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The discovery of chaotic quantum circuits with (partially) solvable dynamics has played a key role in
our understanding of non-equilibrium quantum matter and, at the same time, has helped the development
of concrete platforms for quantum computation. It was shown that solvability does not prevent the
generation of chaotic dynamics, however, it imposes nontrivial constraints on the generated correlations. A
natural question is then whether it is possible to gain insight into the generic case despite the latter being
very hard to access. To address this question here we introduce a family of “asymptotically solvable”
quantum circuits where the solvability constraints only affect correlations on length scales beyond a
tunable threshold. This means that their dynamics are only solvable for long enough times: for times
shorter than the threshold they are generic. We show this by computing both their dynamical correlations
on the equilibrium (infinite temperature) state and their thermalization dynamics following quantum
quenches from compatible (asymptotically solvable) non-equilibrium initial states. The class of systems
we introduce is generically ergodic but contains a non-interacting point, which we use to provide exact
analytical results, complementing those of numerical experiments, on the non-solvable early time regime.
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L. INTRODUCTION

Coherent quantum many-body systems out of equilib-
rium are currently among the most actively researched
topics in physics. They are ubiquitous in Nature—
occurring at scales ranging from astronomical to
subatomic—and understanding their dynamics can both
fill long-standing gaps in our understanding of physics and
yield to the discovery of new emergent phenomena.
Specifically, some of the key questions include under-
standing the general principles underlying the onset of
ergodicity and the emergence of classical behaviors at late
times [1-4], determining the general laws controlling the
spreading and scrambling of quantum information [5-12],
classifying new phases occurring out of equilibrium
[13,14], and characterizing the effects of quantum noise
or monitoring through measurements [15,16].

Addressing these questions was essentially inconceiv-
able until a few years ago as there was no efficient way to
access non-equilibrium quantum many-body dynamics in
the presence of interactions. The last decade has brought a
sharp change in this state of affairs with the discovery of
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interacting many-body systems with (partially) accessible
dynamics [17-20]. The latter take the form of quantum
circuits, i.e. many-body systems in discrete spacetime
where the interactions are implemented by discrete unitary
operations in a way that closely resembles the architecture
of quantum processors (see, e.g., Ref. [21]). The solvable
instances of quantum circuits have been obtained by either
averaging under random unitary operations a la random
matrix theory [17,18] or imposing constraints (or sym-
metries) [19]. Remarkably, one can impose these con-
straints and still observe ergodicity [22,23], as well as
other complex dynamical behaviors [24-26]. For instance,
the so called dual-unitary circuits [22], which exhibit a
duality under the exchange of space and time, are
generically ergodic.

Solvable quantum circuits played a key role in charac-
terizing the universal features of the dynamics, e.g.,
entanglement growth [8,27-30], operator spreading
[31-33], and (deep) thermalization [29,34,35], of quantum
many-body systems as well as yielding insight into the
spectrum [36—40] and eigenstates [41,42]. At the same
time they also provided valuable benchmarks for real-
world quantum computers [43-45] (see also Ref. [46]). To
attain solvability, however, one has to introduce simplifi-
cations that inevitably limit the generality of the observed
phenomenology. For instance, in the case of random
circuits one attains solvability by computing averages,
which are informative on single instances only when
fluctuations are small [47]. On the other hand, imposing
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constraints one can compute exact behaviors of single
instances but correlations are restricted [27]. Therefore, it
is important to understand what happens as the constraints
are gradually lifted.

So far, both these routes have proven difficult to follow:
random circuit fluctuations could be rigorously controlled
only in certain asymptotic limits [47] and while there has
been success remixing the basic building blocks of dual-
unitary circuits [48-51] no systematic way to lift the
solvability constraints has so far been found. A remarkable
attempt is the one of Ref. [23], which proposed a family of
“hierarchical” generalizations of dual-unitary circuits
where each member of the hierarchy encounters a con-
straint on the “space evolution” that is weaker than the
previous one (dual-unitary circuits are at the bottom of the
hierarchy as the most constrained ones). Whereas the first
step away from dual-unitary circuits continues to be
exactly solvable [52,53] the subsequent ones are not
efficiently treatable by any known means.

Here we propose an alternative, we argue more effec-
tive, route to lift the spacetime duality constraint: we
introduce a family of asymptotically solvable quantum
circuits where the “unitarity” [54] of the space evolution is
imposed only after a tunable number of steps. We show
that this implies that the circuits are only solvable for long
enough timescales while their behavior for shorter time-
scales is not affected by solvability constraints and departs
substantially from that of solvable cases.

In the rest of this introduction we present a more
detailed discussion of the setting considered, recall the
main ideas of solvability via spacetime duality, and
summarize our main results.

A. Solvability via spacetime duality

We consider local quantum circuits, i.e. a collection of
2L quantum variables with d internal states—qudits—that
are arranged at the vertices of a one-dimensional chain and
are evolved by discrete applications of a unitary operator
implementing local interactions. In particular, we focus on
cases where the evolution operator can be written as

L—-1

U=U,U,, U, = @()) U xi1)2s

L

[Ua = ® Uxfl/Z.x’
x=1

(1

where we labeled the sites by half-integers and denoted by
A, the operator acting nontrivially only on the qudits at x
and y. The unitary operator U (which can in principle be
different at different spatial points) is typically referred to
as the local gate and determines the dynamical properties
of the system. Quantum dynamical systems whose evo-
lution operator takes the form in Eq. (1) are known as
“brickwork quantum circuits.” We stress that, although we
focus on this setting for the sake of simplicity, the concept
of solvability via spacetime duality can also be defined for

quantum circuits in higher dimensions or with more
general forms of local interactions [19,22,50,51,55-60].
The analysis of these systems is greatly aided by
adopting Penrose’s notation, whereby one represents the
local gates as boxes with four legs protruding to represent
the incoming and outgoing state of the qudits it acts on

U:x, UT:X, (2)

and represents matrix multiplication by joining the appro-
priate legs [61]. In fact, to study operator dynamics is more
convenient to introduce a graphical notation for the
“doubled” local gate U ® U*, which can be used to
implement Heisenberg evolution

U®U*:X=x, 3)

together with a symbol to represent contraction of indices
pertaining to the two copies, i.e.

d
Oy=> lhely=5 (©l=) @@= 4
i=1 i=1
In this way, we can conveniently represent the unitarity
of the local gate by means of the following graphical

WP ML

We refer the reader to Ref. [19] for an extended
discussion of this graphical notation.

As hinted at before, a convenient way to identify
solvable systems in this setting is to exchange the roles
of space and time, i.e. consider the evolution in the spatial
direction rather than the temporal one, see, e.g., Ref. [19].
To illustrate this point explicitly we follow Ref. [22] and
consider the example of dynamical correlation functions
on the infinite temperature state, which is generically the
only invariant state in a brickwork circuit. The latter can be
expressed as

tr{l, ]

tr [o-,g) [I_J”GE;”[U’}

cijx,y.t) = , (6)

where 1, represents the identity operator in C% and
{51 (6 =1,) denotes the set of generalized
Gell-Mann matrices: a basis of End(C¢) that is orthonor-
mal under the Hilbert-Schmidt scalar product, i.e.
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FIG. 1. Example of the tensor network resulting from a
dynamical correlation function. Shaded in blue and red are
respectively the left and right fixed points of the space evolution
(influence matrices). These objects encode the effects of the
surrounding system upon the local region containing the two
operators.

. . 1 PPN
(6|60)) = Etr[gmgml] =6 ;. (7)

Using the unitarity conditions in Eq. (5) one can easily
show that the correlations cl-j(x, v, t) are restricted to a
causal light cone as depicted in Fig 1. For typical circuits,
the computational difficulty in calculating the correlation
function in Eq. (6) grows exponentially in the minimum of
the two light cone separations min(z & |x — y|). This
increasing complexity is due to the increasingly compli-
cated effect the environment has upon the subsystem
containing the operators. The shaded regions in Fig. 1
indicate the tensors, often referred to as influence matrices
[62], responsible for encoding this effect. Solvable circuits
can be identified in the cases where these tensors take
simple forms.

The influence matrices can be seen as the evolution of
the infinite temperature state in space (i.e. evolving with
the gates acting from left to right or right to left). We can
bring some simple physical intuition to this process to help
understand when the influence matrices will be simple
objects. To begin with, one should consider the objects
appearing at either the left or the right corner of the
diagram. Focusing on the former for definiteness we have

o— d’-1 o) @——
Zx = + Z Aij 5 (8)
o— =1 o) @—

where we introduced

1 (o)
Aij = d?Zl:(g(j))* ’ ©)

and

d

> 0™l @ 1) =@ - (10)

ij=1

Physically, Eq. (8) describes one step of spatial evolu-
tion of the infinite temperature state. The evolution then
continues by repeated applications of rectangular matrices
of the form

where m = 1,2, ... denotes the step. Since spatial evolu-
tion is generically not unitary, the infinite temperature state
is not invariant. Instead, it produces a complicated super-
position of operators that proliferate as m increases. These
operator strings build correlations between the different
sites of the influence matrix that represent the same qubit
at different times. As such they represent the environment
acting in a non-Markovian manner on the subsystems
containing ¢} and ). By this we mean that it is a bath
capable of storing information from previous time steps—
i.e. it has a memory. This memory requires the temporal
state representing the environment (cf. Figs. 1 and 2) to
have a growing Schmidt rank. Therefore, it is the pro-
liferation of nontrivial operator strings that a solvable
circuit must restrict.

The simplest restriction on the nontrivial operator
strings is to ask the infinite temperature state to be
invariant also under space evolution, i.e. set to zero all
the coefficients A;; in Eq. (8). This request is equivalent to
asking the spatial evolution to be unitary, like the temporal
one, and the local gates fulfilling this have been dubbed
“dual-unitary” (DU) gates [22]. For DU gates one finds
that all two-point correlations vanish inside the light cone
and are only non-zero on the light cone edge, where they
can be easily determined in terms of a finite-dimensional
quantum channel [22]. More generally, the DU property
implies that several aspects of non-equilibrium dynamics
can be characterized exactly [27-29,33,34,63-72], see also
the recent review [19].

To generate richer patterns of correlations—and hence
go beyond the example of DU gates—one has to consider
cases where the infinite temperature state produces extra
operator strings. Reference [23] suggested that a way to do
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FIG. 2. The types of fixed points/influence matrices seen in solvable and non-solvable circuits. (a) The fixed points seen in generic
gates, with no simplification the growing width with time implies there is no efficient representation of the state. (b) The infinite
temperature product state that comes from DU. (c) The pair-correlated state that results from DU2. (d) The fixed point resulting from
DUS3 that still has a width that scales with time. (e) The proposal in this paper, to insert inhomogeneities into an otherwise generic
circuit of type (a) that truncate the fixed point to always have finite width.

this is to impose “hierarchical conditions,” known as DUn,
that effectively restrict the lifetimes of the unwanted
operators. Their general form reads as

T

The physical interpretation of these conditions is that the
amplitude of the non-identity operators that are produced
from the infinite temperature state vanishes after n — 1
spatial steps provided they do not interact with other
operator strings. This then allows for certain gates to be
removed from the influence matrix as if they were DU. For
n > 2, however, the strings produced at one step can
interact with those produced at later steps and avoid
annihilation: this results in a growth of complexity
(cf. Fig. 2) that can be quantified by the scaling of temporal
entanglement [62,67,73]. Applying a minimal cut bound
[74] to the temporal state after maximal simplification via
Eq. (12), cf. Fig. 2, we get the following estimate for the
scaling of the temporal entanglement entropy

-2
STEO(<n )t, nZZ
n

The above scaling suggests that, while the DUn = 2
condition leads to restricted two-point correlations [23]
and treatable dynamics [52], DUnr > 2 is not solvable.

