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Simulating open quantum systems is an essential technique for understanding complex physical
phenomena and advancing quantum technologies. Some quantum algorithms simulate Lindblad dynamics
exponentially accurately, i.e., they achieve logarithmically short circuit depth in terms of accuracy, but
they need to coherently encode all possible jump operators with a large ancilla consumption. Minimizing
the gate and ancilla counts while achieving such a logarithmic scaling in accuracy remains an important
challenge. In this work, we present two randomized quantum algorithms for simulating general Lindblad
dynamics with multiple jump operators aimed at an observable estimation that achieves a circuit depth
with not only logarithmic scaling in accuracy but also either partial or complete independence from the
parameters specifying the Lindbladian. This is based on a novel random circuit compilation method that
leverages dissipative processes with only a single jump operator, leading to the proposed methods using
minimal ancilla qubits—4 + [ log, M in the first case and seven in the other, where each single jump
operator has at most M Pauli strings. In addition, we numerically demonstrate the practical advantage over
existing approaches by providing a detailed analysis of the required gate and ancilla counts. This work
represents a significant step toward making open quantum system simulations more feasible on early fault-

tolerant quantum computing devices.
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I. INTRODUCTION
A. Background

Analysis and simulation of open quantum systems [1-5]
are indispensable for understanding complex quantum
phenomena found in many-body systems, including trans-
port in boundary-driven systems, transient dynamics,
and thermalization. It can also be used for synthesizing
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quantum systems having useful functionalities in the
framework of reservoir engineering [6,7], and moreover
for devising noise mitigation techniques in quantum
computation [8]. Such studies are usually based on the
Lindblad equation or Gorini-Kossakowski-Sudarshan-
Lindblad equation [9,10]

d . £ i1
d—[; = L(p) = —i[H.p] + ) (Lkak - E{LZLM})
k=1
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where H and {L;}X | are the Hamiltonian and jump
operators of a target system, respectively.

Quantum computation offers a promising approach
for simulating open-system dynamics [11]. This is par-
ticularly important for many-body systems with higher
spatial dimensions, where classical simulation methods,
such as tensor networks, become computationally
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demanding [12-14]. In such settings, even the estimation
of physically relevant observables can already be hard for
classical methods, and this difficulty is expected to arise
not only in asymptotically long-time dynamics but already
in comparatively short-time dynamics [15]. This highlights
the need for efficient quantum algorithms for Lindblad
simulation.

There are several efficient approaches to simulate the
Lindblad equation via unitary dynamics of quantum com-
putation, based on Trotter-type decomposition [16-22],
vectorized Lindblad equation [23-25], and sample-based
simulation [26,27]. Some studies [24,28-31] focus on
observable estimation rather than state preparation because
physical information of interest, such as state populations,
can often be revealed via observable estimation without state
tomography. These works need the first-order depth scaling
O(T?/¢) in accuracy (meaning the simulation error) e;
moreover, they typically require a large sampling overhead.

In contrast, advanced approaches [32-34] achieve a
logarithmically shorter circuit depth with respect to the
accuracy for state preparation, as in the case of closed
systems via the state-of-the-art methods for Hamiltonian
simulation (HS) [35-37]. However, they need to simulta-
neously encode all possible jump processes in a quantum
circuit, via the linear combination of unitaries (LCU)
method followed by oblivious amplitude amplification
(OAA), leading to a large consumption of ancilla qubits
and complicated controlled operations. Very recently,
Ref. [38] introduces a HS-based method achieving Q-th
order approximation without OAA, while it still requires a
large amount of ancilla qubits in addition to a highly
accurate simulation of a dilated Hamiltonian comprised of
an exponentially large number of terms O(KQ).

On the other hand, recently, the importance of reducing
ancilla qubits has been demonstrated in various quantum
algorithms [39-44], especially in the early stage of fault-
tolerant quantum computers (FTQC), where only a limited
amount of quantum resources is available. In addition, in
the context of Hamiltonian simulation, recent studies have
explored the trade-off between the circuit depth and the
number of ancilla qubits while maintaining the exponen-
tially high accuracy of FTQC algorithms [35-37.45].
Some of these algorithms [40,46—48] achieve only a
few or even zero ancilla qubits, by sacrificing the optimal
scaling in time. However, for open quantum system
simulations, only limited attention has been paid to
improving space complexity while guaranteeing high
accuracy. This is possibly because it is challenging to
achieve both the reduction of ancilla qubits and boosting
the simulation accuracy for non-unitary dynamics with
advanced coherent techniques. Note that we may use near-
term quantum algorithms [49-51] that work with fewer
ancilla qubits, but they typically require a large sampling
overhead to achieve an accurate simulation, leading to
longer end-to-end runtime. Therefore, significant progress

in reducing space overhead, together with high accuracy
and constant sampling overhead, has yet to be achieved.

B. Summary of results

In this work, we present two quantum algorithms for
estimating the physical properties such as expectation
value Tr[Op(1)] of a given observable O with respect to
p(1) evolved by Eq. (1), rather than preparing the full state
p(t): the main algorithm (Theorem 2) and its extended
version (Theorem 3). Given a Hamiltonian H and jump
operators {L;}f& | specified by N, -qubit Pauli strings
{ij} as

m M
H = Zaojpoj, Lk = Zaijkj, (2)
j=1 j=1

for ap; € R, ap; €C, our algorithms require O(||0||*/¢?)
samples from a set of quantum circuits that are all with the
logarithmic depth O(log(1/¢)), for a given estimation
error e. Furthermore, the number of additional ancilla
qubits is only 4 + [ log, M| (Theorem 2) for the number of
Pauli strings M of each single jump operator in Eq. (2); this
required ancilla count is minimal-size to exactly (block)
encode a single jump operator in a circuit. Our ancilla
count depends solely on M, whereas other proposals
[24,32,38] have the dependence of M, K, & or Nq.
Table I presents the explicit gate complexities (as a
detailed breakdown of the circuit depth), the ancilla qubit
requirements, and the sampling overhead, which is defined
as the multiplicative overhead in the number of shots
relative to the standard sampling cost O(||0||?/&?). The
total time complexity is obtained as the product of the gate
complexity, the sampling overhead, and the standard
sampling cost. Notably, while the gate complexities of
Refs. [32,38] have a better scaling in ¢, our gate complexity
(Theorem 2) can be significantly smaller than the previous
methods; this is mainly because it does not depend on
either K or the number m of Pauli strings in the system

Hamiltonian. Moreover, if we allow for O(#*) scaling in
time ¢, the remaining M-dependency in the ancilla/gate
counts of our algorithm can be further removed, achieving
the complete independence from (m, M, K) together with
the logarithmic accuracy scaling (Theorem 3).

In particular, the independence from K offers a signifi-
cant advantage for open systems with large K; e.g., in the
presence of collective decay, K scales exponentially
regarding the number of system qubits N [52]. A similar
independence of the parameter m can be found in random
compilers for closed systems such as qDRIFT and sub-
sequent studies [40,53]. Although very recent randomiza-
tion approaches for Lindblad simulation in Refs. [52,54]
have similar features, they do not achieve the logarithmic
gate complexity for e.
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TABLE . Gate complexity, additional qubit requirements, and sampling overhead for Ny-qubit Lindblad simulation algorithms for
the rescaled simulation time 7 = #[| £|| ,,,;; and accuracy . The Hamiltonian and the jump operators, specified by Eq. (2), consist of m
and M Pauli strings, respectively. Here, K denotes the number of jump operators, and ¢, kK > 0 are integers. The sampling overhead is
defined as the multiplicative overhead in the number of shots relative to the standard sampling cost O(]|O||?/€?). Our algorithms
achieve the gate complexity O(log(1/¢)) for e, together with the significant reduction of the qubit requirements. Furthermore, the gate
complexity in Theorem 2 is independent of K and m, and that in Theorem 3 is independent of K, m, and M. In the complexity estimate
for Ref. [38], we assume that the method uses an optimal Hamiltonian simulation for block-encoded Hamiltonians [45], which could be
improved with more efficient block encoding techniques. Ref. [24] and our work mainly focus on the expectation value estimation. The
sampling overhead of Ref. [24] is not comparable to the others, as it requires additional tomographic sampling. The worst-case gate

complexity is presented for probabilistic algorithms.

Algorithm

Gate complexity

Additional qubits Sampling overhead

Channel LCU [32]
Higher order HS (gth order) [38]

Randomization [52]

2

OEM)

Vectorization (k-local) [24]

Our work (Theorem 2)
Our work (Theorem 3)

O(rlog((z/e€)) K*poly(m. M))
O(z((z/e)) V9 K4poly(m. M))

O(époly(l(, M, m)k*4k)
O(7*(log((7/e)) + Mlog M))
O(z*log*((7/e)))

O(log((¢/¢)) log (*%1)) !
Q(qlog((m + M)K)) 1
O((z/¢e)logM) 1

Ny +1
4 + [log, M] e?
7 e?

Beyond the asymptotic parameter scaling in Table I, our
numerical analysis in Sec. III provides explicit fault-
tolerant resource estimates in terms of both T-count
(and T-depth) and ancilla count. In Sec. III B, we show
that these improvements are not merely asymptotic, but
already translate into clear practical advantages over
previous approaches in realistic parameter regimes. In
Sec. III C, we further connect fault-tolerant resource
estimates to physically motivated benchmark tasks in
open-system settings that are expected to be classically
challenging, demonstrating that our algorithm can access
physically meaningful open problems with realistic exe-
cution-time estimates and clear resource advantages over
prior quantum algorithms.

C. Comparison to prior works

In this work, we focus on reducing the number of ancilla,
while pursuing a better scaling in the gate complexity
regarding as many parameters as possible. Consequently,
our algorithms (Theorem 2 and Theorem 3) achieve the
following features at the same time: (1) exponentially short
depth O(log(1/¢)) for accuracy &, (2) small number of
ancilla qubits, (3) both the gate count and the number of
ancilla are independent of m and K (and further M for
Theorem 3). Here, we present the comparison of the gate
and additional ancilla requirements with most related works
in Table L.

Compared with the fully fault-tolerant algorithms
[32,38], our algorithm (Theorem 2) significantly reduces
ancilla qubits, and achieves better scaling of ¢ and the
parameter independence of (m, K) in the gate complexity,
by sacrificing the scaling of the rescaled time 7 « . We
justify this trade-off through the numerical analysis in
Sec. III B.

Compared with the recent randomized algorithm that
aims to remove the parameter dependence [52], we
significantly improve the depth scaling and ancilla qubits
for €, keeping the parameter independence of m and K.

Compared with the observable estimation algorithm that
employs the transfer matrix formulation [24], we improve
the depth scaling of ¢ and avoid the large tomographic
sampling cost.

Lastly, we give some remarks. Our algorithm
(Theorem 3) uniquely attains the (m, M, K) independence

in both gate and ancilla requirements with O(z*) depth
scaling. Also we note that our algorithm is universally free
from exp(O(N,)) gates and classical computation for
circuit synthesis, unlike the previous methods, e.g., [29,30].

D. Technical contributions

Our algorithms are based on Taylor expansion of the
dynamical map e’ via the transfer matrix representation
of superoperators (i.e., a linear map on the space of linear
operators) [55,56]. Notably, we naturally expand the sum
of the Hamiltonian H [Eq. (2)] and K dissipation proc-
esses, with the help of the matrix representation. Then, we
write the Taylor expansion as a linear combination of
superoperators, each of which is composed of at most
O(log(1/¢))-th power of minimal components; i.e., a
single Pauli rotation and a single jump process, by
truncating the Taylor series. Note that, although each of
the minimal components can be prepared at a cost
independent of m and K, the total number of components
is prohibitively large. To avoid this issue, which can be
interpreted as the curse of dimensionality, we employ
Monte Carlo sampling that randomly compiles super-
operators according to their coefficients. The coefficients
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must be rescaled on the total norm for random sampling,
which introduces an additional sampling overhead.
However, naive Taylor expansion does not support the
random sampling because the total norm exponentially
diverges as (), leading to an exponential sampling over-
head. One of our main contributions lies in the discovery of
the new decomposition of e’“ that enables the random
compilation by suppressing the norm, whose value can be
close to one, without compromising the advantages (i.e., the
exponentially fast convergence) of Taylor expansion. In
addition, each component in the decomposition can be
efficiently and exactly simulated on circuits without dou-
bling the target system qubits, by the new techniques
introduced below and in Secs. Il A2 and IT A 3.

We introduce two key developments to realize the algo-
rithm. First, to suppress the norm of coefficients in the Taylor
expansion, we develop a method to simulate the dissipative
process on a quantum circuit that is an improved version of
the method via LCU combined with OAA invented by
Ref. [32]. The previous method can also compress the norm,
but it introduces approximation errors that would deteriorate
the circuit depth. Our improved version allows for the
exact simulation of dissipative processes thanks to an error
recovery operation. Also, this method requires only the
minimal-size ancilla qubits for a general single jump process,
given by at most 3 + [ log, M| qubits.

The second development is a new framework connect-
ing quantum circuits with a matrix representation of
superoperators. The decomposition via the transfer matrix
representation yields the superoperators that are generally
not even completely positive (CP) maps. Simulating such
superoperators on quantum circuits remains nontrivial. We
establish an effective simulation formalism for superop-
erators using quantum circuits without doubling the target
system qubit size, while the transfer matrix formalism
usually introduces an extended ancilla system with the
same dimension as the target system [23,24]. This for-
malism allows us to effectively simulate an exponentially
accurate Taylor expansion of the transfer matrix of '~ on
the circuits.

These two discoveries are not merely components of the
algorithm for simulating Lindblad dynamics but are
powerful techniques with broad applicability to the sim-
ulation of CP maps and superoperators. Furthermore, the
first error recovery ideas can be applied to general CP
maps including approximated unitary channels. The sec-
ond new formalism of superoperators offers a systematic
translation from the transfer matrix into quantum circuits,
with the least qubit cost. The formalism bridges the
transfer matrix-based superoperator design and its imple-
mentation on quantum devices, providing a new insight for
developing algorithms based on the transfer matrix.

Finally, we can concatenate the random compilation to
further remove the remaining M-dependence. The remaining
M-dependence comes from exactly encoding jump operators

L, into the circuit to realize the desired dissipation. Instead of
the direct encoding, we can use the randomized Hamiltonian
simulation by taking the real and imaginary parts of L, as
Hamiltonians; this achieves an M-independent approximate
(but highly accurate) encoding due to the randomness. Then,
we can concatenate this alternative encoding and the random
compilation of Lindblad dynamics via the technique of
quantum singular value transformation [45], leading to the
complexities (Theorem 3) at the bottom of Table I.

II. MAIN RESULTS

A. Decomposition of e~

We first provide a theorem giving an exact decomposi-
tion of the dynamical map e’ in the form of a linear
combination of generalized Hadamard-test circuits { VNVU};
each circuit is illustrated in Fig. 1. In the theorem, the upper
bound of the total coefficients, Eq. (4), is essential to realize
an efficient random compilation for the observable estima-
tion task. Theorem 1 is a core idea to derive our algorithms.

Theorem 1. Let £ be an Ng-qubit Lindblad super-
operator with a Hamiltonian H and jump operators
{L,}f, that are specified by Eq. (2), and let |||y =
2(ag + 2_f ap) for ay =Y ;|- Then, for any > 0
and any positive integer r > #||L|| ;> there exists a linear
decomposition

e (2) =D Trane[(Xane ® DW,(|4) (+ane ® *)] 3)

VES
for some indices set S, real values ¢, >0, and
(Nq + 1)-qubit completely positive trace non-increasing
(CPTN) maps {W,}, such that

2 2
S e, < Al @)

veES

Furthermore, for any v, the (N + 1)-qubit CPTN map )7\),}
can be effectively simulated by a quantum circuit on the

CPTN map

+)anc —T .’
20 ' IR

|0) — 10) —

FIG. 1. Quantum circuit of sampled )7\/@ for simulating the
decomposition of ¢’* in Theorem 1. The colored blocks denote
unitary gates, which can be constructed from the input model.
The mid-circuit measurement and qubit reset allow us to simulate
the CPTN maps V~Vb by the quantum circuits. The quantum
register |0) contains at most 3 + [log, M] qubits.

sl

Oor1
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(Ng + 1)-qubit system and additional (34 [log, M1)-
qubit ancilla system with mid-circuit measurement and
qubit reset.

The constructive proof of Theorem 1 is provided in
Appendix B 1. In the following, we introduce some key
techniques for this proof (Secs. I A 2 and II A 3) and then
provide a sketch of the proof (Sec. II A 4).

Before proceeding to that, we here briefly introduce
the framework of the transfer matrix of superoperators
[55,56], which greatly simplifies involved calculations
for the higher powers of superoperators. We follow the
convention that treats any N, -qubit operator A as a
column-stacking 4"s-dimensional vector |A). Under this
notation, a general superoperator £ can be written as a
4Na x 4Na matrix S(€), which is often called the transfer
matrix of £. For instance, for a superoperator A * B', we
have S(A*B") = B ® A, where B denotes the entrywise
complex conjugation of B. Also, we often use the fact that
S(@' o @) = S(®')S(P) for any superoperators ® and P'.

In particular, the following type-(A, B) superoperators
are crucial components in our decomposition:

(A) Completely positive trace non-increasing (CPTN)

maps

(B) Convex combinations of asymmetric forms U« V'

with (possibly distinct) unitaries U and V.
For simplicity, we refer to a type-(B) superoperator
composed of asymmetric forms e?Pes Q" for some
0eR and P,Q€{l,X,Y,Z}® as an asymmetric
Pauli mixture.

1. Taylor expansion of the transfer matrix of e~

We here derive a preliminary expansion of the dynami-
cal map et [Egs. (7)—(10)], which gives the starting
point for proving Theorem 1. The expansion clarifies
the motivation to introduce the following techniques in
Secs. A2 and IT A 3.

In the transfer matrix framework, the Lindblad equation
Eq. (1) can be written as

d
—1|p) = Glp), 5
3 7) = Gled (5)
where G = S(L£) is the transfer matrix of £
G=—-il®H+iH" ®1
- 1 | [
+Z (Lk ® Ly _51 ®L}:Lk _ELsz ® 1)'
=1
(6)
Also, the transfer matrix of e’“ is given by ¢“. By

expanding the r-sliced propagator (/"¢ via the Taylor
expansion, we obtain a preliminary decomposition

21
et/nG — E]: %Z;, GZZG/, (7

where G’ :=1® 1+ tG/r(20+ 1). Then, defining a :=
200+ Y, a7 and 7,:=at/r(2l + 1) for simplicity, we
expand G’ into the sum of the following terms for
k=1,2,....K:

2

27T T
ak 7] LkLk LkLk
—+£38(By) —— , 8
a{ ( kl) 4 a% ® a% ( )
—it;H  it;H"
@<2.1®1+1®’L+”Z—®1>, ©)
a a a

where By, is the CP map of the simplest dissipative
operator defined as

Bu() = \/T—li_:. <\/r_lﬂ>

(273
il il T
TILkLk TlLkLk
— e(1-2 .o
(-342)- (3% o

Toward the equality Eq. (3) satisfying Eq. (4), it is
crucial to find an exact linear decomposition of G’ with
type-(A, B) superoperators such that the norm of coef-
ficients scales as 1+ O((t/r)?) Ref. [57]. Below, we
provide such a decomposition for the dissipative process
S(By;) in Sec. IIA2 and then describe how to simulate
the resulting superoperators with quantum circuits in
Sec. IT A 3.

2. Exact and efficient simulation of dissipative process

We need an exact and efficient simulation of the
dissipative process S(By;) with a single jump operator
in Eq. (10). Then, more generally, we here derive Lemma 1
for the exact simulation of CP maps.

To exactly simulate the CP map B;;, we cannot use the
standard method for general quantum channel implemen-
tation [32] that relies on the LCU for channels followed by
OAA. This is because the method provides an (explicit)
quantum circuit to effectively simulate a CPTN map
B(@prox) that only approximates a target CP map B when
it lacks the trace-preserving property.

To overcome this difficulty, we develop a new technique
for the exact simulation of general CP maps, by specifying
and further eliminating the error of the OAA procedure,
i.e., the error between a target CP map B and the CPTN
map B(approx)‘

Lemma 1. (Exact decomposition of general CP maps).
Let B=)_, B, B} be a CP map for B,=>¢c,Uy,
(u=1,2,...), each of which can be written as a linear
combination of unitaries {U,;} with positive coefficients

{cui}. Suppose that ZM(Z,»C,,,-)2 < 4 holds. Then, for a
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Hermitian operator D (||D|[, < 1) such that

> BiB,=1+6D
Y2

holds for some 6 > 0, we can exactly simulate the
following CPTN map B(@P% by using a quantum circuit
constructed from {c,;} and (controlled) {U,;}:

rox 5
B(app )(-) = ;B;; o (BL)T,BL = Bﬂ <1 —ED). (11

Furthermore, if we know that D can be described as a
convex combination of unitaries, then the difference,
which we call the correction superoperator,

R := B — 3(approx)

can be decomposed into a type-(B) superoperator up to the
following normalization factor:

Cy = <5+‘Z—2) [; (Zicm)z} (12)

This lemma can be directly proved by Lemma 5 and 6 in
Appendix B 2. Importantly, the correction type-(B) super-
operator R/C, can be effectively simulated by the method
in Sec. IT A 3. As a result, we have an exact decomposition
of a target CP map BB with the superoperators that can be

simulated on quantum circuits:
C
Bapprox) 4 0 R) . (13)

1+CyCy

1
B(1+C°)X(1+C0

By using this expression, we can effectively and exactly
simulate a target CP map 53 on quantum circuits. That is,
we can estimate Tr[OB(p)] for any initial state p by the
following procedure: (i) select B@P%Y) or R/C, with
probability 1/(1 + Cy) or Cy/(1+ Cy), (ii) apply the
selected operation to p, (iii) measure the output state by
O, and (iv) multiply 1 + C, with the measurement output.

The efficiency of the decomposition is determined by
the normalization factor 1 + C,,, which corresponds to the
sampling overhead to effectively simulate a general CP
map B. In fact, in the procedure below of Eq. (13), 1 + C,
increases the variance of the observable estimation; see
also the discussion around Eq. (26). From the definition of
Cy in Eq. (12), we can efficiently and exactly simulate a
general CP map when the factor 6, which indicates how the
target map is close to a CPTP map, is sufficiently small.
Actually, our target map By, in Eq. (10) is a good example
of this efficient implementation, as follows.

