Uy,Ug|:=U,Up—UgU, and {U,, Ug}:=
U,Upg + UgU,. Measuring the control qubit in the
+/— basis thus reveals whether the unitaries commute
(for outcome —+) or anti-commute (for outcome —)
[142,187]. As mentioned, the fact that only one—instead
of two—=calls of each unitary suffices, stems from the
fact that the quantum switch allows for superpositions of
the orderings of the inserted quantum operations.

4. Indefinite time direction: quantum time flip

Both process matrices as well as mappings from
(bipartite) non-signaling channels to channels (like the
quantum switch) are examples of HOQOs with two slots
that can display causal indefiniteness. This 2-slot case is
the simplest possible example of causal indefiniteness—
since at least two parties are required for any kind of causal
ordering. Additionally, as we have seen, any HOQO with
only one slot that maps quantum channels to quantum
channels admits a Stinespring dilation and can thus be
represented by a causally ordered quantum circuit (see
Sec. I D 3), which seemingly implies that at least two slots
are required for HOQOs to possibly lie outside of the
quantum comb formalism. However, even in the 1-slot
scenario, meaningful HOQOs beyond the comb formalism
exist if we restrict the respective input and output spaces,
e.g., to subsets of quantum channels. In turn, this restric-
tion can lead to HOQOs with indefinite time direction
[193]—as opposed to indefinite causal order, as we saw
for process matrices and the quantum switch—which we
now discuss in more detail to conclude this section.

Quantum time flip. For example, a HOQO
W sipigoaoe (Where, again, we split the global past and
the global future into two spaces, P = CA* and F = A°C’
respectively) could be such that it maps all unital channels
Cpipo onto unital channels C’C 4i g0+ DUt does not neces-
sarily map all CPTP maps onto CPTP maps [see
Fig. 36(a)]. Since set of unital maps is defined by a
positivity constraint, a projector, and a trace constraint [see
Eq. (2.195)], the set of all admissible mappings between
them can be readily characterized by means of the
projector methods that are presented in Sec. IIES.
Here, we focus on a particularly important example of
this type of HOQO: the quantum time flip Fry:pigosoc
[see Fig. 36(b)], which has been used to study time reversal
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C/
unital CPTP map
C c’
I — — 78
Al A° ——
+ ‘+
WCAiBiBvoC/

unital CPTP map

(a) HOQOs that map unital channels (b) Quantum time flip
to unital channels.

FIG. 36. I-slot HOQOs outside the comb formalism. (a) Limiting the domain and image of 1-slot HOQOs to, e.g., the set of unital
quantum channels, permits HOQOs that lie outside the quantum comb formalism. Note that the wire through the channel Cy: zo does
not have arrows denoting its direction since it can be traversed in two directions, like in the quantum time flip F. (b) Depending on the
state of the control C, any state that is inserted on system A either goes through the channel Cp: g in the forward direction (if the
control is in state |0 ); violet dotted path) or in the backward direction (if the control is in state |1); navy dotted path). The influence of
the control on the time direction is depicted by the red dotted line: If the control is in a superposition of |0¢) and |1.), then the map
Cpipo is traversed in a superposition of both time directions and the final state of the control is generally entangled with that of the
system A°. Since only unital maps can be understood as channels capable of acting in either time direction, F only maps unital channels
to valid (unital) channels.

in quantum mechanics [193,194]. This object allows one to and  Feyipigoaee * Cpige % [1c) (1]
superpose different time directions (as opposed to different — S0 CrineSpe ® |11 (2.166)
causal orderings of operations, like in the case of the AT EARATTARAC AN
quantum switch). Here, we first introduce the quantum
time flip via its action on unital maps and later show that
this action can indeed be uniquely represented by a
HOQQO, i.e., there is a Choi state representation for the
time flip.

In particular, if {ng): g — Hpo} are the Kraus
operators corresponding to the channel Cy:go, then the

’

where $,4: 40C 41 40$4: 40 SWaps the input and output spaces
of the input channel, therefore corresponding to a time-
reversed version of Cj: go. Inserting a superposition of |0¢)
and |1¢) into the quantum time flip then yields a super-
position of the map C,: 4o and its time reversed version, i.e.,
a superposition of time directions. Similarly to the case of
the quantum switch, it can be shown that the time flip lies
Kraus operators F\W: ¢ ® Hy = Ao @ Hpo of outside of the set of HOQOs with a fixed time direction, and
the resulting map Fey:pigosec *Cpige =D 4 |F @N(F| that it provides an advantage in information theoretic tasks
are given by [195] over all processes with a fixed time direction. Notably,
despite the superposition of causal orderings that the

F@ = 0:)(0c] @ K@ + [1){1¢| ® KT, (2.164)  quantum switch allows for, all maps in the superposition

it produces are individually traversed in a fixed time

with the understanding that both K® and K®T map from  direction, which stands in contrast to the case of the

A pi 10 A po. Similar to the case of the quantum switch, — quantum zime flip; this renders the “exotic” temporal effects
the choice of input state on .77 defines the behavior of the ~ that the quantum switch and the quantum time flip display
time flip. In particular, we have fundamentally different in nature. To illustrate this differ-
ence, compare the information processing task for which the

Feaigigonocr % Cpige % 106)(0c] = Cpine ® [00)(0¢| quantum switch can provide an advantage (Example I1.9) to

that for which the quantum time flip can, which was
provided in Ref. [193] and detailed below.

Advantage from quantum time flip

Example 11.10. A referee provides two unitaries, U, and Ug, but this time with the promise that they satisfy either
U UL = UlUpg, or UyU} = —ULUp. Again, one is tasked to deduce which of the two cases holds. We emphasize that
here, it is not the order of the unitaries that is of relevance, but the relationship between the time-flipped version of one
of the unitaries with the unflipped version of the other—both times in the same temporal ordering, though. This, in turn,
makes this game well-tailored to the quantum time flip, but not to the quantum switch. Indeed, in the case where all
involved systems are qubits, given one call of each of the input unitaries, there exists choices of unitaries U, and Ug

(2.165)
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that respect the aforementioned commutation relations where no HOQO with definite time direction—causally ordered
or not—allows one to win this game with more than 89% probability in the worst case [193] or no more than 91% on
average [196]. On the other hand, the quantum time flip can win this game perfectly, i.e., with 100% success
probability.

To do so, one inserts U, and Uy into the quantum time flip, respectively, with the role of |0) and |1) in the
control reversed for one case (say, Ug). We emphasize that this requires two uses of the quantum time flip, but only
one call of each of the unitaries. This procedure yields two unitaries F(U+) = |0)(0| ® U, + [1)(1| ® U} and
FWUs) =10)(0| ® Uj + [1)(1| ® Up. Applying these unitaries sequentially on the initial state |+).|y)p on system and
control results in the state

FUDFUD4) cly)p = > (|1 (UaUS + USUR) ) prt| =) o (UsUS — ULUR) ) ). (2.167)

N[ =

Measuring this state in the +/— basis on the control then reveals whether U U} = UiUp (for outcome +) or
U, UL = —UXUp (for outcome —); thus, one can distinguish the two cases with certainty. Evidently, for this
information theoretic game, the advantage that the quantum time flip provides stems from the fact that it can superpose
the time directions of the inserted maps (rather than their respective orderings).

Finally, it remains to show that, as claimed above, the quantum time flip indeed maps unital CPTP maps to unital CPTP

maps and that it can actually be represented by a HOQO F4: g gosor- The former is easily shown by direct insertion.

If Cpigo is unital and CPTP, then 3, K(@WTK(@ =~ K@

Eq. (2.164) satisfy

a

and

a

Thus, if Cgigo is unital and CPTP, then so is the
resulting map F4igigopocr * Cpigo.

To explicitly express the time flip as a HOQO, we
note that Eq. (2.164) implies that the action of the time

flip Fepipigoaocr on Cpigoi= >, |Kgl)))((Kgl)\ maps

every vector Kg”)) in the decomposition of Cgigo
1 a)T . )T

o [KN0c0c) + K W 1c1e).  Since KT =

$BiBo_>AoAi|KE?a>>>, where $pigo_ 4041 SWaps the spaces

B! — A° and B° — A*, we see that [193]

FCAiBiBvoC/ * CBiBo - VCBiBoVT, (2.]70)

with the linear operator

V= Tgige pipe @ [0c0¢) + Spigopops @ [1cle).
2.171)

Finally, this implies that
|V>>«V| * CBiBo Wlth

FCAiBiBvoCr * CBiBo —

ZF(a)TF(a) = 0c)(0c] ® ZK(G)TK(G) + 11| ® ZK(“)*K(“>T =1

ZF(a)F(a)'I' =10c) (00| ® ZKW)K

K@ = 1. With this, it follows that the Kraus operators of

(2.168)

@ 4 1) (le] @ Y K@OTK@ =1, (2.169)
V) = |0C>|¢J§1Ai>|¢)§mo> 0cr)

+ 1)@ )DL D). (2.172)

Hence, we have a representation of the quantum time
flip as a HOQO.

Lastly, note that similarly to the quantum switch,
discarding the final control system C’ destroys the “exotic”
properties of the time flip, since this leads to a classical
control over forward and backward maps (instead of a
quantum control). Moreover, due to the fact that the
quantum time flip cannot be meaningfully applied to all
CPTP maps, but only to unital ones, implementations/
simulations of the time flip must be either probabilistic or
require additional information about the input channel
(i.e., they cannot be implemented universally in a fully
black-box setting) [193]—see Refs. [196,197] for an
experimental implementation of the quantum time flip
on a photonic setup.
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5. Transformations of transformations
of transformations...

As we have seen, the quantum comb/process tensor
formalism, while powerful, does not exhaust the space of
all physically motivated HOQOs. Indeed, different physi-
cal scenarios call for different axiomatic starting points,
and relaxing or modifying the constraints imposed in the
previous sections gives rise to a rich variety of higher-order
structures beyond the comb hierarchy. Before we turned to
causally indefinite HOQOs, our axiomatic considerations
were rather strict, leading uniquely to n-slot quantum
combs as the only admissible transformations. More
generally, however, both from a foundational and practical
point of view, it is often reasonable to weaken or modify
these requirements—for instance, when studying
mappings from superchannels onto superchannels (see
Fig. 37) and the circumstances under which such mappings
can go beyond the quantum comb formalism
[103,140,144,198-200] yet still describe physically
meaningful scenarios, as we have seen in the study of
causality in quantum theory. In this section, we develop a
systematic characterization of HOQOs in terms of the sets
of objects they act upon and in turn produce, providing a
flexible framework for exploring what happens when
different axioms are relaxed.

As an example, consider the (two-party) process matrix
case that we have already encountered in previous sec-
tions. There, one considers two distinct laboratories—
corresponding to the two slots of the process matrix, in
each of which Alice and Bob can freely and independently
perform operations—and aims to find the most general
signaling/correlation structure between them that is locally
(i.e., in the respective laboratories) compatible with quan-
tum mechanics and does not lead to logical inconsisten-
cies. Consequently, the process matrix Wi opigo >0
describing the correlation and signaling structure between
the laboratories must satisfy Wi opigo *x (Myigo ®
Ngigo) =1 for all CPTP maps My € L (54 ®
A yo) and Ngigo € L(H i @ Hgo)—to ensure proper
normalization of probabilities—but does not need to

@
o

Quantum
Channel

Quantum
State

FIG. 37.

Quantum
Superchannel

satisfy particular additional constraints when acting,
e.g., on a superchannel, since such operations are not
considered possible in this setting [see Fig. 25(b)]. The
weakened axiomatic considerations thus mirror the physi-
cal situation that is investigated. Since the corresponding
HOQOs still map all deterministic objects of the consid-
ered scenario (here, tensor products of CPTP maps) to
deterministic objects (here, the unit probability 1), we
consider them to be deterministic themselves, even though
they are not necessarily causally ordered.

Finally, it is often insightful to even further restrict the
set of maps one acts on/onto. For instance, in the study of
quantum operations with indefinite time direction [193],
the set of HOQOs that map unital channels to unital
channel—instead of channels to channels—emerges nat-
urally as an interesting set of transformations to consider
(and as discussed above, this set contains HOQOs that go
beyond the quantum comb formalism, e.g., the quantum
time flip [193]). Similar situations occur in the study of
higher-order resource theories, i.e., resource theories
where channels [201-206] or HOQOs [49,51,207] are
considered as resources, and one studies their intercon-
vertibility under designated free transformations. Such free
transformations are HOQOs themselves, with the restric-
tion that they map free objects to free objects, i.e., they
cannot create resources. Requesting such properties
instead of (or in addition to) the axiomatic constraints
imposed on HOQOs in the previous sections can lead to
sets of HOQOs that do not necessarily coincide with the set
of n-slot quantum combs. As a result, the hierarchy of
n-slot combs derived in the previous sections is not the end
of the story and does not comprise all conceivable HOQOs
of interest. Rather, there is a large variety of HOQOs both
in the “vertical” direction—i.e., going up the ladder of
HOQOs—as well as “laterally”—i.e., when restricting the
sets of input and output elements. Discussing the complete
structural characterization of all possible HOQOs would
go beyond the scope of this work (see Refs. [102,103,199]
for a detailed analysis). Here, we content ourselves with a
brief discussion of how the Choi states of such more

Quantum
Supersuperchannel

Sequence of transformations between HOQOs. A possible requirement on HOQOs is to map certain types of maps onto

other types of maps. Here, e.g., channels map states to states, superchannels map channels to channels, super-superchannels map
superchannels to superchannels, and so on. One could continue this reasoning accordingly, with maps beyond the quantum
superchannel possibly lying outside of what can be described by n-slot quantum combs.
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general HOQOs can be characterized, and how causal
indefiniteness and indefinite time direction naturally
emerge when relaxing the axiomatic considerations
of HOQO:s.

Types of HOQOs. Up until this point, we have—
deliberately—not touched upon the fact that HOQOs come
in different rypes. For instance, a channel C: £ (;) —
ZL(A,) maps operators onto operators, a superchannel
S:[L(AH ) > L(H)| = [L(H ) > L (H )] maps
linear maps C: Z(H;) - L(H#,) to linear maps
C: L(AH;) - L(H), while a super-superchannel
7T would map superchannels (i.e., maps of maps) to
superchannels (i.e., maps of maps). At first glance, all
of these objects (and those further up the hierarchy) not
only have differing input and output spaces, but also act on
fundamentally different types of objects. Consequently,
the hierarchy of admissible HOQOs and their causal
properties are most rigorously and comprehensively dis-
cussed in the language of type/category theory
[102,103,144,199,200,208-213]. Here, we have circum-
vented the need to address the varying types of objects we
consider by fully relying on the Choi-Jamiotkowski isomor-
phism: All types of HOQOs that we encounter in this tutorial
can isomorphically be mapped onto operators, putting them
all on the same mathematical footing and allowing for
flexible notation. This simplicity, however, comes at a cost:
Without additional context, a Choi state alone does not
specify the type of transformation it represents.

For instance, a (positive semidefinite) Choi state
T €EL(H o @ 1 @ H1o @ Hyi) satisfying
try: [Tzi:oo] =1 ® Tli:Oo and trli[Tli:Oo] = Tgpo could
pertain to both a quantum channel C: Z (7 ®
Ho) > L(H: @ Hyi) or a  superchannel
S: [L(AHys) = L(H )] = [L(H o) > L(Hy)]
two fundamentally different types of operations.
Throughout this tutorial, the type of all en-
countered operations will be clear from context—even
if given only in terms of their Choi states—and we will
thus keep notation simple and refrain from discussing
HOQOs in type theoretic terms. This being said, we
emphasize that type theory does not merely add a
“nice-to-have” labeling of the type of transformation
one deals with, but provides a powerful tool to system-
atically analyze the properties of the entire hierarchy of
admissible HOQOs under different axioms [102,103,199].
In contrast, we will stay more modest in scope and only
discuss the means to characterize the Choi states
of HOQO:s.

Characterizing HOQOs via Choi states. A first step in
discussing any type of HOQO is a proper characterization
of the mathematical properties that uniquely define
them. Naturally, this can be achieved in any chosen
representation. Here, leveraging the insights of the pre-
vious sections, we focus on a characterization of the
respective Choi states. We have already encountered such

a characterization in Sec. IID 2, where we derived the
hierarchy of trace conditions on n-slot quantum combs
from axiomatic requirements. For more general HOQOs, it
proves insightful to provide a more systematic recipe for
the derivation of their properties.

This approach could be developed in an entirely abstract
way, but for the sake of concreteness, let us focus on a
specific case. Consider the set of HOQOs W 4i 4op: 5o that
map quantum channels C,: 4o onto 1-slot combs Sg: go
without a global past or future [see Fig. 25(a)]. One could
consider this definition of the set of process matrices
W i gopi o as a purely mathematical example that will lead
us outside the set of (causally ordered) n-slot quantum
combs. More conceptually though, this situation reflects
the requirement of local causality: Whatever deterministic
operation Alice performs (i.e., a quantum channel C 4: 4o),
Bob will always “see” a causally ordered comb (repre-
sented by Syi o) with which they can interact (see below
for a more detailed discussion). Independent of the
respective motivation, we are tasked with deriving the
set of operators W 4opi go such that

SBiBo = WAiAoBiBo *CAiAo (2.173)
is a valid 1-slot comb without global future and past for
all quantum channels C,: ,o € CPTP. We emphasize that
Spige > 0 corresponds to a quantum superchannel without
global future and past iff it satisfies Sgigo = pp: ® 1o for
some quantum state pg: (see Def. I1.10).

Here, positivity of the Choi operator W i jo: go > 0 can
be argued for by demanding that the process matrix is
completely positive in the correct sense, i.e., by requiring
that W s 4o gi go * C 41 41140 40 > 0 for all channels C 4: 41/ 40 4o
and all auxiliary systems A and A® (see Fig. 38). This
situation includes the case of inserting part of a swap
channel, which leads to Wi opipe x®F, X7, =
W, irgopipe 2 Wigopipo; demanding that the latter is
positive semidefinite then yields W, i opigo >0 as
required [214].

112

FIG. 38. Positivity of the process matrix. Demanding that a
process matrix yields a positive output whenever it acts on part of
a CPTP map implies that its Choi operator W is necessarily posi-
tive semidefinite. This can, e.g., be seen by letting W act on part
of a swap channel (depicted by the white dotted lines on the left),
yielding a Choi operator WxC > 0 that is isomorphic to W.
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Deriving the remaining characterizing properties of
W i 0pige now takes two steps. First, we note that
tr[Cyiqo] = dy: and tr[Sgigo] = dpo holds. Second, let
us denote the (real) linear spans of the set of channels
and the set of 1-slot combs without global future and past
respectively by

and SP':=span({Spip.}).
(2.174)

SP :=span({C,i 0 })

Since both SP and SP’ are vector spaces, they are
characterized by projectors Py: L(H s @ Hpo) —
L(H s @ H o) and  Pp: L(Hp Q@ Hpo) —
g(%Bi ® r%Bo) with PA OPA = PA and
PgoPg=Pg, such that P4[C]=C for all Cesp
and Pp[S] =S for all S€SP. In particular, we have
tryo[C] o 1,: for all CesSP and S = Ry ® 1o for all
SespP, where Ry is some Hermitian operator.
Employing the operator ¢ :=L—§® try[*], we can com-
pactly write the projectors P, and Py as

Cespe Py[Cl=C—,C+,,C=C and

SesP & Py[S] = S =S. (2.175)

PB[WAiAoBiBo]*PA[XAiAo] :WAiAoBiBo *PA[XAIAO] V XAiAOGSP,

which further implies that

(PA ® /PB)[WAiAOBiBO} *XAiAo - PA[WAiAoBiBo] *XAiAo V XAiAo € SP.

Both projectors P, and Pp are self-adjoint, unital, and

commute with transposition, i.e., we have Pl = Py,
Px[lx] = Tx, and Py[*T] = (Px[*])" for all X € {A, B},
respectively.

With these projectors at hand, we can rephrase the
characterizing criteria of Eq. (2.173) in terms of the
following two conditions

PB[WAiAoBiBo * CAiAo} == WAiAoBiBo * CAiAO (2.176)

tr[WAiAoBiBo *CAiAo} = dgo, (2.177)
which must hold for all quantum channels C,: ;o € CPTP
[215]. Importantly, since both of these equations are linear,
the first one holds on all elements of SP (not only for
quantum channels), while the second one holds on all
elements of SP up to a normalization factor accounting for
the fact that tr[X: so] # d4: for some elements X : 4o € SP.

We can now use the fact that any self-adjoint operation P
that commutes with transposition “can be moved around”
inside the link product, ie., Y *P[X] = P[Y] % X (this
can be seen by direct insertion into the definition of the
link product; see Def. IL.8). In addition, we have that
Pu[Xyi40] € SP for all Xyi g0 € L(H 4s ® H 40). These
two facts imply that Eq. (2.176) can be expressed as

(2.178)

(2.179)

Since this holds for all X,i,., we obtain a first property that characterizes Wi, opi5, namely that
(Ps ® Py)[Wyi gopige] = Pa[W i gopi go], Which is equivalent to

1
Wpigopige = Wpipopige — PA[WAiAOBiBO] + (PA ® PB)[WAiAOBiBO] =i PE\;[WAiAOBiBO]-

(2.180)

Here, we have introduced the projector 73;11;, which satisfies 7354'3? o 735‘11; = 7?54'3?.

Returning to the trace condition of Eq. (2.177), we obtain

tr(WAiAoBiBo * PA [XAiAo]) — tr[PA [trBiBo (WAiAoBiBo)]XT

d o
=5 tr[X}

el =4 (2.181)

iAO]’

where the extra factor on the r.h.s. accounts for the fact that tr[X: 4o] is not necessarily equal to d4:. Since the above must
hold for all X,: 40, we obtain our second characterizing constraint on W 4: 4o i go, namely

PA [trBiBo (WAiAoBiBo)} —_ ﬂAiAo.

dge
2.182
dAi ( )

Since P, is unital and self-adjoint, it is also trace preserving, which means we can re-write this equation as

W=W-—- PA [BiBoW] + AiA°BiBO

W=POW| and (W] = dyodg,

(2.183)
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where we have introduced the projector 7322;, which satisfies 73;2; o 73542}; = 7322;, and omitted the subscripts on W 4: 4o pi o

for improved readability. Importantly, Pﬁ\ll); and Pfl; commute, such that they can be uniguely combined into a single joint

projector Pyp := 7321; o 77221; = 77/(421; o P%, which yields

Pap[W] =W — P4 W] + (P4 ® Pp)[W] = Pal,

where we have used ;. Po[Y] = Pp[y:,. Y] =

implies 73% (W] =W, since

igo igo BiBe

PLaW] = PP W] = (P o Pl o PONIW] = (Pl 0 PUHIW] = Pay[W] = W,

and analogously Pﬁfg[W} =W. As a consequence, the
projector P,p together with the trace condition of
Eq. (2.183) characterizes the set of valid transformations
from CPTP maps to 1-slot quantum combs without global

future and past. Inserting the definitions of 73% and 79/(421;
into Eq. (2.184) then yields:

Characterization of process matrices

Proposition I1.13. A process matrix Wi opige >0
maps quantum channels Cy: 4o to 1-slot quantum combs
Spigo without global past and future iff

PAB{W] = AoW + BOW _AOBOW - AjAOW - BiBOW
+ AoBiBoW + AiAoBoW = W (2‘186)
and tr[W] — dAodBo. (2187)

This characterization of process matrices coincides
exactly with that provided in Ref. [49], where the char-
acterization of HOQOs by means of projectors was first
introduced.

It is insightful to take stock of what we have shown here.
We started from the set of quantum channels and saw that
this set—let us denote it Q—is defined by a positivity
constraint, a projector, and a trace constraint, i.e.,

CAiAo eQ o CAiAo >0, PA[CAiAo] = CAiAo, and
tr[CAiAo] — dAi. (2188)

Similarly, the set Q' of 1-slot quantum combs without
global future and past is given by

SBiBo EQ/ <> SBiBo Z 0,

(2.189)
PB[SBiBO] - SBiBo, alld

tr[SBiBo] — dpgo.

W+ i gopige WV, (2.184)

Y due to the unitality of Pg. One can readily verify that P,z[W] =W

(2.185)

I

Finally, the set ® of (completely positive) mappings
between the sets Q and ' is also characterized by a
positivity constraint, a projector, and a trace constraint:

WAiAoBlBO E@ < WAiAoBiBo Z 0,

(2.190)
PapW] =W, and tr[|W]=dodpe,
where the “new” projector P, is constructed from the two
initial ones Py, Pp via Eq. (2.184).

From this construction, the process to “go further up the
ladder” in the hierarchy of HOQOs becomes clear. For
instance, if one wished to derive the set of HOQOs that
map process matrices onto process matrices [51,216], the
same recipe applies: both input and output sets (i.e., those
of valid process matrices) are defined by a positivity
constraint, a projector, and a trace condition, from which
the projector onto the (span of the) set of mappings
between them can be readily deduced (as too can the
corresponding trace condition). Since this procedure only
makes use of the structural properties of P, and Pp (rather
than their explicit forms), we can directly obtain a general
characterization of HOQOs that map between other sets of
HOQOs (see Fig. 39):

General characterization of HOQOs

Proposition 11.14. Let two sets of HOQOs be given by

Q:{Xi|Xi€$(3‘fi), Xi ZO,
(2.191)
Pi[X;] =X, u[Xi] =y}
and Q= {Y,|[Y.e L), Y,>0,
7Do[Yo] = Yo7 tr[Yo] - 70}’
(2.192)

where both P; and P, are self-adjoint and unital
projectors that commute with transposition and
7i,¥o # 0. The set ® of transformations Z;, > 0
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between them, i.e., such that Z; % X; €Q’ for all
X; €Q, is given by

Zloe®®zlo 207
2.193
PiolZio) =Zio. and  tr[Z;,] = y—odi, ( )
Vi

where d; := dim(.7#;) and

Piol2l =Z—=Pi[Z] + (P; ® Po)lZ] = PiloZ] + 5.2
(2.194)

is a self-adjoint, unital projector that commutes with
transposition.

