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As fault-tolerant quantum computers scale, certifying the accuracy of computations performed with
encoded logical qubits will soon become classically intractable. This creates a critical need for scalable,
device-independent certification methods. In this work, we introduce logical accreditation, a framework
for efficiently certifying the correctness of quantum computations performed on logical qubits. Our
protocol is robust against general noise models, far beyond those typically considered in performance
analyses of quantum error-correcting codes. Through numerical simulations, we demonstrate that logical
accreditation can scalably certify quantum advantage experiments and indicate the crossover point where
encoded computations begin to outperform physical computations. The framework also enables evaluation
of whether logical error rates are sufficiently low that error mitigation can be efficiently performed,
extends entropy benchmarking to the regime of fault-tolerant computation, and upper bounds the infidelity
of the logical output state of a computation. Underlying the framework is a novel randomized compilation
scheme that converts arbitrary logical circuit noise into stochastic Pauli noise. This scheme includes
a method for twirling non-transversal logical gates beyond the standard 7' gate, resolving an open
problem posed by [Piveteau et al. PRL 127, 200505 (2021)]. By bridging fault-tolerant computation and
computational certification, logical accreditation offers a scalable, practical means of certifying the

accuracy of quantum computations performed using encoded logical qubits.
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I. INTRODUCTION

Experimental realizations of quantum error correction
have reached a turning point [1-3]. With the ongoing
improvement of physical qubit quality and system scale,
we are beginning to enter the regime where quantum
computations can be carried out using encoded logical
qubits. However, we are still far from realizing the large-
scale, fully fault-tolerant architectures required for
universal computation using high-distance codes and
complete fault-tolerant gate sets. For the foreseeable
future, we will be operating in an intermediate regime
of early fault tolerance, where resource constraints limit
both the error-correcting codes and the fault-tolerant
protocols that can be implemented [4,5]. In this regime,
it can be unclear whether encoding computations in logical
qubits actually improves performance over direct compu-
tation with physical qubits. This uncertainty poses a
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critical challenge for quantum error correction develop-
ment: how can we assess the correctness of fault-tolerant
computations under realistic conditions?

This challenge is not restricted to the near term. Even
once it is possible to build large-scale fault-tolerant quantum
devices, many assumptions underpinning quantum error
correction, e.g., local, stochastic, or Markovian noise
models, will remain problematic. How can we be confident
that these assumptions hold in practice, or that logical-level
computations remain correct under deviations from parti-
cular noise models? For example, correlated errors were
observed in recent surface code experiments in super-
conducting qubit hardware, revealing a logical error floor
that prevents further error suppression [1]. Such factors limit
the ability of classical simulations and analytical models to
certify computational correctness at scale, motivating the
need for alternative, device-independent methods of certif-
ication. A new layer in the fault-tolerant quantum comput-
ing stack is needed: a tool for certifying that encoded
quantum computations behave as intended, even for general,
possibly highly correlated, noise.

This paper introduces such a tool by bridging the fields
of quantum error correction and computational certifica-
tion. Specifically, we introduce logical accreditation
as a scalable framework for efficient certification of
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computations performed with logical qubits encoded using
stabilizer codes. Our protocol brings techniques from
the field of certification (also known as verification or
accreditation) [6] and extends them to the fault-tolerant
regime by applying them to logical circuits implemented
using stabilizer codes. The sampling overhead of logical
accreditation is independent of both the number of logical
qubits and the circuit depth. This inherent scalability
means that the framework can be applied to certify
computational correctness in regimes that exceed the
capabilities of the most advanced classical simulators.

Figure 1(a) shows the positioning of the certification
framework within the fault-tolerant quantum computing
stack, while Fig. 1(b) provides a schematic overview of the
framework. In logical accreditation, the target computation
is embedded within an ensemble of frap computations.
The trap computations are designed to be structurally
identical to the target computation but are configured to
have deterministic outputs in the absence of noise. This
deterministic trap circuit behavior can be leveraged to
provide a rigorous upper bound on the total variational
distance (TVD) between the noisy and ideal output
distributions of the target computation.

A key advantage of logical accreditation is its ability to
certify the accuracy of a specific computation performed
on quantum hardware. This distinguishes it from methods
that measure average performance, like the gate fidelity
information provided by randomized benchmarking [7-9]
or the holistic device performance measured by quantum
volume [10-12]. Crucially, logical accreditation provides
these guarantees under far more general noise assumptions
than are typically considered in the analysis of quantum
error correction protocols.

One technical contribution of this work is a compilation
scheme, inspired by randomized compiling [13,14], that
transforms general logical errors into stochastic Pauli
noise. Within this scheme, we introduce a novel method
that resolves the open question of how to twirl non-
transversal logical gates beyond the 7" gate [15].

This work builds on ideas from the family of protocols
known as accreditation, originally developed to certify
circuits executed on noisy physical qubits in both the
digital and analog settings [16—19], as well as from crypto-
graphic verification protocols [6,20,21]. Another method-
ology closely related to accreditation is mirror circuit
fidelity estimation, which estimates circuit fidelity using
randomized mirror circuits [22]. This provides a scalable
approach to estimating average circuit fidelity over many
runs and has primarily been developed for unencoded
physical quantum circuits, although it may be extendable
to logical circuits. In contrast, logical accreditation is
designed for encoded logical circuits and enables a prob-
abilistic guarantee on the correctness of a specific run of the
target circuit, where the target circuit execution position is
uniformly randomized as part of the protocol. The two
approaches therefore address complementary aspects of
establishing trust in noisy quantum computations.

We demonstrate the utility of the logical accreditation
framework through numerical simulation of instantaneous
quantum polynomial-time (IQP) and Trotterized circuits,
also using noisy intermediate-scale quantum (NISQ)
accreditation to certify unencoded physical computations
[17]. The corresponding numerical results are shown in
Fig. 2, enabling a direct comparison that indicates the
crossover point where fault-tolerance delivers a practical
advantage over unencoded quantum computation. The
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(a) The fault-tolerant quantum computing stack with the logical accreditation layer positioned between the logical control

and the quantum algorithm layers. (b) Logical accreditation is performed with a quantum device and a classical processing unit
(CPU). The input is a classical description of the target computation. This is used to compile both the target and trap circuits
according to the required circuit structure and gate set. These circuits are run on the quantum device in a randomized order, and the
measured bit strings are recorded on the CPU. The trap circuit outputs are then post-processed on the CPU to certify the target
circuit output. To obtain N certified samples, the sampling procedure is repeated N times. The output is a certified set of Nbit string

samples from the target circuit.
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FIG. 2. Numerical simulation results of logical accreditation applied to IQP and Trotterized circuits. Circuits were run in three
regimes: (i) noisy physical qubits (labelled NISQ), (ii) logical qubits without magic state purification (labelled PFTQC), and
(iii) logical qubits with magic state purification (labelled FTQC). Logical error rates were modeled using surface code parameters with
code distance d = 11. Each protocol run used 500 trap circuits. The method from [17] was applied to obtain the TVD bounds for NISQ
circuits, while for PFTQC and FTQC circuits logical accreditation was instead used. In (a) and (b), TVD upper bounds are plotted
against physical error rate for IQP and Trotterized circuits respectively; the number of circuit gate layers was fixed at 40. In (c) and (d),
TVD upper bounds are plotted against the number of circuit gate layers again for each circuit type; the physical error rate was fixed

at pphys = 1073.

framework can also be used to extend entropy density
benchmarking [23,24] to the fault-tolerant regime, assess
whether quantum error mitigation techniques can be
efficiently applied to specific logical circuits and provide
an upper bound on the infidelity of the output state of a
logical computation.

II. PRELIMINARIES

A. Computation with logical qubits encoded
using stabilizer codes

An [[n, k, d]] stabilizer code encodes k logical qubits
using n physical qubits, with a code distance d, where the
code distance is the minimum weight with which any non-
trivial logical operator acts. A stabilizer group S is a
commutative subgroup of the Pauli group not containing
the operator —I®" and its elements form an Abelian

subgroup of the Pauli group. The stabilizer group has a
minimal representation in terms of a set of independent
generator elements of size n —k i.e. G={g1," ", Gp_i }-
The simultaneous +1 eigenspace of a given stabilizer
group defines the code-space of a QEC code. The code-
space is then a 2F-dimensional subspace of the larger
2"-dimensional Hilbert space, and its orthogonal comple-
ment is the error-space. A logical basis of the form
{]0),.[1); }®* can be defined in the code-space, along
with logical Pauli operators that act on the encoded qubits.

If a state, y), , is within the code-space of the code, then
Pily), = |w), if P; € S. During cycles of error correction,
n — k stabilizer measurements are made, using the ele-
ments of the generator group G. Depending on whether
errors have occurred, each stabilizer measurement projects
the logical state onto either the +1 or —1 eigenspace of the
measurement operator, where the measurement projector
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is P, , =1(I+(—1)*g;) for g;€ G and syndrome meas-
urement output s € {0, 1}. If the syndrome measurement
outputs of all the stabilizer generators are 0, this indicates
the state is within the code-space. If any syndrome
measurements output 1 this indicates the state is in the
error-space. Repeated rounds of syndrome measurements,
with corrections either applied or tracked as errors occur,
can be used to protect quantum information stored in the
logical code-space for use as a quantum memory.

To perform computation with logical states, it is
necessary not only to reliably store quantum information
in the code-space but also to apply logical gate operations.
For a given quantum error-correcting code, a subset of
logical gates known as transversal gates can be imple-
mented fault-tolerantly without incurring additional qubit
overhead. The Eastin-Knill theorem states that no quantum
error-correcting code has a set of transversal gates with
which universal computation can be performed [25].

In the logical accreditation framework, we assume that
qubits are encoded with a stabilizer code where Clifford
operations may be performed transversally, or using alter-
native fault-tolerant methods like lattice surgery [26]. Non-
Clifford gates, required for universal computation, are
performed through the consumption of magic states using
gate teleportation or projective measurement. Magic states
are quantum states prepared using ancillary logical qubits,
and in this work, are assumed to be of the form

-
V2

If a magic state is phase rotated by angle 6 = m - /4 for
m € Z, then a single round of gate teleportation may be
used to apply the desired gate. If 0 # m - z/4, a repeat-
until-success (RUS) approach may instead be used [27,28].
In RUS gates, the correct rotation by angle 6 is applied
with probability 1/2. If the incorrect rotation is applied,
a new magic state rotated by 26 is prepared and the gate is
retried; this process is repeated until the intended rotation
is achieved. The average number of repetitions for RUS
gate success is

|0) (10) + €|1)). (1)

Lo =
IXsf2xqd=Y 2=2 2
XRTEgT ;2 @

A projective Pauli measurement approach can be
applied to use magic states to perform high-weight logical
Pauli rotations. Projective measurements may be per-
formed fault-tolerantly using lattice surgery, and the
number of high-weight logical rotation operations can
be optimized during circuit compilation [29].

B. Fault-tolerant quantum computation

A logical qubit encoded using an [[n, k, d]] stabilizer
code can tolerate up to |(d — 1)/2] physical errors. If this

bound is exceeded, the decoder may apply an incorrect
correction, resulting in a logical error. Logical errors are
unwanted operations that alter the encoded state without
taking it out of the code-space. Since they do not produce a
detectable syndrome, they are not corrected during rounds
of error correction.

The space-time constraints of early fault-tolerant quan-
tum devices will necessitate trade-offs that balance error
suppression with computation depth. These constraints
will mean that logical error rates cannot be arbitrarily
reduced as the scale of computations increases. For
example, decreasing the code distance and degree of
magic state purification will allow larger computations
to be performed, but at the cost of increasing logical error
rates. Lower code distances decrease the number of qubits
that need to be affected by errors before a logical error can
occur, while reducing the degree of magic state purifica-
tion increases the noise introduced into the logical com-
putation each time a non-transversal non-Clifford gate is
performed. Computational frameworks suitable for early
fault-tolerant devices have been proposed in which
magic states are not purified, but are prepared and
immediately used to perform noisy logical non-Clifford
operations [15,27].

We will distinguish between two regimes of logical
computation: partial fault-tolerance and full fault-
tolerance. Following the convention used in [30] and
[27], we will use the term partial fault-tolerance to mean
logical computation performed without purification of
magic states, while by full fault-tolerance, we refer to
logical computation where magic state purification is
implemented so that logical non-Clifford gates are
performed with approximately the same error rates as
logical Clifford gates. In Appendix I, we describe the
Clifford plus T framework for fault-tolerant computation
and the Clifford plus noisy T framework for partially
fault-tolerant computation. We also describe an alter-
native method for partially fault-tolerant computation
that uses a gate set composed of Clifford gates and noisy
analog rotation gates.

III. LOGICAL ACCREDITATION FRAMEWORK

A. Overview

Logical accreditation is a framework for certifying fault-
tolerant computations, where logical qubits are encoded
using quantum stabilizer codes. The input to the logical
accreditation framework is a classical description of the
computation to be run on the quantum device. In the first
step of the protocol, the input computation is compiled into
a logical circuit, termed the target computation. The target
circuit is compiled using a repeating structure of gate
layers containing single- or multi-qubit non-Clifford gates
and CZ gates, sandwiched between gate layers containing
single-qubit Clifford gates. Then M distinct logical trap
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FIG. 3. The logical circuit structure used for compilation of
target and trap circuits, including state preparation and meas-
urement. The logical gate layers are numbered by subscript with
their ordering in time. The bracketed parts of the circuits indicate
a repeated structure, with m € {1, ..., D}, where the gates within
each of the layers can change between repetitions. The circuit
diagram in (a) shows the structure used to compile the target
circuit, where the notation S denotes a layer of single-qubit
Clifford gates, and G a gate layer that can contain multi-qubit
Clifford gates, non-Clifford gates and identity gates. The circuit
diagram in (b) shows the trap circuit structure used for compi-
lation, where H denotes a layer of Hadamard gates, with
t€{0,1}, W a single-qubit randomizing gate layer containing
S, S™ and H gates, and 7 a gate layer that can contain multi-qubit
Clifford gates, trap circuit versions of the corresponding non-
Clifford gates found in the target circuit, and identity gates. The
logical randomized compiling gate layers are omitted from these
circuit diagrams for the sake of simplicity.

circuits are compiled. These circuits are designed to mirror
the structure of the target circuit but produce a known
deterministic bit string output in the absence of noise. The
logical target and trap circuit structures are shown in
Figs. 3(a) and 3(b), respectively.

Within the framework, a circuit compilation scheme
termed logical randomized compiling is introduced
to twirl all logical circuit noise into logical stochastic
Pauli noise. If one of the trap circuits is affected by noise,
its construction guarantees that, conditional on an error,
the ideal output is not measured with a probability
lower bounded by a constant, as described in
Appendices D and E.

During logical accreditation, the target and trap circuits
are run in a random order on the quantum device using
logical qubits encoded using a stabilizer code with the
chosen logical gate set. The measurement outcomes of
the trap circuits are then used to certify the accuracy of
the target circuit output. Specifically, the accuracy of the
target circuit output is quantified in terms of an upper
bound y on the TVD between the experimental target
circuit output distribution, D.,,, and its ideal output
distribution, D;gey-

B. Logical circuit noise

We will use the term logical noise to refer to the
effective noise acting on logical qubits after a full error
correction cycle (including syndrome extraction and
decoding), arising from physical errors that are not

successfully corrected. The logical accreditation protocol

makes the following assumptions on the structure of the

noise affecting the quantum computation:

(A1)  Physical single-qubit gate noise within a single

circuit run is gate-independent, but can depend on

gate positioning within the circuit.

Logical noise affecting single-qubit logical Clif-

ford gates is gate-independent, but can depend on

the gate positioning within the circuit.

For each logical circuit run, the joint evolution of

the logical qubits and any environment is de-

scribed by a completely positive trace-preserving

(CPTP) map, and the noise affecting distinct

logical circuit runs is independent.

In the fully fault-tolerant setting, where magic states
are prepared fault-tolerantly, an additional assumption is
required for the trap circuit construction:

(A4)  The overall operation used to combine two target
magic states into a single trap magic state is non-
noise-decreasing. That is, the error rate of the
output trap magic state is no smaller than the
combined error rates of the two input target magic
states.

The above assumptions are mild in the sense that they
allow for very general noise to affect the logical circuits
during the protocol. This can be noise that is non-local and
highly correlated, including the most common types of
quantum device noise such as cross-talk effects, qubit
decoherence and amplitude damping, and gate calibration
errors. The robustness of the method to violation of these
assumptions is discussed in Sec. III D.

The differences between the target and trap circuits are
limited to modifications of physical and logical single-
qubit gates. Provided these assumptions are valid, the
target and trap circuits are vulnerable to the same types of
noise, despite the differences in gate types within the
circuits. Assumption A1 may be physically justified, as
single-qubit gates generally have the lowest error rates
compared to other quantum operations, making variation
between their noise profiles marginal. If single-qubit
logical Clifford gates are performed transversally using
only physical single-qubit gates, then Assumption A2
follows as a consequence of Assumption Al. It is true,
however, that for most quantum codes arbitrary single-
qubit Clifford gates cannot be implemented transversally,
and for these Assumption A2 should be interpreted as
an approximate modeling assumption, analogous to the
gate-independent noise assumptions commonly used in
randomized benchmarking [7]. This is most physically
justifiable when logical Clifford gates are implemented
using similar fault-tolerant primitives, such that the dom-
inant noise mechanisms are largely shared across gates.
The protocol is robust to weak violations of this
assumption, as shown in Theorem 2, so moderate gate-
dependent variations in logical noise do not significantly

(A2)

(A3)
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affect the resulting accreditation bound. In practice, the
validity of this approximation could be assessed exper-
imentally before implementing logical accreditation on a
quantum device by characterizing and comparing logical
error rates across different gates. Recent demonstrations of
encoded operations suggest that gates implemented using
similar fault-tolerant constructions can exhibit comparable
logical error rates [31,32]. These works do not establish the
gate-independence of logical Clifford noise for a given
code, but they do indicate that logical operations imple-
mented using similar fault-tolerant constructions can
exhibit logical error rates of comparable magnitude. It
is likely that, as the quality of quantum hardware improves,
the logical error rates of these operations will decrease, and
any differences between distinct logical operations will
become smaller.

The independence assumption of A3 is used to guar-
antee the convergence of the error bound estimator. This
might be relaxed if some other type of convergence
guarantee is provided. Whether the noise is assumed to
be Markovian or non-Markovian determines which sound-
ness bound is used for the protocol; this is discussed in
Sec. [II E. Assumption A3 does not require the noise to be
stationary across circuit runs, but rather that the outputs
of distinct runs can be modeled as independent random
variables. This allows for time-dependent noise, such as
drift, provided it does not introduce correlations between
circuit runs. The randomization of target and trap circuit
ordering ensures that the target and trap circuit perfor-
mance reflects average device behavior. Provided that the
circuit outputs can be modeled as independent (though not
necessarily identically distributed) random variables, the
estimator produced by the protocol remains well-defined
and corresponds to an average over the associated time-
dependent noise instances. Under these conditions, stan-
dard concentration bounds such as Hoeffding’s inequality
apply. Temporal correlations between runs would violate
this assumption and affect the convergence guarantees of
the protocol.

Approximations made during circuit compilation can be
another source of computational error. Approximation
errors can occur if, for example, the Solovay-Kitaev
algorithm is used to approximate arbitrary unitary gates
to within an operator norm distance of ¢ > 0 from the ideal
unitary, with a gate sequence of length O(log®(1/¢)), for a
constant ¢ > 1, using only a discrete gate set [33,34].
Compilation errors will also occur when approximation
methods such as Trotterization are used to simulate the
evolution of a Hamiltonian with time [35-37]. Although
the logical accreditation framework is compatible with
such methods, it cannot detect errors caused by compila-
tion approximations. However, bounds on approximation
errors of this kind may often be efficiently computed using
classical methods, allowing them to be straightforwardly
accounted for.