(13)

In summary, a solvable circuit where the environment
has a tunable amount of memory, i.e. a tunable bond
dimension, is missing in the literature (although cases with
finite bond dimension have been found in certain inte-
grable permutation circuits [24,26,75]).

B. Main results

In this paper we propose an alternative mechanism to
contrast the proliferation of non-identity operators under
spatial evolution. Instead of annihilating nontrivial oper-
ators only after they evolve freely for a number of steps,
we control their proliferation in such a way that they can be
always fully annihilated by the application of a different
gate. Namely, forn = 0, 1,2, ... we propose local relations
of the form

The conditions in Eq. (14) produce a generalization of
the DU condition that is not part of the hierarchy of
Ref. [23] and, to be applicable, require an inhomogeneous
circuit as the one depicted in Fig. 3. The position of the
inhomogeneities does not matter as long as their density is
finite in the thermodynamic limit. Note that the inclusion
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FIG. 3. Example of the structure of the circuit. Pictured here is
(U ® U*)" the folded evolution operator applied t = 3 times. The
evolution operator acts on 2L = 12 qubits positioned on the half-
integers. The light blue gates represent positions at which s, = 0.
Here we placed them at x = 0,2,5 but our arguments hold for
arbitrary positions of these inhomogeneities.

of the n = 0 case implies that the light blue gates are DU2
which we will adopt as their moniker.

Before proceeding it is useful to make two observations:
(i) One should not associate the n in Eq. (14) with that in
Eq. (12) as in the former all gates but the final one are
removed on the left hand side. For this reason, and what we
discuss in Sec. IIC, the conditions for n > 0 can be
interpreted as asymptotic DU2 conditions. (ii) If the light
blue gates are chosen to be invertible when acting in space,
one can remove them from Eq. (14) to obtain an equation
where all the gates are removed for identities. This would
then imply dual-unitarity of both the light and dark blue
gates. Therefore, in order for Eq. (14) to be nontrivial one
should consider light blue gates that are DU2 but not DU.

We show that Eq. (14) can be solved by a family of gates
U, that are dependent on a continuous parameter s for
which we define

W = U0 @ Uz

where for circuits on qubits (d = 2) the gate U, can be
expressed as

—Uo0 U, (15)

Us — (W_ ® W+)€i§(Z®Z+sY®Y) . W= eihiZei%X’ (16)
with X, Y and Z Pauli matrices and s € [0, 1].

This family generally entails non-integrable interactions
and interpolates between DU2 and DU gates by varying s
from O to 1. Interestingly, the gates in this family maximize
the average amount of entanglement produced when they
are applied to product states, i.e. have the maximal
“entangling power” [76,77] among two-qubit gates. In
Appendix A, we show that the time evolution operator
generated by the gates in Eq. (16) (with arbitrary values of
s.€[0,1] and hy = h, ateach position x =0, 1/2,...) can
be expressed as an inhomogeneous kicked Ising model

(KIM), see Refs. [78,79]. Namely, it can be written as

U=Texp [i/l dTH(‘L')}, (17)
0

in terms of the following time-periodic Hamiltonian

0

H() = H/() + Y 8(t—m/2)Hy.
Hi(1) =53 (5= )0y + DZ 1 Zi 4+ Y hiZe,
“ 18
HK — Z;Xx, ( )

where s, €[0, 1], we used the shorthand notation

Y ) =

x x€{0,1/2.1.....L.—1/2}

fx), (19)

and introduced the periodic step function

07

Note that, in contrast with the regular KIM, the
Hamiltonian in Eq. (18) has modulated Ising terms.
When one chooses /i, = 0 this model may be mapped
to free fermions with a Jordan-Wigner transformation (cf.
Appendix F).

The family in Eq. (16) can be generalized to arbitrary d
by introducing the d xd “clock” Z; and “shift” X,
operators fulfilling

|2y| even

12y] odd ° 20)

XdZd = a)ZdXd, (21)
with @ = ¢?7/?, and reducing to the Pauli Z and X
matrices for d =2 (cf. Appendix B). In terms of these
we can set

d

; J oy [ ;
0.~ v @w ) E T (S e 7).
< 22)

. d—1 J
i g —hiL Z
wy=e &=t 2 H

where H, is the generalized Hadamard matrix (cf.
Appendix B). Making the identification in Eq. (15) these
continue to solve Eq. (14) while they reduce to those in
Eq. (22) for d = 2 modulo global phases. Note that for
d > 4 this family does not contain anymore a dual-unitary
point (cf. Appendix C).

Moving on to physical properties, we show exactly that
in inhomogeneous circuits built of gates fulfilling Eq. (14)
dynamical correlations are supported both on the light
cone edge and within a region of a configurable width,
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FIG. 4. Schematic of the dynamical correlations c;;(x,0,1)
seen in the different types of circuits. (a) Generic non-solvable
dynamics are only constrained by the unitarity of the gates giving
a simple lightcone support to the correlations. (b) Partially
restricted yet non-solvable dynamics such as those seen in
DU3 circuits where the correlations exist on the |x| = ¢ line
and within a steeper interior lightcone. (c) An example of a
solvable circuit where the correlations are restricted to individual
lines, in this case |x| =0, as seen in DU2 circuits. (d) The
support of correlations seen in the asymptotically solvable
circuits seen in this paper. Correlations spread in a generic
manner up until the inhomogeneities of the circuit restrict them.
The only correlations outside of these regions exist along the
|x| =  lines.

giving them what we will refer to as a “dagger shape”
[cf. Fig. 4(d)] and derive conditions for their ergodicity.
Moreover, we identify a family of compatible initial states
for which we can characterize the thermalization dynamics
of local observables and the growth of entanglement
between local subsystems for times larger than £*, the
maximal distance between two DU2 (light blue) gates in
Fig. 3. Importantly, we show that for large times the slope
of entanglement growth divided by log d—the “entangle-
ment velocity”—becomes independent of the Rényi index
and is determined by the DU2 gates. We also show that
these circuits have a DU2-like entanglement membrane,
see Refs. [47,80,81]. Due to these properties we dub the
circuits made of the gates in Eq. (14) “asymptotically
solvable” circuits.

Despite the emergence of solvability at long times, for
£* > t, these circuits can substantially depart from the
DU2 behavior and show generic physics. This is true for
both dynamical correlations, which are nontrivial in the
full causal light cone, and for quench dynamics. For
instance, the entanglement velocity does generically
depend on the Rényi index at short times, which is a sign
of absence of dual-unitary physics. Interestingly, however,
our numerical results suggest that the entanglement veloc-
ity in the regime £* > ¢ > 1 is bounded from below by
that of the circuit where all gates are DU2.

To shed more light on these early-time behaviors we
consider the non-interacting limit (h, =0) of the
Hamiltonian in Eq. (18). We show that in this case the

time evolution operator can be written as the product of
three mutually commuting terms, i.e.

U = e XU, U, (23)
with
U — STy A 2
U, — o POIER A o > SedBilod 29

2

The first of these operators is dual unitary (its spectrum
coincides with that of the self-dual kicked Ising model
[38,82] at the non-interacting point), while U, produces
correlations spanning the full causal light cone. Of course,
this clearly changes if at some position x we have s, = 0,
in which case U, cannot propagate information across x. If
there is more than one point with s, =0 then U, acts
nontrivially only within the subsystems enclosed between
each two of these points.

The key observation is that U; and U, act on disjoint
Hilbert subspaces (cf. Appendix F), which means that they
propagate correlations independently. This explains the
entanglement growth being bounded from below by the
DU?2 circuit: the modes of U; always move at the maximal
speed and their contribution is independent of s, while the
modes of U, are completely static at the DU2 point s = 0
(they get reflected by the impurities) and then contribute
positively when s # 0. In fact, this free-fermionic picture
also provides a heuristic interpretation for the diagram-
matic relations in Eq. (14). Remarkably, the results
described continue to hold also beyond the non-interacting
point, where no decomposition of the form Eq. (23) exists.
Instead, one must return to the circuit formulation where
the structure of the dynamics results from the local
relations Eq. (16) that hold irrespective of the longitudinal
fields h,.

The rest of the paper is structured as follows. In Sec. I,
we study the local relations. Namely, we show that the
local gates in Eq. (15), with U, in Eq. (22), fulfill Eq. (14)
and discuss the relation between the latter and the DU2
condition of Ref. [23]. In Sec. III we consider the behavior
of dynamical correlations in these circuits and discuss their
ergodicity properties. In Sec. IV we discuss the quench
dynamics of asymptotically solvable circuits by introduc-
ing an appropriate class of asymptotically solvable states.
We show that the physical picture emerging for dynamical
correlations also occurs for post-quench correlations and
entanglement dynamics. We also discuss the £ >t
regime where the circuit undergoes generic dynamics
and is thus difficult to describe. Finally, in Sec. V we
present our conclusions and a discussion of future work.
Some further, technical details, and proofs are reported in
the appendixes.
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II. LOCAL RELATIONS

Let us begin considering the properties of the local gates
in Egs. (16) and (22): first we show that they do indeed
fulfill the diagrammatic relation in Eq. (14), then we
discuss the relation between Eq. (14) and the DU2
condition.

A. Informal proof of Eq. (14)

To help give a simple understanding of where the
conditions Eq. (16) fit into our previous discussion we
give a summary of their proof in d = 2. The actual proof in
the general case follows similar lines and is reported in
Appendix C. Introducing the diagrammatic notation

_ €z4Z®Z — 67i§Z®Z7 (25)

we have

(-] |+ 749 -5 o

Z

The first equality may be easily computed using
. 1
e = —(1Q1+iZ® Z). 27
/! )

The second equality can be verified by observing that
the matrix elements coincide. Analogously one can show
that for the off-diagonal elements of the operator basis
a=X,Y

«
.

Multiplying the top left and right legs respectively by

7z Yz 0. (28)
«

wi and w, and folding the gray gate below the white one
the second relation above is represented as

— 0. (29)

4sY®Y

Now, to understand the effect of adding e we
define
x — ei%(Z®Z+sY®Y),
(30)
= (T ZOZ+sYBY))T

and using

e’TY®YCOS(4>H®“+lSlH(4>Y®Y (3D

we find

—cos —|—s1n

Z
R s

_ -
_ COS( 2 )+Z ’

(32)

where the some terms have canceled due to Eq. (28).