We emphasize that the properties of n-slot quantum
combs that we worked out in Sec. IID2 could have
equivalently been derived in this manner: Begin with
quantum channels Cjoy: >0, which are defined by
Pi [CIOZi] = CIOZi - ziclozi + 102101021 = C]Ozi and
tr[Cioyi] = dyo. From this, one readily obtains 1-slot
combs as mappings from channels C;.,: to channels
C’]izo via the above theorem. Next, 2-slot combs are
obtained as mappings from 1-slot combs—for which the
characterizing projector and trace conditions are known
from the previous step—to channels; and so forth.

Similarly, one can readily deduce mappings where the
input and output spaces contain only a subset of all
possible deterministic objects, which is often the case
when considering free operations in higher-order quantum
resource theories. For example, when investigating quan-
tum operations with indefinite time direction [193], the set
of transformations that map unital channels onto unital
channels, emerges naturally as a set of HOQOs of interest.
Any unital channel C: £ () - ZL(,) with C[1] = 1
satisfies tr[C,] = d; as well as both

220, PulZ]=2, ulZ) =24,

VA

X>0, PifX]=X, tr[X]=m%

(1) Trace Preservation: tr,|C,] =1, with corre-
sponding projector P®)[C] := C — ,C + ,,C; and
(2) Unitality: tr{[C,] = 1,, with corresponding pro-
jector PW[C] :=C —,C + ,C.
The combined projector on the set € of unital channels
is thus of the form

P:[C] = (P o PW)[C] = (P o P¥))[C]

=C—-,C—-,C+2(,,0). (2.195)

The output set Q' of unital channels C': £ (57) —
Z£(3) can be described similarly. Characterizing the set
O of superchannels between the sets Q and Q' of unital
channels is then merely a matter of applying the above
theorem to derive the projector P;, onto the (span of the)
set of HOQOs that map unital channels to unital channels.
Interestingly, the resulting set of HOQOs already fails to
coincide with the set of 1-slot combs and contains HOQOs
that do not abide by a fixed time direction [193] (i.e., that
cannot be understood as stemming from a quantum
circuit). Finally, we note that while here we have only
considered the case where all involved projectors are
“well-behaved” (self-adjoint, unital, and commute with
transposition)—which is the case almost exclusively found
in the literature—similar results can be derived for more
general situations where the individual projectors satisfy
none of these properties [140].

To briefly summarize, we have seen that weakening the
axiomatic requirements on HOQOs reveals a whole host of
transformations that lie outside of the standard quantum
comb formalism. Their description in terms of Choi states
places them all on the same footing and permits the
systematic derivation of their properties (at the expense
of losing their type information) in terms of projectors and
trace conditions [49,51,140,144,199,216]. As we have
seen already for the process matrix case, in many scenar-
ios, HOQOs that go beyond the quantum comb/process

Y >0, PY]=Y, tr[Y] =1,

FIG. 39. Transformations of transformations of transformations. Characterizing a specific set of HOQOs—depicted here is the set of
transformations Z that map superchannels X to superchannels Y—amounts to finding an appropriate projector and trace conditions,
which can be derived from the corresponding projector and trace conditions that characterize the input and output objects.
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TABLE II.

Higher-order quantum operations. Just as the standard ingredients of quantum theory can be seen as linear maps (see

Table I), so too can HOQOs, including quantum combs (of fixed causal order), superinstruments (i.e., probabilistically occurring
quantum combs), and process matrices (with no a priori causal ordering). All such objects can be represented as supernormalised

quantum states via the CJI and characterized accordingly.

Object Map Action Choi CP TP

Quantum comb T T,,;,[in)l] =T, % éff:)l T, T,1>0 T,., satisfies Eq. (2.68)
Superinstrument (gl | G T, ) =To x G GY G20 X,6Y) sadsfies Eg. 271)
Process matrix Wy Wk[®f'(:1 ngi)] _ Wk*§:1MEXi) W, W, >0 Wy * ®§:1 M; =1V M, € CPTP

tensor formalism are more than just objects of mathemati-
cal interest, but rather used to describe the most general
spatiotemporal correlations between distinct laboratories
that quantum mechanics allows for.

F. Summary

Throughout this “Fundamentals” part of the tutorial, we
have strived to convey the usefulness and versatility of
HOQOs. Indeed, they allow one to transform between
different quantum objects (e.g., states, measurements,
channels, instruments, probability distributions, etc.);
can be easily adapted to suit almost any conceivable
experimental or theoretical situation; and permit an axi-
omatic derivation and characterization. Moreover, by
making use of the Choi-Jamiotkowski isomorphism, one
can represent all types of quantum operations on the same
footing as positive operators (see Table II), which sub-
sequently permits direct application of many tools from
quantum information theory such as semidefinite pro-
gramming [175] and tensor network methods [217,218].
The general importance of HOQO:s is, to a large extent,
corroborated by the fact that they keep being rediscovered
in a variety of seemingly disconnected fields as the natural
descriptor concerning quantum information processing in
space and time, as we will now review.

III. STATE-OF-THE-ART: APPLICATIONS OF
HIGHER-ORDER QUANTUM OPERATIONS

The “Fundamentals” part of this tutorial has hopefully
provided the reader with a solid understanding regarding
some of the motivations and uses of HOQOs. We will now
move to present a review of the current “State-of-the-Art”
surrounding their development and application. As men-
tioned previously, due to the versatility of the framework, it
has been somewhat rediscovered in various sub-fields and
with slightly different nomenclature, assumptions, and
conventions. Here, we cover five main focus areas, namely
higher-order quantum information tasks (Sec. III A), open
system dynamics and memory effects (Sec. III B), many-
time quantum physics (Sec. III C), causality and quantum
foundations (Sec. III D), and characterization and exper-
imental demonstrations (Sec. III E). Although by no means

exhaustive, we deem these areas to be particularly repre-
sentative and covering a broad array of key results. We
emphasize that, naturally, we make an explicit choice with
respect to the level of detail in which we cover the
discussed topics, striving to appropriately reflect the
breadth of the relevant literature. Our aim for this part
is to highlight the wide applicability of HOQOs and
demonstrate the connectedness of their use in different
sub-fields; accordingly, we will often jump between
various perspectives in order to present a holistic picture
of many core concepts and results.

A. Higher-order quantum information tasks

Higher-order quantum operations (HOQOs) play a
fundamental role in quantum information processing,
particularly in scenarios involving the transformation of
quantum states and operations. Traditional quantum infor-
mation tasks often focus on state transformations—such as
the creation of entangled states from uncorrelated ones. Of
course, the ability to achieve a certain task depends upon
the resources at hand: For instance, given an uncorrelated
state, if one can apply arbitrary global unitary operations,
then one can generate entanglement; on the other hand, if
restricted to local operations and classical communica-
tion (LOCC), then no entanglement can be created.
HOQOs extend this paradigm of quantum information
protocols to more complex scenarios involving the
manipulation of quantum operations themselves. For
instance, the well-known quantum teleportation protocol
can be viewed through this lens as the construction of an
identity channel between sender and receiver using shared
entanglement, local measurements, classical communica-
tion, and local unitary operations.

The higher-order framework provides a natural setting
for analyzing transformations of quantum channels
through pre- and post-processing, potentially involving
auxiliary memory systems. Such HOQOs are described by
superchannels, which represent the most general objects in
quantum theory capable of such channel-to-channel map-
pings. Key questions in this field are often concerned with
the possibility of transforming one channel into another
under various physically motivated constraints on the
superchannel, such as restrictions on encoder/decoder
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channels (e.g., requiring a separable or LOCC structure),
limitations on auxiliary system size or type, or constraints
on the number of times that the input operation can be
queried, as we discuss throughout this section.

The practical applications of using HOQOs for describ-
ing quantum strategies for games and information-
processing tasks have been far-reaching. These concepts
have enabled optimization of protocols in quantum net-
works and improved our understanding of metrology/
parameter estimation and discrimination tasks. For quan-
tum computing, the framework has proven valuable in
circuit optimization. For instance, even though the termi-
nology “higher-order” quantum computing was not explic-
itly used, the derivation of complexity bounds on quantum
algorithms, e.g., Grover’s algorithm, can be seen as an
early example of the usage of HOQOs in the field of
quantum computation [43,219], since the goal of this task
is to design quantum circuits that unambiguously dis-
criminate amongst a set of quantum operations [220]. An
early explicit application of quantum combs and HOQOs
appeared in the seminal work by Gutoski and Watrous,
which established a rigorous mathematical framework for
analyzing quantum strategies in multi-round quantum
games [44]. In this work, the authors introduced quantum
strategies as collections of quantum operations performed
sequentially, with memory spaces maintained between
rounds of interaction, i.e., quantum interactive proof
systems described as quantum combs. Perhaps most
importantly, they demonstrated that the optimal strategy
in a variety of quantum games can be found via semi-
definite programming and proved strong duality for many
cases. Research along similar lines continues, e.g.,
Refs. [221,222] demonstrate the importance of memory
for quantum adaptive agents and Ref. [223] highlights
similar advantages to be gained concerning communica-
tion protocols distributed over quantum networks/
repeaters.

In terms of quantum computing, the HOQO framework
has found particularly important applications in circuit
optimization and verification. One key development came
from Chiribella, D’ Ariano and Perinotti, who showed how
quantum strategies could be used to optimize quantum
circuits with memory constraints [26]—a critical consid-
eration for noisy intermediate-scale quantum (NISQ)
devices. The computational complexity of HOQOs as well
as their computational power and limitations have been
discussed in Refs. [47,48]. The framework of HOQOs has
proven especially valuable in analyzing “plug-and-play”
elements [68], i.e., adaptive quantum circuits where
measurements during computation determine subsequent
operations. More recent work has focused on using
quantum strategies to develop robust verification protocols
for quantum computations. For instance, in the context of
blind quantum computation [224,225], where a quantum
server performs calculations for a client with limited

quantum capabilities, the quantum comb formalism has
been applied to efficiently verify the computation of
partially unknown devices [226]. These protocols exploit
the game-theoretic nature of quantum strategies to ensure
that any deviation from the intended computation can be
detected with high probability.

In this section, we will focus on a few particular cases
of quantum information processing tasks for which key
insights have been developed explicitly through the use of
HOQOs. We will begin by analyzing the possibility
of transforming unitary operations before moving on to
tasks broadly known as ‘“‘unitary storage-and-retrieval,”
“unitary learning,” and ‘“‘unitary estimation.” Following
this, we analyze the question of transforming Hamiltonian
dynamics before finally discussing higher-order quan-
tum resource theories and applications to quantum met-
rology strategies, parameter estimation, and channel
discrimination.

1. Physically implementing functions
of unitary operations

A natural application of HOQOs is to design quantum
circuits that transform unknown quantum gates, which can
be seen as an instance of quantum functional programming
[227,228]. In this context, one typically has access to k €N
calls of an unknown unitary channel U[s] := U+ U" and
aims to transform it in a desired way. This task is usually
considered from a “black-box” perspective, assuming no
specific knowledge of the input unitary (beyond its
dimension d), and must be universal, working for all
possible input unitaries. Accordingly, the quantum oper-
ation that is to be implemented can mathematically be
represented by a function f: SU(d;) — SU(d,) which
maps unitary operators to unitary operators, i.e.,
U f(U); see the Motivating Example in Sec. 11 A2
for an example concerning the function of qubit unitary
complex conjugation. Because unitary operators are physi-
cally equivalent up to a global phase, there is no ambiguity
concerning the distinction between such a function applied
to the unitary map U or its unitary operators U, since we
can define f(U)[] :== f(U) f(U)"; we will use this
notation interchangeably.

Several important functions of unitaries have been
studied extensively, including unitary inversion f(U) =
U~ [39,41,64,70,72-74], complex conjugation f(U) =
U* [64-66], transposition f(U) = UT [40,41], cloning
f(U)=U®" (for n>k) [229-232], controlisation
fU)=ctrl(U):=0)(0| @ 1+ [1){1] ® U [64,233],
and iteration f(U) = U" for n €N [234], as well as other
functions that are thought to be useful quantum computa-
tional primitives, such as f(U) = VU. Moreover, func-
tions of isometries have also been considered [70,71].
Apart from unitary cloning and functions of isometries, all
cases we analyze here satisfy d; = d, =:d. A priori, as we
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FIG. 40. Physically implementing functions of unitary operations. Pictorial illustration of the general problem described in Eq. (3.1)
of transforming k calls of a unitary operation I into another unitary operation f(U/) for some arbitrary function f: SU(d;) — SU(d,,).
For the moment, we do not assume any particular structure on the HOQO 7 (L.h.s., yellow), which may, in principle, not even respect a
definite causal order. As we discuss later, it is often not possible to have a deterministic HOQO 7 such that 7 [U®¥] = f(U) exactly;
hence one seeks optimal deterministic approximations (upper r.h.s.) or probabilistic exact ones (lower r.h.s.).

will discuss throughout this section, it is not clear which
types of functions can be implemented by a HOQO in
general, or under a given set of resource constraints.

In general, one aims to construct physical implementa-
tions of such functions: Given a function f and a
fixed number of calls k to a d-dimensional unitary
operation, one seeks to design a k-slot HOQO 7 such
that (see Fig. 40)

T [u®] = f(U). 3.1)
for all unitary operations . The feasibility of implement-
ing such transformations depends on various factors: The
number of available calls k to the unknown unitary, the
dimension d of the Hilbert space, the permitted structure of
the HOQO (parallel, sequential, or causally indefinite; see
Secs. [T C and IT E for details on these structures), and the
specific function f to be implemented. Note that if £k — oo,
one can perform full quantum gate tomography to first
characterize any input U/ and then simply evaluate f (i)
from its classical description. To avoid trivializing the
problem in this way, one typically restricts considerations
to finite k. These types of problems can often be formu-
lated and solved (in cases of small d and k) using
semidefinite programming (SDP) [175], thanks to the
characterization of HOQOs (in the Choi representation)
through positive semidefinite and affine constraints (see
Table II and Sec. IIES5). Crucially, as we will discuss
throughout this section, many important different classes
of HOQOs—e.g., parallel, sequential, or causally
indefinite—are distinguished from others via additional
affine constraints, which mean that SDPs can be used to
optimize over such classes to determine the best strategy
under any such given structural constraint. In terms of
methods, such approaches are analogous to minimizing
the trace of a process matrix with a causal witness, as
described in detail around Eq. (2.150) of Sec. ITE 2.

In few cases, the desired operation can be obtained from
k queries both deterministically and exactly, i.e., through a

deterministic k-slot HOQO 7 such that 7 ,[U®*] = f(U)
exactly. However, in many situations, such transformations
are impossible: These “no-go” results often stem from
inherent non-linearities of the function—as is the case

concerning the transformation U+ f(U) = /U—or
from physically immeasurable global phases being
mapped to physically measurable local ones, as is the
case of f(U) =ctrl(U) [68,235,236]. In such situa-
tions, one must then choose between deterministic and
approximate implementations and probabilistic and
exact ones; this approach is the higher-order analog to
how “no-go” results for quantum states—such as no
cloning—can be circumvented by relaxing the demand
of either determinism or exactness. In the deterministic
and approximate case, the standard figure of merit is the
average fidelity between the desired and achieved oper-
ation (calculated with respect to the Haar measure). For
probabilistic and exact implementations, the perfor-
mance is judged by the success probability, with the
protocol providing a flag (i.e., a heralding measurement
outcome) indicating whether the implementation of f
succeeded or failed.

Figures of merit: deterministic and approximate. For
deterministic and approximate implementations, the stan-
dard figure of merit considered is the average fidelity
between the desired and achieved transformation. The
channel fidelity E between a unitary channel ¢/ and an
arbitrary quantum channel C in the Choi representation
(see Secs. [IB4 and IIB 5) is [237]

2(U.C) = %u[uq - %UT *C. (3.2)

Since we seek a deterministic implementation, we
restrict to k-slot deterministic HOQOs 7, (see
Secs. IIC2 and ITES5). Furthermore, since the desired
output f () is unitary, the average fidelity (with respect to

the Haar measure over the input unitary operations) for
implementing the function f is
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(E/(d.K)) = / E(FU). T U]

Haar
1
2 F(U)Tx (T, xU®)dU
Haar
1
:Tk*? f(U)T*U®"dU=:Tk*Qf(d,k),
Haar
3.3)
where
1
Qs (d, k) = ). fUL ®@USdU  (3.4)

is called the performance operator [41,64]. Here, for the
sake of clarity, we explicitly label the past P and future F
spaces on which the function to be implemented acts
and the collective input [:={1%,.-. k*} and output
O :={1°,---,k°} spaces of the k copies of input unitary
(see Fig. 40).

Above, we see that the associativity of the link product
(see Prop. I1.2) is crucial for separating the HOQO T,
from the performance operator Qr, which subsequently
permits solution via optimization methods. The problem of
finding the optimal performance can be phrased as the
following SDP [240]

mTzzx tr[Q(d, k)Ty] (3.5)

subject to: T, being a k-slot deterministic HOQO.
(3.6)

In many situations, it is meaningful to further restrict the
set of HOQOs maximized over to reflect different imple-
mentation strategies. For instance, one may consider
parallel strategies in which all input unitaries are processed
simultaneously; or more general sequential strategies in
which they are called in succession; or more generally still
using causally indefinite structures (see Fig. 41). We will
denote such strategies by labeling objects with superscripts
“par,” “seq,” and “gen,” respectively. Since restricting the
implementation strategy to such classes amounts to adding

Parallel

Sequential

extra linear constraints on the possible HOQOs (see
Table II and Sec. IIES5), finding the optimal protocol
with a given implementation strategy remains an SDP.

Finally, note that another relevant figure of merit for
deterministic and approximate implementations is the
worst-case fidelity, which is quantified by

EY(d, k) = mZ}nE( FU), T [U®H). (3.7)

Figures of merit: probabilistic and exact. Another
relevant situation concerns the probabilistic exact setting
(also sometimes referred to as the “probabilistic heralded”
case). Here, with some probability of success p, the k calls
of the input operation are transformed to f(U) exactly, and
the protocol outputs a “flag” indicating that it worked
correctly; with probability 1 — p, the protocol fails. The
heralding of success or failure can be realized by perform-
ing a dichotomic measurement on the flag state. The figure
of merit here is the success probability p, which depends
upon the desired function and the number of calls to the
unitary (of a fixed dimension). Hence, to devise such a
quantum realization, one seeks a k-slot superinstrument
with two elements {Gk'/ Gf(‘ }, such that Gk'/ * U®k =
pf(U) represents the successful branch, which occurs
with probability p, and Gz represents the failure branch,
which occurs with probability 1 — p (see Secs. IIC3
and II D 4). Probabilistic exact protocols—which are also
amenable to SDP methods—for unitary transformations
have been analyzed extensively in Refs. [39,40,79,241].

General structural results. Certain structural results
emerge when considering specific classes of transforma-
tions, particularly for functions that are either homomor-
phisms f(UV) = f(U)f(V) (such as complex conjugation
and cloning) or anti-homomorphisms f(UV) = f(V)f(U)
(such as inversion and transposition). Such structural
results have been developed predominately in
Refs. [41,64,231]: For instance, for either homomorphic
or anti-homomorphic functions, the Holevo covariance
argument [242] implies that the worst-case fidelity
[Eq. (3.7)] and average fidelity [Eq. (3.3)] are equivalent
figures of merit [243].

General

FIG. 41.

e 2
w

Structure of higher-order quantum strategies. Three different types of quantum strategies can be used to transform k calls of

an arbitrary operation U into f(U), here depicted for k = 2. In particular, the input operations can be processed in parallel (left),
sequence (middle), or more generally without definite causal order (right). Without any additional restrictions (say, on the size of the
available auxiliary system), the parallel case is strictly included in the sequential one, which, in turn, is strictly included in the

general case.

042001-70



A GUIDE TO HIGHER-ORDER QUANTUM OPERATIONS

PRX QUANTUM 7, 042001 (2026)

For both of these cases, group representation theory
provides powerful tools for simplifying the mathematical
analysis. For instance, the Haar integral appearing in the
performance operator Q(d, k) [see Eq. (3.4)] can be
evaluated explicitly to analytically find optimal determin-
istic approximate solutions using standard group repre-
sentation methods [41,64]. Similarly, one can assume that
the HOQO T, implementing f takes a particular sym-
metric form, namely it is invariant under group twirling.
Moreover, the average fidelity coincides with the worst
case fidelity, implying that optimizing the average fidelity
is equivalent to optimizing over robustness to white
noise [41]; other potential figures of merit (such as the
diamond norm distance) also lead to the same optimal
solution [244]. Such symmetries and reductions of the
problem often help make it more manageable to be solved
via SDP methods.

Notably, when the desired function f is a homomor-
phism, the optimal implementation always takes the form
of a parallel strategy, implying that sequential or causally
indefinite processes offer no advantage [41,231]. On the
other hand, when f is an anti-homomorphism, sequential
protocols can exponentially outperform parallel protocols
with the same number of calls in both the probabilistic
exact [39] and deterministic approximate settings [41].
This structural distinction arises because homomorphisms
preserve the natural order of composition, making them
well-suited to parallel implementations. More specifically,
the homomorphic structure allows one to symmetrize any
given protocol into a parallel one via twirling operations
without sacrificing performance. On the other hand, while
anti-homomorphisms also have non-trivial symmetries,
they require order reversal with respect to the inputs,
which sequential protocols can exploit through quantum
memory and causal dependencies.

The implementation of functions of unknown unitary
operations represents a fundamental challenge in quantum
information processing. These quantum operations, which
include functions like complex conjugation, cloning, trans-
position, and inversion, exhibit distinct characteristics in
terms of their feasibility and optimal implementation
strategies, as we now discuss in detail.

Unitary complex conjugation. The problem of unitary
complex conjugation concerns transforming k calls of an
arbitrary d-dimensional unitary U into f(U) = U*. Since
complex conjugation is a homomorphism, as mentioned
above, all implementations can be assumed to be of
parallel structure without harming performance [41,231].
Complex conjugation displays a sharp threshold behavior:
The transformation U®* > U* can be implemented deter-
ministically and exactly given access to k =d — 1 calls
of the unitary by exploiting properties of the totally
anti-symmetric state [65]. However, the task becomes
impossible—even probabilistically—when fewer calls
are available (i.e., for k < d —1) [40]. Concretely, the

optimal success probability pconj(d, k) for transforming k
calls of a d-dimensional unitary U into its complex
conjugate U* behaves as

Peong(d. 1) = {(]) HEzdTl g

This result shows that the number of slots k of the
HOQO, which can be considered as a notion of “query
complexity,” plays a crucial role in determining the ability
to implement a desired function.

Concerning deterministic and approximate implemen-
tations of unitary conjugation, the special case of k = 1
was first analyzed in Ref. [64], where the authors
leveraged the concept of the performance operator to
derive the expression (E.qi(d.k=1)) :ﬁ. The
optimal performance for unitary conjugation for arbi-
trary dimension d and arbitrary number of calls k was
obtained in Ref. [66], which used SDP and group theory
methods to prove that the optimal average fidelity in
general is given by

kel for0<k<d-1

Econ' d,k - d(d=k)
Eeoni (. 1)) {1 fork>d—1

(3.9

Unitary cloning. The problem of cloning a unitary
operation concerns transforming k calls of an arbitrary
d-dimensional unitary U into f(U) = U®", i.e., U®*
U®" with n > k (see Fig. 42). Since the function f(U) =
U®" is a homomorphism, parallel implementation strate-
gies attain the optimal performance [41,231].

While exact unitary cloning is impossible (even prob-
abilistically) due to its inherent non-linearity (analogous to
the no cloning theorem for quantum states), deterministic
and approximate implementations have been extensively
studied. For the simplest case of copying a d-dimensional
unitary, ie., f(U)=UQ®U (k=1 and n=2), the

optimal average fidelity is (E) = 4+Vd=1 Vd§12*] [229]. When

AUX

L

Py . Fi
ﬁ P2 F2
P, . F,

FIG. 42. Unitary cloning. The goal of unitary cloning is to
transform k calls of an arbitrary input unitary U (blue) into n > k
uses of U (pink), i.e., to approximate the transformation
U®F — U®", Since f(U) = U®" is a homomorphism, optimal
cloning can always be achieved with a parallel strategy.
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transforming k = 1 calls into n copies of a gubit unitary
(d = 2), the optimal fidelity takes the form of a simple
optimization problem involving dimensions and multiplic-
ities of representations of SU(2) [231]. Finally, the
general problem of transforming k calls of an arbitrary
d-dimensional unitary to n > k copies has been analyzed
in Refs. [230,232], where the remarkable “gate super-
replication” phenomenon was derived as
2(n + 1)

%2
end?

(Eetone(d k> n)) > 1 — (3.10)

For fixed d and any fixed & with 0 < ¢ < 1, choosing
n = O(k>=¢) makes the error bound in Eq. (3.10) tend to
zero as k — oo. Thus, arbitrary unitaries can be replicated
at nearly quadratic rates with average fidelity approach-
ing unity.

