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Approximate Quantum Error Correction with 1D Log-Depth Circuits
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Efficient and high-performance quantum error correction is essential for achieving fault-tolerant quan-
tum computing. Low-depth random circuits offer a promising approach to identifying effective and
practical encoding strategies. In this work, we rigorously prove through information-theoretic analysis
that one-dimensional logarithmic-depth random Clifford encoding circuits can achieve high quantum
error correction performance. We demonstrate that these random codes typically exhibit good approxi-
mate quantum error correction capability by proving that their encoding rate achieves the hashing bound
for Pauli noise and the channel capacity for erasure errors. We show that the error correction inaccuracy
decays once a threshold of logarithmic depth is exceeded, resulting in negligible recovery errors. This
threshold is shown to be lower than that of the simple separate block encoding, and the decay rate is
higher. We further establish that these codes are optimal by proving that logarithmic depth is necessary
to maintain a constant encoding rate and high error correction performance. To prove our results, we
propose decoupling theorems tailored for one-dimensional low-depth circuits. These results also imply
strong decoupling and rapid thermalization properties in low-depth random circuits and have potential
applications in quantum information science and physics.
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I. INTRODUCTION

Quantum error correction [1–7] is crucial for protecting
quantum computers from noise, so as to enable universal
fault-tolerant quantum computing [8–13], and ultimately
realize scalable quantum speedups. Significant experimen-
tal and theoretical progress has been made to reduce
resource requirements and enhance the performance of
quantum error correction. In experiments, surface codes on
a two-dimensional system have shown remarkable success
in preserving logical information over extended timescales
[6,7]. Nonetheless, the surface code has a fundamental
drawback of a low encoding rate. The overhead of phys-
ical qubits to make one logical qubit is large for near-term
devices [14].

Recent research on quantum low-density parity-check
(qLDPC) codes [11,14–18] establishes constant-rate
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encoding with robust error-correcting capability. Nonethe-
less, due to the requirement of substantial long-range
connectivity, the realization of high-performance qLDPC
codes needs all-to-all circuit architectures or prohibitively
large circuit depth in low-dimensional systems, which
makes practical implementation challenging. Finding
encoding schemes with low overhead and minimal device
requirements is crucial for achieving practical quantum
error correction in near-term quantum devices. This leads
to the central question that underlies this work: What
circuit architecture and depth can achieve good quan-
tum error correction performance? Ideally, we desire
simple circuit geometry and low-depth implementation.
Understanding this would be crucial for both the the-
ory and experimental implementation of quantum error
correction.

Random quantum circuits offer a promising approach
to evaluating the typical performance of various encoding
circuits and identifying practical encoding schemes [13,
19–23]. Here, we conduct the analysis using the approx-
imate quantum error correction (AQEC) [24–27] frame-
work, which enables rigorous quantitative analysis for the
average behaviors of random circuit ensembles and facil-
itates analyzing the logical error and channel capacity
of generic noise models [26,28]. Under suitable condi-
tions, AQEC ensures negligible recovery errors between
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the initial logical state and the state after decoding, which
guarantees feasibility for practical applications and allows
more flexible design of codes with various advantages
[24,29]. Moreover, it provides insights into the role of sym-
metry in quantum information [22] and deepens our under-
standing of quantum complexity and order in many-body
quantum systems [30].

To address the motivating question, we investigate the
AQEC behaviors of random circuit encodings with locality
constrained by a one-dimensional (1D) geometry. Previ-
ous studies numerically found the 1D O(log n)-depth local
random circuits with a brickwork structure can approxi-
mately correct a linear number of random erasure errors
while preserving a constant encoding rate [21]. Further
numerical results show that such circuits can approach the
hashing bound for local Pauli noise [23], matching the
performance of random stabilizer codes [28]. A simple
block-encoding argument provides intuition for the robust-
ness against local noise: the n-qubit system is divided into
O(n/ log n) blocks, each encoding�(log n) qubits as a ran-
dom stabilizer code. This structure corrects noise within
individual blocks, making it effective against local noise.

Despite certain numerical evidence and intuition, a rig-
orous understanding of the encoding properties under
general noises has been elusive. Intuitively, 1D random
circuits with interconnections between blocks can poten-
tially further enhance the error correction capability due
to a stronger scrambling power. A comprehensive analysis
would be important, but it poses significant mathematical
challenges.

In this work, we present the construction of random
codes implemented in 1D and logarithmic-depth circuits,
along with information-theoretically rigorous proofs of
their powerful AQEC performance. We specifically ana-
lyze two types of 1D random circuit architectures: the stan-
dard 1D local random circuit with a brickwork structure
[31,32] and the double-layer blocked circuit composed of
two layers of blocked gates [33,34]. We will refer to these
as the 1D brickwork circuit and the double-layer blocked
circuit, respectively. Compared to the separate block model
discussed before, there exist connections between blocks
in these two models. There have been extensive prior
studies on the approximate unitary design generation prop-
erties of such circuits [31–34]. Here we aim to examine
their application as encoding schemes, which is morally
relevant to design generation but essentially a different
problem (as will be further explained later). For example,
the 1D brickwork circuit is known to form an approximate
2-design at O(n) depth, and the double-layer blocked cir-
cuit achieves this at O(log n) depth. However, this finding
alone does not guarantee a good encoding scheme at the
same depth. To protect logical information with a constant
encoding rate, the size of the logical space is exponen-
tial in n, which requires an exponentially small error in
the approximate design. Since the approximate 2-design

error at O(log n) depth is only polynomially small [33,34],
our proofs for the performance of these encoding cir-
cuits require new technical work. By demonstrating their
effectiveness in decoupling and error correction tasks, our
research complements the common study from a design
perspective [33,34].

We show that at a logarithmic depth, two encod-
ing schemes can tolerate constant-rate stochastic noises,
including local Pauli, erasure, amplitude damping noises,
and weak-correlated noises, and maintain a constant
encoding rate. For the double-layer blocked circuit, we
prove that they can tolerate a higher encoding rate for
local noises at ω(log n) depth. For instance, they toler-
ate strength-�p local Pauli noise with an encoding rate k/n,
provided that 1− k/n− h(�p) > 0. This achieves the well-
known hashing bound of the channel capacity for local
Pauli noise [28,35,36]. For independently and identically
distributed (i.i.d.) erasure errors with error rate p , the
encoding rate can achieve the quantum channel capacity
1− 2p .

Beyond the achievable encoding rate, we show that the
recovery error of the two encoding schemes decays expo-
nentially with the depth of encoding circuits. The proof
is based on transforming the recovery error after noise
and decoding into a decoupling problem, and we estab-
lish decoupling theorems for two types of 1D low-depth
circuits. Particularly, we show that the error polynomially
decays for O(log n)-depth circuits at a constant encod-
ing rate and vanishes for ω(log n)-depth circuits at a
higher encoding rate. Compared to a previous result that
O(log3 n)-depth all-to-all Clifford circuits establish decou-
pling against a linear-size adversarial error [20,37], our
work focuses on decoupling against constant-rate stochas-
tic noise. This relaxation is more practically relevant, and
we show that 1D O(log n)-depth circuits generally suf-
fice for decoupling in this case. Moreover, we compare
the performance between the double-layer blocked scheme
and the intuitive separate block approach. We find that
for certain noise and encoding rate regimes, the double-
layer blocked scheme requires a lower depth to make the
recovery error decay. Also, the decay rate associated with
the double-layer blocked scheme is better than the sep-
arate block approach. This advantage also holds for 1D
brickwork circuits.

Furthermore, we establish lower bounds on the cir-
cuit depth required to achieve high AQEC performance.
Specifically, for a D-dimensional circuit, we prove that
the recovery error decays polynomially or that a constant
encoding rate is achieved, the circuit depth must be at least
�
[
(log n)1/D

]
. Therefore, our encoding schemes are opti-

mal since they attain the 1D lower bound �(log n). This
lower bound also generalizes existing results for the cir-
cuit depth required to achieve a high code distance or for
other quantum error correction and fault-tolerant quantum
computing metrics [30,38].
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Beyond the crucial role in quantum computing and
quantum error correction, our results on low-depth ran-
dom circuits are expected to find applications in quan-
tum many-body physics. The decoupling property and the
robustness of random circuits against errors relate to their
capacity to scramble information and generate entangle-
ment [20,37,39]. Haar-random unitary and random Clifford
operations exhibit strong scrambling power and naturally
have good quantum error correction performance. For
instance, random stabilizer codes [19] achieve the well-
known Singleton bound, n− k − 2(d − 1) ≥ 0 [40], with
a constant encoding rate k/n and a linear code distance d =
�(n). However, Haar-random operations require circuit
depth exponential in the number of qubits for implementa-
tion. Emulating the utility of Haar-random unitaries using
low-dimensional, low-depth random circuits is essential
for many practical applications like random circuit sam-
pling [41–46], quantum device benchmarking [47–53], and
quantum gravity [54–56]. Our results also imply that sub-
systems of 1D low-depth random circuit states rapidly
thermalize, providing a powerful tool for investigating
quantum many-body dynamics [57–59].

The paper is organized as follows: In Sec. II, we intro-
duce the low-depth random circuit models and summarize
our main results. We also outline the theoretical approach
to analyze the AQEC performance. In Sec. III, we intro-
duce the preliminaries for this work. In Secs. IV and V, we
elaborate on the main results about the AQEC performance
of random codes, as well as the lower bounds for the circuit
depth required for AQEC. Finally, in Sec. VI, we conclude
with a discussion of our results and implications for future
research.

II. CIRCUIT MODELS AND SUMMARY OF
RESULTS

In this work, we consider randomized code construc-
tions, where the encoding operation of a code is randomly
drawn from a circuit ensemble. As mentioned earlier, we
mainly analyze two types of 1D random circuit ensem-
bles and prove their decoupling properties and AQEC
performance at a logarithmic depth.

The 1D brickwork circuit represents a relatively stan-
dard circuit architecture. We consider the case with the
periodic boundary condition, and let q be the local dimen-
sion. The open boundary condition is similar. Without loss
of generality, here we consider the total number of qudits
n to be even. For an n-qudit random unitary operation U
composed of s two-qudit gates, {U(1), U(2), . . . , U(s)}, with
U(i) randomly sampled from the unitary group of dimen-
sion q2 with support A(i) ⊂ [n] = {1, 2, . . . , n}, U has an
expression

U = U(s)
A(s)

U(s−1)
A(s−1) · · ·U(1)

A(1)
. (1)

For the task of decoupling, each gate U(i) can be sam-
pled from a unitary 2-design group, like the Clifford group,
instead of the whole unitary group.

The 1D depth-d brickwork circuit is composed of alter-
nating layers of two-qudit gates in a staggered arrange-
ment, with the formal definition shown below:

U =
d∏

l=1

U[l], (2)

where

U[l] =

⎧
⎪⎪⎨
⎪⎪⎩

n/2⊗
i=1

U((l−1)n/2+i)
{2i−1,2i} , if mod(l, 2) = 1,

n/2⊗
i=1

U((l−1)n/2+i)
{2i,2i+1} , if mod(l, 2) = 0.

(3)

Here, U[l] is the unitary gate on layer l. The qudit index
n+ 1 is identified with 1 to match the periodic bound-
ary condition. In our work, we set depth d = log(n/ε)+
log n/log

(
(q2+ 1)/2q

)+ log(e− 1)/log
(
(q2+ 1)/2q

)+ 1.
The local dimension q is a prefixed constant, and the depth
is specified by the parameter ε. We denote this 1D brick-
work circuit ensemble by Bε

n. When the number of qubits
and circuit depth are not of primary concern, we sim-
ply refer to this architecture as B. A diagram of a 1D
brickwork circuit is shown in Fig. 1(a). This brickwork
structure is particularly well suited for experimental imple-
mentation, as it can be realized by applying gates between
nearest-neighbor qudits without complex gate compilation.
Furthermore, this circuit is an excellent candidate for gen-
erating randomness and entanglement. After a depth of d,
the information initially contained in any single qudit is
scrambled across 2d qudits.

In this work, we will use circuit U as the encoding map
which encodes 2k-dimension logical space into 2n physical
space. To use this circuit for encoding, we set the local
dimension of each qudit to q = 2n/k, where a single qubit
of information is encoded per qudit. By selecting n/k as
a constant, the local dimension q also remains constant.
This configuration yields a constant encoding rate of k/n.
The total number of qudits is correspondingly changed to
k, which is equivalent to n qubits.

The diagram of the double-layer blocked circuit is
shown in Fig. 1(b). This circuit has a two-layer structure,
with each layer consisting of blocks of random gates sam-
pled from a unitary 2-design group, where each block has
size ξ and depth d = O(ξ) [33]. In the first layer, qubits
are partitioned into blocks, and random gates are applied
within each block to generate entanglement. The second
layer then applies random gates between these blocks,
thereby creating interblock connections. Similar to the 1D
brickwork circuit, this double-layer blocked circuit scram-
bles the information of a single qubit across a number of
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(a) (b)

Depth

Layer 1 Layer 2

FIG. 1. (a) Diagram of the 1D brickwork circuit. The circuit is constructed by brickwise two-qudit gates. The total qudit number
is k, and the circuit depth is d. When using this circuit for encoding, we set the local dimension as q = 2n/k while only one qubit of
information is encoded in one qudit. In our work, n/k is chosen as a constant, so q is a constant. The encoding rate maintains k/n in
this scheme, and the total physical qubit number is n. Note that our results apply to arbitrary local dimensions, including 1D brickwork
circuits composed of two-qubit gates acting on n qubits, where each qubit encodes logical information with probability k/n. The Choi
error still decays polynomially, though with a different scaling. Further discussions are provided in Appendix C 3. (b) Diagram of the
1D double-layer blocked circuit. Two layers of blocked unitary gates construct the circuit. The term Ui,i+1

C is a random gate from a
unitary 2-design ensemble on regions i and i+ 1. The circuit is divided into 2N regions, with each region having ξ = n/2N qubits.
When using this circuit for encoding, the logical qubits and ancillary qubits are evenly distributed across each region. Each region
contains (k/n)ξ logical qubits and ((n− k)/n)ξ ancillary qubits.

qubits that is proportional to the circuit’s depth. Theoreti-
cally, the double-layer blocked structure is simpler than the
1D brickwork circuit, which facilitates further theoretical
analysis.

Specifically, in the double-layer blocked circuit, the n
qubits are divided into 2N regions, with each region con-
taining ξ = n/2N qubits. In the first layer, unitaries U2i−1,2i

C
are applied in parallel on regions 2i− 1 and 2i for 1 ≤ i ≤
N . In the second layer, unitaries U2i,2i+1

C are applied in par-
allel on regions 2i and 2i+ 1 for 1 ≤ i < N . The entire
encoding unitary circuit can be written as

U = U2 · U1, (4)

where

U1 =
N⊗

i=1

U2i−1,2i
C , U2 =

N−1⊗

i=1

U2i,2i+1
C . (5)

The unitaries Ui,i+1
C are sampled from a unitary 2-design

ensemble. In this work, we take it to be the Clifford group.
Since a ξ -qubit Clifford gate can be realized in depth O(ξ)
with basic CNOT, Hadamard, and phase gates in 1D circuits
[60,61], the depth of the random circuit U is O(ξ). In this
work, we set ξ = log(n/ε) and denote the ensemble gen-
erated by this 1D random double-layer blocked circuit as
Cεn, where ε is a parameter. We would refer to this circuit
architecture as C when parameters are not essential.

We use the double-layer blocked circuit as the encod-
ing map in the following way. The circuit U encodes

the k-qubit logical system L to an n-qubit physical sys-
tem S. In the encoding procedure, the logical qubits
and ancillary qubits are evenly distributed across each
region, such that each region contains (k/n)ξ logical
qubits and ((n− k)/n)ξ ancillary qubits as shown in
Fig. 1(b).

We focus on the performance of codes when the encod-
ing circuits are of low depth, that is, when depth d � n.
Due to the light-cone constraint, each qubit can interact
with only O(d) other qubits, limiting the spread of informa-
tion across the system. Consequently, any encoding unitary
from the 1D random circuits can only achieve a code dis-
tance on the order of circuit depth [30]. Fortunately, by
considering AQEC, the number of qubits protected against
local noise and limited correlated noise can be much larger
than the code distance. Here, the AQEC performance is
quantified by the Choi error εChoi between the identity
operation and D ◦N ◦ E , where E , N , and D represent
the encoding, noise, and decoding channels, respectively.
This error measures the average distance between the ini-
tial and recovered states over all inputs, using an optimal
decoding channel D. A detailed introduction to AQEC is
provided in Sec. III B.

We rigorously analyze a host of important noise models,
including local Pauli, erasure, amplitude damping noises,
and nearest-neighbor ZZ-coupling noise. The common
message is that our two 1D circuit models exhibit good
quantum error correction performance at O(log n) depth
for all these practical noise types. We also show that a bet-
ter performance exists for the double-layer blocked circuit
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FIG. 2. The encoding rates of different bounds. For Pauli noise, the encoding rates given by the smooth and nonsmooth decoupling
theorems are bounded by 1− h(�p) and 1− f (�p), respectively. They are depicted in blue with solid and dashed lines, respectively.
For the strength-p depolarizing noise, the four parameters of the Pauli noise are �p = (1− 3p/4, p/4, p/4, p/4). The hashing bound
1− h(�p) is higher than the bound 1− f (�p). For erasure errors, the encoding rates given by the smooth and nonsmooth decoupling
theorems are bounded by 1− 2p and 1− log(1+ 3p) and depicted in red with solid and dashed lines, respectively. The bound
1− 2p is the quantum channel capacity of the erasure error, and it is higher than the bound 1− log(1+ 3p). For amplitude damp-
ing noise, the encoding rates given by the smooth and nonsmooth decoupling theorems are bounded by h((1− p)/2)− h(p/2) and
− log

(
1/(2− p)+√p/(2− p)

)
and depicted in orange with solid and dashed lines, respectively. For strength-p nearest-neighbor

correlated noise, only the nonsmooth decoupling theorem is applicable. The achievable encoding rate is 1− 2 log
(√

1− p +√p
)
,

depicted in green.

at ω(log n) depth. In the following, we mainly present the
results for this type of circuit.

Remarkably, we prove that the encoding schemes from
the double-layer blocked circuit at ω(log n) depth can
establish a Choi error that goes to zero with an encoding
rate k/n under strength-�p local Pauli noise, provided that
1− k/n− h(�p) > 0. This error decay implies that these
encoding schemes can achieve the well-known hashing
bound of the channel capacity for local Pauli noise [28,35,
36]. Here, �p = (pI , pX , pY, pZ) represents the four parame-
ters of the local Pauli noise where pI + pX + pY + pZ = 1.
The entropy function is defined as h(�p) = −pI log pI −
pX log pX − pY log pY − pZ log pZ . When depth is O(log n),
the encoding rate can achieve a smaller one, 1− f (�p),
against the same strength of Pauli noise where f (�p) =
2 log
(√

pI +√pX +√pY +√pZ
)
. For strength-p local

erasure error, where each qubit is i.i.d. erased with proba-
bility p , the encoding rate can also be constant and achieve
the quantum channel capacity 1− 2p [62]. For strength-
p local amplitude damping noise, the encoding rate
can reach h((1− p)/2)− h(p/2). For nearest-neighbor
ZZ-coupling noise, we show that the encoding rate
can achieve a constant 1− 2 log

(√
1− p +√p

)
. The

results for 1D brickwork circuits are the same when
circuit depth is O(log n). The results are summarized
in Result 1 and depicted in Fig. 2. We present the
formal results in Corollaries 1, 2, 3, 4, 5, 6, 7, and
Appendix C 3.

Result 1 (Encoding rate of the double-layer
blocked circuit C and 1D brickwork circuit B,
informal).

(1) In the large n limit, the expected Choi error for
the random codes from C and B vanishes with
encoding rate k/n < 1− f (�p) for strength-�p local
Pauli noise, k/n < 1− log(1+ 3p) for strength-
p local erasure errors, k/n < − log

(
1/(2− p) +

√
p/(2− p)

)
for strength-p local amplitude damp-

ing noise, and k/n < 1− 2c log
(√

1− p +√p
)

for
strength-p correlated noise at circuit depth O(log n).
Here, c = 1 for C and c = (1+ k/n) for B.

(2) In the large n limit, the expected Choi error for
the random codes from C vanishes with encoding
rate k/n < 1− h(�p) for strength-�p local Pauli noise,
k/n < 1− 2p for strength-p local erasure errors,
and k/n < h((1− p)/2)− h(p/2) for strength-p
local amplitude damping noise at circuit depth
ω(log n).

We further strengthen the result by showing that these
codes exhibit a Choi error that decays exponentially with
circuit depth.

Result 2 (Choi error of encoding schemes from the dou-
ble-layer blocked circuit C and 1D brickwork circuit B,
informal). The expected Choi error of the random codes
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formed by Cεn or Bε
n with depth O(log n/ε) satisfies

EU∼CεnεChoi = O
(
(ε1− k

n n
k
n )

1
4

)
,

EU∼Bε
nεChoi = O

((ε
k

) n
4k− 1

2
)

,
(6)

with an encoding rate k/n < 1− f (�p) for strength-�p local
Pauli noise, k/n < 1− log(1+ 3p) for strength-p local
erasure errors, k/n < − log

(
1/(2− p)+√p/(2− p)

)

for strength-p local amplitude damping noise, and k/n <
1− 2c log

(√
1− p +√p

)
for strength-p correlated noise.

The formal version of this result is given in Corollar-
ies 1, 3, 5, 7, and Appendix C 3. A direct consequence of
Result 2 is that 1D encoding schemes with depth O(log n)
establish a Choi error εChoi = 1/poly(n). This small Choi
error is particularly valuable for quantum error correc-
tion over extended periods. When the encoding rate is
above the value mentioned in Result 2, the scaling of the
Choi error will be O((log n/log(n/ε))1/4), as discussed in
Appendix B 4.

Furthermore, we establish the lower bound on the circuit
depth required to achieve high AQEC performance under
the local depolarizing channel, a type of local Pauli noise.
This result provides a lower bound for encoding circuit
depth against local Pauli noise and can be easily extended
to other local errors.

Result 3 (Lower bound for circuit depth, informal). For
a circuit U that encodes k logical qubits with depth d
and has a Choi error ε against a constant-strength local
depolarizing channel, then:

(1) If U is a D-dimensional circuit, then d =
�
(
(log(1/ε)+ log k)1/D

)
.

(2) If U is an all-to-all circuit, then d = �(log[log(1/ε)
+ log k]).

This result matches the upper bound in Results 1 and 2,
confirming the optimality of our encoding scheme. We
present the formal version of this result in Theorem 4.

To prove the AQEC performance established in Results
1 and 2, we employ the complementary channel approach
[27], which evaluates the Choi error by characterizing how
much information leaks from the system to the environ-
ment after encoding and noise. The issue becomes how
decoupled the environment and the other copy of the sys-
tem are after inputting an entangled state across two copies
of systems, with one undergoing encoding and the com-
plementary channel from system to environment. This
decoupling task is illustrated in Fig. 3. To address this
issue, we prove decoupling theorems tailored for C and
B. Compared to previous decoupling results [37,63,64],

⋮

⋮

FIG. 3. The diagram of the decoupling task. The process
begins with an entangled state, ρSR, where R is a reference
system identical to S. The system S undergoes an encoding uni-
tary operation, US , followed by a channel TS→E that maps S
to the environment E. The resulting output state is σER. The
decoupling task examines whether σER is sufficiently close to a
tensor-product state τE ⊗ ρR for certain choices of US and TS→E .
The role of US is to spread information within S, making it diffi-
cult for the environment E to extract information about S and R
through TS→E . When E has no information about SR, it becomes
decoupled from R.

the new decoupling theorem considers initial states that
have a tensor-product structure. This relaxation enables the
establishment of the decoupling for 1D low-depth circuits
instead of high-dimensional or long-depth circuits. Mean-
while, this relaxation is sufficient for evaluating the Choi
error. We present the detailed results in Theorems 1, 2,
and 3.

Result 4 (Decoupling theorems for the double-layer
blocked circuit C and 1D brickwork circuit B, informal).
Given three quantum systems S, R, and E, denote the
reduced density matrix of ρSR on system R as ρR and
the Choi-Jamiołkowski representation of TS→E as τSE with
reduced density matrix on system E as τE . Suppose US
is drawn from Cεn or Bε

n, and ρSR has a tensor-product
structure over different regions. Then in the large n limit,

EUS∼Cεn‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 = O(εc1nc2), (7)

EUS∼Bε
n‖TS→E(USρSRU†

S)− τE ⊗ ρR‖1 = O(εc3nc4), (8)

if H2(S|E)τSE + H2(S|R)ρSR > 0, and ε = O(1/poly(n)).
Meanwhile,

EUS∼Cεn‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 = O(δ + εc′1nc′2)

(9)

if H δ
2 (S|E)τSE + H2(S|R)ρSR > 0, and ε = o(1/poly(n)).

The coefficients c1, c2, c3, c4, c′1, and c′2 are constant. Here,
H2 and H δ

2 are the conditional collision entropy and the
smoothed version, respectively, which we will introduce
in Sec. III A.

In the above theorem, the term H2(S|R)ρSR represents the
initial correlation between system S and reference R and
equals −k for k EPR pairs. The term H2(S|E)τSE evaluates
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how the quantum channel from S to E preserves the corre-
lation or the amount of information leakage from S to E. If
there is no information leakage, then environment E knows
nothing about S and R, H2(S|E)τSE achieves the maxi-
mum, and E and R will be decoupled. Normally, a higher
noise error rate implies a higher information leakage.
Thus, H2(S|E)τSE decays when noise strength increases. It
gives the lower encoding rate bounds like n(1− f (�p)) for
Pauli noise. The smoothed entropy H δ

2 (S|E)τSE gives the
higher encoding rate bounds. The nonsmooth version also
implies the exponential decay of Choi error with circuit
depth, as stated in Result 2. Thus, O(log n)-depth circuits
exhibit negligibly small Choi error. On the other hand, the
smooth version shows the Choi error approaches 0 for an
ω(log n)-depth circuit with a larger encoding rate.

The new decoupling theorems are expected to have
important implications in quantum many-body physics and
quantum information tasks, as outlined in the discussion
section. We also generalize these results to bound the error
for an arbitrary input state where ρSR does not have a
tensor-product structure (Proposition 2). Additionally, we
propose a randomized encoding scheme that exhibits good
recovery fidelity for arbitrary input states (Proposition 1).

III. PRELIMINARIES

In this section, we introduce the preliminaries of our
work. First, we present the basic notations and quantities
used throughout this paper. Then, we introduce funda-
mental concepts and results in approximate quantum error
correction. Next, we discuss the related concept of random
unitaries and quantum design.

A. Basic notations and quantities

Let us start with the basic notations used in this work.
We denote the Hilbert space as H, the set of the states
on H as D(H), and the set of the general matrices on H
as M(H). For a single-qudit system with local dimension
q, we denote the Hilbert space as Hq where dimHq = q.
The basis of Hq is {|1〉 , |2〉 , . . . , |q〉}. The Hilbert space
of the n-qudit system is H⊗n

q . The Hilbert space HAB
of the combined system AB of subsystems A and B is
HAB = HA ⊗HB. The dimension of HA is denoted as |A|.
For a quantum state ρAB ∈ D(HAB), its reduced density
matrix on system B is denoted as ρB = trA(ρAB), where trA
is the partial trace over subsystem A. The unitary opera-
tion U on system A is denoted as UA with the subscript
to represent the support of U. A completely positive and
trace-preserving (CPTP) map T that maps a state from HA
to HB is denoted as TA→B. The Choi-Jamiołkowski rep-
resentation of a CPTP map TA→B is a quantum state τAB,
which is defined as

τAB = TA′→B(

∣∣∣φ̂
〉
AA′

〈
φ̂

∣∣∣
AA′
), (10)

where A′ is a copy of system A, and
∣∣∣φ̂
〉〈
φ̂

∣∣∣
AA′

is the

maximally entangled state on system AA′ with

∣∣∣φ̂
〉
AA′
= 1√|A|

|A|−1∑

i=0

|i〉A |i〉A′ . (11)

We use several measures to quantify the distance
between two states. The fidelity is defined as

F(ρ, σ) = ‖√ρ√σ‖1 = tr
√√

ρσ
√
ρ. (12)

For pure state |ψ〉 and mixed state σ , the fidelity is given
by

F(|ψ〉〈ψ | , σ) =
√
〈ψ | σ |ψ〉. (13)

From the fidelity, we can define the purified distance,

P(ρ, σ) =
√

1− F(ρ, σ)2, (14)

which satisfies [65]

1
2
‖ρ − σ‖1 ≤ P(ρ, σ) ≤

√
‖ρ − σ‖1. (15)

The trace distance between ρ and σ is 1
2‖ρ − σ‖1 .

The definitions of fidelity F and trace distance can also be
generalized to arbitrary positive matrices beyond states by
substituting ρ and σ with general matrices. For two quan-
tum channels TA→B and T ′

A→B, we normally use diamond
distance to characterize their distance, defined as

‖TA→B − T ′
A→B‖� = max

ρAR
‖TA→B(ρAR)− T ′

A→B(ρAR)‖1,

(16)

where R is a reference system without dimension restric-
tion. Nonetheless, it can be shown that considering a refer-
ence system R with the same dimension as A is sufficient
for maximization. The definition of the diamond distance
can also be generalized for two completely positive maps.

In this work, we will massively use the conditional
entropy. The conditional collision entropy of A given B is
defined as

H2(A|B)ρ = − log tr[
(
(IA ⊗ ρB)

−1/4ρAB(IA ⊗ ρB)
−1/4)2].

(17)

Its smoothed version is

H δ
2 (A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H2(A|B)ρ̂ , (18)

where Bδ(ρ) = {ρ ′, P(ρ ′, ρ) ≤ δ} is the set of all δ-close
states of ρ. For more details about quantum entropies refer
to Appendix A.
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Below, we introduce a mathematical lemma used in this
work, which turns the evaluation of the 1-norm of a matrix
into a second-moment quantity.

Lemma 1 (Lemma 3.7 in Ref. [63]). Given a Hilbert
space H, let M ∈M(H) and σ ∈ D(H). We have that

‖M‖1 ≤
√

tr(σ−1/4Mσ−1/2M †σ−1/4). (19)

If M is Hermitian, this simplifies to

‖M‖1 ≤
√

tr((σ−1/4Mσ−1/4)2). (20)

B. Approximate quantum error correction

In this subsection, we introduce basic concepts in
approximate quantum error correction. To protect logical
information, the logical system L, consisting of k qubits, is
encoded into the n-qubit physical system S via an encoding
channel EL→S. The logical system may also be entangled
with a k-qubit reference system R. The code rate is given
by k/n. After encoding, the physical system S undergoes
a noise channel N . Finally, a decoding operation DS→L
is applied to recover the information stored in the logi-
cal system. For an initial state ρLR, the recovered state is
given by

[(D ◦N ◦ E)L ⊗ IR](ρLR). (21)

For a unitary encoding, EL→S(ρ) = USρL ⊗ |0〉〈0|S\L U†
S,

as demonstrated by Fig. 4.
One can quantify the performance of quantum error cor-

rection by the fidelity between the initial and final states. In

⋮

⋮

⋮

⋮

⋮ ⋮

Unitary encoding

FIG. 4. Diagram of the procedure of quantum error correction.
The initial logical information is stored in a quantum state ρL.
Before undergoing noiseN , ρL is first encoded by E with E(ρ) =
Uρ ⊗ |0〉〈0|U† for unitary encoding operation U. Finally, one
applies decoding operation D to retrieve logical information.
More generally, ρL may be entangled with a reference system R.

this work, we focus on the entanglement fidelity, or Choi
fidelity, which is defined as

FChoi = max
D

F
(
φ̂LR, [(D ◦N ◦ E)L ⊗ IR](φ̂LR)

)
, (22)

where φ̂LR is the maximally entangled state between the
logical system and the reference system. The Choi error is
defined as

εChoi =
√

1− F2
Choi

= min
D

P
(
φ̂LR, [(D ◦N ◦ E)L ⊗ IR](φ̂LR)

)
. (23)

The Choi fidelity quantifies how well the code can
preserve entanglement between the logical and reference
systems. It is also closely related to the max-average state
fidelity Fave, which reflects the average performance of the
AQEC codes over all input states,

F2
ave = max

D

∫
dψ F2 (ψ , (D ◦N ◦ E)L(ψ)) . (24)

Here, dψ denotes the Haar-random distribution of pure
states over HL. The average fidelity Fave and Choi fidelity
satisfy the relation [66,67]

F2
ave =

dF2
Choi + 1
d + 1

, (25)

where d = |L| = 2k is the dimension of the logical system.
Directly evaluating Eq. (23) is challenging. The Choi

error is often analyzed using the complementary channel
formalism [22,27]. In essence, the complementary channel
formalism quantifies recovery performance by examin-
ing the information leakage contained in the environment.
Specifically, according to Stinespring dilation, the noise
channel can be modeled by interacting the physical system
S with the environment E through a unitary U, followed by
tracing out the environment,

NS(ρS) = trE(USEρS ⊗ |0〉〈0|E U†
SE). (26)

If we trace out the system instead of the environment, we
obtain the complementary channel of NS,

N̂S→E = trS(USEρS ⊗ |0〉〈0|E U†
SE). (27)

For a noise channel with Kraus operators {Ki},

NS(ρ) =
∑

i

KiρK†
i , (28)

010331-8
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the complementary channel N̂S→E can be written as [27,
68]

N̂S→E =
∑

ij

tr(KiρK†
j ) |i〉〈j | . (29)

Note that the complementary channel of N ◦ E can be
obtained by

N̂ ◦ EL→E = N̂S→E ◦ EL→S. (30)

By applying the complementary channel N̂S→E , we obtain
the state in the environment, which captures the informa-
tion leaked from the system to the environment. The Choi
error can then be expressed as [22,27]

εChoi = min
ζ

P
((

N̂ ◦ EL→E ⊗ IR

) (∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
,

(
T ζ

L→E ⊗ IR

) (∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

))
, (31)

where T ζ is a quantum channel that maps any input state
into a fixed state ζ , satisfying

(T ζ
L→E ⊗ IR)(ρLR) = ζE ⊗ trL(ρLR). (32)

Equation (31) indicates that if the state in the environment
is close to a fixed state in the tensor product with the ref-
erence system, the Choi error will be small, implying that
entanglement is well preserved.

