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Quantum field simulators provide unique opportunities for investigating the dynamics of quantum fields
through tabletop experiments. A primary drawback of standard encoding schemes is their rigidity: altering
the theory, its coupling geometry, metric structure, or simulation time typically requires redesigning the
experimental setup, which imposes strong constraints on the types of dynamics and theories that can be
simulated. Here, we introduce the Optical Time Algorithm (OTA) as a unifying framework, enabling the
efficient simulation of large classes of free quantum field dynamics using a single optical circuit design
that separates the time from the Hamiltonian’s structure. By modifying the parameters of the optical ele-
ments, our method allows us to engineer timescales, coupling graphs, spacetime metrics, and boundary
conditions, thereby facilitating the implementation of relativistic and nonrelativistic, real- and complex-
valued, short- and long-range quantum field theories on both flat and curved spacetimes. We exploit the
OTA’s configurability to investigate the spreading of quantum correlations in space and time for theo-
ries with continuously varying coupling ranges. Relevant features predicted by quantum field theory can
be observed in systems with 10 to 20 modes under realistic conditions, paving the way for experimental
implementations.

DOI: 10.1103/8z9p-tygz

I. INTRODUCTION

Over 40 years after Unruh’s proposal for mimicking
Hawking radiation with sound waves [1] and Feynman’s
insight that quantum physics is best simulated by quan-
tum computers [2], quantum field simulators have become
a central tool for probing the nonequilibrium dynamics
of quantum field theories [3–6]. By virtue of their high-
level of control in the quantum regime, much attention
has been drawn to ultracold atoms [7–11], trapped-ions
[12–14], and Rydberg systems [15–17], all of which allow
for probing few- and many-body physics. While each
platform offers distinct opportunities, common approaches
share three main limitations: they operate far from the
field-theory limit, are often constrained by fixed-coupling
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geometries, and allow coherent dynamics only on short
timescales. This poses significant challenges for simulat-
ing the dynamics of entire classes of proper field theories
within a single setup.

Also photonic systems have long been considered for
quantum simulation [18–20] and computing [21–23] tasks.
In recent years, the community has put a strong focus on
quantum-advantage tests based on boson sampling, using
either Fock-state inputs [24] or Gaussian inputs [25,26].
Remarkably, Gaussian boson sampling operates entirely
in noninteracting, i.e., Gaussian, regimes until photon-
number detection at the output—yet, sampling from the
outcome distribution is widely believed to pose a #P-
hard problem in general [27]. The strongest experimental
indications for quantum advantage have so far emerged
for the Gaussian variant, with Jiuzhang and successive
upgrades [28–31] as well as Borealis [32]. These demon-
strations highlight what current photonic hardware excels
at: large mode numbers and Hilbert-space dimensions
(∼102–104 modes [31]), highly programable Gaussian uni-
taries (reaching ∼95% similarity between measured and
target amplitude distributions [33]), and fast sampling
rates (up to ∼106 samples/s [33]). At the same time, they
emphasize photonics’ main bottleneck: loss is ubiquitous,
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and sufficiently lossy devices can bring medium-sized
instances back within reach of efficient classical algorithms
[34,35].

Given the unique capabilities of photonic platforms,
especially when interferometers are integrated into pro-
gramable devices [36–39], simulating quantum fields with
light has emerged as a compelling alternative to current
approaches. In contrast to simulators based on spin degrees
of freedom, photons with their bosonic nature are better
suited for implementing scalar-field theories, thus over-
coming the need for digitization [40–42]. Further, lever-
aging the programmability of photonic circuits enables
simulating quantum fields in curved spacetimes beyond the
constraints of Unruh’s analog-gravity paradigm [43,44],
which relies on fluidlike analogies in implementations with
ultracold atoms [9,45–48], optical fibers [49], or quantum
fluids [50,51].

While early works have proposed optical circuits for
ground-state preparation and scattering [52] as well as
for the dynamics of specific theories [53,54], the missing
piece of the puzzle is a versatile yet efficient algorithm
that maps large classes of quantum field dynamics onto
optical components, taking into account current and near-
term experimental capabilities. Considering free theories
characterized by quadratic Hamiltonians, many black-box
decompositions into optical elements are already known,
see Ref. [55] for a recent overview. The arguably most
prominent variant is the Bloch-Messiah decomposition
[56], which consists of a single-mode squeezer (Sq) layer
augmented with two all-to-all interferometers (the lat-
ter further decomposes into many phase shifts and beam
splitters [57,58]). However, this and other decompositions
standard in quantum optics come with a major drawback
hindering their prospects for quantum field simulation:
all components, for instance, all squeezers and interfer-
ometers in the case of Bloch-Messiah, must be entirely
reconfigured not only depending on the theory of inter-
est but also for each time step of a quantum dynamics
simulation. This poses severe challenges for free-space
optics, where reconfiguration typically requires reposi-
tioning and restabilizing individual components but also
critically slows down the sampling speed of integrated
photonic processors—from the µs-regime [33] to 1–10 s
[59,60], corresponding to a 106–107-fold increase.

In this work, we propose the Optical Time Algorithm
(OTA) as a unified framework for simulating free scalar-
field theories on photonic platforms. In contrast to exist-
ing methods, our decomposition into optical elements has
a clear and physically intuitive structure: while a fixed
interferometer array followed by a single layer of squeez-
ers implements a largely arbitrary coupling geometry, the
dynamics is isolated in a single layer of phase shifters. This
facilitates the simulation of the nonequilibrium dynamics
of various quantum field theories without the need to ever
alter the experimental design.

Remarkably, we find that, for initial product coherent
states, the OTA reduces to the Gaussian boson sampler
setup. Therefore, our algorithm not only opens program-
able quantum field simulation as a use case for state-of-the-
art sampling experiments but also provides a pathway to
practical quantum advantage, given the classical hardness
of assessing the full particle-number distribution.

As an application of our method, we investigate infor-
mation dynamics in terms of entanglement entropy and
quantum mutual information [61,62], also for nonlocal
theories. We show that analytic predictions in the contin-
uum for how quantum entanglement [63,64] spreads in
spacetime based on the quasiparticle picture [65–67] are
in agreement with simulations with 10 − 20 modes and
remain robust to photon loss and noise.

The remainder of this paper is structured as follows. We
set the stage by recalling the necessary tools for describ-
ing continuous-variable quantum systems in Sec. II. We
present our main result, the OTA [see Eq. (15)], in Sec. III,
and discuss its relation to Gaussian boson sampling. In
Sec. IV, we showcase the OTA’s versatility by detailing
how five rather different types of field theories can be sim-
ulated by minimally adjusting circuit parameters. As an
application, we investigate the dynamics of quantum corre-
lations after a quench in experimentally accessible regimes
in Sec. V, followed by an extensive analysis of experimen-
tal imperfections in Sec. VI. We discuss our findings in
Sec. VII.

Notation. We use natural units � = c = kB = G = 1,
denote quantum operators (classical variables) by bold
(normal) letters ρ (γ ), analogously for their traces Tr{ρ}
(Tr{γ }) and work in (1, d)-dimensional spacetime with
metric signature (+, −, . . . , −).

II. PRELIMINARIES

We begin by mapping quantum fields to optical modes
and introducing fundamental concepts in quantum optics
[68,69]. In particular, we introduce Gaussian operations
and optical elements—phase shifters, beam splitters, and
squeezers—serving as fundamental building blocks.

A. From quantum fields to discrete modes

We consider a real scalar quantum field φ(x) together
with its conjugate momentum field π(x) over a finite
hypercube x ∈ [0, L]d. We discretize spatial positions by
introducing a hypercubic lattice with spacing ε > 0 and
label discrete spatial modes with j ∈ J = {1, . . . , Ñ }d,
such that L = Ñε, see Fig. 1(a). We choose both induced
discretized fields to be dimensionless, i.e.,

φ(x) → φj = φ(εj ), π(x) → πj = εdπ(εj ), (1)

by means of a nonsymmetric rescaling. This ensures that
the corresponding quantum operators fulfill the standard
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(a) (b)

FIG. 1. Pictorial representation of the map between scalar
quantum fields (a) and their photonic simulation (b). By tuning
the optical parameters, one can realize arbitrary coupling geome-
tries and timescales, thereby enabling the probing of information
dynamics in spacetime in general settings.

canonical commutation relations (CCRs)

[φj ,π k] = iδjk1, (2)

and agrees with quantum optics conventions. For simplic-
ity, we relabel spatial indices to run from 1 to N , where
N = Ñ d denotes the total number of modes.

We group [70] the fields into a single vector r =
(φ1, . . . ,φN ,π1, . . . ,πN )

ᵀ. Then, the CCRs Eq. (2)
become

[r, rᵀ] = i�, (3)

where � is the so-called symplectic form,

� =
(
ON 1N
−1N ON

)
= (iσy)⊗ 1N , (4)

with σy being the second Pauli matrix and ON (1N ) the
N × N null (identity) matrix. The symplectic form is
orthogonal and involutory up to a sign, �−1 = �ᵀ = −�.

B. Gaussian unitaries and symplectic matrices

Free, i.e., noninteracting, field theories are characterized
by second-order Hamiltonians, which result in Gaussian
unitaries, as they map Gaussian states—states with a Gaus-
sian Wigner function—to Gaussian states. In this case, the
most general Hamiltonian takes the form

H = 1
2

rᵀHr + rᵀs, (5)

where H denotes the symmetric and positive semidefinite
Hamiltonian matrix and s is a real 2N -dimensional vector.
Without loss of generality, we consider purely quadratic

Hamiltonians and set s ≡ 0, since a linear term can be
accounted for by a simple displacement.

The corresponding unitary time-evolution operator is

U(t) = e−itH = e− it
2 rᵀHr. (6)

The action of this unitary onto field operators can be
equally described by symplectic matrices via U†rU = Sr,
where we introduced the symplectic transformation

S(t) = e�Ht. (7)

In general, a matrix S is called symplectic if it preserves the
CCRs Eq. (3), i.e., S�Sᵀ = �, and the set of symplectic
matrices forms the symplectic group Sp(2N , R). Note also
that they have unit determinant det S = 1.

A fundamental result for our analysis is the normal-
mode decomposition, also known as Williamson’s theorem
[71]. Given a 2N × 2N real and positive semidefinite
matrix H (e.g., the Hamiltonian matrix), there exists
a symplectic diagonalizing (SD) transformation SSD ∈
Sp(2N , R) in the sense that [72,73]

Sᵀ
SDDSSD = H where D = DN ⊕ DN , (8)

with the diagonal matrix

DN = diag(d1, . . . , dN ), (9)

containing the so-called symplectic eigenvalues dj ∈ R.
Importantly, the SD matrix is not unique [74,75]: the
product of two SD matrices satisfies SSDS′−1

SD = G ∈
OrSp(2N ), where

OrSp(2N ) =
{

G =
(

G1 G2
−G2 G1

)
: Gᵀ

1 G2 = Gᵀ
2 G1,

Gᵀ
1 G1 + Gᵀ

2 G2 = 1N

}
(10)

defines the orthosymplectic group. It includes all transfor-
mations that are simultaneously orthogonal and symplec-
tic, i.e., passive transformations.

C. Optical elements

Finally, we introduce the fundamental optical elements
that are relevant for a photonic simulation, see Fig. 1(b),
which are conveniently grouped into passive (energy-
conserving) and active (energy-changing) operations:

(i) The (passive) single-mode (SM) phase shift (PS)

HPS = 12, SPS(ϕ) =
(

cosϕ sinϕ
− sinϕ cosϕ

)
, (11)

which implements a phase rotation ϕ ∈ [0, 2π).
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(ii) The (passive) two-mode beam splitter (BS)

HBS = σy ⊗ σy ,

SBS(θ) =

⎛
⎜⎝

cos θ sin θ 0 0
− sin θ cos θ 0 0

0 0 cos θ sin θ
0 0 − sin θ cos θ

⎞
⎟⎠ ,

(12)

describing the interference of two modes with trans-
missivity cos2(θ) controlled by θ ∈ [−π ,π ] [76].

(iii) The (active) single-mode squeezer (Sq)

HSq = −σx, SSq(z) =
(

e−z 0
0 ez

)
, (13)

which decreases the uncertainty in one of the two
fundamental fields at the cost of equally increasing
the other, governed by z ∈ R.