Unitary transposition. The goal of unitary transposi-
tion is to transform k calls of an arbitrary d-dimensional
unitary U into f(U) = U". In contradistinction to the
previous two tasks, f(U) = U" is an anti-homomorphism,
which allows for potential advantages in sequential and
general implementation strategies over parallel ones
(see Fig. 41).

Probabilistic and exact parallel implementations
of unitary transposition achieve an optimal success
probability [40]

d*—1

s (d k) =1 — —
ptrans( ) k+d2—1

(3.11)

This optimal value can be achieved by a unitary
“store-and-retrieve” protocol [79] (see Sec. III A2) or
by probabilistic port-based gate-teleportation [245-247].
When sequential protocols are permitted, a “repeat-until-
success” strategy [241] can be harnessed to construct a
protocol that attains [40]

1\ 41
P (d k) > 1 — (1 7) T an

where [¢] denotes the ceiling function. The dramatic

difference between parallel and sequential protocols for
unitary transposition is exemplified through the special
case of d = 2: If k = 4, a deterministic and exact sequen-
tial protocol can be constructed [70]; on the other hand,
Eq. (3.11) implies that parallel strategies with the same
number of calls are limited to at best piy,(2,4) =3
Moreover, Refs. [72,73] show that if one is given access to
O(k = d?) calls of an arbitrary d-dimension unitary U,
there exists a quantum circuit that deterministically and
exactly implements unitary transposition. Lastly, for the
case of d = 2, computational methods have shown that for

k =2 and k = 3, general strategies with indefinite causal
order can outperform sequential ones [40].

We now move to analyze the deterministic and
approximate setting. Here, when parallel processes are
considered, the optimal average fidelity (Eha.(d, k)) of
transforming k calls of a d-dimensional unitary U into
its transposition UT is always obtained via unitary
estimation strategies [41,77,248] (see Sec. Il A2). In
general, there is no simple closed-formula for the
optimal performance of deterministic parallel unitary
transposition for arbitrary d and k, but for the special
case of qubits (d = 2), it is given by [41]

(ZP (d =2,k)) = 1 — sin? (ﬁ) (3.13)

With k£ = 1 call—where there is no distinction between
parallel, sequential, or general strategies—we have
(Bans(d, k=1)) = dl. Moreover, due to the equivalence
between parallel unitary transposition and unitary estima-
tion (see Sec. IIT A 2), whenever k < d — 1, it holds that
(Effans (d. k) = 5+ [249].

Since probabilistic exact protocols always provide
a lower bound to the average fidelity of deterministic

ones [41], it follows from Eq. (3.12) that

1[4l

(Boans (d k) > 1 — (1 ——) . (3.14)

d2

Similarly to the probabilistic exact case, numerical
methods have demonstrated that when k =2 and k = 3,
general strategies with indefinite causal order can outper-
form sequential ones for deterministic and approximate
unitary transposition [41].

Finally, we note that due to the symmetric nature
of transposition, group representation methods can be
employed to greatly simplify the SDP that provides
the optimal deterministic HOQO implementation. In
Refs. [250,251], the authors exploited such symmetries
to enhance the computational efficiency of solving the
relevant SDP; numerical analysis of various scenarios
shows that for d = 3, deterministic and exact unitary
transposition is possible via sequential strategies with
k =7 calls to the input unitary.

Unitary inversion. The goal of unitary inversion is to
transform k calls of an arbitrary d-dimensional unitary U
into f(U)=U"!'=U" Similarly to transposition,
f(U) = U" is an anti-homomorphism and parallel pro-
tocols are not necessarily optimal; hence, sequential and
general strategies may be advantageous.

Given that probabilistic and exact unitary complex
conjugation is impossible whenever the number of calls
is restricted to k < d — 1 (although transposition is not) it
follows that unitary inversion (with any implementation
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strategy) also has a success probability of zero [40],
since it is the composition of complex conjugation and
transposition:

if k<d—1: pii(d. k) = pii(d.k) = ph(d.k) = 0.
(3.15)

As mentioned above, in the case where k> d —1,
deterministic and exact complex conjugation is possible;
thus, a guaranteed implementation of unitary inversion can
be constructed by grouping the number of available calls
into blocks of d — 1 calls, first performing unitary con-
jugation (deterministically and exactly) and then perform-
ing unitary transposition. This concatenation of protocols
is not guaranteed to be optimal, but nonetheless provides a
lower bound for the success probability. In the case of
d =2, we have minimal groups of size k = 1; hence, for
qubits, unitary inversion and transposition are equivalent
problems; this can also be seen by noting that for qubits,
complex conjugation can be achieved essentially for
free by performing a Pauli-y gate before and after the
input unitary, and the assertion follows directly since
U= (U

For cases where d > 2, this aforementioned concatena-
tion strategy leads to the lower bound

par d?—1

Pin(d. k) 2 1 —W, (3.16)

where || denotes the floor function. For sequential
probabilistic scenarios, Refs. [39,40] present a protocol

that approaches unity exponentially quickly, achieving
seq

Pi(d k) > 1= (1 =) 71, In fact, in the qubit case,
unitary inversion can be implemented in a deterministic
and exact manner with k =4 calls applied in sequence
[70]. Finally, given access to O(k = d?) calls of an
arbitrary d-dimension unitary U, an explicit quantum
comb implementing deterministic and exact unitary inver-
sion has been derived [72,73].

FIG. 43.

In the deterministic and approximate setting, when
parallel processes are considered, the optimal average
fidelity (2P (d,k)) for transforming k calls of a
d-dimensional unitary U into its inverse U~! behaves
similarly to that of unitary transposition: it is always
obtained via unitary estimation [41,77,248]. Hence, for
parallel protocols, for any d and k, it holds that
(BEN(d, k) = (Ebans(d. k)) (see Sec. III A 2). Moreover,

whenever k < d — 1, Ref. [252] showed that

_ k+1
= (a k) = oL

(3.17)

(Eiw(d. k) = (E3(d. b)) = (

“inv “inv

Numerical methods have shown that when k = 2,d =2
and k=3,d =3, strategies without definite causal
order strictly outperform sequential ones [41]. As is the
case for unitary transposition, group representation
methods greatly simplify the complexity of the SDP to
be solved to determine the optimal unitary inversion
HOQO [69,250,251].

Unitary iteration. Unitary iteration aims to transform k
calls of an arbitrary unitary operation U into f(U) = U"
forneN, e.g., U — U? (see Fig. 43). This presents unique
challenges as the function is neither homomorphic nor
anti-homomorphic. While sequential protocols can trivi-
ally achieve the task U®* > U" whenever k > n (by
discarding k —n uses of U and performing n uses in
sequence), the problem becomes non-trivial whenever
k < n. In this case, unitary iteration cannot be achieved
exactly (even probabilistically) since the transformation is
non-linear in its inputs.

The special case of deterministic approximate iteration
of a single unitary (k = 1) has been studied in Ref. [234].
By approximating the performance operator Q.. (d,k=1)
via Monte Carlo methods, the authors estimated the
optimal performance for d€{2,3} and ne{2,....7}.
Interestingly, for n > d, the numerical simulations show
that on average, the optimal strategy is to discard the input
operation {/ and output the identity channel Z.

Unitary iteration. The goal of unitary iteration is to take & input unitaries U (blue) and apply them as » unitaries sequentially

(pink), i.e., approximate the transformation U®* - U". For sequential protocols (depicted on the left), this task is non-trivial whenever
n > k; for parallel protocols (right), the task is non-trivial for every n > 1.
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FIG. 44. Unitary controlisation. The goal of unitary controli-
sation is to take some number of calls of a unitary U (blue) to the
operation ctrl(U) (pink).

Unitary controlisation. The controlisation of an
unknown unitary—universally transforming U into
f(U) = ctrl(U) = [0)(0] ® 1+ € |1)(1| ® U, where
0y € R (see Fig. 44)—is of utmost importance, since many
quantum algorithms draw power from such controlled
unitary gates (e.g., to generate entanglement). Although
any unitary operator has freedom up to a global phase 0y,
of describing the same unitary channel (i.e., U and ¢vU
are physically indistinguishable), upon controlisation, such
a global phase becomes a relative phase (which could be
detected). For this reason, any operator f(U) = |0)(0| ®
1+ €™ |1)(1| ® U is considered to be a faithful contro-
lisation of U, regardless the value of 6. References
[68,235,236] have shown that it is impossible to design
a universal quantum circuit that exactly controlises an
arbitrary unitary operation (even probabilistically); see
also Refs. [253-255]. Moreover, a considerably stronger
no-go result is known: Even when k calls of the unitary
are available, any probabilistic universal protocol for
controlisation necessarily has a success probability of
zero; this result even extends to an approximate non-exact
regime [256].

Nonetheless, there exist strategies to controlise a unitary
operation in a non-universal manner, i.e., given partial
knowledge of the unitary. For instance, given knowledge
of an eigenstate of the unitary, it can be controlised
deterministically and exactly with just a single call
[233,256,257]. Alternative approaches include implement-
ing related functions: Ref. [233] demonstrated a sequential
strategy that transforms k =d calls of an arbitrary
d-dimensional unitary U into f(U)=[0)(0| ® 1+
e |1)(1|® UY.  This construction makes use
of the relation U®?|A,) = det(U)|A,) that holds for the
d-dimensional totally anti-symmetric state |A,) € C?d and
for any d-dimensional unitary U. In other words |A,) is
always an eigenstate of U®?.

Functions of isometries. More broadly, the above
concepts extend to isometries: operators V€&
L(H 4, #p) such that V'V =1, which preserve
inner products whilst mapping between spaces of differ-
ent dimensions. Such operations transform pure input
states in a d-dimensional system to pure output states

in a D-dimensional one; the special case d = D corre-
sponds to unitary operations. The ability to invert
an unknown isometry V), i.., construct V7! such
that V~'V = 7, has been analyzed in Ref. [70], where
it was shown that the success probability of any parallel
protocol is independent of the output dimension D and
satisfies

P

par >_ a1l
Plom(d0) 2 75 (3.18)
which generalizes the unitary case and is optimal for
d = 2. Whether or not the optimal success probability for
isometry inversion depends upon D for sequential pro-
tocols remains an open question, as does the potential
enhancement from causally indefinite strategies. Lastly,
the task of isometry adjointation—which includes isom-
etry inversion as a special case—has been analyzed
in Ref. [71].

2. Unitary storage-and-retrieval

A particularly interesting and well-studied task is that of
unitary storage-and-retrieval (SAR). It is illustrated in
Fig. 45 and formalized as follows: Alice is given access to
k calls of an unknown d-dimensional unitary operation
U: ;- . Alice seeks to store the action of this
unitary—which may correspond to some quantum oracle
that solves a particular problem of interest—in some
quantum state, so that she may retrieve the use of this
unitary at a later time.

(1) Storage: First, Alice prepares a multipartite re-
source state |¢) € #P* @ #, and applies k calls
of the unitary U to part of this state to obtain the
so-called memory state (U®* @ 1,)|¢).

(2) Retrieval: At a later time, when Alice no longer has
access to the unitary U, but rather only the memory
state (U®* @ 1,)|¢), she desires to retrieve the
action of U on an arbitrary farget state |y) € 7 p to
obtain Uly). For this goal, Alice performs a global
operation D: L(HE QA Q@ Hp)— L (HF)
on (U®* ® 1,]|¢)) ® |y) dubbed a decoder. This
operation may be a deterministic one, hence
achieved by a quantum channel and leading to a
deterministic and approximate protocol; or a prob-
abilistic and exact one, hence achieved by perform-
ing a measurement on an additional auxiliary
output of the decoder with a nominal outcome v/
heralding exact retrieval of U with some success
probability p, < 1.

The no-programming theorem [258] implies that there

is no deterministic operation such that the aforemen-
tioned task can be achieved perfectly, i.e., there does
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Storage-and-Retrevial

Deterministic & Approximate Probabilistic & Exact
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FIG. 45. Unitary storage-and-retrieval and unitary estimation. For unitary storage-and-retrieval (upper panel), one first prepares a
state ¢ that is subject to k calls of the unitary U. The memory state (U®* @ 1,)|¢)(¢|(U®* ® 1,)" is stored until a later time when
one desires to retrieve the action of U on an arbitrary state corresponding to the space .77 p; this retrieval process is achieved via
a quantum channel (referred to as a decoder D). This task can be achieved in two ways: in the deterministic and approximate
(upper left), the action of U is only required to be approximately recovered; in the probabilistic and exact (upper right), an additional
measurement is performed for which a desired outcome v/ occurs with probability p, < 1, heralding that U has been enacted
exactly. In the unitary estimation problem (lower panel), one is required to perform a quantum measurement on the memory state
(US* @ 1,)|¢){¢|(U®* @ 1,)T to obtain a classical outcome 6. From this estimator, one aims to construct an associated unitary
operation Uy, that approximates U. In Ref [78], it is proven that optimal deterministic and approximate unitary SAR is attainable by an
estimation strategy. We stress that here, we follow the same color coding as previously, with unknown inputs in blue and outputs in pink.

not exist a quantum channel D: Z(#E @ 7, ®
Hp) = L(HF) such that

D([(U® @ 1.)|¢) (| (UT® @ 1.)] ® [w) (w])

= Uly)(y|U* (3.19)
for all quantum states |w)€ #p and all unitaries U.
Hence, just like for many functions of unitaries considered
in the previous section, the task of unitary storage-
and-retrieval must be considered from two angles (see
Fig. 45): For deterministic and approximate strategies,
one aims to construct a quantum channel D that leads
to the best approximation D([(U®* @ 1,)|¢)(g|(UT®
k® 1) Q |w)(w|) = Ulw)(y|U'. For probabilistic and
exact implementations, one must find an additional meas-
urement to be performed on an auxiliary system output by
the decoder D such that a nominal outcome v'—which
occurs with probability p, < 1—heralds that the recovery
step perfectly reproduces the action of any U on an
arbitrary state |y).

In principle, one could consider sequential or general
HOQO strategies for implementing SAR, where the
input state to be acted upon is only provided after the
unitaries are called. However, Ref. [259] showed that,
without loss in performance, we may restrict ourselves to
parallel strategies, as illustrated in Fig. 45. Hence, the
combination of “storage” and ‘“retrieval” constitutes a

HOQO of parallel structure; for deterministic and
approximate scenarios, this is a deterministic HOQO
(see Sec. I1C2), whereas for probabilistic and exact
scenarios, this is a probabilistic HOQO, i.e., a super-
instrument (see Sec. II C 3).

Lastly, a central structural insight connecting many of
the tasks discussed above is that deterministic and approxi-
mate implementations of unitary processing tasks—such
as storage-and-retrieval (SAR), parallel unitary transposi-
tion, and parallel unitary inversion—are all equivalent to
unitary estimation [41,78] (see Fig. 45). The unitary
estimation procedure consists of performing a measure-
ment on the state (U®* @ 1,)|¢) and subsequently using
the measurement outcome to guess the unitary U. Denoting
the guessed operation by Uy, the performance of unitary
estimation is evaluated by the average fidelity between the
guess Uy and the given U. In Ref. [252], the authors
established a one-to-one correspondence between optimal
unitary estimation with k& uses of U and port-based
teleportation (PBT) with N =k + 1 ports. Thus, more
explicitly, it holds that

(Esar(d. k) = (Eiuns(d. k) = (Eiy(d. k)

= (Beu(d, k)) = (Ephp(d, k+1)). (3.20)

Probabilistic and exact. In Ref. [79] it was proven that
the optimal success probability of probabilistic and exact
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d-dimensional unitary SAR when k& calls are available is
given by

k P21
SARd,k — =1-—
PR = k+d®—1

(3.21)
and similarly to its deterministic non-exact counterpart
[77], optimal storage is achieved via k parallel calls of the
input operation. Interestingly, this maximum success
probability can also be attained by a probabilistic port-
based teleportation (PBT) [247]. However, implementing a
probabilistic unitary SAR procedure via a probabilistic
PBT protocol requires exponentially larger memory than
the construction presented in Ref. [79]. These results show
that the task of probabilistic unitary SAR is related to that
of PBT.

Another interesting connection is to the task of unitary
transposition: Ref. [40] showed that the problem of
probabilistic exact unitary SAR is equivalent to parallel
probabilistic unitary transposition. More precisely, any
circuit that attains probabilistic exact unitary SAR with
probability p can be converted into a parallel quantum
circuit for probabilistic exact unitary transposition with the
same probability p and vice versa. Lastly, variations of
probabilistic unitary SAR have also recently been consid-
ered, including cases where the unitaries are assumed to be
qubit phase gates [260] or pairs of unitary channels [261],
as well as cases where access to multiple copies of the
input state is assumed [262], or where the retrieval
operation can explicitly depend on the input state [263].

Deterministic and approximate. When considering
deterministic and approximate protocols, the problem of
unitary SAR is often referred to as “unitary learning” [78].
Reference [77] proved that the optimal average fidelity for
d-dimensional unitary SAR when k calls are available is
given by the maximal eigenvalue of a matrix whose
coefficients depend on group representation theory quan-
tities. For qubits, these eigenvalues can be computed
analytically, and the optimal average fidelity admits the
closed-form expression

(ESAR(d = 2, k)) = 1 — sin? <#) (3.22)

Reference [264] obtained the optimal asymptotic rate
for qutrit unitary estimation; hence, the connection
between unitary estimation and deterministic unitary
SAR implies that for d = 3, we have

5672 1
o + 0 (F) . (3.23)

Lastly, Ref. [252] makes use of the one-to-one relation-
ship between unitary estimation and deterministic optimal

(ESAR(J =3.k)) = 1 —

PBT and the results of Refs. [244,265,266] to conclude that
the asymptotic behavior of optimal average fidelity for
deterministic SAR is

4
(ESAR (4, k) = 1 — © <%> , (3.24)

where f(x) = ©(g(x)) indicates that f is asymptotically
bounded by g both from above and below, i.e., they are
asymptotically of the same order.

Channel, isometry, and measurement storage-and-
retrieval. The task of SAR can also be considered for
general quantum channels, isometric channels, and mea-
surements. As stated previously, for unitary probabilistic
and exact protocols, Ref. [79] showed that in general, the
success probability is given by Eq. (3.21). Moreover, since
this success probability is attainable via a probabilistic
PBT protocol [245-247], one can use probabilistic PBT
to perform SAR on arbitrary quantum channels. More
specifically, in the storage phase, one makes k calls to an
arbitrary channel C: £ (¢, ) - £ (¢, ) in order to
store it in the optimal PBT state for dimension d; with k
ports. Subsequently, one performs the optimal probabilistic
PBT measurement to recover the action of the channel
C: L(AHy,) — L(H,,) with probability p3AR(d, k) =
1—(d?=1)/(k+d?—1)=k/(k+d? —1). Moreover,
if d, > d;, this performance is optimal since the set of
channels contains all d;-dimensional unitary channels
followed by a fixed isometry from ¢, to 7, .

The task of isometric channel SAR and isometric
channel estimation was analyzed in Ref. [249], which
showed that for isometries V: .7, — J¢p, the optimal
performance for estimation is given by

(B(d, D, k)) =1 — @ + 0(%) , (3.25)

whereas for SAR, isometries V: ¢, — 7 have per-
formance that behaves as

4
(ESAR(4, D k)) =1-© <%> (3.26)

Interestingly, this is independent of the output dimension
D and displays the same asymptotic performance of
optimal d-dimensional unitary SAR.

Lastly, the task of deterministic SAR of projective
measurements has been analyzed in Refs. [259,267,268].
In such cases, adaptive strategies can outperform parallel
ones [267], and strategies with indefinite causal order can in
turn outperform adaptive ones [268].
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3. Unitary resetting, rewinding/fast-forwarding,
and refocusing

In Ref. [269], the author considered the task of resetting
an unknown unitary evolution, i.e., transforming k calls of
an arbitrary unitary operation U into the identity channel.
Unlike the cases discussed in the previous sections, this
work considers a more restricted scenario where the
HOQO acts only on an auxiliary system and not on the
target itself. Before the protocol begins, the target system
interacts with an auxiliary system via the unknown unitary
U, which entangles the target and the auxiliary system.
Due to the built up correlations, probabilistic and exact
unitary resetting can be achieved with non-zero probability
by manipulating only the auxiliary degrees of freedom,
with no access to the target system itself. Considering the
same setting, Ref. [270] developed a universal protocol
that enables probabilistic rewinding and fast-forwarding
of an unknown unitary quantum evolution, i.e., trans-
forming k calls of an input unitary operation U into U*
where x € R; this problem includes unitary inversion as a
special case but does not coincide with the protocols
discussed above, since the considered setup differs in
terms of the degrees of freedom the protocol can act upon.
Subsequently, Ref. [271] presented a qubit unitary rewind-
ing protocol whose success probability approaches one as
the number of calls to the input unitary operation increases.
This probabilistic qubit rewinding protocol was later
experimentally realized in an optical setup using the
quantum switch [272].

In contrast to the setting described in the previous
paragraph, Ref. [273] considered a scenario without
auxiliary systems, i.e., where all interventions are per-
formed directly on the target system and no access to an
additional auxiliary system is possible. In this case, the
authors presented a protocol called quantum refocusing,
which transforms n = log?(1/e) calls of an arbitrary
unitary operation into an operation that is e-close to the
identity operator.

4. Unitary transformations with known input states

Thus far, we have considered universality as a crucial
requirement for tasks involving unitary transformations:
the HOQO implementing the desired transformation
should work for all unitaries, not just specific instances.
Moreover, such protocols typically assume universality
with respect to the input state that the final object is to act
upon—they must succeed regardless of which state is
provided.

Reference [263] explores a natural relaxation of this
requirement: what if the HOQO is universal in the input
operation but tailored to a specific, known input state?
This seemingly modest modification leads to dramatic

performance improvements across several tasks. With a
single call to the input operation, knowledge of the input
state provides a quadratic improvement (in system dimen-
sion) for unitary conjugation, transposition, and inversion.
With k calls available, state knowledge yields even more
striking advantages: an exponential improvement (in k) for
the SAR protocol’s retrieval phase, as well as for parallel
unitary transposition and inversion.

5. Transforming Hamiltonian dynamics

So far, we have considered information processing tasks
that are implementable via a HOQO that takes quantum
maps as its inputs. However, if additional assumptions on
the input maps are imposed, then more power is granted.
One natural such assumption is that the input channel is
generated by some continuous-time dynamics, e.g., the
promise that an input unitary is generated by a
Hamiltonian ~dynamics U = exp(—iHt) for some
Hamiltonian H. The additional power gained from such
a promise can be seen by the following simple example.
Consider the task of implementing the transformation
U f(U)=+U. Clearly, with a single call of the
unknown input unitary, this transformation is impossible
to realize as a quantum operation, since it is non-linear. On
the other hand, if one has the additional information that
the input unitary is generated by Hamiltonian dynamics,
then the square root function can be universally imple-
mented without knowledge of the input U = exp(—iH?)
by simply running the dynamics for half of the origi-
nal time.

The fact that Hamiltonian dynamics is (infinitely)
divisible allows one to consider “breaking up” the dynam-
ics into smaller pieces that can then be processed in a
parallel, sequential, or causally indefinite manner. This
concept of fractional query access permits access to U(1/")
as an input and has subsequently been leveraged to
demonstrate HOQOs that universally, deterministically
and exactly achieve controlisation of an arbitrary
d-dimension unitary given d calls of the dynamics
[233]. As discussed in Sec. III A 1, such universal unitary
controlisation is impossible without the promise of a
Hamiltonian generator for the dynamics, even if multiple
calls are available. This power of fractional query access
also permits the projective measurement of the energy
of a physical system up to arbitrary accuracy without any
dimension dependence on its time cost [274]. Additionally,
the ability to implement general functions of Hamiltonians
H — f(H) given access to only the dynamics exp(—iH?t)
has been shown in Refs. [275,276]. Such algorithms
can universally perform, e.g., negative time evolution
H +— —H, time reversal H — HT, single parameter esti-
mation, and learning [277], amongst other tasks; all
without any knowledge of the Hamiltonian H.
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6. Metrology strategies, discrimination tasks
and higher-order quantum resources

Metrology and parameter estimation. Beyond these
above tasks, inspired by the construction of quantum
computation subroutines, HOQOs—be they time-ordered
quantum combs or processes permitting superpositions of
causal orders—have shown significant promise in enhanc-
ing quantum metrology and parameter estimation. Such
advantages arise by allowing the construction of adaptive
metrology strategies that mitigate the impact of environ-
mental noise, improving precision limits beyond those
achievable by conventional sequential or parallel proto-
cols; notably, causal superpositions enable flexibility in
measurement order, further enhancing robustness against
noise [278-283].

In terms of estimating unknown parameters of a quantum
comb, Ref. [284] put forth a framework for deriving the
optimal metrology strategy; said framework was sub-
sequently expanded in Refs. [279,285], where the authors
derived an SDP to bound the quantum Fisher information of
a non-Markovian quantum process, which has an opera-
tional interpretation as the maximal amount of information
that can be extracted from it by an optimally controlled
probe state. In cases where the noise is structured or
correlated, Ref. [286] applied tensor network techniques
to efficiently derive optimal metrological strategies; see also
Ref. [287] for an in-depth review of such techniques.

HOQOs have also been applied to the setting of
Bayesian parameter estimation [288-290]; by explicitly
modeling the Bayesian cost function, the framework
provides a means to optimize both the prior information
and the resource allocation, achieving superior precision
compared to traditional methods. Lastly, HOQOs provide
the basis for the framework of “Hamiltonian recognition,”
which aims to identify the Hamiltonian governing a
quantum dynamics from a known set of Hamiltonians
[83,291]. By leveraging HOQOs, these works develop
systematic methods to design protocols that outperform
standard metrological techniques, especially in multi-
parameter estimation tasks, and emphasize practical
implementations where experimental constraints or limited
resources necessitate efficient and adaptive strategies.