Based on the Choi error, one can define the achievable
rate and the channel capacity of local noise channels [26].
Note that the Choi error is the function of the logical qubit
number k, the encoding map E , and the noise channel N .
We can denote it as εChoi = εChoi(k, E ,N ). For a single-
qubit noise channel N1, if there exists a sequence of logical
qubit numbers {kn} and encoding maps {En} such that

lim
n→∞ εChoi(kn, En,N⊗n

1 ) = 0, (33)

then we call

R = lim sup
n→∞

kn

n
(34)

as an achievable rate of N1. The quantum channel capac-
ity of N1, denoted as Q(N1), is the supremum over all
achievable rates.

C. Noise model

In this work, we examine a wide variety of important
noise models: Pauli noises [69], erasure errors [70], ampli-
tude damping noises [71], and correlated noises. First, we

introduce Pauli noises. For a single qubit, the Pauli noise
is defined as

Np(ρ) = pIρ + pX X ρX + pYYρY + pZZρZ. (35)

We denote �p = (pI , pX , pY, pZ) and refer to this noise as
the strength-�p Pauli noise. When the probabilities sat-
isfy pX = pY = pZ = p/3, the Pauli noise simplifies to the
depolarizing noise,

Nd(ρ) = (1− p)ρ + p
I

2
. (36)

which we refer to as the strength-p depolarizing noise. For
an n-qubit state, we consider the i.i.d. local Pauli noise on
each qubit. The overall noise channel is then the tensor
product of n independent Pauli noises, expressed as N =
N⊗n

p .
Another noise model of interest is the erasure error,

which completely traces out a subsystem T while simulta-
neously recording the location of the erased subsystem in
a separate register C. The erasure error model is important
due to its strong connection with code distance [65,70]. For
an erasure noise act on a fixed subsystem T, the register C
can be ignored and the noise is expressed as

N (ρ) = trT(ρ). (37)

The complementary channel of the erasure error is

N̂ (ρ) = trT̄(ρ), (38)

where T̄ = S\T denotes the complement of subsystem T.
This implies that the environment obtains the state in the
traced-out subsystem. For the random t-erasure error, the
locations of the erasured subsystem are randomly selected
among all possible t-qubit subsystems, and the noise is
expressed as

N (ρ) = 1(n
t

)
∑

|T|=t

|T〉〈T|C ⊗ trT(ρ). (39)

Here, each T represents a distinct t-qubit subsystem being
erased, and |T〉C records the specific location of the era-
sure in the register C. The complementary channel of this
random t-erasure noise is [72]

N̂ (ρ) = 1(n
t

)
∑

|T|=t

|T〉〈T|C ⊗ trT̄(ρ), (40)

where |T〉C continues to label the location of the erasure
errors.

Instead of considering erasure errors with a fixed num-
ber of erasures, one can also study i.i.d. erasure errors.
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Particularly, we consider that each qubit experiences an
erasure error i.i.d. with probability p . For a single-qubit
state ρ, the noise is described by

Ne(ρ) = (1− p)ρ + p |2〉〈2| , (41)

where state |2〉 is orthogonal to the space supporting ρ
and represents the erasure. For an n-qubit system, the total
erasure noise is modeled as N⊗n

e .
The local amplitude damping noise is also an i.i.d. noise

model. We first define the strength-p amplitude damping
noise on a single qubit,

Na(ρ) = K0ρK†
0 + K1ρK†

1 , (42)

with

K0 =
(

1 0
0
√

1− p

)
, K1 =

(
0
√

p
0 0

)
. (43)

For an n-qubit system, the total amplitude damping noise
is N⊗n

a .
The quantum channel capacity of these noise models is

of fundamental importance in quantum information theory.
For Pauli noise, a well-known lower bound on the quantum
channel capacity is the hashing bound,

Q(Np) ≥ max{0, 1− h(�p)}, (44)

where

h(�p) = −pI log pI − pX log pX − pY log pY − pZ log pZ
(45)

is the Shannon entropy of the probability vector �p . More-
over, it has been shown that the inequality in Eq. (44)
is strict in some regimes [28,35,36]. Existing upper and
lower bounds for the quantum capacity of Pauli noise do
not match, and the exact value of the quantum channel
capacity for Pauli noise remains unknown, even for the
depolarizing noise. The hashing bound is the most famous
lower bound for a generic Pauli noise, which is achievable
for random stabilizer codes [28].

Finding encoding schemes simpler than the random sta-
bilizer construction to achieve the hashing bound deserves
further exploration.

For erasure errors, the quantum channel capacity is
much simpler and can be computed exactly as [62]

Q(Ne) = max{0, 1− 2p}. (46)

This result matches the Singleton bound n− k − 2t ≥ 0,
which yields k/n ≤ 1− 2t/n. The erasure probability p in
the i.i.d. case corresponds to t/n.

For amplitude damping noise, the quantum channel
capacity can also be computed exactly [71]. For p > 1

2 ,
Q(Na) = 0. For p ≤ 1

2 ,

Q(Na) = max
0≤x≤1

{h((1− p)x)− h(px)}, (47)

where h is the binary entropy function.
The above noise models are all i.i.d. single-qubit noises,

which enjoy a tensor-product structure. In this work, we
also study correlated noise models, which are also practi-
cally important. Particularly, we introduce strength-p 1D
nearest-neighbor ZZ-coupling noise on n qubits,

Nzz(ρ) = ◦n−1
i=1 ((1− p)I + pZiZi+1)(ρ), (48)

where I is the identity channel, and Zi is the Pauli Z chan-
nel on qubit i. Note that for correlated noise, currently,
there is no corresponding quantum channel capacity. But
there can exist a threshold for p such that the logical error
rate goes to 0 for this noise model.

D. Twirling operations and approximate design

In this part, we introduce the concept of twirling and
design associated with random unitary operations. The
twirling operation is defined over an ensemble of quantum
unitary operations, S. We consider the following t-th order
twirling operation over S,

�t
S(O) = EU∼SU⊗tOU†⊗t, (49)

where U is drawn from the ensemble S; O is the matrix
being twirled, and its support may overpass U⊗t. The
expectation is taken over the random unitary operations
from S. When the ensemble S corresponds to the Haar-
random unitaries Un on n qubits, the first-order twirling
operation over Un can be obtained from the Schur-Weyl
duality [73],

EU∼UnUOU† = trU(O)
Iq

q
, (50)

where trU denotes the trace over the subsystem being
twirled, q = dim U is the dimension of Hilbert space that
the unitary acts on, and Iq is the identity operator with
dimension q. The second-order twirling operation over Un
is

EU∼UnU⊗2OU†⊗2

= B1trU⊗2(OB1)+ B2trU⊗2(OB2)

= trU⊗2

(
O

Iq2 − q−1F
q2 − 1

)
Iq2 + trU⊗2

(
O

F − q−1
Iq2

q2 − 1

)
F ,

(51)
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where

B1 =
Iq2

q
, B2 = F − B1√

q2 − 1
, (52)

with trU⊗2 denoting the trace over the subsystem of being
twirled, Iq2 is the identity operator on the q2-dimension
subsystem, and F denotes the SWAP operator on the q2-
dimension subsystem.

Though the Haar-random unitary ensemble possesses
good twirling properties, it requires exponential resources
to implement in practice. An approximate version of the
Haar random unitary ensemble is usually used for prac-
tical applications. An ensemble S is called a unitary t-
design if�t

S = �t
Un

and an ε-approximate unitary t-design
[31,74–76] if

(1− ε)�t
Un
≤ �t

S ≤ (1+ ε)�t
Un

, (53)

where �1 ≤ �2 means that �2 −�1 is a completely posi-
tive map [31]. The term ε is referred to as the relative error.
An approximate design can also be defined in an additive
error version,

‖�t
S −�t

Un
‖� ≤ ε. (54)

It has been shown that an approximate design with rela-
tive error ε is an approximate design with additive error
2ε [33]. Hereafter, unless stated otherwise, the error of an
approximate design refers to relative error. An exact uni-
tary t-design is an approximate unitary t-design with ε = 0.
It was shown that the n-qubit Clifford group is an exact uni-
tary 3-design [77,78], and when the local dimension is odd
prime instead of 2, the Clifford group is an exact unitary
2-design [74–76,79,80]. As a remark, C and B are exact
unitary 1-designs since they contain the local Pauli group,
which is already a unitary 1-design.

IV. LOG-DEPTH CIRCUIT TO ACHIEVE
DECOUPLING AND HIGH AQEC

PERFORMANCE

In this section, we investigate the AQEC performance of
the unitary operations generated by 1D log-depth circuits
using the Choi error metric.

Before elaborating on the detailed results, we note
that a recent surprising result shows that the 1D double-
layer blocked circuit Cεn forms a 9ε-approximate uni-
tary 3-design and 4ε-approximate unitary 2-design [33].
However, the property of approximate design, in gen-
eral, does not guarantee good AQEC performance unless
ε is smaller than an exponential decay function. The
decoupling theorem for approximate unitary designs [64]
includes an exponential factor, as stated in Lemma A6 in
Appendix A. The exponentially small ε implies a circuit
depth linear in the qubit number, which is not desired. To
address this issue, we develop new decoupling theorems.
We use these results to show that Cεn exhibits a logical qubit
count that scales linearly with n while maintaining a small
Choi error. Particularly, Cεn can achieve the hashing bound
for Pauli noises and the quantum capacity for erasure errors
even if ε is not exponentially small.

We begin by reformulating the analysis of the Choi error
as a decoupling problem. Next, we present the decoupling
theorems for 1D double-layer blocked circuit C and 1D
brickwork circuit B as a key technical contribution. By
applying the decoupling theorem to Pauli noise, erasure
errors, amplitude damping noise, and correlated noise, we
establish the favorable AQEC performance. Furthermore,
we prove a better AQEC performance of C and B than
the block-encoding scheme. We also extend these results
to more general error metrics beyond the Choi error. In the
next section, we derive the lower bound of the circuit depth
required to achieve a small Choi error in AQEC, which
matches the circuit depth needed for C and B.

A. Approximate quantum error correction and decoupling theorem

We start by analyzing the expected Choi error. With the complementary channel approach, we have that

εChoi = min
ζ

P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, ζE ⊗ IR

2k

)

≤ P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, EU∼UnN̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
))

+min
ζ

P
(

EU∼UnN̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, ζE ⊗ IR

2k

)

= P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, N̂S→E

(
IS

2n

)
⊗ IR

2k

)
+min

ζ
P
(
N̂S→E

(
IS

2n

)
⊗ IR

2k , ζE ⊗ IR

2k

)

= P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, N̂S→E

(
IS

2n

)
⊗ IR

2k

)
. (55)
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The first inequality comes from the triangle inequality of the purified distance. The second equality uses the property of
the twirling over Haar-random unitary gates. The third equality holds by taking the state ζ as N̂S→E(IS/2n).

Our target is to bound EUεChoi. We utilize the relation between purified distance and trace distance in Eq. (15) to get

EUεChoi ≤ EU

√∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
. (56)

The remaining part is evaluating the term in the square
root, which corresponds to the decoupling issue: how the
system E and R decouple after being acted on by a unitary
and channel N̂S→E .

We now present our decoupling theorems. For the
double-layer blocked ensemble C, we establish both non-
smooth and smooth versions, and for the 1D brickwork
circuit ensemble B, we prove the nonsmooth version. We
demonstrate how the environmental and reference systems
are decoupled after the physical system, encoded by uni-
taries from C or B, interacts with a noise channel. This step
lays the foundation for proving that the encoding rate can
be maintained at a constant encoding rate with a small Choi
error. Subsequently, we introduce the smooth decoupling
theorem for C. This refinement allows us to demonstrate
that the encoding rate for the local Pauli noise channel can
reach the hashing bound, and the encoding rate for the local
erasure error can reach the channel capacity.

We first present the nonsmooth decoupling theorem for
the double-layer blocked circuit C below.

Theorem 1 (Nonsmooth decoupling theorem for 1D
double-layer blocked circuits). Given three quantum
systems S = S1S2 · · · S2N , R = R1R2 · · ·R2N , and E =
E1E2 · · ·E2N , we denote Si as the subsystem of region i
inside S, and the same for Ri and Ei. Without loss of gener-
ality, we assume that S is composed of n qubits, and each Si
has an equal size ξ = n/2N qubits. Let quantum state ρSR

be ρSR =
⊗2N

i=1 ρSiRi with a tensor-product structure and
TS→E be a completely positive map. Denote the reduced
density matrix of ρSR on system R as ρR and the Choi-
Jamiołkowski representation of TS→E as τSE with reduced
density matrix on system E as τE . Suppose US is drawn
from Cεn as shown in Fig. 1(b). We obtain that

EUS∼Cεn‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤

√
2−H2(S|E)τSE−H2(S|R)ρSR + c max

A⊆[2N ]
2−H2(A|R)ρAR−H2(A|E)τAE , (57)

where

c = 2

((
1+ 2ξ+1

22ξ + 1
max

i

(
max
(

2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi

)))N−1

− 1

)
. (58)

Furthermore, if TS→E has a tensor-product structure, TS→E =
⊗2N

i=1 TSi→Ei , we obtain that

EUS∼Cεn‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi ). (59)

Proof sketch. The proof of Theorem 1 begins with
Lemma 1, where the inequality ‖M‖1 ≤√

tr
(
(σ−1/4Mσ−1/4)2

)
is used to convert the 1-norm

distance into the square of a matrix. By expanding this
square, we apply both the first- and second-order twirling
operations conducted by C. The analysis of the first-order
twirling is straightforward, as C is a unitary 1-design.
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However, the second-order twirling requires evaluating

EUtr
[(

T̃S→E

(
USρ̃SRU†

S

))2
]

and bounding the difference

between the expectation over C and the Haar-random uni-
tary group Un. The property of C being an approximate
2-design does not guarantee that this term is small unless ε
is exponentially small. To address this, we refine the eval-
uation by leveraging the double-layer blocked structure of
C. The additional condition that the state ρSR exhibits a
tensor-product structure simplifies the calculation, and this
condition holds for EPR input states. The full proof can be
found in Appendix B 1. �

The nonsmooth decoupling theorem for the 1D brick-
work circuits Bε

n is similar to that for Cεn, but with a
different decoupling error. The results are shown below.

Theorem 2 (Decoupling with 1D brickwork circuits).
Given three quantum systems, S = S1S2 · · · Sn, R =
R1R2 · · ·Rn, and E = E1E2 · · ·En, we denote Si as the
subsystem of region i inside S, and the same for Ri
and Ei. Here, Si is a qudit with local dimension q. Let
quantum state ρSR be ρSR =

⊗n
i=1 ρSiRi with a tensor-

product structure and TS→E be a completely positive
map. Denote the reduced density matrix of ρSR on sys-
tem R as ρR and the Choi-Jamiołkowski representation
of TS→E as τSE with reduced density matrix on sys-
tem E as τE . Set η = q/(q2 + 1). Suppose US is drawn
from Bε

n with depth d = log(n/ε)+ log n/log(12η)+
log(e− 1)/log(1/2η)+ 1. We obtain that

EUS∼Bε
n‖TS→E(USρSRU†

S)− τE ⊗ ρR‖1 ≤
√

2−H2(S|E)τSE−H2(S|R)ρSR +
(ε

n

)log 1
2ηρm max

A⊆[n]
2−H2(A|R)ρAR−H2(A|E)τAE , (60)

where

ρm = max
i∈[n]

(2H2(Si|Ri)ρSiRi , 2−H2(Si|Ri)ρSiRi ). (61)

Proof sketch. The proof of Theorem 2 is similar to that
of Theorem 1. The key proof is to evaluate the second-

order twirling EUtr
[(

T̃S→E

(
USρ̃SRU†

S

))2
]

. To address

this for B, we utilize the domain-wall technique [32],
which enables us to evaluate the second-moment twirling
induced by 1D brickwork circuits. The full proof can be
found in Appendix C. �

With the nonsmooth decoupling theorem, one can show
that the Choi error can be polynomially small when ε is
polynomially small for Pauli noise, erasure errors, ampli-
tude damping noise, and correlated noise, as demonstrated
later. In this case, the depths of the double-layer blocked
circuit Cεn and 1D brickwork circuit Bε

n are still O(log n).
For the double-layer blocked ensemble C, we can fur-

ther introduce a smooth decoupling theorem. Particularly,

the smooth decoupling theorem replaces the conditional
collision entropy H2 with the smoothed conditional colli-
sion entropy H δ

2 . The proof follows a standard smoothing
technique, with a full derivation provided in Appendix B 2.
This smooth version allows us to demonstrate a higher
achievable encoding rate for C when the noise channel is
local. The collision entropy H δ

2 (ρ
⊗ξ ) can approximate the

tighter von Neumann entropy H(ρ⊗ξ ) in the large n limit.
In contrast, this approach cannot increase the achievable
encoding rate for 1D brickwork circuit B, since the upper
bound contains the term 2H2(SiRi)ρSiRi evaluated on a single
qudit. In the following, we mainly present the results of C.

Theorem 3 (Smooth decoupling theorem for 1D dou-
ble-layer blocked circuits). With the same setting in
Theorem 1 and the tensor-product structure of TS→E , for
any 0 < δ < 1, we have that

EU∼Cεn‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤ 16Nδ

+
√√√√2−

∑2N
i=1 H δ

2 (Si|Ei)τSiEi
−∑2N

i=1 H δ
2 (Si|Ri)ρSiRi + c′

2N∏

i=1

max(1, 2−H δ
2 (Si|Ei)τSiEi

−H δ
2 (Si|Ri)ρSiRi ), (62)
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where

c′ = 2

((
1+ 2ξ+1

22ξ + 1
max

i
(max(2−H δ

2 (Si|Ri)ρSiRi , 2H δ
2 (Si|Ri)ρSiRi ))

)N−1

− 1

)
. (63)

If we only smooth H2(Si|Ei), we will obtain

EU∼Cεn‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤ 8Nδ

+
√√√√2−

∑2N
i=1 H δ

2 (Si|Ei)τSiEi
−∑2N

i=1 H2(Si|Ri)ρSiRi + c
2N∏

i=1

max(1, 2−H δ
2 (Si|Ei)τSiEi

−H2(Si|Ri)ρSiRi ), (64)

where

c = 2

((
1+ 2ξ+1

22ξ + 1
max

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (65)

In the following, we introduce the results of applying the
decoupling theorems to prove the AQEC performance of
C and B. We mainly present the results associated with C
since its proven achievable encoding rate is better. We also
show the advantage of C and B compared to the block-
encoding method in Sec. IV F.

B. Pauli error

We now analyze the performance of random codes
under local Pauli noise. This type of noise is particularly
important as it is frequently used to model noise encoun-
tered in quantum computing [81,82]. Notably, any noise
can be turned into Pauli noise by randomized compiling
[83]. Specifically, we analyze the Pauli noise model with
parameter �p = (pI , pX , pY, pZ), as defined in Eq. (35). By
applying the nonsmooth decoupling theorem, we prove the
following result.

Corollary 1 (AQEC performance of C for Pauli noise).
In the large n limit, suppose k and �p satisfy k/n ≤ 1− f (�p)
and (ε/n)1−k/n = o(1/n), the expected Choi error of the
random codes formed by Cεn against the strength-�p local
Pauli noise channel satisfies

EU∼CεnεChoi ≤
(

2−n(1−f (�p)− k
n ) + 4ε1− k

n n
k
n

log(n/ε)

) 1
4

, (66)

where f (�p) = 2 log
(√

pI +√pX +√pY +√pZ
)
. That is,

the 1D O(log n)-depth double-layer blocked circuits can
achieve an encoding rate 1− f (�p).

Proof sketch. To prove this corollary, we straightfor-
wardly apply the nonsmooth decoupling theorem or

Theorem 1. We substitute the state τSiEi and ρSiRi in
Theorem 1 with the Choi state of local Pauli noise and
the maximally entangled state, respectively. For local Pauli
noise, the conditional collision entropy H2(S|E)τSE is given
by n(1− f (�p)). Meanwhile, the entropy H2(S|R)ρSR cap-
tures the entanglement of the initial state and is equal to
−k, where k denotes the number of Bell states in

∣∣∣φ̂
〉〈
φ̂

∣∣∣.
Then, we get the first term 2−n(1−f (�p)−k/n) in the square
root. The second term comes from the bound of coeffi-
cient c with standard inequalities. See Appendix B 3 for
the detailed proof. �

Corollary 1 shows that the Choi error can be made poly-
nomially small by choosing ε to be polynomially small.
The exponential decay term 2−n(1−f (�p)−k/n) corresponds
to the result associated with random stabilizer codes, as
discussed in Appendix B 12. The polynomial decay term
arises from the approximation error of C compared to
the Haar-random ensemble. As a consequence, we show
that 1D double-layer blocked O(log n)-depth random cir-
cuits maintain a constant encoding and error-correcting
rate under local Pauli noise. The encoding rate reaches 1−
2 log
(√

pI +√pX +√pY +√pZ
)

for local Pauli noise
with a polynomially small Choi error. The polynomial
decay of the Choi error is particularly beneficial when the
logical state needs to be protected over extended periods.

Similar to Corollary 1, for the 1D brickwork circuits
Bε

n, we can also show that the encoding scheme can reach
the encoding rate 1− 2 log

(√
pI +√pX +√pY +√pZ

)

for local Pauli noise. The difference is that the polynomial
decay term within the bracket changes to (ε/k)n/k−2. The
full analysis is shown in Appendix C 3.

When we apply the smooth decoupling theorem, or
Theorem 3, we obtain a higher achievable encoding rate,
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known as the hashing bound. Specifically, we use Eq. (64)
by smoothing only H2(Si|Ei).

Corollary 2 (Random codes from C achieve the hash-
ing bound for Pauli noise). For any δ > 0, in the large
n limit, suppose k and �p satisfy k/n ≤ 1− h(�p)− δ and
limn→∞ log n/log(n/ε) = 0, the expected Choi error of the
random codes formed by Cεn against the strength-�p local
Pauli noise channel satisfies

EU∼CεnεChoi ≤

√√√√
8δ +

√

2−n(1−h(�p)− k
n−δ) + 4ε1− k

n n
k
n

log(n/ε)
.

(67)

Here, h(�p) = −pI log pI − pX log pX − pY log pY − pZ
log pZ . That is, the 1D ω(log n)-depth double-layer
blocked circuits can achieve the hashing bound 1− h(�p).

Proof sketch. The proof of Corollary 2 closely follows
the proof of Corollary 1, with the key distinction being
the evaluation of the smoothed entropy. By the asymp-
totic equipartition property (AEP) of conditional entropy,
the smoothed collision entropy converges to the von Neu-
mann entropy. For local Pauli noise, the von Neumann
entropy H(S|E)τSE is given by n(1− h(�p)). The entropy
H2(S|R)ρSR captures the initial entanglement and is equal
to −k. Combining these results, we obtain that the encod-
ing rate achievable under local Pauli noise approaches
the hashing bound. The detailed analysis is provided in
Appendix B 4. �

Note that, compared to Corollary 1, Corollary 2 intro-
duces an additional requirement: limn→∞ log n/log(n/ε)
= 0. This condition arises from the AEP when the smooth
conditional collision entropy approximates the condi-
tional Shannon entropy. The condition ensures that the
approximation error in AEP diminishes as n increases.
It can be satisfied by choosing log(n/ε) to be any
function that grows slightly faster than log n, such as
(log n) log log log n.

While smoothing the conditional collision entropy intro-
duces an additional error term of 8δ, the results remain
significant. Since δ can be chosen arbitrarily small, we
can take the limit δ→ 0 and n →∞. In this limit, the
Choi error approaches 0. Therefore, for Pauli noise param-
eterized by �p = (pI , pX , pY, pZ), the Choi error diminishes
to zero if the encoding rate k/n is less than 1− h(�p).
Hence, we conclude that the ω(log n)-depth encoding cir-
cuit from C can achieve the hashing bound. The hashing
bound 1− h(�p) can be much higher than the previous
bound 1− f (�p) from the nonsmooth decoupling theorem.

C. Erasure error

We now analyze the performance of random codes
under erasure errors, an important error model extensively

studied in prior work [21,22] and usually used to assess the
performance of quantum codes. We first consider strength-
p i.i.d. erasure errors defined in Eq. (41). The derivation is
similar to that for Pauli noise, with the differences arising
from the noise channel and the evaluation of H2(S|E)τSE
and H(S|E)τSE . We provide the results below.

Corollary 3 (AQEC performance of C for i.i.d. erasure
error). In the large n limit, suppose k and p satisfy k/n ≤
1− log(1+ 3p) and (ε/n)1−k/n = o(1/n), the expected
Choi error of the random codes formed by Cεn against the
strength-p i.i.d. erasure error satisfies

EU∼CεnεChoi ≤
(

2−n(1−log(1+3p)− k
n ) + 4ε1− k

n n
k
n

log(n/ε)

) 1
4

. (68)

That is, the 1D O(log n)-depth double-layer blocked cir-
cuits can achieve an encoding rate 1− log(1+ 3p) for
strength-p erasure error.

The detailed proof is available in Appendix B 5.
Corollary 3 demonstrates that the Choi error can be made
polynomially small when ε is polynomially small. The
exponential decay term 2−n(1−log(1+3p)− k

n ) arises from the
result associated with random stabilizer codes, while the
polynomial decay term comes from the approximation
error of Cεn. Consequently, we show that 1D double-layer
blocked O(log n)-depth random circuits achieve an encod-
ing rate of 1− log(1+ 3p) for i.i.d. erasure error with a
vanishing Choi error.

Similar to Corollary 3, for the 1D brickwork circuits Bε
n,

the encoding rate 1− log(1+ 3p) is also achievable for
i.i.d. erasure error with a small Choi error O((ε/k)n/4k− 1

2 ).
The full analysis is shown in Appendix C 3.

If we apply the smooth decoupling theorem, or Theorem
3, we find that C can further achieve the quantum channel
capacity for the erasure error, which is 1− 2p . This result
is shown below. Specifically, we use Eq. (64) by smoothing
only H2(Si|Ei).

Corollary 4 (Random codes from C achieve the quantum
channel capacity for i.i.d. erasure error). Given δ > 0, in
the large n limit, suppose k and p satisfy k/n ≤ 1− 2p − δ
and limn→∞ log n/log(n/ε) = 0, the expected Choi error
of the random codes formed by Cεn against the strength-p
i.i.d. erasure error satisfies

EU∼CεnεChoi ≤

√√√√
8δ +

√

2−n(1−2p− k
n−δ) + 4ε1− k

n n
k
n

log(n/ε)
. (69)

That is, the 1D ω(log n)-depth double-layer blocked cir-
cuits can achieve the erasure channel capacity 1− 2p .
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The detailed proof is provided in Appendix B 6. The
additional requirement limn→∞ log n/log(n/ε) = 0 arises
from AEP, just as it does for Pauli noise. By taking the lim-
its δ→ 0 and n →∞, the Choi error diminishes to zero
if the encoding rate k/n is less than 1− 2p . Hence, we
conclude that the ω(log n)-depth encoding circuit from C
can achieve the quantum channel capacity 1− 2p for i.i.d.
erasure error.

In addition to i.i.d. erasure, we also consider the fixed-
number erasure error, which was studied in Ref. [22]. This
noise model is defined in Eq. (39), where the number of
erasures is t. In this error model, a subsystem of size t
is randomly selected and traced out. Similar to Corollary
3, we show that these codes maintain a constant rate
of information storage and error correction capabilities.
Specifically, given the logical qubit count k and the num-
ber of erasure errors t, we have that for sufficiently large n,
as long as 1− k/n− log(1+ 3t/n) ≥ 0, and (ε/n)1−k/n =
o(1/n), the expected Choi error over Cεn against the random
t erasure errors satisfies

EεChoi ≤
(

2−(n−2t−k) + 4ε1− k
n n

k
n

log(n/ε)

) 1
4

. (70)

Note that ε is only required to be polynomially small to sat-
isfy (ε/n)1−k/n = o(1/n). Consequently, the circuit depth
is O(log(n/ε)) = O(log n), and the Choi error decays poly-
nomially as the number of qubits n increases. The maximal
number of erasure errors can be n/3. The full detail is
available in Appendix B 10.

For random stabilizer code, the Choi error can be
bounded by the first term 2−((n−2t−k)/4). Thus, random sta-
bilizer codes perform well when n− 2t− k > 0, which
saturates the quantum Singleton bound, n− k − 2(d −
1) ≥ 0, for an [n, k, d] code, as distance-d code can guar-
antee to correct d − 1 erasure errors [40]. Here, the codes
from C require the condition n− k − n log(1+ 3t/n) ≥ 0,
which is close to the Singleton bound n− k − 2t ≥ 0 up to
a constant factor. This raises a question regarding whether
the low-depth codes can achieve the “Singleton bound” for
AQEC under random t-erasure errors. Meanwhile, notice
that the condition n− k − n log(1+ 3t/n) ≥ 0 is in accord
with the requirement when applying the nonsmooth decou-
pling theorem to i.i.d. erasure error. Also, applying the
smooth decoupling theorem to i.i.d. erasure error gives
an encoding rate 1− 2p , which is exactly the Singleton
bound. It is possible to enhance Eq. (70) by “smoothing”
the result, which we leave for future work.

D. Amplitude damping noise

We now analyze the performance of random codes
under amplitude damping noise [71]. The derivation is
similar to that for Pauli noise and erasure errors, with

differences in the noise channel and the evaluation of
H2(S|E)τSE and H(S|E)τSE . We provide the results below.

Corollary 5 (AQEC performance of C for ampli-
tude damping noise). In the large n limit, suppose k
and p satisfy k/n ≤ − log

(
1/(2− p)+√p/(2− p)

)
and

(ε/n)1−k/n = o(1/n), the expected Choi error of the ran-
dom codes formed by Cεn against the strength-p local
amplitude damping noise satisfies

EU∼CεnεChoi ≤
(

2−n(− log
(

1
2−p+

√
p

2−p

)
− k

n ) + 4ε1− k
n n

k
n

log(n/ε)

) 1
4

,

(71)

That is, the 1D O(log n)-depth double-layer blocked cir-
cuits can achieve an encoding rate − log

(
1/(2− p) +

√
p/(2− p)

)
for strength-p local amplitude damping

noise.

The detailed proof is available in Appendix B 7.
Corollary 5 demonstrates that the Choi error can be made
polynomially small when ε is polynomially small.

Similar to Corollary 5, for the 1D brickwork circuits
Bε

n, the encoding rate − log
(

1/(2− p)+√p/(2− p)
)

is
also achievable for local amplitude damping noise with a
small Choi error O((ε/k)

n
4k− 1

2 ). The full analysis is shown
in Appendix C 3.

If we apply the smooth decoupling theorem, we find
that C can achieve a better encoding rate h((1− p)/2)−
h(p/2). This result is shown below.

Corollary 6 (Better AQEC performance of C for ampli-
tude damping noise). Given δ > 0, in the large n limit,
suppose k and p satisfy k/n ≤ h((1− p)/2)− h(p/2)− δ
and limn→∞ log n/log(n/ε) = 0, the expected Choi error
of the random codes formed by Cεn against the strength-p
local amplitude damping noise satisfies

EU∼CεnεChoi≤

√√√√
8δ+

√

2−n
(
h
(

1−p
2

)
− h(p

2)− k
n − δ

)

+ 4ε1− k
n n

k
n

log(n/ε)
.

(72)

That is, the 1D ω(log n)-depth double-layer blocked
circuits can achieve the encoding rate h((1− p)/2)−
h(p/2).

The detailed proof is provided in Appendix B 8. The
bound of the encoding rate is h((1− p)/2)− h(p/2),
which is the same as the bound for random stabilizer
codes. Nonetheless, this rate may be lower than the quan-
tum capacity of local amplitude damping noise given in
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Eq. (47). The discrepancy arises because both C and ran-
dom stabilizer codes are symmetric when interchanging
the computational basis, whereas amplitude damping noise
is inherently asymmetric.

E. Correlated noise

In the above, we show the AQEC performance of 1D
log-depth circuits for local noises. Below, we demonstrate
that our analysis extends beyond this type. By applying
Theorem 1, we show that codes from C can achieve a
constant rate of encoding against correlated noise. The
derivation is similar to that for local noise, with the dif-
ferences arising from the noise channel and the evaluation
of H2(S|E)τSE . The result is summarized below.