For multimode systems, we denote by SPS(ϕ) the N -mode
phase shift with phase vector ϕ = (ϕ1, . . . ,ϕN )

ᵀ composed
out of single-mode phase shifts ϕj ; analogously for the
N -mode squeezer.

III. OPTICAL TIME ALGORITHM

We are now ready to state and discuss our main result,
the Optical Time Algorithm (OTA).

A. Main result

1. Isolating time dependencies

Building upon Williamson’s theorem, cf. Eq. (8), the
symplectic time-evolution matrix S(t) corresponding to
some Hamiltonian matrix H can always be decomposed
as (see Appendix A 1 for a proof)

S(t) = S−1
SDSPS(ϕ(t))SSD. (14)

Here, the phases ϕ(t) = t(d1, . . . , dN )
ᵀ carry all time

dependencies in a linear fashion, and dj denote the sym-
plectic eigenvalues of H . Thus, the dynamics is entirely
encoded in a single layer of phase shifters.

2. Decomposition into optical elements

For the vast majority of physically relevant scalar quan-
tum field theories, the Hamiltonian matrix is of block-
diagonal form H = Hφ ⊕ Hπ with commuting blocks
[Hφ , Hπ ] = ON . Under this assumption, we prove in
Appendix A 2 that S(t) admits the general decomposition

S(t) = SIS−1
Sq (z)SPS(ϕ(t))SSq(z)S−1

I , (15)

where SI is a time-independent passive transformation,
here denoted as interferometer. Remarkably, the design

FIG. 2. Pictorial representation of the Optical Time Algorithm
for N = 5. The first and last layers can be further decomposed via
standard techniques, such as Reck’s [57] and Clements’ decom-
positions [58]. We provide an explicit example for the former in
Appendix A 2 c.

of the corresponding optical circuit, see Fig. 2, is inde-
pendent of the theory under consideration. Instead, the
structure of the Hamiltonian of interest is fully encoded
in the parameters of the optical elements via

ϕ(t) = t(d1, . . . , dN )
ᵀ, (16a)

z = −(ln γ1, . . . , ln γN )
ᵀ/2, (16b)

S−1
I = PN ⊕ PN . (16c)

Therein, PN = [p1, . . . , pN ]ᵀ is composed of the real and
orthonormal eigenvectors pj of Hφ (and Hπ). The ratio of
the corresponding eigenvalues λφj and λπj is related to the
squeezing amplitudes

γ 2
j = λ

φ
j /λ

π
j , (17)

while the phase shifts and symplectic eigenvalues dj of H
are given by

d2
j = λ

φ
j λ

π
j . (18)

In Appendix A 2 c, we consider one of the possible
schemes to further decompose the interferometer layers
with beam splitters only. There, we also show how gauge
redundancies can be used to minimize the number of gates.

Given a Hamiltonian matrix H , all circuit parameters
can be calculated using a dedicated software package we
made publicly available under Ref. [77].

The intuition behind the OTA is straightforward: the first
interferometer layer diagonalizes the Hamiltonian matrix,
thereby decoupling the modes. The following squeezer
layer equalizes the prefactors of the fields φ and π , after
which the (now independent) modes are evolved in time
by phase shifters. Then, the second pair of a squeezer and

020370-4



PHOTONIC QUANTUM FIELD SIMULATOR PRX QUANTUM 7, 020370 (2026)

interferometer layer transforms back to the original basis.
As we will discuss in Sec. IV, the phase-shift parameters
dj often reduce to the dispersion relation ωj of the field
theory of interest.

Further, we remark that the number of gates required by
the OTA scales quadratically with the number of modes N ,
i.e.,

nG = nSq + nPS + nI ∼ N (N + 2), (19)

consistent with other unitary decompositions in terms of
single- and two-mode gates [78], since each interferometer
layer requires ∼ N (N − 1)/2 gates for the decomposi-
tion. However, in strong contrast to other decomposi-
tions, only the phase shifts have to be tuned to simulate
dynamical evolution, while all other components remain
time-independent.

3. Time-dependent Hamiltonians

When the Hamiltonian carries explicit time dependence
H = H (t), the time-evolution operator in Eq. (6) becomes

U(t) = T exp
[

− i
∫ t

0
dt′H (t′)

]
, (20)

where T denotes the time-ordering operator. In general,
the latter prevents isolating the time in a single phase-shift
layer as in Eq. (14) since the symplectic diagonalization
becomes time-dependent as well SSD = SSD(t).

Remarkably, there are relevant cases in which the
general form of the OTA, Eq. (15), remains intact.
When [H (t1), H (t2)] = 0 ∀t1, t2, which amounts to time-
independent eigenvectors P 
= P(t), time-ordering simpli-
fies to the identity T = 1. This applies, for instance, to
circulant Hamiltonian matrices, which are diagonalizable
via a time-independent discrete Fourier transformation, see
Sec. IV A. Consequently, the interferometer remains time-
independent SI 
= SI(t), while the phases and squeezing
parameters generalize to

ϕ(t) = (d̃1(t), . . . , d̃N (t))ᵀ, (21a)

z(t) = −(ln γ̃1(t), . . . , ln γ̃N (t))ᵀ/2, (21b)

respectively, see Appendix A 3 for a proof. Here, d̃j and z̃j
encode the now time-dependent eigenvalues

λ̃
φ(π)
j (t) =

∫ t

0
dt′λφ(π)j (t′). (22)

via Eqs. (17) and (18), respectively. Importantly, only the
single-mode optical elements carry time dependence.

B. Connection to Gaussian boson sampling

1. OTA with a single squeezer layer

The obtained decomposition can be modified using
known decompositions and adapted to specific experimen-
tal constraints. For instance, in order to reduce the number
of squeezers, one can apply the Bloch-Messiah decompo-
sition (see Ref. [55] for details) to the single-mode part of
the OTA, leading to

S(t) = SISPS,1(t)SSq(t)SPS,2(t)S−1
I . (23)

While the interferometer layers remain time-independent,
both the squeezer and phase shifter arrays acquire time
dependencies. This differs from the result obtained by
directly applying the Bloch-Messiah decomposition, in
which case all gates are generally time-dependent. In fact,
well-established Bloch-Messiah decomposition algorithms
do not rely on standard or symplectic diagonalization to
isolate the time parameter [55].

2. Vacuum inputs

So far, we have worked at the level of time-evolution
operators without assuming a specific input state. Interest-
ingly, the OTA requires fewer gate layers when consider-
ing the default input state in quantum-optics experiments,
namely, the product-form vacuum |0〉 annihilated by all
aj = (φj + iπ j )/

√
2 (see Appendix A 4 for generaliza-

tions to coherent inputs). Noting that passive transforma-
tions map vacuum to vacuum [68], the first interferometer
layer reduces to the identity. Further, for vacuum inputs,
the single-mode part can be summarized as complex
squeezers, defined by

HCSq(
) = −σx cos
− σz sin
,

SCSq(ζ ) = cosh ξ 12 − sinh ξ
(

cos
 sin

sin
 − cos


)
,

(24)

where ζ = ξei
 encodes amplitude ξ ∈ R and phase 
 ∈
[0,π). The latter reduces to a real squeezer, see Eq. (13),
when
 = 0, in which case ζ = ξ = z. The optical param-
eters in Eqs. (16a) and (16b) are related with the ones of
the complex squeezers via

cosh(2ξ) = cos2(ϕ)+ sin2(ϕ) cosh(4z),

tan
 = cotϕ
cosh(2z)

,
(25)

see Appendix A 4 for details. The price to pay is that the
complex squeezer parameters become time-dependent, i.e.,
ξ = ξ(t),
 = 
(t), since they all depend on the phases
ϕ(t). When considering time-dependent Hamiltonians of
the form discussed in Sec. III A 3, this structure is pre-
served without any additional time dependencies. Remark-
ably, the structure of the circuit also extends to general
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FIG. 3. For vacuum inputs, the Optical Time Algorithm
reduces to a complex squeezer layer followed by an inter-
ferometer. The complex-valued squeezing parameters ζ = ξei


are time-dependent, while the interferometer remains time-
independent. This matches the structure of the Gaussian boson
sampler setup.

time-dependent Hamiltonian matrices H = H(t), in which
case the interferometer encodes the entire dynamical his-
tory via the time-ordering operator T .

Thanks to these simplifications, the OTA reduces to
a layer of time-dependent squeezers and a single time-
independent interferometer array, to wit

S(t) = SISCSq(ζ(t)). (26)

We sketch the corresponding circuit in Fig. 3, which
precisely matches the one realized in Gaussian boson
samplers [25,26]. In such experiments, particle-number-
resolving detectors at the output [79–81] introduce non-
Gaussianity. It is well known that the correspond-
ing photon number output distribution p(n1, . . . , nN ) =
|〈n|UIUCSq(t)|0〉|2 contains a Hafnian [25]. Computing
Hafnians (and even approximating them) is #P-hard in
general, with the computational complexity scaling as
O(n32n) in total detected photon number n [27,82]. Hence,
such quantum-optics experiments offer a true quantum
advantage over classical algorithms, as recently demon-
strated with high confidence [31,32]. We remark that
generalizations of Gaussian boson sampling to coherent
inputs have been discussed as well [83]. In this case,
Eqs. (25) and (26) continue to hold, but the initial coherent
amplitude must be modified, see Appendix A 4.

While no particular readout is preferred by the OTA,
sampling the particle-number distribution experimentally
provides access to the full information contained in
the (real-space) particle-number sector of the simulated
quantum field theory (QFT), which complements cur-
rent approaches based on full-counting statistics [84,85].
From this, higher-order correlators and information mea-
sures can be inferred to probe symmetry-resolution dur-
ing nonequilibrium dynamics [86,87]. Therefore, even
in the simplest scenario—vacuum inputs and linear

dynamics—the OTA offers a pathway to quantum advan-
tage across a wide range of physically relevant settings.

IV. SIMULATING QUANTUM FIELDS

Next, we discuss some representative classes of quan-
tum field theories that can be simulated using the OTA. For
simplicity, we consider one spatial dimension d = 1 and
periodic boundary conditions. Generalizations to higher
dimensions are straightforward: the total mode number
scales as Ñ d, affecting only the interferometer’s struc-
ture. Similarly, boundary conditions are arbitrary, see
Appendix D 1 for a discussion of boundary effects.

A. General Hamiltonian structure

A central observation is that many scalar-field Hamil-
tonians become diagonal in momentum space. In the dis-
cretized picture, this is intimately related to the φ-block
of the Hamiltonian matrix H corresponding to a circulant
(and by definition, real and symmetric) matrix

Hφ = circ(hφ1 , hφ2 , . . . , hφN )

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

hφ1 hφN . . . hφ3 hφ2
hφ2 hφ1 hφN . . . hφ3
... hφ2 hφ1

. . .
...

hφN−1 . . .
. . . . . . hφN

hφN hφN−1 . . . hφ2 hφ1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (27)

with the symmetric constraint hj = hN+2−j understood
(such that it has only �N/2� + 1 independent elements).

Indeed, circulant matrices are diagonalized by a discrete
Fourier transform (DFT). Hence, the required parame-
ters for the phase shifters and squeezers, cf. Eqs. (16a)
and (16b), respectively, can be computed analytically in
full generality. The real eigenvalues λφj of Hφ read

λ
φ
j =

N∑
k=1

hφk cos
2π(j − 1)(k − 1)

N
, (28)

and typically encode the dispersion of the theory λφj ∝ ωj
since often λπj = const.

To construct the corresponding set of real eigenvec-
tors PN , we consider trigonometric functions instead of
the usual complex-valued exponentials. The first eigen-
value λφ1 = ∑N

k=1 hk has the constant eigenvector p1 =
1/

√
N [1, . . . , 1]ᵀ. The eigenvalues in 2 ≤ j ≤ �N/2� are

twofold degenerate with respect to reflection at N/2 + 1,
i.e., λφj = λ

φ

N+2−j . Each pair of such eigenvalues comes

020370-6



PHOTONIC QUANTUM FIELD SIMULATOR PRX QUANTUM 7, 020370 (2026)

with two real eigenvectors

(pcos
j )k =

√
2
N

cos
2π(j − 1)(k − 1)

N
,

(psin
j )k =

√
2
N

sin
2π(j − 1)(k − 1)

N
.

