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The discovery of chaotic quantum circuits with (partially) solvable dynamics has played a key role in
our understanding of non-equilibrium quantum matter and, at the same time, has helped the development
of concrete platforms for quantum computation. It was shown that solvability does not prevent the
generation of chaotic dynamics, however, it imposes nontrivial constraints on the generated correlations. A
natural question is then whether it is possible to gain insight into the generic case despite the latter being
very hard to access. To address this question here we introduce a family of “asymptotically solvable”
quantum circuits where the solvability constraints only affect correlations on length scales beyond a
tunable threshold. This means that their dynamics are only solvable for long enough times: for times
shorter than the threshold they are generic. We show this by computing both their dynamical correlations
on the equilibrium (infinite temperature) state and their thermalization dynamics following quantum
quenches from compatible (asymptotically solvable) non-equilibrium initial states. The class of systems
we introduce is generically ergodic but contains a non-interacting point, which we use to provide exact
analytical results, complementing those of numerical experiments, on the non-solvable early time regime.

DOI: 10.1103/7g63-nhl9

I. INTRODUCTION

Coherent quantum many-body systems out of equilib-
rium are currently among the most actively researched
topics in physics. They are ubiquitous in Nature—
occurring at scales ranging from astronomical to
subatomic—and understanding their dynamics can both
fill long-standing gaps in our understanding of physics and
yield to the discovery of new emergent phenomena.
Specifically, some of the key questions include under-
standing the general principles underlying the onset of
ergodicity and the emergence of classical behaviors at late
times [1–4], determining the general laws controlling the
spreading and scrambling of quantum information [5–12],
classifying new phases occurring out of equilibrium
[13,14], and characterizing the effects of quantum noise
or monitoring through measurements [15,16].
Addressing these questions was essentially inconceiv-

able until a few years ago as there was no efficient way to
access non-equilibrium quantum many-body dynamics in
the presence of interactions. The last decade has brought a
sharp change in this state of affairs with the discovery of

interacting many-body systems with (partially) accessible
dynamics [17–20]. The latter take the form of quantum
circuits, i.e. many-body systems in discrete spacetime
where the interactions are implemented by discrete unitary
operations in a way that closely resembles the architecture
of quantum processors (see, e.g., Ref. [21]). The solvable
instances of quantum circuits have been obtained by either
averaging under random unitary operations à la random
matrix theory [17,18] or imposing constraints (or sym-
metries) [19]. Remarkably, one can impose these con-
straints and still observe ergodicity [22,23], as well as
other complex dynamical behaviors [24–26]. For instance,
the so called dual-unitary circuits [22], which exhibit a
duality under the exchange of space and time, are
generically ergodic.
Solvable quantum circuits played a key role in charac-

terizing the universal features of the dynamics, e.g.,
entanglement growth [8,27–30], operator spreading
[31–33], and (deep) thermalization [29,34,35], of quantum
many-body systems as well as yielding insight into the
spectrum [36–40] and eigenstates [41,42]. At the same
time they also provided valuable benchmarks for real-
world quantum computers [43–45] (see also Ref. [46]). To
attain solvability, however, one has to introduce simplifi-
cations that inevitably limit the generality of the observed
phenomenology. For instance, in the case of random
circuits one attains solvability by computing averages,
which are informative on single instances only when
fluctuations are small [47]. On the other hand, imposing
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constraints one can compute exact behaviors of single
instances but correlations are restricted [27]. Therefore, it
is important to understand what happens as the constraints
are gradually lifted.
So far, both these routes have proven difficult to follow:

random circuit fluctuations could be rigorously controlled
only in certain asymptotic limits [47] and while there has
been success remixing the basic building blocks of dual-
unitary circuits [48–51] no systematic way to lift the
solvability constraints has so far been found. A remarkable
attempt is the one of Ref. [23], which proposed a family of
“hierarchical” generalizations of dual-unitary circuits
where each member of the hierarchy encounters a con-
straint on the “space evolution” that is weaker than the
previous one (dual-unitary circuits are at the bottom of the
hierarchy as the most constrained ones). Whereas the first
step away from dual-unitary circuits continues to be
exactly solvable [52,53] the subsequent ones are not
efficiently treatable by any known means.
Here we propose an alternative, we argue more effec-

tive, route to lift the spacetime duality constraint: we
introduce a family of asymptotically solvable quantum
circuits where the “unitarity” [54] of the space evolution is
imposed only after a tunable number of steps. We show
that this implies that the circuits are only solvable for long
enough timescales while their behavior for shorter time-
scales is not affected by solvability constraints and departs
substantially from that of solvable cases.
In the rest of this introduction we present a more

detailed discussion of the setting considered, recall the
main ideas of solvability via spacetime duality, and
summarize our main results.

A. Solvability via spacetime duality

We consider local quantum circuits, i.e. a collection of
2L quantum variables with d internal states—qudits—that
are arranged at the vertices of a one-dimensional chain and
are evolved by discrete applications of a unitary operator
implementing local interactions. In particular, we focus on
cases where the evolution operator can be written as

U ¼ UoUe; Ue ¼ ⨂
L−1

x¼0

Ux;xþ1=2; Uo ¼ ⨂
L

x¼1

Ux−1=2;x;

(1)

where we labeled the sites by half-integers and denoted by
Ax;y the operator acting nontrivially only on the qudits at x
and y. The unitary operator U (which can in principle be
different at different spatial points) is typically referred to
as the local gate and determines the dynamical properties
of the system. Quantum dynamical systems whose evo-
lution operator takes the form in Eq. (1) are known as
“brickwork quantum circuits.” We stress that, although we
focus on this setting for the sake of simplicity, the concept
of solvability via spacetime duality can also be defined for

quantum circuits in higher dimensions or with more
general forms of local interactions [19,22,50,51,55–60].
The analysis of these systems is greatly aided by

adopting Penrose’s notation, whereby one represents the
local gates as boxes with four legs protruding to represent
the incoming and outgoing state of the qudits it acts on

ð2Þ

and represents matrix multiplication by joining the appro-
priate legs [61]. In fact, to study operator dynamics is more
convenient to introduce a graphical notation for the
“doubled” local gate U ⊗ U�, which can be used to
implement Heisenberg evolution

ð3Þ

together with a symbol to represent contraction of indices
pertaining to the two copies, i.e.

ð4Þ

In this way, we can conveniently represent the unitarity
of the local gate by means of the following graphical
identities

ð5Þ

We refer the reader to Ref. [19] for an extended
discussion of this graphical notation.
As hinted at before, a convenient way to identify

solvable systems in this setting is to exchange the roles
of space and time, i.e. consider the evolution in the spatial
direction rather than the temporal one, see, e.g., Ref. [19].
To illustrate this point explicitly we follow Ref. [22] and
consider the example of dynamical correlation functions
on the infinite temperature state, which is generically the
only invariant state in a brickwork circuit. The latter can be
expressed as

cijðx; y; tÞ ¼
tr
h
σðiÞx U−tσðjÞy Ut

i
tr½12L�

; (6)

where 1x represents the identity operator in Cdx and
fσðiÞgd2−1i¼0 (σð0Þ ¼ 11) denotes the set of generalized
Gell-Mann matrices: a basis of EndðCdÞ that is orthonor-
mal under the Hilbert-Schmidt scalar product, i.e.
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hσðiÞjσðjÞi≡ 1

d
tr½σðiÞσðjÞ†� ¼ δi;j: (7)

Using the unitarity conditions in Eq. (5) one can easily
show that the correlations cijðx; y; tÞ are restricted to a
causal light cone as depicted in Fig 1. For typical circuits,
the computational difficulty in calculating the correlation
function in Eq. (6) grows exponentially in the minimum of
the two light cone separations minðt� jx − yjÞ. This
increasing complexity is due to the increasingly compli-
cated effect the environment has upon the subsystem
containing the operators. The shaded regions in Fig. 1
indicate the tensors, often referred to as influence matrices
[62], responsible for encoding this effect. Solvable circuits
can be identified in the cases where these tensors take
simple forms.
The influence matrices can be seen as the evolution of

the infinite temperature state in space (i.e. evolving with
the gates acting from left to right or right to left). We can
bring some simple physical intuition to this process to help
understand when the influence matrices will be simple
objects. To begin with, one should consider the objects
appearing at either the left or the right corner of the
diagram. Focusing on the former for definiteness we have

ð8Þ

where we introduced

ð9Þ

and

ð10Þ

Physically, Eq. (8) describes one step of spatial evolu-
tion of the infinite temperature state. The evolution then
continues by repeated applications of rectangular matrices
of the form