Corollary 7 (Random codes from C possess a thresh-
old for 1D nearest-neighbor ZZ-coupling noise). In
the large n limit, suppose k and p satisfy k/n <
1− 2 log

(√
1− p +√p

)
and (ε/n)1−k/n = o(1/n), the

expected Choi error of the random codes formed by Cεn
against the strength-p nearest-neighbor ZZ-coupling noise
satisfies

EU∼CεnεChoi ≤
(

2−n(1−2 log(
√

1−p+√p)− k
n ) + 4ε1− k

n n
k
n

log(n/ε)

) 1
4

.

(73)

That is, the 1D O(log n)-depth double-layer blocked cir-
cuits can achieve an encoding rate 1− 2 log

(√
1− p +√

p
)

for strength-p 1D nearest-neighbor ZZ-coupling
noise.

The detailed proof is available in Appendix B 9.
Corollary 7 demonstrates that the Choi error is polyno-
mially small when ε is polynomially small. The expo-
nential decay term 2−n(1−2 log(

√
1−p+√p)−k/n) is associated

with random stabilizer codes. Consequently, we show
that 1D double-layer blocked O(log n)-depth random cir-
cuits achieve an encoding rate of 1− 2 log

(√
1− p +√p

)

for nearest-neighbor ZZ-coupling noise with a polynomi-
ally small Choi error. For 1D brickwork circuit B, we
prove a similar result with a modification of the bound
to 1− 2(1+ k/n) log

(√
1− p +√p

)
. The modification

originates from a finite local dimension for B. The full
analysis is shown in Appendix C 3.

F. Advantages of the 1D double-layer blocked
encoding scheme over the block-encoding scheme

In addition to proving that our 1D circuit encoding
scheme can achieve a high AQEC performance against
local noises and correlated noise, we now specifically
discuss its advantage over the block-encoding scheme.

Previous works show that the one-dimensional block-
encoding scheme can have a threshold against random

erasure error [21] and can achieve the hashing bound
against Pauli noise [23] at a logarithmic depth. Here, we
show that although the achievable encoding rate for the
block-encoding method is the same as that for the double-
layer blocked circuit C, C can have advantages in the
required circuit depth and logical error rate.

Particularly, we will show that to correct a given noise
with a fixed encoding rate, the required circuit depth of
C is lower, and the Choi error is lower for C. In other
words, given certain noise channel the circuit depth the
double-layer blocked encoding scheme can accomplish
error correction but the block-encoding scheme cannot.

Using our notation, the encoding unitary operation of the
block-encoding method can be written as

U =
N
2⊗

i=1

U4i−3,4i−2,4i−1,4i
C , (74)

where U4i−3,4i−2,4i−1,4i
C is a random Clifford gate on regions

4i− 3, 4i− 2, 4i− 1, 4i. The location of regions is shown
in Fig. 1(b). The encoding unitary U is a tensor product of
parallel Clifford gates. Note that the depth to realize an n-
qubit Clifford gate depends linearly on n. To make a fair
comparison, we let the block size be 4ξ so that the depths
to realize the block encoding and the double-layer blocked
encoding schemes are the same. We denote the set of the
random block-encoding unitary operations as SB

n .
In Appendix B 13 , we compute the Choi error of the

block-encoding scheme and compare it to the double-layer
blocked encoding scheme. For local erasure error, we rig-
orously establish an advantage of the double-layer blocked
encoding scheme over the block-encoding scheme. We
evaluate the lower bound of the Choi error for the block-
encoding method as follows:

EU∼SB
n
εChoi ≥ min

⎧
⎨
⎩n
(ε

n

)8D(
1− k

n
2 ‖p)+o(1)

,�(1)

⎫
⎬
⎭ , (75)

where D is the binary relative entropy. Particularly, the
�(1) term is a positive constant. When

n (ε/n)8D(
1− k

n
2 ‖p)+o(1) vanishes, the Choi error also van-

ishes. If n (ε/n)8D(
1− k

n
2 ‖p)+o(1) does not converge, the Choi

error will have a nonvanishing value, and the error correc-
tion fails.

Recalling Corollary 3, the Choi error for the double-
layer blocked encoding scheme is

EU∼CεnεChoi ≤
(

2−n(1−log(1+3p)− k
n ) + 4ε1− k

n n
k
n

log(n/ε)

) 1
4

. (76)

010331-17



LIU, DU, LIU, and MA PRX QUANTUM 7, 010331 (2026)

Based on Eqs. (75) and (76), there exist regimes of p ,
encoding rate k/n, and ε such that

lim
n→∞EU∼SB

n
εChoi

≥ lim
n→∞min

⎧
⎨
⎩n
(ε

n

)8D(
1− k

n
2 ‖p)+o(1)

,�(1)

⎫
⎬
⎭ = �(1),

(77)

lim
n→∞EU∼CεnεChoi

≤ lim
n→∞

(
2−n(1−log(1+3p)− k

n ) + 4ε1− k
n n

k
n

log(n/ε)

) 1
4

= 0. (78)

A explicit example is when p = 0.25, k/n = 0.2, ε =
n−0.375. In this case,

EU∼SB
n
εChoi ≥ min{n0.14,�(1)} = �(1), (79)

EU∼CεnεChoi ≤ n−0.025. (80)

Thus, given p = 0.25 and k/n = 0.2, the block-encoding
method requires a smaller ε to make the Choi error vanish,
inducing a deeper circuit depth. Hence, we demonstrate
that the required circuit depth of Cεn is lower, and the Choi
error is also lower.

We show the full analysis of the regime where Eqs. (77)
and (78) hold in the Appendix. One can also find the
regime where limn→∞(EU∼CεnεChoi/EU∼SB

n
εChoi) = 0. In

this regime, the double-layer blocked scheme outper-
forms the separate block approach. Thus, the double-layer
blocked encoding scheme is proven to have an advantage
in certain error regimes against erasure errors. We expect
this result to hold for more generic noise models, which is
numerically verified for local Pauli noise [23]. We provide
more details and discussions in Appendix B 13.

The above comparison can be generalized for 1D brick-
work circuits B and block-encoding ensemble SB

n , where
the former is upper-bounded by O((ε/k)n/4k− 1

2 ). Evalu-
ating the regime where this upper bound is smaller than

n (ε/n)8D(
1− k

n
2 ‖p)+o(1) suffices for showing the advantage

for B. Clearly, when the encoding rate k/n is a small
constant, B will outperform the block approach.

One can observe that the advantages of C and B are
both manifested in the low encoding rate regime. This
phenomenon is expected to be related to the stronger
scrambling power of C and B compared to SB

n . If the
encoding rate is large, like 0.5, a one-layer gate suffices
to scramble the logical information to the whole system to
protect it. A stronger scrambling power will be useless. In
contrast, when the logical qubit number is small, C and B
can scramble their information to the whole system faster
and then manifest an advantage.

G. Approximate quantum error correction and
decoupling for arbitrary input states

We have previously established decoupling theorems
for codes from C and B with input states that exhibit
a product structure across different regions. Using these
theorems, we demonstrated the AQEC performance of
random codes with the maximally entangled state, corre-
sponding to the case of random inputs. In this part, we
extend these results to show that similar decoupling the-
orems and error-correcting properties hold for arbitrary
input states.

We begin by noting that if a unitary encoding U achieves
a small Choi error, it also produces a comparably small
recovery error for any input state when the encoding oper-
ation is combined with a local random unitary operation.
Specifically, we select the local random unitary to be a ran-
dom Pauli matrix and define the encoding and decoding
operations as

EP(ψ) = U[(PψP†)L ⊗ |0〉〈0|S\L]U†, (81)

DP(ψ) = PD(ψ)P†. (82)

Such a random Pauli encoding twirls the original chan-
nel D ◦N ◦ E into a Pauli channel, ensuring that the
Choi error provides a lower bound on the recovery error
for arbitrary input states. We establish this result using
entanglement fidelity.

Proposition 1 (Recovery fidelity via Pauli twirling).
Consider an encoding and decoding procedure D ◦N ◦ E
with entanglement fidelity FChoi. For any input state ψLR,
we have

EPF(ψLR, [(DP ◦N ◦ EP)L ⊗ IR](ψLR)) ≥ FChoi, (83)

where the expectation EP is taken over all Pauli matrices
P uniformly at random.

Proof sketch. Applying Uhlmann’s theorem [27,84],
we express the fidelity of the two states in terms of the
fidelity between corresponding purifications. By perform-
ing a Pauli twirl on these purifications using random
Pauli matrices, we reduce the expression to the entangle-
ment fidelity, thereby establishing the lower bound. See
Appendix B 11 for the detailed derivation. �

The encoding and decoding procedures using random
Pauli matrices are independent of the input state; thus,
they consistently provide high recovery fidelity for arbi-
trary input states. This quality offers additional insight into
the AQEC performance of random codes. We define a uni-
tary ensemble to be right-invariant under Pauli matrices
if, for any Pauli gate P and unitary U ∈ U, the probability
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pU(U) of drawing U from U is the same as the probability
pU(UP) of drawing UP from U,

pU(U) = pU(UP). (84)

The Pauli twirling operation is naturally incorporated in a
right-invariant ensemble without incurring additional over-
head. Consequently, we expect such an ensemble to exhibit
robust AQEC performance for any input state. Consider
the recovery error εψ for an arbitrary input state ψ ,

εψ = min
D

P(ψLR, [(D ◦N ◦ E)L ⊗ IR](ψLR)). (85)

A direct consequence of Proposition 1 is that the expected
recovery error for any arbitrary input state is bounded
above by the expected Choi error for any right-invariant
unitary ensemble U.

Corollary 8. If the unitary ensemble U is right-invariant
under Pauli rotations, then for any state ψLR, the average
error EUεψ does not exceed the average Choi error,

EUεψ ≤ EUεChoi. (86)

Proof. This comes from direct calculation,

EUεψ

= EU min
D

P(ψLR, [(D ◦N ◦ E)L ⊗ IR](ψLR))

= EUEP min
D

P(ψLR, [(D ◦N ◦ E)L ⊗ IR](PψLRP†))

≤ EUEPP(ψLR, [(D(0)
P ◦N ◦ E)L ⊗ IR](PψLRP†))

= EUEPP(ψLR, [(D(0)
P ◦N ◦ EP)L ⊗ IR](ψLR))

≤ EUεChoi. (87)

The second line follows from the fact that U is right-
invariant under Pauli matrices. In the third line, we choose
D(0)

P (ψ) = PD(0)(ψ)P† as the recovery channel, where
D(0) is the optimal recovery channel that maximizes the
entanglement fidelity of D ◦N ◦ E . This inequality holds
because the specific recovery channel D(0)

P cannot have a
smaller recovery error than the optimal recovery channel.
The fifth line comes from Proposition 1. �

The recovery error for arbitrary input state established
in Corollary 8 is closely related to the decoupling between
the reference system and environment, as described by
the complementary channel formalism [see Eqs. (31)
and (32)]. The recovery error can be expressed as

εψ = min
ζ

P
(
(N̂ ◦ EL→E ⊗ IR)(ψLR), ζE ⊗ trL(ψLR)

)
,

(88)

where a low value of εψ indicates that (N̂ ◦ EL→E ⊗
IR)(ψLR) is close to a tensor-product state ζE ⊗ trL(ψLR).

By Combining Eq. (88), Eq. (15) with Corollary 8, we
conclude that the environment is approximately decoupled
from the reference system, with the closeness bounded by
the Choi error.

Proposition 2 (Decoupling for arbitrary input states). If
the unitary ensemble U is right-invariant under Pauli rota-
tions, then for any state ψLR, the expected closeness of
decoupling is bounded above by the expected Choi error,

EUS∼U min
τE
‖N̂S→E[US(ψLR ⊗ |0〉〈0|S\L)U†

S]− τE ⊗ ρR‖1

≤ 2EUS∼UεChoi. (89)

Here, εChoi represents the Choi error for the unitary encod-
ing US under the noise channel N . The coefficient 2 comes
from the relationship between the 1-norm distance and the
purified distance.

Note that the ensembles C and B are right-invariant
under Pauli rotations. This decoupling result extends the
established decoupling theorems, Theorem 1, Theorem 2,
and Theorem 3, by eliminating the requirement for the
input state to be in a tensor-product form. Different from
the previous two theorems, the environmental state τE does
not have an explicit form in this generalization.

Note that the state in Proposition 1 is arbitrary.
One can take the minimal one over all states. Then,
minψ EPF(ψLR, [(DP ◦N ◦ EP)L ⊗ IR](ψLR)) is close to
1 when the Choi fidelity is close to 1. We remark that
although the encoding and decoding procedure EP and DP
do not depend on the input state, the recovery fidelity
derived in Proposition 1 do not provide a bound for the nor-
mal worst-case fidelity or worst-case error. The definition
of the worst-case error requires the encoding and decoding
operations to be fixed, without any probability mixing,

Fworst = max
D

min
R,ρLR

F (ρLR, [(D ◦N ◦ E)L ⊗ IR](ρLR)) ,

εworst =
√

1− F2
worst

= min
D

max
R,ρLR

P (ρLR, [(D ◦N ◦ E)L ⊗ IR](ρLR)) .

(90)

That is, Fworst is defined for a specific encoding E . In con-
trast, minψ EPF(ψLR, [(DP ◦N ◦ EP)L ⊗ IR](ψLR)) con-
siders an ensemble of encodings and decodings {EP,DP}P
and shows that this ensemble achieves high expected
recovery fidelity for any input state. The worst-case fidelity
is not guaranteed for a particular choice of EP.

Nonetheless, when the Choi error is small, it can be
shown that there exists a code subspace that exhibits good
worst-case error for a fixed encoding procedure. Specif-
ically, we use the code space C = span{US |i〉L |0〉S\L}
spanned by the logical state to represent a coding scheme,
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and the worst-case error is only dependent on C. It has been
shown that when the Choi fidelity of the original encoding
is 1− ε, there exists a large subcode C′ ⊂ C such that

dim C′ ≥
⌊

1
2

dim C
⌋

, (91)

and the worst-case fidelity for this subcode satisfies [26]

Fworst(C′) > 1− 2ε. (92)

This implies that as long as the Choi error of the encod-
ing is small, the worst-case error in a large subspace
C′ ⊂ C is also small, thus ensuring good error correction
performance over a significant portion of the code space.

V. LOWER BOUND OF CIRCUIT DEPTH IN AQEC

After establishing the AQEC performance of a
logarithmic-depth circuit for local noise, we now derive
lower bounds on the circuit depth required to achieve good
AQEC performance. Here, we focus on the lower bound
for local Pauli noise, specifically i.i.d. depolarizing noise,
which can be easily extended to other local noise models.
We show that the scaling of circuit depth in the double-
layer blocked encoding C and 1D brickwork encoding B is
asymptotically optimal. Our analysis also provides a gen-
eral result encompassing both D-dimensional and all-to-all
circuit architectures.

Theorem 4 (Lower bound for circuit depth). For a cir-
cuit U that encodes k logical qubits with depth d, if
U has a Choi error ε < 0.1 against the strength-p local
depolarizing channel, then:

(1) If U is a D-dimensional circuit, then

(2d)D log
(

1
p

)
+ 2D log(2d) ≥ log

(
3

8ε2
Choi

)

+ log k. (93)

In the large n and d limit, this implies

d ≥ 1
2

⎡
⎣

log
(

3
8ε2

)
+ log k

(1+ o(1)) log
(

1
p

)

⎤
⎦

1/D

. (94)

(2) If U is an all-to-all circuit, then

2d log
(

1
p

)
+ 2d ≥ log

(
3

8ε2
Choi

)
+ log k. (95)

In the large n and d limit, this implies

d ≥ log

⎡
⎣

log
(

3
8ε2

)
+ log k

(1+ o(1)) log
(

1
p

)

⎤
⎦ . (96)

Proof sketch. We outline the main idea of the proof and
refer to Appendix D for detailed arguments. The proof
leverages the analysis of the light cones of each qubit
within the circuit. For a circuit of depth d, the light cone
of each qubit is bounded by a size M that depends on the
circuit depth d and circuit architecture. For instance, in a
1D circuit, M = 2d.

We first prove that there exist at least k/M 2 logical
qubits with disjoint light cones, and we denote this sub-
set as J . That is, the light cones of any two qubits in J do
not intersect with each other. If any of these light cones are
totally affected by noise, then any recovery channel can-
not have a small recovery error. Since the light cones in J
are disjoint, the events of them being totally affected are
independent. The probability that none of these light cones
are completely traced out and replaced by the maximally
mixed state is upper-bounded by

pNone ≤ (1− pM )|J |. (97)

We also prove that the Choi error is lower-bounded by
the probability that at least one of these light cones is
entirely traced out,

ε2 ≥ 3
4
(1− pNone) . (98)

Using standard inequalities and substituting M with a
function of the circuit depth d that depends on the circuit’s
structure, we derive the desired lower bounds on the circuit
depth. �

The light-cone argument has been utilized in previous
works to establish lower bounds for quantum error-
correcting codes, such as determining the number of phys-
ical qubits required for fault-tolerant quantum computation
[38] and the circuit depth necessary to achieve specific
subsystem variance properties of codes [30]. In our work,
we extend these lower bounds by considering the AQEC
performance under a practical noise model, specifically
establishing circuit depth lower bounds under local noise.
While our results are derived for local depolarizing noise,
they can be easily extended to other error models. Further-
more, our analysis applies to arbitrary circuit architectures
characterized by an adjacency graph G. In such cases, the
upper bound M on the size of the light cones depends
on both the circuit depth and the adjacency graph, M =
M (G, d), while the remaining parts of the proof remain
unchanged.

Using Theorem 4, we now show that the circuit depth
scaling of C and B is optimal up to constant factors.
Theorem 4 shows that the depth of a 1D circuit should be
�(log n) to achieve a polynomially small Choi error or a
constant encoding rate. Meanwhile, 1D circuits C and B
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can achieve such error scaling and encode k = �(n) logi-
cal qubits with circuit depth O(log n). The depth is optimal
up to a constant factor.

Moreover, 1D double-layer blocked circuits C are nearly
optimal for achieving the hashing bound, as the circuit
depth ω(log n) given in Corollary 2 is close to the lower
bound �(log n) given by Theorem 4. The scaling ω(log n)
arises from suppressing errors in AEP concentration, sug-
gesting that improving the circuit depth scaling to O(log n)
may be inherently challenging. Exploring potential meth-
ods to enhance this bound is an interesting question for
future research.

Moreover, we can implement the codes from C using
an all-to-all circuit architecture to further reduce the
circuit depth. In an all-to-all architecture, any ξ -qubit
Clifford unitary can be implemented in O(log ξ) depth
with O(ξ 2) ancillary qubits [85,86]. Consequently, the
Clifford encoding C can be realized with a depth of
O(log ξ) = O (log log (n/ε)), utilizing a total of O(nξ) =
O (n log (n/ε)) ancillary qubits. This encoding scheme
effectively encodes k = O(n) logical qubits with a cir-
cuit depth of O (log log (n/ε)), which is comparable to
the circuit depth lower bound �(log log n) established in
Theorem 4. This comparison indicates that our results
provide a tight lower bound applicable to a broad range
of circuit architectures. Notably, in such an all-to-all
encoding strategy, the encoding rate becomes O (k/nξ) =
O
(
log−1 (n/ε)

)
, which has a gap to a constant encoding

rate. Whether all-to-all circuits with O(log log n) depth can
achieve a constant encoding rate while maintaining good
AQEC performance remains an intriguing direction for
future research.

VI. CONCLUSION AND DISCUSSION

In this work, we establish the AQEC performance of 1D
logarithmic-depth encoding circuits with brickwork and
double-layer blocked architecture against a wide range of
practical noise models. We show that logarithmic depth
is both necessary and sufficient to achieve a constant
encoding rate and error-correcting capability while keep-
ing the AQEC error polynomially small. In particular, we
prove that for the double-layer blocked circuit, ω(log n)
depth suffices to achieve the well-known hashing bound
under local Pauli noise and the channel capacity under
local erasure errors. Although the double-layer blocked
circuit is shown to be able to form an approximate design
[33] with a polynomially small error, our analysis does
not rely on this property. The decoupling theorem for
approximate designs [64] generally requires an exponen-
tially small error to achieve a negligible decoupling error.
This raises an interesting question of whether more gen-
eral conditions, such as forming an approximate design
with polynomially small error, suffice to ensure good
AQEC performance for random codes. Meanwhile, one

TABLE I. The table summarizes the circuit depth scaling of
three types of circuits with respect to decoupling against local
and weakly correlated noise, as well as their approximate design
properties. The second column presents our results on decou-
pling. The third column reports results on approximate designs,
while the second row indicates areas where further improvements
are possible.

Decoupling Approx. design

1D brickwork �(log n) O(n) [31,32]
1D Double-layer blocked �(log n) �(log n) [33,34]
All-to-all �(loglog n) �(loglog n) [33,34]

can further unify the properties of approximate design and
decoupling as the scrambling power of a random circuit
ensemble and investigate more properties of C like out-
of-time-ordered correlation [87,88]. For clarity, Table I
summarizes the depth scaling of two classes of 1D circuits
and all-to-all circuits with respect to decoupling and design
properties.

We also introduce a random Pauli rotation before unitary
encoding to show that approximate decoupling and small
recovery errors are maintained for arbitrary input states.
Developing new techniques to bound the worst-case recov-
ery error for random codes without resorting to random
Pauli matrices, possibly by further exploiting the internal
structure of these encoding circuits, remains an interesting
avenue for future work.

Moreover, exploring low-depth circuits in higher-
dimensional architectures, such as 2D or all-to-all circuits,
is also important. With improved connectivity in these
architectures, the required circuit depth can be expected
to decrease. For instance, as discussed in Sec. V, all-to-
all circuits can use O(n log n) physical qubits to encode
O(n) logical qubits with O(log log n) circuit depth while
preserving good AQEC performance. An intriguing ques-
tion is whether the encoding rate can be made constant
in the all-to-all circuit while still achieving good AQEC
performance. Additionally, it is interesting to investigate
whether the hashing bound for 1D circuits can be improved
from ω(log n) to O(log n). We also conjecture that, in a D-
dimensional circuit architecture, circuit depths on the order
of O

(
(log n)1/D

)
suffice to achieve a constant encoding

rate and error-correcting capability in the AQEC setting.
It is worth noting that working with AQEC instead

of focusing on the exact code distance offers promising
avenues for improvements in various aspects of code per-
formance such as encoding power and logical operation
sets. For example, AQEC may allow enhanced param-
eters for geometrically local codes beyond known fun-
damental limits such as the Bravyi-Poulin-Terhal bound
[89]. Moreover, certain covariant codes under AQEC pos-
sess a continuous set of logical operations, a feature
that is highly desirable for fault tolerance [22]. Beyond
evaluating AQEC performance, achieving fault-tolerant
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implementations of codes from low-depth Clifford encod-
ing circuits [13] is also crucial in practice, which requires
further analysis of the fault-tolerant implementation of
quantum gates and the development of improved decoding
algorithms for such codes.

Beyond AQEC, our analysis of 1D random circuits
extends the previous domain-wall technique [32] and can
be applied to study other properties of random circuits,
such as their generic second-moment behavior [90,91].
We have developed decoupling theorems for low-depth
circuits, which potentially have important applications in
quantum information theory [63,92]. Decoupling theorems
have applications in quantum communication tasks like
quantum state merging [93] and in quantum cryptogra-
phy, such as privacy amplification [94]. We also envision a
wide range of exciting applications in many-body physics
and quantum thermodynamics [95,96]. For instance, a lin-
ear number of random erasure errors can be corrected,
implying that the subsystem of a 1D log-depth circuit state
is highly likely to thermalize. Our results may also offer
insights for studies of the black hole information paradox
[54] and quantum many-body entanglement [97].
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APPENDIX A: QUANTUM ENTROPIES AND
DECOUPLING THEOREMS

In this Appendix, we review the related concepts of
quantum entropies and the decoupling theorem, which is
an important tool for analyzing the AQEC performance
of random circuits. First, we introduce several important
entropies that we will use. Here, we mainly consider the
sandwiched conditional Rényi entropy [98],

H̃↓
α (A|B)ρ = −D̃α(ρAB‖IA ⊗ ρB), (A1)

where D̃α denotes the sandwiched Rényi entropy,

D̃α(ρ‖σ) = 1
α − 1

log tr[(σ
1−α
2α ρσ

1−α
2α )α]. (A2)

Here and in the whole work, the base of the logarithm is
2. The notation of ↓ in H̃↓

α (A|B)ρ is used to distinguish it

from another definition of sandwiched conditional Rényi
entropy,

H̃↑
α (A|B)ρ = − inf

σB
D̃α(ρAB‖IA ⊗ σB). (A3)

Clearly, H̃↑
α (A|B)ρ ≥ H̃↓

α (A|B)ρ , and these two quanti-
ties are different in general. When α takes value ∞, 2,
and 1/2, we get the conditional min-entropy, the condi-
tional collision entropy, and the conditional max-entropy,
respectively, as shown below.

Definition A1. Given a quantum state ρAB, the condi-
tional min-entropy of A given B is defined as

H̃↓
min(A|B)ρ = sup{λ ∈ R : 2−λ · IA ⊗ ρB − ρAB ≥ 0},

(A4)

H̃↑
min(A|B)ρ = sup

σB

sup{λ ∈ R : 2−λ · IA ⊗ σB − ρAB ≥ 0};
(A5)

the conditional collision entropy of A given B is defined as

H̃↓
2 (A|B)ρ = − log tr[

(
(IA ⊗ ρB)

−1/4ρAB(IA ⊗ ρB)
−1/4)2],

(A6)

H̃↑
2 (A|B)ρ = sup

σB

− log tr
[(
(IA ⊗ σB)

−1/4

× ρAB(IA ⊗ σB)
−1/4)2] ; (A7)

and the conditional max-entropy of A given B is defined as

H̃↓
max(A|B)ρ = log F(ρAB, IA ⊗ ρB)

2, (A8)

H̃↑
max(A|B)ρ = sup

σB

log F(ρAB, IA ⊗ σB)
2. (A9)

When α goes to 1, H̃↑/↓
α (A|B)ρ will converge to the

conditional von Neumann entropy, which is defined as

H(A|B) = H(AB)− H(B), (A10)

where H is the von Neumann entropy with H(ρ) =
−trρ log ρ.

We also consider the smoothing version of the condi-
tional entropy. We call two quantum states ρ and σ δ-
close if their purified distance P(ρ, σ) ≤ δ, and we denote
Bδ(ρ) = {ρ ′, P(ρ ′, ρ) ≤ δ} as the set of all δ-close states
of ρ. Then, we have the following smooth conditional
entropies.

Definition A2. The δ-smooth sandwiched conditional
Rényi entropy of A given B for state ρAB is the max-
imal sandwiched conditional Rényi entropy of states in
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Bδ(ρAB):

H̃↓δ
α (A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↓
α (A|B)ρ̂ ; (A11)

H̃↑δ
α (A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↑
α (A|B)ρ̂ . (A12)

Particularly, the δ-smooth conditional min-entropy of A
given B is defined as

H̃↓δ
min(A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↓
min(A|B)ρ̂ , (A13)

H̃↑δ
min(A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↑
min(A|B)ρ̂ ; (A14)

the δ-smooth conditional collision entropy of A given B is
defined as

H̃↓δ
2 (A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↓
2 (A|B)ρ̂ , (A15)

H̃↑δ
2 (A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↑
2 (A|B)ρ̂ ; (A16)

and the δ-smooth conditional max-entropy of A given B is
defined as

H̃↓δ
max(A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↓
max(A|B)ρ̂ , (A17)

H̃↑δ
max(A|B)ρ = sup

ρ̂AB∈Bδ(ρAB)

H̃↑
max(A|B)ρ̂ . (A18)

Below, we list several relationships among different
entropies.

Lemma A1 (Corollary 4 in Ref. [99]). Given quantum
state ρAB, we have that H̃↓

2 (A|B)ρ ≥ H̃↑
min(A|B)ρ .

Based on Lemma A1, we have H̃↓δ
2 (A|B)ρ ≥ H̃↑δ

min(A|B)ρ .
Meanwhile, since D̃ is monotonically increasing in α

[100,101], we have:

Lemma A2. Given quantum state ρAB, we have that
H̃↓

2 (A|B)ρ ≤ H̃↓
max(A|B)ρ ≤ H̃↑

max(A|B)ρ .

Thus, H̃↓δ
2 (A|B)ρ ≤ H̃↑δ

max(A|B)ρ . Note that the condi-
tional min-entropy and the conditional max-entropy both
have an asymptotic equipartition property [102,103], as
shown below.

Lemma A3 (AEP [102,103]). For quantum state ρAB,
we have

lim
δ→0

lim
n→∞

1
n

H̃↑δ
min(A|B)ρ⊗n = H(A|B)ρ , (A19)

lim
δ→0

lim
n→∞

1
n

H̃↑δ
max(A|B)ρ⊗n = H(A|B)ρ . (A20)

Since H̃↑δ
min(A|B)ρ ≤ H̃↓δ

2 (A|B)ρ ≤ H̃↑δ
max(A|B)ρ , we

have

lim
δ→0

lim
n→∞

1
n

H̃↓δ
2 (A|B)ρ⊗n = H(A|B)ρ . (A21)

More exactly, for any 0 < δ < 1, as long as n ≥
− 8

5 log
(

1−√1− δ2
)

, we have that

1
n

H̃↑δ
min(A|B)ρ⊗n ≥ H(A|B)ρ −

4 log γ
√

log 2
δ2√

n
, (A22)

1
n

H̃↑δ
max(A|B)ρ⊗n ≤ H(A|B)ρ +

4 log γ
√

log 2
δ2√

n
, (A23)

where

γ ≤
√

2−H̃↑δmin(A|B)ρ +
√

2H̃↑δmax(A|B)ρ + 1. (A24)

Thus,

H(A|B)ρ −
4 log γ

√
log 2

δ2√
n

≤ 1
n

H̃↓δ
2 (A|B)ρ⊗n ≤ H(A|B)ρ +

4 log γ
√

log 2
δ2√

n
.

(A25)

Below, we present a lemma for calculating quantum
conditional entropies with the purification of a quantum
state.

Lemma A4 (Dual relations for quantum conditional
entropies, Theorem 2 in Ref. [99]). Given tripartite pure
state ρABC with reduced density matrices on system AB and

010331-23



LIU, DU, LIU, and MA PRX QUANTUM 7, 010331 (2026)

AC as ρAB and ρAC, respectively, we have that

H̃↓
α (A|B)ρAB = −

1
α − 1

log trC((trAρ
1
α
AC)

α). (A26)

In Ref. [63], the authors prove a decoupling theorem,
which describes how the two systems are decoupled after
one system is acted on by a random unitary and a channel.
This theorem is useful in analyzing the performance of a
random quantum error correction scheme, which is shown
below.

Lemma A5 (Decoupling theorem [63]). Given quantum
state ρSR and quantum channel TS→E , denote the reduced
density matrix of ρSR on system R as ρR and the Choi-
Jamiołkowski representation of TS→E as τSE with reduced
density matrix on system E as τE . We obtain that

EU∼Un‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤ 2−
1
2 H̃↑2 (S|R)ρSR− 1

2 H̃↑2 (S|E)τSE (A27)

and

EU∼Un‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤ 2−
1
2 H̃↑δmin(S|R)ρSR− 1

2 H̃↑δmin(S|E)τSE + 12δ, (A28)

where EU∼Un denotes the expectation over the Haar-
random unitary operations. This result also holds for a
unitary 2-design group instead of Un [64].

The term H̃↑
2 (S|R)ρSR characterizes the initial correlation

between the system and the reference part, and H̃↑
2 (S|E)τSE

characterizes how the channel TS→E preserves the corre-
lation. When applying the decoupling theorem to AQEC,
one can view the state ρSR to be the initial logical state, the
unitary operation US to be the encoding map, and the chan-
nel TS→E to be the complementary channel from system to
environment. Then the decoupling error on the right-hand
side can be viewed as the Choi error.

If the system is twirled by an ε-approximate 2-design S
instead of Un, we also have a result [64].

Lemma A6 (Decoupling theorem for an approximate
2-design [64]). Given quantum state ρSR and quantum
channel TS→E , denote the reduced density matrix of ρSR
on system R as ρR and the Choi-Jamiołkowski representa-
tion of TS→E as τSE with reduced density matrix on system

E as τE . We obtain that

EU∼S‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√

1+ 4ε |S|42−
1
2 H̃↑min(S|R)ρSR− 1

2 H̃↑min(S|E)τSE , (A29)

where EU∼S denotes the expectation over S, and ε is the
additive error of the approximate design.

Due to the coefficient 4ε |S|4, for a k-qubit system S, ε
needs to be exponentially small with k to make the decou-
pling error vanish. Thus, an approximate 2-design ensem-
ble with polynomially decreasing error is not guaranteed to
have a good performance in quantum error correction.