Lemma 1 allows us to simulate Bj; with the help of
random sampling of correction superoperator R;;. That
is, we construct a superoperator R;; to recover the

approximation error such that
By = B £ Ry, (14)

holds. Here, we know that D = a;*(LL;)? is a convex
combination of Pauli strings from the direct calculation.
Importantly, while R, is generally not a CP map, it can be
written as an asymmetric Pauli mixture up to a normali-
zation factor of the order § = O(z7). As aresult, we have a
linear decomposition of Eq. (8) with a small sum of
coefficients

o 2

% +o@). (15)
using the exactly simulatable type-(A) superoperator
B,(sppmx) and asymmetric Pauli mixtures (in type-(B)).

Finally, we mention a quantum circuit Uy; for realizing

the CPTN map B,(;pprox); this circuit can be obtained from
the standard method [32] (or see Appendix B2 for the
circuit diagram). The circuit Uy, has at most O(M log M)
depth and 3 + [log, M| additional ancilla qubits beyond
the target system. In addition, Uy, satisfies

B (p) = 1 % T, [[1U4(10) (0] @ ) U]

+0x Trg, [ (1= UL (10)(0] ® p)U, |
(16)

for any p, where Trg; denotes the partial trace over all

the qubits except for the target system, and O=1Q®
|0)(0|®> oMl @ [ and |0) = |0)®3+[22 M1 Thus, by
multiplying measurement outputs by 0 or 1, we can exactly
simulate the CPTN map B,

3. Linear combination of superoperators

After substituting Eq. (14) into Eq. (7), we can rewrite
e'6 = (el/7)9)" as a linear combination of (the transfer
matrix of) superoperators W, . Here, each VW, can be written
as a composition of type-(A, B) superoperators; please take
aquick look at the first few paragraphs of the proof sketch in
Sec. [T A4. Even when the linear combination of super-
operators »_, ¢, )V, is determined, its circuit simulation
remains nontrivial, particularly for type-(B) superoperators
e.g., U * V', Although we could obtain | UpV)) by applying
V ® U to |p)), this approach requires (2N,)-qubit system
and non-trivial final measurements with sampling overhead
[24]. To avoid large space and sampling overheads, we need
to establish an effective simulation protocol for super-
operators YV, by using quantum circuits without doubling
the target system qubit size.

Here, we introduce a formalism to simulate super-
operators, thereby ensuring that the superoperators of
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our interest can be simulated by quantum circuits with a
minimal number of ancilla qubits. When we have a
composite map W, of type-(A, B) superoperators, by
adding a single ancilla qubit, we introduce a map VNVU on
the Ny + 1 qubits

< . [ Ao Aol * Wv<A01)
W (AIO An)'_)(jonOJ(Alo) * 7

a7

where A;; == (i],ncA|j)ane With an ancilla state |j),,., and J

is an anti-linear map that 7: A — A", We can construct

such W, from W, by the following simple replacement:
i. for type-(A), the CPTN map @(¢) is replaced
with Z,,. @ @,
ii. for type-(B), >, p;U;* Vf is replaced with the
mixed unitary channel ) ; p,U; where U; is defined
by the unitary

|0><0|anc ® Ui + |1><1|anc ® Vi' (18)

Obviously, U; is implementable in quantum circuits
even though U, * VlT is not. The translation is summarized
in Table II. _

Using the translated superoperators WV, we provide a
circuit simulation protocol of the linear combination of
superoperators (LCS) >, ¢, W, as follows.

Lemma 2. (LCS, simplified). Let {W,} be composite
maps of type-(A) and type-(B) superoperators, and {c, } be
positive values, such that > ¢, W, is a Hermitian-
preserving map, ie., Jo (D> ,c,W,)oT =>, c,W,.
Also, let )7\/,, be a CPTN map obtained from W, by the
aforementioned replacement of type-(A) and type-(B)
superoperators. Then, we can simulate the linear combi-
nation of superoperators » ., ¢, W, by

TABLE II. Translation rule from type-(A, B) superoperators
into quantum circuits. The top (bottom) line represents the
ancilla (system) qubit(s).

Superoperator Circuit diagram
(A) CPTN map B A

,1
(B) Convex combination of 7 Q \

asymmetric forms b

ZipiUi.Vj

;cywm
=Tanc[xam® (ZcW> ) (+ane ® )}

(19)

A more general statement and its proof are deferred to
Proposition 2 in Appendix B 3. It allows us to simulate
LCS {W,} by quantum circuits specified by {W,} via
Eq. (19). For clarity, we mention the simplest version of
this lemma. That is, we can simulate any Hermitian-
preserving map ® = >, p;U; * V,T with distinct unitaries
U;,V, and probability p;, by using the quantum circuits
{U;}. This can be confirmed by

x  UpV!
= éZPi( . o )
i V,‘,OUI *

1 * (p)
_2<joq)oj(p) . > (20)

O(|+)(+] ® p)

Note that the simple case can be generalized for
maps without Hermitian-preserving property, by effec-
tively measuring (X — iY),,. instead of X,,. as stated in
Proposition 1 in Appendix B 3.

To conclude, we highlight the utility of the formalism.
This formalism provides a quantum algorithm for simu-
lating LCS, which can be described as composite maps of

(A) CPTN maps and (B) convex combinations of U; * V.
The composite maps are general and can express a wide
range of tasks, for example, the randomized approach for
Hamiltonian simulation [46].

4. Sketch of the proof

Now, we are ready to prove Theorem 1. Figure 2
provides a schematic overview of the proof.

Sketch of the proof. We aim to have the decomposition
of Eq. (3) through that of e’C on the extended space. As the
first step, we decompose e’C as a linear combination of
(the transfer matrix of) superoperators }V, that can be
written as a product of type-(A, B) superoperators. Then,
we translate the composite map W, into the form T - -]
of Eq. (3).

We focus on the preliminary decomposition Eq. (7) of

e\"/")G and provide decompositions of G and G’ which
consists of Egs. (8) and (9). We can represent G /|| L|| 1
as an asymmetric Pauli mixture, from the assumption

of the access model (2). Equation (8) can be written by

the type-(A) superoperator B, (@Y and asymmetric

Pauli mixtures, using Eq. (14). As for the decomposition
of Eq. (9), we can apply the decomposition method
for Hamiltonian simulation in Refs. [40,46], which
provides
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(. Taylor series . (il Derive LGS form of et/ R
(tG/r)?
16 _ (le = > (/MG _ Z (t(gl")) Pl
\_ v’ exponentially accurate truncation %/ l 7\‘
(iii. LCS form )| | Probabilistic sum of minimal di-ssipations Bul | G
¢ = chS(W,,) Env - Bi +(B; +.+.+.+--.
! A3

N\ v J
|

LCS simulation (Lemma 2)
W, = W, ]
i - E Exact simulation of By (Lemma 1)

v’ no doubled system v upper bound of norm

! 4 N

iv. Gircuit expression Type (A e

CPTN Maps 10y —

v minimal ancilla

Type (B)

e.g. Pauli mixture P ® Q

6“:(.) = ZCuTranc[(Xanc ® I)WU(H') <+|a.nc ® .)]

FIG.2. A flowchart for the derivation of Theorem 1. (i) Expansion of the Taylor series of the transfer matrix eC that can be truncated
exponentially accurately. (ii) Decomposition of Eq. (7) into type-(A, B) superoperators. For simplicity, the figure shows the flowchart
for the dissipation part only. First, we can find the convex combination of minimal dissipative processes 5;; by Eq. (8). Then, using
Lemma 1 for the circuit simulation of By, we obtain type-(A) superoperators. All other terms including those from Hamiltonian
dynamics can be described as type-(B) superoperators. (iii) The desirable linear combination of superoperators >, ¢, S(WV, ), obtained
by repeating e"/?)G. W, is a composite map of type-(A, B) superoperators. (iv) Translation of LCS form 3_, ¢,S(W,) into the circuit
expression Eq. (3). Lemma 2 provides the translation protocol.

11+1Q®—

Q

iTlH 0
m ve —
=/1+ 1-12 Z@ 1® e—i&,sgn(ao_,-)Pol,-’ 210

— Qo

j=1

u+0@»)sewm (23)

where 7 = #[|L|| ;- Thus, we have Eq. (4).

In the final step toward obtaining Eq. (3), we con-
struct the CPTN map W, on the Ng+1 qubits from
each superoperator W,, via the translatlon rule in
Table II. Then, we complete the proof of Eq. (3) by
directly using Lemma 2. Here, we note that e'* =
S, oW, and et = Joe*oJ from the Hermitian-
2a 2a reservin roperty of ¢’£, thereby satisfying the
a I+ T% - a (1+ O(le>) (22) Essumptlfn gf Lpemilna 2. Y e

To simulate the (N, + 1)-qubit CPTN map W, we need
to introduce additional 3 + [log, M| qubits. This addi-
tional qubits are required for quantum circuits Uy, in
Eq. (16), obtained from the standard method [32], to

effectively simulate the CPTN maps B, (approx) - Thege
additional qubits are measured by the computatlonal basis

where 0, := arccos({1 + 72}~1/2). By applying the sim-
ilar decomposition for the term of 1®1+
(it,H" /ay) @ 1, Eq. (9) with the normalization factor

can be written as a type-(B) superoperator with asym-
metric forms of 1® U or V® 1 with some Pauli
rotation gates U and V.

Therefore, combining the above results together with
Eq. (7), we arrive at a linear decomposition of e("/7)¢

with composite maps of type-(A, B) superoperators. This
immediately leads to a linear decomposition of ¢’® as ¢'¢ =
>, c.S(W,) for some indices v, ¢, > 0, and composite
maps W,. Since the norm of coefficients in the decom-
position scales as 1 + O((¢/r)?) in Egs. (15) and (22), the
upper bound of the sum of coefficients is obtained as

in the middle of the entire circuit and then reset for the

next By, . Performing a classical post-processing on
the flnal outputs in order to drop an unnecessary part of the
CPTP process by unitary circuits [see Eq. (16)], we can

(approx)

effectively realize CPTN maps )7\/1, using the circuits
illustrated in Fig. 1. [
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5. Gate complexity and logarithmic circuit depth of WV

In Theorem 1, the complexity to simulate a target open
system is well reflected by that of WW,, which can be
effectively simulated on a quantum device. The additional
space overhead and the total gate complexity for each

circuit for W, do not depend on either the number m of
Pauli strings in a Hamiltonian H or the number K of jump
operators, while the collection of W, recovers the full
dynamics e’*. This parameter independence is attributed to
the primitive type-(A, B) superoperators forming each W,
in our decomposition; each superoperator is clearly inde-
pendent from m and K. For the type-(B) superoperators,
the independence is evident. For the type-(A) superoper-
ators, Lemma 7 in Appendix B2 provides the explicit
circuit construction and detailed resource analysis of
B,(jppm). The dominant contribution arises from encoding
the jump operator L;, which requires O(Mlog M) gates
using LCU. As a result, the gate complexity of our type-
(A) superoperators depends solely on M.

Toward developing a practically effective algorithm for

estimating the expectation value Tr[Op(7)], let us discuss

the maximal circuit depth for WW,. The decomposition (3) is
attributed to the Taylor series expansion Eq. (7); the CPTN

map W, contains 2/ sequential applications of the mixed
unitary channel, which may result in a large depth circuit
without any truncation. However, the Taylor expansion is
exponentially accurate with respect to the truncation order
Q, meaning that we only need circuits with

B log(r/A)
=Q= 0(m

to achieve accuracy A/r for each segment. Therefore, we
have a finite subset S, of S satisfying the following
properties: (i) Eq. (3) holds up to error A, and (ii) the circuit
depth for W, is O(rQ) = O(rlog(r/A)) for all v €S,. In
addition, we can efficiently sample the explicit circuit for W,
according to the distribution proportional to ¢, for v €S,;
see Algorithm 2 in Appendix C. With these preliminaries, we
now describe our main algorithm in what follows.

) — Ollog(r/8))  (24)

B. Quantum algorithm for expectation
value estimation

Here we derive a first algorithm (Theorem 2 and
Algorithm 1). Our quantum algorithm for estimating
Tr[Op(t)] works as follows. First, we randomly generate
a quantum circuit from the set {17\/1,} according to the
probability distribution {c,/C}, where

C=Y csd eyl )

vE S veS

The sampled circuit contains (possibly multi-round)
mid-circuit measurement with binary outcome(s)

ALGORITHM 1. Estimation of Tr[Oe'*(py)]

Input: Hamiltonian H and jump operators {L; }X_, specified by
Eq. (2), observable O with the spectral norm || O], initial state
Po, additive errors &, and simulation time ¢ > 0.

Output: An estimate @y that is e-close to Tr[Oe'*(p,)] with a
high probability.

1: Set the number of time segments r < [2[[£[]2 ;7*].

2: Calculate the constant C given by Eq. (25) with

A < O(¢/]|0]]), by Algorithm 2 in Appendix C.

3: Set the number of samples N < O(C?||0]]?/€?).

4:for i =1to N do ~

5:  Get a quantum circuit V; by running Algorithm 2.

6: Measure X, ® O on the circuit with W, in Fig. 1 and
obtain a measurement outcome (bg?, b((;), b(i)).

7: end for o

8: return An estimate ¢y = (C/N) >V, b;)bg)ébm’o.

b €{0, 1} and qubit reset for realizing the CPTN property

of W,. Then, running the quantum circuit with the
initial state |4)(+|,,c ® po followed by the measurement
for observable X,,. ® O at the end of the circuit, we
record measurement results (by, bo) and a collection of
mid-circuit measurement outcomes b = (b, b,,...)
(b; €{0, 1}). By repeating the above procedure N times
independently, we calculate the average of the obtained
results as

CIN (),
on = NZ b bS8y, (26)
i=1

where i denotes the trial index; this quantity serves as an
estimator for Tr[Op(r)]. Note that the CPTN map is
effectively realized by dropping an unnecessary part of
the CPTP process by the quantum circuit, through the
classical post-processing of &) ¢; see the end of the sketch
of proof for Theorem 1.

Using the construction of ¢y, we prove the existence of
a quantum algorithm to achieve our goal in the following
theorem.

Theorem 2. For any Hamiltonian H and jump operators
{L;}K_, specified by Eq. (2), there exists a quantum
algorithm that estimates the expectation value of an observ-
able O for the N -qubit Lindblad dynamics Eq. (1) with the
use of additional 4 + [ log, M| ancilla qubits, where M is
the number of Pauli strings contained in a single jump
operator L,. For given additive error ¢, J, and simulation
time ¢, this algorithm outputs an e-close estimate for the
expectation value with at least 1 — & probability, using
O(||0|* 1og(1/8)/€*) samples from the set of quantum
circuits such that their gate complexity is

log([|0]J</e)
O<f2<loglog<||onr/e>*M“’gM))’ &7
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where 7 = [|£]| ;7. Importantly, the gate complexity is
independent of m and K.

The sketch of the proof is as follows; see the full proof in
Appendix C. The estimator ¢, for the true expectation
value has a bias of magnitude at most A|O|, where
||O|| denotes the operator norm of O. Thus, taking
A = O(g/|0||), we conclude that

N =0(C?||0]*10g(1/5)/€) (28)

samples are sufficient to assure that ¢y has an additive
error ¢ with a high probability due to Hoeffding’s inequal-
ity. Here, the factor C represents the sampling overhead in
the proposed algorithm, because our problem can be
solved by O(||0|*log(1/8)/€?) calls of some quantum
algorithm that directly prepares p(¢) (when we use no
amplitude estimation). The sampling overhead C, which is
upper bounded as Eq. (25), is controllable in our method
by adjusting the circuit depth or equivalently the time
slicing r. In particular, we can make C = O(1) by taking

r = O(||£]]2,#°)- Therefore, this choice of r combined

with Theorem 1 (more precisely, the truncated version of
the decomposition) completes the proof of Theorem 2.
Summarizing the above discussions, we arrive at our
solution, Algorithm 1, for probing the physical properties
of the Lindblad dynamics. Note that we have focused on
expectation value estimation in the discussion, it is note-
worthy that the proposed Lindblad dynamics simulation is
not limited to observable estimation, but can also be
applied to other tasks such as the estimation of non-linear
functions of the final state. See Appendix F for details.
Note that the gate complexity is based on the worst-case.
To evaluate the average-case gate complexity, two sources
of randomness are considered. One is a random compi-
lation of Hamiltonian simulation [Eq. (8)] or dissipation
[Eq. (9)] according to the dissipation intensity, and the
other is the order of approximation /. The first randomness

governs the O(Mlog(M)) term, and the second one

log(||O]jz/¢)
loglog([[O|z/¢)
Particularly, if the jump intensity is low, the average gate
complexity can be significantly reduced by avoiding more
costly implementation of the dissipation. We will provide
numerical examples in Sec. III C.

governs the term in our gate complexity.

C. (m,M, K)-independent Lindblad simulation

The remaining M-dependence in both gate and ancilla
counts can be removed at the cost of worsening the scaling
of 7 and log(1/¢) polynomially in the gate count. The
M-dependence comes from the deterministic implementa-
tion using Uy [see Eq. (16)] for the selected single

dissipation B,(;ppm). However, this is not a unique way

to simulate the dissipation in our algorithm. Indeed, to
prove Theorem 1, it is sufficient to have a linear map Y,
that maps

(Aoo A01> N ( * ngpmx)(f‘m))
Ay An B,(Sppmx) (Ao) *
(29)

Making use of the degree of freedom, we may remove
the M-dependency in our algorithm.

The key technique removing M-dependency is the
randomized Hamiltonian simulation [40,46], which is
equivalent to our case when L; — 0. We take the real
and imaginary parts LE'I /ay of L/ as the Hamiltonian.
By taking the time slicing 7/, the time evolution of L/,
ie., e (lwi/a)!" can be effectively simulated by circuits
with the sampling overhead at most 27 only a single-

ancilla qubit (denoted by anc), and O(r') gate complexity,
which is independent of the number of terms M in L,.
Here, the simulation time ¢ for the Hamiltonians Ll,j’l /oy is
taken as ¢ = 1/2 in the following and differs from the
target time ¢ for the Lindblad simulation.

By combining the randomized Hamiltonian simulation
for Ll,j’l/ak and quantum singular value transformation
[45], we can construct a mixed unitary channel that
approximately simulates Eq. (29) with the sampling over-
head < e©Uoe(1/€))/7” for the approximation error ¢. This
mixed unitary channel acts on a 7-ancilla-qubit system
(including the single-qubit for anc) and has the (non-
Clifford) gate complexity O(r'log(1/¢’)); see Lemma 14
in Appendix D. The gate and ancilla counts are now
independent of M due to the randomization for L,/a;
(more precisely, Ll,j’l /o).

Algorithm 1 still returns the estimate for the target
expectation value, after replacing all Uy, in the circuit
sampled in Algorithm 1 with the mixed unitary channel
followed by the multiplication of the additional sampling
overhead. As a result, by carefully choosing the additional
parameters & and r/, we can prove the following theorem.

Theorem 3. ((m,M, K)-independent Lindblad simu-
lation). The same problem as Theorem 2 can be solved
by using O(||O||*1log(1/8)/e*) samples from a set of
quantum circuits that use 7 ancilla qubits and have the
gate complexity

SEELEN
loglog([[0]]</¢))

where the prefactor hidden in O(- - -) is independent of all
parameters in (m, M, K).

The proof is provided in Appendix D; the 7* scaling
comes from the concatenation of the randomized tech-
niques. Several Lindblad dynamics for example, thermal
simulation [58] and open systems with quasi-local
jumps [59] may have a significantly large M with the
norm || £|[,,,; being bounded. In such cases, our entirely
randomized algorithm offers a further reduction in gate
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counts compared to the algorithm in Theorem 2. We leave
for future work the detailed comparison with existing
works in gate counts for such highly complicated dis-
sipative systems.

III. NUMERICAL SIMULATION

Here, we provide three types of numerical validations:
the dynamics simulation to validate the algorithm, gate
complexity analysis to reveal the utility of the algorithm
(Algorithm 1 or Theorem 2), and benchmarking in more
practical and classically challenging setups.

A. Dynamics simulation

The tested instance is a two-level system with decay,
described by the following Hamiltonian and the jump
operator:

5. Q X—ivy
H=-°7_>x L=
247 2% VI——

(30)

where 0, Q, and y are the detuning, the Rabi frequency, and
the emission rate, respectively. This model is simple but
well-studied [24,23]. We apply the proposed algorithm for
the Lindblad dynamics defined by Eq. (30), and the
observable O :=|0)(0|, which corresponds to the state
population of the excited state.

The results of the numerical simulation are shown in
Fig. 3. Through the demonstration, the numerical results
are obtained by Qiskit density matrix simulation.
Figure 3(a) shows the comparison between the simulation
output and an exact solution obtained by QuTiP [60,61]. It
can be verified that our results are in good agreement with
the exact solution.

Furthermore, Fig. 3(b) shows that the total norm C, which
corresponds to the output of Algorithm 2, can be maintained
at a constant by an appropriate choice of the number of
segments r, where we set r = max[[2]|L||2,,;#*], 1]. This
indicates that we need only a few overhead (~1.4) for the
rescaling of the sample mean. In addition, it can be seen that
the sampling overhead is much smaller than the upper
bound shown by Theorem 1. It means that we can expect
further cost reduction from the theoretical bound for
practical setups.

B. Gate complexity analysis

As summarized in Table I, the gate complexity of our
algorithm (Theorem 2) offers better scaling with respect to
all parameters (e, K, m) except for 7z, compared with the
efficient previous works, channel LCU [32] and Hamiltonian
simulation-based algorithm [38]. Consequently, there are
parameter regions where our algorithm outperforms the prior
works. The key interest is identifying the parameter regions,
as well as examining which approach is likely to be more

effective in practical problem settings. In this section, we
numerically investigate these regimes.