(29)

For even N , there is an additional eigenvalue λN/2+1 =∑N
k=1 hφk (−1)k−1 corresponding to the alternating eigen-

vector pN/2+1 = 1/
√

N [1, −1, . . .]ᵀ. We emphasize that
the eigenvectors are independent of the matrix elements
hφj ; hence, the interferometer layers are identical for all
Hamiltonians diagonalized by a DFT, including time-
dependent scenarios.

B. Relativistic theory

The archetypal scalar-field theory, that is, the relativis-
tic, real, and massive scalar field, is characterized by the
Lagrangian density

LR = 1
2
[
(∂tφ)

2 − (∂xφ)
2 − m2φ2] , (30)

where m ≥ 0 denotes the mass. A special case is the mass-
less limit m → 0, which renders the theory conformal,
and serves as an effective theory for various phenom-
ena in the low-energy regime: phononic excitations of
a Bose-Einstein condensate (BEC) [88]; the Tomonaga-
Luttinger-Liquid after bosonization [89] describing linear
excitations of interacting fermions in, e.g., quantum wires
[90]; excitations of the XXZ Heisenberg spin chain at criti-
cality [91]. The massive variant appears, e.g., for the linear
fluctuations between two strongly tunnel-coupled BECs
[10,92].

After identifying the conjugate momentum field π =
∂tφ and discretizing the theory as discussed in Sec. II, the
Hamiltonian to be simulated reads

H R = 1
2ε

∑
j ∈J

[
π2

j + (φj +1 − φj )
2 + ε2m2φ2

j

]
, (31)

with ε > 0 denoting the lattice spacing and j ∈ J =
{1, . . . , N } being a discrete label, such that L = Nε. We
refer to Appendix D 1 b for a treatise of open boundary
conditions.

It is evident that this Hamiltonian is of the form required
for applying the OTA since the corresponding Hamiltonian
matrix decomposes as HR = Hφ

R ⊕ Hπ
R and the diago-

nal matrix Hπ
R = 1N/ε commutes with any other matrix.

Further, the φ-block is indeed circulant as

Hφ
R =

⎛
⎜⎜⎜⎜⎝

μ ν . . . 0 ν

ν μ . . . 0 0
...

. . . . . . . . .
...

0 0 . . . μ ν

ν 0 . . . ν μ

⎞
⎟⎟⎟⎟⎠ , (32)

where we introduced μ = εm2 − 2ν and ν = −1/ε.
Following Sec. IV A, Hφ

R is diagonalized by a DFT, and
hence the phase shifter and squeezer parameters follow
directly from Eq. (28) and are given by dj = ωj , γj = εωj
with the discretized relativistic dispersion

ω2
j = m2 + 4

ε2 sin2
[
π(j − 1)

N

]
. (33)

In Appendix B, we exemplarily list all parameters for
N = 5. We remark that the massless limit m → 0 causes
the first pair of parameters to vanish d1 = γ1 = 0, indepen-
dent of ε and N . At first glance, this would require infinite
squeezing z1 → ∞ in the first mode. However, since the
corresponding phase shift disappears as well, ϕ1(t) = 0,
the two squeezer transformations cancel each other. Hence,
any nonzero value can be chosen for z1 without affecting
the physics.

C. Nonlocal theories

With the relativistic scalar serving as our baseline, we
investigate how far the OTA can stretch by altering rel-
evant physical properties. A key aspect of a field theory
is its coupling range. Many physical processes are inher-
ently local in the sense that changing a physical quantity
at a specific spatial position only affects its values in the
vicinity of this point. In the Lagrangian, locality manifests
as two spatial derivatives acting on the field in the con-
tinuum ∼ (∂xφ)

2 and nearest-neighbor coupling terms in
the discrete setting ∼ (φj +1 − φj )

2, as is the case for the
relativistic theory, cf. Eqs. (30) and (31), respectively.

In the following, we consider nonlocal theories, in par-
ticular, the class of long-range theories (see Ref. [93] for
a review), characterized by a power-law decay of cou-
plings at large distances. The long-range dynamics of both
noninteracting and interacting systems have been exten-
sively studied in trapped-ion [13,14,94–99] and Rydberg
[15] setups as well as optical cavities [8], with vary-
ing control over the coupling range: Dipolar interactions
are characteristic for Rydberg atoms and magnetic atoms
or molecules, while trapped-ion systems can also realize
all-to-all couplings.

To study long-range effects beyond the many-body
regime, i.e., in a proper field-theoretic setting using the
OTA, we consider the family of theories where the Laplace
operator is raised to some positive power α > 0, thereby
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controlling the range of the couplings. The Lagrangian
reads

LFL = 1
2
[
(∂tφ)

2 − φ(−∂2
x )
α/2φ − mαφ2] , (34)

and is referred to as fractional Laplacian theory [100–106].
The discrete Hamiltonian evaluates to

H FL = 1
2ε

∑
j ∈J

⎡
⎣π2

j +
∑
j ′∈J

φj fjj ′(α)φj ′ + ε2mαφ2
j

⎤
⎦ ,

(35)

with fjj ′ being a circulant and symmetric matrix, which, in
the infinite volume limit, is given by

fjj ′(α) = −�(−
α
2 + j − j ′)�(α + 1)

π�(1 + α
2 + j − j ′)

sin
(απ

2

)
. (36)

We refer to Appendix C for the corresponding expression
on a finite-size lattice.

This model captures all essential features of nonlocal
theories: The local couplings associated with the relativis-
tic theory Eq. (30) are obtained for α = 2, in which case
fjj ′(2) = 2δjj ′ − δjj ′+1 − δjj ′+N . When α < 2, the theory
exhibits long-range couplings up to all-to-all couplings in
the limit α → 0. Additionally, α > 2 and α ∈ N describe
ultrashort-range couplings constituting higher-derivative
theories that are often considered in the context of quantum
gravity [107,108].

The Hamiltonian matrix decomposes HFL = Hφ
FL ⊕ Hπ

FL
with circulant and symmetric (Hφ

FL)jj ′ = εmαδjj ′ + fjj ′(α)
and Hπ

FL = 1N/ε. Hence, the OTA’s parameters are again
given by dj = ωj (α), γj = ε ωj (α), with the fractional
dispersion

ω2
j (α) = mα + 2α

ε2

∣∣∣∣sinα
[
π(j − 1)

N

]∣∣∣∣ . (37)

We note that other types of nonlocal theories can also be
simulated by the OTA, such as the exponentiated fractional
Laplacian considered in Refs. [103,109], for which the π -
component of the Hamiltonian matrix is also proportional
to the identity.

D. Complex fields and the free Bose gas

When generalizing to complex-valued fields, the rela-
tivistic Lagrangian density attains the form

LC = (∂tψ
∗)(∂tψ)− (∂xψ

∗)(∂xψ)− m2ψ∗ψ . (38)

This model describes particles and antiparticles with their
particle number difference being a conserved charge cor-
responding to a U(1) symmetry. After decomposing the

complex field into two real-valued fields φ1 and φ2
via ψ = (φ1 + iφ2)/

√
2, the Lagrangian decouples LC =

LR,1 + LR,2. Hence, the complex relativistic theory can be
quantum-simulated by doubling the number of modes.

Of particular interest is the nonrelativistic limit in
Eq. (38). To this end, we factor out fast-oscillating con-
tributions by rescaling the field ψ → e−i(m−V)tψ/

√
2m,

where V > 0 represents an external field. Then, neglecting
second-order time derivatives, which amounts to the limit
c → ∞ after reinstating units, gives

LNRC = iψ∗∂tψ − 1
2m
(∂xψ

∗)(∂xψ)− Vψ∗ψ , (39)

which describes, for instance, a free Bose gas in an external
trapping potential V = V(x) [88].

For discretizing the nonrelativistic theory, we parametrize
the complex field in terms of the two canonical fields
as ψ = (φ + iπ)/

√
2ε, with the additional factor 1/

√
ε

guaranteeing that Eq. (2) is fulfilled. This results in the
decoupled Hamiltonian

H NR = 1
2

∑
j ∈J

{
1

2mε2

[
(φj +1 − φj )

2 + (π j +1 − π j )
2]

+Vj

(
φ2

j + π2
j

)}
. (40)

After inverting aj = (φj + iπ j )/
√

2, the latter attains the
form of a noninteracting Bose-Hubbard model [110,111]

H BH = 1
2

∑
j ∈J

[
− 1

mε2

(
a†

j +1aj + a†
j aj +1

)

+2
(

Vj + 1
mε2

)
a†

j aj

]
, (41)

describing ultracold atoms hopping between neighbor-
ing sites in an optical lattice, with hopping amplitude
−1/(mε2) and a site-dependent potential 2[Vj + 1/(mε2)].
The corresponding Hamiltonian matrix decomposes as
HNR = Hφ

NR ⊕ Hπ
NR, with Hφ

NR = Hπ
NR. Since the two

blocks agree, we find γj = 1, such that no squeezing is
required. Thus, the nonrelativistic theory, or equivalently,
the Bose-Hubbard model, can be simulated with passive
linear optics only.

A general trapping profile Vj breaks the circulanticity of
both blocks of H , which read

Hφ
NR = Hπ

NR =

⎛
⎜⎜⎜⎜⎜⎝

μ1 ν . . . 0 ν

ν μ2 ν . . . 0
... ν μ3

. . .
...

0 . . .
. . . . . . ν

ν 0 . . . ν μN

⎞
⎟⎟⎟⎟⎟⎠

, (42)
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with μj = Vj − 2ν and ν = −1/(2mε2). There exists no
closed-form analytic solution for the eigenvalues and
eigenvectors of the latter matrix in general; hence, numeri-
cal methods must be used to determine the circuit parame-
ters. When the potential is constant V ≡ Vj , the parameter
μ ≡ μj = V − 2ν amounts to the chemical potential, and
the blocks of the Hamiltonian matrix reduce to the rela-
tivistic form Eq. (32). In this case, we obtain dj = ωj for
the phase shifts, with the nonrelativistic dispersion

ωj = V + 2
mε2 sin2

[
π(j − 1)

N

]
. (43)

E. Curved spacetimes

Since more than two decades, simulating quantum fields
in curved spacetime [112,113] is of substantial interest to
experimentally probe phenomena that remain inaccessible
in the nightsky, including cosmological particle produc-
tion [9,45,50,114–116], the Hawking [46,47,49,117] and
Unruh [48] effects, and rotating analog black holes [51].
The standard approach in the field of analog gravity is to
consider low-energy perturbations in a fluid, whose effec-
tive equation of motion is that of a massless Klein-Gordon
field in a curved spacetime dictated by the background
fluid flow in the form of the so-called acoustic metric
[43,44]. It is well known, however, that this one-to-one
correspondence comes with several restrictions. First, the
acoustic metric has a particular form. Hence, it is not pos-
sible to engineer arbitrary spacetimes this way. Second, the
mapping breaks down in 1 + 1 dimensions, as conformal
symmetry prevents the wave equation for the perturbations
from being rewritten in terms of a proper metric—thereby
limiting the majority of experiments to qualitative analo-
gies [45,50]. Third, simulating massive fields typically
requires two-component fluids [118], which has not yet
been demonstrated. Fourth, the standard observable in
fluid-based analog gravity experiments, that is, the two-
point correlation function of the density contrast [9,46,
47,115], is, to first order, related to the two-point corre-
lator of the conjugate momentum field π(x) only. Hence,
state reconstruction in a Gaussian setting via estimating the
covariance matrix is not possible in a direct way.

In what follows, we show that a photonic simulation
with the OTA resolves all four problems and thus, pro-
vides a substantially more versatile approach to simulating
quantum fields in curved spacetime compared to previous
methods. As for fluid-based analogies, we do not include
back-reaction effects on the underlying metric.