C. Certification framework

We now describe the main result of this work. In the
logical accreditation framework, a target circuit and M trap
circuits are performed with a random ordering on a
quantum device using encoded logical qubits. During
the protocol, logical noise twirling is applied to the target
and trap circuits using a random compilation scheme, as
detailed in Sec. III G. This compilation is designed to
convert general logical circuit noise, such as that arising
from incorrect decoding or from imperfect magic state
preparation, into logical stochastic Pauli noise. For each
possible circuit position i, the output state that would be
generated if the target circuit was executed in that position
may be decomposed as the convex combination

) (@)

p(()lu>t =(1- pf(fg)pélgt,id +p ffmo noisy” S

where the index i€ {l,...,M + 1} indicates the circuit
()

. Q) - . B .
position, per is the logical circuit error rate, pg, 4 18

the ideal output state in the absence of noise, and pfligisy is

the output state encompassing the effects of logical
circuit noise.

The trap circuits are designed to deterministically output
a known bit string in the absence of noise. If a trap circuit is
run on the quantum device and the measured output bit
string differs from the ideal output, this is recorded as a
trap circuit failure. The logical noise information derived
from the trap circuit failures is used to upper bound the
TVD of the measured output of the target circuit from the
ideal output.

The framework requires a classical description of the
target computation as input. In the first step of logical
accreditation, the target computation is compiled into a
logical circuit using a gate set that can include the
following logical gate operations: single-qubit Clifford
gates, CZ gates, and Pauli operator rotation gates of
arbitrary weight and rotation angle. Non-Clifford gates
are performed by consuming magic states, using either
gate teleportation or a projective measurement scheme. A
repeating circuit structure is used for the circuit compila-
tion, consisting of layers of single-qubit Clifford gates
and layers of multi-qubit Clifford gates and non-Clifford
single- or multi-qubit Pauli rotation gates. Each logical
qubit within one logical gate layer is acted on by at most
one logical gate. Next, M randomly constructed trap
circuits are generated. These circuits replicate the structure
of the target circuit, but with all non-Clifford logical circuit
components replaced by Clifford operations. Each state
injection routine, such as those used to implement 7" gates,
is modified to inject a logical S state. These substitutions
are designed to preserve the logical noise profile of the
target circuit while ensuring that each trap circuit yields a
deterministic output. The target and trap circuit structures
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are shown in Figs. 3(a) and 3(b), respectively, and the trap
circuit construction is discussed in Sec. Il F.

The target and trap circuits are run on the quantum
device with a random ordering, and their measured bit
string outputs are recorded. The measured output bit
strings of the trap circuits are used to compute an upper
bound on the TVD between the experimental and ideal
target circuit output distributions.

The output of logical accreditation is summarized by the
following statement:

Theorem 1. The logical accreditation protocol provides
an upper bound on the total variational distance (TVD)
between the experimental target circuit output distribution
and the ideal output distribution of the form

1
5 Z |pexp(s) - pideal(s)| <7 4)

s€{0.1}"

where y is experimentally estimated from the measured
outputs of the logical trap computations. The upper bound
holds with (1 — a)-confidence when the number of trap
circuits used for the protocol satisfies the inequality
M > 5L log(2). The TVD bound holds under the previously
stated assumptions A1-A3.

The derivation of this bound can be found in
Appendix C. Logical accreditation can be applied to
compute both distributions and expectation values with
certified error bounds. The protocol can be repeated an
arbitrary number of times to generate a certified set of
output bit strings for the target computation, as shown in
Fig. 1(b). Alternatively, the framework could be modified
to certify multiple target circuit samples at each execution
of logical accreditation, rather than just one. Logical
accreditation also provides a practical means to certify
observable estimation. For any Hermitian observable O,
the expectation-value error satisfies

(0)p., = (0)p,l < 2[00l (5)

with confidence at least 1 —a, where p.,, is the exper-
imental target output state averaged over the uniformly
random target execution position, p;q is the ideal target
output state, and ||O||,, denotes the operator norm, also
called the spectral norm. Furthermore, it can be used to
upper-bound the infidelity of the logical output state of the
target circuit, as

1— F(pout,id’ pout) <v, (6)

where F(-,-) denotes the fidelity between two quantum
states, and p,, jq and p,, are the ideal and experimentally
generated target circuit output states; this result is derived
in Appendix L.

D. Robustness

If the previously stated noise assumptions are violated,
the bound provided by logical accreditation is then of
the form: y = y + ¢4, where y is the upper bound provided
by the protocol if the assumptions hold, y’ is the upper
bound if the assumptions are violated, and ¢, is the
difference between these two induced by violation of
the assumptions.

The following result is derived in Appendix G:

Theorem 2. If Assumptions Al and A2 are violated, the
absolute difference in the computed upper bound, ¥, from
the upper bound computed where the assumptions hold, y,
is bounded

p=rI<ma-p Y Y|le || . @
ko J

’
<&

where {Sﬁk) }; and {Sﬁ.k)'} ; denote the noise channels
affecting the kth trap circuit where the protocol assump-
tions hold, and where the assumptions are violated,
respectively.

This implies that any deviation in the bound due to
violation of the assumptions depends only linearly on the
diamond norm distance of each of the corresponding noise
channels affecting each circuit. If the assumptions are only

weakly violated, i.e. each term ||5§k) — €§k>'|| o 1s small for
all j and k, the outputs of the trap circuits remain close to
those obtained when the assumptions hold. Therefore, the
protocol is robust to any small violations of the assump-
tions, since these will have a small effect on the computed
upper bound.

E. Completeness and soundness

If the measured output of a trap circuit deviates from the
ideal output, a logical error is guaranteed to have occurred.
Therefore, the false negative rate of the protocol is 0, and
it has perfect completeness. There are two factors to be
considered for the protocol soundness: (1) The probability
that if an error affects a trap circuit that it will be detected.
(2) The probability that if multiple errors affect a trap
circuit, they cancel and so are not detected. In Appendix D,
we show that any single logical Pauli error of arbitrary
weight occurring at any single time-step during a trap
circuit is detected with probability pg. > 1/2. We derive
upper bounds on the probability of error cancellation for
three different scenarios. Non-Markovian noise can result
in classically correlated errors that may cancel in the trap
circuits. The three scenarios reflect different assumptions
that can be made about the Markovianity of the noise. For
each scenario, an upper bound on the probability of error
cancellation is provided. First, we show that if logical
error rates are sufficiently low and noise is Markovian then
error cancellation can be neglected. Second, if the dom-
inant sources of error are multi-qubit Clifford gates and
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gates requiring magic states, then the probability of error
cancellation is bounded by p.u. < 1/2. This bound is
suitable under the assumption that the dominant gate noise
is non-Markovian, i.e. the noise from multi-qubit Clifford
gates and gates requiring magic states, while single-qubit
Clifford gate noise is Markovian or sufficiently weak that
cancellation effects can be neglected. And third, we show
that with a slight modification to the trap circuit con-
struction, the probability of any error cancellation is
bounded by p.u < 7/8. For this result, no assumptions
are made about the Markovianity of the noise. These
results are derived in Appendix E.

Combining the bound for error detection probability
with each of the three bounds for error cancellation
probability yields three different leading-order soundness
parameter values: 6; = 1/2, 6, = 3/4, and §; = 15/16.
The approximation errors associated with ¢; and J, are
bounded in Lemmas 4 and 5, respectively. These sound-
ness parameters upper-bound the false positive rate of the
trap circuits and may be used to derive different TVD
bounds. This is described in Appendix C. Figure 4 shows a
heatmap of false positive rates for different numbers of
qubits and physical error rates when performing IQP
circuit sampling in the regime of full fault tolerance.
The simulations were run for 40-layer circuits, varying
the number of logical qubits from 5 to 50 and the physical
error rate from 1073 to 5x 1072, In all cases, the

False Positive Rates (FTQC Regime) (Max FP: 0.175)
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FIG. 4. Soundness heatmap for IQP circuit sampling. This
heatmap shows the trap circuit false positive rates for different
numbers of logical qubits and physical error rates for IQP circuit
sampling in the regime of full fault tolerance (FTQC). A logical
depolarizing noise model was used for the numerical simula-
tions, and the false positive events resulted from error stabiliza-
tion and cancellation effects. The false positive rates observed
are well below the analytical soundness bounds provided in
Sec. III E.

experimentally observed false positive rates are well below
the theoretical soundness bounds.

F. Trap circuit construction

The randomly generated trap circuits have the same
structure as the target circuit and stabilize the initialized
logical state in the absence of logical errors. Each of the
logical gate operations performed during a trap circuit
either compiles to an identity operation, or to an operation
that stabilizes the input logical state. This means the trap
circuits provide a deterministic bit string output in the
absence of noise.

In the trap circuits, the positioning and type of the CZ
gates are identical to those in the target circuit, but are
sandwiched uniformly at random by § and H logical gates.
The randomly applied S and H operations, combined with
the CZ gates, are logically equivalent to randomly oriented
CNOT gates. Layers of logical Hadamard gates are included
at the beginning and end of the trap circuits with
probability 1/2; otherwise, layers of identity operations
are applied. The randomly chosen § and H gates prevent
the same Pauli noise from cancelling in different trap
circuits, meaning the trap circuits detect logical Pauli
errors affecting the trap circuits with probability lower-
bounded by a constant.

Those gates in the trap circuits corresponding to logical
single- and multi-qubit Pauli rotation gates in the target
circuit are modified to stabilize the initialized logical state.
This is primarily achieved through the application of
different magic state preparation procedures. We will refer
to magic states used in the target circuit as target magic
states, and magic states used in the trap circuits as trap
magic states. If no magic state purification is used for the
target and trap computations, the protocol overhead con-
sists solely of an additional sampling cost, which scales
independently of system size. Two versions of each trap
circuit are run on the quantum device. The first involves
only preparation of magic states of the form |r), and the
second only of the form |z/2). In the first case, a fault-
tolerant ST gate is then applied immediately before
injection, converting each state into a |z/2) state. If either
version of the trap circuit records an error when run on the
quantum device, this is recorded as failure for that trap
circuit. Together, the |z) and |z/2) magic states are
vulnerable to all possible logical Pauli errors that might
occur during imperfect magic state preparation.

If methods for the fault-tolerant preparation of magic
states are applied, including transversal, cultivation-based,
distillation-based, and code-switching methods, a different
procedure is used to generate the trap magic states. If
there are K non-Clifford gates in the target circuit, each
requiring a magic state, then in the trap circuits gate
teleportation is applied to pairs of fault-tolerantly prepared
|z/4) magic states to produce K/2|z/2) states. These are
assigned uniformly at random to the corresponding gates
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in the trap circuit. The remaining K/2 gates requiring
magic states in the trap circuits are performed using |z/2)
states prepared directly in a fault-tolerant manner, i.e.
without the need for purification, cultivation, or code
switching methods. This trap circuit construction has no
additional magic state or sampling overhead. However, it
does require an additional assumption regarding the noise
behavior of the magic state combination step, namely that
the operation used to combine two |z/4) states into a
single trap magic state is non-noise-decreasing. And so the
effective error rate of each resulting trap magic state is no
smaller than the combined error rates of its two input target
magic states. This ensures that the trap circuits may be
used to provide a conservative bound on the target circuit
logical error rate. If it is assumed that fault-tolerantly
prepared |7/4) and |z/2) states are of the same quality,
then no additional overhead or assumption is required.

Under the previously stated noise assumptions, the trap
circuit construction ensures that both the target and trap
circuits are subject to the same distribution of possible
logical noise channels. More details are provided in
Appendix A.

G. Logical randomized compiling

The logical accreditation protocol employs logical
randomized compiling, a compilation scheme we introduce
for Pauli twirling logical noise channels. Inspired by the
NISQ circuit compilation method of randomized compil-
ing [13], this scheme applies to encoded logical qubits
and gates performed by the consumption of magic states.
Logical Pauli twirling operations are directly integrated
into the target and trap circuits without changing their
computational logic. The twirling induces effective noise
channels, transforming general logical noise, including,
for example, coherent noise that can adversely affect
logical qubits [38], into stochastic logical Pauli noise.
The logical circuits then produce measurement outcomes
consistent with their being subject to the effective sto-
chastic Pauli channels induced by the twirling.

We also introduce a novel method for twirling arbitrary
logical non-Clifford gates, addressing an open problem
originally outlined in Piveteau et al. [15]. This involves
independently twirling the magic state preparation noise
and the noise from the injection gadget. The method
described in [15] for twirling |z/4) magic states using
the gate set {1, e="*/*SX} relied on the T gate being in the
third level of the Clifford hierarchy, while our method
avoids this requirement. The only non-Clifford component
of magic state injection is magic state preparation, with all
other operations being Clifford operations. Each compo-
nent of magic state injection is Pauli twirled at the logical
level. For non-fault-tolerantly prepared arbitrarily phase-
rotated magic states, the rotation angle is updated depend-
ing on each twirling instance. We require that the
phase rotation of |#) magic states depends on physical

single-qubit rotation gates, rather than physical multi-qubit
rotation gates. Using Assumption (A1), the phase-rotation
of the non-fault-tolerantly prepared magic states can then
be updated without changing the state-preparation noise.
As the fault-tolerantly prepared magic states do not require
any updates to the state preparation, the logical random-
ized compiling method is compatible with standard
fault-tolerant magic state preparation methods, including
transversal, distillation-based, and cultivation protocols.
All implementation details of the logical randomized
compiling scheme are provided in Appendix B.

There is evidence that for high code distances, logical
noise affecting qubits encoded using the surface code
converges toward logical stochastic Pauli noise [38].
However, if the number of available qubits is limited, this
will restrict the achievable code distance. This necessitates
the use of logical randomized compiling. Recent work
showed that it is possible to twirl over a subset of the
Clifford group that commutes with a non-Clifford logical
gate operation [39]. We note that the approach that we
propose could be adapted to perform logical non-Clifford
gate twirling over the full Clifford group.

H. Overhead

We now provide details regarding the resource overhead
required to implement logical accreditation in terms of
additional sampling cost and circuit depth.

The sampling overhead of logical accreditation comes
from estimating the trap circuit failure rate to a desired
statistical precision. Increasing the number of trap circuit
runs reduces the statistical uncertainty in the estimated y
bound. Estimating the mean trap failure probability to
within additive error ¢ with confidence at least 1 —a
requires M = O(e%log(1/a)) random trap circuit runs.
Importantly, this sample complexity is independent of
system size and depends only on the desired statistical
precision.

Recompiling a given target circuit into the logical circuit
structure shown in Fig. 3 incurs at most a constant-factor
increase in logical depth. For example, in a Pauli-based
computation, all operations contributing to the logical
unitary are contained within the G-type layers. The
inclusion of additional S-type layers therefore increases
the depth by at most a constant factor (at most three in the
construction considered here). In practice, for standard
compilation schemes (e.g. Clifford + T), the increase can
be smaller as such circuits already involve alternating
layers of Clifford and non-Clifford operations.

In partially fault-tolerant regimes, where magic states
are prepared directly, the protocol incurs a constant factor
of two increase in the number of samples. This is because
two versions of the trap magic states are required,
increasing the number of trap circuit runs by a factor of
two. In fully fault-tolerant settings, including transversal,
cultivation-based, distillation-based, and code-switching
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approaches to magic state preparation, the protocol can be
implemented with no additional magic state or sampling
overhead. This is achieved by preparing the same number
of magic states as required for the target circuit and
combining pairs of these states to form trap magic states,
which are then assigned uniformly at random to the
relevant trap circuit gates.

Overall, logical accreditation introduces at most con-
stant overheads in all relevant resources.

IV. NUMERICAL SIMULATIONS

The ability to quickly assess the accuracy of applica-
tions run on fault-tolerant quantum devices is essential to
their practical utility. Instantaneous quantum polynomial
(IQP) circuit sampling and Hamiltonian simulation are two
tasks for which certification of computational accuracy is
crucial when it comes to assessing whether a quantum
advantage has been achieved [40—42]. We apply the logical
accreditation framework in numerical simulations of
logical qubits encoded using the surface code to certify
the accuracy of IQP circuit sampling and Hamiltonian
simulation. The results of these numerical experiments are
presented in the following two subsections.

A. Simulation details

We numerically simulate partially and fully fault-
tolerant circuits to test the logical accreditation framework.
For comparison, we also use an existing NISQ accredi-
tation protocol to certify computation on physical
qubits [17]. For the simulations of partially and fully
fault-tolerant circuits, we assume our computation is
protected using surface code quantum error correction.
Following [1], the logical error rate p; for the surface code
is modeled using the expression

d+1

Pphys \ 2

chx(”) (8)
Pth

where the physical error rate is denoted by pyyys, the code
threshold error rate is denoted by py,, and the code distance
is denoted by d. In all simulations, we assume the surface
code threshold error rate is pyg, = 0.01 and use a constant
prefactor of ¢ = 0.03 in the above expression [43].
Circuit noise is modeled using depolarizing channels,
applied either at the physical or logical level depending on
the circuit type. In NISQ simulations, all gate operations
are affected by depolarizing noise with noise parameter
Pphys- In partially fault-tolerant simulations, Clifford gates
are assumed to be encoded and are subject to logical noise
at rate p;, while non-Clifford gates are assumed to rely on
unpurified magic states and so are subject to physical noise
at rate ppp. In fully fault-tolerant simulations, all gates
are subject to logical noise at rate p;, regardless of type.

Each target computation is certified under all three
frameworks:

(1) NISQ accreditation using n physical qubit circuits,

(2) Logical accreditation with n partially fault-tolerant

logical qubit circuits,

(3) Logical accreditation with n fully fault-tolerant

logical qubit circuits.

This yields three TVD bounds for direct comparison
between computation frameworks. By examining these
bounds, we can identify the operating regimes in which
NISQ, partially fault-tolerant, or fully fault-tolerant com-
putation is most effective. Unless otherwise stated, we use
M = 500 trap circuits to compute the TVD bound. Each
data point in our plots represents the mean and standard
deviation of this bound, calculated over five independent
runs, where 500 trap circuits are independently sampled
for each run.

B. Certifying IQP circuit sampling

IQP circuit sampling is a restricted model of quantum
computation believed to be hard to simulate classically
[40]. An n-qubit IQP circuit starts with all qubits initial-
ized in the |0)®" state, followed by a layer of Hadamard
gates, a unitary made from randomly selected diagonal
gates, another layer of Hadamard gates, and measurement
in the computational basis. Approximating the output
distribution of IQP circuits, even in the presence of noise,
is #P-hard [41,44]. This makes IQP circuits strong can-
didates for demonstrating quantum advantage on early
fault-tolerant devices [42].

Logical accreditation can be used to certify that logical
error rates are below the threshold required for quantum
advantage. According to [44], if an IQP output distribution
can be classically sampled to within 1-norm error of
1/192, then the Polynomial Hierarchy would collapse to
the third level. Certifying a TVD that satisfies this thresh-
old would therefore provide strong evidence of quantum
advantage. Figure 5 shows how this error threshold
constrains the number of possible 7" gates that can be
used in a circuit such that the threshold is satisfied, for a
range of T gate noise rates, assuming perfect Clifford
gates. The highlighted region indicates where error rates
are sufficiently low and qubit counts are sufficiently high
that a quantum advantage may be achievable.

Results from our simulations are presented in Fig. 2. In
(a), TVD bounds from logical accreditation are plotted for
circuits with 40 gate layers and 50 or 500 qubits. Each
circuit is implemented in three versions: NISQ, partially
fault-tolerant, and fully fault-tolerant. For the fault-tolerant
circuits, we use distance-11 surface codes to model logical
noise. This distance is chosen to explore a realistic noisy
regime where the benefits of fault tolerance become clear.
We find that as physical qubit error rates improve, the TVD
bound decreases. Once the error rate drops below the
code threshold, the fault-tolerant circuits quickly start to
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FIG. 5. Region of possible quantum advantage for IQP circuit
sampling depending on 7T gate noise and number of 7 gates. The
solid line on the plot is the maximum number of noisy 7 gates
such that the quantum advantage threshold derived in [44] is
satisfied, plotted as a function of the 7 gate error rate. It is
assumed that Clifford gates are error-free, and circuit noise
originates solely from 7 gates. The best-known classical algo-
rithms can simulate quantum circuits with up to roughly 507
gates [45,46]. This threshold number of T gates is included as the
dashed horizontal line on the plot. The shaded region between
the dashed and solid lines indicates the parameter regime where a
quantum advantage is possible.

outperform the unencoded circuits. Fully fault-tolerant
circuits perform best overall in terms of the TVD bound
over the range of parameters, followed by partially fault-
tolerant circuits, and then NISQ circuits.