In this work, for the collision entropy, we will usually
consider the case of arrow down. For the min-entropy and
the max-entropy, we will usually consider the case of arrow
up. For simplicity, below without additional clarification,
we denote

Hmin(A|B)ρ = H̃↑
min(A|B)ρ , (A30)

H2(A|B)ρ = H̃↓
2 (A|B)ρ , (A31)

Hmax(A|B)ρ = H̃↑
max(A|B)ρ . (A32)

The smooth conditional entropies are modified corre-
spondingly.

APPENDIX B: DECOUPLING THEOREM AND
AQEC FOR 1D DOUBLE-LAYER BLOCKED

LOW-DEPTH CIRCUITS

In this Appendix, we first prove the nonsmooth decou-
pling theorem or Theorem 1 and then use Theorem 1 to
prove the smooth decoupling theorem or Theorem 3. Then,
we apply the decoupling theorem for 1D double-layer
blocked low-depth circuits to local and correlated noises.
After that, we prove the AQEC performance against the
fixed-number random erasure errors for 1D low-depth cir-
cuits. Subsequently, we give the proof of Proposition 1.
We also present the AQEC results with random Clifford
encoding and block-encoding methods as a comparison.

1. Proof of nonsmooth decoupling theorem or
Theorem 1

Proof. Based on Lemma 1, for any quantum states σE ∈
D(HE) and ζR ∈ D(HR),

‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤

√
tr[
(
(σE ⊗ ζR)−1/4(TS→E(USρSRU†

S)− τE ⊗ ρR)(σE ⊗ ζR)−1/4
)2

]. (B1)
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We define completely positive map T̃S→E = σ−1/4
E TS→E

σ
−1/4
E with the corresponding Choi-Jomiołkowski repre-

sentation τ̃SE = σ−1/4
E τSEσ

−1/4
E and ρ̃SR = ζ−1/4

R ρSRζ
−1/4
R .

Recall that S = S1S2 · · · S2N and R = R1R2 · · ·R2N . In the
following, we may use A ⊆ [2N ] or SA to represent the
subsystem

⋃
i∈A Si. Also, ρSR has a structure of tensor

product, ρSR =
⊗2N

i=1 ρSiRi . Below, we let ζR also have a
tensor-product structure,

ζR =
2N⊗

i=1

ζRi . (B2)

Thanks to the tensor-product structure of ρSR and ζR, we
have that

ρ̃SR =
2N⊗

i=1

ρ̃SiRi , (B3)

where ρ̃SiRi = ζ−1/4
Ri

ρSiRiζ
−1/4
Ri

.
We then get

‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√

tr
[(

T̃S→E(USρ̃SRU†
S)− τ̃E ⊗ ρ̃R

)2
]

. (B4)

Using Jensen’s inequality, we have that

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√

EU tr
[(

T̃S→E(USρ̃SRU†
S)− τ̃E ⊗ ρ̃R

)2
]

. (B5)

Below, we focus on the term inside the square root,

EU tr
[(

T̃S→E(USρ̃SRU†
S)− τ̃E ⊗ ρ̃R

)2
]

= EU tr
[(

T̃S→E(USρ̃SRU†
S)
)2
]
+ tr[(̃τE ⊗ ρ̃R)

2]

− 2EU tr[T̃S→E(USρ̃SRU†
S)(̃τE ⊗ ρ̃R)]. (B6)

Since U is randomly sampled from Cεn, which forms a
unitary 1-design, we have

EUT̃S→E(USρ̃SRU†
S) = τ̃E ⊗ ρ̃R (B7)

and

tr[(̃τE ⊗ ρ̃R)
2]− 2EU tr[T̃S→E(USρ̃SRU†

S)(̃τE ⊗ ρ̃R)]

= −tr(̃τ 2
E) tr (ρ̃2

R). (B8)

For the remaining part EU tr
[(

T̃S→E(USρ̃SRU†
S)
)2
]

, we

use tr A2 = tr A⊗2F to evaluate it with F a SWAP operator

and separate the two layers of the encoding unitary gate.
Then,

EU tr[
(
T̃S→E(USρ̃SRU†

S)
)2

]

= trS(EU2[U⊗2
2 EU1 [U⊗2

1 trR(ρ̃
⊗2
SR FR)U

†⊗2
1 ]U†⊗2

2 ]

× (T̃ †
S→E)

⊗2(FE))

= trS(M2M1(trR(ρ̃
⊗2
SR FR))(T̃ †

S→E)
⊗2(FE)), (B9)

where U1 and U2 are the first and second layers of the
encoding unitary U, respectively, and T̃ †

S→E is the adjoint
channel of T̃S→E . We also define Mi = EUiU

⊗2
i · U†⊗2

i as
the second-order twirling operation of layer i. Thus, the
key technical part is to evaluate the action of M2M1.

Note that when ξ = 1, Ui is generated by two-qubit
gates. In this case, (M2M1)

l simulates 2l-depth 1D brick-
work circuits [32]. In this part, we focus mainly on the
double-layer blocked structure and l = 1, which enables a
simpler evaluation. The case of 1D brickwork circuits can
be analyzed using the domain-wall approach [32], which
we will discuss in Appendix C.

In the following, for simplicity, we set OSR =
trR(ρ̃

⊗2
SR FR) and OSE = (T̃ †

S→E)
⊗2(FE). We also denote

OSiRi = trRi(ρ̃
⊗2
SiRi

FRi). Thus, OSR =
⊗

i OSiRi . Our task is
to evaluate tr(M2M1(OSR)OSE).

Note that S = S1S2 · · · S2N and R = R1R2 · · ·R2N . Based
on Eq. (51) and the tensor-product structures of U1, we
have that

M1(OSR) = EU1 [U⊗2
1 OSRU†⊗2

1 ]

= 1
[(22ξ )2 − 1]N

∑

�γ∈{I⊗I,F⊗F}⊗N

tr(OSRg �γ ) �γ

=
∑

�γ∈{I⊗I,F⊗F}⊗N

c �γ �γ . (B10)

Here, I is the identity operation on two copies of a sub-
system i, and F is the SWAP operation on two copies of a
subsystem i; �γ can be viewed as a vector with 2N com-
ponents. The j th component of g �γ , denoted as gγj satisfies:
gγ2j−1 ⊗ gγ2j = I⊗ I− 2−2ξF ⊗ F if γ2j−1 ⊗ γ2j = I⊗ I,
and gγ2j−1 ⊗ gγ2j = F ⊗ F − 2−2ξ

I⊗ I if gγ2j−1 ⊗ gγ2j =
F ⊗ F where γj is the j th component of �γ . Using OSR =⊗

i OSiRi and Lemma B1 below, it is straightforward to
upper bound the coefficient c �γ ,

c �γ = 1
[(22ξ )2 − 1]N tr(OSRg �γ ) ≤ (2−2ξ )2N tr(OSR �γ )

= 2−2ntr(OSR �γ ). (B11)
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Lemma B1 (Lemma 3.6 in Ref. [63]). Given a Hilbert space HAB, let ρ̃AB be a non-negative operation on HAB. We
have that

1
|A| ≤

tr(ρ̃2
AB)

tr(ρ̃2
B)
≤ |A| . (B12)

The proof of Eq. (B11) is mainly based on

tr(OS2i−1R2i−1 ⊗ OS2iR2i(I⊗ I− 2−2ξF ⊗ F)) = tr(ρ̃2
R2i−1

ρ̃2
R2i
)− 2−2ξ tr(ρ̃2

S2i−1R2i−1
ρ̃2

S2iR2i
)

≤ (1− (2−2ξ )2) tr(ρ̃2
R2i−1

ρ̃2
R2i
),

tr(OS2i−1R2i−1 ⊗ OS2iR2i(F ⊗ F − 2−2ξ
I⊗ I)) = tr(ρ̃2

S2i−1R2i−1
ρ̃2

S2iR2i
)− 2−2ξ tr(ρ̃2

R2i−1
ρ̃2

R2i
)

≤ (1− (2−2ξ )2) tr(ρ̃2
S2i−1R2i−1

ρ̃2
S2iR2i

).

(B13)

where the inequalities are based on Lemma B1.
The next step is to evaluate M2M1(OSR) =

∑
�γ c �γM2( �γ ). Based on the tensor-product structure of U2, we can analyze

the action of each block part of M2 on �γ . Since U2 =
⊗N−1

i=1 U2i,2i+1
C , M2 can be written as

⊗N−1
i=1 M 2i,2i+1 where M 2i,2i+1

is the second-order twirling operation on subsystems S2iS2i+1. Based on Eq. (51), the action of M 2i,2i+1 on {I, F}⊗2 is

M 2i,2i+1(I2i ⊗ I2i+1) = I2i ⊗ I2i+1, (B14)

M 2i,2i+1(F2i ⊗ F2i+1) = F2i ⊗ F2i+1, (B15)

M 2i,2i+1(I2i ⊗ F2i+1) = η(I2i ⊗ I2i+1 + F2i ⊗ F2i+1), (B16)

M 2i,2i+1(F2i ⊗ I2i+1) = η(I2i ⊗ I2i+1 + F2i ⊗ F2i+1). (B17)

Here, η = 2ξ /(22ξ + 1). Note that only if γ2i �= γ2i+1, M 2i,2i+1 can alter �γ .
Note that �γ ∈ {I⊗ I, F ⊗ F}⊗N . We always have γ2i−1 = γ2i. Given a vector �γ ∈ {I⊗ I, F ⊗ F}⊗N , we count all

indexes j such that γ2j �= γ2j+1 and denote this set as G = {j1, j2, . . . , jg}. Obviously, 0 ≤ g ≤ N − 1, and there is
(N−1

g

)

choices of G after fixing g. We also denote the index set A = {2j , 2j + 1|j ∈ G}. We also define SA =
⋃

i∈A Si and
SĀ =

⋃
i∈Ā Si. Then, M2 only alters �γ within the support of SA and leaves the remained part unchanged. We use γĀ to

denote this unchanged part. Then,

M2( �γ ) = ηgγĀ ⊗
⊗

j∈G
(I2j ⊗ I2j+1 + F2j ⊗ F2j+1). (B18)

Thus, the final target can be evaluated by

tr(M2M1(OSR)OSE) =
∑

�γ∈{I⊗I,F⊗F}⊗N

c �γ tr(M2( �γ )OSE)

=
∑

γ1=I,F

N−1∑

g=0

∑

G
c �γ tr(M2( �γ )OSE)

=
∑

γ1=I,F

N−1∑

g=0

ηg
∑

G
c �γ tr

⎛
⎝γĀ ⊗

⊗

j∈G
(I2j ⊗ I2j+1 + F2j ⊗ F2j+1)OSE

⎞
⎠ . (B19)

Note that given a vector �γ = FA ⊗ IĀ, we always have

tr( �γOSE) = tr(T̃ ⊗2
S→E( �γ )FE)

= 22n tr(̃τ⊗2
SE FA ⊗ IĀ ⊗ FE)

= 22n trAE(trĀτ̃SE)
2

≥ 0. (B20)
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Thus, using Eq. (B11), we have

tr(M2M1(OSR)OSE) ≤
∑

γ1=I,F

N−1∑

g=0

ηg
∑

G
2−2n tr(OSR �γ ) tr

⎛
⎝γĀ ⊗

⊗

j∈G
(I2j ⊗ I2j+1 + F2j ⊗ F2j+1)OSE

⎞
⎠

≤ 2−2n(tr(OSRI
⊗2N ) tr(OSEI

⊗2N )+ tr(OSRF⊗2N ) tr(OSEF⊗2N ))

+
∑

γ1=I,F

N−1∑

g=1

(2η)g
∑

G
2−2n max

γ ′A=γA,γ ′Ā∈{I⊗I,F⊗F}⊗g
tr(OSRγA ⊗ γĀ) tr(OSEγ

′
A ⊗ γ ′Ā)

≤ tr(̃τ 2
E) tr(ρ̃2

R)+ tr(̃τ 2
SE) tr(ρ̃2

SR)

+
∑

γ1=I,F

N−1∑

g=1

(2η)g
∑

G
2−2n max

γ ′A=γA,γ ′Ā∈{I⊗I,F⊗F}⊗g
tr(OSR �γ ′) tr(OSE �γ ′)

tr(OSĀRĀγĀ)

tr(OSĀRĀγ
′
Ā)

≤ tr(̃τ 2
E) tr(ρ̃2

R)+ tr(̃τ 2
SE) tr(ρ̃2

SR)

+
∑

γ1=I,F

N−1∑

g=1

(2η)g
∑

G
2−2n max

�γ∈{I,F}⊗2N
(tr(OSR �γ )tr(OSE �γ ))

(
max

i

(
tr(OSiRiIi)

tr(OSiRiFi)
,

tr(OSiRiFi)

tr(OSiRiIi)

))g

≤ tr(̃τ 2
E) tr(ρ̃2

R)+ tr(̃τ 2
SE) tr(ρ̃2

SR)

+ 2
N−1∑

g=1

(
2ηmax

i

(
tr(OSiRiIi)

tr(OSiRiFi)
,

tr(OSiRiFi)

tr(OSiRiIi)

))g (N − 1
g

)
max
�γ
(2−2n tr(OSR �γ ) tr(OSE �γ ))

= tr(̃τ 2
E) tr(ρ̃2

R)+ tr(̃τ 2
SE) tr(ρ̃2

SR)

+ 2
N−1∑

g=1

(
2ηmax

i

(
tr (ρ̃2

Ri
)

tr (ρ̃2
SiRi
)
,

tr (ρ̃2
SiRi
)

tr (ρ̃2
Ri
)

))g (
N − 1

g

)
max

A⊆[2N ]
(trAR(trĀρ̃SR)

2 trAE(trĀτ̃SE)
2)

= tr(̃τ 2
E) tr(ρ̃2

R)+ tr(̃τ 2
SE) tr(ρ̃2

SR)+ c max
A⊆[2N ]

(trAR(trĀρ̃SR)
2 trAE(trĀτ̃SE)

2), (B21)

where

c = 2

⎛
⎝
(

1+ 2ηmax
i

(
max

(
tr(ρ̃2

Ri
)

tr(ρ̃2
SiRi
)
,

tr(ρ̃2
SiRi
)

tr(ρ̃2
Ri
)

)))N−1

− 1

⎞
⎠ . (B22)

Consequently,

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√

EU tr
[(

T̃S→E(USρ̃SRU†
S)− τ̃E ⊗ ρ̃R

)2
]

≤
√
−tr(̃τ 2

E) tr(ρ̃2
R)+ tr(̃τ 2

E) tr(ρ̃2
R)+ tr(̃τ 2

SE) tr(ρ̃2
SR)+ c max

A⊆[2N ]
(trAR(trĀρ̃SR)2 trAE(trĀτ̃SE)2)

≤
√

tr(̃τ 2
SE) tr(ρ̃2

SR)+ c max
A⊆[2N ]

(trAR(trĀρ̃SR)2 trAE(trĀτ̃SE)2). (B23)

Note that ρ̃SR =
⊗2N

i=1 ρ̃SiRi and ρ̃SiRi = ζ−1/4
Ri

ρSiRiζ
−1/4
Ri

. We are free to choose any state as ζRi . By the definition of
conditional collision entropy in Definition A1, we can choose ζRi = ρRi or ζR = ρR to let

tr(ρ̃2
Ri
) = 1, tr(ρ̃2

SiRi
) = 2−H2(Si|Ri)ρSiRi . (B24)
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Thus,

trAR(trĀρ̃SR)
2 = trAR(ρ̃

2
AR) = 2−H2(A|R)ρAR . (B25)

Also, we can choose σE = τE such that

tr(̃τ 2
E) = 1, tr(̃τ 2

SE) = 2−H2(S|E)τSE . (B26)

In this case,

trAE(trĀτ̃SE)
2 = trAE(̃τ

2
AE) = 2−H2(A|E)τAE . (B27)

Finally, we get

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√

2−H2(S|E)τSE−H2(S|R)ρSR + c max
A⊆[2N ]

2−H2(A|R)ρAR−H2(A|E)τAE , (B28)

where

c = 2
(
(1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi )))N−1 − 1

)
. (B29)

Furthermore, if TS→E has a tensor-product structure, TS→E =
⊗2N

i=1 TSi→Ei , then τ̃SE =
⊗2N

i=1 τ̃SiEi with τ̃SiEi =
τ
−1/4
Ei

τSiEiτ
−1/4
Ei

. In this case,

H2(A|R)ρAR =
∑

i∈A

H2(Si|Ri)ρSiRi
, (B30)

H2(A|E)τAE =
∑

i∈A

H2(Si|Ei)τSiEi
. (B31)

Thus, we get the following decoupling result:

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi ). (B32)

Proof is completed. �

2. Proof of smooth decoupling theorem or Theorem 3

Proof. Theorem 1 already tells us that

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi ), (B33)

where

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B34)

The remaining part considers the smoothing of the conditional collision entropy. Take ρ̂SiRi ∈ Bδ(ρSiRi) such that
H δ

2 (Si|Ri)ρSiRi
= H2(Si|Ri)ρ̂SiRi

and τ̂SiEi ∈ Bδ(τSiEi) such that H δ
2 (Si|Ei)τSiEi

= H2(Si|Ei)τ̂SiEi
. By Eq. (15), we have
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‖ρSiRi − ρ̂SiRi‖1 ≤ 2δ and ‖τSiEi − τ̂SiEi‖1 ≤ 2δ. Thus,

√√√√2−
∑2N

i=1 H δ
2 (Si|Ei)τSiEi

−∑2N
i=1 H δ

2 (Si|Ri)ρSiRi + c′
2N∏

i=1

max(1, 2−H δ
2 (Si|Ei)τSiEi

−H δ
2 (Si|Ri)ρSiRi )

=
√√√√2

−∑2N
i=1 H2(Si|Ei)τ̂SiEi

−∑2N
i=1 H2(Si|Ri)ρ̂SiRi + c′

2N∏

i=1

max(1, 2
−H2(Si|Ei)τ̂SiEi

−H2(Si|Ri)ρ̂SiRi )

≥ EU‖T̂S→E(USρ̂SRU†
S)− τ̂E ⊗ ρ̂R‖1

≥ EU‖T̂S→E(USρ̂SRU†
S)− τE ⊗ ρR‖1 − ‖τE ⊗ ρR − τ̂E ⊗ ρ̂R‖1

≥ EU‖T̂S→E(USρ̂SRU†
S)− τE ⊗ ρR‖1 −

2N∑

i=1

‖τEi ⊗ ρRi − τ̂Ei ⊗ ρ̂Ri‖1

≥ EU‖T̂S→E(USρ̂SRU†
S)− τE ⊗ ρR‖1 −

2N∑

i=1

(‖τEi − τ̂Ei‖1 + ‖ρRi − ρ̂Ri‖1)

≥ EU‖T̂S→E(USρ̂SRU†
S)− τE ⊗ ρR‖1 −

2N∑

i=1

(‖τSiEi − τ̂SiEi‖1 + ‖ρSiRi − ρ̂SiRi‖1)

≥ EU‖T̂S→E(USρ̂SRU†
S)− τE ⊗ ρR‖1 − 8Nδ

≥ EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 − EU‖T̂S→E(USρ̂SRU†

S)− T̂S→E(USρSRU†
S)‖1

− EU‖T̂S→E(USρSRU†
S)− TS→E(USρSRU†

S)‖1 − 8Nδ, (B35)

where the coefficient c′ is

c′ = 2

((
1+ 2ηmax

i
(max(2

−H2(Si|Ri)ρ̂SiRi , 2
H2(Si|Ri)ρ̂SiRi ))

)N−1

− 1

)

= 2

((
1+ 2ηmax

i
(max(2−H δ

2 (Si|Ri)ρSiRi , 2H δ
2 (Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B36)

In the derivation, we repeatedly use the triangle inequality of the one norm. In the fifth line, we utilize the fact that for
quantum states ρi and σi,

∥∥∥∥∥

r⊗

i=1

ρi −
r⊗

i=1

σi

∥∥∥∥∥
1

=
∥∥∥∥∥∥

r∑

i=1

i−1⊗

j=1

ρj ⊗ (ρi − σi)⊗
r⊗

j=i+1

σj

∥∥∥∥∥∥
1

≤
r∑

i=1

∥∥∥∥∥∥

i−1⊗

j=1

ρj ⊗ (ρi − σi)⊗
r⊗

j=i+1

σj

∥∥∥∥∥∥
1

≤
r∑

i=1

i−1∏

j=1

‖ρj ‖∞‖ρi − σi‖1

r∏

j=i+1

‖σj ‖∞

≤
r∑

i=1

‖ρi − σi‖1. (B37)

Note that ‖AB‖1 ≤ ‖A‖1‖B‖∞ and ‖ρ‖∞ ≤ 1 for quantum state ρ.
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Meanwhile, let δ+SR − δ−SR = ρ̂SR − ρSR where δ+SR and δ−SR have orthogonal support and they are both positive. Since
the two have orthogonal support, we have

tr(δ+SR) = tr(δ−SR) =
1
2
‖ρ̂SR − ρSR‖1 ≤ 1

2

2N∑

i=1

‖ρ̂SiRi − ρSiRi‖1 ≤ 2Nδ. (B38)

Thus,

EU‖T̂S→E(USρ̂SRU†
S)− T̂S→E(USρSRU†

S)‖1

= EU‖T̂S→E(USδ
+
SRU†

S)− T̂S→E(USδ
−
SRU†

S)‖1

≤ EU‖T̂S→E(USδ
+
SRU†

S)‖1 + EU‖T̂S→E(USδ
−
SRU†

S)‖1

= EU tr[T̂S→E(USδ
+
SRU†

S)]+ EU tr[T̂S→E(USδ
−
SRU†

S)]

= tr(δ+SR + δ−SR)

≤ 4Nδ. (B39)

In the fifth line, we utilize that T̂S→E is trace-preserving. Similarly, let �+SE −�−SE = τ̂SE − τSE where �+SE and �−SE have
orthogonal support and they are both positive. We also have

tr(�+SE) = tr(�−SE) =
1
2
‖τ̂SE − τSE‖1 ≤ 1

2

2N∑

i=1

‖τ̂SiEi − τSiEi‖1 ≤ 2Nδ. (B40)

Meanwhile, we denote the Choi-Jamiołkowski representations of �+SE and �−SE as D+
S→E and D−

S→E , respectively. Thus,

EU‖T̂S→E(USρSRU†
S)− TS→E(USρSRU†

S)‖1

= EU‖D+
S→E(USρSRU†

S)−D−
S→E(USρSRU†

S)‖1

≤ EU‖D+
S→E(USρSRU†

S)‖1 + EU‖D−
S→E(USρSRU†

S)‖1

= EU tr[D+
S→E(USρSRU†

S)]+ EU tr[D−
S→E(USρSRU†

S)]

= tr[D+
S→E

(
IS

|S| ⊗ ρR

)
]+ tr[D−

S→E

(
IS

|S| ⊗ ρR

)
]

= tr(�+SE ⊗ ρR)+ tr(�−SE ⊗ ρR)

= tr(�+SE +�−SE)

≤ 4Nδ. (B41)

In the fifth line, we utilize the 1-design property of the random unitary such that

EUUSρSRU†
S =

IS

|S| ⊗ ρR. (B42)

Finally, we get

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤ 16Nδ

+
√√√√2−

∑2N
i=1 H δ

2 (Si|Ei)τSiEi
−∑2N

i=1 H δ
2 (Si|Ri)ρSiRi + c′

2N∏

i=1

max(1, 2−H δ
2 (Si|Ei)τSiEi

−H δ
2 (Si|Ri)ρSiRi ), (B43)
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where

c′ = 2

((
1+ 2ηmax

i
(max(2−H δ

2 (Si|Ri)ρSiRi , 2H δ
2 (Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B44)

�

Note that we can only smooth part of conditional entropies in the smoothing process. For instance, we only smooth
H2(Si|Ei) while maintaining H2(Si|Ri). Then, we get

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤ 8Nδ

+
√√√√2−

∑2N
i=1 H δ

2 (Si|Ei)τSiEi
−∑2N

i=1 H2(Si|Ri)ρSiRi + c
2N∏

i=1

max(1, 2−H δ
2 (Si|Ei)τSiEi

−H2(Si|Ri)ρSiRi ), (B45)

where

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B46)

Similarly, we only smooth H2(Si|Ri) while maintaining H2(Si|Ei) to get

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤ 8Nδ

+
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H δ

2 (Si|Ri)ρSiRi + c′
2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H δ

2 (Si|Ri)ρSiRi ), (B47)

where

c′ = 2

((
1+ 2ηmax

i
(max(2−H δ

2 (Si|Ri)ρSiRi , 2H δ
2 (Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B48)

The proof of the above formulas is the same as that of Theorem 3.

3. Proof of Corollary 1 by applying nonsmooth decoupling theorem to Pauli noise

Proof. We adopt the complementary channel to analyze the Choi error. Specifically,

εChoi = min
ζ

P
((

N̂ ◦ EL→E ⊗ IR

) (∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
, (T ζ

L→E ⊗ IR)
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

))
. (B49)

Since T ζ
L→E maps all states to a fixed state ζ , (T ζ

L→E ⊗ IR)
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
= ζE ⊗ trL

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
= ζE ⊗ IR/2k. Meanwhile,

N̂ ◦ EL→E = N̂S→E ◦ EL→S with EL→S the encoding map satisfying

EL→S(ρ) = US(ρL ⊗ |0〉〈0|n−k)U†
S, (B50)

010331-31



LIU, DU, LIU, and MA PRX QUANTUM 7, 010331 (2026)

where US is the encoding unitary, generated by 1D log(n/ε)-depth Clifford circuit ensemble Cεn in our case. The term
|0〉〈0|n−k is the ancillary qubits used for quantum error correction. Hence,

εChoi = min
ζ

P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, ζE ⊗ IR

2k

)

≤ P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, EU∼UnN̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
))

+min
ζ

P
(

EU∼UnN̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, ζE ⊗ IR

2k

)

= P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, N̂S→E(
IS

2n )⊗
IR

2k

)
+min

ζ
P
(
N̂S→E

(
IS

2n

)
⊗ IR

2k , ζE ⊗ IR

2k

)

= P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, N̂S→E

(
IS

2n

)
⊗ IR

2k

)
. (B51)

Here, in the first inequality, we utilize the triangle inequality of the purified distance. In the second equality, we utilize the
property of the twirling over Haar-random unitary gates. In the third equality, we take the state ζ as N̂S→E(IS/2n).

To further bound EU∼CεnεChoi, we utilize the relation between purified distance and trace distance in Eq. (15) to get

EUεChoi ≤ EU

√∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
. (B52)

For simplicity, we omit Cεn in the subscript of expectation. For i.i.d. Pauli noise, we have

N̂S→E = (N̂p)
⊗n, (B53)

with N̂p as the complementary channel of the single-qubit Pauli noise Np(ρ) = pIρ + pX X ρX + pYYρY + pZZρZ.
Now we apply the nonsmooth decoupling theorem. Based on Theorem 1, the term in the square root in Eq. (B52)

satisfies

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi ), (B54)

where τSiEi =
(
N̂p

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
))⊗ξ

, ρSiRi =
∣∣∣φ̂
〉〈
φ̂

∣∣∣
(k/n)ξ

⊗ ∣∣0((n−k)/n)ξ
〉〈

0((n−k)/n)ξ
∣∣, and

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B55)

Note that H2(Si|Ri)ρSiRi
is given by

H2(Si|Ri)ρSiRi
= H2(Li|Ri)

∣∣∣φ̂
〉〈
φ̂

∣∣∣
LiRi

= k
n
ξH2(L|R)∣∣∣φ̂〉〈φ̂∣∣∣

= −k
n
ξ . (B56)
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Also, given state |ψ〉〈ψ |SS′ and the purification of N̂S′→E(|ψ〉〈ψ |SS′) denoted as |φ〉SS′E , from Lemma A4 we can get

H2(S|E)N̂S′→E(|ψ〉〈ψ |SS′ ) = H2(S|E)trS′ (|φ〉〈φ|)

= − log trS′((trS(
√

trE(|φ〉〈φ|)))2)
= − log trS′((trS(

√
NS′(|ψ〉〈ψ |SS′)))

2). (B57)

Thus,

H2(Si|Ei)τSiEi
= ξH2(S|E)N̂p (

∣∣∣φ̂
〉〈
φ̂

∣∣∣)

= −ξ log trS′

((
trS(

√
Np(

∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′
))

)2)

= −ξ log trS′

⎛
⎝
(

trS

(√
pI

∣∣∣φ̂
〉〈
φ̂

∣∣∣+ pX X
∣∣∣φ̂
〉〈
φ̂

∣∣∣X + pYY
∣∣∣φ̂
〉〈
φ̂

∣∣∣ Y + pZZ
∣∣∣φ̂
〉〈
φ̂

∣∣∣Z
))2
⎞
⎠

= −ξ log trS′

((
trS

(√
pI

∣∣∣φ̂
〉〈
φ̂

∣∣∣+√pX X
∣∣∣φ̂
〉〈
φ̂

∣∣∣X +√pYY
∣∣∣φ̂
〉〈
φ̂

∣∣∣Y +√pZZ
∣∣∣φ̂
〉〈
φ̂

∣∣∣ Z
))2
)

= −ξ log trS′

((
(
√

pI +√pX +√pY +√pZ)
I

2

)2
)

= ξ(1− 2 log
(√

pI +√pX +√pY +√pZ
))

. (B58)

Denote f (�p) = 2 log
(√

pI +√pX +√pY +√pZ
)
, we have H2(Si|Ei)τSiEi

= 1− f (�p). Below, we consider the region of
�p such that 0 < f (�p) < 1. For sufficiently large n, utilizing (1+ x/n)n ≤ 1+ 2x for small x, we have that

c ≤ 8N max(2−ξ(1+
k
n ), 2−ξ(1−

k
n ))

≤ 4n2−ξ(1−
k
n )

ξ

= 4ε1− k
n n

k
n

log(n/ε)
. (B59)

The condition that x is small can be achieved by (ε/n)1−k/n = o(1/n).
Thus, for sufficiently large n, we have that

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi )

≤
√√√√2−n(1−f (�p)− k

n ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−f (�p)− k
n )). (B60)

From the above equation, as long as ε decays faster than n−
k

n−k , and encoding rate k/n ≤ 1− f (�p), the Choi error decays
polynomially. Hence, we conclude that 1D O(log(n))-depth circuit achieves encoding rate 1− f (�p). As a reminder, this
rate is lower than the hashing bound 1− h(�p). �
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4. Proof of Corollary 2 that 1D low-depth circuit achieves the hashing bound with smooth decoupling theorem

Proof. We follow the derivation in the last subsection but substitute the nonsmooth decoupling theorem with the smooth
decoupling theorem. Based on Eq. (B45), the term in the square root in Eq. (B52) satisfies

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 8δ

+
√√√√2−

∑2N
i=1 H δ/N

2 (Si|Ei)τSiEi
−∑2N

i=1 H2(Si|Ri)ρSiRi + c
2N∏

i=1

max(1, 2−H δ/N
2 (Si|Ei)τSiEi

−H2(Si|Ri)ρSiRi ). (B61)

where τSiEi = N̂S′→E

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
=
(
N̂p

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
))⊗ξ

, ρSiRi =
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LiRi
⊗ ∣∣0((n−k)/n)ξ

〉〈
0((n−k)/n)ξ

∣∣ =
∣∣∣φ̂
〉〈
φ̂

∣∣∣
(k/n)ξ

⊗
∣∣0((n−k)/n)ξ

〉〈
0((n−k)/n)ξ

∣∣, and

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B62)

By Eq. (B56), we obtain that H2(Si|Ri)ρSiRi
= −(k/n)ξ . Below, we analyze H δ/N

2 (Si|Ei)τSiEi
. Note that for any 0 < δ < 1

as long as ξ ≥ − 8
5 log
(

1−
√

1− δ2/N 2
)

, we have

H(S|E)ρ −
4 log γ

√
log 2N 2

δ2√
ξ

≤ 1
ξ

H δ/N
2 (S|E)ρ⊗ξ ≤ H(S|E)ρ +

4 log γ
√

log 2N 2

δ2√
ξ

, (B63)

with

γ ≤
√

2−H δ
min(S|E)ρ +

√
2H δ

max(S|E)ρ + 1. (B64)

The condition ξ ≥ − 8
5 log
(

1−
√

1− δ2/N 2
)

can be fulfilled as long as n
11
8 ε

5
8 decays with n. In this case, given any

0 < δ < 1, for sufficiently large n, we have

2N 2
(ε

n

) 5
8 ≤ δ2, (B65)

which implies

(
1−
(ε

n

) 5
8
)2

≥ 1− δ2

N 2 (B66)

and

ξ ≥ −8
5

log
(

1−
√

1− δ2/N 2
)

. (B67)

Note that based on the definition of the complementary channel [27], given state |ψ〉〈ψ |SS′ and the purification of
N̂S′→E(|ψ〉〈ψ |SS′) denoted as |φ〉SS′E , we can get

trE |φ〉〈φ|SS′E = NS′(|ψ〉〈ψ |SS′). (B68)

Thus,

H(S|E)N̂S′→E(|ψ〉〈ψ |SS′ ) = H(SE)− H(E)

= H(S′)− H(SS′)

= −H(S|S′)NS′ (|ψ〉〈ψ |SS′ ). (B69)

010331-34



APPROXIMATE QUANTUM ERROR CORRECTION. . . PRX QUANTUM 7, 010331 (2026)

With direct calculation, we have that

Np

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
= pI

∣∣∣φ̂
〉〈
φ̂

∣∣∣+ pX X
∣∣∣φ̂
〉〈
φ̂

∣∣∣X + pYY
∣∣∣φ̂
〉〈
φ̂

∣∣∣ Y + pZZ
∣∣∣φ̂
〉〈
φ̂

∣∣∣Z (B70)

and

trSNp

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
= I

2
. (B71)

Note that
∣∣∣φ̂
〉〈
φ̂

∣∣∣, X
∣∣∣φ̂
〉〈
φ̂

∣∣∣X , Y
∣∣∣φ̂
〉〈
φ̂

∣∣∣Y, and Z
∣∣∣φ̂
〉〈
φ̂

∣∣∣Z are mutually orthogonal. Hence, H(S|E)N̂p
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
) =

H
(

trSNp

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

))
− H

(
Np

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

))
= 1− h(�p). Meanwhile, for any 0 < δ < 1,

lim
n→∞ 4 log γ

√
log 2N 2

δ2

ξ
= lim

n→∞ 4 log γ

√√√√ log 2N 2

δ2

log n
ε

= 4 log γ

√
2 lim

n→∞
log n
log n

ε

. (B72)

As long as limn→∞ log n/log(n/ε) = 0, for sufficiently large n, we have that

4 log γ

√
log 2N 2

δ2

ξ
≤ δ. (B73)

This can be achieved by choosing log n/ε as a function increasing slightly faster than log n like (log n) log log log n. This

additional factor log log log n is normally negligible for a practical number n. Also, recall that by Eq. (B59), c ≤ 4ε1− k
n n

k
n

log(n/ε) .
Thus, for sufficiently large n and any 0 < δ < 1, we have that

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤ 8δ +
√√√√2−

∑2N
i=1 ξ(1−h(�p)− k

n−δ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−h(�p)− k
n−δ))

= δ +
√√√√2−n(1−h(�p)− k

n−δ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−h(�p)− k
n−δ)). (B74)

When 1− h(�p)− k/n− δ > 0, we have that

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 8δ +

√

2−n(1−h(�p)− k
n−δ) + 4ε1− k

n n
k
n

log(n/ε)
. (B75)

Substituting the above equation into Eq. (B52) completes the proof. The term 2−n(1−h(�p)−k/n−δ) is the error associated with
the random Clifford encoding, as demonstrated in Appendix B 12.