We start again from the relativistic theory Eq. (30) and
generalize to arbitrary spacetime geometries by introduc-
ing a metric gμν in the Lagrangian density,

LCS = 1
2

√−g
[
gμν(∂μφ)(∂νφ)− m2φ2] . (44)

Here, xμ = (t, x) labels spacetime coordinates and
√−g =√−det(gμν) renders the volume element invariant under

arbitrary coordinate transformations.
A remarkable result from differential geometry is that

all two-dimensional manifolds are conformally flat [119].
In general, a pseudo-Riemannian manifold is conformally
flat if for each point there exists an open neighborhood that
can be mapped to flat, i.e., Minkowski space, via a confor-
mal transformation. These transformations preserve angles
but scale lengths locally; the stereographic projection from
the two-sphere to the plane is a prominent example. Intu-
itively, conformal flatness amounts to spacetime regions
appearing scaled, but never sheared, with respect to flat
space. While conformally flat manifolds exist in arbi-
trary dimensions, two-dimensional manifolds are always
conformally flat, which is a consequence of low dimen-
sionality: The metric is symmetric by definition and hence
has three degrees of freedom in two dimensions. Two of
them single out spacetime coordinates, while the remain-
ing one expresses local rescalings. Hence, the metric is
necessarily of the form

gμν = f (xμ)ημν = f (xμ) diag(1, −1), (45)

where f (xμ) > 0 denotes the conformal factor and ημν =
diag(1, −1) is the Minkowski metric. The high degree of
symmetry is also reflected in the Riemann tensor, which
quantifies curvature. In two dimensions, it has only one
independent component, i.e., Rμναβ = (R/2)(gμαgνβ −
gμβgνα), showing that spacetime curvature is entirely
determined by the Ricci scalar. Expressed in terms of the
conformal factor, the latter reads R = (1/f )ημν∂μ∂ν ln f .

By exploiting conformal flatness, the corresponding
discretized Hamiltonian attains the simple form

H CS = 1
2ε

∑
j ∈J

[
π2

j + (φj +1 − φj )
2 + ε2m2

eff(t, εj )φ2
j

]
,

(46)

which is reminiscent of Eq. (31) with a spacetime-
dependent effective mass meff(xμ) = m

√
f (xμ). In general,

this Hamiltonian breaks the circulanticity of the φ-block,
which is of the form Eq. (42) with μj (t) = εm2f (t, εj )−
2ν and ν = −1/ε, while Hπ = 1N/ε.

In what follows, we explore spacetime metrics promi-
nent in general relativity. In particular, we provide con-
formal coordinates favorable for simulation via the OTA,
along with the corresponding conformal factors and
expressions for the Ricci scalar. We stress, however, that,
more generally, coordinates can be chosen to probe the
aspects of interest.
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1. Variations in time: Cosmology

Let us first consider time-dependent scenarios f = f (t)
which are relevant for cosmology. When imposing peri-
odic boundary conditions, the φ-block of Eq. (46) boils
down to the relativistic result Eq. (32) with time-dependent
diagonal entries μ(t) = εm2f (t)− 2ν, thus recovering cir-
culanticity, leading to a now time-dependent relativistic
dispersion

ω2
j (t) = m2f (t)+ 4

ε2 sin2
[
π(j − 1)

N

]
. (47)

Since the diagonalizing DFT remains time-independent,
we can apply the time-dependent OTA (Sec. III A 3) to
simulate cosmological dynamics.

On large scales, our universe is homogenous and
isotropic, which is captured by the Friedmann-Lemaître-
Robertson-Walker (FLRW) metric gμν = diag[1, −a2(t)]
[120]. Therein, a(t) specifies the scale factor, which mod-
els cosmological expansion and contraction as a function
of cosmic time t. It is convenient to introduce conformal
time η(t) = ∫ t

0 dt′/a(t′) [120]. Indeed, when identifying
laboratory with conformal time, i.e., considering coordi-
nates xμ = (η, x), the FLRW metric attains its conformally
flat form Eq. (45) with conformal factor

fFLRW(η) = a2(η). (48)

Spacetime curvature manifests in the Ricci scalar as
R = (2/a3)a′′ − (2/a4)a′2, where a′(η) ≡ da(η)/dη.

Hence, when operating the time-dependent OTA in con-
formal time, cosmological situations with arbitrary scale
factors a(η) can be engineered. This goes substantially
beyond ultracold atom simulations, where only power-law
scale-factors have been considered [9,115]. Cosmologi-
cally relevant choices for a(η) are summarized in Table I,
see also Refs. [112,113].

2. Variations in space: Horizons and (Anti-) de Sitter
spaces

Spatial variations break the circulanticity of the φ-
block. Yet, time-independent scenarios are always OTA-
simulatable, with circuit parameters that must be computed
numerically in general. In contrast to cosmology, the coor-
dinates in which the metric assumes its conformally flat
form depend strongly on the spacetime of interest; see
Table II for an overview and Refs. [112,113].

Of particular interest are (Killing) horizons that causally
disconnect a spacetime region from its surroundings.
The simplest example is the so-called Rindler space-
time, which describes flat spacetime as perceived by an
observer moving at constant acceleration, giving rise to
thermal Unruh radiation. Starting from flat-space coordi-
nates (t, x), the accelerated observer uses Rindler tortoise

TABLE I. Scale factors relevant for cosmology.

Type a(t) a(η) R(η)

Power law ∝ tq, q 
= 1 ∝ |η|
q

1−q ∝ 2q
q − 1

(aη)−2

Tunable expansion acceleration: 0 ≤ q < 1 and q > 1 describe
de- and accelerated expansion, respectively; includes radiation
(q = 1/2) and matter (q = 2/3) dominated phases of our uni-
verse.
Milne ∝ t ∝ eη 0
Coasting expansion with vanishing curvature.

De Sitter ∝ eHt ∝ −(Hη)−1 ∝ 2H 2

Describes the rapid inflatory phase of our universe with Hubble
rate H and constant positive, i.e., spherical, curvature; corre-
sponds to the timelike patch of dS2.

Bouncing ∝ √
1 + t2 ∝ cosh η ∝ sech4η

Toy model avoiding the Big Bang singularity as R(0) = 1
remains finite.

coordinates (η, ρ) defined via t = (eκρ/κ) sinh(κη) and
x = (eκρ/κ) cosh(κη) covering the right Rindler wedge
x > |t|.

The prime examples of horizons are black-hole-like
metrics of the form gμν = diag[f (r), −1/f (r)], where r
denotes a radial coordinate and spacetime curvature is
given by the simple formula R = −d2f (r)/dr2. The hori-
zon sits at f (rH) = 0. As in the Rindler setup, observers
near the horizon observe a thermal spectrum—Hawking
radiation. Analogously to conformal time, we introduce
tortoise coordinates r∗(r) = ∫ r

0 dr′/f (r′) to obtain the con-
formally flat form, in which case f (r∗) becomes the
conformal factor. Note here that one needs to solve the
differential equation r∗ = r∗(r) to find f (r∗). This class
encompasses the famous Schwarzschild spacetime f (r) =
1 − rs/r, where rs = 2M denotes the Schwarzschild radius

TABLE II. Conformal factors encoding spatially varying
metrics.

Type Coordinates f R

Rindler (η, ρ) e2κρ 0

Describes a constantly accelerating observer in flat spacetime
experiencing Unruh radiation.

black-hole-like (t, r∗) f = f (r∗) −d2f (r)
dr2

Includes, e.g., Schwarzschild f (r) = 1 − rs/r and Reissner-
Nordström f (r) = 1 − rs/r + (Q/r)2 solutions featuring event
horizons and Hawking radiation.

De Sitter (t, r∗) ∝ sech2(Hr∗) ∝ 2H 2

Static patch of a maximally symmetric space with constant
positive curvature and H > 0.

Anti-de Sitter (t, r∗) ∝ sec2(Hr∗) ∝ −2H 2

Static patch of a maximally symmetric space with constant
negative curvature; Relevant for holographic dualities.
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in natural units for a black hole of mass M . Another
prominent variant is the Reissner-Nordström metric for
which f (r) = 1 − rs/r + (Q/r)2, describing a black hole
of mass M and charge Q. We stress that in practice, black-
hole-like metrics must feature a cutoff at finite r > 0 to
avoid the singularity at r = 0.

Interestingly, spacelike (static) patches of (Anti-)de Sit-
ter spacetimes, which correspond to constant curvature,
i.e., maximally symmetric, spaces, also fall into the black
hole class: f (r) ∝ 1 ± H 2r2, with −(+) for (Anti-)de Sit-
ter metrics and H > 0. It is well known that Anti-de Sitter
spaces are central to holography [121], underscoring the
prospects of the OTA for studying quantum gravity mod-
els once gravitational degrees of freedom are included. We
remark that there are also alternative coordinate choices.
This includes the conformal factor f (r) ∝ 1/(Hr)2 for
AdS2, describing the so-called Poincaré patch, which is
conformally flat by construction.

As in cosmological scenarios, the OTA enables analog-
gravity experiments with spatially dependent metrics far
beyond what is achievable with fluid-based approaches
[43,44]. In the latter case, ultracold-atom experiments are
restricted to toy models in which horizons arise from inter-
polating between over- and underdense regions via, for
instance, f (x) ∝ 1 + tanh(x) [47].

V. INFORMATION DYNAMICS

As an application, we study the spreading of entangle-
ment in spacetime after a global quantum quench for vary-
ing coupling range. We focus on identifying a regime in
which continuum features emerge while keeping the num-
ber of modes at an experimentally feasible level. Given the
classical hardness of probing the particle-number sector,
we focus on Gaussian observables.

A. Quench dynamics

We consider the experimentally friendly vacuum state
|0〉 as the input state, in which case the OTA reduces to
processing squeezed vacuum inputs with linear optics, as
shown in Fig. 3. The input state describes zero photons,
which is the ground state of the prequench Hamiltonian

H 0 = 1
2ε

∑
j ∈J
(π2

j + φ2
j ). (49)

Importantly, |0〉 belongs to the class of Gaussian states,
which are characterized by their mean and covariance

r = Tr{ρr}, σjj ′ = 1
2

Tr
{
ρ{rj − rj , rj ′ − rj ′ }} , (50)

respectively, with the latter encoding all two-point corre-
lation functions. The ground state of Eq. (49) is Gaussian
with r0 = 0 and σ0 = (1/2)12N .

We time-evolve the state under the relativistic theory
Eq. (31), which constitutes a quantum quench of both the
mass and the couplings at t = 0. We remark that the often-
considered mass quench would instead require the input
state to be the ground state of the Hamiltonian Eq. (31)
with a different mass—thus describing no quasiparticles
(with respect to the initial theory) instead. In the relativis-
tic case, this would necessitate additional squeezers during
state preparation, see, e.g., Ref. [52].

During time evolution, the state remains Gaussian,
with r(t) = S(t)r0 = 0 and σ(t) = S(t)σSᵀ(t) [68]. This
greatly simplifies the study of quantum entanglement
and correlations, as standard quantum information mea-
sures can be expressed in terms of the covariance matrix
only. From an experimental point of view, the covariance
matrix can be reconstructed through homodyne measure-
ments [122], with the number of measurement settings
being proportional to (sub)system size. Multimode homo-
dyne measurements, also relevant to continuous-variable
quantum computing and cluster state generation [123],
have been demonstrated on various experimental platforms
[38,124–127].

B. Benchmarks: Relativistic fields

1. Entanglement generation

We consider a spatial subregion [0, �] with � ≤ L, see
inset of Fig. 4(a). As the modes are coupled, the degrees
of freedom in [0, �] become entangled with the ones in
the complementary region (�, L]. Thus, while the global
state ρ(t) remains pure during the unitary evolution, the
local state ρ(t, l) = TrL−�{ρ(t)} follows the evolution of
an open system described by a completely positive trace-
preserving map [128]. We assess entanglement generation
via the Rényi-2 entanglement entropy, which, for Gaussian
states, attains the simple form

S2(t, �) = − ln Tr{ρ2(t, �)} = 1
2

ln det[2σ(t, �)], (51)

where σ(t, �) denotes the covariance associated with the
local state ρ(t, �). Given homodyne samples, S2(t, �) can
be estimated using the unbiased estimators discussed in
Ref. [129] and refined in Ref. [130]. Their variance decays
as O(N/NS) with sample size NS in the regime typical for
photonic setups, that is, NS � N . Further, we remark that,
for Gaussian states, Eq. (51) is equivalent to the recently
introduced subtracted Wigner entropy [131–133].