For the numerical analysis, we introduce two common
instances: (i) a dissipative one-dimensional transverse
field Ising model (TFIM), and (ii) a two-dimensional
Fermi-Hubbard model (FHM) with the two-body loss.
TFIM is described by the following Hamiltonian and
jump operators:

Hrpv = _JZZiZi+1 - hZXi,
i=1 i=1

X —1iY

Lrpvi = \/?7%, (1)
where n is the number of sites, J is the nearest-neighbor
coupling, / is a transverse field, y is a decay rate, FHM
is described by the following Hamiltonian and jump
operators:

Hpgy =—J Z (C,T,acj.a + C;,aci,a) + Uzni,ani.ﬂ’
(i), i,a#p

Lenm ke = chk,(xck.ﬂ,

P

(32)

where c; , and czg are fermionic annihilation and creation
operators at site i on a square lattice with the length /n,
and for the spin state 6 =1,---,5.n;, :cfﬁciva is a
number operator. Z@ j denotes summation over the
nearest-neighbor pairs i, j. Let J and y be the hopping
amplitude and the two-body loss rate, respectively. The
parameters are summarized in Table III.

We investigate the gate and ancilla qubit requirements
for simulating the two instances. Figure 4 illustrates
the 7- and e-dependence of the requirements for the
channel LCU [32], HS-based algorithm [38], and ours
(Theorem 2). Here, we calculate the number of costly
logical gates (i.e., T gates) as the gate count; a detailed
setup for the numerical results and a further analysis are
provided in Appendix E. From Figs. 4(a) and 4(b), we
observe distinct scaling behavior of these methods
with respect to &; our method provides an exponential
advantage for the accuracy over the first order HS-based
algorithm. Furthermore, Figs. 4(e) and 4(f) show that in
the wide z-regime below the crossing points around
7z~ n x 10* = 10°, our method achieves the lower gate
requirement than that in the channel LCU. Also, we
can find the great ancilla qubit reduction from Figs. 4(c)
and 4(d); our algorithm requires only a small constant
number of ancilla qubits. Note that the two instances we
examined restrict the ability to take advantage of ran-
domization in our method, since all components of the
Hamiltonian and the jump operators are equally weighted.
Thus, we expect further advantage in the gate counts for a
more realistic setup such as molecules as observed in
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Numerical simulation of the two-level system with the decay. (a) The comparison of the excited state population between the

exact solution and the simulation by the proposed algorithm. The exact solution is obtained by QuTiP, and the simulation is obtained
with Qiskit density matrix simulation. The error indicates the absolute error between exact and simulation for the single experiment on
the right axis. For simplicity, we directly sampled B#P%) instead of OAA circuits. (b) The total norm C with respect to yz.C is less
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simulation setup.

gDRIFT [53]. Also, in the two instances, the number of
jump operators K scales linearly in the system size n. In
such cases, the polynomial dependence on K of the
previous works directly translates into a higher-order
dependence on the system size n. Hence, K-independent
scaling of our algorithm has a substantial impact on the
scalability in n.

The observed advantages of our method become impor-
tant when implementing it on early FTQC devices, which
are still limited in both the total number of executable gates
and the number of available logical qubits. From Fig. 4,
reaching the crossing point requires around ~10'° gate
operations. For larger or more complex systems, which are
often of greater practical interest, the number of required
gate operations to reach the crossing points grows sub-
stantially; also see Appendix E. In addition, implementing
the channel LCU algorithm typically requires on the order

of 10% logical ancilla qubits in addition to the system
register. When FTQC devices are first introduced, they are
expected to be small-scale in terms of both gate count and
logical qubit capacity. For such early FTQC devices, our
algorithm offers a practical and viable option.

TABLE III.  Algorithm parameters for n-site TFIM and FHM.
We assume s = 2 in FHM. For the implementation of fermionic
operators, the Jordan-Wigner transformation is employed.

Parameters 1D-TFIM 2D (y/n x \/n)-FHM
m 2n 12n

M 2 4

K n n

L pauii 2([J1+ [~ +7)n 2(8[] + [U] +7)n
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FIG. 4. T-gate counts and additional ancilla qubit requirements of our algorithm of Theorem 2 (this work in red),
(CLCU in blue) [32], and first order HS-based (HS in green) [38] for simulating n-site TFIM and FHM. Since || £||,i; o 1, we employ
7/n as a horizontal axis instead of 7. We set parameters (n,7/n) = (10%, 10?) for (a—d), and (n, &) = (102, 10~) for (e-h).
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C. Benchmarking

We now connect our circuit complexities to two con-
crete and physically relevant setups. The first setup is a
dissipative system with two-body loss, which is specified
by the same Lindbladian Eq. (32). This is inspired by a
cold-atom experiment on short-time transient dynamics
[62]. The second setup is a boundary-driven dissipative
system, recently used as a benchmark for searching the
metal-insulator transition material [63]. Below we show
that, within a realistic execution time, our algorithm can
access physically meaningful quantities in dissipative
many-body systems that are expected to be classically
inaccessible, while offering clear resource advantages over
previous quantum algorithms.

1. Dissipative systems with two-body loss

For the benchmarking, we revisit the Fermi-Hubbard
model with two-body loss analyzed in Sec. III B. This
numerical analysis is inspired by a cold-atom experiment
[62]. Ref. [62] investigates the one-dimensional (1D)
Fermi-Hubbard model with two-body loss, and observes
the dynamics of the number of particles. The correspond-
ing Lindbladian is the 1D version of our benchmarking
model in Sec. IIIB, given by Eq. (32). The target
observable is the total number operator N =), , n;, =
Doia c;ac,;a. The experimental result in Ref. [62] demon-
strates that after an initial fast transient dynamics, (N)(¢)
becomes a constant value, showing a discrepancy from a
simple constant-rate model. Then, a numerical fitting for
this experimental result is validated by numerical simu-
lations of the 1D Lindblad dynamics.

Our quantum algorithm can simulate the dynamics
of (N)(z) in a similar setting. While Ref. [62] considers
the 1D system with ~10* sites, we here analyze the 2D
system with 10? sites as one of the natural extensions of
the experimental setup, in mind that simulating a 2D
Lindbladian can be a hard task for classical computation
as we will discuss in Sec. IV. Although the experiment
itself is performed in 1D, the physical mechanism respon-
sible for the rapid suppression of the time variation of
(N)(t) after the initial transient dynamics is essentially
local, and therefore a similar behavior is naturally expected
also in 2D. Therefore, we consider the same simulation
timescale (Jt =7.6~2U/J) as that studied in the 1D
experiment, while noting that the precise relaxation
behavior may differ in higher dimensions. The remaining
physical parameters for simulation are summarized in
Table IV (a), which are equivalent to those of Ref. [62].

For this task, we evaluate the gate and ancilla require-
ments in Table IV (c). Our algorithm requires 1.1 x 1013 T
gates and 6 additional ancilla qubits, compared to 9.7 x
10" T gates and 518 additional ancilla qubits for the
previous channel LCU approach with almost linear
r-scaling [32]. Therefore, this example demonstrates that

TABLE 1V. Benchmark results for spin—1/2 fermionic dis-
sipative systems on a 100-site lattice. (a), (b) The physical
parameters for simulating the dissipative systems with two-body
loss (TBL) and the boundary-driven dissipative system (BD),
defined by Eqs. (32) and (33). The units J = 1 and #p,,, = 1 are
applied. (c), (d) The resource requirements for simulating TBL
and BD. (e) T-count (T-depth) requirements. The baseline
corresponds to the results in (c) and (d). Each row, except for
the baseline, includes all optimizations listed above. The T-depth
is reported only in the final line; this may be further improved,
for instance, by exploiting locality. Assuming a T-gate rate of
1 MHz, each shot takes approximately 1.1 h for TBL and 6.1 h
for BD, respectively.

(a) Parameters for TBL.

Parameters Values
u/J 3.8
r/J 1.1
Jt 7.6
€ 107!
(b) Parameters for BD.

Parameters Values
U/ thcp 6.7
Y/ Thop 1
Thop/ Thop —0.15
thopt 36
£ 107!

(c) T-count and ancilla qubit requirements for TBL.

Algorithm T-count Additional qubits
Our work (Theorem 2) 1.1 x 1013 6
Channel LCU [32] 9.7 x 10 518

(d) T-count and ancilla qubit requirements for BD.

Algorithm T-count Additional qubits
Our work (Theorem 2) 2.2 x 10™ 5
Channel LCU [32] 2.4 x 101 580

(e) T-count or T-depth after successive optimizations.

T-count (T-depth)

Assumption TBL BD

Baseline (Theorem 2) 1.1x 102 22x10"
+ (1) Optimized single-jump circuit 1.3 x 1012 4.4 x 10'3
+ (2) Average-case assumption 1.4 x 10" 3.6x10"?
+ (3) Efficient rotation synthesis 3.8x10°  22x10'°

our algorithm enables the simulation of transient dynamics
in experimentally relevant regimes that are expected to be
challenging for classical simulation (see Sec. IV), while
achieving a clear computational gain over the previous
approach [32].
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2. Boundary-driven dissipative systems

Reference [63] proposes a benchmark task of simulating
the 2D Fermi-Hubbard model with the boundary dissipa-
tion to study the metal-insulator transition [64]. Notably,
the boundary-driven dissipative system, which is coupled
to different baths at the edges, itself contains a rich set of
open problems for open quantum systems [65], including
the transport properties of steady states. Hence, we here
focus on this benchmark task as another physically
motivated task in open quantum systems.

We evaluate the explicit gate and additional qubit
complexity of this benchmark task proposed by Ref. [63].
Specifically, the benchmark setup utilizes the following
10 x 10 square lattice Fermi-Hubbard model with annihi-
lation and creation operators on opposite edges of the
lattice:

Hgp = _Zti.j(czacj-a + C;GC"’“) + Uzni'“ni’ﬁ’

e i,a#p
. - \/770 ra Kkon left edge
PP rek, Kon right edge, 53

where the hopping 7; ; includes the nearest-neighbor terms
(t; j = thop) and next-nearest-neighbor terms (7; ; = t{lop),
and all other terms are zero. a = 1, 2 denotes the spin state.
By simulating this Lindbladian until the system reaches
its steady state, one measures the local part of the
Hamiltonian, the particle density, and the current operator
at some region of the system. These measured quantities
can be used for estimating the physically relevant proper-
ties such as the electric field and the conductivity [63].
Here, it may not be necessary to simulate the dynamics
until the steady state, when the expectation value con-
verges in an earlier time.

The resulting requirements and the corresponding
parameters are summarized in Table IV (d) and (b). In
particular, we assume a target accuracy & = 107!, and
simulation time fy,,f = 36, which are given by Ref. [63].
Our algorithm requires only 2.2 x 10'* gates and a mere 5
additional ancilla qubits. In contrast, the channel LCU
approach [32] requires 2.4 x 10! gates and 580 ancilla
qubits. In this setup, we demonstrate the advantage in both
gate and ancilla requirements over the previous work [32].

Finally, we mention the classical hardness of this
benchmark task. As we will discuss in Sec. IV, simu-
lating 2D dissipative systems is generally considered
unattainable with classical simulation techniques [15].
Also, Ref. [63] notes that, while 4 x 4 grid simulation
has been done classically via exact diagonalization, the
10 x 10 grid is large enough to avoid inappropriate finite
size effects but is too large for classical approaches.

3. Further gate reduction

Table IV (c) and (d) present the baseline complexities
evaluated by our cost model described in Appendix E 2.
This baseline comparison is performed under a common
and uniform resource estimation framework, so that the
advantage reported in Table IV (c¢) and (d) reflects a fair
comparison between algorithms. Beyond this, however,
our algorithm has an additional practical benefit: our
circuit structure Fig. 1 is much simpler than those of
previous approaches with sophisticated multiple ancilla
uses (e.g., see Fig. 19 in Appendix E 2). Because of this
simplicity, standard circuit-level optimization techniques
can be incorporated much more directly. This circuit-level
optimization cannot be applied to all methods directly, as
such simplifications become substantially harder or non-
trivial when the underlying block encodings and multi-
qubit controlled operations are complicated.

Specifically, by exploiting this simplicity, we can directly
use the techniques of (1) optimized implementation of a
single-jump process, (2) assumptions based on average-
case estimation, and (3) improved rotation synthesis. Here,
we recall that our circuit is a gate sequence in which each
step is randomly chosen to be either a single-jump process
or a single Pauli rotation. Thus, the first two techniques are
naturally incorporated. Also, the minimal ancilla usage of
our algorithm justifies the third technique requiring a small
additional ancilla system. As a result, these techniques
provide a further reduction of our total T-gate count (depth)
to 3.8 x 10° for the dissipative system with two-body loss,
and 2.2 x 10'° for the boundary-driven dissipative system;
see Table IV (e). Assuming a T-gate rate of 1 MHz, the
T-depth directly translates to execution times of approx-
imately 1.1 and 6.1 h, respectively. The detailed description
is provided in Appendix E 3.

IV. CONCLUSION AND DISCUSSION

We presented a randomized quantum algorithm for
estimating the physical properties of the general Lindblad
dynamics, which has (1) an exponentially short circuit
depth O(log(1/¢€)) to achieve an accuracy ¢, (2) a nearly
constant ancilla qubits 4 + [log,(M)], and (3) the inde-
pendence from m and K in the circuits. Further concatenat-
ing the randomization, we can remove the remaining
M-dependence in both gate and ancilla counts, resulting
in a Lindblad simulator having the independence from all
(m,M,K) in gate complexity. As demonstrated in the
numerical analysis, this algorithm has a potential to reveal
undiscovered physical phenomena even with early-FTQC
devices. We also would like to emphasize the importance of
newly developed techniques for superoperator simulation,
such as the translation method of transfer matrices and
the exact CP map simulation via OAA together with the
recovery operation. Actually, they are widely applicable
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techniques for many problems beyond open system
simulations.

Our algorithms improve the scaling with respect to the
Lindbladian parameters and the target accuracy, while
their scaling in the simulation time 7 is not linear.
Nevertheless, the independence from the Lindbladian
parameters can still make the overall cost smaller in
physically meaningful regimes, especially when the sim-
ulation time is not too large relative to the parameter-
dependent overheads. Such regimes include, for example,
the computation of (i) transient observables and (ii) steady-
state properties in rapid-mixing systems. As we discuss
below, these tasks are not only physically relevant, but can
also be classically challenging even at comparatively short
simulation times.

In higher-dimensional open systems, the classical hard-
ness of computing physically relevant quantities is sup-
ported both theoretically and practically. On the theoretical
side, Ref. [15] shows that, estimating the expectation
values of time-evolved local observables in geometrically
local 2D open systems can be classically hard. On the
practical side, tensor network methods, which are one of
the most powerful classical tools for many-body simu-
lation, face significant challenges in general simulation
tasks, as the spatial dimension increases [12,13]. Conse-
quently, the classical methods will exhibit a large gap in
computational hardness between 1D systems and higher-
dimensional systems. This is in contrast to quantum
algorithms, including ours, whose qubit and gate complex-
ities depend only weakly on the spatial dimension of the
underlying lattice.

Relatively short-time quantum simulation is relevant
not only for transient dynamics, but also for extracting
steady-state properties in rapid-mixing systems. In gen-
eral, extracting steady-state properties may require a long
simulation time. However, this is not the case for important
systems exhibiting fast-relaxation or rapid mixing, for
which the simulation time required to access steady-state
properties can remain independent of or scales only
logarithmically with system size n. Moreover, Ref. [15]
explicitly includes the estimation of fixed-point expect-
ation values of rapidly mixing local observables in 2D
systems as a classically hard target. The rapid mixing is
also important from the viewpoint of many-body physics.
For local observables evolved under spatially local
Lindbladians, rapid mixing implies a well-defined thermo-
dynamic limit in the steady state; this makes the estimation
of such thermodynamic-limit local observables a natural
and physically meaningful computational task [15]. At the
same time, whether rapid mixing occurs is itself a non-
trivial question. In this sense, the short-time quantum
simulation may be used as a probe of rapid mixing.

In rapid-mixing systems, Theorem 3, stating that the
gate complexity is independent of Lindbladian parameters
(m, M, K), becomes particularly attractive. This is because

the practical relevance of Theorem 3 would emerge in
tasks with complicated Lindbladians, such as dissipative
ground state [66] and Gibbs state preparation [58,67] for
rapid-mixing systems including higher-dimensional physi-
cal models [68]. The construction makes the resulting
Lindbladian complicated, and its fully coherent implemen-
tation with nearly linear time scaling is not necessarily the
best option in all parameter regimes, especially when the
required simulation time is short or intermediate due to
rapid mixing. Although the engineered jump operators in
those works have a slightly different form from our access
model, our algorithm can likely be adapted to these cases; a
detailed cost analysis remains an important future direction.

Another important direction is the further improvement
of gate complexity shown in Theorem 2. A natural
next step would be to achieve the higher-order scaling
O(t'*1/Plog(1/€)) while keeping the small ancilla
requirements independent of K and m. However, con-
structing efficient higher-order schemes for Lindblad
dynamics is nontrivial, unlike the product formula in
unitary dynamics, and likely requires new conceptual
advances. Furthermore, it is also highly nontrivial to
construct an algorithm that simultaneously achieves scal-
ing O(t'*1/7log(1/€)) and independence of the system
parameters such as (m,M,K). Even for the case of
Hamiltonian simulation, no algorithm is currently known
to achieve these properties simultaneously.

An interesting question is the relationship between our
algorithm and the formulation via stochastic Schrodinger
equation (SSE) [69], a widely applicable stochastic sim-
ulation method for open quantum systems. In fact, our
algorithm also uses stochastic applications of unitary or
jump operations to simulate the Lindblad master equation.
However, our dissipative process is not physical unlike the
case of SSE, because it is described as the composition of
the minimal dissipation Bj; and (possibly non-physical)
superoperators U ¢ V1. Exploring the connection to SSE
could offer some physical interpretation of our algorithm
and thereby enable improvement of it in both implement-
ability and computational complexity perspectives.

Note added. Shortly after we submitted our first preprint
paper on arXiv, Yu et al. [70] proposed a Lindblad
simulation algorithm for observable estimation, with a
logarithmically short depth and constant number of ancilla
qubits. The fundamental difference to our method is that
they rely on Trotter decomposition and subsequent error
compensation. While Trotter decomposition introduces the
dependence on the number of terms including the number
of jump terms K and the Pauli counts in Hamiltonian m in
gate complexity, our work eliminates the dependence on
those two important factors by entirely random compila-
tion derived from Taylor expansion of e’~; this desirable
feature is of particularly advantageous for large systems.
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APPENDIX A: PRELIMINARY

1. Notation, norm, and vectorization

Let us consider a finite-dimensional Hilbert space H.
We write L(H) as the set of all linear operators on H,
which is also a finite-dimensional Hilbert space with the
Hilbert-Schmidt inner product, i.e., (A,B):= Tr[A"B]
for A,BeL(H). The Schatten p-norm of an operator
A€L(H) is defined as
VATA,

1Al = (Tr{JAP]) /7. |A]= pE[l, .

(AD)

When p = oo, this norm corresponds to the operator
norm of A, denoted by ||A||. In particular, for two operators
A,BeL(H) and parameters p,g€[l, 0| such that
1/p + 1/q = 1, the Holder’s inequality holds

1B, < [[All,[1Bll,- (A2)

Under the same assumption, the following matrix
Holder’s inequality also holds [71]:

[Tr[A"B]| < [|All,[IBIl,- (A3)
For a given superoperator £, which is a linear map

acting on the space of operators L(H), we define the
induced 1 — 1 norm [72] as

L(A
L]l ioy = sup LIy (A4)
A

ceLmazo Al

It is clear from the definition that ||[£'o L], <
I1£]l15111£]l;—; holds for any superoperators £ and L'.
Especially, the 1 — 1 norm of completely positive and
trace-preserving (CPTP) maps satisfies the following
property.

Lemma 3. For any CPTP map @, ||®|,_,; = 1 holds.

Proof. As shown in [72], for any CPTP map ®, the
supremum in ||®||,_, can be restricted to self-adjoint
operators as

[@l-1 = Sup
A€L(H).A=A" |A|,=1

@A) (AS5)

Observing that a self-adjoint A with ||A||; = 1 has the
spectral decomposition A =", 4;|v;) (v;| with Y. [4;| = 1,
we obtain

[P(A ||1<Z|/1|||<I> (lvi) (o)l

E m,.axTr[ (Joa) (0:D)] = maxTrlo,) (o =1,

vil)ll < max(|®

(A6)

where the first equality follows from the fact that
®(|v;){(v;|) > 0 due to the positivity of @, and the second
equality follows from the trace-preserving property of ®.
Especially, A = |v)(v| with a unit vector |v) attains
[|@(|v){v])]|; = Tr|v){v| =1 in the same way. Therefore,
the proof is completed. m

To distinguish operators and superoperators, we use the
italic font and a calligraphic font to denote them, respec-
tively, e.g., A is an operator and L is a superoperator. When
it is clear from the context, we omit the subscript I — 1 of
the norm || « ||,_,; for superoperators.

Throughout this work, we use vectorization to represent
operators in L(H) as vectors [55]. Specifically, taking an
orthonormal basis {c,}, in the Hilbert space L(H), the
vectorization (with respect to the base {c,}) maps any
operator A € L(H) to a vector |A)), as

ZTr 1A]|a),

A |A), = (A7)

where |a) is an orthonormal basis in a (dim H)? dimen-
sional Hilbert space. The inner product of vectorized
operators |A), and |B)), matches the Hilbert-Schmidt
inner product as

o

{B|AY, = Tr[BTA] = (B, A). (A8)
In this formalism, a superoperator £ can be written as a
matrix S(€) defined as

= ZTr[aj,g(Gp)”@ (Bl-

ap

(A9)

This matrix representation is often called the transfer
matrix of £ [56]. For instance, the expectation value of an
observable O with respect to a quantum state p evolved by
a superoperator £ can be written as
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Tr(0&(p)] = (OIS(E)lp) = (OIE(P)).  (A10)

We often use the fact that for any superoperators ®
and @' acting on L(H), S(® o ®’) = S(P)S(P’) holds. In
particular, we use the map from the orthonormal basis
|i)(j] in L(H) to |j)|i) = |j) ® |i) via vectorization, where
|i) is the computational basis of H. That is, we use the
column-stacking convention for vectorization. Then, we
can write (omitting the subscript of vectorization)

AY = AL = 1@ A1), (A1)

ij

where the vectorization [1)) of the identity operator 1
corresponds to the unnormalized maximally entangled
state

(A12)

1) = _lili).