In the experiments plotted in (c), we fix the physical
error rate at pypy = 1073 and vary the number of gate
layers, keeping qubit and trap circuit counts fixed as

Code Distance
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—e— d
—o— d

—o— d=11
d=13

TVD Upper Bound

0.0

1073
Pphys (log scale)
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(a) Partial fault tolerance

before. As circuit depth increases, the TVD bounds
increase. NISQ circuits quickly approach TVD bound
~1, while partially and fully fault-tolerant circuits degrade
more slowly. The TVD bounds increase with circuit depth
faster for circuits with more qubits.

We also explore how performance changes with code
distance and magic state quality. Figure 6 shows that
increasing code distance (from 3 to 13) reduces logical
error rates and tightens the TVD bound, but at the cost of
higher resource overhead. Finally, we test how the fidelity
of magic states affects performance. In Fig. 7(a), we fix the
physical error rate (and therefore the Clifford error rates)
and vary only the T gate error rate arising from imperfect
magic states. Our results show that improving magic state
fidelity reduces the TVD, though the effect saturates at low
code distances where Clifford noise becomes the dominant
source of error.

In Appendix M, we estimate the minimum physical
resources needed to achieve a certified TVD below the
quantum advantage threshold for IQP sampling on super-
conducting devices using surface codes.

C. Certifying Trotterized Hamiltonian simulation

We now consider the problem of certifying quantum
Hamiltonian  simulation =~ with  Trotterized circuits.
Hamiltonian simulation is generally considered a promising
candidate application for fault-tolerant quantum computa-
tion. For example, simulating the one-dimensional nearest-
neighbor Heisenberg model with a random Z-field is
of broad interest, particularly in the context of self-
thermalization and many-body localization [47]. Due to its
interest in the condensed matter community, it has been used
to benchmark various methods of quantum simulation [48].

Hamiltonian evolution can be simulated on a quantum
computer using Trotterized time evolution [30]. This
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o
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(b) Full fault tolerance

FIG. 6. Effect of code distance on the TVD bound for IQP circuits. Results for numerical simulations of IQP circuits with 15 logical
qubits and 40 logical gate layers under (a) partial and (b) full fault tolerance. The TVD upper bound is plotted against physical error
rate. The fully fault-tolerant setting exhibits stronger dependence on code distance and faster convergence of the TVD bound as the
physical error rate decreases. The vertical dashed line marks the surface code threshold.
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FIG.7. Effect of magic state quality on TVD bounds for a range of code distances. Results from simulations of IQP circuits are shown
in (a), and for Trotterized circuits are shown in (b), where the TVD bound from logical accreditation is plotted against magic state error
rate. All simulations were for 50 logical qubits and 40 logical gate layers, and the physical error rate was fixed at pyp s = 1073, The
Clifford gate error rate is determined by the surface code distance, while the magic state error rate is varied. Residual Clifford gate noise
imposes a non-zero constant TVD floor, even as magic-state fidelity is improved.

method has been found to display better relative perfor-
mance, when applied to achieve a finite target precision,
than other asymptotically better scaling techniques [49].
This makes it a promising method for simulating quantum
evolution on early fault-tolerant devices [28,30].

The Trotter-Suzuki decomposition allows the time
evolution operator e’ to be approximately decomposed
into a sequence of N discrete time-steps [30,49]. The
second-order Trotter-Suzuki decomposition approximates
these time-step evolution terms as

) N L a;t 1 a;t N
<el( i a;Pi)t/N> ~ <H e—i(ﬁ)P,- He—i(ﬁ)Pi> . (9
i=1

i=L

If the Hamiltonian is expressible as a linear combination
of Pauli operators, the previous expression may be written
as a sequence of multi-qubit Pauli rotations

- (i 1 (5idy !
—i(35)P; —i(55)P;
(Lo 1esr )

i=1

(L1 () 110 ()

Consequently, the Trotterized circuit consists of a
sequence of Pauli rotations. To run this circuit using
surface code logical qubits, each high-weight logical
Pauli rotation gate may be performed via lattice surgery
techniques [26], with each non-Clifford Pauli rotation
requiring the consumption of a single magic state.
Trotterization induces an approximation error that may
be efficiently bounded, but the computational effects of
device noise are more difficult to quantify.

(10)

Logical accreditation is compatible with Trotterized
target circuits composed of logical multi-qubit Pauli rotation
gate operations. The framework can be used to derive an
upper bound on the TVD of the output from the ideal output
when measuring an observable of the time-evolved state,
as well as an error bound for the corresponding expecta-
tion values. Although most applications involving circuit
Trotterization have some computational steps after the
Trotterized evolution, for example, the QCELS algorithm
[30], for the sake of generality we only consider bounding
the error of the Trotterized circuit. The approach used in the
numerical experiments may straightforwardly be adapted
for a particular application of Trotterization.

We applied the logical accreditation framework in
numerical simulations of generic Trotterized circuits. In
the first set of experiments, we vary the physical error rate
from 107% to 1072 for NISQ, partially fault-tolerant, and
fully fault-tolerant circuits. Noise from the high-weight
Pauli rotation gates is modeled using global depolarizing
noise, and each logical gate layer is assumed to involve the
same number of error correction cycles with the same
associated logical noise. As shown in Fig. 2(b), the TVD
bound increases most rapidly for NISQ circuits, followed by
partially fault-tolerant and then fully fault-tolerant circuits.
As physical error rates approach the surface code threshold,
the bounds for fault-tolerant circuits saturate near 1.

We then fix the physical error rate at 10~ and vary the
circuit depth up to 100 rotation layers. Figure 2(d) shows
that the TVD bound again grows fastest for NISQ circuits,
with fault-tolerant circuits degrading more slowly. We also
examine how varying the surface code distance from 3 to
13 affects certification (Fig. 8). Fully fault-tolerant circuits
benefit more from increased code distance, with sharper
reductions in TVD at lower physical error rates. Finally,
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Effect of code distance on the TVD bound for Trotterized circuits. Results for numerical simulations of Trotterized circuits

with 15 logical qubits and 40 logical gate layers under (a) partial and (b) full fault tolerance. The TVD upper bound is plotted against
physical error rate. Compared with partial fault tolerance, the fully fault-tolerant regime exhibits greater sensitivity to code distance and
the TVD bound converges faster as the physical error rate decreases. The vertical dashed line marks the surface code threshold.

Fig. 7(b) shows the effect of varying magic state fidelity on
circuit performance. As in the IQP case, reducing T gate
noise tightens the TVD bound until Clifford noise becomes
dominant and the improvement plateaus. We note that
although IQP circuits generally possess a simpler circuit
structure than Trotterized Hamiltonian circuits, in the
implementation used in these experiments they have a
higher density of non-Clifford gates. This is particularly
relevant in the partially fault-tolerant regime, where
errors associated with non-Clifford operations dominate.
Consequently, the IQP circuits exhibit higher logical error
rates, which is reflected in the larger values of the corres-
ponding TVD upper bounds in the numerical simulations.
In contrast, the Trotter circuits exhibit smaller TVD upper
bounds, indicating lower effective error rates. This can be
seen by comparing results in Figs. 2(a)-2(d).

To certify the full Hamiltonian simulation accuracy, the
logical accreditation error bound must be combined with
bounds on the Trotterization error. For second-order
Trotterization, this error scales as Wr*/N?, where W is
a Hamiltonian-dependent constant [48—50].

V. APPLICATIONS

A. Entropy density benchmarking
for fault-tolerant computation

The logical accreditation framework can provide a
means of extending benchmarking methods originally
developed for NISQ devices to the fault-tolerant regime.
To demonstrate this, we now show how it can be used to
extend entropy density benchmarking to logical circuits.
The method of entropy density benchmarking was devel-
oped to assess the quality of NISQ circuits in terms of
entropy accumulation from circuit noise [23]. Recent work
has extended this approach to create heuristic models of
entropy accumulation in NISQ circuits run on currently

available quantum hardware, using these to compute
circuit-size thresholds beyond which quantum advantage
is unattainable [24]. The second-order Rényi entropy
density of the n-logical-qubit experimental target-circuit
output state, p,,, averaged over the uniformly random
target execution position, is defined as

n1s®@ (Pout) = —n~'log, (Tr[PgutD’

where n denotes the number of logical qubits used in the
computation and S)(-) denotes the second-order Rényi
entropy. The value of y computed by logical accreditation
may be used to derive the following upper bound on the
entropy density of the target-circuit output state:

(11

'S (pou) < —n~'logy[1 =27 + (1 4+27")]. (12)

This bound, derived in Appendix H, holds with the same
confidence as the TVD bound provided by the logical
accreditation framework. Logical accreditation can, there-
fore, be used to efficiently compute an upper bound on the
Rényi entropy density of the target circuit, extending the
entropy density benchmarking method to circuits per-
formed using encoded logical qubits. It would be interest-
ing to further develop this connection, perhaps using
logical accreditation as a means of creating heuristic
models for entropy accumulation in logical circuits,
similar to the approach followed in [24] for NISQ circuits.

B. Certifying the practicality of applying quantum
error mitigation to logical circuits

Much recent work has focused on combining quantum
error mitigation with quantum error correction for logical
computations on early fault-tolerant quantum devices
[5,15,51,52]. Error mitigation techniques have been
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proposed as a means of extending the computational
performance of logical computations with unpurified
magic states [15], and where code distances are too low
to suppress noise sufficiently to achieve desired logical
error rates [5]. It has been asserted that quantum error
mitigation is primarily useful in the regime e N = O(1),
where € is the independent physical gate error rate and
N is the number of physical gates in the circuit [53,54]. In
previous work concerning the mitigation of gate errors for
noisy physical qubits, the overall amplification in the
estimator variance of the mitigated output was computed
to be (1 + 2e5)*Ne ~ e*Na¢c [55]. If the value of Ngeg is
too large, error mitigation cannot practically be applied
due to the exponential scaling of the sampling overhead.
Similar arguments can be made concerning the efficiency
of applying error mitigation to computations run on
encoded logical qubits, where instead es is the logical
gate error rate and N is the number of logical gates in the
circuit.

Since logical accreditation provides a bound on the total
circuit error rate, it can be used to bound the value of
Ngeg. For example, if the maximum acceptable overhead
to apply error mitigation to a logical circuit is a factor of 30
increase in the required number of samples relative to the
unmitigated estimator, this condition is satisfied when
Ngeg <0.8503. The probability of no errors occurring
due to gate noise for a circuit with N gates is (1 — eg)N,
which is approximately e~¢¥¢. Assuming errors only
occur during the circuit due to independent gate noise,
then the total circuit error rate is p., ~ 1 — e~V _ Setting
egNg = 0.8503 results in an upper bound on the circuit
error rate where mitigation can be efficiently applied of
Perr < 1 — 79893 Since the y value provided by logical
accreditation is an upper bound for both the TVD and the
total circuit error rate, it can be used to check whether
the error mitigation efficiency condition is satisfied. This
follows as a corollary if the inequality y < 1 — ¢~ 98503 jg
experimentally satisfied. In this manner, logical accredi-
tation can be used to certify the practicality of applying
quantum error mitigation to an encoded logical circuit.

VI. CONCLUSION

In this work, we introduced logical accreditation as a
framework for efficiently certifying fault-tolerant quan-
tum computations. The protocol runs trap computations
alongside the target computation, and analysis of the trap
computation measurement outcomes allows the accuracy
of the target computation output to be efficiently certified.
In contrast to traditional performance analyses of quantum
error correction, this framework is sensitive to a broad
range of noise models. It can be applied to certify the
computational accuracy of any fault-tolerant circuit that
is compiled into the requisite form and run on a quantum
device.

We demonstrated the protocol through numerical sim-
ulations of IQP circuit sampling and Trotterized quantum
circuits. We also outlined some potential applications,
including: (1) extending entropy density benchmarking to
the fault-tolerant regime, and (2) assessing whether quan-
tum error mitigation techniques can be efficiently applied
to specific logical circuits. In addition, we introduced a
compilation strategy that transforms general decoding and
magic-state preparation noise into logical stochastic Pauli
noise. As part of this, we proposed a method for twirling
arbitrarily rotated magic states, showing that non-trans-
versal logical gates, including those beyond the T gate, can
also be twirled.

There are many opportunities to extend this work. With
prior knowledge of noise behavior, the trap circuit design
could be altered to increase the detection probability for
the most likely errors, thereby improving soundness. It
may be possible to optimize the protocol for specific
quantum error-correcting codes, especially where code
structure affects trap circuit design. The protocol could
also be used to assess whether logical error rates are low
enough that classical simulation algorithms, such as the
one presented in [56], are inefficient. Recently, verification
and certification protocols have been adapted into error
mitigation protocols on NISQ devices [57,58], it may be
possible to adapt logical accreditation in a similar way
to mitigate logical circuit noise. It is important to note
that logical accreditation does not measure the impact of
gate synthesis errors. As these errors are likely to play a
significant role in early fault-tolerant quantum computa-
tion, extending logical accreditation to account for them
would be highly valuable. Finally, the protocol could be
used in experiments on near-term devices to test the
building blocks of QEC and, as devices improve, to certify
the accuracy of large-scale fault-tolerant computations.
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APPENDIX A: TRAP CIRCUIT CONSTRUCTION

The trap circuit construction now described is the one
used in the numerics, and in the derivation of the # = 0 and
f = 1/2 upper bounds on the trap circuit error cancellation
probability. In Appendix E 3, a modified trap construction
is described that allows for a = 7/8 error cancellation
probability upper bound, this construction takes into
account all possible error cancellation events.

The logic of each of the operations performed during the
trap circuits either compiles to an identity operation or to
an operation that stabilizes the input state. This ensures
that the trap circuits provide a deterministic bit string
output in the absence of errors. The trap circuits are
generated using the same circuit structure as the target
circuits. The positioning and type of the multi-qubit
Clifford gates are kept the same. The single-qubit Clifford
gate layers are replaced with randomly chosen S, S* and H
gates. When randomly applied S, ST and H operations
sandwich a CZ gate, the resulting combined operation is
logically equivalent to a randomly oriented CNOT gate.

A layer of logical Hadamard gates is included at the
beginning and end of the trap circuits with probability 1/2.
An important function of the randomly chosen S and H
operations is to randomly map logical Pauli error operators
to different logical Pauli operators, thereby preventing the
same types of error cancellation from happening in differ-
ent trap circuits. This property is used to derive the
protocol guarantees in Appendix D.

We now describe the treatment of gates performed by
the consumption of both unpurified and purified magic
states in the framework.

1. Logical gates performed using unpurified
magic states

In the trap circuits, gates corresponding to logical
single- and multi-qubit Pauli rotation gates in the target
circuit are modified to stabilize the logical state. The magic
state preparation procedure is different for the trap and
target circuits. We will refer to magic states used in the
target circuit as target magic states, and magic states used
in the trap circuits as trap magic states.

In the scenario where target and trap magic states are not
purified before consumption, two versions of each trap
circuit are run on the quantum device. If at least one of the
two versions of the trap circuit detects an error, this is
recorded as a failure for that trap circuit. In one version,
only |z) magic states are prepared for consumption, and
fault-tolerant S* gates are applied immediately before
injection. In the other version, only |z/2) states are
prepared. Although the state preparation is performed

differently, both versions ultimately produce |z/2) states.
The reason for this approach is that |z) magic states are
only vulnerable to Y and Z Pauli errors during state
preparation, whereas |z/2) magic states are vulnerable
to X and Z Pauli errors. Gate injection with a |z/2) state
combined with a fault-tolerant Clifford correction gate
implements identity or a Pauli gate. If injection results in
a Pauli gate then a single fault-tolerant Pauli z-rotation
gate is applied immediately after the gate is applied. In
the absence of errors, the combined logic of these two
operations is an identity operation. In practice, the Pauli
correction gates are absorbed into the following logical
randomized compiling Pauli gate layer. When |z/2) states
are injected, the same adaptive measurement and correc-
tion procedure used in the target circuit is also used in the
trap circuits. Any error in the adaptive measurement or
feed-forward correction induces a non-trivial operation in
the trap circuit and is therefore detectable.

The target and trap magic states are prepared using
protocols in which the phase rotation of the prepared states
is determined by physical single-qubit Pauli rotation gates
applied after the logical ancilla |+) state has been encoded.
A consequence of Assumption Al, that single-qubit
physical gate noise is gate independent, is that magic state
preparation noise is phase rotation-angle independent. Two
examples of logical gate operations for magic state prepa-
ration that apply an arbitrary logical phase rotation to a |+)
state are shown in Figs. 9(b) and 9(c). These operations
are from the partially fault-tolerant space-time efficient
analog rotation (STAR) framework [27] and apply a logical
R (0) operation using a physical single-qubit Pauli rotation
gate, along with CZ and cNOT gates. And so, under the
assumption that physical single-qubit gate noise is gate-
independent, the logical state-preparation noise for the
target and trap magic states is the same.

Each gate applied using a magic state is randomly
sandwiched by S, ST and H gates. For RUS gates, each gate
repetition is sandwiched by these operations. The random
sandwiching of CZ gates by S, ST and H, resulting in
randomly oriented CNOT gates, is shown in Fig. 10. The
random sandwiching gate operations are used to random-
ize error propagation through the trap circuits, ensuring
errors are detected with constant probability.

2. Logical gates performed using purified magic states

Fully fault-tolerant universal computation is possible if
fault-tolerantly prepared magic states are used to perform
those logical gates outside the gate set of the QEC code
[59,60]. One approach to fault-tolerantly preparing magic
states is magic state purification. The most well-known
magic state purification protocol is magic state distillation
[59,61]. During distillation, a number of noisy input
encoded magic states are purified, or distilled, to generate
a smaller number of higher-quality states. This is usually
done by concatenating the code used to encode the logical
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FIG. 9. Examples of multi-qubit Z rotations used to implement logical Z rotations that are used in magic state preparation in the
space-time efficient analog rotation scheme [27,30]. In (a) a weight-2 ZZ rotation is applied to two physical qubits. In (b) and (c) a local
Z rotation is applied to a single qubit, that is then compiled through the use of additional CNOT operations into a ZZ and a ZZZ rotation,
respectively. A requirement for implementing the protocol using arbitrarily phase-rotated magic states is that the magic state rotation
angles be determined by the single application of a local rotation gate. This ensures that, assuming gate-independent noise on single
physical-qubit gates, the noise affecting state preparation does not depend on the magic state phase-rotation angle. The circuit shown in

(a) is incompatible with the protocol; the circuits shown in (b) and (c) are compatible with it.

FIG. 10.
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In the trap circuits, each CZ gate is randomly sandwiched by S and H gates such that the combined logic of the gates is a

randomly oriented CNOT gate. This process is shown in the diagrammatic circuit equation, where the bit b € {0, 1} is picked uniformly
at random for each CZ gate instance on the LHS, and a = b @ 1 mod 2.

qubits with another code possessing a transversal non-
Clifford gate. The concatenated code is used for error
detection, postselecting on instances where no error is
detected in order to generate higher quality magic states.
For the distillation to be successful, the fidelities of the
input magic states must be greater than the fidelity thresh-
old of the distillation method used. If distillation is
successfully repeated, at each repetition, magic states of
progressively higher quality are generated. When a magic
state of sufficiently high quality is produced it is then
used to perform a non-Clifford gate on the computational
logical qubits. There are also a number of other methods
for fault-tolerantly preparing magic states including trans-
versal, cultivation-based, and code-switching approaches.
Fault-tolerantly prepared trap magic states must have error
rates similar to the target magic states for the accreditation
bound to be valid. We now describe how this can be
achieved in the context of the Clifford + 7 computational
framework in a way that is compatible with all the methods
of fault-tolerant magic state preparation mentioned.

For each trap circuit, the same number of |z/4) magic
states is fault-tolerantly prepared as are used in the target

circuit. Let us say there are K non-Clifford gates in the
target circuit, each requiring a magic state. Then the same
number of the same type of magic states is prepared for each
trap circuit. However, prior to these being used to perform
gates in the trap circuits, they are combined in pairs using
gate teleportation to produce K/2|x/2) states. These states
are then assigned uniformly at random to the relevant gates
performed by the consumption of these states in the trap
circuit. The remaining K /2 gates are performed using fault-
tolerantly prepared |z/2) states. This construction introdu-
ces no additional resource overhead. However, it requires an
additional assumption regarding the noise behavior of the
magic state combination step, namely that the operation
used to combine two |z/4) states into a single trap magic
state is non-noise-decreasing. And so the effective error rate
of each resulting trap magic state is no smaller than the
combined error rates of its two input target magic states
(up to higher-order corrections). This ensures that the trap
circuits may be used to provide a conservative bound on the
target circuit logical error rate.

