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In this work, we show that the sample complexity required in quantum learning theory within a general
parametric framework is fundamentally governed by the inverse Fisher information matrix. More
specifically, we derive upper and lower bounds on the number of samples required to estimate the
parameters of a quantum system within a prescribed small additive error, with high success probability
under maximum-likelihood estimation. Notably, both the upper and lower bounds are determined by the
supremum of the maximum diagonal entry of the inverse Fisher information matrix, differing only by a
logarithmic factor in the number of parameters to be estimated. We then apply the general bounds to Pauli
channel learning and Pauli expectation value learning, which serve as representative tasks in quantum
channel and state learning, respectively, in the asymptotic small-error regime. Furthermore, we identify the
structural origin of exponential sample complexity in Pauli channel learning without entanglement and in
Pauli expectation value learning without quantum memory by comparing the quantum Fisher information
matrix and the classical Fisher information matrix. We then extend the analysis to an error criterion
based on the Euclidean distance between the true parameter values and their estimators, deriving the
corresponding upper and lower bounds on the sample complexity, which are likewise characterized by the
inverse Fisher information matrix. As an application, we consider Pauli channel learning with entangled
probes. We highlight two fundamental contributions to quantum learning theory. First, we establish
a systematic framework that determines the task-independent sample complexity under maximum-
likelihood estimation. Second, we show that, in the small-error regime, the learning sample complexity is
governed by the inverse Fisher information matrix, which is the central quantity in quantummetrology that
determines the ultimate achievable mean squared error.
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I. INTRODUCTION

Characterizing quantum systems is a central prerequisite
for the advancement of quantum science and technology.
In particular, in quantum information science, accurate
characterization enables hardware benchmarking [1,2],
facilitates reliable noise modeling for quantum devices
[3,4], and informs the design of quantum error correction
and error mitigation protocols [5–10].

In this context, quantum learning theory establishes a
systematic framework for estimating the parameters that
characterize an unknown quantum state or channel of
interest [11–20]. More specifically, quantum learning
theory aims to efficiently estimate the parameters within
a prescribed additive error ϵ with success probability at
least 1 − δ, a requirement commonly referred to as the
ðϵ; δÞ-criterion. Within this framework, the central objec-
tive is to design an efficient estimation protocol that
reduces the number of accesses to the given quantum
state or channel required to satisfy the ðϵ; δÞ-criterion. For
a chosen estimation protocol, this quantity is referred to as
the sample complexity, i.e., the number of state copies or
channel uses. Recent results demonstrate that appropriate
quantum resources can significantly reduce the sample
complexity. In particular, the simultaneous access to
multiple copies of unknown quantum states and collective
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measurements on these states—simply referred to as the
use of quantum memory—can lead to an exponential
reduction in the number of samples required for tasks
such as learning expectation values of Pauli observables
[12,17,21,22], the characteristic function of a bosonic
state [23], and the Pauli transfer matrix of a quantum
channel [24], compared to protocols that do not employ
quantum memory. Moreover, entanglement provides
advantages in learning the Pauli eigenvalues of a Pauli
channel [19,25–27] and the probability distribution of a
random displacement channel [18,28].
However, despite these advances, a comprehensive and

systematic framework for characterizing the sample com-
plexity of designed estimation strategies has yet to be
established. Existing studies derive sample complexity
bounds in a task-dependent manner, invoking distinct proof
techniques and information-theoretic quantities tailored to
each specific setting. As a result, a unifying method for
systematically characterizing the required number of sam-
ples in general quantum learning tasks remains elusive. This
observation motivates the following fundamental open
question: Is there a unified framework for characterizing
the sample complexity of quantum learning problems in
general settings?
Beyond general sample complexity, an additional con-

ceptual question concerns the relationship between quan-
tum learning theory and quantummetrology. Although both
fields address parameter estimation in quantum systems,
they are typically formulated in terms of distinct perfor-
mance measures. Quantum metrology aims to achieve
quantum-enhanced precision in parameter estimation by
exploiting quantum resources [29–31], with performance
quantified through the mean squared error of estimators.
The fundamental precision limit is determined by the
inverse of the Fisher information matrix via the Cramér-
Rao bound, which characterizes the minimum achievable
mean squared error. On the other hand, quantum learning
theory evaluates performance in terms of the sample
complexity required to satisfy the ðϵ; δÞ-criterion, rather
than the mean squared error. This raises a natural funda-
mental question: Can the sample complexity required to
ensure the ðϵ; δÞ-criterion also be characterized in terms of
the inverse Fisher information matrix?
In this work, we establish that the sample complexity

required to achieve the ðϵ; δÞ-criterion is fundamentally
governed by the inverse Fisher information matrix. We
consider ðϵ; δÞ-criterion-based learning under maximum-
likelihood estimation and derive both upper and lower
bounds on the sample complexity required to estimate all
parameters of a quantum system within additive error ϵ
with success probability at least 1 − δ, formalized as
l∞-distance-based ðϵ; δÞ-criterion. Our analysis demon-
strates that, for sufficiently small ϵ, both bounds are
determined by the supremum over the parameter space
of the largest diagonal entry of the inverse Fisher

information matrix. These results highlight that the inverse
Fisher information matrix is the key quantity governing the
sample complexity required to guarantee the l∞-distance-
based ðϵ; δÞ-criterion.
As applications, we consider the learning of Pauli

eigenvalues of a given Pauli channel and the learning of
Pauli expectation values of a given quantum state, focusing
on the asymptotic regime ϵ → 0. First, based on the general
upper and lower bounds established above, we analyze the
task of learning the Pauli eigenvalues of a given Pauli
channel. We show that the use of entanglement reduces
the sample complexity from exponential to polynomial in
the number of qubits, a result originally established in
Refs. [19,25] using different proof techniques fromour FIM
approach. Notably, we identify the origin of the exponential
sample complexity in the absence of entanglement. A
quantum probe must satisfy the purity constraint, which
confines its Bloch vector to lie within the Bloch sphere.
Crucially, because of this constraint, along certain param-
eter directions the allowable Bloch vector components are
necessarily exponentially small. Consequently, the corre-
sponding diagonal elements of the inverse Fisher informa-
tion matrix grow exponentially with the number of qubits,
which directly results in exponential sample complexity.
The necessity of exponential sample complexity for entan-
glement-free Pauli eigenvalue learning was originally
established in Refs. [19,25,27]; our analysis complements
these results by providing an FIM-based explanation of its
statistical origin. Second, we analyze the task of learning
Pauli expectation values. We show that access to quantum
memory reduces the sample complexity from exponential
to polynomial in the number of qubits, a result originally
established in Ref. [17] using a different proof technique
from our FIM approach. We further clarify the origin of the
exponential cost in the absence of quantum memory. The
optimal measurement for estimating the expectation value
of a given Pauli operator is a projective measurement in its
eigenbasis. However, distinct Pauli operators generally do
not commute, and therefore their respective optimal mea-
surements are mutually incompatible. This measurement
incompatibility necessarily induces exponential growth in
the relevant diagonal elements of the inverse Fisher infor-
mation matrix, which in turn implies exponential sample
complexity. Lastly, we emphasize that Ref. [22] also related
these sample-complexity limitations to the commutation
structure of Pauli observables using information-theoretic
techniques. Our analysis complements this characterization
by showing how the associated measurement incompati-
bility leads to exponentially large diagonal entries of the
inverse Fisher information matrix.
Finally, we extend our analysis to l2-distance-based

ðϵ; δÞ-criterion, where the estimation error is measured by
the Euclidean norm of the difference between the true
parameter and the estimator and is required to be bounded
by an additive error ϵ with high probability at least 1 − δ.
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For this criterion, we derive upper and lower bounds on the
sample complexity, which are also characterized by the
inverse Fisher information matrix. We then apply our
bounds to the task of learning the Pauli eigenvalues of a
given Pauli channel using a maximally entangled state as a
quantum probe. We show that, when the probe state and the
Pauli channel are each used only once, the required sample
complexity grows exponentially, in contrast to the l∞ case.
We emphasize that our results answer the two funda-

mental questions posed above. First, we resolve the
important open problem of characterizing the task-
independent sample complexity of quantum learning tasks
under the assumption of maximum-likelihood estimation.
This yields a general framework that provides new
analytical tools for systematically characterizing the sam-
ple complexity of general learning protocols. Second,
we establish a quantitative connection between quantum
metrology and quantum learning: both metrological pre-
cision and learning sample complexity are determined by
the inverse Fisher information matrix.
This paper is organized as follows. In Sec. II, we review

the necessary background on quantum metrology, with a
focus on the Fisher information matrix, and on quantum
learning theory, including the definition of sample com-
plexity. In Sec. III, we establish general upper and lower
bounds on the sample complexity required to satisfy the
l∞-distance-based ðϵ; δÞ-criterion, and apply these bounds
to Pauli channel learning and Pauli expectation value
learning. In Sec. IV, we derive corresponding upper
and lower bounds for the sample complexity under the
l2-distance-based ðϵ; δÞ-criterion, and apply the bounds to
Pauli channel learning.

II. PRELIMINARIES OF MULTI-PARAMETER
ESTIMATION

A. Quantum parameter estimation

Let us consider a parametrized quantum channel Eθ
where

θ ¼ ðθ1; θ2;…; θdÞT ∈Θ ⊂ Rd (1)

denotes a set of unknown parameters to be estimated, d is a
finite positive integer, and Θ denotes the parameter space.
To estimate θ, one prepares a quantum probe ρ̂0 and sends
it through the channel, resulting in the output state ρ̂θ ≔
Eθðρ̂0Þ that encodes the parameters θ. To extract the
information about θ from ρ̂θ, a measurement described
by a positive-operator-valued-measure (POVM) is per-
formed, where each element of fΠ̂xgx corresponds to a
possible measurement outcome x and the elements satisfy
the completeness relation

P
x Π̂x ¼ Î. The measurement is

repeated independentlyM times, resulting in a sequence of
measurement outcomes x ≔ ðx1; x2;…; xMÞT. The joint
probability distribution for obtaining the measurement

outcomes x is given by

pθðxÞ ≔
YM
i¼1

pθðxiÞ; (2)

where pθðxÞ ≔ Tr½Π̂xρ̂θ� is the probability of obtaining
outcome x for a single measurement. Based on the
measurement outcomes x, we construct estimators for
the parameters, denoted by

θ̃ðxÞ ¼ ðθ̃1ðxÞ; θ̃2ðxÞ;…θ̃dðxÞÞT: (3)

[See Fig. 1(a) for a schematic illustration of the
parameter estimation procedure.]
Notably, the compact statistical model above is not

restricted to a fixed physical probe state, a single use of the
parameter-dependent channel, or a fixed measurement.
Rather, it should be understood as an effective statistical
description of one execution of a general finite-resource
quantum estimation protocol.
To make the connection with concrete quantum proto-

cols explicit, let N θ denote the elementary parameter-
dependent channel to which the learner has access. To
estimate θ efficiently, one may construct an effective
channel Eθ by invoking N θ multiple times, possibly
together with ancillary systems. These invocations may
be arranged in parallel, sequentially, or adaptively, and
may be interleaved with arbitrary known θ-independent
operations, as captured by the standard quantum-comb or
quantum-strategy framework [32–37]. Accordingly, one
execution of the constructed estimation protocol can be
described by an effective channel Eθ, which can be

FIG. 1. Schematic of parameter estimation. (a) Compact stat-
istical model for a quantum parameter estimation protocol. A
probe state is independently transformed by the same effective
parameter-dependent channel and measured over M repetitions.
The resulting M measurement outcomes are then collectively
processed to construct an estimator of the parameter. (b) Con-
struction of the effective channel Eθ. The effective channel is
realized by inserting multiple uses of the elementary parameter-
dependent channel N θ into the slots of a θ-independent strategy
specified by the quantum operations Ci. The double dashed line
denotes the ancillary system.
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expressed schematically as

Eθ ¼ CNE
∘ ðN θ ⊗ IÞ ∘ CNE−1 ∘ � � � ∘ C1 ∘ ðN θ ⊗ IÞ: (4)

[See Fig. 1(b) for a schematic illustration of the
construction of the effective channel Eθ.] Here, NE is
the number of uses of the elementary channelN θ required
to implement one execution of the effective channel Eθ.
The quantum operations Ci are known θ-independent
CPTP maps. They may include state preparation, ancillary
systems, coherent controls, quantum instruments, inter-
mediate measurements, classical memory, and feedfor-
ward. The identity channel I acts on systems that are not
acted upon by N θ, such as ancillary systems or classical
registers. After the effective channel is applied, a final
POVM fΠ̂xgx is performed. Hence the induced probability
distribution takes the compact form

pθðxÞ ¼ Tr
�
Π̂xEθðρ̂0Þ

�
; (5)

where ρ̂0 is the input state of the effective channel Eθ. We
emphasize that different choices of the estimation protocol
generally lead to different effective channels Eθ, and
therefore to different induced probability distributions
pθðxÞ and estimation performance. Examples of this
dependence are discussed for Pauli-channel estimation
and Pauli-expectation-value estimation in Secs. III C and
III D, respectively. Lastly, we note that while we assume a
fixed number NE of channel uses per protocol execution,
the formulation can be extended to more general protocols
in which the number of channel uses is determined
probabilistically and may therefore vary from one execu-
tion to another. In such cases, the channel-use cost may be
quantified either by its average value or by the maximum
number of channel uses required in the worst case.

B. Quantum metrology and mean squared error

Under the parameter estimation scheme introduced in
Sec. II A, quantum metrology aims to reduce the mean
squared error [29–31,38–40]

δ2θi ≔
X
x

pθðxÞðθ̃iðxÞ − θiÞ2; (6)

beyond the limits achievable by classical strategies. Such
an enhancement is enabled by exploiting quantum resour-
ces, including the preparation of an appropriate quantum
probe state ρ̂0, the construction of the effective channel Eθ
from the elementary channel N θ, and the choice of
POVM fΠ̂xgx.
For a fixed estimation protocol, the mean squared error

can be quantified by the mean-squared error matrix
formalism. Specifically, the mean squared error is char-
acterized by the d × dmean-squared error matrix Σ, whose
elements are defined as

½Σ�ij ¼
X
x

pθðxÞðθ̃iðxÞ − θiÞðθ̃jðxÞ − θjÞ: (7)

When all the estimators satisfy the unbiasedness con-
dition

X
x

pθðxÞθ̃iðxÞ ¼ θi; (8)

the multi-parameter quantum Cramér-Rao matrix inequal-
ity establishes a fundamental lower bound on the mean-
squared error matrix [41–44]:

Σ ⪰ 1

M
F−1
θ ðfΠ̂xgxÞ ⪰

1

M
J−1θ : (9)

Here, FθðfΠ̂xgxÞ is the Fisher information matrix (FIM)
associated with the POVM fΠ̂xgx, while Jθ is the quantum
Fisher information matrix (QFIM), which provides an
ultimate, measurement-independent bound. Explicitly, the
FIM and QFIM are defined as

½FθðfΠ̂xgxÞ�ij ¼
X
x

∂ipθðxÞ∂jpθðxÞ
pθðxÞ

; (10)

½Jθ�ij ≔
1

2
Tr½ρ̂θfL̂i; L̂jg�; (11)

where L̂i are the symmetric logarithmic derivative (SLD)
operators, satisfying

∂ρ̂θ
∂θi

¼ 1

2
ðL̂iρ̂θ þ ρ̂θL̂iÞ: (12)

The equality in the first matrix inequality Σ ⪰ 1
MF−1

θ is
attained by a suitable choice of estimator. A paradigmatic
example is the maximum-likelihood estimator (MLE),
defined as

θ̂MLðxÞ ≔ argmax
θ∈Θ

lθðxÞ; (13)

where lθðxÞ is the log-likelihood function associated with
M independent measurement outcomes, defined as

lθðxÞ ¼ log
YM
i¼1

pθðxiÞ ¼
XM
i¼1

logpθðxiÞ: (14)

By construction, the MLE selects the parameter value θ
that maximizes the log-likelihood of the observed meas-
urement outcomes x.
In the asymptotic limit M → ∞, the MLE becomes an

asymptotically unbiased estimator satisfying Eq. (8) and
saturates the first matrix inequality in Eq. (9). As a
consequence, the MLE asymptotically achieves
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δ2θi ¼
1

M
½F−1

θ ðfΠ̂xgxÞ�ii; ∀ i∈ ½d�: (15)

In contrast, the equality in the second inequality F−1
θ ⪰

J−1θ cannot be attained in a general multi-parameter setting
[44–47]. The intuitive understanding is that the diagonal
elements of the QFIM are obtained by optimizing the
measurement independently for each parameter:

½Jθ�ii ¼ max
fΠ̂xgx

½FθðfΠ̂xgxÞ�ii: (16)

However, the measurements that are optimal for differ-
ent parameters are typically incompatible and cannot be
implemented simultaneously. As a consequence, there
generally does not exist a single POVM that simultane-
ously achieves

δ2θi ¼
1

M
½J−1θ �ii; ∀ i∈ ½d�: (17)

Lastly, we introduce the QFIM for estimating Pauli
expectation values, which is a key ingredient of our
applications in Secs. III C and III D. Consider an n-qubit
quantum state expressed in the Pauli basis as

ρ̂θ ≔
1

2n

 
Î þ

X4n−1
i¼1

θiP̂i

!
; (18)

where fP̂ig4n−1i¼1 denotes the set of non-identity n-qubit
Pauli operators and θi ¼ Tr½ρ̂θP̂i� is the corresponding
Pauli expectation value. The optimal measurement for
minimizing the mean squared error of θi is the projective
measurement in the eigenbasis of P̂i. The corresponding
diagonal element of the inverse QFIM is given by [48]

½J−1θ �ii ¼ 1 − θ2i : (19)

C. Quantum learning theory with lk-distance

We first clarify the notion of sample complexity. Let NE
denote the number of uses of the elementary channel N θ
required to implement a single instance of the effective
parameter-dependent channel Eθ. If the same estimation
protocol is repeated independentlyM times, the total number
of uses of N θ required to implement the estimation is

Nsamp ≔ MNE: (20)

Throughout this paper, we use the following terminology:

Nsamp∶sample complexity

M∶number of repetitions

NE∶number of elementary channel uses: (21)

We note that, once the estimation protocol is designed
(i.e., NE is fixed), determining the sample complexity

Nsamp is equivalent to determining the number of repeti-
tions M.
We introduce quantum learning theory formulated with

respect to the lk-distance. We consider the quantum
parameter estimation setting introduced in Sec. II A.
Although both quantum metrology and quantum learning
theory address parameter estimation, quantum learning
theory evaluates performance in terms of the sample
complexity required to estimate θ within lk-distance ϵ
with confidence at least 1 − δ. To formalize this objec-
tive, we adopt the ðϵ; δÞ-criterion with respect to the
lk-distance. Within this framework, the performance of
an estimation protocol is quantified by the sample com-
plexity required to guarantee that

Pr ½kθ̃ − θkk ≤ ϵ� ≥ 1 − δ; (22)

uniformly over θ∈Θ. Here, kvkk denotes the lk-norm,
defined for a d-dimensional vector v ≔ ðv1; v2;…; vdÞT as

kvkk ≔
 Xd

i¼1

jvijk
!