ð11Þ

where m ¼ 1; 2;… denotes the step. Since spatial evolu-
tion is generically not unitary, the infinite temperature state
is not invariant. Instead, it produces a complicated super-
position of operators that proliferate as m increases. These
operator strings build correlations between the different
sites of the influence matrix that represent the same qubit
at different times. As such they represent the environment
acting in a non-Markovian manner on the subsystems
containing σðiÞ and σðjÞ. By this we mean that it is a bath
capable of storing information from previous time steps—
i.e. it has a memory. This memory requires the temporal
state representing the environment (cf. Figs. 1 and 2) to
have a growing Schmidt rank. Therefore, it is the pro-
liferation of nontrivial operator strings that a solvable
circuit must restrict.
The simplest restriction on the nontrivial operator

strings is to ask the infinite temperature state to be
invariant also under space evolution, i.e. set to zero all
the coefficients Aij in Eq. (8). This request is equivalent to
asking the spatial evolution to be unitary, like the temporal
one, and the local gates fulfilling this have been dubbed
“dual-unitary” (DU) gates [22]. For DU gates one finds
that all two-point correlations vanish inside the light cone
and are only non-zero on the light cone edge, where they
can be easily determined in terms of a finite-dimensional
quantum channel [22]. More generally, the DU property
implies that several aspects of non-equilibrium dynamics
can be characterized exactly [27–29,33,34,63–72], see also
the recent review [19].
To generate richer patterns of correlations—and hence

go beyond the example of DU gates—one has to consider
cases where the infinite temperature state produces extra
operator strings. Reference [23] suggested that a way to do

FIG. 1. Example of the tensor network resulting from a
dynamical correlation function. Shaded in blue and red are
respectively the left and right fixed points of the space evolution
(influence matrices). These objects encode the effects of the
surrounding system upon the local region containing the two
operators.
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this is to impose “hierarchical conditions,” known as DUn,
that effectively restrict the lifetimes of the unwanted
operators. Their general form reads as

ð12Þ

The physical interpretation of these conditions is that the
amplitude of the non-identity operators that are produced
from the infinite temperature state vanishes after n − 1
spatial steps provided they do not interact with other
operator strings. This then allows for certain gates to be
removed from the influence matrix as if they were DU. For
n > 2, however, the strings produced at one step can
interact with those produced at later steps and avoid
annihilation: this results in a growth of complexity
(cf. Fig. 2) that can be quantified by the scaling of temporal
entanglement [62,67,73]. Applying a minimal cut bound
[74] to the temporal state after maximal simplification via
Eq. (12), cf. Fig. 2, we get the following estimate for the
scaling of the temporal entanglement entropy

STE ∝
�
n − 2

n

�
t; n ≥ 2. (13)

The above scaling suggests that, while the DUn ¼ 2
condition leads to restricted two-point correlations [23]
and treatable dynamics [52], DUn > 2 is not solvable.

In summary, a solvable circuit where the environment
has a tunable amount of memory, i.e. a tunable bond
dimension, is missing in the literature (although cases with
finite bond dimension have been found in certain inte-
grable permutation circuits [24,26,75]).

B. Main results

In this paper we propose an alternative mechanism to
contrast the proliferation of non-identity operators under
spatial evolution. Instead of annihilating nontrivial oper-
ators only after they evolve freely for a number of steps,
we control their proliferation in such a way that they can be
always fully annihilated by the application of a different
gate. Namely, for n ¼ 0; 1; 2;…we propose local relations
of the form

ð14Þ

The conditions in Eq. (14) produce a generalization of
the DU condition that is not part of the hierarchy of
Ref. [23] and, to be applicable, require an inhomogeneous
circuit as the one depicted in Fig. 3. The position of the
inhomogeneities does not matter as long as their density is
finite in the thermodynamic limit. Note that the inclusion

(a) (b) (c) (d) (e)

FIG. 2. The types of fixed points/influence matrices seen in solvable and non-solvable circuits. (a) The fixed points seen in generic
gates, with no simplification the growing width with time implies there is no efficient representation of the state. (b) The infinite
temperature product state that comes from DU. (c) The pair-correlated state that results from DU2. (d) The fixed point resulting from
DU3 that still has a width that scales with time. (e) The proposal in this paper, to insert inhomogeneities into an otherwise generic
circuit of type (a) that truncate the fixed point to always have finite width.
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of the n ¼ 0 case implies that the light blue gates are DU2
which we will adopt as their moniker.
Before proceeding it is useful to make two observations:

(i) One should not associate the n in Eq. (14) with that in
Eq. (12) as in the former all gates but the final one are
removed on the left hand side. For this reason, and what we
discuss in Sec. II C, the conditions for n > 0 can be
interpreted as asymptotic DU2 conditions. (ii) If the light
blue gates are chosen to be invertible when acting in space,
one can remove them from Eq. (14) to obtain an equation
where all the gates are removed for identities. This would
then imply dual-unitarity of both the light and dark blue
gates. Therefore, in order for Eq. (14) to be nontrivial one
should consider light blue gates that are DU2 but not DU.
We show that Eq. (14) can be solved by a family of gates

Us that are dependent on a continuous parameter s for
which we define

ð15Þ

where for circuits on qubits (d ¼ 2) the gate Us can be
expressed as

Us¼ðw−⊗wþÞeiπ4ðZ⊗ZþsY⊗YÞ; w�¼eih�Zei
π
4X; (16)

with X; Y and Z Pauli matrices and s∈ ½0; 1�.
This family generally entails non-integrable interactions

and interpolates between DU2 and DU gates by varying s
from 0 to 1. Interestingly, the gates in this family maximize
the average amount of entanglement produced when they
are applied to product states, i.e. have the maximal
“entangling power” [76,77] among two-qubit gates. In
Appendix A, we show that the time evolution operator
generated by the gates in Eq. (16) (with arbitrary values of
sx ∈ ½0; 1� and h� ¼ hx at each position x ¼ 0; 1=2;…) can
be expressed as an inhomogeneous kicked Ising model

(KIM), see Refs. [78,79]. Namely, it can be written as

U ¼ T exp
�
i
Z

1

0

dτHðτÞ
�
; (17)

in terms of the following time-periodic Hamiltonian

HðtÞ ¼ HIðtÞ þ
X∞

m¼−∞
δðt −m=2ÞHK;

HIðtÞ ¼
π

4

X
x

ððsx − 1ÞΘxþt þ 1ÞZx−1
2
Zx þ

X
x

hxZx;

HK ¼ π

4

X
x

Xx;
(18)

where sx ∈ ½0; 1�, we used the shorthand notationX
x

fðxÞ≡ X
x∈ f0;1=2;1;…;L−1=2g

fðxÞ; (19)

and introduced the periodic step function

Θy ¼
�
0; b2yc even
1; b2yc odd

: (20)

Note that, in contrast with the regular KIM, the
Hamiltonian in Eq. (18) has modulated Ising terms.
When one chooses hx ¼ 0 this model may be mapped
to free fermions with a Jordan-Wigner transformation (cf.
Appendix F).
The family in Eq. (16) can be generalized to arbitrary d

by introducing the d × d “clock” Zd and “shift” Xd
operators fulfilling

XdZd ¼ ωZdXd; (21)

with ω ¼ ei2π=d, and reducing to the Pauli Z and X
matrices for d ¼ 2 (cf. Appendix B). In terms of these
we can set

Us ¼ðw−⊗wþÞe
iπ
2ds
P

d
j¼1

Xj
d⊗Xj

d

�Xd
j¼1

jjihjj⊗Zj
d

�
;

w� ¼ ei
P

d−1
j¼1

hj;�Z
j
qHq;

(22)

where Hq is the generalized Hadamard matrix (cf.
Appendix B). Making the identification in Eq. (15) these
continue to solve Eq. (14) while they reduce to those in
Eq. (22) for d ¼ 2 modulo global phases. Note that for
d > 4 this family does not contain anymore a dual-unitary
point (cf. Appendix C).
Moving on to physical properties, we show exactly that

in inhomogeneous circuits built of gates fulfilling Eq. (14)
dynamical correlations are supported both on the light
cone edge and within a region of a configurable width,

FIG. 3. Example of the structure of the circuit. Pictured here is
ðU ⊗ U�Þt the folded evolution operator applied t ¼ 3 times. The
evolution operator acts on 2L ¼ 12 qubits positioned on the half-
integers. The light blue gates represent positions at which sx ¼ 0.
Here we placed them at x ¼ 0; 2; 5 but our arguments hold for
arbitrary positions of these inhomogeneities.
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giving them what we will refer to as a “dagger shape”
[cf. Fig. 4(d)] and derive conditions for their ergodicity.
Moreover, we identify a family of compatible initial states
for which we can characterize the thermalization dynamics
of local observables and the growth of entanglement
between local subsystems for times larger than l�, the
maximal distance between two DU2 (light blue) gates in
Fig. 3. Importantly, we show that for large times the slope
of entanglement growth divided by logd—the “entangle-
ment velocity”—becomes independent of the Rényi index
and is determined by the DU2 gates. We also show that
these circuits have a DU2-like entanglement membrane,
see Refs. [47,80,81]. Due to these properties we dub the
circuits made of the gates in Eq. (14) “asymptotically
solvable” circuits.
Despite the emergence of solvability at long times, for

l� ≫ t, these circuits can substantially depart from the
DU2 behavior and show generic physics. This is true for
both dynamical correlations, which are nontrivial in the
full causal light cone, and for quench dynamics. For
instance, the entanglement velocity does generically
depend on the Rényi index at short times, which is a sign
of absence of dual-unitary physics. Interestingly, however,
our numerical results suggest that the entanglement veloc-
ity in the regime l� ≫ t ≫ 1 is bounded from below by
that of the circuit where all gates are DU2.
To shed more light on these early-time behaviors we

consider the non-interacting limit (hx ¼ 0) of the
Hamiltonian in Eq. (18). We show that in this case the

time evolution operator can be written as the product of
three mutually commuting terms, i.e.

