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Simulating open quantum systems is an essential technique for understanding complex physical
phenomena and advancing quantum technologies. Some quantum algorithms simulate Lindblad dynamics
exponentially accurately, i.e., they achieve logarithmically short circuit depth in terms of accuracy, but
they need to coherently encode all possible jump operators with a large ancilla consumption. Minimizing
the gate and ancilla counts while achieving such a logarithmic scaling in accuracy remains an important
challenge. In this work, we present two randomized quantum algorithms for simulating general Lindblad
dynamics with multiple jump operators aimed at an observable estimation that achieves a circuit depth
with not only logarithmic scaling in accuracy but also either partial or complete independence from the
parameters specifying the Lindbladian. This is based on a novel random circuit compilation method that
leverages dissipative processes with only a single jump operator, leading to the proposed methods using
minimal ancilla qubits—4þ ⌈ log2 M⌉ in the first case and seven in the other, where each single jump
operator has at mostM Pauli strings. In addition, we numerically demonstrate the practical advantage over
existing approaches by providing a detailed analysis of the required gate and ancilla counts. This work
represents a significant step toward making open quantum system simulations more feasible on early fault-
tolerant quantum computing devices.
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I. INTRODUCTION

A. Background

Analysis and simulation of open quantum systems [1–5]
are indispensable for understanding complex quantum
phenomena found in many-body systems, including trans-
port in boundary-driven systems, transient dynamics,
and thermalization. It can also be used for synthesizing

quantum systems having useful functionalities in the
framework of reservoir engineering [6,7], and moreover
for devising noise mitigation techniques in quantum
computation [8]. Such studies are usually based on the
Lindblad equation or Gorini-Kossakowski-Sudarshan-
Lindblad equation [9,10]

dρ
dt

¼ LðρÞ ≔ −i½H; ρ� þ
XK
k¼1

�
LkρL

†
k − 1

2
fL†

kLk; ρg
�
;

(1)

where H and fLkgKk¼1 are the Hamiltonian and jump
operators of a target system, respectively.
Quantum computation offers a promising approach

for simulating open-system dynamics [11]. This is par-
ticularly important for many-body systems with higher
spatial dimensions, where classical simulation methods,
such as tensor networks, become computationally
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demanding [12–14]. In such settings, even the estimation
of physically relevant observables can already be hard for
classical methods, and this difficulty is expected to arise
not only in asymptotically long-time dynamics but already
in comparatively short-time dynamics [15]. This highlights
the need for efficient quantum algorithms for Lindblad
simulation.
There are several efficient approaches to simulate the

Lindblad equation via unitary dynamics of quantum com-
putation, based on Trotter-type decomposition [16–22],
vectorized Lindblad equation [23–25], and sample-based
simulation [26,27]. Some studies [24,28–31] focus on
observable estimation rather than state preparation because
physical information of interest, such as state populations,
can often be revealed via observable estimationwithout state
tomography. These works need the first-order depth scaling
OðT2=εÞ in accuracy (meaning the simulation error) ε;
moreover, they typically require a large sampling overhead.
In contrast, advanced approaches [32–34] achieve a

logarithmically shorter circuit depth with respect to the
accuracy for state preparation, as in the case of closed
systems via the state-of-the-art methods for Hamiltonian
simulation (HS) [35–37]. However, they need to simulta-
neously encode all possible jump processes in a quantum
circuit, via the linear combination of unitaries (LCU)
method followed by oblivious amplitude amplification
(OAA), leading to a large consumption of ancilla qubits
and complicated controlled operations. Very recently,
Ref. [38] introduces a HS-based method achieving Q-th
order approximation without OAA, while it still requires a
large amount of ancilla qubits in addition to a highly
accurate simulation of a dilated Hamiltonian comprised of
an exponentially large number of terms OðKQÞ.
On the other hand, recently, the importance of reducing

ancilla qubits has been demonstrated in various quantum
algorithms [39–44], especially in the early stage of fault-
tolerant quantum computers (FTQC), where only a limited
amount of quantum resources is available. In addition, in
the context of Hamiltonian simulation, recent studies have
explored the trade-off between the circuit depth and the
number of ancilla qubits while maintaining the exponen-
tially high accuracy of FTQC algorithms [35–37,45].
Some of these algorithms [40,46–48] achieve only a
few or even zero ancilla qubits, by sacrificing the optimal
scaling in time. However, for open quantum system
simulations, only limited attention has been paid to
improving space complexity while guaranteeing high
accuracy. This is possibly because it is challenging to
achieve both the reduction of ancilla qubits and boosting
the simulation accuracy for non-unitary dynamics with
advanced coherent techniques. Note that we may use near-
term quantum algorithms [49–51] that work with fewer
ancilla qubits, but they typically require a large sampling
overhead to achieve an accurate simulation, leading to
longer end-to-end runtime. Therefore, significant progress

in reducing space overhead, together with high accuracy
and constant sampling overhead, has yet to be achieved.

B. Summary of results

In this work, we present two quantum algorithms for
estimating the physical properties such as expectation
value Tr½OρðtÞ� of a given observable O with respect to
ρðtÞ evolved by Eq. (1), rather than preparing the full state
ρðtÞ: the main algorithm (Theorem 2) and its extended
version (Theorem 3). Given a Hamiltonian H and jump
operators fLkgKk¼1 specified by Nq-qubit Pauli strings
fPkjg as

H ¼
Xm
j¼1

α0jP0j; Lk ¼
XM
j¼1

αkjPkj; (2)

for α0j ∈R; αkj ∈C, our algorithms require OðkOk2=ε2Þ
samples from a set of quantum circuits that are all with the
logarithmic depth Oðlogð1=εÞÞ, for a given estimation
error ε. Furthermore, the number of additional ancilla
qubits is only 4þ ⌈ log2M⌉ (Theorem 2) for the number of
Pauli stringsM of each single jump operator in Eq. (2); this
required ancilla count is minimal-size to exactly (block)
encode a single jump operator in a circuit. Our ancilla
count depends solely on M, whereas other proposals
[24,32,38] have the dependence of M, K, ε, or Nq.
Table I presents the explicit gate complexities (as a
detailed breakdown of the circuit depth), the ancilla qubit
requirements, and the sampling overhead, which is defined
as the multiplicative overhead in the number of shots
relative to the standard sampling cost OðkOk2=ε2Þ. The
total time complexity is obtained as the product of the gate
complexity, the sampling overhead, and the standard
sampling cost. Notably, while the gate complexities of
Refs. [32,38] have a better scaling in t, our gate complexity
(Theorem 2) can be significantly smaller than the previous
methods; this is mainly because it does not depend on
either K or the number m of Pauli strings in the system
Hamiltonian. Moreover, if we allow for eOðt4Þ scaling in
time t, the remaining M-dependency in the ancilla/gate
counts of our algorithm can be further removed, achieving
the complete independence from ðm;M;KÞ together with
the logarithmic accuracy scaling (Theorem 3).
In particular, the independence from K offers a signifi-

cant advantage for open systems with large K; e.g., in the
presence of collective decay, K scales exponentially
regarding the number of system qubits Nq [52]. A similar
independence of the parameter m can be found in random
compilers for closed systems such as qDRIFT and sub-
sequent studies [40,53]. Although very recent randomiza-
tion approaches for Lindblad simulation in Refs. [52,54]
have similar features, they do not achieve the logarithmic
gate complexity for ε.
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Beyond the asymptotic parameter scaling in Table I, our
numerical analysis in Sec. III provides explicit fault-
tolerant resource estimates in terms of both T-count
(and T-depth) and ancilla count. In Sec. III B, we show
that these improvements are not merely asymptotic, but
already translate into clear practical advantages over
previous approaches in realistic parameter regimes. In
Sec. III C, we further connect fault-tolerant resource
estimates to physically motivated benchmark tasks in
open-system settings that are expected to be classically
challenging, demonstrating that our algorithm can access
physically meaningful open problems with realistic exe-
cution-time estimates and clear resource advantages over
prior quantum algorithms.

C. Comparison to prior works

In this work, we focus on reducing the number of ancilla,
while pursuing a better scaling in the gate complexity
regarding as many parameters as possible. Consequently,
our algorithms (Theorem 2 and Theorem 3) achieve the
following features at the same time: (1) exponentially short
depth Oðlogð1=εÞÞ for accuracy ε, (2) small number of
ancilla qubits, (3) both the gate count and the number of
ancilla are independent of m and K (and further M for
Theorem 3). Here, we present the comparison of the gate
and additional ancilla requirementswithmost relatedworks
in Table I.
Compared with the fully fault-tolerant algorithms

[32,38], our algorithm (Theorem 2) significantly reduces
ancilla qubits, and achieves better scaling of ε and the
parameter independence of ðm;KÞ in the gate complexity,
by sacrificing the scaling of the rescaled time τ ∝ t. We
justify this trade-off through the numerical analysis in
Sec. III B.

Compared with the recent randomized algorithm that
aims to remove the parameter dependence [52], we
significantly improve the depth scaling and ancilla qubits
for ε, keeping the parameter independence of m and K.
Compared with the observable estimation algorithm that

employs the transfer matrix formulation [24], we improve
the depth scaling of ε and avoid the large tomographic
sampling cost.
Lastly, we give some remarks. Our algorithm

(Theorem 3) uniquely attains the ðm;M;KÞ independence
in both gate and ancilla requirements with eOðτ4Þ depth
scaling. Also we note that our algorithm is universally free
from expðOðNqÞÞ gates and classical computation for
circuit synthesis, unlike the previousmethods, e.g., [29,30].

D. Technical contributions

Our algorithms are based on Taylor expansion of the
dynamical map etL via the transfer matrix representation
of superoperators (i.e., a linear map on the space of linear
operators) [55,56]. Notably, we naturally expand the sum
of the Hamiltonian H [Eq. (2)] and K dissipation proc-
esses, with the help of the matrix representation. Then, we
write the Taylor expansion as a linear combination of
superoperators, each of which is composed of at most
Oðlogð1=εÞÞ-th power of minimal components; i.e., a
single Pauli rotation and a single jump process, by
truncating the Taylor series. Note that, although each of
the minimal components can be prepared at a cost
independent of m and K, the total number of components
is prohibitively large. To avoid this issue, which can be
interpreted as the curse of dimensionality, we employ
Monte Carlo sampling that randomly compiles super-
operators according to their coefficients. The coefficients

TABLE I. Gate complexity, additional qubit requirements, and sampling overhead for Nq-qubit Lindblad simulation algorithms for
the rescaled simulation time τ ¼ tkLkpauli and accuracy ε. The Hamiltonian and the jump operators, specified by Eq. (2), consist of m
and M Pauli strings, respectively. Here, K denotes the number of jump operators, and q; k > 0 are integers. The sampling overhead is
defined as the multiplicative overhead in the number of shots relative to the standard sampling cost OðkOk2=ε2Þ. Our algorithms
achieve the gate complexityOðlogð1=εÞÞ for ε, together with the significant reduction of the qubit requirements. Furthermore, the gate
complexity in Theorem 2 is independent of K and m, and that in Theorem 3 is independent of K, m, andM. In the complexity estimate
for Ref. [38], we assume that the method uses an optimal Hamiltonian simulation for block-encoded Hamiltonians [45], which could be
improved with more efficient block encoding techniques. Ref. [24] and our work mainly focus on the expectation value estimation. The
sampling overhead of Ref. [24] is not comparable to the others, as it requires additional tomographic sampling. The worst-case gate
complexity is presented for probabilistic algorithms.

Algorithm Gate complexity Additional qubits Sampling overhead

Channel LCU [32] eOðτ log2ððτ=εÞÞK2polyðm;MÞÞ Oðlogððτ=εÞÞ logðτKðmþMÞ
ε ÞÞ 1

Higher order HS (qth order) [38] eOðτððτ=εÞÞð1=qÞKqpolyðm;MÞÞ Ωðq logððmþMÞKÞÞ 1

Randomization [52] Oðτ2ε MÞ Oððτ=εÞ logMÞ 1

Vectorization (k-local) [24] Oðτ2ε polyðK;M;mÞk24kÞ Nq þ 1 …

Our work (Theorem 2) Oðτ2ðlogððτ=εÞÞ þM logMÞÞ 4þ ⌈ log2 M⌉ e2

Our work (Theorem 3) Oðτ4 log3ððτ=εÞÞÞ 7 e2
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must be rescaled on the total norm for random sampling,
which introduces an additional sampling overhead.
However, naive Taylor expansion does not support the
random sampling because the total norm exponentially
diverges as eOðtÞ, leading to an exponential sampling over-
head. One of our main contributions lies in the discovery of
the new decomposition of etL that enables the random
compilation by suppressing the norm, whose value can be
close to one, without compromising the advantages (i.e., the
exponentially fast convergence) of Taylor expansion. In
addition, each component in the decomposition can be
efficiently and exactly simulated on circuits without dou-
bling the target system qubits, by the new techniques
introduced below and in Secs. II A 2 and II A 3.
We introduce two key developments to realize the algo-

rithm. First, to suppress the normof coefficients in the Taylor
expansion, we develop a method to simulate the dissipative
process on a quantum circuit that is an improved version of
the method via LCU combined with OAA invented by
Ref. [32]. The previous method can also compress the norm,
but it introduces approximation errors that would deteriorate
the circuit depth. Our improved version allows for the
exact simulation of dissipative processes thanks to an error
recovery operation. Also, this method requires only the
minimal-size ancilla qubits for a general single jumpprocess,
given by at most 3þ ⌈ log2 M⌉ qubits.
The second development is a new framework connect-

ing quantum circuits with a matrix representation of
superoperators. The decomposition via the transfer matrix
representation yields the superoperators that are generally
not even completely positive (CP) maps. Simulating such
superoperators on quantum circuits remains nontrivial. We
establish an effective simulation formalism for superop-
erators using quantum circuits without doubling the target
system qubit size, while the transfer matrix formalism
usually introduces an extended ancilla system with the
same dimension as the target system [23,24]. This for-
malism allows us to effectively simulate an exponentially
accurate Taylor expansion of the transfer matrix of etL on
the circuits.
These two discoveries are not merely components of the

algorithm for simulating Lindblad dynamics but are
powerful techniques with broad applicability to the sim-
ulation of CP maps and superoperators. Furthermore, the
first error recovery ideas can be applied to general CP
maps including approximated unitary channels. The sec-
ond new formalism of superoperators offers a systematic
translation from the transfer matrix into quantum circuits,
with the least qubit cost. The formalism bridges the
transfer matrix-based superoperator design and its imple-
mentation on quantum devices, providing a new insight for
developing algorithms based on the transfer matrix.
Finally, we can concatenate the random compilation to

further remove the remainingM-dependence. The remaining
M-dependence comes fromexactly encoding jumpoperators

Lk into the circuit to realize the desired dissipation. Insteadof
the direct encoding, we can use the randomizedHamiltonian
simulation by taking the real and imaginary parts of Lk as
Hamiltonians; this achieves anM-independent approximate
(but highly accurate) encoding due to the randomness. Then,
we can concatenate this alternative encoding and the random
compilation of Lindblad dynamics via the technique of
quantum singular value transformation [45], leading to the
complexities (Theorem 3) at the bottom of Table I.

II. MAIN RESULTS

A. Decomposition of etL

We first provide a theorem giving an exact decomposi-
tion of the dynamical map etL in the form of a linear
combination of generalized Hadamard-test circuits f eWvg;
each circuit is illustrated in Fig. 1. In the theorem, the upper
bound of the total coefficients, Eq. (4), is essential to realize
an efficient random compilation for the observable estima-
tion task. Theorem 1 is a core idea to derive our algorithms.
Theorem 1. Let L be an Nq-qubit Lindblad super-

operator with a Hamiltonian H and jump operators
fLkgKk¼1 that are specified by Eq. (2), and let kLkpauli ≔
2ðα0 þ

PK
k¼1 α

2
kÞ for αk ≔

P
j jαkjj. Then, for any t > 0

and any positive integer r ≥ tkLkpauli, there exists a linear
decomposition

etLð•Þ ¼
X
v∈S

cvTranc½ðXanc ⊗ 1Þ eWvðjþihþjanc ⊗ •Þ� (3)

for some indices set S, real values cv > 0, and
ðNq þ 1Þ-qubit completely positive trace non-increasing

(CPTN) maps f eWvg, such thatX
v∈ S

cv ≤ e2kLk
2
paulit

2=r: (4)

Furthermore, for any v, the ðNq þ 1Þ-qubit CPTN map eWv

can be effectively simulated by a quantum circuit on the

FIG. 1. Quantum circuit of sampled eWv for simulating the
decomposition of etL in Theorem 1. The colored blocks denote
unitary gates, which can be constructed from the input model.
The mid-circuit measurement and qubit reset allow us to simulate
the CPTN maps eWv by the quantum circuits. The quantum
register j0i contains at most 3þ ⌈ log2 M⌉ qubits.
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ðNq þ 1Þ-qubit system and additional ð3þ⌈ log2M⌉Þ-
qubit ancilla system with mid-circuit measurement and
qubit reset.
The constructive proof of Theorem 1 is provided in

Appendix B 1. In the following, we introduce some key
techniques for this proof (Secs. II A 2 and II A 3) and then
provide a sketch of the proof (Sec. II A 4).
Before proceeding to that, we here briefly introduce

the framework of the transfer matrix of superoperators
[55,56], which greatly simplifies involved calculations
for the higher powers of superoperators. We follow the
convention that treats any Nq-qubit operator A as a
column-stacking 4Nq -dimensional vector jA⟫. Under this
notation, a general superoperator E can be written as a
4Nq × 4Nq matrix SðEÞ, which is often called the transfer
matrix of E. For instance, for a superoperator A • B†, we
have SðA • B†Þ ¼ B̄ ⊗ A, where B̄ denotes the entrywise
complex conjugation of B. Also, we often use the fact that
SðΦ0 ∘ΦÞ ¼ SðΦ0ÞSðΦÞ for any superoperators Φ and Φ0.
In particular, the following type-(A, B) superoperators

are crucial components in our decomposition:
(A) Completely positive trace non-increasing (CPTN)

maps
(B) Convex combinations of asymmetric forms U • V†

with (possibly distinct) unitaries U and V.
For simplicity, we refer to a type-(B) superoperator
composed of asymmetric forms eiθP •Q† for some
θ∈R and P;Q∈ fI; X; Y; Zg⊗Nq as an asymmetric
Pauli mixture.

1. Taylor expansion of the transfer matrix of etL

We here derive a preliminary expansion of the dynami-
cal map etL [Eqs. (7)–(10)], which gives the starting
point for proving Theorem 1. The expansion clarifies
the motivation to introduce the following techniques in
Secs. II A 2 and II A 3.
In the transfer matrix framework, the Lindblad equation

Eq. (1) can be written as

d
dt
jρ⟫ ¼ Gjρ⟫; (5)

where G ¼ SðLÞ is the transfer matrix of L

G ¼ −i1 ⊗ H þ iHT ⊗ 1

þ
XK
k¼1

�
Lk ⊗ Lk − 1

2
1 ⊗ L†

kLk − 1

2
LT
kLk ⊗ 1

�
:

(6)

Also, the transfer matrix of etL is given by etG. By
expanding the r-sliced propagator eðt=rÞG via the Taylor
expansion, we obtain a preliminary decomposition

eðt=rÞG ¼
X
l

ðt=rÞ2l
ð2lÞ! G2lG0; (7)

where G0 ≔ 1 ⊗ 1þ tG=rð2lþ 1Þ. Then, defining α ≔
2α0 þ

P
k α

2
k and τl ≔ αt=rð2lþ 1Þ for simplicity, we

expand G0 into the sum of the following terms for
k ¼ 1; 2;…; K:

α2k
α

�
SðBklÞ − τ2l

4

LT
kLk

α2k
⊗

L†
kLk

α2k

�
; (8)

α0
α

�
2 · 1 ⊗ 1þ 1 ⊗

−iτlH
α0

þ iτlHT

α0
⊗ 1

�
; (9)

where Bkl is the CP map of the simplest dissipative
operator defined as

Bklð•Þ ¼ ffiffiffiffi
τl

p Lk

αk
•

� ffiffiffiffi
τl

p Lk

αk

�†

þ
�
1 − τl

2

L†
kLk

α2k

�
•

�
1 − τl

2

L†
kLk

α2k

�†
: (10)

Toward the equality Eq. (3) satisfying Eq. (4), it is
crucial to find an exact linear decomposition of G0 with
type-(A, B) superoperators such that the norm of coef-
ficients scales as 1þOððt=rÞ2Þ Ref. [57]. Below, we
provide such a decomposition for the dissipative process
SðBklÞ in Sec. II A 2 and then describe how to simulate
the resulting superoperators with quantum circuits in
Sec. II A 3.

2. Exact and efficient simulation of dissipative process

We need an exact and efficient simulation of the
dissipative process SðBklÞ with a single jump operator
in Eq. (10). Then, more generally, we here derive Lemma 1
for the exact simulation of CP maps.
To exactly simulate the CP map Bkl, we cannot use the

standard method for general quantum channel implemen-
tation [32] that relies on the LCU for channels followed by
OAA. This is because the method provides an (explicit)
quantum circuit to effectively simulate a CPTN map
BðapproxÞ that only approximates a target CP map B when
it lacks the trace-preserving property.
To overcome this difficulty, we develop a new technique

for the exact simulation of general CP maps, by specifying
and further eliminating the error of the OAA procedure,
i.e., the error between a target CP map B and the CPTN
map BðapproxÞ.
Lemma 1. (Exact decomposition of general CP maps).

Let B ¼Pμ Bμ • B
†
μ be a CP map for Bμ ¼

P
i cμiUμi

(μ ¼ 1; 2;…), each of which can be written as a linear
combination of unitaries fUμig with positive coefficients
fcμig. Suppose that

P
μð
P

i cμiÞ2 ≤ 4 holds. Then, for a
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Hermitian operator D (kDk∞ ≤ 1) such thatX
μ

B†
μBμ ¼ 1þ δD

holds for some δ > 0, we can exactly simulate the
following CPTN map BðapproxÞ by using a quantum circuit
constructed from fcμig and (controlled) fUμig:

BðapproxÞð•Þ ¼
X
μ

B0
μ • ðB0

μÞ†; B0
μ ≔ Bμ

�
1 − δ

2
D
�
: (11)

Furthermore, if we know that D can be described as a
convex combination of unitaries, then the difference,
which we call the correction superoperator,

R ≔ B − BðapproxÞ

can be decomposed into a type-(B) superoperator up to the
following normalization factor:

C0 ≔
�
δþ δ2

4

��X
μ

�X
i
cμi
	
2


: (12)

This lemma can be directly proved by Lemma 5 and 6 in
Appendix B 2. Importantly, the correction type-(B) super-
operatorR=C0 can be effectively simulated by the method
in Sec. II A 3. As a result, we have an exact decomposition
of a target CP map B with the superoperators that can be
simulated on quantum circuits:

B ¼ ð1þ C0Þ ×
�

1

1þ C0

BðapproxÞ þ C0

1þ C0

R
C0

�
: (13)

By using this expression, we can effectively and exactly
simulate a target CP map B on quantum circuits. That is,
we can estimate Tr½OBðρÞ� for any initial state ρ by the
following procedure: (i) select BðapproxÞ or R=C0 with
probability 1=ð1þ C0Þ or C0=ð1þ C0Þ, (ii) apply the
selected operation to ρ, (iii) measure the output state by
O, and (iv) multiply 1þ C0 with the measurement output.
The efficiency of the decomposition is determined by

the normalization factor 1þ C0, which corresponds to the
sampling overhead to effectively simulate a general CP
map B. In fact, in the procedure below of Eq. (13), 1þ C0

increases the variance of the observable estimation; see
also the discussion around Eq. (26). From the definition of
C0 in Eq. (12), we can efficiently and exactly simulate a
general CP map when the factor δ, which indicates how the
target map is close to a CPTP map, is sufficiently small.
Actually, our target map Bkl in Eq. (10) is a good example
of this efficient implementation, as follows.
Lemma 1 allows us to simulate Bkl with the help of

random sampling of correction superoperator Rkl. That
is, we construct a superoperator Rkl to recover the

approximation error such that

Bkl ¼ BðapproxÞ
kl þRkl (14)

holds. Here, we know that D ¼ α−4k ðL†
kLkÞ2 is a convex

combination of Pauli strings from the direct calculation.
Importantly, whileRkl is generally not a CP map, it can be
written as an asymmetric Pauli mixture up to a normali-
zation factor of the order δ ¼ Oðτ2l Þ. As a result, we have a
linear decomposition of Eq. (8) with a small sum of
coefficients

α2k
α
ð1þOðτ2l ÞÞ; (15)

using the exactly simulatable type-(A) superoperator

BðapproxÞ
kl and asymmetric Pauli mixtures (in type-(B)).
Finally, we mention a quantum circuit Ukl for realizing

the CPTN map BðapproxÞ
kl ; this circuit can be obtained from

the standard method [32] (or see Appendix B 2 for the
circuit diagram). The circuit Ukl has at most OðM logMÞ
depth and 3þ ⌈ log2 M⌉ additional ancilla qubits beyond
the target system. In addition, Ukl satisfies

BðapproxÞ
kl ðρÞ ¼ 1 × Tr ¯sys

heΠUklðj0ih0j ⊗ ρÞU†
kl

i
þ 0 × Tr ¯sys

h
ð1 − eΠÞUklðj0ih0j ⊗ ρÞU†

kl

i
(16)

for any ρ, where Trsys denotes the partial trace over all

the qubits except for the target system, and eΠ ≔ 1 ⊗
j0ih0j⊗2þ⌈ log2 M⌉ ⊗ I and j0i ¼ j0i⊗3þ⌈ log2 M⌉. Thus, by
multiplying measurement outputs by 0 or 1, we can exactly

simulate the CPTN map BðapproxÞ
kl .