1=k

: (23)

In the remainder of this paper, we refer to Eq. (22) as the
ðϵ;lk; δÞ-criterion and focus on k ¼ ∞ and k ¼ 2. The
l∞-norm is defined as

kvk∞ ≔ max
i
jvij; (24)

while the l2-norm corresponds to the Euclidean norm,

kvk2 ≔
 Xd

i¼1

jvij2
!1

2

: (25)

Finally, we again emphasize that once the estimation
protocol has been specified, the number of elementary
channel uses NE is fixed. Consequently, the number of
repetitions M determines the sample complexity Nsamp

required to satisfy the ðϵ;lk; δÞ-criterion. One may
alternatively consider a setting in which M is fixed where
NE determines Nsamp, for example, the extreme one-
shot collective-measurement setting where M ¼ 1 and
NE ¼ Nsamp. In general, however, changing NE amounts
to changing the estimation protocol itself. Allowing NE to
be chosen separately for each prescribed pair ðϵ; δÞ would
therefore effectively require designing a different estima-
tion protocol for each target accuracy and confidence level,
since different ðϵ;lk; δÞ-requirements generally require
different sample complexities. To avoid this inefficiency,
we adopt a fixed-protocol formulation: once Eθ is chosen,
NE is fixed, and the sample-complexity question is to
determine the number of independent repetitions M
required to satisfy the desired ðϵ;lk; δÞ-criterion.

UNIVERSAL SAMPLE COMPLEXITY BOUNDS IN … PRX QUANTUM 7, 033063 (2026)

033063-5



III. MAIN RESULT 1: SAMPLE COMPLEXITY
OF l∞-DISTANCE-BASED LEARNING

In this section, we show that the sample complexity
required to satisfy the ðϵ;l∞; δÞ-criterion is characterized
by the diagonal elements of the inverse FIM. More
specifically, we show that both the upper and lower bounds
on the number of repetitions of the protocol M are
governed by the supremum over the parameter space Θ
of the maximum diagonal entry of the inverse FIM. The
corresponding bounds on the sample complexity Nsamp are
then obtained by simply multiplying these bounds on the
number of repetitions by NE, the number of elementary
channel uses required to implement one instance of Eθ.
To derive the bounds, we impose the following assump-

tions on the log-likelihood function lθðxÞ:
(A1) Unique maximizer and stationary point: lθðxÞ has

a unique maximizer θ̃ML in the interior of the
parameter domain Θ, which is also the unique
stationary point.

(A2) Smoothness: lθðxÞ is three times continuously
differentiable with respect to θ on the parameter
domain Θ.

These assumptions are satisfied by a broad class of
regular statistical models under standard parametrizations.
Examples include Bernoulli and multinomial models,
Poisson models, and Gaussian models with known vari-
ance (or covariance), as well as, more generally, expo-
nential family models in their canonical parametrization,
as discussed in Appendix H.
For the quantitative bounds derived below, we addition-

ally impose the technical regularity conditions (R1)–(R5),
which are stated and discussed in Appendix 3 B 4,
to ensure the mathematical rigor of the analysis. Since
these assumptions are technical in nature and their detailed
presentation would interrupt the flow of the main expo-
sition, their precise statements, together with the corre-
sponding admissible range of finite ϵ, are deferred to
Appendix 3 B 4. Under these conditions, we now present
the main upper and lower bounds.

A. Upper bound on l∞-distance learning

Let us assume that the assumptions (A1) and (A2)
and the standard regularity conditions (R1)–(R5) in
Appendix 3 B 4 are satisfied. We then obtain the following
upper bound on the sample complexity that guarantees the
ðϵ;l∞; δÞ-criterion.
Theorem 1. (Simplified small-error upper bound). For

fixed 0 < δ ≤ 1 and d < ∞, the minimal number of
repetitions M ¼ MðϵÞ required to guarantee that the
MLE satisfies

Pr ½kθ̃ML − θk∞ ≤ ϵ� ≥ 1 − δ for all θ∈Θ (26)

is upper bounded, in the small-error limit ϵ → 0, as

M ≲W0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (27)

Equivalently, the minimal sample complexity is upper
bounded as

Nsamp ≲ NEW0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (28)

In Eqs. (27) and (28), the notation Aϵ ≲ Bϵ denotes

lim sup
ϵ→0

Aϵ

Bϵ
≤ 1; (29)

i.e., Aϵ ≤ ð1þ oð1ÞÞBϵ as ϵ → 0 with fixed δ and d.
The proof of Theorem 1 is provided in Appendix C,

where we also derive a fully explicit non-asymptotic finite-
ϵ bound.
To clarify the scaling in Eq. (27), we briefly introduce

basic properties of the Lambert W0 function (see
Appendix B and Refs. [49,50]). First, it satisfies the
elementary bound

W0ðxÞ ≤ log x (30)

for x ≥ e. We note that W0ðeÞ ¼ 1 and W0ðxÞ is an
increasing function for x ≥ 0. In addition, W0ðxÞ admits
the asymptotic expansion for large x,

W0ðxÞ ¼ log x − log log xþ log log x
log x

þO
�ðlog log xÞ2

ðlog xÞ2
�
:

(31)

Applying the bound (30) to our setting, we obtain that,
whenever 8π−1δ−2d2 ≥ e,

W0ð8π−1δ−2d2Þ ≤ log ð8π−1δ−2d2Þ: (32)

Especially when 8π−1δ−2d2 is sufficiently large, the
difference betweenW0ð8π−1δ−2d2Þ and log ð8π−1δ−2d2Þ is
approximately log log ð8π−1δ−2d2Þ.
Finally, we emphasize that the supremum and the

maximum are essential in the upper bounds. An upper
bound must guarantee the ðϵ;l∞; δÞ-criterion uniformly
over the entire parameter space. Since l∞-accurate learn-
ing requires simultaneous control of every coordinate at
every parameter value, as specified in Eq. (24), the number
of repetitionsMmust be sufficiently large to accommodate
the most statistically challenging coordinate at the most
unfavorable parameter point. This worst-case uniform
requirement is precisely captured by the supremum of
the largest diagonal component of the inverse FIM.
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B. Lower bound on l∞-distance learning

We now establish the lower bound under the assump-
tions (A1) and (A2) and the standard regularity conditions
(R1)–(R5) in Appendix 3 B 4 are satisfied.
Theorem 2. (Simplified small-error lower bound). For

fixed 0 < δ < 1=
ffiffiffiffiffiffiffiffi
8πe

p
and d < ∞, the minimal number of

repetitions M ¼ MðϵÞ required to guarantee that the MLE
satisfies

Pr ½kθ̃ML − θk∞ ≤ ϵ� ≥ 1 − δ for all θ∈Θ (33)

is lower bounded, in the small-error limit ϵ → 0, as

M ≳W0ðδ−2=8πÞsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (34)

Equivalently, the minimal sample complexity is lower
bounded as

Nsamp ≳ NEW0ðδ−2=8πÞsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (35)

In Eqs. (34) and (35), the notation Aϵ ≳ Bϵ denotes

lim inf
ϵ→0

Aϵ

Bϵ
≥ 1; (36)

i.e., Aϵ ≥ ð1þ oð1ÞÞBϵ as ϵ → 0 with fixed δ and d. The
proof of Theorem 2 is provided in Appendix D, where we
also derive a fully explicit non-asymptotic finite-ϵ bound.
Combining Theorems 1 and 2, we obtain the following

consequence, which shows that the upper and lower
bounds nearly match for guarantees that hold uniformly
over the entire parameter space.
Remark 1. For fixed 0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
and d < ∞, the

minimal sample complexity Nsamp required to guarantee
that the MLE satisfies

Pr ½kθ̃ML − θk∞ ≤ ϵ� ≥ 1 − δ for all θ∈Θ (37)

is tightly bounded up to logd, in the small-error limit
ϵ → 0, as

NEW0ðδ−2=8πÞFϵ−2 ≲ Nsamp ≲ NEW0ð8π−1δ−2d2ÞFϵ−2;
(38)

where F ≔ supθ∈Θmaxa∈ ½d�½F−1
θ �aa.

Hence, for a uniform guarantee over the entire param-
eter space, the upper and lower bounds match in the
inverse-FIM-dependent quantity. The only remaining dis-
crepancy between the upper and lower bounds lies in the
Lambert W0 factors. Since

8π−1δ−2d2 ¼ 64d2ðδ−2=8πÞ; (39)

the concavity of the Lambert W0 function implies [49,50],

W0ð8π−1δ−2d2Þ ≤ W0ðδ−2=8πÞ þ 2 logdþ log 64. (40)

Therefore, relative to the lower-bound Lambert factor,
the remaining overhead in the upper bound is at most log d.
Hence, the two bounds match in the inverse FIM depen-
dent quantity and in the leading ϵ−2 scaling, up to a
logarithmic factor in the number of the parameters to be
estimated. This demonstrates that the inverse FIM is the
fundamental quantity governing the sample-complexity
scale of MLE-based ðϵ;l∞; δÞ-learning in the asymptotic
limit ϵ → 0.

C. Application to Pauli channel learning

In this section, we apply Theorems 1 and 2 to the
problem of learning the Pauli eigenvalues of an n-qubit
Pauli channel. Our analysis shows that the use of entan-
glement enables at least an exponential reduction in the
sample complexity as a function of the number of qubits
for learning the Pauli eigenvalues. This task was originally
investigated in Refs. [19,25] using a proof technique
different from the FIM-based approach used here.

1. Pauli error rates and eigenvalues

We first introduce notation for n-qubit Pauli operators.
Any n-qubit Pauli operator can be expressed as

P̂a ¼ ⨂
n

k¼1

iax;kaz;k X̂ax;k Ẑaz;k ; (41)

where the index 0 ≤ a ≤ 4n − 1 uniquely labels the Pauli
operator, and ½a�2 ≔ ðax;1; ax;2;…; ax;n; az;1; az;2;…; az;nÞ
denotes the binary representation of a. Based on this
notation, an n-qubit Pauli channel can be expressed as

Λðρ̂Þ ¼
X4n−1
a¼0

paP̂aρ̂P̂a; (42)

where ρ̂ is an arbitrary n-qubit state, and fpag4n−1a¼0 are the
Pauli error rates, satisfying

P
4n−1
a¼0 pa ¼ 1. An equivalent

description of a Pauli channel is obtained by considering
its action on the Pauli operators. In this representation, the
channel is diagonal, satisfying

ΛðP̂aÞ ¼ λaP̂a; (43)

where fλag4n−1a¼0 are referred to as the Pauli eigenvalues,
with −1 ≤ λa ≤ 1 for all a and λ0 ¼ 1. The Pauli error
rates and Pauli eigenvalues are related via the Walsh-
Hadamard transformation, given by

λb ¼
X

½a�2 ∈Z2n

ð−1Þh½a�2;½b�2ipa; (44)

where h½a�2; ½b�2i denotes the symplectic inner product
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h½a�2; ½b�2i ≔
Xn
k¼1

ax;kbz;k þ az;kbx;k: (45)

In what follows, we consider the task of learning the Pauli
eigenvalues λ ¼ ðλ1; λ2;…; λ4n−1ÞT to additive error ϵ in
l∞-distance. In the Pauli channel learning setting, for
simplicity, we omit the dependence on λ in Λ and assume
thatΛ is the elementary channelN λ towhichwehave access.

2. Entanglement-assisted scheme

We first analyze the learning of Pauli eigenvalues
assisted by entanglement with a noiseless ancilla mode
[see Fig. 2(a) for a schematic illustration]. To estimate
the Pauli eigenvalues λ, let us consider the maximally
entangled state

ρ̂0 ≔ jΨihΨj ¼ 1

4n

X4n−1
a¼0

P̂S
a ⊗ ðP̂A

a ÞT; (46)

where jΨi ¼ 2−n=2
P

z∈ f0;1gn jziSjziA denotes the standard
maximally entangled state, as a quantum probe. With the
Pauli convention in Eq. (41), the transpose of a Pauli
operator is given by

ðP̂aÞT ¼ ηaP̂a; ηa ≔ ð−1Þ
P

n
k¼1

ax;kaz;k ;

which accounts for the minus sign associated with each Ŷ
factor. Here, the superscripts S and A denote the system
and the noiseless ancilla, respectively. Next, we inject
ρ̂0 into the n-qubit Pauli channel acting only on the system.

In this case, the effective channel is defined as Eλ ≔
ΛS ⊗ IA, where IA denotes the identity channel. In this
estimation protocol, NE ¼ 1; therefore, Nsamp ¼ M. The
encoded state of the Pauli error rates (or Pauli eigenvalues)
can be expressed as

ρ̂λ ¼
X4n−1
a¼0

paðP̂S
a ⊗ P̂A

0 ÞjΨihΨjðP̂S
a ⊗ P̂A

0 Þ (47)

¼ 1

4n

X4n−1
b¼0

λbP̂
S
b ⊗ ðP̂A

b ÞT: (48)

Here, we note that ρ̂λ is a diagonal matrix whose
diagonal components are fpag4n−1a¼0 with respect to the
orthonormal basis fðP̂S

a ⊗ P̂A
0 ÞjΨig4n−1a¼0 .

The QFIM with respect to λ is given by

½Jλ�ij ≔
1

2
Tr½ρ̂λfL̂i; L̂jg�: (49)

In particular, the diagonal elements of Jλ are

½Jλ�bb ¼ Tr
�
∂ρ̂λ
∂λb

L̂b

�
: (50)

From Eq. (48), the derivative of the density operator
with respect to λb is

∂ρ̂λ
∂λb

¼ 1

4n
P̂S
b ⊗ ðP̂A

b ÞT: (51)

Importantly, it is straightforward to verify that ∂ρ̂λ
∂λb

satisfies �
∂ρ̂λ
∂λb

; ρ̂λ

�
¼ 0 ⇔

�
∂ρ̂λ
∂λb

; ρ̂−1λ
�
¼ 0. (52)

Since ∂ρ̂λ
∂λb

commutes with ρ̂λ, the SLD admits the
simplified form

L̂b ¼ ρ̂−1λ
∂ρ̂λ
∂λb

: (53)

Thus, for all b, the SLD operators also commute with
ρ̂λ and are simultaneously diagonalizable. Consequently,
ρ̂λ and fL̂bgdb¼1 share the common eigenbasis

fðP̂S
i ⊗ P̂A

0 ÞjΨig4n−1i¼0 : (54)

The Bell measurement is the projective measurement
onto the basis

jΨxi ≔ ðP̂S
x ⊗ P̂A

0 ÞjΨi; Π̂x ≔ jΨxihΨxj: (55)

Using Eq. (46), the corresponding projectors can be
expressed as

FIG. 2. Schematic of Pauli channel learning. Left and right
pointing triangles denote quantum probe and measurement
respectively, blue rounded squares represent the Pauli channel
Λ, green/pink blocks represent intermediate quantum control
operations that do not generate entanglement, and the double
dashed line denotes the ancillary system. (a) Entanglement-
assisted strategy using a maximally entangled probe state and a
Bell measurement on the system and ancilla. (b) Entanglement-
free strategy using a single use of the Pauli channel with local
state preparation and measurement. (c) Entanglement-free con-
catenation strategy consisting of consecutive uses of the Pauli
channel interleaved with a predetermined sequence of CPTP
control maps, with no system-ancilla entanglement generated
throughout the protocol.
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Π̂x ¼
1

4n

X4n−1
a¼0

ð−1Þh½x�2;½a�2iP̂S
a ⊗ ðP̂A

a ÞT: (56)

Hence, a single projective measurement onto this
common eigenbasis saturates the quantum Cramér-Rao
matrix inequalities in Eq. (9). Operationally, this corre-
sponds to performing a Bell measurement. Therefore, the
FIM with the Bell measurement equals the QFIM,

FλðfΠ̂xgxÞ ¼ Jλ: (57)

As a result, from Eq. (19), we have

½F−1
λ �aa ¼ ½J−1λ �aa ¼ 1 − λ2a: (58)

It then follows immediately that

sup
λ

max
a∈ ½d�

½F−1
λ �aa ¼ 1. (59)

Finally, invokingTheorem1,we conclude that the sample
complexityNsamp required to satisfy the ðϵ;l∞; δÞ-criterion
for Pauli eigenvalue learning using entanglement is upper
bounded by

Nsamp ≲W0ð8π−1δ−242nÞϵ−2: (60)

For clarity, we reiterate that

W0ð8π−1δ−242nÞ ≤ log
8

π
þ 2n log 4þ 2 log δ−1: (61)

Hence, in the entangled setting, the sample complexity
increases by at most a polynomial factor in the number of
qubits n. This upper bound on the sample complexity is
consistent with the upper bound obtained in Ref. [19],
which scales as Oðn log δ−1ϵ−2Þ.
Lastly, let us inspect the MLE of the Pauli eigenvalues.

The probability of obtaining outcome x from the Bell
measurement is given by

pλðxÞ ≔ Tr½Π̂xρ̂λ� ¼
1

4n

X4n−1
a¼0

λað−1Þh½x�2;½a�2i: (62)

We perform this measurement independently M times,
obtaining a sequence of outcomes x ¼ ðx1; x2;…; xMÞ. Let
nx denote the number of occurrences of outcome x, withP

4n−1
x¼0 nx ¼ M. As shown inAppendixH, the log-likelihood

associated with the measurement statistics satisfies the
standard regularity conditions (A1) and (A2). Under these
conditions, the MLE of the Pauli eigenvalues is given by

λ̃ML
a ¼

X4n−1
b¼0

nb
M

ð−1Þh½a�2;½b�2i: (63)

3. Separable scheme with a single
use of Pauli channel without an ancilla

We next investigate learning the Pauli eigenvalues
using a single use of the Pauli channel, without entan-
glement [see Fig. 2(b) for a schematic illustration].
Any n-qubit quantum state can be expanded in the Pauli
basis as

ρ̂0 ¼
1

2n

X4n−1
a¼0

raP̂a; (64)

where the coefficients ra ≔ Tr½ρ̂0P̂a� are real-valued and
satisfy r0 ¼ 1 due to the trace condition. We first focus
on the simplest setting of a single use of the Pauli
channel. In this estimation protocol, Λ ¼ N λ ¼ Eλ and
NE ¼ 1, which implies that Nsamp ¼ M. Let us consider
an n-qubit Pauli channel acting on the quantum probe ρ̂0.
The resulting state is given by

Λðρ̂0Þ ¼
1

2n

X4n−1
a¼0

λaraP̂a: (65)

From Eq. (19) and by applying the chain rule, the
diagonal elements of the inverse QFIM are given by

½J−1λ �aa ¼
1

r2a
ð1 − r2aλ2aÞ: (66)

Here, ½J−1λ �aa satisfies the inequality

½J−1λ �aa ¼
1

r2a
ð1 − r2aλ2aÞ ≥

1

r2a
− 1. (67)

To proceed, we note that every quantum state must
satisfy the purity constraint Tr½ρ̂20� ≤ 1, which is equiv-
alently expressed asX

a≠0
r2a ≤ 2n − 1. (68)

Equation (68) directly implies that there always exists
an index a such that r2a ≤ 2−n. As a consequence, there
exists at least one a for which the corresponding diagonal
element satisfies

½J−1λ �aa ≥ 2n: (69)

According to the quantum Cramér-Rao matrix inequal-
ity in Eq. (9), for any POVM fΠ̂xgx, the following
inequality holds:

sup
λ

max
a∈ ½d�

½F−1
λ ðfΠ̂xgxÞ�aa ≥ ½F−1

λ ðfΠ̂xgxÞ�aa ≥ ½J−1λ �aa:
(70)
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As a consequence, Theorem 2 implies that the sample
complexity Nsamp required to satisfy the ðϵ;l∞; δÞ-
criterion for Pauli eigenvalue learning using a separable
scheme, particularly in the single-use setting of the Pauli
channel, is lower bounded by

Nsamp ≳W0ðδ−2=8πÞϵ−22n: (71)

For clarity, we reiterate that using Eq. (30), we have

1 < W0ðδ−2=8πÞ ≤ 2 log δ−1 − log 8π; (72)

for 0 < δ < 1=
ffiffiffiffiffiffiffiffi
8πe

p
. By comparing Eqs. (60) and (71),

we observe that the use of entanglement yields at least an
exponential reduction in the required sample complexity
with respect to the number of qubits n. The intuitive
origin of the exponential sample complexity is as
follows. In the absence of entanglement, the probe state
necessarily possesses at least one Pauli-basis component
whose magnitude is exponentially small in the number of
qubits, as indicated by Eq. (68). This severely limits the
amount of information that can be encoded about the
corresponding Pauli eigenvalue, resulting in an exponen-
tial factor 2n in the required sample complexity. Lastly,
we note that the original analysis of Pauli channel
learning in Ref. [19] establishes a lower bound of
Ωðn2nÞ for the fixed choices ϵ ¼ 1=2 and δ ¼ 1=3
whereas our lower bound depends explicitly on δ and
applies in the range 0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
in the asymptotic

small-error regime ϵ → 0. This leaves a multiplicative
gap of order n compared with our lower bound in
Eq. (71). Nevertheless, Eq. (71) is already sufficient to
demonstrate that entanglement enables an exponential
advantage over protocols restricted to single, non-
entangled uses of the Pauli channel.