In some cases, it may be reasonable to assume that fault-
tolerantly prepared |z/2) or |z) states are of very similar
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quality to fault-tolerantly prepared |z/4) states. This
would depend on the type of magic state preparation
method used and the form of the logical noise affecting the
circuits. The reason this assumption is avoided in the
previously stated approach is that |z/4) states are vulner-
able to X, Y and Z errors, while |z/2) states are stabilized
by Y errors and |7) states are stabilized by X errors. And,
for example, purifying different magic states for target and
trap circuits could then lead to appreciable differences in
the fidelities of the purified target and trap magic states,
potentially affecting the validity of the certification bound.
However, if this assumption is accurate, one could prepare
and use different trap and target magic states.

The gates performed by consumption of the fault-
tolerantly prepared trap magic states are immediately
followed by a cancelling fault-tolerant Pauli 7 rotation
gate, resulting in overall identity operation. This is absorbed
into the following Pauli twirling logical gate layer.

APPENDIX B: LOGICAL RANDOMIZED
COMPILING

We now describe the method we call logical randomized
compiling, a compilation technique that effectively trans-
forms general logical circuit noise, from, for example,
incorrect decoding or imperfect magic state preparation,
into logical stochastic Pauli noise. This is based on the
NISQ circuit compilation technique called randomized
compiling, where randomly chosen Pauli gates are com-
piled together with layers of single-qubit gates in order to
Pauli twirl circuit noise into stochastic Pauli noise [13]. We
now describe how to compile the twirling operations into
the logical circuits, and how these operations transform
noise affecting different components of the logical circuit.
This includes the twirling of magic state preparation noise,
both in the scenario where state purification is applied, and
where it is not.

It was shown in Refs. [62,63] that randomized compil-
ing may be extended to non-Markovian noise. The
following derivations explicitly treat the case in which
the logical noise at each circuit location is represented by a
quantum channel. For general non-Markovian noise, the
complete multi-time process may instead be represented
by its Choi channel. Independently applying logical Pauli
twirls at each circuit location Pauli-diagonalizes this Choi
channel, yielding a stochastic Pauli process whose errors
may remain classically correlated in time [62,63].

Let P = (Py,...,Pp,;) denote a trajectory of Pauli
errors acting at the different circuit locations. The twirled
process may be characterized by a joint probability
distribution

Pr(P) = cp, (B1)

cp >0, ZCPZI.
P

In general, this joint distribution need not factorize over
the circuit locations, and the Pauli errors may therefore be
classically correlated in time. Logical randomized compil-
ing removes coherence between distinct Pauli error tra-
jectories, but does not necessarily remove these classical
temporal correlations. This extension assumes that the
twirling gates are sampled independently and that the noise
is independent of the choice of randomizing gates, as
specified by the noise assumptions of the protocol. The
implications of temporally correlated Pauli errors for the
soundness of the certification protocol are discussed in
Appendix E.

1. Compiling together contiguous twirling operations

Since the logical qubits are encoded using a QEC code,
logical single-qubit gates and logical Pauli gates cannot
be compiled together, as is done in NISQ randomized
compiling [13]. We now describe how the logical ran-
domized compiling operations are integrated into the
logical target and trap circuits. The twirling operations
are layers of logical single-qubit Pauli operations inter-
leaving all the logical gate layers of the circuit. Contiguous
twirling operations are compiled together, so that a single
logical layer of Pauli twirling operations includes both the
undoing operation from the previous twirl and the oper-
ation for the following twirl. For example, a single instance
of a twirling gate layer P’ performed at an arbitrary point
in the circuit combines both the undoing operation for the

i — 1)th twirl, P(E) , and the application of the ith twirl,
i—1
Pgl), that is

P =pP"p? (B2)

Then, rather than having a logical noise channel for both
P; and Pj'_l, there is a single noise channel associated with
the logical Pauli operation P!. So the noisy application of
P’ may be written

5 2
Pi=¢p,P PP, (B3)
where the noise channel £p is twirling gate layer inde-

pendent (see Assumption A2 in Sec. III B) and so does not
depend on the specific twirling operation being applied.

2. Twirling logical computational state
preparation noise

Computational logical qubits are initialized in the state
|0") :=|0)®". If the prepared logical state is denoted by p,
the logical state preparation error rate is defined as

€:=1—(0"[p|0"). (B4)
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The twirling gate set is chosen to be {1, Z}®", and the
twirled logical state may then be written

Z PipP;

P, e{l.z}®"

DI DS ax.y|x><y|>Pi.

p,.<
Pel{lz}® \xe{0.1}"ye{0.1}"

pr=2""-

(B5)

For each a, ,|x)(y| term in the sum within the brackets,
if x # y then the term acquires a multiplicative prefactor of
—1 from half the Pauli operators, and a prefactor of +1
from the other half. If x = y then the term will acquire a
multiplicative prefactor of +1 from all the Pauli operators.
In consequence, the off-diagonal terms cancel, leaving
only the diagonal terms in the sum

PT = Z ax.x|x><x|

xe{0,1}"

=(1=e))0) (0" +e- >
sefo.13m{o"}

= (1—¢)]0")(0"| +¢- >

Pre{l.x}y®n\{r®"}

5] 8) (s

aP,-Pi|0n><On|Pi’

(B6)
where, for e >0, &, :=a,,/e, and @p, denotes the
corresponding  coefficient under the identification

P;|0") = |s). Hence,

Oy = g ap, = 1.

s€{0,13"\{0"} P e {1.X}®\{I%"}

When e = 0, the state is simply p7 = |0")(0"|. Thus, the
state-preparation noise is twirled into a stochastic logical
Pauli-X channel.

) —4

| /4) —— T )
(a)

) T [¢)

|m/4) —4

FIG. 11.

3. Twirling logical Clifford gates

Single- and multi-qubit Clifford gates in the target and
trap circuits may be efficiently Pauli twirled. The Pauli
gates applying each twirl are chosen uniformly at random,
and, since the gates being twirled are Clifford, the gates
resulting from propagating the initial Pauli gate operations
through them may be efficiently classically computed. The
twirling operations leave the logical circuit unchanged,
only transforming general decoding errors that might
occur during the application of the logical Clifford gates
into logical stochastic Pauli errors. The twirling may be
performed in a similar way to the randomized compiling
technique proposed in [13], where physical Pauli oper-
ations are used to twirl noisy physical CNOT gates.

4. Twirling logical non-Clifford Pauli rotation gates

The non-Clifford gates considered in the framework are
performed by the consumption of magic states in magic
state injection. Circuits implementing gate injection using
|z/4) magic states are shown in Fig. 11. The only non-
Clifford component of magic state injection is the magic
state preparation, with all other operations involved being
Clifford operations. Each component of magic state
injection is Pauli twirled at the logical level. To simplify
analysis of the effect of twirling on non-Clifford gate noise
in this subsection, we treat the non-Clifford gate at the
logical level without explicitly decomposing it into its
injection gadget components.

An n-qubit logical Pauli rotation Rp(6), where P €
{I,X,Y,Z}®" and 6 € [—n, x|, may be performed through
the consumption of a |@) magic state. We will now show
that twirling such a gate using the approach described
transforms any logical Pauli rotation gate noise from
imperfect magic state preparation, teleportation or projec-
tive measurement into a logical stochastic Pauli channel.
We note that the method presented here provides one
possible resolution to the open question posed by Piveteau
et al., about how one might twirl the logical noise of non-
transversal non-Clifford gates beyond the T gate [15].

) —E
16) | X — Rz(£9) |v)

¥)
0) —4

Rz(£0) [¢)

Quantum circuit diagrams showing different ways of performing T gates, in (a) and (c), and RUS R(6) gates, in (b) and (d),

by gate teleportation. For the RUS gates shown in (b) and (d), if the measurement yields the eigenvalue — 1 (i.e., measurement outcome

bit “1”), the RUS gate is repeated.
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The binary symplectic representation of Pauli operators
defined by ¢(.) is the isomorphic map from the group of
phaseless n-qubit Pauli operators to 2n-bit binary vectors,
thatis P, — Z%”. Where the jth entry of the vector is equal
to the power of the X operator at the corresponding
position in the Pauli operator, and the (j+ n)" entry
the power of the Z operator in the corresponding position.
The action of the map ¢(.) on an arbitrary Pauli operator
pPeP,is

H(P) = ¢<Jé1XfoZf> - <@li> ® (@l z,~> = (x|z).
- : (B7)

Now the commutation relation of two Pauli operators,
P, = X*Z" and P, = X*Z*, may be written as

(XXIZZI ) (XXZZZZ) — (_1)X1‘12+X2‘11 (XXZZZZ)(XXIZZI )
(B8)

The term dictating the power of (—1) defines the
symplectic product, this operation preserves the commu-
tation properties of the Pauli group in this binary repre-
sentation. The symplectic product is defined as

(x1]21) © (X2|23) =X1 -2 + X3 -2y mod2, (BY)
and two Pauli operators commute iff
(x1]21) © (x2[22) =0, (B10)

where the space (F; @ [}, ©) is sometimes referred to as a
symplectic product space.

Let the initial m-qubit quantum state, where m > n, be
denoted by p. And let the application of the noisy rotation
gate be modeled as o Rp(0) o (.), where &(.) is the logical
noise channel associated with the gate due to the magic
state injection gadget acting on the data qubits, excluding
magic state preparation noise. Applying the noisy Pauli
rotation to the initial state p then results in the state

pl=EoRp(0)0(p).

When logical Pauli twirling is applied to the noisy
rotation gate, the resulting state is

(B11)

p7:4—"< > PiosoRpw)oP,»)o(p)

P,e{l.X.Y.Z}®"

:4—"< > PiooP (B12)
P, e{lX,Y,Z}®"

o Rp((—1)n@Pr '9>> 5 ().

where bp. and bp are the binary symplectic representations
of the Pauli operators P; and P respectively. To get the
second equality, the Pauli operators have been propagated
through the Rp(0) gate to isolate the logical noise channel
for the Pauli twirling. However, the Pauli operators that do
not commute with P pick up a phase of —1. The action of
these phase factors resulting from the Pauli conjugation
can be understood in terms of considering twirling at the
level of the decomposition of the gate into its magic state
injection components. In particular, when expressed at the
level of the injection gadget, phase changes arising from
anticommuting instances of the Pauli twirling of the logical
gate are effectively absorbed into the twirling of the magic
state preparation noise. This is done either by updating the
angle of the phase-rotation for non-fault-tolerant magic state
preparation, or by including this in the twirling gate set of
fault-tolerantly prepared magic states. For example, the
twirling gate set for |z/4) is {1, SX}, and so the X-twirling
term is applied along with a phase-correction in the form of
the S gate. The methods for twirling magic state preparation
noise are described in Appendix B 1.

For gates performed using non-fault-tolerantly prepared
|0) magic states, we require that the phase rotation depends
on physical single-qubit rotation gates, rather than physical
multi-qubit rotation gates. Using Assumption (Al), the
phase-rotation of the non-fault-tolerantly prepared magic
states can then be updated during magic state twirling
without changing the state-preparation noise. This aspect
of the compilation of the logical rotation gate used to
prepare the magic states is illustrated in Figs. 9(b) and 9(c),
where multi-qubit Pauli rotations are compiled using
physical single-qubit rotation gates and CNOT gates.
These are contrasted with the direct application of a
multi-qubit Pauli rotation gate in Fig. 9(a). Fault-tolerantly
prepared magic states do not require updates to the state-
preparation procedure during twirling, as described in
Appendix B 1. Consequently, the logical randomized
compiling method is compatible with standard fault-
tolerant magic-state preparation methods, including trans-
versal, distillation-based, and cultivation protocols.

This means that we can remove phase changes induced
by anticommuting Pauli terms, and the twirled state is

pr=47" ( Z P;o&o
P.e{l.X.Y.Z}®"
Rp((—1)"r:®Pr '9)°Pi> °(p)

_4n< Z PioSoP,~> oRp(0)0(p), (B13)
P, e{lX,Y .Z}®"

The action of the twirled logical gate on the quantum
state p is then
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PL[ _ <4n . Z P[OSOPi> ORP(H)O(ID)'
P, e{lXY Z}®"
(B14)

The term inside the brackets is in the standard form
required for Pauli twirling a quantum channel. Suppose the
channel € has Kraus operators { By }, that obey the trace-
preserving property >, BZB « = I, known as the complete-
ness condition. Channels that may be represented by a
single Kraus operator are known as coherent, and when
more than one Kraus operator is required, as incoherent.
The evolution of state p under the action of £ may be
modeled using the operator sum representation

E(p) =Y BB, (B15)
k

The n-qubit Pauli basis is a complete basis for n-qubit
quantum channels. Therefore, each Kraus operator in the
set {B; }; may be decomposed in the Pauli basis such that

B, = Zi’fpi,
i

(B16)

where {P;}; is the set of all n-qubit Pauli operators and
|{P;};| = 4". Now the operator-sum representation of the
state evolution may be decomposed in the Pauli basis as

=SS (Sn)
= Z Z(J/f-‘P, p(riP))t

= Z Zrﬁ‘ “PipP;

= LD(i,j PP,

(B17)

where in the final line we have defined y;; := >, 7i7}".

Indeed, this is the well-known process or y-representation,

and the matrix defined by y; ; is known as the y-matrix.

The relation ), .y, ;P;P; =1 follows from the trace-

preserving property of the set of Kraus operators repre-

senting the quantum channel. From which it follows that
tr(>_,; ;xijPjP;) = 2", or, equivalently,

S =Y =Y I =
i ik i,k

(B18)

Therefore, the diagonal entries of the y-matrix are real
and sum to 1. Now

hPlObPPp l)bplObP/P/

4- ZPIPP]pP,PP, 4- Z

_ 47nZ(_1)bP[Obp+bp[ObP/ PpP/

:4_112(—1)bP1®<bP+bP,)PpP/.
I
(B19)

The distributivity of the symplectic inner product is used
in the final equality. Now if P = P’, then the symplectic
product becomes bp, © 0 = 0 and the result is
PpP.

4= "P,PP;pP,PP, = (B20)
[

Whereas if P # P’, then for half of the Pauli group
bPl (0} (bp —+ bp/) =0 and half bp[ (O} (bp —+ bpl) =1
resulting in overall cancellation and the elimination of
the term. So that
VP#P.

4= "P\PP;pP\P'P; =0 (B21)
1

An intuitive interpretation of this is that, if P # P/, the
sum mod 2 of two binary representations bp + bp: defines
a new n-qubit Pauli operator, and this operator commutes
with half of the Pauli group and anticommutes with the
other half, resulting in cancellation.

The Pauli twirling eliminates all of the off-diagonal
components of the Pauli decomposition of the channel,
leaving only the diagonal elements. As these elements are
real, and sum to 1, the transformed channel is a stochastic
Pauli channel. Taking the Pauli twirl of the channel &
transforms it to

E(p) =PI D xijPiPiPipPP;P)
I i
= E XiiPipP;
= ZCP,-PLDPI"
i

Where we have defined the set of Pauli operator
probability coefficients {cp };, such that the coefficient
for Pauli operator P; is cp . Therefore, the logical non-
Clifford Pauli rotation gate noise is transformed by the
twirling into stochastic logical Pauli noise.

(B22)

5. Logical measurement twirling

Logical measurement noise may be Pauli twirled by
applying random Pauli operations immediately prior to
logical measurement, and then undoing the action of the
Paulis after measurement through the use of classical
postprocessing. Noise affecting the measurement out-
come |z), where z € {0, 1}", is modeled as &, o (|z)(z])
where the logical measurement noise is denoted by &,.
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The measurement noise may then be Pauli twirled by
applying a layer of logical Pauli operations immediately
prior to measurement, and a virtual Pauli gate layer after
measurement, positioned between the noise channel &,
and the ideal measurement outcome |z)(z|. The virtual
gate layer is performed by classical postprocessing of
the measured output bit string, conditionally flipping the
output bits to undo the effect of the logical Pauli layer on
the measurement outcome. That is, if the ith term in the
tensor product of the Pauli operator applied before meas-
urement is an X or a Y operator, the ith bit in the output bit
string is flipped. Whereas if it is an / or a Z operator, the bit
is left unchanged. This may be summarized by the relation
P;|z)(z|P; = |z @® xp,)(z @ xp,|, where the sum is mod 2
and the bits of the ordered bit string xp_ are 1 s where the
logical n-qubit Pauli operator P; acts on the corresponding
logical qubit with an X or Y operator, and 0 s otherwise.
The measurement noise is then transformed into a logical
stochastic Pauli channel in the following way.

The twirling operations are applied immediately before
measurement, and the twirled measurement outcome may
then be written

MT - 4711 Z

P, e{IX.Y,Z}®"

— 4" Z

P, e {I.X.Y.Z}®"

— 4 Z

P, e{1.XYz}®"

= (=Rl +e Y apPio(a).

Pje{1X.Y.Z)®"
xp.#o"
P70

Pio&yo(lz@® xp,){(z® xp,|)
P;o&y o (Pilz)(z|P;)

Pio&yoPio(|z)(z])

(B23)

The post-twirl measurement error rate is then defined as
€:=1— (z|M7|z). The coefficients satisfy ap, > 0 and

Z apjzl.

Pje{1X.y.2}®"
Xp. Oll
P;#

The relation P;|z)(z|P; = |z @ xp,){(z @ xp,| is used in
the second line, where the notation @ denotes addition
modulo two. This operation can be achieved by reassign-
ing bits in the measured outcomes.

6. Compiling the twirling gate operations
into the logical circuits

The Pauli twirling operations are included in the target
and trap circuits by effectively interleaving gate layers
with Pauli twirling gate layers, with the first Pauli layer of
each circuit used to twirl state-preparation noise and the
last to twirl measurement noise. The ith logical circuit,

C), may be written as a sequence of D logical gate layers
and logical Pauli twirling gate layers as

e = PO (PP o Pl ) o7 829

where E.E-i) denotes the jth logical gate layer of the ith

circuit. For the jth Pauli twirl, the notation 775»1) and Pﬁ-z)
indicates the Pauli twirling operation being applied and

then undone, respectively. The 7381) and Pgil Pauli gate
layers twirl the logical state preparation noise and the logi-
cal computational qubit measurement noise. Contiguous
twirling operation layers may be compiled together into
a single Pauli layer. The result of the Pauli twirling
operations is that all logical state-preparation, gate and
measurement noise is effectively transformed into logical
stochastic Pauli noise.

7. Twirling magic state preparation noise

We distinguish between two frameworks for logical
computation, describing means of twirling magic state
preparation noise into logical stochastic Pauli noise in each
instance. Firstly, in the case where target magic states are
of the form |z/4), these states can be purified or unpu-
rified. And secondly, in the case where target magic states
are arbitrarily phase-rotated and are of the form |6), these
states are not purified.

a. Twirling scheme for computations
involving —|xz/4) target magic states

If |z/4) magic states are used in the target circuit, the
following magic state twirling methods are used. This
approach is compatible with the inclusion of magic state
purification in the computation.

We now describe the procedures for twirling the state-
preparation noise of the |z/4) target magic states, and the
|7/2) and |z) trap magic states into stochastic logical Pauli
noise. Although the proofs demonstrating that twirling the
state-preparation noise of the |z/2) and |z) magic states
results in stochastic Z-channels are similar to the one for
|z/4) magic states, we include them for the sake of
completeness.