U ¼ ei
π
2

P
x
XxU1U2; (23)

with

U1 ¼ e
iπ4
P

L
x¼1

YxYxþ1
2e

iπ4
P

L
x¼1

Zx−1
2
Zx ;

U2 ¼ e
iπ4
P

L
x¼1

sxYx−1
2
Yxe

iπ4
P

L
x¼1

sxþ1
2
ZxZxþ1

2 :
(24)

The first of these operators is dual unitary (its spectrum
coincides with that of the self-dual kicked Ising model
[38,82] at the non-interacting point), while U2 produces
correlations spanning the full causal light cone. Of course,
this clearly changes if at some position x we have sx ¼ 0,
in which case U2 cannot propagate information across x. If
there is more than one point with sx ¼ 0 then U2 acts
nontrivially only within the subsystems enclosed between
each two of these points.
The key observation is that U1 and U2 act on disjoint

Hilbert subspaces (cf. Appendix F), which means that they
propagate correlations independently. This explains the
entanglement growth being bounded from below by the
DU2 circuit: the modes of U1 always move at the maximal
speed and their contribution is independent of sx, while the
modes of U2 are completely static at the DU2 point s ¼ 0
(they get reflected by the impurities) and then contribute
positively when s ≠ 0. In fact, this free-fermionic picture
also provides a heuristic interpretation for the diagram-
matic relations in Eq. (14). Remarkably, the results
described continue to hold also beyond the non-interacting
point, where no decomposition of the form Eq. (23) exists.
Instead, one must return to the circuit formulation where
the structure of the dynamics results from the local
relations Eq. (16) that hold irrespective of the longitudinal
fields hx.
The rest of the paper is structured as follows. In Sec. II,

we study the local relations. Namely, we show that the
local gates in Eq. (15), with Us in Eq. (22), fulfill Eq. (14)
and discuss the relation between the latter and the DU2
condition of Ref. [23]. In Sec. III we consider the behavior
of dynamical correlations in these circuits and discuss their
ergodicity properties. In Sec. IV we discuss the quench
dynamics of asymptotically solvable circuits by introduc-
ing an appropriate class of asymptotically solvable states.
We show that the physical picture emerging for dynamical
correlations also occurs for post-quench correlations and
entanglement dynamics. We also discuss the l� ≫ t
regime where the circuit undergoes generic dynamics
and is thus difficult to describe. Finally, in Sec. V we
present our conclusions and a discussion of future work.
Some further, technical details, and proofs are reported in
the appendixes.

(a) (b)

(c) (d)

FIG. 4. Schematic of the dynamical correlations cijðx; 0; tÞ
seen in the different types of circuits. (a) Generic non-solvable
dynamics are only constrained by the unitarity of the gates giving
a simple lightcone support to the correlations. (b) Partially
restricted yet non-solvable dynamics such as those seen in
DU3 circuits where the correlations exist on the jxj ¼ t line
and within a steeper interior lightcone. (c) An example of a
solvable circuit where the correlations are restricted to individual
lines, in this case jxj ¼ 0; t as seen in DU2 circuits. (d) The
support of correlations seen in the asymptotically solvable
circuits seen in this paper. Correlations spread in a generic
manner up until the inhomogeneities of the circuit restrict them.
The only correlations outside of these regions exist along the
jxj ¼ t lines.
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II. LOCAL RELATIONS

Let us begin considering the properties of the local gates
in Eqs. (16) and (22): first we show that they do indeed
fulfill the diagrammatic relation in Eq. (14), then we
discuss the relation between Eq. (14) and the DU2
condition.

A. Informal proof of Eq. (14)

To help give a simple understanding of where the
conditions Eq. (16) fit into our previous discussion we
give a summary of their proof in d ¼ 2. The actual proof in
the general case follows similar lines and is reported in
Appendix C. Introducing the diagrammatic notation

ð25Þ

we have

ð26Þ

The first equality may be easily computed using

ei
π
4Z⊗Z ¼ 1ffiffiffi

2
p ð1 ⊗ 1þ iZ ⊗ ZÞ: (27)

The second equality can be verified by observing that
the matrix elements coincide. Analogously one can show
that for the off-diagonal elements of the operator basis
α ¼ X; Y

ð28Þ

Multiplying the top left and right legs respectively by
w†
þ and wþ and folding the gray gate below the white one

the second relation above is represented as

ð29Þ

Now, to understand the effect of adding ei
π
4sY⊗Y we

define

ð30Þ

and using

ei
πs
4 Y⊗Y ¼ cos

�
πs
4

�
1 ⊗ 1þ i sin

�
πs
4

�
Y ⊗ Y; (31)

we find

ð32Þ

where the some terms have canceled due to Eq. (28).
Multiplying the top left and right legs respectively by w†

þ
and wþ and folding the green gate below the orange the
above relation is represented as

ð33Þ

where we set

Ỹ ¼ wþZw
†
þ ¼ cosð2hþÞY þ sinð2hþÞX

X̃ ¼ wþXw
†
þ ¼ cosð2hþÞX − sinð2hþÞY: (34)

For generic s these gates will not satisfy the conditions
shown in Eq. (29). However, instead of setting the
amplitude of the operator strings to zero, they do the next
best thing and confine the operators to a subspace. By this
we mean that the following overlap vanishes

ð35Þ

where again α ¼ X; Y and we indicate taking a partial trace
over the left spin with tr1. The first equality uses the fact
that w†

�Zw� ¼ −Y and that ½eiπ4Y⊗Y; 1 ⊗ Y� ¼ 0. The last
equality holds as a consequence of Eq. (28). This restric-
tion means that no matter how many darker gates are
applied in a chain, the uppermost component of the
operator string will not leave the α ¼ X; Y subspace, i.e.
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ð36Þ

An immediate consequence of this is that the following
holds

ð37Þ

Considering now the lhs of Eq. (14), repeatedly apply-
ing Eq. (33) (the first time with s ¼ 0, then for s ≠ 0) and
Eq. (36) we readily find the rhs, thereby concluding
the proof.

B. Corollaries of the relations in Eq. (14)

The local relations in Eq. (14) appear to only allow
simplifications of the non-DU2 gates between two impu-
rities. However, if we take them and contract on both sides
with the folded identity on the bottom leg

ð38Þ

we may then use the unitarity condition [Eq. (5)] in order
to remove the bottom left gate such that we are left with

ð39Þ

This then shows us that the non-DU2 gates cancel
telescopically into the DU2 impurity gates even when they
are not sandwiched between two impurities.

C. Relation between Eq. (14) and DU2

Considering the bulk of a circuit where the columns of
light blue gates (Us¼0) are arranged in a regular spatial
sub-lattice, i.e. every 2l sites, one can recognize “coarse
grained gates” acting on 4l qudits and fulfilling the DU2
condition. Namely, centering ourselves about a column of
light blue gates, we can consider

ð40Þ

and, with the use of Eq. (14), show that they fulfill the DU2
condition

ð41Þ

This property holds for arbitrary l and regardless of the
choice of free parameters used in the other gates.
Therefore, there exists a simple renormalization group

flow—or tensor blocking procedure—

ð42Þ

under which infinite, 2l-site translationally invariant
asymptotically solvable circuits approach DU2 circuits
in one step (and remain DU2 thereafter as the latter is a
fixed point). This property, however, does not mean that
the dynamics of asymptotically solvable circuits immedi-
ately reduces to that of DU2. In essence, this is because
non-equilibrium dynamics involves nontrivial time boun-
daries. An example of this will be the dynamics of
entanglement between the halves of the system: if the
cut is not directly centered of a light blue gate then the
entanglement growth cannot be calculated by the appli-
cation of Eq. (41) alone and as we will show only becomes
asymptotically equivalent to the DU2 result only in the
t ≫ l limit.
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It is also worth emphasizing that the above argument
cannot be applied in the absence of strict translation
symmetry, i.e. when the separation between blue columns
varies throughout the circuit. In this case one still observes
the eventual emergence of DU2 physics, but the timescale
for it to occur is different at different spatial points and is
difficult to be characterized by simple coarse graining.