Quantum channels with memory. Several early works
focused on studying the channel capacity of quantum
channels correlated via a quantum memory [56,295-297]
(although usage of the terminology ‘“‘higher-order” was not
yet widespread, these works developed and employed
methods relevant to HOQOs). In this setting, Alice aims
to transmit a message to Bob by sending quantum states
via a sequential use of a communication channel A. Unlike
standard i.1.d. scenarios, where these channels are assumed
to be identical and independent, here, the channels in each
run are not independent of each other, but the channel that
Alice uses at time ¢, can depend (both in a classical and
quantum manner) on the states she sent to Bob at times

tp—1sty_2, - -tg. One can, e.g., imagine a setup where
Alice sends information to Bob via an optical fiber affected
by noise that is correlated in time due to, say, correlations
in the birefringence fluctuations or a high rate of signal
transmission [298-300]. Put differently, the channel from
Alice to Bob is subject to noise that has memory, which
can be modeled, for instance, via a quantum many-body
system that serves as an environment [301,302].

This conceptualization of communication scenarios
with memory is remarkably close to the construction of
(causally definite) HOQOs and in particular to the process
tensor formalism used to study quantum non-Markovianity
[see Sec. IIIB]: The underlying building block is the
communication channel A, acting on the system (which
encodes the message Alice wishes to send) and the
environment (say, the fiber); inputs to the process are
the states Alice sends, while the outputs are the states Bob
receives over time. Memory is transmitted between distinct
uses of A, in congregate leading to a non-anticipatory
quantum channel [56] that describes the overall mapping
from Alice’s sequentially chosen inputs to Bob’s corre-
sponding outputs. Grouping together Bob’s kth output and
Alice’s (k + 1)st input, respectively, yields the slots of the
corresponding quantum comb one would use to describe
this setup. Indeed, just like quantum combs (see
Sec. II D 2), all non-anticipatory quantum channels admit
a representation in terms of a concatenation of a fixed
quantum channel A [56]. The main difference to the types
of HOQOs predominantly discussed in this tutorial lies in
the fact that: i) non-anticipatory quantum channels are
generally considered stationary in time, making all their
properties expressible in terms of the fixed channel A; and
ii) non-anticipatory quantum channels are mainly consid-
ered in the limit of infinite uses, i.e., infinitely many
“slots” [56,98].

Similar to the memoryless case, a crucial task is the
determination of the capacity of such channels. While
the capacity can be defined in the same way as for the
memoryless case [56], its practical computation is
rendered much more cumbersome by the additional
presence of memory. Specific cases that have explicitly
been considered in the literature are the case of small
memory dimension [296], forgetful channels [56], and
correlated dephasing channels [297,302-304], to name
but a few. We emphasize that, due to the stationarity of
non-anticipatory quantum channels, all properties can be
phrased in terms of the underlying channel A, therefore
their expression does not fundamentally require the
formalism of HOQOs.

The topic of quantum channels with memory is far too
rich to properly cover here; fortunately, there exists an
extensive review for interested Readers to turn toward
[98]. Here, we merely focused on pointing out the close
conceptual relationship between HOQOs and such chan-
nels with memory.
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FIG. 46. Quantum channel discrimination. Alice is provided with one of a set of candidate channels {C*} chosen with probability p,
(upper panel). Her task is to process these channels either in parallel (lower panel, left), sequentially (lower middle), or with a general
tester (lower right) to determine which channel she was given. The task is successful for a given run whenever the outcome y

corresponding to the concluding POVM element &0

Discrimination tasks. We now move to discuss the task
of channel discrimination. In Sec. III A 1, we considered
quantum information processing protocols in which the
respective HOQOs acted on unitary input operations. Here,
we will consider the setting where the input objects are
arbitrary quantum channels: The task is to discriminate a set
of quantum channels. Intuitively, this task can be seen as a
higher-order extension of the well-known task of quantum
state discrimination [305]. There, one aims to find an
optimal measurement to distinguish between candidates
of a set of states; in quantum channel discrimination, one
aims to find an optimal tester to distinguish between
candidates of a set of channels (see Fig. 46). Again, there
are various possible figures of merit, including maximizing
the success probability with respect to minimum error
discrimination (in which a particular candidate is always
guessed) or with respect to unambiguous discrimination (in
which the agent is permitted an uninformative outcome);
here, we mostly focus on the former.

More formally, the task is the following: With some
probability p,, Alice is provided some channel
C': L(Hy) v L (A ) drawn from a set of candidates
{C*}Y_, which is a priori known to her. She can then
use a finite number k of copies to try to learn which
particular channel she received, i.e., the classical label
xe{l,---,N}.

Suppose, e.g., that Alice is allowed only a single use of
the channel. Then, the most general quantum strategy she
could implement involves feeding part of a joint state p; 5
into the channel and then performing some joint meas-
urement 7 = {£)} on the joint output and auxiliary
space, i.e., implementing a one-slot tester; see
Sec. IID4. Her success probability is determined by
how often she guesses correctly, i.e., when outcome y
coincides with the label x of the channel, which is given by

ZmZé (€ ® Z)plEY],  (3.27)

where &,, denotes the Kronecker delta distribution. The
optimal strategy involves finding a pair of input states p

coincides with the label x of the channel C* of said run.

and measurements 7 = {£0)} such that the above quantity
1s maximized, i.e.,

Py = max ps(p. J). (3.28)

Since every such initial state and global measurement
pair corresponds to a tester, the above optimization is an

SDP optimization over one-slot testers 7 := {T()}
Py = max Z pr(S tr[C*TO)

More generally, however, Alice can be permitted multi-
ple calls of the channel. In such cases, the strategy with
which she processes them becomes of pivotal importance.
For instance, she could process them all in parallel or
sequentially (potentially with some auxiliary system in
both cases), or even with a more general causally indefinite
strategy (see Fig. 46). For the fully parallel case, the most
general strategy corresponds to preparing a global state,
feeding parts into the different copies of the channels, and
then performing a global measurement; thus, the optimi-
zation becomes one over single-slot testers (albeit with
many input and output wires) as above. For sequential
strategies, Alice can plug the channels into a more general
causally ordered comb; and in the causally indefinite case,
she could use a general process matrix (see Fig. 41).

When considering discrimination between pairs of
unitary channels, it has been shown that parallel strategies
cannot be outperformed by sequential ones [306], and it is
unknown whether indefinite causal order may provide an
advantage. However, in the special case of discriminating a
set of uniformly distributed unitary channels that obey a
group structure, parallel strategies are indeed optimal and
neither sequential [306] nor causally indefinite strategies
can provide any advantage [76]. Indeed, whenever dis-
criminating a set of N uniformly distributed d-dimensional
unitary operations with k calls, the optimal success
probability (for minimum error state discrimination) for
any class of strategies respects [76]

(3.29)
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<y ' (3.30)

2
p‘*,(d,k,N)<l<k+d 1>‘

Moreover, whenever the set of unitaries to discriminate
form a group k-design, the bound is attainable with a
parallel strategy [307-309].

Beyond the special case of discriminating uniformly
distributed unitary channels, sequential strategies have
been shown to provide an advantage. In particular,
enhancements are known for the cases of distinguishing
between entanglement breaking channels [310], pairs of
qubit amplitude damping ones [75,311], sets of unitary
operations without a uniform distribution or without a
group structure [76], amongst others [312,313]. Moreover,
the advantage of indefinite causal order over sequential
strategies (of a fixed causal order) has been demonstrated
for certain tasks, such as distinguishing amongst pairs of
non-signaling channels [75,142]. In summary, there is a
strict hierarchy between the power of the three distinct
types of strategies for channel discrimination.

The formalism of quantum testers and HOQOs has also
been employed to analyze the discrimination of quantum
measurements when a single [314-321] or multiple calls
[322] are available. The discrimination of quantum mea-
surements with post-measurement states—i.e., quantum
instruments—has also been analyzed [317,323], where
Ref. [323] showed that the use of post-measurement states
can greatly improve the performance for measurement
discrimination.

A related task to channel discrimination is that of
channel comparison, where one aims to compare whether
a number of channels drawn from some candidate set are
the same or different. This task has been analyzed in the
context of unitary channels in Refs. [324-327] (see also
Sec. VII of Ref. [91]), and for comparing quantum
measurements [328]. Moreover, HOQOs have been used
to develop a framework for hypothesis testing of sym-
metries in quantum dynamics [82] as well as for the
identification of cause-effect relations [329].

Finally, discrimination of HOQOs themselves has also
been considered. The problem of discriminating (and
estimating) quantum combs/process tensors was first
addressed in Ref. [284], where the author showed how
to analyze the problem via semidefinite programming.
The problem of discriminating (and estimating) quan-
tum combs with a diverse set of restricted strategies
(such as memory restrictions or restricting the testers to
a strict convex subset) was then analyzed in
Ref. [330,331]. Also, Ref. [332] presents simple upper
and lower bounds for quantum comb discrimination.
Lastly, Ref. [333] has considered the problem of discrimi-
nating process matrices in a single shot regime, where the
measurements on process matrices are given by a set of
positive semidefinite operators that add up to a non-
signaling quantum channel. Here the authors showed

that—somewhat surprisingly—for the case of discriminat-
ing amongst pairs of causally ordered processes, such
“non-signaling” testers are optimal and cannot be out-
performed by more general testers.

Resourcefulness of higher-order quantum opera-
tions. The capabilities of HOQOs can be systematically
investigated by means of resource theories. These theories
attempt to formalize the notion that certain objects—
typically states or channels, but these can also be
higher-order objects—are cheap, easy, or useless; examples
include thermal states in the resource theory of athermality
and local operations and classical communication (LOCC)
channels in the resource theory of entanglement, to name but
afew. A resource theory typically formally comprises a set of
free objects, a set of transformations that preserves said set,
and a set of monotones that characterize the resourcefulness
of any non-trivial process [334]. At this level of abstraction,
there is no problem with considering scenarios where the free
objects are themselves CPTP maps [201-206,335,336] or
even HOQOs [49,51,207], leading to dynamic, rather than
static resource theories. Here, the possible transformations
are those that map certain classes of HOQOs to other
HOQOs, and the monotones are defined upon such objects
accordingly.

For instance, these approaches have been employed to
investigate the resourcefulness of non-entanglement-
breaking channels [203,205] and coherence preserving
channels [201], where channels that are not entanglement
breaking and those that do not destroy quantum coherence
are considered resources, respectively. Similarly, the sig-
naling capabilities of bipartite quantum channels and their
non-local properties in the presence of decoherence have
been quantified and analyzed in Refs. [335,337] and [336],
respectively. Further up the hierarchy of HOQOs, resource
theories where process matrices and transformations
thereof have been considered, leading to resource theories
of causal non-separability [49,51] and causal connection
[51]. In the former, causally non-separable process matri-
ces play the role of resourceful objects, while in the latter,
this role is played by process matrices that permit signaling
between the different parties.

In a similar vein, in Ref. [207] the authors investigate
the general conditions under which some uncontrolled
background process—corresponding to a quantum comb/
process tensor—could be harnessed and exploited by an
agent to perform a task that would otherwise be impos-
sible; for instance, they consider quantum operations that
might take memoryless processes to ones that have
memory. To this end, they develop nine distinct resource
theories with a hierarchical relationship implied by the
restriction of the quantum or classical communication
scenarios in the allowed transformations, one of which is a
truly quantum resource theory of non-Markovianity.

Beyond the identification of higher order resources,
such approaches have been employed to generalize

042001-80



A GUIDE TO HIGHER-ORDER QUANTUM OPERATIONS

PRX QUANTUM 7, 042001 (2026)

concepts from the static case to the dynamical one. For
example, considering superchannels that preserve the set
of marginally uniform channels invariant leads to a natural
definition of entropy for quantum channels (instead of
quantum states). Similarly, considering transformations of
process matrices has led to a notion of dynamics of causal
structures [216,338]. Lastly, bounds on the entropy change
of a quantum channel under the action of a superchannel
have established fundamental limitations on the recover-
ability of quantum superchannels [339] (see also
Ref. [340] concerning the change of conditional entropy
and information of bipartite quantum channels under the
action of superchannels).

The framework of HOQOs thus provides a unified
approach to understanding and implementing quantum
channel and HOQO transformations, with applications
ranging from basic quantum control to complex informa-
tion processing tasks. The interplay between different
implementation strategies, resource constraints, and
achievable performance continues to reveal fundamental
aspects of quantum information processing while also
suggesting practical protocols for quantum computation
and communication.

B. Open system dynamics and memory effects

In examining open system dynamics and memory
effects, the HOQO framework offers a distinct perspective
from traditional approaches. The fundamental premise is
that the universe can be effectively divided into two parts:
an experimentally accessible system of interest (say, a qubit
in a quantum computer) and an inaccessible environment.
The goal is to characterize system behavior using only
system-level information without explicitly referencing
environmental degrees of freedom.

We emphasize that the HOQO approach to open
quantum systems is not the only possible framework for
this task and differs markedly from master equation
descriptions that model the evolution of a quantum state
p;, often assumed to be weakly coupled to an external
environment. Master equations, say, of the form p, =
Z,[po] (for some superoperator .Z, that depends on the
coupling between system and environment) describe
continuous evolution of the system of interest. At the
same time, the HOQO approach that we present here
only applies to discrete points in time at which the system
is interrogated. On the other hand, HOQOs capture
genuine multitime correlations—i.e., correlations between
sequential measurement outcomes—that cannot be derived
from master equations; this insufficiency of master equa-
tions for the prediction of multitime correlations even
holds true in cases where the master equation is of Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) form
[341,342]. Master equation descriptions (and related
approaches) have been thoroughly discussed in
Refs. [15,343-348]; for a comparison of different types

of memory effects therein, see also Refs. [29,349,350].
Here, we focus exclusively on the HOQO description of
open system dynamics.

1. Memory effects in quantum processes

Open system dynamics with initial correlations. The
aim of open quantum system dynamics is to model the
behavior of a system of interest that is coupled to an
environment. Under the assumption of an initially uncor-
related system-environment state, any global unitary
dynamics where the environment is eventually discarded
produces a linear CPTP map on the system alone [see
Eq. (2.1)]. Crucially, all information needed to reconstruct
such a quantum channel—and thus gather a complete
description of the open system evolution—resides on the
level of the system, despite the environment’s critical role
in the dynamics. Conversely, the Stinespring dilation
theorem [63] ensures that for any CPTP map, there exists
a corresponding global unitary and environment state that
generates it [see Eq. (2.1) and the discussion surrounding
Def. 11.5], making CPTP maps the natural descriptors of
open quantum system dynamics whenever the system can
be initially prepared independently of the environment.

The situation becomes more layered when considering
initially correlated states 175z. When ngg # p ® 7, the naive
extension of Eq. (2.1) would read

pi = trglUh Inse]|=C, o). (3.31)
Here, physical arguments dictate that C, should be (at least)
linear in its input and CPTP; however, demanding this
leads to inconsistencies, as we now detail. Writing the
initial state as gz = p ® 7+ y, where 7 := trg[ngz] and y
is an operator acting on the joint system-environment
Hilbert space yields

po = tpUlp & 7] + U [y]] = Cilp] + & (3.32)

where C, is CPTP by construction and & is traceless. The
above form seems to suggest that system dynamics could
be described by a trace-preserving affine map that depends
on the correlation matrix y. Besides losing its CPTP
property, as alluded to in Sec. II A 1, the object & depends
on how the system state p was prepared starting from 7gp
[351-353], seemingly making the above mapping p — p,
non-linear.

More generally, as Pechukas and Alicki notably dem-
onstrated, three crucial properties of quantum dynamics—
linearity, complete positivity, and consistency of assign-
ment maps—cannot hold simultaneously when initial
correlations are present [354-356]. In such cases, it is
impossible to define a linear (let alone completely pos-
itive) map that faithfully takes arbitrary input states of the
system to their corresponding output states; an issue that
has been observed in experiments [357-360]. This assigns
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FIG. 47. Process tensor. The process tensor (dashed navy outline) provides an operational description of the multitime open quantum
dynamics of a system (SYS, bottom, light gray) coupled to an environment (ENV, top, dark gray). It maps arbitrary sequences of
operations {Mﬁx")};f;} (blue) applied to the system at times 1, ,,---, 1, to the corresponding output state p, at time ¢,.

a peculiar role to the initial time in two-time quantum
experiments, as initial correlations evidence memory of
previous system-environment interactions. Among others,
this breakdown in formalism extends to multitime quan-
tum experiments, where even initially uncorrelated states
typically become correlated at later times.

Consequently, there have been a plethora of mathemati-
cal approaches to try to describe open quantum dynamics
with initial correlations, most prominently among them:
not completely positive maps [361-366] and maps that are
only CP on restricted domains [367-370]. However, most
of these suffer from an unclear operational interpretation
[352,353] and some are even mutually incompatible (see,
e.g., Refs. [349,371,372]).

The solution lies in reconceptualizing the problem, as
discussed in Sec. IT A 1: Instead of mapping initial system
states to output states, initial preparation procedures
should be mapped to final output states via a superchannel
[57,58], as described in detail throughout Sec. IT C 1. This
shift to HOQOs not only provides mathematical remedy
but establishes the correct understanding of mappings in
open quantum systems: they should take experimenter-
controllable inputs to measurable outputs [see Fig. 1(b)].
In the uncorrelated case, input (output) states of the system
can be freely chosen (measured); in the correlated case, the
initial preparation procedure (output state) can be freely
chosen (measured).

Due to linearity, the resulting superchannel 7', can be
tomographically reconstructed (see Sec. IITE2 for a
detailed discussion of experimental reconstructions)

|

pn('xn—l’ T ,X1|~7n—1, B jl) =g [un:n—l/\/liﬁfl)un—lzn—z T MgXZ)U2:1M5x1)PSE]
(Xn—l) .

n—1 >

=T, | M

Here, identity maps on the environment space are

implied and the CP maps {ME"" )} act only on the system
(whereas the unitary evolutions U/, .; between interrog-
ations are global). In the final line, we have made use of

through a finite number of experiments using d* linearly

independent input CP maps M®) and determining the
corresponding output states pﬁ") (which in turn takes
another d?> measurements) [57,136,373]. Thus, the super-
channel provides an operational description of the situation
at hand (i.e., open quantum dynamics in the presence of
initial correlations) that preserves the desired physical
properties of linearity, complete positivity, and trace
preservation (generalized appropriately according to
Def. I1.9), while maintaining an operational description
that can be uniquely characterized on the level of the
system alone, in line with the underlying spirit of open
quantum systems.

Multitime quantum processes: Process tensor. As
demonstrated in Sec. II C 2, the framework developed for
two-time processes (i.e., superchannels) naturally extends
to multitime scenarios where a system is probed sequen-
tially at multiple times. When a system is interrogated at
times {f;,---,t,_;} using instruments J,---,J,_;, the
resulting dynamics can be described by a unique multi-
linear map 7 ,,.; (see Fig. 47) [28,350]. This map trans-
forms any sequence of operations applied to the system
into the corresponding final output state at time 7.
Consider an experimenter probing a system at successive
times, obtaining a sequence of outcomes Xj,--:,X,_;
corresponding to CP maps M), ... M (a-1)_ The result-
ing output state can be expressed as a composition of
these operations and the intervening global unitary evo-
lutions via

(3.33)
e e VI

the CJI and the link product developed in Secs. IIB 4
and II B 5 respectively in order to write the action of the
quantum comb 7 ,.; on the sequence of instruments

{M l(x")} in a concise manner.
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From the system-environment dynamics above (see also
Sec. IIC), it is clear that the HOQO T,,.; is a quantum
comb (see Def. I1.10). Its Choi state is thus positive
semidefinite and satisfies the hierarchy of trace conditions
outlined in Eq. (2.68). In the context of open quantum
systems, this object has been dubbed the process tensor. It
provides a consistent framework for properly analyzing
multitime quantum processes that develop correlations
with the environment and the resulting memory effects
[28,29,53-55]. Through the CJI, multitime process tensors
possess the full richness of many-body quantum states
[34,374]; this includes genuine multipartite entanglement
[375,376] for processes with genuine quantum memory,
quantum complexity [377,378], and complex memory
structures [379].

A key feature of the process tensor is that it permits the
calculation of joint probability distributions over outcomes
at multiple times. These distributions are given by the trace
of the final state (or equivalently by the link product; see
Sec. IIB)5), i.e.,

Ip(xn—l""’xlljn—lv""jl)

= tr[pn('xn—l’ '”’x1|jn—19” '9j1)]

= Tn:l * (]]n*:l:_llMl(x’)) (334)

In contrast to joint probability distributions describing
classical processes, these distributions depend explicitly
upon the instruments employed—a reflection of the

(a)

multiple inequivalent ways a quantum process can be
probed. These instrument-dependent probability distribu-
tions encapsulate all possible accessible memory effects of
a process, making process tensors particularly suitable for
extending concepts like Markovianity and Markov order to
the quantum realm [28,29,53-55], as we discuss in the
coming Sec. III B 2.

The framework also provides a natural notion of
marginalization in quantum settings via a containment
property: From a description involving a larger number of
time points, one can derive all possible behaviors on any
subset of times by inserting identity maps at the super-
fluous times [25] (see Fig. 48). This ability to obtain
reduced descriptions in quantum mechanics is crucial,
as such descriptions generally break down unless all
multitime behavior is captured; see Sec. III B 3. While
here, we describe multitime quantum processes in terms
of process tensors, it is worth noting that this natural
extension of classical joint probabilities to families of joint
probabilities in the quantum case was first expressed using
so-called correlation kernels [380,381], which provide a
description of multitime quantum processes that is equiv-
alent to that in terms of HOQOs [382].

2. Markovian quantum processes
and quantum Markov order

A process tensor T,.; enables the computation of all
conceivable joint probability distributions and well-
defined conditional probabilities according to Eq. (3.34).

(b)

(©)

t1 to t3 t4

FIG. 48.

ts te t7 ts tg

Containment property for the process tensor. The process tensor satisfies a natural containment property. For concreteness,

in panel (a) we depict a process tensor over nine timesteps 7 . From this, the correct descriptor on any subset of timesteps can be
derived by letting it act on identity maps at the appropriate times. Such a restriction of a process tensor on times A, to times A; is

denoted by TK\; in the figure. In panel (b) we show how the correct description 7, over times As = {1, 14,15, 1, 13} can be obtained

in this way from that defined on Ag = {1, - - -, tg }. Moreover, in panel (c), we show the containment of T/\z in both descriptors 7° As and
T p,» Where A, = {t4,15}. The crucial point is that the unique maximal description contains within it the proper description of the

process over any subset of timesteps.
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As a consequence, it allows for an unambiguous descrip-
tion of memory effects, providing clarity in a field where
the definition of quantum memory has seen numerous non-
equivalent interpretations (see, e.g., Ref. [349]).
Memory length. Memory length corresponds to the
length of history required to correctly predict future
outcomes, formalized through the concept of Markov
order. A classical process has Markov order (and thus
memory length) £ if its probability distribution satisfies
s Xn—t ) v Xns

P(x’l|xﬂ—l""’xl):[P)(xn|xn—11"' X

(3.35)

Markovianity represents the special case £ < 1. The above
expression amounts to conditional independence between
outcomes observed in the future (here, x,) and history
(here, x,---,x,_1_,) given those on the memory (here,
Xpn—ts" " ’xn—l)-

Naively, this notion directly extends to the quantum
setting by incorporating the respective instruments with
which the system is probed, such that a quantum process
with Markov order # should satisfy

P(xn;jnpcnfl;jnfl’ e vxl;jl)
= [l:D('xn’ jnlxn—l;jn—h e 7-xn—f; j}z—f)v (336)
for all outcomes x,,---,x; and all instruments

T, - J1. The object on the r.h.s. contains all of the
relevant information to determine the behavior of the
process and requires exponentially less (in the number
of truncated timesteps) resources to model as compared to
the full distribution [55].

However, such a definition in the quantum case is too
restrictive, both for Markovianity [383] (i.e., Markov
order Z < 1) as well as general Markov order [53,54],
leaving only trivial processes and a notion of quantum
Markov order that does not coincide with the classical
one in the correct limit [384]. This discrepancy arises
because although (sharp) classical measurements leave a
system in a known state (e.g., finding a classical particle
at position x implies that, immediately afterward, it is
indeed at x), quantum CP maps do not necessarily
decouple the system from its environment, making it
impossible to deduce the post-measurement system state
with certainty (e.g., a weak measurement will not reset
the system to a known state). Consequently, measure-
ments in the classical setting ensure that any conditional
dependence of outcomes can be attributed to memory
effects in the process per se; in contradistinction, such
conditional dependence can potentially be transmitted in
the quantum case through the measurement instruments

themselves [28,29,384-387]. On the other hand, limiting
the employed interrogations of a quantum process to
sharp measurements in a fixed basis overlooks exper-
imentally accessible memory effects [54], potentially
masking genuinely non-Markovian behavior by lead-
ing to seemingly Markovian statistics that nonetheless
have hidden memory effects [391] (for a discussion
of genuine multitime memory effects in concrete dynami-
cal models of open quantum systems, see, e.g.,
Refs. [385,386,392-394]).

The notions of Markovianity and Markov order in
quantum mechanics thus require particular care with
respect to the choice of instruments (in the case of
Markovianity [29]) or become fundamentally instrument
dependent (in the case of Markov order [53,54]). Both of
these issues can readily be addressed by means of HOQOs.