The initialized state in each instance is a logical |+)
state; and the magic state state-preparation noise may be
twirled using the gate set {/, X} into a logical stochastic
Pauli-Z channel.

b. Twirling —|z/4) magic states
We now show that twirling |z/4) magic states
transforms any noise affecting these states into stochastic

logical Z noise. These states are twirled with respect to the
gate set {I, A}, where A = |z/4)(x/4| — Z|z/4){n/4|Z.
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The logical error rate is defined
€:=1—(n/4lp|n/4). (B25)
Noting that |z/4)(z/4| — Z|n/4)(x/4|Z = e~""/*SX and that

. Cin 0 1 0 —in/4
e ASX = e /4(1' o) = (em/4 ¢ 0 ) (B26)

Let |w) == Z|n/4), the twirled state is then

20+ ApAT) = 2 (@ l/4) /4] + ol 4) o]+ o) /4] + o) wl) + A/ 4) (/4] + cal/4) (vl (B2)

+ as|w)(z/4] + agw) (w])AT) (B28)
= % (a1 (|/4) (m/4] + Alz/4)(z/4|AT) + as(jw){w| + Alw) (w|AT)) (B29)
= %(al(|”/4> (/4] + |7/ 4)(x/4]) + as(|w)(w| + [w)(w])) (B30)
= ay|m/4)(7/4] + aslw)(w| (B31)
= (1 —€)|z/4)(n/4] + €[w) (w]. (B32)

We have decomposed p in the basis of the orthogonal states |z/4) and |w) with @; €C, a; + a4 = 1, and a3 = a}. We
then used that

Alr/4) (WIAT + [x/4) (w| = (|z/4) (z/4] = [w) (WD) |/ 4) (wl(|/4) (/4] = [w) (W) + |/4) (w]
= —|a/4){x/4||lx/4) (wllw) (w| + |z/4) (W] = O (B33)
to get the second equality. The twirled noisy state may then be written as
T(p) = (1 —€)|x/4)(x/4] + elw)(w| = (1 — €)|z/4)(x/4| + eZ|z/4)(n/4|Z. (B34)
And so the twirled noise is a stochastic Z channel.

c. Twirling —|z/2) magic states

We now show that twirling |z/2) magic states transforms any noise affecting these states into stochastic logical Z noise.
These states are twirled with respect to the gate set {/, B}, where B = ZX. The logical error rate is defined

€:=1—(n/2lp|n/2). (B35)

Let |w) := Z|x/2), the twirled state is then

%(ﬂ + BpB") = % ((o|/2)(7/2] + ao|m/2) (W] + as|w) (x/ 2] + as|w) (W]) + Ble|n/2) (z/2| + ao|m/2){w|  (B36)

+ as|w)(n/2|) + ay|w) (w]) B") (B37)
= %(al(|”/2><”/2| + B|n/2)(n/2|B) + au(|w)(w| + Blw){w|B")) (B38)
= %(al(|ﬂ/2> (/2| + |2/2)(x/2]) + as(lw)(w| + [w)(w])) (B39)
= oy|m/2)(7/2] + aslw)(w| (B40)
= (1= €)|n/2){x/2] + elw){w]. (B41)
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Similarly to before, p is decomposed in the basis of the orthogonal states |z/2) and |w) with a; €C, a; + a4 = 1, and

a; = a;. We then used the relation

Blz/2)(wlB + |7/2)(w| = (|z/2)(x/2| = [w){w])|z/2) (wl(|m/2) (z/2] = [w)(W])" + |z/2)(w]

= —|m/2)(=/2||7/2)(wllw) {w| + |m/2) (W] = O

(B42)

to get the third equality. And so the twirled noise is a stochastic Z channel with the noisy state expressed as

T(p) = (1 —€)|x/2){x/2| + elw){w| =

(1 —e)|r/2)(n/2| + €Z|x/2){x/2|Z. (B43)

d. Twirling —|z) magic states

We now show that twirling |7) magic states transforms any noise affecting the state into stochastic logical Z noise. The

logical error rate is defined as

€:=1— (z|p|x). (B44)
Let |w) == Z|x), the twirled state is then
30+ XpXT) =2 (@) (a] + aalmy vl + s (a] + awh(w]) + X (el (a] + aalmhiw] — (B45)
Fashw) ) + ) w)XT) (B46)
= 2@ (el + X (a1X") + () o] + Xl w]X7)) (B47)
= 2@l ]+ b)) + () o] + ) (B49)
= oy |7) (x| + ag|w)(w| (B49)
= (1= )l + el ], (B50)

Similarly to before, p is decomposed in the basis of the orthogonal states |z) and |w) with a; €C, a; + a4 = 1, and

a; = a;. We then used the relation

X|m) (w]X" + |z} (w| = () x| = [w) (w]) ) (W] ([7) (] = [w) (w]) T + [z} (wl = =) () (w [ w) (] + | ) (w| = O

(B51)

to get the third equality. And so the twirled noise is a stochastic Z channel, and the twirled state may be expressed in

the form

T(p) = (1 = €)|m){x| + elw)(w| = (1 — €)|z)(x| + eZ|z) (x| Z.

e. Twirling scheme for computations
involving —|@) magic states

In the partially fault-tolerant regime one may use
arbitrarily phase-rotated magic states. If |§) magic states
are used in the target circuit, the state preparation noise is
transformed into logical stochastic Pauli noise using a
Pauli twirling approach. In this case, the gate applying the
Pauli-Z rotation is Pauli twirled, with the phase rotation
angle reversed if the X or Y twirling operations are applied.
For this implementation we require that the phase rotation
of the non-fault-tolerantly prepared magic states depends
on physical single-qubit rotation gates, rather than physical

(B52)

|
multi-qubit rotation gates. For example, the Pauli rotations
shown in Figs. 9(b) and 9(c) are valid, while Fig. 9(a)
is not.

Let the initial ancillary qubit logical state be denoted p.
In the absence of noise, this initial state is p = |+)(+]|. The
state-preparation noise for this state is twirled using the
gate set {/, X}, which transforms the logical state prepa-
ration noise into a Pauli-Z channel.

To prepare the |0) state, a logical Z(0) rotation must be
applied to the ancillary qubit. Let the application of the
noisy logical Z rotation gate be modeled as €0 Z(0) o (.),
where &(.) is the logical noise channel associated with
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application of the logical Z rotation gate. Applying the
noisy Pauli rotation gate to the state p results in the state

p=EoZ(0)(p). (B53)

If Pauli twirling operations are included, sandwiching
the noisy Z(6) gate, instead the state is

PT 24_1< Z PiogoZ(e)oPl) °(p)
P,e{I1X.Y.Z}

= 4_1 < Z Pi OEOPi
P, e{l.X.YZ}

o Z((~1)PnOb e)) (o). (B54)

where bp, and by are the binary symplectic representations
of the Pauli operators P; and Z respectively. To get the
second equality, the Pauli operators have been propagated
through the Z(#) gate to isolate the logical error channel
for the Pauli twirling. However, the Pauli operators that
do not commute with Z reverse the rotation angle of the
Z rotation gate. This change in rotation angle can be
counteracted by updating the rotation angle in each
twirling instance. Since the rotation angle depends on
the action of physical rotation gates, and we are assuming
that physical single-qubit gate noise is gate-independent,
the updates can be made without changing the gate noise.
The twirling operation then becomes

PT:41< >

P,e{I.X.y.Z}

°(p)

:4_1< Z Pi°5°Pi> °Z(0)° (p).
P,e{I1X.Y.Z}

The logical rotation gate channel has now been isolated
from the gate, and the transformation to logical stochastic
Pauli noise follows in the same way as in Appendix B 0d.
The Pauli twirling eliminates all of the off-diagonal
components of the Pauli decomposition of the channel,
leaving only the diagonal elements. Taking the Pauli twirl
of the channel £ transforms it to

gp= Y

P e{lX,Y.Z}

Pio€oZ((~1)%% -0) P)

(B55)

enPoZ(O)p).  (BSO)

Where we have defined the set of Pauli operator
probability coefficients {cp },, such that the coefficient
for Pauli operator P; is cp . Therefore, the magic state

preparation noise is transformed by the twirling into
logical stochastic Pauli noise.

The corresponding trap magic states are twirled using
the same approach.

APPENDIX C: COMPUTING THE UPPER
BOUND ON THE TVD OF THE
EXPERIMENTAL TARGET CIRCUIT
OUTPUT FROM THE IDEAL OUTPUT

We now derive Theorem 1 from the main text.

To implement the certification protocol, the target and
trap circuits are run using encoded logical qubits on the
specified quantum device, and the measured outputs of the
trap circuits are used to certify the target computation in
the following way. The logical twirling scheme described
in Sec. B 0 a transforms general logical noise into sto-
chastic Pauli noise. For each possible circuit position 7, the
output state that would be generated if the target circuit
was executed in that position may be decomposed as

(0) (i)

Pout = <1 - Pel ‘ Wl

)pf)ul,id + Pelrrpnoisy, (Cl)

vy

where pé’rl is the probability that errors affecting execution

position i would have a non-trivial effect on the target
circuit if it were run in that position, and pl(fo)isy is the
corresponding target output state when such errors occur.

The gate operations of the ideal target circuit, C7, may be
written as a sequence of D logical gate layers,

D
cr=]]L
j=1

where L; denotes the jth logical gate layer of the target
circuit. Now, including the logical circuit noise associated
with execution position i, the previous term becomes

D
ey~ e, (1T <0
=1

where Sy) denotes the logical effective Pauli noise channel

(C2)

(C3)

associated with logical gate layer £;. The noise channels

SE)’) and Eg)ﬂ denote logical state preparation and meas-
urement noise, respectively. Noise arising from the use of
noisy magic states and from incorrect decoding during
cycles of error correction are included in the set of gate

layer noise channels {Sﬁi)}j. Under the stated noise

assumptions, the same distribution of position-dependent
noise channels affects a trap circuit executed in position i,
although the resulting errors may propagate differently
through the trap circuit than the target circuit. The value
pé’rz therefore depends on the noise affecting execution
position i and on its effect on the target circuit.
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After the randomly ordered target and trap circuits are
run on the quantum device and the measured outputs are
recorded, the outputs of the trap circuits are classically
postprocessed to compute an upper bound on the error of
the target circuit output. Specifically, they are used to
bound the TVD between the experimentally sampled target
circuit output distribution, D, and the ideal distribution,
Digea- If the states pg, and pg,jq are measured in the
computational basis, for which the measurement projec-
tion operators are {II}, where I1; = |s)(s| for s € {0, 1}",
the TVD of the output distributions can be expressed as

1
5(Dexp’ Dldeal) Z ‘Tr[(pout - pout,id)ns”
se€{0,1}"
1
= B Z ‘pexp(s) — Pidear(5)]- (C4)
se{0,1}"

Let the probability that the ith trap circuit returns a bit

string other than 0" be denoted by pl(fl)c Let p((:la)nc denote the
conditional probability that errors which would have a
non-trivial effect on the target circuit cancel in the ith trap
circuit, and let p((i;)t denote the probability that the remain-
ing non-trivial error is detected. The probability that a trap
circuit does not output the bit string 0", i.e. that errors
occur and are detected, is lower-bounded by the proba-
bility that errors occur in a trap circuit, do not cancel, and
are detected, so that

p1(1112: > pg‘)r . (1 - pgl)nc) : p((ilgt’ (CS)
which may be rearranged to
: (@)
plt < — D (C6)

(1 - p((IQHC) . P((jlgt

The TVD can be upper-bounded using the inequality:
5(D£Qp,Dl(d)eal) < D(pfmt,pOut .4)» Where D(.,.) is the trace

distance. The trace distance between the experimental and
ideal target output states, if the target circuit was executed

in position i, is
(i) (i) (i)

1 N
= ETr < ‘ (1 - pgf%)pgu)t,id_’_perrpnoisy —Pout.id

i i)
() p(()l.ltld

NG 1
D(/)ggw/’((nzt,id) 2Tr<

)

(€7

L i i
:EPQTY (|p£10)isy _p(<)u)l,id |>

And because %Tr(|pff0)isy - p((fu)[’idD <1, it follows that

D(Pgiu)v/’gigt.id) < pg‘Z (C8)

Therefore, the TVD that the target circuit would have if
executed in position i is bounded by

(i)

i i Pinc
(D8 Dlia) S 75— (©)
(1 — pcanc) " Pdet

The noise channels affecting different circuit runs can be
different and are assumed to be independent, as stated in
assumption A3. The output of the trap circuits may be used
to upper-bound the average total circuit error rate over the
ensemble of possible noise behaviors affecting the target
and trap circuits. The target circuit can be viewed, when
averaged over the uniformly random circuit ordering, as
subject to the distribution of all noise behaviors, with an
overall error rate equal to the expected error rate of the
distribution. Therefore, the upper bound on the total circuit
error rate computed from the trap circuits may be applied
to the target circuit.

Let $# be a uniform upper bound on the cancellation
probabilities and w be a uniform lower bound on detection
probabilities, such that pg,)nc < p and pggl > w for every
trap circuit index i. Let R€{l,...,M + 1} denote the
uniformly random physical execution position assigned to
the target circuit. For each physical execution position r,

let p”

ine denote the probability that a trap circuit would
return a bit string other than 0" if it were executed in
position r, under the noise associated with that position.
Define the target output distribution averaged over the
uniformly random circuit ordering as Dey, := Eg [Dgfg,]. By

convexity of the TVD and the bound in Eq. (C9), we have

[ER[Pi(fc)]
(I =P

N { mec} (C10)
r#R

The final equality follows because

( exp: 1deal> < |:ER [5 (Dgff)h Dideal):| <

mec} (C11)

E =
R[Pmc M—|— 1 Z 1nc [ o
Thus, the expected target error probability and the
expected mean trap failure probability are averages
over the same ensemble of position-dependent noise
behaviors. For notational simplicity, we will henceforth
write Dey, = f)exp, so that all subsequent target output
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distributions and probabilities include the uniform ran-
domization of the target execution position.

For a realized target circuit position R€ {1, ..., M + 1},
let {X, }, .z denote the outcomes of the M trap circuit runs,
where X, =0 indicates that the all-zero string 0" is
measured and X, = 1 indicates that any other bit string
is measured. Conditioned on R, the variables {X,}, .z
are independent Bernoulli random variables satisfying

X, ~ Bern(pi(gz), and E[X,|R] = pl(;g Here, pl(I:()Z is the
probability that a trap circuit executed in physical position
r returns a bit string other than 0". Define the empirical

trap failure probability by

) 1 N,
Pinc *= M;Xr = Jc s

(C12)

and define the corresponding mean trap failure probability

by pg =172k pl(gg It follows that E[p;, | R] = pg. By
Hoeffding’s inequality,
Pr (P — x| S €|R) 2 1-2e72M. (C13)
Because this bound holds for every value of R, it also
holds after averaging over the uniformly random target

position. Define the position-averaged trap circuit failure
probability appearing in Eq. (C10) by

R | Ml
Pin = Ex[pine] = Ml ; Ph. (C14)
For every realized value of R,

_ Pi(fc) — MR

Pinc — MR :T—H’ (C15)
and therefore
- 1

| Pinc — Hg| < Ml (Cl16)

Consequently, with confidence at least 1 — «, it holds
that Pip. < Pine + € + 37> provided that

M>11 2
—log(=]).
=2¢2 B\

Thus, the above condition on M is sufficient for p;,. to
estimate up to within ¢ with confidence at least 1 — «;
the additional term 1/(M + 1) accounts for the execution
position occupied by the target circuit and therefore
omitted from the observed trap mean.

The probability that a single error affects a trap circuit
and is detected, py., is lower-bounded according to the
following lemma:

(C17)

Lemma 3. Any single logical Pauli error of arbitrary
weight occurring at any single time-step during a randomly
generated trap circuit is detected with probability
Pdet 2 1/ 2.

This result is derived in Appendix D.

Cancellation effects arising from multiple errors may be
treated using one of the following three lemmas derived
in Appendix E. In Lemma 4, the probability of error
cancellation is neglected. In Lemma 5, the probability of
error cancellation from errors affecting multi-qubit
Clifford gates and gates performed using magic states is
bounded, and any other possible error cancellation is
neglected. In Lemma 6, the probability of error cancella-
tion for any collection of errors is bounded. Lemmas 4
and 5 use the original trap construction. Lemma 6, how-
ever, uses a modified trap circuit construction, this is
described in Appendix E 3.

Lemma 4. In the Markovian noise regime where
N¢ - gmax < 1, the probability of error cancellation is
bounded

PerrPcanc < 0((N8 : qmax)z)’ (C18)

where N is the number of logical noise channels affecting
the circuit, and ¢,,,, is the highest total channel error rate
of the noise channels. In this regime, we use f =0 as a
leading-order approximation, with the resulting additive
approximation error bounded as stated below. If this f
value is used to compute the TVD upper bound, y,
the magnitude of the resulting approximation error is
bounded by

|€y‘ < 0((N5 . Qmax)z)' (C19)

This result is derived in Appendix E 1.

Lemma 5. In the regime where the dominant source of
noise is due to the [J-type gate layers, the probability of
error cancellation is bounded by

PerrPcanc < 1/2perr + O(NJ * 41,7 max ° qc,max)’ (CZO)

where the noise affecting the J-type gate layers can be
non-Markovian, and the rest of the noise is assumed to be
Markovian. Here N ; denotes the number of logical noise
channels acting on J-type gate layers, g, 7 . the highest
total channel error rate among these, N the number of
logical noise channels acting on single-qubit Clifford gate
layers, state preparation, and measurement, and g¢ ..« the
highest total channel error rate among these. In this noise
regime, we use f§ = 1/2 as a leading-order approximation,
with the resulting additive approximation error bounded
as stated below. If this f value is used to compute the
TVD upper bound, y, the magnitude of the resulting
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approximation error is bounded by

|€y| < O(NJ “q1,7,max CIC.max)- (C21)

This result is derived in Appendix E 2.

The following lemma uses a slightly different trap
circuit construction, referred to as the modified trap circuit
construction, described in Appendix E3.

Lemma 6. For the modified trap circuit construction, the
probability of error cancellation in the trap circuits is
upper-bounded by peane < 7/8.

This result is derived in Appendix E 3. It can be shown
that the same error detection bound stated in Lemma 3 also
applies for the modified trap circuits; i.e. pge > 1/2.

Combining Lemma 3, which gives pg. > 1/2, with the
cancellation results, we use =0 for Lemma 4 and
p = 1/2 for Lemma 5, in each case neglecting the corres-
ponding additive approximation term stated above. For
Lemma 6, # = 7/8 is an exact uniform conditional upper
bound. Thus, let

0 if Lemma 4 is used

p=4¢ 1/2 if Lemma 5 is used (C22)
7/8 if Lemma 6 is used,
the TVD is bounded by
2pinc
5(Dexp’ Dideal) < 1 _ﬂ- (C23)

The soundness of the protocol comes from upper
bounding the false positive rate (i.e. 1 — (1 — peanc) Pdet)
with a soundness parameter €,. The different values of
and Lemma 3 give the corresponding leading-order sound-
ness parameters

1/2  if Lemma 4 is used
3/4  if Lemma 5 is used
15/16

(C24)

€, =

if Lemma 6 is used.

5. 1
Let y := min {1, 2("%;“*‘)} where pic = Nine/M, the
bound

1
5 Z |pexp<s) _pideal(s)| < Vs

s€{0,1}"

(C25)

then applies with confidence (1 — &), where the number of
trap circuits satisfies the inequality M > 51y log(2). That s,

=23
at least f# log(%)] traps are needed to ensure a confidence
of atleast (1 — @) that the y bound is valid. When Lemma 4
or Lemma 5 is used, the right-hand side of Eq. (C25), and

of the subsequent state and observable bounds, is under-
stood up to the additive approximation error |, | stated in
Egs. (C19) or (C21), respectively. No such approximation
is required when Lemma 6 is used.

The accreditation bound also bounds the error in the
expectation value of an observable. Define the experimen-
tal target output state, averaged over the uniformly random
target execution position, as

Pexp = Erlpiui)- (C26)

The ideal target output state, denoted by pgy g 1S
independent of R because the random circuit ordering
changes only the physical execution position of the target
circuit and not its ideal logical operation. By convexity
of the trace distance, Eq. (C8), and the same averaging,

detection, and cancellation bounds used to obtain
Eq. (C23), we have

2p;
D(pexp’pout,id) < [ER |:D(p(()[§t)’pout,id)] < IER [pﬁfr)] SlTI;
(C27)

Combining the p;,. bound and the definition of y with
Eq. (C27) gives

D(pexp’ pout.id) <v (C28)

with confidence at least 1 —a. Therefore, for any
Hermitian observable O, Holder’s inequality gives

|<0>pexp - <0>p0u1jd| = |Tr[0(pexp _pout.id)”

< H0||ooH/)exp _pout.idHl

= 2||0||00D(pexp’pout,id) < 27/”0”00’
(C29)

where (0), = Tr(Op) and |O||,, denotes the operator
norm. For a Pauli observable, ||O||,, = 1, and the expect-
ation-value error is therefore upper-bounded by 2y.