Multiplying the top left and right legs respectively by wi
and w, and folding the green gate below the orange the
above relation is represented as

W (7))

where we set

= cos(2h, )X —sin(2h,)Y. (34)

For generic s these gates will not satisfy the conditions
shown in Eq. (29). However, instead of setting the
amplitude of the operator strings to zero, they do the next
best thing and confine the operators to a subspace. By this
we mean that the following overlap vanishes

Z
ix. =ty [UJ (1 ® Z)Us(a® 1))

o
= —tr[e " 17%2(1RY)e' 179 (a @ 1))
(35)

where again a = X, Y and we indicate taking a partial trace
over the left spin with tr;. The first equality uses the fact
that WICijE = —Y and that [¢"¥®Y 1 ® Y] = 0. The last
equality holds as a consequence of Eq. (28). This restric-
tion means that no matter how many darker gates are
applied in a chain, the uppermost component of the
operator string will not leave the a = X, Y subspace, i.e.
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B

ae{X,Y},

’ Be{l, Z}. (36)

(%

An immediate consequence of this is that the following
holds

«

Considering now the lhs of Eq. (14), repeatedly apply-
ing Eq. (33) (the first time with s = 0, then for s # 0) and
Eq. (36) we readily find the rhs, thereby concluding
the proof.

B. Corollaries of the relations in Eq. (14)

The local relations in Eq. (14) appear to only allow
simplifications of the non-DU2 gates between two impu-
rities. However, if we take them and contract on both sides
with the folded identity on the bottom leg

- (38)

we may then use the unitarity condition [Eq. (5)] in order
to remove the bottom left gate such that we are left with

This then shows us that the non-DU2 gates cancel
telescopically into the DU2 impurity gates even when they
are not sandwiched between two impurities.

C. Relation between Eq. (14) and DU2

Considering the bulk of a circuit where the columns of
light blue gates (U,_,) are arranged in a regular spatial
sub-lattice, i.e. every 27 sites, one can recognize “coarse
grained gates” acting on 4¢ qudits and fulfilling the DU2
condition. Namely, centering ourselves about a column of
light blue gates, we can consider

20

and, with the use of Eq. (14), show that they fulfill the DU2
condition

(41)

This property holds for arbitrary £ and regardless of the
choice of free parameters used in the other gates.

Therefore, there exists a simple renormalization group
flow—or tensor blocking procedure—

el
ol

under which infinite, 2/-site translationally invariant
asymptotically solvable circuits approach DU2 circuits
in one step (and remain DU2 thereafter as the latter is a
fixed point). This property, however, does not mean that
the dynamics of asymptotically solvable circuits immedi-
ately reduces to that of DU2. In essence, this is because
non-equilibrium dynamics involves nontrivial time boun-
daries. An example of this will be the dynamics of
entanglement between the halves of the system: if the
cut is not directly centered of a light blue gate then the
entanglement growth cannot be calculated by the appli-
cation of Eq. (41) alone and as we will show only becomes
asymptotically equivalent to the DU2 result only in the
t> ¢ limit.
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It is also worth emphasizing that the above argument
cannot be applied in the absence of strict translation
symmetry, i.e. when the separation between blue columns
varies throughout the circuit. In this case one still observes
the eventual emergence of DU2 physics, but the timescale
for it to occur is different at different spatial points and is
difficult to be characterized by simple coarse graining.

IIT. CORRELATION FUNCTIONS

In this section we demonstrate that for asymptotically
solvable circuits the correlations inside the causal light
cone take the dagger shape where they are exactly confined

where we have applied our identities in Egs. (14) and (39)
to reduce all gates outside the zeros to being effectively
DU gates. There is generally no further reduction that can
take place. This means we must include the full region in-
between the nearest zeros to the operators. This length
scale then corresponds to the finite memory of the
|

N
Cij (z,y,t) = 6yfz,ﬂ:tcij (x,z£1,1) +Z Xllm

Lnt1) (x)X[Zm,Eerl] (y)

to a vertical strip with the only leakage allowed along the
|x — y| = ¢ line. This allows all the correlation functions to
be described by the repeated application of a fixed channel.

Let us consider circuits built of the gates in Eq. (22) with
a position dependent parameter s, €[0,1]. The only
requirement we make on the distribution {s,} is that
the distance between two zeros, where we place a light
blue gate, does not scale with the system size. Choosing
without loss of generality s, = 0 we let £ be the position of
the next zero such that s, = 0. Considering £ =2 for
clarity, we can express the dynamical correlation between
two operators in [0, £] as

(43)

environment. One can also verify that if the two operators
are between different pairs of zeros then the correlation is
identically zero unless they are separated by a light cone
distance |x — y| = r. Namely, denoting by {Z, ..., £/} the
positions of the zeros in {s,}, we have

m=1

d2 (Zm+1 74711.)

<O"'Og(j)O'"O|T€tm+17€m|ooo—(i)0”'O>ﬂ
2y—Lm 20—Lm

(44)

where the sign in the first term is + if x is integer and — if is half odd integer, while in the second term we indicated by
x4(x) the characteristic function of the interval A and we introduced the channel
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FIG. 5. A correlation function between two identical random
traceless Hermitian operators supported on 4 sites. The position
of the second operator is fixed with its leftmost spin at 2y = 15.
All gates use a small homogeneous longitudinal field & = z/800.
Gates with s; = 0 act on the 13th and 19th bonds in the system,
all other gates use s; = 7/8. As a result, inside the light cone we
see nontrivial correlations at all times when the two opera-
tors |x —y| < 4.

Similar statements can be made for larger operator
strings as well (as long as the operator size is smaller than
27). Therefore, we can conclude that all non-zero corre-
lation functions between two local operators on the interior
of each other’s light cone are determined by the channels in
Eq. (45). An example of such a correlation function is
pictured in Fig 5.

As pictured in Eq. (45), the transfer matrix 7', functions
as a unitary evolution U @ U* that has been projected onto
the sub-sector where the environment both starts and ends
in the infinite temperature state, i.e.

Ty = %( (O|@1—2@ (O)URU*(|0)®1,—2®|O)).
(46)

A rephrasing of this is that the action of the rest of the
system upon the subsystem is completely depolarizing and
Markovian. In the context of brickwork circuits, such
channels have been considered when studying systems
with explicitly DU environments [83].

It is easily shown that the eigenvalues of this matrix lie
on the unit disk (i.e. it is non-expanding). For any
normalized |v)

|(v|Tyv)| = (OvO|U ® U*|OvO)]

= PeC R

On top of this, as a consequence of unitarity, the transfer
matrix has a trivial leading eigenvalue that is the infinite

temperature state

T |0---0)y = |0---0). (48)

Only using first principles, however, we are not immedi-
ately able to identify if there are any further eigenvectors
with eigenvalue 1. This property is crucial as it decides the
asymptotic behavior of correlations. Representing the
magnitude-ordered eigenvalues as 4; for i =0,1,... we
have two cases: (i) |4;| < I, i.e. the magnitude of the
second ordered eigenvalue is less than 1, and
(ii) |Ao] = |41] = 1, i.e. the magnitude of the leading and
second ordered eigenvalues are equal to 1. Case (i) is the
generic case corresponding to exponential decay of corre-
lations over a timescale set by the gap 1 — |4,|. In case
(i1) some correlations do not decay and the system is either
ergodic but not mixing (for A; = e # 1) or non-ergodic
(for 4, = 1). Finally, we note that the conjugate matrix 77
is related to the original 7, by a unitary similarity
transformation that swaps the forward and backward
replicas. As a consequence the spectrum is symmetric
under complex conjugation.

As discussed in Sec. I B, at the integrable point d = 2
and /i, = 0 one can identify subspaces of the Hilbert space
which are exponentially large in the distance between
consecutive zeros ¢, where the time evolution acts uni-
tarily (cf. Appendix F). This means that there are expo-
nentially large (in £) subspaces where T, acts as a unitary
matrix. In fact, for this local unitary dynamics to exist
inside only between two specific zeros, say those at
x = 0,7, one need only that the longitudinal field is zero
inside this region h, = 0, x € (0, £]. The natural question is
then whether there are any other regions than the non-
interacting one at which the gap can close. In order to help
answer this we state the following property.

Property 1. For d = 2, the spectral gap of T, can only
close if the longitudinal fields acting on the first two qubits
hi. hy and the last two qubits hf_% , h, of the subsystem all
belong to {0, z/4}.

The proof of the above property is given in Appendix D.
This is done by considering how local operators can avoid
leaking out of the boundaries of the subsystem: this can
only happen for special values of the longitudinal fields
near those boundaries. An immediate consequence of
Property 1 is that we do not expect to see any unimodular
eigenvalues appearing for uniform longitudinal fields
outside of 4, =0, z/4 and for random configurations of
the longitudinal fields as the gap only closes on a set of
measure zero. Importantly however, this tells us nothing
about the size of the gap and on how it depends on 7. It
may appear concerning that k2, = n/4 emerges here as a
possible non-ergodic point as this would seem to be the
strongest the interactions can get in the system. However,
in the following we confirm numerically that Property 1 is
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FIG. 6. The magnitude of the subleading eigenvalue |4, of the
channel T, for 2 = 12 in the upper panel and 2 = 8§ in the
lower panel against (s, h) parameters used for all gates in the
subsystem except for the DU2 edge gates that use h but
have s, = 0.

not overly weak in this respect and that indeed there do
exist special cases where the gap may close for 4, = 7/4.

We now consider a homogeneous channel where the
values of s, and &, are constant in space except for the
gates on the edge where s, = s, = 0. For this channel we
determine the magnitude of the second largest eigenvalue
numerically: the results are displayed in Fig. 6.
Immediately apparent is the emergence of conserved
quantities at h = z/4 and s = 1. At this point, all gates
within the channel are Clifford gates. It is then the case that
there exist operator strings that map to local strings with no
amplitude leakage due to the fine tuned angles in the gates.
The region of slow decay about this point then corresponds
to a perturbed Clifford channel with small amounts of
amplitude leakage of the previously conserved string.
Away from this region, we also see the expected non-
ergodic behavior for the & =0 and h = n/2 lines. The
dynamics at & = z/2 is equivalent to the dynamics at h =
0 up to a single site rotation of the initial state. These
regions have locally free fermionic dynamics and the
conserved quantities here correspond to the fermions
trapped between the s, =0 points. We also note the
overall change in the typical |4;| values seen in the
comparison between the upper and lower panels of
Fig. 6 that correspond to 2 = 12 and 2¢ = 8 respectively.
For the ergodic channels, the increasing gap at larger £ can
be rationalized by viewing the perturbative regions around
the non-ergodic points as shrinking instead. This occurs as

if we perturb each gate by a certain amount then the
channel made of more gates will end up being perturbed by
a greater amount, effectively leaving the full channel
further away from the non-ergodic point.

It is important to note that this is not a discussion that
generalizes well to early times 7 ~ ¢ for two reasons. First,
we have made no comment on the overall distribution of
eigenvalues. While the gap may be growing with £ so too
may the number of eigenvalues with similar magnitude to
A1. The relative scaling of these two effects is then very
important at early times. Second we have made no com-
ment to the Jordan block structure of 7. It is very likely
that most operators will still decay quicker at short times
for the smaller channels as a result of said channels having
smaller Jordan blocks than the larger channels. This is
expected physically as operators initially positioned in the
bulk will only begin to decay once they have expanded to
reach the depolarizing boundaries of the channel 7,
something that will occur faster for smaller .

As we know from Property 1 no conserved quantities
can emerge away from & = 0, z/4 but it is significant that
we do not see non-ergodic behavior for arbitrary s values
at h = /4 and must also tune s = 1. Even at the point
s = 0 where again all gates are Clifford and DU2 we do
not see non-ergodic behavior. It seems in this respect that
Property 1 is weak and could stand to be improved by
adding restrictions to the values of s, within the channel.