III. CORRELATION FUNCTIONS

In this section we demonstrate that for asymptotically
solvable circuits the correlations inside the causal light
cone take the dagger shape where they are exactly confined

to a vertical strip with the only leakage allowed along the
jx − yj ¼ t line. This allows all the correlation functions to
be described by the repeated application of a fixed channel.
Let us consider circuits built of the gates in Eq. (22) with

a position dependent parameter sx ∈ ½0; 1�. The only
requirement we make on the distribution fsxg is that
the distance between two zeros, where we place a light
blue gate, does not scale with the system size. Choosing
without loss of generality s0 ¼ 0we let l be the position of
the next zero such that sl ¼ 0. Considering l ¼ 2 for
clarity, we can express the dynamical correlation between
two operators in ½0;l� as

ð43Þ

where we have applied our identities in Eqs. (14) and (39)
to reduce all gates outside the zeros to being effectively
DU gates. There is generally no further reduction that can
take place. This means we must include the full region in-
between the nearest zeros to the operators. This length
scale then corresponds to the finite memory of the

environment. One can also verify that if the two operators
are between different pairs of zeros then the correlation is
identically zero unless they are separated by a light cone
distance jx − yj ¼ t. Namely, denoting by fl1;…;lN g the
positions of the zeros in fsxg, we have

ð44Þ

where the sign in the first term is þ if x is integer and − if is half odd integer, while in the second term we indicated by
χAðxÞ the characteristic function of the interval A and we introduced the channel

ð45Þ
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Similar statements can be made for larger operator
strings as well (as long as the operator size is smaller than
2l). Therefore, we can conclude that all non-zero corre-
lation functions between two local operators on the interior
of each other’s light cone are determined by the channels in
Eq. (45). An example of such a correlation function is
pictured in Fig 5.
As pictured in Eq. (45), the transfer matrix Tl functions

as a unitary evolution U ⊗ U� that has been projected onto
the sub-sector where the environment both starts and ends
in the infinite temperature state, i.e.

ð46Þ

A rephrasing of this is that the action of the rest of the
system upon the subsystem is completely depolarizing and
Markovian. In the context of brickwork circuits, such
channels have been considered when studying systems
with explicitly DU environments [83].
It is easily shown that the eigenvalues of this matrix lie

on the unit disk (i.e. it is non-expanding). For any
normalized jvi

ð47Þ

On top of this, as a consequence of unitarity, the transfer
matrix has a trivial leading eigenvalue that is the infinite

temperature state

ð48Þ

Only using first principles, however, we are not immedi-
ately able to identify if there are any further eigenvectors
with eigenvalue 1. This property is crucial as it decides the
asymptotic behavior of correlations. Representing the
magnitude-ordered eigenvalues as λi for i ¼ 0; 1;… we
have two cases: (i) jλ1j < 1, i.e. the magnitude of the
second ordered eigenvalue is less than 1, and
(ii) jλ0j ¼ jλ1j ¼ 1, i.e. the magnitude of the leading and
second ordered eigenvalues are equal to 1. Case (i) is the
generic case corresponding to exponential decay of corre-
lations over a timescale set by the gap 1 − jλ1j. In case
(ii) some correlations do not decay and the system is either
ergodic but not mixing (for λ1 ¼ eiθ ≠ 1) or non-ergodic
(for λ1 ¼ 1). Finally, we note that the conjugate matrix T�

l
is related to the original Tl by a unitary similarity
transformation that swaps the forward and backward
replicas. As a consequence the spectrum is symmetric
under complex conjugation.
As discussed in Sec. I B, at the integrable point d ¼ 2

and hx ¼ 0 one can identify subspaces of the Hilbert space
which are exponentially large in the distance between
consecutive zeros l, where the time evolution acts uni-
tarily (cf. Appendix F). This means that there are expo-
nentially large (in l) subspaces where Tl acts as a unitary
matrix. In fact, for this local unitary dynamics to exist
inside only between two specific zeros, say those at
x ¼ 0;l, one need only that the longitudinal field is zero
inside this region hx ¼ 0; x∈ ð0;l�. The natural question is
then whether there are any other regions than the non-
interacting one at which the gap can close. In order to help
answer this we state the following property.
Property 1. For d ¼ 2, the spectral gap of Tl can only

close if the longitudinal fields acting on the first two qubits
h1

2
; h1 and the last two qubits hl−1

2
; hl of the subsystem all

belong to f0; π=4g.
The proof of the above property is given in Appendix D.

This is done by considering how local operators can avoid
leaking out of the boundaries of the subsystem: this can
only happen for special values of the longitudinal fields
near those boundaries. An immediate consequence of
Property 1 is that we do not expect to see any unimodular
eigenvalues appearing for uniform longitudinal fields
outside of hx ¼ 0; π=4 and for random configurations of
the longitudinal fields as the gap only closes on a set of
measure zero. Importantly however, this tells us nothing
about the size of the gap and on how it depends on l. It
may appear concerning that hx ¼ π=4 emerges here as a
possible non-ergodic point as this would seem to be the
strongest the interactions can get in the system. However,
in the following we confirm numerically that Property 1 is

FIG. 5. A correlation function between two identical random
traceless Hermitian operators supported on 4 sites. The position
of the second operator is fixed with its leftmost spin at 2y ¼ 15.
All gates use a small homogeneous longitudinal field h ¼ π=800.
Gates with sj ¼ 0 act on the 13th and 19th bonds in the system,
all other gates use sj ¼ π=8. As a result, inside the light cone we
see nontrivial correlations at all times when the two opera-
tors jx − yj ≤ 4.
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not overly weak in this respect and that indeed there do
exist special cases where the gap may close for hx ¼ π=4.
We now consider a homogeneous channel where the

values of sx and hx are constant in space except for the
gates on the edge where s0 ¼ sl ¼ 0. For this channel we
determine the magnitude of the second largest eigenvalue
numerically: the results are displayed in Fig. 6.
Immediately apparent is the emergence of conserved
quantities at h ¼ π=4 and s ¼ 1. At this point, all gates
within the channel are Clifford gates. It is then the case that
there exist operator strings that map to local strings with no
amplitude leakage due to the fine tuned angles in the gates.
The region of slow decay about this point then corresponds
to a perturbed Clifford channel with small amounts of
amplitude leakage of the previously conserved string.
Away from this region, we also see the expected non-
ergodic behavior for the h ¼ 0 and h ¼ π=2 lines. The
dynamics at h ¼ π=2 is equivalent to the dynamics at h ¼
0 up to a single site rotation of the initial state. These
regions have locally free fermionic dynamics and the
conserved quantities here correspond to the fermions
trapped between the sx ¼ 0 points. We also note the
overall change in the typical jλ1j values seen in the
comparison between the upper and lower panels of
Fig. 6 that correspond to 2l ¼ 12 and 2l ¼ 8 respectively.
For the ergodic channels, the increasing gap at larger l can
be rationalized by viewing the perturbative regions around
the non-ergodic points as shrinking instead. This occurs as

if we perturb each gate by a certain amount then the
channel made of more gates will end up being perturbed by
a greater amount, effectively leaving the full channel
further away from the non-ergodic point.
It is important to note that this is not a discussion that

generalizes well to early times t ∼ l for two reasons. First,
we have made no comment on the overall distribution of
eigenvalues. While the gap may be growing with l so too
may the number of eigenvalues with similar magnitude to
λ1. The relative scaling of these two effects is then very
important at early times. Second we have made no com-
ment to the Jordan block structure of Tl. It is very likely
that most operators will still decay quicker at short times
for the smaller channels as a result of said channels having
smaller Jordan blocks than the larger channels. This is
expected physically as operators initially positioned in the
bulk will only begin to decay once they have expanded to
reach the depolarizing boundaries of the channel Tl,
something that will occur faster for smaller l.
As we know from Property 1 no conserved quantities

can emerge away from h ¼ 0; π=4 but it is significant that
we do not see non-ergodic behavior for arbitrary s values
at h ¼ π=4 and must also tune s ¼ 1. Even at the point
s ¼ 0 where again all gates are Clifford and DU2 we do
not see non-ergodic behavior. It seems in this respect that
Property 1 is weak and could stand to be improved by
adding restrictions to the values of sx within the channel.