3. Linear combination of superoperators

After substituting Eq. (14) into Eq. (7), we can rewrite
etG ¼ ðeðt=rÞGÞr as a linear combination of (the transfer
matrix of) superoperatorsWv. Here, eachWv can bewritten
as a composition of type-(A, B) superoperators; please take
a quick look at the first few paragraphs of the proof sketch in
Sec. II A 4. Even when the linear combination of super-
operators

P
v cvWv is determined, its circuit simulation

remains nontrivial, particularly for type-(B) superoperators
e.g.,U • V†. Althoughwe could obtain jUρV†⟫ by applying
V̄ ⊗ U to jρ⟫, this approach requires ð2NqÞ-qubit system
and non-trivial final measurements with sampling overhead
[24]. To avoid large space and sampling overheads,we need
to establish an effective simulation protocol for super-
operators Wv by using quantum circuits without doubling
the target system qubit size.
Here, we introduce a formalism to simulate super-

operators, thereby ensuring that the superoperators of
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our interest can be simulated by quantum circuits with a
minimal number of ancilla qubits. When we have a
composite map Wv of type-(A, B) superoperators, by
adding a single ancilla qubit, we introduce a map eWv on
the Nq þ 1 qubits

eWv∶
�
A00 A01

A10 A11

�
↦
� � WvðA01Þ
J ∘Wv ∘J ðA10Þ �

�
;

(17)

where Aij ≔ hijancAjjianc with an ancilla state jjianc, and J
is an anti-linear map that J ∶ A ↦ A†. We can construct
such eWv from Wv by the following simple replacement:

i. for type-(A), the CPTN map Φð•Þ is replaced
with Ianc ⊗ Φ,

ii. for type-(B),
P

i piUi • V
†
i is replaced with the

mixed unitary channel
P

i piUi where Ui is defined
by the unitary

j0ih0janc ⊗ Ui þ j1ih1janc ⊗ Vi: (18)

Obviously, Ui is implementable in quantum circuits
even though Ui • V

†
i is not. The translation is summarized

in Table II.
Using the translated superoperators eWv, we provide a

circuit simulation protocol of the linear combination of
superoperators (LCS)

P
v cvWv as follows.

Lemma 2. (LCS, simplified). Let fWvg be composite
maps of type-(A) and type-(B) superoperators, and fcvg be
positive values, such that

P
v cvWv is a Hermitian-

preserving map, i.e., J ∘ ðPv cvWvÞ ∘J ¼Pv cvWv.
Also, let eWv be a CPTN map obtained from Wv by the
aforementioned replacement of type-(A) and type-(B)
superoperators. Then, we can simulate the linear combi-
nation of superoperators

P
v cvWv by

X
v

cvWvð•Þ

¼ Tranc

�
ðXanc ⊗ 1Þ ·

�X
v

cv eWv

�
ðjþihþjanc ⊗ •Þ



:

(19)

A more general statement and its proof are deferred to
Proposition 2 in Appendix B 3. It allows us to simulate
LCS fWvg by quantum circuits specified by f eWvg via
Eq. (19). For clarity, we mention the simplest version of
this lemma. That is, we can simulate any Hermitian-
preserving map Φ ¼Pi piUi • V

†
i with distinct unitaries

Ui; Vi and probability pi, by using the quantum circuits
fUig. This can be confirmed by

eΦðjþihþj ⊗ ρÞ ¼ 1
2

P
i
pi

 
� UiρV

†
i

ViρU
†
i �

!

¼ 1
2

 
� ΦðρÞ

J ∘Φ ∘J ðρÞ �

!
: (20)

Note that the simple case can be generalized for
maps without Hermitian-preserving property, by effec-
tively measuring ðX − iYÞanc instead of Xanc as stated in
Proposition 1 in Appendix B 3.
To conclude, we highlight the utility of the formalism.

This formalism provides a quantum algorithm for simu-
lating LCS, which can be described as composite maps of
ðAÞ CPTN maps and ðBÞ convex combinations of Ui • V

†
i .

The composite maps are general and can express a wide
range of tasks, for example, the randomized approach for
Hamiltonian simulation [46].

4. Sketch of the proof

Now, we are ready to prove Theorem 1. Figure 2
provides a schematic overview of the proof.
Sketch of the proof. We aim to have the decomposition

of Eq. (3) through that of etG on the extended space. As the
first step, we decompose etG as a linear combination of
(the transfer matrix of) superoperators Wv that can be
written as a product of type-(A, B) superoperators. Then,
we translate the composite mapWv into the form Tranc½� � ��
of Eq. (3).
We focus on the preliminary decomposition Eq. (7) of

eðt=rÞG and provide decompositions of G and G0 which
consists of Eqs. (8) and (9). We can represent G=kLkpauli
as an asymmetric Pauli mixture, from the assumption
of the access model (2). Equation (8) can be written by

the type-(A) superoperator BðapproxÞ
kl and asymmetric

Pauli mixtures, using Eq. (14). As for the decomposition
of Eq. (9), we can apply the decomposition method
for Hamiltonian simulation in Refs. [40,46], which
provides

TABLE II. Translation rule from type-(A, B) superoperators
into quantum circuits. The top (bottom) line represents the
ancilla (system) qubit(s).

Superoperator Circuit diagram

ðAÞ CPTN map B

ðBÞ Convex combination of
asymmetric formsP

i piUi • V
†
i
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1 ⊗ 1þ 1 ⊗
−iτlH
α0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q Xm
j¼1

jα0jj
α0

· 1 ⊗ e−iθlsgnðα0jÞP0j ; (21)

where θl ≔ arccosðf1þ τ2l g−1=2Þ. By applying the sim-
ilar decomposition for the term of 1 ⊗ 1þ
ðiτlHT=α0Þ ⊗ 1, Eq. (9) with the normalization factor

2α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
¼ 2α0

α
ð1þOðτ2l ÞÞ (22)

can be written as a type-(B) superoperator with asym-
metric forms of 1 ⊗ U or V̄ ⊗ 1 with some Pauli
rotation gates U and V.
Therefore, combining the above results together with

Eq. (7), we arrive at a linear decomposition of eðt=rÞG
with composite maps of type-(A, B) superoperators. This
immediately leads to a linear decomposition of etG as etG ¼P

v cvSðWvÞ for some indices v, cv ≥ 0, and composite
maps Wv. Since the norm of coefficients in the decom-
position scales as 1þOððt=rÞ2Þ in Eqs. (15) and (22), the
upper bound of the sum of coefficients is obtained as

X
v∈S

cv ¼
 X∞

l¼0

ðτ=rÞ2l
ð2lÞ! ð1þOðτ2l ÞÞ

!
r

≤ e2τ
2=r; (23)

where τ ¼ tkLkpauli. Thus, we have Eq. (4).
In the final step toward obtaining Eq. (3), we con-

struct the CPTN map eWv on the Nq þ 1 qubits from
each superoperator Wv, via the translation rule in
Table II. Then, we complete the proof of Eq. (3) by
directly using Lemma 2. Here, we note that etL ¼P

v cvWv and etL ¼ J ∘ etL ∘J from the Hermitian-
preserving property of etL, thereby satisfying the
assumption of Lemma 2.
To simulate the ðNq þ 1Þ-qubit CPTNmap eWv, we need

to introduce additional 3þ ⌈ log2 M⌉ qubits. This addi-
tional qubits are required for quantum circuits Ukl in
Eq. (16), obtained from the standard method [32], to

effectively simulate the CPTN maps BðapproxÞ
kl . These

additional qubits are measured by the computational basis
in the middle of the entire circuit and then reset for the

next BðapproxÞ
kl . Performing a classical post-processing on

the final outputs in order to drop an unnecessary part of the
CPTP process by unitary circuits [see Eq. (16)], we can
effectively realize CPTN maps eWv using the circuits
illustrated in Fig. 1. ▪

FIG. 2. A flowchart for the derivation of Theorem 1. (i) Expansion of the Taylor series of the transfer matrix etG that can be truncated
exponentially accurately. (ii) Decomposition of Eq. (7) into type-(A, B) superoperators. For simplicity, the figure shows the flowchart
for the dissipation part only. First, we can find the convex combination of minimal dissipative processes Bkl by Eq. (8). Then, using
Lemma 1 for the circuit simulation of Bkl, we obtain type-(A) superoperators. All other terms including those from Hamiltonian
dynamics can be described as type-(B) superoperators. (iii) The desirable linear combination of superoperators

P
v cvSðWvÞ, obtained

by repeating eðt=rÞG. Wv is a composite map of type-(A, B) superoperators. (iv) Translation of LCS form
P

v cvSðWvÞ into the circuit
expression Eq. (3). Lemma 2 provides the translation protocol.
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5. Gate complexity and logarithmic circuit depth of fWv

In Theorem 1, the complexity to simulate a target open
system is well reflected by that of eWv, which can be
effectively simulated on a quantum device. The additional
space overhead and the total gate complexity for each
circuit for eWv do not depend on either the number m of
Pauli strings in a Hamiltonian H or the number K of jump
operators, while the collection of eWv recovers the full
dynamics etL. This parameter independence is attributed to
the primitive type-(A, B) superoperators forming eachWv
in our decomposition; each superoperator is clearly inde-
pendent from m and K. For the type-(B) superoperators,
the independence is evident. For the type-(A) superoper-
ators, Lemma 7 in Appendix B 2 provides the explicit
circuit construction and detailed resource analysis of
BðapproxÞ
kl . The dominant contribution arises from encoding

the jump operator Lk, which requires OðM logMÞ gates
using LCU. As a result, the gate complexity of our type-
(A) superoperators depends solely on M.
Toward developing a practically effective algorithm for

estimating the expectation value Tr½OρðtÞ�, let us discuss
the maximal circuit depth for eWv. The decomposition (3) is
attributed to the Taylor series expansion Eq. (7); the CPTN
map eWv contains 2l sequential applications of the mixed
unitary channel, which may result in a large depth circuit
without any truncation. However, the Taylor expansion is
exponentially accurate with respect to the truncation order
Q, meaning that we only need circuits with

l ≤ Q ¼ O
�

logðr=ΔÞ
log logðr=ΔÞ

�
¼ Oðlogðr=ΔÞÞ (24)

to achieve accuracy Δ=r for each segment. Therefore, we
have a finite subset SΔ of S satisfying the following
properties: (i) Eq. (3) holds up to error Δ, and (ii) the circuit
depth for eWv is OðrQÞ ¼ Oðr logðr=ΔÞÞ for all v∈SΔ. In
addition,wecan efficiently sample the explicit circuit for eWv
according to the distribution proportional to cv for v∈SΔ;
seeAlgorithm2 inAppendixC.With these preliminaries,we
now describe our main algorithm in what follows.

B. Quantum algorithm for expectation
value estimation

Here we derive a first algorithm (Theorem 2 and
Algorithm 1). Our quantum algorithm for estimating
Tr½OρðtÞ� works as follows. First, we randomly generate
a quantum circuit from the set f eWvg according to the
probability distribution fcv=Cg, where

C ≔
X
v∈SΔ

cv ≤
X
v∈S

cv ≤ e2kLk
2
paulit

2=r: (25)

The sampled circuit contains (possibly multi-round)
mid-circuit measurement with binary outcome(s)

b∈ f0; 1g and qubit reset for realizing the CPTN property
of eWv. Then, running the quantum circuit with the
initial state jþihþjanc ⊗ ρ0 followed by the measurement
for observable Xanc ⊗ O at the end of the circuit, we
record measurement results ðbX; bOÞ and a collection of
mid-circuit measurement outcomes b ¼ ðb1; b2;…Þ
(bi ∈ f0; 1g). By repeating the above procedure N times
independently, we calculate the average of the obtained
results as

φN ¼ C
N

XN
i¼1

bðiÞX bðiÞO δbðiÞ;0 (26)

where i denotes the trial index; this quantity serves as an
estimator for Tr½OρðtÞ�. Note that the CPTN map is
effectively realized by dropping an unnecessary part of
the CPTP process by the quantum circuit, through the
classical post-processing of δbðiÞ;0; see the end of the sketch
of proof for Theorem 1.
Using the construction of φN, we prove the existence of

a quantum algorithm to achieve our goal in the following
theorem.
Theorem 2. For any Hamiltonian H and jump operators

fLkgKk¼1 specified by Eq. (2), there exists a quantum
algorithm that estimates the expectation value of an observ-
ableO for theNq-qubit Lindblad dynamics Eq. (1) with the
use of additional 4þ ⌈ log2M⌉ ancilla qubits, where M is
the number of Pauli strings contained in a single jump
operator Lk. For given additive error ε, δ, and simulation
time t, this algorithm outputs an ε-close estimate for the
expectation value with at least 1 − δ probability, using
OðkOk2 logð1=δÞ=ε2Þ samples from the set of quantum
circuits such that their gate complexity is

O
�
τ2
�

logðkOkτ=εÞ
log logðkOkτ=εÞ þM logM

��
; (27)

ALGORITHM 1. Estimation of Tr½OetLðρ0Þ�
Input: Hamiltonian H and jump operators fLkgKk¼1 specified by
Eq. (2), observable O with the spectral norm kOk, initial state
ρ0, additive errors ε, and simulation time t > 0.

Output: An estimate φN that is ε-close to Tr½OetLðρ0Þ� with a
high probability.
1: Set the number of time segments r ← ⌈2kLk2paulit2⌉.
2: Calculate the constant C given by Eq. (25) with
Δ ← Oðε=kOkÞ, by Algorithm 2 in Appendix C.
3: Set the number of samples N ← OðC2kOk2=ε2Þ.
4: for i ¼ 1 to N do
5: Get a quantum circuit eWi by running Algorithm 2.
6: Measure Xanc ⊗ O on the circuit with eWi in Fig. 1 and

obtain a measurement outcome ðbðiÞX , bðiÞO , bðiÞÞ.
7: end for
8: return An estimate φN ≔ ðC=NÞPN

i¼1 b
ðiÞ
X bðiÞO δbðiÞ;0.
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where τ ¼ kLkpaulit. Importantly, the gate complexity is
independent of m and K.
The sketch of the proof is as follows; see the full proof in

Appendix C. The estimator φN for the true expectation
value has a bias of magnitude at most ΔkOk, where
kOk denotes the operator norm of O. Thus, taking
Δ ¼ Oðε=kOkÞ, we conclude that

N ¼ OðC2kOk2 logð1=δÞ=ε2Þ (28)

samples are sufficient to assure that φN has an additive
error ε with a high probability due to Hoeffding’s inequal-
ity. Here, the factor C represents the sampling overhead in
the proposed algorithm, because our problem can be
solved by OðkOk2 logð1=δÞ=ε2Þ calls of some quantum
algorithm that directly prepares ρðtÞ (when we use no
amplitude estimation). The sampling overhead C, which is
upper bounded as Eq. (25), is controllable in our method
by adjusting the circuit depth or equivalently the time
slicing r. In particular, we can make C ¼ Oð1Þ by taking
r ¼ OðkLk2paulit2Þ. Therefore, this choice of r combined
with Theorem 1 (more precisely, the truncated version of
the decomposition) completes the proof of Theorem 2.
Summarizing the above discussions, we arrive at our

solution, Algorithm 1, for probing the physical properties
of the Lindblad dynamics. Note that we have focused on
expectation value estimation in the discussion, it is note-
worthy that the proposed Lindblad dynamics simulation is
not limited to observable estimation, but can also be
applied to other tasks such as the estimation of non-linear
functions of the final state. See Appendix F for details.
Note that the gate complexity is based on the worst-case.

To evaluate the average-case gate complexity, two sources
of randomness are considered. One is a random compi-
lation of Hamiltonian simulation [Eq. (8)] or dissipation
[Eq. (9)] according to the dissipation intensity, and the
other is the order of approximation l. The first randomness
governs the OðM logðMÞÞ term, and the second one
governs the logðkOkτ=εÞ

log logðkOkτ=εÞ term in our gate complexity.
Particularly, if the jump intensity is low, the average gate
complexity can be significantly reduced by avoiding more
costly implementation of the dissipation. We will provide
numerical examples in Sec. III C.

C. ðm;M;KÞ-independent Lindblad simulation

The remaining M-dependence in both gate and ancilla
counts can be removed at the cost of worsening the scaling
of τ and logð1=εÞ polynomially in the gate count. The
M-dependence comes from the deterministic implementa-
tion using Ukl [see Eq. (16)] for the selected single

dissipation BðapproxÞ
kl . However, this is not a unique way

to simulate the dissipation in our algorithm. Indeed, to
prove Theorem 1, it is sufficient to have a linear map ϒkl
that maps

�
A00 A01

A10 A11

�
↦
� � BðapproxÞ

kl ðA01Þ
BðapproxÞ
kl ðA10Þ �

�
:

(29)

Making use of the degree of freedom, we may remove
the M-dependency in our algorithm.
The key technique removing M-dependency is the

randomized Hamiltonian simulation [40,46], which is
equivalent to our case when Lk → 0. We take the real
and imaginary parts LR;I

k =αk of Lk=αk as the Hamiltonian.
By taking the time slicing r0, the time evolution of LR;I

k =αk,
i.e., e−iðLkR;I=αkÞt0 can be effectively simulated by circuits
with the sampling overhead at most e2ðt0Þ2=r0 , only a single-
ancilla qubit (denoted by anc), and eOðr0Þ gate complexity,
which is independent of the number of terms M in Lk.
Here, the simulation time t0 for the Hamiltonians LR;I

k =αk is
taken as t0 ¼ 1=2 in the following and differs from the
target time t for the Lindblad simulation.
By combining the randomized Hamiltonian simulation

for LR;I
k =αk and quantum singular value transformation

[45], we can construct a mixed unitary channel that
approximately simulates Eq. (29) with the sampling over-
head ≤ eOðlogð1=ε0ÞÞ=r0 for the approximation error ε0. This
mixed unitary channel acts on a 7-ancilla-qubit system
(including the single-qubit for anc) and has the (non-
Clifford) gate complexity Oðr0 logð1=ε0ÞÞ; see Lemma 14
in Appendix D. The gate and ancilla counts are now
independent of M due to the randomization for Lk=αk
(more precisely, LR;I

k =αk).
Algorithm 1 still returns the estimate for the target

expectation value, after replacing all Ukl in the circuit
sampled in Algorithm 1 with the mixed unitary channel
followed by the multiplication of the additional sampling
overhead. As a result, by carefully choosing the additional
parameters ε0 and r0, we can prove the following theorem.
Theorem 3. ððm;M;KÞ-independent Lindblad simu-

lationÞ. The same problem as Theorem 2 can be solved
by using OðkOk2 logð1=δÞ=ε2Þ samples from a set of
quantum circuits that use 7 ancilla qubits and have the
gate complexity

O
�
τ4

log3ðkOkτ=εÞ
log logðkOkτ=εÞ

�
;

where the prefactor hidden in Oð� � �Þ is independent of all
parameters in ðm;M;KÞ.
The proof is provided in Appendix D; the τ4 scaling

comes from the concatenation of the randomized tech-
niques. Several Lindblad dynamics for example, thermal
simulation [58] and open systems with quasi-local
jumps [59] may have a significantly large M with the
norm kLkpauli being bounded. In such cases, our entirely
randomized algorithm offers a further reduction in gate
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counts compared to the algorithm in Theorem 2. We leave
for future work the detailed comparison with existing
works in gate counts for such highly complicated dis-
sipative systems.

III. NUMERICAL SIMULATION

Here, we provide three types of numerical validations:
the dynamics simulation to validate the algorithm, gate
complexity analysis to reveal the utility of the algorithm
(Algorithm 1 or Theorem 2), and benchmarking in more
practical and classically challenging setups.

A. Dynamics simulation

The tested instance is a two-level system with decay,
described by the following Hamiltonian and the jump
operator:

H ¼ − δ

2
Z −Ω

2
X; L ¼ ffiffiffi

γ
p X − iY

2
; (30)

where δ,Ω, and γ are the detuning, the Rabi frequency, and
the emission rate, respectively. This model is simple but
well-studied [24,23]. We apply the proposed algorithm for
the Lindblad dynamics defined by Eq. (30), and the
observable O ≔ j0ih0j, which corresponds to the state
population of the excited state.
The results of the numerical simulation are shown in

Fig. 3. Through the demonstration, the numerical results
are obtained by Qiskit density matrix simulation.
Figure 3(a) shows the comparison between the simulation
output and an exact solution obtained by QuTiP [60,61]. It
can be verified that our results are in good agreement with
the exact solution.
Furthermore, Fig. 3(b) shows that the total normC, which

corresponds to the output ofAlgorithm2, can bemaintained
at a constant by an appropriate choice of the number of
segments r, where we set r ¼ max½⌈2kLk2paulit2⌉; 1�. This
indicates that we need only a few overhead (≈1.4) for the
rescaling of the samplemean. In addition, it can be seen that
the sampling overhead is much smaller than the upper
bound shown by Theorem 1. It means that we can expect
further cost reduction from the theoretical bound for
practical setups.

B. Gate complexity analysis

As summarized in Table I, the gate complexity of our
algorithm (Theorem 2) offers better scaling with respect to
all parameters (ε; K;m) except for τ, compared with the
efficient previousworks, channel LCU[32] andHamiltonian
simulation-based algorithm [38]. Consequently, there are
parameter regionswhere our algorithmoutperforms the prior
works. The key interest is identifying the parameter regions,
as well as examining which approach is likely to be more

effective in practical problem settings. In this section, we
numerically investigate these regimes.
For the numerical analysis, we introduce two common

instances: (i) a dissipative one-dimensional transverse
field Ising model (TFIM), and (ii) a two-dimensional
Fermi-Hubbard model (FHM) with the two-body loss.
TFIM is described by the following Hamiltonian and
jump operators:

HTFIM ¼ −JXn
i¼1

ZiZiþ1 − h
Xn
i¼1

Xi;

LTFIM;k ¼
ffiffiffi
γ

p Xk − iYk

2
; (31)

where n is the number of sites, J is the nearest-neighbor
coupling, h is a transverse field, γ is a decay rate, FHM
is described by the following Hamiltonian and jump
operators:

HFHM¼−JX
hi;ji;α

ðc†i;αcj;αþc†j;αci;αÞþU
X
i;α≠β

ni;αni;β;

LFHM;k ¼ ffiffiffi
γ

p X
α≠β

ck;αck;β; (32)

where ci;σ and c†i;σ are fermionic annihilation and creation
operators at site i on a square lattice with the length

ffiffiffi
n

p
,

and for the spin state σ ¼ 1; � � � ; s:ni;σ ¼ c†i;σci;σ is a
number operator.

P
hi;ji denotes summation over the

nearest-neighbor pairs i; j. Let J and γ be the hopping
amplitude and the two-body loss rate, respectively. The
parameters are summarized in Table III.
We investigate the gate and ancilla qubit requirements

for simulating the two instances. Figure 4 illustrates
the τ- and ε-dependence of the requirements for the
channel LCU [32], HS-based algorithm [38], and ours
(Theorem 2). Here, we calculate the number of costly
logical gates (i.e., T gates) as the gate count; a detailed
setup for the numerical results and a further analysis are
provided in Appendix E. From Figs. 4(a) and 4(b), we
observe distinct scaling behavior of these methods
with respect to ε; our method provides an exponential
advantage for the accuracy over the first order HS-based
algorithm. Furthermore, Figs. 4(e) and 4(f) show that in
the wide τ-regime below the crossing points around
τ ≈ n × 104 ¼ 106, our method achieves the lower gate
requirement than that in the channel LCU. Also, we
can find the great ancilla qubit reduction from Figs. 4(c)
and 4(d); our algorithm requires only a small constant
number of ancilla qubits. Note that the two instances we
examined restrict the ability to take advantage of ran-
domization in our method, since all components of the
Hamiltonian and the jump operators are equally weighted.
Thus, we expect further advantage in the gate counts for a
more realistic setup such as molecules as observed in
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qDRIFT [53]. Also, in the two instances, the number of
jump operators K scales linearly in the system size n. In
such cases, the polynomial dependence on K of the
previous works directly translates into a higher-order
dependence on the system size n. Hence, K-independent
scaling of our algorithm has a substantial impact on the
scalability in n.
The observed advantages of our method become impor-

tant when implementing it on early FTQC devices, which
are still limited in both the total number of executable gates
and the number of available logical qubits. From Fig. 4,
reaching the crossing point requires around ≈1015 gate
operations. For larger or more complex systems, which are
often of greater practical interest, the number of required
gate operations to reach the crossing points grows sub-
stantially; also see Appendix E. In addition, implementing
the channel LCU algorithm typically requires on the order

of 102 logical ancilla qubits in addition to the system
register. When FTQC devices are first introduced, they are
expected to be small-scale in terms of both gate count and
logical qubit capacity. For such early FTQC devices, our
algorithm offers a practical and viable option.

(b)(a)

(d)(c)

FIG. 3. Numerical simulation of the two-level system with the decay. (a) The comparison of the excited state population between the
exact solution and the simulation by the proposed algorithm. The exact solution is obtained by QuTiP, and the simulation is obtained
with Qiskit density matrix simulation. The error indicates the absolute error between exact and simulation for the single experiment on
the right axis. For simplicity, we directly sampled BðapproxÞ instead of OAA circuits. (b) The total norm C with respect to γt:C is less
than 1.5 at each time t due to the appropriate choice of r ¼ max½⌈2kLk2paulit2⌉; 1�. The upper bound equals to e for 2kLk2paulit2 ≥ 1.
(c) Taylor series truncation dependence on the required Δ. This varies in time but is bounded at most 11 for our demonstration. (d) The
simulation setup.

TABLE III. Algorithm parameters for n-site TFIM and FHM.
We assume s ¼ 2 in FHM. For the implementation of fermionic
operators, the Jordan-Wigner transformation is employed.

Parameters 1D-TFIM 2D (
ffiffiffi
n

p
×

ffiffiffi
n

p
)-FHM

m 2n 12n
M 2 4
K n n
kLkpauli 2ðjJj þ jhj þ γÞn 2ð8jJj þ jUj þ γÞn
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 4. T-gate counts and additional ancilla qubit requirements of our algorithm of Theorem 2 (this work in red), channel LCU
(CLCU in blue) [32], and first order HS-based (HS in green) [38] for simulating n-site TFIM and FHM. Since kLkpaili ∝ n, we employ
τ=n as a horizontal axis instead of τ. We set parameters ðn; τ=nÞ ¼ ð102; 102Þ for (a–d), and ðn; εÞ ¼ ð102; 10−4Þ for (e–h).
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C. Benchmarking

We now connect our circuit complexities to two con-
crete and physically relevant setups. The first setup is a
dissipative system with two-body loss, which is specified
by the same Lindbladian Eq. (32). This is inspired by a
cold-atom experiment on short-time transient dynamics
[62]. The second setup is a boundary-driven dissipative
system, recently used as a benchmark for searching the
metal-insulator transition material [63]. Below we show
that, within a realistic execution time, our algorithm can
access physically meaningful quantities in dissipative
many-body systems that are expected to be classically
inaccessible, while offering clear resource advantages over
previous quantum algorithms.