For a superoperator &, its transfer matrix S(&) via the
column-stacking vectorization is given by

S(E) =D _(KEWDNGNIN 11| ® k)il

ij.kl

(A13)

2. Lindblad equation

In this work, we aim to estimate the physical properties
of (finite-dimensional) density matrices p(z) whose
dynamics is governed by the Lindblad equation or
Gorini-Kossakowski-Sudarshan-Lindblad equation [9,10]:

d

K

. 1

= L(p) = —ilH.p] + <Lk:0LZ - Z{Lsz’P})
P

(A14)

where H denotes the Hamiltonian of a target system, and
{L}X_, are linear operators on the target system. The
operators {L;} are called jump operators. The super-
operator L acts on the space of linear operators. In addi-
tion, the operation in the last term is an anti-commutator
ie., {A,B}:=AB+ BA for operators A and B. The
resulting superoperator e’“ generated by £ is a quantum
channel (i.e., CPTP map) for any ¢ > 0, where

(A15)

The superoperator L£4:= Lo --- oL is defined as ¢
sequential applications of £. We note that e’* satisfies
the semigroup property: for any #;, 7, > 0,

el o el — e(t2+t])L_

(A16)

Using the vectorization Eqgs. (All) and (A13), the
Lindblad equation can be written as

d
P lp) = Glp). (A17)

where G is the transfer matrix of the superoperator £
G=S(L)=—i1QH+iH"®1

K
_ 1 R
+) <Lk®Lk—51®L,;Lk—§L{Lk®1>.
k=1

(A18)

The matrix L, denotes the entrywise complex conju-
gation of Lj. Note that the solution of Eq. (A17) for an
initial state |p(0))) can be formally written as

X 14GY
where €% = Z o S(e'®).

(1)) = e“|p(0)). q!

q=0

3. Linear combination of unitaries (LCU)
and oblivious amplitude amplification (OAA)

Here we introduce two quantum algorithms: linear
combination of unitaries (LCU) [73,74] and oblivious
amplitude amplification (OAA) [75], which take crucial
roles in our method.

Let A:= ) " c;U; be a linear combination of unitary
operators {U,;}", with complex coefficients c;€C.
Without loss of generality, we assume c¢; > 0 because
the complex phase can be absorbed into U;. In order to
implement A, we use the following two unitary operations.
The first one, called PREPARE, encodes the positive
coefficients {c;}", as

m

PRE: [0) iy,
i=1 HcHl
where ||c||, denotes the L'-norm of the vector

c= (¢, ++,¢,), and |0) and |i) denote an initial state
and the computational basis in a [log, m]-qubit ancilla
system, respectively. The second one, called SELECT,
encodes the unitary operators U; conditioned by the
[ log, m]-qubit ancilla system:

SEL = Y _[i){i| ® U.
i=1

Using the two operations PRE and SEL, we can show
that the unitary operator
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W, :=(PRE'®1)-SEL-(PRE® 1) (A20)
implements the target operator A =) " ¢;U; as
Wl0)ly) = (A21)

el || 0)A) + |L,).

where |y) is an arbitrary system state. |Iy,> denotes an
unnormalized state that depends on |w) and satis-
fies (0| ®1-|L,) =0.

According to Ref. [32], the above LCU method can be
further extended to the implementation of a quantum
channel A() = >, A, * A}, where each operator A (k =
0,...,K —1) is given by a linear combination of unitary
operators as

Cri > 0. (A22)

m
Ay = E ki Ui
i=1

Using the LCU method, we can construct a unitary
operator Wy := W, satisfying Eq. (A21) for the operator
Ay, where the normalization factor ||c||, is replaced by
>, cxi- Now, we introduce an additional ancilla system P,
and define the following unitary operator:

> Ik (klp ® Wi (A23)
k

where {|k)p} denotes the computational basis set on P.
Also, we define the unitary operator Ugp preparing a
quantum state |[R) on the ancilla system P as

U0} = R}y : mz(&,)w

(A24)

Using the two operations Eq. (A23) and Ugp, we can
directly confirm that for any input state |y),

L® el (Z|k><kp ® Wk) Usco - 0%6/0) )
k

= ﬁzm ® Aly).
k iCki k

In particular, when {A,} are Kraus operators (i.e.,
S AJA; = 1), we can implement the quantum channel
A(lw) (wl) = S Aclw) (w]A] by measuring [0) on the
quantum state |0)p|0)[y) evolved by Uy p and Eq. (A23).
Note that we can also take the input state as an arbitrary
density matrix. The success probability for this implemen-
tation of a quantum channel is given by 1/ 2,3, cii)*

(A25)

To amplify the above success probability of the LCU
method for a quantum channel, we can use the quantum
algorithm called the oblivious amplitude amplification
(OAA) for isometries [32,45], as follows. Let U be a
unitary operator, and let I1 and IT be orthogonal projectors,
ie. M?=T =1 and T’ =TI =1I". In addition, we
assume that TIUTI takes the following form:

ot = /pw (A26)
with some p € (0, 1) and a partial isometry W (meaning
that WTW is a projection). Note that WW'W = W holds in
this case. We focus on the case of p = 1/4, which is
required in our method as explained later. In this special
case, the procedure of OAA is much simpler than the
general case as follows. Using two unitary operations
21T — 1 and 21T — 1, we have

UM — 1)U (211 = 1)U = 4/p>WWIW = 3,/pW

= 4/P =3VP)W =~
(A27)

where we used the property of partial isometry WW'W =W
in the second equality.

To clarify the effect of this amplification, we here give
an example. Assuming

S S
> (icw)? 2

we add a single-qubit register to the state on the left side of
Eq. (A25) as

(A28)

Ry|0> ® <Z|k><k|p ® Wk) UR.P . |O>P|0>‘l//>
B %|0> ® (;I’% ®[0)® Ak|l//>> FI). (A29)

where R, is a single-qubit rotation such that R,: |0)

(V2o (i er)?/2)[0) + /1= 324 (3o i) /4]1),  and
|L’) is an unnormalized quantum state satisfying

(0] ® (0| L") = 0. If we take the following U as the
unitary operator in Eq. (A26):

K-1
U=R,® (Z k) (klp ® Wk) Urp

(A30)

and set (assuming the Kraus operators {A; }X=) in {W,}
act on the n-qubit system)
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K—1 2"

=10)(0] @ L, @ [0)(0] ® 1= > " [0)(0] ® [k} (K| ® [0)(0] ® |u) (u
k=0 p=1
o

= 10)(0] ® [0)(0]p ® |0)(0] ® 1= " |0)(0] ® |0)(0p ® [0)(0] ® |1} {u

pu=1

|
then TTUII takes the form of Eq. (A26) with p = 1/4 and by measuring the other qubits in the computational

the isometry W defined as basis. This is because the probability of obtaining the
measurement result for |0) ® |0), or equivalently the
on _ oy . . I~ .
probability of projection onto I, is just 1
W= Z #|Axv)[0)[K)p[0) 1) (OI(O[p(O[ (x].  (A3T) N N
pet 0 U@ - 1)U (211 = 1)U0) |0)p(0) lw)]|*
= || = W[0)[0)p[0) [y) > = 1. (A34)

Here, we can directly check that W in Eq. (A31)
satisfies WIW =TI if {A,} are Kraus operators of a

quantum channel. Therefore, applying the following 4. Review of randomized LCU
unitary sequence involving the unitary operator U in

Eq. (A30):

for Hamiltonian simulation

In this section, we review a random-sampling imple-
mentation of a LCU decomposition for the time propagator
e~ [40,46]. First, we provide the decomposition for
e~'H! derived in [40], which is one of the key components
to the input state |0)|0)p|0)|y) for any n-qubit state [y), e of the proof of our main theorem. Let H = 5, a;P; with
can deterministically obtain the target quantum state Pauli strings P; and real coefficients a;, and let

a=>_;|a;|. Splitting the total evolution time ¢ into r
Z|k>P ® Arly) (A33)  segments, we expand each segment e~*"/” via the Taylor
k expansion as

Ul -1)Ut (2l - 1)U, (A32)

it N (SEHE/ )" I8 (—iHe /1) —iHt/r
=2 ln! =2 l(2k)! <I+2;c+l)

n=0 k=0
N (—iHt/r)* a; Cat/r
_;WZ a (I_’2k+1sgn(“">P">
= (—iH/ 1) e /7 ,
:;ﬁz a| <2Z > expl—ifysgn(a;) P, (A35)

where 6, = arccos({1 + (%)2}*1/ 2). At the last equality, we have combined the two Pauli gates / and P; into a single

non-Clifford gate. Note that the controlled version of e~?" for any Pauli string P can be implemented with a single-qubit
controlled rotation and multiple Clifford gates (CNOT gates). Furthermore, defining the probability distribution
pi = |a;|/a, we have

. _ r \2/H\?2
e—th/r_Z l(;;/ Z|al| <ZZI-/|- 1) <;> exp[—if;sgn(a;)P;]

k=0
w 2k
kz:; lat/ (222/; ) Zpl (Z pjsen(a)) 1> exp[—ifysgn(a;) P,]. (A36)

Thus, we obtain a LCU decomposition of the form e~/ =3 ¢, W, where c,, >0 and W,, are implicitly
defined through Eq. (A36). Moreover, it has been shown that the L'-norm of the LCU coefficient {c,,} is upper bounded
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by e(@/"” [40]. This scaling is attributed to the grouping
of a linear combination of two Paulis into a
single unitary in the final line of Eq. (A35), which
improves the corresponding L' norm from 1+ O(t/r)
to \/1+ O((t/r)*) = 1+ O((t/r)?). This improvement
critically reduces the total L'-norm. Therefore, we obtain
the LCU decomposition of e = (e¢="H!/")" that has the
total L'-norm at most e(@)?*/ " which can be summarized as
follows.

Lemma 4. (A slightly modified version of Lemma 2 in
Ref. [40]). Let H = Zj a;P; be a Hermitian operator that
is specified as a linear combination of Pauli operators with
a;€R. For any t€R and reN, there exists a linear
decomposition

e_th = Zkak

keS

for some index set S, b, > 0, and unitaries Uy, such that

> b < exp[<zi|a[|)2§].

kesS

For all k€S, the non-Clifford cost of controlled-U, is
that of r controlled single-qubit Pauli rotations.

Now, we briefly summarize key ideas of the randomi-
zation for efficient simulation of the LCU decomposition of
e Let U; and U; be independent random unitaries
following the distribution { p; = b;/b} withb =Y, .5 b;.
Then, the expectation value of an observable O can be
estimated with the expectation of the random unitaries with
the multiplier b>

(e ()

= b2zpipjTr<OUipUj') = bz[Ei,j[Tr(OUipUj')}

i.J

Observing the right hand side of the equation, we
randomly and independently sample U; and U; according
to the distribution {p;} and run the generalized Hadamard
test circuit (Fig. 5). Then, the sampling mean of the
measurement outcomes multiplied by b? serves as an
estimator of the expectation value of the observable.

As shown in the previous work [46], by appropriately
truncating the Taylor series, this estimation scheme

X®O0

FIG. 5. The circuit for the generalized Hadamard test. U; and
U, are the unitary operators randomly sampled.

requires O(]|O||*b* log(1/5)/€*) samples of the quantum
circuits with the depth at most O(a?#? log(at||0||/¢)), in
order to achieve an additive error ¢ of the final estimation
with at least 1—§ probability, where a:=> ||
Remarkably, the circuit depth achieves the logarithmic
dependence of e. The Hamiltonian simulation based on
the Taylor series, proposed by [35], also achieves the
logarithmic dependence of e together with a linear
dependence on t. However, this algorithm employs LCU
and OAA techniques with many additional ancilla qubits
and complicated multi-controlled operations. In contrast,
the randomized approach uses only one ancilla qubit
because it simulates the LCU with the help of random
sampling of multiple quantum circuits.

The randomized approach involves a trade-off between
the circuit depth and the number of samples. The factor b?
in the estimator increases the sampling cost because
the number of samples scales as O(]|O||*b* log(1/5)/€?).
In the Hamiltonian simulation with the truncated
Taylor series proposed in Ref. [35], the corresponding
L' norm of coefficients scales as e, leading to an
exponential increase in the sampling cost when the
randomized approach is employed. However, according
to Lemma 4, if r is chosen as r = O(a*#?), the sampling
overhead b* can be suppressed to O(1) with respect to
a and 1.

APPENDIX B: DECOMPOSITION OF ¢/

In this section, we prove Theorem 1 to derive the
decomposition of ¢’“. Subsection B 1 presents a compre-
hensive proof, while the essential technical components
are described in the subsequent subsections.

i. Subsection B 1 provides the proof of Theorem 1. In
the proof, we utilize Lemma 7, 10, 12 and the
framework described by Proposition 1, 2.

ii. Subsection B2 introduces a method to simulate
general CP maps. The method allows the exact and
efficient simulation for the dissipation. Lemma 5, 6
are the statements for general CP maps, and
Lemma 7, 10 are for the special case of our interest.

iii. Subsection B3 introduces a general simulation

framework for a linear combination of n-qubit
superoperators with a form of > c;U;* V,T using
(n + 1)-qubit quantum circuits. This framework is
well summarized in Proposition 1, 2.

iv. Subsection B 4 shows technical lemmas. In particu-
lar, Lemma 12 gives the upper bound of the norm of
the decomposition that we derive in Subsection B 1.

1. Proof of Theorem 1

Theorem 1. Let £ be an Ng-qubit Lindblad super-
operator with a Hamiltonian H and jump operators
{L}K_, that are specified by a linear combination of
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Pauli strings as

m
H = E aojpoj,
j=1

(BI)

M
L= E Py,
j=1

for some coefficients ay; € R, a;; € C. Also, let || L]| ;=
2(ag + 2 af) for ay =Y ;| Then, for any > 0
and any positive integer r > [|L|| i, there exists a linear
decomposition

tﬁ(.) = chTranc[(Xanc ® I)VVU

veS

() (Hane ® *)]
(B2)

for some index set S, real values ¢, >0, and
(N4 + 1)-qubit completely positive trace non-increasing

(CPTN) maps {W,} such that

S, < el

vES

(B3)

Furthermore, for any v, the (Ny + 1)-qubit CPTN map

W, can be effectively simulated by a quantum circuit on
the (Nq + 1)-qubit system and additional 3 + [log, M|
qubits ancilla system with mid-circuit measurement and
qubit reset.

In the following, we write N simply as n when the context
is clear.

Proof of Theorem I. This proof consists of two parts:
(i) proof of a decomposition of the dynamical map e’ =
S(e' ) in the form of a linear combination of (the transfer
matrix of) superoperators and (ii) proof of an efficient

simulation of the superoperators W, using a generalized
Hadamard test circuit on the target n-qubit system and a
constant-size ancilla system, which does not require
doubling the target system qubit size. In the proof, we
employ Lemmas 7, 10, 11, and 12 which are proved in the
next subsections. Note that from the assumption, we write
H/ay and L, /a; as

H “ )
— 6y,
;_Zpofe v Po;,
0 j=1

(B4)

M
Ly A
— [
w2 Pue Py,
Jj=1

where py; := |ay;|/a is a probability distribution satisfy-
ing Y- py; = 1forallk=0,1,...,K, and the phases "%
are defined as

a.
KV k.

e in_,- =

(BS)

As for the case k =0, the phase e is equivalent
to sgn(ay;).

Now, we construct a decomposition of e’¢ = §(e'~).
Our intermediate goal is to expand the transfer matrix e’¢/”
of the r-sliced dynamical map e’“/" in the form

e'0lr = ZcuS(Wu)

(B6)

for some positive coefficients ¢, and some superoperators
W, acting on the target n-qubit system. In particular, we
aim to construct such a decomposition with the coeffi-
cients {c,} satisfying

S e, < 0
u

(B7)

in order that the total weight for r-repetition of this
decomposition scales as eO/N_ To this end, we start

by expanding the transfer matrix e’“/” via the Taylor
expansion as

= (/)" (t/7)
_Z . G21<1®1+2l+1G>, (B8)

where G = S(L£) can be written as

G=—-i1QH+iH" ®1

K
_ 1 |
+) <Lk ®Lk—§1®L1Lk—§L{Lk ®1>

k=1

T
o ( ol L

k

(B9)

In what follows, we decompose G* and 1 ® 1 + 5 +i G
in Eq. (B8) toward the final form (B34). First, we provide
a decomposition of G* up to normalization. Since H/a
and L;/a; are the convex combinations of Pauli strings
with complex phases as in Eq. (B4), Lemma 11 says that
there is a probability distribution pg(u) over some index
set Sg(2 p) and two sets {Ug(u)}, {Vs(u)} of n-qubit
Pauli strings with complex phases (e.g., ¢?P for some
0 €R) such that
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”ﬁ”il_ =Y pe)To() ® Voln)
pauli HESG
= S( > pe)Vo(w) UZ(#))- (B10)
HESG

Here, ||L||py; defined by

K 1 K
2. (1+—x2> _2(a0+za§>
k=1 2 k=1

||‘C||pauli :200 +Zak
(B11)

is the normalization factor introduced to guarantee
> . Pc(u) = 1. Note that we can efficiently sample the

random unitary Ug(u) ® V(i) according to the proba-
bility distribution ps(u) by Algorithm 3. Also, we note
that G/||L||,uu is the transfer matrix of the convex
|

1®1+Tl§:
a;
+§k o ®1+71
:@<1®1+(—i11)1®£>
a

(-3 e (-

To have further detailed decomposition, we apply
different treatments for the first and second terms that
come from the Hamiltonian H, and the third term that
comes from the jumps {L,}. For the first and second
terms, we follow the technique developed in Ref. [40]
(reviewed in Section A 4), to combine the Pauli operators
into a single non-Clifford gate. That is, the first term can be
written as

H
Qo

= ZP()](l ® 1-— ifleigo_fl ® PO/)

Jj=1

=\/1+2 ) po;(1 ® exp[—ifsgn(ag;) Po;])
=1
=1+ S<Z Poj exp[—if;sgn(ay;)Py;] * 1>,

J=1

(B15)

H
@<1®1+(—n,)1®—> +"°< ® 1+ (+ir))
a gy a
®__

2
k
HT
+20 (1 ® 1+ (+ir) — ® 1)
a Qg

combination of the superoperators Vg (u) * Uf (i) acting
on the target system as
Va(u) * Ug(u): A Vg(w)AUG (p) (B12)

for any operator A. Thus, we straightforwardly obtain the
decomposition of G*/|| L] ; from Eq. (B10).

Next, we decompose the term 1® 1+ g/d G in
Eq. (B8) into a linear combination of (the transfer matrix
of) superoperators. Defining

1 &E ) a(t/r)
a:=2<a0—|—§2ak> and Tl:=2l_|_17

k=1

(B13)

we rewrite the term 1 ® 1 + é’/ﬁ G=1®1+7G/a. To

satisfy Eq. (B3), we derive the decomposition whose
normalization scales as 1 + O(77).

w®)
1))

_1®L2Lk_1L{Lk
2 a 2 a

(B14)

2 2

7 LIL L, L, ©2LTL, L'L
u k)+ 1_k®_k__zk_k®k_2k}
(297 ay 4 ay ay

“k

where 6, = arccos({1 + 77} ~/2). Note that the superop-
erator exp[—if;sgn(ag;)Po;] * 1 acts as

A exp[—if;sgn(ag;) Py,]A (B16)

for any operator A. Similarly, we can write the second
term as

T

H
1®1+ (+ir))—®1
o

=4/1+7- S(Z poj -1 exp[i@,sgn(aoj)Poj]>.
=
BI17)

Note that the scaling of the normalization factor

\/1+77 =14 0O(«?) with respect to 7; is crucial to

achieve the goal >, ¢, < eO/™) ag described later.
Thus, as for the terms where the jumps {L,} appear in

Eq. (B14), we also want to have an expression with

overhead 1 + (’)(712); a naive approach is as follows;
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SR ——
TlLkLk TlLLk

-4 1-4

(-5 e (5%

7 LiL, L/th

a o 4 a% a%

77 1+177/4 1
=(1+2 .S B
( +2>X{1+f%/2 (1+r%/4 "’>

72 /4 LiL, LiL;
—1)-S ° ,
Tran I+ 112/2 =D a a

where the superoperator By, is the CP map defined as

(B18)

By (*) = By * B;Tdo + By ® BZ“

TIL Lk TlthLk t
2 ak 2 a%

m—f:-(fi—)

(B19)

Here, we defined the operators By, and By, in the
equation. A straightforward approach to realize By,
is to find a CPTN map K such that K+ (1+
72/4)7'B;; becomes a CPTP map because the super-
operator (1+17/4)7'B,; is a CPTN map. We obtain
(1+ 1% /4)~1 B, by partially measuring a quantum circuit
with (possibly a large number of) additional qubits
and/or gates, which is in principle possible using, e.g.,
the Stinespring dilation theorem [31]. However, such a
naive approach to simulate S(B,;) is computationally
hard in general, especially for finding a companion
CPTN map K.

To overcome this difficulty, we develop a new technique
that allows us to exactly simulate the CP map ;; much
easier than the above approach, with the help of random
sampling of correction superoperators. We summarize this
technique in Lemma 7 and Lemma 10, which will be
formally proven in the next subsection. Using Lemma 7
and Lemma 10 (note that from the assumption of
Theorem 1, we have 7; €0, 3] for any /), the CP map
By, can be decomposed as

= S(B™™) + S(Ru).