4. Separable scheme with multiple
uses of Pauli channel with an unbounded ancilla

We now show that Pauli-eigenvalue learning without
entanglement requires a sample complexity that grows
exponentially with the number of qubits n. We allow an
arbitrarily large ancillary system, repeated uses of the Pauli
channel, and general parameter-independent processing
operations between consecutive channel uses. The only
restriction is that the joint system-ancilla state remains
separable throughout the protocol; see Fig. 2(c).
Since several parameter-dependent quantum states

appear in the following analysis, we make the state depen-
dence of the QFIM explicit. For an arbitrary parameter-
dependent state ρ̂ðλÞ, we denote its QFIM by Jðρ̂ðλÞÞ,
whose matrix elements are defined as

½Jðρ̂ðλÞÞ�ab ≔
1

2
Tr½ρ̂ðλÞðL̂aL̂b þ L̂bL̂aÞ�; (73)

where L̂a is the SLD associated with the state appearing in
the argument of J, defined through

∂ρ̂ðλÞ
∂λa

¼ 1

2
ðL̂aρ̂ðλÞ þ ρ̂ðλÞL̂aÞ: (74)

In particular, for the final encoded state ρ̂λ, this notation
is consistent with the notation used in the preceding
sections:

Jλ ≔ Jðρ̂λÞ: (75)

We now consider a general entanglement-free learning
scheme. Since the protocol is entanglement-free, the initial
probe state ρ̂0 is separable across the system and ancillary
systems and can therefore be expressed as

ρ̂0 ¼
X
j0

pj0 ρ̂
S
0;j0

⊗ ρ̂A0;j0 ; (76)

where fpj0gj0 is a probability distribution. Between the
Tth and ðT þ 1Þth uses of the Pauli channel, with
1 ≤ T ≤ N, we consider a general λ-independent separable
channel

CT ¼
X
jT

AS
T;jT

⊗ BA
T;jT

; (77)

where AS
T;jT

and BA
T;jT

are completely positive and trace-
non-increasing maps acting on the system and ancillary
systems, respectively, while CT is trace preserving. Thus, the
label jT specifies a branch of the separable operation CT . We
emphasize that this formulation encompasses general sepa-
rable schemes, including history-dependent protocols with
mid-circuit measurements and adaptive control, provided
that no system-ancilla entanglement is generated [25].
For

jT ≔ ðj0; j1;…; jTÞ; (78)

the multi-index jT records the complete branch history up
to the Tth intermediate operation. We set

pj0ðλÞ ≔ pj0 ; ρ̂Sj0ðλÞ ≔ ρ̂S0;j0 ; ρ̂Aj0 ≔ ρ̂A0;j0 : (79)

After T uses of the Pauli channel and the subsequent
operations C1;…; CT , the joint state is

ρ̂TðλÞ ≔ CT ∘ ðΛS ⊗ IAÞ ∘ � � � ∘ C1 ∘ ðΛS ⊗ IAÞðρ̂0Þ
¼
X
jT

pjT ðλÞρ̂SjT ðλÞ ⊗ ρ̂AjT : (80)

Equivalently, this state obeys the recursion

ρ̂TðλÞ¼ CT ∘ðΛS ⊗ IAÞðρ̂T−1ðλÞÞ
¼
X
jT

X
jT−1

pjT−1ðλÞAS
T;jT

ðΛSðρ̂SjT−1ðλÞÞÞ⊗BA
T;jT

ðρ̂AjT−1Þ:

(81)
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For every branch of nonzero probability, the normalized
conditional states are therefore

ρ̂SjT ðλÞ ≔
AS

T;jT
ðΛSðρ̂SjT−1ðλÞÞÞ

Tr½AS
T;jT

ðΛSðρ̂SjT−1ðλÞÞÞ�
; (82)

ρ̂AjT ≔
BA
T;jT

ðρ̂AjT−1Þ
Tr½BA

T;jT
ðρ̂AjT−1Þ�

: (83)

Branches with zero probability can be omitted. Since the
initial ancillary states and all maps BA

T;jT
are independent

of λ, the conditional ancillary state ρ̂AjT is also independent
of λ for every branch.
The conditional probability of obtaining jT given the

preceding branch jT−1 is

cT;jT jjT−1ðλÞ ≔ Tr½AS
T;jT

ðΛSðρ̂SjT−1ðλÞÞÞ�
× Tr½BA

T;jT
ðρ̂AjT−1Þ�: (84)

Accordingly,

pjT ðλÞ ¼ pjT−1ðλÞcT;jT jjT−1ðλÞ: (85)

Because CT is trace preserving, these conditional prob-
abilities satisfy

X
jT

cT;jT jjT−1ðλÞ ¼ 1. (86)

It is useful to express each conditional probability as the
outcome probability of a POVM acting only on the system.
Define

Π̂S
T;jT jjT−1 ≔ Tr½BA

T;jT
ðρ̂AjT−1Þ�A

S†
T;jT

ðÎSÞ: (87)

Complete positivity of AS
T;jT

implies Π̂S
T;jT jjT−1 ⪰ 0.

Moreover, trace preservation of CT gives

X
jT

AS†
T;jT

ðÎSÞ ⊗ BA†
T;jT

ðÎAÞ ¼ ÎS ⊗ ÎA: (88)

Taking the expectation value of the ancillary part in ρ̂AjT−1
yields

X
jT

Π̂S
T;jT jjT−1 ¼ ÎS: (89)

Hence fΠ̂S
T;jT jjT−1gjT is a valid POVM, and

cT;jT jjT−1ðλÞ ¼ Tr½Π̂S
T;jT jjT−1Λ

Sðρ̂SjT−1ðλÞÞ�: (90)

Iterating the probability recursion gives

pjNðλÞ ¼ pj0

YN
T¼1

cT;jT jjT−1ðλÞ: (91)

After the final, ðN þ 1Þth, use of the Pauli channel, the
encoded state is therefore

ρ̂λ ¼
X
jN

pjNðλÞΛSðρ̂SjNðλÞÞ ⊗ ρ̂AjN : (92)

We next bound the diagonal elements of the QFIM
of ρ̂λ. By the extended convexity of the QFIM ½Jλ�aa ¼
½Jðρ̂λÞ�aa [43],

½Jλ�aa ≤ Fcl
aaðλÞ þ

X
jN

pjNðλÞ½JðΛSðρ̂SjNðλÞÞÞ�aa; (93)

where we used the fact that ρ̂AjN is independent of λ. The
classical contribution is

Fcl
aaðλÞ ≔

X
jN

ð∂λapjNðλÞÞ2
pjNðλÞ

: (94)

Using the product form of pjN ðλÞ in Eq. (91), we have

∂λa logpjNðλÞ ¼
XN
T¼1

∂λa log cT;jT jjT−1ðλÞ: (95)

For every fixed jT−1,X
jT

cT;jT jjT−1ðλÞ∂λa log cT;jT jjT−1ðλÞ

¼ ∂λa
X
jT

cT;jT jjT−1ðλÞ ¼ 0. (96)

Therefore, all cross terms between different values of T
vanish after averaging over the branch distribution, and the
classical FIM decomposes exactly as

Fcl
aaðλÞ ¼

XN
T¼1

X
jT−1

pjT−1ðλÞ
X
jT

ð∂λacT;jT jjT−1ðλÞÞ2
cT;jT jjT−1ðλÞ

: (97)

For each fixed T and jT−1, the innermost sum is the
classical Fisher information obtained by measuring
ΛSðρ̂SjT−1ðλÞÞ with the POVM fΠ̂S

T;jT jjT−1gjT . Hence, by
Eq. (16),

Fcl
aaðλÞ ≤

XN
T¼1

X
jT−1

pjT−1ðλÞ½JðΛSðρ̂SjT−1ðλÞÞÞ�aa: (98)
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We now evaluate these bounds at the completely
depolarizing Pauli channel,

ΛSjλ¼0 ≔ Λ S
0 ; (99)

where 0 ¼ ð0; 0;…; 0Þ. At this point, the output of every
use of the Pauli channel is maximally mixed:

Λ S
0 ðρ̂SjT ð0ÞÞ ¼

ÎS

2n
; 0 ≤ T ≤ N: (100)

For 1 ≤ a ≤ 4n − 1, define

rjT;a ≔ Tr½ρ̂SjT ð0ÞP̂S
a�: (101)

Notice that rjT ;a is the Pauli coefficient of the conditional
system state entering the next use of the channel. Using the
Pauli-channel parametrization and Tr½∂λa ρ̂SjT ðλÞ� ¼ 0, we
obtain

∂λaΛ
Sðρ̂SjT ðλÞÞjλ¼0

¼ 1

2n
rjT ;aP̂

S
a: (102)

The possible λ-dependence of the input state produces
no additional contribution at λ ¼ 0, because

Λ S
0 ð∂λa ρ̂SjT ðλÞjλ¼0

Þ ¼ ÎS

2n
Tr½∂λa ρ̂SjT ðλÞjλ¼0

� ¼ 0. (103)

For the branch state under consideration, the corre-
sponding SLD operator is therefore

L̂ajλ¼0 ¼ rjT ;aP̂
S
a; (104)

and hence

½JðΛSðρ̂SjT ðλÞÞÞ�aajλ¼0
¼ ðrjT ;aÞ2: (105)

Since ρ̂SjT ð0Þ is a normalized n-qubit state, its Pauli
coefficients satisfy the purity constraint

X4n−1
a¼1

ðrjT ;aÞ2 ≤ 2n − 1. (106)

It follows that

X4n−1
a¼1

Fcl
aað0Þ ≤

XN
T¼1

X
jT−1

pjT−1ð0Þ
X4n−1
a¼1

ðrjT−1;aÞ2

≤ Nð2n − 1Þ: (107)

Similarly, the QFIM contribution from the final channel
use satisfies

X4n−1
a¼1

X
jN

pjNð0Þ½JðΛSðρ̂SjNðλÞÞÞ�aajλ¼0

¼
X
jN

pjNð0Þ
X4n−1
a¼1

ðrjN;aÞ2 ≤ 2n − 1. (108)

Combining the preceding bounds gives

X4n−1
a¼1

½Jλ¼0�aa ≤ ðN þ 1Þð2n − 1Þ: (109)

Since 4n − 1 ¼ ð2n − 1Þð2n þ 1Þ, there exists at least
one index a such that

½Jλ¼0�aa ≤
N þ 1

2n þ 1
: (110)

This implies that for any final measurement on the
encoded state ρ̂λ¼0, the corresponding classical FIM
satisfies ½F0�aa ≤ ½Jðρ̂0Þ�aa. As a consequence, we have

sup
λ

max
a∈ ½4n−1�½F

−1
λ �aa ≥ ½F−1

λ¼0�aa ≥
1

½Fλ¼0�aa
≥

1

½Jλ¼0�aa
≥
2n þ 1

N þ 1
: (111)

One execution of the protocol usesNE ¼ N þ 1 elemen-
tary Pauli channels. Therefore, Theorem 2 yields

Nsamp ≳ NEW0ðδ−2=8πÞϵ−2sup
λ

max
a∈ ½4n−1�½F

−1
λ �aa

≥ W0ðδ−2=8πÞð2n þ 1Þϵ−2: (112)

This reproduces the exponential lower bound estab-
lished in Ref. [25] by a different method. In contrast to that
work, which fixes δ ¼ 1=3, the present FIM-based bound
retains the explicit dependence on δ and applies for 0 <
δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
in the asymptotic small-error regime ϵ → 0.

D. Application to Pauli expectation value estimation

Any n-qubit quantum state admits an expansion in the
Pauli operator basis. Specifically, one can write

ρ̂c ≔
1

2n

 
Î þ

X4n−1
a¼1

caP̂a

!
; (113)

where the real coefficients c ≔ ðc1; c2;…; c4n−1ÞT (the
Pauli expectation values) uniquely specify ρ̂c. We now
derive the bounds of the sample complexity required to
learn the coefficients c to accuracy ϵ in the l∞-distance.
The sample complexity of estimating the Pauli expectation
values c, both with and without quantum memory, was
originally analyzed in Ref. [17] using a different proof
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technique. Here, quantum memory refers to the capability
of simultaneously preparing multiple copies of an
unknown quantum state and performing collective mea-
surements across the states.

1. Quantum memory and collective measurement

We first consider the setting in which multiple copies of
the state ρ̂c can be prepared simultaneously and arbitrary
collective measurements across these copies are allowed.
Realizing this scenario requires quantum memory.
The estimation procedure proposed in Ref. [17] pro-

ceeds in two stages. In the first stage, the absolute values
fjcajga of the Pauli expectation values are estimated using
a Bell measurement on two copies of ρ̂c. In the second
stage, the signs of the coefficients are determined by
performing measurements on additional copies of the state.
Importantly, it is shown that estimating the absolute values
jcaj dominates the overall sample complexity, whereas
determining the signs incurs only a subleading overhead
[17]. Motivated by this separation of costs, we restrict our
attention to the task of estimating the absolute values of
Pauli expectation values.
To estimate the absolute values of the Pauli expectation

values, one prepares two identical copies of the state ρ̂c and
performs a Bell measurement on the joint system, obtaining
an outcome x. In the terminology of Sec. II A, this
estimation protocol consumes two copies of the unknown
state per run of the protocol, i.e., NE ¼ 2, hence
Nsamp ¼ 2M. The probability of observing outcome x is
given by

pcðxÞ ≔ Tr½Π̂xðρ̂c ⊗ ρ̂cÞ�: (114)

Substituting the Pauli expansion of ρ̂c and using the
explicit form of the Bell measurement projectors,

Π̂x ¼
1

4n

X4n−1
k¼0

ð−1Þh½x�2;½k�2iP̂k ⊗ P̂T
k ;

this probability can be expressed as

pcðxÞ¼
1

16n

X4n−1
a;b¼0

cacb

×
X
k

Tr½ðP̂x⊗ ÎÞðP̂k ⊗ P̂T
k ÞðP̂x⊗ ÎÞðP̂a ⊗ P̂bÞ�;

(115)

with c0 ¼ 1. Evaluating the trace using the orthogonality
and commutation relations of Pauli operators yields

pcðxÞ ¼
1

4n

X4n−1
a¼0

ηac2að−1Þh½x�2;½a�2i; (116)

where ηa ≔ ð−1Þ
P

n
k¼1

ax;kaz;k . Thus, the Bell-measurement
distribution has the same Walsh-Hadamard structure as
Eq. (62), with the variables Ca ≔ ηac2a. Since the signs
ηa ¼ �1 are known a priori, estimating Ca is equivalent
to estimating c2a. Consequently, the sample-complexity
analysis for Pauli eigenvalue estimation can be directly
translated to the estimation of the squared Pauli expect-
ation values. In particular, estimating the known-sign
variables Ca ¼ ηac2a is statistically equivalent to estimat-
ing Pauli eigenvalues, allowing all corresponding sample-
complexity results to be transferred immediately to the
problem of learning the magnitudes of Pauli expectation
values. Moreover, estimating jcaj2 within additive error ϵ2

implies estimating jcaj within additive error ϵ.
Finally, by invoking Theorem 1, we conclude that

the sample complexity Nsamp required to satisfy the
ðϵ;l∞; δÞ-criterion for Pauli expectation value learning
with quantum memory is upper bounded by

Nsamp ≲ 2W0ð8π−1δ−242nÞϵ−4; (117)

where W0ð8π−1δ−242nÞ ≤ log 8
π þ 2n log 4þ 2 log δ−1.

Here, we note that the factor of 2 arises from NE ¼ 2.
This exhibits a polynomial (linear) dependence on
the number of qubits n, consistent with the upper bound
established in Ref. [17], which scales as Oððnþ
log δ−1Þϵ−4Þ.

2. Single copy of the state

Next, we consider the setting in which only a single
copy of the state is available per measurement where
NE ¼ 1, equivalently, Nsamp ¼ M. Let fΠ̂xgx be a general
POVM satisfying

P
x Π̂x ¼ Î. We analyze the estimation

problem at the maximally mixed state, i.e., c ¼ 0. Since
each POVM element is positive semidefinite, it admits a
spectral decomposition

Π̂x ¼
X
j

λxjjϕxjihϕxjj; (118)

where λxj ≥ 0. For the maximally mixed state
ρ̂c¼0 ¼ Î=2n, the probability of obtaining outcome x is

p0ðxÞ ¼ Tr½Π̂xρ̂c¼0� ¼
1

2n
Tr½Π̂x� ¼

1

2n

X
j

λxj: (119)

The derivative of this probability with respect to ca,
evaluated at c ¼ 0, is given by

∂pcðxÞ
∂ca

				
c¼0

¼ 1

2n
Tr½Π̂xP̂a� ¼

1

2n

X
j

λxjhϕxjjP̂ajϕxji:

(120)
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We now consider the diagonal components of the
corresponding FIM evaluated at c ¼ 0. The diagonal
element corresponding to ca takes the form

½Fc¼0�aa ¼
1

2n

X
x

Tr½Π̂xP̂a�2
Tr½Π̂x�

: (121)

Using the Cauchy-Schwarz inequality,�X
j

cjajbj

�
2

≤
�X

j

cja2j

��X
j

cjb2j

�
; (122)

we obtain

ðTr½Π̂xP̂a�Þ2 ¼
�X

j

λxjhϕxjjP̂ajϕxji
�

2

≤
�X

j

λxj

��X
j

λxjhϕxjjP̂ajϕxji2
�
:

(123)

Substituting this bound into Eq. (121) yields

½Fc¼0�aa ≤
1

2n

X
x;j

λxjhϕxjjP̂ajϕxji2: (124)

Summing over all Pauli indices, we obtain

X4n−1
a¼1

½Fc¼0�aa ≤
1

2n

X
x;j

λxj
X4n−1
a¼1

hϕxjjP̂ajϕxji2

≤
2n − 1

2n

X
x;j

λxj ¼
2n − 1

2n

X
x

Tr½Π̂x� ¼ 2n − 1.

(125)

Here, we have used the fact that each jϕxjihϕxjj is a pure
state and therefore satisfies the purity constraint in Eq. (68)

X4n−1
a¼1

Tr½jϕxjihϕxjjP̂a�2 ≤ 2n − 1. (126)

Therefore, there exists a such that

½Fc¼0�aa ≤
2n − 1

4n − 1
: (127)

Using the basic relation

sup
c

max
a

½F−1
c �aa ≥ ½F−1

c¼0�aa ≥ 1=½Fc¼0�aa; (128)

together with Theorem 2, we conclude that the sample
complexity Nsamp required to satisfy the ðϵ;l∞; δÞ-criterion
for Pauli expectation value learning without quantum
memory is lower bounded by

Nsamp ≳W0ðδ−2=8πÞϵ−22n; (129)

where 1<W0ðδ−2=8πÞ≤ 2 logδ−1− log8π for 0 < δ < 1=
ð ffiffiffiffiffiffiffiffi

8πe
p Þ. Here, each measurement round consumes a single
copy of the unknown state, so the state-copy count
coincides with the sample complexity M. This matches
the exponential lower bound in the number of qubits n,
namely Ωð2nϵ−2Þ, a result originally established in
Ref. [17] using a different proof technique from our
FIM approach. The difference is that Ref. [17] fixes
ϵ ¼ 1=2 and δ ¼ 1=3, whereas our lower bound depends
explicitly on δ and applies in the range 0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
in

the asymptotic small-error regime ϵ → 0.
Lastly, it is worth investigating the corresponding QFIM.