1. Dissipative systems with two-body loss

For the benchmarking, we revisit the Fermi-Hubbard
model with two-body loss analyzed in Sec. III B. This
numerical analysis is inspired by a cold-atom experiment
[62]. Ref. [62] investigates the one-dimensional (1D)
Fermi-Hubbard model with two-body loss, and observes
the dynamics of the number of particles. The correspond-
ing Lindbladian is the 1D version of our benchmarking
model in Sec. III B, given by Eq. (32). The target
observable is the total number operator N ¼Pi;α ni;α ¼P

i;α c
†
i;αci;α. The experimental result in Ref. [62] demon-

strates that after an initial fast transient dynamics, hNiðtÞ
becomes a constant value, showing a discrepancy from a
simple constant-rate model. Then, a numerical fitting for
this experimental result is validated by numerical simu-
lations of the 1D Lindblad dynamics.
Our quantum algorithm can simulate the dynamics

of hNiðtÞ in a similar setting. While Ref. [62] considers
the 1D system with ∼104 sites, we here analyze the 2D
system with 102 sites as one of the natural extensions of
the experimental setup, in mind that simulating a 2D
Lindbladian can be a hard task for classical computation
as we will discuss in Sec. IV. Although the experiment
itself is performed in 1D, the physical mechanism respon-
sible for the rapid suppression of the time variation of
hNiðtÞ after the initial transient dynamics is essentially
local, and therefore a similar behavior is naturally expected
also in 2D. Therefore, we consider the same simulation
timescale ðJt ¼ 7.6 ≈ 2U=JÞ as that studied in the 1D
experiment, while noting that the precise relaxation
behavior may differ in higher dimensions. The remaining
physical parameters for simulation are summarized in
Table IV (a), which are equivalent to those of Ref. [62].
For this task, we evaluate the gate and ancilla require-

ments in Table IV (c). Our algorithm requires 1.1 × 1013 T
gates and 6 additional ancilla qubits, compared to 9.7 ×
1014 T gates and 518 additional ancilla qubits for the
previous channel LCU approach with almost linear
τ-scaling [32]. Therefore, this example demonstrates that

our algorithm enables the simulation of transient dynamics
in experimentally relevant regimes that are expected to be
challenging for classical simulation (see Sec. IV), while
achieving a clear computational gain over the previous
approach [32].

TABLE IV. Benchmark results for spin−1=2 fermionic dis-
sipative systems on a 100-site lattice. (a), (b) The physical
parameters for simulating the dissipative systems with two-body
loss (TBL) and the boundary-driven dissipative system (BD),
defined by Eqs. (32) and (33). The units J ¼ 1 and thop ¼ 1 are
applied. (c), (d) The resource requirements for simulating TBL
and BD. (e) T-count (T-depth) requirements. The baseline
corresponds to the results in (c) and (d). Each row, except for
the baseline, includes all optimizations listed above. The T-depth
is reported only in the final line; this may be further improved,
for instance, by exploiting locality. Assuming a T-gate rate of
1 MHz, each shot takes approximately 1.1 h for TBL and 6.1 h
for BD, respectively.

(a) Parameters for TBL.

Parameters Values

U=J 3.8
γ=J 1.1
Jt 7.6
ε 10−1

(b) Parameters for BD.

Parameters Values

U=thop 6.7
γ=thop 1
t0hop=thop −0.15
thopt 36
ε 10−1

(c) T-count and ancilla qubit requirements for TBL.

Algorithm T-count Additional qubits

Our work (Theorem 2) 1.1 × 1013 6
Channel LCU [32] 9.7 × 1014 518

(d) T-count and ancilla qubit requirements for BD.

Algorithm T-count Additional qubits

Our work (Theorem 2) 2.2 × 1014 5
Channel LCU [32] 2.4 × 1015 580

(e) T-count or T-depth after successive optimizations.

T-count (T-depth)

Assumption TBL BD

Baseline (Theorem 2) 1.1 × 1013 2.2 × 1014

+ (1) Optimized single-jump circuit 1.3 × 1012 4.4 × 1013

+ (2) Average-case assumption 1.4 × 1011 3.6 × 1012

+ (3) Efficient rotation synthesis 3.8 × 109 2.2 × 1010
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2. Boundary-driven dissipative systems

Reference [63] proposes a benchmark task of simulating
the 2D Fermi-Hubbard model with the boundary dissipa-
tion to study the metal-insulator transition [64]. Notably,
the boundary-driven dissipative system, which is coupled
to different baths at the edges, itself contains a rich set of
open problems for open quantum systems [65], including
the transport properties of steady states. Hence, we here
focus on this benchmark task as another physically
motivated task in open quantum systems.
We evaluate the explicit gate and additional qubit

complexity of this benchmark task proposed by Ref. [63].
Specifically, the benchmark setup utilizes the following
10 × 10 square lattice Fermi-Hubbard model with annihi-
lation and creation operators on opposite edges of the
lattice:

HBD ¼ −X
i;j;α

ti;jðc†i;αcj;α þ c†j;αci;αÞ þU
X
i;α≠β

ni;αni;β;

LBD;k;α ¼
( ffiffiffi

γ
p

ck;α k on left edgeffiffiffi
γ

p
c†k;α k on right edge; (33)

where the hopping ti;j includes the nearest-neighbor terms
(ti;j ¼ thop) and next-nearest-neighbor terms (ti;j ¼ t0hop),
and all other terms are zero. α ¼ 1; 2 denotes the spin state.
By simulating this Lindbladian until the system reaches
its steady state, one measures the local part of the
Hamiltonian, the particle density, and the current operator
at some region of the system. These measured quantities
can be used for estimating the physically relevant proper-
ties such as the electric field and the conductivity [63].
Here, it may not be necessary to simulate the dynamics
until the steady state, when the expectation value con-
verges in an earlier time.
The resulting requirements and the corresponding

parameters are summarized in Table IV (d) and (b). In
particular, we assume a target accuracy ε ¼ 10−1, and
simulation time thopt ¼ 36, which are given by Ref. [63].
Our algorithm requires only 2.2 × 1014 gates and a mere 5
additional ancilla qubits. In contrast, the channel LCU
approach [32] requires 2.4 × 1015 gates and 580 ancilla
qubits. In this setup, we demonstrate the advantage in both
gate and ancilla requirements over the previous work [32].
Finally, we mention the classical hardness of this

benchmark task. As we will discuss in Sec. IV, simu-
lating 2D dissipative systems is generally considered
unattainable with classical simulation techniques [15].
Also, Ref. [63] notes that, while 4 × 4 grid simulation
has been done classically via exact diagonalization, the
10 × 10 grid is large enough to avoid inappropriate finite
size effects but is too large for classical approaches.

3. Further gate reduction

Table IV (c) and (d) present the baseline complexities
evaluated by our cost model described in Appendix E 2.
This baseline comparison is performed under a common
and uniform resource estimation framework, so that the
advantage reported in Table IV (c) and (d) reflects a fair
comparison between algorithms. Beyond this, however,
our algorithm has an additional practical benefit: our
circuit structure Fig. 1 is much simpler than those of
previous approaches with sophisticated multiple ancilla
uses (e.g., see Fig. 19 in Appendix E 2). Because of this
simplicity, standard circuit-level optimization techniques
can be incorporated much more directly. This circuit-level
optimization cannot be applied to all methods directly, as
such simplifications become substantially harder or non-
trivial when the underlying block encodings and multi-
qubit controlled operations are complicated.
Specifically, by exploiting this simplicity,we can directly

use the techniques of (1) optimized implementation of a
single-jump process, (2) assumptions based on average-
case estimation, and (3) improved rotation synthesis. Here,
we recall that our circuit is a gate sequence in which each
step is randomly chosen to be either a single-jump process
or a single Pauli rotation. Thus, the first two techniques are
naturally incorporated. Also, the minimal ancilla usage of
our algorithm justifies the third technique requiring a small
additional ancilla system. As a result, these techniques
provide a further reduction of our total T-gate count (depth)
to 3.8 × 109 for the dissipative system with two-body loss,
and 2.2 × 1010 for the boundary-driven dissipative system;
see Table IV (e). Assuming a T-gate rate of 1 MHz, the
T-depth directly translates to execution times of approx-
imately 1.1 and 6.1 h, respectively. The detailed description
is provided in Appendix E 3.

IV. CONCLUSION AND DISCUSSION

We presented a randomized quantum algorithm for
estimating the physical properties of the general Lindblad
dynamics, which has (1) an exponentially short circuit
depth Oðlogð1=εÞÞ to achieve an accuracy ε, (2) a nearly
constant ancilla qubits 4þ ⌈ log2ðMÞ⌉, and (3) the inde-
pendence fromm and K in the circuits. Further concatenat-
ing the randomization, we can remove the remaining
M-dependence in both gate and ancilla counts, resulting
in a Lindblad simulator having the independence from all
ðm;M;KÞ in gate complexity. As demonstrated in the
numerical analysis, this algorithm has a potential to reveal
undiscovered physical phenomena even with early-FTQC
devices. We also would like to emphasize the importance of
newly developed techniques for superoperator simulation,
such as the translation method of transfer matrices and
the exact CP map simulation via OAA together with the
recovery operation. Actually, they are widely applicable
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techniques for many problems beyond open system
simulations.
Our algorithms improve the scaling with respect to the

Lindbladian parameters and the target accuracy, while
their scaling in the simulation time τ is not linear.
Nevertheless, the independence from the Lindbladian
parameters can still make the overall cost smaller in
physically meaningful regimes, especially when the sim-
ulation time is not too large relative to the parameter-
dependent overheads. Such regimes include, for example,
the computation of (i) transient observables and (ii) steady-
state properties in rapid-mixing systems. As we discuss
below, these tasks are not only physically relevant, but can
also be classically challenging even at comparatively short
simulation times.
In higher-dimensional open systems, the classical hard-

ness of computing physically relevant quantities is sup-
ported both theoretically and practically. On the theoretical
side, Ref. [15] shows that, estimating the expectation
values of time-evolved local observables in geometrically
local 2D open systems can be classically hard. On the
practical side, tensor network methods, which are one of
the most powerful classical tools for many-body simu-
lation, face significant challenges in general simulation
tasks, as the spatial dimension increases [12,13]. Conse-
quently, the classical methods will exhibit a large gap in
computational hardness between 1D systems and higher-
dimensional systems. This is in contrast to quantum
algorithms, including ours, whose qubit and gate complex-
ities depend only weakly on the spatial dimension of the
underlying lattice.
Relatively short-time quantum simulation is relevant

not only for transient dynamics, but also for extracting
steady-state properties in rapid-mixing systems. In gen-
eral, extracting steady-state properties may require a long
simulation time. However, this is not the case for important
systems exhibiting fast-relaxation or rapid mixing, for
which the simulation time required to access steady-state
properties can remain independent of or scales only
logarithmically with system size n. Moreover, Ref. [15]
explicitly includes the estimation of fixed-point expect-
ation values of rapidly mixing local observables in 2D
systems as a classically hard target. The rapid mixing is
also important from the viewpoint of many-body physics.
For local observables evolved under spatially local
Lindbladians, rapid mixing implies a well-defined thermo-
dynamic limit in the steady state; this makes the estimation
of such thermodynamic-limit local observables a natural
and physically meaningful computational task [15]. At the
same time, whether rapid mixing occurs is itself a non-
trivial question. In this sense, the short-time quantum
simulation may be used as a probe of rapid mixing.
In rapid-mixing systems, Theorem 3, stating that the

gate complexity is independent of Lindbladian parameters
(m;M;K), becomes particularly attractive. This is because

the practical relevance of Theorem 3 would emerge in
tasks with complicated Lindbladians, such as dissipative
ground state [66] and Gibbs state preparation [58,67] for
rapid-mixing systems including higher-dimensional physi-
cal models [68]. The construction makes the resulting
Lindbladian complicated, and its fully coherent implemen-
tation with nearly linear time scaling is not necessarily the
best option in all parameter regimes, especially when the
required simulation time is short or intermediate due to
rapid mixing. Although the engineered jump operators in
those works have a slightly different form from our access
model, our algorithm can likely be adapted to these cases; a
detailed cost analysis remains an important future direction.
Another important direction is the further improvement

of gate complexity shown in Theorem 2. A natural
next step would be to achieve the higher-order scaling
Oðt1þ1=p logð1=ϵÞÞ while keeping the small ancilla
requirements independent of K and m. However, con-
structing efficient higher-order schemes for Lindblad
dynamics is nontrivial, unlike the product formula in
unitary dynamics, and likely requires new conceptual
advances. Furthermore, it is also highly nontrivial to
construct an algorithm that simultaneously achieves scal-
ing Oðt1þ1=p logð1=ϵÞÞ and independence of the system
parameters such as ðm;M;KÞ. Even for the case of
Hamiltonian simulation, no algorithm is currently known
to achieve these properties simultaneously.
An interesting question is the relationship between our

algorithm and the formulation via stochastic Schrödinger
equation (SSE) [69], a widely applicable stochastic sim-
ulation method for open quantum systems. In fact, our
algorithm also uses stochastic applications of unitary or
jump operations to simulate the Lindblad master equation.
However, our dissipative process is not physical unlike the
case of SSE, because it is described as the composition of
the minimal dissipation Bkl and (possibly non-physical)
superoperators U • V†. Exploring the connection to SSE
could offer some physical interpretation of our algorithm
and thereby enable improvement of it in both implement-
ability and computational complexity perspectives.

Note added. Shortly after we submitted our first preprint
paper on arXiv, Yu et al. [70] proposed a Lindblad
simulation algorithm for observable estimation, with a
logarithmically short depth and constant number of ancilla
qubits. The fundamental difference to our method is that
they rely on Trotter decomposition and subsequent error
compensation. While Trotter decomposition introduces the
dependence on the number of terms including the number
of jump terms K and the Pauli counts in Hamiltonian m in
gate complexity, our work eliminates the dependence on
those two important factors by entirely random compila-
tion derived from Taylor expansion of etL; this desirable
feature is of particularly advantageous for large systems.
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APPENDIX A: PRELIMINARY

1. Notation, norm, and vectorization

Let us consider a finite-dimensional Hilbert space H.
We write LðHÞ as the set of all linear operators on H,
which is also a finite-dimensional Hilbert space with the
Hilbert-Schmidt inner product, i.e., hA; Bi ≔ Tr½A†B�
for A;B∈LðHÞ. The Schatten p-norm of an operator
A∈LðHÞ is defined as

kAkp ≔ ðTr½jAjp�Þ1=p; jAj≔
ffiffiffiffiffiffiffiffiffi
A†A

p
; p∈ ½1;∞�:

(A1)

When p ¼ ∞, this norm corresponds to the operator
norm of A, denoted by kAk. In particular, for two operators
A;B∈LðHÞ and parameters p; q∈ ½1;∞� such that
1=pþ 1=q ¼ 1, the Hölder’s inequality holds

kABk1 ≤ kAkpkBkq: (A2)

Under the same assumption, the following matrix
Hölder’s inequality also holds [71]:

jTr½A†B�j ≤ kAkpkBkq: (A3)

For a given superoperator L, which is a linear map
acting on the space of operators LðHÞ, we define the
induced 1 → 1 norm [72] as

kLk1→1 ≔ sup
A∈LðHÞ;A≠0

kLðAÞk1
kAk1

: (A4)

It is clear from the definition that kL0 ∘Lk1→1 ≤
kL0k1→1kLk1→1 holds for any superoperators L and L0.
Especially, the 1 → 1 norm of completely positive and
trace-preserving (CPTP) maps satisfies the following
property.
Lemma 3. For any CPTP map Φ, kΦk1→1 ¼ 1 holds.

Proof. As shown in [72], for any CPTP map Φ, the
supremum in kΦk1→1 can be restricted to self-adjoint
operators as

kΦk1→1 ¼ sup
A∈LðHÞ;A¼A†;kAk1¼1

kΦðAÞk1: (A5)

Observing that a self-adjoint A with kAk1 ¼ 1 has the
spectral decomposition A¼Pi λijviihvij with

P
i jλij ¼ 1,

we obtain

kΦðAÞk1 ≤
X
i

jλijkΦðjviihvijÞk1 ≤ max
i
kΦðjviihvijÞk1

¼ max
i
Tr½ΦðjviihvijÞ� ¼ max

i
Trjviihvij ¼ 1;

(A6)

where the first equality follows from the fact that
ΦðjviihvijÞ ≥ 0 due to the positivity of Φ, and the second
equality follows from the trace-preserving property of Φ.
Especially, A ¼ jvihvj with a unit vector jvi attains
kΦðjvihvjÞk1 ¼ Trjvihvj ¼ 1 in the same way. Therefore,
the proof is completed. ▪
To distinguish operators and superoperators, we use the

italic font and a calligraphic font to denote them, respec-
tively, e.g., A is an operator and L is a superoperator. When
it is clear from the context, we omit the subscript 1 → 1 of
the norm k • k1→1 for superoperators.
Throughout this work, we use vectorization to represent

operators in LðHÞ as vectors [55]. Specifically, taking an
orthonormal basis fσαgα in the Hilbert space LðHÞ, the
vectorization (with respect to the base fσαg) maps any
operator A∈LðHÞ to a vector jA⟫σ as

A ↦ jA⟫σ ≔
X
α

Tr½σ†αA�jαi; (A7)

where jαi is an orthonormal basis in a ðdimHÞ2 dimen-
sional Hilbert space. The inner product of vectorized
operators jA⟫σ and jBiiσ matches the Hilbert-Schmidt
inner product as

⟪BjA⟫σ ¼ Tr½B†A� ¼ hB;Ai: (A8)

In this formalism, a superoperator E can be written as a
matrix SðEÞ defined as

SðEÞ ≔
X
α;β

Tr½σ†αEðσβÞ�jαihβj: (A9)

This matrix representation is often called the transfer
matrix of E [56]. For instance, the expectation value of an
observable O with respect to a quantum state ρ evolved by
a superoperator E can be written as
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Tr½OEðρÞ� ¼ ⟪OjSðEÞjρ⟫ ¼ ⟪OjEðρÞ⟫: (A10)

We often use the fact that for any superoperators Φ
and Φ0 acting on LðHÞ, SðΦ ∘Φ0Þ ¼ SðΦÞSðΦ0Þ holds. In
particular, we use the map from the orthonormal basis
jiihjj in LðHÞ to jjijii≡ jji ⊗ jii via vectorization, where
jii is the computational basis of H. That is, we use the
column-stacking convention for vectorization. Then, we
can write (omitting the subscript of vectorization)

jA⟫ ¼
X
i;j

hijAjjijjijii ¼ 1 ⊗ Aj1⟫; (A11)

where the vectorization j1⟫ of the identity operator 1
corresponds to the unnormalized maximally entangled
state

j1⟫ ¼
X
i

jiijii: (A12)

For a superoperator E, its transfer matrix SðEÞ via the
column-stacking vectorization is given by

SðEÞ ¼
X
ij;kl

hkjEðjiihjjÞjli jlihjj ⊗ jkihij: (A13)

2. Lindblad equation

In this work, we aim to estimate the physical properties
of (finite-dimensional) density matrices ρðtÞ whose
dynamics is governed by the Lindblad equation or
Gorini-Kossakowski-Sudarshan-Lindblad equation [9,10]:

d
dt
ρ ¼ LðρÞ ≔ −i½H; ρ� þ

XK
k¼1

�
LkρL

†
k − 1

2
fL†

kLk; ρg
�
;

(A14)

where H denotes the Hamiltonian of a target system, and
fLkgKk¼1 are linear operators on the target system. The
operators fLkg are called jump operators. The super-
operator L acts on the space of linear operators. In addi-
tion, the operation in the last term is an anti-commutator
i.e., fA;Bg ≔ ABþ BA for operators A and B. The
resulting superoperator etL generated by L is a quantum
channel (i.e., CPTP map) for any t ≥ 0, where

etL ≔
X∞
q¼0

tqLq

q!
: (A15)

The superoperator Lq ≔ L ∘ � � � ∘L is defined as q
sequential applications of L. We note that etL satisfies
the semigroup property: for any t1; t2 ≥ 0,

et2L ∘ et1L ¼ eðt2þt1ÞL: (A16)

Using the vectorization Eqs. (A11) and (A13), the
Lindblad equation can be written as

d
dt
jρ⟫ ¼ Gjρ⟫; (A17)

where G is the transfer matrix of the superoperator L

G ≔ SðLÞ ¼ −i1 ⊗ H þ iHT ⊗ 1

þ
XK
k¼1

�
Lk ⊗ Lk − 1

2
1 ⊗ L†

kLk − 1

2
LT
kLk ⊗ 1

�
:

(A18)

The matrix Lk denotes the entrywise complex conju-
gation of Lk. Note that the solution of Eq. (A17) for an
initial state jρð0Þ⟫ can be formally written as

jρðtÞ⟫ ¼ etGjρð0Þ⟫; where etG ¼
X∞
q¼0

tqGq

q!
¼ SðetLÞ:

(A19)

3. Linear combination of unitaries (LCU)
and oblivious amplitude amplification (OAA)

Here we introduce two quantum algorithms: linear
combination of unitaries (LCU) [73,74] and oblivious
amplitude amplification (OAA) [75], which take crucial
roles in our method.
Let A ≔

P
m
i¼1 ciUi be a linear combination of unitary

operators fUigmi¼1 with complex coefficients ci ∈C.
Without loss of generality, we assume ci > 0 because
the complex phase can be absorbed into Ui. In order to
implement A, we use the following two unitary operations.
The first one, called PREPARE, encodes the positive
coefficients fcigmi¼1 as

PRE∶ j0i ↦
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffi
ci

kck1

r
jii;

where kck1 denotes the L1-norm of the vector
c ¼ ðc1; � � � ; cmÞ, and j0i and jii denote an initial state
and the computational basis in a ⌈ log2m⌉-qubit ancilla
system, respectively. The second one, called SELECT,
encodes the unitary operators Ui conditioned by the
⌈ log2m⌉-qubit ancilla system:

SEL ¼
Xm
i¼1

jiihij ⊗ Ui:

Using the two operations PRE and SEL, we can show
that the unitary operator
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WA ≔ ðPRE† ⊗ 1Þ · SEL · ðPRE ⊗ 1Þ (A20)

implements the target operator A ¼Pm
i¼1 ciUi as

WAj0ijψi ¼
1

kck1
j0iAjψi þ je⊥ψi; (A21)

where jψi is an arbitrary system state. je⊥ψi denotes an
unnormalized state that depends on jψi and satis-
fies h0j ⊗ 1 · je⊥ψi ¼ 0.
According to Ref. [32], the above LCU method can be

further extended to the implementation of a quantum
channel Að•Þ ¼Pk Ak • A

†
k, where each operator Ak ðk ¼

0;…; K − 1Þ is given by a linear combination of unitary
operators as

Ak ≔
Xm
i¼1

ckiUki; cki > 0. (A22)

Using the LCU method, we can construct a unitary
operator Wk ≔ WAk

satisfying Eq. (A21) for the operator
Ak, where the normalization factor kck1 is replaced byP

i cki. Now, we introduce an additional ancilla system P,
and define the following unitary operator:X

k

jkihkjP ⊗ Wk; (A23)

where fjkiPg denotes the computational basis set on P.
Also, we define the unitary operator UR;P preparing a
quantum state jRi on the ancilla system P as

UR;Pj0iP ¼ jRiP ≔
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

kð
P

ickiÞ2
p X

k

�X
i

cki

�
jkiP:

(A24)

Using the two operations Eq. (A23) and UR;P, we can
directly confirm that for any input state jψi,

1P ⊗ h0j ⊗ 1 ·
�X

k

jkihkjP ⊗ Wk

�
UR;P · j0iPj0ijψi

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
kð
P

ickiÞ2
p X

k

jkiP ⊗ Akjψi: (A25)

In particular, when fAkg are Kraus operators (i.e.,P
k A

†
kAk ¼ 1), we can implement the quantum channel

Aðjψihψ jÞ ¼Pk Akjψihψ jA†
k by measuring j0i on the

quantum state j0iPj0ijψi evolved by UR;P and Eq. (A23).
Note that we can also take the input state as an arbitrary
density matrix. The success probability for this implemen-
tation of a quantum channel is given by 1=

P
kð
P

i ckiÞ2.