Quantum Markovianity. The solution to developing
a quantum generalization of Markovianity lies in
introducing “causal breaks”: CP maps that actively
reset the system state, allowing for the attribution of tem-
poral correlations exclusively to environmental effects
[29,52,57,385,386,395]. A causal break consists of meas-
urement followed by state preparation, independent of the
measurement outcome, which is described by

MW[p] = PO o £0)]p) = el EYTIPE)
=px(EY @ PY) = px MY

io

(3.37)

where p denotes an arbitrary state, EMT is the POVM
element corresponding to the measurement £, P ig
the state corresponding to the subsequent preparation
P, and the “outcome” label x of the causal break is
split into a pair (y,z) to distinguish measurement out-
comes (y) and re-preparation labels (z) (see Fig. 49).
Here, we have written the Choi operator of the causal
break map M®™ as the tensor product of that of the
measurement effect £) and the state preparation P;
the tensor product structure reflects their independence.
This operation ensures the system enters a known
state and renders the system-environment state into
product form. Consequently, any influence of (arbitrary)
past measurements detected after a causal break must
stem from memory effects transmitted through the
environment [29,52,385,386].

To test for the presence of non-Markovianity, an
experimenter would first choose a sequence of instruments

T = {M,((X")} to probe the system at times
tv€{ty,---,t,_»}. Then, at the penultimate time 7, i,
perform an instrument that only contains causal breaks

M(Zn—]uyn—l) — 7)5111—1(13) ° S(Yn—l)

i Tt before concluding with a
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H»

ﬂ

SYS .-

H causal break

FIG. 49. Quantum Markovianity. General quantum operations M,,_,.( are applied to the system during an open quantum process. At

the penultimate time 7, ;, we make a causal break by measuring the system (with corresponding POVM element Eflyjil)) and re-

preparing it in a fresh state P, e ' . The process is said to be Markovian iff the final output state pn(PEfj]') EV ”"),Mn,z;o) =

Zn-1)
n—1 >

p,,(Pff”l‘) ) at all times ¢,, for all inputs P!

» =n—1

measurements {Ey” 2 }, and control operations M, _,.,. If this conditional

independence does not hold, then information about past operations has been transported to the state at time 7, through the memory in

the environment.

POVM 7, = {E{")T
the history is

[P)(xn;jn|(zn—l;yn*l);jn—lvxn—Z;jn—2’ t x1>\71)

where, due to causality (see the hierarchy of trace con-
ditions in Def. 11.10), the “reduced” quantum comb 7 ,,_;.;
can be obtained uniquely from 7 ,,.,. Here, we use both the
map description as well as that in the Choi representation
to highlight their interchangeability and cater to Readers
who may prefer either formalism.

If the above conditional probabilities only depend on
P,_jo for all possible instruments, then no information
was transported through the environment and to ¢, and
the process is Markovian [29,52,397]. Demanding such
conditional independence to hold for all times #{,---,¢,
forces the process tensor to take the special form of a
concatenation of independent quantum channels between
neighboring times

TnM:alrkOV = Cn:n—l Ocn—l:n—Z O - 062:1 ORl, (339)

where each C; ., is a CPTP map from 7, to #;  ; and R is
an initial state preparation at time ¢#,. This structure on the
level of maps implies a tensor product form for the Choi
state of a Markovian process [29,52]

(Xn,j |7D (20-1) ognynll 9M£ﬁ§2)"'

} at time 7, (see Fig. 49). The resulting conditional probability to obtain outcome x,, at 7, given

., ngl))

tI’|:E,(1X")TTn:1 [fPElanl Og (V- ]),M(ﬁ;), . ’M(lxl)}:|

n

tr[Effj;‘) Toi: [Mfﬁf), M H
T (ngn) ® pflznlé ® Enhll Q2 MG ) 43%)

T x (EDY @173 M)

Tz/l:alrkov = Cn:n—l ® Cn—l:n—2 ® - ® C2:1 ®/)1
(3.40)

This represents a strong multitime condition that
subsumes other definitions of quantum Markovianity in
the literature [29,342,349,394]. For sequences of sharp
(rank-1 projective) measurements, processes described by
Markovian process tensors (as above) guarantee classical
Markovian probability distributions, ensuring the defini-
tion appropriately reduces to the classical case [29]. On the
other hand, probing a Markovian quantum process with
instruments that do not only comprise causal breaks
can lead to non-Markovian conditional probability distri-
butions [54,384].

While detecting non-Markovianity requires finding only
a single pair of instrument sequences that produce distinct
conditional probabilities, confirming Markovianity
demands exponentially many experiments. Lastly, unam-
biguous measures A of non-Markovianity can be defined
in terms of the minimum distance D to the set of
Markovian processes [29]
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N(T,.;) = min D(Tn:1||TnM;a1Ik°V)~

(3.41)
TnM‘a]rkov

Such measures have been given operational meaning
as monotones in the resource theory of quantum non-
Markovianity [207] and quantifiers for the resourcefulness
of processes with memory for quantum information tasks
such as dynamical decoupling [398]. However, care must
be taken when working with processes (as opposed to
states), which requires optimization accounting for ancil-
lary systems (e.g., the gap between the diamond norm and
the trace norm [399,400]). Lastly, measures of non-
Markovianity have been connected to the complexity of
reconstructing an unknown open quantum dynamics
through the lens of HOQOs in Ref. [401].

Quantum Markov order. Beyond Markovianity, the
description of quantum processes in terms of HOQOs also
allows for an unambiguous definition of Markov order,
which, like Markovianity itself, presents itself as an
instrument-dependent property in the quantum setting
[53-55,384]. When an operation sequence is applied
to an open quantum process, a valid probability distribu-
tion is observed; a meaningful definition of quantum
Markov order then would be to stipulate that said
probability distribution has Markov order . By partition-
ing timesteps into future F:={t,,---,#;}, memory
M={ti 1, ti_r}s and history blocks
H=A{t;_y_1,---,t;}, a quantum process exhibits
Markov order # when the observed statistics satisfy
classical Markov order condition [53]

P(XF|jF’xM’ VTR jH) = P(XF|~7F7 XM jM)-
(3.42)

This definition translates to a structural constraint on
the process tensor Ty, wWhere observing any length-#

sequence of outcomes renders the history and future
conditionally independent [54]

Tow =ty [OS Trpg] = To™ @ T (3.43)
for all O\ € 7,, (see Fig. 50).

While this definition of quantum Markov order reduces
to its classical counterpart for classical stochastic proc-
esses probed with sharp measurements [53], the quantum
realm exhibits richer finite memory effects. Classical
processes have a fixed Markov order independent of
measurement choice, owing to the unique deterministic
effect of classical instruments. In contrast, quantum theory
allows for infinitely many distinct instrument choices. This
freedom subsequently implies an important consequence:
Quantum processes with finite Markov order for all
possible instruments must be completely memoryless [53].
In other words, an instrument-independent notion of
quantum Markov order only admits processes with either
infinite or zero memory length.

Thus, in the quantum setting, one has no choice but to
define memory length in an instrument-dependent manner.
The instrument-dependent nature of quantum memory has
important practical implications. A process may exhibit
different Markov orders for different measurement sequen-
ces, as exemplified by memoryless quantum processes
showing Markovian behavior under sharp measurements
but non-Markovian behavior under unsharp ones.
While specific instrument sequences may not reveal the
complete memory structure, they can nonetheless uncover
important structural properties: Ref. [54] has characterized
processes with finite Markov order for various classes of
instruments, including projective measurements, unitary
sequences, and informationally complete instruments.
Additionally, methods have been developed to “stitch
together” finite-length portions of a process tensor with

Markov Order ¢ =3

F S

Y

History Memory Future

FIG.50. Quantum Markov order. A tester 7, = {O;;M)} (blue) of length # = 3 is applied across a sequence of timesteps to a process
tensor T gy (orange) spanning the history, memory, and future times. The process is said to have Markov order £ with respect to this

tester if, for each possible realization x,;, the history (gray, TSM)) and the future (mint green, T;XM)) are rendered conditionally

independent [see Eq. (3.43)].
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finite memory, demonstrating an efficient way to model
the process exactly by only keeping track of descriptions
bound by the Markov order [402].

In the classical setting, a process that approximately
satisfies the Markov order # condition can always be
accurately simulated by a model of Markov order 7,
thereby providing an efficient simulation. Recent work
considering quantum processes has extended beyond
memory length to quantify memory strength across finite
timesteps, again relative to specific instrument sequences
[55]. As per the classical case, this quantification
has operational significance, as it bounds the error when
using approximate processes to simulate expectation
values of observables within the span of said instrument.
Experimental demonstrations [87,402] and numerical
studies [384] have further illuminated the length, strength,
and structure of quantum memory effects, advancing
our understanding of temporal correlations in quantum
systems.

3. Classicality and memory

Classical quantum processes. The relationship
between quantum processes and measurement sequences
extends naturally to defining an operational notion of
classicality in quantum processes [403—409]. The setting is
as follows: One chooses a basis in which the target system
is to be measured projectively at each time via the

instruments J; = {77,(»)(") }, recording the probability dis-
tribution (phrased in terms of the Choi states of the process

T,.1 and the projective measurements {Pgm})
P(xn, ...,X1|jn, ceey j]) = tr|:Tn:l é Pl(xl):| . (3.44)

This approach distinguishes between classical and quan-
tum processes through the notion of Kolmogorov consis-
tency, as we now discuss.

In the classical realm, multitime probability distribu-
tions contain complete information about all possible
subsets of measurements through marginalization.
Specifically, consider a classical stochastic process
with joint probability distribution Pr(xp) over times
I:={r,....1,}, where we write xp:={x;};cp. The
“reduced” distribution over any subset of times A CT°
can be obtained by summing over outcomes at excluded
times

Pa(xa) = Z Pr(xr).

xel\A

(3.45)

The object on the L.h.s. describes the behavior observed
in an experiment in which the agent chooses not to
measure at times #; € '\ A. For classical stochastic proc-
esses, this coincides with the marginalization on the r.h.s.;

mathematically, this holds because the classical “do
nothing” operation Z (implied on the lLh.s.) is equal to
the sum over projective measurements > P e Pk
(implied on the rh.s.). This property, known as
Kolmogorov consistency, characterizes classical stochastic
processes: All classical stochastic processes (probed with
sharp, projective measurements) yield Kolmogorovian
statistics, and conversely, any Kolmogorov-consistent
statistics can be reproduced by some classical stochastic
process [411].

However, this consistency typically breaks down in
processes involving invasive measurements, including
both classical causal models [396] and quantum processes
[403—408]. A canonical example involves sequential
Stern-Gerlach measurements of a spin—% particle—initially
in the state |+) = \/%(|O> +|1))—in the Pauli-z, Pauli-x
and Pauli-z basis (see Fig. 51). Due to the active disturb-
ance of the state by the respective measurements [412],
the resulting statistics do not satisfy the classical
Kolmogorov conditions [403-408]. This breakdown of
Kolmogorovianity forms the basis for the violation of
Leggett-Garg inequalities [413,414]—a temporal analog
of Bell inequalities—observed in quantum mechanics (see
Ref. [415] for a detailed review).

The Kolmogorov consistency conditions serve a deeper
purpose in classical probability theory. Through the
Kolmogorov extension theorem [411], they establish that
any set of consistent statistics over finite time subsets
can be extended to a well-defined classical stochastic
process over the full time domain. While not satisfying the
Kolmogorov consistency conditions in general, the HOQO
description of quantum processes displays a containment
property [25,28] (see Fig. 48), allowing one to correctly
“marginalize” quantum processes. In the quantum realm,
the correct way to deduce the description of a dynamics on
a subset of times from that on a full set of times is to
explicitly let the process tensor act on identity maps at the
superfluous times. Leveraging this containment property, a
generalized Kolmogorov extension theorem for quantum
processes has been derived in Refs. [25,381,416], provid-
ing a rigorous mathematical underpinning for the descrip-
tion of quantum stochastic processes.

The breakdown of the Kolmogorov consistency con-
ditions provides a natural delineation between classical
and quantum processes: Although generically, quantum
processes violate Kolmogorov consistency due to meas-
urement invasiveness, a subset of them can be measured
non-invasively for specific instruments; in such cases, the
statistics observed are Kolmogorov consistent and the
process can meaningfully be considered classical.

Using this operational definition, Refs. [404,405] have
provided a structural characterization of the set of quantum
processes (with memory) that produce Kolmogorovian
statistics; more physically motivated underlying dyna-
mics that lead to Kolmogorovian statistics have also
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FIG. 51. Breakdown of Kolmogorov consistency in a Stern-Gerlach experiment. An initial qubit state prepared in an even
superposition is subject to three sequential measurements, in the Z, X, and Z directions respectively (at times 1, f,, and #3). The joint
statistics for each possible sequence of outcomes are equal to % (shown on the right). However, marginalizing over the outcomes
observed at the second timestep does not provide the correct probabilities that are predicted by theory in the case where no
measurement is performed there, highlighting the breakdown of Kolmogorov consistency. If the first outcome is |, and no intervention

is made at f,, the measurement at 3 yields | with certainty. This gives P(|3, },) =

%, which is in contradiction with the marginalized

statistics computed as the sum of probabilities displayed in red (which would give a value of i for the same sequence).

been analyzed in Refs. [406,410,417,418]. These latter
works also highlight the close connection between clas-
sically consistent statistics (in the Kolmogorov sense)
and the notion of decoherent histories, a well-studied
approach [419] to the emergence of classical phenomena
in quantum processes that provides a strictly stronger
notion of classicality than Kolmogorov consistency (see
Refs. [420-424]). Such classical quantum processes are
precisely those where the “do nothing” operation yields
equivalent results to measuring and averaging over out-
comes D[] := Y PW , i.e., processes T,.; satisfy-
ing (see Fig. 52)

(o0, 2,

LEN  1;eT\A
= tr[

where @ on the Lh.s. represents the identity map whereas
D; means measure and sum over outcomes through
the CJL

This condition imposes structural constraints for the
quantum comb T,.; [405]. For memoryless processes,

(D ® P, (3.46)

LEN fel\A

i.e., those that take the form of an independent sequence
of quantum channels T,.; =®"Z! C,;,.;, these con-
straints relate to the ability of the channels between
timesteps {C,,.;} to generate and detect coherences
(w.r.t. the bases in question), establishing a one-to-
one correspondence between Kolmogorovian statistics
and dynamical properties [403-405]. Notably, classical
statistics can arise from dynamics that are neither exclu-
sively non-coherence-generating nor non-coherence-
detecting, demonstrating that classical behavior does not
require completely incoherent dynamics [403]. More gen-
erally, employing the tools of random matrix theory, it has
been shown that for large sets of closed dynamics,
Kolmogorovianity holds to large precision [410]: For a
randomly chosen Hamiltonian as well as a sufficiently
degenerate measurement observable, the resulting multitime
statistics observed by probing the system are almost
indistinguishable from classical ones, despite the measure-
ments themselves being invasive, i.e., they change the state
of the system.

The relationship between dynamics and classicality
becomes more subtle when memory is present. While
system-environment dynamics that neither generate
nor detect quantum discord (with respect to a chosen

D»

FIG. 52. Non-Markovian classical quantum comb. A quantum comb is said to be classical with respect to a fixed (but otherwise
arbitrary) basis iff pre and post projective measurements in said basis—denoted by P, &) and P ()" here—cannot distinguish an
intermediary map D, that dephases the system in said basis from “doing nothing” at the same tlme (denoted by @7).
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measurement basis) always produce classical statistics, the
converse does not hold [405]. Nonetheless, any classical
statistics can always be realized by a dilation involving
non-discord-generating-and-detecting dynamics. Further
developments include an efficiently computable measure
of non-classicality and the identification of “genuinely
quantum processes” that generate non-Kolmogorovian
statistics for all possible measurement sequences [405].
Such phenomena necessarily involve memory effects, as
memoryless processes always admit at least one non-
invasive measurement sequence (namely, in the instanta-
neous eigenbasis at each time).

Quantum regression formula and hidden quantum
memory. The above results concern the interplay between
the process per se and the instruments used to probe it.
This relationship between processes and their observable
statistics reveals fundamental differences between
classical and quantum processes. While structural
properties of processes (e.g., memorylessness, non-
coherence/discord-generating-and-detecting, etc.) often
imply specific operational expressions for the observed
statistics (e.g., Markovianity, classicality, etc.), the
reverse implications are more nuanced. Unlike classical
systems, where both the operational and structural
descriptions coincide in a single probability distribution,
quantum processes maintain a rich structure beyond their
observed statistics for any given measurement sequence;
in other words, a quantum process is not fully charac-
terized by the joint probability distribution over meas-
urement outcomes (for any given instrument sequence).
In the language of HOQOs, one can either make strong
structural statements on the level of the process tensor
(e.g., a Markovian one being a sequence of independent
quantum channels), or weaker statements concerning
how the process tensor acts on specific sequences of
instruments to lead to observations. Both approaches
have their merit depending on the situation envisaged,
and understanding the relation between them leads to a
rich landscape of quantum phenomena.

This quantum-classical divergence manifests in several
ways, particularly in how structural and operational con-
cepts relate. A prime example is the relationship between
memoryless dynamics and Markovian statistics. While
classically these concepts are equivalent, they differ in the
quantum realm [391]. In classical physics, all Markovian
statistics can be described using a memoryless dynamical
model (that is, as arising from a sequence of independent
stochastic matrices). The quantum case is more nuanced:
measuring a fixed observable does not provide tomo-
graphically complete information. As such, it is unsurpris-
ing that there exist processes with memory that
nonetheless appear Markovian when probed by that
observable [53-55]. Despite this complexity, it has been
widely assumed that for any quantum experiment yielding
Markovian statistics, there should exist some memoryless
quantum dynamics that can reproduce the observed data.
This assumption, known as the quantum regression
formula (QRF) [343,344,425], provides a crucial link
between operational quantities (recorded statistics) and
dynamical ones (models of the underlying system).

In Ref. [391], the authors investigate whether
Markovian statistics can always be faithfully reproduced
by a memoryless dynamical model and show that this
is generally not the case: Some processes exhibiting
Markovian statistics fundamentally require memory in
their underlying system-environment description. In other
words, although the statistics observed are Markovian, the
underlying process must have memory to faithfully repro-
duce them, revealing a new quantum phenomenon dubbed
hidden quantum memory (see Fig. 53). Such nuances
naturally come to light when viewed through a higher-
order lens, in which all multitime phenomena are captured.

This discovery suggests that quantum memory is an
emergent phenomenon: Observing Markovian behavior
with respect to a fixed measurement basis does not
guarantee the existence of a memoryless dynamical
description. This hidden quantum memory joins other—
not necessarily HOQO related—quantum phenomena that

FIG. 53.

Hidden quantum memory. Here, the blue boxes denote times at which an agent can interrogate the system; H represents a

Hadamard gate. When the o, observable with possible outcomes x; € {0, 1} is measured on the system at all subsets of times, the circuit
yields Markovian statistics and sub-statistics. Despite this Markovianity, the respective conditional probabilities are incompatible, i.e.,
they depend on whether or not previous measurements were performed. Such behavior is only possible in the presence of underlying,

hidden memory.
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(a) Quantum Memory

FIG. 54.

(b) Classical Memory

(c) No Memory

Classical memory quantum processes. Quantum processes can have: (a) quantum memory; (b) classical memory; or (¢) no

memory (depicted for n = 3 times). In the upper panels, we show the system-environment representation of the dynamics: in all
scenarios, the system-environment evolves unitarily according to Uf}.;_; between times. The distinct memory effects depend upon what
happens to the environment between times: in the case of quantum memory, the environment evolves coherently, represented by the
identity channel Z; in the case of classical memory, it is subject to an entanglement-breaking channel £ given by a POVM {m(xk)} and a
set of states {¢**) }; in the case of no memory, it is discarded and freshly re-prepared, represented by F. In the lower panels, we invoke
the structure of the relevant environment channels to deduce the process tensor form (blue dashed outlines). The general case cannot be
broken up; the classical memory case leads to a sequence of conditional instruments as each future entanglement-breaking channel can
depend upon previous outcomes, which is both more general than convex mixtures of memoryless processes and a special case of
separable process tensors; the memoryless case leads to a sequence of independent CPTP channels.

require precisely the resource in their implementation that
they ultimately conceal, such as quantum channels that
preserve separable states but require entanglement to
implement [426—429], non-signaling maps that require
signaling to realize [430], and maximally incoherent
operations that need coherent resources [431-433].

Classical memory quantum processes. The charac-
terization of quantum processes with classical memory
mechanisms provides another perspective on this
quantum-classical boundary [434]. Such processes can
be meaningfully defined as those where the environment
undergoes entanglement-breaking channels between time-
steps, permitting only classical information to feed for-
ward [88,375,437] (see Fig. 54). Such classical memory
(CM) quantum processes take the form

T =Y Cchim e @ CEl @pl, (347)
Xn:1
where x;.; = {x;, ..., x}, {pg’?)} forms an ensemble of

;j:ll)lx’;g forms an instrument on
the system for each conditioning argument, which collects
all preceding observed instrument outcomes. This struc-
ture reflects the fact that each subsequent portion of
evolution can be correlated to all previous ones only
classically (i.e., through the classical labels x). Despite
this seemingly straightforward operational characteriza-
tion, structural analysis reveals unexpected complexity.

quantum states, and each CE

First, these processes form a proper subset of separable
(SEP) process tensors [88]: i.e., TSP >0 that can be
written as

T =300, @00, @l (49

where {p,} is a probability distribution, each pif) > 0 and

each Cgﬁl)i o 2 0. The key difference between separable

process tensors and classical memory ones [Eq. (3.47)] is
that the decomposition elements in the separable case need
only to be positive semidefinite operators, and need not
satisfy the additional constraints of being conditional
instruments (although the overall object must form a valid
process tensor).

Second, classical memory quantum processes cannot
be represented simply as probabilistic mixtures of
Markovian (MM) processes [437], i.e., of the form

TMI\{I:ZPXCS?("_I)O ®®C§§)lo ®p§f)’ (349)

where {p,} is a probability distribution, each pg)i‘) >0isa
normalized quantum state and each Cgll)i:jo >01is a
CPTP channel. The above decomposition places stricter
constraints on the decomposition elements than that
of Eq. (3.47) (individually CPTP maps vs. conditional
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instruments), which leads to a strictly smaller set of
process tensors. Intuitively, this gap arises since for
mixed Markovian processes, the label x that determines
which Markovian process is provided in a given run must
be determined in advance; in contrast, for classical
memory quantum processes, the choice of future
CPTP maps can depend adaptively upon classical inputs
sampled “on-the-fly.”

Recent work has mapped out the relationships between
different classes of memory mechanisms in quantum
processes and developed computational methods for
approximating these sets [437] (see also Ref. [438] for
a discussion and computational characterization of differ-
ent types of memory applied to channel discrimination
tasks). Furthermore, a semi-device-independent protocol
to certify the presence of quantum (i.e., non-classical)
memory has been developed [439]. Lastly, the types of
underlying continuous-time dynamics that give rise to such
classical-memory quantum processes have recently been
analyzed [440].

The persistence of quantum effects even under classical
memory constraints is particularly noteworthy. Studies
have shown that even when memory undergoes entangle-
ment-breaking channels between timesteps, the resulting
statistics can still exhibit features impossible to replicate
with classical systems of equivalent dimension [441]. This
demonstrates that even when memory appears classical in
nature, quantum resources can enable temporal correla-
tions in HOQOs that go beyond classical bounds, high-
lighting the subtle interplay between classical and
quantum information in multitime processes.

Lastly, there is a related effort to simulate non-
Markovian classical stochastic processes using quantum
resources. In Ref. [442], the authors showed that a certain
class of classical hidden Markov models can be simulated
using less quantum memory. Crucially, this result extends
to multitime correlations, which are fundamental to
classical stochastic processes [443]. Unsurprisingly, struc-
tures like matrix product states arise naturally [444], which
have applications to many-body physics [445] and agent-
based modeling [221,222]. This turns out to be a rich
research area with many facets (see also Refs. [446,447]
for related results); the role of HOQOs here has not been
fully explored and has the potential to be rather fruitful.

C. Many-time quantum physics

A key desire in physics is that of simulation, where one
aims to reproduce some observed behavior by controlling a
(typically less complex than the original) system/process.
There are a number of distinct behaviors one might wish to
simulate; here we focus on some particularly relevant ones
which can most naturally be phrased in terms of HOQOs.
Below, we discuss how process tensors/quantum combs
are increasingly used for simulating the dynamics of

many-body physics, understanding quantum chaos, and
studying strong-coupling thermodynamics.

1. Simulating complex quantum processes

This story begins with the Feynman-Vernon influence
functional, a foundational framework for studying com-
plex non-equilibrium physics that forms the backbone of
several powerful numerical methods. Implementations
like the quasi-adiabatic path integral (QuAPlI)
[448,449] and InchWorm [450] techniques demonstrated
the utility of this approach, particularly in capturing
complex non-Markovian effects in open quantum proc-
esses. The mathematical structure of these methods bears
striking resemblance to the formalism of HOQOs, with
this correspondence becoming concrete when tensor
network methods are incorporated into influence func-
tional calculations.

The combination of influence functionals with tensor
network approaches results in an object known as the
influence matrix [451]. This is a 2D tensor network where
one dimension represents time and the other space,
providing an instance of a HOQO. By contracting over
spatial degrees of freedom, one can study the dynamics
of any subsystem of interest, which yields the process
tensor—indeed, any process tensor (see Sec. II C 2) admits
a matrix product operator representation [28], which
typically reduces the complexity of its description.