As in Sec. III C 3, one may ask whether an exponentially
growing lower bound can already be inferred directly from
the QFIM, independently of measurement restrictions.
From Eq. (19), the diagonal component of the inverse of
the QFIM with respect to ca is given by

½J−1c �aa ¼ 1 − c2a: (130)

In particular, at the maximally mixed state c ¼ 0, this
reduces to

½J−1c¼0�aa ¼ 1; ∀a: (131)

Consequently, the QFIM alone does not yield an expo-
nentially large lower bound. This observation highlights an
important distinction between the FIM and QFIM analyses
in the present setting.While the diagonal components of the
QFIM quantify the ultimate sensitivity achievable when
estimating a single parameter with an optimal measurement
tailored to that parameter, they do not capture the incom-
patibility between the optimal measurements for different
Pauli expectation values. The exponential lower bound
derived above therefore does not originate from a lack of
quantum sensitivity at the state level, but rather from the
fundamental incompatibility of simultaneously estimating
many non-commuting parameters using a single measure-
ment strategy.

IV. MAIN RESULT 2: SAMPLE COMPLEXITY
OF l2-DISTANCE-BASED LEARNING

In this section, we establish an upper bound on the
sample complexity under the l2-criterion. In addition, we
show that the lower bound on the sample complexity for
learning with respect to the l2-distance can be charac-
terized by the largest eigenvalue of the inverse FIM.

A. Upper bound on l2-distance learning

Let us assume that the assumptions (A1) and (A2)
and the standard regularity conditions (R1)–(R5) in
Appendix 3 B 4 are satisfied. We establish an upper bound
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on the minimal sample complexity required to guarantee
the ðϵ;l2; δÞ-criterion.
Theorem 3. (Simplified small-error upper bound for l2

learning). For fixed 0 < δ ≤ 1 and d < ∞, the minimal
number of repetitions M ¼ MðϵÞ required to guarantee
that the MLE satisfies

Pr ½kθ̃ML − θk2 ≤ ϵ� ≥ 1 − δ for all θ∈Θ (132)

is upper bounded, in the small-error limit ϵ → 0, as

M ≲ dW0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (133)

Equivalently, the minimal sample complexity is upper
bounded as

Nsamp ≲ NEdW0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (134)

The proof of Theorem 3 is provided in Appendix E,
where we also derive a fully explicit non-asymptotic finite-
ϵ bound.
Theorem 3 shows that, in the small-error regime ϵ → 0,

the sample complexity under the l2-criterion contains an
additional multiplicative factor d compared with the
l∞-criterion in Theorems 1 and 2. The additional factor
d in Eqs. (133) and (134) originates from the norm con-
version used to reduce the l2-criterion to the l∞-criterion:
it is sufficient to require kθ̃ML − θk∞ ≤ ϵ=

ffiffiffi
d

p
. Since the

FIM-based sample complexity scales as the inverse square
of the target accuracy, this replacement produces the
multiplicative factor d. This factor is therefore distinct
from the logarithmic d-dependence in the l∞ bounds,
which arises from simultaneously controlling the failure
probability over all coordinates.

B. Lower bound on l2-distance learning

We establish a lower bound on the minimal sample
complexity required to guarantee the ðϵ;l2; δÞ-criterion
under the assumptions (A1) and (A2) and the standard
regularity conditions (R1)–(R5) in Appendix 3 B 4 are
satisfied.
Theorem 4. (Simplified small-error lower bound for l2

learning). For fixed 0 < δ < 1=
ffiffiffiffiffiffiffiffi
8πe

p
and d < ∞, the

minimal number of repetitions M ¼ Mðϵ; δ; dÞ required
to guarantee that the MLE satisfies

Pr ½kθ̃ML − θk2 ≤ ϵ� ≥ 1 − δ for all θ∈Θ (135)

is lower bounded, in the small-error limit ϵ → 0, as

M ≳W0ðδ−2=8πÞsup
θ∈Θ

μmaxðF−1
θ Þϵ−2; (136)

where μmaxðF−1
θ Þ is the largest eigenvalue of F−1

θ .
Equivalently, the minimal sample complexity is lower
bounded as

Nsamp ≳ NE W0ðδ−2=8πÞsup
θ∈Θ

μmaxðF−1
θ Þϵ−2: (137)

The proof of Theorem 4 is provided in Appendix F,
where we also derive a fully explicit non-asymptotic
finite-ϵ bound. The l2 lower bound is determined by
the largest eigenvalue of the inverse FIM. This captures the
most statistically ill-conditioned direction in the parameter
space, which dictates the minimal sample size required to
control the overall quadratic error.

C. Application to Pauli channel learning

1. Entanglement-assisted scheme

We consider the same estimation protocol as in
Sec. III C 2, for which we have NE ¼ 1 and

sup
λ

max
a∈ ½d�

½F−1
λ �aa ¼ 1. (138)

Combining this with Theorem 3, to learn λ under the
ðϵ;l2; δÞ-criterion, the minimal sample complexity Nsamp

is upper bounded as

Nsamp ≲ 4nW0ð8π−1δ−242nÞϵ−2: (139)

Next, let us derive the lower bound. As shown in
Sec. III C 2, when a maximally entangled state is employed
and the Bell measurement is performed, the probability of
obtaining outcome x is given by

pλðxÞ ≔
1

4n

X4n−1
a¼0

λað−1Þh½x�2;½a�2i: (140)

Our goal here is to determine the maximum eigenvalue
of the inverse FIM with respect to λ.
Although λ0 is fixed by normalization, it is convenient to

introduce the following auxiliary full information matrix
F0. We first compute the FIM with respect to the full
parameter set ðλ0; λ1;…; λ4n−1Þ, from which the FIM
corresponding to λ can be readily obtained. The FIM
associated with this parametrization, which we denote by
F0, is defined according to Eq. (10) and admits the
decomposition

F0 ¼ UTDU: (141)

Here, U∈R4n×4n and D∈R4n×4n are given element-
wise by
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½U�ab ≔
1ffiffiffiffiffi
4n

p ð−1Þh½a�2;½b�2i; ½D�ab ≔
1

pa4
n δab: (142)

The matrix U is orthogonal and corresponds to the
normalized Walsh-Hadamard transform, while D is diago-
nal, with entries given by the inverse of the Pauli error
rates. As a consequence, the eigenvalues of F0 are given by
the diagonal elements of D.
For notational simplicity, for any positive-definite

matrix A we denote its eigenvalues in nondecreasing
order by 0 < μ1ðAÞ ≤ μ2ðAÞ ≤ � � �.
The FIM with respect to the reduced parameter vector λ

is obtained by restricting to the subspace orthogonal to the
all-ones direction (equivalently, by removing the coordi-
nate corresponding to λ0). Concretely, the resulting matrix
F is the principal submatrix of F0 obtained by deleting the
first row and the first column. Hence, combining Eq. (141)
with the eigenvalue interlacing theorem for principal
submatrices [51], we have

μ1ðF0Þ ≤ μ1ðFÞ ≤ μ2ðF0Þ; (143)

and therefore

μmaxðF−1Þ ¼ μ−11 ðFÞ ≥ μ−12 ðF0Þ: (144)

Since F0 ¼ UTDU with U orthogonal, the eigenvalues
of F0 coincide with the diagonal entries of D, i.e.,
f1=ð4npaÞga. Let fpð1Þ ≥ pð2Þ ≥ � � �g be the Pauli rates
sorted in nonincreasing order. Then μ2ðF0Þ ¼ 1=ð4npð2ÞÞ,
and thus

μmaxðF−1Þ ≥ 4n pð2Þ: (145)

To obtain an explicit lower bound, consider the valid
choice of Pauli rates

pð1Þ ¼
1

2
; pð2Þ ¼

1

4
; pðaÞ ¼

1

4ð4n−2Þ for all a> 2.

(146)

For this choice, Eq. (146) yields

μmaxðF−1Þ ≥ 4n−1: (147)

As a consequence, according to Theorem 4, the lower
bound is

Nsamp ≳W0ðδ−2=8πÞϵ−24n−1: (148)

Therefore, even when entanglement is employed, the
estimation protocol still requires an exponentially large
sample complexity.

V. DISCUSSION

In this work, we derive task-independent upper and
lower bounds on the sample complexity required to learn
the parameters of a given quantum system within asymp-
totic additive error ϵ → 0 and with success probability at
least 1 − δ, under both the l∞-and l2-criteria. Our bounds
apply to general learning protocols and recover tight task-
specific bounds, particularly for Pauli eigenvalue learning
and Pauli expectation-value learning [17,19,25], in the
asymptotic limit ϵ → 0. However, the finite ϵ bounds
presented in Theorems 1–4 in the Appendixes are not
as tight as the corresponding bounds previously obtained
in Refs. [17,19,25]. It would therefore be an interesting
direction for future work to investigate whether tighter yet
still task-independent bounds can be established without
invoking the asymptotic limit ϵ → 0.
Notably, these bounds are governed by the FIM, a

central quantity in quantum metrology. Quantum metrol-
ogy has a longer history than quantum learning theory, and
a wide range of techniques for maximizing Fisher infor-
mation has been developed. For instance, prior work has
demonstrated how symmetries of quantum systems can
be exploited to enhance the Fisher information [52]. In
addition, the application of quantum error correction to
protect Fisher information in noisy settings has been
extensively studied [53–62]. It would be worthwhile to
investigate whether such metrological tools can system-
atically inform and strengthen the theoretical foundations
of quantum learning.
Our analysis focuses exclusively on sample complexity.

Query complexity, namely, the number of times the
quantum system must be accessed or interrogated during
the learning process, or the total interrogation time, also
constitutes a fundamental resource. Hamiltonian learning
from dynamical queries provides a representative setting
for such an extension. More concretely, one may consider
learning the parameters of an unknown Hamiltonian Ĥθ ¼P

a θaĤa through controlled or uncontrolled queries to the
time evolution ÛθðtÞ ¼ e−iĤθt [14,15]. In this context, a
central open question is how the query complexity scales
with the target precision ϵ and failure probability δ.
Exploring whether query complexity can be characterized
through the FIM represents another promising direction
for future research.
In establishing our results, we focus primarily on the

regime in which the FIM is invertible [63,64]. The singular
FIM case is treated separately in Appendix G. This
corresponds to situations in which not all parameters
are unbiasedly estimable. In such cases, we consider
learning restricted to the subspace of parameters that
admit unbiased estimation. In this setting, we show that
the inverse FIM appearing in the sample complexity
bounds can be naturally replaced by its Moore-Penrose
pseudoinverse.
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Lastly, during the preparation of this manuscript, we
became aware of closely related work [65]. Our work and
that recent study were conducted independently and with-
out mutual influence. Although both investigate sample
complexity in quantum estimation problems, their scope
and technical assumptions differ. In particular, Ref. [65]
considers shadow tomography without assuming a speci-
fic estimator in the lower bound, whereas our analysis
addresses general quantum parameter estimation and
derives explicit bounds under the assumption of maximum-
likelihood estimation. Moreover, the proof techniques
employed in the two works are different.
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APPENDIX A: NOTATIONS

In this section, we introduce the notation used through-
out the manuscript.

1. Single-sample derivatives and sample averages

We begin by introducing the log-likelihood function
associated with a single measurement outcome x. For a
given parameter vector ϑ∈Rd, the log-likelihood is
defined as

lϑðxÞ ≔ logpϑðxÞ; (A1)

where pϑðxÞ denotes the probability of observing the
measurement outcome x conditioned on the parameter
vector ϑ. We then denote the first-, second-, and third-order
derivatives of the log-likelihood function with respect to
the parameter vector ϑ∈Rd as

lð1Þ
ϑ ðxÞ ≔ ∇ϑlϑðxÞ∈Rd; (A2)

lð2Þ
ϑ ðxÞ ≔ ∇2

ϑlϑðxÞ∈Rd×d; (A3)

lð3Þ
ϑ ðxÞ ≔ ∇3

ϑlϑðxÞ∈Rd×d×d: (A4)

We now extend these definitions to the case of multiple
observations. Let x ≔ fxigMi¼1 denote an independent and
identically distributed (i.i.d.) sample drawn according to
pϑðxÞ. The total log-likelihood associated with the sample
is then given by

lϑðxÞ ≔
XM
i¼1

lϑðxiÞ: (A5)

Because the total log-likelihood is additive over sam-
ples, its derivatives naturally decompose into sums of the
corresponding measurement outcome quantities.
Motivated by this observation, we define the empirical

score function, the empirical Hessian, and the empirical
third-derivative tensor as

SϑðxÞ ≔
1

M
∇ϑlϑðxÞ ¼

1

M

XM
i¼1

lð1Þ
ϑ ðxiÞ; (A6)

HϑðxÞ ≔
1

M
∇2

ϑlϑðxÞ ¼
1

M

XM
i¼1

lð2Þ
ϑ ðxiÞ; (A7)

RϑðxÞ ≔
1

M
∇3

ϑlϑðxÞ ¼
1

M

XM
i¼1

lð3Þ
ϑ ðxiÞ: (A8)

Each of these empirical quantities represents an average
over the measurement outcomes and converges, under
suitable regularity conditions, to the corresponding expect-
ation value in the large-sample limit.
We next summarize the expectation values of the single

measurement outcome derivatives, which encode the
fundamental statistical structure of the model. Taking
the expectation with respect to the probability distribution
of the measurement outcomes, we obtain

E½lð1Þ
ϑ ðxÞ� ¼ 0; (A9)

E½lð1Þ
ϑ ðxÞlð1Þ

ϑ ðxÞT� ¼ FϑðfΠ̂xgxÞ; (A10)

E½lð2Þ
ϑ ðxÞ� ¼ −FϑðfΠ̂xgxÞ: (A11)

Here, E denotes the expectation with respect to the
probability distribution of the measurement outcomes x.
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For notational simplicity, we henceforth suppress the
explicit dependence on the measurement outcomes, and
denote

SϑðxÞ ≔ Sϑ; (A12)

HϑðxÞ ≔ Hϑ; (A13)

RϑðxÞ ≔ Rϑ; (A14)

FϑðfΠ̂xgxÞ ≔ Fϑ: (A15)

2. Norm conventions

Throughout the manuscript, hu;vi ≔ uTv denotes the
standard inner product on Rd, and kvk2 ≔

ffiffiffiffiffiffiffiffiffiffiffiffihv;vip
denotes the corresponding Euclidean norm.
We first recall the operator norm for linear maps. For a

matrix B∈Rd×d, the operator norm induced by k · k2 is
defined as

kBkop ≔ sup
v∈Rd∶ kvk2¼1

kBvk2: (A16)

This norm quantifies the maximal amplification of a unit
vector under the action of B.
We now extend these conventions to third-order tensors.

Let T∈Rd×d×d be a third-order tensor. With respect to the
standard basis feigdi¼1 of R

d, we define its components by

Tijk ≔ T½ei; ej; ek�; i; j; k∈ f1;…; dg: (A17)

Accordingly, for any u;v;w∈Rd, the tensor T induces a
trilinear form defined by

T½u;v;w� ≔
Xd

i;j;k¼1

Tijk uivjwk; (A18)

where the coordinates are given by ui ≔ hei; ui,
vj ≔ hej;vi, and wk ≔ hek;wi.
In direct analogy with the matrix case, we define the

operator norm of the tensor T as

kTkop ≔ sup
u;v;w∈Rd

kuk2¼kvk2¼kwk2¼1

jT½u;v;w�j: (A19)

This norm captures the maximal magnitude of the
trilinear form evaluated on unit vectors.
Next, we introduce a partially contracted form of the

tensor. For fixed vectors v;w∈Rd, we define the vector-
valued contraction T½v;w�∈Rd implicitly by the relation

hu;T½v;w�i ≔ T½u;v;w� ∀ u∈Rd: (A20)

By construction, this definition ensures that T½u;v;w�
depends linearly on each of its arguments.

In coordinates, the components of the contracted vector
are given explicitly by

hei;T½v;w�i ¼
Xd
j;k¼1

Tijk vjwk; i ¼ 1;…; d: (A21)

As a direct consequence of the definition of the operator
norm, the Euclidean norm of the contraction satisfies

kT½v;w�k2 ¼ sup
u∈Rd∶ kuk2¼1

jT½u;v;w�j ≤ kTkopkvk2kwk2:

(A22)

This inequality will be used repeatedly to control tensor
contractions in subsequent proofs.

APPENDIX B: FREQUENTLY EXPLOITED
PROOF TOOLS

1. Berry-Esseen theorem

For details, see Refs. [66–68]. The Berry-Esseen theo-
rem is a quantitative refinement of the central limit
theorem: it provides an explicit rate at which the distri-
bution of a normalized sum of independent random
variables approaches the standard normal distribution.
Let X ≔ ðX1; X2;…; XMÞ be i.i.d. random variables with

E½X1� ¼ 0; VarðX1Þ¼ σ2 > 0; ρ≔E½jX1j3�<∞:

(B1)

Next, consider the standardized sum

SðXÞ ¼ 1

σ
ffiffiffiffiffi
M

p
XM
i¼1

Xi: (B2)

The Berry-Esseen theorem states that there exists a
universal constant C > 0 such that for all M ≥ 1,

sup
x∈R

j Pr½S ≤ x� −ΦðxÞj ≤ C
ρ

σ3
ffiffiffiffiffi
M

p : (B3)

Here, ΦðxÞ denotes the cumulative distribution function
of the standard normal distribution N ð0; 1Þ,

ΦðxÞ ¼
Z

x

−∞
ϕðtÞdt; ϕðtÞ ¼ 1ffiffiffiffiffi

2π
p e−t2=2: (B4)

2. Mills ratio inequality

The Mills ratio inequality provides sharp bounds on the
Gaussian tail [69–72]. For all x > 0, one has

x
1þ x2

ϕðxÞ < 1 −ΦðxÞ < ϕðxÞ
x

: (B5)
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3. Lambert W0 function

a. Definition

See Refs. [49,50] for details. In mathematics, the
Lambert W function is defined as the inverse of the map

fðwÞ ¼ wew; (B6)

where w is a complex number. The principal branch,
denoted by W0ðzÞ, is the single-valued branch that is real-
valued on its maximal real domain. By definition, W0ðzÞ
satisfies

W0ðzÞeW0ðzÞ ¼ z: (B7)

When restricted to real variables, the equation

yey ¼ x (B8)

admits real solutions if and only if

x ≥ − 1

e
: (B9)

On this domain, the principal branch gives the real
solution

y ¼ W0ðxÞ; x ≥ − 1

e
; (B10)

with

W0

�
− 1

e

�
¼ −1; W0ð0Þ ¼ 0; W0ðeÞ ¼ 1.