To amplify the above success probability of the LCU
method for a quantum channel, we can use the quantum
algorithm called the oblivious amplitude amplification
(OAA) for isometries [32,45], as follows. Let U be a
unitary operator, and let eΠ and Π be orthogonal projectors,
i.e. Π2 ¼ Π ¼ Π† and eΠ2 ¼ eΠ ¼ eΠ†. In addition, we
assume that eΠUΠ takes the following form:

eΠUΠ ¼ ffiffiffiffi
p

p
W (A26)

with some p∈ ð0; 1Þ and a partial isometry W (meaning
thatW†W is a projection). Note thatWW†W ¼ W holds in
this case. We focus on the case of p ¼ 1=4, which is
required in our method as explained later. In this special
case, the procedure of OAA is much simpler than the
general case as follows. Using two unitary operations
2Π − 1 and 2eΠ − 1, we have

eΠUð2Π − 1ÞU†ð2eΠ − 1ÞUΠ ¼ 4
ffiffiffiffi
p

p 3WW†W − 3
ffiffiffiffi
p

p
W

¼ ð4 ffiffiffiffi
p

p 3 − 3
ffiffiffiffi
p

p ÞW ¼ −W;

(A27)

where we used the property of partial isometryWW†W¼W
in the second equality.
To clarify the effect of this amplification, we here give

an example. Assuming

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
kð
P

ickiÞ2
p ≥

1

2
; (A28)

we add a single-qubit register to the state on the left side of
Eq. (A25) as

Ryj0i ⊗
�X

k

jkihkjP ⊗ Wk

�
UR;P · j0iPj0ijψi

¼ 1

2
j0i ⊗

�X
k

jkiP ⊗ j0i ⊗ Akjψi
�
þ je⊥0i ; (A29)

where Ry is a single-qubit rotation such that Ry∶ j0i↦
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

kð
P

i ckiÞ2
p

=2Þj0i þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−Pkð

P
i ckiÞ2=4

p
j1i, and

je⊥0i is an unnormalized quantum state satisfying
h0j ⊗ h0jje⊥0i ¼ 0. If we take the following U as the
unitary operator in Eq. (A26):

U ¼ Ry ⊗

 XK−1
k¼0

jkihkjP ⊗ Wk

!
UR;P (A30)

and set (assuming the Kraus operators fAkgK−1k¼0 in fWkg
act on the n-qubit system)
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eΠ ¼ j0ih0j ⊗ 1P ⊗ j0ih0j ⊗ 1 ¼
XK−1
k¼0

X2n
μ¼1

j0ih0j ⊗ jkihkj ⊗ j0ih0j ⊗ jμihμj;

Π ¼ j0ih0j ⊗ j0ih0jP ⊗ j0ih0j ⊗ 1 ¼
X2n
μ¼1

j0ih0j ⊗ j0ih0jP ⊗ j0ih0j ⊗ jμihμj;

then eΠUΠ takes the form of Eq. (A26) with p ¼ 1=4 and
the isometry W defined as

W ¼
X2n
μ;ν¼1

XK−1
k¼0

hμjAkjνij0ijkiPj0ijμih0jh0jPh0jhνj: (A31)

Here, we can directly check that W in Eq. (A31)
satisfies W†W ¼ Π if fAkg are Kraus operators of a
quantum channel. Therefore, applying the following
unitary sequence involving the unitary operator U in
Eq. (A30):

Uð2Π − 1ÞU†ð2eΠ − 1ÞU; (A32)

to the input state j0ij0iPj0ijψi for any n-qubit state jψi, we
can deterministically obtain the target quantum stateX

k

jkiP ⊗ Akjψi (A33)

by measuring the other qubits in the computational
basis. This is because the probability of obtaining the
measurement result for j0i ⊗ j0i, or equivalently the
probability of projection onto eΠ, is just 1

keΠUð2Π − 1ÞU†ð2eΠ − 1ÞUj0ij0iPj0ijψik2
¼ k −Wj0ij0iPj0ijψik2 ¼ 1. (A34)

4. Review of randomized LCU
for Hamiltonian simulation

In this section, we review a random-sampling imple-
mentation of a LCU decomposition for the time propagator
e−iHt [40,46]. First, we provide the decomposition for
e−iHt derived in [40], which is one of the key components
of the proof of our main theorem. Let H ¼Pi αiPi with
Pauli strings Pi and real coefficients αi, and let
α ¼Pi jαij. Splitting the total evolution time t into r
segments, we expand each segment e−iHt=r via the Taylor
expansion as

e−iHt=r ¼
X∞
n¼0

ð−iHt=rÞn
n!

¼
X∞
k¼0

ð−iHt=rÞ2k
ð2kÞ!

�
I þ −iHt=r

2kþ 1

�
¼
X∞
k¼0

ð−iHt=rÞ2k
ð2kÞ!

X
i

jαij
α

�
I − i

αt=r
2kþ 1

sgnðαiÞPi

�

¼
X∞
k¼0

ð−iHt=rÞ2k
ð2kÞ!

X
i

jαij
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
αt=r
2kþ 1

�
2

s
exp½−iθksgnðαiÞPi�; (A35)

where θk ¼ arccosðf1þ ð αt=r
2kþ1

Þ2g−1=2Þ. At the last equality, we have combined the two Pauli gates I and Pi into a single
non-Clifford gate. Note that the controlled version of e−iθP for any Pauli string P can be implemented with a single-qubit
controlled rotation and multiple Clifford gates (CNOT gates). Furthermore, defining the probability distribution
pi ≔ jαij=α, we have

e−iHt=r ¼
X∞
k¼0

ð−iαt=rÞ2k
ð2kÞ!

X
i

jαij
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
αt=r
2kþ 1

�
2

s �
H
α

�
2k
exp½−iθksgnðαiÞPi�

¼
X∞
k¼0

ð−iαt=rÞ2k
ð2kÞ!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
αt=r
2kþ 1

�
2

s X
i

pi

�X
j
pjsgnðαjÞPj

�
2k
exp½−iθksgnðαiÞPi�: (A36)

Thus, we obtain a LCU decomposition of the form e−iHt=r ¼Pm cmWm, where cm > 0 and Wm are implicitly
defined through Eq. (A36). Moreover, it has been shown that the L1-norm of the LCU coefficient fcmg is upper bounded
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by eðαt=rÞ2 [40]. This scaling is attributed to the grouping
of a linear combination of two Paulis into a
single unitary in the final line of Eq. (A35), which
improves the corresponding L1 norm from 1þOðt=rÞ
to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þOððt=rÞ2Þ

p
¼ 1þOððt=rÞ2Þ. This improvement

critically reduces the total L1-norm. Therefore, we obtain
the LCU decomposition of e−iHt ¼ ðe−iHt=rÞr that has the
total L1-norm at most eðαtÞ2=r, which can be summarized as
follows.
Lemma 4. (A slightly modified version of Lemma 2 in

Ref. [40]). Let H ¼Pj αjPj be a Hermitian operator that
is specified as a linear combination of Pauli operators with
αj ∈R. For any t∈R and r∈N, there exists a linear
decomposition

e−iHt ¼
X
k∈ S

bkUk

for some index set S, bk > 0, and unitaries Uk, such that

X
k∈ S

bk ≤ exp
��X

i
jαij
�

2 t2

r



:

For all k∈ S, the non-Clifford cost of controlled-Uk is
that of r controlled single-qubit Pauli rotations.
Now, we briefly summarize key ideas of the randomi-

zation for efficient simulation of the LCU decomposition of
e−iHt. Let Ui and Uj be independent random unitaries
following the distribution fpi ¼ bi=bgwith b ≔

P
k∈ S bk.

Then, the expectation value of an observable O can be
estimated with the expectation of the random unitaries with
the multiplier b2

Tr
�
O
�X

i

biUi

�
ρ

�X
j

b†jU
†
j

�

¼ b2

X
i;j

pipjTrðOUiρU
†
jÞ ¼ b2Ei;j½TrðOUiρU

†
jÞ�

Observing the right hand side of the equation, we
randomly and independently sample Ui and Uj according
to the distribution fpig and run the generalized Hadamard
test circuit (Fig. 5). Then, the sampling mean of the
measurement outcomes multiplied by b2 serves as an
estimator of the expectation value of the observable.
As shown in the previous work [46], by appropriately

truncating the Taylor series, this estimation scheme

requires OðkOk2b4 logð1=δÞ=ε2Þ samples of the quantum
circuits with the depth at most Oðα2t2 logðαtkOk=εÞÞ, in
order to achieve an additive error ε of the final estimation
with at least 1 − δ probability, where α ≔

P
i jαij.

Remarkably, the circuit depth achieves the logarithmic
dependence of ε. The Hamiltonian simulation based on
the Taylor series, proposed by [35], also achieves the
logarithmic dependence of ε together with a linear
dependence on t. However, this algorithm employs LCU
and OAA techniques with many additional ancilla qubits
and complicated multi-controlled operations. In contrast,
the randomized approach uses only one ancilla qubit
because it simulates the LCU with the help of random
sampling of multiple quantum circuits.
The randomized approach involves a trade-off between

the circuit depth and the number of samples. The factor b2

in the estimator increases the sampling cost because
the number of samples scales as OðkOk2b4 logð1=δÞ=ε2Þ.
In the Hamiltonian simulation with the truncated
Taylor series proposed in Ref. [35], the corresponding
L1 norm of coefficients scales as eαt, leading to an
exponential increase in the sampling cost when the
randomized approach is employed. However, according
to Lemma 4, if r is chosen as r ¼ Oðα2t2Þ, the sampling
overhead b2 can be suppressed to Oð1Þ with respect to
α and t.

APPENDIX B: DECOMPOSITION OF etL

In this section, we prove Theorem 1 to derive the
decomposition of etL. Subsection B 1 presents a compre-
hensive proof, while the essential technical components
are described in the subsequent subsections.

i. Subsection B 1 provides the proof of Theorem 1. In
the proof, we utilize Lemma 7, 10, 12 and the
framework described by Proposition 1, 2.

ii. Subsection B 2 introduces a method to simulate
general CP maps. The method allows the exact and
efficient simulation for the dissipation. Lemma 5, 6
are the statements for general CP maps, and
Lemma 7, 10 are for the special case of our interest.

iii. Subsection B 3 introduces a general simulation
framework for a linear combination of n-qubit
superoperators with a form of

P
ciUi • V

†
i using

ðnþ 1Þ-qubit quantum circuits. This framework is
well summarized in Proposition 1, 2.

iv. Subsection B 4 shows technical lemmas. In particu-
lar, Lemma 12 gives the upper bound of the norm of
the decomposition that we derive in Subsection B 1.

1. Proof of Theorem 1

Theorem 1. Let L be an Nq-qubit Lindblad super-
operator with a Hamiltonian H and jump operators
fLkgKk¼1 that are specified by a linear combination of

FIG. 5. The circuit for the generalized Hadamard test. Ui and
Uj are the unitary operators randomly sampled.
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Pauli strings as

H ¼
Xm
j¼1

α0jP0j; Lk ¼
XM
j¼1

αkjPkj; (B1)

for some coefficients α0j ∈R, αkj ∈C. Also, let kLkpauli ≔
2ðα0 þ

P
K
k¼1 α

2
kÞ for αk ≔

P
j jαkjj. Then, for any t > 0

and any positive integer r ≥ kLkpaulit, there exists a linear
decomposition

etLð•Þ ¼
X
v∈S

cvTranc½ðXanc ⊗ 1Þ eWvðjþihþjanc ⊗ •Þ�

(B2)

for some index set S, real values cv > 0, and
ðNq þ 1Þ-qubit completely positive trace non-increasing

(CPTN) maps f eWvg such thatX
v∈ S

cv ≤ e2kLk
2
paulit

2=r: (B3)

Furthermore, for any v, the ðNq þ 1Þ-qubit CPTN mapeWv can be effectively simulated by a quantum circuit on
the ðNq þ 1Þ-qubit system and additional 3þ ⌈ log2 M⌉
qubits ancilla system with mid-circuit measurement and
qubit reset.
In the following, we writeNq simply as n when the context
is clear.
Proof of Theorem 1. This proof consists of two parts:

(i) proof of a decomposition of the dynamical map etG ¼
SðetLÞ in the form of a linear combination of (the transfer
matrix of) superoperators and (ii) proof of an efficient
simulation of the superoperators eWv using a generalized
Hadamard test circuit on the target n-qubit system and a
constant-size ancilla system, which does not require
doubling the target system qubit size. In the proof, we
employ Lemmas 7, 10, 11, and 12 which are proved in the
next subsections. Note that from the assumption, we write
H=α0 and Lk=αk as

H
α0

¼
Xm
j¼1

p0jeiθ0jP0j;
Lk

αk
¼
XM
j¼1

pkjeiθkjPkj; (B4)

where pkj ≔ jαkjj=αk is a probability distribution satisfy-
ing
P

j pkj ¼ 1 for all k ¼ 0; 1;…; K, and the phases eiθkj

are defined as

eiθkj ≔
αkj
jαkjj

; ∀ k; j: (B5)

As for the case k ¼ 0, the phase eiθ0j is equivalent
to sgnðα0jÞ.

Now, we construct a decomposition of etG ¼ SðetLÞ.
Our intermediate goal is to expand the transfer matrix etG=r

of the r-sliced dynamical map etL=r in the form

etG=r ¼
X
u

cuSðWuÞ (B6)

for some positive coefficients cu and some superoperators
Wu acting on the target n-qubit system. In particular, we
aim to construct such a decomposition with the coeffi-
cients fcug satisfying

X
u

cu ≤ eOðt2=r2Þ (B7)

in order that the total weight for r-repetition of this
decomposition scales as eOðt2=rÞ. To this end, we start
by expanding the transfer matrix etG=r via the Taylor
expansion as

eðt=rÞG ¼
X∞
q¼0

ðt=rÞqGq

q!

¼
X∞
l¼0

ðt=rÞ2l
ð2lÞ! G2l

�
1 ⊗ 1þ ðt=rÞ

2lþ 1
G
�
; (B8)

where G ¼ SðLÞ can be written as

G ¼ −i1 ⊗ H þ iHT ⊗ 1

þ
XK
k¼1

�
Lk ⊗ Lk − 1

2
1 ⊗ L†

kLk − 1

2
LT
kLk ⊗ 1

�
¼ α0 · 1 ⊗

−iH
α0

þ α0 ·
iHT

α0
⊗ 1

þ
XK
k¼1

α2k ·
�
Lk

αk
⊗

Lk

αk
þ 1

2
1 ⊗

ð−1ÞL†
kLk

α2k

þ 1

2

ð−1ÞLT
kLk

α2k
⊗ 1

�
: (B9)

In what follows, we decompose G2l and 1 ⊗ 1þ ðt=rÞ
2lþ1

G
in Eq. (B8) toward the final form (B34). First, we provide
a decomposition of G2l up to normalization. Since H=α0
and Lk=αk are the convex combinations of Pauli strings
with complex phases as in Eq. (B4), Lemma 11 says that
there is a probability distribution pGðμÞ over some index
set SGð∋ μÞ and two sets fUGðμÞg, fVGðμÞg of n-qubit
Pauli strings with complex phases (e.g., eiθP for some
θ∈R) such that
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G
kLkpauli

¼
X
μ∈ SG

pGðμÞUGðμÞ ⊗ VGðμÞ

¼ S

 X
μ∈SG

pGðμÞVGðμÞ •U†
GðμÞ

!
: (B10)

Here, kLkpauli defined by

kLkpauli ¼ 2α0þ
XK
k¼1

α2k ·
�
1þ1

2
×2

�
¼ 2

�
α0þ

XK
k¼1

α2k

�
(B11)

is the normalization factor introduced to guaranteeP
μ pGðμÞ ¼ 1. Note that we can efficiently sample the

random unitary UGðμÞ ⊗ VGðμÞ according to the proba-
bility distribution pGðμÞ by Algorithm 3. Also, we note
that G=kLkpauli is the transfer matrix of the convex

combination of the superoperators VGðμÞ •U†
GðμÞ acting

on the target system as

VGðμÞ •U†
GðμÞ∶ A ↦ VGðμÞAU†

GðμÞ (B12)

for any operator A. Thus, we straightforwardly obtain the
decomposition of G2l=kLk2lpauli from Eq. (B10).
Next, we decompose the term 1 ⊗ 1þ ðt=rÞ

2lþ1
G in

Eq. (B8) into a linear combination of (the transfer matrix
of) superoperators. Defining

α ≔ 2

�
α0 þ

1

2

XK
k¼1

α2k

�
and τl ≔

αðt=rÞ
2lþ 1

; (B13)

we rewrite the term 1 ⊗ 1þ ðt=rÞ
2lþ1

G ¼ 1 ⊗ 1þ τlG=α. To
satisfy Eq. (B3), we derive the decomposition whose
normalization scales as 1þOðτ2l Þ.

1 ⊗ 1þ τl
G
α
¼ α0

α

�
1 ⊗ 1þ ð−iτlÞ1 ⊗

H
α0

�
þ α0

α

�
1 ⊗ 1þ ðþiτlÞ

HT

α0
⊗ 1

�
þ
X
k

α2k
α

�
1 ⊗ 1þ τl

�
Lk

αk
⊗

Lk

αk
− 1

2
1 ⊗

L†
kLk

α2k
− 1

2

LT
kLk

α2k
⊗ 1

��
¼ α0

α

�
1 ⊗ 1þ ð−iτlÞ1 ⊗

H
α0

�
þ α0

α

�
1 ⊗ 1þ ðþiτlÞ

HT

α0
⊗ 1

�
þ
X
k

α2k
α

��
1 − τl

2

L†
kLk

α2k

�
⊗
�
1 − τl

2

L†
kLk

α2k

�
þ τl

Lk

αk
⊗

Lk

αk
− τ2l

4

LT
kLk

α2k
⊗

L†
kLk

α2k

�
(B14)

To have further detailed decomposition, we apply
different treatments for the first and second terms that
come from the Hamiltonian H, and the third term that
comes from the jumps fLkg. For the first and second
terms, we follow the technique developed in Ref. [40]
(reviewed in Section A 4), to combine the Pauli operators
into a single non-Clifford gate. That is, the first term can be
written as

1 ⊗ 1þ ð−iτlÞ1 ⊗
H
α0

¼
Xm
j¼1

p0jð1 ⊗ 1 − iτleiθ0j1 ⊗ P0jÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q Xm
j¼1

p0jð1 ⊗ exp½−iθlsgnðα0jÞP0j�Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
· S
�Xm

j¼1

p0j exp½−iθlsgnðα0jÞP0j� • 1
�
;

(B15)

where θl ¼ arccosðf1þ τ2l g−1=2Þ. Note that the superop-
erator exp½−iθlsgnðα0jÞP0j� • 1 acts as

A ↦ exp½−iθlsgnðα0jÞP0j�A (B16)

for any operator A. Similarly, we can write the second
term as

1 ⊗ 1þ ðþiτlÞ
HT

α0
⊗ 1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
· S

 Xm
j¼1

p0j · 1 • exp½iθlsgnðα0jÞP0j�
!
:

(B17)

Note that the scaling of the normalization factorffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
¼ 1þOðτ2l Þ with respect to τl is crucial to

achieve the goal
P

u cu ≤ eOðt2=r2Þ as described later.
Thus, as for the terms where the jumps fLkg appear in

Eq. (B14), we also want to have an expression with
overhead 1þOðτ2l Þ; a naive approach is as follows;
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�
1 − τl

2

L†
kLk

α2k

�
⊗
�
1 − τl

2

L†
kLk

α2k

�
þ τl

Lk

αk
⊗

Lk

αk
− τ2l

4

LT
kLk

α2k
⊗

L†
kLk

α2k

¼
�
1þ τ2l

2

�
×
�
1þ τ2l =4
1þ τ2l =2

· S
�

1

1þ τ2l =4
Bkl

�
þ τ2l =4
1þ τ2l =2

· ð−1Þ · S
�
L†
kLk

α2k
•
L†
kLk

α2k

��
; (B18)

where the superoperator Bkl is the CP map defined as

Bklð•Þ ≔ Bkl;0 • B
†
kl;0 þ Bkl;1 • B

†
kl;1

≡
�
1 − τl

2

L†
kLk

α2k

�
•

�
1 − τl

2

L†
kLk

α2k

�†

þ ffiffiffiffi
τl

p Lk

αk
•

� ffiffiffiffi
τl

p Lk

αk

�†
: (B19)

Here, we defined the operators Bkl;0 and Bkl;1 in the
equation. A straightforward approach to realize Bkl

is to find a CPTN map K such that Kþ ð1þ
τ2l =4Þ−1Bkl becomes a CPTP map because the super-
operator ð1þ τ2l =4Þ−1Bkl is a CPTN map. We obtain
ð1þ τ2l =4Þ−1Bkl by partially measuring a quantum circuit
with (possibly a large number of) additional qubits
and/or gates, which is in principle possible using, e.g.,
the Stinespring dilation theorem [31]. However, such a
naive approach to simulate SðBklÞ is computationally
hard in general, especially for finding a companion
CPTN map K.
To overcome this difficulty, we develop a new technique

that allows us to exactly simulate the CP map Bkl much
easier than the above approach, with the help of random
sampling of correction superoperators. We summarize this
technique in Lemma 7 and Lemma 10, which will be
formally proven in the next subsection. Using Lemma 7
and Lemma 10 (note that from the assumption of
Theorem 1, we have τl ∈ ½0; 3� for any l), the CP map
Bkl can be decomposed as

SðBklÞ ¼ SðBðapproxÞ
kl Þ þ SðRklÞ; (B20)

where Rkl is the correction superoperator with the mag-
nitude of Oðτ2l Þ whose transfer matrix is given by

Rkl ≡ SðRklÞ ≔
X1
λ¼0

�
τ2l
8
Bkl;λ ⊗ Bkl;λDk

þ τ2l
8
Bkl;λDk ⊗ Bkl;λ − τ4l

64
Bkl;λDk ⊗ Bkl;λDk

�
¼
X1
λ¼0

γ2l;λ

�
τ2l
8

Bkl;λ

γl;λ
⊗

Bkl;λ

γl;λ
Dk þ

τ2l
8

Bkl;λ

γl;λ
Dk ⊗

Bkl;λ

γl;λ

þ τ4l
64

ð−1ÞBkl;λ

γl;λ
Dk ⊗

Bkl;λ

γl;λ
Dk

�
; (B21)

for γl;λ > 0 defined as

γl;0 ≔ 1þ τl
2
; γl;1 ≔

ffiffiffiffi
τl

p
: (B22)

Also, the CP map BðapproxÞ
kl and the operator Dk are

defined as

BðapproxÞ
kl ð•Þ ≔

X
λ¼0;1

B0
kl;λ • ðB0

kl;λÞ†;

B0
kl;λ ≔ Bkl;λ

�
1 − τ2l

8
Dk

�
; (B23)

and

τ2l
4
Dk ≔B†

kl;0Bkl;0þB†
kl;1Bkl;1−1¼ τ2l

4

ðL†
kLkÞ2
α4k

: (B24)

As described in Lemma 7, we can explicitly construct a
quantum circuit with the use of additional 3þ ⌈ log2 M⌉
ancilla qubits that simulates the CP (more precisely,

CPTN) map BðapproxÞ
kl by measuring or discarding the

ancilla qubits at the end of this circuit; See Remark 1.
On the other hand, since Bkl;λ=γl;λ and Dk are the convex
combinations of Pauli strings with complex phases,
Lemma 10 yields the following decomposition

Rkl

kRklkpauli
¼
X

μ∈SRkl

pRkl
ðμÞURkl

ðμÞ ⊗ VRkl
ðμÞ; (B25)

where the normalization factor kRklkpauli is defined as

kRklkpauli ≔
X1
λ¼0

γ2l;λ
τ2l
4

�
1þ τ2l

16

�

¼ τ2l
4
þ τ3l

2
þ 5τ4l

64
þ τ5l
32

þ τ6l
256

: (B26)

Here, pRkl
ðμÞ is a probability distribution over the index

set SRkl
, and URkl

ðμÞ; VRkl
ðμÞ are n-qubit Pauli strings with

complex phases for all μ∈ SRkl
. The random unitary

URkl
ðμÞ ⊗ VRkl

ðμÞ can be efficiently sampled according
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to the probability distribution pRkl
ðμÞ by Algorithm 4. Therefore, we now have an algorithm for exactly simulating the CP

map Bkl. Using the correction superoperators, we have

�
1− τl

2

L†
kLk

α2k

�
⊗
�
1− τl

2

L†
kLk

α2k

�
þ τl

Lk

αk
⊗

Lk

αk
− τ2l

4

LT
kLk

α2k
⊗

L†
kLk

α2k
¼ SðBðapproxÞ

kl Þ þ SðRklÞ− τ2l
4

LT
kLk

α2k
⊗

L†
kLk

α2k
: (B27)

Having shown the grouped form of all components in Eq. (B14), we combine the Eqs. (B14), (B15), (B17), and (B27)
and proceed to derive a new decomposition of eðt=rÞG. Combining the Eqs. (B14), (B15), (B17), and (B27), we can write
1 ⊗ 1þ τlG=α as

1 ⊗ 1þ τl
G
α
¼ α0

α

�
1 ⊗ 1þ ð−iτlÞ1 ⊗

H
α0

�
þ α0

α

�
1 ⊗ 1þ ðþiτlÞ

HT

α0
⊗ 1

�
þ
X
k

α2k
α

��
1 − τl

2

L†
kLk

α2k

�
⊗
�
1 − τl

2

L†
kLk

α2k

�
þ τl

Lk

αk
⊗

Lk

αk
− τ2l

4

LT
kLk

α2k
⊗

L†
kLk

α2k

�
¼ 2

α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q SðPm
j¼1 p0j · exp½−iθlsgnðα0jÞP0j� • 1Þ þ SðPm

j¼1 p0j · 1 • exp½−iθlsgnðα0jÞP0j�†Þ
2

þ
X
k

α2k
α

�
SðBklÞ − τ2l

4
S
�
L†
kLk

α2k
•
L†
kLk

α2k

��

¼ 2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q SðPm
j¼1 p0j · exp½−iθlsgnðα0jÞP0j� • 1Þ þ SðPm

j¼1 p0j · 1 • exp½−iθlsgnðα0jÞP0j�†Þ
2

þ
X
k

α2k
α

�
SðBðapproxÞ

kl Þ þ kRklkpauliS
�

Rkl

kRklkpauli

�
þ τ2l

4
S
�
ð−1ÞL

†
kLk

α2k
•
L†
kLk

α2k

��

¼
�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k¼1

α2k
α

�
1þ kRklkpauli þ

τ2l
4

��XK
k¼0

X3
ν¼1

qklpΓ;kl;νΓkl;ν; (B28)

where we define the probability distributions fqklg; fpΓ;kl;νg as

q0l ∝ 2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
; qkl ∝

α2k
α

�
1þ kRklkpauli þ

τ2l
4

�
ðfor k ¼ 1; 2;…; KÞ; (B29)

and

pΓ;0l;ν ≔
1

2
ðδ1ν þ δ2νÞ; pΓ;kl;ν ≔

δ1ν þ kRklkpauliδ2ν þ ðτ2l =4Þδ3ν
1þ kRklkpauli þ τ2l =4

ðfor k ¼ 1; 2;…; KÞ: (B30)