IV. QUENCH DYNAMICS

Let us now move on to consider the non-equilibrium
dynamics of asymptotically solvable circuits. Our starting
point is that, just like DU [29,84] and DU2 [23] circuits,
asymptotically solvable circuits admit families of states
that allow for the application of the solvability conditions
when evaluating dynamical quantities. These are again
found by considering two-site translation invariant matrix
product states of the form

jΨðMÞi ¼
X
fijg

tr½Mi1;i2 � � �Mi2L−1;i2L �ji1;…; i2Li; (49)

where fMi;jg are matrices acting on a χ-dimensional
auxiliary space. Graphically, we set

ð50Þ

where ð·; ·Þ labels in the diagram denote an index on the
front and back copy respectively where the thick lines
represent two folded copies of the auxiliary space. We
normalize the state such that in the thermodynamic limit

FIG. 6. The magnitude of the subleading eigenvalue jλ1j of the
channel Tl for 2l ¼ 12 in the upper panel and 2l ¼ 8 in the
lower panel against ðs; hÞ parameters used for all gates in the
subsystem except for the DU2 edge gates that use h but
have sx ¼ 0.
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lim
L→∞

hψ0iψ0 ¼ 1. (51)

The above condition can be rewritten as

lim
L→∞

trðT LÞ ¼ 1; (52)

where we defined the MPS transfer matrix

ð53Þ

We then have that Eq. (51) corresponds to the condition
of T having a non-degenerate maximal eigenvalue λ0 ¼ 1:
we shall denote the corresponding left and right eigen-
vectors by hLj and jRi respectively.
We now define a solvable MPS to be one for which the

following is true:
(1) The eigenvectors hLj and jRi fulfill

ðhLjÞ† ¼ jRi ¼
Xχ
i¼1

jii ⊗ jii: (54)

Since these equations take the same form as Eq. (4) we
represent them graphically as

ð55Þ

where the thicker line is to indicate that the sum is over the
auxiliary space.
(2) The following conditions are satisfied

ð56Þ

where β ¼ diagfβ1; � � � ; βdg∶trðβÞ ¼ 0 is an arbitrary
traceless diagonal matrix.
Importantly, for d ¼ 2 low bond-dimension examples of

the solvable states above include product states

jψi ¼ ⨂
2L

x¼1

jψxi; (57)

where each qubit is such that hψxjZjψxi ¼ 0 (i.e. each
qubit is polarized in the xy plane), and all forms of
entangled Bell pair product states����ψi ¼ ⨂

L

x¼1

�X2
i;j¼1

½vx�i;j
����iji
�
; (58)

where vxv
†
x ¼ 1. The conditions of solvability are such that

the following rule holds

ð59Þ

for any number of intermediary gates. An analogous
relation holds when flipping the diagram left to right.
Using these conditions, one can simplify the tensor

networks describing dynamical quantities after a quench
from solvable states in the same way that could be done for
the infinite temperature case. As was the true there, the
core of all these simplifications is the ability to describe the
evolution of a local subsystem without the need to consider
its complement. The unique feature of asymptotically
solvable circuits, compared to DU or DU2, is that the
networks can only reduce up to the nearest sx ¼ 0 points to
the subsystem and, consequently, the real simplification
only occurs for large times.
To show this we consider the effective evolution of a

subsystem A defined as the region x∈ ð0;l� where
s0 ¼ sl ¼ 0. The reduced density matrix on this region
may be written as

ð60Þ

We can apply unitarity and then use the existence of the
fixed points Eq. (54) to simplify the diagram in the
following manner

ð61Þ

SAMUEL H. PICKERING and BRUNO BERTINI PRX QUANTUM 7, 043001 (2026)

043001-12



where the thermodynamic limit is implicit in second
equality and we used

ð62Þ

This is now in a position where the solvability con-
ditions in Eq. (59) can be applied. Using them we obtain

ð63Þ

where we have identified the column as the repeated
application of the transfer matrix defined in Eq. (45).
Equivalently, we can say that the expectation value of any
operator OA with nontrivial support on A evolves as

hOAjρAðtÞi ¼ hOAjðTlÞtjρAð0Þi: (64)

This tells us that the analysis performed in Sec. III can
be immediately applied to assess the asymptotic behavior
of the local state, i.e. whether it eventually reaches thermal
equilibrium (at infinite temperature), relaxes to a gener-
alized Gibbs ensemble, or fails to relax. Of course, for

times t and the support of the operatorO both smaller than
l the local dynamics Eq. (64) reduces to the standard form
for an operator evolving in a circuit composed of gates
using sx ≠ 0. In the upcoming subsections Sec. IVA and
IV B we analyze the behavior of quantum information in
the two different regimes.

A. Asymptotic times

To understand the behavior of quantum information in
the late time regime we begin by considering the entan-
glement between A, a continuous block of 2LA qudits, and
the rest of the system. To quantify the latter we will use the
Rényi entropies of the reduced state ρAðtÞ, i.e.

SðαÞA ðtÞ ¼ 1

1 − α
log tr½ρAðtÞα�; α∈R: (65)

It is known (see, e.g., Ref. [52]) that the behavior of
Rényi entropies in the limit of large subsystems (after the
thermodynamic limit has been taken) is controlled by the
boundaries between A and the rest. Namely, specializing
the treatment to α ¼ n∈Z we can express the Rényi
entropies as

lim
LA→∞

lim
L→∞

SðnÞA ðtÞ ¼ 1

1 − n
½logClðtÞ þ logCrðtÞ�; (66)

where we defined the diagrams Cl=r as

ð67Þ

where the l=r subscript denotes whether the diagram is
centered on the left or right edge of the subsystem
respectively, we introduced a diagrammatic representation
for replicated gates

ð68Þ

the states representing relevant index contractions

ð69Þ

and their analogs in the auxiliary space. This structure is
conditioned on unitarity alone. Now, we can apply our
identities to simplify the diagram to within the nearest pair
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of zeros surrounding the center

ð70Þ

which may then be recognized as the repeated application
of a single transfer matrix that connects the local initial
state and the cut

ð71Þ

where we have introduced the lengths ll=r that describe the
length of the interval between the zeros surrounding the
left and right edges respectively. We define the multi-
replica transfer matrices

ð72Þ

such that

ð73Þ

where the additional normalization has been absorbed into

jρðnÞl=ri which, as shown in Eq. (71), is the n-fold replicated
MPS state contained within the region of size ll=r with the
square and circle vectors applied at the edges. We therefore

must study the spectra of TðnÞ
l to understand the behavior of

the entanglement.
In contrast to the 1-replica case where Tl has the

maximally mixed state as a leading eigenvector
with eigenvalue λ0 ¼ 1, in the n-replica case this state is
not even an eigenvector. By applying the solvability
conditions in Eq. (14), it is elementary to verify that the

following are eigenvectors

ð74Þ

such that

ð75Þ

It was proven in Ref. [52] that for DU2 gates the d2 × d2

matrix with elements

ð76Þ

is proportional to a projector such that P2
Λ ¼ ΛPΛ and

trPΛ ¼ d2 implying Λ ¼ d2=nΛ where nλ is the number of
non-zero eigenvalues. This gives

ð77Þ

and thus we restate

TðnÞ
l jRðnÞ

� i¼ 1

nn−1Λ
jRðnÞ

� i hLðnÞ
� jTðnÞ

l ¼hLðnÞ
� j 1

nn−1Λ
: (78)

To guarantee these are leading eigenvectors one must
bound the spectral radius of TðnÞ

l . This is guaranteed by the
following property (proven in Appendix E)
Property 2. The spectral radius of TðnÞ

l has a nontrivial
upper bound for n > 1
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ð79Þ

Therefore, we can conclude that the eigenvectors in
Eq. (74) belong to the eigenspace with eigenvalue of
maximal magnitude. Of course, it is again possible that
there exist other eigenvectors in this space. Such eigen-
vectors could produce parameter-dependentOðt0Þ shifts to
the entanglement but will not change the overall slope/
velocity. Assuming that the ones in Eq. (74) are the only
eigenvectors with maximum eigenvalue we have that as
t → ∞

TðnÞt
l=r →

1

ntðn−1ÞΛ

ðjRðnÞ
þ ihLðnÞ

þ j þ jRðnÞ− ihLðnÞ− jÞ: (80)

It is easily shown that for a solvable initial state

hLðnÞ− jρðnÞl=ri ¼ 0. (81)

Therefore, as t → ∞ we have

ð82Þ

and thus the entanglement velocity reads as

vE ≡ lim
t→∞

lim
LA→∞

lim
L→∞

SðnÞA ðtÞ
4t logðdÞ ¼

logðnΛÞ
2 logðdÞ (83)

as the inner products are independent of time. Remarkably,
this is the same result as the DU2 case [52,85]. We have
shown that, even when we separate the DU2 gates by many
generic s non-DU2 gates, for long enough times the
entanglement shows the same growth and even the same
slope/velocity. This occurs with an arbitrarily low (but
finite) density of DU2 gates.
More generally, let us consider the “entanglement

membrane” [47,80,81,86] generated by asymptotically
solvable circuits. The latter comes from regarding the
tensor networks describing entanglement related quantities
as partition functions. For large times, these partition
functions are expected to be dominated by domain wall
configurations which can be characterized by a line
tension—or membrane tensions in higher dimensions.
Once identified, the line tension can be used to infer
many properties of the dynamics by assuming other
quantities are also dominated by such domain wall
configurations. We assume that, despite the inhomogeneity
of the circuit, over large scales the line tension behaves as
it would in a homogeneous system. Namely, we assume
the line tension to be self-averaging. Therefore, we can
probe the line tension by defining the following quantity
[47,80,81,86]