S(Bu) (B20)

where R, is the correction superoperator with the mag-
nitude of O(z?) whose transfer matrix is given by

L/
T4
Ry = S(Ry) = Z <§IB"” ® BiiiDs
g

,[2 J— T4 —
+ ngkuDk ® By, — 6—23kuDk ® Bkl,/le>

1 2
B B *Bi, . _ B
—2712/1(1_[ kl.A k”Dk+— k”Dk® ki
= \8 1 Y2 8 714 Via
4
7 By, By, )
+ = (—1)—=D, ® —=D; |, (B21)
64( ) v s
for y;, > 0 defined as
T
no=l+5, = (B22)

Also, the CP map B, (2pProx) and - the operator D, are
defined as

approx

ZBkM (Blas) )"

1=0,1

1'2
Biys = Bu (1 -3 Dk) : (B23)
and
7} + 2(LIL)?
ZZD" =B), B0+ By, Buy—1= Zl’;if (B24)

k

As described in Lemma 7, we can explicitly construct a
quantum circuit with the use of additional 3 + [log, M|
ancilla qubits that simulates the CP (more precisely,
CPTN) map ngpmx) by measuring or discarding the
ancilla qubits at the end of this circuit; See Remark 1.
On the other hand, since By, ;/y;, and D, are the convex
combinations of Pauli strings with complex phases,
Lemma 10 yields the following decomposition

Ry Z e

(B25)
||Rkl||pau11 HE Sk,

) Ug,,( Ug, (1) ® Vi, (1),

where the normalization factor Ry, is defined as

2
|Rkl||pau11 = Zyll ( _>
6

2 3 5
2 o 5t 1 T
=t b=y Ly,

4 2 64 32 256 (B26)

Here, pg, (1) is a probability distribution over the index
set Sk, and Ug (u), Vg, (u) are n-qubit Pauli strings with
complex phases for all y€Sg,. The random unitary

Ug, (1) ® Vg, (u) can be efficiently sampled according
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to the probability distribution pp (u) by Algorithm 4. Therefore, we now have an algorithm for exactly simulating the CP
map B,;. Using the correction superoperators, we have

¥ ¥ 7 2T gt 7 gt
TlLkLk TlLkLk Lk Lk 7] LkLk LkLk (approx) T[ L Lk LkLk
11— 11— k@ ok LTk k = S(BY S(Ry) — L . (B27
( ) a% > ® < ) ai + 17 . ® a4 ai a% ( )‘l‘ ( kl) 4 a% ® ai ( )

Having shown the grouped form of all components in Eq. (B14), we combine the Eqs. (B14), (B15), (B17), and (B27)
and proceed to derive a new decomposition of el1/1)G Combining the Egs. (B14), (B15), (B17), and (B27), we can write
1® 1+ 17,G/a as

G H HT

0 Ay

2 il i

ak TlLkLk TlLkLk

_K 1—-= _ -
+Za{< 206%)@( 2 o

L. L, ©2LTL, LL
—|—Tz—k®—k—zl kzk kzk}
k ak (Zk (Zk

B 2@ 1 SO poj - expl—=ifsgn(ag;) Po,] 1) + S(3°7, po; - 1+ exp[—if;sgn(ag;)Po;]")
= i
2

2 g t
ak T L,L, L.L;
4 S(By) — L5 Tk
2a ( -5
B 2_ /1 (Z, 1 Poj - exp[—i0sgn(ag;)Po;] * 1) + S(327, po; - 1+ exp[—if;sgn(ag;)Po,]")

2
2 il T
ak approx Rkl ) 7 < LkLk LkLk>>
+ +||R auli = )t S (=1 ¢
2 ( )+ Wl (gt ) + (05
a K az K 3
= (2_ \/ L4727+ Z—k < + ([ Rt | pauti + >> Z Z qx1Pr ol klws (B28)
@ =1 ¢ k=0 v=1
where we define the probability distributions {q;;}, {pr.,} as
a o 72
q010<2;0\/1+112, qkla;k<1+||Rkl||pau]i—l—Zl> (for k=1,2,....K), (B29)
and
1 511/ + ||Rkl||pauli52v + (T%/4)531/
Proiv =75 (611/ + 521/)’ Priiy = (fOI k = 17 2’ T K) (B30)
' 2 1+ ||Rkl||pauli + 712/4

The transfer matrix of superoperator, which we denote as I';;,, is given by

Loy = S(Z -exp[—it)sgn(ag;) Po,] * ) Lop = S(Z Poj - 1 *exp] ielsgn(ao,f)POj]T) (B31)

and for k=1,2,....K

approx R
l—‘kll - S(B( P ))’ Fkll = S< 4 > = S<“Z kaI VRkI ) Uj‘?kz (ﬂ)) ’ (B32)

||Rlepaull €Sgy,
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LiL, LL M
s ’=S<(_1) kzk' k2k> =S Z
a ag

Ji1:J2:J3-Ja=1

ijlijzpkj;l’kjﬂi(_gk“wk’z_gk’"’wk“”)f’ kj Prj, ® Prj, P kj4>‘ (B33)

Therefore, we arrive at the following decomposition of the dynamical map (/"G

t/r Z 2l

= 1=

o 21
. (t/r) /1) Ll ( G\ (t/r)
-G < ®1+3 ¢ Z eyt \[Zl) &2

© t/r 21 ‘5” u K 3 G 21
Z pauli “o 2 k’ E E _
2 < 1 + + (1 + ||Rk/l||pdu11 )) X qklpr,kl,u(||£||pau1i> Fkl.l/'

k=0 v=1
(B34)

This means that the transfer matrix of the dynamical map (/") can be written in the form of 3_, ¢, S(W,) by implicitly

defining ¢, and S(W,) as

(t/r)P[IL]12 ag K o 72
Cy = Tpam <2; 1+ + Z;k (1 + 1 Retlpauti + Zl>>lepl",kl.u 20,
: k=1

G 21
s~ (77— ) T
||£||pauli “

In addition, the sum of ¢, > 0 can be evaluated as

t/ 2ZH‘C”pduh Qo k’ le
S, SO (2 +z % (14 Rl + 2

IA

(t/'”)”llﬁ!l auli (24
G

M 107 T

20!

T
)

for any constant value ¢ > 1.66. The first inequality
follows from the facts: V1 +x% <1+ x2 /2 for any
x>0 and 7 := || L] ,qui(2/7)/ (21 + 1) > 7;. The final in-
equality follows from Lemma 12. Using the notation
e/nG =3~ ¢,S(W,), we obtain the full decomposition
of e'¢ = S(e'*) as

v = (e(t/r)G)r: "CM,S(WUI)'”S(WU,)'

(B38)
The sum of the coefficients ¢, ---c, satisfies

’ ¢l £ B
3 ey = (X ) sonp (AT

Up,..., u,

(B39)

(t/ )ZI”’C”pauh <] + (T?)2+ (T;)S

(B35)
(B36)
K 2 'i 4 5 6
ap 7 LA T
Y[ bt Y AT
kzla>< Tty +64+32+256>>
5t (1) (7)° C||£||pauh
< exp | = pauti” B37
2 2 TTes T30 s ) =P T 2 (B37)

This completes the proof of Eq. (B3), where we
particularly choose ¢ =2 > 1.66.

Finally, we prove that the transfer matrix form Eq. (B38)
can be reduced to the expression with the (n + 1)-qubit
CPTN maps as Eq. (B2). At the same time, this will also
reveal a concrete simulation method of the above decom-
position (B38) on quantum circuits without doubling the
target system qubit size. The key observation is that for
any u, the superoperator W, can be simulated by using a
generalized Hadamard test. The main components of
constructing a quantum circuit for W, are the following
type-I, II, HI circuits illustrated in Fig. 6. We here
summarize the properties of the quantum circuits; see
Appendix B 3 for more details.

i. The type-I circuit {/; is a mixed unitary channel that
has the following action for any linear operator A on
the (n + 1)-qubit system
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Superoperator | Circuit Diagram
anc —/L anc Phase(e'%) —
G/|IL]|pautis Trt,2, Trrs U =3P %
sys 22| sys
1
anc —4
N anc
T = S(B;(Czpp )) = (approx)
S Un sys — CPTN : B,) —
3+ [logo
0) A
1
. e ) 1
Lo (v =1,2) Ut =1 poj X
n .

FIG. 6. Quantum circuits for the superoperators in W,. The phase gate is defined as ¢//|0) (0] + [1)(1|. The index k runs from 1 to K.

The diagram of the CPTN map B,Spp ") is detailed in Remark 1.

ii.

. (Ao Ao * D(Ag;)
U <A1o A11> ~ <~7°‘DO~7(A10) * )

(B40)

where A;; := ((i];n. ® 1)A(]j)une ® 1), and J is the
anti-linear map defined as

J: A J(A) = AT (B41)

The n-qubit superoperator S(®) becomes S(L)/
| £l pauti> Tz2> Tz by choosing the corresponding
probability p;, complex phase e'%, and n-qubit Pauli
strings (P;, Q;) according to Egs. (B10), (B25),
(B33), respectively.

The type-II circuit Z,,. ® Uy, effectively simulates

the CPTN map Z,,. ® B,(Sppmx) by measuring (or
discarding) the additional ancilla qubits by the
computational basis measurement. Z,,. denotes
the identity channel. The TN property arises from
the multiplication of zero to the final outputs if the
measurement result is not all zero. Also, the action

of Zype ® B,(jppmx) can be written as

iii.
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Ianc ® Bl((z[lpprox) . <A00 AOl )

AIO All

Rlapprox) 4
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B
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The quantum circuit Uy with the classical post-
processing instruction can be constructed by
Lemma 7 from the description of B,;. This circuit
needs to introduce an (at most) additional 3 +
[ log, M| qubits for any k, [. After the (mid-circuit)
measurement for the additional ancilla qubits, these
qubits are reset to the initial state for the next type-II
circuit.

The type-III circuit Uy is a mixed unitary channel
that has the following action for any linear operator
A on the (n + 1)-qubit system:

. (Aoo Am) s < * ‘D/(Am))
“\Ap A Jo® 0T (Ay) * ’

(B43)

where the n-qubit superoperator S(®’) becomes

[y, (v = 1,2) by choosing the index v = 1, 2.
Thus, Uy, Uy, or Uy according to the super-

operator I';; , followed by 2/ sequential applications
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2+[logy, M

3+ [log, M UH = |O> —— U (] 21:[7 1 M UT — — U

0) — [ ] 1211

0)p —# — T
anc —4£
ug
n
Sys —£

3+4[logy M
10) o—— [ A= l0) —

FIG. 7. Quantum circuit W, for SOW,) = (7zf=)" T, when Ty, = S(BP)) The |0) after the measurement denotes the qubit
reset operation. e

of U; for the superoperator L/||L||,,; yields a quantum circuit W, such that

Ay A * W, (Ag)
Wu: 00 01 ) — ( u\“101 >’ B44
<A1o Ay T oW, 0T (Ay) * (B4

where we used the facts 72 =7 and J o B,(jpp rox) oJ = B (approx) for any k, [. An example of VNVu is shown in Fig. 7.
This result immediately leads to

9 . (Ao Ao * Wy, 0 oW, (Aor)
Wul © OWur' (AIO All) = <jO W”l O =+ OWM,OJ(AH)) * ’ (B45)

where we used J* =7 again. Therefore, we obtain

Z cu,cuz e Tranc[(xanc ® I)Wul o Owu,(|+><+|anc ® .)}

1
e ;u Cu|cuz'”cu,;(qz_;jqowu| O OWu,ojq>(.)

{Z Z Cu € ”.C“rjqowulo"'OWu,qu}(.)

q=0 uy,uy,....u,

_ % {Z Jioeit o jq}(.) (), (B46)
q=0
where for the final equality we used J oe'* o J = e'* due to the Hermitian preserving property of e’“. This
completes the proof of Theorem 1. m
We here remark on the effective simulation of CPTN maps using quantum circuits and classical post-processing.
Remark 1. (Effective simulation of CPTN map B, (approx) ). From Lemma 7, the quantum circuit Uy; with measurement

for B,Sp P has the following form
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1-—2II

Sys //
v - 2+ [log, M]
+ | log-
3+ [logy M] tir = 10 -
0) [~
0)p —

where T:=1®10)(0|® Ip, IT:=1Q [0)(0] ® |0)(0]p,
and U is a quantum circuit satisfying

- 1
MU =5 (B0 @[0){0] @ [0){0fp + Bt ©[0) (0] @ [1)(Ofp).
(B47)

The final measurement on 3 + [ log, M| qubits is given
by the following two-outcome POVM {I1,},_
M, :=1II, I, :==1—1I, (B48)

which can be simulated by the computational basis
measurement. Let us consider a general case that we
measure an observable O on the target system after the
process for Bﬁ:}ppmx) i.e., Uy followed by the measurement
of {II,},_o. In a single trial of the whole process, we
obtain measurement outcomes (o, b) for the observable O
and the POVM {I1, },,_ ;, respectively. Using the meas-

urement outcomes, we can estimate Tr[OB,(jp prox) (p)] for
any input state p, in an unbiased manner. That is, the mean
of 08, is given by

E[080] = ZO5bon[|0><0\ Q1 - 11, - Unlp ® [0){0])]
0,b

= oTrl|o)(o|Trs [T Uy (p & [0)(0))]]

= Tr{ OB ()], (B49)
where Trg; denotes the partial trace over all the qubits
except for the target system, and {|o)} are the eigenstates
of O. The final equality follows from Eq. (B58) in the next
subsection. In this way, we can effectively simulate CPTN
maps, using classical post-processing for final outputs,
without an additional increase in the estimators’ variance.

2. Exact and efficient simulation of general CP maps

In the proof of Theorem 1 in the previous subsection, we
employed the CP map B in the operator form as follows:
S(B) =By ® By + B, ® By (B50)

where B, and B, are defined as, for 7 > 0,

U 2i—1 Ut — v A

(B51)

Here, L is a jump operator described by a linear
combination of unitaries U; and coefficients a; > 0

(B52)

Cleve et al. [32] introduced a quantum algorithm, using
LCU for channels and OAA for isometry, to determinis-
tically implement a target CPTP map as we reviewed in
Sec. A 3. In addition, the algorithm is available for a CP
map A without a TP property. Initially, LCU for channels
itself can effectively simulate the target CP map exactly
up to normalization p €[0,1] as p.A, by measuring an
observable in ancilla qubits (e.g., measuring the observable
1, ® [0)(0| in Eq. (A25). It means that we require the
multiplication of 1/p to the final outputs for compensating
the normalization, which leads to classical sampling
overhead. To avoid the overhead, OAA is used to increase
the normalization factor toward one. However, it introdu-
ces an approximation error between the resulting map
A(@Prox) and the target map A, i.e., A@PP%) ~ A unless A
is a CPTP map. We call this procedure a standard method
for deterministic implementation of an approximate CP
map A(approx) ~ A

Now we seek an exact and efficient (i.e. low-overhead)
simulation method of the CP map B to prove Theorem 1.
However, the 1/p overhead from LCU for channels is too
large, and an approximation error by OAA is not accept-
able for our case. Here, we first identify the approximated
map B@P°X) and its error that is implemented by the
standard method. Then, we propose a new method to
simulate B exactly by developing a recovery operation for
the approximation error with the help of classical sam-
pling, while benefiting from the overhead reduction
by OAA.

Lemma 5. (Exact form of approximated CPTN map
by the standard method). Let B, be linear operators for
k=1,---,K, and we assume that each B; can be written
by a linear combination of unitary operators as By :=
i criUri with ¢ > 0 satisfying >°, (37 ¢:)? < 4. Also,

033046-29



KATO, WADA, ITO, and YAMAMOTO

PRX QUANTUM 7, 033046 (2026)

we write >, BiB; =1+ 6D for some >0 and a
Hermitian operator D with ||D||,, < 1. Then the standard
method, described in Sec. A3, for a target map B =
S Bi * B} yields the CPTN map B@P%) such that

N o
B(approx) — ZB;( . (B;() f , B;( = Bk <1 —ED) . (B53)
k

Furthermore, the exact form of B®P™X) is given by

B(approx) R

=B-R,

12 o . O

R:Z(sz-DthBkD-B;—4BkD-DBz).
k

(B54)

Proof. We follow the standard method mentioned in

Subsection A 3 and carefully evaluate the approximation

error. Since B, are given by linear combinations of
unitaries, we can construct unitaries W satisfying

1
> iCki

Wil)ly) =< —[0)Bilw) +[L,).  (BSS)
where |0) is an initial state on an ancilla system, and |J~_W)
denotes an unnormalized state satisfying <0|'|qu> = 0. Let

U, 11, ﬁ, and W be given in the same manner as in the
original OAA procedure described in Subsection A 3;

Urp|0)p

U=R,® <;|k) (klp ® Wk> Urp,

1= [0)(0] ® 1, ® [0)(0] ® 1.
1= [0(0] ® [0) (0], @ [0)(0] ® 1.

W= /pllUNl,  p=1/4 (B36)

Now we evaluate the error in the OAA procedure when W
is not a partial isometry. The action of the OAA unitary

Voaa = U(1 = 2I)UT(2I1 — 1)U satisfies
Vopall = —4/PPWW'W +3,/pW
= —4/P°W(1+6D) + 3/pW
S5~
—w(1-2D),
v(1-52)
where we used W'W =0)(0| ® |0)p(0p ® |0)(0] ®

(X" BiBy) =II(1 + D) with D := 15z ® D. Therefore,
the standard method prepares W(1 — 8D/2), and thus, it

(B57)

yields the CPTN map B(@P%) ag

Tres[[TVoa (10) (0] ® [0)(0]p ® [0)(0] ® *)Vi,4]
= "B, +(B))" = B@wy),
k
(B58)

where Trg; denotes the partial trace over all the qubits
except for the target system, and

0
B,=Bi|1—=D|.
(=n:(1-30)

The projection I and the tracing out can be realized by
measuring the ancilla qubits except the purifier and the
classical post-processing where we multiply the final
output by zero whenever the ancilla-measurement result
does not coincide with |0)|0). We remark that this post-
processing does not introduce additional cost differently
from the post-selection since we propose to implement a
CPTN map.

The difference R between B and B@P%) is determined
by the direct calculation as follows:

(B59)

R =B-— B(approx)

:Z:(Bk-Bz—Bk(l—gD) : (1_§D)BZ>
(

5 &
~B.*DB] +5BD* B — 2 BiD -DB,ﬁ).

(B60)

L]

While the CPTN property of B(@PPX) necessarily follows
from its construction (B58), we remark that this CPTN
property is tied with the assumption >, (>, ci)? <4
required for R, to be well-defined unitary, as shown
below. Let us observe that the assumption >, (>, ¢1;)? <4
implies

o Tk
2
SE: E kUi
k i o
2 2
SZ(chiHUkiHoo) SE (E cki) <4.
i - :

k i

(B61)

Then, we have 1+6D <||1+6D||,x1<4x1,
which implies 3 — 6D > 0. Therefore, we have
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o . o
It pr i
Ek B/'B| = <1—§D> Ek BkBk<1—§D>

- (1 —%D)(l +5D)(1 —%D)

52
=1-7D*(3-4D) <1,

(B62)
which is equivalent to the CPTN property.

Although the procedure in Lemma 5 follows the
standard method, we additionally obtain the exact repre-
sentation of the CPTN map B(®P%) and the approxima-
tion-error map ‘R. This identification opens the way to
exactly and efficiently simulate the general CP map B via
constructing B@P%) by the standard method and com-
pensating its error R by classical sampling. This technique
is one of our key contributions. Furthermore, this error
recovery operation can be efficient as shown below.

Lemma 6. (Decomposition of R). Let {B,}, D, 5, R be
as in Lemma 5. In addition, we assume that D can be
described as a linear combination of unitaries form

D= Z%’Vi
i

with unitaries V; and ¢; > 0 satisfying >, ¢; = 1. Then, R
can be decomposed into a convex combination of super-

(B63)

operators formed as A; * B,T up to a normalization factor C,
where A; and B; are some unitaries. The normalization
factor C is determined as follows:

1 5
C=-(6+%),
p( +4>

where 1/p = 37, (37; cx)™.
Proof. By defining b, = >, ¢;;, we obtain

(B64)

8 5 s :
_ DB +°B.DeB _ « DB
R = Ek <§Bk DB} +5BD * B = ByD DBk)

b? (5B Bl B B!
_ oy P <__k.D v, 0By B

k 6+‘Z—2 2 by by ~ 2by by

5 B, B}

—. (=1)-==DeD-k), B65
+3 (—-1) b, bk> (B65)

and C = (1/p)(5+‘1—2). Since By/b; and D are convex
combinations of unitaries, we can write the terms in the
round bracket as a convex combination of superoperators
with an asymmetric form of unitaries. [

Importantly, the convex combination of superoperators
R/C can be effectively simulated by the random sampling
of Hadamard test circuits. The concrete procedure for the
simulation is provided in the next subsection. In this
method, C corresponds to the sampling overhead to

maintain the norm of R. As a result, we have an exact
decomposition of a target CP map B

1 c R
B=(14C)x [——pamox) = ) pge
(1+ )X<1+C +1+CC> (B66)

The total overhead in this decomposition is given by
1 4+ C. C corresponds to the sampling overhead to main-
tain the norm.

The efficiency of methods depends on p and . If we
prepare the exact CP map B by LCU for channels like
Eq. (A25), we have

V(S We®m@si) <1 me)
k

for any state |y). With the same post-processing as OAA,
this provides a CPTN map pB. For the rescaling, we need
an additional sampling overhead 1/p. By comparing the
overheads, we observe that the method with B@PPx) and
the recovery operation R is more efficient than the
approach with only the use of the LCU method when ¢
satisfies

1
1+C<—, ie 6<2(=14++2—-p). (B68)
14

The OAA with the recovery operation is available for
general CP maps, and this has advantages over encoding
by simply applying the LCU for channels when § is small,
i.e., Bis close to a TP map. This inherits the characteristics
of OAA. Our target map (B51) is a good example where
this method has a substantial effect.

Now, let us analyze the case in which the map specified
by Lindblad-type operators Eqgs. (B51) and (B52). This
example is a fundamental case for Lindblad simulation,
with a single jump operator. For the case, we provide a
detailed description of the implementation of B(@PPr%) and
calculate the circuit complexity to verify the efficiency.
Through the following analysis, we assume the access of a
unitary gate W; such that

@)W, ()en== B

using a [ ancilla qubits with initial state |0). Such W; can
be prepared with / = [log,(M)] ancilla qubits by LCU.
We apply Lemma 5 to B, and B, and obtain the following.

Lemma 7. (CPTN map B@PPrX) for ByeB; +By*B)).
Let L be a linear operator defined by Eq. (B52), and W, be
a unitary satisfying Eq. (B69) requiring / ancilla qubits.
Let By and B be linear operators defined by Eq. (B51)
with €0, 3]. Let D be a Hermitian operator defined by
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2 1 2 Tr)2
LL
D=3 BB 1 &Ly (B70)

4
4 — 4 «

Defining modified operators B; = B (1 — % (D/2)) for
k=0,1, we can effectively simulate the CPTN map
Blapprox) .= S~1_ By« (B,)" with use of a quantum circuit
that has the following non-Clifford cost:
i. Single-qubit gates: 12,
ii. NOT gates controlled by at most (I 4 2) qubits: 5,

iii. Unitary gates W; and its inverse: 3,

iv. Controlled version of W, and its inverse: 3,

v. Additional ancilla qubits, excluding the target
system qubits: [ + 3,

vi. The computational basis measurements for the / + 3
ancilla qubits and a classical post-processing for the
measurement outcomes.