(B11)

For x ≥ e, the principal branch satisfies the inequality

W0ðxÞ ≤ log x: (B12)

Indeed, if y ¼ W0ðxÞ, then x ¼ yey. If y ¼ log x, then

yey ¼ ðlog xÞx ≥ x ðx ≥ eÞ; (B13)

which implies y ≤ log x by the monotonicity of yey

for y ≥ 1.

b. Asymptotic regime

For large positive z, the principal branch grows loga-
rithmically. The Lambert W0 function has the asymptotic
expansion (in the regime z → ∞)

W0ðzÞ ¼ log z − log log zþ log log z
log z

þO
�ðlog log zÞ2

ðlog zÞ2
�
:

(B14)

To leading order,

W0ðzÞ ∼ log z − log log z: (B15)

c. Concavity

We first consider the first derivative of W0. By differ-
entiating WeW ¼ z with respect to z, we obtain

d
dz

ðWeWÞ ¼ W0eW þWeWW0 ¼ W0eWð1þWÞ ¼ 1;

(B16)

hence

W0ðzÞ ¼ 1

eWðzÞð1þWðzÞÞ : (B17)

Using eWðzÞ ¼ z=WðzÞ (from WeW ¼ z), this becomes

W0ðzÞ ¼ WðzÞ
z ð1þWðzÞÞ : (B18)

We then calculate the second derivative. By differ-
entiating W0ðzÞ ¼ 1

z
W

1þW with respect to z, we obtain

W00ðzÞ ¼ d
dz

�
1

z

�
W

1þW
þ 1

z
d
dz

�
W

1þW

�

¼ − 1

z2
W

1þW
þ 1

z

�
d
dW

W
1þW

�
W0

¼ − 1

z2
W

1þW
þ 1

z

�
1

ð1þWÞ2
��

W
zð1þWÞ

�

¼ − W
z2ð1þWÞ þ

W
z2ð1þWÞ3

¼ W
z2

�
− 1

1þW
þ 1

ð1þWÞ3
�

¼ −W2ðW þ 2Þ
z2ð1þWÞ3 :

(B19)

For z > 0 on the principal branch, W0ðzÞ > 0,
hence W0ðzÞ2 > 0 and W0ðzÞ þ 2 > 0. Moreover,
z2ð1þW0ðzÞÞ3 > 0. Therefore, by (B19),

W00
0ðzÞ ¼ −W0ðzÞ2ðW0ðzÞ þ 2Þ

z2ð1þW0ðzÞÞ3
< 0 ðz > 0Þ; (B20)

so W0 is strictly concave on ð0;∞Þ.

4. Standard regularity assumptions
for the proof of main theorems

For the proofs of the main theorems, we impose, in
addition to assumptions (A1) and (A2) introduced in the
main text,
(A1) Unique maximizer and stationary point: lθðxÞ has

a unique maximizer θ̃ML in the interior of the
parameter domain Θ, which is also the unique
stationary point.
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(A2) Smoothness: lθðxÞ is three times continuously
differentiable with respect to θ on the parameter
domain Θ.

and the following additional standard regularity con-
ditions, which are used in the proofs of the main theorems:
(R1) Local containment of the Taylor neighborhood in

the ambient parameter domain: Let Θ̃ be an open
ambient parameter domain containing the param-
eter space Θ, i.e., Θ ⊆ Θ̃. There exists a constant
r0 > 0 such that

θþ Δ∈ Θ̃ for all θ∈Θ and kΔk2 ≤ r0:
(B21)

(R2) Uniform non-singularity of the Fisher information
matrix: The Fisher information matrix Fθ is non-
singular for every θ∈Θ, and its inverse is uni-
formly bounded in operator norm:

sup
θ∈Θ

kF−1
θ kop < ∞: (B22)

(R3) Uniform second-moment bound for the centered
Hessian: The centered Hessian of the log-
likelihood has a uniformly bounded second
moment:

sup
θ∈Θ

Eθ½Trfðlð2Þ
θ ðXÞ þ FθÞ2g� < ∞: (B23)

(R4) Uniform second-moment bound for the local
third-derivative envelope: The local supremum
of the third derivative of the log-likelihood has a
uniformly bounded second moment:

sup
θ∈Θ

Eθ

��
sup

kΔk2≤r0
klð3Þ

θþΔðXÞkop
�

2
�
< ∞: (B24)

(R5) Uniform bound on the standardized third abso-
lute moment of the projected score: The stand-
ardized third absolute moment of the projected

Fisher-preconditioned score is uniformly bounded
over all unit directions:

sup
θ∈Θ

sup
kuk2¼1

Eθ½juTF−1
θ lð1Þ

θ ðXÞj3�
ðuTF−1

θ uÞ3=2 < ∞: (B25)

The regularity conditions above admit the following
intuitive interpretations. Condition (R1) guarantees that a
uniform neighborhood around each parameter value
remains within the ambient parameter domain, thereby
allowing local Taylor expansions to be carried out without
boundary issues. Condition (R2) ensures that the Fisher
information matrix remains uniformly nondegenerate, so
that all parameter directions are identifiable and the esti-
mation problem does not become arbitrarily ill-conditioned.
Condition (R3) controls the fluctuations of the observed
Hessian around its mean, while condition (R4) limits the
local variation of the Hessian by imposing a uniform
moment bound on the third derivative of the log-likelihood.
Finally, condition (R5) prevents the standardized projected
score from having excessively heavy tails and provides the
moment control required for quantitative Gaussian approx-
imations, such as Berry-Esseen-type bounds.

APPENDIX C: PROOF OF THE
UPPER BOUND FOR l∞

Assume that conditions (A1) and (A2) and the standard
regularity conditions (R1)–(R5) stated in Appendix 3 B 4
hold. Then the following theorem applies.
Theorem 1. Fix d < ∞. There exists a constant ϵ0 > 0

such that, for every 0 < ϵ < ϵ0 and 0 < δ ≤ 1, the follow-
ing holds. Let M0ðϵ; δ; dÞ denote the minimal number of
repetitions such that

∀M ≥ M0ðϵ; δ; dÞ∶ Pr ½kθ̃ML − θk∞ ≤ ϵ� ≥ 1 − δ

for all θ∈Θ:
(C1)

M0 is then upper bounded as

M0 ≤ sup
θ∈Θ

max

�

D
τ0−

�
2

;
�
2dη
δ

�
2

;
�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

�
2 − 2dη

δ

D
τ0−

s �2�
; (C2)

where

W0 ≔ W0ð8π−1δ−2d2Þ; (C3)

τ0− ≔
�
1 − ϵ

dμR
2

kF−1
θ kop

�
ϵ; (C4)

D≔
�
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
4VH

δ

r ffiffiffi
d

p
þ1

2
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
4VR

δ

r
dϵ
�
ϵ; (C5)

η ≔
1

d

Xd
a¼1

2Cρ
σ3θ;a

; (C6)
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ρ ≔ sup
θ∈Θ

max
a∈ ½d�

E½jeTaF−1
θ lð1Þ

θ ðxÞj3�; (C7)

σ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa

r
: (C8)

In the small-error limit ϵ → 0, Eq. (C2) reduces to

M0 ≲W0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2; (C9)

where the notation Aϵ ≲ Bϵ denotes

lim sup
ϵ→0

Aϵ

Bϵ
≤ 1; (C10)

i.e., Aϵ ≤ ð1þ oð1ÞÞBϵ as ϵ → 0 with fixed δ and d.

1. Proof sketch

Before beginning the proof, we specify a valid uniform
choice of the small-error radius. Define

KF ≔ sup
θ∈Θ

kF−1
θ kop; (C11)

and

μ̄R ≔ sup
θ∈Θ

E
�

sup
kuk2≤r0

klð3Þ
θþuðXÞkop

�
: (C12)

By condition (R2), KF < ∞. Moreover, condition (R4)
and the Cauchy-Schwarz inequality imply that

μ̄R ≤


sup
θ∈Θ

E
��

sup
kuk2≤r0

klð3Þ
θþuðXÞkop

�
2
��

1=2
<∞: (C13)

We consider

ϵ0 ≔ min



r0ffiffiffi
d

p ;
1

dKFμ̄R

�
> 0; (C14)

where the second term is understood as þ∞ when μ̄R ¼ 0.
This choice depends only on d and the uniform regularity
constants and is independent of θ, δ, and M. Let us define
the following accuracy event on the sample space of M
measurement outcomes:

AðϵÞ ≔ fx∶ kθ̃MLðxÞ − θk∞ ≤ ϵg; (C15)

where x ≔ fxigMi¼1 denotes an i.i.d. sample of measure-
ment outcomes drawn according to the distribution
pθðxÞ ¼

Q
M
i¼1 pθðxiÞ. That is, AðϵÞ is the event that the

MLE constructed from the observed data x lies within the
l∞-ball of radius ϵ around the true parameter θ. Our goal is
to determine the minimal number of repetitionsM0ðϵ; δ; dÞ

such that, for a prescribed accuracy ϵ > 0 and confidence
level 1 − δ, with 0 < δ < 1, the MLE θ̃ML satisfies

∀M ≥ M0ðϵ; δ; dÞ∶ Pr ½AðϵÞ� ≥ 1 − δ; (C16)

or equivalently,

∀M ≥ M0ðϵ; δ; dÞ∶ Pr ½AðϵÞc� ≤ δ: (C17)

In this section, we derive an upper bound on M0 by
following the procedure below. First, we identify an event
UðϵÞ such that AðϵÞc ⊆ UðϵÞ, which implies

Pr ½AðϵÞc� ≤ Pr ½UðϵÞ�: (C18)

We then determine the minimal MUðϵ; δ; dÞ such that

∀M ≥ MUðϵ; δ; dÞ∶ Pr ½UðϵÞ� ≤ δ: (C19)

Combining (C18) and (C19) yields, for all
M ≥ MUðϵ; δ; dÞ,

Pr ½AðϵÞc� ≤ Pr ½UðϵÞ� ≤ δ; (C20)

which implies that the guarantee in Eq. (C17) holds
whenever M ≥ MUðϵ; δ; dÞ. Therefore, MUðϵ; δ; dÞ is an
upper bound on the minimal number of repeti-
tions M0ðϵ; δ; dÞ.

2. Taylor expansion of the score function

The proof follows the standard MLE strategy based on a
Taylor expansion of the score function around the true
parameter. Related finite number of measurement out-
comes likelihood results are available in the classical
statistics literature [73–75]. We keep the proof self-
contained to make explicit the Fisher-information depend-
ence relevant to quantum-learning sample complexity.
We begin by introducing the MLE associated with the

observed measurement outcomes x. Let

θ̃MLðxÞ ≔ argmax
ϑ

lϑðxÞ (C21)

denote the MLE, which we assume to be the unique
maximizer of the log-likelihood function from the
assumption (A1) in the main text. Throughout the proof,
we denote the true parameter value by θ and define the
estimation error vector as

ΔML ≔ θ̃ML − θ: (C22)

To this end, we apply Taylor’s theorem with integral
remainder to the empirical score function around the
point θ. For an arbitrary estimation error vector Δ∈Rd,
the score function admits the expansion
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Sθ̃ML ¼ SθþΔ ¼ Sθ þHθ Δþ rθðΔÞ; (C23)

where the remainder term rθðΔÞ∈Rd captures the contri-
bution of third-order derivatives and is given explicitly by

rθðΔÞ ≔
Z

1

0

ð1 − tÞRθþtΔ½Δ;Δ�dt: (C24)

[See Eqs. (A12)–(A14).] We now specialize this expan-
sion to the MLE. Since θ̃ML is assumed to be the unique
stationary point of the log-likelihood from the assumption
(A1) in the main text, it satisfies the first-order optimality
condition

SθþΔML ¼ 0: (C25)

Consequently, substituting Δ ¼ ΔML into the Taylor
expansion of the score function yields

0 ¼ Sθ þHθ ΔML þ rθðΔMLÞ: (C26)

We next rearrange (C26) in order to isolate the estima-
tion error vector as

ΔML ¼ F−1
θ Sθ þ F−1

θ ðHθ þ FθÞΔML þ F−1
θ rθðΔMLÞ:

(C27)

Motivated by this structure, we define a mapping
F∶ Rd → Rd by

FðΔÞ ≔ F−1
θ Sθ þ F−1

θ ðHθ þ FθÞΔþ F−1
θ rθðΔÞ: (C28)

By construction, the estimation error ΔML is a fixed
point of the map F , a fact that will be exploited in
subsequent steps of the proof.

3. Application of Chebyshev’s inequality
to bound the norm

For ϵ > 0, let us consider the closed cube

Cð∞Þ
ϵ ≔ fΔ∈Rd∶ kΔk∞ ≤ ϵg: (C29)

Controlling the estimation error kΔMLk∞ therefore
reduces to showing that the fixed-point equation
Eq. (C27), derived in Appendix C, admits a solution

inside Cð∞Þ
ϵ . Equivalently, it suffices to verify that the

maximum-likelihood error vector satisfies ΔML ∈ Cð∞Þ
ϵ .

Using the fixed-point representation (C27), this condition
can be rewritten as

kFðΔMLÞk∞ ≤ ϵ: (C30)

To establish this inequality, we derive a convenient
upper bound on the map F . Applying the triangle inequal-
ity to the definition of F , we obtain

kFðΔÞk∞
≤ kF−1

θ Sθk∞ þ kF−1
θ ðHθ þ FθÞΔk∞ þ kF−1

θ rθðΔÞk∞:
(C31)

Inequality (C31) serves as the starting point for the
sample complexity analysis. In the remainder of this step,
we derive uniform bounds for the second and third terms
on the right-hand side over Cð∞Þ

ϵ , while the first term will be
handled separately.
(1) Upper bound for kF−1

θ ðHθ þ FθÞΔk∞ on a good
event.
Invoking the inequality k · k∞ ≤ k · k2, together

with the submultiplicativity of the operator norm,
we obtain

kF−1
θ ðHθ þ FθÞΔk∞ ≤ kF−1

θ ðHθ þ FθÞΔk2
≤ kF−1

θ kopkHθ þ FθkopkΔk2:
(C32)

For any Δ∈ Cð∞Þ
ϵ , the relation between the l2-

and l∞-norms implies kΔk2 ≤
ffiffiffi
d

p
ϵ. Therefore,

the only remaining random quantity in Eq. (C32)
is the operator norm kHθ þ Fθkop, which captures
the deviation of the empirical Hessian from its
expectation. We note that E½Hθ þ Fθ� ¼ 0. To
control this deviation, we introduce the following
good event:

fkHθ þ Fθkop < cHg; (C33)

where cH > 0 is a small constant to be specified. On
the event fkHθ þ Fθkop < cHg, the bound (C32)
implies

sup
Δ∈ Cð∞Þ

ϵ

kF−1
θ ðHθ þ FθÞΔk∞ ≤ kF−1

θ kop cH
ffiffiffi
d

p
ϵ:

(C34)

It therefore remains to control the probability of
the complement event fkHθ þ Fθkop < cHgc,
which corresponds to atypically large fluctuations
of the empirical Hessian around its expectation. To
this end, we bound the complement event fkHθ þ
Fθkop < cHgc using Markov’s inequality. We define
the random matrices

BθðxiÞ ≔ lð2Þ
θ ðxiÞ þ Fθ; E½BθðxiÞ� ¼ 0;

(C35)

so that

KWON, LIE, and JIANG PRX QUANTUM 7, 033063 (2026)

033063-22



Hθ þ Fθ ¼
1

M

XM
i¼1

BθðxiÞ: (C36)

We assume that the second moment

VH ≔ E½TrðBθðx1Þ2Þ� < ∞ (C37)

is finite. Under this assumption, the second moment
of the empirical average admits a simple expression.
Indeed, since the measurement outcomes fxigMi¼1

are independent and satisfy E½BθðxiÞ� ¼ 0, all cross
terms vanish when taking expectations. As a result,
only the diagonal contributions remain, and we
obtain

E½TrððHθ þ FθÞ2Þ� ¼
1

M2

XM
i¼1

E½TrðBθðxiÞ2Þ�

¼ 1

M
E½TrðBθðx1Þ2Þ� ¼

VH

M
:

(C38)

Since Hθ þ Fθ is symmetric, the inequality
kXk2op ≤ TrðX2Þ holds. Applying this inequality
together with Markov’s inequality, we obtain

Pr ½kHθ þ Fθkop ≥ cH�

≤
E½TrððHθ þ FθÞ2Þ�

c2H
¼ VH

Mc2H
: (C39)

Consequently, for any δH ∈ ð0; 1Þ, choosing

cH ≔

ffiffiffiffiffiffiffiffiffiffi
VH

MδH

s
(C40)

ensures that

Pr ½kHθ þ Fθkop ≥ cH� ≤ δH: (C41)

This establishes a high-probability bound on
the deviation of the empirical Hessian from its
expectation.

(2) Upper bound for kF−1
θ rθðΔÞk∞ on a good event.

We next control the nonlinear remainder term
arising from the third-order derivatives in the Taylor
expansion. We begin by reducing the l∞-norm to
the l2-norm. Using the inequality k · k∞ ≤ k · k2,
together with the submultiplicativity of the operator
norm, we obtain

kF−1
θ rθðΔÞk∞ ≤ kF−1

θ rθðΔÞk2 ≤ kF−1
θ kopkrθðΔÞk2:

(C42)

We now bound the l2-norm of the remainder
term. Recalling its integral representation and ap-
plying Minkowski’s inequality, we have

krθðΔÞk2 ¼
����
Z

1

0

ð1 − tÞRθþtΔ½Δ;Δ�dt
����
2

≤
Z

1

0

ð1 − tÞkRθþtΔ½Δ;Δ�k2 dt

≤
Z

1

0

ð1 − tÞkRθþtΔkopkΔk22 dt: (C43)

For the true parameter θ, define the nonnegative
envelope

rðxÞ ≔ sup
kuk2≤r0

klð3Þ
θþuðxÞkop; (C44)

where the dependence of r on θ is suppressed for
notational simplicity. By condition (R1), all points
θþ u appearing in this supremum belong to the
ambient parameter domain, and condition (R4)
guarantees that rðXÞ has a finite second moment.
Since 0 < ϵ < ϵ0 ≤ r0=

ffiffiffi
d

p
, we have

sup
kΔk2≤

ffiffi
d

p
ϵ

klð3Þ
θþΔðxÞkop ≤ rðxÞ: (C45)

In particular, this bound applies to tΔ for every

Δ∈Cð∞Þ
ϵ and t∈ ½0; 1�. We define

μR ≔ E½rðXÞ� < ∞; VR ≔ V ½rðXÞ� < ∞:

(C46)

By construction, μR ≤ μ̄R, and condition (R4)
also implies that VR is uniformly bounded over
θ∈Θ.
Let us further bound kRθþtΔkop using Cheby-

shev’s inequality. Let RðxÞ ≔ 1
M

P
M
i¼1 rðxiÞ. Then

E½RðxÞ� ¼ μR and V ½RðxÞ� ¼ VR=M. By Cheby-
shev’s inequality, for any δR ∈ ð0; 1Þ,

Pr

2
4jRðxÞ − μRj ≥

ffiffiffiffiffiffiffiffiffi
VR

MδR

s 3
5 ≤ δR: (C47)

In particular, since

(
RðxÞ−μR≥

ffiffiffiffiffiffiffiffiffi
VR

MδR

s )
⊆

(
jRðxÞ−μRj≥

ffiffiffiffiffiffiffiffiffi
VR

MδR

s )
;

(C48)
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we obtain the one-sided bound

Pr ½RðxÞ ≥ cR� ≤ δR; (C49)

where

cR ≔ μR þ
ffiffiffiffiffiffiffiffiffi
VR

MδR

s
: (C50)

Indeed, for every Δ∈Cð∞Þ
ϵ and t∈ ½0; 1�,

kRθþtΔkop ≤
1

M

XM
i¼1

klð3Þ
θþtΔðxiÞkop ≤ RðxÞ: (C51)

Consequently, on the event fRðxÞ ≤ cRg, in-
equality (C43) yields

krθðΔÞk2 ≤
Z

1

0

ð1 − tÞkRθþtΔkopkΔk22 dt

≤
Z

1

0

ð1 − tÞcRkΔk22 dt

¼ cRkΔk22
Z

1

0

ð1 − tÞdt

¼ 1

2
cRkΔk22: (C52)

Therefore, we conclude that, on the good event
fRðxÞ ≤ cRg,

sup
Δ∈ Cð∞Þ

ϵ

kF−1
θ rθðΔÞk∞ ≤

1

2
kF−1

θ kop cR d ϵ2: (C53)

4. Brouwer fixed-point theorem

We now combine the bounds obtained in Appendix C to
conclude the proof. To this end, we introduce the finite
number of measurement outcomes margin

τ− ≔ ϵ − kF−1
θ kop cH

ffiffiffi
d

p
ϵ − 1

2
kF−1

θ kop cR d ϵ2; (C54)

which quantifies the residual budget available for the score
term after accounting for the linear and nonlinear correc-
tion terms. We next define the event

E ≔ fkF−1
θ Sθk∞ ≤ τ−g ∩ fkHθ þ Fθkop ≤ cHg

∩ fRðxÞ ≤ cRg: (C55)

On this event, the bounds established in Eqs. (C34) and
(C53) imply that

sup
Δ∈ Cð∞Þ

ϵ

kFðΔÞk∞ ≤ ϵ: (C56)

Equivalently, on the event E, the map F satisfies

FðCð∞Þ
ϵ Þ ⊆ Cð∞Þ

ϵ ; (C57)

that is, F maps Cð∞Þ
ϵ into itself.