ð84Þ

which measures the entanglement of the time evolution
operator under a particular bipartition of input and output
legs. Namely, we consider bipartitions into contiguous
blocks with cuts at position x and y for the input and output
legs respectively. The factor d−2nL is a normalization.
Keeping x fixed and then taking t → ∞ with y ¼ xþ vt

we expect that a straight domain wall connecting ðx; 0Þ and
ðy; tÞ should emerge as the dominant configuration such
that

− 1

n − 1
logZnðx; y; tÞ ∼ 2t logd EnðvÞ (85)

where we have introduced the factor of 2 to the typical
definition to compensate for the half-integer time steps
used in this work. As it is defined across large times and
distances, the line tension should only reflect the solv-
ability that the asymptotically solvable circuit will attain
for t ≫ l. One can verify that this is true by elementary

ASYMPTOTICALLY SOLVABLE QUANTUM CIRCUITS PRX QUANTUM 7, 043001 (2026)

043001-15



application of the solvability conditions Eq. (16). As l is
kept fixed in the limit, for any non-zero v it will eventually
become true that jy − xj > l such that there exists a
column of DU2 gates in-between the cuts. Once this
occurs, the value of Znðx; y; tÞ becomes completely inde-
pendent of l. One can easily verify that in this case the
DU2 result holds such that

EnðvÞ ¼ jvj þ 1 − jvj
2

logðnΛÞ
logðdÞ : (86)

Of course, for v ¼ 0 we have x ¼ y and this logic does
not hold. However, Eq. (86) is still valid as the solvability
conditions leave the network in a similar form to Eq. (71)
where the value may be discerned from the leading

eigenvalues of TðnÞ
l , which we have already characterized.

The line tension gives us the expected results for the
other quantities in the system. The point Enðv ¼ 0Þ ¼ vE
returns the entanglement velocity that we have shown is
exactly valid for quenches from solvable states.
Furthermore, the solution to EnðvBÞ ¼ vB returns the so-
called butterfly velocity vB ¼ 1 (provided nΛ ≠ 1), indi-
cating that at large times t ≫ l operators spread at
maximal velocity.

B. Early times

Having characterized the long time behavior, it is
natural to ask what happens at early times. This is also
equivalent to considering the limit in which we send l →
∞ to regain a homogeneous system. In particular, one
might be concerned that these dynamics must also be
somehow special due to the complex relation the generic s
gates have with the DU2 gates [Eq. (16)]. In the absence of
the solvability conditions there are only a few statements
that can be made analytically about the dynamics. In this
section we investigate the model at the integrable point
analytically and then the outside this point numerically. We
shall see here that the early time dynamics can be
qualitatively different to the long-time solvable dynamics
that we have been able to characterize so far. This leads us
to the conclusion that these dynamics are in no sense
solvable and that in the general case only the long-time
dynamics may be characterized analytically.

1. Dynamics at the free point

As mentioned in the introduction, when d ¼ 2 and the
longitudinal fields are zero the time evolution operator
may be reduced to free-fermionic form by performing a
Jordan-Wigner transformation. Considering the homo-
geneous case, we can then understand both the entangle-
ment structure and the effect of inserting distant sx ¼ 0
inhomogeneities by describing the structure of the eigenm-
odes. The explicit diagonalization of the propagator is
provided in Appendix F, while the key upshot is that we

may use the following form

U ¼ eiHeff ; (87)

with a Floquet Hamiltonian given by

Heff ¼
X2
j¼1

Xπ
k¼−π

εjðkÞβ†jðkÞβjðkÞ þ const; (88)

where βj are canonical fermionic operators (they anti-
commute for different j s) and the dispersion relations are
given by

ε1ðkÞ ¼ jkj; ε2ðkÞ ¼ 2 cos−1ðcosðk=2Þ sinðπs=2ÞÞ:
(89)

The behavior of the entanglement after a quench may be
determined by applying the quasiparticle picture [5]. To
this end we shall consider an initial state that, at the same
time, is solvable according to our definition [cf. Eqs. (54)
and (56)], is Gaussian, and produces pairs of quasiparticle
excitations. We shall choose the following state

jψi ¼ ⨂
L

x¼1

1ffiffiffi
2

p
	
j00ix−1=2;x − j11ix−1=2;x



: (90)

As discussed in Appendix G, the entanglement entropies
in this state can be written as a sum of two parts for all
times

SðnÞA ðtÞ ¼ SðnÞ1 ðtÞ þ SðnÞ2 ðtÞ; (91)

where SðnÞj is the entanglement created by the j-type
fermions. The quasiparticle picture can be applied to
determine how these quantities will evolve. For LA ≫ t,
L − LA ≫ t and t ≫ 1 the quasiparticle picture indicates
that the dominant part of the entanglement will come from
freely propagating entangled pairs

SðnÞj ≃ 2t
Z

π

−π
dk
2π

����vjðkÞjsðnÞj ðkÞ;

sðnÞj ðkÞ≡ 1

1 − n
log½ðθjðkÞÞn þ ð1 − θjðkÞÞn�; (92)

with the quasiparticle velocities defined as vjðkÞ ¼ ε0jðkÞ
and the filling fractions in the initial state

θjðkÞ ¼ hψ jβ†jðkÞβjðkÞjψi: (93)

Using the definitions given in Appendix F for k > 0 one
finds the following forms
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θ1ðkÞ ¼
1

2
; θ2ðkÞ ¼

1

2

�
1þ cosðk=2Þ

coshðϕkÞ
�
;

θ1ð−kÞ ¼ 1

2
; θ2ð−kÞ ¼ 1

2

�
1 − cosðk=2Þ

coshðϕkÞ
�
;

(94)

where

sinhðϕkÞ ¼ sinðk=2Þ tanðπs=2Þ: (95)

Immediately, this allows us to see that the first con-
tribution to the entanglement is

SðnÞ1 ðtÞ ¼ 2t logð2Þ: (96)

This contribution is independent of s (cf. Appendix F) as
it corresponds to the maximum velocity modes propagat-
ing only along the π=4 bonds. This is the piece that creates
to the entanglement velocity calculated using the solv-
ability conditions in Eq. (83) in the regime of large time
compared to the distance between the two nearest zeros

t ≫ l. The remaining piece SðnÞ2 ðtÞ cannot be expressed in
terms of elementary functions of s: its expression in terms
of special functions is long and not insightful so we do not
give it here. Instead, we illustrate its properties in Fig. 7.
The central conclusion to draw is that in the homo-

geneous case the dynamics at the free point does not
appear to be similar to the DU2 circuit in any sense. First,
the dynamical correlations are not confined to individual
lines in spacetime due to the second type of modes in the
system being dispersive. One might argue that these modes
are contained to good approximation within an interior

light cone v ¼ �maxk∈ ½−π;πÞjv2ðkÞj and that could be used
to reduce the tensor network in Fig. 1. However, due to the
widening support of the correlations in time this approach
will not be able to reduce the network down to a repeated
contraction of a finite tensor as can be achieved for a
solvable circuit. Second, the now trademark flat Rényi
spectrum seen in solvable circuits is not observed in this

system: while SðnÞ1 is independent of n, SðnÞ2 is not
(cf. Fig 7).
The long time structure will clearly change when we add

sx ¼ 0 points to the system. These points are only seen by
the β2ðkÞ modes which experience them as open bounda-
ries (cf. Appendix F and the discussion in Sec. I B). With
two of these points positioned at x ¼ �l=2 and with the
edge of a subsystem at x ¼ 0 we expect these modes to
provide a linear contribution to the entanglement until t ¼
l=2 at which point it becomes possible for modes reflected
at the boundary to cross the subsystem edge. This then
causes the contribution from the β2ðkÞ modes to begin to
fluctuate as different quasiparticle pairs go from straddling
the boundary of the subsystem to both being on either side.
Focusing on a single set of modes with a given velocity
v2ðkÞ it is easy to see that the contribution to the
entanglement should come as a triangle wave with period
l=v2ðkÞ [87,88]. This implies the form

SðnÞ2 ðtÞ ¼ 2l
Z

π

−π
dk
2π

minðτðkÞ; 1 − τðkÞÞsðnÞ2 ðkÞ;

τðkÞ ¼ jv2ðkÞjt
l

−
�jv2ðkÞjt

l

�
: (97)

From the original circuit perspective, the construction of
these oscillations will occur within the other leading
eigenvalues of the transfer matrix TðnÞ

l that cannot be
identified by the solvability conditions alone.