As a remark, the decoupling error within Eq. (B75) is dominated by 8δ. Thus, the scaling of δ controls the decay rate
of the decoupling error and the associated Choi error. From Eq. (B73), we obtain that δ can be chosen as the scaling of
O(
√

log n/log(n/ε)). Thus, the scaling of the Choi error is O((log n/log(n/ε))
1
4 ). �
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5. Proof of Corollary 3 by applying nonsmooth decoupling theorem to i.i.d. erasure error

Proof. Following the previous derivation, the expectation of Choi error over Cεn can be bounded by

EUεChoi ≤
√

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
. (B76)

For i.i.d. erasure error, we have

N̂S→E = (N̂e)
⊗n, (B77)

with N̂e as the complementary channel of the single-qubit erasure error Ne(ρ) = (1− p)ρ + p |2〉〈2|.
Applying the nonsmooth decoupling theorem or Theorem 1, the term in the square root in Eq. (B52) satisfies

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi ), (B78)

where τSiEi =
(
N̂e

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
))⊗ξ

, ρSiRi =
∣∣∣φ̂
〉〈
φ̂

∣∣∣
(k/n)ξ

⊗ ∣∣0((n−k)/n)ξ
〉〈

0((n−k)/n)ξ
∣∣, and

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B79)

Note that H2(Si|Ri)ρSiRi
= −(k/n)ξ given by Eq. (B56). Also, from Eq. (B57) we can get

H2(Si|Ei)τSiEi
= ξH2(S|E)N̂e

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
)

= −ξ log trS′

((
trS

(√
Ne

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)))2)

= −ξ log trS′

⎛
⎝
(

trS

(√
(1− p)

∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′
+ p

IS

2
⊗ |2〉〈2|S′

))2
⎞
⎠

= −ξ log trS′

((
trS

(√
1− p

∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′
+
√

p
2

IS ⊗ |2〉〈2|S′
))2)

= −ξ log trS′

((√
1− p

IS′

2
+
√

2p |2〉〈2|S′
)2
)

= −ξ log trS′

(
1− p

4
IS′ + 2p |2〉〈2|S′

)

= −ξ log
(

1− p
2

+ 2p
)

= ξ(1− log(1+ 3p)). (B80)
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By Eq. (B59), c ≤ 4ε1− k
n n

k
n

log(n/ε) . Thus, for sufficiently large n, we have that

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi )

≤
√√√√2−n(1−log(1+3p)− k

n ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−log(1+3p)− k
n )). (B81)

Substituting the above equation into Eq. (B76) completes the proof. From the above equation, we have that as long as
ε decays faster than n−k/(n−k), and encoding rate k/n ≤ 1− log(1+ 3p), the Choi error decays polynomially. Hence, we
conclude that 1D O(log(n))-depth circuit achieves encoding rate 1− log(1+ 3p) for i.i.d. erasure error. �

6. Proof of Corollary 4 by applying smooth decoupling theorem to i.i.d. erasure error

Proof. We follow the derivation in the last subsection but substitute the nonsmooth decoupling theorem with the smooth
decoupling theorem. Based on Eq. (B45), we have

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 8δ

+
√√√√2−

∑2N
i=1 H δ/N

2 (Si|Ei)τSiEi
−∑2N

i=1 H2(Si|Ri)ρSiRi + c
2N∏

i=1

max(1, 2−H δ/N
2 (Si|Ei)τSiEi

−H2(Si|Ri)ρSiRi ). (B82)

where τSiEi = N̂S′→E

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
=
(
N̂e

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
))⊗ξ

, ρSiRi =
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LiRi
⊗ ∣∣0((n−k)/n)ξ

〉〈
0((n−k)/n)ξ

∣∣ =
∣∣∣φ̂
〉〈
φ̂

∣∣∣
(k/n)ξ

⊗
∣∣0((n−k)/n)ξ

〉〈
0((n−k)/n)ξ

∣∣, and

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B83)

Note that H2(Si|Ri)ρSiRi
= −(k/n)ξ given by Eq. (B56). Same with Appendix B 4, as long as limn→∞ log n/log(n/ε) = 0,

for sufficiently large n, we have that
∣∣∣∣
1
ξ

H δ/N
2 (S|E)ρ⊗ξ − H(S|E)ρ

∣∣∣∣ ≤ δ. (B84)

Meanwhile, from Eq. (B69) we have

H(Si|Ei)τSiEi
= ξH(S|E)N̂e

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
)

= −ξH(S|S′)Ne
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
)

= −ξH(S|S′)
(1−p)

∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′+p IS

2 ⊗|2〉〈2|S′

= ξ
(

H(S′) 1−p
2 IS′+p|2〉〈2|S′

− H(SS′)
(1−p)

∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′+p IS

2 ⊗|2〉〈2|S′

)

= ξ
(
−p log p − (1− p) log

1− p
2

+ (1− p) log(1− p)+ p log
p
2

)

= ξ(1− 2p). (B85)
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Also, by Eq. (B59), c ≤ 4ε1− k
n n

k
n

log(n/ε) . Thus, for sufficiently large n and 0 < δ < 1, we have that

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤ 8δ +
√√√√2−

∑2N
i=1 ξ(1−2p− k

n−δ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−2p− k
n−δ))

= 8δ +
√√√√2−n(1−2p− k

n−δ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−2p− k
n−δ)). (B86)

When 1− 2p − k/n− δ > 0, we have that

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 8δ +

√

2−n(1−2p− k
n−δ) + 4ε1− k

n n
k
n

log(n/ε)
. (B87)

Substituting the above equation into Eq. (B76) completes the proof. From the above equation, we have that the encoding
rate k/n can achieve 1− 2p for i.i.d. erasure error with 1D ω(log(n))-depth circuit. This encoding rate is also the quantum
channel capacity of the erasure error. �

7. Proof of Corollary 5 by applying nonsmooth decoupling theorem to local amplitude damping noise

Proof. Following the previous derivation for local Pauli noise and erasure errors, the key point is to evaluate
H2(Si|Ri)ρSiRi

and H2(Si|Ei)τSiEi
. Similar to previous analysis, H2(Si|Ri)ρSiRi

= −(k/n)ξ .
For local amplitude damping noise, we have

N̂S→E = (N̂a)
⊗n, (B88)

with N̂a as the complementary channel of the amplitude damping noise. Thus,

H2(Si|Ei)τSiEi

= −ξ log trS′

((
trS

(√
Na

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)))2)

= −ξ log trS′

⎛
⎝
(

trS

(√
1
2
(|00〉 +

√
1− p |11〉)(〈00| +

√
1− p 〈11|)SS′ + p

2
|10〉〈10| 10SS′

))2
⎞
⎠

= −ξ log trS′

⎛
⎜⎝

⎛
⎝trS

⎛
⎝

√√√√2− p
2

(√
1

2− p
|00〉 +

√
1− p
2− p

|11〉
)(√

1
2− p

〈00| +
√

1− p
2− p

〈11|
)

SS′
+ p

2
|10〉〈10| 10SS′

⎞
⎠
⎞
⎠

2⎞
⎟⎠

= −ξ log trS′

⎛
⎝
(

trS

(√
2− p

2

(√
1

2− p
|00〉 +

√
1− p
2− p

|11〉
)(√

1
2− p

〈00| +
√

1− p
2− p

〈11|
)

SS′
+
√

p
2
|10〉〈10| 10SS′

))2⎞
⎠

= −ξ log trS′

(((
1√

4− 2p
+
√

p
2

)
|0〉〈0| 0S′ + 1− p√

4− 2p
|1〉〈1| 1S′

)2)

= −ξ log trS′

((
1√

4− 2p
+
√

p
2

)2

|0〉〈0| 0S′ + (1− p)2

4− 2p
|1〉〈1| 1S′

)

= −ξ log

((
1√

4− 2p
+
√

p
2

)2

+ (1− p)2

4− 2p

)

= −ξ log
(

1
2− p

+
√

p
2− p

)
. (B89)
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By Eq. (B59), c ≤ 4ε1− k
n n

k
n

log(n/ε) . Thus, for sufficiently large n, we have that

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√√√√2−

∑2N
i=1 H2(Si|Ei)τSiEi

−∑2N
i=1 H2(Si|Ri)ρSiRi + c

2N∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi )

≤
√√√√2−n(− log

(
1

2−p+
√

p
2−p

)
− k

n ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(− log
(

1
2−p+

√
p

2−p− k
n

)

). (B90)

From the above equation, we have that as long as ε decays faster than n−k/(n−k), and encoding rate k/n ≤
− log

(
1/(2− p)+√p/(2− p)

)
, the Choi error decays polynomially. Hence, we conclude that 1D O(log(n))-depth

circuit achieves encoding rate − log
(

1/(2− p)+√p/(2− p)
)

for local amplitude damping noise. �

8. Proof of Corollary 6 by applying smooth decoupling theorem to local amplitude damping noise

Proof. Following the previous derivation, the key point is to evaluate H2(Si|Ri)ρSiRi
and H(Si|Ei)τSiEi

. Similar to
previous analysis, H2(Si|Ri)ρSiRi

= −(k/n)ξ . Meanwhile, from Eq. (B69) we have

H(Si|Ei)τSiEi
= −ξH(S|S′)Na(

∣∣∣φ̂
〉〈
φ̂

∣∣∣)

= −ξH(S|S′) 1
2 (|00〉+√1−p|11〉)(〈00|+√1−p〈11|)SS′+ p

2 |10〉〈10|10SS′

= ξ
(

H(S′) 1+p
2 |0〉〈0|S′+ 1−p

2 |1〉〈1|S′
− H(SS′) 1

2 (|00〉+√1−p|11〉)(〈00|+√1−p〈11|)SS′+ p
2 |10〉〈10|10SS′

)

= ξ
(

h
(

1− p
2

)
− h
(p

2

))
. (B91)

Also, by Eq. (B59), c ≤ 4ε1− k
n n

k
n

log(n/ε) . Thus, for sufficiently large n and 0 < δ < 1, we have that

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤ 8δ +
√√√√2−n

(
h
(

1−p
2

)
−h( p

2 )− k
n−δ
)

+ 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max
(

1, 2−ξ
(

h
(

1−p
2

)
−h( p

2 )− k
n−δ
))

. (B92)

When h((1− p)/2)− h(p/2)− k/n− δ > 0, we have that

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 8δ +

√

2−n
(

h
(

1−p
2

)
−h( p

2 )− k
n−δ
)

+ 4ε1− k
n n

k
n

log(n/ε)
. (B93)

From the above equation, we have that the encoding rate k/n can achieve h((1− p)/2)− h(p/2) for local amplitude
damping noise with 1D ω(log(n))-depth circuit, which is the same as the bound with random stabilizer codes. �
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9. Proof of Corollary 7 by applying the nonsmooth decoupling theorem to nearest-neighbor ZZ-coupling noise

Proof. Following the previous derivation, the expectation of Choi error over Cεn can be bounded by

EUεChoi ≤
√

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
. (B94)

For 1D nearest-neighbor ZZ-coupling noise, we have

NS = Nzz = ◦n−1
i=1 ((1− p)I + pZiZi+1). (B95)

Applying the nonsmooth decoupling theorem or Theorem 1, the term in the square root in Eq. (B52) satisfies

EU

∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√

2−H2(S|E)τSE−H2(S|R)ρSR + c max
A⊆[2N ]

2−H2(A|R)ρAR−H2(A|E)τAE , (B96)

where τSE = Nzz(

∣∣∣φ̂
〉〈
φ̂

∣∣∣
⊗n
), ρSiRi =

∣∣∣φ̂
〉〈
φ̂

∣∣∣
(k/n)ξ

⊗ ∣∣0((n−k)/n)ξ
〉〈

0((n−k)/n)ξ
∣∣, τAE = trĀτSE, ρSR =

⊗2N
i=1 ρSiRi , and

c = 2

((
1+ 2ηmax

i
(max(2−H2(Si|Ri)ρSiRi , 2H2(Si|Ri)ρSiRi ))

)N−1

− 1

)
. (B97)

Note that H2(Si|Ri)ρSiRi
= −(k/n)ξ given by Eq. (B56). Thus, H2(A|R)ρAR = −(k |A|/n)ξ .

Also, from Eq. (B57) we can get

H2(A|E)τAE = − log trS′

[
trA

√
trĀNzz

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
⊗n
)]

= − log trA′

⎡
⎣trA

√ ∏

i:i∈SA,i+1∈SĀ

[(1− p)I + pZi]
∏

{i,i+1}⊆SA

[(1− p)I + pZiZi+1]
(∣∣∣φ̂
〉
AA′

〈
φ̂

∣∣∣
AA′

)
⎤
⎦

= |A| ξ − 2 log

⎛
⎝

∑

�Z∈{I,Z}⊗|A|ξ
Pr
(�Z)
⎞
⎠

≥ |A| ξ − 2 log
(
(
√

1− p +√p)|A|(ξ+1)
)

= ξ |A|
[
1− 2(1+ ξ−1) log

(√
1− p +√p

)]

≈ ξ |A|
[
1− 2 log

(√
1− p +√p

)]
. (B98)

Here, Pr
(�Z) is the probability of pattern �Z generated by

∏
i:i∈SA,i+1∈SĀ

[(1− p)I + pZi]
∏
{i,i+1}⊆SA

[(1− p)I + pZiZi+1].
Note that this probability can be obtained by coarse-graining the binomial distribution B(|A| (ξ + 1), p). This can be seen
by counting the generators of this probability distribution,

|A| (ξ + 1) ≥ ∣∣{i|i ∈ SA, i+ 1 ∈ SĀ}
∣∣+ |{i|{i, i+ 1} ⊆ SA}| . (B99)

The coarse-graining operation can only decrease
∑

Pr
(�Z), which gives us the inequality in the fourth line.
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By Eq. (B59), c ≤ 4ε1− k
n n

k
n

log(n/ε) . Thus, for sufficiently large n, we have ξ−1 ≈ 0 and obtain that

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√

2−H2(S|E)τSE−H2(S|R)ρSR + c max
A⊆[2N ]

2−H2(A|R)ρAR−H2(A|E)τAE

≤
√√√√2−n(1−2 log(

√
1−p+√p)− k

n ) + 4ε1− k
n n

k
n

log(n/ε)

2N∏

i=1

max(1, 2−ξ(1−2 log(
√

1−p+√p)− k
n )). (B100)

Substituting the above equation into Eq. (B94) completes the proof. From the above equation, we have that as long as
ε decays faster than n−k/(n−k), and encoding rate k/n < 1− 2 log

(√
1− p +√p

)
, the Choi error decays polynomially.

Hence, we conclude that a 1D O(log(n))-depth circuit achieves an encoding rate 1− 2 log
(√

1− p +√p
)

for nearest-
neighbor ZZ-coupling noise, which is the same with that of random Clifford encoding scheme, manifested by Eq. (B170).

�

10. Approximate quantum error correction against the fixed-number random erasure errors for Cε
n

We first present the results of AQEC performance of Cεn for random t-erasure error below. Then we give the full proof.
The proof idea is similar to that of the nondecoupling theorem.

Theorem B1 (AQEC performance of Cεn for random t-erasure error). In the large n limit, suppose k and t satisfy
1− k/n− log(1+ 3t/n) ≥ 0, and ε satisfies that (ε/n)1−k/n = o(1/n), then the expected Choi error of the random codes
from Cεn against the random t erasure errors satisfies

EεChoi ≤
(

2−(n−2t−k) + 4ε1− k
n n

k
n

log(n/ε)

) 1
4

. (B101)

Proof. Here, we analyze the random erasure error with a fixed number of erasures. We utilize the complementary
channel to analyze the Choi error. Specifically,

εChoi = min
ζ

P
(
(N̂ ◦ EL→E ⊗ IR)

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
, (T ζ

L→E ⊗ IR)
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

))
. (B102)

Since T ζ
L→E maps all states to a fixed state ζ , (T ζ

L→E ⊗ IR)
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
= ζE ⊗ trL

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR

)
= ζE ⊗ IR/2k. Meanwhile,

N̂ ◦ EL→E = N̂S→E ◦ EL→S with EL→S the encoding map satisfying

EL→S(ρ) = US(ρL ⊗ |0〉〈0|n−k)U†
S, (B103)

where US is the encoding unitary, generated by 1D log(n/ε)-depth Clifford circuits in our case. The term |0〉〈0|n−k is
the ancillary qubits used for quantum error correction. For a fixed t-erasure errors, N̂S→E(ρ) = trn−t(ρ). For a random
t-erasure error, which is a mixing of t-erasure errors at different locations, N̂S→E(ρ) = 1

(n
t)

∑
|T|=t |T〉〈T| ⊗ trS\T(ρ) [72]

where |T〉 labels the location of the erasure errors. Hence,

εChoi = min
ζ

P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, ζE ⊗ IR

2k

)

≤ P
(
N̂S→E(U

∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†), EU∼UnN̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
))

+min
ζ

P
(

EU∼UnN̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†), ζE ⊗ IR

2k

)
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= P
(
N̂S→E(U

∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†), N̂S→E

(
IS

2n

)
⊗ IR

2k

)
+min

ζ
P
(
N̂S→E

(
IS

2n

)
⊗ IR

2k , ζE ⊗ IR

2k

)

= P
(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

, N̂S→E

(
IS

2n

)
⊗ IR

2k

)
. (B104)

Here, in the first inequality, we utilize the triangle inequality of the purified distance. In the second equality, we utilize the
property of the twirling over Haar random unitary gates. In the third equality, we take the state ζ as N̂S→E(IS/2n).

In our case, the encoding unitary is generated by random 1D log(n/ε)-depth Clifford circuits with the ensemble denoted
as Cεn. Then, we aim to bound EU∼CεnεChoi. For simplicity, we omit Cεn in the subscript. Utilizing Eq. (15) we get

EUεChoi ≤ EU

√∥∥∥∥N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†)− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
. (B105)

When the complementary channel is Ei |i〉〈i| ⊗ N̂ i
S→E where N̂ i

S→E is the complementary channel of N i
S→E , we have that

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

= Ei

∥∥∥∥N̂
i
S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂ i

S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

, (B106)

due to that ‖Ei |i〉〈i| ⊗ Ai‖1 = Ei‖Ai‖1. Below, we use EN to represent a case of mixing noise channels. For the mixing
noise channel, we have

EUεChoi ≤
√

EUEN

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
. (B107)

For further evaluation, we use �Haar to denote N̂S→E(IS/2n)⊗ IR/2k. Using ‖A‖1 ≤
√|A|‖A‖2, we further get

EUεChoi ≤
√

EUEN‖N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
−�Haar‖1

≤
√√

dim E dim RENEU‖N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
−�Haar‖2

≤ (dim E dim R)
1
4

(
ENEU tr(N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
−�Haar)

2
) 1

4

= (dim E dim R)
1
4

(
EN
[
tr EU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

+ tr�2
Haar

− 2trN̂S→E

(
EU

[
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
])
�Haar

]) 1
4 . (B108)

In the last line, we expand the 2-norm. The error terms can be divided into two parts:

trEU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

(B109)

and

tr�2
Haar − 2trN̂S→E

(
EU

[
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
])
�Haar. (B110)
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Equations (B109) and (B110) can be interpreted as the error brought by the second and the first moments of random
unitary operations, respectively. Provided that Cεn forms a unitary 1-design, we have

EU[U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†] = IS

2n ⊗
IR

2k . (B111)

Thus,

tr�2
Haar − 2tr N̂S→E

(
EU

[
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
])
�Haar = −tr�2

Haar, (B112)

where

tr�2
Haar = tr

([
N̂S→E

(
IS

2n

)]2

⊗ IR

22k

)

= 1
2k tr

([
N̂S→E

(
IS

2n

)]2
)

. (B113)

For the erasure channel, N̂S→E = trn−t, tr�2
Haar = 1/2k+t = 1/dim E dim R, and EN tr�2

Haar = 1/2k+t.

The remained part to bound EUεChoi is EN trEU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)]2

. We first evaluate

trEU[N̂S→E(U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†)]2 and then take the expectation EN . We use trA2 = trA⊗2F to evaluate it with

F being a SWAP operator. Hence,

tr EU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

= tr EU

[(
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
))⊗2

]
FE ⊗ FR

= tr EU

[
U⊗2
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
]
(N̂ †

S→E)
⊗2(FE)⊗ FR, (B114)

where FE denotes the SWAP operator acting on two copies of system E, and FR is defined similarly. The term N̂ †
S→E is

the adjoint map of N̂S→E . To further evaluate the above quantity, we need to investigate the structure of Cεn. Note that the
random encoding unitary U can be generated by two layers, as shown in Fig. 1(b). The qubits are divided into 2N parts,
labeled from 1 to 2N , with each part having an equal size of ξ = n/2N qubits. The first layer of the encoding unitary is
a tensor product of random Clifford gates acting on the 2i− 1 and 2i parts, and the second layer is a tensor product of
random Clifford gates acting on the 2i and 2i+ 1 parts. That is,

U = U2 · U1, (B115)

where

U1 =
N⊗

i=1

U2i−1,2i
C , U2 =

N−1⊗

i=1

U2i,2i+1
C . (B116)

The gate Ui,i+1
C is uniformly and randomly sampled from the Clifford group in the regions i and i+ 1. As a result,

trEU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

= trEU1

[
U⊗2

1

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
1

]
EU2

[
U†⊗2

2 (N̂ †
S→E)

⊗2(FE)U⊗2
2

]
⊗ FR

= tr
(

trR

(
EU1

[
U⊗2

1

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
1

]
FR

)
EU2

[
U†⊗2

2 (N̂ †
S→E)

⊗2(FE)U⊗2
2

])
. (B117)
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We make the two layers of random unitary gates act on different terms for further evaluation. We first focus on the first
term,

trR

(
EU1

[
U⊗2

1

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
1

]
FR

)
. (B118)

For simplicity, we consider each part to have the same number of encoding qubits and ancillary qubits. That is, in part i,
there will be (k/n)ξ = k/2N encoding qubits and ((n− k)/n)ξ = (n− k)/2N ancillary qubits. Thus, based on Eqs. (51)
and (B116), we get

EU1

[
U⊗2

1

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
1

]

=
N⊗

i=1

⎛
⎜⎜⎜⎝

Id2
S2i−1,2i

d2
S2i−1,2i

⊗
Id2

R2i−1,2i

d2
R2i−1,2i

+
FS2i−1,2i −

I
d2

S2i−1,2i
dS2i−1,2i

d2
S2i−1,2i

− 1
⊗
(

FR2i−1,2i −
1

dS2i−1,2i

)
Id2

R2i−1,2i

d2
R2i−1,2i

⎞
⎟⎟⎟⎠ . (B119)

Since FR =
⊗N

i=1 FR2i−1,2i , we have

trR

(
EU1

[
U⊗2

1

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
1

]
FR

)

=
N⊗

i=1

⎛
⎜⎜⎜⎝

Id2
S2i−1,2i

d2
S2i−1,2i

dR2i−1,2i

+
FS2i−1,2i −

I
d2

S2i−1,2i
dS2i−1,2i

d2
S2i−1,2i

− 1

(
1− 1

dS2i−1,2idR2i−1,2i

)
⎞
⎟⎟⎟⎠

=
N⊗

i=1

⎛
⎜⎜⎜⎝

Id2
S2i−1,2i

d4
Si

d2
Ri

+
FS2i−1,2i −

I
d2

S2i−1,2i
d2

Si

d4
Si
− 1

(
1− 1

d2
Si

d2
Ri

)
⎞
⎟⎟⎟⎠

=
N⊗

i=1

(aId2
S2i−1

⊗ Id2
S2i
+ bFS2i−1 ⊗ FS2i)

=
N⊗

i=1

(aI2i−1I2i + bF2i−1F2i). (B120)

Here, the last line is a simple notation of the third line. That is, we use Ii and Fi to denote Id2
Si

and FSi , respectively, and

we omit the tensor product; dSi = 2ξ represents the dimension of part i and correspondingly, dRi = 2
k
n ξ . The coefficients

a = 1
d4

Si
d2

Ri

− 1
d2

Si
(d4

Si
− 1)

(
1− 1

d2
Si

d2
Ri

)

= 1

24ξ+ 2k
n ξ
− 1

22ξ (24ξ − 1)

(
1− 1

22ξ+ 2k
n ξ

)
(B121)

and

b = 1
d4

Si
− 1

(
1− 1

d2
Si

d2
Ri

)

= 1
24ξ − 1

(
1− 1

22ξ+ 2k
n ξ

)
. (B122)

It is easy to see that a ≤ 2−4ξ− 2k
n ξ and b ≤ 2−4ξ .
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Next, we consider the second term EU2 [U†⊗2
2 (N̂ †

S→E)
⊗2(FE)U⊗2

2 ] with N a fixed t-erasure channel. Note that
(N̂ †

S→E)
⊗2(FE) = FE ⊗ IĒ , where IĒ denotes the identity operator on two copies of subsystem Ē. Combined with Eqs. (51)

and (B116), we have

EU2[U†⊗2
2 (N̂ †

S→E)
⊗2(FE)U⊗2

2 ] = (FE ⊗ IĒ)1

N−1⊗

i=1

(a2i,2i+1I2iI2i+1 + b2i,2i+1F2iF2i+1)(FE ⊗ IĒ)2N , (B123)

where

a2i,2i+1 = 2n2i
I +n2i+1

I

22ξ

24ξ − 22n2i
F+2n2i+1

F

24ξ − 1
, b2i,2i+1 = 2n2i

I +n2i+1
I (22n2i

F+2n2i+1
F − 1)

24ξ − 1
. (B124)

Here, (FE ⊗ IĒ)i denotes the restriction of FE ⊗ IĒ is part i. Note that (FE ⊗ IĒ)i is a tensor product of identity operators
and SWAP operators. The terms ni

I and ni
F denote the number of identity operators and SWAP operators in (FE ⊗ IĒ)i,

respectively. Hence, ni
I + ni

F = ξ and
∑

i ni
F = t.

Combined the results above, we get

tr EU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

= tr
(

trR

(
EU1

[
U⊗2

1

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣
)⊗2

U†⊗2
1

]
FR

)
EU2

[
U†⊗2

2

(
N̂ †

S→E

)⊗2
(FE)U⊗2

2

])

= tr

((
N⊗

i=1

(aI2i−1I2i + bF2i−1F2i)

)(
(FE ⊗ IĒ)1

N−1⊗

i=1

(a2i,2i+1I2iI2i+1 + b2i,2i+1F2iF2i+1)(FE ⊗ IĒ)2N

))

=
(

22n2N
I +n2N

F 2n2N
I +2n2N

F

)(N−1∏

i=1

(
a 0
0 b

)(
22ξ 2ξ

2ξ 22ξ

)(
a2i,2i+1 0

0 b2i,2i+1

)(
22ξ 2ξ

2ξ 22ξ

))(
a22n1

I+n1
F

b2n1
I+2n1

F

)

= 2n
(

2n2N
I 2n2N

F

)(N−1∏

i=1

(
a 0
0 b

)(
u2iu2i+1 η(u2iu2i+1 + v2iv2i+1)

η(u2iu2i+1 + v2iv2i+1) v2iv2i+1

))(
a 0
0 b

)(
2n1

I

2n1
F

)
. (B125)

Here, the third line is a direct substitution. The fourth line is done by direct calculation. Note that

tr1((aI1I2 + bF1F2)(FE ⊗ IĒ)1) = (a22n1
I+n1

F I2 + b2n1
I+2n1

F F2) (B126)

and

tr1((xI1 + yF1)(aI1I2 + bF1F2)) = (a22ξx + a2ξy)I2 + (b2ξx + b22ξy)F2. (B127)

By using the above two equalities, we derive the fourth line. For the fifth line, we use that ni
I + ni

F = ξ and 2Nξ = n.
Also, we calculate

(
2ξ 1
1 2ξ

)(
a2i,2i+1 0

0 b2i,2i+1

)(
2ξ 1
1 2ξ

)
=
(

22ξa2i,2i+1 + b2i,2i+1 2ξ (a2i,2i+1 + b2i,2i+1)

2ξ (a2i,2i+1 + b2i,2i+1) a2i,2i+1 + 22ξb2i,2i+1

)

=
(

u2iu2i+1 η(u2iu2i+1 + v2iv2i+1)

η(u2iu2i+1 + v2iv2i+1) v2iv2i+1

)
, (B128)

where

ui = 2ni
I , vi = 2ni

F , η = 2ξ

22ξ + 1
≤ 2−ξ . (B129)

010331-45



LIU, DU, LIU, and MA PRX QUANTUM 7, 010331 (2026)

Denoting D2i,2i+1 =
(

u2iu2i+1 0
0 v2iv2i+1

)
, E2i,2i+1 = η(u2iu2i+1 + v2iv2i+1)

(
0 1
1 0

)
, and C = ( a 0

0 b

)
, we have

tr EU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

= 2n (u2N v2N )

(
N−1∏

i=1

C(D2i,2i+1 + E2i,2i+1)

)
C
(

u1
v1

)
. (B130)

This equation is similar to (D+ E)N−1, which enables us to expand it according to the number of “E.” We first consider
the expansion term with no E. That is,

2n (u2N v2N )

(
N−1∏

i=1

CD2i,2i+1

)
C
(

u1
v1

)
= 2n

(
aN

2N∏

i=1

ui + bN
2N∏

i=1

vi

)

= 2n(aN 2n−t + bN 2t)

≤ 2n(2−2n−k2n−t + 2−2n2t)

= 2−t−k + 2−n+t. (B131)

The first term 2−t−k in this equation equals tr�2
Haar and will be eliminated in the final result. The second term 2−n+t expo-

nentially decays with respect to n. Combining with the coefficient dim E dim R = 2t+k, this is 2−(n−2t−k) corresponding to
a result of random Clifford encoding, as demonstrated in Appendix B 12. In fact, if the encoding unitary is drawn from
the whole unitary group instead of Cεn, η will quickly decay to 0, and it is unnecessary to consider E in the expansion. The
expansion terms with E can be viewed as extra errors.

Below, we consider the case there are g numbers of E in the expansion. We set the location of E as j1, j2, . . . , jg with
1 ≤ j1 < j2 < · · · < jg ≤ N − 1. That is,

2n (u2N v2N )

⎛
⎝

N−1∏

i=jg+1

CD2i,2i+1

⎞
⎠CE2jg ,2jg+1 · · ·CE2j2,2j2+1

⎛
⎝

j2−1∏

i=j1+1

CD2i,2i+1

⎞
⎠CE2j1,2j1+1

(j1−1∏

i=1

CD2i,2i+1

)
C
(

u1
v1

)

= 2nηg
g∏

r=1

(u2jru2jr+1 + v2jrv2jr+1)

× (bN−jgv2jg+2→2N aN−jg u2jg+2→2N
)
(g−1∏

s=1

(
0 ajs+1−jsu2js+2→2js+1−1

bjs+1−jsv2js+2→2js+1−1 0

))(
aj1u1→2j1−1
bj1v1→2j1−1

)

= 2nηg
g∏

r=1

(u2jru2jr+1 + v2jrv2jr+1)(a−j1+j2−j3+···bj1−j2+j3−···u2j1+2→2j2−1,2j3+2→2j4−1,...v1→2j1−1,2j2+2→2j3−1,...