APPENDIX D: LOWER-BOUND FOR THE
PROBABILITY THAT TRAP CIRCUITS DETECT
ANY SINGLE ERROR

We now prove Lemma 3 that states:

Any single logical Pauli error of arbitrary weight occur-
ring at any single time-step during a randomly generated
trap circuit is detected with probability p,,, > 1/2.

Proof. Let {C?},. denote the set of all possible trap
circuits for a given target circuit. The ith trap circuit

affected by logical-qubit-level circuit noise, é;i), can be
decomposed into logical gate layers and noise channels,
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and expressed in the form

. D .
ey =i - T](&- £) - &, (D1
=1

where &; denotes the logical Pauli noise channel associated

with logical gate layer [IE-'), &y denotes logical state
preparation noise and &p,; logical measurement noise.
Explicitly labelling gate layers where logical Pauli twirling
operations are performed, the sequence of logical gate
layers of an ideal trap circuit may be written

off =Pl - TI(PP-£)-PV) PP o2
=

The initial application of a Pauli twirling gate layer is
indicated by the superscript shown in P(), while the
subsequent Pauli gate layer that cancels it is denoted
|

K
i 1 2 ! 2
C<T) = Pg,§+3 '73(3K)+2 “H"- PéK)+2 ’ H(ng)ﬂ Wik -
k=1
PPl Pl

In practice, during circuit compilation any adjacent
logical Pauli gate layers will be merged together.

We now ignore Pauli twirling gate layers, as these do not
change the circuit logic but rather serve to transform
general logical noise into stochastic logical Pauli noise
(see Appendix B). However, the noise channels associated
with the Pauli gate layers can be combined with the noise
channels associated with the previous gate layers and so
are included in the following analysis. The previous
expression then may be written as

Pr(s:O”)*; Z Z

2 |{RW’I}I| 1€{0.1} Ry € {Ry, 1},

=1.

The second line follows from the fact that all of the
logical gate layers either cancel or stabilize the initial state.
The J-type gate layers can include identity operations
(from the use of trap magic states instead of target magic
states when performing state injection), as well as CZ.
This means that Wiy | J 3 War_1 H'|0") = H'|0"), for all
ke{l,...,K} and r€{0, 1}. The result is then that no

<O"|HtOkK:1 (W3k+1 VAT W3k71) oH'o (|0"> <On|) ’0">

by P?. As shown in Fig. 3, each trap circuit is generated
by randomly choosing whether to apply a layer of
Hadamard gates at the beginning and end of the circuit,
and randomly choosing the composition of the sandwich-
ing gate layers. For the ith trap circuit, let the jth
sandwiching gate layer be denoted Wﬁ»l) €{s,S", H}®".
Let the random logical gate layers at the beginning and end
of the trap circuits be denoted by H' = (H')®" where
t€{0,1}. Let Ry, denote a specific instance of sand-
wiching gate layers for a particular trap circuit instance,
and let {R)y;}, denote the set of all possible sandwiching
gate layer instances. Let J; denote the jth logical gate
layer that can contain gates implemented using trap magic
states, as well as multi-qubit Clifford gates. As r€ {0, 1}
and Ryy; € {Ryy,},, there are then |{C¥)}i| =2-{Ry, }/l
unique possible trap circuits. The ith trap circuit from the
set {C(Tl)} ;» including randomly chosen Hadamard gate

layers, sandwiching layers, and Pauli twirling layers, may
be expanded as

PP Ta PR PR W PUL ) 03)
(D4)

. / K
¢y = H(W3k+1 T War) - H (D5)

k=1

Each distinct set of randomizing gates defines a unique
trap circuit. As r€{0,1} and Ry,; € {Ryy,}, are both
chosen with uniform probability over their respective sets,
the probability of measuring s = 0" in the absence of
logical noise, summing over all possible trap circuits, is

(D6)

(D7)

I
error is registered as having occurred during any ideal trap
computation with probability 1.

We now consider noise channels acting at different
time steps of the computation and establish a lower
bound on the detection probability of all possible single
time-step logical Pauli errors across the set of possible
trap circuits.
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With the inclusion of a logical state-preparation Pauli noise channel, &, the probability that a randomly generated trap

circuit fails to detect a Pauli error due to this channel is

D

e{Rw.h

1

Pr(s = 0"&0) = 57
T Ry re{0.0} Ry,

From the set of logical Pauli errors induced by the
channel &, only those that have a non-trivial X or Y
component will not stabilize the initial quantum state.
When a logical Pauli error of this type occurs it follows
that p(s = 0"|Py) = (0"|Py|0") =0, where P, is a
Pauli error with a non-trivial X or Y component. This
means that any single Pauli error that non-trivially
changes the prepared computational state is detected with
|

<0"|HZOkK:1 (W3k+1 oJ30 W3k71) oH'o&yo (|0"><0"|) \O”>-

(D8)

|
probability 1. Similar arguments can be made regarding
logical measurement Pauli noise, as such errors affecting
the logical measurement operation at the end of the circuit
may also be detected with probability 1.

We now consider logical noise affecting the first
Hadamard gate layer. The probability a randomly gener-
ated trap circuit not detecting a logical Pauli error due to
this type of noise is

1
Pr(s =0"&)) = 57— Z (0"H' Oket Wit © T3k 0 Wary) 0 £ o H! 0 (|07)(07])|07) - (D9)
2 |{RW’I}I| t€{0.1} Ry €{Rw. 1}
1
= TR (0"[H" o &1 oM o (]0")(0"])[0") (D10)
2 HRW’l}ll te{0.1} Rw,zg;?w,t}z
1
<-.
<3 (D11)

The inequality of the final line is obtained as follows.
Since the parameter ¢ is either O or 1, each with probability
1/2, if a Pauli error P; occurs with a non-trivial ¥
component, it is detected with probability 1. If P, has a
non-trivial X component, but a trivial ¥ and Z component,
it is detected with probability 1/2. Likewise, if P; has a
non-trivial Z component, but a trivial X and ¥ component,
|

1

I
it is detected with probability 1/2. This then means that
any Pauli error is detected with probability at least 1/2.
Similar arguments can be applied to Pauli noise affecting
the final logical Hadamard gate layer.

We now consider noise affecting one of the VV-type gate
layers. The probability that noise affects the gate layer
Wsu—1 and is not detected is

Pr(s = 0"|Ey-y) = 2 Ry bl Z (0" H' Of_prs Wikgr © T30 Wiy (D12)
WIS 1€ {0.1} Ry, € (R}
o Winrs1 © Tam © Eap—1 ©Wan—1) O Wsier © T30 W) (D13)
o H' o (|0")(0"])[0") (D14)
1
— N o |H!OE . (W oSz oWs_ (D15)
7. |{RWI}]| o v ;{W.]}f | ka( 3k+1 3k 3k l)
0 E1 OV Wisky1 0 T3k 0 Wag_1) o H' 0 (]07)(0"])[0") (D16)
1
=T (0"[H" 0 Epy—y o H' o (|0")(0"])[0") (D17)
2 |{RW’I}I| 1€{0,1} Ry, EZ{RWJ}I
<! (D18)
<5
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To get the second line, we have that since Wsy,_; €
{S,S7,H}®", the following equality holds: £, Wy_y =
Win—1E5_1, where &£, | is another Pauli channel. The
inequality of the final line is obtained through similar
reasoning as was used for the case of noise affecting the
logical Hadamard gate layers. So that any error occurring
as a result of the noise channel &£, , is detected with
probability at least 1/2. Similar arguments can be made
regarding noise affecting the J-type gate layers. There-
fore, any single logical Pauli error occurring at any single
time-step during the execution of a trap circuit is detected
with probability pg > 1/2. m

APPENDIX E: UPPER BOUNDS FOR THE
PROBABILITY OF ERROR CANCELLATION
IN TRAP CIRCUITS

We now bound the probability that errors act on a
randomly generated trap circuit but cancel, thereby becom-
ing undetectable. Together with the bound on the trap
circuit detection probability for individual errors derived in
the previous section, this provides an overall bound on the
soundness of the framework. That is, a lower bound on the
detection probability for any collection of errors affecting
a randomly generated trap circuit; see Eq. (C23).

We consider three different scenarios, deriving upper
bounds on error cancellation probability in the trap circuits,
Peanc» Tor each. The three scenarios considered are:

(1) The probability of logical error cancellation is
sufficiently small that cancellation effects can be
reasonably neglected.

(2) The logical error rates for gates implemented via
magic states are significantly larger than those for
performing Clifford gates, state preparation, or
measurement. The dominant cancellation effects
are then from errors affecting gates performed using
magic states, while other cancellation effects can be
reasonably neglected.

(3) No cancellation effects are neglected.

Scenario (1) is appropriate when it is assumed that the
noise channels affecting circuits are Markovian, with no
time-correlated noise effects. Scenario (2) is appropriate
when it is assumed that the noise from [J-type gate layers,
i.e. the noise from multi-qubit Clifford gates and gates
requiring magic states, is non-Markovian, while noise
from single-qubit Clifford gates is Markovian. Or, alter-
natively, where the dominant logical noise comes from
J-type gate layers, and so the cancellation effects of other
lesser sources of noise can reasonably be ignored. In
Scenario (3), no assumptions need to be made about the
Markovianity of the noise. Thus, Scenario (1) considers
complete Markovianity, Scenario (2) partial Markovianity
and part non-Markovianity, and Scenario (3) potentially
complete non-Markovianity.

The Markovianity of the logical noise is relevant to
cancellation effects because Pauli twirled non-Markovian
noise results in classically correlated stochastic Pauli
channels [62,63]. Time-correlated logical Pauli errors
may cause systematic cancellation in trap circuits and
must therefore be accounted for to ensure an accurate TVD
bound. In the following analysis, we show that for
Scenario (2) the randomization of the trap circuits means
that the probability of errors affecting J-type layers and
cancelling can be upper-bounded. For Scenario (3), we
show that, using a modified version of the trap circuit
construction, the probability of any errors affecting a trap
circuit and cancelling is upper-bounded by a constant.

All of the error cancellation probability upper bounds
derived are constant. In the Appendix E 1 analysis,
Scenario (1) provides the smallest upper bound on the
probability of error cancellation, but this relies on the
assumption that errors do not cancel in the trap circuits.
The next smallest upper bound value is derived in
Appendix E 2 for Scenario (2), where the probability of
error cancellation due to errors affecting gates performed
using magic states as well as CZ gates is bounded, and the
assumption is required that there are no cancellation
effects due to errors from other components of the trap
circuit. No assumptions are made regarding error cancella-
tion for the Scenario (3) analysis presented in Appendix E 3;
however, the price for this is a slightly larger upper bound.
The logical randomized compiling described in Appendix B
transforms general logical noise to effective logical sto-
chastic Pauli noise. In the following error cancellation
analysis, the effective logical stochastic Pauli channels
resulting from twirling are propagated together through
the trap circuits to form a single Pauli channel. A bound on
the trap circuit error cancellation probability may be derived
by analyzing the components of the error channels that
cancel when the channels are combined.

1. Neglecting error cancellation

In the case of Markovian noise, if the total error rate of
each logical noise channel is significantly smaller than
one, the probability of error cancellation is negligible. The
expected number of logical errors when running a circuit,
N,, is bounded N, < Ng@p.c, Where Ng is the number of
logical noise channels affecting the circuit, and g, is the
maximum total error rate among these channels. Only in
the regime where Ngg,.x << 1 is it possible to achieve a
non-trivial computational output. In this noise regime, it is
reasonable to assume that error cancellation occurs with
sufficiently low probability that it can be neglected in the
computation of the TVD bound.

Proof of Lemma 4. If noise is Markovian and there
are N¢ stochastic logical Pauli channels affecting a trap
circuit, the set of total error rates for these channels

is {qm(j)}yj], and the highest total error rate is
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Grmax = Max({ G ( j)}?’jl). The probability of error can-

cellation is upper-bounded, such that

PerrPcanc < Z(NSJ) ' q{nax-

Jj=2

(E1)

And as (Ajf) < N’é, and 1 — g < 1, it follows that
Ne

PerrPcanc < Z(Ngqmax)j'
j=2

(E2)

Now, as Ng€Z" and Ng> 1, the condition that
NeGmax < 1 implies g« < 1. And so the leading order
contribution to the previous sum is from the cancellation
of pairs of errors, corresponding to the j = 2 term, with
the probability that two errors cancel upper-bounded by
(N¢@max)?- This means that

PerrPcanc < 0((N£LImax)2)‘ (E3)

This bound will generally be loose, since not every
multiple-error configuration cancels. Using Eq. (CS5),
Paer > 1/2, and Eq. (E3), we obtain

Pinc 2 perr(l - pcanc)pdet
= (perr - perrpcanc)pdet

> %[[)err - 0((NEQmax)2)]'

(E4)

H'o (07:l+2W3.i~73j71W3.i72> o Wiy P31y~

° (°§111W3j~73j—lw3j—2> oH,

Therefore,

Perr < 2pinc + 0((NECImax)2)' (ES)

Thus, using # = 0 introduces an additive approximation
error satisfying

le,| < O((NpGmax)?)- (E6)

2. Bounding the probability of error cancellation for
errors affecting J-type gate layers in a trap circuit

In the target and trap circuits, the J-type gate layers are
composed of gates performed by the consumption of magic
states and CZ gates. In early fault-tolerant computation,
gates performed using imperfectly purified magic states are
likely to have considerably higher logical error rates than
those of the rest of the circuit operations. In this scenario,
the most significant error cancellation effects come from
noise affecting the J-type gate layers. We now show that
the probability of error cancellation due to errors affecting
J-type gate layers in the trap circuits can be upper-bounded
by a constant. In the following analysis, the noise affecting
J-type gate layers can be Markovian or non-Markovian,
and the rest of the noise is assumed to be Markovian.

The bound on the error cancellation probability from
noise affecting [J-type gate layers is formalized in the
following lemma:

Lemma 7. The probability that errors affecting 7-type
gate layers in a randomly generated trap circuit cancel is
upper-bounded p ... < 1/2.

Proof. A trap circuit in which two nearest-neighbor
J-type gate layers are affected by errors may be expressed
in the form:

1T 3041 -1WV3041)-2) © W31 P31 T 3-1W31-2)
(E7)

where P3(;, ) is a logical Pauli error affecting the gate layer 73, 1)—, and P3;_; is alogical Pauli error affecting the gate
layer J5,_;. Let J} i1 5= W3 T3, 1 Wsj o, Where J s j—1 is a logical gate layer of randomly oriented CNOT gates and
identity operations. Using this identity, and the fact that W5, = ng—z for ke {l,---,m}, we can rewrite the previous
expression as:

H'o (0;":l+2j§j_1) o WsyP3y-Warn)-2T 5 41)-1) © WaiPymaiWaia Ty ) © (Oﬁ-;ll ’3j_1) oH'.  (E8)

Since conjugation of each Pauli error by W-type gate layers just maps it to another Pauli operator, the previous
expression becomes:

H'o (05‘n=1+2~7/3j71) o Py1y-1° T5sy-1 © Pami 0 T3 © (O§;11 ,3]'71) oH'. (E9)
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where Py = Wi Pt -1 Wsgiy— and Py =
W31P3,_1W31_2 The mapping caused by the random
W-type gate layer conjugation may be understood in
terms of the H-conjugation Pauli identities:

HXH = Z, HYH :=—Y, HZH =X, (E10)
and the S-conjugation Pauli identities:
SXSt:=Y, SYST = —X, SzSst:=27. (Ell)

The randomly chosen W-type gate layers ensure that
each Pauli error is mapped to a random new Pauli operator.
Since we only care about the error cancellation probability,
we now consider only the Pauli operators and the gate
layer separating them, this is the sequence:

P31 © Tsn)-1 © P (E12)

The Pauli error Py )
Clifford gate layer 7" 3(14+1)—

, 1s now propagated through the
\» leading to the expression

‘7/3(l+1)—1 OP/3/<1+1)—1 oPy_,. (E13)

where

P”(l+1 (*7/ 3(1+1) 1) o Py 3(14+1)— 105 3(141)—1° (E14)

and P/3/(1+1)—1

cancel if

is again a Pauli operator. The two Pauli errors

P! - Py, o I®", (E15)

3(14+1)—-1
where the notation ‘o’ indicates equality up to a phase.

In the case of a single logical qubit, the Pauli errors
P3(ji1)-1. P3j-1 €{X.Y,Z} are mapped to new Pauli
operators under random conjugation by WW-type gate layers
with probability at least 1/2. The J-type layer is an
identity operation and thus does not affect error propaga-
tion. The random mapping induced by the conjugation
means that each Pauli error randomly becomes one of
two single-qubit Pauli operators. In the worst case,
cancellation occurs for two out of the four possible error
combinations, and so

Pr(Py (E16)

Py cl) <172,

Similar analysis can be performed for the case of two
logical qubits. Now Py(; 1)1, P3;_  €{I.X.Y, Z}®2\ 92,
and the J-type layer can be either an /®? operation or a
randomly oriented CNOT gate. The conjugation by WW-type
gate layer randomly maps each Pauli error to a different
Pauli error with probability at least 1/2. And, when
moving the Pauli errors together to combine them, if

the J-type layer contains a randomly oriented CNOT gate
this randomizes the error propagation, mapping the Pauli
error to a new Pauli error when it is moved through
the cNOT gate. This random error propagation means that
after the two errors have been moved together to be in the

form P’3’(j+1>_1P’3j_1, both Plzl(j+1)—1 and P’3j_1 can each be

at least two different Pauli errors. In the worst case, both
errors are effectively chosen uniformly at random from
two Pauli operators, and error cancellation occurs with
probability 1/2. It follows that

3(+1)-1 (E17)

Pr(P“ Py 1®2) <1/2.

For Pauli errors of weight greater than two, the prob-
ability of error cancellation may be bounded by consid-
ering the probability that all one- or two-qubit components
of the errors cancel. For each logical qubit where the
J-type gate layer acts with a local identity operation,
Eq. (E16) may be applied to bound the probability that the
components of the errors acting on these qubits cancel. For
each pair of logical qubits where the 7-type gate layer acts
with a randomly oriented CNOT operation, Eq. (E17) may
be applied to bound the probability that the components of
the errors acting on each such pair of qubits cancel. As all
such error components must cancel for the errors to cancel
overall, the probability of error cancellation is upper-
bounded by (1/2)%"*, where a is the number of qubits
for which the component of the 7-type layer is identity
and b is the number of CNOT operations in the layer. It
follows that

Pr (P“

3P I®”> <1/2,

(E18)
where 7 is an arbitrary number of logical qubits, and the
two Pauli errors can be of any non-trivial weight up to n. If
two errors affect J-type gate layers that are not nearest-
neighbor, the same bound can be derived using a similar
approach, the only difference being that the Pauli errors
must be propagated through multiple .7-type layers instead
of just one. This means that any two Pauli errors that affect
the [J-type gate layers of a randomly generated trap circuit
will cancel with a probability upper-bounded by 1/2.
We now consider the case where three Pauli errors affect
J-type gate layers of a randomly generated trap circuit.
We have just shown that the probability of cancellation of
any two errors affecting J-type gate layers within a trap
circuit is upper-bounded by 1/2. Let ¢ = 1/2 denote this
worst-case cancellation probability, and let g; denote the
worst-case probability that a collection of j Pauli errors
affecting J-type gate layers cancels. Thus, ¢, < c. If two
of the three Pauli errors are propagated together, let p < ¢
denote the probability that they cancel. If they cancel,
then the remaining non-trivial Pauli error prevents all
three errors from cancelling. With probability 1 — p, they
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instead combine into a new non-trivial Pauli error. By the
two error result, the probability that this combined error
cancels with the remaining Pauli error is upper-bounded
by c. Therefore, g3 < (1—p)c<c. So we have that ¢, < ¢
and g3 < c. Now consider the case of four Pauli errors. If
two of the errors cancel then two errors remain, otherwise
they combine into a new non-trivial Pauli error and three
errors remain. Therefore,

g4 < (1=p)gs+pg, < (1 = p)c+ pc < (E19)

N =

More generally,

q; < (1= p)g—1 + pgj—.

so if g;_; <c and g; , <c, then g; < c. This extends
iteratively to any number of Pauli errors affecting J-type
gate layers in a trap circuit. Therefore, for any collection
of Pauli errors affecting J-type gate layers in a trap
circuit, the cancellation probability satisfies the inequality
Pcanc < 1/ 2. u

Proof of Lemma 5. The noise affecting the J-type gate
layers is permitted to be non-Markovian, and so applying
the logical randomized compiling scheme can result in
Pauli errors that are classically correlated in time. If there
are N; logical noise channels affecting the J-type gate
layers of each trap circuit, then the probabilities associated
with all non-empty subsets of these layers are given by the
set {qy or()) }Jzilfl’ where each subset specifies a combi-

nation of error locations. Let Z; denote the set of indices j
corresponding to subsets containing exactly iJ-type gate
layers. The maximum probability that any set of
ie{l,...,N;}J-type gate layers is affected by errors is
GiJmax = MaXje1,qy01(j)- If there are No Markovian
logical noise channels affecting the logical single-qubit
Clifford gate layers, state preparation and measurement,

the set of total channel error rates for these is {g¢ o (i )}5\’;1’
and the largest value from this set is
max({qe(i)}15)-

Let €., denote the unconditional probability mass of
cancellation configurations not covered by the conditional
1/2 bound of Lemma 7. Two scenarios are neglected when
using the 1/2 bound, both of which contribute to this
approximation error. These are: (1) the cancellation of
errors affecting 7-type gate layers with errors affecting
the rest of the circuit, and (2) the cancellation of errors
affecting all circuit components except [J-type gate layers.