The transfer matrix of superoperator, which we denote as Γkl;ν, is given by

Γ0l;1 ≔ S

 Xm
j¼1

p0j · exp½−iθlsgnðα0jÞP0j� • 1
!
;Γ0l;2 ≔ S

 Xm
j¼1

p0j · 1 • exp½−iθlsgnðα0jÞP0j�†
!
; (B31)

and for k ¼ 1; 2;…; K,

Γkl;1 ≔ SðBðapproxÞ
kl Þ; Γkl;2 ≔ S

�
Rkl

kRklkpauli

�
¼ S

 X
μ∈ SRkl

pRkl
ðμÞ · VRkl

ðμÞ •U†
Rkl
ðμÞ
!
; (B32)
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Γkl;3 ≔ S
�
ð−1ÞL

†
kLk

α2k
•
L†
kLk

α2k

�
¼ S

 XM
j1;j2;j3;j4¼1

pkj1pkj2pkj3pkj4e
ið−θkj1þθkj2−θkj3þθkj4þπÞPkj1Pkj2 • Pkj3Pkj4

!
: (B33)

Therefore, we arrive at the following decomposition of the dynamical map eðt=rÞG:

eðt=rÞG ¼
X∞
l¼0

ðt=rÞ2l
ð2lÞ! G2l

�
1 ⊗ 1þ ðt=rÞ

2lþ 1
G
�

¼
X∞
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
G

kLkpauli

�
2l
�
1 ⊗ 1þ ðt=rÞ

2lþ 1
G
�

¼
X∞
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k0¼1

α2k0

α

�
1þ kRk0lkpauli þ

τ2l
4

��
×
XK
k¼0

X3
ν¼1

qklpΓ;kl;ν

�
G

kLkpauli

�
2l
Γkl;ν:

(B34)

This means that the transfer matrix of the dynamical map eðt=rÞL can be written in the form of
P

u cuSðWuÞ by implicitly
defining cu and SðWuÞ as

cu →
ðt=rÞ2lkLk2lpauli

ð2lÞ!
�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k0¼1

α2k0
α

�
1þ kRk0lkpauli þ

τ2l
4

��
qklpΓ;kl;ν ≥ 0; (B35)

SðWuÞ →
�

G
kLkpauli

�
2l
Γkl;ν: (B36)

In addition, the sum of cu ≥ 0 can be evaluated as

X
u

cu ¼
X∞
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k0¼1

α2k0
α

�
1þ kRk0lkpauli þ

τ2l
4

��

¼
X∞
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
2α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
�XK

k0¼1

α2k0
α

��
1þ τ2l

2
þ τ3l

2
þ 5τ4l

64
þ τ5l
32

þ τ6l
256

��

≤
X∞
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
1þ ðτ0lÞ2

2
þ ðτ0lÞ3

2
þ 5ðτ0lÞ4

64
þ ðτ0lÞ5

32
þ ðτ0lÞ6

256

�
≤ exp

�
ckLk2paulit2

r2

�
(B37)

for any constant value c ≥ 1.66. The first inequality
follows from the facts:

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
≤ 1þ x2=2 for any

x ≥ 0 and τ0l ≔ kLkpauliðt=rÞ=ð2lþ 1Þ ≥ τl. The final in-
equality follows from Lemma 12. Using the notation
eðt=rÞG ¼Pu cuSðWuÞ, we obtain the full decomposition
of etG ¼ SðetLÞ as

etG ¼ðeðt=rÞGÞr¼
X

u1;…;ur

cu1 � � �curSðWu1Þ � � �SðWurÞ:

(B38)

The sum of the coefficients cu1 � � � cur satisfies

X
u1;…;ur

cu1 � � �cur ¼
�X

u
cu

�
r
≤ exp

�
ckLk2paulit2

r

�
:

(B39)

This completes the proof of Eq. (B3), where we
particularly choose c ¼ 2 > 1.66.
Finally, we prove that the transfer matrix form Eq. (B38)

can be reduced to the expression with the ðnþ 1Þ-qubit
CPTN maps as Eq. (B2). At the same time, this will also
reveal a concrete simulation method of the above decom-
position (B38) on quantum circuits without doubling the
target system qubit size. The key observation is that for
any u, the superoperator Wu can be simulated by using a
generalized Hadamard test. The main components of
constructing a quantum circuit for Wu are the following
type-I, II, III circuits illustrated in Fig. 6. We here
summarize the properties of the quantum circuits; see
Appendix B 3 for more details.

i. The type-I circuit UI is a mixed unitary channel that
has the following action for any linear operator A on
the ðnþ 1Þ-qubit system
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UI∶
�
A00 A01

A10 A11

�
↦
� � ΦðA01Þ
J ∘Φ∘J ðA10Þ �

�
;

(B40)

where Aij ≔ ðhijanc ⊗ 1ÞAðjjianc ⊗ 1Þ, and J is the
anti-linear map defined as

J ∶ A ↦ J ðAÞ ≔ A†: (B41)

The n-qubit superoperator SðΦÞ becomes SðLÞ=
kLkpauli, Γkl;2, Γkl;3 by choosing the corresponding
probability pj, complex phase eiθj , and n-qubit Pauli
strings ðPj;QjÞ according to Eqs. (B10), (B25),
(B33), respectively.

ii. The type-II circuit Ianc ⊗ UII effectively simulates

the CPTN map Ianc ⊗ BðapproxÞ
kl by measuring (or

discarding) the additional ancilla qubits by the
computational basis measurement. Ianc denotes
the identity channel. The TN property arises from
the multiplication of zero to the final outputs if the
measurement result is not all zero. Also, the action

of Ianc ⊗ BðapproxÞ
kl can be written as

Ianc⊗BðapproxÞ
kl ∶

�
A00 A01

A10 A11

�

↦

 
� BðapproxÞ

kl ðA01Þ
BðapproxÞ
kl ðA10Þ �

!
: (B42)

The quantum circuit UII with the classical post-
processing instruction can be constructed by
Lemma 7 from the description of Bkl. This circuit
needs to introduce an (at most) additional 3þ
⌈ log2 M⌉ qubits for any k; l. After the (mid-circuit)
measurement for the additional ancilla qubits, these
qubits are reset to the initial state for the next type-II
circuit.

iii. The type-III circuit UIII is a mixed unitary channel
that has the following action for any linear operator
A on the ðnþ 1Þ-qubit system:

UIII∶
�
A00 A01

A10 A11

�
↦
� � Φ0ðA01Þ
J ∘Φ0 ∘J ðA10Þ �

�
;

(B43)

where the n-qubit superoperator SðΦ0Þ becomes
Γ0l;νðν ¼ 1; 2Þ by choosing the index ν ¼ 1; 2.

Thus, UI, UII, or UIII according to the super-
operator Γkl;ν followed by 2l sequential applications

FIG. 6. Quantum circuits for the superoperators inWu. The phase gate is defined as eiθj j0ih0j þ j1ih1j. The index k runs from 1 to K.

The diagram of the CPTN map BðapproxÞ
kl is detailed in Remark 1.
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of UI for the superoperator L=kLkpauli yields a quantum circuit eWu such that

eWu∶
�
A00 A01

A10 A11

�
↦
� � WuðA01Þ
J ∘Wu ∘J ðA10Þ �

�
; (B44)

where we used the facts J 2 ¼ I and J ∘BðapproxÞ
kl ∘J ¼ BðapproxÞ

kl for any k; l. An example of eWu is shown in Fig. 7.
This result immediately leads to

eWu1 ∘ � � � ∘ eWur∶
�
A00 A01

A10 A11

�
↦
� � Wu1 ∘ � � � ∘WurðA01Þ
J ∘Wu1 ∘ � � � ∘Wur ∘J ðA10Þ �

�
; (B45)

where we used J 2 ¼ I again. Therefore, we obtainX
u1;u2;…;ur

cu1cu2 � � � curTranc½ðXanc ⊗ 1Þ eWu1 ∘ � � � ∘ eWurðjþihþjanc ⊗ •Þ�

¼
X

u1;u2;…;ur

cu1cu2 � � � cur
1

2

�X1
q¼0

J q ∘Wu1 ∘ � � � ∘Wur ∘J q

�
ð•Þ

¼ 1

2

�X1
q¼0

X
u1;u2;…;ur

cu1cu2 � � � curJ q ∘Wu1 ∘ � � � ∘Wur ∘J q

�
ð•Þ

¼ 1

2

�X1
q¼0

J q ∘ etL ∘J q

�
ð•Þ ¼ etLð•Þ; (B46)

where for the final equality we used J ∘ etL ∘J ¼ etL due to the Hermitian preserving property of etL. This
completes the proof of Theorem 1. ▪

We here remark on the effective simulation of CPTN maps using quantum circuits and classical post-processing.
Remark 1. (Effective simulation of CPTN map BðapproxÞ

kl ). From Lemma 7, the quantum circuit UII with measurement

for BðapproxÞ
kl has the following form

FIG. 7. Quantum circuit eWu for SðWuÞ ¼ ð G
kLkpauliÞ2lΓkl;ν when Γkl;ν ¼ SðBðapproxÞ

kl Þ. The j0i after the measurement denotes the qubit
reset operation.

KATO, WADA, ITO, and YAMAMOTO PRX QUANTUM 7, 033046 (2026)

033046-28



where eΠ≔ 1⊗ j0ih0j⊗ IP, Π ≔ 1 ⊗ j0ih0j ⊗ j0ih0jP,
and U is a quantum circuit satisfying

eΠUΠ¼ 1

2
ðBkl;0 ⊗ j0ih0j⊗ j0ih0jPþBkl;1 ⊗ j0ih0j⊗ j1ih0jPÞ:

(B47)

The final measurement on 3þ ⌈ log2 M⌉ qubits is given
by the following two-outcome POVM fΠbgb¼0;1

Π0 ≔ eΠ; Π1 ≔ 1 − eΠ; (B48)

which can be simulated by the computational basis
measurement. Let us consider a general case that we
measure an observable O on the target system after the

process for BðapproxÞ
kl i.e., UII followed by the measurement

of fΠbgb¼0;1. In a single trial of the whole process, we
obtain measurement outcomes ðo; bÞ for the observable O
and the POVM fΠbgb¼0;1, respectively. Using the meas-

urement outcomes, we can estimate Tr½OBðapproxÞ
kl ðρÞ� for

any input state ρ, in an unbiased manner. That is, the mean
of oδb0 is given by

E½oδb0� ¼
X
o;b

oδb0Tr½joihoj ⊗ 1 · Πb · UIIðρ ⊗ j0ih0jÞ�

¼
X
o

oTr½joihojTrsys½eΠUIIðρ ⊗ j0ih0jÞ��

¼ Tr½OBðapproxÞ
kl ðρÞ�; (B49)

where Trsys denotes the partial trace over all the qubits
except for the target system, and fjoig are the eigenstates
ofO. The final equality follows from Eq. (B58) in the next
subsection. In this way, we can effectively simulate CPTN
maps, using classical post-processing for final outputs,
without an additional increase in the estimators’ variance.

2. Exact and efficient simulation of general CP maps

In the proof of Theorem 1 in the previous subsection, we
employed the CP map B in the operator form as follows:

SðBÞ ¼ B0 ⊗ B0 þ B1 ⊗ B1; (B50)

where B0 and B1 are defined as, for τ > 0,

B0 ¼ 1 − 1

2

L†L
α2

τ; B1 ¼
L
α

ffiffiffi
τ

p
: (B51)

Here, L is a jump operator described by a linear
combination of unitaries Ui and coefficients αi > 0

L ¼
XM
i¼1

αiUi; α ¼
XM
i¼1

αi: (B52)

Cleve et al. [32] introduced a quantum algorithm, using
LCU for channels and OAA for isometry, to determinis-
tically implement a target CPTP map as we reviewed in
Sec. A 3. In addition, the algorithm is available for a CP
map A without a TP property. Initially, LCU for channels
itself can effectively simulate the target CP map exactly
up to normalization p∈ ½0; 1� as pA, by measuring an
observable in ancilla qubits (e.g., measuring the observable
1P ⊗ j0ih0j in Eq. (A25). It means that we require the
multiplication of 1=p to the final outputs for compensating
the normalization, which leads to classical sampling
overhead. To avoid the overhead, OAA is used to increase
the normalization factor toward one. However, it introdu-
ces an approximation error between the resulting map
AðapproxÞ and the target mapA, i.e.,AðapproxÞ ≈A, unlessA
is a CPTP map. We call this procedure a standard method
for deterministic implementation of an approximate CP
map AðapproxÞ ≈A.
Now we seek an exact and efficient (i.e. low-overhead)

simulation method of the CP map B to prove Theorem 1.
However, the 1=p overhead from LCU for channels is too
large, and an approximation error by OAA is not accept-
able for our case. Here, we first identify the approximated
map BðapproxÞ and its error that is implemented by the
standard method. Then, we propose a new method to
simulate B exactly by developing a recovery operation for
the approximation error with the help of classical sam-
pling, while benefiting from the overhead reduction
by OAA.
Lemma 5. (Exact form of approximated CPTN map

by the standard method). Let Bk be linear operators for
k ¼ 1; � � � ; K, and we assume that each Bk can be written
by a linear combination of unitary operators as Bk ≔P

i ckiUki with cki ≥ 0 satisfying
P

kð
P

i ckiÞ2 ≤ 4. Also,
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we write
P

k B
†
kBk ¼ 1þ δD for some δ > 0 and a

Hermitian operator D with kDk∞ ≤ 1. Then the standard
method, described in Sec. A 3, for a target map B ¼P

k Bk • B
†
k yields the CPTN map BðapproxÞ such that

BðapproxÞ ¼
X
k

B0
k • ðB0

kÞ†; B0
k ≔Bk

�
1− δ

2
D
�
: (B53)

Furthermore, the exact form of BðapproxÞ is given by

BðapproxÞ ¼B−R;

R¼
X
k

�
δ

2
Bk •DB†

kþ
δ

2
BkD •B†

k−δ2

4
BkD •DB†

k

�
:

(B54)

Proof. We follow the standard method mentioned in
Subsection A 3 and carefully evaluate the approximation
error. Since Bk are given by linear combinations of
unitaries, we can construct unitaries Wk satisfying

Wkj0ijψi ¼
1P
icki

j0iBkjψi þ je⊥ψi; (B55)

where j0i is an initial state on an ancilla system, and je⊥ψi
denotes an unnormalized state satisfying h0j·je⊥ψi ¼ 0. Let

U, Π, eΠ, and W be given in the same manner as in the
original OAA procedure described in Subsection A 3;

UR;Pj0iP ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
kð
P

ickiÞ2
p X

k

�X
i

cki

�
jkiP;

U ¼ Ry ⊗
�X

k

jkihkjP ⊗ Wk

�
UR;P;

eΠ ¼ j0ih0j ⊗ 1P ⊗ j0ih0j ⊗ 1;

Π ¼ j0ih0j ⊗ j0ih0jP ⊗ j0ih0j ⊗ 1;

W ¼ ffiffiffiffi
p

p eΠUΠ; p ¼ 1=4. (B56)

Now we evaluate the error in the OAA procedure when W
is not a partial isometry. The action of the OAA unitary
VOAA ≔ Uð1 − 2ΠÞU†ð2eΠ − 1ÞU satisfies

eΠVOAAΠ ¼ −4 ffiffiffiffi
p

p 3WW†W þ 3
ffiffiffiffi
p

p
W

¼ −4 ffiffiffiffi
p

p 3Wð1þ δeDÞ þ 3
ffiffiffiffi
p

p
W

¼ W
�
1 − δ

2
eD�; (B57)

where we used W†W ¼ j0ih0j ⊗ j0iPh0jP ⊗ j0ih0j ⊗
ðPk B

†
kBkÞ ¼ Πð1þ δeDÞ with eD ≔ 1sys ⊗ D. Therefore,

the standard method prepares Wð1 − δeD=2Þ, and thus, it

yields the CPTN map BðapproxÞ as

Trsys½eΠVOAAðj0ih0j ⊗ j0ih0jP ⊗ j0ih0j ⊗ •ÞV†
OAA�

¼
X
k

B0
k • ðB0

kÞ† ¼ BðapproxÞ;

(B58)

where Trsys denotes the partial trace over all the qubits
except for the target system, and

B0
k ¼ Bk

�
1 − δ

2
D
�
: (B59)

The projection eΠ and the tracing out can be realized by
measuring the ancilla qubits except the purifier and the
classical post-processing where we multiply the final
output by zero whenever the ancilla-measurement result
does not coincide with j0ij0i. We remark that this post-
processing does not introduce additional cost differently
from the post-selection since we propose to implement a
CPTN map.
The difference R between B and BðapproxÞ is determined

by the direct calculation as follows:

R ¼ B − BðapproxÞ

¼
X
k

�
Bk • B

†
k − Bk

�
1 − δ

2
D
�
•

�
1 − δ

2
D
�
B†
k

�

¼
X
k

�
δ

2
Bk •DB†

k þ
δ

2
BkD • B†

k − δ2

4
BkD •DB†

k

�
:

(B60)

▪
While the CPTN property of BðapproxÞ necessarily follows

from its construction (B58), we remark that this CPTN
property is tied with the assumption

P
kð
P

i ckiÞ2≤4
required for Ry to be well-defined unitary, as shown
below. Let us observe that the assumption

P
kð
P

i ckiÞ2≤4
implies

k1þδDk∞ ¼
��������Xk

B†
kBk

��������
∞
≤
X
k

kB†
kBkk∞

≤
X
k

��������X
i

ckiUki

��������2
∞

≤
X
k

�X
i

ckikUkik∞
�

2

≤
X
k

�X
i

cki

�
2

≤ 4.

(B61)

Then, we have 1þ δD ≤ k1þ δDk∞ × 1 ≤ 4 × 1,
which implies 3 − δD ≥ 0. Therefore, we have
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X
k

B0†
k B

0
k ¼

�
1 − δ

2
D
�X

k

B†
kBk

�
1 − δ

2
D
�

¼
�
1 − δ

2
D
�
ð1þ δDÞ

�
1 − δ

2
D
�

¼ 1 − δ2

4
D2ð3 − δDÞ ≤ 1; (B62)

which is equivalent to the CPTN property.
Although the procedure in Lemma 5 follows the

standard method, we additionally obtain the exact repre-
sentation of the CPTN map BðapproxÞ and the approxima-
tion-error map R. This identification opens the way to
exactly and efficiently simulate the general CP map B via
constructing BðapproxÞ by the standard method and com-
pensating its errorR by classical sampling. This technique
is one of our key contributions. Furthermore, this error
recovery operation can be efficient as shown below.
Lemma 6. (Decomposition ofR). Let fBkg, D, δ,R be

as in Lemma 5. In addition, we assume that D can be
described as a linear combination of unitaries form

D ¼
X
i

qiVi (B63)

with unitaries Vi and qi > 0 satisfying
P

i qi ¼ 1. Then,R
can be decomposed into a convex combination of super-
operators formed as Ai • B

†
i up to a normalization factor C,

where Ai and Bi are some unitaries. The normalization
factor C is determined as follows:

C ¼ 1

p

�
δþ δ2

4

�
; (B64)

where 1=p ¼Pkð
P

i ckiÞ2.
Proof. By defining bk ¼

P
i cki, we obtain

R ¼
X
k

�
δ

2
Bk •DB†

k þ
δ

2
BkD • B†

k − δ2

4
BkD •DB†

k

�
¼ C

X
k

pb2k
δþ δ2

4

�
δ

2

Bk

bk
•D

B†
k

bk
þ δ

2

Bk

bk
D •

B†
k

bk

þ δ2

4
· ð−1Þ · Bk

bk
D •D

B†
k

bk

�
; (B65)

and C ¼ ð1=pÞðδþ δ2

4
Þ. Since Bk=bk and D are convex

combinations of unitaries, we can write the terms in the
round bracket as a convex combination of superoperators
with an asymmetric form of unitaries. ▪
Importantly, the convex combination of superoperators

R=C can be effectively simulated by the random sampling
of Hadamard test circuits. The concrete procedure for the
simulation is provided in the next subsection. In this
method, C corresponds to the sampling overhead to

maintain the norm of R. As a result, we have an exact
decomposition of a target CP map B

B ¼ ð1þ CÞ ×
�

1

1þ C
BðapproxÞ þ C

1þ C
R
C

�
: (B66)

The total overhead in this decomposition is given by
1þ C. C corresponds to the sampling overhead to main-
tain the norm.
The efficiency of methods depends on p and δ. If we

prepare the exact CP map B by LCU for channels like
Eq. (A25), we have

ffiffiffiffi
p

p �X
k

jkiP ⊗ j0i ⊗ Bkjψi
�
þ j⊥i (B67)

for any state jψi. With the same post-processing as OAA,
this provides a CPTN map pB. For the rescaling, we need
an additional sampling overhead 1=p. By comparing the
overheads, we observe that the method with BðapproxÞ and
the recovery operation R is more efficient than the
approach with only the use of the LCU method when δ
satisfies

1þ C ≤
1

p
; i:e: δ ≤ 2ð−1þ ffiffiffiffiffiffiffiffiffiffiffiffi

2 − p
p

Þ: (B68)

The OAA with the recovery operation is available for
general CP maps, and this has advantages over encoding
by simply applying the LCU for channels when δ is small,
i.e., B is close to a TP map. This inherits the characteristics
of OAA. Our target map (B51) is a good example where
this method has a substantial effect.
Now, let us analyze the case in which the map specified

by Lindblad-type operators Eqs. (B51) and (B52). This
example is a fundamental case for Lindblad simulation,
with a single jump operator. For the case, we provide a
detailed description of the implementation of BðapproxÞ and
calculate the circuit complexity to verify the efficiency.
Through the following analysis, we assume the access of a
unitary gate WL such that

ðh0j ⊗ 1Þ ·WL · ðj0i ⊗ 1Þ ¼ L
α

(B69)

using a l ancilla qubits with initial state j0i. Such WL can
be prepared with l ¼ ⌈ log2ðMÞ⌉ ancilla qubits by LCU.
We apply Lemma 5 to B0 and B1 and obtain the following.
Lemma 7. (CPTN map BðapproxÞ for B0 •B

†
0 +B1 •B

†
1).

Let L be a linear operator defined by Eq. (B52), andWL be
a unitary satisfying Eq. (B69) requiring l ancilla qubits.
Let B0 and B1 be linear operators defined by Eq. (B51)
with τ∈ ½0; 3�. Let D be a Hermitian operator defined by

EXPONENTIALLY ACCURATE OPEN QUANTUM… PRX QUANTUM 7, 033046 (2026)

033046-31



τ2

4
D ≔

X1
k¼0

B†
kBk − 1 ¼ τ2

4

ðL†LÞ2
α4

: (B70)

Defining modified operators B0
k ¼ Bkð1 − τ2

4
ðD=2ÞÞ for

k ¼ 0; 1, we can effectively simulate the CPTN map
BðapproxÞ ≔

P
1
k¼0 B

0
k • ðB0

kÞ† with use of a quantum circuit
that has the following non-Clifford cost:

i. Single-qubit gates: 12,
ii. NOT gates controlled by at most ðlþ 2Þ qubits: 5,
iii. Unitary gates WL and its inverse: 3,
iv. Controlled version of WL and its inverse: 3,
v. Additional ancilla qubits, excluding the target

system qubits: lþ 3,
vi. The computational basis measurements for the lþ 3

ancilla qubits and a classical post-processing for the
measurement outcomes.

To prove Lemma 7, first we propose the explicit circuit
implementations of WB0

and WB that satisfy

ðh0j ⊗ h0j ⊗ 1Þ ·WB0
· ðj0i ⊗ j0i ⊗ 1Þ ¼ 1 − L†L

2α2
τ;

(B71)

ð1P ⊗ h0j ⊗ 1Þ ·WB · ðj0iPj0ijψiÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1þ τ

p
X1
k¼0

jkiP ⊗ Bkjψi; (B72)

respectively. Actually, the proposed implementation is
more efficient than just preparing L†L.
Lemma 8. Let L be a linear operator defined by

Eq. (B52), and WL be a unitary satisfying Eq. (B69)
requiring l ancilla qubits. τ denotes a time satisfying
τ∈ ½0; 4�. The unitary WB0

satisfying Eq. (B71), can be
constructed by using

i. Single-qubit non-Clifford gates: 2,
ii. NOT gates controlled by at most l qubits: 1,
iii. Unitary gate WL and its inverse: 2,
iv. Additional ancilla qubits, excluding the target

system qubits: lþ 1.
Proof. Let us define the PREPARE circuit for a single

qubit as follows:

PRE∶ j0i ↦
ffiffiffi
τ

4

r
j0i þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − τ

4

r
j1i; (B73)

and the reflection REF as REF ¼ 1 − 2j0ih0j, on l ancilla
qubits. Then, we consider the following circuit.