+ aj1−j2+j3−···b−j1+j2−j3+···u1→2j1−1,2j2+2→2j3−1,...v2j1+2→2j2−1,2j3+2→2j4−1,...)

= 2nηg
g∏

r=1

(
22ξ

v2jrv2jr+1
+ v2jrv2jr+1

)

×

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

aN−j bj 2(2N−2j−g)ξ
v1→2j1−1,2j2+2→2j3−1,...,2jg−1+2→2jg−1

v2j1+2→2j2−1···2jg−2+2→2jg−1−1,2jg+2→2N

+ aj bN−j 2(2j−g)ξ
v2j1+2→2j2−1···2jg−2+2→2jg−1−1,2jg+2→2N

v1→2j1−1,2j2+2→2j3−1,...,2jg−1+2→2jg−1

, j =∑g
s=1(−1)s+1js, if mod(g, 2) = 1,

aN−j bj 2(2N−2j−g)ξ
v2j1+2→2j2−1,2j3+2→2j4−1,...2jg−1+2→2jg−1

v1→2j1−1,...,2jg−1+2→2jg−1,2jg+2→2N

+ aj bN−j 2(2j−g)ξ
v1→2j1−1,...,2jg−1+2→2jg−1,2jg+2→2N

v2j1+2→2j2−1,2j3+2→2j4−1,...2jg−1+2→2jg−1

, j =∑g
s=1(−1)sjs, if mod(g, 2) = 0
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= 2n−tηg
g∏

r=1

(22ξ + v2
2jrv

2
2jr+1)

×

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

aN−j bj 2(2N−2j−g)ξ v2
1→2j1−1,2j2+2→2j3−1,...,2jg−1+2→2jg−1

+ aj bN−j 2(2j−g)ξ v2
2j1+2→2j2−1···2jg−2+2→2jg−1−1,2jg+2→2N ,

j =∑g
s=1(−1)s+1js, if mod(g, 2) = 1,

aN−j bj 2(2N−2j−g)ξ v2
2j1+2→2j2−1,2j3+2→2j4−1,...2jg−1+2→2jg−1

+ aj bN−j 2(2j−g)ξ v2
1→2j1−1,...,2jg−1+2→2jg−1,2jg+2→2N ,

j =∑g
s=1(−1)sjs, if mod(g, 2) = 0.

(B132)

Here, ui1→j1,...,is→js means
∏s

r=1
∏jr

t=ir ut. The meaning is the same for vi1→j1,...,is→js . We also use t =∑2N
i=1 ni

F or 2t =∏2N
i=1 vi in the above derivation.
Now, we come back to considering the condition of random erasure noise channels and take the expectation EN . Note

that the erasure channel N only influences the value of vi. For a quantity vi1→j1,...,is→js , we have

EN v2
i1→j1,...,is→js = EN 22

∑s
r=1
∑jr

t=ir nt
F . (B133)

Denote X =∑s
r=1
∑jr

t=ir nt
F . This is a random variable representing the number of erasures in the region {i1, i1 +

1 · · · , j1, i2, i2 + 1 · · · , j2, . . . , is, is + 1, . . . , js}. Since we consider the t erasures to be equally distributed on all of the
qubits, the random variable X satisfies

Pr
N
(X = x) =

(m
x

)(n−m
t−x

)
(n

t

) =
( t

x

)( n−t
m−x

)
(n

m

) , (B134)

where m = |{i1, i1 + 1 · · · , j1, i2, i2 + 1 · · · , j2, . . . , is, is + 1, . . . , js}| ξ . We prove that

EN 22X =
max(m,t)∑

x=max(0,m+t−n)

22x

( t
x

)( n−t
m−x

)
(n

m

)

≤
(

1+ 3t
n

)m

≤ 2m log
(

1+ 3t
n

)

. (B135)

This can be seen that
∑max(m,t)

x=max(0,m+t−n) 22x
(

t
x
) ( n−t

m−x
)

is the coefficient of zm in the expansion of the function (1+
4z)t(1+ z)n−t. With Lemma B2 proved later, the coefficients of zm of (1+ 4z)t(1+ z)n−t is not larger than that of
(1+ ((4t+ n− t)/n)z)n, of which the coefficient of zm is (1+ 3t/n)m ( n

m ).
Thus, under the expectation of the location of the erasures, we get

EN 2n (u2N v2N )

⎛
⎝

N−1∏

i=jg+1

CD2i,2i+1

⎞
⎠CE2jg ,2jg+1 · · ·CE2j2,2j2+1

⎛
⎝

j2−1∏

i=j1+1

CD2i,2i+1

⎞
⎠CE2j1,2j1+1

(j1−1∏

i=1

CD2i,2i+1

)
C
(

u1
v1

)

≤ 2n−tηg
g∑

h=0

(
g
h

)
(aN−j bj 2(2N−2j−g+2h)ξ+(2j+g−2h)ξ log

(
1+ 3t

n

)

+ aj bN−j 2(2j−g+2h)ξ+(2N−2j+g−2h)ξ log
(

1+ 3t
n

)

)

≤ 2n−t2−gξ
g∑

h=0

(
g
h

)
(2−2n−N−j

N k2(2N−2j−g+2h)ξ+(2j+g−2h)ξ log
(

1+ 3t
n

)

+ 2−2n− j
N k2(2j−g+2h)ξ+(2N−2j+g−2h)ξ log

(
1+ 3t

n

)

)
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≤ 2−t−k2−
g

2N n
g∑

h=0

(
g
h

)
(2

2j ξ
n k2−(2j+g−2h)ξ+(2j+g−2h)ξ log

(
1+ 3t

n

)

+ 2(1−
2j ξ
n )k2−(2N−2j+g−2h)ξ+(2N−2j+g−2h)ξ log

(
1+ 3t

n

)

)

= 2−t−k2−
g

2N (n−k)
g∑

h=0

(
g
h

)
(2

(2j−g)ξ
n k2−(2j+g−2h)ξ+(2j+g−2h)ξ log

(
1+ 3t

n

)

+ 2(1−
(2j+g)ξ

n )k2−(2N−2j+g−2h)ξ+(2N−2j+g−2h)ξ log
(

1+ 3t
n

)

)

= 2−t−k2−
g

2N (n−k)
g∑

h=0

(
g
h

)
(2

(2h−2g)ξ
n k2−(2j+g−2h)ξ(1− k

n−log
(

1+ 3t
n

)
) + 2

(2h−2g)ξ
n k2−(2N−2j+g−2h)ξ(1− k

n−log
(

1+ 3t
n

)
)
). (B136)

Note that j =∑g
s=1(−1)s+1js or j =∑g

s=1(−1)sjs imply j ≥ g/2. As long as

1− k
n
− log

(
1+ 3t

n

)
≥ 0, (B137)

we have

EN 2n (u2N v2N )

⎛
⎝

N−1∏

i=jg+1

CD2i,2i+1

⎞
⎠CE2jg ,2jg+1 · · ·CE2j2,2j2+1

⎛
⎝

j2−1∏

i=j1+1

CD2i,2i+1

⎞
⎠CE2j1,2j1+1

(j1−1∏

i=1

CD2i,2i+1

)
C
(

u1
v1

)

≤ 21−t−k2−
g

2N (n−k)
g∑

h=0

(
g
h

)
2
(2h−2g)ξ

n k

= 21−t−k(2−ξ(1+
k
n ) + 2−ξ(1−

k
n ))g . (B138)

Combining Eqs. (B131) and (B138), we obtain

EN tr EU

[
N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)]2

= 2n (u2N v2N )

(
N−1∏

i=1

C(D2i,2i+1 + E2i,2i+1)

)
C
(

u1
v1

)

≤ 2−t−k + 2−n+t +
N−1∑

g=1

(
N − 1

g

)
21−t−k(2−ξ(1+

k
n ) + 2−ξ(1−

k
n ))g

= 2−t−k + 2−n+t + 21−t−k((1+ 2−ξ(1+
k
n ) + 2−ξ(1−

k
n ))N−1 − 1). (B139)

Note that ξ = log(n/ε) and N = n/2ξ . Utilizing (1+ x/n)n ≤ ex ≤ 1+ 2x for sufficiently small x, we get

(1+ 2−ξ(1+
k
n ) + 2−ξ(1−

k
n ))N−1 − 1 ≤ 2N (2−ξ(1+

k
n ) + 2−ξ(1−

k
n ))

≤ 4N2−ξ(1−
k
n )

= 2n
log(n/ε)

2− log(n/ε)(1− k
n )

= 2ε1− k
n n

k
n

log(n/ε)
. (B140)

The condition that x is small can be achieved by (ε/n)1−k/n = o(1/n).
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Integrating Eqs. (B108), (B112), and (B139), we obtain

EUεChoi ≤
(

2t+k(−2−t−k + 2−t−k + 2−n+t + 21−t−k((1+ 2−ξ(1+
k
n ) + 2−ξ(1−

k
n ))N−1 − 1))

) 1
4

=
(

2−(n−2t−k) + 2((1+ 2−ξ(1+
k
n ) + 2−ξ(1−

k
n ))N−1 − 1)

) 1
4

≤
(

2−(n−2t−k) + 4ε1− k
n n

k
n

log(n/ε)

) 1
4

. (B141)

Proof is completed. �

Lemma B2. Given a, b > 0, m, n ∈ Z+, the coefficient
of zt in the expansion of (1+ az)m(1+ bz)n is not larger
than that in the expansion of (1+ (am+ bn)z/(m+
n))m+n for any 0 ≤ t ≤ m+ n.

Proof. We prove Lemma B2 by induction. For any
a, b > 0, m ∈ Z+, when n = 1, the coefficient of zt is

(
m
t

)
at +
(

m
t− 1

)
at−1b, (B142)

for (1+ az)m(1+ bz)n, and is

(
m+ 1

t

)(
ma+ b
m+ 1

)t

(B143)

for (1+ (am+ bn)z/(m+ n))m+n; t takes values from 0 to
m+ 1. Now we need to prove

(
m
t

)
at +
(

m
t− 1

)
at−1b ≤

(
m+ 1

t

)(
ma+ b
m+ 1

)t

,

(B144)

which is equivalent to

1+ t
m+ 1

(
b
a
− 1
)
≤
(

1+ 1
m+ 1

(
b
a
− 1
))t

.

(B145)

Note that (1/(m+ 1))(b/a− 1) > −1 and when x > −1,
(1+ x)r ≥ 1+ rx for any r ≥ 1 and r = 0. This can be
obtained by considering g(r) = (1+ x)r − (1+ rx). First,
g(0) = g(1) = 0. Meanwhile, for r ≥ 1,

g′(r) = (1+ x)r ln(1+ x)− x

≥ (1+ x)r
x

1+ x
− x

= ((1+ x)r−1 − 1)x

≥ 0. (B146)

In the second line, we use the inequality ln(1+ x) ≥
x/(1+ x). Thus, for any r ≥ 1, g(r) ≥ 0. As a conse-
quence, Eq. (B145) is correct, and we prove the case for
n = 1.

Now assuming that for any a, b > 0 and m ∈ Z+, the
claim is correct for n ≤ n0, we try to prove the claim for
n = n0 + 1. First, using the case (m, n0), we have

(1+ az)m(1+ bz)n0 ≤
(

1+ am+ bn0

m+ n0
z
)m+n0

. (B147)

Here, p1(z) ≤ p2(z) means that each coefficient of zt in
p1(z) is less or equal to that in p2(z). Next, using the case
(m+ n0, 1), we have

(
1+ am+ bn0

m+ n0
z
)m+n0

(1+ bz)

≤
(

1+ a(m+ 1)+ bn0

m+ 1+ n0
z
)m+n0+1

. (B148)

Combining the equations above, we prove the case for n =
n0 + 1. The whole proof is done by induction. �

11. Proof of Proposition 1

In this part, we prove Proposition 1, which shows that
applying random Pauli matrices before encoding and after
decoding ensures that the recovery fidelity for any arbitrary
input state is lower-bounded by the Choi fidelity.

Proof of Proposition 1. Consider the Stinespring dila-
tion of the channel N ◦ E , which can be represented as
an isometry VN from L to SE. The pure state VN |ψ〉LR
is a purification of N ◦ E(ψLR). A recovery channel D
can also be represented as a unitary UD acting on S and
an ancillary system A. By Uhlmann’s theorem [27,84], the
Choi fidelity can be expressed as
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FChoi = max
U′
(S\L),AE

∣∣(〈φ|LR ⊗ 〈0|(S\L),AE)U
′
(S\L),AEUDVN (|φ〉LR ⊗ |0〉A)

∣∣

= 1
dL

max
U′
(S\L),AE

∣∣trL[(〈0|(S\L),AE)U
′
(S\L),AEUDVN (IL ⊗ |0〉A)]

∣∣ . (B149)

The recovery fidelity for input state ψ using the recovery channel D can be written as

Fψ = max
U′
(S\L),AE

∣∣(〈ψ |LR ⊗ 〈0|(S\L),AE)U
′
(S\L),AEUDVN (|ψ〉LR ⊗ |0〉A)

∣∣ . (B150)

Now, we evaluate the expected recovery fidelity when applying a random Pauli matrix. The expression for the expected
recovery fidelity is given by

EPLFψ = EPL max
U′
(S\L),AE

∣∣∣(〈ψ |LR ⊗ 〈0|(S\L),AE)U
′
(S\L),AEP†

LUDVN PL(|ψ〉LR ⊗ |0〉A)
∣∣∣

≥ max
U′
(S\L),AE

EPL

∣∣∣(〈ψ |LR ⊗ 〈0|(S\L),AE)U
′
(S\L),AEP†

LUDVN PL(|ψ〉LR ⊗ |0〉A)
∣∣∣

≥ max
U′
(S\L),AE

∣∣∣EPL(〈ψ |LR ⊗ 〈0|(S\L),AE)U
′
(S\L),AEP†

LUDVN PL(|ψ〉LR ⊗ |0〉A)
∣∣∣

= 1
dL

max
U′
(S\L),AE

∣∣trL[(〈0|(S\L),AE)U
′
(S\L),AEUD0VN (IL ⊗ |0〉A)]

∣∣

= FChoi. (B151)

In the first line, we apply PL before encoding and set P†
LUD

as the recovery channel. The second line swaps the max-
imum outside, which reduces the average fidelity. In the
third line, we move the expectation inside the absolute
value, further reducing the fidelity. Finally, the fourth line
applies Pauli twirling. Specifically, for any state |ψLR〉, we
have

EPL[PLψLRP†
L] = trL(ψLR)⊗ IL

dL
. (B152)

�

12. The Choi error of random Clifford encoding

In this part, we introduce the bound of the Choi error
of random Clifford encoding. The results can be viewed
as a baseline to measure the performance of other encod-
ing methods. Note that the random Clifford encoding is the
random stabilizer code [19], which is a good code with a
constant encoding rate and linear code distance in general.

Recall that the Choi error is bounded by

ECεChoi ≤
√

EC

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k

〉〈
0n−k
∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
, (B153)

where EC is the expectation over the n-qubit Clifford group. We can apply the nonsmooth decoupling theorem for the
2-design group, or Lemma A5 for further evaluation,

EC

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 2

− 1
2 H2(S|R)|φ̂〉〈φ̂|LR⊗|0n−k〉〈0n−k|− 1

2 H2(S|E)N̂S′→E(|φ̂〉〈φ̂|SS′).

(B154)
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Another choice is the smooth decoupling theorem shown in Lemma A5:

EC

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤ 2
− 1

2 H2(S|R)|φ̂〉〈φ̂|LR⊗|0n−k〉〈0n−k|− 1
2 H δ

min(S|E)N̂S′→E (|φ̂〉〈φ̂|SS′ ) + 8δ. (B155)

Note that we only smooth H2(S|E) with H δ
min(S|E) while

maintaining H2(S|R) to evaluate a tighter bound like what
did in the proof of Corollary 2. Particularly,

H2(S|R)∣∣∣φ̂〉〈φ̂∣∣∣
LR
⊗|0n−k〉〈0n−k| = H2(L|R)∣∣∣φ̂〉〈φ̂∣∣∣

LR

= −k. (B156)

Below, we continue the evaluation for specific noise mod-
els. For the Pauli noise,

N̂S→E = (N̂p)
⊗n, (B157)

with N̂p as the complementary channel of the single-qubit
Pauli noise Np(ρ) = pIρ + pX X ρX + pYYρY + pZZρZ.
Particularly,

N̂S′→E

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
=
(
N̂p

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
))⊗n

. (B158)

When applying the nonsmooth decoupling theorem, we
first calculate

H2(S|E)(N̂p
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
))⊗n(∣∣∣φ̂

〉〈
φ̂

∣∣∣
SS′
) = n(1− f (�p)) (B159)

by Eq. (B58). Thus,

ECεChoi ≤ 2−
n
4

(
1−f (�p)− k

n

)

. (B160)

Next, we apply the smooth decoupling theorem to Pauli
noise. Note that

1
n

H δ
min(S|E)ρ⊗n ≥ H(S|E)ρ −

4 log γ
√

log 2
δ2√

n
(B161)

and

lim
n→∞

4 log γ
√

log 2
δ2√

n
= 0. (B162)

For sufficiently large n, we have 4 log γ
√

log(2/δ2)√
n < δ.

Meanwhile, H(S|E)N̂p
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
) = 1− h(�p). Hence, for any

δ > 0,

EC

∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)

− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ 2−

n
2 (1−h(�p)− k

n−δ) + 8δ,

(B163)

ECεChoi ≤
√

8δ + 2−
n
2 (1−h(�p)− k

n−δ). (B164)

The derivation for the i.i.d. erasure error and local ampli-
tude damping noise is similar. For strength-p i.i.d. erasure
error, we can get

ECεChoi ≤ 2−
n
4 (1−log(1+3p)− k

n ), (B165)

with the nonsmooth decoupling theorem, and

ECεChoi ≤
√

8δ + 2−
n
2 (1−2p− k

n−δ), (B166)

with the smooth decoupling theorem.
For strength-p local amplitude damping noise, we can

get

ECεChoi ≤ 2−
n
4 (− log

(
1

2−p+
√

p
2−p

)
− k

n ), (B167)

with the nonsmooth decoupling theorem, and

ECεChoi ≤
√

8δ + 2−
n
2 (h(

1−p
2 )−h( p

2 )− k
n−δ), (B168)

with the smooth decoupling theorem.
For strength-p 1D nearest-neighbor ZZ-coupling noise,

the analysis is done by the nonsmooth decoupling theorem.
The H2(S|R) term is still equal to−k, and the H2(S|E) term
is given by

H2(S|E)τSE = − log trS′

[
trS

√
Nzz

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
⊗n
)]

= − log trS′

⎡
⎣trS

∏

{i,i+1}⊆[n]

[(1−p)I+ pZiZi+1]
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
⎤
⎦

= n− 2 log
(
(
√

1− p +√p)n−1
)

≥ n
[
1− 2 log

(√
1− p +√p

)]
. (B169)
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Thus, for ZZ-coupling noise, we have

ECεChoi ≤ 2−
n
4 (1−2 log(

√
1−p+√p)− k

n ). (B170)

Finally, we consider the t-erasure errors. The random
Clifford encoding is robust to a fixed t-erasure error rather
than a random erasure error. The number of erasure errors
should satisfy the Singleton bound n− 2t− k ≥ 0 [40].
The corresponding complementary channel is N̂S→E =
trn−t. By applying the nonsmooth decoupling theorem, we
have that

N̂S′→E

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′

)
=
∣∣∣φ̂
〉〈
φ̂

∣∣∣
⊗t

TE
⊗ IT̄

2n−t , (B171)

H2(S|E)N̂S′→E

(∣∣∣φ̂
〉〈
φ̂

∣∣∣
SS′
)

= − log tr

⎛
⎝
((

IE

2t

)− 1
4 ∣∣∣φ̂
〉〈
φ̂

∣∣∣
⊗t

TE
⊗ IT̄

2n−t

(
IE

2t

)− 1
4
)2⎞
⎠

= n− 2t. (B172)

Here, T represents the region of the erasure errors. Com-
bining the results above, we get the upper bound of the
Choi error against a fixed t-erasure error for the random

Clifford encoding,

ECεChoi ≤ 2−
1
4 (n−2t−k). (B173)

13. Comparison to the block-encoding scheme

In this part, we compare the double-layer blocked
encoding scheme and the block-encoding scheme. We con-
sider two types of noise models. For local Pauli noise, we
provide evidence that the double-layer blocked encoding
scheme might have an advantage. For local erasure error,
we rigorously establish an advantage of the double-layer
blocked encoding scheme over the block-encoding scheme
in certain error regimes.

Local Pauli noise. We first consider the local Pauli
noise. As mentioned in the main text, the encoding unitary
operation of the block-encoding method is

U =
N
2⊗

i=1

U4i−3,4i−2,4i−1,4i
C , (B174)

where U4i−3,4i−2,4i−1,4i
C is a random Clifford gate on regions

4i− 3, 4i− 2, 4i− 1, 4i. The set of the random block-
encoding unitary operations is denoted as SB

n .
To compare the performance of the two encoding meth-

ods, we only need to evaluate

EU

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

(B175)

under two encoding ensembles Cεn and SB
n . For simplicity, here we only analyze the results associated with the nonsmooth

decoupling theorem. The case with the smooth decoupling theorem is similar.
The result of Cεn is given by Eq. (B60). The result of SB

n can be established by considering the error of each block and
the triangle inequality. Specifically,

EU∼SB
n

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤ n
4ξ

EU∼SB
4ξ

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗
∣∣∣0

4ξ(n−k)
n

〉〈
0

4ξ(n−k)
n

∣∣∣U†
)
− N̂S→E

(
IS

24ξ

)
⊗ IR

2
4ξk

n

∥∥∥∥
1

≤ n
4ξ

2
− 1

2 H2(L|R)|φ̂〉〈φ̂|⊗4ξk/n− 1
2 H2(S|E)

(N̂p(|φ̂〉〈φ̂|))⊗4ξ
. (B176)

Using H2(S|E)N̂p
(∣∣∣φ̂
〉〈
φ̂

∣∣∣
) = 1− f (�p), we have that

EU∼SB
n

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1
≤ n

4ξ
(2−2ξ(1−f (�p)− k

n ))

= n
4 log n

ε

(ε
n

)2(1−f (�p)− k
n )

. (B177)
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Recall that the result of the double-layer blocked encoding is given by

EU∼Cεn

∥∥∥∥N̂S→E

(
U
∣∣∣φ̂
〉〈
φ̂

∣∣∣
LR
⊗ ∣∣0n−k〉〈0n−k

∣∣U†
)
− N̂S→E

(
IS

2n

)
⊗ IR

2k

∥∥∥∥
1

≤
√

2−n(1−f (�p)− k
n ) + 4ε1− k

n n
k
n

log(n/ε)
. (B178)

For block encoding, the dependence of error on n is
given by (n/4 log(n/ε))(ε/n)2(1−f (�p)−k/n). For double-
layer blocked encoding, it is approximately given by two

terms
√

2−n(1−f (�p)−k/n) and
√

4ε1− k
n n

k
n /log(n/ε). Note that

ε is normally chosen to make ε/n = 1/poly(n). Mean-
while, 1− f (�p)− k/n is often a constant. Thus, an expo-
nentially decay term must vanish faster,

√
2−n(1−f (�p)− k

n ) � n
4 log n

ε

(ε
n

)2(1−f (�p)− k
n )

. (B179)

Also, when 1− f (�p)− k/n < 1
4 (1− k/n), we have

lim
n→∞

√
4ε1− k

n n
k
n

log(n/ε)

n
4 log n

ε
( εn )

2(1−f (�p)− k
n )

= 8 lim
n→∞

√
log n

ε

n

(ε
n

)2f (�p)− 3
2 (1− k

n ) = 0. (B180)

Thus,

√
4ε1− k

n n
k
n

log(n/ε)
� n

4 log n
ε

(ε
n

)2(1−f (�p)− k
n )

. (B181)

That is, given the noise strength �p , when the encoding rate
satisfies k/n > 1− 4

3 f (�p), the error given by the double-
layer blocked encoding decays much faster. In other words,
if we fix a required Choi error decay scaling, the encod-
ing rate offered by the double-layer blocked scheme can
be higher. This provides evidence that the double-layer
blocked encoding scheme can have an advantage in some
error regimes. Nonetheless, it is a comparison of the upper
bound of the error. Below, we consider local erasure errors
and evaluate a lower bound of the Choi error given by
the block-encoding method. This establishes a rigorous
advantage of the double-layer blocked encoding scheme.

Local erasure error. To establish the lower bound of
the Choi error given by the block-encoding method, we
only need to evaluate the lower bound of the Choi error
of each block, which corresponds to a random stabilizer
encoding.

For a random stabilizer code [[n, k]], correctability
under erasure error requires the number of erasure errors
t to satisfy the singleton bound,

2t+ k ≤ n ⇒ t ≤
⌊

n− k
2

⌋
. (B182)

Define τ = 1
2 (1− k/n). Then any erasure pattern erasing

more than τn qubits is uncorrectable. Moreover, as long as
the number of erasure errors is t > �(n− k)/2�, we can
prove that there exists a lower bound of the Choi error
for random stabilizer codes. The result is summarized as
follows.

Theorem B2. Let t ≤ n/2. Suppose Q is a subset of n
qubits with |Q| = t. Then the expectation of Choi error
against an erasure error on Q over [[n, k]] random stabilizer
codes has a lower bound,

ECεQ ≥ 2t− (n− k)− e−1

8k
, (B183)

where εQ is the Choi error εChoi for erasure on Q.

We postpone the proof of Theorem B2 to the end of this
subsection. With the number of erasure errors increasing,
the Choi error also monotonically increases. Thus, we have
the following corollary.

Corollary B1. For t > n/2,

ECεQ ≥ ECεQ′ = 1
8
− 1

ek
, (B184)

where
∣∣Q′
∣∣ = n/2.

For strength-p local erasure errors, each qubit is erased
independently with probability p . The number of erased
qubits satisfies a binomial distribution B(n, p), where we
denote this number or random variable as En. Based on
Theorem B2, the Choi error is always lower-bounded
by (1− e−1)/8k ≥ 1/16n when En > τn. Then the Choi
error of a random stabilizer code is lower-bounded by
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(1/16n)Pr [En > τn]. Using Chernoff bounds, for τ > p
or 1− k/n− 2p > 0, we have

Pr [En > τn] = exp (−n · D (τ ‖ p)+ o(n)) , (B185)

where D(a‖b) is the binary relative entropy,

D(a‖b) = a log2

(a
b

)
+ (1− a) log2

(
1− a
1− b

)
. (B186)

Thus, the Choi error satisfies

ECεChoi ≥ 1
16n

exp
(
−n · D

(
τ

∥∥∥p
)
+ o(n)

)

= exp
(
−nD

(
τ

∥∥∥p
)
+ o(n)

)
. (B187)

To further give a lower bound of the Choi error for
the block-encoding scheme, we introduce the near-optimal
fidelity [104], denoted as F̃Choi, with the corresponding
near-optimal Choi error denoted as ε̃Choi. Compared to the
definition of original Choi fidelity,

FChoi = max
D

F
(
φ̂LR, [(D ◦N ◦ E)L ⊗ IR](φ̂LR)

)
,

(B188)

the near-optimal fidelity uses the transpose channel recov-
ery for decoding,

F̃Choi = F
(
φ̂LR, [(DTC ◦N ◦ E)L ⊗ IR](φ̂LR)

)
. (B189)

The transpose channel recovery DTC is defined as [104]

DTC = PL ◦N † ◦N− 1
2 (PL). (B190)

Here, N is the noise channel. The map PL satisfies
PL(ρ) = �Lρ�L, where �L is the projector to the logi-
cal space. The map N− 1

2 (PL) satisfies [N− 1
2 (PL)](ρ) =

N− 1
2 (�L)ρN− 1

2 (�L).
It has been proved that there exist two-sided bounds

between the optimal fidelity and the near-optimal fidelity
[104,105],

1
2
(1− F̃Choi) ≤ 1− FChoi ≤ 1− F̃Choi. (B191)

Using the relation F = √1− ε2, we have that for suffi-
ciently small εChoi,

εChoi ≤ ε̃Choi ≤
√

2εChoi. (B192)

The left inequality follows from the near-optimality. The
right inequality is derived by

1
2
(1−

√
1− ε̃2

Choi) ≤ 1−
√

1− ε2
Choi

⇔ 4(1− ε2
Choi) ≤ 2− ε̃2

Choi + 2
√

1− ε̃2
Choi

≤ 2− ε̃2
Choi + 2

(
1− 1

2
ε̃2

Choi

)

⇔ ε̃Choi ≤
√

2εChoi. (B193)

Note that in the second line we use
√

1− x ≤ 1− 1
2 x for

sufficiently small x.
From the definition of the transpose recovery map, it

can be seen that for a block-encoding scheme E =⊗i Ei
and block noise model N =⊗i Ni, the transpose recovery
map is also a tensor product, DTC =⊗i DTC

i . Thus, given
a block-encoding scheme, since each block is independent,
and the noise also acts independently on each block, the
near-optimal fidelity for the whole block-encoding scheme
is the product of the near-optimal fidelity for each block,

F̃Choi =
n

4ξ∏

i=1

F̃blocki , (B194)

or equivalently,

F̃2
Choi =

n
4ξ∏

i=1

F̃2
blocki

. (B195)

Then,

1− ε̃2
Choi =

n
4ξ∏

i=1

(1− ε̃2
blocki

), (B196)

where

EU∼SB
n
ε̃blocki ≥ EU∼SB

n
εblocki

≥ exp
(−4ξ · D (τ∥∥p)+ o(ξ)

)
. (B197)

Thus, we obtain the lower bound of the Choi error for the
block-encoding scheme,

EU∼SB
n
εChoi ≥ 1√

2
EU∼SB

n
ε̃Choi

≥ 1√
2
EU∼SB

n
ε̃2

Choi

= 1√
2
EU∼SB

n

(
1−
∏

i

(1− ε̃2
blocki

)

)

= 1√
2

(
1−
∏

i

(1− EU∼SB
n
ε̃2

blocki
)

)
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≥ 1√
2

(
1−
∏

i

(1− [EU∼SB
n
ε̃blocki]

2)

)

≥ 1√
2

(
1− (1− exp

(−8ξ · D (τ∥∥p)+ o(ξ)
)
)

n
4ξ
)

≥ min
{

n

8
√

2ξ
exp
(−8ξ · D (τ∥∥p)+ o(ξ)

)
,�(1)

}

= min
{
n exp

(−8ξD
(
τ
∥∥p
)+ o(ξ)

)
,�(1)

}
. (B198)

Here, the fourth and fifth lines use the independence
of each block and Ex2 ≥ (Ex)2, respectively. The last
inequality comes as follows. Let m := n/4ξ and x :=
m exp

(−8ξ · D (τ∥∥p)+ o(ξ)
)
. Then

(1− (1− exp
(−8ξ · D (τ∥∥p)+ o(ξ)

)
)

n
4ξ )

=
(

1−
(

1− x
m

)m)
, (B199)

Using (1− x/m)m ≤ 1− x/2 for 0 ≤ x ≤ 1, we obtain the
first term; while for x > 1, (1− (1− x/m)m) ≥ (1− (1−
1/m)m) = �(1), we obtain the second term.

Substituting ξ with log(n/ε), we get that

EU∼SB
n
εChoi ≥ min

⎧
⎨
⎩n
(ε

n

)8D(
1− k

n
2 ‖p)+o(1)

,�(1)

⎫
⎬
⎭ .

(B200)

This equation shows that, for the block-encoding scheme,
given the noise strength p , a trade-off relation between
the encoding rate k/n and the Choi error exists. If one
fixes an encoding rate, the Choi error will have a lower
bound, and vice versa. Below, we prove that there exists a
regime of the strength parameter p where the double-layer
blocked encoding scheme achieves both a higher encoding
rate and a lower Choi error. Moreover, there exist regimes
of noise strength and encoding rate such that the double-
layer blocked encoding scheme requires a lower depth to
make the Choi error decay.

Recall Corollary 3, the Choi error for the double-layer
blocked encoding scheme is

EU∼CεnεChoi ≤
(

2−n(1−log(1+3p)− k
n ) + 4ε1− k

n n
k
n

log(n/ε)

) 1
4

.

(B201)

The main contributions are 2−(n/4)(1−log(1+3p)−k/n) and
(4ε1−(k/n)nk/n/log(n/ε))1/4. In the following, we discuss
the case of 1− log(1+ 3p)− k/n > 0. For simplicity, we
set r = k/n and ε = n−((α+r)/(1−r)) where r and α and
both positive constants; p is also a constant. Then, n/ε =
n(1+α)/(1−r). The block size parameter ξ = log(n/ε) =

((1+ α)/(1− r)) log n. The upper bound of the Choi error
for the double-layer blocked encoding scheme is simpli-
fied to

EU∼CεnεChoi ≤
(

2−n(1−log(1+3p)−r) + 4(1− r)
(1+ α)nα log n

) 1
4

= O(n−
α
4 ). (B202)

The lower bound of the Choi error for the block-encoding
scheme is simplified to

EU∼SB
n
εChoi≥ min

{
n1− 8(1+α)

1−r D( 1−r
2 ‖p)+o(1)= ncblock ,�(1)

}
.