The approximation error resulting from Scenario (1)
may be bounded in the following way. By arguments
similar to those used in the proof of Lemma 7, if a
collection of errors includes at least one error affecting a
J-type gate layer and at least one error affecting another
circuit component, and these errors are separated by at

qC max =

least one randomizing gate layer, then the probability of
error cancellation is upper-bounded by 1/2. Therefore,
these errors are accounted for if the value 1/2 is used for
the cancellation probability bound. What is not accounted
for is the cancellation of errors affecting 7-type gate layers
with those affecting immediately preceding VV-type gate
layers, as no randomizing gate layers separate these errors.
The probability that errors of this type occur and cancel is
upper-bounded by

Ny

Z(Nji>Qi,J,maxqé,max‘
i=1

(E20)

Recall that g; 7 . is the maximum probability that any
set of i 7-type gate layers are all affected by errors, and
qcmax 1 the maximum value of the set of total channel
error probabilities for logical single-qubit Clifford gate
layers, state preparation, and measurement.

The approximation error resulting from Scenario (2)
may be bounded using a union bound over subsets of at
least two C-type noise channels. This means that the total
approximation error from using the value 1/2 to bound the
cancellation probability for any collection of errors is
upper-bounded by

Nj Nc
|€canc| < Z(Nji)qi,j,maXQCl,max + Z(Nci)%,max-
- —

i=1 i=

(E21)

If noise affecting the J-type gate layers is the dominant
source of circuit noise, then q; 7 mux > gemax- And so,
considering only the leading order term, the previous
bound becomes

|€canc| < O(NJ * 41,7 max qC,max)- (E22)

This means that the probability of error cancellation is
bounded by

PerrPcanc < 1/2perr + O(NJ *q1,7.max qc,max)- (E23)

Using Eq. (C5), pget = 1/2, and Eq. (E23), we obtain

Pinc > perr(1 - pcanc)pdet

= (perr - perrpcanc)pdet

1]1
A Perr — O(NJQI,J.maxqc,max) .

>
2513 (E24)

Therefore,
Perr < 4pinc + O(N.Iql,l.maqu,max)' (E25)
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Thus, using # = 1/2 introduces an additive approxima-
tion error satisfying

|€7| < O(NJQI.J,maXQC.max)' (E26)

3. Bounding the probability of error cancellation for
arbitrary errors affecting a trap circuit

We now describe a modified trap circuit construction that
guarantees the cancellation probability of any collection of
errors affecting a randomly generated trap circuit is upper-
bounded by 7/8. Without loss of generality, we will assume
magic states are only used to perform Z-type rotations in
the target and trap circuits by projective measurement,
i.e. these logical gate operations are of the form: Z®4(6)
where a € {0, 1}". This does not restrict computation, since
straightforward conjugation using Clifford gates can be
used to arbitrarily change the basis of the Pauli rotation.

Although otherwise identical to the previous construc-
tion, the modified trap circuit construction differs in
several respects:

(1) The ordering of neighboring VV-type gate layers is

randomized.

(2) For each gate performed by the consumption of a
magic state, either a |z) or |z/2) magic state is
prepared, each with probability 1/2. The same
correction gates are applied as for the corresponding
gates in the target circuit, where |z/4) magic states
are used to implement /4 rotations. Including the
correction gates, the overall gate operations per-
formed are then of the form Z®“(k-z/2) for
a€{0,1}" and ke {1,2}. The value of k is then
1 or 2 depending on whether the magic state used is
|z/2) or |z), and on the random direction of the
initial projective measurement operation. Figure 12
shows the operations required to implement such a
gate in a trap circuit.

(3) To ensure that the outputs of the trap circuits are
deterministic in the absence of error, an adjoint
operation is included for each z/2 rotation gate that
does not stabilize the quantum state. These adjoint
operations are propagated to the end of each trap
circuit, and the order in which they are applied at the
end of the circuit is randomized. Of these oper-
ations, those that commute may be parallelized,
while those that combine into an identity operation
may be removed entirely.

(4) For any gate Z®“(k-z/2) conjugated by W-type
gate layers, for qubits in its support (i.e. where
a; = 1) the components of the conjugating WW-type
gate layers are either all H-type or all S-type.
Considering only logical qubits in the support of a,
the conjugation takes the form U®®-Z®%(kx/2) -
(UM)® for U e {H, S} chosen with uniform prob-
ability.

— —— P(r/2) H P(7) —

_MP®Z— — —

[k/2) — — My —
FIG. 12. Inthe modified trap construction described in Sec. E 3,
the value of k is randomly chosen where ke {l,2} with
probability 1/2. This means that either a P(z/2) or P(z) Pauli
rotation gate is applied, depending on the magic state that is
prepared. If a P(z/2) rotation is applied, this stabilizes the
quantum state with probability 1/2, otherwise a correction
operation must be included at the end of the circuit to ensure
that the trap computation is deterministic. The two adaptive
correction operations after the adaptive measurements are
applied in the same way as in the target circuit. Namely if the
rotation is in the wrong direction the P(z/2) operation is applied.
So that if a |7/2) magic state is used, the overall operation the
gadget performs is an identity operation or a P(z/2) rotation
operation. While if a |z) magic state is used, the overall operation
the gadget performs is an P(—x/2) rotation operation or a P ()
rotation operation.

During the protocol, we assume that the additional
adjoint operations are non-noise-decreasing, so that the
total error rate of each modified trap circuit is no smaller
than that of the corresponding target circuit. The resulting
TVD bound is therefore conservative.

Using the modified construction, each trap circuit is of
the form:

H'o(op_1C)o (07 Ws;T3;.1Wsjp) o M. (E27)

Note that neighboring W-type gate layers are randomly
ordered. If this randomization reverses the order of an §
and an H gate, the S gate is mapped to an X(z/2) gate;
likewise, an ST gate is mapped to an X(z/2)" gate. The
(0% ,Ci) gate layers are randomly ordered adjoint
operations of the 7/2Z-basis rotations that do not stabilize
the state H'|0)®", and have been propagated to the end
of the circuit. Where, the same as for the previous
construction, the value of ¢ is chosen uniformly at random
from {0, 1}.

We now show that any two Pauli errors that occur while
performing such a trap circuit cancel with bounded
probability.

We now prove Lemma 6, that states:

For the modified trap circuit construction, the proba-
bility of error cancellation in the trap circuits is upper-
bounded by p.. <7/8.

Proof. This proof is organized as follows. We first show
that errors that occur at any two positions in a randomly
generated trap circuit cancel with bounded probability.
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We then extend this to bound the error cancellation
probability for any number of errors affecting a randomly
generated trap circuit.

By Lemma 7, the probability of cancellation for any two
errors affecting J-type layers is upper-bounded by 1/2.
Likewise, using arguments similar to those used in the
proof of Lemma 7, any two errors separated by randomly
chosen W-type gate layers, where these intervening gate
layers do not compile together into an identity operation,
are randomly mapped to different Pauli errors when the
errors are propagated together and so cancel with prob-
ability upper-bounded by 1/2. This includes the case of a
gate preparation or measurement error with an error
affecting a gate layer, and the case of errors affecting
any two WW-type gate layers.

For readability, the rest of the proof is structured in
sections. In Sections (a) — (e), upper bounds are derived
for the probability of cancellation for all other scenarios
where two Pauli errors affect the trap circuit. In Section
(f), this analysis is extended to bound the probability of
cancellation for any number of errors.

a. Cancellation of state preparation
and measurement errors

The gate layers of a trap circuit affected by state
preparation and measurement Pauli errors may be
expressed in the form

Py oH' o ( ° leck) ° ( oL W3 T 31 Wsﬁz) oH'o Pp,
(E28)

where Pp and P, denote Pauli errors affecting state-
preparation and measurement, respectively. Firstly, with-
out changing the logic of the trap circuit, the ordering of
neighboring W-type layers can be un-randomized to

Puot o (ol C) o (o1 Wi T3 Wy, ) o o Py,
(E29)

where the prime notation indicates the un-randomization
of contiguous W-type gate layer ordering. The gate layers
separating the two Pauli errors compile to a mixture of
randomly oriented CNOT gates, Xx-or Z-type x/2 rotation
gates, and identity operations. The |0)®" state is always
initially prepared, and measurement is always in the Z
basis. So the only state preparation and measurement Pauli
errors that do not stabilize the initial state or measurement,
and non-trivially affect the target and trap computations,
are X-type errors.

The randomized construction of the trap circuits
ensures that state-preparation and measurement errors
propagate in a random manner, so that their cancellation
occurs with bounded probability. This may be seen by
propagating the state-preparation and measurement Pauli

errors through the trap circuit until they are either side of
the jth gate layer sequence from (o7, W5, T3, W5, ,),
ie. W5, J3;-1Wj;_,, where the J-type layer has non-
trivial support on at least one of the same qubits as one of
the propagated Pauli errors. Such a J-type gate layer must
exist for the qubits that the errors are affecting to be non-
trivially included in the target computation. The errors and
the gate layers may then be considered independently of
the rest of the circuits as

Py (V3,731 2) P, (E30)
where P), and P}, denote the propagated state-preparation
and measurement errors, respectively. And because the
gate layers compile together into randomly oriented CNOT
gates, and either X-or Z-type z/2 rotations or identity
operations, the propagation of the Pauli errors through
these intervening gate layers is randomized.

Any randomly oriented CNOT in [J3;_; that has shared
support on at least one qubit affected by at least one of the
Pauli errors randomizes the propagation of the Pauli errors
through it, resulting in cancellation of those components of
the Pauli errors with probability upper-bounded by 1/2.
Any Pauli rotation operation in [J3;_; that has shared
support on at least one of the same qubits as at least one of
the Pauli errors is a rotation by z/2 with probability 1/2.
With probability 1/2, any Pauli rotation operation stabil-
izes the ideal quantum state, and so does not require an
adjoint operation to keep the circuit deterministic in the
absence of errors. This means that the random propagation
of the errors through the rotation operation is not undone
by an adjoint operation. Furthermore, the sandwiching
W-type gate layers randomize the rotation basis to be
either Z-type or X-type with probability 1/2. Therefore, a
Pauli operation in J3;_; is: (1) a #/2 rotation, (2) stabilizes
the ideal quantum state, and (3) does not commute with the
Pauli errors, with probability at least 1/23. This means that
the propagation through the circuit of any state prepara-
tion error and measurement error is randomized with a
probability at least 1/8. Consequently, the probability of
state-preparation and measurement errors cancelling in a
randomly generated trap circuit is upper-bounded by 7/8.

b. Cancellation of gate errors and state-preparation
or measurement errors

Only Pauli errors with an X component non-trivially
affect state preparation and measurement. Errors affecting
the final gate layer of the circuit may be combined with
measurement errors and are non-trivial only if they have an
X component. The modified trap construction ensures that
any Pauli error affecting a gate layer is separated from
errors arising during state preparation or measurement
by at least one randomly chosen single-qubit Clifford
gate layer. This randomizes the propagation required to
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combine either a state preparation or measurement Pauli
error with a gate Pauli error. And, through similar argu-
ments as were used to prove Lemma 7, any state prepa-
ration or measurement Pauli error cancels with a gate Pauli
error with probability upper-bounded by 1/2.

H'o (OT:1+1W3J~73J71W31‘72> ° <W31P3171.73171P317172W3172> ° (05111)/\/3]-&73‘,-,1)/\/3]»,2) oH.

Restricting our attention to only the errors and the
intervening gate layer, we obtain

P31 T31-1P3-1-2. (E32)

As the J-type layer is a mixture of CZ, identity and
Z-type rotations in the target circuit, and gate positioning
and type is unchanged in the trap circuits, any Pauli errors
that cancel in the target circuit also cancel in the trap
circuits. Cancellation of these errors in the trap circuits is
permitted since these errors do not contribute to the total
circuit error rate of the target circuit. The rotation angle of
the Z-type rotations in the traps is chosen to be z/2 or 0,
|

H'o ( © ;n:l+1W3jt73j—1W3j—2) o P30 W3 J3-1Wsi-2) © P3g_py © (O §;11 W3jj3j—1W3j—2) oH'.

Again isolating the errors and gate layers dividing them
from the rest of the circuit, we obtain the sequence

Py (W31 T 321 W31-2) P3i-1)- (E34)

Since the ordering of neighboring WW-type gate layers is
randomized in the modified trap circuit construction, the
Pauli errors are randomly mapped to new Pauli operators
when they are propagated together through the intervening
gate layers. There is at least one such randomizing layer
between the Pauli errors with probability 3/4. This can be
combined with the previously derived result that two Pauli
errors separated by a randomizing gate layer cancel with
probability upper-bounded by 1/2, to get that the propa-
gation of the errors is randomized with probability 3/8.
This means that the Pauli errors cancel with probability
upper-bounded by 5/8. So that for

W3 T 3121 Wai-2) Py P3i-1) (E35)

where Pj; = (W31«731—1W31—2)+P31<W31~731—1Wsz—z), it

is true that

Pr(Pgle_l) X I) < 5/8 (E36)

c. Cancellation of gate errors occurring before
and after J-type layers

A trap circuit affected by errors occurring before and
after a J-type layer may be expressed in the form

(E31)

|
each with probability 1/2. This randomizes the propaga-
tion of errors in the trap circuits that do not cancel in the
target circuit with probability 1/2, and so the probability
of errors of this type cancelling in the trap circuits is upper-
bounded by 1/2.

d. Cancellation of gate errors occurring between
sequences of WW-type and J-type gate layers

A trap circuit affected by errors occurring between
sequences of W-type and J-type gate layers may be
written

(E33)

e. Cancellation of any errors with errors
from adjoint Clifford gate layers

In this trap circuit construction, Pauli rotation gates
applied by the consumption of magic states randomly
perform rotations by either z/2 or 0. If a rotation by /2 is
performed, this operation stabilizes the quantum state with
probability 1/2. This depends on whether the layer of
Hadamard gates is applied at the beginning and end of the
circuit, making the quantum state either [0)®" or |+)®",
and on the choice of random sandwiching gates, rendering
the rotation gate basis either Z-type or X-type. If the gate
does not stabilize the state, then a Clifford correction must
be applied that performs the adjoint operation of the Pauli
rotation gate. These operations are propagated to the end of
the circuit and applied in a random order. All of the trap
circuit gate operations are Clifford, and so this propagation
may be performed efficiently. As stated, the additional
Clifford operation is only necessary when both the Pauli
operation is a z/2 rotation, and when this operation does
not stabilize the quantum state. As the probability of each
of these is 1/2, the probability of a correction operation
being necessary is 1/4. So that the probability that an error
affects another part of the circuit and cancels due to an
error affecting one of the correction operations is upper-
bounded by 1/4.
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f. Cancellation of any number of errors

We have shown that, in this construction, any two non-
trivial Pauli errors affecting a randomly generated trap
circuit cancel with probability upper-bounded by ¢ = 7/8.
The preceding two-error bounds apply uniformly to any
non-trivial residual Pauli errors obtained by propagating
and combining other errors, since the remaining trap
randomization continues to randomize their relative
Pauli orientation.

For j > 1, let g; denote the worst-case probability that a
residual configuration of j non-trivial Pauli errors affecting
a trap circuit cancels. Clearly, g; = 0, while the preceding
two-error analysis gives g, < ¢. Now consider a residual
configuration of j > 3 errors. Propagate any two of these
errors together, and let p; denote the probability that they
cancel. If they cancel, then j — 2 non-trivial errors remain.
Otherwise, they combine into a new non-trivial Pauli error,
leaving j — 1 non-trivial errors. Therefore,

q;<piqjo+(1—pj)g;. (E37)

For j = 3, this gives

g3 < p3qi + (1 = p3)gr < c.

More generally, if ¢;_, < ¢ and g;_; < ¢, then

g <pjc+ (1 —pj)c=c.

It follows by strong induction that g; < ¢ for every
j > 1. Therefore, the cancellation probability for any
collection of errors affecting a randomly generated trap
circuit satisfies peyne < 3. "

APPENDIX F: NUMERICAL DECOMPOSITION
OF FALSE POSITIVE RATES

We carried out a numerical study of the false positive
rates arising when logical accreditation is applied to IQP
circuit sampling under a local logical-level depolarizing
noise model. False positives, where errors affect trap
circuits and are not registered in the measurement out-
comes, arise from two primary sources. The first is
stabilization-induced errors, which correspond to logical
Pauli errors that stabilize the logical quantum state or
commute with the trap circuit measurement basis, leading
to false positives where the measurement output is 0"
despite errors having occurred. The second source is
cancellation-induced errors, which occur when multiple
errors combine to cancel, resulting in trap circuit false
positive measurement outcomes.

The total trap circuit false positive rate may be decom-
posed as

Prlfalse positive] = pyap + Peancs (F1)

where pg,, and p..,. denote the probability contributions
from stabilization and cancellation effects, respectively.

Under the local logical depolarizing noise model with
physical error rate pp,, each error location applies
identity with probability 1 — p;, or one of the three logical
Pauli errors {X, Y, Z} each with probability p; /3. Given
that the trap circuit measurement is chosen uniformly
at random to be in the Z-or X-basis, the per-location
probability that stabilizes the logical state is

2p
Pstabloc — 1- TL . (FZ)

Assuming k independent error locations, the probability
that the operators probabilistically applied at all error
locations stabilize the logical state (including the trivial

no-error case) is
o) k
<1 - %) . (F3)

Subtracting from this the probability that no errors
occur, (1 — p; ), isolates the trap circuit false positives
arising from non-trivial stabilizing errors:

o) k
Pstab = <1 _%> - (1 - pL)k' (F4)

The numerical results shown in Fig. 13 indicate that the
false positive contribution from cancellation effects is
minimal, remaining consistently 1-2 orders of magnitude
lower than the contribution from stabilization effects
across the full range of physical error rates examined.
These findings support the conclusion that, for stochastic
noise models relevant to fault-tolerant quantum computa-
tion that are well-approximated by depolarizing noise,
false positive rates where logical accreditation is applied to
IQP circuits are dominated by stabilization-induced errors.
The analytical expression in Eq. (F4) provides a means of
approximating the trap circuit false positive rate caused
by this effect and closely corresponds to the experimental
results plotted in Fig. 13(c).

Remark: This analysis is primarily valid under the local
depolarizing noise model used for these numerical experi-
ments. However, the implication that stabilization effects
dominate the false positive rate likely extends to more
general stochastic error models, particularly those where
weight-1 errors are the most probable and higher-weight
errors occur with decreasing rates. This would generally
be true in regimes of large-scale fault tolerance, and
where the error channels are independent.
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FIG. 13. Numerical analysis of false positive rates for IQP circuits. The trap circuit false positive rates are plotted for 5-qubit, 40-layer

IQP circuits for a range of physical error rates. In (a), false positive rates are plotted against the physical error rate for NISQ, PFTQC
and FTQC circuits. Two analytical upper bounds on the false positive rates from Eq. (C24) are also plotted as horizontal dashed lines:
€51 = 1/2 and €;, = 3/4. The numerical false positive rates are observed to lie well below the analytical bounds. In (b), false positive
rates are decomposed into stabilization-induced false positive rates and cancellation-induced false positive rates. These results indicate
that the stabilization-induced false positive rates are the dominant contribution to the total false positive rates. Cancellation-induced
false positive rates are consistently one to two orders of magnitude smaller than those from stabilization. In (c), the analytical formula
from Eq. (F4) is overlaid on the plot from (b), showing close agreement with the observed behavior. The formula used to generate the

model curves was: s(k, p;) = (1 — 2%)" — (1= p)¥, where k = 3 mn denotes the total number of error locations in the circuit, with

m the circuit depth and n the number of qubits.