We now verify the conditions required to apply

Brouwer’s fixed-point theorem. The set Cð∞Þ
ϵ is nonempty,

closed, and bounded in Rd; hence it is compact by the
Heine-Borel theorem. Moreover, it is convex, since it is an
intersection of 2d < ∞ closed half-spaces:

Cð∞Þ
ϵ ¼ ⋂

d

a¼1

fΔ∶ Δa ≤ ϵg ∩ fΔ∶ − Δa ≤ ϵg: (C58)

In addition, the map F∶ Rd → Rd is continuous by
construction. Consequently, on the event E, Brouwer’s
fixed-point theoremguarantees the existence of a fixed point

∃ Δ� ∈ Cð∞Þ
ϵ such that Δ� ¼ FðΔ�Þ: (C59)

Finally, we identify this fixed point. By assumption, the
log-likelihood function admits a unique stationary point at
θ̃ML. Since fixed points of F correspond precisely to
stationary points of Sϑ, the solution Δ� in Eq. (C59) must
coincide with the MLE error, Δ� ¼ ΔML. As a result, we
conclude that

E ⊆ fkΔMLk∞ ≤ ϵg: (C60)

Taking complements and probabilities yields

Pr½kΔMLk∞ ≥ ϵ� ≤ Pr½Ec� ¼ Pr½fkF−1
θ Sθk∞ ≥ τ−g ∪ fkHθ þ Fθkop ≥ cHg ∪ fR ≥ cRg�

≤ Pr½fkF−1
θ Sθk∞ ≥ τ−g� þ δH þ δR: (C61)

Here, by applying the union bound, we further obtain

Pr½fkF−1
θ Sθk∞ ≥ τ−g� ¼ Pr

�
⋃
d

a¼1

jeTaF−1
θ Sθj ≥ τ−

�
≤
Xd
a¼1

Pr ½jeTaF−1
θ Sθj ≥ τ−�: (C62)
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To this end, let us set δH ¼ δR ¼ δ=4:τ− is then given by

τ− ¼ τ0− −DM−1
2; (C63)

where

τ0− ≔
�
1 − ϵ

dμR
2

kF−1
θ kop

�
ϵ; (C64)

D ≔
�
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
4VH

δ

r ffiffiffi
d

p
þ 1

2
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
4VR

δ

r
d ϵ
�
ϵ:

(C65)

From Eqs. (C61) and (C62), we obtain

Pr½kΔMLk∞ ≥ ϵ� ≤
Xd
a¼1

Pr ½jeTaF−1
θ Sθj ≥ τ−� þ

δ

2
: (C66)

5. Application of the Berry-Esseen theorem

To refine the upper bound in Eq. (C66), we invoke the
Berry-Esseen theorem, which quantifies the rate of con-
vergence in the central limit theorem. Specifically, it
provides a uniform bound of order OðM−1=2Þ on the
deviation between the cumulative distribution function
of a normalized sum of independent random variables and
that of the standard normal distribution.
By definition in Eq. (A12), Sθ is a sum of independent

random variables. In addition, we have

E½eTaF−1
θ Sθ� ¼ 0; V ½eTaF−1

θ Sθ� ¼
½F−1

θ �aa
M

¼:
σ2θ;a
M

;

(C67)

where we have defined σθ;a ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½F−1

θ �aa
q

. Let us assume

that the third absolute moment of the projected score is
finite:

ρ ≔ sup
θ∈Θ

max
a∈ ½d�

E½jeTaF−1
θ lð1Þ

θ ðxiÞj3� < ∞: (C68)

Consequently, for any τ− > 0, we obtain

Pr ½jeTaF−1
θ Sθj ≥ τ−�

¼ Pr
�				

ffiffiffiffiffi
M

p

σθ;a
eTaF−1

θ Sθ

				 ≥
ffiffiffiffiffi
M

p
τ−

σθ;a

�

≤ 2

Z
∞ffiffiffi
M

p
τ−

σθ;a

1ffiffiffiffiffi
2π

p e−t2
2dtþ 2Cρ

σ3θ;a
ffiffiffiffiffi
M

p : (C69)

See Appendix B.

The above small-error restriction guarantees that τ0;− is
uniformly positive. Indeed, since μR ≤ μ̄R and kF−1

θ kop ≤
KF, we have

τ0− ¼ ϵ

�
1 − ϵdμR

2
kF−1

θ kop
�

≥ ϵ

�
1 − ϵdμ̄RKF

2

�
>

ϵ

2
> 0; (C70)

uniformly over θ∈Θ. Consequently, τ− ¼ τ0− −
DM−1=2 > 0 whenever

M >
�

D
τ0−

�
2

: (C71)

We then further upper bound the integral term in
Eq. (C69) by maximizing σθ;a over θ∈Θ and a∈ ½d�,
and then applying the Mills ratio inequality in Appendix B:

Z
∞ffiffiffi
M

p
τ−

σθ;a

1ffiffiffiffiffi
2π

p e−t2
2dt

≤
Z

∞ffiffiffi
M

p
τ−
σ

1ffiffiffiffiffi
2π

p e−t2
2dt

≤
1ffiffiffiffiffi
2π

p σffiffiffiffiffi
M

p
τ−

e−
Mτ2−
2σ2 ; (C72)

where

σ ≔ sup
θ∈Θ

max
a∈ ½d�

σθ;a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa

r
: (C73)

Combining Eqs. (C61), (C62), and (C72), we obtain

Pr½kΔMLk∞ ≥ ϵ�

≤
2dffiffiffiffiffi
2π

p σffiffiffiffiffi
M

p
τ−

e−
Mτ2−
2σ2 þ

Xd
a¼1

2Cρ

σ3θ;a
ffiffiffiffiffi
M

p þ δ

2
: (C74)

Therefore, it is sufficient to choose M such that

2dffiffiffiffiffi
2π

p σffiffiffiffiffi
M

p
τ−

e−
Mτ2−
2σ2 þ

Xd
a¼1

2Cρ

σ3θ;a
ffiffiffiffiffi
M

p þ δ

2
≤ δ: (C75)

Equation (C75) then reduces to

2ffiffiffiffiffi
2π

p σffiffiffiffiffi
M

p
τ−

e−
Mτ2−
2σ2 ≤ δ0; (C76)

where
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δ0 ≔
δ

2d
− ηffiffiffiffiffi

M
p ; η ≔

1

d

Xd
a¼1

2Cρ
σ3θ;a

: (C77)

Equation (C76) admits a solution only if δ0 ≥ 0, equiv-
alently

M ≥
�
2dη
δ

�
2

: (C78)

Using the Lambert W function, Eq. (C76) can be re-
expressed as

M ≥ σ2τ−2− W0ð2δ0−2π−1Þ; (C79)

where W0 denotes the principal branch of the Lambert W
function. See Appendix B for details of W0. Note that
δ0−2 ≥ 4δ−2d2. Since W0ðxÞ is increasing and concave for
x > 0 (see Appendix B), it follows that

W0ðδ0−2Þ ≤
δ2

4d2δ02
W0ð4δ−2d2Þ: (C80)

Consequently,

M ≥ σ2τ−2−
δ2

4d2δ02
W0ð8π−1δ−2d2Þ (C81)

guarantees

Pr½kΔMLk∞ ≥ ϵ� ≤ δ: (C82)

Here, Eq. (C81) can be reduced to the quadratic
inequality

τ0−M −
�
2dη
δ

τ0− þDþ σ
ffiffiffiffiffiffiffi
W0

p � ffiffiffiffiffi
M

p
þ 2dη

δ
D ≥ 0:

(C83)

Equation (C83) holds uniformly for M such that

M ≥
�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

�
2 − 2dη

δ

D
τ0−

s �2

: (C84)

Considering Eqs. (C71), (C78), and (C84), we obtain

M ≥ max

�

D
τ0−

�
2

;
�
2dη
δ

�
2

;
�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

�
2 − 2dη

δ

D
τ0−

s �2�
: (C85)

Since the upper bound must hold for all θ∈Θ, it suffices to take

M ≥ MU ≔ sup
θ∈Θ

max

�

D
τ0−

�
2

;
�
2dη
δ

�
2

;
�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

�
2 − 2dη

δ

D
τ0−

s �2�
: (C86)

SinceMU is sufficient to guarantee the desired bound uniformly overΘ, we haveM0 ≤ MU, which completes the proof.

6. Asymptotic limit ϵ → 0

We now derive the simplified small-error form stated in
Theorem 1 in the main text. Fix 0 < δ ≤ 1 and d < ∞.
From the definitions of τ0;− and D, for each θ∈Θ we

have, as ϵ → 0,

τ0;− ¼ ϵ

�
1 − ϵ

dμR
2

kF−1
θ kop

�
¼ ϵð1þOðϵÞÞ; (C87)

D¼
� ffiffiffiffiffiffiffiffiffi

4VH

δ

r ffiffiffi
d

p
þ1

2

ffiffiffiffiffiffiffiffiffi
4VR

δ

r
dϵ
�
kF−1

θ kopϵ¼OðϵÞ: (C88)

Here the OðϵÞ terms are uniform over θ∈Θ under the
boundedness assumptions of the theorem. Consequently,

�
D
τ0;−

�
2

¼ Oð1Þ;
�
2dη
δ

�
2

¼ Oð1Þ: (C89)

These two terms are therefore subleading compared
with the ϵ−2 term below.
It remains to expand the third term in the maximum.

Define
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QϵðθÞ ≔
dη
δ
þ D
2τ0;−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0;−

; RϵðθÞ ≔
2dη
δ

D
τ0;−

:

(C90)

Then

y� ¼ ðQϵðθÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QϵðθÞ2 − RϵðθÞ

q
Þ2: (C91)

Since D=τ0;− ¼ Oð1Þ and η ¼ Oð1Þ, we have
RϵðθÞ ¼ Oð1Þ. On the other hand,

QϵðθÞ ¼
σ
ffiffiffiffiffiffiffi
W0

p
2ϵ

ð1þOðϵÞÞ: (C92)

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QϵðθÞ2 − RϵðθÞ

q
¼ QϵðθÞð1þOðϵ2ÞÞ; (C93)

and hence

y� ¼ σ2W0 ϵ
−2ð1þOðϵÞÞ: (C94)

Using

σ2 ¼ sup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa; (C95)

we obtain

M0ðϵ;δ;dÞ≤W0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2ð1þOðϵÞÞ:

(C96)

Equivalently,

lim sup
ϵ→0

ϵ2M0ðϵ; δ; dÞ ≤ W0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa:

(C97)

This is precisely the simplified small-error upper bound
stated in Theorem 1 in the main text.

APPENDIX D: PROOF OF LOWER
BOUND FOR l∞

Assume that conditions (A1) and (A2) and the standard
regularity conditions (R1)–(R5) stated in Appendix 3 B 4
hold. Then the following theorem applies.
Theorem 2. For 0 < ϵ, 0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
and d < ∞, let

M0ðϵ; δ; dÞ denote the minimal number of repetitions such
that

∀M ≥ M0ðϵ; δ; dÞ∶ Pr½kθ̃ML − ϑk∞ ≤ ϵ� ≥ 1 − δ for all ϑ∈Θ: (D1)

M0 is then lower bounded as

M0 ≥ max


M2ðθ; aÞ;

�
maxfσθ;a −D; 0g

τ0þ

�
2

;
�

η
1ffiffiffiffiffiffi
2πe

p − 2δ

�
2
�
; (D2)

for any θ∈Θ and a∈ ½d�. Here

M2ðθ; aÞ ≔
8<
:
�

Bθ;aþ
ffiffiffiffiffiffi
Δθ;a

p
2

�
2

; Bθ;a > 0 and Δθ;a > 0;

0; otherwise;

(D3)

and

τ0;þ ≔
�
1þ ϵ

dμR
2

kF−1
θ kop

�
ϵ; (D4)

Bθ;a ≔ − D
τ0þ

− η

2δ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

τ0þ
; (D5)

Δθ;a ≔ B2
θ;a − 2ηD

δτ0þ
; (D6)

D ≔
� ffiffiffiffiffiffiffiffiffi

2VH

δ

r ffiffiffi
d

p
þ 1

2

ffiffiffiffiffiffiffiffiffi
2VR

δ

r
dϵ
�
kF−1

θ kopϵ; (D7)

η ≔
2Cρ
σ3θ;a

; (D8)

ρ ≔ sup
θ∈Θ

max
a∈ ½d�

E½jeTaF−1
θ lð1Þ

θ ðxÞj3�; (D9)
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σθ;a ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½F−1

θ �aa
q

: (D10)

In the small-error limit ϵ → 0, this lower bound
reduces to

M0ðϵ; δ; dÞ≳W0ðδ−2=8πÞsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2; (D11)

where the notation Aϵ ≳ Bϵ denotes

lim inf
ϵ→0

Aϵ

Bϵ
≥ 1; (D12)

i.e., Aϵ ≥ ð1þ oð1ÞÞBϵ as ϵ → 0 with fixed δ and d.

1. Proof sketch

Our goal is to characterize the minimal number of
repetitions M0ðϵ; δ; dÞ required to guarantee that, for a
prescribed accuracy ϵ > 0 and confidence level 1 − δ, with
0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
, the MLE θ̃ML satisfies

∀M ≥ M0ðϵ; δ; dÞ∶ Pr ½kθ̃ML − θk∞ ≤ ϵ� ≥ 1 − δ:
(D13)

In this section, we derive a lower bound on the required
number of repetitions. The argument proceeds by compar-
ing the accuracy event with a larger auxiliary event. Let us
again consider the accuracy event defined in Eq. (C15):

AðϵÞ ≔ fkθ̃ML − θk∞ ≤ ϵg: (D14)

We first introduce an auxiliary event LðϵÞ satisfying

AðϵÞ ⊆ LðϵÞ; (D15)

which immediately yields

Pr ½LðϵÞ� ≥ Pr ½AðϵÞ�: (D16)

Next, we characterize the minimal number of repetitions
MLðϵ; δ; dÞ such that

∀M ≥ MLðϵ; δ; dÞ∶ Pr ½LðϵÞ� ≥ 1 − δ: (D17)

Because AðϵÞ ⊆ LðϵÞ, any repetition threshold M
satisfying Pr½AðϵÞ� ≥ 1 − δ necessarily also satisfies
Pr½LðϵÞ� ≥ 1 − δ. Accordingly, the corresponding minimal
thresholds obey

MLðϵ; δ; dÞ ≤ M0ðϵ; δ; dÞ: (D18)

Therefore, a necessary condition for guaranteeing
Pr½AðϵÞ� ≥ 1 − δ is

M ≥ MLðϵ; δ; dÞ: (D19)

2. Taylor expansion of the score function

We begin with the expansion

ΔML ¼ F−1
θ Sθ þ F−1

θ ðHθ þ FθÞΔML þ F−1
θ rθðΔMLÞ:

(D20)

Taking the inner product with the basis vector ea, we
obtain

eTaF−1
θ Sθ
¼ ΔML

a − eTaF−1
θ ðHθ þ FθÞΔML − eTaF−1

θ rθðΔMLÞ:
(D21)

Applying the triangle inequality and standard operator-
norm bounds yields

jeTaF−1
θ Sθj ≤ jΔML

a j þ jeTaF−1
θ ðHθ þ FθÞΔMLj þ jeTaF−1

θ rθðΔMLÞj
≤ jΔML

a j þ kF−1
θ kopkHθ þ FθkopkΔMLk2 þ kF−1

θ kopkrθðΔMLÞk2:
(D22)

We define the good event

G ≔ fkHθ þ Fθkop ≤ cHg ∩ fRðxÞ ≤ cRg: (D23)

On the accuracy event fkΔMLk∞ ≤ ϵg, we have
jΔML

a j ≤ ϵ and kΔMLk2 ≤
ffiffiffi
d

p
ϵ. Combining these bounds

with Eq. (D22), and then decomposing the probability
according to G, gives

Pr½fkΔMLk∞ ≤ ϵg�
≤ Pr½fkΔMLk∞ ≤ ϵg ∩ G� þ Pr½fkΔMLk∞ ≤ ϵg ∩ Gc�
≤ Pr½fkΔMLk∞ ≤ ϵg ∩ G� þ Pr½Gc�
≤ Pr½fkΔMLk∞ ≤ ϵg ∩ G� þ δH þ δR: (D24)

On the event fkΔMLk∞ ≤ ϵg ∩ G, Eq. (D22) implies

jeTaF−1
θ Sθj

≤ ϵþ kF−1
θ kop cH

ffiffiffi
d

p
ϵþ 1

2
kF−1

θ kop cR d ϵ2 ¼: τþ:

(D25)
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We now choose δH ¼ δR ¼ δ=2. With this choice, the
threshold τþ can be expressed as

τþ ¼ τ0þ þDM−1
2; (D26)

where

τ0þ ≔
�
1þ ϵ

dμR
2

kF−1
θ kop

�
ϵ; (D27)

D ≔
�
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
2VH

δ

r ffiffiffi
d

p
þ 1

2
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
2VR

δ

r
d ϵ
�
ϵ:

(D28)

Combining Eqs. (D24) and (D25), we obtain

Pr½fkΔMLk∞ ≤ ϵg� ≤ Pr½jeTaF−1
θ Sθj ≤ τþ� þ δ: (D29)

3. Application of the Berry-Esseen theorem

Applying the Berry-Esseen theorem from Appendix B,
we obtain

Pr
�				

ffiffiffiffiffi
M

p ðeTaF−1
θ SθÞ

σθ;a

				 ≤ x
�

≤ 1–2
Z

∞

x

1ffiffiffiffiffi
2π

p e−t2=2 dtþ 2Cρ

σ3θ;a
ffiffiffiffiffi
M

p ; (D30)

where x ≔
ffiffiffiffiffi
M

p
τþ=σθ;a. We emphasize that, although x is

introduced for notational convenience, it depends on M
through τþ.
To lower bound the Gaussian tail integral, we use the

Mills ratio inequality stated in Appendix B. For all x > 0,

Z
∞

x

1ffiffiffiffiffi
2π

p e−t2=2 dt > x
x2 þ 1

1ffiffiffiffiffi
2π

p e−x2=2: (D31)

We next introduce the auxiliary function

fðxÞ ¼
(

1ffiffiffiffi
2π

p xe−x2=2; 0 ≤ x < 1;
1ffiffiffiffi
2π

p 1
x e

−x2=2; x ≥ 1.
(D32)

By construction, this function satisfies, for all x ≥ 0,

fðxÞ ≤ 2ffiffiffiffiffi
2π

p x
x2 þ 1

exp
�
− x2

2

�
: (D33)

Combining Eqs. (D30)–(D33), we obtain

Pr
�				

ffiffiffiffiffi
M

p ðeTaF−1
θ SθÞ

σθ;a

				 ≤ x
�
≤ 1 − fðxÞ þ 2Cρ

σ3θ;a
ffiffiffiffiffi
M

p :