(B203)

In the case that 0 < p < 1/3, 0 < r < 1,α > 0 and 1−
log(1+ 3p)− r > 0, the Choi error of the double-layer
blocked encoding scheme always decays. The decay scale
is approximately O(n−α/4) where we ignore log n = no(1).
On the other hand, the exponential coefficient within
Eq. (B203) is

cblock = 1− 8(1+ α)
1− r

D
(

1− r
2

∥∥∥∥ p
)
+ o(1). (B204)

Given noise strength p , under the constraint of r < 1−
log(1+ 3p) and α > 0, cblock can be greater than 0. For
instance,

p = 0.25, r = 0.2,

α = 0.1 ⇒ cblock ≈ 0.14 ⇒ EU∼SB
n
εChoi

≥ min{n0.14,�(1)} = �(1). (B205)

That is, given the noise strength p = 0.25 and encod-
ing rate r = 0.1, we obtain that the double-layer blocked
encoding scheme can have an error decay n−0.025, and
the block-encoding scheme cannot make the Choi error
decay. In this case, ξ = 1.375 log n. As mentioned in the
main text, the depths for the two encoding schemes are
the same after fixing ξ . This manifests that for p = 0.25
and r = 0.1, the double-layer blocked encoding scheme
requires a lower depth to make the Choi error vanish. On
the other hand, this implies that at the same circuit depth,
the double-layer blocked encoding scheme can achieve a
higher encoding rate.

More concretely, one can find parameter regimes such
that cblock > 0. In this case, the double-layer blocked
encoding scheme can correct errors, but the block-
encoding scheme cannot. One can also find parameter
regimes such that cblock > −α/4. In this case, the double-
layer blocked encoding scheme always outperforms the
block-encoding scheme by manifesting a faster error
decay. We plot the regimes that cblock > 0 and cblock >

−α/4 in Figs. 5(a) and 5(b), respectively.
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(a) (b)

FIG. 5. (a) Parameter regime where cblock > 0. In this case, the double-layer blocked encoding scheme can make the Choi error
decay, but the block-encoding scheme cannot. (b) Parameter regime where cblock > −α/4. In this case, the double-layer blocked
encoding scheme outperforms the block-encoding scheme.

Below, we show the proof of Theorem B2.

Proof. We first observe that the choice of subset Q
is irrelevant when considering the expectation over the
random stabilizer encoding scheme.

Lemma B3. For any fixed subsets Q1, Q2 ⊆ [n] with
|Q1| = |Q2| = t,

ECεC,Q1 = ECεC,Q2 , (B206)

where εC,Qi is the Choi error for encoding unitary C and
erasure errors on Qi.

Proof. Because the SWAP operation is Clifford, there
exists a Clifford S12 that swaps Q1 to Q2. Hence

ECεC,Q2 = ECεS12C,Q1

= ECεC,Q1 . (B207)

�

Fix the subsets Q1 = [t], Q2 = {t+ 1, . . . , 2t}, and Q3 =
[n]\(Q1 ∪ Q2) so that Q3 contains the remaining n− 2t
physical qubits. We now prove the following.

Lemma B4. For any unitary encoding C,

1
2
(
εQ1 + εQ2

) ≥ 2t− (n− k)− e−1

8k
. (B208)

Proof. Let ε1 := εQ1 and ε2 := εQ2 . Also, recall that we
denote L, R, and S as the logical, reference, and physical

systems, respectively. The initial input state is the φ̂LR, and
after encoding and noise, the state is denoted as φ̂LR.

By definition of εQ, there exists a recovery map
DQ2Q3→L such that

σ = D
(
φ̂LR

)
, P

(
σLR, φ̂LR

)
= ε1. (B209)

Because the purified distance bounds the trace distance,

dtr

(
σLR, φ̂LR

)
≤ ε1. (B210)

Applying the Fannes-Audenaert inequality [65] with sub-
system size |LR| = 2k gives

S(σLR) ≤ S(φ̂LR)+ 2ε1(2k)+ 1
e
= 4kε1 + 1

e
:= δ1.

(B211)

Therefore,

Iσ (Q1 : R) ≤ Iσ (Q1 : LR) ≤ 2S(σLR) ≤ 2δ1. (B212)

Here, Iσ (A : B) is the mutual information between subsys-
tems A and B for state σ . The first inequality comes from
the data processing inequality for mutual information, and
the second uses Iσ (A : B) ≤ 2S(σB) for arbitrary σ . Let
ρ := φ̂LR. Because the recovery map D acts only on Q2Q3,
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the registers Q1 and R are untouched, so

Iρ(Q1 : R) = Iσ (Q1 : R) ≤ 2δ1. (B213)

Expanding mutual information and using that ρ is pure, we
obtain

S(ρQ1)+ S(ρR) ≤ S(ρQ1R)+ 2δ1 = S(ρQ2Q3)+ 2δ1

≤ S(ρQ2)+ S(ρQ3)+ 2δ1, (B214)

where the last step uses subadditivity. Repeating the same
argument for Q2 gives

S(ρQ2)+ S(ρR) ≤ S(ρQ2R)+ 2δ2 = S(ρQ1Q3)+ 2δ2

≤ S(ρQ1)+ S(ρQ3)+ 2δ2. (B215)

Adding the two inequalities yields

2S(ρR) ≤ 2S(ρQ3)+ 2(δ1 + δ2). (B216)

With S(ρR) = k and S(ρQ3) ≤ |Q3| = n− 2t, we obtain

δ1 + δ2 ≥ 2t− (n− k). (B217)

Substituting (B211), we have

1
2
(ε1 + ε2) ≥ 2t− (n− k)− e−1

8k
. (B218)

�

Based on Lemmas B3 and B4, we prove Theorem B2 as
follows:

ECεQ1 =
1
2
(ECεQ1 + ECεQ2)

= EC
εQ1 + εQ2

2
≥ 2t− (n− k)− e−1

8k
. (B219)

�

APPENDIX C: ANALYSIS FOR 1D BRICKWORK
CIRCUITS

In this part, we prove that the decoupling can be
achieved by 1D log-depth brickwork circuits. We start
with introducing preliminaries, which discuss how to eval-
uate tr O2�

2
E(O1) by transforming it into a stochastic pro-

cess. Then, we present the main results of the decoupling
theorem for 1D brickwork circuits and prove Theorem 2.
Finally, we apply this decoupling theorem to quantum error
correction and show that there exists a constant thresh-
old for encoding schemes with such circuits against local
noise. Note that here we prove the result for a generic local
dimension q.

1. Random quantum circuits to stochastic processes

Here, we show how to evaluate tr O2�
2
E(O1) by trans-

forming it into a stochastic process for certain observables
O1 and O2, which lays a foundation for further analyzing
the decoupling error. The evaluation is equivalent to eval-
uating a statistical-mechanical partition function. Most of
the analysis is similar to that in Ref. [32]. Nonetheless, in
Ref. [32], O1 and O2 take specific forms of |1n〉〈1n|⊗2,
which makes the boundary condition in the statistical-
mechanical mapping easier. For general operators O1 and
O2, the boundary condition is more complicated, and a
more refined analysis is necessary.

We first evaluate �2
E(O1). By definition,

�2
E(O1) = EU∼EU⊗2O1U†⊗2, (C1)

where

U = U(s)
A(s)

U(s−1)
A(s−1) · · ·U(1)

A(1)
. (C2)

We would like to evaluate terms like EUU⊗kOU†⊗k. Also,
U(i) is a Haar-random gate of dimension q2. Inserting
random single-qudit operations before all two-qudit gates
does not change the expectation. Thus, we further consider
the random unitary operation of the following form:

U = U(s)
A(s)

U(s−1)
A(s−1) · · ·U(1)

A(1)

n⊗

i=1

U(−i)
{i} . (C3)

Here, U(−i)
{i} is a random single-qudit operation with dimen-

sion q× q acting on qudit i. It is worth noting that when
analyzing 1D brickwork circuits, we also insert a ran-
dom single-qudit operation

⊗n
i=1 U(−i)

{i} before the random
two-qudit unitary operations within Eq. (2).

We continue the analysis by evaluating the actions of
each part within U. The action of

⊗n
i=1 U(−i)

{i} on O1 can be
evaluated by Eq. (51). We obtain that

EU(−i)

(
n⊗

i=1

U(−i)⊗2
{i}

)
O1

(
n⊗

i=1

U(−i)†⊗2
{i}

)

= 1
(q2 − 1)n

∑

�γ∈{I ,S}n
tr

⎛
⎝O1

n⊗

j=1

gγj

⎞
⎠

n⊗

j=1

γj . (C4)

Here, γj is the j th component of �γ and equals identity
operation I or SWAP operation F . The term gγj = I− q−1F
if γj = I, and gγj = F − q−1

I if γj = F . The vector γ is
called a configuration, corresponding to the spin configura-
tion is the statistical-mechanical mapping. For simplicity,
we denote c �γ (O1) = (1/(q2 − 1)n) tr(O1

⊗n
j=1 gγj ) and
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use �γ to represent
⊗n

j=1 γj in the above equation. That is,

EU(−i)

(
n⊗

i=1

U(−i)⊗2
{i}

)
O1

(
n⊗

i=1

U(−i)†⊗2
{i}

)

=
∑

�γ∈{I,F}n
c �γ (O1) �γ . (C5)

The next step is evaluating the action of a random two-
qudit gate U(i)

A(i)
on �γ , which was previously studied in

Ref. [32]. Since A(i) only contains two qudits, it suffices

to analyze how U(i)
A(i)

acts on γ within support A(i). Denote

M (i)(O) = EU(i)U
(i)⊗2
A(i)

OU(i)†⊗2
A(i)

, we have that

M (i)(O) = trA(i)

(
O

IA(i) − q−2FA(i)

q4 − 1

)
IA(i)

+ trA(i)

(
O

FA(i) − q−2
IA(i)

q4 − 1

)
FA(i) . (C6)

Particularly, we consider that O equals I⊗ I, I⊗ F , F ⊗ I,
and F ⊗ F within support A(i). We have that

M (i)(OA(i) ⊗ (I⊗ I)A(i) ) = OA(i) ⊗ (I⊗ I)A(i) , (C7)

M (i)(OA(i) ⊗ (F ⊗ F)A(i) ) = OA(i) ⊗ (F ⊗ F)A(i) , (C8)

M (i)(OA(i) ⊗ (I⊗ F)A(i) ) = OA(i) ⊗
(

q
q2 + 1

(I⊗ I)A(i) +
q

q2 + 1
(F ⊗ F)A(i)

)
, (C9)

M (i)(OA(i) ⊗ (F ⊗ I)A(i) ) = OA(i) ⊗
(

q
q2 + 1

(I⊗ I)A(i) +
q

q2 + 1
(F ⊗ F)A(i)

)
. (C10)

Here, OA(i) only has support outside A(i). From the above equation, we obtain that if O ∈ {I, F}n, then M (i)(O) ∈ {I, F}n.
Particularly, M (i) is a linear transformation over {I, F}n, and we use M (i)

�ν �γ to denote the matrix element such that

M (i)( �γ ) =
∑

�ν∈{I,F}n
M (i)
�ν �γ �ν. (C11)

Suppose A(i) = {ai, bi}, the matrix element M (i)
�ν �γ satisfies

M (i)
�ν �γ =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

1, if γai = γbi and �γ = �ν,
q

q2 + 1
, if γai �= γbi , νai = νbi , and γc = νc,∀c ∈ [n]\{ai, bi},

0, otherwise.

(C12)

It can be seen that each action of M (i) maintains the configuration �γ with weight 1, or flips one term in �γ with weight
q/(q2 + 1). Thus, �2

E(O1) can be expressed as follows:

�2
E(O1) = M (s) · · ·M (2)M (1)

⎛
⎝
∑

�γ∈{I,F}n
c �γ (O1) �γ

⎞
⎠

=
∑

�γ∈{I,F}n
c �γ (O1)M (s) · · ·M (2)M (1)( �γ )

=
∑

�=( �γ (0),..., �γ (s))∈{I,F}n×(s+1)

c �γ (0) (O1) �γ (s)
s∏

i=1

M (i)
�γ (i) �γ (i−1) . (C13)
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Here, � = ( �γ (0), . . . , �γ (s)) is called a trajectory, which is a
sequence of s+ 1 configurations. We also use �i to denote
its ith component. Here, �i = �γ (i−1). Furthermore,

tr(O2�
2
E(O1)) =

∑

�

weight(�)c �γ (0) (O1)tr(O2 �γ (s))

=
∑

�

weight(�)c �γ (0) �γ (s) (O1, O2), (C14)

where

weight(�) =
s∏

i=1

M (i)
�γ (i) �γ (i−1) , (C15)

c �γ (0) �γ (s) (O1, O2)

= 1
(q2 − 1)n

tr

⎛
⎝O1

n⊗

j=1

g
γ
(0)
j

⎞
⎠ tr

⎛
⎝O2

n⊗

j=1

γ
(s)
j

⎞
⎠ .

(C16)

When O1 = O2 = |1n〉〈1n|⊗2, c �γ (0) �γ (s) (O1, O2) = 1/
(q+ 1)n, which is the case studied in Ref. [32]. By map-
ping {I, F} to {+1,−1}, a configuration �γ is a spin vari-
able, and the trajectory � is a two-dimensional Ising spin
configuration. Correspondingly, tr(O2�

2
E(O1)) is mapped

into a partition function of a classical Ising spin model,
which is a weighted summation of different trajecto-
ries. For each trajectory �, the total weight depends on
two terms. The first one is weight(�), where the value
depends on the whole trajectory. The second term is
c �γ (0) �γ (s) (O1, O2), and the value only depends on the ini-
tial and ending configurations of the trajectory. Note that
weight(�) is always non-negative since the matrix element
M (i)
�γ (i) �γ (i−1) is always non-negative.
For further analysis, we write

tr(O2�
2
E(O1))

=
∑

�γ (0) �γ (s)
c �γ (0) �γ (s) (O1, O2)

∑

�\ �γ (0) �γ (s)
weight(�). (C17)

Here
∑

�\ �γ (0) �γ (s) takes the summation of trajectories that
start with �γ (0) and end with �γ (s). In the following, we
denote Z �γ (0) �γ (s) =

∑
�\ �γ (0) �γ (s) weight(�) and evaluate this

term to analyze tr(O2�
2
E(O1)). We start with analyzing

weight(�) with the method of random walk.
Given a fixed set of supports {A(1), A(2), . . . , A(s)}, the

action of
∏s

i=1 M (i) on a configuration �γ (0) results in a
length-(s+ 1) random walk � over {I, F}n. The initial
location of the random walk is a fixed configuration, �γ (0),
and at time step t, the location transitions from �γ (t−1) to
�γ (t). The configuration after step 1 may not be fixed. Based
on Eq. (C12), the transition must follow the following rule:

the configuration is unchanged from �γ (t−1) to �γ (t) if the
operators of �γ (t−1) within support A(t) are I I and FF; there
is an identity operation flipped into a SWAP operation or
a SWAP operation flipped into an identity operation if the
operators of �γ (t−1) within support A(t) are IF and FI, and
the probability of each case of flip is 1

2 . If the configura-
tion is unchanged, the contributed weight of this transition
to weight(�) is 1, and if there is a flip, the contributed
weight is q/(q2 + 1). As a result, weight(�) depends on
how many flips within trajectory �. That is,

weight(�) =
(

q
q2 + 1

)#F�
, (C18)

where #F� is the number of flips within �. It can also be
written as

weight(�) =
(

1
2

)#F� ( 2q
q2 + 1

)#F�

= Pr(�)
(

2q
q2 + 1

)#F�
, (C19)

where Pr(�) = ( 1
2 )

#F� is the probability of trajectory � in
this random walk.

To calculate Z �γ (0) �γ (s) , we need to count all trajectories
satisfying the transition rule and require the start and end-
ing configurations to be �γ (0) and �γ (s), respectively. Then,
we obtain that

Z �γ (0) �γ (s) =
∑

�

weight(�)1�1=�γ (0)1�s+1=�γ (s) . (C20)

Here, 1A is the indicator function, which equals 1 if A is
satisfied and 0 otherwise. Using Eq. (C19), we have that

Z �γ (0) �γ (s) = E�

(
2q

q2 + 1

)#F�
1�1=�γ (0)1�s+1=�γ (s) . (C21)

Note that the weight of a particular walk or trajectory in
the above random walk relates to the number of flips during
the walk, which brings challenges in evaluating its value.
To tackle this issue, we turn the above unbiased random
walk into a biased random walk. In the original unbiased
random walk, the flip has an equal probability from I to F
and from F to I. In the new biased random walk, we set the
probability from I to F as 1/(q2 + 1), and the probability
from F to I as q2/(q2 + 1). Accordingly, we can modify
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the form of the weight of a trajectory into the following:

weight(�)

=
(

q
q2 + 1

)#F�

=
(

q
q2 + 1

)#FI→F
�
(

q
q2 + 1

)#FF→I

�

=
(

1
q2 + 1

)#FI→F
�
(

q2

q2 + 1

)#FF→I

�

q#FI→F
� −#FF→I

�

= P̃r(�)q
∣∣∣ �γ (s)

∣∣∣−
∣∣∣ �γ (0)

∣∣∣, (C22)

where #F I→F
� is the number of flips from I to F within

�, #FF→I

� is the number of flips from F to I within �, and
P̃r(�) = (1/(q2 + 1))#FI→F

� (q2/(q2 + 1))#FF→I

� is the prob-
ability of trajectory � in the biased random walk, and

∣∣ �γ (i)∣∣
is the number of SWAP operators in �γ (i). Then,

Z �γ (0) �γ (s) =
∑

�

weight(�)1�1=�γ (0)1�s+1=�γ (s)

=
∑

�

P̃r(�)q
∣∣∣ �γ (s)

∣∣∣−
∣∣∣ �γ (0)

∣∣∣1�1=�γ (0)1�s+1=�γ (s)

= q
∣∣∣ �γ (s)

∣∣∣−
∣∣∣ �γ (0)

∣∣∣
Ẽ�1�1=�γ (0)1�s+1=�γ (s)

= q
∣∣∣ �γ (s)

∣∣∣−
∣∣∣ �γ (0)

∣∣∣P̃r(� : �γ (0) → �γ (s)). (C23)

Here, Ẽ� represents the expectation over biased random
walk, and P̃r(� : �γ (0) → �γ (s)) represents the probability of
this biased random walk transitioning from �γ (0) to �γ (s).

For an infinite-size circuit or s →∞, the final configu-
ration of the random walk can only take I

n and Fn since
they are the fixed points of the biased random walk. It was
found that in this case the probability of �γ (0) transitioning
into I

n or Fn only depends on the weight of �γ (0) or
∣∣ �γ (0)∣∣

[32]. The concrete values are given by

P̃r(� : �γ (0) → I
n) = 1− q−2n+2

∣∣∣ �γ (0)
∣∣∣

1− q−2n , (C24)

P̃r(� : �γ (0) → Fn) = q−2n+2
∣∣∣ �γ (0)

∣∣∣ − q−2n

1− q−2n . (C25)

We can use the above results of the infinite-size circuit to
derive the tr O2�

2
Haar(O1) for the Haar-random ensemble.

This can be used to check the soundness of the derivation.

From Eq. (51), we have that

tr O2�
2
Haar(O1) = tr O2

(
tr
(

O1
I

n − q−nFn

q2n − 1

)
I

n + tr
(

O1
Fn − q−n

I
n

q2n − 1

)
Fn
)

= 1
q2n − 1

(tr O1I
ntr O2I

n + tr O1Fntr O2Fn − q−ntr O1I
ntr O2Fn − q−ntr O1Fntr O2I

n), (C26)

where I and F are the identity and SWAP operators between two qudits, respectively.
Based on Eqs. (C16), (C17), (C23), (C24), and (C25), we have that

tr O2�
2
Haar(O1) =

∑

�γ (0) �γ (s)
c �γ (0) �γ (s) (O1, O2)Z �γ (0) �γ (s)

=
∑

�γ (0) �γ (s)
c �γ (0) �γ (s) (O1, O2)q

∣∣∣ �γ (s)
∣∣∣−
∣∣∣ �γ (0)

∣∣∣P̃r(� : �γ (0) → �γ (s))

=
∑

�γ (0)
c �γ (0)In(O1, O2)q

−
∣∣∣ �γ (0)

∣∣∣P̃r(� : �γ (0) → I
n)+

∑

�γ (0)
c �γ (0)Fn(O1, O2)q

n−
∣∣∣ �γ (0)

∣∣∣P̃r(� : �γ (0) → Fn)

=
∑

�γ (0)
c �γ (0)In(O1, O2)q

−
∣∣∣ �γ (0)

∣∣∣ 1− q−2n+2
∣∣∣ �γ (0)

∣∣∣

1− q−2n +
∑

�γ (0)
c �γ (0)Fn(O1, O2)q

n−
∣∣∣ �γ (0)

∣∣∣ q
−2n+2

∣∣∣ �γ (0)
∣∣∣ − q−2n

1− q−2n
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=
∑

�γ (0)

1
(q2 − 1)n

⎛
⎝tr

⎛
⎝O1

n⊗

j=1

g
γ
(0)
j

⎞
⎠ tr(O2I

n)

⎞
⎠ q−

∣∣∣ �γ (0)
∣∣∣ 1− q−2n+2

∣∣∣ �γ (0)
∣∣∣

1− q−2n

+
∑

�γ (0)

1
(q2 − 1)n

⎛
⎝tr

⎛
⎝O1

n⊗

j=1

g
γ
(0)
j

⎞
⎠ tr(O2Fn)

⎞
⎠ qn−

∣∣∣ �γ (0)
∣∣∣ q
−2n+2

∣∣∣ �γ (0)
∣∣∣ − q−2n

1− q−2n

= 1
q2n − 1

tr(tr O1I
ntr O2I

n + tr O1Fntr O2Fn − q−ntr O1I
ntr O2Fn − q−ntr O1Fntr O2I

n). (C27)

In the final equation, we use the fact that

∑

�γ (0)
q−
∣∣∣ �γ (0)

∣∣∣
n⊗

j=1

g
γ
(0)
j
= (1− q−2)nIn,

∑

�γ (0)
q
∣∣∣ �γ (0)

∣∣∣
n⊗

j=1

g
γ
(0)
j
= (q− q−1)nFn.

(C28)

Thus, our derivation from the infinite-size circuit is in
accordance with that from the Haar-random ensemble, ver-
ifying the soundness of the derivation. In the next section,
we will focus on the 1D log-depth brickwork circuits.

2. Decoupling with 1D brickwork circuits and proof of
Theorem 2

Below, we give the formal proof of Theorem 2.
As shown in Appendix B 1, since Bε

n is a unitary-1
design, we have that

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1

≤
√

EU tr[
(
T̃S→E(USρ̃SRU†

S)
)2

]− tr(̃τ 2
E) tr (ρ̃2

R)

(C29)

and

EU tr[
(
T̃S→E(USρ̃SRU†

S)
)2

]

= trS(�
2
Bε

n
(trR(ρ̃

⊗2
SR FR))(T̃ †

S→E)
⊗2(FE)), (C30)

where T̃S→E = σ−1/4
E TS→Eσ

−1/4
E with the corresponding

Choi-Jomiołkowski representation τ̃SE = σ−1/4
E τSEσ

−1/4
E

and ρ̃SR = ζ−1/4
R ρSRζ

−1/4
R . In the following, we denote

OSR = trR(ρ̃
⊗2
SR FR) and OSE = (T̃ †

S→E)
⊗2(FE). The follow-

ing analysis is to give the upper bound of tr OSE�
2
Ld

n
(OSR).

Note that for 1D brickwork circuits, the random unitary
is denoted as

U =
d∏

l=1

U[l]. (C31)

Thus, instead of defining �γ (i) by transforming �γ (i−1) with
a two-qudit gate U(i), we define �γ i by transforming �γ i−1

with a layer of two-qudit gates Ui. Particularly, we set �γ 0

equaling �γ (0) and define M i such that

M i(O) = EUiUi⊗2OUi†⊗2. (C32)

Then,

�2
Ld

n
(OSR) = M d · · ·M 2M 1

⎛
⎝
∑

�γ∈{I,F}n
c �γ (OSR) �γ

⎞
⎠

=
∑

�γ∈{I,F}n
c �γ (OSR)M d · · ·M 2M 1( �γ )

=
∑

�=( �γ 0,..., �γ d)∈{I,F}n×(d+1)

c �γ 0(OSR) �γ d
d∏

i=1

M i
�γ i �γ i−1.

(C33)

Here, � = ( �γ 0, . . . , �γ d) is called a trajectory, which is a
sequence of d + 1 configurations. Note that we view M i as
a transfer matrix as follows:

M i( �γ ) =
∑

�ν∈{I,F}n
M i
�ν �γ �ν. (C34)

Correspondingly,

tr OSE�
2
Ld

n
(OSR) =

∑

�

weight(�)c �γ (0) �γ (s) (OSR, OSE),

(C35)

where

weight(�) =
d∏

i=1

M i
�γ i �γ i−1 , (C36)

and c �γ (0) �γ (s) (OSR, OSE) is given by Eq. (C16).
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Following the analysis in Appendix C 1, we have that

tr OSE�
2
Ld

n
(OSR) =

∑

�γ 0 �γ d

c �γ 0 �γ d(OSR, OSE)Z �γ 0 �γ d , (C37)

where

Z �γ 0 �γ d =
∑

�

(
q

q2 + 1

)#F�
1�1=�γ (0)1�d+1=�γ d . (C38)

In the following, we will use the domain-wall method to
analyze the above quantity.

a. Definition of domain wall

Given a configuration �γ ∈ {I, F}n, we define the associ-
ated set of domain-wall locations as

DW( �γ ) := {e ∈ {1, 2, . . . , n} : γe �= γe+1}. (C39)

Define gi = DW( �γ i). The number of domain walls within
gi is denoted as

∣∣gi
∣∣. For a trajectory � = ( �γ 0, . . . , �γ d), we

can define its domain-wall trajectory G(�) = (g0, . . . , gd).
If weight(�) �= 0, then its associated domain-wall trajec-
tory must satisfy the following rule: If there is a domain
wall at location e, and a gate acts on qudits {e, e+ 1}, then
the domain wall must move from e to e− 1 or e+ 1. If
there already exists a domain wall at these locations, the
two domain walls will annihilate with each other. On the
other hand, a pair of domain walls cannot be created from
a vacuum. Meanwhile, due to the boundary condition, the
number of domain walls must be even.

Based on Eq. (2), the lth layer quantum gate U[l] only
contains two-qudit gates acting on {2i−mod(l, 2), 2i+
1−mod(l, 2)}. Thus, the domain walls within gl must
have opposite parity with respect to l. For a specific domain
wall within g0, it may move or stay still at the first step.
Starting with the second step, the domain wall will keep
moving and survive until the final step or annihilate with
another domain wall during the movement. The number of
domain walls cannot increase within a trajectory.

For each trajectory �, its weight, weight(�) =
(q/(q2 + 1))#F� , is uniquely determined by its associated
domain-wall trajectory G(�). Each movement of a domain
wall within G(�) corresponds to a flip. Hence, we denote
weight(�) = weight(G(�)).

A domain-wall trajectory G can always be decom-
posed into two disjoint parts. That is, we define G1 =
(g0

1 , . . . , gd
1 ) and G2 = (g0

2 , . . . , gd
2) such that

G = G1 � G2 ≡ (g0
1 � g0

2 , . . . , gd
1 � gd

2), (C40)

where � is the disjoint union. Thus, gl
1 ∩ gl

2 = ∅ for
all l. This decomposition satisfies that weight(G) =

weight(G1)weight(G2) [32]. This relation is essential in
evaluating the bound of weight(G).

For each trajectory �, we decompose its domain-wall
trajectory G(�) into two disjoint domain-wall trajectories,
G(�) = GU � G0, as shown in Fig. 6. Here, GU has a con-
served number of domain walls, and the domain walls of
G0 will annihilate before the final step. That is, gd

U = gd,
and gd

0 = ∅. This decomposition is unique [32]. In the
following, we separately give the analysis of the upper
bound and lower bound for weight(�) and Z �γ 0 �γ d . For fur-
ther elaboration, we denote GU and G0 as the subsets of
domain-wall trajectories without annihilation and without
a surviving domain wall at the end, respectively. Also,
we denote GU,k ⊂ GU as the set of domain-wall trajecto-
ries always with k domain walls. For a 1D periodic circuit
structure, k must be even to make GU,k �= ∅.

b. Upper bound of Z �γ 0 �γ d

In this part, we derive the upper bound of Z �γ 0 �γ d , pre-
sented in the following lemma.

Lemma C1. Given the set of trajectories � with initial
and final configurations as �γ 0 and �γ d, we divide these
trajectories into different sets with fixed GU,

SG
U = {�|G(�) = GU � G0}. (C41)

Given the domain-wall trajectory GU with initial
configuration g0

U = {e0
1, e0

2, . . . , e0
2k0−1, e0

2k0
}. Here, 2k0 =∣∣DW( �γ d)

∣∣ is even. Denote E0
odd = {1, . . . , e0

1, e0
2 + 1, . . . ,

e0
3, . . . , e0

2k0
+ 1, . . . , n} and E0

even = [n]\E0
odd = E0

odd. We
also denote �γA as the component of �γ within support A,
and denote | �γA = F| and | �γA = I| as the number of SWAP
and identity operators within �γA, respectively. Then,

Z �γ 0 �γ d ≤
∑

SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣q
−
∣∣∣∣∣ �γ

0
E0

odd
=�γ d
{1}

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=�γ d
{1}
∣∣∣∣
.

(C42)

Here, we denote F = I and I = F . And η = q/(q2 + 1).

Proof. Recall that

Z �γ 0 �γ d =
∑

�

weight(�)1�1=�γ 01�d+1=�γ d . (C43)

The summation is over all trajectories from �γ 0 to �γ d with
nonzero weight. Note that weight(�) = weight(G(�)). We
can analyze the domain-wall trajectories of all � for evalu-
ating the weight. Note that � has a fixed ending config-
uration �γ d, implying that G(�) also has a fixed ending
point DW( �γ d). Following the analysis of the previous sub-
section, the domain-wall trajectory G(�) can be uniquely
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FIG. 6. Diagram for the domain-wall trajectory decomposition. The total qubit number is 17 and the circuit depth is 7. The first
figure is a trajectory � with corresponding domain-wall trajectory G(�). The number of domain walls within G(�) does not conserve.
G(�) can be decomposed into two disjoint domain-wall trajectories, G(�) = GU � G0. GU always contains two domain walls, and the
domain walls of G0 annihilate at the final depth.

decomposed into the disjoint union of two domain-wall
trajectories GU and G0 such that gd

U = DW( �γ d) and gd
0 =∅. After the decomposition, we determine and denote g0

U
as the initial point of the domain-wall trajectory GU. Note
that GU ∈ GU,|DW( �γ d)| and

∣∣g0
U

∣∣ = ∣∣gd
U

∣∣ = ∣∣DW( �γ d)
∣∣.

We then divide all trajectories �, equivalently, all G(�),
according to GU. Particularly, we define the set of trajecto-
ries with fixed GU,

SG
U = {�|G(�) = GU � G0}. (C44)

Given a fixed �γ d, the number of distinct GU or different sets

SG
U is upper-bounded by 2d

∣∣∣DW( �γ d)
∣∣∣. For each domain wall e

inside DW( �γ d), moving it forward only has two directions.
Moving it back to the first layer only has 2d choices. Since
there is only

∣∣DW( �γ d)
∣∣ domain walls, moving all of them

back to the first layer only has 2d
∣∣∣DW( �γ d)

∣∣∣ options, which
gives the upper bound of the number of distinct GU and
SG

U . Then, we have

Z �γ 0 �γ d =
∑

SG
U

∑

�∈SG
U

weight(�)1�1=�γ (0)1�d+1=�γ d . (C45)

Below, we analyze the bound of
∑

�∈SG
U

weight(�).
For each trajectory �, we have G(�) = GU � G0. Since

there is no annihilation of domain walls within GU,
the number of domain-wall movements is at least (d −
1)
∣∣DW( �γ d)

∣∣, implying that weight(GU) ≤ η(d−1)
∣∣∣DW( �γ d)

∣∣∣

with η = q/(q2 + 1). Thus,

weight(�) = weight(GU)weight(G0)

≤ η(d−1)
∣∣∣DW( �γ d)

∣∣∣weight(G0) (C46)

and

∑

�∈SG
U

weight(�) ≤ η(d−1)
∣∣∣DW( �γ d)

∣∣∣ ∑

�∈SG
U

weight(G0). (C47)

The following derivation is to further evaluate the
upper bound of

∑
�∈SG

U
weight(G0). Given the domain-

wall trajectory GU with initial configuration g0
U and

ending configuration gd
U = DW( �γ d), we write gi

U as
{ei

1, ei
2, . . . , ei

2k0−1, ei
2k0
}. Here, 2k0 =

∣∣DW( �γ d)
∣∣ is even.