Our main interest is to benchmark our quantum field
simulator against QFT predictions. In the field theory con-
text, the nonequilibrium dynamics of integrable models is
understood in terms of a quasiparticle description [65–67,
134–137] [see inset in Fig. 4(a)]. Within this framework,
the input state at t = 0 acts as a source of quasiparti-
cle pairs—momentum modes of opposite momenta p and
−p—which ballistically spread correlations throughout
the system after the quench. Then, at any given time t > 0,
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(a)

(b)

FIG. 4. (a) Time evolution of the Rényi-2 entanglement
entropy Eq. (51) (scaled by 102) of the subregion [0, �] following
a quench from the optical vacuum Eq. (49) to the relativis-
tic theory Eq. (31) with � = L/5, m = 1, ε = 2 for varying L =
Nε against the field-theoretic prediction Eq. (52) (black dashed
curve). The light-cone-like motion of quasiparticles generates
entanglement (see inset), leading to a linear increase in entan-
glement entropy until the time τ/N = �/(2Nvmax) ≈ 0.48 (gray
box) that the fastest quasiparticle pairs require to end up in dis-
tinct regions. (b) Same analysis for the Rényi-2 mutual informa-
tion Eq. (53) between two spatial regions separated by a distance
d = �. Correlations can only emerge after t ≥ τ , i.e., when the
fastest quasiparticles have bridged the distance d. We refer to
Fig. 10 in Appendix D 1 b for a treatise of open boundaries.

a pair contributes to the entanglement entropy if one par-
ticle ends up in the subregion of interest, while the other
resides in the complementary region. Combining this with
the fact that the nonequilibrium steady-state for t → ∞
attains the form of a generalized Gibbs ensemble (GGE)
locally, i.e., ρ(∞, l) ∝ exp(−∑

p ypnp), where np = ã†
p ãp

counts (conserved) quasiparticles with momenta p and
yp are Lagrange multipliers [138,139], leads to the QFT
prediction in the infinite volume limit

S2(t, �) =
∫

dp
2π

s2(p)min(2|v(p)|t, �). (52)

Therein, v(p) = dω(p)/dp = sin(εp)/(εω(p)) denotes
the group velocity of the bosonic excitations and s2(p)
is the thermodynamic Rényi-2 entropy density associated
with the GGE. We refer to Appendix D 1 for finite-size cor-
rections for periodic and open boundaries, to Appendix D 2
for an analytic calculation of s2(p), and to Appendix D 3
for a comment on divergences appearing in the continuum
limit ε → 0.

We compare the photonic simulation of the quench
dynamics with the QFT prediction Eq. (52) (black dashed
curve) in Fig. 4(a) for � = L/5, m = 1, ε = 2 and vary-
ing system sizes N = 5 − 25 (see Appendix B for cir-
cuit parameters when N = 5). Shortly after the quench,
we observe a linear growth of the Rényi-2 entangle-
ment entropy S2(t, l) ∝ t up to t ≤ τ = �/(2vmax), see gray
region. The time τ marks the moment where two quasi-
particles moving toward each other with the maximum
velocity vmax allowed by the relativistic dispersion have
traveled a distance � (see overlapping light cones in the
inset).

After t ≥ τ , also the slower quasiparticles start to con-
tribute to the entanglement between the subregion [0, �]
and its complement, but the growth of the entanglement
entropy slows down due to saturation effects. For an
infinitely extended system, the entropy would settle to its
stationary value dictated by the GGE. For a finite sys-
tem with periodic boundaries, however, the quasiparticles
return to their initial positions every time they have tra-
versed the system. This leads to so-called revivals in the
entanglement entropy, marked by a temporary dip around
the time L/(2vmax) = 5τ the fastest quasiparticles took to
cross half of the system. As the quasiparticles’ momenta
vary, the entanglement is never entirely destroyed, and the
dip attains a finite width.

Over the whole time range considered, the photonic
simulation is in remarkable agreement with the QFT pre-
diction—even for small system sizes N ∼ 10 [32,38]. Both
the initial linear scaling and the revival dip(s) are particu-
larly robust features that are clearly visible for even smaller
mode numbers. This also holds true for open boundary
conditions, in which case circulanticity is broken, see
Appendix D 1 b. Importantly, the circuit parameters fall
into experimentally accessible regimes, see Appendix B. In
general, implementing strong squeezing is most challeng-
ing. Here, the maximum squeezing required zmax, which
corresponds to the zero-momentum mode, is independent
of system size and evaluates to |zmax| ≈ 0.5 ≈ 4.3 dB—far
below current records around 15 dB [140]. This demon-
strates that photonic simulations of entanglement dynam-
ics in quantum fields are well within the reach of current
experimental technologies.

2. Correlation spreading

We now study how two equally sized spatial regions of
length � separated by a distance d > 0 become correlated
after the quench, as shown in the inset of Fig. 4(b). To this
end, we consider the Gaussian Rényi-2 mutual information

I2(t, �, d) = 2S2(t, �)− S2(t, � ∪ �)

= 1
2

ln
det σ 2(t, �)

det σ(t, � ∪ �) , (53)
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where S2(t, � ∪ �) and σ(t, � ∪ �) are associated with the
combined region [0, �] ∪ [�+ d, 2�+ d]. Analogously to
the Rényi-2 entanglement entropy, the latter can be esti-
mated using standard techniques [129,130] and equals the
Wigner mutual information for Gaussian states [131–133].

In the quasiparticle picture and the infinite volume limit,
the relativistic QFT Eq. (30) predicts

I2(t, �, d) =
∫

dp
2π

s2(p) [max (2|v(p)|t, d)

+ max (2|v(p)|t, d + 2�)

−2 max (2|v(p)|t, d + �)] , (54)

see Appendix D 1 for finite-size corrections.
We benchmark the photonic simulation in Fig. 4(b)

for d = L/5, with all other parameters left unchanged.
The two spatial regions become correlated only after the
light cones of the fastest quasiparticles intersect, i.e., for
t ≥ τ . We remark that this is the essence of Lieb-Robinson
bounds [141–144]. Further, correlations decrease around
the revival time 5τ , with the dip’s width being broad-
ened compared to the Rényi-2 entanglement entropy as
a result of having more possibilities for the quasiparticle
configuration to resemble the initial state.

Strikingly, the early period t � 3τ is well captured by
simulations with small system sizes N ∼ 5 − 10. We find
deviations from the QFT prediction around the revival
time. Here, reasonable agreement requires around N ∼ 20
modes, which is still accessible on existing platforms. Both
findings extend to open boundaries, see Appendix D 1 b.

C. Systematic study: Bending of light cones

Finally, we investigate the rate at which two individ-
ual modes (l = ε) at a distance d = (M + 1)ε become
correlated as the coupling range is varied. The onset of
correlations is expected to follow (curved) light cones
as predicted by Lieb-Robinson bounds, which have been
recently extended to long-range theories in the con-
text of spin systems characterized by finite-dimensional
Hilbert spaces [143] (see also Ref. [144]). Substantially
fewer strict results are available for bosonic systems and
the quasiparticle picture aside from numerical studies
[100–102].

By exploiting the OTA’s configurability, we simulate
the fractional Laplacian theory Eq. (35) with α ∈ (0, 2]
and probe the build up of correlations in space and time
with the Rényi-2 mutual information following Eq. (53),
see Fig. 5, where L = 2, m = 1, ε = 0.1, such that N = 20
as in the previous example. Depending on the range α, we
observe the light cones to follow characteristic curves, see
Fig. 5(a) and Table III for an overview.

As discussed in Sec. V B, correlations follow straight
light cones in a relativistic theory (α = 2), with the incline
given by the fastest quasiparticle velocity, see Fig. 5(b).

This is caused by the coupling strength fM = |fjj +M (α)|
between two modes separated by M modes [see inset in
Fig. 5(a)] being nonzero only if the modes are adjacent,
i.e., fM ∝ δM0 when α = 2. Local correlations between
neighboring modes require a finite time to reach the thresh-
old I2 = 0.01, as indicated by the gray region.

In the regime 1 ≤ α < 2, see Figs. 5(c) and 5(d), the
light cones start to bend, demonstrating faster correlation
propagation for large distances, as expected for long-
range couplings characterized by fM > 0 for all M . More
precisely, the light cones follow algebraic curves. Simul-
taneously, nearest-neighbor correlations appear delayed,
which is caused by a decreasing coupling strength between
neighboring modes, as shown in the upper curve of the
inset in Fig. 5(a). Upon further increasing the coupling
range to 0 < α < 1, the light cones become logarithmic,
see Fig. 5(e), until they disappear in the limit α → 0, see
Fig. 5(f). The latter case corresponds to an all-to-all cou-
pling of the modes with fM → 1/2 for all distances M ,
allowing for immediate information transfer and rendering
all modes pari passu.

Remarkably, our findings are in perfect agreement with
recent results for spin systems [143,144] at a moderate
system size of N = 20 modes. We stress that only two
of the 20 modes have to be measured and that the maxi-
mum required squeezing decreases approximately linearly
with coupling range α, with the maximum occurring at
α = 2 for which |zmax| ≈ 0.35 ≈ 3 dB. This highlights the
prospects of the OTA for systematically engineering and
studying the dynamics of quantum information in vari-
ous field-theoretic settings beyond the simple case of a
relativistic scalar.

VI. ERROR ANALYSIS

Photonic devices, like any experimental realization,
have imperfections. Therefore, it is crucial to study the
effects of experimental errors on our benchmarks. We
focus on the two predominant error mechanisms in Boson-
Sampler setups (see Fig. 3): noise due to parameter fluctu-
ations during state preparation and photon loss within the
interferometer [145]. We investigate the relativistic theory
considered in Sec. V B, see Fig. 4.

A. State preparation noise

The state entering the interferometer is a squeezed vac-
uum state with a phase. During its preparation, both the
intensity ξ and the phase 
 fluctuate from one experi-
mental run to another. We remark that numerical simula-
tions with tensor networks indicate that Boson Sampling
remains classically hard in the presence of phase fluc-
tuations [146]; see also Ref. [33] for a recent sampling
experiment discussing phase noise.

We simulate noise by randomly selecting the optical
parameters from a Gaussian distribution centered around
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(a) (b) (c)

(d) (e) (f)

FIG. 5. Spatiotemporal evolution of the Rényi-2 mutual information Eq. (53) of two modes (l = ε) separated by a distance d =
(M + 1)ε after quenching the optical vacuum Eq. (49) to the fractional Laplacian theory Eq. (35) with L = 2, m = 1, ε = 0.1 fixed.
We vary the coupling range [see inset in (a) for the coupling strength fM = |fjj +M (α)| of the two modes at various distances M ] from
α = 2 (relativistic) in (b) to α → 0 (all-to-all) in (f). We cut off the mutual information below 0.01 to probe the first correlation front
(points) by fitting the characteristic curves summarized in Table III and shown in (a). The light cones start to bend when α < 2,
as long-range couplings enable distant modes to become correlated at a faster rate. Correlations between neighboring modes pass the
threshold at later times for longer range couplings, see gray regions in (b)–(f), since the nearest-neighbor coupling strength f0 decreases
monotonically with α, see inset in (a), converging to fM → 1/2 when α → 0.

the ideal values. Figure 6 shows the results obtained with
NS = 100 such noise realizations. The standard deviation
� of the distribution determines the noise strength. As we
expect fluctuations in the squeezing amplitude to increase
with the amount of squeezing, we consider �ξ = ξδ (left
column). In contrast, we sample the phase from a Gaussian
with constant width �
 = δ (right column). In both cases,
δ > 0 is a noise parameter with δ = 0 corresponding to an
ideal, noiseless input.

TABLE III. Functional forms of the light cones describing the
onset of correlations between two modes separated by a distance
d for varying coupling range α ∈ (0, 2]. The found regimes agree
with those predicted in Refs. [143,144].

Type Form Coupling range

Linear t � d α = 2
Algebraic t � dγ , γ ∈ (0, 1) 1 ≤ α < 2
Logarithmic t � ln d 0 < α < 1
Constant t � const. α → 0

We distinguish two scenarios characterized by the
timescales over which parameters fluctuate. If the input
state can be prepared repeatedly with stable experimental
parameters over the measurement timescale for a given set
of model parameters, e.g., one time step of the evolution,
we refer to the noise as low frequency, see Figs. 6(a)–6(d).
In this case, we directly compute information measures
for each of the NS randomly drawn parameters and aver-
age the result, e.g., 〈S2(σ )〉. In a second scenario, circuit
parameters fluctuate on timescales shorter than the mea-
surement window, thereby affecting the estimation of indi-
vidual covariance matrices and thus referred to as high
frequency, see Figs. 6(e)–6(h). Here, we instead average
the covariance σ over NS noise realizations before com-
puting the quantities of our interest, e.g., S2(〈σ 〉). We note
that low-frequency noise can always be converted to high-
frequency noise by randomizing the ordering of covariance
matrix measurements and model parameter choices.