With noting that ðh0j⊗ 1Þ ·W†
L · REF ·WL · ðj0i⊗ 1Þ¼

1−2L†L=α2, we obtain

j0ij0ijψi →
� ffiffiffi

τ

4

r
j0i þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − τ

4

r
j1i
�
j0ijψi

→

ffiffiffi
τ

4

r
j0i
�
1 − 2

L†L
α2

�
jψi þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − τ

4

r
j1ijψi

→
�
1 − L†L

2α2
τ

�
jψi (B74)

for an arbitrary state jψi. Therefore, the circuit provides
the WB0

that requires lþ 1-ancilla qubit, and calling WL

and W†
L once each, and 2 PREPARE circuits. ▪

We remark that a straightforward LCU implementation of
L†L=α2 requires at most ⌈ log2M2⌉ ancilla qubits, whereas
our implementation reduces them to ⌈ log2M⌉þ 1. This
indicates that Lemma 8 is a more memory-efficient
implementation.
Next we prepare the WB using the proposed WB0

and WL.
Lemma 9. Let L be a linear operator defined by

Eq. (B52), and WL be a unitary satisfying Eq. (B69)
requiring l ancilla qubits. Let B0 and B1 be linear operators
defined by Eq. (B51). τ denotes a time satisfying τ∈ ½0; 4�.
The unitary WB satisfying Eq. (B72), can be constructed
by using

i. Single-qubit non-Clifford gates: 3,
ii. NOT gates controlled by at most ðlþ 1Þ qubits: 1,
iii. Unitary gate WL: 1,
iv. Controlled version of W†

L: 1,
v. Additional ancilla qubits, excluding system qu-

bits: lþ 2.
Proof. Define another PREPARE circuit on a single

qubit for a purifier ancilla P as

PRE0∶ j0iP ↦
1ffiffiffiffiffiffiffiffiffiffiffi
1þ τ

p ðj0iP þ
ffiffiffi
τ

p j1iPÞ: (B75)

Referring to Lemma 8, we design the circuit as:
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The circuit can be considered as the controlled application
of WL or WB0

depending on the ancilla’s state. Then, we
obtain

j0iPj0ij0ijψi →
1ffiffiffiffiffiffiffiffiffiffiffi
1þ τ

p ðj0iP þ
ffiffiffi
τ

p j1iPÞj0ij0ijψi

→
1ffiffiffiffiffiffiffiffiffiffiffi
1þ τ

p
�
j0iP

�
1 − L†L

2α2
τ

�
jψi

þ j1iP ·
ffiffiffi
τ

p L
α
jψi
�
: (B76)

The statement holds by directly counting the gates and
qubits of the circuit diagrams above. ▪
Now we are ready to prove Lemma 7.
Proof of Lemma 7. Define a rotation gate Ry to maintain

the success probability as

Ry∶ j0i ↦
ffiffiffiffiffiffiffiffiffiffiffi
1þ τ

p

2
j0i þ

ffiffiffiffiffiffiffiffiffiffiffi
3 − τ

4

r
j1i (B77)

for τ∈ ½0; 3�. Here,WB can be constructed by the circuit in
Lemma 9, and we define U ¼ ðRy ⊗ 1Þð1 ⊗ WBÞ as the
circuit:

and the projectors as

eΠ ¼ j0ih0j ⊗ 1P ⊗ j0ih0j ⊗ 1;

Π ¼ j0ih0j ⊗ j0ih0jP ⊗ j0ih0j ⊗ 1: (B78)

This unitary U satisfies

eΠUΠ ¼ 1

2

X
k¼0;1

j0ih0j ⊗ jkih0jP ⊗ j0ih0j ⊗ Bk: (B79)

The remaining steps follow the procedure of Lemma 5,
and then we confirm that the CPTN map BðapproxÞ ¼P

1
k¼0 B

0
k • ðB0

kÞ† can be implemented deterministically.
The corresponding circuit is depicted as follows:
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For the visualization, the bottom two registers are
swapped. Note that 2eΠ − 1 consists of a single NOT gate
controlled by at most ðlþ 1Þ qubits, and 1 − 2Π consists
of a NOT gate controlled by at most ðlþ 2Þ qubits. From
the circuit above and Lemma 9, the number of gates can be
directly counted as follows:

i. Single-qubit gate: 12 ¼ ð3þ 1Þ × 3,
ii. NOT gate controlled by at most ðlþ 2Þ qu-

bits: 5 ¼ 3þ 2,
iii. Unitary gate WL and its inverse: 3,
iv. Controlled version of WL and its inverse: 3,
v. Additional ancilla qubits, excluding system qu-

bits: lþ 3.
All lþ 3 ancilla qubits are measured by the computa-

tional basis, and we perform classical post-processing
depending on the measurement outcome. That is, partially
tracing the purifier register out, we multiply the final
output by zero whenever the other lþ 2 ancilla qubits
measurement result does not coincide with j0ij0i. ▪
In the Lindblad case, we can derive a correction

superoperator R immediately.
Lemma 10. (Correction superoperator R for

B0 • B
†
0 +B1 • B

†
1). Let L; fBkg; D; τ, and fB0

kg be as
in Lemma 7. Then, the correction superoperator R,
representing the difference between the target CP map
B ≔

P
1
k¼0 Bk • B

†
k and the approximated CPTN map

BðapproxÞ ≔
P

1
k¼0 B

0
k • ðB0

kÞ† effectively simulated by
Lemma 7, can be written as

R ≔ B − BðapproxÞ

¼
X1
k¼0

�
τ2

8
Bk •DB†

k þ
τ2

8
BkD • B†

k − τ4

64
BkD •DB†

k

�
:

(B80)

Furthermore, the transfer matrix of R can be described
as a linear combination of unitaries, that is,

SðRÞ ¼
X
i

ciVi ⊗ Ui; (B81)

for some unitaries Ui; Vi and ci ≥ 0. The sum of coef-
ficients is determined as

X
i

ci ¼
1

4
τ2 þ 1

2
τ3 þ 5

64
τ4 þ 1

32
τ5 þ 1

256
τ6: (B82)

Also, if L is written as a linear combination of Pauli
strings, i.e., L ¼Pi αiPi where fPig are Pauli strings, and
αi ∈C, and α ¼Pi jαij, then SðRÞ=ðPi ciÞ is a convex
combination of Pauli strings with complex phases.

Proof. From the direct calculation, we obtain

R ¼ B − BðapproxÞ

¼
X1
k¼0

Bk • B
†
k − Bk

�
1 − τ2D

8

�
•

�
1 − τ2D

8

�
B†
k

¼
X1
k¼0

�
τ2

8
Bk •DB†

k þ
τ2

8
BkD • B†

k − τ4

64
BkD •DB†

k

�
(B83)

or,

SðRÞ¼
X1
k¼0

�
τ2

8
BkD⊗Bkþ

τ2

8
Bk ⊗BkD− τ4

64
BkD⊗BkD

�
:

(B84)

Since L=α is a convex combination of unitaries,
B0=ð1þ τ=2Þ and B1=

ffiffiffi
τ

p
are convex combinations of

unitaries, as is D. Then, from Lemma 11, normalized R
can be written as a linear combination of unitaries. The
normalization factor is

C ¼
�
1þ τ

2

�
2
�
τ2

8
þ τ2

8
þ τ4

64

�
þ τ

�
τ2

8
þ τ2

8
þ τ4

64

�
¼ 1

4
τ2 þ 1

2
τ3 þ 5

64
τ4 þ 1

32
τ5 þ 1

256
τ6; (B85)

which is consistent with Lemma 6 where 1=p ¼ ð1þ
τ=2Þ2 þ τ and δ ¼ τ2=4. In addition, if L=α is expanded by
Pauli strings, B0, B1, and D in R can be written in Pauli
strings. Then we obtain R as a convex combination of
Pauli strings. ▪
To conclude the subsection, we discuss the effectiveness

of our OAA and recovery operation method in this
case. We can prepare the exact map B using the LCU
for channel WB,

ffiffiffiffi
p

p
 X1

k¼0

jkiP ⊗ j0i ⊗ Bkjψi
!

þ j⊥i: (B86)

This provides a CPTN map pB with normalization
factor 1=p ¼ 1þ τ from Eq. (B72). The overhead for
rescaling is equal to 1þ τ, and the linear dependence on τ
is not suitable for our random compilation purposes. Our
new OAA and recovery operation method can also yield
the exact CPTN map via

1

1þ C
B ¼ 1

1þ C
BðapproxÞ þ C

1þ C
R
C
: (B87)

Therefore, the method requires additional 1þ C ¼ 1þ
Oðτ2Þ overhead for rescaling. Comparing the overheads,
the OAA with the recovery operation improves the over-
head from 1þ τ to 1þOðτ2Þ, and the improvement is
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quadratic with respect to τ. This compression is a crucial
fact that leads to our decomposition in Theorem 1. OAA
can be regarded as an essential quantum resource usage
corresponding to non-Clifford gates in the case of ran-
domized LCU for Hamiltonian simulation (Appendix A 4).

3. Circuit simulation of superoperators

As we derived in Eq. (B34), the time propagator
eGt=r can be decomposed into a (rescaled) convex combi-
nation of products of four-type superoperators having the

following forms: eiθP̄ ⊗ Q, SðBðapproxÞ
kl Þ, 1 ⊗ e−iθP, and

e−iθP ⊗ 1, where P and Q are some n-qubit Pauli strings.
In the previous subsection, we showed explicit circuits for
BðapproxÞ. Next, we focus on the construction of the other

superoperators, more specifically, an asymmetric super-
operator

FU;Vð•Þ ≔ U • V†; SðFU;VÞ ¼ V̄ ⊗ U (B88)

and its convex combinationΦp;F ¼Pi piF i withF ið•Þ ¼
Ui • V

†
i for some unitaries U, V, Ui, and Vi. In the

following, we provide a framework to simulate a linear
combination of superoperators (LCS) F i using quantum
circuits with some additional ancilla system.
The simulation of FU;V is inspired by Hadamard test

circuits. First, by the analogy with the Hadamard test, we
consider the following circuit eFU;V :

where J is an anti-linear map to transform an operator
into its complex conjugate, i.e., J ∶ A ↦ J ðAÞ ≔ A†

for any operator A. The circuit provides an encoding
of the map FU;V on ð0; 1Þ-component of the dilated
density matrix ðjþihþj ⊗ ρÞ together with the conjugate
J ∘FU;V ∘J ¼ FV;U on ð1; 0Þ-component. Thus, we
can use the unitary circuit eFU;V on the ðnþ 1Þ qubits
to simulate the superoperator FU;V on (a part of) the
dilated density matrix. Actually, measuring X; Y on the
top 1 qubit, we can effectively simulate the superoperator
FU;V as

Tranc½ðX− iYÞanc ⊗ 1 · eFU;Vðjþihþjanc⊗ •Þ� ¼FU;Vð•Þ:
(B89)

Note that eFU;V is a unitary channel, even if FU;V is
not a CPTP map. This observation can be generalized as
follows.
Proposition 1. (Linear combination of superopera-

tors (LCS)). Let Φc;F ¼Pi ciF i be n-qubit superoper-
ators with real coefficients c ≔ fcig and superoperators
F ið•Þ ≔ FUi;Vi

ð•Þ ¼ Ui • V
†
i for some unitaries Ui and Vi.

Let eΦc;F be a linear combination of unitary channels:

eΦc;F ≔
X
i

ci eF i (B90)

for unitary channels eF i ¼ eFUi;Vi
defined as

eFU;Vð•Þ ≔ ðj0ih0j ⊗ U þ j1ih1j ⊗ VÞ
• ðj0ih0j ⊗ U† þ j1ih1j ⊗ V†Þ: (B91)

Then, the action of eΦc;F acting on ðnþ 1Þ qubits can be
written with the superoperator Φc;F as

eΦc;F∶
�
A00 A01

A10 A11

�
↦
� � Φc;F ðA01Þ
J ∘Φc;F ∘J ðA10Þ �

�
;

(B92)

where Aij ≔ ðhijanc ⊗ 1ÞAðjjianc ⊗ 1Þ and J is the anti-
linear map J ∶ A ↦ A†. Furthermore, we can effectively
simulate Φc;F using the unitary channels feF ig by meas-
uring ðX − iYÞ on the ancilla qubit as

Tranc½ðX − iYÞanc ⊗ 1 · eΦc;F ðjþihþjanc ⊗ •Þ� ¼ Φc;F ð•Þ
(B93)

by the circuit depicted in Fig. 8. If Φc;F is a Hermitian-
preserving map, then we can omit the Y measurement as

Tranc½Xanc ⊗ 1 · eΦc;F ðjþihþjanc ⊗ •Þ� ¼ Φc;F ð•Þ:
(B94)

Proof. From the direct calculation, we have

eFU;V∶
�
A00 A01

A10 A11

�
↦
� � FU;VðA01Þ
J ∘FU;V ∘J ðA10Þ �

�
(B95)
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for any unitaries U and V. Thus,

eΦc;F

��
A00 A01

A10 A11

��
¼P

i
ci eF i

��
A00 A01

A10 A11

��

¼

0B@ � P
i
ciF iðA01ÞP

i
ciJ ∘F i ∘J ðA10Þ �

1CA
¼
� � Φc;F ðA01Þ
J ∘Φc;F ∘J ðA10Þ �

�
:

(B96)

Particularly, for a matrix jþihþj ⊗ ρ,

eΦc;F ðjþihþj ⊗ ρÞ ¼
� � Φc;F ðρÞ=2
J ∘Φc;F ∘J ðρÞ=2 �

�
(B97)

holds. By measuring X − iY on the ancilla qubit, we obtain

Tranc½ððX− iYÞanc⊗1Þ · eΦc;F ðjþihþjanc⊗ρÞ�

¼1

2
ðΦc;F ðρÞþJ ∘Φc;F ðρÞ∘J þΦc;F ðρÞ−J ∘Φc;F ∘J ðρÞ

¼Φc;F ðρÞ: (B98)

Similarly, if Φc;F is a HP map,

Tranc½ðXanc ⊗ 1Þ · eΦc;F ðjþihþjanc ⊗ ρÞ�

¼ 1

2
ðΦc;F ðρÞ þ J ∘Φc;F ðρÞ ∘J Þ ¼ Φc;F ðρÞ: (B99)

In particular, for a probability distribution pi ≥ 0

satisfying
P

i pi ¼ 1, eΦp;F becomes a mixed unitary

channel that can be realized on quantum circuits feF ig
with random application of the circuits according to the
probability pi.
Remark 2. Let fUig and fVig be n-qubit unitary

operators. Define a convex combination of F ið•Þ ≔ Ui •
V†
i as

Φp;F ð•Þ ¼
X
i

piF ið•Þ (B100)

with pi > 0 and
P

i pi ¼ 1. Then, Φp;F can be effectively
simulated by the mixed unitary channel

eΦp;F ≔
X
i

pi
eF i (B101)

acting on ðnþ 1Þ qubits as
X
i

pi
eF i∶
�
A00 A01

A10 A11

�
↦
� � Φp;F ðA01Þ
J ∘Φp;F ∘J ðA10Þ �

�
:

(B102)

In the proof of Theorem 1, we consider an alternating
sequence of n-qubit superoperators in the form of

W ¼ BðlÞ ∘ΦpðlÞ;F ðlÞ ∘ � � � ∘Bð1Þ ∘Φpð1Þ;F ð1Þ ; (B103)

where fBðlÞg are CPTN maps, and fΦpðlÞ;F ðlÞg are convex

combinations of asymmetric forms F ðlÞ
i ¼ UðlÞ

i • VðlÞ†
i for

some unitaries UðlÞ
i ; VðlÞ

i . Referring to Eq. (B103), we
define ðnþ 1Þ-qubit CPTN map eW for the alternating
sequence W

eW ≔ Ianc ⊗ BðlÞ ∘ eΦpðlÞ;F ðlÞ ∘ � � � ∘ Ianc ⊗ Bð1Þ ∘ eΦpð1Þ;F ð1Þ :

(B104)

This can be obtained by simply replacing CPTN maps B
with Ianc ⊗ B and Φp;F with eΦp;F in W, respectively.

Using eW, we can simulate a convex combination of the
superoperators W, which is a key technique to prove our
main Theorem 1.
Proposition 2. For any index u, letWu be a sequence in

the form of Eq. (B103), and Φp;W ≔
P

u puWu is a
convex combination of Wu with a probability distribution
fpug. In addition, we assume that Φp;W is a Hermitian-
preserving map for the probability distribution fpug. Then,
defining eΦp;W ≔

P
u pu

eWu, we have

Tranc½Xanc ⊗ 1 · ðeΦp;WÞrðjþihþjanc ⊗ •Þ� ¼ Φr
p;Wð•Þ
(B105)

for any positive integer r, where the corresponding circuit
diagram is shown in Fig. 9. Furthermore, the same map
Φr

p;W can be simulated by cutting the wire of the ancilla
qubit at each iteration using mid-circuit measurement and

FIG. 9. A circuit to simulate Φr
p;W .FIG. 8. A circuit to effectively simulate Φc;F .
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qubit reset without additional sampling overheads, as
shown in Fig. 10, i.e., the following equation holds:

ðTranc½Xanc ⊗ 1 · eΦp;Wðjþihþjanc ⊗ •Þ�Þr ¼ Φr
p;Wð•Þ:
(B106)

Proof. The action of I anc ⊗ B on ðnþ 1Þ qubits is
obviously

Ianc ⊗ B∶
�
A00 A01

A10 A11

�
↦
� � BðA01Þ
BðA10Þ �

�
;

(B107)

where Aij ¼ ðhijanc ⊗ 1ÞAðjjianc ⊗ 1Þ. The composition

of Ianc ⊗ B and eΦp;F can simulate B ∘Φp;F , and their

sequence eW can also simulate W. This can be described
explicitly as

eW∶
�
A00 A01

A10 A11

�
↦
� � BðlÞ ∘ΦpðlÞ;F ðlÞ ∘ � � � ∘Bð1Þ ∘Φpð1Þ;F ð1Þ ðA10Þ
BðlÞ ∘J ∘ΦpðlÞ;F ðlÞ ∘J ∘ � � � ∘Bð1Þ ∘J ∘Φpð1Þ;F ð1ÞJ ðA01Þ �

�
¼
� � WðA01Þ
J ∘W ∘J ðA10Þ �

�
:

(B108)

At the last equality, we use the Hermitian-preserving
property of CPTN maps J ∘BðlÞ ∘J ¼ BðlÞ and J 2 ¼ I .
From the same calculation as Proposition 1, we obtain the
action of convex combination of eW as

eΦp;W∶
�
A00 A01

A10 A11

�
↦
� � Φp;WðA01Þ
J ∘Φp;W ∘J ðA10Þ �

�
¼
� � Φp;WðA01Þ
Φp;WðA10Þ �

�
;

(B109)

since Φp;W is assumed to be a Hermitian-preserving map.
Finally, after measuring X on the ancilla qubit, we can
simulate the map Φp;W:

Tranc½Xanc ⊗ 1 · eΦp;Wðjþihþjanc ⊗ •Þ� ¼ Φp;Wð•Þ:
(B110)

By repeating the above r times, Eq. (B106) is shown
straightforwardly. Next, considering the action of the
ðeΦp;WÞr, we obtain

fðΦp;WÞr∶
�
A00 A01

A10 A11

�
↦
� � ðΦp;WÞrðA01Þ
ðΦp;WÞrðA10Þ �

�
: (B111)

Therefore, by repeating eΦp;Wr times and measuring X,
we obtain Eq. (B105). ▪
These Proposition 1 and 2 provide practical procedures

to simulate LCS. In practical scenarios, the circuits Fig. 10
with measurements and resets may be more advantageous
than the original ones Fig. 9 in the sense of maintaining
coherence.
Here we illustrate a simple example to make the

formulation clearer. Let us consider the case of random-
ized LCU for Hamiltonian simulation. Assume that
we have the linear combination of unitaries of
e−iHt=r ≈

P
m cmUm, where Um are unitaries, and

cm > 0. By defining c ¼Pm cm and joint distribution
pm;m0 ¼ cmcm0=c2, the map of the propagator e−iHt=r can
be described as

e−iHt=r • eiHt=r ≈ c2
X
m;m0

pm;m0Um •U†
m0 : (B112)

FIG. 10. A circuit to simulate Φr
p;W with mid-circuit measurement and qubit reset.
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Using the LCS notations as

Fm;m0 ¼ Um •U†
m0Φp;F ¼

X
m;m0

pm;m0Fm;m0 ; (B113)

we obtain the map for the Hamiltonian simulation below

Tranc½Xanc ⊗ 1 ·ðeΦp;F Þrðjþihþjanc ⊗ •Þ�
≈ Φr

p;F ð•Þ ¼
1

c2r
e−iHt • eiHt;

(B114)

where we use the HP property of Φp;F , that is,

J ∘Φp;F ∘J ¼
X
m0;m

pm0;mUm0 •U†
m ¼ Φp;F : (B115)

An asymmetric superoperatorFm;m0 alone does not have
HP property since J ∘Fm;m0 ∘J ¼ Fm0;m, while a sym-
metrized combination ðFm;m0 þ Fm0;mÞ=2 does. Note that
this HP property is always satisfied for the superoperators
formed as ðPm cmUmÞ • ð

P
m cmU

†
mÞ with cm ∈R. This

example is consistent with the results of prior studies
that used Hadamard test such as [46]. The Fig. 11 shows
the circuit example. Moreover, we can cut the wire at
each simulation step by the HP property as shown in
Proposition 2.

4. Technical lemmas

Lemma 11. Let fAkg be convex combinations of unitary
operators as

Ak ≔
X
j

pkjUkj: (B116)

Then, A1A2 and A1 ⊗ A2 can be written as a convex
combination of some unitary operators. Also, for any
θ1; θ2;…∈R and any probability distribution fqkgk, the
following operator

B ≔
X
k

qkeiθkAk ¼ q1eiθ1A1 þ q2eiθ2A2 þ � � � (B117)

can be written as a convex combination of some unitary
operators. In addition, if all of fUkjg in Ak are Pauli
operators with unit complex coefficients (i.e., eiθ for some
θ∈R), then the operator A1A2; A1 ⊗ A2, and B defined

above can be written as a convex combination of Pauli
operators with unit complex coefficients.
Proof. We can prove this lemma by direct calculations. ▪

Since Eq. (B34) already provides the explicit decompo-
sition of eðt=rÞG, we here derive an inequality to evaluate
the sum of coefficients in the decomposition.
Lemma 12. For any constant value c ≥ 1.66,

X∞
n¼0

x2n

ð2nÞ! γ
�

x
2nþ 1

�
≤ expðcx2Þ (B118)

holds for any x∈ ½0; 1�, where γðtÞðt∈RÞ is defined as

γðtÞ ¼ 1þ 1

2
t2 þ 1

2
t3 þ 5

64
t4 þ 1

32
t5 þ 1

256
t6: (B119)

Proof. It suffices to show

X∞
n¼0

x2n

ð2nÞ! γ
�

x
2nþ 1

�
≤
X∞
n¼0

cnx2n

n!
: (B120)

We divide the series into two parts: n ¼ 0; 1 and n ≥ 2.
For n ¼ 0; 1, we find a constant value c such that

X1
n¼0

x2n

ð2nÞ! γ
�

x
2nþ 1

�
¼ γðxÞ þ x2

2!
γ

�
x
3

�
≤ 1þ cx2

(B121)

holds for any x∈ ½0; 1� or equivalently,

c ≥ eγðxÞ
≔
�
1

2
þ 1

2
xþ 5

64
x2 þ 1

32
x3 þ 1

256
x4
�
þ 1

2!
γ

�
x
3

�
(B122)

holds for any x∈ ð0; 1�. Thus, we can take c ≥ 1.66 > eγð1Þ
for the inequality

X1
n¼0

x2n

ð2nÞ! γ
�

x
2nþ 1

�
≤
X1
n¼0

cnx2n

n!
: (B123)

For all n ≥ 2, γð x
2nþ1

Þ ≤ γð1=5Þ < 2 holds under
0 ≤ x ≤ 1, and then we have

FIG. 11. A circuit example to effectively simulate Hamiltonian dynamics.
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x2n

ð2nÞ! γ
�

x
2nþ 1

�
< x2n

2

ð2nÞ! ≤
x2n

n!
: (B124)

Therefore, if we choose c ≥ 1.66, Lemma holds. ▪

APPENDIX C: PROPOSED METHOD FOR
EXPECTATION VALUE ESTIMATION

In this section, we first show a truncated version of the
decomposition of etL in Theorem 1. Then, we prove
Theorem 2 for clarifying the performance of our algorithm
for expectation values, using the truncated decomposition
of etL.
In Theorem 1, the index set S in the decomposition of

etL has an infinitely large number of elements. However,
for any desired truncation error Δ∈ ð0; 1=eÞ, we can
construct a finite subset SΔ ⊂ S satisfying the following
properties: (i) we can efficiently sample quantum circuits
for CPTN maps eWv according to the probability distri-
bution proportional to fcvgv∈SΔ , and furthermore, (ii) the
sampled quantum circuits have a logarithmic depth with
respect to the truncation error Δ.
Lemma 13. (Truncated version of Theorem 1). Let L

be an n-qubit Lindblad superoperator with a Hamiltonian
H and jump operators fLkgKk¼1 that are specified by a
linear combination of Pauli strings as

H ¼
Xm
j¼1

α0jP0j; Lk ¼
XM
j¼1

αkjPkj;

for some coefficients α0j ∈R, αkj ∈C, and let kLkpauli ≔
2ðα0 þ

P
K
k¼1 α

2
kÞ for αk ≔

P
j jαkjj. Then, for any t > 0,

Δ∈ ð0; 1=eÞ, and any positive integer r ≥ kLkpaulit, there
exists an approximate decomposition of etL such that����etLð•Þ−Xv∈SΔ

cvTranc½ðXanc ⊗ 1Þ eWvðjþihþjanc ⊗ •Þ�
����
1→1

≤Δ (C1)

holds for some finite index set SΔ, ðnþ 1Þ-qubit completely
positive trace non-increasing (CPTN) maps f eWvg, and real
values cv > 0 satisfyingX

v∈SΔ

cv ≤ e2kLk
2
paulit

2=r: (C2)

Furthermore, for any v∈ SΔ, the ðnþ 1Þ-qubit CPTN
map eWv can be effectively simulated by using an

nþ 4þ ⌈ log2M⌉

qubits quantum circuit, including mid-circuit measurement
and qubit reset, and

O
�
r
�

logðr=ΔÞ
log logðr=ΔÞ þM logM

��
(C3)

one- or two-qubit gates. The corresponding quantum
circuits for the CPTN maps eWv can be efficiently sampled
according to the probability distribution proportional to
cv > 0 by Algorithm 2.
Proof of Lemma 13. For a non-negative integer Q ≥ 0,

let Λ2Qþ1;t=r be a superoperator defined as

Λ2Qþ1;t=r ≔
X2Qþ1

q¼0

ðt=rÞqLq

q!
: (C4)

This is a truncated series of Eq. (B8). Thus, using the
results in the proof of Theorem 1, we obtain

SðΛ2Qþ1;t=rÞ ¼
XQ
l¼0

ðt=rÞ2l
ð2lÞ! SðLÞ2l

�
1 ⊗ 1þ ðt=rÞ

2lþ 1
SðLÞ

�

¼
XQ
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k¼1

α2k
α

�
1þ kRklkpauli þ

τ2l
4

��

×
XK
k¼0

X3
ν¼1

qklpΓ;kl;ν

�
SðLÞ

kLkpauli

�
2l
Γkl;ν;

(C5)

where we used the same notation as in the proof of
Theorem 1. For simplicity, we write the decomposition
as SðΛ2Qþ1;t=rÞ ¼

P
u∈eSQ cuSðWuÞ by implicitly defining

cu ≥ 0, SðWuÞ, and an finite index set eSQ. In particular, the
superoperator SðWuÞ can always be written as

SðWuÞ ¼
�

SðLÞ
kLkpauli

�
2l
Γkl;ν; (C6)

where Γkl;ν is the transfer matrix of a superoperator defined
by Eqs. (B31)–(B33). Then, we have

SðΛr
2Qþ1;t=rÞ ¼

X
ðu1;u2;…urÞ∈eSrQcu1 � � � curSðWu1Þ � � � SðWurÞ:

(C7)
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The sum of coefficients can be evaluated as

X
ðu1;u2;…urÞ∈eSrQcu1 � � �cur ¼

�XQ
l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k¼1

α2k
α

�
1þkRklkpauliþ

τ2l
4

���r

≤
�X∞

l¼0

ðt=rÞ2lkLk2lpauli
ð2lÞ!

�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k¼1

α2k
α

�
1þkRklkpauliþ

τ2l
4

���r

≤ exp
�
2kLk2paulit2

r

�
;

(C8)

where we used Eq. (B37) in the final inequality.
As described in the proof of Theorem 1, the three-type circuits, UI;UII, and UIII, illustrated in Fig. 6 simulate the

superoperator Wu. More precisely, for any Wu, we can explicitly construct a quantum circuit eWu satisfying

Λr
2Qþ1;t=rð•Þ ¼

X
ðu1;u2;…;urÞ∈eSrQcu1cu2 � � � curTranc½ðXanc ⊗ 1Þ eWu1 ∘ � � � ∘ eWurðjþihþjanc ⊗ •Þ�; (C9)

from the fact thatΛr
2Qþ1;t=rð•Þ has the Hermitian preserving

property. For any u ¼ ðl; k; νÞ∈ eSQ, the corresponding
quantum circuit eWu consists of a single call of UI, UII,
or UIII for Γkl;ν and 2l ≤ 2Q calls of UI for L=kLkpauli; see
Fig. 7 for instance. eWu has OðQþM logMÞ one- or two-
qubit gates in the worst case; OðQÞ controlled-Pauli gates
for UI and OðM logMÞ gates for UII. Thus, the gate
complexity of quantum circuits eWu1 ∘ � � � ∘ eWur is given
by OðrðQþM logMÞÞ for any ðu1; u2;…urÞ∈ eSrQ. Fur-
thermore, we can efficiently sample quantum circuits eWu
(including classical post-processing instructions) accord-
ing to the probability distribution proportional to the
weight fcugu∈eSQ as described in Algorithm 2.

Finally, we show that when we take an integer Q as

Q ≥
lnð3r=2ΔÞ
ln lnð3r=2ΔÞ ; (C10)

then the approximation error of Λr
2Qþ1;t=rð•Þ for etL is

upper bounded by Δ as

kΛr
2Qþ1;t=r − etLk ≤ Δ: (C11)

For any positive integer Q0,

kΛQ’;t=r − eðt=rÞLk
1→1

¼
�������� X∞

q¼Q’þ1

ðt=rÞqLq

q!

��������
1→1

≤
X∞

q¼Q’þ1

jt=rjq
q!

kLqk1→1

≤
X∞

q¼Q’þ1

1

q!

�
tkLk1→1

r

�
q
: (C12)

Here, kLk1→1 ≤ kLkpauli holds as follows. By the
triangle inequality and Hölder’s inequality, we have for
any non-zero operator A,

kLðAÞk1 ¼
�������� − i½H;A� þ

XK
k¼1

�
LkAL

†
k − 1

2
fL†

kLk; Ag
���������

1

≤ 2kHk∞kAk1 þ 2
XK
k¼1

kLkk2∞kAk1

≤ 2kAk1
�
α0 þ

XK
k¼1

α2k

�
: (C13)

Hence, kLk1→1 is bounded as

kLk1→1 ≤ 2

�
α0 þ

XK
k¼1

α2k

�
¼ kLkpauli: (C14)

Thus, from the assumption of r ≥ tkLkpauli ≥ tkLk1→1,
we have

kΛQ’;t=r − eðt=rÞLk
1→1

≤
X∞

q¼Q’þ1

1

q!
<

1

ðQ’Þ! : (C15)

Taking Q0 ≔ ⌈2κ= ln κ⌉ð≥ 1Þ for κ ≔ lnðr=Δ0Þ with
Δ0 ∈ ð0; 1=eÞ and using the Stirling’s formula, we can
derive that
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ALGORITHM 2. Efficient sampling of the random circuit for the approximate decomposition of etL

Input: Hamiltonian H and jump operators fLkgKk¼1 defined by (B1), simulation time t > 0, number of time segments (integer)
r ≥ tkLkpauli, accuracy parameter Δ∈ ð0; 1=eÞ.

Output: Positive value C and description of a sample from the random quantum circuit eW including classical post-processing, such
that its average provides a Δ-approximation of Lindblad dynamics as

kC × EeW½Tranc½ðXanc ⊗ 1Þ eWðjþihþjanc ⊗ ð•ÞÞ�� − etLð•Þk ≤ Δ:

1: Initialize an integer Q ← ⌈lnð3r=2ΔÞ=ln lnð3r=2ΔÞ⌉, a phase parameter ϕ ← 0, and a list QCList ← ½�
2: Define functions for l∈ f0; 1;…;Qg

τl ≔
t=r

2lþ 1
× 2

�
α0 þ

1

2

XK
k¼1

α2k

�
; kRklkpauli ≔

τ2l
4
þ τ3l

2
þ 5τ4l

64
þ τ5l
32

þ τ6l
256

Cl ≔
ðt=rÞ2lkLk2lpauli

ð2lÞ!
�
2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
þ
XK
k¼1

α2k
α

�
1þ kRklkpauli þ

τ2l
4

��
≥ 0

3: for i ¼ 0 to r − 1 do
4: Sample l∈ f0; 1;…;Qg from the probability distribution fCl=ð

P
l ClÞg

5: Sample k∈ f0; 1;…; Kg from the probability distribution conditioned by l

q0l ∝ 2
α0
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2l

q
; qkl ∝

α2k
α

�
1þ kRklkpauli þ

τ2l
4

�
ðfor k ¼ 1; 2;…; KÞ

6: Sample ν∈ f1; 2; 3g from the probability distribution conditioned by l; k

pΓ;0l;ν ≔
1

2
ðδ1ν þ δ2νÞ; pΓ;kl;ν ≔

δ1ν þ kRklkpauliδ2ν þ ðτ2l =4Þδ3ν
1þ kRklkpauli þ τ2l =4

ðfor k ¼ 1; 2;…; KÞ

7: if k ¼ 0 then
8: Sample a Pauli string P0j from H according to the probability distribution fp0j ≔ jα0jj=ð

P
j jα0jjÞg

9: Append eFU;1 (ν ¼ 1) or eF1;U (ν ¼ 0) to QCList, where U ¼ exp½−iθlsgnðα0jÞP0j�,

θl ≔ arccosðf1þ τ2l g−1=2Þ; eFA;Bð•Þ ≔ ðj0ih0j ⊗ Aþ j1ih1j ⊗ BÞ • ðj0ih0j ⊗ A† þ j1ih1j ⊗ B†Þ

10: else if ν ¼ 1 with k > 0 then
11: Append Ianc ⊗ UII, with mid-circuit measurement followed by qubit reset and classical post-processing (see Fig. 6 and

Remark 1) for the CPTN map BðapproxÞ
kl , to QCList

12: else if ν ¼ 2 with k > 0 then
13: Call Algorithm 3 and obtain eiθQ̄ ⊗ P with a phase θ and n-qubit Pauli strings fP;Qg
14: Append eFP;Q to QCList and Update ϕ ← ϕþ θ
15: else if ν ¼ 3 with k > 0 then
16: Sample j1;…; j4 ∈ f1; 2;…;Mg independently from the identical distribution fpkj ≔ jαkjj=ð

P
j jαkjjÞg

17: Append eFA;B with A ¼ Pkj1Pkj2 and B ¼ Pkj4Pkj3 to QCList and Update ϕ as

ϕ ← ϕ − θkj1 þ θkj2 − θkj3 þ θkj4 þ π; θkj ≔ argðαkj=jαkjjÞ

18: end if
19: for j ¼ 0 to 2l − 1 do
20: Call Algorithm 3 and obtain eiθQ̄ ⊗ P with a phase θ and n-qubit Pauli strings fP;Qg
21: Append eFP;Q to QCList and Update ϕ ← ϕþ θa

22: end for
23: end for
24: Append a Phase gate PhaseðeiϕÞ ⊗ 1 to QCList, where PhaseðeiϕÞ ≔ eiϕj0ih0janc þ j1ih1janc
25: return Positive value C ≔ ðPl ClÞr and eW ¼ QCList[length(QCList)−1] ∘ � � � ∘ QCList[0]

aWe note that if we can calculate
Q

2l−1
j¼0 eiθjQj ⊗ Pj ¼: eiθ

0
Q0 ⊗ P0 classically, we can simply append eFP0;Q0 instead ofeFP2l−1;Q2l−1 ∘ � � � ∘ eFP0;Q0

on the line 21. This substitution improves the circuit depth.

EXPONENTIALLY ACCURATE OPEN QUANTUM… PRX QUANTUM 7, 033046 (2026)

033046-41



ALGORITHM 3. Efficient sampling of the random unitary XG for G ¼ SðLÞ
Input: Hamiltonian H and jump operators fLkgKk¼1 defined by (B1).
Output: Description of a sample from the random unitary XG such that E½XG� ¼ G=kLkpauli, where G ¼ SðLÞ and kLkpauli is defined
by Eqs. (B9) and (B11). Here, XG has the form of

eiθQ̄ ⊗ P (C28)

for some θ∈R and n-qubit Pauli strings P;Q∈ fI; X; Y; Zg⊗n, with probability 1.
1: Sample k∈ f0; 1;…; Kg from the probability distribution pk,

pk ¼
2α0

kLkpauli
δ0k þ

XK
m¼1

2α2m
kLkpauli

δmk:

2: if k ¼ 0 then
3: Sample l∈ f1; 2g with equal probability.
4: Sample j∈ f1;…; mg from the probability distribution

p0j ¼
jα0jjPm
j¼1 jα0jj

:

5: Set XG as

XG ≔
�
exp½iðθ0j − π=2Þ� · 1 ⊗ P0j; if l ¼ 1

exp½iðθ0j þ π=2Þ� · PT
0j ⊗ 1; if l ¼ 2

and eiθ0j ≔
α0j
jα0jj

ð∈ f1;−1gÞ

6: else if k ≠ 0 then
7: Sample l∈ f1; 2; 3g with the probability f1=2; 1=4; 1=4g.
8: Sample j1; j2 ∈ f1;…;Mg independently from the identical probability distribution

pkj ¼
jαkjjP
M
j¼1 jαkjj

9: Set XG as

XG ≔

8>><>>:
exp½ið−θkj1 þ θkj2Þ� · Pkj1 ⊗ Pkj2 ; if l ¼ 1

exp½ið−θkj1 þ θkj2 þ πÞ� · 1 ⊗ Pkj1Pkj2 ; if l ¼ 2

exp½iðθkj1 − θkj2 þ πÞ� · PT
kj1
Pkj2 ⊗ 1; if l ¼ 3;

and eiθkj ≔
αkj
jαkjj

:

10: end if
11: Modify the phase of XG to match the form of Eq. (C28).
12: return The description of XG with a complex phase and Pauli strings.
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ALGORITHM 4. Efficient sampling of the random unitary XR for the correction superoperator R ¼ SðRÞ
Input: Hamiltonian H and jump operators fLkgKk¼1 defined by (B1), t > 0, r∈N, l∈ f0; 1;…g, and k∈ f1; 2;…; Kg.
Output: Description of a sample from the random unitary XR such that E½XR� ¼ Rkl=kRklkpauli, where Rkl and kRklkpauli
is defined by Eqs. (B21) and (B26). Here, XR has the form of

eiθQ̄ ⊗ P

for some θ∈R and n-qubit Pauli strings P;Q∈ fI; X; Y; Zg⊗n, with probability 1.
1: Set

τl ≔
t=r

2lþ 1
× 2

�
α0 þ

1

2

XK
k¼1

α2k

�
; Pk0 ≔ i1; θk0 ≔ 0

2: Sample λ∈ f0; 1g from the probability distribution

pλ ¼
1þ τ2l =16

1þ 2τl þ 5τ2l =16þ τ3l =8þ τ4l =64

��
1þ τl

2

�
2

δ0λ þ τlδ1λ

�
3: Sample i∈ f0; 1; 2g from the probability distribution

pi ¼
1

2þ τ2l =8

�
δ0i þ δ1i þ

τ2l
8
δ2i

�
4: if λ ¼ 0 then
5: Sample ðj1; j2Þ; ðj01; j02Þ∈ f0; 1;…;Mg2 independently from the identical joint probability distribution

pj1j2 ≔
1

1þ τl=2
δ0j1δ0j2 þ

τl=2
1þ τl=2

XM
m1;m2¼1

pkm1
pkm2

δm1j1δm2j2

6: Sample j3;…; j10 ∈ f1;…;Mg independently from the identical distribution pkj ¼ jαkjjP
M
j¼1

jαkjj7: Set XR as

XR ≔

8>>>>>><>>>>>>:

Pkj1Pkj2 ⊗Pkj0
1
Pkj0

2

Q
6
ν¼3Pkjν ×exp½iðθkj1 −θkj2 −θkj0

1
þθkj0

2
−θkj3 þθkj4 −θkj5 þθkj6Þ�; if i¼ 0

Pkj1Pkj2

Q
6
ν¼3Pkjν ⊗Pkj0

1
Pkj0

2
×exp½iðθkj1 −θkj2 −θkj0

1
þθkj0

2
þθkj3 −θkj4 þθkj5 −θkj6Þ�; if i¼ 1

Pkj1Pkj2

Q
6
ν¼3Pkjν ⊗Pkj0

1
Pkj0

2

Q
10
ν¼7Pkjν

×exp½iðθkj1 −θkj2 −θkj0
1
þθkj0

2
þθkj3 −θkj4 þθkj5 −θkj6 −θkj7 þθkj8 −θkj9 þθkj10Þ�; if i¼ 2

8: else if λ ¼ 1 then
9: Sample j1; j01; j2;…; j9 ∈ f1;…;Mg independently from the identical probability distribution pkj ¼ jαkjjP

M
j¼1

jαkjj10: Set XR as

XR ≔

8>><>>:
Pkj1 ⊗Pkj0

1

Q
5
ν¼2Pkjν ×exp½ið−θkj1 þθkj0

1
−θkj2 þθkj3 −θkj4 þθkj5Þ�; if i¼ 0

Pkj1

Q
5
ν¼2Pkjν ⊗Pkj0

1
×exp½ið−θkj1 þθkj0

1
þθkj2 −θkj3 þθkj4 −θkj5Þ�; if i¼ 1

Pkj1

Q
5
ν¼2Pkjν ⊗Pkj0

1

Q
9
ν¼6Pkjν ×exp½ið−θkj1 þθkj0

1
þθkj2 −θkj3 þθkj4 −θkj5 −θkj6 þθkj7 −θkj8 þθkj9Þ�; if i¼ 2

11: end if
12: Modify the phase of XR to match the form of eiθQ̄ ⊗ P
13: return The description of XR with a complex phase and Pauli strings
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ln
1

ðQ0Þ! < Q0 − Q0 ln Q0 ¼ Q0 ln κ ·
1 − ln Q0

ln κ
≤ − 1

2
Q0 ln κ

≤ −κ:
(C16)

This leads that the approximation error of ΛQ’;t=r
becomes at most Δ0=r, i.e.,

kΛQ’;t=r − eðt=rÞLk
1→1

≤ Δ0=r: (C17)

Due to Eq. (C17),

kΛQ0;t=rk1→1
−keðt=rÞLk1→1 ≤ kΛQ0;t=r−eðt=rÞLk

1→1
¼Δ0=r

(C18)

holds. Hence, we have

kΛQ0;t=rk1→1
≤ keðt=rÞLk1→1 þ Δ0=r ¼ 1þ Δ0=r (C19)

because keðt=rÞLk1→1 ¼ 1 holds from Lemma 3 since
eðt=rÞL is CPTP. Observing that

kCr −Drk1→1 ≤
Xr
k¼1

kCkk−11→1kC −Dk1→1kDkr−k1→1

≤ rmaxfkCk1→1; kDk1→1gr−1kC −Dk1→1

(C20)

for any linear maps C and D, we obtain

kðΛQ0;t=rÞr − etLk
1→1

≤ rmaxfkΛQ0;t=rk1→1
; 1gr−1kΛQ0;t=r − eðt=rÞLk

1→1

≤ Δ0ð1þ Δ0=rÞr−1 ≤ Δ0eΔ0 ≤ Δ; (C21)

where we set Δ0 ≔ ð2=3ÞΔ∈ ð0; 1=eÞ in the final inequal-
ity. Therefore, taking Q as Q ≥ Q0=2 ¼ lnð3r=2ΔÞ

ln lnð3r=2ΔÞ, the
lemma holds. ▪
Using quantum circuits sampled by Algorithm 2, we can

estimate the target quantity Tr½OetLðρ0Þ� as follows. First,
we generate a quantum circuit eW by Algorithm 2. This
circuit contains (possibly multi-round) mid-circuit meas-
urement and qubit reset as in Fig. 1, and the corresponding
POVM fΠbgb¼0;1 in each mid-circuit measurement is
given by Eq. (B48). Then, running the circuit with an
initial state jþihþjanc ⊗ ρ0 and measuring the observable
Xanc ⊗ O at the end of circuit, we obtain measurement
outcomes ðbX; bOÞ and a collection of mid-circuit meas-
urement outcomes b ¼ ðb1; b2;…Þ (bi ∈ f0; 1g). By
repeating the above procedure N times independently,
we calculate the following quantity

φN ≔
C
N

XN
i¼1

bðiÞX bðiÞO δbðiÞ;0; (C22)

where the superscript i denotes the index of trials and the
positive value C is also the output of Algorithm 2.
From the construction, it can be confirmed that the mean

of φN becomes

E½φN� ¼
X
v∈ SΔ

cvTr½ðXanc ⊗ OÞ eWvðjþihþjanc ⊗ ρÞ�

(C23)

and this is ðΔkOkÞ-close to the target value as

jE½φN� − Tr½OetLðρ0Þ�j ≤ ΔkOk (C24)

due to Eq. (C1) and the tracial matrix Hölder’s inequality.
In addition, from the Hoeffding’s inequality and the above
evaluation, we can say

N ¼ 2C2kOk2 logð2=δÞ
ðε0Þ2 (C25)

samples are sufficient in order that

PrðjφN − Tr½OetLðρ0Þ�j < ε0 þ ΔkOkÞ ≥ 1 − δ (C26)

holds for given parameters ε0 > 0 and δ > 0. Thus, for a
target additive error ε, taking Δ ¼ ε=2kOk and ε0 ¼ ε=2,
we conclude that our algorithm estimates the target
expectation value within an additive error ε with at least
1 − δ probability, i.e.,

PrðjφN − Tr½OetLðρ0Þ�j < εÞ ≥ 1 − δ: (C27)

Also, the sampling overhead C ¼Pv∈SΔ cv can be
Oð1Þ by setting r ¼ OðkLk2paulit2Þ because of Eq. (C2).
Consequently, the above construction and analysis com-
plete the proof of Theorem 2.

APPENDIX D: (m, M, K)-INDEPENDENT
LINDBLAD SIMULATION WITH LOGARITHMIC

ACCURACY SCALING

We here provide an effective way to approximately

simulate the CPTN map BðapproxÞ
kl . This dissipation BðapproxÞ

kl
gives the M-dependency of our algorithm introduced
before. For our expansion of the dynamical map eLt, it
is sufficient to construct a linear map Υkl that can be

simulated by using quantum circuits and realize BðapproxÞ
kl in

the following sense:
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Υkl∶
�
A00 A01

A10 A11

�
↦
� � BðapproxÞ

kl ðA01Þ
BðapproxÞ
kl ðA10Þ �

�
:

(D1)

We have already provided one example of Υkl using the
unitary channel Uklð•Þ ¼ Ukl •U

†
kl [see Eq. (16)], that is,

tranc;sys½ð1anc;sys ⊗ IP ⊗ j0ih0j⊗2þ⌈log2M⌉Þ
× ðIanc ⊗ UklÞðj0ih0j ⊗ •Þ�; (D2)

also see Remark 1. The implementation of Ukl requires
OðlogMÞ ancilla qubits and OðM logMÞ gates when we
use LCU to encode Lk=αk. In the following, we show
another proposal of Υkl whose implementation has no
dependence on M in both gate and ancilla counts.
The alternative Υkl uses the single-ancilla qubit denoted

by anc, while the previous construction has trivial action
on the system anc. The core idea to construct Υkl without
M-dependence is to use the random-sampling implemen-
tation of controlled time evolution operators e−itLR

k =αk and
e−itLI

k=αk (see Appendix A4 or Refs. [40,46]). Here, LR; I
k

are the real or imaginary part of Lk defined as

LR
k ¼

XM
j¼1

ℜ½αkj�Pkj; LI
k ¼

XM
j¼1

ℑ½αkj�Pkj; (D3)

where

XM
j¼1

jℜ½αkj�j ≤ αk;
XM
j¼1

jℑ½αkj�j ≤ αk: (D4)

We note that the 1-qubit controlled time evolution is
generated by ðI − ZÞ=2 ⊗ LR;I

k =αk, that is,

j0ih0j ⊗ 1þ j1ih1j ⊗ e−itLR;I
k =αk ¼ e−it

I−Z
2 ⊗

LR;I
k
αk : (D5)

The previous results reviewed in Appendix A4 say that
for any one of ðnþ 1Þ-qubit Hamiltonians fðI − ZÞ=2 ⊗
LR;I
k =αkgk and a given positive integer rBE, there exists a

probability distribution pi and ðnþ 1Þ þ 1-qubit (þ1 for
anc) unitary gates Vi such that

CBE

X
i

piVi •V
†
i ∶
�
A0
00 A0

01

A0
10 A0

11

�

↦

0B@ � e−i
I−Z
2
⊗

LR;I
k
2αk A0

01e
iI−Z

2
⊗

LR;I
k
2αk

e−i
I−Z
2 ⊗

LR;I
k
2αk A0

10e
iI−Z2 ⊗

LR;I
k
2αk �

1CA;

(D6)

where CBE ≤ expðr−1BE=2Þ holds (the time is fixed to
t ¼ 1=2); see around Eq. (B112) for this expression of

the previous works. The non-Clifford gate complexity of
the Vi gates is given by at most OðrBEÞ. Thus, we can
simulate the controlled time evolution operators with only
a single-ancilla qubit and the gate counts independent
of M.
Once we obtain the controlled time evolution of

e−iLR;I
k =ð2αkÞ, we can approximately construct the unitary

Eq. (B69) to encode Lk=αk (more precisely, ð1=2πÞLk=αk)
based on the standard technique of quantum matrix
arithmetic e.g., Ref. [45]. Combining this and the same
strategy as Lemma 7, we prove the following lemma.
Lemma 14. Let k∈ f1;…; Kg be the index of Lk. For

any positive integer rBE and 0 ≤ τl ≤ 3
4π2

, we can construct
a mixed unitary channel U 0

II;kl over nþ 7 qubits such that

Υklð•Þ ≔ ½CBE�Oðlogð1=ε0ÞÞtranc;sys½ð1anc;sys ⊗ IP ⊗ j0i
× h0j⊗5ÞU 0

II;klð• ⊗ j0ih0j⊗6Þ�
(D7)

satisfies

Υkl∶
�

A00 A01

A10 A11

�
↦
� � CðapproxÞkl ðA01Þ
CðapproxÞkl ðA10Þ �

�
:

(D8)

Here, the positive value CBE satisfies 1 ≤ CBE ≤
expðr−1BE=2Þ, and the CPTN map CðapproxÞkl is ε0-close to

BðapproxÞ
kl (defined in Eq. (B23) in the diamond norm. The

implementation of the mixed unitary channel U 0
II;kl uses at

most OðrBE½logðrBE=ε0Þ�2Þ one- or two-qubit gates includ-
ing OðrBE logð1=ε0ÞÞ non-Clifford gates.
Proof. To simplify the proof, we first introduce the

notion of block encoding [45]. For a given n-qubit operator
A with the norm kAk ≤ 1, we say that an ðnþ aÞ-qubit
unitary U is a block-encoding of A, if

ðh0j⊗a ⊗ 1ÞUðj0i⊗a ⊗ 1Þ ¼ A: (D9)

Assuming access to the time evolution operators
e−iLR;I

k =ð2αkÞ with 1-qubit control, the circuit in Fig. 12
becomes a block-encoding of sinðLR;I

k =ð2αkÞÞ with a
single-ancilla qubit. Then, Ref. [45] proves that there
exists an odd real d ≔ Oðlogð1=ε0ÞÞ-degree polynomial
PðxÞ satisfying

FIG. 12. Block-encoding of sinðLR;I
k =ð2αkÞÞ.
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max
jxj≤1=2

����PðxÞ − 2

π
arcsinðxÞ

���� ≤ ε0; and

max−1≤x≤1jPðxÞj ≤ 1.
(D10)

Therefore, by using the quantum singular value trans-
formation [45] for the polynomial PðxÞ, we have the block
encoding of PR;I

k ≡PðsinðLR;I
k =ð2αkÞÞÞ≈ð2=πÞLR;I

k =ð2αkÞ.
The circuit for the block-encoding of PR;I

k consists of
OðdÞ ¼ Oðlogð1=ε0ÞÞ queries to the circuit in Fig. 12, and
OðdÞ ¼ Oðlogð1=ε0ÞÞ one- or two-qubit elementary gates.
Moreover, using the LCU method for adding PR

k and PI
k,

we obtain a circuit for a block-encoding of

Pk ≔
PR
k

2
þ i

PI
k

2
≈

1

2π

Lk

αk
(D11)

using 3 ancilla qubits in total.
Now we obtain the block-encoding of Lk, we then

consider the circuit in Fig. 13, similar to the proof of
Lemma 7. In this circuit, the PREPARE circuits are
defined as