(D34)

Applying Eqs. (D34) –Eq. (D29), we obtain

Pr½fkΔMLk∞ ≤ ϵg� ≤ 1 − fðxÞ þ 2Cρ

σ3θ;a
ffiffiffiffiffi
M

p þ δ: (D35)

Therefore, for the guarantee

Pr½fkΔMLk∞ ≤ ϵg� ≥ 1 − δ (D36)

to hold, Eq. (D35) necessarily requires

fðxÞ ≤ 2δþ ηffiffiffiffiffi
M

p ¼: δ0; η ≔
2Cρ
σ3θ;a

: (D37)

Following the argument in Appendix D, let M1ðϵ; δ; dÞ
denote the minimal number of repetitions such that

∀M ≥ M1ðϵ; δ; dÞ∶ fðxÞ ≤ δ0: (D38)

Because Eq. (D38) is a necessary condition for the
desired success probability, the corresponding minimal
thresholds satisfy

M1ðϵ; δ; dÞ ≤ M0ðϵ; δ; dÞ: (D39)

We now determine the relevant branch of fðxÞ. The
function fðxÞ is increasing on 0 ≤ x ≤ 1, decreasing on
x ≥ 1, and attains its maximum at

fð1Þ ¼ 1ffiffiffiffiffiffiffiffi
2πe

p : (D40)

Under the assumption

0 < δ <
1ffiffiffiffiffiffiffiffi
8πe

p ; (D41)

we have 2δ < 1=
ffiffiffiffiffiffiffiffi
2πe

p
. Therefore, δ0 ≤ fð1Þ is guaranteed

whenever

ffiffiffiffiffi
M

p
≥

η
1ffiffiffiffiffiffi
2πe

p − 2δ
: (D42)

We first show that the branch 0 ≤ x ≤ 1 cannot deter-
mine the eventual threshold M1ðϵ; δ; dÞ in Eq. (D38).
Importantly, our goal is not to identify an arbitrary solution
of fðxÞ ¼ δ0. Rather, we seek the final crossing point
beyond which the inequality

fðxÞ ≤ δ0 (D43)

remains satisfied for all larger M. On this branch,

fðxÞ ¼ 1ffiffiffiffiffi
2π

p xe−x2=2; (D44)
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so that

f0ðxÞ ¼ 1ffiffiffiffiffi
2π

p ð1 − x2Þe−x2=2 ≥ 0; 0 ≤ x ≤ 1. (D45)

Meanwhile,

δ0 ¼ 2δþ ηffiffiffiffiffi
M

p (D46)

is monotonically decreasing in M.
Using

τþ ¼ τ0þ þ Dffiffiffiffiffi
M

p ; x ¼
ffiffiffiffiffi
M

p
τþ

σθ;a
¼ τ0þ

ffiffiffiffiffi
M

p þD
σθ;a

;

(D47)

we further obtain

dx
dM

¼ τ0þ
2σθ;a

ffiffiffiffiffi
M

p > 0. (D48)

Therefore, as long as 0 ≤ x ≤ 1,

d
dM

½fðxÞ − δ0� ¼ f0ðxÞ dx
dM

þ η

2M3=2 > 0. (D49)

Hence, throughout the branch 0 ≤ x ≤ 1, the quantity
fðxÞ − δ0 increases with M. Consequently, if the equality
fðxÞ ¼ δ0 is attained within this branch, then for suffi-
ciently small increases in M while remaining in the same
branch, one necessarily has fðxÞ > δ0. Such a crossing
therefore cannot correspond to the threshold beyond which
fðxÞ ≤ δ0 holds for all larger M. Instead, it can only
characterize the boundary of a small-M regime.
Hence, the eventual threshold M1ðϵ; δ; dÞ must be

determined by the decreasing branch x ≥ 1. Using
Eq. (D47), the condition x ≥ 1 is equivalent to

x ≥ 1 ⟺ τ0þ
ffiffiffiffiffi
M

p
þD ≥ σθ;a: (D50)

Rearranging this condition yields

M ≥
�
maxfσθ;a −D; 0g

τ0þ

�
2

: (D51)

In particular, when D ≥ σθ;a, the inequality x ≥ 1 holds
for all M ≥ 0.

4. Lambert W-function

On the branch x ≥ 1, the necessary condition fðxÞ ≤ δ0
takes the form

1ffiffiffiffiffi
2π

p 1

x
e−x2=2 ≤ δ0 ⟺ x2ex

2 ≥
1

2πδ02
: (D52)

Applying the principal branch of the Lambert W-func-
tion to Eq. (D52), we obtain

x2 ≥ W0ðδ0−2=2πÞ: (D53)

Using

x2 ¼ Mτ2þ
σ2θ;a

; (D54)

this yields the implicit necessary condition

M ≥ W0ðδ0−2=2πÞτ−2þ σ2θ;a: (D55)

The above condition is implicit because both δ0 and τþ
depend on M. To obtain a tractable explicit lower bound,
we now use the concavity of the Lambert W0-function.

5. Further lower bound using concavity
of Lambert W-function

For z ≥ 0, the principal branch W0ðzÞ is concave and
satisfies W0ð0Þ ¼ 0. Since

δ0 ¼ 2δþ ηffiffiffiffiffi
M

p ≥ 2δ; (D56)

we have

W0ðδ0−2=2πÞ ¼ W0

�
4δ2

δ02
δ−2
8π

�
≥
4δ2

δ02
W0ðδ−2=8πÞ: (D57)

Consequently, Eq. (D55) implies the weaker necessary
condition

M ≥
4δ2

δ02
W0ðδ−2=8πÞτ−2þ σ2θ;a: (D58)

Since all quantities are nonnegative, Eq. (D58) is
equivalent to

ffiffiffiffiffi
M

p
δ0τþ ≥ 2δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

q
σθ;a: (D59)

Substituting

δ0 ¼ 2δþ ηffiffiffiffiffi
M

p ; τþ ¼ τ0þ þ Dffiffiffiffiffi
M

p ; (D60)

and multiplying both sides by
ffiffiffiffiffi
M

p
, we obtain
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ð2δ
ffiffiffiffiffi
M

p
þ ηÞðτ0þ

ffiffiffiffiffi
M

p
þDÞ ≥ 2δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

q
σθ;a

ffiffiffiffiffi
M

p
:

(D61)

Dividing Eq. (D61) by 2δτ0þ > 0, we obtain

M þ
�

D
τ0þ

þ η

2δ
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

τ0þ

� ffiffiffiffiffi
M

p
þ ηD
2δτ0þ

≥ 0.

(D62)

Let y ¼ ffiffiffiffiffi
M

p
, and define

B≔− D
τ0þ

− η

2δ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

τ0þ
; Δ≔B2− 2ηD

δτ0þ
:

(D63)

Equation (D62) is then equivalently expressed as

y2 − Byþ ηD
2δτ0þ

≥ 0. (D64)

If B ≤ 0 or Δ ≤ 0, this quadratic inequality does not
generate any nontrivial forbidden interval for y ≥ 0.
If B > 0 and Δ > 0, then the quadratic is negative
precisely on the interval

B − ffiffiffiffi
Δ

p

2
< y <

Bþ ffiffiffiffi
Δ

p

2
: (D65)

Therefore, the necessary condition is violated through-
out this interval. Accordingly, the relevant eventual lower-
bound threshold is given by the square of the larger
endpoint:

M2 ≔

(

Bþ ffiffiffi

Δ
p
2

�
2
; B > 0 and Δ > 0;

0; otherwise:
(D66)

Combining with Eqs. (D51) and (D42), we obtain

ML ≔ max


M2;

�
maxfσθ;a −D; 0g

τ0þ

�
2

;
�

η
1ffiffiffiffiffiffi
2πe

p − 2δ

�
2
�
:

(D67)

Hence, the sample-complexity threshold necessarily
satisfies

M0ðϵ; δ; dÞ ≥ ML: (D68)

This completes the derivation of the lower bound for a
finite number of measurement outcomes.

6. Asymptotic limit ϵ → 0

We now derive the simplified small-error form stated in
Theorem 2 in the main text. Fix 0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
, d < ∞,

and θ, and consider the small-error limit ϵ → 0. From the
definitions of τ0þ and D, we have

τ0þ ¼
�
1þ ϵ

dμR
2

kF−1
θ kop

�
ϵ ¼ ϵð1þOðϵÞÞ; (D69)

and

D ¼ OðϵÞ: (D70)

In addition, η and σθ;a are independent of ϵ in this limit.
First, Eq. (D42) satisfies�

η
1ffiffiffiffiffiffi
2πe

p − 2δ

�
2

¼ Oð1Þ (D71)

and is therefore negligible compared with the leading ϵ−2
scale. Second, using Eqs. (D69) and (D70), Eq. (D51)
satisfies

�
maxfσθ;a −D; 0g

τ0þ

�
2

¼ max


σ2θ;a
ϵ2

ð1þ oð1ÞÞ; 0
�
:

(D72)

Lastly, it remains to evaluateM2. From the definition ofB,

B ¼ − D
τ0þ

− η

2δ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

τ0þ
: (D73)

Since D=τ0þ ¼ Oð1Þ and η=ð2δÞ ¼ Oð1Þ, whereasffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

τ0þ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

ϵ
ð1þ oð1ÞÞ;

(D74)

we obtain

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ;a

ϵ
ð1þ oð1ÞÞ: (D75)

In particular, B > 0 for sufficiently small ϵ. The
discriminant is

Δ ¼ B2 − 2ηD
δτ0þ

: (D76)

Since D=τ0þ ¼ Oð1Þ, the second term is Oð1Þ, whereas
Eq. (D75) gives

B2 ¼ W0ðδ−2=8πÞσ2θ;a
ϵ2

ð1þ oð1ÞÞ: (D77)

Therefore,

Δ ¼ B2ð1þ oð1ÞÞ;
ffiffiffiffi
Δ

p
¼ Bð1þ oð1ÞÞ: (D78)
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It follows that

M2 ¼
�
Bþ ffiffiffiffi

Δ
p

2

�2

¼ W0ðδ−2=8πÞσ2θ;a
ϵ2

ð1þ oð1ÞÞ:
(D79)

Finally, the condition

0 < δ <
1ffiffiffiffiffiffiffiffi
8πe

p (D80)

implies

δ−2
8π

> e; (D81)

and therefore

W0ðδ−2=8πÞ > 1. (D82)

Consequently, the M2 contribution in Eq. (D79) asymp-
totically dominates the branch contribution in Eq. (D72).
Thus, for fixed θ and a,

M0ðϵ; δ; dÞ≳W0ðδ−2=8πÞ½F−1
θ �aaϵ−2: (D83)

We now derive the simplified small-error form stated
in Theorem 2 in the main text. The pointwise asymptotic
lower bound obtained above can be equivalently
expressed as

lim inf
ϵ→0

ϵ2M0ðϵ; δ; dÞ ≥ W0ðδ−2=8πÞ½F−1
θ �aa (D84)

for every θ∈Θ and every a∈ ½d�, whenever
0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
.

Define

F ≔ sup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa: (D85)

If F < ∞, then for every γ > 0 there exist θγ ∈Θ and
aγ ∈ ½d� such that

½F−1
θγ
�aγaγ ≥ F − γ: (D86)

Applying Eq. (D84) to the pair ðθγ; aγÞ yields

lim inf
ϵ→0

ϵ2M0ðϵ; δ; dÞ ≥ W0ðδ−2=8πÞðF − γÞ: (D87)

Since γ > 0 is arbitrary, we conclude that

lim inf
ϵ→0

ϵ2M0ðϵ; δ; dÞ ≥ W0ðδ−2=8πÞsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa:

(D88)

This is precisely the simplified small-error lower bound
stated in Theorem 2.

APPENDIX E: PROOF OF THE
UPPER BOUND FOR l2

Assume that conditions (A1) and (A2) and the standard
regularity conditions (R1)–(R5) stated in Appendix 3 B 4
hold. Then the following theorem applies.
Theorem 3. Fix d < ∞. There exists a constant ϵ0 > 0

such that, for every 0 < ϵ < ϵ0 and 0 < δ ≤ 1, the follow-
ing holds. Let M0ðϵ; δ; dÞ denote the minimal number of
repetitions such that

∀M ≥ M0ðϵ; δ; dÞ∶ Pr ½kθ̃ML − θk2 ≤ ϵ� ≥ 1 − δ for all θ∈Θ: (E1)

M0 is then upper bounded as

M0 ≤ sup
θ∈Θ

max

�

D
τ0−

�
2

;
�
2dη
δ

�
2

;
�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dη
δ
þ D
2τ0−

þ σ
ffiffiffiffiffiffiffi
W0

p
2τ0−

�
2 − 2dη

δ

D
τ0−

s �2�
; (E2)

where

W0 ≔ W0ð8π−1δ−2d2Þ; (E3)

τ0− ≔
�
1 − ϵ

ffiffiffi
d

p
μR
2

kF−1
θ kop

�
ϵffiffiffi
d

p ; (E4)

D ≔
�
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
4VH

δ

r
þ 1

2
kF−1

θ kop
ffiffiffiffiffiffiffiffiffi
4VR

δ

r
ϵ

�
ϵ; (E5)
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η ≔
1

d

Xd
a¼1

2Cρ
σ3θ;a

; (E6)

ρ ≔ sup
θ∈Θ

max
a∈ ½d�

E½jeTaF−1
θ lð1Þ

θ ðxÞj3�; (E7)

σ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aa

r
: (E8)

In the small-error limit ϵ → 0, Eq. (E2) reduces to

M0 ≲ dW0ð8π−1δ−2d2Þsup
θ∈Θ

max
a∈ ½d�

½F−1
θ �aaϵ−2: (E9)

We derive the upper bound for l2-distance-based
learning by reducing the problem to the previously
established upper bound for l∞-distance-based learning.
The key observation is the standard norm inequality: for
any x∈Rd,

kxk2 ≤
ffiffiffi
d

p
kxk∞: (E10)

Applying this inequality to the MLE estimation error
vector ΔML, we obtain

Pr½kΔMLk2 ≥ ϵ� ≤ Pr
�
kΔMLk∞ ≥

ϵffiffiffi
d

p
�
≤ Pr½Ec�

¼ Pr½fkF−1
θ Sθk∞ ≥ τ−g ∪ fkHθ þ Fθkop ≥ cHg ∪ fR ≥ cRg�

≤ Pr½fkF−1
θ Sθk∞ ≥ τ−g� þ δH þ δR; (E11)

where the inequalities follow directly from Eq. (C61).
Compared with the l∞ case, the definitions of the thresh-
old τ− and the good event E are modified to incorporate the
norm-conversion factor d1=2. Specifically, we define

τ− ≔
ϵffiffiffi
d

p − kF−1
θ kop cH ϵ − 1

2
kF−1

θ kop cR ϵ2; (E12)

and

E ≔ fkF−1
θ Sθk∞ ≤ τ−g ∩ fkHθ þ Fθkop ≤ cHg

∩ fR ≤ cRg: (E13)

The remainder of the proof proceeds identically to the
l∞-based case.

APPENDIX F: PROOF OF THE
LOWER BOUND FOR l2

Assume that conditions (A1) and (A2) and the standard
regularity conditions (R1)–(R5) stated in Appendix 3 B 4
hold. Then the following theorem applies.
Theorem 4. For 0 < ϵ, 0 < δ < 1=

ffiffiffiffiffiffiffiffi
8πe

p
and d < ∞, let

M0ðϵ; δ; dÞ denote the minimal number of repetitions
such that

∀M≥M0ðϵ;δ;dÞ∶ Pr ½kθ̃ML−ϑk2 ≤ ϵ�≥ 1−δ for all ϑ∈Θ:
(F1)

M0 is then lower bounded as

M0 ≥max


M2ðθÞ;

�
maxfσθ−D;0g

τ0þ

�
2

;
�

η
1ffiffiffiffiffiffi
2πe

p −2δ

�
2
�
;

(F2)

for any θ∈Θ. Here

M2ðθÞ ≔
8<
:
�

Bθþ
ffiffiffiffi
Δθ

p
2

�
2

; Bθ > 0 andΔθ > 0;

0; otherwise;
(F3)

and

Bθ ≔ − D
τ0þ

− η

2δ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W0ðδ−2=8πÞ

p
σθ

τ0þ
; (F4)

Δθ ≔ B2
θ − 2ηD

δτ0þ
; (F5)

τ0;þ ≔
�
1þ ϵ

μR
2
kF−1

θ kop
�
ϵ; (F6)

D ≔
� ffiffiffiffiffiffiffiffiffi

2VH

δ

r
þ 1

2

ffiffiffiffiffiffiffiffiffi
2VR

δ

r
ϵ

�
kF−1

θ kopϵ; (F7)

η ≔
2Cρθ
σ3θ

; (F8)
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σθ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μmaxðF−1

θ Þ
q

: (F9)

Here

ρθ ≔ E½juTθF−1
θ lð1Þ

θ ðXÞj3�; (F10)

where uθ is a unit eigenvector of F−1
θ corresponding to

μmaxðF−1
θ Þ. In the small-error limit ϵ → 0, this lower bound

reduces to

M0ðϵ; δ; dÞ≳W0ðδ−2=8πÞsup
θ∈Θ

μmaxðF−1
θ Þϵ−2: (F11)

We begin with the expansion

ΔML ¼ F−1
θ Sθ þ F−1

θ ðHθ þ FθÞΔML þ F−1
θ rθðΔMLÞ:

(F12)

Let μmaxðF−1
θ Þ denote the largest eigenvalue of F−1

θ , and
let uθ ∈Rd be a corresponding unit eigenvector, namely,

F−1
θ uθ ¼ μmaxðF−1

θ Þuθ; kuθk2 ¼ 1: (F13)

Taking the inner product of the above decomposition
with uθ yields

uTθF
−1
θ Sθ
¼ uTθΔML − uTθF

−1
θ ðHθ þ FθÞΔML − uTθF

−1
θ rθðΔMLÞ:

(F14)

Applying the triangle inequality and standard operator-
norm bounds, we obtain

juTθF−1
θ Sθj ≤ juTθΔMLj þ juTθF−1

θ ðHθ þ FθÞΔMLj þ juTθF−1
θ rθðΔMLÞj

≤ kΔMLk2 þ kF−1
θ kopkHθ þ FθkopkΔMLk2 þ kF−1

θ kopkrθðΔMLÞk2:
(F15)

Consequently, we have

Pr ½kΔMLk2 ≤ ϵ� ≤ Pr ½fkΔMLk2 ≤ ϵg ∩ G� þ δH þ δR;

(F16)

where the good event G is defined as

G ≔ fkHθ þ Fθkop ≤ cHg ∩ fR ≤ cRg: (F17)

On the event fkΔMLk2 ≤ ϵg ∩ G, Eq. (F15) implies

juTθF−1
θ Sθj

≤ ϵþ kF−1
θ kop cHϵþ

1

2
kF−1

θ kop cRϵ2 ¼: ϵ0ðϵ; d;MÞ:
(F18)

Combining Eqs. (F16) and (F18), we obtain

Pr ½kΔMLk2 ≤ ϵ� ≤ Pr ½juTθF−1
θ Sθj ≤ ϵ0� þ δH þ δR: (F19)

Finally, the projected score has mean zero and variance

E½uTθF−1
θ Sθ� ¼ 0; V ½uTθF−1

θ Sθ� ¼
μmaxðF−1

θ Þ
M

¼ σ2θ
M

:

(F20)

The remainder of the proof proceeds identically to the
l∞-based case, with the one-dimensional projection

uTθF
−1
θ Sθ playing the role of the coordinate projection

used there.