For low-frequency noise, we find that both the entropy
and the mutual information slightly increase with respect
to the noiseless case. This can be understood by consid-
ering the relation between the number of quasiparticles
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 6. Effects of state preparation noise for the relativistic
quench, cf. Sec. V B. We consider the same setup underlying
Fig. 4, that is, N = 25 modes, a subinterval of length � = L/5
for the Rényi-2 entropy and two intervals of the same length sep-
arated by a distance d = � for the Rényi-2 mutual information, as
well as m = 1, ε = 2. We sample NS = 100 realizations of the
normally distributed optical parameters ξ (squeezing amplitude,
left column) and 
 (phase, right column) with fluctuations con-
trolled via the noise parameter δ ∈ {0, 0.1, 0.2, 0.3}. The shaded
areas cover one standard deviation. For high-frequency noise, we
resampled 100 times to obtain the ±1 s.d. interval, which turned
out smaller than the line width. All information measures shift
upward for low-frequency noise, see panels (a)–(d), while high-
frequency noise mimics mixing, which increases local entropy
and decreases correlations, as shown in panels (e)–(h). All qual-
itative features of quench dynamics are preserved up to noise
levels of 30%.

present, n, and the optical parameters. For the relativis-
tic theory Eq. (30), a momentum mode k is populated by
nk = sinh2 zk quasiparticles, see Eq. (D13), discussed in
Appendix D 2, with Eq. (16b) and γk = εωk understood.
Hence, symmetrically distributed deviations from the ideal
values for ξ and 
 are biased toward higher quasiparticle
numbers, resulting in an overall growth of correlations.

For high-frequency noise, the observed increase in
entropy and decrease in mutual information is explained
by their elementary properties: mixing probability distri-
butions increases their entropy and washes out correlations
[78]. Remarkably, the mutual information remains almost
unaffected by amplitude noise, see Fig. 6(g). In fact, the
covariance matrix of a (complex) squeezed vacuum state
has diagonal elements cosh(2ξ)∓ cos(
) sinh(2ξ) and

off-diagonal elements − sin(
) sinh(2ξ). Hence, averag-
ing over different amplitudes affects the covariance matrix
elements in similar ways. When inserting the latter into the
defining equation Eq. (53), this causes cancelations of fluc-
tuations to first order. In contrast, phase fluctuations do not
correspond to global modifications.

B. Photon loss

Losses are the main bottleneck of photonic platforms
[145]. Most photons are lost in the interferometer due to
the many integrated beam splitters and phase shifts. Over
the past decade, losses have posed significant challenges
to the race toward quantum advantage, as sufficiently high
loss levels can render boson sampling efficient on classical
hardware [34,35,147,148].

The standard loss model in quantum optics couples each
mode emerging from an (ideal) beam splitter to an ancil-
lary vacuum mode via a beam splitter with transmissivity
T ∈ [0, 1], which controls the loss rate (T = 1 amounts

(a)

(b)

FIG. 7. Effects of a lossy interferometer for the relativistic
quench, cf. Sec. V B. We consider the same setup underlying
Fig. 4, that is, N = 25 modes, a subinterval of length � = L/5
for the Rényi-2 entropy, see (a), and two intervals of the same
length separated by a distance d = � for the Rényi-2 mutual
information, see (b), as well as m = 1, ε = 2. We apply a loss
channel to both output modes of each beam splitter by interfer-
ing with the vacuum at another beam splitter with transmittivity
T = 0.98 (see inset), resulting in ∼61.6% overall transmittance.
We compare three decomposition geometries (Reck up: blue tri-
angles, Clements: green squares, Reck down: yellow triangles)
with the ideal case (purple points). While the entropy remains
robust to losses, having fewer quasiparticles reduces the mutual
information. Nevertheless, qualitative features remain unaffected
by losses.
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to the lossless case). This is referred to as the symmet-
ric loss model, see the inset in Fig. 7(a) for a sketch. The
corresponding quantum channel acts on every two-mode
covariance matrix σ as [69]

ε(σ ) = TSBSσSᵀ
BS + 1

2
(1 − T)14. (55)

For a generic input covariance matrix σ , we compute ε(σ )
using a Python package available under Ref. [149].

An important factor influencing the impact of losses
on the simulation is the interferometer geometry. Given
the structural differences between the two predominant
schemes, namely, Reck’s triangular [57] and Clement’s
[58] square meshes, we study both cases. For the for-
mer, we further distinguish between configurations where
the beam splitters are arranged as a triangle pointing
upward and those where it points downward (see Fig. 8 in
Appendix A 2 c for a pictorial representation of the down-
oriented configuration), while the latter is homogeneous by
construction.

In Fig. 7, we show the results for the relativistic quench
and the three interferometer configurations (Reck up: blue
triangles, Clements: green squares, Reck down: yellow tri-
angles) at 2% losses per mode, which translates into an
overall loss of ∼38.4% for the Clements decomposition.
This corresponds to typical loss rates of commercially
available multimode interferometers [33]. For all three
decompositions, the lossy data are in qualitative agreement
with the ideal case (purple points). The Rényi entropy, see
Fig. 7(a), remains robust to loss, which we attribute to two
competing effects. On the one hand, loss decreases over-
all state purity and thus increases entropy. On the other
hand, losses decrease the mean photon number, rendering
the states more similar to the vacuum, and thus decreas-
ing subsystem entropy. In contrast, losses generally reduce
correlations, as seen in Fig. 7(b).

We further observe a consistent ordering of informa-
tion measures with respect to the decomposition scheme:
both quantities of our interest are largest (smallest) for
the upward (downward) Reck scheme, while Clements’
scheme is positioned in between. This is because we con-
sider the entropy of the five-mode subsystem formed by
the first five modes located at the upper end of the sys-
tem. Hence, when the tip of the Reck triangle points
upward, less noisy beam splitters are encountered. Instead,
Clements’ decomposition does not break spatial translation
symmetry, and thus loss affects all modes equally. Homo-
geneous losses make loss effects easier to interpret and
control, which is why Clements’ decomposition is often
preferred.

In summary, none of the considered experimental error
sources alter the qualitative features of the simulated
information dynamics, and error-induced deviations are
moderate in experimentally realistic parameter regimes.

VII. DISCUSSION

We established the OTA for quantum-simulating the
dynamics of various free scalar-field theories. Our encod-
ing is both intuitive and efficient: a single layer of phase
shifters evolves the eigenmodes in time, while the phys-
ical properties of the underlying theory are encoded in
two fixed interferometer arrays followed by single-mode
squeezers. In this way, a wide landscape of QFT dynam-
ics can be quantum-simulated by adapting the parameters
of a few optical elements, including (real- and complex-
valued) relativistic, nonlocal, and nonrelativistic theories
as well as curved spacetimes (also exotic combinations of
the latter can be envisioned), with little to no constraints on
the theories’ parameters, the simulation time, or the space-
time dimension. The structure of the OTA overcomes the
key constraint of other decompositions: the dynamics is
entirely encoded in a single phase-shift layer, while other
components remain time-independent.

Regarding applications, we focused on the light-cone-
like spreading of quantum entanglement and correlations
after a quench for varying coupling range. We consid-
ered initial product coherent states in which case the OTA
reduces to a squeezing layer followed by passive linear
optical elements, resembling the setup of boson sampling
experiments. We found that 10 to 20 modes are suf-
ficient to capture field-theoretic predictions, also under
realistic experimental constraints, while only a handful of
those modes need to be measured. The tight link between
the OTA and Gaussian boson sampling highlights the
OTA’s prospects for addressing classically hard problems
on quantum hardware.

We envision four main routes for generalizations and
further applications. First, in analyzing the information
dynamics of quantum fields, we have focused on pure
Gaussian initial states such as the vacuum, in which case
the OTA attains an elementary form. This was mainly
motivated by the ubiquity of Gaussian states in quantum-
optics experiments. However, the OTA does not rely on
simple input states. Given the growing range of tech-
niques for preparing non-Gaussian states in the lab, for
instance, via conditioning schemes [33,150,151], the OTA
is readily applicable for studying non-Gaussian scenar-
ios. Given the inherent complexity of non-Gaussian states
[152], this approach may offer advantages over classi-
cal methods even when relying on homodyne measure-
ments. In this context, it is also of interest to consider
conditioning the particle numbers at only some of the out-
put modes using photon-number-resolving detectors, for
which the experimental setup is precisely given by the
Gaussian boson sampler. This would grant access to the
symmetry sectors of the local particle number operator,
which, given a suitable readout technique, could enable
the readout of symmetry-resolved entanglement entropies
in close-to-continuum settings [153,154].
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Second, while the OTA maintains its form in time-
dependent scenarios whenever the diagonalization trans-
formation (realized by the interferometers) remains time-
independent, the situation becomes more complex when
considering general time dependencies, as is evident, for
example, in driven Bose-Einstein condensates [16]. In this
case, acting with the unitary time-evolution operator on
the quadratures requires including time-ordering in the
exponential of the corresponding symplectic matrix trans-
formation. This induces time dependencies in the symplec-
tic eigenvalues, thereby complicating the disentangling of
temporal contributions.

Third, since the OTA encompasses all relevant free the-
ories, a natural extension is to incorporate interactions
[155]. The experimental realization of strong interactions
at the level of a few photons is challenging, as nonlinear
optical effects in conventional materials are typically negli-
gible at the associated light powers. In the last two decades,
significant advances have been made toward this goal
[156], e.g., by interfacing optical modes with single atoms
or atomic ensembles in cavity QED systems [157], by
using hybrid states of light and atomic media [158–160], or
by resorting to quantum dots [161]. However, none of the
present approaches has been demonstrated to be scalable.
We speculate that the key idea of our approach, that is,
isolating the time dependence and encoding the Hamilto-
nian into a fixed optical circuit, is generalizable to weakly
interacting theories in a perturbative fashion. Beyond the
perturbative regime, a Trotterization of the dynamics might
be necessary, in which case the OTA would form the
elementary building block of the noninteracting part.

Fourth, recent advances toward scalable multimode pho-
tonic platforms using spatial [28,162–165], temporal [32,
166], and frequency [167] degrees of freedom of light pro-
vide exciting opportunities for experimental realizations
of the quantum field simulations proposed in this work.
Although we emphasized photonic implementations due to
their high configurability, other setups involving bosonic
modes can also be envisioned, including circuit QED [168]
and ultracold atoms [88] trapped in highly configurable
optical potentials [169,170].
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APPENDIX A: PROOFS

1. Proof of Eq. (14)

The isolation of the time parameter into single-mode
phase shifters is achieved by generalizing Williamson’s
theorem for the Hamiltonian matrix H = Sᵀ

SDDSSD [see
Eq. (8)] to the symplectic matrix S(t) describing time
evolution. After introducing the corresponding unitary
transformation USD defined via SSDr = U†

SDrUSD, the
Hamiltonian becomes

H = 1
2

rᵀHr = 1
2

U†
SDrᵀ(DN ⊕ DN )rUSD. (A1)

By linearity, the corresponding unitary can be rewritten
as a product of time-dependent phase shifts between two
time-independent unitaries [cf. Eq. (11)]

U(t) = e−itH = U†
SDUPS(ϕ(t))USD, (A2)

where ϕ(t) = t(d1, . . . , dN )
ᵀ. At the level of symplectic

matrices, the previous decomposition reads

S(t) = S−1
SDSPS(ϕ(t))SSD. (A3)

2. Proof of the OTA

a. Eigensystems of Hφ and Hπ

For the OTA, we consider the class of block-diagonal
Hamiltonians with commuting blocks Hφ and Hπ . Given
Eq. (A3), our goal is to further decompose the SD matrix
by means of optical transformations. We make the ansatz

SSD =
(
ON AN
BN ON

)
, (A4)

with AN and BN being further constrained as SSD must
diagonalize the Hamiltonian matrix H and has to be sym-
plectic. When inserting Eq. (A4) into Eq. (8), the former
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condition translates into the two constraints

Aᵀ
N DN AN = Hπ , Bᵀ

N DN BN = Hφ . (A5)

The latter condition can be evaluated by demanding that
(A4) preserves the symplectic form �, which leads to

Aᵀ
N BN = −1N . (A6)

The constraints ensure Bᵀ
N to be the (real) eigenvector

matrix diagonalizing both Hφ and Hπ . Then, multiplying
the first two constraints and using the third to remove AN ,
results in

D2
N = (Bᵀ

N )
−1HφHπBᵀ

N , (A7)

which implies Eq. (18). Further, the constraints fix the
normalization of BN Bᵀ

N : isolating BN Bᵀ
N = BN HφB−1

N D−1
N

from the second constraint and using the similarity relation
for Hφ on the right hand side, which itself can be rewritten
in terms of B−1

N since Hφ is symmetric, leads to

BN Bᵀ
N = diag(λφ1/d1, . . . , λφN/dN ) ≡ �N . (A8)

By using Eq. (18), it becomes evident that the elements of
the diagonal matrix �N = diag(γ1, . . . , γN ) are related to
the eigenvalues of Hφ and Hπ via Eq. (17). We remark
that the same line of reasoning applies when working with
AN instead of BN .

b. Squeezer layer and gauge fixing

Since the normal decomposition is not unique [74,75],
the SD matrix Eq. (A3) is defined only up to an orthos-
myplectic transformation [171] SSD → GSSD, with G ∈
OrSp(2N ) leaving the phase shifter array invariant, i.e.,

G−1SPS(ϕ(t))G = SPS(ϕ(t)). (A9)

We refer to this mathematical redundancy encapsulated by
G as a gauge transformation.