IV. QUENCH DYNAMICS

Let us now move on to consider the non-equilibrium
dynamics of asymptotically solvable circuits. Our starting
point is that, just like DU [29,84] and DU2 [23] circuits,
asymptotically solvable circuits admit families of states
that allow for the application of the solvability conditions
when evaluating dynamical quantities. These are again
found by considering two-site translation invariant matrix
product states of the form

[PM)) = M M iy gy ), (49)
i}

where { M/} are matrices acting on a y-dimensional
auxiliary space. Graphically, we set

(i,k) (0

ﬁ-ﬁ ) (50)

ISR

where (-, -) labels in the diagram denote an index on the
front and back copy respectively where the thick lines
represent two folded copies of the auxiliary space. We
normalize the state such that in the thermodynamic limit
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lim (yo)yo = 1. (5D

L—oo
The above condition can be rewritten as

limtr(77) =1, (52)

L—oo

where we defined the MPS transfer matrix
1
= - . 53
7= (53)

We then have that Eq. (51) corresponds to the condition
of 7 having a non-degenerate maximal eigenvalue 1o = 1:
we shall denote the corresponding left and right eigen-
vectors by (L| and |R) respectively.

We now define a solvable MPS to be one for which the
following is true:

(1) The eigenvectors (L| and |R) fulfill

X

(LD =1R) =D li) ®i). (54)

i=1

Since these equations take the same form as Eq. (4) we
represent them graphically as

(L)) = |R) =0—, (55)
where the thicker line is to indicate that the sum is over the

auxiliary space.
(2) The following conditions are satisfied

(56)

where f = diag{f,,---,p,}:tr(f) =0 is an arbitrary
traceless diagonal matrix.

Importantly, for d = 2 low bond-dimension examples of
the solvable states above include product states

2L
ly) = @1 798 (57)

where each qubit is such that (y.|Z|y,) =0 (i.e. each
qubit is polarized in the xy plane), and all forms of
entangled Bell pair product states

ij>>, (58)

where v, v} = 1. The conditions of solvability are such that
the following rule holds

for any number of intermediary gates. An analogous
relation holds when flipping the diagram left to right.

Using these conditions, one can simplify the tensor
networks describing dynamical quantities after a quench
from solvable states in the same way that could be done for
the infinite temperature case. As was the true there, the
core of all these simplifications is the ability to describe the
evolution of a local subsystem without the need to consider
its complement. The unique feature of asymptotically
solvable circuits, compared to DU or DU2, is that the
networks can only reduce up to the nearest s, = 0 points to
the subsystem and, consequently, the real simplification
only occurs for large times.

To show this we consider the effective evolution of a
subsystem A defined as the region x&(0,7] where
so = s, = 0. The reduced density matrix on this region
may be written as

(60)

We can apply unitarity and then use the existence of the
fixed points Eq. (54) to simplify the diagram in the
following manner
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where the thermodynamic limit is implicit in second
equality and we used

i k(O ) <o @

This is now in a position where the solvability con-
ditions in Eq. (59) can be applied. Using them we obtain

(63)

where we have identified the column as the repeated
application of the transfer matrix defined in Eq. (45).
Equivalently, we can say that the expectation value of any
operator O, with nontrivial support on A evolves as

(Oalpa(1)) = (Oal(T£)'|p4(0)). (64)

This tells us that the analysis performed in Sec. III can
be immediately applied to assess the asymptotic behavior
of the local state, i.e. whether it eventually reaches thermal
equilibrium (at infinite temperature), relaxes to a gener-
alized Gibbs ensemble, or fails to relax. Of course, for

times ¢ and the support of the operator O both smaller than
¢ the local dynamics Eq. (64) reduces to the standard form
for an operator evolving in a circuit composed of gates
using s, # 0. In the upcoming subsections Sec. IVA and
IV B we analyze the behavior of quantum information in
the two different regimes.

A. Asymptotic times

To understand the behavior of quantum information in
the late time regime we begin by considering the entan-
glement between A, a continuous block of 2L, qudits, and
the rest of the system. To quantify the latter we will use the
Rényi entropies of the reduced state p4(7), i.e.

S (1) = a€ER.  (65)

1
——logrlp, (1),

It is known (see, e.g., Ref. [52]) that the behavior of
Rényi entropies in the limit of large subsystems (after the
thermodynamic limit has been taken) is controlled by the
boundaries between A and the rest. Namely, specializing
the treatment to a =n€Z we can express the Rényi
entropies as

lim lim S (1) =

Ly—00 L—oo

——llog Ci(1) +1og C,(1)).  (66)

where we defined the diagrams C;/, as

where the [/r subscript denotes whether the diagram is
centered on the left or right edge of the subsystem
respectively, we introduced a diagrammatic representation
for replicated gates

(U@ U2 = x (68)

the states representing relevant index contractions

(67)
[
d
|O>:Z |Zl>® ‘Zl>®® |Zn>® |ln> :é)a
zl,...anl (69)

lin) @ [i1) ® <+ ® |in_1) ® in) =0,

11,00 in=1

and their analogs in the auxiliary space. This structure is
conditioned on unitarity alone. Now, we can apply our
identities to simplify the diagram to within the nearest pair
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of zeros surrounding the center

which may then be recognized as the repeated application
of a single transfer matrix that connects the local initial
state and the cut

Ciyr(t) = NP

where we have introduced the lengths ¢/, that describe the
length of the interval between the zeros surrounding the
left and right edges respectively. We define the multi-
replica transfer matrices

such that

oy (73)

Cue(t) = (0000l T )

Ly

where the additional normalization has been absorbed into
|p§73> which, as shown in Eq. (71), is the n-fold replicated
MPS state contained within the region of size £/, with the
square and circle vectors applied at the edges. We therefore
must study the spectra of T(f") to understand the behavior of
the entanglement.

In contrast to the 1-replica case where T, has the
maximally mixed state |O---O) as a leading eigenvector
with eigenvalue 1y = 1, in the n-replica case this state is
not even an eigenvector. By applying the solvability
conditions in Eq. (14), it is elementary to verify that the

following are eigenvectors

20 20

such that
(LIRS = 6y,

n n 1 Q = n
Te( ) |R§:)> = dT" |R£_L)> (75)

) p(n) _ )y 1 R
@7 = 1)

It was proven in Ref. [52] that for DU2 gates the d> x d>
matrix with elements

Q (lvj)
(k1 Py if) = (76)
I ki)

is proportional to a projector such that P = AP, and
trP, = d” implying A = d*/n, where n, is the number of
non-zero eigenvalues. This gives

1 QH 1

1
g = TP = et (77)
d?>"o o d? ny 1

and thus we restate

n n 1 n n n n 1
TR ) = IRY) (LT = (LY = 78
A A

To guarantee these are leading eigenvectors one must
bound the spectral radius of T;”). This is guaranteed by the
following property (proven in Appendix E)

Property 2. The spectral radius of T;" has a nontrivial
upper bound for n > 1
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< — = .
p( ¢ ) — dzn 3 . nx—l (79)

Therefore, we can conclude that the eigenvectors in
Eq. (74) belong to the eigenspace with eigenvalue of
maximal magnitude. Of course, it is again possible that
there exist other eigenvectors in this space. Such eigen-
vectors could produce parameter-dependent O(#°) shifts to
the entanglement but will not change the overall slope/
velocity. Assuming that the ones in Eq. (74) are the only
eigenvectors with maximum eigenvalue we have that as
I —> o

(n)t 1
Ty =~
Ny

(RUYVLY |+ [RWY(LW)).  (80)

It is easily shown that for a solvable initial state
(LDpi)) = 0. 81)
Therefore, as t - oo we have

OD...D|R$L)>7
(82)

t(1— n
Cyr(t) 2 mig ™™ <L5:L)|Pz(/2> (©--

and thus the entanglement velocity reads as

(n) .
vp = lim lim lim Sa (1) _ log(na)

t—co Ly—o00 L—oo 4t IOg(d) - 2 log(d)

(83)

as the inner products are independent of time. Remarkably,
this is the same result as the DU2 case [52,85]. We have
shown that, even when we separate the DU2 gates by many
generic s non-DU2 gates, for long enough times the
entanglement shows the same growth and even the same
slope/velocity. This occurs with an arbitrarily low (but
finite) density of DU2 gates.

More generally, let us consider the “entanglement
membrane” [47,80,81,86] generated by asymptotically
solvable circuits. The latter comes from regarding the
tensor networks describing entanglement related quantities
as partition functions. For large times, these partition
functions are expected to be dominated by domain wall
configurations which can be characterized by a line
tension—or membrane tensions in higher dimensions.
Once identified, the line tension can be used to infer
many properties of the dynamics by assuming other
quantities are also dominated by such domain wall
configurations. We assume that, despite the inhomogeneity
of the circuit, over large scales the line tension behaves as
it would in a homogeneous system. Namely, we assume
the line tension to be self-averaging. Therefore, we can
probe the line tension by defining the following quantity
[47,80,81,86]

which measures the entanglement of the time evolution
operator under a particular bipartition of input and output
legs. Namely, we consider bipartitions into contiguous
blocks with cuts at position x and y for the input and output
legs respectively. The factor d~>"F is a normalization.

Keeping x fixed and then taking t — oo with y = x + vt
we expect that a straight domain wall connecting (x, 0) and
(v, t) should emerge as the dominant configuration such
that

(84)

1
llogzn<xvy7 t) N2t10gd gn(v) (85)

where we have introduced the factor of 2 to the typical
definition to compensate for the half-integer time steps
used in this work. As it is defined across large times and
distances, the line tension should only reflect the solv-
ability that the asymptotically solvable circuit will attain
for > £. One can verify that this is true by elementary
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application of the solvability conditions Eq. (16). As ¢ is
kept fixed in the limit, for any non-zero v it will eventually
become true that |y —x| > ¢ such that there exists a
column of DU2 gates in-between the cuts. Once this
occurs, the value of Z,(x, y, t) becomes completely inde-
pendent of £. One can easily verify that in this case the
DU?2 result holds such that

1 — |v[log(ny)
2 log(d) -

Ea(v) = |v] + (86)

Of course, for v = 0 we have x = y and this logic does
not hold. However, Eq. (86) is still valid as the solvability
conditions leave the network in a similar form to Eq. (71)
where the value may be discerned from the leading
eigenvalues of Tg”, which we have already characterized.

The line tension gives us the expected results for the
other quantities in the system. The point &£,(v = 0) = vg
returns the entanglement velocity that we have shown is
exactly valid for quenches from solvable states.
Furthermore, the solution to &,(vg) = vp returns the so-
called butterfly velocity vp = 1 (provided n, # 1), indi-
cating that at large times t> ¢ operators spread at
maximal velocity.

B. Early times

Having characterized the long time behavior, it is
natural to ask what happens at early times. This is also
equivalent to considering the limit in which we send £ —
oo to regain a homogeneous system. In particular, one
might be concerned that these dynamics must also be
somehow special due to the complex relation the generic s
gates have with the DU2 gates [Eq. (16)]. In the absence of
the solvability conditions there are only a few statements
that can be made analytically about the dynamics. In this
section we investigate the model at the integrable point
analytically and then the outside this point numerically. We
shall see here that the early time dynamics can be
qualitatively different to the long-time solvable dynamics
that we have been able to characterize so far. This leads us
to the conclusion that these dynamics are in no sense
solvable and that in the general case only the long-time
dynamics may be characterized analytically.