2. Dynamics for generic gate choice

When the circuit is both interacting and non-solvable it
becomes much more difficult to say anything substantive
about the dynamics. Here we demonstrate numerically that
in the homogeneous case for d ¼ 2 the generic s case
shows the same departure from solvable dynamics as the
free fermionic case discussed above. The transition into
solvable dynamics in the inhomogeneous case when t ∼ l,
however, occurs differently to Eq. (97).
In the non-solvable homogeneous case we plot a

selection of different entanglement gradients in Fig. 8.
For the limited times we are able to access we see that for
generic choices of s the entanglement velocity does not
appear to settle into n-independent values. This indicates
that again the Schmidt spectrum of the wave function is
becoming increasingly non-flat under these dynamics.
Furthermore, we see that the effect of increasing s is to
monotonically increase the asymptotic value of the

FIG. 7. The Rényi index dependence of the entanglement
velocity in the integrable case. The different curves are calcu-
lated using different values of s ranging from 1 (dark blue) to 0
(light blue) in steps of 0.1.
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gradient. It is very tempting to imagine that the entangle-
ment velocity in homogeneous circuits for s > 0 is always
greater than that of the s ¼ 0 circuit and that this might be
a consequence of the solvability conditions Eq. (16).
However, we have no argument for this.
To investigate the transition from the non-solvable into

the solvable dynamics we consider the gradient of the von
Neumann entropy in the inhomogeneous case, shown in
Figs. 9 and 10. In Fig. 9 we have the typical gates as
s ¼ 1.0 (DU) and then position the s ¼ 0 (DU2) gates
every l ¼ 4; 8 sites with each of the subsystem boundaries
positioned halfway between two such points. For 2t − 1 <
l=2 we see that, as expected, the entanglement grows at
the maximal velocity, as it does for a homogeneous DU
circuit. Once 2t − 1 ≥ l=2 the DU2 gates become relevant
and the entanglement velocity begins to shift. However,
depending on the parametrization of the gate this occurs
differently. For the non-ergodic gates identified in Sec. III
we see that the velocity does not converge and oscillates
around its mean value of 1=2. For the ergodic gates, the
oscillations appear heavily damped leading to a rapid
convergence on the DU2 velocity of 1=2. The periodicity
of the oscillations in the integrable case (red line) is owed
to the linear dispersion of the trapped fermions that comes
from the choice of s ¼ 1 inside the subsystem. The
oscillations at the non-integrable Clifford yet non-ergodic
point s ¼ 1; h ¼ π=4 (blue line) are also periodic yet have
a different period to the integrable case. In Fig. 10 we
consider the same setup with l ¼ 8 but change the generic
gates to use s ¼ 2=3. As can be seen in Fig. 6 we will no
longer see non-ergodic behavior at h ¼ π=4. This is in line
with the behavior of the correlation functions discussed in

FIG. 8. The gradients of various entanglement entropies
[ΔSðnÞA ðtÞ ¼ SðnÞA ðtÞ − SðnÞA ðt − 1Þ] after a quench from a simple
Bell pair state using three different homogeneous circuits with
varying values of s. The three sets of curves that are plotted with
different colors from light blue to dark blue use s ¼ 0.3; 0.7; 0.9
respectively and all use a uniform field h ¼ π=8. Each set of
curves contains 10 curves that are arranged vertically and
correspond to the Rényi index n ranging from 1 to 10 in
descending order. For n ¼ 1 we plot the von Neumann entropy.

FIG. 9. Gradient of the von Neumann entanglement entropy
after a quench from a Bell pair state with sx ¼ 0 points
positioned at every 2l ¼ 4 bonds in the upper panel [as pictured
in Eq. (67)] and every 2l ¼ 8 bonds in the lower panel. The
different curves are calculated for quenches with s ¼ 1.0 but
varying longitudinal fields h ¼ 0; π=12; π=6; π=4 from red to
blue. Solid lines indicate those that will not converge due to the
presence of conservation laws.

FIG. 10. Gradient of the von Neumann entanglement entropy
after a quench from a Bell pair state with sx ¼ 0 points
positioned at every 2l ¼ 8 bonds (same as the lower panel of
Fig. 9) but now with s ¼ 2=3 for all other gates. The different
curves are calculated for quenches with s ¼ 2=3 but varying
longitudinal fields h ¼ 0; π=12; π=6; π=4 from red to blue. Solid
lines indicate those that will not converge due to the presence of
conservation laws.
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Sec. III where we saw that the gap remains open for s ≠ 1.
The immediate consequence of this is that we only have
one line which does not converge in Fig. 10 (red line) that
corresponds to the integrable system. In this case the
oscillations are not periodic as the dispersion of the
trapped fermions is non-linear and thus produces a range
of velocities at which information can spread. This dis-
tinction can be understood through Eq. (97).
We now return to considering the homogeneous circuit

with no DU2 gates inserted. While breaking the flatness of
the Rényi spectrum is a good indication of a lack of
solvability, we can confirm the latter directly by probing
the entanglement structure of the fixed points discussed in
Sec. I B. This is a convenient choice as it does not depend
on the initial state and allows us to directly test the bulk
properties of the circuits. Considering for definiteness the
left fixed point we have

ð98Þ

To assess one possible way for this tensor, viewed as a
state with 2t qudits of local dimension d2, to be computa-
tionally simple we can ask whether it can be approximated
by a low-entangled MPS form as t grows large. We may
define the density matrix corresponding to this state

ρ ¼ jLtihLtj
hLtjLti

; (99)

and then construct a reduced density matrix ρA ¼ trĀρ
across some bipartition like the one pictured in Eq. (98).
The entanglement growth of this reduced density matrix
growing linearly with t implies that an efficient MPS
representation of this state is not possible and is therefore a
strong indicator that this circuit is not solvable [62,67,73].
The entanglement growth of the fixed point is displayed

in Fig. 11. For the moderate values of s shown in this figure
we see that the slope of the line appears to increase with s
but that when approaching the DU point s ¼ 1 the slope
only reaches its asymptotic value after a delay. The
mechanism by which the limit s → 1 produces the flat
entanglement line seen for DU gates is unclear. In
particular, it may be the case that

lim
s→1

lim
t→∞

Sð1ÞA ðtÞ
t

≠ lim
t→∞

lim
s→1

Sð1ÞA ðtÞ
t

: (100)

Our numerical observations suggest this possibility: as
shown in Fig. 12, the delay for the curves to reach their
asymptotic value appears to grow as the gates get closer to
the DU point, suggesting that if the s → 1 limit is taken
first the curve will become flat but that if the t → ∞ limit is
taken first we will always reach a slope that will not vanish
when s → 1. However, it is unclear whether the asymptotic
slope of these curves will be monotonic in s or whether at
some critical s ¼ sc the asymptotic slope begins to
decrease again. While an interesting question this uncer-
tainty is not core to our claim here. We can clearly state
that the entanglement of the fixed point does not stay

FIG. 11. The von Neumann entanglement between two halves
of the fixed point [cf. Eq. (98)]. The curves are calculated with
circuits all using h ¼ π=8 and from red to blue with
s ¼ 0; 1=6;…; 5=6; 1. The alternating flat red and blue line on
the bottom of the graph represents the overlapping s ¼ 0 DU2
and s ¼ 1 DU circuits that have no entanglement across the cut.

FIG. 12. The von Neumann entanglement of the fixed point
across the bipartition pictured in Eq. (98). The curves are
calculated with circuits all using h ¼ π=8 and from red to blue
with s ¼ 0.9; 0.925; 0.95; 0.975; 1.
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bounded for any values of s except the already known
solvable points s ¼ 0 and s ¼ 1.

V. DISCUSSION

In this paper we introduced a family of interacting
quantum circuits, which we dubbed “asymptotically solv-
able,” where the dynamics for timescales larger than a
tunable threshold can be accessed exactly, while they
appear generic for shorter timescales.
Asymptotically solvable circuits involve an unavoidable

degree of spatial inhomogeneity: their distinctive proper-
ties require the presence of “special” ergodic gates applied
at distances that are not scaling with the system size. The
distance between the two special gates enclosing a local
subsystem determines the timescale after which its dynam-
ics become exactly accessible, while for shorter timescales
it sets an effective system size allowing for efficient
numerical evaluation. For periodic arrangements of the
inhomogeneities, i.e. in the presence of translational
invariance, these circuits can be shown to exactly flow
to the DU2 family [23]—a recently introduced generali-
zation of dual-unitary circuits [22]—under an appropriate
spatiotemporal renormalization group procedure.
Asymptotically solvable circuits, however, show a much
richer pattern of spatiotemporal correlations compared to
both dual-unitary circuits and DU2: the correlations of
these circuits are not reduced to a few lines of the causal
light cone but are nontrivial within a full area of the light
cone whose size is controlled by the distance between the
nearest special gates. At the same time, they also admit
correlations moving at the speed of light showing that
effect of the special gates is not just to cut the system into
disconnected parts but rather to “filter” the correlations
allowed to propagate to large scales.
Our work prompts many fascinating questions for future

research. A particularly compelling one concerns the
possibility of attaining large-scale solvability without ever
requiring special gates. Our analysis suggests that this is
not possible for strictly homogeneous circuits, however, it
might be possible by considering circuits where the gates’
parameters have an appropriate spatial modulation despite
each gate being generic. In this case, solvable gates might
emerge as an asymptotic fixed point of an appropriate
spatiotemporal renormalization group flow. This question
becomes particularly relevant when thinking about embed-
ding nontrivial conservation laws in asymptotically solv-
able circuits. The structure of correlations in the simplest
case discussed here only allows for conservation laws with
strictly conserved densities or that are moving ballistically
at the speed of light. Removing the special gates should
allow to study cases where the conserved charges display
diffusive or even superdiffusive [89–94] transport.