The freedom of choosing the gauge comes in handy
when decomposing SSD into optical elements, for which
we employ the (symplectic) polar decomposition [55]

SSD = �P. (A10)

Here, we introduced the symplectic, symmetric, and pos-
itive semidefinite matrix � = (SSDSᵀ

SD)
1/2, while P =

�−1SSD is orthosymplectic. After evaluating the matrix�2

for (A4) in some general gauge G, we find

�2 =
(

G2�N Gᵀ
2 + G1�

−1
N Gᵀ

1 G2�N Gᵀ
1 − G1�

−1
N Gᵀ

2
G1�N Gᵀ

2 − G2�
−1
N Gᵀ

1 G1�N Gᵀ
1 + G2�

−1
N Gᵀ

2

)
,

(A11)

where we used Eq. (A6).

The latter matrix decouples when choosing the gauge
G1 = ON and G2 = 1N , in which case

� = �
1/2
N ⊕ �

−1/2
N = SSq(z), (A12)

represents a squeezer with zj = −(1/2) ln γj [cf. Eq. (13)],
as desired. Further, the remaining matrix P indeed encodes
the orthonormal eigenvectors of Hφ (or Hπ ) since

P = (�
−1/2
N BN )⊕ (�

−1/2
N BN ) ≡ PN ⊕ PN , (A13)

where we recall that �N is diagonal. Note also that the
symplectic constraint Eq. (A6) becomes BN = −�N AN ,
confirming that AN and BN are proportional.

We remark that our choice of gauge fixing improves
the efficiency over a direct implementation of SSD as in
Eq. (A4): choosing G1 = 1N and G2 = ON (correspond-
ing to G = 12N ) leads to PN appearing on the anti-diagonal
blocks of P instead. This would require an additional layer
of phase shifters—which amounts to rotating P back to
diagonal form—before the interferometer array.

c. Decomposing the interferometer

A variety of schemes can be implemented to decom-
pose the interferometers, e.g., Reck’s [57] and Clements’
[58], see Ref. [172] for an overview. Inspired by the first
method, as visible in the zoom-in in Fig. 8, we further
decompose the orthosymplectic matrix PN by means of a
QR decomposition

PN ON = PN , (A14)

where PN = diag(±1, . . . , ±1) and ON being an orthogo-
nal matrix, which can be written as a matrix product over
Givens rotations Ojk(θ) defined as

Ojk(θ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · 0 . . . 0 · · · 0
...

. . .
...

...
...

0 · · · cos(θ) · · · sin(θ) · · · 0
...

...
. . .

...
...

0 · · · − sin(θ) · · · cos(θ) · · · 0
...

...
...

. . .
...

0 · · · 0 . . . 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(A15)

The latter contains the beam splitter transformation
SBS(θjk), i.e., a rotation, at the j th and kth intersections
between rows and columns.

We engineer a sequence of Givens rotations that results
in a diagonal matrix where all but the last entry are one,
i.e., P±

N = diag(1, . . . , ±1). Denoting by pjk the elements
of the initial matrix PN , we choose for all k, such that
1 ≤ k < N , as long as there is a column j > k with pkj
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different from zero, the beam splitter transmissivity θ and
some r > 0, such that

r cos θ = pkk, −r sin θ = pkj . (A16)

When applying the Givens rotation implicitly defined via
the latter equations to PN from the right PN → PN Ojk(θ),
the corresponding elements of the transformed matrix
become pkk = r and pkj = 0. Repeating this procedure for
all 1 ≤ k < N and j > k indeed results in

PN O12O13 . . .O1N O23 . . .ON−1N = P±
N , (A17)

which is equivalent to

P = (P±
N ⊕ P±

N )S
−1
BS (θ), (A18)

with the triangular ordering, compatible with Fig. 8,

SI ≡ SBS(θ12)SBS(θ13) . . . SBS(θ1N )

× SBS(θ23) · · · SBS(θ2N )

× · · ·
× SBS(θN−1N ), (A19)

understood. In this way, all beam splitter parameters can
be identified iteratively.

The last step is to treat the two possible signs of
P±

N in Eq. (A18). When the last entry is positive, we
obtain P = S−1

I , which is what we wanted to show. For
the negative sign, we require an additional phase shift
on the last mode P = SPS(0, . . . ,π)S−1

I . However, this
phase can be absorbed by adjusting the gauge: using that
SPS(0) = SPS(π) = −12 is proportional to the identity, we
can rewrite the full symplectic diagonalizing matrix as
SSD = SSq(z)P = SPS(0, . . . ,π)SSq(z)S−1

I , where we used
the standard gauge fixing (G1 = ON , G2 = 1N ). Trans-
forming the gauge to G → S−1

PS (0, . . . ,π)G, such that
G2 = P−

N , supersedes the additional phase shift, while
leaving the squeezer unchanged. It is straightforward to
check that this gauge still satisfies Eq. (A9), which com-
pletes our proof.

3. Time-dependent case

We generalize the OTA to time-dependent Hamiltonian
matrices H = H(t) for time-independent eigenvectors P 
=
P(t), which ensures [H (t1), H (t2)] = 0. Starting once
again from Williamson’s theorem Eq. (8), i.e., H(t) =
Sᵀ

SD(t)D(t)SSD(t), and using the polar decomposition

FIG. 8. Pictorial representation of the Optical Time Algorithm
for N = 5. The interferometer layers are decomposed here
according to a Reck-inspired method.

SSD = SSq(t)P [see Eqs. (A10) and (A12)] results in

H (t) = 1
2

UIrᵀSᵀ
Sq(t)D(t)SSq(t)rU†

I , (A20)

with P = S−1
I and SIr = U†

I rUI understood. The corre-
sponding unitary time evolution operator becomes

U(t) = exp
[
−i

∫ t

0
dt′H (t′)

]

= UI exp
[
− i

2
rᵀ

∫ t

0
dt′Sᵀ

Sq(t
′)D(t′)SSq(t′)r

]
U†

I .

(A21)

As UI diagonalizes the unitary, the remaining integral runs
over diagonal matrices only. Hence, we recover the OTA
when introducing time-integrated eigenvalues

λ̃
φ(π)
j =

∫ t

0
dt′λφ(π)j (t′), (A22)

which leads to

S(t) = SIS−1
Sq [z(t)]SPS[ϕ(t)]SSq[z(t)]S−1

I . (A23)

The single-mode optical parameters become time-
dependent, i.e., ϕj (t) = d̃j (t), zj (t) = −(1/2) ln γ̃j (t), with
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Eqs. (17) and (18) generalizing to γ̃ 2
j (t) = λ̃

φ
j (t)/λ̃

π
j (t) and

d̃2
j (t) = λ̃

φ
j (t)λ̃

π
j (t), respectively.

4. Coherent inputs

Here, we show that the OTA dramatically simplifies
(as discussed in Sec. III B 2) in the more general set-
ting of coherent inputs by proving Eq. (25) and a gen-
eralization of Eq. (26). We define coherent states as
displaced vacuum states |α〉 = D(α) |0〉, where D(α) =
eαa†−α∗a with a = (a1, . . . , aN )

ᵀ (analogously for the vec-
tor of complex phases α ∈ CN ). We recall that a single-
mode coherent state |α〉 is completely characterized by its
complex amplitude rα = 〈α|r|α〉 and the vacuum covari-
ance σα = (1/2)1, and that the dynamics is captured by
r(t) = S(t)rα and σ(t) = S(t)Sᵀ(t)/2. As passive transfor-
mations map coherent states onto coherent states [68],
the first interferometer layer merely modifies the coher-
ent states’ amplitudes α → α′ via rα′ = S−1

I rα , with the
vacuum corresponding the special case 0 → 0. Hence, one
may equally input |α′〉 into the circuit and remove the first
interferometer.

The main simplification for coherent inputs hinges on
the fact that the SM part of the OTA, i.e.,

SSM(z,ϕ) = S−1
Sq (z)SPS(ϕ)SSq(z), (A24)

can be rewritten as a complex squeezer, see Eq. (24). To
show this, we must enforce consistency of the quantum
state’s first and second moments only at the single-mode
level. The latter implies the condition

(SSMSᵀ
SM)(z,ϕ) = (SCSqSᵀ

CSq)(ζ ), (A25)

with ζ = ξei
 understood, which is equivalent to the
nonlinear system of equations

cosh(2ξ) = cos2(ϕ)+ sin2(ϕ) cosh(4z),

sin2(ϕ) sinh(4z) = − cos(
) sinh(2ξ),

sin(2ϕ) sinh(2z) = − sin(
) sinh(2ξ).

(A26)

While the first equation amounts to the first equation in
Eq. (25), dividing the third by the second gives

tan
 = cotϕ
cosh(2z)

, (A27)

thus proving the second equation in Eq. (25) as well. This
also completes the proof of Eq. (26) for vacuum inputs, as
the first-moment condition turns trivial.

For coherent inputs, it remains to identify the mapping
of the coherent amplitudes. From a geometrical perspec-
tive in phase space, we need to displace the modified initial
state with amplitude α′ yet another time when matching

SSM with a complex squeezer. To show this, we switch
to unitary operators and employ several commutation rela-
tions. First, we note that

USM(z,ϕ) |α′〉 = USM(z,ϕ)D(α′) |0〉
= D(α′′)USM(z,ϕ) |0〉 , (A28)

where we used the elementary commutation relations

USq(z)D(α′) = D(α′ cosh z − α′∗ sinh z)USq(z),

UPS(ϕ)D(α′) = D(α′e−iϕ)UPS(ϕ),
(A29)

leading to α′′ depending on α′, z and ϕ through

α′′ = α′ cosϕ − i sinϕ[α′ cosh(2z)− α′∗ sinh(2z)].
(A30)

As we have already established USM(z,ϕ) |0〉 = UCSq(ζ )

|0〉, the last step is to commute D(α′′)UCSq(ζ ) =
UCSq(ζ )D(α′′′), which requires

α′′′ = α′′ cosh ξ + α′′∗ei
 sinh ξ , (A31)

thereby completing the proof.

APPENDIX B: CIRCUIT PARAMETERS FOR THE
RELATIVISTIC SCALAR ON N = 5 MODES

To illustrate the decomposition scheme, we provide all
circuit parameters for the relativistic theory Eq. (31) when
N = 5. The phases dj reduce to the relativistic disper-
sion Eq. (33), while the squeezing parameters are zj =
−(1/2) ln(εdj ). The beam splitter parameters θij follow
after a straightforward numeric computation using the iter-
ative scheme described in Appendix A 2 c. We report all
the parameters for m = 1 and ε = 2 in Table IV.

APPENDIX C: FRACTIONAL LAPLACIAN
THEORY ON A FINITE LATTICE

In flat space, the Laplace operator −∂2
x is diagonal-

ized by a Fourier transform to momentum space. Hence,
arbitrary powers of the Laplace operator (−∂2

x )
α/2 can be

TABLE IV. Optical parameters for the relativistic theory on
N = 5 modes with m = 1 and ε = 2.