1. Dynamics at the free point

As mentioned in the introduction, when d = 2 and the
longitudinal fields are zero the time evolution operator
may be reduced to free-fermionic form by performing a
Jordan-Wigner transformation. Considering the homo-
geneous case, we can then understand both the entangle-
ment structure and the effect of inserting distant s, =0
inhomogeneities by describing the structure of the eigenm-
odes. The explicit diagonalization of the propagator is
provided in Appendix F, while the key upshot is that we

may use the following form
U = eiflen, (87)
with a Floquet Hamiltonian given by
2 n
He = Z Z e;(k)B}(k)p; (k) + const,  (88)
j=1 k=—n
where f; are canonical fermionic operators (they anti-
commute for different j s) and the dispersion relations are

given by

81(k> = |k

, &,(k) = 2cos~!(cos(k/2) sin(rs/2)).
(89)

The behavior of the entanglement after a quench may be
determined by applying the quasiparticle picture [5]. To
this end we shall consider an initial state that, at the same
time, is solvable according to our definition [cf. Egs. (54)
and (56)], is Gaussian, and produces pairs of quasiparticle
excitations. We shall choose the following state

L1
W) = ® 5 (1001 = [1icijan)- - 90)

x=1

As discussed in Appendix G, the entanglement entropies
in this state can be written as a sum of two parts for all
times

S (r) = S (1) + S5 (1), 1)

where S;") is the entanglement created by the j-type

fermions. The quasiparticle picture can be applied to
determine how these quantities will evolve. For L, > 1,
L —L,>tand t> 1 the quasiparticle picture indicates
that the dominant part of the entanglement will come from
freely propagating entangled pairs

) o, [79K
s _21/2—

x &

(n)
; (k)

vj(k)ls

s = ——logl(B,(0)" + (1 - 6,(0))").  (92)

J 1—n

with the quasiparticle velocities defined as v;(k) = €}(k)
and the filling fractions in the initial state

0;(k) = (wlB(k)B; (k) lw). (93)

Using the definitions given in Appendix F for £k > 0 one
finds the following forms
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0, (k) :%, 0(k) :% <1 +%> 94
e e ), N

where
sinh(h) = sin(k/2)tn(xs/2).  (95)

Immediately, this allows us to see that the first con-
tribution to the entanglement is

s\ (1) = 2t10g(2). (96)

This contribution is independent of s (cf. Appendix F) as
it corresponds to the maximum velocity modes propagat-
ing only along the 7/4 bonds. This is the piece that creates
to the entanglement velocity calculated using the solv-
ability conditions in Eq. (83) in the regime of large time
compared to the distance between the two nearest zeros
t > ¢. The remaining piece Sg") () cannot be expressed in
terms of elementary functions of s: its expression in terms
of special functions is long and not insightful so we do not
give it here. Instead, we illustrate its properties in Fig. 7.

The central conclusion to draw is that in the homo-
geneous case the dynamics at the free point does not
appear to be similar to the DU2 circuit in any sense. First,
the dynamical correlations are not confined to individual
lines in spacetime due to the second type of modes in the
system being dispersive. One might argue that these modes
are contained to good approximation within an interior

1.0

0.9

0.8

St /4t log(2)

I/

0.7
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0.5
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n

FIG. 7. The Rényi index dependence of the entanglement
velocity in the integrable case. The different curves are calcu-
lated using different values of s ranging from 1 (dark blue) to 0
(light blue) in steps of 0.1.

light cone v = £max ¢, - |v>(k)| and that could be used
to reduce the tensor network in Fig. 1. However, due to the
widening support of the correlations in time this approach
will not be able to reduce the network down to a repeated
contraction of a finite tensor as can be achieved for a
solvable circuit. Second, the now trademark flat Rényi

spectrum seen in solvable circuits is not observed in this

system: while S is independent of n, SJ"

(cf. Fig 7).

The long time structure will clearly change when we add
s, = 0 points to the system. These points are only seen by
the f3,(k) modes which experience them as open bounda-
ries (cf. Appendix F and the discussion in Sec. I B). With
two of these points positioned at x = +¢/2 and with the
edge of a subsystem at x = 0 we expect these modes to
provide a linear contribution to the entanglement until 7 =
¢ /2 at which point it becomes possible for modes reflected
at the boundary to cross the subsystem edge. This then
causes the contribution from the f,(k) modes to begin to
fluctuate as different quasiparticle pairs go from straddling
the boundary of the subsystem to both being on either side.
Focusing on a single set of modes with a given velocity
vo(k) it is easy to see that the contribution to the
entanglement should come as a triangle wave with period
£/ v, (k) [87,88]. This implies the form

is not

sV (1) = 2¢ / ”? min(z(k), 1 — 7(k))sy" (k).

27

(k) = |7)2(k)‘t_ \‘|7}2(k)|tJ' 97)

4 4

From the original circuit perspective, the construction of
these oscillations will occur within the other leading
eigenvalues of the transfer matrix T(f") that cannot be
identified by the solvability conditions alone.

2. Dynamics for generic gate choice

When the circuit is both interacting and non-solvable it
becomes much more difficult to say anything substantive
about the dynamics. Here we demonstrate numerically that
in the homogeneous case for d =2 the generic s case
shows the same departure from solvable dynamics as the
free fermionic case discussed above. The transition into
solvable dynamics in the inhomogeneous case when ¢t ~ £,
however, occurs differently to Eq. (97).

In the non-solvable homogeneous case we plot a
selection of different entanglement gradients in Fig. 8.
For the limited times we are able to access we see that for
generic choices of s the entanglement velocity does not
appear to settle into n-independent values. This indicates
that again the Schmidt spectrum of the wave function is
becoming increasingly non-flat under these dynamics.
Furthermore, we see that the effect of increasing s is to
monotonically increase the asymptotic value of the
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FIG. 8. The gradients of various entanglement entropies

[ASXO(t) = Sg")(t) — 8% (1 — 1)] after a quench from a simple
Bell pair state using three different homogeneous circuits with
varying values of s. The three sets of curves that are plotted with
different colors from light blue to dark blue use s = 0.3,0.7,0.9
respectively and all use a uniform field & = z/8. Each set of
curves contains 10 curves that are arranged vertically and
correspond to the Rényi index n ranging from 1 to 10 in
descending order. For n = 1 we plot the von Neumann entropy.

gradient. It is very tempting to imagine that the entangle-
ment velocity in homogeneous circuits for s > 0 is always
greater than that of the s = O circuit and that this might be
a consequence of the solvability conditions Eq. (16).
However, we have no argument for this.

To investigate the transition from the non-solvable into
the solvable dynamics we consider the gradient of the von
Neumann entropy in the inhomogeneous case, shown in
Figs. 9 and 10. In Fig. 9 we have the typical gates as
s = 1.0 (DU) and then position the s =0 (DU2) gates
every £ = 4, 8 sites with each of the subsystem boundaries
positioned halfway between two such points. For 27 — 1 <
¢/2 we see that, as expected, the entanglement grows at
the maximal velocity, as it does for a homogeneous DU
circuit. Once 2t — 1 > £/2 the DU2 gates become relevant
and the entanglement velocity begins to shift. However,
depending on the parametrization of the gate this occurs
differently. For the non-ergodic gates identified in Sec. III
we see that the velocity does not converge and oscillates
around its mean value of 1/2. For the ergodic gates, the
oscillations appear heavily damped leading to a rapid
convergence on the DU2 velocity of 1/2. The periodicity
of the oscillations in the integrable case (red line) is owed
to the linear dispersion of the trapped fermions that comes
from the choice of s =1 inside the subsystem. The
oscillations at the non-integrable Clifford yet non-ergodic
point s = 1, h = z/4 (blue line) are also periodic yet have
a different period to the integrable case. In Fig. 10 we
consider the same setup with £ = 8 but change the generic
gates to use s = 2/3. As can be seen in Fig. 6 we will no
longer see non-ergodic behavior at 7 = /4. This is in line
with the behavior of the correlation functions discussed in

1.0 3

0.751

0.50 1

ASY (1) /410g(2)

0.25¢

0.0 }
1.0

0.75}

ASY (1) /410g(2)
(e}
Z

FIG. 9. Gradient of the von Neumann entanglement entropy
after a quench from a Bell pair state with s, =0 points
positioned at every 2¢ = 4 bonds in the upper panel [as pictured
in Eq. (67)] and every 2¢ = 8 bonds in the lower panel. The
different curves are calculated for quenches with s = 1.0 but
varying longitudinal fields # = 0,x/12,7/6,x/4 from red to
blue. Solid lines indicate those that will not converge due to the
presence of conservation laws.

1.0

0.757

ASP (1) /410g(2)
o
z

0.0

t

FIG. 10. Gradient of the von Neumann entanglement entropy
after a quench from a Bell pair state with s, =0 points
positioned at every 2¢ = 8 bonds (same as the lower panel of
Fig. 9) but now with s = 2/3 for all other gates. The different
curves are calculated for quenches with s =2/3 but varying
longitudinal fields h = 0, z/12, z/6, /4 from red to blue. Solid
lines indicate those that will not converge due to the presence of
conservation laws.
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FIG. 11. The von Neumann entanglement between two halves

of the fixed point [cf. Eq. (98)]. The curves are calculated with
circuits all using h =x/8 and from red to blue with
s=0,1/6,...,5/6, 1. The alternating flat red and blue line on
the bottom of the graph represents the overlapping s = 0 DU2
and s = 1 DU circuits that have no entanglement across the cut.

Sec. III where we saw that the gap remains open for s # 1.
The immediate consequence of this is that we only have
one line which does not converge in Fig. 10 (red line) that
corresponds to the integrable system. In this case the
oscillations are not periodic as the dispersion of the
trapped fermions is non-linear and thus produces a range
of velocities at which information can spread. This dis-
tinction can be understood through Eq. (97).

We now return to considering the homogeneous circuit
with no DU2 gates inserted. While breaking the flatness of
the Rényi spectrum is a good indication of a lack of
solvability, we can confirm the latter directly by probing
the entanglement structure of the fixed points discussed in
Sec. I B. This is a convenient choice as it does not depend
on the initial state and allows us to directly test the bulk
properties of the circuits. Considering for definiteness the
left fixed point we have

BN

To assess one possible way for this tensor, viewed as a
state with 2¢ qudits of local dimension d?, to be computa-
tionally simple we can ask whether it can be approximated
by a low-entangled MPS form as ¢ grows large. We may
define the density matrix corresponding to this state

1.2¢
1.0t

0.6}
0.4
0.2}
0.0k : : : : :

0 2 4 t 6 8 10

FIG. 12. The von Neumann entanglement of the fixed point
across the bipartition pictured in Eq. (98). The curves are
calculated with circuits all using 7 = z/8 and from red to blue
with s = 0.9,0.925,0.95,0.975, 1.

(99)

and then construct a reduced density matrix p, = trzp
across some bipartition like the one pictured in Eq. (98).
The entanglement growth of this reduced density matrix
growing linearly with ¢ implies that an efficient MPS
representation of this state is not possible and is therefore a
strong indicator that this circuit is not solvable [62,67,73].