We denote the support Ei
odd = {1, . . . , ei

1, ei
2 + 1, . . . ,

ei
3, . . . , ei

2k0
+ 1, . . . , n} and Ei

even = [n]\Ei
odd = Ei

odd as
demonstrated in Fig. 7. We also denote �γA as the com-
ponent of �γ within support A, and denote | �γA = F| and
| �γA = I| as the number of SWAP and identity operators
within �γA, respectively. We prove the following lemma.
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odd
odd

odd
odd

even

FIG. 7. Diagram to show the supports Ei
odd and Ei

even within G. We also draw GU on the right as a reference.

Lemma C2. If �γ d
{1} = I,

∑

�∈SG
U

weight(G0) ≤ q
−
∣∣∣∣∣ �γ

0
E0

odd
=F

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=I

∣∣∣∣
; (C48)

if �γ d
{1} = F ,

∑

�∈SG
U

weight(G0) ≤ q
−
∣∣∣∣∣ �γ

0
E0

odd
=I

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=F
∣∣∣∣
. (C49)

Proof. For � ∈ SG
U , GU within the decomposition of �

is fixed. After fixing GU, we can separate G0 into
∣∣DW( �γ d)

∣∣
regions.

In step i, the j th region is defined as Ri
j = {ei

j−1 +
1, ei

j−1 + 2 · · · , ei
j }. And we divide gi

0 ∈ G0 into the union
of its parts in different regions, gi

0 = gi
0|Ri

1
+ gi

0|Ri
2
+ · · · +

gi
0|Ri|DW( �γ d)| . In the overall picture, the region j is the

union of all Ri
j across different steps. Correspondingly,

we can decompose G0 into the disjoint union of tra-

jectories in different regions: G0 =
⊔
∣∣∣DW( �γ d)

∣∣∣
j=1 Gj

0 where
Gj

0 = (g0
0 |R0

j
, g1

0 |R1
j
, . . . , gd

0 |Rd
j
). An illustration of regions is

demonstrated in Fig. 8.

Since G0 =
⊔
∣∣∣DW( �γ d)

∣∣∣
j=1 Gj

0, we have that

weight(G0) =

∣∣∣DW( �γ d)
∣∣∣∏

j=1

weight(Gj
0) (C50)

and

∑

�∈SG
U

weight(G0) =

∣∣∣DW( �γ d)
∣∣∣∏

j=1

∑

�|Region j

weight(Gj
0). (C51)

In the following, we will derive the upper bound of∑
�|Region j

weight(Gj
0). Since the domain walls within G0

annihilate in the end, �γ d must be the tensor product of
all identity operations or SWAP operations within a region.
Depending on which case holds, we call this region a type-
I region or a type-F region. If Region j is a type-I region,
we will show that

∑

�|Region j

weight(Gj
0) ≤ q

−
∣∣∣∣∣ �γ

0
R0

j
=F

∣∣∣∣∣. (C52)
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FIG. 8. Diagram of separating a trajectory into two regions.

If Region j is a type-F region, we will show that

∑

�|Region j

weight(Gj
0) ≤ q

−
∣∣∣∣∣ �γ

0
R0

j
=I

∣∣∣∣∣. (C53)

We first focus on the type-I region and prove Eq. (C52).
An example of a type-I region is shown in Fig. 9.
It is Region 1 in Fig. 8. Given this region, we first
extend it to a wider region. Particularly, we define emin

j−1 =
mini∈{0,1,...,d} ei

j , emax
j = maxi∈{0,1,...,d} ei

j , and Rj = {emin
j−1 +

1, emin
j−1 + 2, . . . , emax

j }. Then for each configuration �γ i|Ri
j
,

we extend it to �γ ′i|Rj by filling the extra components with
identity operations. Region j is correspondingly extended
to Region j ′ as shown in Fig. 9. By extending the region,
we make sure that the configurations of different steps have
equal length. Also, since we extend the region, the number
of valid domain-wall configurations within the new region
can only increase. Thus, we have

∑

�|Region j

weight(Gj
0) ≤

∑

�′|Region j

weight(G′j0 ). (C54)

Also, the above trajectory is induced by 1D depth-d brick-
work circuits. If we consider all trajectories induced by
infinite-size circuits, the number of valid domain-wall

configurations also increases. Thus,

∑

�′1D ,�′|Region j

weight(G′j0 ) ≤
∑

�′inf ,�′|Region j

weight(G′j0 ).

(C55)

For the extended configurations, using Eqs. (C23)
and (C24), we have that

∑

�′inf|Region j

weight(G′j0 ) = q
−
∣∣∣∣ �γ ′

0|Region j=F
∣∣∣∣ 1− q−2n+2

∣∣∣ �γ 0
∣∣∣

1− q−2n

≤ q
−
∣∣∣∣ �γ ′

0|Region j=F
∣∣∣∣ = q

−
∣∣∣∣∣ �γ

0|
R0

j
=F

∣∣∣∣∣.
(C56)

Hence,

∑

�|Region j

weight(Gj
0) ≤ q

−
∣∣∣∣∣ �γ

0|
R0

j
=F

∣∣∣∣∣. (C57)

Similarly, an example of a type-F region is shown in
Fig. 10, which is Region 2 in Fig. 8. Similar to previous
arguments, for each configuration �γ i|Ri

j
, we extend it to

�γ ′i|Rj by filling the extra components with SWAP opera-
tions. Region j is correspondingly extended to Region j ′
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FIG. 9. Extending Region 1 to Region 1′ by filling the extra components with identity operations. The configurations in the new
region all have equal lengths.

FIG. 10. Extending Region 2 to Region 2′ by filling the extra components with SWAP operations. The configurations in the new
region all have equal lengths.
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as shown in Fig. 9. Then, we have

∑

�|Region j

weight(Gj
0) ≤

∑

�′|Region j

weight(G′j0 )

≤
∑

�′inf ,�′|Region j

weight(G′j0 )

= q
−
∣∣∣∣ �γ ′

0|Region j=I

∣∣∣∣ q
2
∣∣∣∣ �γ ′

0|Region j=I

∣∣∣∣ − q−2n

1− q−2n

≤ q
−
∣∣∣∣∣
�γ ′0|

R0
j
=I

∣∣∣∣∣

= q
−
∣∣∣∣∣ �γ

0|
R0

j
=I

∣∣∣∣∣. (C58)

Hence, Eqs. (C52) and (C53) are proved. Combining
these two equations with Eq. (C51), we obtain that

∑

�∈SG
U

weight(G0) ≤
∏

j : type-I

q
−
∣∣∣∣∣ �γ

0|
R0

j
=F

∣∣∣∣∣ ∏

j : type-F

q
−
∣∣∣∣∣ �γ

0|
R0

j
=I

∣∣∣∣∣.

(C59)

When �γ d
{1} = I, Eq. (C59) reduces to

∑

�∈SG
U

weight(G0) ≤ q
−
∣∣∣∣∣ �γ

0
E0

odd
=F

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=I

∣∣∣∣
. (C60)

When �γ d
{1} = F , Eq. (C59) reduces to

∑

�∈SG
U

weight(G0) ≤ q
−
∣∣∣∣∣ �γ

0
E0

odd
=I

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=F
∣∣∣∣
. (C61)

Proof is completed. �

Applying Lemma C2 and Eq. (C47) to Eq. (C45), we get

Z �γ 0 �γ d ≤
∑

SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣q
−
∣∣∣∣∣ �γ

0
E0

odd
=�γ d
{1}

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=�γ d
{1}
∣∣∣∣
.

(C62)

Note that we denote F = I and I = F . �

c. Proof of Theorem 2

Applying Lemma C1, we get the upper bound of
tr OSE�

2
Ld

n
(OSR). Recall that

tr OSE�
2
Ld

n
(OSR) =

∑

�γ 0 �γ d

c �γ 0 �γ d(OSR, OSE)Z �γ 0 �γ d , (C63)

where

c �γ 0 �γ d(OSR, OSE)

= 1
(q2 − 1)n

tr

⎛
⎝OSR

n⊗

j=1

g
γ
(0)
j

⎞
⎠ tr

⎛
⎝OSE

n⊗

j=1

γ
(s)
j

⎞
⎠ .

(C64)

Note that OSR = trR(ρ̃
⊗2
SR FR) and OSE = (T̃ †

S→E)
⊗2(FE). Below, we utilize the tensor-product structure of

ρSR, ρSR =
⊗n

i=1 ρSiRi . Then, ρ̃SR =
⊗n

i=1 ρ̃SiRi and OSR =
⊗n

i=1 OSiRi . Since tr(OSiRigI) = tr(ρ̃2
Ri
)− q−1tr(ρ̃2

SiRi
) ≥

0 and tr(OSiRigF) = tr(ρ̃2
SiRi
)− q−1tr(ρ̃2

Ri
) ≥ 0, we have tr(OSR

⊗n
j=1 g

γ
(0)
j
) ≥ 0. Meanwhile, tr(OSEFA ⊗ IĀ) =

q2ntrAE(trĀτ̃SE)
2 ≥ 0. Thus, we will always have c �γ 0 �γ d(OSR, OSE) ≥ 0. Then,

tr OSE�
2
Ld

n
(OSR) =

∑

�γ 0 �γ d

c �γ 0 �γ d(OSR, OSE)Z �γ 0 �γ d

≤
∑

�γ 0 �γ d

c �γ 0 �γ d(OSR, OSE)
∑

SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣q
−
∣∣∣∣∣ �γ

0
E0

odd
=�γ d
{1}

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=�γ d
{1}
∣∣∣∣

=
∑

�γ 0 �γ d

1
(q2 − 1)n

tr

⎛
⎝OSR

n⊗

j=1

gγ 0
j

⎞
⎠ tr

⎛
⎝OSE

n⊗

j=1

γ d
j

⎞
⎠
∑

SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣q
−
∣∣∣∣∣ �γ

0
E0

odd
=�γ d
{1}

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=�γ d
{1}
∣∣∣∣
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=
∑

�γ d ,SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣

(q2 − 1)n
∑

�γ 0

tr

⎛
⎝OSR

n⊗

j=1

gγ 0
j

⎞
⎠ tr

⎛
⎝OSE

n⊗

j=1

γ d
j

⎞
⎠ q

−
∣∣∣∣∣ �γ

0
E0

odd
=�γ d
{1}

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=�γ d
{1}
∣∣∣∣

=
∑

DW( �γ d),SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣

(q2 − 1)n
∑

�γ 0

tr

⎛
⎝OSR

n⊗

j=1

gγ 0
j

⎞
⎠ tr

⎛
⎝OSE

n⊗

j=1

γ d
j

⎞
⎠
⎛
⎝q

−
∣∣∣∣∣ �γ

0
E0

odd
=I

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=F
∣∣∣∣ + q

−
∣∣∣∣∣ �γ

0
E0

odd
=F

∣∣∣∣∣−
∣∣∣∣ �γ 0

E0
even

=I

∣∣∣∣
⎞
⎠

=
∑

DW( �γ d),SG
U

η
(d−1)

∣∣∣DW( �γ d)
∣∣∣q−2n

(
tr OSRIE0

odd
FE0

even
tr OSEIEd

odd
FEd

even
+ tr OSRIE0

even
FE0

odd
tr OSEIEd

even
FEd

odd

)

= q−2n (tr OSRI
ntr OSEI

n + tr OSRFntr OSEFn)+ q−2n
∑

|DW( �γ d)|∈{2,4,...,2�n/4�}
η
(d−1)

∣∣∣DW( �γ d)
∣∣∣

×
∑

SG
U

(
tr OSRIE0

odd
FE0

even
tr OSEIEd

odd
FEd

even
+ tr OSRIE0

even
FE0

odd
tr OSEIEd

even
FEd

odd

)
. (C65)

Here, IA and FA means identity and SWAP operations on the support A The last inequality comes from Eq. (C28). Note that

q−2n tr OSRI
n tr OSEI

n = tr(̃τ 2
E) tr (ρ̃2

R), (C66)

q−2n tr OSRFn tr OSEFn = tr(̃τ 2
SE) tr (ρ̃2

SR). (C67)

Also,

q−2ntr OSRIE0
odd

FE0
even

tr OSEIEd
odd

FEd
even
≤ max

E0

(
tr OSRIE0

odd
FE0

even

tr OSRIEd
odd

FEd
even

)
max

Ed
(q−2ntr OSRIEd

odd
FEd

even
tr OSEIEd

odd
FEd

even
)

≤ max
i∈[n]

(
tr ρ̃2

SiRi

tr ρ̃2
Ri

,
tr ρ̃2

Ri

tr ρ̃2
SiRi

)∣∣∣Ed
even−E0

even

∣∣∣

max
A⊆[n]

(trAR(trĀρ̃SR)
2 trAE(trĀτ̃SE)

2)

≤ max
i∈[n]

(
tr ρ̃2

SiRi

tr ρ̃2
Ri

,
tr ρ̃2

Ri

tr ρ̃2
SiRi

)d
∣∣∣DW( �γ d)

∣∣∣

max
A⊆[n]

(trAR(trĀρ̃SR)
2 trAE(trĀτ̃SE)

2). (C68)

Similarly,

q−2ntr OSRIE0
even

FE0
odd

tr OSEIEd
even

FEd
odd
≤ max

i∈[n]

(
tr ρ̃2

SiRi

tr ρ̃2
Ri

,
tr ρ̃2

Ri

tr ρ̃2
SiRi

)d
∣∣∣DW( �γ d)

∣∣∣

max
A⊆[n]

(trAR(trĀρ̃SR)
2 trAE(trĀτ̃SE)

2). (C69)

Note that
∣∣SG

U

∣∣ ≤ 2d
∣∣∣DW( �γ d)

∣∣∣. Then,

tr OSE�
2
Ld

n
(OSR) ≤ tr(̃τ 2

E) tr(ρ̃2
R)+ tr(̃τ 2

SE) tr(ρ̃2
SR)+

∑

|DW( �γ d)|∈{2,4,...,2�n/4�}
η
(d−1)

∣∣∣DW( �γ d)
∣∣∣

× (2ρm)
d
∣∣∣DW( �γ d)

∣∣∣ max
A⊆[n]

(trAR(trĀρ̃SR)
2 trAE(trĀτ̃SE)

2)

≤ tr(̃τ 2
E) tr(ρ̃2

R)+ tr(̃τ 2
SE) tr(ρ̃2

SR)+ max
A⊆[n]

(trAR(trĀρ̃SR)
2 trAE(trĀτ̃SE)

2
�n/4�∑

k0=1

(
n

2k0

)
((2ρm)

dη(d−1))2k0),

(C70)
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where we denote ρm = maxi∈[n](trρ̃2
SiRi
/trρ̃2

Ri
, trρ̃2

Ri
/trρ̃2

SiRi
) for simplicity. In the following, we analyze the coefficient

c =
�n/4�∑

k0=1

(
n

2k0

)
((2ρm)

dη(d−1))2k0 . (C71)

From Ref. [32], coefficient c has an upper bound,

c =
�n/4�∑

k0=1

(
n

2k0

)
((2ρm)

dη(d−1))2k0 ≤ (η(2ρm)
d

d−1 )d−d∗ , (C72)

where

d∗ = log n
log 1

2η

+ log(e− 1)
log 1

2η

+ 1. (C73)

Recall that we choose depth d such that d − d∗ = log(n/ε) = O(log n). In the large n limit, η(2ρm)
d

d−1 ≤ 2ηρm + δ with
δ an arbitrarily small number. Then,

c ≤ (2ηρm + δ)log n
ε =
(ε

n

)log 1
2ηρm+δ . (C74)

As a result,

tr OSE�
2
Ld

n
(OSR) ≤ tr(̃τ 2

E) tr (ρ̃2
R)+ tr(̃τ 2

SE) tr (ρ̃2
SR)+

(ε
n

)log 1
2ηρm+δ max

A⊆[n]
(trAR(trĀρ̃SR)

2 trAE(trĀτ̃SE)
2), (C75)

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤

√

tr(̃τ 2
SE) tr(ρ̃2

SR)+
(ε

n

)log 1
2ηρm+δ max

A⊆[n]
(trAR(trĀρ̃SR)2 trAE(trĀτ̃SE)2). (C76)

Note that ρ̃SR =
⊗2N

i=1 ρ̃SiRi and ρ̃SiRi = ζ−1/4
Ri

ρSiRiζ
−1/4
Ri

. We can choose ζRi = ρRi or ζR = ρR to let

tr(ρ̃2
Ri
) = 1, tr(ρ̃2

SiRi
) = 2−H2(Si|Ri)ρSiRi . (C77)

Thus,

trAR(trĀρ̃SR)
2 = trAR(ρ̃

2
AR) = 2−H2(A|R)ρAR (C78)

and

ρm = max
i∈[n]

(2H2(Si|Ri)ρSiRi , 2−H2(Si|Ri)ρSiRi ). (C79)

Also, we can choose σE = τE such that

tr(̃τ 2
E) = 1, tr(̃τ 2

SE) = 2−H2(S|E)τSE . (C80)

In this case,

trAE(trĀτ̃SE)
2 = trAE(̃τ

2
AE) = 2−H2(A|E)τAE . (C81)

Then, for any δ > 0, we have that

EU‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1 ≤

√

2−H2(S|E)τSE−H2(S|R)ρSR +
(ε

n

)log 1
2ηρm+δ max

A⊆[n]
2−H2(A|R)ρAR−H2(A|E)τAE . (C82)

In the description of Theorem 2, we omit δ for simplicity. Proof is completed.
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3. Application of Theorem 2 in quantum error correction

Here, we present the results of applying Theorem 2 in quantum error correction and show that the encoding scheme
induced by B can have a constant threshold against local noise.

For the quantum error correction task, there are nR physical qudits in total. We first fix the encoding rate R = k/n,
where R is a constant. Then, we set the local dimension q as 2R−1

composed of R−1 qubits. The total qudit number is
correspondingly changed from n to nR. Since R is a constant, the local dimension is still a constant. Then, each Si is a
qudit with local dimension 2R−1

, and Ri is a qubit. Without loss of generality, the state ρSiRi is set as
∣∣∣φ̂
〉〈
φ̂

∣∣∣⊗ |0〉〈0|R−1−1

where
∣∣∣φ̂
〉〈
φ̂

∣∣∣ is an EPR pair. Then, H2(Si|Ri) = −1, η = 2R−1
/(22R−1 + 1), ρm = 2, and

1
2ηρm

= 22R−1 + 1
2R−1+2

= 22n/k + 1
2n/k+2 > 2n/k−2. (C83)

Meanwhile, we consider local noise. The channel TS→E will be the complementary channel of local noise, TS→E =
N̂⊗n. In this case, the decoupling theorem can be simplified to

EUS∼Bε
n‖TS→E(USρSRU†

S)− τE ⊗ ρR‖1

≤
√√√√2−

∑nR
i=1 H2(Si|Ei)τSiEi

−∑nR
i=1 H2(Si|Ri)ρSiRi +

( ε
nR

)log 1
2ηρm

nR∏

i=1

max(1, 2−H2(Si|Ei)τSiEi
−H2(Si|Ri)ρSiRi ), (C84)

where H2(Si|Ei)τSiEi
= R−1(1− f (�p)) with f (�p) = 2 log

(√
pI +√pX +√pY +√pZ

)
for strength-�p local

Pauli noise, H2(Si|Ei)τSiEi
= R−1(1− log(1+ 3p)) for strength-p local erasure error, and H2(Si|Ei)τSiEi

=
−R−1 log

(
1/(2− p)+√p/(2− p)

)
for strength-p local amplitude damping noise.

For local Pauli noise,

H2(Si|Ei)τSiEi
+ H2(Si|Ri)ρSiRi

= R−1(1− f (�p))− 1 = R−1
(

1− f (�p)− k
n

)
.

(C85)

When 1− f (�p)− k/n > 0, the term max(1,
2−H2(Si|Ei)τSiEi

−H2(Si|Ri)ρSiRi ) ≤ 1. It is also true for local
erasure error when 1− log(1+ 3p)− k/n > 0 and for
local amplitude damping noise when − log

(
1/(2− p) +

√
p/(2− p)

)
− k/n > 0.

Note that the expected Choi error satisfies

EUS∼Bε
nεChoi ≤

√
EUS∼Bε

n‖TS→E(USρSRU†
S)− τE ⊗ ρR‖1.

(C86)

We obtain that the Choi error is upper-bounded by

EUS∼Bε
nεChoi ≤

(
2−n(1−f (�p)− k

n ) +
(ε

k

) n
k−2
) 1

4
(C87)

for strength-�p local Pauli noise, upper-bounded by

EUS∼Bε
nεChoi ≤

(
2−n(1−log(1+3p)− k

n ) +
(ε

k

) n
k−2
) 1

4
(C88)

for strength-p local erasure error, and upper-bounded by

EUS∼Bε
nεChoi ≤

(
2−n(− log

(
1

2−p+
√

p
2−p

)
− k

n ) +
(ε

k

) n
k−2
) 1

4

(C89)

for strength-p local amplitude damping noise.
To let the Choi error vanish, we need to ensure

n/k − 2 > 0. Thus, we show that there exists a thresh-
old min( 1

2 , 1− f (�p)) for local Pauli noise, a thresh-
old min( 1

2 , 1− log(1+ 3p))) for local erasure error, and

a threshold min( 1
2 ,− log

(
1/(2− p)+√p/(2− p)

)
) for

local amplitude damping noise. Moreover, by choosing
appropriate parameters, (ε/k)

n
k−2 will polynomially decay

with n.
For strength-p nearest-neighbor ZZ-coupling noise, we

apply the original Theorem 2. Similar to the analysis in
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Appendix B 9, we obtain that

H2(A|R)ρAR = − |A| , (C90)

H2(A|E)τAE ≥ R−1 |A|
[
1− 2(1+R) log

(√
1− p +√p

)]
.

(C91)

Thus, when H2(A|R)+ H2(A|E) ≥ 0, or equivalently, 1−
R− 2(1+ R) log

(√
1− p +√p

) ≥ 0, we have that

EUS∼Bε
nεChoi

≤
(

2−n(1− k
n−2(1+ k

n ) log(
√

1−p+√p)) +
(ε

k

) n
k−2
) 1

4
.

(C92)

Hence, the achievable encoding rate for Bε
n is 1− 2(1+

k/n) log
(√

1− p +√p
)
.

Note that the above analysis also applies to the case
of local dimension 2. In this case, the total number of
qubits is n, and each state ρSiRi is defined as (k/n)

∣∣∣φ̂
〉〈
φ̂

∣∣∣+
(1− k/n) |0〉〈0|. We then have H2(Si|Ri) = −k/n, while
H2(Si|Ei) depends on the noise parameter, typically tak-
ing the form 1− f (�p) for local Pauli noise. With η = 2

5

and ρm = 2
k
n , substituting these values into the decou-

pling theorem yields the same bound, except that the factor
(ε/k)n/k−2 is replaced by (ε/n)log 5

4−k/n.

APPENDIX D: LOWER BOUND FOR CIRCUIT
DEPTH IN AQEC

Here, we analyze the lower bound on the circuit depth
required for a unitary encoding of k logical qubits that
achieves a Choi error εChoi. For the 2k-qubit maximally
entangled state φ̂LR shared between the reference system
R and the logical system L, where both L and R consist
of k qubits each, we denote the ith qubit in L by Li,0 and
the qubit in R that is maximally entangled with Li,0 by Ri,0.
We define the physical system S as the union of L and the
ancillary system initialized in the state

∣∣0n−k
〉
.

Consider a unitary circuit U of depth d acting on S,
decomposed as

U =
d∏

i=1

⎛
⎝
⊗

j

Vi,j

⎞
⎠ , (D1)

where each {Vi,j }j represents the set of two-qubit gates in
the ith layer of U with disjoint supports. For each layer j ,
where 1 ≤ j ≤ d, let Li,j denote the union of the supports
of all two-qubit gates that intersect with Li,j−1,

Li,j =
⋃{

supp(Vi,j )
∣∣ supp(Vi,j ) ∩ Li,j−1 �= ∅

}
. (D2)

In other words, Li,j represents the light cone of the ith qubit
in the first j layers of U.

Similarly, we define the backward light cone of the ith
physical qubit, i ∈ S, recursively as

Bi,d = {i},
Bi,j =

⋃{
supp(Vi,j+1)

∣∣ supp(Vi,j+1) ∩ Bi,j+1 �= ∅
}

,

0 ≤ j < d.
(D3)

By the definitions of Li,j and Bi,j , for any logical qubit i ∈ L
and physical qubit k ∈ S, the qubit k is included in Li,d if
and only if the logical qubit i is included in Bk,0.

Finally, we define M as an upper bound on the size of
all light cones,

M = max
(

max
i∈L
|Li,d|, max

i∈S
|Bi,0|
)

. (D4)

With this definition, we can establish a lower bound on
the number of physical qubits in L that have disjoint light
cones, as stated in the following lemma.

Lemma D1 (Disjoint light cones). For any unitary cir-
cuit U =∏d

i=1

(⊗
j Vi,j

)
, there exists a subset J ⊆ L such

that:

(1) For any distinct qubits i, j ∈ J , their light cones are
disjoint: Li,d ∩ Lj ,d = ∅.

(2) The size of J satisfies |J | ≥ ⌈k/M 2
⌉

.

Proof. We construct the set J iteratively. Start with an
empty set J0 = ∅. At each step a, assume we have a set
Ja with disjoint light cones. Define LJa,d =

⋃
i∈Ja

Li,d, the
union of the light cones of qubits in Ja.

For a qubit j ∈ L, the condition that Lj ,d does not
intersect with any Li,d for i ∈ Ja,

Lj ,d ∩ LJa,d = ∅, (D5)

is equivalent to

j /∈
⋃

m∈LJa ,d

Bm,0. (D6)

Since each Li,d has at most M qubits, the size of LJa,d is at
most |Ja|M . Consequently, the set

⋃
m∈LJa ,d

Bm,0 has size at
most |Ja|M 2.

If k > |Ja|M 2, there exists at least one logical qubit
i ∈ L− Ja such that i /∈⋃m∈LJa ,d

Bm,0. We can then add
this qubit to Ja to form Ja+1 = Ja ∪ {i}, maintaining the
property that the light cones of qubits in Ja+1 remain
disjoint.

This process continues until k ≤ |Ja|M 2 = aM 2. There-
fore, the final set Ja satisfies that the light cones of any two
distinct qubits in J are disjoint, and |Ja| = a ≥ k/M 2. �
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Proof of Theorem 4. We now combine Lemma D1 with
the properties of depolarizing noise to analyze circuit lower
bound. Recall that the Choi fidelity is defined as

FChoi = max
D

F(φ̂LR, (D ◦N ◦ U)L(φ̂LR)). (D7)

Here, and in the following, we omit the identity chan-
nel IR on the reference system. The encoding channel
U maps a state ρ on system L to another state U(ρ) =
U(ρ ⊗ ∣∣0n−k

〉〈
0n−k
∣∣)U† on system S. The noise channel

N represents i.i.d. local depolarizing noise on system S,
specifically N = N S

d , where N S
d =
⊗

i∈S N
(i)
d and N (i)

d is
the strength-p depolarizing channel acting on the ith qubit.
The recovery channel D maps a state on system S back to
a state on system L.

Consider the subset J obtained in Lemma D1 under the
strength-p local depolarizing noise defined in Eq. (36). For
a single qubit i ∈ J , the probability that all physical qubits
in Li,d are traced out and replaced by the maximally mixed
state is pL = p |Li,d | ≥ pM . Since the light cones of logical
qubits in J are disjoint, the events that these light cones are
traced out are independent. Therefore, the probability that
none of these light cones are fully traced out is

pNone=
∏

i∈J

(
1−p |Li,d |) ≤ (1−pM )|J | ≤ exp

(−|J |·pM ) .

(D8)

The second inequality utilizes the bound (1− x) ≤ e−x

for 0 ≤ x ≤ 1. This probability provides a lower bound
for the Choi error, as later obtained in Eq. (D17). To see
this, consider the Choi fidelity under the local depolarizing
channel,

FChoi = max
D

F
(
φ̂LR,DS→L ◦N S

d

×
[
Ud

(
φ̂LR ⊗

∣∣0n−k〉〈0n−k
∣∣
)

U†
d

])
. (D9)

Expanding the state after passing through the noise chan-
nel N S

d , with probability 1− pNone, the noise erases all
information in at least one of the Li,d systems for i ∈ J ,
replacing it with a maximally mixed state. Consequently,
the state after applying the local depolarizing noise is

N S
d

[
Ud

(
φ̂LR ⊗

∣∣0n−k〉〈0n−k
∣∣
)

U†
d

]
=
∑

l

plψl + pNoneψ
′,

(D10)

where
∑

l pl = 1− pNone represents the probability that at
least one logical qubit’s light cone is traced out. Here, the
indices l are used to distinguish states subject to errors on
different subsets of physical qubits. For each ψl, at least
one subsystem Li,d with i ∈ J is replaced by the maximally
mixed state.

The square of the Choi fidelity can then be expressed as

F2
Choi = max

D
F2
(
φ̂LR,DS→L ◦N S

d

[
Ud

(
φ̂LR ⊗

∣∣0n−k〉〈0n−k
∣∣
)

U†
d

])

= max
D

F2

(
φ̂LR,DS→L

[
∑

l

plψl + pNoneψ
′
])

= max
D

〈
φ̂LR

∣∣∣DS→L

[
∑

l

plψl + pNoneψ
′
] ∣∣∣φ̂LR

〉

= max
D

(
∑

l

pl

〈
φ̂LR

∣∣∣DS→L(ψl)

∣∣∣φ̂LR

〉
+ pNone

〈
φ̂LR

∣∣∣DS→L(ψ
′)
∣∣∣φ̂LR

〉)

≤ max
D

(
∑

l

pl

〈
φ̂LR

∣∣∣DS→L(ψl)

∣∣∣φ̂LR

〉
+ pNone

)
. (D11)

In the third equality, we utilize Eq. (13). The fourth equality follows from the linearity of quantum channels.
Now, consider the quantity 〈φ̂LR|DS→L(ψl)|φ̂LR〉. Since at least the light cone of one logical qubit in L is fully traced

out, we have

ψl = TrT

[
U
(
φ̂LR ⊗

∣∣0n−k〉〈0n−k
∣∣
)

U†
]
⊗ IT

2|T|
, (D12)

for some subset T ⊆ S such that Li,d ⊆ T for some i ∈ L. Crucially, when the light cone Li,d is traced out, the unitaries
applied within Li,d are canceled. Therefore, we can replace the initial state φ̂LR with φ̂L−Li,0,R−Ri,0 ⊗ IRi,0/2⊗ ILi,0/2.
Specifically,
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trLi,d

[
U
(
φ̂LR ⊗

∣∣0n−k〉〈0n−k
∣∣
)

U†
]
= trLi,d

[
U
(
φ̂L−Li,0,R−Ri,0 ⊗

ILi,0

2
⊗ ∣∣0n−k〉〈0n−k

∣∣
)

U†
]
⊗ IRi,0

2
. (D13)

Thus, the state ψl in Eq. (D11) can be written as

ψl = ψ̂l ⊗ IT

2|T|
⊗ IR0

2
. (D14)

where ψ̂l = trT∪Ri,0(ψl). We then have

〈
φ̂LR

∣∣∣DS→L

(
ψ̂l ⊗ IT

2|T|

)
⊗ IR0

2

∣∣∣φ̂LR

〉
= max

D
1
4

〈
φ̂L−Li,0,R−Ri,0

∣∣∣DS→L

(
ψ̂ ⊗ IT

2|T|

) ∣∣∣φ̂L−Li,0,R−Ri,0

〉
≤ 1

4
. (D15)

Therefore, the Choi fidelity in Eq. (D11) satisfies

F2
Choi ≤ max

D

(
∑

l

pl〈φ̂LR|DS→L(ψl)|φ̂LR〉 + pNone

)

≤
∑

l

pl

4
+ pNone = 1

4
+ 3

4
pNone

≤ 1
4
+ 3

4
exp
(−|J | · pM ) , (D16)

where the last inequality follows from Eq. (D8).
Recall that 1− ε2

Choi = F2
Choi. For εChoi < 0.1, we have

exp
(−|J | · pM

)
> 0.98. In this regime, using the inequal-

ity e−x ≤ 1− x/2, we obtain

F2
Choi ≤

1
4
+ 3

4

(
1− |J |

2
pM
)
= 1− 3|J |

8
pM ,

ε2
Choi ≥

3|J |
8

pM .

(D17)

Taking the logarithm of both sides, we obtain

M log
(

1
p

)
− log(|J |) ≥ log

(
3

8ε2
Choi

)
. (D18)

According to Lemma D1, |J | ≥ k
M2 . Therefore, we have

M log
(

1
p

)
+ 2 log M ≥ log

(
3

8ε2
Choi

)
+ log k. (D19)

For a D-dimensional quantum circuit, the size of the
light cones can be upper-bounded by M ≤ (2d)D, since the
length of each edge of the light-cone hypercube is upper-
bounded by 2d. Substituting this bound into the previous

inequality, we obtain

(2d)D log
(

1
p

)
+ 2D log(2d) ≥ log

(
3

8ε2
Choi

)
+ log k.

(D20)

In the case of an all-to-all circuit, the size of the
light cones is upper-bounded by M ≤ 2d. Therefore, the
inequality becomes

2d log
(

1
p

)
+ 2d ≥ log

(
3

8ε2
Choi

)
+ log k. (D21)
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