θij j = 1 2 3 4 5

i = 1 2.36 0.62 0.52 0.46
2 0.52 −0.62 −0.79
3 −1.02 0
4 −1.57
5
dj 1 1.16 1.38 1.38 1.16
zj −0.35 −0.42 −0.51 −0.51 −0.42
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treated by raising its momentum-space eigenvalues to the
same power and then transforming back to position space
[104]. The eigenvalue of the term φ(−∂2

x )
α/2φ is dictated

by the fractional dispersion relation Eq. (37) in the mass-
less limit m → 0. Adapting this logic to the periodic lattice
results in

fjj ′(α) = 2α

N

∑
k∈K

e−2π i(j −j ′)k/N
∣∣∣∣sinα

[
πk
N

]∣∣∣∣ , (C1)

with the DFT being defined as

φ̃k = 1√
N

∑
j ∈J

e−2π ijk/Nφj , (C2)

and discrete momenta labeled by k ∈ K = {0, . . . , N − 1}.
Note here that discretization can become ambiguous for
other than periodic boundary conditions [104].

APPENDIX D: QUANTUM QUENCH OF THE
RELATIVISTIC THEORY

1. Finite size effects

In a finite volume L < ∞, quasiparticles have discrete
momenta and their dynamics are influenced by boundary
conditions. We discuss the two most prominent choices:
periodic and open boundaries.

a. Periodic boundary conditions (PBCs)

For periodic boundaries, quasiparticles reenter from the
left (right) when traveling to the right (left) and pass-
ing through the boundary at L (0). The integral over
momenta in Eq. (52) is replaced by a sum and the condition
min(2|v(p)|t, �), which can be expanded into the two terms
2|v(p)|t × θ(l − 2|v(p)|t)+ �×�(2|v(p)|t − l), has to
be modified to account for reentrances, see Fig. 9(a). Then,
the Rényi-2 entanglement entropy becomes [66,67]

S2(t, �) =
∑

gk<�/L

s2,kgk + �

L

∑
�/L≤gk<1−�/L

s2,k

+
∑

gk≥1−�/L
s2,k(1 − gk), (D1)

where we sum over the momentum modes k and intro-
duced the function gk = {2|vk|t/L}, with {x} denoting the
fractional part of x.

A similar argument can be made for adapting the Rényi-
2 mutual information Eq. (53) to finite system sizes. Due to
the circular geometry, the two subregions are separated by
d as well as the complementary distance d′ = L − 2�− d
as quasiparticles contributing to the mutual information
can also move in opposite directions, yielding one addi-
tional contribution, see left vs. right panel in Fig. 9(a).

Further, each quasiparticle pair contributes twice to the
mutual information: once after having traveled a distance
(L + d)/2 but also for (L + d′)/2, see the green diamonds
in Fig. 9(a). In total, there are four contributions to mutual
information before revivals, i.e., this process repeating
itself. Hence, after introducing the function

i2,k(x) = s2,k [max (x/L, gk)

+ max (x/L + 2�/L, gk)

−2 max (x/L + �/L, gk)] , (D2)

the finite-size mutual information takes the form

I2(t, �, d) =
∑
k∈K

[
i2,k(d)+ i2,k(d′)

+i2,k(L + d)+ i2,k(L + d′)
]

. (D3)

Note that � appears in the previous equation: Fig. 9
sketches M = 1, while we consider |A1| = |A2| = M > 1.

b. Open boundary conditions (OBCs)

For open boundaries, quasiparticles reaching the bound-
ary are reflected, corresponding to a velocity inversion
vk → −vk. Whether the particles’ phase jumps during
elastic scattering or not is specified by Dirichlet (fixed ends
φ0 = φN = 0, phase jump of π ) or von Neumann (free
ends (φ1 − φ0)/ε = (φN − φN−1)/ε = 0, no phase jump)
boundary conditions. For our analysis, however, phase
jumps are irrelevant.

When considering the relativistic theory Eq. (30) and
von Neumann boundaries, the Hamiltonian matrix given
in Eq. (32) modifies to

Hφ
R =

⎛
⎜⎜⎜⎜⎝

μ+ ν ν . . . 0 0
ν μ . . . 0 0
...

. . . . . . . . .
...

0 0 . . . μ ν

0 0 . . . ν μ+ ν

⎞
⎟⎟⎟⎟⎠ , (D4)

with μ = εm2 − 2ν and ν = −1/ε as before. The Hamil-
tonian is diagonalized by an orthogonal transformation
resulting in the dispersion

ω2
k = m2 + 4

ε2 sin2
[
π(k − 1)

2N

]
, (D5)

which differs from the PBC result Eq. (33) by a factor of
1/2 in the argument of the sine.

Also for open boundaries, the quasiparticle picture offers
a reasonable description for how information spreads
throughout the system. The discrete group velocity vk =
sin[π(k − 1)/N ]/(εωk), although being of slightly differ-
ent functional form, is almost identical to the PBC case
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(a) (b)

FIG. 9. Boundary effects relevant for identifying the finite-size Rényi-2 mutual information. We trace all trajectories of two quasi-
particles emerging at A1 and A2 that contribute to the build up of correlations—marked by crossing trajectories. (a) Periodic boundary
conditions. Parallel trajectories never cross. Hence, only particle pairs moving toward each other directly (left panel) or indirectly
(right panel) contribute. This results in one (three) additional finite-size contribution(s) to the Rényi-2 entanglement entropy Eq. (D1)
[mutual information Eq. (D3)] compared to the infinite volume formulas presented in the main text. As the ballistic motion is peri-
odic, we will observe momentum-dependent revivals. (b) Open boundary conditions. In addition to the previous two possibilities,
quasiparticles moving in parallel now do contribute to correlations (two rightmost panels). Further, the periodicity doubles.

for N � 10. Hence, vmax is unaltered. What changes are
the quasiparticle trajectories, which impact the function
gk entering Eq. (D1) and controlling the transition in the
Rényi-2 entropy from linear growth (early times) to sat-
uration (late times). For OBC, quasiparticles produced at
distances > �/2 from the entangling region cannot enter
the region B by traversing the boundary, resulting in the

(a)

(b)

FIG. 10. Same analysis as in Fig. 4 for open boundaries (von
Neumann) breaking circulanticity. (a) The Rényi-2 entangle-
ment entropy builds up more slowly, with a linear increase
until 2τ/N = �/(Nvmax) ≈ 0.98 set by the fastest quasiparticles.
(b) The Rényi-2 mutual information remains largely unaltered,
especially for larger mode counts N � 20.

replacement gk = {2|vk|t/L} → {|vk|t/L}, while Eq. (D1)
remains intact. Therefore, the time until saturation doubles
relative to PBC, i.e., 2τ/N , which translates into a doubled
revival time L/vmax, as shown in Fig. 10(a).

For the Rényi-2 mutual information, we must account
for multiple factors. Importantly, in this case, the function
gk is the same one used in the PBC case. This follows
after comparing the green diamonds in the left diagrams
of Figs. 9(a) and 9(b)—the time required for the first build
up of correlations (and thus also the revival time) is identi-
cal. However, the number of possible trajectories entering
the finite-size mutual information formula increases from
four, as in Eq. (D3), to eight. Quasiparticles initially mov-
ing in parallel contribute to overall correlations after being
reflected at the boundaries, see, e.g., the rightmost panel
in Fig. 9(b). Moreover, the complementary distance d′ =
L − 2�− d considered for PBC, see left panel in Fig. 9(a),
is not unique anymore. It must be replaced by dL and dR,
which denote the distances from the left region to the left
wall and from the right region to the right wall, respec-
tively, as shown in the leftmost panel of Fig. 9(b). For
given dL, one can compute dR via dR = L − 2�− d − dL.
In summary, the finite-size mutual information for open
boundaries attains the form

I2(t, �, d, dL) =
∑
k∈K

[
i2,k(d)+ i2,k(L + dL + dR)

+ i2,k(2L + d)+ i2,k(3L + dL + dR)

+ i2,k(2dL + d + �)+ i2,k(2dR + d + �)

+ i2,k(2L + 2dL + d + �)

+i2,k(2L + 2dR + d + �)
]

, (D6)

with i2,k(x) as in Eq. (D2).
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In Fig. 10, we show the quench dynamics of the
relativistic scalar as discussed in Sec. V B with the
same parameters as in Fig. 4, but open (von Neumann)
instead of periodic boundaries. The early-time dynamics
of the mutual information between two separated spatial
regions essentially agree for periodic and open bound-
aries, i.e., I OBC

2 (t, �, d) � I PBC
2 (t, �, d) [compare Fig. 10(b)

with Fig. 4(b)], which we trace back to their similar first
quasiparticle crossing times. Note, however, that their late-
time evolution can differ. In contrast, the Rényi-2 entropy
for OBC evolves at roughly half the pace of PBC, i.e.,
SOBC

2 (t, �) � SPBC
2 (t/2, �) [Fig. 10(a) vs. Fig. 4(a)], since

quasiparticles moving in opposite directions can no longer
shortcut via periodic boundaries, which delays their cross-
ings by a factor of two. As for our observations in Sec. V B,
the photonic simulations are in notable agreement with
QFT predictions for similar system sizes N � 10 − 20.

2. Entropy density of the GGE and mode populations

The entropy density s2,k follows from computing the
Rényi-2 entanglement entropy Eq. (51) of the GGE
ρ(∞, l) ∝ exp(−∑

k yknk) in the eigenbasis of the quasi-
particle number operator, leading to [66,137]

S2(∞, �) = S2,GGE =
∑
k∈K

s2,k, (D7)

with coefficients

s2,k = ln
[−n2

k + (1 + nk)
2] , (D8)

where nk = 〈0|nk|0〉 specifies the quasiparticle content of
the initial state (that is conserved during time evolution).

To compute nk, we first determine the eigenmodes of
the relativistic theory Eq. (31). As discussed in Sec. IV B,
performing a DFT Eq. (C2) to momentum space renders
the corresponding Hamiltonian diagonal, to wit

H R =
∑
k∈K

ωk

(
ã†

k ãk + 1
2

)
. (D9)

Therein, we introduced the mode operators

ãk = 1√
2εωk

(
εωkφ̃k + iπ̃ k

)
,

ã†
k = 1√

2εωk

(
εωkφ̃

†
k − iπ̃†

k

)
,

(D10)

describing quasiparticle excitations. Note here that the
appearance of the relativistic dispersion ωk guarantees
Lorentz-invariance of the momentum integral measure in
the continuum and necessitates squeezing.

The ground state |�〉 of Eq. (31), or, equivalently,
Eq. (D9), corresponds to the quasiparticle vacuum

ãk |�〉 = 0, while the input-state vacuum aj |0〉 = 0 con-
tains nk quasiparticles. The latter follows after expanding
the quasiparticle mode operators (ãk, ã†

k) in terms of the
position-space, i.e., photonic, mode operators (aj , a†

j ), for
which we combine Eqs. (D10) and (C2) with aj = (φj +
iπ j )/

√
2, leading to

ãk = 1

2
√

N

∑
j ∈J

e−2π ijk/N (ηkaj + κka†
j ), (D11)

with

ηk = √
εωk + 1√

εωk
, κk = √

εωk − 1√
εωk

. (D12)

This way, we find

nk = 〈0|ã†
k ãk|0〉

= κ2
k

4N

∑
j ,j ′∈J

e−2π i(j −j ′)k/N 〈0|aj ′a†
j |0〉

= κ2
k

4

= 1
4

(
εωk + 1

εωk
− 2

)
. (D13)

3. Comment on divergences in the continuum limit

The input state chosen in the main text, which is exper-
imentally motivated, leads to divergences in the contin-
uum. Formally, the corresponding prequench Hamiltonian
Eq. (49) attains the form

H 0 = 1
2

∫
dx

[
π2 + (lim

ε→0
ε−2)φ2

]
(D14)

in the continuum. It becomes apparent that this Hamilto-
nian has a divergent mass term. This causes further diver-
gences in the corresponding momentum modes’ energy
(ω0,k = 1/ε), population numbers (nk ∼ 1/ε), and thus
also the entropy density s2,k ∼ − ln ε. We remark that, as
of working within a regularized theory, these divergences
can be cured by renormalizing the considered quantities
with appropriate functions of ε.
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