A pivotal breakthrough in this field has been the time-
evolving matrix product operator (TEMPQO) method,
which reformulates the path integral description into an
efficient tensor network representation [452]. We depict
the base logic of TEMPO in Fig. 55 for classical stochastic
processes, which is the basis for a whole host of other
classical algorithms for simulating quantum processes
with memory. This approach maps non-Markovian quan-
tum dynamics onto a one-dimensional tensor network
where the bond dimension effectively captures the
memory depth of the environment [28,452]. The method’s
implementation in open-source packages such as OQuPy
[453,454] and ACE [455] has made these sophisticated
techniques accessible to the broader scientific community.
Incorporating such powerful tensor network methods has
indeed advanced our ability to simulate non-Markovian
open quantum dynamics, especially in regimes where
strong system-environment coupling or complex environ-
mental structures preclude conventional perturbative
treatments.

The power of combining influence functional methods
with tensor networks lies in their ability to efficiently
represent temporal correlations while enabling systematic
compression of memory effects, thereby allowing for
analysis of complex open quantum dynamics beyond
the Markovian setting (e.g., as discussed in Sec. II A 1)
[456]. These methods introduce controlled approximations
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FIG.55. TEMPO. Here, we lay out the core ideas behind TEMPO, a classical stochastic process. (a) The thick black line denotes the
system, while the thin lines represent the memory of the past states of the system stored in ancillary systems. This is achieved by
copying the state of the system with controlled-shift gates as the system undergoes stochastic evolution, denoted by the dark blue boxes.
This gives us the joint probability distribution P(6,5, ...,0), i.e., the multitime distribution that characterizes the stochastic process
(see III B and Ref. [350]). The future evolution is controlled on the past states of the system. This is a rather general setup for non-
Markovian classical dynamics whose complexity will grow with the number of controlled operations, which is exponential in the worst
case. (b) Nonetheless, this situation is not representative of typical physical systems, and thus the dynamics of TEMPO are simplified
by two further constraints. First, the controlled operations are constrained to be two-body interactions, which dramatically reduces the
number of controlled operations from exponential to linear. A second simplification comes from limiting the length of memory, i.e., the
controlled dynamics only depend on the last few steps and not the entire history (see also Markov order in Sec III B 2). Here, we depict
a memory cutoff beyond three steps by using black dots to denote controlled dynamics and white dots to denote no controlled
dynamics. (c) Thus, the original non-Markovian dynamics become significantly simpler to model, and we only need to track the state of
the system over the past few timesteps. In TEMPO, this object is called the “augmented density tensor (ADT).” (d) For all future
dynamics, we only need to keep track of the ADT, which provides a hidden Markov model for this process.

through truncation schemes, typically implemented via  product operator structure of process tensors has been
singular value decomposition where singular values below  exploited to efficiently simulate memory kernels for master
a specified threshold are discarded [455,457—471]. This  equations, non-Markovian path integrals, and multitime
approach has proven particularly effective for processes  correlations [479] (see also Ref. [465] for a related “time-
with long memory times, leading to breakthroughs in  local” approach). Complementary approaches include the
learning [472,473] complex open quantum dynamics  transfer tensor technique [477,480-482], which builds up

(including steady-state properties [468,470] of time-  multitime process descriptions by systematically incorpo-
dependent impurity Hamiltonians [471]) and designing  rating higher orders of correlations [452,479,483,484], as
optimal quantum control procedures [474-476]. well as highly efficient tensor network contractions for

The framework has also been extended to systematically ~ Gaussian environments [467,485]. These latter approaches
compute higher-order influence functionals, leveraging  do not require the full machinery of HOQOs, but are best
the mathematical machinery developed for analyzing  understood in the language of HOQO:s.
non-Markovian correlations in matrix product operators In most physical processes, such temporal correlations are
[477.478]. This extension allows for the study of complex  expected to decay over time, which is captured by the
spatiotemporal correlations naturally encoded in the Choi  finiteness of the augmented density tensor (ADT) in
state of a process tensor, moving beyond traditional  Fig. 55; however, capturing slowly decaying correlations
Markovian and two-point approximations. The matrix  has proved problematic, especially in regimes where
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FIG. 56. Tree process. (i) A tree process describing an open quantum system S interacting with its environment.

The process is

constructed by a series of iteratively connected causality-preserving maps (tensors). These maps implement a temporally consistent
fine-graining operation where one intervention at a single time is mapped to two interventions at two times while preserving the causal
ordering of the process. The vertical extent of the tensor network hence corresponds to a timescale s where interventions may be
exponentially more frequent. Each pair of open indices at the bottom of the tree, and pairs of open indices intersected by the dashed
lines at any time scale, is an intervention slot where an instrument may be applied. (ii) Each causality-preserving map (depicted in mint
green) is parameterized as shown by two unitary maps {/; and U/, and a density operator p. Due to this particular structure, the causality-
preserving maps do not change the overall causal order of the process. Inserting identity maps into all slots of the causality-preserving
map yields an identity channel, thus guaranteeing temporal consistency of the tree process.

multiple timescales play a role. This is because the ADT in
TEMPO cuts off the memory rather abruptly, and for slowly
decaying memory, one requires an ADT with a slow cutoff.
To remedy this, Ref. [378] introduced a tensor network with
tree-like geometry, dubbed a tree process, to capture slowly
decaying temporal correlations (see Fig. 56). Here, the
vertical layers correspond to different timescales, yielding
acompact description for multi-scale dynamical phenomena.
The correlations between observables—depicted at the
bottom of the tree—traverse upwards through the tensor;
the tree-like geometry implies that the length of the path
taken is logarithmic in the separation time between observ-
ables, thereby capturing slowly decaying correlations. When
combined with tensor network techniques employed for the
simulation of open quantum system dynamics, such as those
reported in Refs. [452,455,460,461,486,487], the physically
motivated geometric structure of the process tree promises to
open up new research frontiers in many-body and many-time
physics. Indeed, many of the above results pertaining to how
temporal correlations decay in open quantum dynamics are
directly related to entanglement properties of the Choi state
of the process tensor (see Def. I1.10). See Ref. [488] for a
review connecting process tensors, influence functionals,
and transfer tensors through the lens of tensor networks,
Ref. [456] for an in depth review of tensor network methods

for non-perturbative dynamics of open quantum systems, and
Ref. [489] for a review regarding the application of tensor
network techniques for quantum computing.

Recent practical implementations have demonstrated the
versatility of methods with origins in HOQOs to solve
specific physical problems. For instance, these techniques
have been successfully applied to model organic polaritons
[490], superradiance of quantum emitters [491,492], tem-
perature effects in the biexciton-exciton cascade of a
quantum dot embedded in a microcavity [493], and complex
spectroscopy experiments [494], where traditional pertur-
bative approaches fail to capture the essential physics.
Moreover, Ref. [495] adapted methods from Ref. [467]
to measure the emission spectra after strong pulsed driving,
which present a dynamical analog of Mollow triplets that
require multi-scale resolution, for which matrix product
operator process tensors are the perfect tool. Despite these
advances, significant challenges remain in simulating many
complex processes relevant to chemistry, condensed matter
physics, and materials science, particularly as quantum
technologies continue to evolve and push the boundaries
of what constitutes a “quantum advantage.”

In particular, there exist quantum processes that are
highly complex, where classical methods are expected
to fundamentally struggle to simulate them [377]. The
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boundary between simulatable and inherently non-
simulatable processes is not well-explored and remains
a highly active area for research. The ongoing develop-
ment of these methods serves a dual purpose: they not only
expand our ability to simulate complex quantum phenom-
ena using classical resources but also provide benchmarks
against which claims of quantum advantage can be
evaluated. As these techniques continue to mature, they
increasingly challenge the threshold at which quantum
devices might demonstrate genuine computational advan-
tages over classical simulation methods.

2. Quantum chaos

The field of quantum chaos investigates the fundamental
nature of chaotic behavior in quantum processes, address-
ing two primary questions: i) What types of underlying
dynamics lead to signatures of chaos (such as information
scrambling)?; and ii) What properties can serve as
reliable witnesses of chaotic behavior? These questions
have evolved significantly over time, from early studies of
chaotic Hamiltonians to modern investigations of dynami-
cal signatures in terms of HOQOs. The former usually
refers to level spacing statistics of the generating
Hamiltonian. The latter corresponds to structures emerging
from two core ideas: randomness and sensitivity to
perturbations, which are related to volumetric entangle-
ment scaling of the process, i.e., entanglement grows
extensively in the number of qubits or timesteps.

Out-of-time-order tensors. Understanding the struc-
ture of quantum chaos has been an ongoing challenge since
at least the 1980s. Back then, research primarily focused
on characterizing the properties of chaotic Hamiltonians
[496]. Recent work has shifted toward uncovering opera-
tional signatures of chaos from the underlying dynamics
[497-499], motivated by the fundamental connections
between chaos and several physical phenomena, such as
sensitivity to perturbations, ergodicity, and thermalization
[500-503]. In particular, out-of-time-order correlators
(OTOCs) have emerged as a prominent tool for analyzing
quantum chaos via the analysis of two-time correlations
[504-510] (see Ref. [511] for a review). However, OTOCs
can sometimes yield false positives, i.e., flagging non-
chaotic dynamics as chaotic [512-515]; thus, the picture
remains incomplete. This issue can be somewhat amelio-
rated by considering local operator entanglement
(LOE), which has been shown to be a stronger, more
precise indicator of chaos [516]. Most of these works do
not make explicit connections to HOQOs, but indeed they
are closely related, as shown below.

The relationship between these two concepts, OTOCs
and LOE, can be elegantly understood through the
framework of HOQOs. Reference [517] introduced an
out-of-time-order tensor (OTOT), which describes a
procedure in which the system and its environment
are evolved forward in time, the system is perturbed,

and finally, the global state is evolved back in time (see
Fig. 57). This is a higher-order generalization of OTOCs
that allows for arbitrary initial system-environment corre-
lations, memory effects, and discrete-time perturbation
sequences on the system; markers of quantum chaos are
inherent in the interplay between the process tensor and
any probing instruments (as formalized in Sec. II C). Let us
denote the forward evolution by U,() = U, * U}, the
backward evolution by Z/{I(-) = U] » U, and the initial
system-environment state by 7g;. We then define

T i
T3l2°21]°1l = ]]E3 * US31E3S20E2 * USZiEZSIOEl * Ns:E,-
(3.50)

Here, both T and U depend on time; however, to
minimize notational clutter, we drop the index ¢ from
here on. Moreover, since the OTOT acts only on the system
level, we drop the superfluous S label. Both LOE and
OTOC stem from this process tensor via the following

LOE = - log {tr[(T3i202ilo]i*V202i*“ ]i)z]} and
OTOC = T3120211011 * MSi * Vzozi * Ploli.
(3.51)
Above, V,.,: is a perturbation on the system (which is

typically taken to be unitary). For LOE, the initial state
nsg 1s always maximally mixed and the preparation is a

evolve

evolve

prepare measure

forward backwards

FIG. 57. Out-of-time-order tensor. A quantum chaos experiment
can be described as a higher order map (the object outlined in gray),
which we refer to as an OTOT. The correlations observed from the
OTOT, i.e., those between the preparation P, the perturbation V and
the measurement M of a small probe interacting with a large
environment (corresponding to all the wires with no operation on
them) encapsulate various signifiers of quantum chaos, such as
OTOCs and LOE. This setup is akin to an ink-drop experiment: ink
is dropped into a viscous fluid (corresponding to the preparation P),
mixed by rotating the fluid (corresponding to the dynamics U,),
locally perturbed (corresponding to V), and subsequently unmixed
by rotating in the opposite direction (corresponding to U}). The
indistinguishability upon measurement of the initial and final states
of the ink droplets, subject to a perturbation prior to the reverse
rotation, quantifies the chaoticity of the fluid dynamics.
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non-Hermitian operation; for OTOC this is not required,
but nonetheless usually imposed. The LOE quantifies the
operator entanglement [518-521] by means of the Rényi-2
entropy across two equally sized partitions. More generally,
for a positive semidefinite operator X, the Rényi-a entropy is

defined as S, (X) = 1= log (tr[X*]), where X := ﬁ denotes

the normalised operator. We assume such normalisation
whenever computing entropic quantities throughout. For
a = 2, this reduces to S,(X) = —log (tr[X?]). Hence, the
LOE quantifies the operator entanglement of the effective
channel induced by the process tensor T between the initial
and final times, conditioned on the intermediate intervention
V. On the other hand, OTOCs measure the operator scram-
bling that occurs in the “back-and-forth” dynamics due to the
perturbation. Although operator scrambling is often con-
flated with chaos, it is known that it provides one of the
weaker markers among the plethora of non-equivalent
notions of quantum chaos that have been put forth (see,
e.g., Refs. [503,518-524]). At the same time, in all known
examples, LOE agrees with the spectral notion of chaos—
one of its more stringent definitions—which categorizes a
process as chaotic if its dynamical spectral fluctuations
match those predicted by random matrix theory; LOE is
thus well-justified as a measure of quantum chaos [518,519].

Historically, neither OTOCs nor LOE were envisaged in
terms of HOQOs; as a result, their precise relationship
remained unclear. However, the higher-order perspective
permitted via the OTOT highlights that the key difference
between LOE and OTOCs is how the final space of the
environment E5 in Eq. (3.50) is chosen: For LOE, Ej is
extensive and includes half of the involved systems that
nsg 1s defined upon; for OTOC, Ej represents a constant
number of subsystems, typically taken to correspond to the
same space as the domain of the perturbation. For any
fixed choice of Ej, both LOE and OTOC can be derived

from the Operator K3i]o = T3i2021]oli * Vzozi * 1] li:
LOE via —log (tr[K3;.]) and OTOC (for the usually

assumed discard-and-reprepare instrument of the form
Pioj: =010 @ 1) via Kji0 * M3i % Pio:. On the other
hand, the information encoded in the OTOC is insufficient
to determine the LOE. It therefore follows that LOE is a
more informative probe of chaos than OTOC, which has
been shown to be the case in Ref. [516]: Indeed, rapid
OTOC decay (corresponding to operator scrambling) is a
necessary but not sufficient condition for linear (chaotic)
growth of LOE entropy. In other words, a quantum

|

SE . e
Tn;l = USniEnS,,_loE,,,l * US,,,]iEn—lSn—ZOEn—Z * * US31E3S20E2 * UsziEZS]oEl * ‘PSIiEl .

This object is the higher-order analog of a quantum
channel that takes an initial system state to the corre-
sponding output system-environment state (recall the
motivating example in Sec. I A1), thereby capturing

dynamics can be scrambling but not chaotic, and this
unidirectional implication follows from the fact OTOC is
essentially a special case of LOE, which can be seen by
deriving both from the higher-order OTOT. The ability of the
OTOT to encompass both OTOC and LOE makes it a
powerful theoretical tool for studying quantum chaos,
providing a more complete picture than either concept alone.
This unified framework helps explain why LOE can serve as
a more reliable indicator of chaos than OTOC, while also
suggesting new directions for investigating the nature of
quantum chaos through the rigorous lens of HOQOs.

As we have seen above, different markers of quantum
chaos emerge from distinct approaches to probing and
perturbing the process under study. The Choi-Jamiotkowski
isomorphism (Sec. II B 4) and the link product (Sec. II B 5)
provide a particularly powerful representational framework
in this context: their flexibility enables direct comparison
and manipulation of these diverse probing schemes, thereby
uncovering concrete connections between approaches that
are a priori not obviously related.

Intuitively, LOE growth is expected to be linear for
chaotic processes and logarithmic for non-chaotic proc-
esses; OTOC is expected to decay quickly for chaotic
processes and slowly for non-chaotic ones. However, there
are instances where OTOC decay is fast even for non-
chaotic processes [512,514,516]. While we have used a
HOQO description here, one could also think of the above
quantities stemming from the family of quantum channels
Ci011 (V) := T30pi90101: * Vaoni * 110, which are a function
of the perturbation V. One must be careful in choosing the
perturbation in this case: For chaotic processes, the
behavior of both LOE and OTOC should not depend on
the perturbation; on the other hand, for non-chaotic
processes, this dependence may be non-trivial and may
lead to incorrect conclusions by falsely flagging a non-
chaotic process as a chaotic one. We now move to study
genuinely spatiotemporal HOQOs that are routinely used
to understand chaos and go significantly beyond what can
be learnt from such a family of perturbation-dependent
quantum channels.

Spatiotemporal process tensor. Consider a spatiotem-
poral version of the process tensor T3 introduced in
Ref. [503]. This generalizes the temporal version given in
Eq. (2.66): Here, the final environment space is not traced
out but rather represents the “spatial” component of the
spatiotemporal process tensor

(3.52)

l

not only temporal correlations of the system due to the
open dynamics, but also spatial ones built up between
system and environment, further generalizing the structure
formalized by the standard temporal process tensors
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(Sec. IIC2). Above, for the sake of simplicity, we have
taken the initial state of SE to be pure, i.e.,
s .k, = |‘/’S,iE1 ) <WS]iE1 |. In principle, an agent can apply
arbitrary interrogation sequences (superinstruments as
defined in Sec. II C 3) to the system part of such a process.
However, for a specific class of instruments, the temporal
information that resides on the level of the system gets
mapped directly onto the spatial information encoded in
the environment. If the probing instrument sequence

{M,(:")}Zzl is chosen such that all its elements are pure
operations, then the final conditional state (see Sec. I C 3)
will also be pure [525]

¥ 1)

‘wé);)lE> = Un,n—lME,x_ll Un—l,n—2 e U1M§XI)|WS11E>'

(3.53)
Here, the instrument operators M ,((Xk ) correspond to rank-
one Kraus operators and we collect the sequence of
outcomes in the vector X := (xy, ..., X,_).

The conditional states above are known as “branches” or
“trajectories” of the process [526]. An informationally
complete set of quantum trajectories provides a full
characterization of the spatiotemporal process tensor. To
construct such a representation, it suffices to choose Kraus
operators of the form M,ixk) = |otgo ) (X1t |, where {|xgo) }
and {[x;_;):)} form an orthonormal basis on the relevant

Hilbert spaces; this is similar in spirit to the “measure and
prepare” channels (causal breaks) as defined in Eq. (3.37)
(albeit with the restriction of being pure). Inserting such
operators at each timestep in Eq. (3.53) leads to all possible
combinations of trajectories. After some elementary
manipulation, we yield

TSE = D IMONMO | @ lwi) )i gl. (354
Xy

with (M) = |x0) ® |X(k_1):). Above, the second space
corresponds to the “spatial” part of the process and the first
space the “temporal” part. The above spatiotemporal
process tensor has a pure Choi state, unlike the temporal
process tensor, which is usually mixed. One can derive the
temporal process tensor [see, e.g., Eq. (3.33)] by tracing
over the spatial (environment) part T5., = trg[T5E]. The
spatiotemporal process tensor naturally arises in the
context of chaos in several independent studies; we briefly
outline some of these below.

We first focus on applications of the temporal process
tensor and will return to the spatiotemporal process
tensor later. A first application of the process tensor
concerns the notion of quantum dynamical entropy
(QDE) [380,527-530]. Although a rich topic in the
classical realm, this concept has been difficult to general-
ize to the quantum setting, as it requires properly

accounting for temporal quantum correlations beyond
the two-time setting. Indeed, to do so required uncovering
the full multitime structure of quantum stochastic proc-
esses, i.e., the process tensor.

Concretely, recall that for a pure spatiotemporal process
tensor as in Eq. (3.54), the temporal process tensor T5. | is
obtained by tracing over the spatial (environment) degrees
of freedom. The QDE, defined as the entropy of this
temporal process tensor [531], thus quantifies the entan-
glement between the temporal and spatial subsystems of
the full spatiotemporal process. Choosing the Rényi-2
entropy, we have

QDE = tim ~ 10821

n—oo n

(3.55)

For non-chaotic systems, this entanglement grows
slowly and QDE vanishes in the limit n — co0. When it
grows extensively, the QDE approaches a constant, indi-
cating potential chaotic behavior. However, exceptions
exist; see Refs. [503,532] for examples and discussion.

Temporal entanglement (TE) has emerged as another
classifier for quantum chaos. Temporal entanglement
was introduced in Ref. [533], with significant develop-
ments in subsequent works [534,535], for studying many-
body dynamics using tensor network tools. This approach
uses matrix product operators to estimate dynamical
observables, treating dynamics discretely in order to
construct a two-dimensional tensor network in spacetime.
This construction, known as an influence matrix, amounts
to a discrete version of the influence functional [452],
highlighting connections with the HOQO formalism. This
relationship was further elaborated in Refs. [451,468,536],
which established crucial links between quantum chaos
and dissipative dynamics through the lens of temporal
entanglement.

Temporal entanglement is defined in terms of correla-
tions between the past and future of a quantum process.
To compute it, first, the process tensor is vectorized
Tn:l - |Tn:1»/\/N’ N :=
(T, | T y=1tr T;IITM provides the normalization.
The normalization is needed because the process tensor
is supernormalised (see Sec. II C 2); to compute entropic

quantities, we require a properly normalized state. Thus,
TE is defined as

and normalized: where

TE := — log t[(% try.s] T,,;1>><<Tn;1|}>2]' (3.56)

This measure quantifies correlations between past
(timesteps 1:(n/2)) and future (timesteps (n/2)+1:n)
and is reminiscent of measures of non-Markovianity (see
Sec. IIIB2). For chaotic systems, TE grows linearly
whereas for non-chaotic ones, it grows logarithmically.
Thus, it has proven effective in distinguishing between
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chaotic and integrable models [537-540], a capability that
naturally emerges from the inherent capacity of HOQOs
to faithfully capture signatures of (quantum) chaos. As it
turns out, TE is a stronger measure of dynamical complex-
ity than QDE: This is because TE involves the square of a
reduced density matrix, capturing fourth-order correlations
in the process branches (quartic in the underlying states),
whereas QDE is quadratic in the process tensor and thus
more directly measures the noisiness or mixedness of the
temporal evolution.

We now turn to notions of quantum chaos defined in
terms of the spatiotemporal process tensor. The first
relevant concept we will discuss, known as the butterfly
flutter fidelity (BFF), was introduced in Ref. [503].
The protocol to assess quantum chaos makes use of
the branches of the spatiotemporal process tensor in
Eq. (3.53). This approach aims to understand quantum
chaos in terms of the sensitivity of a process to perturba-
tions on a small part of the system. Namely, for two
orthogonal perturbations (see Sec. Il C 3 for the general
framework of probing instruments), i.e., (M® M) = 0,
chaotic processes should satisfy

)
<W§no E

It is interesting to note that the above criterion naturally
arises in the context of decoherent histories [417,418],
which we alluded to in Sec. III B 3 above. Demanding
this behavior of chaotic processes implies that the spatio-
temporal process tensor for a chaotic process displays a
volumetrically scaling spatiotemporal entanglement [503].
Closely related to this study is the multitime generalization
of OTOC, known as 2k-OTOC [508,541]. Here, the
dynamics go back and forth in time, with perturbations
applied in between. Again, 2k-OTOC can be formulated as
a special case of the higher-order OTOT, as discussed at
the beginning of this section. This analysis is useful for
classifying the chaotic nature of an ensemble of unitaries.

Subsequently, Ref. [503] proposed a stronger condition
for quantum chaos in terms of the complexity of a
“correction” unitary. The idea is that in chaotic systems,
small perturbations lead to vastly different branches.
Suppose a unitary V5 is a correction operator that brings
two divergent states together:

wggE> ~0. (3.57)

(W eVl ) ~ 1. (3.58)

Then, processes that only require corrections V35 with
low complexity are deemed to be not chaotic. Notably,
some of these processes themselves could still have
high dynamical entropy. A similar expression arises in
Ref. [542], where the authors were concerned with proving
the conjecture “complexity = volume,” i.e., correlations in
a chaotic process grow according to a volume law instead

of an area law (as they would for non-chaotic processes).
They also concluded that the circuit complexity of such
processes has to be exponential in the spatiotemporal
size of the system under minimal assumptions. Another
topic that aims to draw a similar connection between
chaos and complexity is quantum branching [543,544],
which provides a mechanism for classical mechanics to
arise from quantum mechanics. Essentially, when two
branches are sufficiently different that a high-complexity
correction is required to bring them together, they cannot
interfere and thus behave as classical probabilistic states.
The distinct notions outlined above all highlight that
quantifying the complexity of the correction unitary may
be an appropriate way to enable meaningful statements
about chaos. This is, however, an arduous task that
remains unresolved.

Finally, an even stronger class of chaos quantifiers can
be built from the process branches: This is known as deep
thermalization and is related to the active research area of
measurement-induced phase transitions. Research into
measurement-induced phase transitions [545-547] has
shown that measurements in a quantum circuit could steer
the final state toward one of two vastly different phases:
high entanglement and low entanglement. Naturally, one
can ask about the entanglement properties of the ensemble
made up of branches in Eq. (3.53): {ps, |l//(Sx)E)} Deep
thermalization [548] studies higher moments of this
distribution, i.e., the properties of {ps, |l//<5x)i E>®k}.
These concepts, along with dynamical entropy, are
numerically investigated for various models in Ref. [549].

Our review of the topic of quantum chaos does not do
justice to its depth; however, it emphasizes how the
process tensor (and the spatiotemporal variant thereof)
naturally arises in this context. This should not be
surprising, as the process tensor is endowed with the
full details of the dynamics. While each of these
approaches may have been originally developed using
slightly different formalisms, they all find natural expres-
sions within the framework of HOQOs. This convergence
highlights the fundamental role of HOQOs in quantum
dynamics, providing a unified language for describing
diverse phenomena from temporal correlations to meas-
urement-induced transitions. The framework’s ability to
naturally accommodate these various measures demon-
strates its power as a theoretical tool for understanding
complex quantum processes.