To prove Lemma 7, first we propose the explicit circuit

implementations of Wy and Wp that satisfy

(01 ® 0/®1)- Wy, (0)®10)@1) =1- 5 5
(B71)
(10 ® (0] ® 1) Ws - (0510 1p)

respectively. Actually, the proposed implementation is
more efficient than just preparing L'L.

Lemma 8. Let L be a linear operator defined by
Eq. (B52), and W, be a unitary satisfying Eq. (B69)
requiring / ancilla qubits. 7 denotes a time satisfying
7€ [0,4]. The unitary Wj satisfying Eq. (B71), can be
constructed by using

i. Single-qubit non-Clifford gates: 2,

ii. NOT gates controlled by at most [/ qubits: 1,

iii. Unitary gate W, and its inverse: 2,

iv. Additional ancilla qubits, excluding the target

system qubits: / + 1.

Proof. Let us define the PREPARE circuit for a single

qubit as follows:

PRE: [0) > \/§|0> +

and the reflection REF as REF = 1 — 2|0)(0|, on / ancilla
qubits. Then, we consider the following circuit.

T
1=, (B73)

|¥)
Wi wi
l
0) — +—{REF] ] -
1
10) PRE 0 PRE' — (0]

With noting that ((0]®1)-Wj -REF-W,-(|0)®1)=
1-2L7L/a?, we obtain

0/0) (/3100 /1-m) 01w
= a0 (-2 w 1=
- <1_7¢2’>|‘”>

for an arbitrary state |y). Therefore, the circuit provides
the W, that requires [/ + l-ancilla qubit, and calling W

and W] once each, and 2 PREPARE circuits. =

We remark that a straightforward LCU implementation of
LTL/a? requires at most [ log, M?] ancilla qubits, whereas
our implementation reduces them to [log, M| + 1. This
indicates that Lemma 8 is a more memory-efficient
implementation.

Next we prepare the Wy using the proposed Wp
and W;.

Lemma 9. Let L be a linear operator defined by
Eq. (B52), and W, be a unitary satisfying Eq. (B69)
requiring / ancilla qubits. Let B, and B, be linear operators
defined by Eq. (B51). 7 denotes a time satisfying z € [0, 4].
The unitary Wy satisfying Eq. (B72), can be constructed
by using

i. Single-qubit non-Clifford gates: 3,

ii. NOT gates controlled by at most (I +

iii. Unitary gate W;: 1,

iv. Controlled version of Wz: 1,

v. Additional ancilla qubits, excluding system qu-
bits: [ 4 2.

Proof. Define another PREPARE circuit on a single

qubit for a purifier ancilla P as

(B74)

1) qubits: 1,

1
vi+7z

Referring to Lemma 8, we design the circuit as:

PRE': [0)p —

(10)p +Vall)p).  (BTS)
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v —7 v) —
Wi wi
!
0) A— (o 10) -~ REF — (0]
Wg = .
0) +— (0] ! Srr]
10) PRE @I—— (0]
1
O _ I
0)p — 10)p /1 PRE/ o o
The circuit can be considered as the controlled application - 7 pe— -
of W, or Wy depending on the ancilla’s state. Then, we ) ——  +— .
obtain I+1 |0) —4—— W5 I—
0+, = )
1 0)p +~— —  0p—+— '
10)p[0)[0) ) — m(l% +/2(1)p)0)[0)|w) )
_ 0) — — 1
1 <Io> (1 L'L )I ) o e b
- — -7
V1471 P 2a? v

L
FiDe VEL ). ®76

The statement holds by directly counting the gates and
qubits of the circuit diagrams above. [
Now we are ready to prove Lemma 7.
Proof of Lemma 7. Define a rotation gate R, to maintain

the success probability as
3—1
1
VI

for 7€ [0, 3]. Here, Wy can be constructed by the circuit in
Lemma 9, and we define U = (Ry ® 1)(1 ® Wp) as the
circuit:

NG
R.: 2+ %0y +

y: [0) =

(B77)

and the projectors as

1= 10)(0] ® 1p @ [0)(0] ® 1,

IT=[0){0] ® [0)(0p ® [0)(0|® 1. (B78)

This unitary U satisfies

~ 1
UM =2 > 2 10)(0] ® [£)(0lp ® [0)(0] ® By (B79)
k=0,1

The remaining steps follow the procedure of Lemma 5,
and then we confirm that the CPTN map B@Prx) —
Soi_oBj e (B,)" can be implemented deterministically.
The corresponding circuit is depicted as follows:

21 — 1

Ut

— (0|

121 (0
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For the visualization, the bottom two registers are
swapped. Note that 2IT — 1 consists of a single NOT gate
controlled by at most (! + 1) qubits, and 1 — 2II consists
of a NOT gate controlled by at most (I + 2) qubits. From
the circuit above and Lemma 9, the number of gates can be
directly counted as follows:

i. Single-qubit gate: 12 = (3 +1) x 3,

ii. NOT gate controlled by at most (/+2) qu-

bits: 5 =3 + 2,

iii. Unitary gate W, and its inverse: 3,

iv. Controlled version of W, and its inverse: 3,

v. Additional ancilla qubits, excluding system qu-
bits: [ 4 3.

All [ + 3 ancilla qubits are measured by the computa-
tional basis, and we perform classical post-processing
depending on the measurement outcome. That is, partially
tracing the purifier register out, we multiply the final
output by zero whenever the other [+ 2 ancilla qubits
measurement result does not coincide with |0)|0). "

In the Lindblad case, we can derive a correction
superoperator R immediately.

Lemma 10. (Correction superoperator R for
BooB +B1°Bl) Let L,{B:},D.7z, and {B,} be as
in Lemma 7. Then, the correction superoperator R,
representing the difference between the target CP map

B:= Zk oBr* BZ and the approximated CPTN map
k=0 Bi s (B

Lemma 7, can be written as

approx =

effectively simulated by

R = B — Blapprox)
SIS
= —Bk-DB,'(+—BkD-Bk——BkD DB>
—\8 8 64

(B80)

Furthermore, the transfer matrix of R can be described
as a linear combination of unitaries, that is,

S(R) =) Vi ® U.. (B81)

for some unitaries U;, V; and ¢; > 0. The sum of coef-
ficients is determined as

1 1 5 | R L
Zc =7 + D4+ =t = +—15.

4 64 32 256 (B82)

i

Also, if L is written as a linear combination of Pauli
strings, i.e., L = Y, a;P; where { P, } are Pauli strings, and
a; €C, and a = ), |a;|, then S(R)/(>_; ¢;) is a convex
combination of Pauli strings with complex phases.

Proof. From the direct calculation, we obtain

R =B— B(approx)

2 2
oa2)- ()
— 8 8

~ (7 i i i
= <§Bk DB +8BkD B] —BkD DB>

64
(B&3)

1 2 2 4

T — T _— T
S(R)=Y (gBkD ®Bi+5B®BD—BD® BkD> .
(B84)

Since L/a is a convex combination of unitaries,
By/(1+17/2) and B;/\/r are convex combinations of
unitaries, as is D. Then, from Lemma 11, normalized R
can be written as a linear combination of unitaries. The
normalization factor is

\2 /72 2 7t 2 2 7t
— 1 —
< ( +2> (8+8+64>+ <8+8+64>
1, 1, 5, 1 I
=+ +—+ =7 +——=15,

4 2 64 32 256 (B85)

which is consistent with Lemma 6 where 1/p = (1 +
7/2)? + rand § = 7*/4. In addition, if L/a is expanded by
Pauli strings, By, B;, and D in R can be written in Pauli
strings. Then we obtain R as a convex combination of
Pauli strings. ]

To conclude the subsection, we discuss the effectiveness
of our OAA and recovery operation method in this
case. We can prepare the exact map B using the LCU
for channel W,

\/z‘v(Z ke ® 10) ® Bklw>> +1L).
k=0

This provides a CPTN map pB with normalization
factor 1/p =1+t from Eq. (B72). The overhead for
rescaling is equal to 1 + 7, and the linear dependence on 7
is not suitable for our random compilation purposes. Our
new OAA and recovery operation method can also yield
the exact CPTN map via

(B&6)

IR |
1+C 1+C

Blapprox) | _C E

1+CC’

(B87)

Therefore, the method requires additional 1 +C =1 +
O(z?) overhead for rescaling. Comparing the overheads,
the OAA with the recovery operation improves the over-
head from 1 +17 to 1 + O(z?), and the improvement is
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quadratic with respect to 7. This compression is a crucial
fact that leads to our decomposition in Theorem 1. OAA
can be regarded as an essential quantum resource usage
corresponding to non-Clifford gates in the case of ran-
domized LCU for Hamiltonian simulation (Appendix A 4).

3. Circuit simulation of superoperators

As we derived in Eq. (B34), the time propagator
€%"/" can be decomposed into a (rescaled) convex combi-
nation of products of four-type superoperators having the
following forms: ¢P ® Q, S(B,(f;ppmx)), 1® ¢ ", and
e "%’ ® 1, where P and Q are some n-qubit Pauli strings.
In the previous subsection, we showed explicit circuits for
Blapprox) Next, we focus on the construction of the other

superoperators, more specifically, an asymmetric super-
operator

Fuy(s)=UsV, S(Fyuy)=V®U  (B88)

and its convex combination @, x = >, p;F; with F;(*) =
U, Vj for some unitaries U, V, U;, and V,. In the
following, we provide a framework to simulate a linear
combination of superoperators (LCS) F; using quantum
circuits with some additional ancilla system.

The simulation of Fy is inspired by Hadamard test
circuits. First, by the analogy with the Hadamard test, we

consider the following circuit Fy, y:

I+) —
Fuv

where 7 is an anti-linear map to transform an operator

into its complex conjugate, ie., J: A J(A):=A"
for any operator A. The circuit provides an encoding
of the map Fyy on (0,1)-component of the dilated
density matrix (|+)(+| ® p) together with the conjugate
JoFyyed =Fyy on (1,0)-component. Thus, we
can use the unitary circuit F vy on the (n+ 1) qubits
to simulate the superoperator F;y on (a part of) the
dilated density matrix. Actually, measuring X, Y on the
top 1 qubit, we can effectively simulate the superoperator
Fuyy as

Tranc[(X_iY)anc ®1 '%U,V(|+> <+|anc®.)] :JTU,V(.)'
(B89)

Note that Fy is a unitary channel, even if Fy y is
not a CPTP map. This observation can be generalized as
follows.

Proposition 1. (Linear combination of superopera-
tors (LCS)). Let @, = >, ¢;F; be n-qubit superoper-
ators with real coefficients ¢ := {c¢;} and superoperators
Fi(*)=Fyy, () =U;* V! for some unitaries U; and V.
Let évbc, £ be a linear combination of unitary channels:

O, f = ch-i (B90)

for unitary channels F ;= F v, v, defined as

Fuy() = (0)(0] ® U+[1)(1| @ V)
«(l0)(0] @ U+ [1)(1| ® VT).  (BI)

Then, the action of ®,  acting on (n + 1) qubits can be
written with the superoperator @ » as

(B92)

(I)c.]:(AOI)

. (Ao Ao *
' ( ) "~ (Jod%.foJ(Am) *

where A;; = ((i| e ® 1)A(|j>anc ® 1) and J is the anti-
linear map J: A + A". Furthermore, we can effectively

simulate @, » using the unitary channels {.7-" ;} by meas-
uring (X —iY) on the ancilla qubit as

Tranc[(X - iY)anc ®1 - (Alsc,f(‘+> <+|anc ® .>] = q)c,]:<.)
(B93)

by the circuit depicted in Fig. 8. If ®, » is a Hermitian-
preserving map, then we can omit the ¥ measurement as

Trane [Xanc ®1- &>c,f(|+><+|anc ® .)} = (Dc,]:(.)‘

(B9%4)
Proof. From the direct calculation, we have
=~ Agy A * Fuv(Agr)
F 00 01>'_)< uv 01)
vy (ALO A jofu,voj(Alo) *
(B95)
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Fane — Ed
(I)c,]: = (I)C,]:(.)

sys —

FIG. 8. A circuit to effectively simulate ®_ x.

for any unitaries U and V. Thus,

- A A
‘I’c.f<< 00 01>>
Ay Ay
~ A A
:Zci}.i<< 00 01))
i Ay Ap

* >_ciFi(Ag) (B96)
- Zcijo}—ioj(Alo) *
_ ( * q%,f(Am))
To®roT(Ay) * '
Particularly, for a matrix |+)(+| ® p,
A _ * (Dc]:(p>/2
e (1480 = 00 7y 0
(B97)

holds. By measuring X — iY on the ancilla qubit, we obtain

Tranc [((X_ iY)anc ® 1) : &)cf(|+> <+|anc ®ﬂ)]

1
=2(@. £(p) + T @ 7 (p)o T + @ £(p) =T 0@ r0 T (p)

2
—®, £(p). (B98)
Similarly, if @, » is a HP map,
Tranc[(Xanc ® 1) ’ (AISC,F(|+> <+|anc ® p)]
1
=5@erlp) + TP p(p)0T) = e rlp). (B

In particular, for a probability distribution p; >0

satisfying >, p; =1, ®, » becomes a mixed unitary

channel that can be realized on quantum circuits {F;}
with random application of the circuits according to the
probability p;.

Remark 2. Let {U;} and {V,} be n-qubit unitary
operators. Define a convex combination of F;(*) = U, *
V;r as

®, 5 (t) = Y _piFil*) (B100)

+)ane — —

Sys — - S

FIG. 9. A circuit to simulate <I>;1W.

with p; > 0and ) ; p; = 1. Then, ®, » can be effectively
simulated by the mixed unitary channel

D, 5= pF; (B101)

acting on (n + 1) qubits as

= . (Ao Ao * q)p,f(Am))
Zp,f,- <A10 An) H(Joq)p,foj(AIO) * .
(B102)

In the proof of Theorem 1, we consider an alternating
sequence of n-qubit superoperators in the form of

W=BYo®,yzno---oBNo® w0,  (B103)

where {B”)} are CPTN maps, and {® o0, £} are convex
combinations of asymmetric forms JF Sl) =U SZ) . VSI)T for
some unitaries Ugl), Vlw. Referring to Eq. (B103), we

define (n + 1)-qubit CPTN map W for the alternating
sequence W

W =T ® BY O&/)p(l),]:(’) o 0Ly ® BWo &)p“).f(l)‘

(B104)

This can be obtained by simply replacing CPTN maps B
with Z,,. ® B and @, » with @, » in W, respectively.
Using W, we can simulate a convex combination of the
superoperators Y, which is a key technique to prove our
main Theorem 1.

Proposition 2. For any index u, let V,, be a sequence in
the form of Eq. (B103), and @,y =3, p, WV, is a
convex combination of VW, with a probability distribution
{p.}- In addition, we assume that @, ,, is a Hermitian-
preserving map for the probability distribution { p,, }. Then,

defining &)p,W =), P W, we have

Tryne {Xanc ®1- (&)pW)r(‘+> <+|anc ® .)] = (I);W(.)
(B105)

for any positive integer r, where the corresponding circuit
diagram is shown in Fig. 9. Furthermore, the same map
@7,y can be simulated by cutting the wire of the ancilla

qubit at each iteration using mid-circuit measurement and
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|+>anC | |+>anc |

e —

Sys —

FIG. 10. A circuit to simulate @;.W with mid-circuit measurement and qubit reset.

qubit reset without additional sampling overheads, as
shown in Fig. 10, i.e., the following equation holds:

(Trane[Xane ® 1+ @ (1) (Hane ® 2)])" = @) 5,(+).
(B106)

Proof. The action of Z,,. ® B on (n+ 1) qubits is
obviously

~ (A A *
W (Ao Ao
<A10 Ay ~ 3(00\70‘1),,(/);(/)070“'
_ * W(Ao)
TJoWoT(Ay) * .

At the last equality, we use the Hermitian-preserving
property of CPTN maps J o BY o 7 = BY and 72 = 1.
From the same calculation as Proposition 1, we obtain the
action of convex combination of W as

D Ao Ao . * (Dp,W(AOI)
pW: A An joq)p,Woj(AlO) *
— < * q)p,W(AOl))
@, (A) * '
(B109)

since @,y is assumed to be a Hermitian-preserving map.
Finally, after measuring X on the ancilla qubit, we can
simulate the map @, yy:

Tranc[Xanc ® 1- &)p,W(|+><+|dnc ® .)] = (DP,W(.)'
(B110)

By repeating the above r times, Eq. (B106) is shown
straightforwardly. Next, considering the action of the

(&DP,W)’, we obtain

o B ojotbpmfmj(Am) *

Ago

A * B(Ao;)
Tone ® B: 01 > < ol )
® <A10 An ) B(Aj) *

(B107)
where A;; = ({i[,nc ® 1)A(]j)ane ® 1). The composition

of Ty ® B and @, » can simulate Bo®, », and their

sequence VYV can also simulate V. This can be described
explicitly as

(B108)

% - [ Aoo
@ (4

AOI)
All

* (@,.0)" (Ao1)
” <(q)p.,W)r(A10) W* " ) (B111)

Therefore, by repeating &)p,w’” times and measuring X,
we obtain Eq. (B105). [

These Proposition 1 and 2 provide practical procedures
to simulate LCS. In practical scenarios, the circuits Fig. 10
with measurements and resets may be more advantageous
than the original ones Fig. 9 in the sense of maintaining
coherence.

Here we illustrate a simple example to make the
formulation clearer. Let us consider the case of random-
ized LCU for Hamiltonian simulation. Assume that
we have the linear combination of unitaries of
e"Hr x5 ¢,,U,,, where U, are unitaries, and
¢, > 0. By defining ¢ =), ¢,, and joint distribution
—iHt/r

P = CmCyy/c?, the map of the propagator e can
be described as
e~ iHI/T o piHI[T o szpm,m’ U, an’- (B112)

m,m’
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FIG. 11.

Using the LCS notations as

fm.m’ = Um ° U.:n’q)p,]: = me,m’]:m,m’a (B113)

m,m’

we obtain the map for the Hamiltonian simulation below

Tranc[Xanc ® 1 ’(&)p,]—')r(|+> <+|anc ® .)]

| . (B114)
~ (I);’}_(.) — ﬁelet ° elHl’
where we use the HP property of @, , that is,
Jo®, 70T => pumlUnw*Uh=0,7 (BIIS)

m',m

An asymmetric superoperator , ,+ alone does not have
HP property since J o F,, v oJ = F .., While a sym-
metrized combination (F,, . + F,..)/2 does. Note that
this HP property is always satisfied for the superoperators
formed as (32, cuUn) * (32, cmUh) with ¢,, €R. This
example is consistent with the results of prior studies
that used Hadamard test such as [46]. The Fig. 11 shows
the circuit example. Moreover, we can cut the wire at
each simulation step by the HP property as shown in
Proposition 2.

4. Technical lemmas

Lemma 11. Let {A;} be convex combinations of unitary
operators as

A=Y pyUs. (B116)
J

Then, A;A, and A; ® A, can be written as a convex
combination of some unitary operators. Also, for any
01,0, ... €R and any probability distribution {g;},, the
following operator

Bi= Y que®Ax = q1¢" Ay + qre® Ay + -+ (BIIT)
k

can be written as a convex combination of some unitary
operators. In addition, if all of {Uy;} in A, are Pauli

operators with unit complex coefficients (i.e., e?? for some
0 €R), then the operator AjA,,A; ® A,, and B defined

: ]
T

oo

A circuit example to effectively simulate Hamiltonian dynamics.

above can be written as a convex combination of Pauli
operators with unit complex coefficients.

Proof. We can prove this lemma by direct calculations. m
Since Eq. (B34) already provides the explicit decompo-
sition of ¢(/")¢  we here derive an inequality to evaluate
the sum of coefficients in the decomposition.

Lemma 12. For any constant value ¢ > 1.66,

i o (2n+ 1) < exp(cx?)

n=0

(B118)

holds for any x € [0, 1], where y(7)(r € R) is defined as

1 1 5 1 1
H=1+-P+-+—1t*4+—-r+-—1° (BII9
r(t) = 1450 430 + ot 50 4 ooi0 (BI19)
Proof. 1t suffices to show
] X 2n © Cnx2n
< . B120
Yol <X e

We divide the series into two parts: n = 0,1 and n > 2.
For n = 0, 1, we find a constant value ¢ such that

1 2n 2
X X X
—y(Z) <1 2
Z <2n+1) y(x)+2!y<3>_ T

n=

(B121)
holds for any x € [0, 1] or equivalently,
c>7(x)
AR S PN R R +1 x
22 Tt T3 e "3
(B122)

holds for any x € (0, 1]. Thus, we can take ¢ > 1.66 > y(1)
for the inequality

(B123)

For all n>2, y(55%) <r(1/5) <2 holds under
0 < x <1, and then we have
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x2n X ) x2
— n < — B124
(2n)!y(2n—|— 1> DR Y TRl (B124)
Therefore, if we choose ¢ > 1.66, Lemma holds. u

APPENDIX C: PROPOSED METHOD FOR
EXPECTATION VALUE ESTIMATION

In this section, we first show a truncated version of the
decomposition of e’ in Theorem 1. Then, we prove
Theorem 2 for clarifying the performance of our algorithm
for expectation values, using the truncated decomposition
of e'*

In Theorem 1, the index set S in the decomposition of
e’ has an infinitely large number of elements. However,
for any desired truncation error A€ (0,1/e), we can
construct a finite subset Sy, C S satisfying the following
properties: (i) we can efficiently sample quantum circuits
for CPTN maps W, according to the probability distri-
bution proportional to {c,},¢s,, and furthermore, (ii) the
sampled quantum circuits have a logarithmic depth with
respect to the truncation error A.