APPENDIX G: ROBUSTNESS BOUND

Assumptions Al and A2 can be violated if logical
single-qubit Clifford gate- or physical single-qubit gate
noise exhibits gate-dependence. This may cause noise
channels to act differently on a circuit instance during
logical accreditation depending on the choice of gates

used. We will now show that, when these assumptions are
violated, the resulting difference in the computed TVD
upper bound depends only linearly on the diamond norm
distance of each of the noise channels. In this analysis we
will ignore finite-sampling error.

Definition 8. (Diamond norm distance). For any two
CPTP maps A and B acting on density matrices of a
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2"-dimensional Hilbert space H, their diamond norm
distance is defined as
(BRD(P)Ih).

A= Bll, += max(||(4 @ D(p) - G

where I is identity channel acting on auxiliary system H’ of
size dim(H') = dim(H), ||.||, is the /,-norm or trace norm,
where ||X||, = Tr(VX'X), the density matrix p ranges
over the Hilbert space H ® H', and the expression is
maximized over all possible density matrices.

In order to derive this result, we will make use of the
following lemma:

Lemma 9. For CPTP maps A, B, C and D, the diamond
norm, indicated || .||, exhibits the property

|AB — CD|, < [|A = Cl|, +[[B = Dl

Proof.
l|AB—CD||, = ||AB+ AD — AD — CD||,
<||AB—AD||, + ||AD — CD||,
<|Alls - ||B = DI|, + [|A = Cl|, - [|DIl,
<|[B—Dl[, +[|A - C][,.
(G2)
[

where the second line follows from a triangle inequality,
the third line from the submultiplicity of the diamond
norm, and the final line from the property that ||G||, < 1
for any quantum channel G.

1. Proof of Theorem 2

Proof. Let the kth logical trap circuit affected by
noise, where the previously stated assumptions hold, be
denoted

D
k k) ~(k k
| (G R

J=1

(G3)

and the kth logical trap circuit affected by noise where the
assumptions are violated be denoted

oW _ E(Mk)/ ) H(gj'k)l‘c(‘k)) . gSDk)/‘

Applying Lemma 9 once to the quantity ||C¥) — C||,,
we get that

D D
~ > k k) p(k k k k) (K k
e~ =||e [T e e - el T e e
j=1 j=1 °
D D
H(gﬁk)ﬁjk)) Sg‘) _ H(gﬁk)’ﬁﬁk)) . gg)’ + Hg}(v/;) _ 5%‘1)’ (G5)
j=1 j=1 o ¢
This operation can be iteratively applied a further D times, resulting in the bound
c £® k = g®) k k k
H Vos H ey e+ ’ e — &
: : <& <&
D
< [lew Z + ‘ € —Eu’ (G6)
— < <
e _ e
!
< &7 -7
=0 o

where to get the final line, the logical state preparation and measurement noise channels are relabelled using indices “0”
and “D + 17 respectively. And so the diamond norm distance of the kth trap circuit affected by noise where the

assumptions hold, C

-

(®), from the kth trap circuit affected by noise where the assumptions are violated, C ¥’

et -
J

is bounded by

(G7)
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Now, from the definition of the diamond norm

lpew — pewr|; <

where pgw is the output state generated by applying the
circuit C® to any input state, and pg, is the output state
generated by applying the circuit C®
state. Additionally, we have that

to the same input

1
8(D(ppw). D(ppur)) < 5 lPew — pewls
where D(.) indicates the output probability distribution
generated from measuring a quantum state in a given basis.

Therefore, it follows that

5(D(pew). D

<53 e -

The protocol bound computed if assumptions are
violated is of the form y’ =y + ¢,, where y is the bound
where the assumptions hold, y’ is the bound computed
where the assumptions are violated, and ¢, is the difference

|

pc (k)/

Tr[poutz] = Tr[((l -

Perr )pout,id + perr/)noisy)

in the protocol bound induced by the violation of assump-
tions. The absolute value of ¢; may be bounded by taking
the sum over the Eq. (G7) bounds for each of the trap
circuits. The mean deviation over M trap circuits provides
the robustness bound for the protocol:

- Sl -

ly =7 <M7(

APPENDIX H: UPPER BOUND FOR THE
SECOND-ORDER RéNYI ENTROPY DENSITY
USING LOGICAL ACCREDITATION

In the logical accreditation protocol, the n-logical-
qubit experimental target output state, averaged over the
uniformly random target execution position, may be
expressed as

Pout = (1 - perr)pout,id + PerrPnoisy (H1)
where p.. is the corresponding position-averaged total
logical error rate of the target circuit. The purity of the
logical output state can be lower-bounded as

?]

= (1 - perr)2 + 2(1 - perr)perrTr(pout,idpnoisy) + pezrrTr(pnoisyz)

( CIT

> (

(1 — Perr + pgrr/zn
1-—

1—

vV IV IV

2y + 721 +27m).

The distributivity of the trace is used to obtain the
second line. The inequality of the third line is reached by
replacing p, ;s in the final term with the maximally mixed
state, using that the maximally mixed state is the max-
imally entropic state. To obtain the fourth line, we use the
observation that

Tr(Pout,id/’noigy) = Tr(|U/> <W|Zﬂj|¢j><¢j>

= wilwllg)? =0, (H3)
J

where the density matrices have been initially decomposed
in their eigenbases, and the final inequality follows
from the positivity of the eigenvalues and the absolute
inner product. Since 0 < p.,, <y < 1, the final inequality
in Eq. (H2) follows from the monotonic decrease of

2Per + PE(1+277)

) + 2(1 - perr)perrTr(pout.idpnoisy) + pZHTr((]]/zn)Z)
1— perr) + pgrrTrm]/zzn)
)?

(H2)

|

f(p)=1=2p+ (1+2")p* for p<2"/(2" +1). For
larger y, f(y) < 27", while every n-qubit state has purity
at least 27". The second-order Rényi entropy density of the
state p,, is defined as

n18@ (poy) = —n~Mog, (Trlpeu])- (H4)

Now, from the final inequality of Eq. (H2), and using

that for positive reals x and y, if x>y then
log,(x) > log,(y), it follows that
10g (Trlpou’]) 2 logy (1 =27 +72(1 +27")).  (H5)

Therefore, the second-order Rényi entropy density of
the logical output state can be upper-bounded using the
experimentally estimated output value of y, specifically
< —n'ogy(1 =27 +y*(1 4+27")).

n'S@ (pou) (H6)
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This bound holds with the same confidence as the
logical accreditation bound.

APPENDIX I: FRAMEWORKS FOR LOGICAL
COMPUTATION

We now describe two frameworks for computation with
different logical gate sets and discuss the implications for
logical accreditation within each framework.

These are: (1) the Clifford and T gate framework, and
(2) the Clifford and analog rotation gate framework.

1. Clifford and T gate logical circuits

Gate sets consisting of a subgroup of the Clifford group
along with the 7 gate are often considered in logical
computation. In the Clifford and T framework, an input
computation is compiled using gates from the Clifford
group and 7 gates. The inclusion of the T gate is necessary
to extend the computational power of the Clifford group
for universal computation. Many CSS codes, such as the
family of 2D color codes, can perform Clifford gates
transversally, with the non-Clifford 7' gates needing to be
applied through the use of magic state purification and gate
teleportation. This means the Clifford and 7 framework
can be made fully fault-tolerant, where Clifford gates may
be performed using transversal operations or lattice sur-
gery, and T gates are performed using purified magic
states. In the Clifford and noisy T gate framework, magic
states are not purified to avoid the associated space-time
overhead. Instead, noisy |z/4) magic states are prepared
and are directly used to perform T gates. This framework is
often considered in the context of partial fault-tolerance

[¥) 1, :

repeat if m=1: 6 < 20

(a)

[15], as the Clifford gates are performed fault-tolerantly
and the T gates are not.

For computation using either of these frameworks to be
compatible with logical accreditation, it is required that
any input target computation is compiled using gates from
the allowed Clifford gate set {CZ, H, S,1,X,Y,Z} and the
T gate. The Clifford gates may be implemented fault-
tolerantly without the use of magic states, and the 7" gates
are implemented by the preparation of |z/4) magic states
which are then used to perform the T gates by gate tele-
portation. The computational logical qubits are required
to be initialized in the |0)®" state, and the final logical
measurement is in the computational basis. Such a set-up is
universal for quantum computation.

2. Clifford and analog Z-rotation gate
logical circuits

Another framework suited to partially fault-tolerant
computation uses a gate set of Clifford operations and
analog rotation operations. For computation using this
framework to be compatible with logical accreditation, it is
required that any input target computation is compiled
using gates from the allowed Clifford gate set
{CZ,H,S,1,X,Y,Z} and gates of the form Rp(6), where
Pe{l,X,Y,Z}®", and n denotes the number of logical
qubits involved in the rotation. The Clifford gates may be
implemented fault-tolerantly without the use of magic
states, and the R,(0) gates by the preparation of noisy |6)
magic states, which are then used to perform the analog
rotations by projective measurement. Logical qubits are
initialized in the |0)®" state and the final logical meas-
urement is in the computational basis. Again this set-up is
universal for quantum computation.

Mpgz

>

repeat if m=1: 0 + 20

(b)

FIG. 14. Repeat-until-success (RUS) gadgets for implementing single- and multi-qubit Pauli rotations using magic states. (a) A
quantum circuit diagram representing an analog single-qubit Z-rotation gate, R,(0), where the ancilla qubit is measured destructively
in the Z basis. If the ancilla qubit measurement outcome yields eigenvalue —1 (i.e., measurement outcome bit ““1”’), the RUS protocol is
repeated. (b) A quantum circuit diagram representing an analog multi-qubit Pauli rotation gate, Rp(6), where P denotes an arbitrary
Pauli string operator. If the measurement outcome of P ® Z yields eigenvalue —1 (i.e., measurement outcome bit “1”’), the RUS
protocol is repeated. A destructive X-basis measurement is used to determine whether a byproduct Pauli operator P has been applied to

the output state and requires correction.
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One example of a Clifford and analog rotation framework
for logical computation is a scheme for partially fault-
tolerant logical computation called the space-time efficient
analog rotation (STAR) framework [27,30]. This allows for
fault-tolerant Clifford operations and noisy arbitrary Pauli
rotations using the surface code. These analog rotations can
be local Pauli-Z rotations, shown in Fig. 14(a), or global
logical Pauli rotations as shown in Fig. 14(b).

APPENDIX J: CERTIFYING TROTTERIZED
QUANTUM HAMILTONIAN SIMULATION
CIRCUITS

Quantum states evolve in time according to the
Schrodinger equation: i< |y(r)) = H(t)|w(t)), where h
is assumed to be 1, H(z) is a (possibly time-dependent)
Hamiltonian, and |y(f)) is a quantum state. If the
Hamiltonian is time-independent, the Schrodinger
equation can be solved exactly: |y(z)) = e |y (0)).
Trotterization uses Trotter—Suzuki product formulas
to approximate the time-evolution operator, e~ as a
product of exponentials of simpler terms. A Hamiltonian,
H, that has been mapped to qubits, by, for example, the
Jordan-Wigner transformation [64,65], may be expressed
as a linear combination of Pauli operators

H=Y apP, (J1)

where P;€{l,X,Y,Z}®" for n computational logical
qubits. The Trotter-Suzuki decomposition allows the time
evolution operator e~I* to be approximately decomposed
into a sequence of N discrete time-steps. The time
evolution operator may be written as a product of N terms

e = (e_i( iLzla"Pi)t/N)N, J2)

where the evolution operator within the brackets is applied
N times and each evolution step is by time #/N. The
second-order Trotter-Suzuki decomposition approximates
these time-step terms as

: L a;t 1 Lagt N
(e_l(Zf:I a,-P,-)t/N)N ~ <H e—i(ﬁ)Pi H e—t(ﬁ)Pi) . (J3)
=1 =L

The approximation error of the Trotterized evolution is

. L .a;t ! .ait N t3
€7IHI _ <H e_l<ﬁ>Pi He_l(ﬁﬂ)") < (@) <m> y (J4)
i=1

i=L
where ||.|| is the operator norm, also known as the spectral
norm. Specifically, the upper bound is W#3/N? where W is
the Trotter error norm—a constant depending on the
Hamiltonian and the type of Trotterization used [48,50].

As the Hamiltonian is expressed as a linear combination
of Pauli operators, the previous decomposition may be
written as a sequence of multi-qubit Pauli rotations:

L . 1 . N
[[e @ [ e
i=1 i=L

({1 ()1 ()

To perform this sequence of operations with a logical
circuit, each Pauli rotation gate is performed by the
consumption of a single magic state. As the logical
accreditation protocol permits target circuits including
multi-qubit Pauli rotation operations (the construction
required is described in Appendix A) it can be used to
provide an upper bound on the total circuit error of the
circuit consisting of a sequence of multi-qubit Pauli
operations like Eq. (10), and also an upper bound on
the TVD of the output when measuring any observable
of the time-evolved state. Logical accreditation may there-
fore be used to certify the Trotterized evolution of a
Hamiltonian using a fault-tolerant logical circuit. The
structure of Trotter circuits used for the numerical simu-
lations is shown in Fig. 15.

APPENDIX K: IQP CIRCUIT NUMERICAL
SIMULATIONS

The structure of IQP circuits used for the simulations is
shown in Fig. 16 and is similar to the circuits considered
in [17]. For the target circuits, layers of single-qubit
Clifford phase gates U;; were alternated with layers
composed of CZ gates and T gates. In the experiments,
the IQP trap circuits were constructed as follows:

(i) Every T gate was replaced with an identity oper-

ation (/).

(i) Each CZ gate was sandwiched with S, ST and H
gates, as shown in Fig. 10.

(iii) Random S — ST or H — H gate pairs were applied to
qubits not involved in CZ gates.

(iv) For each trap circuit, it was randomly chosen
whether to prepend and append Hadamard gate
layers (denoted by H' in Fig. 16) to the circuit.

In Fig. 17, we compare the total circuit error rate,
the TVD upper bound and the logical state infidelity for
5-qubit, 40-layer IQP circuits, using a similar setting as
throughout (e.g., distance-11 surface codes for the fault-
tolerant configurations). Interestingly, the results suggest
that the TVD upper bound not only upper bounds the total
circuit error rate, but also upper bounds the infidelity of the
logical output state. We show that this upper bound holds
analytically in Appendix L.
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FIG. 15. Structure of target and trap circuits used for the Trotterized circuit numerical simulations. The target circuit and the trap
circuit structures used for the Trotterized circuit numerical simulations are shown in (a) and (b), respectively. The gate layers denoted
G, r and G are the Trotterized logical circuit operations used for the target and trap circuits, respectively. In the trap circuit structure,
the target circuit gate layers sandwiching the J-type gate layers are replaced by conjugating S — S* gates and H — H gates.
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FIG. 16. Structure of target and trap circuits used for the IQP circuit numerical simulations. The target circuit and the trap circuit
structures used for the IQP circuit numerical simulations are shown in (a) and (b), respectively. In the trap circuit structure, the target
circuit gate layers sandwiching the [7-type gate layers are replaced by conjugating S — ST gates and H — H gates. The logic of the CZ
gates combined with these conjugating gates corresponds to randomly oriented CNOT gates.
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FIG. 17. Comparison of the logical accreditation TVD bound, total circuit error rate, and logical state infidelity for the NISQ, PFTQC

and FTQC regimes. These data were obtained from experiments involving 5-qubit IQP circuits with 40 gate layers. The experimentally
derived TVD bounds, the circuit error rate, the logical output state infidelity, and the surface code threshold are plotted as functions of
the physical error rate pp in the range [107,107"]. The results for NISQ circuits are plotted in (a), the results for PFTQC circuits are
plotted in (b), and the results for FTQC circuits are plotted in (c). These results agree with the analytical bound derived in Appendix L,
showing that the logical output state infidelity is upper-bounded by the y value provided by logical accreditation.

APPENDIX L: UPPER BOUND FOR THE
INFIDELITY BETWEEN THE EXPERIMENTAL
AND IDEAL OUTPUT STATES

The fidelity between the ideal logical target circuit
output state, pouiq» and the experimental logical target
circuit output state, p,,. is defined by

2
F(pout,id7 pout) = (Tr\/\/ Pout,idPouty/ pout,id) . (Ll)

Since poyiq is a pure state, we have that p,,iq = W) (y].
We know that projection operators are idempotent, so

(lw)(w|)* = |w) (w|. Therefore, |y)(w| = \/[w)(y]. So the
expression for the fidelity then becomes

(Te/ 1) (W powlw) (W) = (wlpou|w) (Tey/ |w) (wl)?
= (Wlpouly) = Tr(ly) (W[pou)-
(L2)

The experimental output state p,, is of the form

Pout = (1 = Perr)Poutia + PerrProisy- (L3)
The fidelity of the experimental output state and the
ideal output state is, therefore,
Tr(Poutia (1 = Perr)Poutia T PerrProisy))
= Tr((1 = Perr)Poutia” + PerrProisyPoutid)
= (1 = perr) + Per' TE(PnoisyPoutia)- (L4)
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The infidelity is the complement of the fidelity, so the
infidelity between poyiq and poy i8

1- Tr(pout.id((l - perr)pout,id + perrpnoisy))' (LS)
This may be upper-bounded
1 - Tr(pout,id((l - perr)pout,id + perrpnoisy))
=1- (1 - pen) - perrTr(pnoisypout,id)
= perr(1 - Tr(pnoisypout.id)) < Per £7- (L6)
Here we have used the inequality
Te(paiamis) = T 10) 030166
J
= uilwlle)P =0, (L7

J

along with the upper bound previously derived for the total
logical circuit error rate.

APPENDIX M: PHYSICAL RESOURCE
ANALYSIS FOR IQP ADVANTAGE

We also used logical accreditation to carry out a
resource analysis for an IQP circuit sampling quantum
advantage with logical qubits encoded using the surface

.
o
W

Physical Qubit Count
=
o

© NISQ Regime
@ PFTQC Regime
@ FTQC Regime

—e— 10 Qubits
10! —— 20 Qubits

0 20 40 60 80 100
Number of Layers

FIG. 18. Numerical analysis of the minimum number of
physical qubits required to achieve the IQP threshold for
quantum advantage. The plot shows the most resource-efficient
option among NISQ, PFTQC, and FTQC for achieving the
quantum advantage threshold of [44], as circuit depth is
increased up to 100 gate layers. The physical error rate is
assumed to be 107>, The color of each data point indicates the
most resource-efficient regime to achieve the threshold: NISQ
(blue), PFTQC (green), or FTQC (orange). The physical qubit
counts for PFTQC and FTQC are determined by the minimum
surface code distance (and hence the minimum number of
physical qubits) required such that the advantage bound is
satisfied.

code. We estimate the physical qubit performance require-
ments needed to ensure that the TVD of an IQP circuit
remains below the quantum advantage threshold provided
in [44].

In the numerical simulations, the physical error rate was
SEtto Pppys = 107> for 10 and 20 logical qubit IQP circuits.
The results of these experiments are plotted in Fig. 18. For
increasing circuit depths, we find the minimum code
distance required in the NISQ, PFTQC, and FTQC regimes
to keep the TVD below the quantum advantage threshold.
If a regime fails to satisfy the threshold at a given depth,
no deeper circuits are attempted beyond that point. The
optimal strategy for an IQP circuit with a given number of
layers is then simply the viable regime with the lowest
physical qubit cost.

The results show resource-efficiency crossovers
between the regimes. NISQ is only optimal for very
shallow circuits, after which the PFTQC scheme has a
lower resource cost. With increasing circuit depth, the
accumulation of errors from PFTQC’s unprotected 7" gates
forces its required code distance to become prohibitively
large. At this point, the FTQC scheme, despite the over-
head of magic state distillation, becomes the most cost-
efficient option.
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