APPENDIX G: SINGULAR FIM

1. Asymptotic unbiased estimator

We establish asymptotic unbiasedness under mild con-
centration and moment assumptions.
Theorem 5.Assume that there exists ϵ0 > 0 such that for

any δ∈ ð0; 1� and any ϵ∈ ð0; ϵ0� there exists an integer
M0 ¼ M0ðδ; ϵÞ satisfying, for all M ≥ M0,

Pr ½jθ̃ðxÞ − θj ≤ ϵ� ≥ 1 − δ: (G1)

Moreover, assume there exists η > 0 such that

sup
M≥1

E½jθ̃ − θj1þη� ¼: C < ∞: (G2)

Then θ̃ is asymptotically unbiased, i.e.,

lim
M→∞

E½θ̃� ¼ θ: (G3)

Proof. Define Δ ≔ θ̃ − θ. For a given ϵ∈ ð0; ϵ0Þ,
decompose

E½Δ� ¼ E½Δ 1fjΔj ≤ ϵg� þ E½Δ 1fjΔj > ϵg�; (G4)

where 1f·g denotes the indicator function. For the first
term,
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jE½Δ 1fjΔj ≤ ϵg�j ≤ E½jΔj1fjΔj ≤ ϵg� ≤ ϵ: (G5)

For the second term, applying Hölder’s inequality with
conjugate exponents p ¼ 1þ η and q ¼ ð1þ ηÞ=η gives

jE½Δ 1fjΔj > ϵg�j ≤ E½jΔj1þη� 1
1þη PrðjΔj > ϵÞ η

1þη

≤ C
1

1þη PrðjΔj > ϵÞ η
1þη; (G6)

where the last inequality uses (G2).
For a given δ∈ ð0; 1Þ, Eq. (G1) implies that, for all

M ≥ M0ðδ; ϵÞ, PrðjΔj > ϵÞ ≤ δ. Hence, combining
Eqs. (G4), (G5), and (G6), we obtain

jE½Δ�j ≤ ϵþ C
1

1þηδ
η

1þη (G7)

for all M ≥ M0ðδ; ϵÞ.
To conclude, let α > 0 be arbitrary. Choose ϵ∈ ð0; ϵ0Þ

such that ϵ ≤ α=2, and choose δ∈ ð0; 1Þ such that

C
1

1þηδ
η

1þη ≤ α=2:

Then Eq. (G7) implies that, for all M ≥ M0ðδ; ϵÞ,

jE½Δ�j ≤ α:

Therefore, E½Δ� → 0 as M → ∞. Since Δ ¼ θ̃ − θ, we
obtain E½θ̃� → θ. ▪

2. Biased estimator

By Theorem 5, for any scalar estimator θ̃ satisfying the
moment condition (G2), failure of asymptotic unbiased-
ness necessarily implies failure of the concentration
property (G1). Equivalently, there exist δ∈ ð0; 1� and
ϵ∈ ð0; ϵ0� such that, for every integer M0, one can find
M ≥ M0 satisfying

Pr ½jθ̃ðxÞ − θj ≤ ϵ� < 1 − δ: (G8)

In the singular-FIM setting, this observation motivates
restricting attention to unbiasedly estimable directions.

a. Estimable subspace

Let

suppðFθÞ ≔ ImðFθÞ (G9)

denote the support subspace of the FIM. It is well known
that a scalar functional aTθ is unbiasedly estimable if and
only if

Fθ F
þ
θ a ¼ a; (G10)

or equivalently, if and only if a∈ suppðFθÞ, where Fþ
θ

denotes the Moore-Penrose pseudoinverse of Fθ [63].

In particular, the coordinate parameter θa is unbiasedly
estimable if and only if the corresponding basis vector ea
satisfies

Fθ F
þ
θ ea ¼ ea: (G11)

Therefore, in the singular case, the relevant object is not
merely a subset of the original coordinate parameters, but
rather the estimable subspace suppðFθÞ itself.
Let

r ≔ rankðFθÞ; k ≔ d − r: (G12)

Since Fθ is symmetric and positive semidefinite, we
have the orthogonal decomposition

Rd ¼ kerðFθÞ ⊕ suppðFθÞ: (G13)

b. Regularity assumptions

We impose the following assumptions on the log-like-
lihood function lθðxÞ:
(B1) Profile maximizer and stationary point: For each

fixed null-space coordinate, the log-likelihood,
viewed as a function of the estimable coordinates,
admits a unique maximizer in the interior of the
parameter space Θ. Moreover, this maximizer is
the unique stationary point with respect to the
estimable coordinates.

(B2) Smoothness: The function lθðxÞ is three times
continuously differentiable on Θ.

(B3) Constant support subspace: The rank r is constant
throughout Θ, and the support subspace suppðFθÞ
is independent of θ over Θ.

c. Orthogonal reparametrization

Under Assumption (B3), we may choose an orthogonal
matrix

U ≔ ðUð0Þ Uð1ÞÞ∈Rd×d; (G14)

where the columns of Uð0Þ ∈Rd×k form an orthonormal
basis of kerðFθÞ, and the columns of Uð1Þ ∈Rd×r form an
orthonormal basis of suppðFθÞ. We then introduce the
orthogonal reparametrization

ξ ≔ UTθ ¼
�
ξð0Þ

ξð1Þ

�
; (G15)

where ξð0Þ ∈Rk denotes the null-space coordinates, while
ξð1Þ ∈Rr denotes the estimable coordinates.
Lemma 1. (Null-space directions annihilate the score).

Assume that the Fisher information matrix is defined by
the score outer product
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Fθ ≔ Eθ½SθðXÞSθðXÞT�; (G16)

where SθðxÞ ≔ ∇θlθðxÞ. Then for every u∈ kerðFθÞ,

uTSθðXÞ ¼ 0 pθ-a:s: (G17)

Moreover, on the common support where pθðxÞ > 0,

uT∇θpθðxÞ ¼ 0 pθ-a:s: (G18)

Proof. Let u∈ kerðFθÞ. Then

0 ¼ uTFθu ¼ Eθ½uTSθðXÞSθðXÞTu� ¼ Eθ½ðuTSθðXÞÞ2�:
(G19)

Since the integrand is nonnegative, the expectation can
vanish only if

ðuTSθðXÞÞ2 ¼ 0

holds pθ-almost surely, which establishes (G17). On the
common support where pθðxÞ > 0, we have

∇θpθðxÞ ¼ pθðxÞ∇θ logpθðxÞ ¼ pθðxÞSθðxÞ: (G20)

Multiplying both sides by uT and using (G17) yields
(G18). ▪
Lemma 2. (Block form of the score under an orthogonal

decomposition). Assume (B3). Define ξ ≔ UTθ and
write ξ ¼ ðξð0Þ; ξð1ÞÞT accordingly. Then the score in the
ξ-coordinates satisfies

SξðXÞ ≔ UT∇θlθðXÞ ¼
�

0
Sð1Þξ ðXÞ

�
pθ-a:s: (G21)

In particular, the score has no component along the null-
space directions ξð0Þ.
Proof. Since θ ¼ Uξ, the Jacobian is

∂θ
∂ξ

¼ U;

and therefore, by the chain rule,

∇ξlξðXÞ ¼
�
∂θ
∂ξ

�
T∇θlθðXÞ ¼ UT∇θlθðXÞ: (G22)

Each column ui of Uð0Þ belongs to kerðFθÞ. Hence, by
Lemma 1,

uTi ∇θlθðXÞ ¼ 0

holds pθ-almost surely. Stacking these identities gives

ðUð0ÞÞT∇θlθðXÞ ¼ 0 pθ-a:s: (G23)

Therefore, the first block of UT∇θlθðXÞ vanishes,
establishing (G21). ▪
Equation (G21) shows that the likelihood is locally

insensitive (in the sense of vanishing directional deriva-
tives, pθ-a.s.) along the null-space directions ξð0Þ.

d. Profile maximum likelihood
on the estimable subspace

For fixed ξð0Þ, define the profile MLE for the estimable
coordinates by

ξ̃ð1Þ;ML ∈ arg max
ζ ∈Rr

lðξð0Þ;ζÞðXÞ: (G24)

Let the corresponding displacement be

Δ̃ð1Þ;ML ≔ ξ̃ð1Þ;ML − ξð1Þ: (G25)

We define the reduced, or estimable, score and
Hessian as

Sð1Þξ ðXÞ ≔ ∇ξð1ÞlξðXÞ; (G26)

Hð11Þ
ξ ðXÞ ≔ ∇2

ξð1ÞlξðXÞ: (G27)

By the first-order optimality condition for the profile
MLE, together with Assumption (B1), we have

0 ¼ Sð1Þðξð0Þ;ξ̃ð1Þ;MLÞðXÞ: (G28)

Applying Taylor’s theorem to the reduced score around
ξ yields

0 ¼ Sð1Þξ ðXÞ þHð11Þ
ξ ðXÞΔ̃ð1Þ;ML þ rð1Þξ ðΔ̃ð1Þ;MLÞ; (G29)

where rð1Þξ ð·Þ denotes the corresponding Taylor remainder.

e. Pseudoinverse reduction

The Fisher information matrix in the ξ-coordinates is

Fξ ¼ UTFθU ¼
�
0 0
0 F̄ξ

�
; (G30)

where F̄ξ ∈Rr×r is positive definite. Consequently, its
Moore-Penrose inverse is

Fþ
ξ ¼

�
0 0
0 F̄−1

ξ

�
: (G31)

Adding and subtracting F̄ξΔ̃ð1Þ;ML in Eq. (G29), and then
rearranging, gives
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F̄ξΔ̃ð1Þ;ML ¼ Sð1Þξ þ ðHð11Þ
ξ þ F̄ξÞΔ̃ð1Þ;ML þ rð1Þξ ðΔ̃ð1Þ;MLÞ:

(G32)

Thus,

Δ̃ð1Þ;ML ¼ F̄−1
ξ Sð1Þξ þ F̄−1

ξ ðHð11Þ
ξ þ F̄ξÞΔ̃ð1Þ;ML

þ F̄−1
ξ rð1Þξ ðΔ̃ð1Þ;MLÞ: (G33)

f. Consequence for sample complexity bounds

We therefore conclude that the learning problem reduces
to the non-singular case restricted to the r-dimensional
estimable subspace suppðFθÞ. As a result, sample-
complexity bounds established for the non-singular setting
extend directly to the estimable coordinates ξð1Þ, with the
replacements

F−1
θ → Fþ

θ ; d → r ¼ rankðFθÞ; (G34)

provided the corresponding bound is formulated in an
orthogonally invariant manner.

APPENDIX H: VALIDITY OF (A1)–(A2) IN
STATISTICAL MODELS

(A1) Unique maximizer and stationary point: lθðxÞ has
a unique maximizer θ̃ML in the interior of the
parameter domain Θ and it is the unique sta-
tionary point.

(A2) Smoothness: lθðxÞ is three times continuously
differentiable with respect to θ on the parameter
domain Θ.

1. Bernoulli model

Let x1;…; xM ∈ f0; 1g be i.i.d. Bernoulli random var-
iables with parameter θ∈ ð0; 1Þ, and define

S ≔
XM
i¼1

xi:

The log-likelihood function is

lθðxÞ ¼ S log θ þ ðM − SÞ logð1 − θÞ;
θ∈Θ ≔ ð0; 1Þ:

(H1)

(A1). The first derivative of the log-likelihood is

l0
θðxÞ ¼

S
θ
−M − S

1 − θ
: (H2)

Setting l0
θðxÞ ¼ 0 yields the unique stationary

point

θML ¼ S
M

; (H3)

provided 0 < S < M. Moreover, since

l00
θðxÞ ¼ − S

θ2
− M − S
ð1 − θÞ2 < 0; (H4)

the log-likelihood is strictly concave on ð0; 1Þ,
and therefore θML is the unique maximizer.

(A2). The function lθðxÞ is infinitely differentiable
on ð0; 1Þ.

2. Gaussian model with known variance

Let y1;…; yM ∈Rd be i.i.d. Gaussian random vectors
distributed according to N ðθ;ΣÞ, where the covariance
matrix Σ≻0 is known and θ∈Rd is unknown. Up to an
additive constant, the log-likelihood function is

lθðxÞ ¼ − 1

2

XM
i¼1

ðyi − θÞTΣ−1ðyi − θÞ; θ∈Θ ≔ Rd:

(H5)

(A1). The gradient of the log-likelihood is

∇θlθðxÞ¼MΣ−1ðȳ−θÞ; ȳ≔
1

M

XM
i¼1

yi: (H6)

Therefore, ∇θlθðxÞ ¼ 0 if and only if

θ ¼ ȳ ¼: θML;

which is thus the unique stationary point. More-
over, the Hessian is

∇2
θlθðxÞ ¼ −MΣ−1; (H7)

which is strictly negative definite because Σ≻0.
Hence the log-likelihood is strictly concave, and
θML is the unique global maximizer.

(A2). The function lθðxÞ is a quadratic polynomial in θ
and is therefore infinitely differentiable.

3. Multinomial model

Let ðn1;…; nKÞ be multinomial counts with total count

M ¼
XK
k¼1

nk;

UNIVERSAL SAMPLE COMPLEXITY BOUNDS IN … PRX QUANTUM 7, 033063 (2026)

033063-37



and parameter vector θ ¼ ðθ1;…; θKÞ, where θk > 0 andP
K
k¼1 θk ¼ 1. The log-likelihood function is

lθðxÞ ¼
XK
k¼1

nk log θk; (H8)

defined on the probability simplex.
(A1). The partial derivatives are

∂lθðxÞ
∂θk

¼ nk
θk

: (H9)

Because the parameters satisfy the normaliza-
tion constraint

XK
k¼1

θk ¼ 1;

the stationary point must be determined using a
Lagrange multiplier. Define

Lðθ; λÞ ¼
XK
k¼1

nk log θk þ λ

�XK
k¼1

θk − 1

�
:

(H10)

The stationarity conditions give

∂L
∂θk

¼ nk
θk

þ λ ¼ 0; (H11)

which implies

θk ¼ − nk
λ
: (H12)

Using the normalization condition,

1 ¼
XK
k¼1

θk ¼ − 1

λ

XK
k¼1

nk ¼ −M
λ
; (H13)

and therefore λ ¼ −M. Hence the unique sta-
tionary point under the normalization constraint is

θML
k ¼ nk

M
: (H14)

Moreover, since

∂2lθðxÞ
∂θ2k

¼ − nk
θ2k

< 0; (H15)

the log-likelihood is strictly concave on the
interior of the simplex, implying that this sta-
tionary point is the unique global maximizer.

(A2). The function lθðxÞ is infinitely differentiable
throughout the interior region θk > 0.

4. Poisson model

Let x1;…; xM be i.i.d. Poisson random variables with
mean θ > 0. The log-likelihood function is

lθðxÞ ¼
XM
i¼1

ðxi log θ − θÞ þ const; θ∈Θ ≔ ð0;∞Þ:

(H16)

(A1). The derivative of the log-likelihood is

l0
θðxÞ ¼

XM
i¼1

xi
θ
−M: (H17)

Setting l0
θðxÞ ¼ 0 yields the unique stationary

point

θML ¼ 1

M

XM
i¼1

xi: (H18)

Moreover,

l00
θðxÞ ¼ −XM

i¼1

xi
θ2

≤ 0; (H19)

so the log-likelihood is concave on ð0;∞Þ. IfP
M
i¼1 xi > 0, the concavity is strict and θML is the

unique global maximizer.
(A2). The function lθðxÞ is infinitely differentiable

on Θ ¼ ð0;∞Þ.

5. General exponential family (canonical
parametrization)

Let x1;…; xM be i.i.d. measurement outcomes drawn
from a regular exponential family with canonical para-
meter θ∈Θ ⊂ Rd and density

pθðxÞ ¼ hðxÞ exp ðθTtðxÞ − AðθÞÞ; θ∈Θ; (H20)

where tðxÞ∈Rd is the sufficient statistic and AðθÞ is the
log-partition function. Define the aggregated sufficient
statistic
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T ≔
XM
i¼1

tðxiÞ∈Rd: (H21)

The log-likelihood function is

lθðxÞ ≔
XM
i¼1

logpθðxiÞ

¼
XM
i¼1

log hðxiÞ þ θT
XM
i¼1

tðxiÞ −MAðθÞ

¼
XM
i¼1

log hðxiÞ þ θTT −MAðθÞ: (H22)

(A1). The gradient of the log-likelihood is

∇θlθðxÞ ¼ T −M∇AðθÞ: (H23)

Setting ∇θlθðxÞ ¼ 0 yields the maximum-
likelihood equation

∇AðθMLÞ ¼ 1

M
T: (H24)

Moreover, the Hessian is

∇2
θlθðxÞ ¼ −M∇2AðθÞ: (H25)

In a minimal regular exponential family, AðθÞ
is strictly convex on Θ, so ∇2AðθÞ≻0. Hence the
log-likelihood is strictly concave, and ∇A is
injective. Therefore, whenever 1

MT lies in the
range of ∇A (equivalently, in the mean-parameter
space), the solution θML exists and is unique.

(A2). Because the family is regular, the log-partition
function AðθÞ is finite on the open set Θ and is
smooth (in fact, real analytic) throughout Θ.
Consequently, lθðxÞ is infinitely differentiable
on Θ.

6. Pauli eigenvalue estimation

In this subsection, we verify that assumptions
(A1)–(A2) hold for Pauli eigenvalue estimation under
the standard measurement model. Throughout, we impose
the normalization condition λ0 ¼ 1. For simplicity, let us
denote the probability distribution in Eq. (62) by

pλðxÞ ≔ px: (H26)

Here, fpxg4n−1x¼0 are the measurement outcome proba-
bilities. These probabilities depend linearly on the Pauli

eigenvalues λ ¼ ð1; λ1;…; λ4n−1Þ, and satisfy px ≥ 0

together with
P

4n−1
x¼0 px ¼ 1. We treat ðp1;…; p4n−1Þ as

free parameters and eliminate p0 through the relation

p0 ¼ 1 −X4n−1
k¼1

pk: (H27)

Accordingly, the parameter domain is

Θ ≔


ðp1;…; p4n−1Þ∶ pk > 0 ∀ k;

X4n−1
k¼1

pk < 1

�
;

(H28)

which is an open convex subset of R4n−1.
Given an observed dataset x, summarized by the out-

come counts fnxg4n−1x¼0 , the total number of measurement
outcomes is

M ¼
X4n−1
x¼0

nx:

The multinomial log-likelihood, up to an additive
constant independent of θ, is given by

lθðxÞ¼
X4n−1
x¼0

nx logpx

¼
�
M−X4n−1

k¼1

nk

�
log
�
1−X4n−1

k¼1

pk

�
þ
X4n−1
k¼1

nk logpk;

(H29)

where the parameter vector is

θ ¼ ðp1;…; p4n−1Þ∈Θ:

Assumption (A2) follows immediately from the defi-
nition of Θ. Indeed, for every θ∈Θ, we have pk > 0 for all
k, together with

1 −X4n−1
k¼1

pk > 0.

Hence all logarithmic arguments appearing in Eq. (H29)
are strictly positive. Therefore, lθðxÞ is infinitely differ-
entiable with respect to θ on Θ, and in particular

lθðxÞ∈C3ðΘÞ:

To verify Assumption (A1), we note that the multi-
nomial likelihood is maximized by the empirical frequen-
cies. Specifically,
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pML
k ¼ nk

M
; k ¼ 1;…; 4n − 1; (H30)

with

pML
0 ¼ 1 −X4n−1

k¼1

pML
k ¼ n0

M
: (H31)

Whenever

θ̃ML ¼ ðpML
1 ;…; p ML

4n−1Þ

lies in the interior ofΘ, it is the unique maximizer of lθðxÞ,
and also the unique stationary point. Equivalently,

∇θlθðxÞ ¼ 0 ⟺ θ ¼ θ̃ML: (H32)

Therefore, Pauli eigenvalue estimation satisfies
assumptions (A1) and (A2) under the normalization
constraint λ0 ¼ 1.
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