The entanglement growth of the fixed point is displayed
in Fig. 11. For the moderate values of s shown in this figure
we see that the slope of the line appears to increase with s
but that when approaching the DU point s = 1 the slope
only reaches its asymptotic value after a delay. The
mechanism by which the limit s — 1 produces the flat
entanglement line seen for DU gates is unclear. In
particular, it may be the case that

S0 s (100
[ 240

lim lim “2—-2 # lim lim -4 p

t—00 s—1

Our numerical observations suggest this possibility: as
shown in Fig. 12, the delay for the curves to reach their
asymptotic value appears to grow as the gates get closer to
the DU point, suggesting that if the s — 1 limit is taken
first the curve will become flat but that if the # — oo limit is
taken first we will always reach a slope that will not vanish
when s — 1. However, it is unclear whether the asymptotic
slope of these curves will be monotonic in s or whether at
some critical s = s, the asymptotic slope begins to
decrease again. While an interesting question this uncer-
tainty is not core to our claim here. We can clearly state
that the entanglement of the fixed point does not stay
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bounded for any values of s except the already known
solvable points s =0 and s = 1.

V. DISCUSSION

In this paper we introduced a family of interacting
quantum circuits, which we dubbed “asymptotically solv-
able,” where the dynamics for timescales larger than a
tunable threshold can be accessed exactly, while they
appear generic for shorter timescales.

Asymptotically solvable circuits involve an unavoidable
degree of spatial inhomogeneity: their distinctive proper-
ties require the presence of “special” ergodic gates applied
at distances that are not scaling with the system size. The
distance between the two special gates enclosing a local
subsystem determines the timescale after which its dynam-
ics become exactly accessible, while for shorter timescales
it sets an effective system size allowing for efficient
numerical evaluation. For periodic arrangements of the
inhomogeneities, i.e. in the presence of translational
invariance, these circuits can be shown to exactly flow
to the DU2 family [23]—a recently introduced generali-
zation of dual-unitary circuits [22]—under an appropriate
spatiotemporal ~ renormalization  group  procedure.
Asymptotically solvable circuits, however, show a much
richer pattern of spatiotemporal correlations compared to
both dual-unitary circuits and DU2: the correlations of
these circuits are not reduced to a few lines of the causal
light cone but are nontrivial within a full area of the light
cone whose size is controlled by the distance between the
nearest special gates. At the same time, they also admit
correlations moving at the speed of light showing that
effect of the special gates is not just to cut the system into
disconnected parts but rather to “filter” the correlations
allowed to propagate to large scales.

Our work prompts many fascinating questions for future
research. A particularly compelling one concerns the
possibility of attaining large-scale solvability without ever
requiring special gates. Our analysis suggests that this is
not possible for strictly homogeneous circuits, however, it
might be possible by considering circuits where the gates’
parameters have an appropriate spatial modulation despite
each gate being generic. In this case, solvable gates might
emerge as an asymptotic fixed point of an appropriate
spatiotemporal renormalization group flow. This question
becomes particularly relevant when thinking about embed-
ding nontrivial conservation laws in asymptotically solv-
able circuits. The structure of correlations in the simplest
case discussed here only allows for conservation laws with
strictly conserved densities or that are moving ballistically
at the speed of light. Removing the special gates should
allow to study cases where the conserved charges display
diffusive or even superdiffusive [8§9-94] transport.

An exciting suggestion of this work is that even in the
absence of solvable impurity gates one might make
statements about the entanglement dynamics (i.e. non-
trivially bounding from above and below the entanglement
velocities) of a non-solvable circuit that is merely related
to a solvable circuit through our graphical identities. We
were able to make these arguments analytically in the
integrable case through the use of the quasiparticle picture
but observed numerically that the results appear to extend
to the non-integrable circuit as well. This may suggest that
such a statement can be made by use of the graphical
conditions alone. We leave these questions to further work.

Another interesting direction concerns the characteri-
zation of spectral properties of asymptotically solvable
circuits. For a spatially periodic distribution of the defects
our renormalization group argument suggests that the latter
should reduce to those of DU2 circuits for energy scales
below a certain threshold set by the distance of two
neighboring special gates. The correlations should, how-
ever, depart from the latter over longer energy scales,
suggesting that the distance between special gates plays
the role of a Thouless energy [95]. The situation becomes
less obvious in the case of an aperiodic special gate
distribution. Other metrics associated with quantum chaos,
such as out of time order correlators (OTOCs) and operator
space entanglement are also a potential prospect as the
renormalization argument suggests we should be able to
demonstrate the emergence of the solvable DU2 behavior
in these quantities as well, particularly the OTOC.
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APPENDIX A: EQUIVALENT
REPRESENTATIONS OF THE QUBIT
EVOLUTION OPERATOR

The evolution operator for the circuit takes the brick-
work form

Uu=0,U,, (A1)

with
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L—1 L
[Ue = ® Ux,x+l/29 [Uo = ® Ux71/2,x' (A2)
x=0 x=1
We use
Ux,x+l/2 = (Wx ® Wx+l/2)ei%(Z®Z+SXY®Y),
W = eihZ giX (A3)
. .
This may be rewritten as
A (eh? @ il 12 55,7287
) ) ) A4
% (ezgx ® elgx) oBZ®L. (A4)
In total then
U = WieifoeiHk gite ok, (AS)

where we define

W = 5D i1 ZZerin

2L
T
HK = ZJZ]XJ/27
2L

Hp =" hinXp
=1

L

n m

H, = Z |:sz—1/sz + ZSxeZx+1/2:| + Hp,
x=1

L

H()

T T
[Z Se—1/2Zy—12Z¢ + ZZxe+l/2:| + Hp.

x=1

(A6)
This can be rewritten as
U=W'e Uy, exW Uy, =eflxeitloeitixeitle (A7)

such that the evolution over many steps is equivalent to
that of the (modulated) kicked Ising Ug; up to a similarity
transformation that can be written as a tensor product over
pairs of sites. This transformation can be easily accounted
for and does not significantly affect the quantities con-
sidered in this paper so we neglect it.

As mentioned in the main text, the circuit produced
using the gates in Eq. (A3) can also be written as a circuit
using a slightly different form of gate shown in Eq. (22)
that is more easily generalized to higher dimensions. We
show this here. First note that we can write

PBI®L _ it (ezgz ® eigz) Ue
Ue=(IH{A[@T+2)Q2]® 2)

=1 [1){1[+Z®[2)(2]) (A8)

such that we may rearrange

Urrip = (wee™ @ wypy pe) XX Ug, (A9)

where we have dropped the irrelevant phase factor. Finally
we can identify the single site gates as

W el = eihZeX pifZ — j oih—DZ [ (A10)
where H, = (Z + X)/+/2 is the 2 x 2 Hadamard gate.
Therefore, up to an irrelevant phase factor, the gate is of
the form presented in Eq. (22) in the main text. The only

adjustment is that the longitudinal fields are shifted
h—h—1.

APPENDIX B: EXPLICIT REPRESENTATION
GENERALIZED PAULI MATRICES

The explicit representation for clock, shift and gener-
alized Hadamard matrices reads as

1 0 0 -+ 0
0O w 0 -+ 0
z,=10 0 > - 0 ’
0 0 O !
o1 0 - 0
o o0 1 - 0
X, = o o0 0 - 0 , (B1)
1 0 0 0
and
1 1 1 1
1 w w? o
1 2 4 2(d—1)
Hi=— |1 & o w . (B2)
¢V
1 wf-1 @2d-1) wld-17?
where @ denotes a primitive dth root of unity
w = e't. (B3)

These matrices fulfill

XZ = ZZ - ]], XdZd = O)ZdXd, HdZHL = Xd‘ (B4)
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APPENDIX C: PROOF OF EQ. (14) FOR d > 2

In this appendix we show that the identification in
Eq. (15) with U, given in Eq. (22) gives gates fulfilling
Eq. (14) for all d > 2. The proof follows directly the one
in Sec. IT A.

First, setting

d
Y2 =Y livile 7 c1)

d
=Y liMile z?
jj (C2)

=22y’ @ik

we immediately find

20s O RIS & SRS

where the second equality can again be verified by
observing that the matrix elements coincide. Analogously
we have

X;
. ~0, ‘ -0, j=1,...,d—1.
X;

We also note
| N T
EZXQ@XQ :azxg@)xf, (C5)
Jj=1 J=1
which implies
% 1xd®x s 1 1{ Xj Xj C6
e 2ui- +(z—>gzd®d. (C6)
j=1

Therefore, defining some graphical notation for the
gates without the single-site unitaries

W= SN ()l 0 7).
ins i xd N7t
= [ B = xiex (il e 23)]

(C7)

we find
-
ORI y(f
X X3 (C8)
w18y )z -
j=1

where we used Eq. (C4) and set

-1 -1
<+ d> 7 (€9)

Using Eq. (C3) and transposing the leftmost X{i to
account for the direction of matrix multiplication for
spatial propagation (left to right in the diagrams) we have

Z]
= d—1
O _ ¢ apey— 1 1ap >s

j=1 Z
d—1 X*"'Zle’c
LBy 8

i k=1 =J
J z,

Recalling the algebra of Z; and X,; we find

d—1 XJkZ(]inlf a1 Zi
Yy —o— (C10)
Jik=1 Z;j j=1 Z;]
Therefore, we finally obtain
. e
T _ _ Tl L ——
—7-1— {1 dsln(4s) ] ) o
j=1 z=-J
(C11)
In the final step we used
4 2
AP +dBP =1, AP —|BP=1——sin(Zs) .
d 4
(C12)

Multiplying the top left and right legs respectively by

wl and w, and folding the green gate below the orange the

second relation above is represented as
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o— d-1 X/ @——
4 2 d
Z(:o =R L

j:lZd]

(C13)

where we introduced

X,=e =) lh’iz"X e DY h’iz (C14)

Note that for d > 4 the family in Eq. (22) does not
contain a dual-unitary point as the coefficient of the second
term in Eq. (C13) does not vanish for any real s.

Proceeding analogously we find

w Ao
Z(’;L X;n - Z(TiL X(;’L ’

(C15)

where the first equality can be shown by commuting the

e 1 Xi®X; through the Hadamard gates at the cost of
rotating the X; — Z;' and then simply commuting
through the further diagonal gates, finally allowing it to
cancel due to unitarity. The second equality is shown by
noting that as a simple consequence of Eq. (C4)

Q
I .
ZaXd

Therefore, we see that any off diagonal operator on the
bottom left corner produces off-diagonal operators in the
top right corners. Furthermore, when those off-diagonal
operators reach the s = 0 gate at the end of the chain their
amplitudes vanish. We can therefore conclude the proof as
in Sec. IT A.