3. Operational and strong-coupling quantum
thermodynamics

Typically, equilibrium thermodynamics assumes that
some system of interest interacts weakly with an environ-
ment in thermal equilibrium. The weakness of the inter-
action at all times formally leads the description of the
system-environment state to remain independent (i.e., of
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FIG. 58. Experimental setup. A typical experiment involving
atoms in a cavity that will be continuously probed by a laser. The
interaction between the atoms and light serves as a measurement
of the atoms when the light is measured. Moreover, such
measurement allows for a feed-forwarding protocol by adap-
tively changing the state of the light based on the measurement
outcomes. All along, the atoms are dissipating information and
energy into the environment via the cavity. This situation is
captured by the process tensor (see Fig. 47), which enables a
fundamental framework for strong-coupling quantum thermo-
dynamics.

Laser
source

Feedback

tensor product form) and therefore any potential memory
effects are neglected. This is not the case, however, for
systems that strongly couple to the environment, even if
the latter can locally be described in terms of an equilib-
rium state. In such situations, the system and environment
build up non-negligible correlations, and therefore, the
description of the open dynamics in terms of HOQOs is
required; we depict a typical example in Fig. 58.

First steps toward a thermodynamically consistent
description of weakly-coupled systems [550] in terms of
process tensors were provided in Refs. [552,553]. A fully
general framework based on the description of HOQOs to
describe strong-coupling thermodynamics has been devel-
oped in Refs. [554,555] (see, in particular, Ref. [556] for a
comprehensive introduction to strong-coupling quantum
thermodynamics and process tensors). By construction,
this framework provides a consistent interpretation of
many quantities relevant to thermodynamics, such as the
average work and equilibrium free energy difference. In
addition, it also provides sensible non-equilibrium exten-
sions of such quantities, which are justified by their
reduction to their equilibrium counterparts in the appro-
priate limit [554]. Moreover, the framework readily leads
to the notion of quantum trajectories over sequences of
measurement outcomes, which can be used to analyze
multitime behavior such as energetic fluctuations both at
the stochastic and ensemble level [553]. By its very nature,
the HOQO description of an open quantum process as a
process tensor allows one to treat any kind of incomplete
information, such as noisy measurement devices, which
has particular relevance in the thermodynamic setting
where one may typically only be interested in some

coarse-grained quantities [552]. Lastly, one may also
consider non-Markovianity as a resource that can enhance
the performance of thermodynamic tasks [557].

To this end, note that thermodynamics more broadly is
concerned with the fact that microscopically relevant
details, such as memory effects or specific interaction
parameters, tend to wash out at larger scales. Many
dynamical thermodynamic phenomena, such as equilibra-
tion, thermalization, and ergodicity (to name but a few),
have been analyzed from various perspectives. For in-
stance, among the variety of notions of thermalization that
abound, some make explicit mention of the types of
observables being measured (typically highly degenerate
macroscopic ones), whereas others do not; the former type
falls closely in line with the operational perspective suited
to the HOQO paradigm. In Refs. [558-560], the authors
take such a viewpoint and characterize the conditions
under which a multitime process with finite temporal
resolution can be approximated by an equilibrium one, in
particular presenting sufficient conditions for multitime
expectation values to relax close to their equilibrium
values whenever the operations are implemented with a
noisy clock.

In a slightly different vein, we also note that although
almost all processes have memory, such effects also tend to
wash out on average; in other words, Markovianity is an
emergent phenomenon. Such behavior is formalized in
Refs. [561,562], where the authors demonstrate that
whenever the system of interest is small compared to its
environment, almost all processes are typically very
close to Markovian ones, independently of any further
assumptions on the type of dynamics or coupling strength.
Recent investigations on the validity of master equations
have shed light on the role of non-integrable environment
[563-566]. While these studies do not invoke HOQOs
formalism, the framework of HOQOs could serve as a new
numerical tool to explore open dynamics in the realms that
were not possible previously.

This exploration of quantum complexity through the
lens of HOQOs reveals the profound utility of the process
tensor formalism. What began in Sec. Il A 1 as a tool for
capturing memory effects and initial correlations in open
quantum dynamics has emerged as the natural mathemati-
cal structure for understanding chaos, scrambling, and
thermalization. The key insight is that different manifes-
tations of quantum chaos—operator scrambling (OTOC),
local operator entanglement (LOE), dynamical entropy
(QDE), temporal entanglement (TE), butterfly flutter
fidelity (BFF), and deep thermalization—all correspond
to different ways of probing the same underlying object:
the process tensor (either temporal or spatiotemporal). The
Choi-Jamiotkowski isomorphism (Sec. II B 4) enables us
to represent these processes as multipartite states, while
the link product (Sec. IIB5) provides the machinery
to compose processes with probing instruments, initial
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preparations, and perturbations. This compositional struc-
ture, formalized through process tensors and superinstru-
ments (Sec. II C), naturally accommodates the multitime,
back-and-forth perturbed dynamics characteristic of chaos
experiments.

The hierarchy of quantum chaos measures reflects
increasingly stringent interrogations of the process tensor:
QDE probes the overall temporal correlations through the
purity of the temporal process; TE examines correlations
between past and future; LOE and OTOC study perturba-
tion sensitivity through different environmental partitions;
BFF investigates trajectory divergence in the full spatio-
temporal structure; and deep thermalization examines
higher-order statistical properties of the ensemble of
process branches. Each measure extracts different infor-
mation because each corresponds to a different choice
of how to contract the process tensor with probing
operations via the link product—precisely the flexibility
that makes the HOQO framework so powerful. Moreover,
the unification reveals why certain chaos measures are
stronger than others: LOE contains more information than
OTOC because it corresponds to a larger environmental
partition; TE is stronger than QDE because it probes fourth-
order rather than second-order correlations; BFF is stronger
still because it accesses the full spatiotemporal entangle-
ment structure rather than just temporal projections. These
relationships, which might appear mysterious in their
original formulations, become transparent when viewed
through the compositional lens of HOQOs.

This section thus exemplifies a recurring theme through-
out this tutorial: HOQOs are not merely a convenient
mathematical tool, but rather the natural object that
encodes the complete multitime structure of quantum
dynamics. Whether studying memory effects (Sec. I1I B),
quantum chaos (this section), quantum thermodynamics
(this section), or foundational questions about causality
(Sec. IT D), HOQOs provide the appropriate framework
for formulating questions, deriving witnesses, and uncov-
ering connections. The diversity of chaos measures, and
their natural expression within the HOQO formalism,
underscores the fundamental role that the higher-order
perspective plays in modern quantum theory.

D. Causality and quantum foundations

Up to this point, most of the HOQOs that we have
considered in the ‘“State-of-the-Art” part of this tutorial
abided—either because of the physical situation they
described or because we inserted it “by hand” as an
axiomatic demand—by a fixed causal order. However,
as we have already seen, the requirement of a fixed
global causal order can be dropped without introducing
logical paradoxes or violating the rules of quantum
mechanics. Here, we will not discuss the ontological
status of such “exotic” spatiotemporal situations (see,

e.g, Refs. [89,90,129] for a discussion thereof), nor their
philosophical implications (see, e.g., Refs. [567-570]),
but rather lay out how HOQOs are the natural tool to
describe such situations, since they provide a natural
framework for the characterization of spacetime
correlations—causally ordered or not—between disjoint
laboratories/observers. This investigation exemplifies the
power of the axiomatic approach (Sec. Il D): by relaxing
certain axioms while preserving others, we can system-
atically explore physically meaningful processes that lie
outside the constructive paradigm of quantum combs
(Sec. IT C 2) but still comply with fundamental principles
like, e.g., local causality.

Quite naturally, this line of inquiry was thus developed
to analyze quantum gravity [99,100,161], in particular
the geometric structure of spacetime in the presence of
quantum phenomena. These works revealed deep impli-
cations for quantum foundations and the nature of cau-
sality, which spurred entire new fields of research. While
the study of causally indefinite processes in terms of
HOQOs was first carried out in the context of computa-
tional advantages in the absence of definite causal order
[31,99,142], here, we first discuss the later introduced
notion of process matrices [30] and subsequently the more
experimentally amenable case of the quantum switch—
both of which we have already encountered in the
“Fundamentals” part of this tutorial (see Sec. ILE).

1. Process matrices

In the study of indefinite causal order in quantum theory,
the notion that events must occur in a definite temporal
sequence is challenged and replaced by the weaker notion
that both quantum mechanics [571] and causality need
only hold locally (where “locally” means within each
individual laboratory, as formalized by the Choi repre-
sentation of operations acting on each party’s associated
Hilbert spaces) [30]. That is, while one no longer demands
that there is some fixed causal ordering of events between
different laboratories, one at least demands that if parties in
different laboratories act freely and independently, the
overall result is well-behaved and does not lead to logical
inconsistencies. This requirement can come in different
“flavors,” depending on the situation that is to be inves-
tigated, but generally boils down to demanding that
independent deterministic operations (e.g., CPTP maps)
are mapped onto a deterministic object [573]. See the
discussion of Sec. IIE 1 for more details.

As an example, note that this requirement is imposed
(and holds true) for the quantum switch—one of the
earliest applications of HOQOs in the study of causal
order—which maps pairs [31,142] or k-tuples [186,574]
of quantum channels (i.e., CPTP maps) to a valid quan-
tum channel; similarly, process matrices map pairs [30]
or k-tuples [49,60] of quantum channels to unit
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probability. For process matrices W > 0 in particular,
this implies [575]

Wx (M, ® Ng) =1 (two-parties) or

Wx(My @ Nz ® Oc ® ---) =1 (multiple parties)

(3.59)

for all CPTP maps M,,Ng, O, - performed in the
laboratories of Alice, Bob, Charlie, etc. Linearity, pos-
itivity, and the above normalization condition on W
embody the fundamental requirements that: (i) quantum
mechanics holds locally [30,572], such that probabilities
are computed via a “Born rule” like in Eq. (3.59); (ii) the
process matrix yields positive outputs even when only
acting on a part of the respective maps [30,216]; and iii)
probabilities are normalized—a requirement equivalent to
local causality holding (i.e., none of the parties can obtain
super- or subnormalised “probability distributions” in their
individual laboratories). Compare this to the characteri-
zation of globally causally ordered quantum combs/
process tensors in Sec. II D 2, where the axiom demands
that deterministic objects are mapped to deterministic
objects at all levels of the hierarchy. Here, we have relaxed
the requirement of a global causal structure while retaining
local quantum mechanics and causality—precisely the
kind of systematic generalization enabled by the axiomatic
considerations.

As such, process matrices can describe the most general
spatiotemporal correlations that can be established
between disjoint laboratories under the assumption that
in each laboratory, both quantum mechanics and causality
hold. Notably, the requirement of a global causal order
among laboratories is absent in the requirements of process
matrices, allowing them to describe spatiotemporal sce-
narios without logical paradoxes that nonetheless lie out-
side the set of causally ordered processes (i.e., those
described by quantum combs/process tensors). As a result,
such processes have been conjectured to be relevant for
an understanding of quantum gravity [2,30,31,99-101],
where causal orders are likely to be superposed or
potentially even more exotic.

A central result in the study of process matrices was
the discovery of causally non-separable processes (see
Def. 11.12). As discussed in Sec. IIE2 (recall also the
pedagogical introduction to these concepts in Sec. IIE 1),
in the bipartite setting, a process matrix Wy € L (7 4: ®
Hpo @ Hpi @ Hpo) is causally non-separable iff it
cannot be decomposed as a probabilistic mixture of
quantum processes with fixed causal order, i.e.,

W,z # pTA<B 4 (1 — p)TB=A, (3.60)
where TA<B (TB<4) is a process with fixed causal order
A<B (B<A).

In the multipartite case, the situation becomes more
involved since concepts such as dynamical ordering—
i.e., the causal order is determined on-the-fly as the
parties act, and their respective actions can potentially
influence the causal ordering of the other—imply that the
definition of causal separability is inequivalent to convex
combinations of fixed causal order. As a consequence,
different (and possibly non-equivalent) definitions of
multipartite causal non-separability have been proposed,
each one focusing on different aspects of multipartite
causality [60,91,168,170].

The deviation of process matrices from the set of
causally ordered processes can not only be characterized
in terms of causal non-separability—a manifestly device-
dependent marker of causal indefiniteness—but also in a
stronger sense: via the violation of causal inequalities
[30,60,92,168,169,178,179,576]. These are inequalities
that must be satisfied by any process with a fixed under-
lying causal order. As a concrete example, consider the
simplest bipartite guess your neighbor’s input (GYNI)
game [179,577], where two parties—Alice and Bob—are
sent uniformly sampled input bits x and y respectively and
their task is to guess each other’s input, i.e., to respectively
produce output bits @ and b such that a =y and b = x. If
Alice and Bob’s laboratories are connected in a causally
ordered way, say A < B, then P(a = y) = J since her best
strategy is to make a random guess about Bob’s bit;
analogously, P(b = x) =1 for the order B < A. In this
bipartite scenario, causal distributions are given by convex
combinations of fixed ordered processes. Hence, since
bipartite causal separability corresponds to convex combi-
nations of these two fixed orders (as discussed in
Sec. ITE2), and convex combinations cannot increase
these guessing probabilities, it follows that in the causally
ordered (co) case

co|

PGYNI = P(a =Yy, b= X)SE (361)
holds for all (convex combinations of) causally ordered
processes. However, allowing for general process matrices,
one can show that a value of at least Pgyn; = 0.6218 > %
can be achieved [179,578].

More generally, the set of causal correlations for a
given number of inputs and outputs forms a polytope
(the so-called causal polytope). The analysis of causal
polytopes allows for a systematic construction of such
causal inequalities [169,179,579], and their possible
violation by general process matrices has been
demonstrated both in the bi- and multipartite case
[30,60,92,169,178,179,576,580,581].  The  ultimate
boundaries of these violations have been explored
for different specific scenarios in Refs. [50,580-583].
In all of these scenarios, the link product (Sec. II B 5)
provides the rule for computing these correlations:
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probabilities arise from contracting the process matrix with
local instrument operators, making the connection between
abstract process matrices and operational correlations
explicit. Moreover, a general method to upper bound the
achievable violations of causal inequalities in quantum
mechanics—together with an achievable Tsirelson-like
bound for the OCB inequality and so-called single-trigger
causal inequalities—has been provided in Ref. [584] (see
also Refs. [585] and [586] for a respective discussion of
violations of causal inequalities and multi-agent paradoxes
in so-called “box-world theories,” i.e., higher order gen-
eralized probabilistic theories (GPTs) that go beyond
quantum mechanics). These methods can be used to show
that quantum strategies based on process matrices neces-
sarily respect the upper bound Pgyn; < 0.7592 (which may
not be tight). In the converse direction, information-
theoretic principles that constrain the possible correlations
in a given GPT to the quantum bound have been proposed
as an avenue to reconstruct quantum theory upon axiomatic
grounds (see, e.g., Ref. [587]).

A priori, the violation of a causal inequality is a
stronger condition than causal non-separability, since
the former implies that no causally ordered process—
independent of its dimension or the physical theory
it abides by—can recreate the correlations exhibited
by the process that violates the causal inequality. In
contrast, causal non-separability merely implies that a
process matrix cannot be expressed as a convex combi-
nation of causally ordered process matrices of the same
dimension [588]. Indeed—similar to the existence of
entangled quantum states that admit a hidden variable
model—there exist causally non-separable processes
that nonetheless do not violate any causal inequalities
[49,91,180,181]. Consequently, in order to distinguish
causally non-separable processes from those that indeed
violate causal inequalities, the latter are sometimes
called “acausal” [60]. We finally emphasize that quan-
tum correlations are not a prerequisite for the violation of
causal inequalities. While this is the case in the bipartite
scenario [30], in the tripartite setting there exist valid
process matrices with entirely classical correlations that
violate causal inequalities [89,178,579].

General process matrices with multiple slots have also
been shown to outperform causal processes in tasks where
the quantum switch, “switch-like” processes, and even
quantum circuits with quantum control of causal order [91]
do not offer any advantage over fixed order processes. The
causal inequalities for instance, cannot be violated by
performing local instruments on switch-like processes
[49,91,181]. Other tasks where general process matrices
offer an advantage over causal processes, but switch-like
processes do not, are the discrimination of unitary chan-
nels [76], quantum query complexity of Boolean functions
[589], as well as inverting and transposing unitary oper-
ations [39—41]. Hence, the quantum switch and switch-like

processes constitute only a specific subclass of causally
indefinite processes.

While not forbidden a priori by the laws of quantum
mechanics, causally non-separable—and in particular
acausal processes—are starkly at odds with the funda-
mental physical notion of causal ordering. Consequently,
further axiomatic requirements for valid process matri-
ces, such as an additional purification postulate—
corresponding to a requirement of preserving
reversibility—have been proposed [89]. A process is
reversibility preserving (or pure, using the nomenclature
of [89]) if it transforms reversible operations to reversible
operations [162,590] (i.e., unitary operations into unitary
operations in the quantum case), even when acting only on
part of the input operations. This property is motivated by
the desire for uncovering a physical principle that renders
HOQOs physically implementable. Reference [89] also
shows that a process matrix W is reversibility preserving if
it can be written as W = |U)(U|, where |U) = |U)) and U
is a unitary operator.

Reference [89] then argued that “physical” process
matrices should arise from reversibility preserving
process by inputting a quantum state in some auxiliary
past space P’ and then discarding some auxiliary future
space F’. That is, it claims that all “physical” process
matrices respect W = trp[|0p/)(0p| % |U)(U|] for some
reversibility preserving process |U)(U|, with the require-
ment that this property is not fine tuned; that is, |U)(U|
has to be such that W(¥) = trp[|¥p ) (¥p| * [U)(U]]
is a valid process matrix for all quantum states |¥).
While the purification requirement excludes certain
acausal process matrices such as WOCB [see Eq. (2.149)],
it is insufficient to exclude all acausal processes
[89,162,590]. In particular, it does not exclude the tripar-
tite classical process known as the Lugano process
[89,178,579], also called the Baumeler-Wolf or Araiijo-
Feix process.

Following the line of research to retain certain “physi-
cal” aspects, particular extensions to the quantum comb
formalism that can model indefinite causality while
displaying desired properties have been proposed. For
instance, Refs. [91,181] put forth a generalization of
quantum circuits that allows for quantum control of causal
orders, which in turn admits the quantum switch and
generalizes the concept of quantum control to multipartite
scenarios. In such scenarios, the possibility of quantum
control leads to processes beyond those that are unitarily
equivalent to the N-partite quantum switch [186], thereby
admitting an even larger class of causally non-separable
processes. Similarly, notions such as routed circuits
[591,592] and addressable gates [593] have also been
introduced to capture the behavior of the quantum switch
(as well as more exotic processes).

While it is unclear how to physically implement
most causally non-separable processes in a deterministic
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manner, there exist schemes to simulate their action
probabilistically [27,38,47,114,166,167,594]; such simu-
lations fundamentally require the resource of multipartite
entanglement and non-local unitary gates [167]. As a
consequence of this probabilistic simulability, the formal-
ism of process matrices is tightly connected to the concept
of multitime states [114,595], with process matrices being
equivalent to those multitime states for which observed
probabilities are linear functions of the states and of the
measurements [114].

Process matrices—both in the bi- and the multipartite
case—provide the natural framework for the investigation
of spatiotemporal correlations between distributed observ-
ers. As such, they have not only been employed in the
explicit study of causal indefiniteness, but also in the field
of (quantum) causal modeling [52,86,95,96] and to derive
uncertainty relations for quantum processes [596,597] (in
both of these cases, process matrices become equivalent to
the quantum comb/process tensor formalism without a
final output wire, since a fixed causal ordering is assumed).
Here, the aim is to uncover causal relations between
different events in space and time, i.e., to uncover the
manner in which different events influence each other [95].
Algorithms for the discovery of quantum causal models/
causal relations have been proposed in Refs. [598,599].
Analysis of causal relations by means of process matrices/
quantum combs reveals that quantum causal models
display more general causal relations—even when they
are in a fixed order—than classical ones. While two
classical events are either correlated via a common or a
direct cause (or a convex mixture thereof), quantum
processes can be in a superposition of common and direct
causes [85,88,600,601]. The process matrix formalism
has been further applied to understand causally ordered
processes in Refs. [86,96] and quantum measurements in
space and time [32].

Finally, process matrices are not the end of the hierarchy
of causally indefinite processes. Firstly, more general
“users” of quantum processes can be conceived: For
instance, situations where the individual parties interact
in a sequential, multi-round way with the corresponding
multi-round process matrix have been considered [143].
This paradigm, where the operations in individual
laboratories are themselves described by quantum combs
(instead of quantum channels), naturally leads to a
refined notion of causal non-separability. In addition,
considering transformations of process matrices allows
for the analysis of the dynamics of causal order, uncov-
ering symmetries in “time” evolution on a higher level
[216,338]. Similarly, such investigation of transforma-
tions of process matrices enables one to consider both
their signaling content as well as their causal non-
separability as a resource, which has led to the formu-
lation of a resource theory of signaling/causal connection
[51] and causal non-separability [49,51].

As mentioned previously, questions concerning causal
relations in the multipartite setting are significantly more
nuanced than in the bipartite case. For instance, multipar-
tite causally non-separable processes may not be fully
ascribed to quantum phenomena, since entirely classical
processes with dynamical control of causal orders can lead
to such behavior [178,579]. Such situations have been
analyzed within the framework of process functions,
which have found utility in delineating the quantum/
classical boundary in causal modeling [602,603] and
can be seen as the classical limit of process matrices
[580,581]. The ability for seemingly benign classical
processes to exhibit causally exotic behaviors here is
reminiscent of other counterintuitive results such as the
existence of bipartite channels with separable Kraus
operators that cannot be implemented with LOCC
[426-429,604] (a phenomenon often phrased as “quantum
non-locality without entanglement”); indeed, concrete
connections have been made among these areas by way
of process functions [428,605-607].

Foundational work on such higher order extensions and
the ensuing analysis of causality continues to date. A
theoretical framework for higher-order quantum theory has
been constructed on axiomatic grounds in Ref. [103], and
Refs. [198,608] have developed a categorical semantics for
causal order. Many of these ideas connect to research on
quantum gravity, with the core idea being that quantum
superpositions of spacetime itself might necessarily lead to
indefinite causal order. This has stimulated the exploration
of causally non-separable processes as potential signatures
of quantum gravitational effects [2,99-101,161].

Unlike general process matrices—for which it is not
clear how to implement them deterministically—the
quantum switch permits deterministic experimental
implementations/simulations [609] and has thus seen
much theoretical and experimental interest—not least
because it provides a powerful resource for many infor-
mation theoretic tasks. We thus finish our review of
HOQOs regarding the investigation of causal order with
a discussion of the quantum switch, before turning to
consider the experimental characterization and implemen-
tation of HOQOs.

2. Quantum switch

The practical significance of indefinite causal order is
that it has been shown to provide advantages in various
quantum information tasks. The most famous example of a
causally indefinite process that can provide such advantage
is the quantum switch. Recall from Sec. I1 E 3 and Fig. 35
that the quantum switch applies two operations in a
coherent superposition of causal orders, controlled by
an auxiliary quantum system. The quantum switch was
introduced in Ref. [31] as a HOQO that transforms a pair
of independent quantum channels (or equivalently bipartite
non-signaling channels) into a valid quantum channel,
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but nonetheless does not admit a realization in terms
of a standard quantum circuit; that is, it cannot be written
as a quantum comb (or convex combinations thereof).
Subsequently, the quantum switch has been demonstrated
to be a useful resource for discriminating amongst non-
signaling channels that have commuting and anti-commut-
ing structure [ 142]. This task was then revisited in Ref. [49],
which considered the discrimination of pairs of independent
unitaries that are promised to either commute or anti-
commute. This commutation task then motivated several
computational problems where the multipartite versions of
the quantum switch were shown to outperform standard
quantum circuits [186,614-616]. Returning to channel
discrimination, two-slot “switch-like” processes [617] were
shown to be useful for discriminating pairs of non-unitary
channels in Ref. [75], even if such processes cannot out-
perform sequential strategies in unitary channel discrimi-
nation tasks [76,589].

The quantum switch has also been shown to offer
advantages in metrological tasks [282,283,618]; in a
continuous variable scenario, it can be used to overcome
the Heisenberg scaling limit [278]. Further advantages
have been reported in complex communication tasks
[619], as well as activating and enhancing both quantum
and classical communication capacities over noisy chan-
nels [610,620-624], which has also been revisited in the
context of coherent interferometers [625,626]. Moreover,
the quantum switch has been shown to be able to activate
“non-stabilizerness”; in other words, completely stabi-
lizer-preserving operations—which cannot generate magic
states under standard conditions—can be transformed to
do so when processed by the quantum switch [627]. In the
context of thermodynamics, similar such results lead to
enhanced refrigeration rates [628]. Lastly, the relationship
between certain memory effects and the quantum switch
(as well as the quantum time flip) has been examined in
Ref. [629].

Regarding correlations obtained by applying quantum
instruments to the quantum switch, as mentioned above,
the quantum switch does not lead to device-independent
non-causal correlations, i.e, it cannot be used to violate
causal inequalities [49]. Nonetheless, the indefinite causal
behavior of the switch can be certified in a semi-device-
independent setting, where one of the parties has fully
characterized instruments [50], as well as in a semi-
quantum scenario, where the inputs are trusted quantum
states [182]. Also, by invoking extra non-signaling
assumptions, a weaker notion of indefinite causality of the
quantum switch can be certified in a device-independent
manner [184,185,630] (see also Ref. [183] for a distinct
device-independent certification, and Ref. [631] for a
discussion of other possible avenues of certifying the
quantum switch device-independently).