Lemma 13. (Truncated version of Theorem 1). Let £
be an n-qubit Lindblad superoperator with a Hamiltonian
H and jump operators {L;}X_ that are specified by a
linear combination of Pauli strings as

m M
H = E aojPOj, Lk = E akJ-ij,
j=1 j=1

for some coefficients ay; €R, a;; € C, and let || L]| ;i =
2(a0 + 2_f af) for ay =37 |ay,|. Then, for any 7 > 0,
A€(0,1/e), and any positive integer r > ||L|| i, there
exists an approximate decomposition of e~ such that

() =D s, € Thane (Xane @ YW, (14) (Hlane ©°)]

<A (ChH

1-1

holds for some finite index set S, (7 + 1)-qubit completely

positive trace non-increasing (CPTN) maps {V~VD}, and real
values ¢, > 0 satisfying

2 2
3 e, < Mt

vVESH

(€2

Furthermore, for any v € S,, the (n + 1)-qubit CPTN
map W, can be effectively simulated by using an

n+4+ [log, M]

qubits quantum circuit, including mid-circuit measurement
and qubit reset, and

log(r/A)
@) ———— 4+ MlogM
(g togorm 1
one- or two-qubit gates.
circuits for the CPTN maps W, can be efficiently sampled
according to the probability distribution proportional to
¢, > 0 by Algorithm 2.

Proof of Lemma 13. For a non-negative integer Q > 0,
let Ayqy1,/, be a superoperator defined as

(C3)

The corresponding quantum

2Q+1
t/r)4.L4
ApQi1a/r = Z L (C4

q=0 q!

This is a truncated series of Eq. (B8). Thus, using the
results in the proof of Theorem 1, we obtain

Q r 21 r
S(Aaqi1.4/r) Z E/l S(L)* <1 2(lt/+)l S(ﬁ))
Q RAlE
5

li a,
p‘rlU.l <2_() 1+112
a
=0

K 2 le
+ Z_ < + ||Rkl||pdu11 4))

=1

K 3
S(L) \2
X Z Z 4k Pr kv <||£T|pa)uh> Dhtns

k=0 v=1

N

tr

Q

(C5)

where we used the same notation as in the proof of

Theorem 1. For simplicity, we write the decomposition

as S(Aaqi1er) = 2 & c,S(W,) by implicitly defining
u Q

¢, > 0,S(W,), and an finite index set Sq. In particular, the

superoperator S()V,) can always be written as

SW,) = <ﬁ) 2lel,w

(Co)
||£ ||pauli

where I'y; , is the transfer matrix of a superoperator defined
by Egs. (B31)—(B33). Then, we have

E Cul...

) E S(r)

S(A£Q+1.t/r) =

(uy,up,...u
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The sum of coefficients can be evaluated as

S ey, = (S

=0

B il e

=0

(uy.t,...u,) €S

where we used Eq. (B37) in the final inequality.

0144
0144

3% (1 Rl + ) )}

k=1
Sa} AN 212113
[e4 T ul
+;;"(1+|Rklllpm+z’>)} Sexp<%>,
(C8)

As described in the proof of Theorem 1, the three-type circuits, U, Uy, and Uy, illustrated in Fig. 6 simulate the

superoperator WW,. More precisely, for any V,, we can explicitly construct a quantum circuit V~Vu satisfying

A£Q+1,t/r(.) - Z _ Cuy Cu,y

.
(uy,u5,....u,) €Sq

from the fact that Ay, ,/,

property. For any u = (L, k, y)egQ, the corresponding

(*) has the Hermitian preserving

quantum circuit W, consists of a single call of U, Uy,
or Uy for Ty, and 21 < 2Q calls of U for L/ || L[ 5 see

Fig. 7 for instance. V~VM has O(Q + M log M) one- or two-
qubit gates in the worst case; O(Q) controlled-Pauli gates
for U; and O(Mlog M) gates for Uy. Thus, the gate
complexity of quantum circuits W, o --- oW, is given
by O(r(Q+ MlogM)) for any (uy,u,, ...u,) €§6 Fur-
thermore, we can efficiently sample quantum circuits W,
(including classical post-processing instructions) accord-
ing to the probability distribution proportional to the
weight {cu} ~ as described in Algorithm 2.
Q

Finally, we show that when we take an integer Q as

In(3r/24)
Q= Inin(3r/24)" (C10)

then the approximation error of A/ (s) for e'* is

2Q+1,t/r
upper bounded by A as

1A

2Q+1,1/r el < A.

(C11)

For any positive integer Q’,

— oL

= (1/r)1Le
>

g=Q’ +1

1AQ 1/
1-1

o0

/e
S i,
S 4

+1

zoo: <t|£||1—>1> . (C12)

g=Q+1

IA

q

IA

e Cu,Tranc[(Xanc ® l)wul 0 --0

W, (JF)(+ane ® *)]. (C9)

Here, |L[[;-; < |[|£][pau holds as follows. By the
triangle inequality and Holder’s inequality, we have for
any non-zero operator A,

1£(A)|], = H —i[H,A] +§K:( kALZ—%{L,th,A}>

k=1

1

< 2[|H]o Al + ZZ LS NALL
k=1

K
<2||A| (ao + Zaz) (C13)
k=1
Hence, ||£||,_, is bounded as
K
1610 <20+ Y ) = [l (€14)
k=1

Thus, from the assumption of r > #[|L||,ui = #[| L] 121,
we have

o0
||AQ’,t/r - e(t/r)£||1—>1 < Z
q=Q +1

SOIR (C15)

Q|._

Taking Q' := [2x/Ink]|(>1) for k:=In(r/A’) with
A’€(0,1/e) and using the Stirling’s formula, we can
derive that
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ALGORITHM 2. Efficient sampling of the random circuit for the approximate decomposition of e’Z

Input: Hamiltonian H and jump operators {L;}X | defined by (B1), simulation time 7 > 0, number of time segments (integer)
7 2 t]|L|| uui» accuracy parameter A € (0, 1/e).

Output: Positive value C and description of a sample from the random quantum circuit W including classical post-processing, such
that its average provides a A-approximation of Lindblad dynamics as

1:

1€ X E[Trane[(Xane ® DW(+) (+une ® ()] — e (+)]| < A.

Initialize an integer Q <« [In(3r/2A)/Inln(3r/2A)], a phase parameter ¢p < 0, and a list QCList « ||

2: Define functions for /€ {0, 1, ...,Q}

5 6

l‘/r 1 ) T] T? 5’[[ T, T
= a R =L L T
o 21+ ] ( ; k || kl”pauh ! + 6 + —= 3 + — 756

(l‘/r)21H£| i [0y / K a 72
C[ B N T ( — (2;0 1+ 7’-l Z; (1 + ”Rkl”pauh 4{)) >0

k=1

3:fori=0tor—1do
4:  Sample [€{0, 1, ...,Q} from the probability distribution {C;/(3>, C)}
5:  Sample k€{0,1, ..., K} from the probability distribution conditioned by /
ay a? 1,2
401“2; 1+Tl,f1k1°<— 1+ [| Rl pauti + 1 (fork=1.2,....K)
6: Sample v€{1,2,3} from the probability distribution conditioned by I, k
1 511/ + ”RkI” auli52u + (712/4)631/
== (81, + 62). = - fork=1,2,....K
pl"‘Ol,u 2( v 2v) pF,kl,u 1 + ||Rk[||pauli + 112/4 ( )
7: if k =0 then
8: Sample a Pauli string Py; from H according to the probability distribution {po; = |ag;|/(>; ;) }
9: Append Fy; (v =1) or 1y (v = 0) to QCList, where U = exp[—if;sgn(ao;)Po;],
0= arccos({1 +77}712),  Fup(*) = (10)(0] ® A +[1)(1] ® B) + (|0)(0] ® AT +|1){1| ® BY)
10:  else if v = 1 with k > O then
11: Append 7,,. ® Uy, with mid-circuit measurement followed by qubit reset and classical post-processing (see Fig. 6 and
Remark 1) for the CPTN map B, (approx) , to QCList
12:  else if v = 2 with k > O then B
13: Call Algorithm 3 and obtain ¢”Q ® P with a phase ¢ and n-qubit Pauli strings {P, O}
14: Append Fp , to QCList and Update ¢p < ¢ + 6
15:  else if v = 3 with k > O then
16: Sample jy, ..., js €{1,2, ..., M} independently from the identical distribution {py; = |ax;|/(3_; a;])}
17: Append F, g with A = Py; Py; and B = Py; Py;. to QCList and Update ¢ as
& — =0y, + 0, —Orj, + 0, + 7. Oy = arg(a;/|au;])
18:  end if
19: for j=0to2/—1 do B
20: Call Algorithm 3 and obtain ¢?0 ® P with a phase 6 and n-qubit Pauli strings {P, O}
21: Append Fp o to QCList and Update ¢ < ¢ + o
22:  end for
23: end for

24: Append a Phase gate Phase(e™?) ® 1 to QCList, where Phase(e) := €/?(0) (0| + [1){1]anc
25: return Positive value C = (>, C;)" and W = QClList[length(QCList)—1] o --- o QCList[0]

*We note that if we can calculate H2’0 e’ fQ ®P;=: ce” Q' ® P’ classically, we can simply append F p.o instead of
F Py 10y © 777 O F Po.0, ON the line 21. This substitution improves the circuit depth.
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ALGORITHM 3. Efficient sampling of the random unitary X for G = S(£)

Input: Hamiltonian H and jump operators {L;}X | defined by (B1).

Output: Description of a sample from the random unitary X such that E[X;] = G/||L]| ;> Where G =

by Egs. (B9) and (B11). Here, X; has the form of
e‘yQ ®P

for some @ € R and n-qubit Pauli strings P, Q € {1, X, Y, Z}®", with probability 1.
1: Sample k€ {0, 1, ..., K} from the probability distribution p,,

K

202,
p
£ H‘CHpaull Z ”‘C’”pauh
2: if k = 0 then
3: Sample /€ {1,2} with equal probability.
4: Sample j€{1,...,m} from the probability distribution
Poj = |0‘0j|

0y = m |, |

/ Zj:l |a0j‘
5: Set X; as

_ eXp[l(Goj—ﬂ'/Z)]'1®P0j, ifl=1 0
G = {exp[z(eo, +a/2)]-PL @1, ifi=2 M4 V= o,l (et
6: else if k # 0 then
7: Sample [ €{1,2,3} with the probability {1/2,1/4,1/4}.
8: Sample j,, j, €{l,..., M} independently from the identical probability distribution
Pay = |akj|

p= =

T eyl
9: Set X; as

exp[i(—ekjl —+ eka)] . ﬁ]l ® ijz’ lf l = 1
Xg = expi(—0j, +Okj, +7)] -1 @ Py Pyj,, ifl=2 and e'% :=
exp[ (Qk“ eka +7l')] ij]ijz ® 1, if [l = 3,

10: end if

11: Modify the phase of X to match the form of Eq. (C28).
12: return The description of X; with a complex phase and Pauli strings.

S(£) and || L][ auy; is defined

(C28)

1})

Aj
|akj|
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ALGORITHM 4. Efficient sampling of the random unitary X, for the correction superoperator R = S(R)

Input: Hamiltonian A and jump operators {Lk}f:1 defined by (B1), r> 0, reN, /€{0,1,...}, and k€{1,2,...,K}.
Output: Description of a sample from the random unitary Xy such that E[Xg] = Ry;/||Ry| pauri» Where Ry, and ||Ry || i
is defined by Eqgs. (B21) and (B26). Here, X3 has the form of

e’yQ ®P
for some 8 € R and n-qubit Pauli strings P, Q € {1, X, Y, Z}®", with probability 1.
1: Set
t/r 1 & .
EAaEYN e 2(% +2;0[%)’ Po=il Go0=0
2: Sample 1€ {0, 1} from the probability distribution

1+le/16 7] 2
_ 1+ 80, + 170
P T Y 20+ 50/16 + 01 /8 + 71 /64 2) 0T EOu

3: Sample i €{0, 1,2} from the probability distribution
SR N PRSP
pl_2+112/8 0i 1i 8 2i
4:if 2 =0 then
5: Sample (ji, jo), (j;,j5) € {0, 1, ..., M}?* independently from the identical joint probability distribution
1 /2 X

Pjj, = 1+1,/2 60}150j2 + 1+ Tl/zml;:l Pknzlpkn125m1j15mzj2
6: Sample js, ..., jijo €{l. ..., M} independently from the identical distribution p,; = lo |
7: Set Xg as 2. il

Py, Prj, ® Pijy Pijy T10_3 Pij, xexpli(Ohj, —Okj, —Orj +Orjy = Onj, +Okj, —Orjs +645,)], if i=0
Py Py, TT9-5 Prj, ® Pujy Prjy, < expli(Ohj, — Onj, —Ohjy +Ohjy + Ohjy — Onj, +0pj, —O45,)) ifi=1

Py P T15 3 Paj, ® Py Payy T2 P,
x expli(6kj, —Oj, = Ok, + Oy, +6kj, — Oy +Okj — Ok —Ouj, + Ok —Oujy +0;,)l. i i=2

XR:=

8: else if 1 = 1 then

9: Sample j,, j\, j2. ..., joE€{l..... M} independently from the identical probability distribution p; = L;’”“a y
10:  Set Xy as =t T
P, @ Py [0, Pyj, xexpli(=0y, + 6y — O, +64j, — Oy, +6i).)] ifi=0
kjy Ky L= Lk, P kjy T Ykjy = Ukjy T Vkjs = Ukj, T Ukjs )1
XR:= ijl H§:2ij}®Pkf’| Xexp[i(_ekjl+0kj’]+6kj2_0kj3+9kj4_9kj5)]7 ifi=1

Py T1 2 Prj, ® Py, I -6 Paj, < expli(=04j, + 0, + 04, = Ouj, +Ohj, — Onjg — Ohj +Orj, — Onjg +64),)). if i=2

11: end if o
12: Modify the phase of X to match the form of ¢’Q ® P
13: return The description of X with a complex phase and Pauli strings
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1 Dy Ly ‘l—an’
ln@<Q QInQ =Q Ink e

< —k.

1
< —EQ/IHK

(C16)

This leads that the approximation error of Ag ),
becomes at most A'/r, i.e.,

[Agayr = e“IE| Ly S A, (C17)
Due to Eq. (C17),

||AQ’.t/r||1_,1 - ||e<t/r>£||1—>1 < HAQ’,I/r_eO/r)'CH]_)l :A//r
(C18)

holds. Hence, we have
1AQ/llioy S N5y +A/r =1+ A/r (C19)

because |e/"||,_; =1 holds from Lemma 3 since
e"/E is CPTP. Observing that

-1

e =D ly=y < D IICIFZNIC = Pl 1D
k=1

DI} MIC =Dl
(C20)

< rmax{[|C||,,

for any linear maps C and D, we obtain

”(AQ’,t/r)r - et£||1_>1
< rmax{[[Aquill Ly 1 ALy — €7
<A (1+A/r)—1 < Ae® <A, (C21)
where we set A’ := (2/3)A € (0, 1/e) in the final inequal-

ity. Therefore, taking Q as Q > Q'/2 = %, the

lemma holds. u
Using quantum circuits sampled by Algorithm 2, we can
estimate the target quantity Tr[Oe'(p,)] as follows. First,

we generate a quantum circuit w by Algorithm 2. This
circuit contains (possibly multi-round) mid-circuit meas-
urement and qubit reset as in Fig. 1, and the corresponding
POVM {II,},_; in each mid-circuit measurement is
given by Eq. (B48). Then, running the circuit with an
initial state |+)(+|,,c ® po and measuring the observable
Xane ® O at the end of circuit, we obtain measurement
outcomes (by, bpy) and a collection of mid-circuit meas-
urement outcomes b = (by,b,,...) (b;€{0,1}). By
repeating the above procedure N times independently,
we calculate the following quantity

CIN (i), (i
o= S 606640 - (C22)
i=1

where the superscript i denotes the index of trials and the
positive value C is also the output of Algorithm 2.

From the construction, it can be confirmed that the mean
of ¢y becomes

Elpy] = Y ¢, Tr[(Xane ® OYW,(|+)(+ane ® 1)

vE S,
(C23)
and this is (A||O||)-close to the target value as
[Elon] = Tr[0e™(p)]| < A O] (C24)

due to Eq. (C1) and the tracial matrix Holder’s inequality.
In addition, from the Hoeffding’s inequality and the above
evaluation, we can say

_2C?||0]* log(2/9)

N C25
() )

samples are sufficient in order that
Pr(lpy — Tr[Oe'(py)]| < € +AO]) 21 -6 (C26)

holds for given parameters ¢ > 0 and 6 > 0. Thus, for a
target additive error ¢, taking A = ¢/2]|0|| and ¢ = ¢/2,
we conclude that our algorithm estimates the target
expectation value within an additive error ¢ with at least
1 — 6 probability, i.e.,
Pr(|py — Tr[0e™“(py)]| < €) > 1 — 6. (C27)
Also, the sampling overhead C =}, g ¢, can be
O(1) by setting r = O(||L]|2,,;¢*) because of Eq. (C2).
Consequently, the above construction and analysis com-
plete the proof of Theorem 2.

APPENDIX D: (m, M, K)-INDEPENDENT
LINDBLAD SIMULATION WITH LOGARITHMIC
ACCURACY SCALING

We here provide an effective way to approximately

simulate the CPTN map B,(:llppm’(). This dissipation B;fl‘p prox)
gives the M-dependency of our algorithm introduced
before. For our expansion of the dynamical map e“/, it
is sufficient to construct a linear map Y, that can be
simulated by using quantum circuits and realize B,(jpprox) in
the following sense:
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(aPPIOX)
Y, <Aoo A01> N < . r;) B, (Am))
Ao An B (Ay) *

ki
(D1

We have already provided one example of Y; using the
unitary channel Uy, (*) = Uy, * U, [see Eq. (16)], that is,

trW,sys[(lanc,sys ® IP ® |O> <O|®2+“0g2M-‘)

(D2)
X (Ianc ® ukl)(|0> <0| ® .)]’

also see Remark 1. The implementation of U, requires

O(log M) ancilla qubits and O(M log M) gates when we

use LCU to encode L;/a;. In the following, we show

another proposal of Y;; whose implementation has no

dependence on M in both gate and ancilla counts.

The alternative Y, uses the single-ancilla qubit denoted
by anc, while the previous construction has trivial action
on the system anc. The core idea to construct Y,; without
M-dependence is to use the random-sampling implemen-
tation of controlled time evolution operators e L/ and
e Li/a (see Appendix A4 or Refs. [40,46]). Here, L?‘I
are the real or imaginary part of L; defined as

M M
L}jzzm[(xkj]ij, }{:Z akj ij, (D3)

J=1

where

M M
Doyl ae DRl < e
j=1 j=1

We note that the 1-qubit controlled time evolution is
generated by (I —Z2)/2 ® Lf’l/ak, that is,

(D4)

LR.I

“eT . (Ds)

0)(0] ® 1+ [1)(1] @ e~/ = e
The previous results reviewed in Appendix A4 say that
for any one of (n + 1)-qubit Hamiltonians {(/ —Z)/2 ®
LE’I /oy b, and a given positive integer rgg, there exists a
probability distribution p; and (n + 1) + 1-qubit (+1 for
anc) unitary gates V; such that

i. (A Ao
weevis (3 4

R.I R.I
—i54 —ZQk
* e ir ® 2ay, A/ ® 2ay,
= Ri Ri )
e_l_® 2a; A/ 1_® 2a; *

(D6)

where Cgg < exp(rgi/2) holds (the time is fixed to
t =1/2); see around Eq. (B112) for this expression of

4] V] Ely

L R,I O R,I
L/ 2ak) il (2ag) ——

FIG. 12. Block-encoding of sin(LY'/(2a)).

the previous works. The non-Clifford gate complexity of
the V; gates is given by at most O(rgg). Thus, we can
simulate the controlled time evolution operators with only
a single-ancilla qubit and the gate counts independent
of M.

Once we obtain the controlled time evolution of

¢~iLi'/2a) e can approximately construct the unitary
Eq. (B69) to encode L, /a; (more precisely, (1/2z)L; /o)
based on the standard technique of quantum matrix
arithmetic e.g., Ref. [45]. Combining this and the same
strategy as Lemma 7, we prove the following lemma.
Lemma 14. Let ke {1, ..., K} be the index of L;. For
any positive integer rgg and 0 < 7; < &, we can construct
a mixed unitary channel Uy; ;, over n + 7 qubits such that

[CBE]O(log(l/s/)) o Sys[( ancsys @ Ip ® 0)
x (0[%) Uy 4, (+ ® [0)(0[%°)]

Yi(e) =

D7)

satisfies

. (Aoo Am) H( . c,i?‘“’”*)(Am))
kil + rox :
Ay An C/(:;pp ° >(Alo) *

(D8)

Here, the positive value Cgg satisfies 1 < Cgg <
exp(rgE/Z) and the CPTN map () (approx) <o o/ close to

B, (approx) (defined in Eq. (B23) in the dlamond norm. The
1mplementat10n of the mixed unitary channel Uy, uses at

most O(rgg[log(rge/€’)]?) one- or two-qubit gates includ-
ing O(rgglog(1/¢")) non-Clifford gates.

Proof. To simplify the proof, we first introduce the
notion of block encoding [45]. For a given n-qubit operator
A with the norm ||A]| < 1, we say that an (n 4 a)-qubit
unitary U is a block-encoding of A, if

(0% @ NU(|0)** ® 1) = A.

(D9)

Assuming access to the time evolution operators
eIl /e with 1-qubit control, the circuit in Fig. 12
becomes a block-encoding of sin(Ly"'/(2a;)) with a
single-ancilla qubit. Then, Ref. [45] proves that there
exists an odd real d:= O(log(1/¢"))-degree polynomial
P(x) satisfying
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) = —
BE of P, Ef of Py
0)®? - REF -
0% P PRE]

0)®* R,

FIG. 13. Quantum circuit W}, for Eq. (D14). The PREPARE

circuits. PRE;,PRE,, and R, are provided in Egs. (DI2)
and (D13).
max (P(x) ——arcsin(x)| < ¢, and
lx|<1/2 T (Dl())
max |P(x)| <l
—1<x<

Therefore, by using the quantum singular value trans-
formation [45] for the polynomial P(x), we have the block
encoding of PR'=P(sin(LY'/(2ay))) ~ (2/7) LY/ (2ay).
The circuit for the block-encoding of Pl,f’l consists of
O(d) = O(log(1/¢')) queries to the circuit in Fig. 12, and
O(d) = O(log(1/€")) one- or two-qubit elementary gates.
Moreover, using the LCU method for adding PR and P},
we obtain a circuit for a block-encoding of

PR PL1L
K R e

(D11)
using 3 ancilla qubits in total.