PRE1j0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ2τl

4

r
j0i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð2πÞ2τl

4

r
j1i;

PRE2j0i ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ð2πÞ2τl
p ðj0i þ 2π

ffiffiffiffi
τl

p j1iÞ;
(D12)

and

Ryj0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2πÞ2τl

p
2

j0i þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − ð2πÞ2τl

4

r
j1i: (D13)

Note that all of these states are valid quantum states due
to the assumption of 0 ≤ τl ≤ 3

4π2
. Denoting this circuit as

W0
kl, it satisfies

eΠ0W0
klΠ0 ¼ 1

2

X
i¼0;1

j0ih0j ⊗ jiih0jP ⊗ ðj0ih0jÞ⊗4 ⊗ Ckl;i;

(D14)

where eΠ0 ¼ j0ih0j ⊗ IP ⊗ ðj0ih0jÞ⊗4 ⊗ 1, Π0 ¼
ðj0ih0jÞ⊗6 ⊗ 1, and

Ckl;0 ≔ 1 − 1

2
P†
kPk · 4π2τl; Ckl;1 ¼ Pk · 2π

ffiffiffiffi
τl

p
:

(D15)

Thus, considering the circuit U0
kl ≔ W0

klð2Π0 − 1ÞðW0
klÞ

†ð2eΠ0 − 1ÞW0
kl, we arrive at

trsys½eΠ0U0
klððj0ih0jÞ⊗6 ⊗ AÞðU0

klÞ†�
¼
X
i¼0;1

C0
kl;iAðC0

kl;iÞ† ≡ CðapproxÞkl ðAÞ (D16)

for any operator A, where

C0
kl;i ¼ Ckl;i

�
1 − τ2l

8
· ð4π2P†

kPkÞ2
�
: (D17)

The unitary channel for U0
kl is a sequence of unitary

channels with Oðlogð1=ε0ÞÞ uses of the controlled
e−iLR;I

k =ð2αkÞ and its inverse because U0
kl contains Oð1Þ

controlled block-encodings of Pk and its inverse from
Fig. 13. Thus, by replacing all of the controlled
e�iLR;I

k =ð2αkÞ with the mixed unitary channel in the form ofP
i piVi • V

†
i satisfying Eq. (D6), the unitary channel for

U0
kl becomes a mixed unitary channel U 0

II;kl over the
ð1þ 6Þ-qubit ancilla system and the target system. This
U 0
II;kl satisfies Eqs. (D7) and (D8). For a given positive

integer rBE, 1 ≤ CBE ≤ exp½r−1BE=2� holds as mentioned
before. We note that in the unitary sequence of U0

kl,

e−iLR;I
k =ð2αkÞ appears at most OðdÞ times, resulting into the

sampling overhead ðCBEÞOðdÞ ¼ ðCBEÞOðlogð1=ε0ÞÞ. As for the
gate complexity, U 0

II;kl uses OðrBE½logð1=ε0Þ logðrBE=ε0Þ�=
log logðrBE=ε0ÞÞ ¼ OðrBE½logðrBE=ε0Þ�2Þ elementary gates
including OðrBE logð1=ε0ÞÞ non-Clifford gates, where
we ignored a log log log term. This is because Eq. (D6),
which is a special case of Algorithm 2, uses
OðrBE logðrBE=ε0Þ= log logðrBE=ε0ÞÞ gates including
OðrBE) non-Clifford gates for the truncation error ε0 of
time evolution. Since U 0

II;kl has OðdÞ ¼ Oðlogð1=ε0ÞÞ uses
of Eq. (D6), ε0 should be taken asOðε0= logð1=ε0ÞÞ, leading
to the complexity.
Finally, we describe the error between CðapproxÞkl and the

desired BðapproxÞ
kl . For any operator A on the target system

and any environment R,

FIG. 13. Quantum circuit W0
kl for Eq. (D14). The PREPARE

circuits PRE1; PRE2, and Ry are provided in Eqs. (D12)
and (D13).
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kðCðapproxÞkl ⊗ IRÞðAÞ − ðBðapproxÞ
kl ⊗ IRÞðAÞk1

≤
X
i¼0;1

kC0
kl;iAðC0

kl;iÞ† − B0
kl;iAðB0

kl;iÞ†k1

≤
X
i¼0;1

2kAk1kC0
kl;i − B0

kl;ik ¼ kAk1 · Oðε0Þ; (D18)

where in the final equality, we used kC0
kl;i − B0

kl;ik ¼ Oðε0Þ
which can be proved by expanding the terms in B0

kl;i and
C0
kl;i and using the fact kPk − ð1=2πÞLk=αkk ≤ ε0. ▪
Combining Lemma 14 and Algorithm 1, we can prove

the M-independent version of Theorem 2. In the step 5 of
Algorithm 1, we run Algorithm 2 and obtain a quantum

circuit eWi. This quantum circuit contains rðiÞshot ≤ r ¼
⌈2kLk2paulit2⌉ uses of the unitary gate Ukl and 3þ
⌈ log2M⌉ additional ancilla qubits for the dissipation

BðapproxÞ
kl . Now, we replace all Ukl with Υkl with six

additional ancilla qubits. More precisely, we replace all
Ukl with U 0

II;kl and finally multiply the positive value

½CBE�r
ðiÞ
shotOðlogð1=ε0ÞÞ with the single-shot measurement out-

comes. Then, we perform the step 6 with the modified
circuit and finally obtain an estimate. The final estimate is

originally given by φN ¼ ðC=NÞPN
i¼1 b

ðiÞ
X bðiÞO δ0ðiÞ;0, but

when the modified circuit is used, the estimate is also
modified as

φ0
N0 ¼ C

N0
XN0

i¼1

½CBE�r
ðiÞ
shotOðlogð1=ε0ÞÞ · bðiÞX bðiÞO δ0ðiÞ;0; (D19)

where N0 ≥ N is the number of samples we speci-
fied below.
The parameters ε0; rBE; N0 are specified as follows. First,

to ensure the estimation bias is sufficiently small, the error
ε0 should be set to Oðε=rkOkÞ. Then, the additional
sampling overhead from the use of Eq. (D7) becomes

½CBE�r
ðiÞ
shotOðlogðrkOk=εÞÞ ≤ expðr−1BEOðr logðrkOk=εÞÞÞ:

(D20)

By choosing rBE ¼ Oðr logðrkOk=εÞÞ, the additional
sampling overhead becomes a constant. Under this
choice, the number of samples N0 can be taken as
N0 ¼ OðNÞ. Therefore, the above modified algorithm
can estimate the target value Tr½OetLðρ0Þ� within the
additive error ε with at least 1 − δ probability using the
N0 ¼ OðkOk2 logð1=δÞ=ε2Þ samples. All quantum circuits
in this algorithm have the non-Clifford gate complexity

O½rrBE logð1=ε0Þ� ¼O½r2 log2ðrkOk=εÞ�

¼O
�
ðkLkpaulitÞ4 log2

�kOkkLkpaulit
ε

�

;

(D21)

and the elementary gate complexity

O
�
r
�

logðkOkr=εÞ
log logðkOkr=εÞ þ rBE

log2ðrBE=ε0Þ
log logðrBE=ε0Þ

�

¼ O

�
r2

log3ðkOkr=εÞ
log logðkOkr=εÞ



¼ O

�
τ4

log3ðkOkτ=εÞ
log logðkOkτ=εÞ



;

(D22)

where τ ¼ kLkpaulit. And the circuits use at most seven
ancilla qubits (nþ 7 in total). This completes the proof of
Theorem 3.

APPENDIX E: DETAILED SETUP OF GATE
COMPLEXITY ANALYSIS

In this section, we provide the details of the gate
complexity analysis shown in Sec. III B. Also, we denote
the number of sites by n and the number of qubits by Nq.

1. Numerical results for scaling

This section provides supplementary numerical results
extending those presented in the main text. In particular, we
consider more complicated systems and investigate depend-
encies on the other parameters. The detailed procedure for
estimating the gate counts is deferred to the next subsection.
We begin by reviewing the setup studied in the main text.

In the main text, we introduce two common instances: (i) a
one-dimensional dissipative transverse field Ising model
(TFIM), and (ii) a two-dimensional Fermi-Hubbard model
(FHM) with the two-body loss, with n sites. TFIM is
described by the following Hamiltonian and jump operators:

HTFIM ¼ −JXn
i¼1

ZiZiþ1 − h
Xn
i¼1

Xi;

LTFIM;k ¼ ffiffiffi
γ

p Xk − iYk

2

(E1)

where J is the nearest-neighbor coupling, h is a transverse
field and γ is a decay rate. FHM is described by

HFHM ¼ −JX
hi;ji;α

ðc†i;αcj;α þ c†j;αci;αÞ þU
X
i;α≠β

ni;αni;β;

LFHM;k ¼ ffiffiffi
γ

p X
α≠β

ck;αck;β (E2)

where ci;σ and c†i;σ are fermionic annihilation and creation
operators at the site i on a square lattice with the length

ffiffiffi
n

p
,

and for the spin state σ ¼ 1; � � � ; s:ni;σ ¼ c†i;σci;σ is a
number operator.

P
hi;ji denotes summation over the near-

est-neighbor pairs i; j. Let J and γ be the hopping amplitude
and the two-body loss rate, respectively. For the Pauli
decomposition of fermionic operators, we employ the
Jordan-Wigner transformation.
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The number of gates and ancilla qubits for the systems
are presented in the following figures; Figs. 14, 15, 16,
and 17 show the ε-dependency, τ-dependency with
n ¼ 10, τ-dependency with n ¼ 100, and n-dependency,
respectively. These figures provide the comparison of our
algorithm (this work colored in red), channel LCU (CLCU
colored in blue) [32], and first order Hamiltonian simu-
lation-based algorithm (HS colored in green) [38]. Note
that the gate and ancilla count can be evaluated by the three
parameters ðε; τ; nÞ. Thus, we do not need to specify the
physical parameters of Hamiltonian and the jump oper-
ators when τ ¼ kLkt is given, similarly, we do not need
ðm;M;KÞ, which is deduced from n. The Hamiltonian
simulation-based algorithm require an additional informa-
tion α0=kLk and we assume α0=kLk ¼ 1=4. In the main
text, we considered the TFIM and the FHM with s ¼ 2,
whereas here we also include an example with s ¼ 6.
Here, we highlight the insights of the results:
i. Figures 14(a)–14(c) show ε-scaling of the gate

requirement. Our gate requirement shows an ex-
ponential advantage over first order HS, and even
better than channel LCU. While the gate counts of
channel LCU scale polylogarithmically, we reach
much smaller values.

ii. Figures 15, 16(a)–16(c) show τ-scaling of the gate
requirement. The number of gates of our algorithm
scales in Oðτ2Þ, while channel LCU does in OðτÞ.

Despite the unfavorable scaling, in a wide range of
τ, our gate requirement is fewer than the channel
LCU’s. Furthermore, complicated systems (larger n
or larger s) require additional gates to reach the
crossing points.

iii. Figures 17(a)–17(c) show n-scaling of the gate
requirement. Our algorithm has a better scaling
for n even though the kLkpauli-scaling is quad-
ratically worse. This is because our algorithm
removes the dependence of m and K. The inde-
pendence of m and K leads to the scalability of
the algorithm.

iv. Figures 14, 15, 16, and 17(d)–17(f) show the ancilla
qubit requirement. Our algorithm needs the small
constant ancilla qubits in all setups we investigate.

These numerical analysis provides concrete evidence of
the advantage of our algorithm in certain but wide
parameter regimes. In particular, when the FTQC devices
are not mature, that is, they do not have logical qubits and
executable gates enough to reach the crossing points, our
algorithm will be the best option.

2. Gate complexity of algorithms

Here, we provide the detailed computation procedure to
estimate the number of T gates, or T-count. T-count is a
common metric for the cost estimation of FTQC algo-
rithms [76–79], under the assumption of the Clifford-T

(a) (b) (c)

(d) (e) (f)

FIG. 14. Accuracy ε-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (this work), channel
LCU (CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s ¼ 2 and
s ¼ 6), with τ=n ¼ 10 and n ¼ 102.
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(a) (b) (c)

(d) (e) (f)

FIG. 15. τ=n-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (this work), channel LCU
(CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s ¼ 2 and s ¼ 6),
with ðn; εÞ ¼ ð10; 10−2Þ.

(a) (b) (c)

(d) (e) (f)

FIG. 16. τ=n-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (this work), channel LCU
(CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s ¼ 2 and s ¼ 6),
with ðn; εÞ ¼ ð102; 10−2Þ.
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formalism on the surface code. As a primary cost model,
T-count provides a good approximation to the overall
execution time, as executing a T gate typically involves
a time-consuming procedure (e.g., magic-state distilla-
tion). Throughout the analysis, we employ the notation;

[CircuitComponent] denotes the number of T-gates of
circuit component.
First, we provide the T-count for the following primitive

components, a-qubit controlled X, SWAP, Hadamard, and
rotation gate R:

½a-qubit-ctrl X� ¼
�

0 a¼ 0;1

4ða−1Þ a≥ 2

½a-qubit-ctrl SWAP� ¼
�

0 a¼ 0

4a a≥ 1

½a-qubit-ctrl Hadamard� ¼
�

0 a¼ 0

4a−2 a≥ 1

½a-qubit-ctrl R� ¼ 8ða−1Þþ2Γlog2ð1=δSSÞþ2Ξ;

(E3)

where Γ and Ξ are constants, which we set 3.3 averaging 1.03 and 5.1, following the complexity analysis [79]. δSS is
determined to maintain the target accuracy ε. Using these results, we can estimate the T-count for the controlled LCU,
which is the core subroutine for open system simulation algorithms. We follow the result of the circuit to prepare the
arbitral amplitude [80], but slightly modify it for a controlled linear combination of Pauli strings, of our interest.

½a-qubit-ctrl b-qubit PRE� ¼ 2bþ1½a-qubit-ctrl R�
½a-qubit-ctrl b-qubit SEL� ¼ 2b½ðaþ bÞ-qubit-ctrl X�
½a-qubit-ctrl b-qubit LCU� ¼ 2bþ2½a-qubit-ctrl R� þ 2b½ðaþ bÞ-qubit-ctrl X�

(E4)

This can be confirmed from Fig. 18 directly.

(a) (b) (c)

(d) (e) (f)

FIG. 17. System size n-dependencies of gate and additional ancilla qubit requirements, calculated by our algorithm (this work),
channel LCU (CLCU) [32] and first order Hamiltonian simulation based (HS) [38]. Target systems are n-site TFIM and FHM (s ¼ 2

and s ¼ 6), with τ=n ¼ 10 and ε ¼ 10−2.
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Then, we show the number of the T gates of three algorithms: our work, channel LCU [32], and first-order Hamiltonian
simulation [38]. By leveraging the result of Lemma 7, our T-count are calculated following:

½Total� ¼ rð½LCS� þ ½Dissipation�Þ
½LCS� ¼ ½1-qubit-ctrl R�

½Dissipation� ¼ 3½WL� þ 3½1-qubit-ctrlWL� þ 4½ð1þ log2MÞ-qubit-ctrl X� þ ½ð2þ log2MÞ-qubit-ctrl X� þ 12½R�
½WL� ¼ ½log2 M-qubit LCU� ¼ 4M½R� þM½log2M-qubit-ctrl X�

½1-qubit-ctrlWL� ¼ ½1-qubit-ctrllog2 M-qubit LCU� (E5)

where r is the number of time slices by setting r ¼ Oðτ2Þ. To construct WL, we utilize the standard LCU procedure. It is
worth noting that our T-count does not depend on the accuracy ε explicitly, since type-(B) operators for the higher-order
approximation are Clifford gates, while the rotation gate synthesis requires log 1=ε T gates implicitly.
We can compute the gate counts of the channel LCU approach [32] from the circuit diagram in Fig. 19.

½Total� ¼ r½M�
½M� ¼ 3½W� þ ½ðhb − 1Þ-qubit-ctrl X� þ ½ðhaþ hbþ hc − 1Þ-qubit-ctrl X�
½W� ¼ ½E� þ h½a-qubit-ctrlμ0� þ h½B� þ h½B0� þ h½U�
½E� ¼ ha½R�

½a-qubit-ctrlμ0� ¼ ½1-qubit-ctrlc-qubit PRE� þ 2½a-qubit-ctrl X�
½B� ¼ ½B0� ¼ ð1þ KÞ½ðcþ 1Þ-qubit-ctrlb-qubit PRE� þ 2½a-qubit-ctrl X�
½U� ¼ ðmþ KM þ KM2Þ½ðbþ cþ 1Þ-qubit-ctrl X� þ 2½a-qubit-ctrl X�

(E6)

where r is the number of time slices by setting r¼ τ;a¼ log2ðr=εÞ, b ¼ log2ðKM2 þmÞ, c ¼ log2ð1þ KÞ are parameters
of the ancilla qubits, and h ¼ 2 logðr=εÞ=ðlog logðr=εÞÞ þ logð4=3Þ − 1Þ is a hamming weight cutoff parameter.
Then, we estimate the T-count of first order Hamiltonian simulation approach [38]. Reference [38] provides the block

encoding WeH of the dilated Hamiltonian eH given the block encoding of Hamiltonian H0 and the jump operators Hi for
i∈ ½0; K�, but they do not specify the block encoding algorithm or the Hamiltonian simulation algorithm for eH. In order to

(a)

(b)

FIG. 18. Basic circuit components for LCU. (a) A controlled PREPARE gate (b ¼ 3 case). This has two alternative sequence
structures: (i) a-qubit controlled Rz gates and CX gates, and (ii) a-qubit controlled Ry gates and CX gates. Since LCU has an
uncomputational structure, CX does not need to be controlled. (b) A controlled SELECT gate for Pauli strings, involving ðaþ bÞ-qubit
controlled X gates 2b times, and Clifford gates C1; � � � ; C2b , 2

bþ1 times in total.
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estimate the gate cost, we assume that (i) the block encodings of Hi for i∈ ½0; K� are constructed by the standard LCU
procedure, and (ii) for Hamiltonian simulation of block encoded eH, QSVT technique [45] is employed (see, e.g., Ref. [81]
for a detailed circuit diagram). Under these assumptions, we can construct the circuit in Fig. 20, and directly count the T
gates from the diagram.

½Total� ¼ r½e−ieH ffiffiffiffi
Δt

p
�

½e−ieH ffiffiffiffi
Δt

p
� ¼ 6d½WeH� þ 3½1-qubit-ctrl WeH� þ ð12dþ 6Þ½ðbþ 2cþ 1Þ-qubit-ctrl X�

þ 2½ðbþ 2cþ 2Þ-qubit-ctrl X� þ 12d½1-qubit-ctrl R�
½l-qubit-ctrlWeH� ¼ 2½ð1þ lÞ-qubit-ctrlU� þ 2½ð1þ lÞ-qubit-ctrl S�

½ð1þ lÞ-qubit-ctrlU� ¼ ½ð1þ lþ cÞ-qubit-ctrl log2 m-qubit LCU� þ K½ð1þ lþ cÞ-qubit-ctrl log2 M-qubit LCU�
½ð1þ lÞ-qubit-ctrl S� ¼ c½ð1þ lÞ-qubit-ctrl SWAP� þ c½ð1þ lÞ-qubit-ctrl Hadamard�

where parameters are determined as follows: time slicing r ¼ τ2=ε, small time step Δt ¼ t=r, polynomial degree of
Hamiltonian simulation d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ KÞΔtp
Dþ logðr=εÞ, a block encoding norm D ¼ maxðα0

ffiffiffiffiffiffi
Δt

p
; α1;…;αKÞ for αi

defined in Eq. (2), and parameters related to ancilla count b ¼ log2ðmaxðm;MÞÞ, c ¼ log2ð1þ KÞ.

(a)

(b)

(c)

FIG. 19. Circuit components of Ref. [32]. (a) The algorithm repeats the Kraus map circuit M and mid-circuit measurements and
resets for r times. hðaþ bþ cÞ-ancilla qubits are required (b) The circuitM consists of LCU and OAA. (c) The LCU circuit contains
two kinds of gates: PREPARE gates (E, μ0, B, B0) and SELECT gates (U). B is a multiplex PREPARE gate in Ref. [32], and B0 is a
slightly modified version of B for the compression scheme. μ0 is also a modified gate of μ in original definition for the compression
scheme.
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3. Further reduction of gate complexity

In Appendix E 2, we provided the general procedure to
evaluate the T-count, yielding baseline results. Beyond this
baseline, we introduce additional circuit-level optimization
techniques to reduce the T-count. Our circuit structure is
much simpler than those of previous approaches with
sophisticated multiple ancilla uses. By exploiting this
simplicity, we can directly evaluate the benefits from
the techniques of (1) optimized implementation of a single
jump process, (2) assumptions based on average-case
estimation, and (3) improved rotation synthesis, for further
reducing the total T gate count (depth). The breakdown of
the reduction is provided in Table IV (e) in the main text.
Below, we explain these three techniques. In principle,

other algorithms may benefit from these techniques, but
their evaluation is not straightforward unlike in our method
due to complicated controlled operations; we leave this for
future work.

(1) In our algorithm, we construct an encoding of the
dissipation process WB using a block-encoding WL
of jump operators constructed via the standard LCU
procedure. Since our circuit does not need the
encoding of all jump operators, but needs only an
encoding of the single jump operator separately, we
can simplify the PREPARE circuit in WL, and thus
the circuit for a single dissipation WB, thereby
reducing the number of rotation gates.

(2) While we focus on the worst-case complexity
throughout the analysis, the average-case cost
evaluation can be well justified in typical settings.
In our random algorithm, the entire circuit has r ¼
Oðτ2Þ layers, and in each layer, either Hamiltonian
evolution (i.e., a single Pauli rotation) or dissipative
processes (i.e., a single Pauli rotation or a single
jump process) is randomly selected according to
the ratio of the norm of Hamiltonian and jump

(a)

(b)

(c) (d)

FIG. 20. Circuit components of Ref. [38]. (a) The algorithm repeats the Hamiltonian simulation circuit e−ieH ffiffiffiffi
Δt

p
and mid-circuit

measurements and resets for r times. ð3þ bþ 2cÞ-ancilla qubits are required. (b) A block encoding of eH, which incorporates U and S
gates. (c) U gate, which apply multiplex block encoding WH0

; � � � ;WHK
, where WH0

and WHk
represent the block encoding of H

ffiffiffiffiffiffi
Δt

p
,

and Lk, respectively. (d) S gate for shuffling the index from jkihkj to j0ihkj.
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operators. Thus, from the central limit theorem, the
total gate count in a single circuit converges to the
average gate cost as r or τ increases. In the current
setting, the probability of selecting the more costly
dissipation is small, 1.3% for the boundary-driven
dissipative system and 4.5% for the dissipative
system with two-body loss, leading to a significant
reduction.

(3) Our algorithm uses only a small number of ancilla
qubits, so it is allowed to add a small number of
additional ancilla qubits for rotation gate synthesis.
Thus, we can use the 1 T-depth implementation of a
rotation gate with a catalytic state [82].

APPENDIX F: ESTIMATION OF NON-LINEAR
QUANTITIES OF QUANTUM STATES

In this work, we propose a quantum algorithm for
estimating the expectation value Tr½Oρ� rather than pre-
paring the full state ρ. This approach called the ”effective
simulation,” enables the estimation of Tr½Oρ� without
explicitly preparing the state ρ. Although the effective
simulation restricts access to ρ, this does not impose a
significant limitation on its applications. Many subsequent
quantum algorithms can still be executed via the effective
simulation as if the state ρ were given. In this section, we
provide an example to estimate entropy, which is a non-
linear quantity of the state ρ beyond the expectation value
of observables.
The α-Rényi entropy RαðρÞ is defined as

RαðρÞ ¼
1

1 − α
logðTr½ρα�Þ: (F1)

The simplest example is Rényi entropy with α ¼ 2. In
this case, Tr½ρ2� is estimated by the swap test, which
employs the swap gate S ¼Pi;j jiihjj ⊗ jjihij, where jii
and jji denote the computational basis. Actually, if the

state ρ⊗2 is explicitly prepared, the swap test (see
Fig. 21(a)) operates as

Tr
�
ð1 ⊗ 1 ⊗ XÞ 1

2
ðρ⊗2 ⊗ j0ih0j þ ρ⊗2S

⊗ j0ih1j þ Sρ⊗2 ⊗ j1ih0j þ Sρ⊗2S ⊗ j1ih1jÞ



¼ Tr½ρ2�; (F2)

by using the swap trick Tr½Sρ⊗2� ¼ Tr½Pi;j jii
hjjρ ⊗ jjihijρ� ¼ Tr½ρ2�.
Subsequently, we investigate the scenario where the

state ρ is effectively prepared by our algorithm. Recall that
our algorithm is compactly described as

1

C
ρ ¼

X
v∈ S

cv
C
Tranc½ðXanc ⊗ 1Þ eWvðjþihþjanc ⊗ ρ0Þ�;

(F3)

where ρ0 and ρ ¼ ρt represent the initial and final states,
respectively, and CPTN maps eWv are randomly applied
with the probability cv=C. By incorporating the swap test
with our algorithm, we can utilize the circuit illustrated in
Fig. 21(b), which provides the estimation of Tr½ρ2�=C2. We
can recover the original estimation up to a constant factor
using the circuit by substituting the state ρ with the
effective state preparation algorithm (F3) and measuring
the composite observable Xanc ⊗ 1 ⊗ Xanc ⊗ 1 ⊗ X.
Thus, the Rényi entropy R2ðρÞ, a non-linear quantity of
ρ, can be estimated with the effective simulation.
Note finally that we can straightforwardly extend the

estimation procedure with effective states for the α-Rényi
entropy for arbitrary α and von Neumann entropy, as
follows. Ref. [83] shows that the α-Rényi entropy and von
Neumann entropy are expressed as a linear expansion

(a) (b)

FIG. 21. The circuit to estimate Tr½ρ2�:ρ0 and
P

v cv eWv=C are described in Eq. (F3).
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involving Tr½ρ cos ρt�. Similar to Tr½ρ2�, the quantity
Tr½ρ cos ρt� can be estimated through the density matrix
exponentiation technique with the effective simulation
inputs.
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