(C16)

APPENDIX D: CONDITIONS FOR
NON-ERGODICITY

In this appendix we detail the proof of Property 1. Much
of this proof follows from a similar one in Ref. [83]. To do
this we shall assume the existence of a second unimodular
eigenvalue |4;| =1 and work backward to infer what
conditions must be satisfied for its existence. We assume
there exists a normalized eigenvector |v) such that

Ty |v) = e |v),

(O---0Olv) =0, (D1)

where in this Appendix we will always be using normal-
ized vectorized operators such that

(D2)

1 d
LIS
% Jis i) @ 1) -

d
Z(U(m)

and we will use the shorthand for the vectorized Pauli
operators {|X),|Y),]2)} = {|e), |6}, |6®))}. We will
now show that (v| must also be a left eigenvector of T,
with the same eigenvalue

(0|T, = (v]e®, (D3)

as a consequence of the unimodularity eigenvalue. We will
focus on the two Hermitian operators 7,7, and T;T}, both

of whom are non-expansive. Trivially, we have
(v|T5T,|v) = 1, but we also must have
(0T, Th|v) ZI o|Tola)? > 1.
(w|T,TE|v) Za T (i) <1, (D4
= (0|T,Th|v) =

where in the first inequality we expanded in an orthonor-
mal basis {|a)} containing |v), while in the second we
expanded in the eigenbasis of TfT; and denoted by
o:(T,)? its eigenvalues (which are the singular values of
T, squared). Note that the first inequality relies on the fact
that the eigenvalue is unimodular and if we lower its
magnitude the inequalities will have finite overlap and we
will not be able to make the final statement.

Now, we can turn the second statement into an equality

ZG Tf

= (()v=0

(0| T, 5| WP =1,

(D5)
if Gi(Tf> ?é 1.

This means |v) is living in the unimodular eigenspace, so
T T}|v) = TiT,|v) = |v), (D6)

where we the logic follows equally for T;Tf|v>. Now

TIT o) = |o)
Tylv) = e )
(v|T, = (v|e®.

(D7)

The benefit of this setup is that the relations in Eq. (D6)
are very pleasant to work with. We have
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(D8)

and

(D9)

where we are denoting the conjugate gates in red. We see
that Hermitian operators with a large enough support will
always split into two distinct pieces separated by identities.
We name these pieces

For general gates, these channels are Hermitian, non-
expansive and positive semi-definite so must have real
eigenvalues A € [0, 1]. We want to show that the pairs of
channels on each edge share unit eigenvectors such that
we can construct |v) that is both an eigenvector of T;Tf

and TKT;. We now argue that we can consider

(h ®@1)lg|a) = |a),
(OOla) = (OO[b) =0,

(I1®@ry)ra|b) = [b), (D11)

as necessary and sufficient conditions for the existence of a
shared second unit eigenvector of [; @ 1 (1 ® ry) and [,
(r,). This is because the only way that the product of two
Hermitian non-expansive positive semi-definite operators
(i.e. 1€ 0, 1]) can have a unimodular eigenvector is if the
vector is a unimodular eigenvector of both operators
separately.

It is quite easy to determine if there are any extra 1 s in
the spectra of these operators. We consider

nl:]}L%tr[(ll®ﬂ)lz]k, n,zklgglotr[(ﬂ®r1)r2}k, (D12)

where 1 is the identity on both the forward and backward
copies. Despite the fact that these operators are not
Hermitian, they are non-expansive and we argued above
that they cannot have any unimodular eigenvalues that are
not 1. Therefore, Eq. (D12) will converge to integers. We
can calculate the values of n; and n,. We can rearrange the
terms in the products such that

(D13)

n = limu[D,D]J".  n, = limu[D, D",

where

The question is now whether or not there is a second
unimodular singular value of D; and/or D,. This is a very
physical question: we are asking if the nontrivial operator
strings produced by spatial evolution from the infinite
temperature boundary can combine into larger strings
without their amplitudes decaying.

We now focus on the left edge as the analysis is identical
for both edges. By writing out the expansions of D; we can
check the number of singular values. Before doing this, let
us fix notation. We will take the subsystem to be positioned
such that the leftmost spin the transfer matrix acts on is
positioned at x = 1/2 such that s; = s;,, = 0.

To expand D; it is helpful to state the operator
expansions of the following objects

()

(D15)

.
117

043001-24



ASYMPTOTICALLY SOLVABLE QUANTUM CIRCUITS

PRX QUANTUM 7, 043001 (2026)

simple substitution therefore allows us to write

- i(_sm( 5 )cos(?h))i ::

(D16)

- o

—I—Sin(%) sin(2h) X ,

07

- .

% i —sm( 5 ) cos(2h) X

o— o

y &—

—sin(E) sin(2h) ,

2 X &—

where X and Y are defined in Eq. (34) and any explicitly
written longitudinal field & corresponds to that used in
the definition of the X, ¥ on the lhs of the equation. Finally,
we will need

2 o
(D18)
Defining
s
Jo==—= D19
= (D19)

for brevity and using the relations above one finds

—00YO0] + (cos 27y |OF) +sin2J; [V X)) (0]
+sin2hy (sin 27, [OX) + cos2J3 |f/17>) (ZO|
+ cos2hy (Sin2J% |OY) —cos2Jy \YX}) (ZX]
+sin2hy [YOXZZ| — cos2hy Y ZYZY|
(D20)

where h% is the longitudinal field applied to the leftmost

spin acted on by T',. This form verifies immediately that
D, always has at least two unit singular values
D/ D;|00) = |00) and D/ D;|0Z) = |0Z), with more
appearing at the special points h% =0, /4. As we discuss
in the main text, one can verify numerically that there do

indeed exist points with all 4, =7 where T, possesses
nontrivial conserved quantities. Therefore, we will not be
able to rule out other unimodular eigenvalues in this case.
We can however address the other regions.

1. Unit eigenvectors for 0 < |h% | <x/4

We verified above that in this region n; = 2 and thus
there exists a second mutual unit eigenvector of /; ® 1 and
[,. The two unit eigenvectors can be checked to be

|ag) = |00,
1) = (U @ UL 1) |02) (D21)
cos 2.Jy oY) +sin2J, ZX),

where the latter is trivially an eigenstate [, and can be seen
to be an eigenstate of /; ® 1, through DlTDl |0Z) =|0Z).
Therefore, any unit eigenvector of 7, must take the form

1

> wilyi) = 1.

i=0

1
v2e) = Y lar) @ i), (D22)
i=0

We now prove that (y |y;) = 0 within this region of the
parameter space. To do this, we run a self-consistency
check: assuming |v,,) to be an eigenstate we must have

[(Pzo ® 12¢—2)Ty |vr) || = 0, (D23)
where P,; = |ap)(ap| and 1, is the identity on x doubled
qubits. Using the operator expansions in Egs. (D17)
and (D18) and the fact that |y;) must be eigenvectors of
r; we have

(w1|(Mszz ® T3)lwy) =0 (D24)

where

(D25)

with the gates pictured here being folded variants of U 3,.
Outside of s; = 1, this channel is positive definite and
diagonal in the Pauli basis
Mg, = cos®2hy (cos® 2J; |ONO| + |Z)XZ]) (D26)
+ sin® 2hy (cos® 2J1 [ XN X |+ [YXY]).
Therefore Eq. (D24) implies that for 0 < |h| < /4
and s; # 1

(wilyy) = 0. (D27)
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To check the point where s; = 1 we look at

[(Pzz ® Tar2)Ts|vg)|| =0

(D28)
= (y1|(Mgy ® Top3)|lyy) = 0.

Evaluated specifically at s; = 1 we have that My, is
also positive definite and diagonal in the Pauli basis

Mgy = sin® 2hy (sin® 2k [O)O| + cos® 2y | X )(X])
+ cos® 2hy (cos® 2hy |Z)(Z] + sin® 2hy [YXY]) .
(D29)

Therefore, we find that also at 0 < |h| < z/4 and
s; = 1 we must have (y|y;) = 0.

In conclusion: whether s; = 1 or not, if 0 < h% <Zand
0 < hy <% we must have (y|y;) = 0 and therefore

lvr) = |00) @ [¢o), (tholto) = 1. (D30)
In these cases we must have
[v2e) = |O0) ® |vae—2) (D31)

and likewise on the right edge. We now see that |v,,_)
must be a unimodular eigenvector of

({00 ®@ Lop—2)T¢(|OO) ® Lgp—2). (D32)

At this point if £ is large enough to require it we may
repeat the analysis presented so far but for the smaller
channel defined by Eq. (D32). In doing this, one ends up
asking the same questions about the similarly defined
channels /{ ® 1 and 7, that act on the sites 3/2,2. In this
case, it is immediately obvious that the equivalent
edge channel

= |OXO| + cos® 2J; |Z)Z| (D33)

does not have any nontrivial unit eigenvectors since by
definition 0 < s; < 1. Therefore, we can conclude that

|vas_n) is trivial on its edge site, giving

|vae) = |OO) ® |O) ® |var—3) . (D34)

The next site can be probed by projecting 7, like so

((Ol@ 1) (o) ® 1) = + ., (D3s)

8

where the constant has changed due to the normalization of
the |O) states. The expansion of this channel gives

= [OXO| + cos® 2.1y sin® 2hy sin® 2J5 | X)X
- . (D36
+(cos? 2Js + sin? 2Js cos? 2.J; cos? 2hy) [Y )Y (D36)

Again we can see that since s; > 0 by definition, this
channel does not have any nontrivial unimodular eigen-
vectors. This leads us to conclude that the support of the
eigenvector on next site must also be trivial.

|vag) = |OO) ® |0O0) ® |var—4) - (D37)

Since s, > 0 everywhere inside the subsystem this
process will continue until we arrive at the other edge
of the subsystem and are left with the channel

(00| ®. .. (00|®1)Ty(|00) ®...® |00)®@1y),
(D38)

which is graphically written as

(D39)

This channel may be dealt with by hand upon which
one finds that the only non-zero eigenvalues are
{1.cos2J,_y cos2h,_y/, cos2h,} where the unit eigen-
value of course corresponds to the |OO). Once again, we
are left to conclude that on the last two remaining sites the
eigenvector must be trivial. We find therefore that all
unimodular eigenvectors of 7, must be nontrivial within
two sites of the left edge of the channel if they are to be
orthogonal to the completely trivial infinite temperature
state. This logic may be carried out identically for the
right edge.

In total, we have found that a necessary condition for the
existence of a nontrivial unimodular eigenvector is that it
must have nontrivial support at the edges. When inves-
tigating the channels responsible for the edge behavior we
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found that for the left edge to be non trivial we must have
hi, hy €{0,7} and symmetrically that for the right edge to

be non trivial we must have h,_1, h, €{0.7}.