Now we obtain the block-encoding of L;, we then
consider the circuit in Fig. 13, similar to the proof of
Lemma 7. In this circuit, the PREPARE circuits are

defined as
2
pRE,j0) = |/ 220 441 - By
1 (D12)
PRE,|0) = ——————(]0) +2 1)),
and
2 — 2
rjoy = V20 4 BB i)

Note that all of these states are valid quantum states due
to the assumption of 0 < 7; < ;5. Denoting this circuit as
W), it satisfies

/ 1 .
Wl =2 ) _10)(0] ® [1){0]p ®
i=0,1

(10)(0N®* & Cus,
(D14)

where  IT'=[0)(0| ® Ip ® (|0)(0))®* ® 1 I =

(10)(0)®° ® 1, and

1
Ckl,O = 1 —ipzpk . 47[21'1, Ckl,l = Pk . 27'[\/’?1
(D15)
Thus, considering the circuit Uy, = Wy, (2I1 — 1)(W},)
(2 — 1)W,,, we arrive at
trsgs (10}, ((0) (0)®° ® A)(Uy,)]
= > CLACL) =™ @) ©16)
i=0,1
for any operator A, where
/ i 2ptp 2
Ckl,i = Ckl.i 1 —§ (477.' PkPk) . (D17)

The unitary channel for U}, is a sequence of unitary
channels with O(log(1/¢")) uses of the controlled
¢~iLi'/@%) and its inverse because Uj, contains O(1)
controlled block-encodings of P; and its inverse from
Fig. 13. Thus, by replacing all of the controlled
e*iLi'/20) with the mixed unitary channel in the form of
>ipiVie VZT satisfying Eq. (D6), the unitary channel for
U}, becomes a mixed unitary channel Uf;,, over the
(1 + 6)-qubit ancilla system and the target system. This
L{{I_kl satisfies Eqgs. (D7) and (D8). For a given positive
integer rgg, 1 < Cgg < exp|rgy/2] holds as mentioned
before. We note that in the unitary sequence of U},
eiL¢'/Ca) gappears at most O(d) times, resulting into the
sampling overhead (Cyg )@ = (Cgp)9002(1/€)) | As for the
gate complexity, Uy, ,, uses O(rpgllog(1/¢') log(rge/€’)]/
loglog(rge/€')) = O(rgellog(rge/€'))?) elementary gates
including O(rgglog(1/€¢’)) non-Clifford gates, where
we ignored a logloglog term. This is because Eq. (D6),
which is a special case of Algorithm 2, uses
O(rgglog(rge/€')/ loglog(rge/€’))  gates  including
O(rgg) non-Clifford gates for the truncation error & of
time evolution. Since Uy, has O(d) = O(log(1/¢€’)) uses
of Eq. (D6), ¢ should be taken as O(¢'/ log(1/¢’)), leading
to the complexity.

Finally, we describe the error between C, approx) and the

desired B,jpprox). For any operator A on the target system
and any environment R,
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1™ ® Ze)(A) = (B ®

< Z'lcklz C;clt f

Zr)Al;

B;cl,iA(B;d,i)T || 1

i=0,1
< 324l ICh, — Bigll = lAll - O, (D18)

i=0,1
where in the final equality, we used ||C}, ; — By, ;|| = O(¢')

which can be proved by expanding the terms in B;di and
C},.; and using the fact ||[P; — (1/27)L; /]| < €. n

Combining Lemma 14 and Algorithm 1, we can prove
the M-independent version of Theorem 2. In the step 5 of
Algorithm 1, we run Algorithm 2 and obtain a quantum
circuit W This quantum circuit contains rih)ot <r=
|'2||E||paulit2'| uses of the unitary gate Uy and 3 +
[log, M| additional ancilla qubits for the dissipation
B,(C"l‘ppmx). Now, we replace all Uy with Y,, with six
additional ancilla qubits. More precisely, we replace all
Uy with Uy, and finally multiply the positive value

[Cre]” 4 C02(1/€)) wyith the single-shot measurement out-
comes. Then, we perform the step 6 with the modified
circuit and finally obtain an estimate. The final estimate is

originally given by ¢y = (C/N) valb bV 0 O - but
when the modified circuit is used, the estimate is also
modified as

c 0 o G
sy = &Sl
i=

(D19)

where N’ > N is the number of samples we speci-
fied below.

The parameters €', rgp, N’ are specified as follows. First,
to ensure the estimation bias is sufficiently small, the error
¢ should be set to O(e/r||O]|). Then, the additional
sampling overhead from the use of Eq. (D7) becomes

[Cr] s O00E(r 101/ < exp(rgh O(r log(r]| Ol /€))).
(D20)

By choosing rgg = O(rlog(r||O]|/€)), the additional
sampling overhead becomes a constant. Under this
choice, the number of samples N’ can be taken as
N’ = O(N). Therefore, the above modified algorithm
can estimate the target value Tr[Oe’“(p,)] within the
additive error € with at least 1 — 6 probability using the
N = O(||0]|*10og(1/8)/€?*) samples. All quantum circuits
in this algorithm have the non-Clifford gate complexity

Olrrgelog(1/¢')] = O[r*log*(r|| O]l /#)]

IO
_ 41002 pauli
e

(D21)

and the elementary gate complexity

O{( log((|0]|r/e) log? (/) )]
oglog([0]r/e) " " Tog log(rgs/e)
ol log3<||0||r/e>]_ [ log3<|0||r/s>]
O[ oglog([0] /)] — " Toglog([0fle/e))"
(D22)

where 7 = [|£||,,,if- And the circuits use at most seven

ancilla qubits (n + 7 in total). This completes the proof of
Theorem 3.

APPENDIX E: DETAILED SETUP OF GATE
COMPLEXITY ANALYSIS

In this section, we provide the details of the gate
complexity analysis shown in Sec. III B. Also, we denote
the number of sites by n and the number of qubits by N,

1. Numerical results for scaling

This section provides supplementary numerical results
extending those presented in the main text. In particular, we
consider more complicated systems and investigate depend-
encies on the other parameters. The detailed procedure for
estimating the gate counts is deferred to the next subsection.

We begin by reviewing the setup studied in the main text.
In the main text, we introduce two common instances: (i) a
one-dimensional dissipative transverse field Ising model
(TFIM), and (ii) a two-dimensional Fermi-Hubbard model
(FHM) with the two-body loss, with n sites. TFIM is
described by the following Hamiltonian and jump operators:

n n
Hrpyv = _JZZiZH—l - hzxi,
i=1 i=1

X, —1Y
Lremvgx = \/}7%

(ED

where J is the nearest-neighbor coupling, £ is a transverse
field and y is a decay rate. FHM is described by

HFHM—_JZ za /(1+c/acza +Uznlanz/iv
i.a#p

Lyyns = \/?ch.ack,ﬁ (E2)

a#f

where c;, and c;g are fermionic annihilation and creation
operators at the site i on a square lattice with the length /7,
and for the spin state o =1,---,s.n;, = ciﬁcm is a
number operator. » ; » denotes summation over the near-
est-neighbor pairs 7, j. Let J and y be the hopping amplitude
and the two-body loss rate, respectively. For the Pauli
decomposition of fermionic operators, we employ the
Jordan-Wigner transformation.
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FIG. 14. Accuracy e-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (this work), channel
LCU (CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s = 2 and

s = 6), with 7/n = 10 and n = 10%.

The number of gates and ancilla qubits for the systems
are presented in the following figures; Figs. 14, 15, 16,
and 17 show the e-dependency, z-dependency with
n = 10, r-dependency with n = 100, and n-dependency,
respectively. These figures provide the comparison of our
algorithm (this work colored in red), channel LCU (CLCU
colored in blue) [32], and first order Hamiltonian simu-
lation-based algorithm (HS colored in green) [38]. Note
that the gate and ancilla count can be evaluated by the three
parameters (&, 7, n). Thus, we do not need to specify the
physical parameters of Hamiltonian and the jump oper-
ators when 7 = ||£||7 is given, similarly, we do not need
(m,M, K), which is deduced from n. The Hamiltonian
simulation-based algorithm require an additional informa-
tion ay/||L|| and we assume «ay/||L|| = 1/4. In the main
text, we considered the TFIM and the FHM with s = 2,
whereas here we also include an example with s = 6.

Here, we highlight the insights of the results:

i. Figures 14(a)-14(c) show e-scaling of the gate
requirement. Our gate requirement shows an ex-
ponential advantage over first order HS, and even
better than channel LCU. While the gate counts of
channel LCU scale polylogarithmically, we reach
much smaller values.

ii. Figures 15, 16(a)—16(c) show z-scaling of the gate
requirement. The number of gates of our algorithm
scales in O(z?), while channel LCU does in O(z).

Despite the unfavorable scaling, in a wide range of
7, our gate requirement is fewer than the channel
LCU’s. Furthermore, complicated systems (larger n
or larger s) require additional gates to reach the
crossing points.

iii. Figures 17(a)-17(c) show n-scaling of the gate
requirement. Our algorithm has a better scaling
for n even though the ||L[,,-scaling is quad-
ratically worse. This is because our algorithm
removes the dependence of m and K. The inde-
pendence of m and K leads to the scalability of
the algorithm.

iv. Figures 14, 15, 16, and 17(d)-17(f) show the ancilla
qubit requirement. Our algorithm needs the small
constant ancilla qubits in all setups we investigate.

These numerical analysis provides concrete evidence of

the advantage of our algorithm in certain but wide
parameter regimes. In particular, when the FTQC devices
are not mature, that is, they do not have logical qubits and
executable gates enough to reach the crossing points, our
algorithm will be the best option.

2. Gate complexity of algorithms

Here, we provide the detailed computation procedure to
estimate the number of T gates, or T-count. T-count is a
common metric for the cost estimation of FTQC algo-
rithms [76-79], under the assumption of the Clifford-T
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FIG. 16

(e) Ancilla counts of FHM (s = 2)

(f) Ancilla counts of FHM (s = 6)

7/n-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (zhis work), channel LCU

(CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s = 2 and s = 6),

with (n,

e) = (10%,1072).
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FIG. 17. System size n-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (this work),
channel LCU (CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s = 2
and s = 6), with 7/n = 10 and & = 1072,

formalism on the surface code. As a primary cost model,
T-count provides a good approximation to the overall
execution time, as executing a T gate typically involves
a time-consuming procedure (e.g., magic-state distilla-
tion). Throughout the analysis, we employ the notation;

|

a—O,l
4(a a>?2
0

{4a
{

[CircuitComponent] denotes the number of T-gates of
circuit component.

First, we provide the T-count for the following primitive
components, a-qubit controlled X, SWAP, Hadamard, and
rotation gate R:

[a-qubit-ctr] X] =

[a-qubit-ctr] SWAP] =
(E3)

0
4a—-2 a>1

(a—1)+2Tlog,(1/8ss) + 25,

[a-qubit-ctr]l Hadamard] =
[a-qubit-ctr] R] =

where I" and 2 are constants, which we set 3.3 averaging 1.03 and 5.1, following the complexity analysis [79]. dgg is
determined to maintain the target accuracy e. Using these results, we can estimate the T-count for the controlled LCU,
which is the core subroutine for open system simulation algorithms. We follow the result of the circuit to prepare the
arbitral amplitude [80], but slightly modify it for a controlled linear combination of Pauli strings, of our interest.

[a-qubit-ctrl b-qubit PRE] = 2°*![a-qubit-ctr] R]

[a-qubit-ctrl b-qubit SEL] = 2°[(a + b)-qubit-ctrl X]
[a-qubit-ctrl b-qubit LCU] = 2°*2[a-qubit-ctrl R] + 2°[(a + b)-qubit-ctr]l X]

(E4)

This can be confirmed from Fig. 18 directly.
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(b) a-qubit controlled SELECT gate for b-qubit.

FIG. 18. Basic circuit components for LCU. (a) A controlled PREPARE gate (b = 3 case). This has two alternative sequence
structures: (i) a-qubit controlled R, gates and CX gates, and (ii) a-qubit controlled R, gates and CX gates. Since LCU has an
uncomputational structure, CX does not need to be controlled. (b) A controlled SELECT gate for Pauli strings, involving (a + b)-qubit
controlled X gates 2% times, and Clifford gates Cy, -+, Cyp, 26+1 times in total.

Then, we show the number of the T gates of three algorithms: our work, channel LCU [32], and first-order Hamiltonian
simulation [38]. By leveraging the result of Lemma 7, our T-count are calculated following:

[Total] = r([LCS] + [Dissipation])
[LCS] = [1-qubit-ctr] R]
[Dissipation] = 3[W;] + 3[1-qubit-ctrlW ] + 4[(1 + log, M)-qubit-ctrl X] + [(2 + log, M)-qubit-ctr] X] + 12[R]
[W,] = [log, M-qubit LCU] = 4M[R] + M[log, M-qubit-ctr] X]
J=

(E5)

[1-qubit-ctrl W; ] = [1-qubit-ctrllog, M-qubit LCU]|

where r is the number of time slices by setting r = O(z?). To construct W, we utilize the standard LCU procedure. It is
worth noting that our T-count does not depend on the accuracy ¢ explicitly, since type-(B) operators for the higher-order
approximation are Clifford gates, while the rotation gate synthesis requires log 1/& T gates implicitly.

We can compute the gate counts of the channel LCU approach [32] from the circuit diagram in Fig. 19.

]
| = 3[W] + [(hb — 1)-qubit-ctrl X] + [(ha + hb + hc — 1)-qubit-ctr] X]

| = [E] + hla-qubit-ctrly’| + h[B] 4+ h[B'] + h[U]

E] = halR] (E6)
| = [1-qubit-ctrlc-qubit PRE] + 2[a-qubit-ctr]l X]

| =[B'] = (1 4+ K)[(c + 1)-qubit-ctrlb-qubit PRE] + 2[a-qubit-ctr] X]

] = (m+ KM + KM?)[(b + ¢ + 1)-qubit-ctrl X] + 2[a-qubit-ctrl X]

where r is the number of time slices by setting r =7,a =1log,(r/¢), b = logy,(KM? + m), ¢ = log,(1 + K) are parameters

of the ancilla qubits, and h = 2log(r/¢)/(loglog(r/€)) + log(4/3) — 1) is a hamming weight cutoff parameter.
Then, we estimate the T-count of first order Hamiltonian simulation approach [38]. Reference [38] provides the block

encoding W; of the dilated Hamiltonian H given the block encoding of Hamiltonian H, and the jump operators H; for

i €10, K], but they do not specify the block encoding algorithm or the Hamiltonian simulation algorithm for H. In order to

033046-51



KATO, WADA, ITO, and YAMAMOTO PRX QUANTUM 7, 033046 (2026)

|
i
T
<
T
|
<
:

1-2I1I

Sys —£- ®h
v L
sys —" 1 — Je T
10)p — L £ ]
hb
0) /——— W |—
= hb
o), e 0) — (5o ] (B! —
- I
0)p /hc ey

(c) Detailed construction of the LCU circuit

FIG. 19. Circuit components of Ref. [32]. (a) The algorithm repeats the Kraus map circuit M and mid-circuit measurements and
resets for r times. h(a + b + ¢)-ancilla qubits are required (b) The circuit M consists of LCU and OAA. (¢) The LCU circuit contains
two kinds of gates: PREPARE gates (E, y', B, B') and SELECT gates (U). B is a multiplex PREPARE gate in Ref. [32], and B is a
slightly modified version of B for the compression scheme. y’ is also a modified gate of u in original definition for the compression
scheme.

estimate the gate cost, we assume that (i) the block encodings of H; for i € [0, K] are constructed by the standard LCU

procedure, and (ii) for Hamiltonian simulation of block encoded H, QSVT technique [45] is employed (see, e.g., Ref. [81]
for a detailed circuit diagram). Under these assumptions, we can construct the circuit in Fig. 20, and directly count the T
gates from the diagram.

[Total] = rle=i# VA1
[e*";L7 VAL = 6d[W~] + 3[1-qubit-ctrl W~] + (12d + 6)[(b + 2c + 1)-qubit-ctrl X]
+2[(b + 2¢ + 2)-qubit-ctr]l X] + 12d[1-qubit-ctr] R]
[I-qubit-ctrl W] = 2[(1 + I)-qubit-ctrl U] + 2[(1 + I)-qubit-ctrl ]
[(1+ I)-qubit-ctrl U] = [(1 + [ + ¢)-qubit-ctr]l log, m-qubit LCU] 4+ K[(1 4 [ + ¢)-qubit-ctr] log, M-qubit LCU]
[(1 + I)-qubit-ctrl S] = ¢[(1 + [)-qubit-ctrl SWAP] + ¢[(1 4 I)-qubit-ctr] Hadamard]

where parameters are determined as follows: time slicing r = 77 /e, small time step At = t/r, polynomial degree of
Hamiltonian simulation d = /2(1 + K)AtD + log(r/¢), a block encoding norm D = max(agVAt, ay, ...,ak) for a;
defined in Eq. (2), and parameters related to ancilla count b = log,(max(m, M)), ¢ = log,(1 + K).
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FIG. 20. Circuit components of Ref. [38]. (a) The algorithm repeats the Hamiltonian simulation circuit e~# VAr and mid-circuit

measurements and resets for r times. (3 + b + 2c¢)-ancilla qubits are required. (b) A block encoding of H, which incorporates U and S

gates. (¢) U gate, which apply multiplex block encoding Wy, , - - -,

Wy, where Wy and Wy, represent the block encoding of Hv/ At,

and L, respectively. (d) S gate for shuffling the index from |k) (k| to |0)(k|.

3. Further reduction of gate complexity

In Appendix E 2, we provided the general procedure to
evaluate the T-count, yielding baseline results. Beyond this
baseline, we introduce additional circuit-level optimization
techniques to reduce the T-count. Our circuit structure is
much simpler than those of previous approaches with
sophisticated multiple ancilla uses. By exploiting this
simplicity, we can directly evaluate the benefits from
the techniques of (1) optimized implementation of a single
jump process, (2) assumptions based on average-case
estimation, and (3) improved rotation synthesis, for further
reducing the total T gate count (depth). The breakdown of
the reduction is provided in Table IV (e) in the main text.

Below, we explain these three techniques. In principle,
other algorithms may benefit from these techniques, but
their evaluation is not straightforward unlike in our method
due to complicated controlled operations; we leave this for
future work.

(1) In our algorithm, we construct an encoding of the
dissipation process Wy using a block-encoding W
of jump operators constructed via the standard LCU
procedure. Since our circuit does not need the
encoding of all jump operators, but needs only an
encoding of the single jump operator separately, we
can simplify the PREPARE circuit in W, and thus
the circuit for a single dissipation Wy, thereby
reducing the number of rotation gates.

While we focus on the worst-case complexity
throughout the analysis, the average-case cost
evaluation can be well justified in typical settings.
In our random algorithm, the entire circuit has r =
O(7?) layers, and in each layer, either Hamiltonian
evolution (i.e., a single Pauli rotation) or dissipative
processes (i.e., a single Pauli rotation or a single
jump process) is randomly selected according to
the ratio of the norm of Hamiltonian and jump

2)
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(a) The estimation from explicitly prepared p®? (b) The estimation from effectively prepared p®?

FIG. 21. The circuit to estimate Tr[p?].py and 3, ¢,W,/C are described in Eq. (F3).

operators. Thus, from the central limit theorem, the
total gate count in a single circuit converges to the
average gate cost as r or 7 increases. In the current
setting, the probability of selecting the more costly
dissipation is small, 1.3% for the boundary-driven
dissipative system and 4.5% for the dissipative
system with two-body loss, leading to a significant
reduction.

(3) Our algorithm uses only a small number of ancilla
qubits, so it is allowed to add a small number of
additional ancilla qubits for rotation gate synthesis.
Thus, we can use the 1 T-depth implementation of a
rotation gate with a catalytic state [82].

APPENDIX F: ESTIMATION OF NON-LINEAR
QUANTITIES OF QUANTUM STATES

In this work, we propose a quantum algorithm for
estimating the expectation value Tr[Op] rather than pre-
paring the full state p. This approach called the effective
simulation,” enables the estimation of Tr[Op] without
explicitly preparing the state p. Although the effective
simulation restricts access to p, this does not impose a
significant limitation on its applications. Many subsequent
quantum algorithms can still be executed via the effective
simulation as if the state p were given. In this section, we
provide an example to estimate entropy, which is a non-
linear quantity of the state p beyond the expectation value
of observables.

The a-Rényi entropy R,(p) is defined as

log(Tr[p?]). (F1)

1

R =
The simplest example is Rényi entropy with @ = 2. In
this case, Tr[p?] is estimated by the swap test, which
employs the swap gate S =, [i){j| ® |j)(i|, where |i)
and |j) denote the computational basis. Actually, if the

state p®? is explicitly prepared, the swap test (see
Fig. 21(a)) operates as

(022 ® [0)(0] + p®2S

N[ =

Tri(1®1Q® X)

® [0)(1] + $p®2 @ [1)(0] + $p®25 @ [1)(1])

= Trlp?]. (F2)

by using the swap
(jlp ® 1j){ilp] = Tr[p?].

Subsequently, we investigate the scenario where the
state p is effectively prepared by our algorithm. Recall that
our algorithm is compactly described as

trick  Tr[Sp®?] = Tr[>, ;i)

1 Cy -
7P =D & Tranel (Xane ® DW, (1) (Hane ® o).

veS

(F3)

where p, and p = p, represent the initial and final states,

respectively, and CPTN maps 17\/0 are randomly applied
with the probability ¢, /C. By incorporating the swap test
with our algorithm, we can utilize the circuit illustrated in
Fig. 21(b), which provides the estimation of Tr[p?]/C?. We
can recover the original estimation up to a constant factor
using the circuit by substituting the state p with the
effective state preparation algorithm (F3) and measuring
the composite observable X0 ® 1 ® X,,c ® 1 & X.
Thus, the Rényi entropy R,(p), a non-linear quantity of
p, can be estimated with the effective simulation.

Note finally that we can straightforwardly extend the
estimation procedure with effective states for the a-Rényi
entropy for arbitrary a and von Neumann entropy, as
follows. Ref. [83] shows that the a-Rényi entropy and von
Neumann entropy are expressed as a linear expansion

033046-54



EXPONENTIALLY ACCURATE OPEN QUANTUM...

PRX QUANTUM 7, 033046 (2026)

involving Trlpcospt]. Similar to Tr[p?], the quantity
Tr[p cos pt] can be estimated through the density matrix
exponentiation technique with the effective simulation
inputs.
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