Naturally, the question of simulating the quantum
switch in a time-ordered manner by making use of extra

resources (e.g., more calls to the input instruments) has
garnered significant attention. The quantum switch can
always be simulated exactly by causally ordered circuits
(i.e., quantum combs) in a probabilistic manner [31,167].
When the input channels are restricted to be unitary, the
quantum switch can be simulated by a quantum comb
whenever just one extra call of one of the input channels is
permitted [31]. However, when considering general quan-
tum channels as inputs, even given access to an extra
call of each of the input channels, the quantum switch
cannot be deterministically simulated [594]. Lastly,
Refs. [594,632] have proved that the action of the quantum
switch on a pair of n-qubit systems (i.e., each of dimension
d = 2") cannot be deterministically simulated by causally
ordered circuits/quantum combs given access to a single
call of one input channel and k < 2" calls of the other.

In the two-slot scenario, up to unitary equivalencies, the
quantum switch has been shown to be the only reversibility
preserving (see previous section) HOQO that is not causally
ordered [633,634]; see also Ref. [635] (which refers to
reversibility preserving process as unitary processes).
Lastly, as we will detail in Sec. III E 3, various experimental
realisations/simulations of the quantum switch—mostly
using optical setups—have been demonstrated.

E. Characterization and experimental demonstrations

Processes—be they quantum or classical—are notori-
ously difficult to characterize. Fundamentally, this is due
to the exponentially growing number of parameters
required to fully describe a quantum object, be it a state,
a channel, or even a higher-order quantum operation (or, in
the classical case, a joint probability distribution). Given
access to some such black-box that describes any such
object, one can tomographically reconstruct the unknown
object by probing it; however, this is quite costly. Thus,
naturally, methods to perform efficient tomographies
and/or characterize key properties of quantum objects
have been developed. For quantum states, examples of
such techniques include shadow tomography, entangle-
ment witnesses, etc. As we will discuss, certain aspects of
these methods have been generalized to quantum channels
and HOQOs, although ensuring properties such as (gener-
alized) complete positivity, trace preservation, and causality
make these extensions non-trivial in many cases. Moreover,
in practice, one is often concerned with understanding the
noise profile of a process and its subsequent impact, which
can be achieved via randomized benchmarking, as well as
possible remedies for complex, correlated errors in practical
quantum computers. Recent developments in these areas are
the focus of this section.

1. Process tomography

General theory. As we have seen, the operational
consequences of general quantum processes with memory
come down to how the comb acts upon the sequence of
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probing instruments employed. It is precisely from such
observed data that one typically wishes to infer definitive
structural properties of the underlying process. In the most
informative case, one could perform an informationally
complete sequence of instruments and therefore perform a
full multitime quantum process tomography to reconstruct
the quantum comb [402]. However, one problem with such
tomography 1is that it requires substantial resources: In
typical channel tomography (of a d-dimensional system),
one must prepare d’ input states and then perform a
measurement containing d> outcomes, leading to a re-
source cost that scales like d*. Tomographically recon-
structing an n-step comb (where, for simplicity, the system
dimension throughout is assumed to be d) requires
implementing informationally complete set of CP maps
at each step; each one of these has d* elements and so the
required resources scale like d** [28,402,636].

Overall, practically feasible complete process tomog-
raphy is a special case of “partial reconstruction” of a
quantum comb, namely when one can implement an
informationally complete set of tester elements [636],
which can be seen as follows. Consider the standard
notion of quantum state tomography: Here, one aims to
reconstruct the (unknown) density operator p from the
observed probability distribution over a set of measure-
ment outcomes corresponding to the POVM J = {£M};
the probability distribution is calculated according to the
Born rule

P(x]T) = trlp W], (3.62)

Now, for any set of linearly independent objects, such
as can be assumed without loss of generality for {&(¥)},
there exists a dual set {AM} such that t[MAM)] =5,
[58,136]. One then performs the following linear inversion
to construct the object [637]

p=> P(x[7)AW. (3.63)

By construction (and as a consequence of linearity), p
contains all the necessary information to compute the
correct probability distribution over outcomes for any
measurement whose elements lie entirely within the span
of the original one; thus, whenever 7 = {£%)} is informa-
tionally complete (i.e., spans the entire space), then
the reconstruction p faithfully describes the unknown
quantum state p. However, if one is only interested in
the operational behavior expected on a restricted set of
measurements, e.g., those in some fixed basis, then one
need not perform a complete tomographic reconstruction,
but rather use any partial tomography built from measure-
ments that span (at least) the subspace of interest. Such a
partial reconstruction does not yield a positive semidefinite
operator in general, although it acts like one on all objects

that lie in its domain, constituting a good approximation
for many practical purposes.

The story is similar for channel tomography [638,639]
and indeed multitime quantum process tomography
[28,136,402]; this is because all of the logic above relies
only upon the linearity of the objects involved. Thus, for
any linearly independent tester 7 = {O®)} (which can, in
general, be temporally correlated) applied to a process
tensor/quantum comb T, one observes the probability
distribution

P(x|J) = tr[TOW], (3.64)

from which one can reconstruct the object
T=> P(x[7)a®,
X

where {AW} is the dual set to the tester {O®)}. Indeed,
for the reason above, the term “process POVM” was used
in place of “tester” in Ref. [139]. Again, whenever the
tester forms an informationally complete set, then the

(3.65)

reconstructed T is positive semidefinite (representing a
completely positive multitime system-environment
dynamics). A convenient informationally complete tester
comprises a sequence of informationally complete causal
breaks instruments comprising an informationally com-
plete set of measurements followed by the preparation of a
set of spanning states at each timestep [28]. Moreover,
whenever the tester is not informationally complete, one
can still use the above reconstructed object to mean-
ingfully compute behaviors for superinstruments whose
elements lie within the span of the original tester [55,636].

2. Characterizing and taming quantum processes

The ascension of sophisticated quantum computing
hardware means that it is easy to access complex quantum
processes over the cloud. There are significant needs
and interests to characterize such processes from both
engineering and foundational perspectives. However, char-
acterization of complex quantum processes presents
several fundamental challenges, from practical experimen-
tal constraints to computational feasibility [640]. These
challenges have spurred the development of various
approaches to process characterization, each suited to
different experimental scenarios and requirements, which
we touch upon below for additional context.

Efficient tomography. Developing efficient tomo-
graphic methods for characterizing multitime quantum
processes under reasonable assumptions while managing
resource constraints provides a pressing challenge [402].
The practical limitations of experimental implementations
mean that any reconstructed probability distributions are
actually derived from finite-sample frequencies: Such
finite sampling, combined with potential deviations
from independent and identically distributed (i.i.d.)
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conditions, can lead to reconstructed processes that violate
complete positivity and therefore cannot be ascribed to
a proper quantum circuit (as the generalized Stine-
spring dilation would no longer hold; see Sec. 11D 2).
This issue can be addressed in practice by incorporating
appropriate constraints in the maximum likelihood
estimators used to reconstruct quantum combs from
experimental data [309,402].

Beyond such issues, the computational complexity of
full process tomography often proves prohibitive, either
due to the complexity of the process or engineering
limitations. For instance, mid-circuit measurements are
often not available, posing a serious limitation for char-
acterization. Nonetheless, it is still possible to partially
characterize process tensors/quantum combs [636], based
upon the general theory developed in Sec. III E 1. Below
we discuss some of the methods that are employed in
taming the complexities in characterization.

In many practical scenarios, a complete process descrip-
tion may be unnecessary; prominent examples include
situations where one only wishes to predict expectation
values of coarse-grained, local, or otherwise restricted
observables. Shadow tomography, originally developed
for quantum states [641-643], has been extended to
quantum channels and process tensors/quantum combs
[34,59,80,644], providing efficient methods for extracting
relevant information about restricted or local observables.
Another technique for taming process complexity employs
the concept of quantum Markov order [53,54,402] (see
Sec. III B 2) to truncate the size of non-Markovian memory
to a finite number of timesteps [55,645]. Finally, as the
process tensor has a natural tensor network representation,
one can control its complexity by tuning the bond dimen-
sion of the model [374,401,646], which builds on the notion
of matrix product operator tomography originally put forth
in Refs. [647,648]. See also Ref. [456] for an in depth
review of tensor network methods for non-perturbative
dynamics of open quantum systems.

Machine learning approaches. Machine learning
approaches offer an alternative route to process characteri-
zation, focusing on constructing approximate processes that
accurately reproduce observed behavior while minimizing
complexity—typically considered in terms of the size of the
environment or memory depth of the model. Ensemble
learning methods have been successfully employed to
estimate environmental size [649], while maximum like-
lihood estimation techniques enable the embedding of non-
Markovian processes into Markovian ones with minimal
auxiliary systems [374,650]. These approaches have been
complemented by algorithms specifically designed to
learn memory structures in open quantum processes
[646,651-653], adapting techniques originally developed
to learn matrix product states [654,655].

Randomized benchmarking and gate set tomogra-
phy. The characterization of quantum noise presents a

fundamental challenge in the development of fault-tolerant
quantum computation. To this end, randomized bench-
marking has emerged as a robust protocol for estimating
average noise strength in quantum devices [656,657], with
subsequent theoretical advances extending their appli-
cability to more realistic noise models, including spatio-
temporally correlated errors [35,36,653,658,659]. These
developments are particularly crucial as quantum control
achieves ever-shorter timescales, where the assumption of
Markovian noise becomes increasingly unjustified. The
integration of non-Markovian noise models with Clifford
group operations has provided new diagnostic tools for
identifying non-Markovian characteristics and estimating
memory timescales (such as decoherence times), which
can be further enhanced by machine learning techniques to
improve efficiency [660].

These diverse approaches to characterizing complex
quantum processes reflect the multifaceted nature of the
challenge, from practical experimental constraints to
fundamental theoretical considerations. As quantum devi-
ces continue to advance in sophistication and scale,
the ability to accurately characterize and manage com-
plex quantum processes becomes increasingly critical to
their practical implementation. In particular, recent pro-
posals have extended the tools of self-consistent
characterization—such as standard gate set tomography
[661]—to the non-Markovian setting by means of the
process tensor [646,662].

Quantum error correction. The challenge of corre-
lated errors extends to quantum error correction, where
standard approaches typically assume uncorrelated errors
throughout a computation. This assumption is becoming
increasingly far from the truth as we develop control over
more qubits, packed closer together, and at shorter time-
scales, which leads to complex errors that are correlated in
both space and time. Recent work has begun addressing
this challenge by reformulating error correction in the
language of HOQOs [663,664], providing a natural frame-
work for describing and managing such spatiotemporally
correlated noise. Investigations into the effects of corre-
lated noise models on specific instances of quantum codes
have shown their vulnerability [665,666]. This likely
means that this will be an active area of research that
will employ methods of HOQOs.

3. Experimental demonstrations

We now move to discuss a number of experimental
demonstrations related to HOQOs; that such experiments
have been conducted within a relatively short timeframe as
the development of the theory itself is a testament to its
immediate relevance.

Multitime quantum processes. A superchannel was
first tomographically reconstructed in Ref. [59], where the
authors fully characterized an initially correlated open
system dynamics using a photonic qubit coupled to a
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simulated environment. Subsequently, similar photonic
setups have been exploited to characterize certain types
of multitime processes such as “common-cause” quantum
processes [87]. Reference [33] reconstructed a restricted
process tensor on a multi-qubit superconducting quantum
device, reporting average infidelity as low as 1073, Next,
the development of process tensor tomography using
maximum likelihood estimators in Ref. [402] led to a
significant reduction in resource requirements: Whereas
Ref. [33] required 24* circuits for optimal tomography of a
k-step process, Ref. [402] reduced that to 10* circuits. The
same reference employed quantum Markov order (see
Sec. III B 2) to truncate the exponential complexity of a
generic process to be linear in the number of timesteps and
constant in the size of the memory, i.e., further reducing
the number of circuits required to k x 107, where ¢ is the
Markov order. Reference [34] developed methods to learn
important properties of the process, including estimating
non-Markovian memory and temporal entanglement, from
partial reconstructions.

Methods to extend classical shadow tomography tech-
niques to estimate multitime correlation functions in sit-
uations allowing for mid-circuit measurements have been
developed in Ref. [667], where a 20-step process tensor
was reconstructed so that low Pauli weight marginals are
readily accessible. References [668,669] further devised
mid-circuit measurements to enable full characterization
of multitime quantum processes. Lastly, Ref. [646] has
developed crucial tools for self-consistent process tensor
tomography: Here, no assumptions are made about the
control operations—they are assumed to be noisy and
potentially flawed. This tensor network-based method is
designed to characterize the non-Markovian quantum
process and the control operations simultaneously; very
much in the spirit of gate set tomography [661].

Causality experiments. The derivation of causally
indefinite quantum processes has led to significant interest
in performing causality-related experiments, as discussed
in Sec. Il E. As this research area has developed so rapidly
and several review articles have already been written, we
refer the reader to Refs. [190,191] for a broad overview;
here, we will simply highlight some of the main results to
this end.

Recent experimental work has demonstrated fundamen-
tal capabilities of information processing with the quantum
switch/coherent control of causal orders [670,671].
For instance, Ref. [670] showed that the quantum switch
could “activate” channel capacity to enable information
transmission through completely noisy (depolarizing)
channels—achieving 3.4 x 1072 bits through two fully
depolarizing channels. Later experiments focused on more
sophisticated implementations, demonstrating high-
fidelity quantum information transmission through noisy
channels arranged across superposed trajectories, compar-
ing quantum-controlled parallel channels, series channels

with quantum-controlled operations, and quantum-
controlled channel ordering [672]. In Ref. [187], the authors
experimentally demonstrated an advantage for discriminat-
ing quantum channels that are promised to commute or
anti-commute; a task also considered in Ref. [673] that
implemented the quantum switch based on a Sagnac
interferometer and Ref. [614] which used multi-mode fibers
for a 4-party generalization of the quantum switch. In the
context of quantum metrology, Ref. [674] employed the
quantum switch to bypass the Heisenberg scaling limit.
Lastly, Refs. [675,676] experimentally verified advantages
of the quantum switch in thermodynamic scenarios, with
Ref. [677] demonstrating enhanced quantum battery charg-
ing with the quantum switch.

At the same time, research has pushed toward more
rigorous experimental verification and characterization
of quantum processes with indefinite causal order
[189,678-680]. Early witnesses of causal indefinite-
ness were reported using photonic setups in
Refs. [188,189,678]; this led to more sophisticated experi-
ments that attempted to close certain “loopholes,” such as
Ref. [679], where the authors achieved a semi-device-
independent certification of indefinite causal order (requir-
ing fewer assumptions about device characterization than
previously; see Sec. IIE2). A significant breakthrough
came with the development of a passively stable fiber-
based quantum switch using time-bin encoded qubits, which
enabled the first complete experimental characterization of
an optical passive-stable quantum switch via process
tomography [680]. In addition, a deterministic experimental
implementation of the quantum time flip together with an
explicit certification of its indefinite time direction was
carried out in Refs. [196,197], exploiting device dependent
symmetries of the employed experimental setup. Notably,
all of these experiments are based on photonic/optical
platforms.

IV. SUMMARY AND OUTLOOK

Higher-order quantum information tasks. Higher-
order quantum operations (HOQOs) represent powerful
tools for processing quantum information, yet their potential
remains to be fully explored in several key areas. A major
open problem is determining fight upper and lower bounds
on the number of calls required to implement specific
functions of quantum operations. While progress has been
made in understanding the efficiency of certain tasks, many
questions remain about the minimal resources needed for
general classes of functions. For example, in classical
computation, comparator functions are ubiquitous and
essential; defining quantum analogs of such multi-input
functions and determining their optimal implementation
costs is a pressing challenge. Addressing these questions
could provide a clearer roadmap for realizing a quantum
functional programming paradigm that uses higher-order
functions as primitives in quantum computation.
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Another key avenue is exploring the robustness of such
higher-order functions. Many existing results focus on
idealized scenarios, but real-world implementations
require an understanding of how noise and imperfections
impact performance. Developing robust “go” results—i.e.,
proof-of-concept demonstrations for specific, practically
relevant functions—could bridge the gap between
theoretical constructs and experimental applications.
Furthermore, an open question remains about the interplay
between known and unknown quantum operations: How
can HOQOs be effectively applied in scenarios where the
properties of input operations are partially known? This
challenge ties into the broader goal of learning the proper-
ties of unknown objects through higher-order processes
under certain assumptions. Investigating these questions
not only deepens the theoretical foundations of HOQOs
but also has implications for practical domains, such as
quantum cryptography, where composing complex proto-
cols while maintaining security remains a critical issue.

Finally, extending the scope of HOQOs to continuously
controlled quantum systems presents a rich avenue for
exploration. Hamiltonian supermaps—i.e., higher-order
maps that act on time-continuous evolutions—could
unlock new paradigms for dynamically controlled quan-
tum processes. This area holds promise for applications in
quantum simulation and continuous-variable quantum
computation, but a formal understanding of the operations
enabled by such supermaps remains in its infancy.

Open system dynamics and memory effects. In the
context of open quantum systems, HOQOs offer a com-
pelling lens through which we understand and leverage
memory effects. One fundamental open question concerns
the origin of Markovianity in quantum processes: How and
under what conditions can memoryless dynamics emerge
from more general non-Markovian behavior? While
Markovianity is often an idealized assumption, real-world
systems exhibit varying degrees of memory, shaped by
interactions with structured environments. As we have
discussed, process tensors—which naturally encode tem-
poral correlations—provide a rigorous framework for
probing the conditions under which memory effects can
be quantified, suppressed, or harnessed. Extending these
insights to different noise structures—such as colored or
otherwise correlated noise—remains a critical challenge,
with implications for designing more robust quantum
devices.

This issue has implications for understanding how
temporal correlations spread throughout a quantum proc-
ess. For instance, in analogy to the spatial case where
correlations are restricted by monogamy constraints, one
would expect similar restrictions of temporal correla-
tions. HOQOs could provide a means to quantify and
exploit these restrictions, with potential applications in
resource allocation for optimizing quantum circuit
architectures.

Finally, the interplay between memory effects and
optimal control provides a rich area for exploration. By
integrating process tensors with quantum control theory,
it may be possible to design protocols that explicitly
account for memory effects to achieve enhanced control
over quantum systems: Instead of mitigating non-
Markovianity as a source of noise, one could harness
the memory as a resource for tasks such as information
storage or coherent quantum feedback. A particularly
intriguing question is whether certain classes of non-
Markovian dynamics are inherently more advantageous
for specific quantum information tasks and how HOQOs
can uncover such advantages. Addressing these problems
not only advances our understanding of open system
dynamics but also has practical implications for develop-
ing fault-tolerant quantum technologies and memory-
enhanced quantum computation.

Many-time quantum physics. Higher-order quantum
operations also provide a powerful framework for explor-
ing many-time physics and the intricate dynamics of
complex quantum processes. A fundamental question
concerns the relationship between these dynamics and
phenomena such as thermalization, equilibration, and
ergodicity. While traditional approaches often focus on
the long-time behavior of systems under specific assump-
tions (e.g., weak interactions or large environments),
HOQOs offer a way to analyze and quantify how temporal
correlations behave across multiple timesteps. For exam-
ple, it would be interesting to determine how process
tensors can encode and distinguish between ergodic and
non-ergodic behaviors, shed light on the conditions under
which a system reaches equilibrium, and witness devia-
tions from thermalization.

Another challenge is efficiently simulating complex
dynamics, particularly in regimes where the dynamics
are highly correlated or driven by intricate interactions.
While many simulation techniques rely on simplifying
assumptions to make such problems tractable, HOQOs
enable a way to incorporate these assumptions directly
into the model. This approach could make simulations
more efficient by leveraging the natural temporal struc-
tures present in the dynamics, such as periodicity or
symmetry. Exploring how assumptions like approximate
Markovianity or specific interaction patterns affect the
computational complexity of simulating many-time proc-
esses is a promising direction for future research.

The ability of HOQOs to learn properties of complex
dynamics also opens up exciting avenues. By employing
quantum combs to analyze experimental data, one could
infer hidden characteristics of an open quantum process,
such as the presence of conserved quantities, emergent
symmetries, or dynamical phases. A significant open
question is how to optimize this learning process: What
are the most efficient measurement strategies for
extracting information about complex dynamics using

042001-107



TARANTO, MILZ, MURAO, QUINTINO, and MODI

PRX QUANTUM 7, 042001 (2026)

HOQOs? Similarly, can process tensors help identify
universal features of dynamics, such as signatures of
chaos or localization, in a way that generalizes across
different systems? Addressing these problems would
deepen our understanding of multitime phenomena in
the quantum realm and provide new tools for investigat-
ing their behavior.

These directions underscore the potential of HOQOs to
act as a bridge between the theoretical and experimental
realms, offering practical insights into the behavior of
systems that are otherwise challenging to describe with
traditional methods. Their application to many-time quan-
tum physics has the potential to reshape our understanding
of how complex dynamics emerge and evolve.

Causality and quantum foundations. As we have
discussed, HOQOs also provide a versatile framework
for investigating the fundamental principles of causality in
quantum mechanics and their implications for quantum
foundations. One intriguing direction is the study of causal
structures beyond traditional circuit diagrams, such as
routed circuits or general acyclic graphs. Conventional
circuit models presuppose fixed causal orders, but
HOQOs—especially those involving quantum processes
in superpositions of causal orders (e.g., the quantum
switch)—challenge these assumptions. A key open ques-
tion is whether routed circuits or other related frameworks
can offer a more natural or complete description of
causally indefinite processes. Addressing this could help
elucidate how HOQOs generalize classical notions of
causality and provide insights into their potential physical
realization.

Another exciting avenue is the simulation and charac-
terization of causally indefinite quantum processes. While
the quantum switch is a well-studied example of indefinite
causal order, its full range of applications and generaliza-
tions remains under-explored. For instance, can HOQOs
simulate more complex causally indefinite scenarios that
go beyond two input operations, and what computational
or physical resources are required for such simulations?
Furthermore, determining the fundamental limits of infor-
mation processing and control within these settings
remains an open challenge. Exploring these questions
could have far-reaching implications for quantum com-
munication and computation in scenarios where fixed
causal structures are no longer appropriate.

Lastly, HOQOs provide a rigorous starting point for the
exploration of acausality as a resource in quantum proto-
cols. For example, under what conditions does causal
indefiniteness provide a genuine advantage, and how can
it be quantified or harnessed in practical settings? This
relates to broader foundational questions, such as whether
causality is an emergent property of quantum systems or a
fundamental aspect of their description.

By pushing the boundaries of traditional causal models
and exploring their quantum generalizations, HOQOs offer

a unique perspective on the foundations of quantum
mechanics. These tools not only challenge classical intu-
itions about cause and effect but also provide a fertile
ground for developing new theoretical and experimental
approaches to quantum information processing.

Characterization and experimental demonstrations.
Regarding the characterization of complex quantum proc-
esses, several challenges remain in developing efficient and
experimentally feasible tools for this purpose. A critical
open problem is advancing multitime quantum process
tensor tomography, the task of reconstructing the full
process tensor that captures the dynamics of a quantum
system over multiple timesteps. While existing methods
provide a theoretical blueprint, they often suffer from high
resource costs due to the exponential scaling of required
measurements with the number of timesteps and the Hilbert
space dimension. Developing more efficient reconstruction
techniques—such as those leveraging sparsity, symmetries,
or prior knowledge about the dynamics—remains an urgent
goal. The integration of adaptive protocols, where inter-
mediate measurement outcomes guide subsequent choices,
could significantly enhance efficiency and scalability.

Another open challenge is extending these characteri-
zation tools to noisy or incomplete data regimes. Practical
experiments are often hampered by noise, finite sampling,
and other imperfections, which can obscure the
reconstruction of processes at hand. HOQOs could be
harnessed to design robust tomography methods that are
resilient to such imperfections, for instance, through noise-
aware algorithms or Bayesian approaches that incorporate
error models. Additionally, defining appropriate error
metrics for reconstructed multitime processes and under-
standing their implications for process validation and
benchmarking are important tasks for bridging the gap
between theory and experiment.

A related open avenue is the use of HOQOs for on-
the-fly tomography of dynamic processes. Traditional
approaches to characterizing quantum systems typically
assume static conditions (e.g., identical and independently
distributed samples), but many scenarios require adaptive
strategies to deal with more complex situations. In prin-
ciple, process tensors can facilitate such real-time
reconstruction of time-dependent dynamics, enabling effi-
cient characterization of complex systems under minimal
assumptions, although the precise details are yet to be
demonstrated.

Further directions involve experimental demonstrations
of complex, temporally correlated quantum processes.
While some experiments have successfully demonstrated
specific higher-order quantum operations, realizing more
intricate process tensors in the laboratory is a largely
untapped frontier. This requires addressing practical chal-
lenges such as maintaining coherence across multiple
timesteps, controlling environmental interactions, and
scaling up the number of accessible quantum states and
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operations. Exploring how HOQOs can be realized in
cutting-edge platforms—such as superconducting qubits,
trapped ions, or photonic systems—while optimizing
experimental overheads is a vital step forward.

Lastly, the validation and certification of experimentally
reconstructed process tensors represent another critical open
question. How can we ensure that a reconstructed process
tensor accurately reflects the underlying physical dynamics,
especially when it exhibits complex temporal correlations?
Addressing this requires developing rigorous, efficient tools
for comparing reconstructed processes with theoretical
predictions or other experimentally reconstructed tensors.
By tackling these challenges, the application of HOQOs to
characterizing complex quantum processes can significantly
advance both the foundational understanding and practical
capabilities of quantum technologies.
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