APPENDIX E: BOUNDING THE
SPECTRAL RADIUS

In this appendix we prove that the eigenvectors in
Eq. (74) correspond to the eigenvalues with maximal
possible magnitude by bounding the spectral radius of

T;") to

1 Q [ ]

o Jl =ny " (E1)
"o

The spectral radius of a matrix may be calculated in the
following way

p(T0) = tim (T, (E2)
where we are defining the p-norms as
4]l = [tr(AAT) . (E3)
Now, we consider the 2-norm
o 28
(@ |(T;)"2)° = tr . (E4)

where there are ¢ applications of the un-normalized trans-
fer matrix followed by ¢ applications of its conjugate (in
red) that are ultimately joined together at the top and
bottom by the trace. This can be reformulated as the norm
of an operator acting in space. To do this we unfold the
contractions on the left and right edges and fold in the
contractions on the top and bottom to get the following

(ES)

where now the multiplication and trace functions run from
left to right and we have pictured a specific = 5 to serve
as an example. Now we can recognize this as meeting the
definition of the operator norm given above

2n

2n

This quantity is no easier to calculate than those given
before. The difficulty here comes from the bullet states
applied to the top and bottom of the diagram that block the
application of the solvability conditions. However, we now
show that they do not meaningfully contribute to the large ¢
asymptotic value. We can use operator norm inequalities
to cut them out of the diagram in order to isolate all
t-dependence into an operator whose norm we may
calculate. We will apply Holder’s inequality for operator
norms

|AB]|, < [|A]l,[IBll, (E7)
which is valid for all p, g, r€[l, o] such that
1 1 1
— o=, (E8)
p q T
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in order to state that

oo

(E9)

where the two norms without subscripts are of the same
type. The method for making the split at larger ¢ is to
simply pad the middle of the operator under the infinity
norm with more and more identity tensors/straight lines
such that no more gates must be included in it for the
inequality to hold. This means that the piece we have cut
off the original diagram is constant with respect to time

(E10)

= const

as |[A® 1|, =||All- The remaining norm can be
expressed as

3=

(E11)

where we remind the reader that the operator within the
norm on the lhs has two copies which results in the power

of 1/n rather than the expected 1/2n on the rhs. This
contraction can now be performed easily by applying the
solvability conditions

which is a result that generalizes to any larger times. We
can now write that

(d?”tn(Té”))tn?)?s() (const)?™.  (E13)

Taking the large time limit of this bound, we find that
the constant drops out as desired

N 1 Q O 1
P(Te())<d2n( )Z T

(E14)

This upper bound is indeed the eigenvalue correspond-
ing to the eigenvectors in Eq. (74). Therefore, we have
proven that these eigenvectors are indeed two of the
leading eigenvectors.

APPENDIX F: DIAGONALIZATION OF THE
PROPAGATOR AT THE FREE POINT

In this appendix we detail the diagonalization of the
propagator for d =2, h, =0 and s, = s. We work with
the kicked Ising representation of the propagator (cf.
Appendix A), which can be expressed as

U= el’%ZZ,Xj/zeiHUe%ZfilX_,/zel-Hc
L T
Ho=)_ [4 ZoipZy+ 2,2, /2], )

x=1
L
Ho = Z |:fo1/ZZx +

x=1

7

ZZxeJrl/Z s

where we set f = ns/4. A favorable rearrangement of this
expression is the following
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| 2L
U= Texp(i/ dTH(T)) = U Uy [[ X2
0 n=1
P L
U, =exp llZ; YmYm%] exp
L

L
T
i7D ZnZn
L
Uy=exp|if > Ys¥u| exp|if Y ZuZ,
m=1 m=1

, (F2)

m=1

It is easily seen that

2L 2
HXn/27 U, HXn/% Uz} =[U;,Uy] =0. (F3)
n=1 n=1

Therefore, we may diagonalize them all simultaneously.
One can immediately recognize that the two propagators
U, and U, will have the same spectra as homogeneous
kicked Ising models. This is because they both take
the form

L L
U, = exp (i Z tm_%> exp (i Z tm> , (F4)
m=1 m=1
where {¢;} fulfill

m—n] >
m n 2

(F5)

t;=const, {t,,1,1} =0, [t,.7,]=0,

This algebra immediately implies that the model can be
written as a product of quadratic forms of Majorana
fermions [97,98]. In particular, due to the fine-tuned angle
7/4 the operator U, is actually equivalent to the self-dual
kicked Ising model which is dual unitary, while U, is
generically away from this critical point. We therefore
can expect the modes of U; to all travel at maximal
velocity |v| = 1 and the modes of U, to travel at a range of
smaller velocities.

To piece this out we introduce Majorana fermions with
the following Jordan-Wigner transformation

m—1 m—1
am%: (Hxn/2> Ym/27 ay = (Hxn/2> Zm/2’ (F6)
n=1 n=1

that are Hermitian and satisfy the Clifford algebra
am = a;r’l’ {arru an} =26, (F7)
We must take care with the boundary conditions for

these operators. Using the fact that L is always even we
work in the basis where

2L
P=]]%. (F8)
n=1

is diagonal and equal to +1 or —1 which we refer to as the
even and odd sectors respectively. In each sector we have a
different boundary condition: periodic (a,,»; = a,,) in
the odd sector and anti-periodic (a,, ,; = —a,,) in the
even sector.

1. Odd sector

Here we take P = —1 and work with periodic boundary
conditions. With these definitions, we may write

L L
U, =exp [1%2 azmazmﬂ} exp ll%Z azmazmgl ,
m=1 m=1
L L
U, = exp ifZQZm—laZm—% exp ifza2m+1a2m—% .
m=1 m=1

(F9)

We shall adopt a notation that makes the unit cell more
clear, form =1,2,...,L

(1) (1) )

1 @
Yt = %m—3 Ym =Gom, ¥y 1= dom—1>  Vm =dopts

(F10)

under which

L L
¥
U, =exp [—11; 7/,(”11%}’,,1)1 exp ll ,,,2::1 }’S,i)yil) 11 )
Lo Lo e
U, =exp [_ifzym)ym)%l €xXp |‘ifz7/fnil]/£n)‘|
m=1 N m=

Here we draw attention to the fact that not only do U,
and U, commute, they also act on disjoint Hilbert spaces.
An important identity for interpreting these forms is

[yayb’ }/c] = 2(7/115176 - ybéac)v (FlZ)
where one should read equations without upper indices as
equations with all operators of the same upper index. We
shall diagonalize these operators in their adjoint repre-
sentation. To that end it is convenient to introduce the
vectorized notation

) = 27, (F13)

2. Diagonalizing U,

We first define the Liouvillian £, = [0, -] and introduce
A, B such that
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U, = exp <iZB) exp (iZA). (F14)
Then, we have that for m =1,2,...,L
Lylm) ==2[m—=1/2).  L4|lm—1/2)==2|m), (F15)
Lylm)=2m+1/2). Lylm+1/2)=2/m).
This gives

eialm) = —ilm — 1/2),
—ifm),
(F16)

e |m) = ilm + 1/2),

) =
eitalm —1/2) =
)=
eirlm —1/2) = ilm — 1).

Putting these together it is trivial to construct eigenstates

|
k=) =—=)Y e mm),
Vil

. (F17)
1 .
|k, +) = — e M im —1/2),
Vi
where k € R for the Ramond sector momenta
2rn L L
R=X—1n=—+,-.. ——1 F1

{ L TR } (F18)

that are chosen to give periodic boundary conditions.
Returning to the operator formalism, we can construct
the eigenmodes easily but we must be careful to not
generate any redundancies. It is important to note that the
use of the > factor in Eq. (F13) is equivalent to shifting
the momenta of these modes by z. We will make
definitions explicitly using k€R: k>0

—zkm (1

ﬁl(_ \/_Ze—zm m

ﬂT
(F19)

that are related to |k — 7, +) and |k — 7, —) respectively.
For the k = 0 and k = —x operators we define

p1(0) 2\/—2(,,1 1+17m)a

( Y e l-l-zysn)).

These operators are well defined as canonical fermions

(F20)
’
pil=m) = fZ

{B1 (k). B{(K)} = Spp. (F21)

with all other anticommutators vanishing. Their evolution
is particularly simple

U, p(k)U} = —e'¥ gl (k).

It is helpful to keep this —1 separate as it represents the
creation operator connecting the odd and even sectors.

(F22)

3. Diagonalizing U,
We again introduce A, B such that

U, = exp(ifB) exp(ifA). (F23)
Then, we have that for m =1,2,...,L
Ly|lm) ==2|m+1/2),
L 1/2 -2
alm =+ 1/2) = =2jm). o)
Lylm) =2lm —1/2),
Lylm—1/2) = 2|m),

which gives

e'Lalm) = cos(2f
eftalm — 1/2) = cos(2f
efts\m) = cos(2f
effsim —1/2) = cos(2f

|m) — isin(2f)|m + 1/2)

lm—1/2) —isin(2f)|m —1)

|m) + isin(2f)|m — 1/2)

|m —1/2) + isin(2f)|m).
(F25)

—

This process is symmetric under translations of Am = 1
(2 sites), so we assume the eigenvector takes the form

1 <&
= — e~ tkm m—12+b m}
TE 2 e [ m=172)+ 0 m)
(F26)
There are two vectors such that
e'fEnellalk, +) = e*eW|k, +), (F27)
e(k) = 2sin~!(] sin(k/2) sin(2f)|),
with
@) eTou/2
a,’ = —F———,
¢ 2 cosh(gy)
b = i E" (F28)
¢ 2 cosh(gy)

sinh(¢g,) = cos(k/2) tan(2f).

Undoing the vectorization as we did above we can
construct the appropriate modes for k € R: k > O that are
related to |k — 7, £)
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(e*(/)k/zyfj)_l — ie(‘/’k*ik)/Zy&%))
2

L
A =D e W rTr . (F29)
L (et/)k/z},ij)_l+ie—(¢k+ik)/2yl(3)>
Ba(=k) :”;e_lkm 2j/Lcosh¢k - (F30)
where
sinh(¢) = sinh(g;_,) = sin(k/2) tan(2f),  (F31)
and
U, Bl(k)US = —e'® gl (k) )

e(k) = e(k — ) — © = cos~!(cos(k/2) sin(2f)).

Again we have taken care to make sure there is a —1
factor out the front.

4. Odd sector

Here we take P =1 and work with anti-periodic
boundary conditions (a,,,,; = —a,,). With these defini-
tions, we may again write

L L
7T LT
Uy = exp "4 E Gomtom—3| SXP |17 E Domom L
m=1 m=1
L L
U, = exp ifE Aym—1Gop-1 | €XP ifE Aamt1Gom—1 | s
m=1 m=1

(F33)

which is identical to the previous form with only the
boundary conditions changing. The process here is now
identical except for the fact that we must use a different set
of momenta that are compatible with the anti-periodic
boundaries. We refer to these as the Neveu-Schwarz sector
momenta

|

The notable feature here is no Xk = 0 mode. Therefore,
we may use the definitions of the fermion operators
presented in the previous section for the momenta non-
zero momenta in the Ramond sector.

L L
e |

27(n+1/2) .
' 2 2

L

}. (F34)

APPENDIX G: QUENCH AT THE FREE POINT

Here we provide details on the structure of the free
fermionic quench considered in the main text. The struc-
ture of the evolution operator is described in Appendix F.
The initial state considered is the following state in the
computational basis for even L

(G

where C;/z =1(a j—1 +ia;) and |0) the state annihilated
by all ¢;. This state is an eigenstate of [[3%, X;/, with
eigenvalue 1 so we must use anti-periodic boundary
conditions (a,,,»; = —a,,) and thus momenta from the
Neveu-Schwarz sector. The correlations in this state satisfy
Wick’s theorem and have the property that

(Wl v w) = 0. (G2)

This implies that the initial density matrix may be
written as a quadratic form of the Majorana modes and
that, in particular, it splits into the following tensor product

P =pr1®p (G3)

where p; involves only Majoranas of type ys,j).

evolution of this density matrix is then given as

The

p(t) =pi(1) ® palt),  pi(t) = U;p;(0)(U})". (GH)

This means that the entanglement entropies are
expressed as a sum of two contributions depending
respectively only on the j=1 and j =2 degrees of
freedom, i.e.

SO (1) = 8" (1) + S (1). (G5)

At this point we have identified the fact that the quench
problem separates into two parts that are both homo-
geneous and free-fermionic. This allows us to apply the

quasiparticle picture in its most familiar form.
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