An exciting suggestion of this work is that even in the
absence of solvable impurity gates one might make
statements about the entanglement dynamics (i.e. non-
trivially bounding from above and below the entanglement
velocities) of a non-solvable circuit that is merely related
to a solvable circuit through our graphical identities. We
were able to make these arguments analytically in the
integrable case through the use of the quasiparticle picture
but observed numerically that the results appear to extend
to the non-integrable circuit as well. This may suggest that
such a statement can be made by use of the graphical
conditions alone. We leave these questions to further work.
Another interesting direction concerns the characteri-

zation of spectral properties of asymptotically solvable
circuits. For a spatially periodic distribution of the defects
our renormalization group argument suggests that the latter
should reduce to those of DU2 circuits for energy scales
below a certain threshold set by the distance of two
neighboring special gates. The correlations should, how-
ever, depart from the latter over longer energy scales,
suggesting that the distance between special gates plays
the role of a Thouless energy [95]. The situation becomes
less obvious in the case of an aperiodic special gate
distribution. Other metrics associated with quantum chaos,
such as out of time order correlators (OTOCs) and operator
space entanglement are also a potential prospect as the
renormalization argument suggests we should be able to
demonstrate the emergence of the solvable DU2 behavior
in these quantities as well, particularly the OTOC.
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APPENDIX A: EQUIVALENT
REPRESENTATIONS OF THE QUBIT

EVOLUTION OPERATOR

The evolution operator for the circuit takes the brick-
work form

U ¼ UoUe; (A1)

with
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Ue ¼ ⨂
L−1

x¼0

Ux;xþ1=2; Uo ¼ ⨂
L

x¼1

Ux−1=2;x: (A2)

We use

Ux;xþ1=2 ¼ ðwx ⊗ wxþ1=2Þeiπ4ðZ⊗ZþsxY⊗YÞ;
wx ¼ eihxZei

π
4X:

(A3)

This may be rewritten as

Ux;xþ1=2 ¼ ðeihxZ ⊗ eihxþ1=2ZÞeiπ4sxZ⊗Z

×
	
ei

π
4
X ⊗ ei

π
4
X


ei

π
4
Z⊗Z:

(A4)

In total then

U ¼ W†eiHoeiHKeiHeeiHKW; (A5)

where we define

W ¼ ei
π
4

P
L
x¼1

ZxZxþ1=2

HK ¼ π

4

X2L
j¼1

Xj=2;

HF ¼
X2L
j¼1

hj=2Xj=2

He ¼
XL
x¼1

�
π

4
Zx−1=2Zx þ

π

4
sxZxZxþ1=2

�
þHF;

Ho ¼
XL
x¼1

�
π

4
sx−1=2Zx−1=2Zx þ

π

4
ZxZxþ1=2

�
þHF:

(A6)

This can be rewritten as

U¼W†e−iHKUKIeiHKW UKI¼eiHKeiHoeiHKeiHe (A7)

such that the evolution over many steps is equivalent to
that of the (modulated) kicked Ising UKI up to a similarity
transformation that can be written as a tensor product over
pairs of sites. This transformation can be easily accounted
for and does not significantly affect the quantities con-
sidered in this paper so we neglect it.
As mentioned in the main text, the circuit produced

using the gates in Eq. (A3) can also be written as a circuit
using a slightly different form of gate shown in Eq. (22)
that is more easily generalized to higher dimensions. We
show this here. First note that we can write

ei
π
4Z⊗Z ¼ ei

π
4

	
ei

π
4Z ⊗ ei

π
4Z


UC

UC ¼ ðj1ih1j ⊗ 1þ j2ih2j ⊗ ZÞ
¼ ð1 ⊗ j1ih1j þ Z ⊗ j2ih2jÞ (A8)

such that we may rearrange

Ux;xþ1=2 ¼
	
wxei

π
4Z ⊗ wxþ1=2ei

π
4Z


ei

π
4sxX⊗X UC; (A9)

where we have dropped the irrelevant phase factor. Finally
we can identify the single site gates as

wxei
π
4
Z ¼ eihxZei

π
4
Xei

π
4
Z ¼ i eiðhx−π

4
ÞZ H2; (A10)

where H2 ¼ ðZ þ XÞ= ffiffiffi
2

p
is the 2 × 2 Hadamard gate.

Therefore, up to an irrelevant phase factor, the gate is of
the form presented in Eq. (22) in the main text. The only
adjustment is that the longitudinal fields are shifted
h → h − π

4
.

APPENDIX B: EXPLICIT REPRESENTATION
GENERALIZED PAULI MATRICES

The explicit representation for clock, shift and gener-
alized Hadamard matrices reads as

Zd ¼

0
BBBBBB@

1 0 0 � � � 0

0 ω 0 � � � 0

0 0 ω2 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � ωd−1

1
CCCCCCA
;

Xd ¼

0
BBBBBB@

0 1 0 � � � 0

0 0 1 � � � 0

0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

1 0 0 � � � 0

1
CCCCCCA
; (B1)

and

Hd ¼ 1ffiffiffi
d

p

0
BBBBBB@

1 1 1 � � � 1

1 ω ω2 � � � ωd−1

1 ω2 ω4 � � � ω2ðd−1Þ

..

. ..
. ..

. . .
. ..

.

1 ωd−1 ω2ðd−1Þ � � � ωðd−1Þ2

1
CCCCCCA
; (B2)

where ω denotes a primitive dth root of unity

ω ¼ ei
2π
d : (B3)

These matrices fulfill

Xd
d ¼ Zd

d ¼ 1; XdZd ¼ ωZdXd; HdZH
†
d ¼ Xd: (B4)
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APPENDIX C: PROOF OF EQ. (14) FOR d > 2

In this appendix we show that the identification in
Eq. (15) with Us given in Eq. (22) gives gates fulfilling
Eq. (14) for all d ≥ 2. The proof follows directly the one
in Sec. II A.
First, setting

ðC1Þ

ðC2Þ

we immediately find

ðC3Þ

where the second equality can again be verified by
observing that the matrix elements coincide. Analogously
we have

ðC4Þ

We also note 
1

d

Xd
j¼1

Xj
d ⊗ Xj

d

!
2

¼ 1

d

Xd
j¼1

Xj
d ⊗ Xj

d; (C5)

which implies

e
iπs
2d

P
d
j¼1

Xj
d⊗Xj

d ¼ 1þ ðis − 1Þ 1
d

Xd
j¼1

Xj
d ⊗ Xj

d: (C6)

Therefore, defining some graphical notation for the
gates without the single-site unitaries

ðC7Þ

we find

ðC8Þ

where we used Eq. (C4) and set

A ¼
�
1þ is − 1

d

�
; B ¼ is − 1

d
: (C9)

Using Eq. (C3) and transposing the leftmost Xj
d to

account for the direction of matrix multiplication for
spatial propagation (left to right in the diagrams) we have

Recalling the algebra of Zd and Xd we find

ðC10Þ

Therefore, we finally obtain

ðC11Þ

In the final step we used

jAj2 þ djBj2 ¼ 1; jAj2 − jBj2 ¼ 1 − 4

d
sin
�
π

4
s
�

2

:

(C12)

Multiplying the top left and right legs respectively by
w†
þ and wþ and folding the green gate below the orange the

second relation above is represented as

SAMUEL H. PICKERING and BRUNO BERTINI PRX QUANTUM 7, 043001 (2026)

043001-22



ðC13Þ

where we introduced

X̃d ¼ e−i
P

d−1
j¼1

hj;�Z
j
qXde

i
P

d−1
j¼1

hj;�Z
j
q : (C14)

Note that for d > 4 the family in Eq. (22) does not
contain a dual-unitary point as the coefficient of the second
term in Eq. (C13) does not vanish for any real s.
Proceeding analogously we find

ðC15Þ

where the first equality can be shown by commuting the

e
iπs
2d

P
d
j¼1

Xj
d⊗Xj

d through the Hadamard gates at the cost of
rotating the Xd → Z−1

d and then simply commuting
through the further diagonal gates, finally allowing it to
cancel due to unitarity. The second equality is shown by
noting that as a simple consequence of Eq. (C4)

ðC16Þ

Therefore, we see that any off diagonal operator on the
bottom left corner produces off-diagonal operators in the
top right corners. Furthermore, when those off-diagonal
operators reach the s ¼ 0 gate at the end of the chain their
amplitudes vanish. We can therefore conclude the proof as
in Sec. II A.

APPENDIX D: CONDITIONS FOR
NON-ERGODICITY

In this appendix we detail the proof of Property 1. Much
of this proof follows from a similar one in Ref. [83]. To do
this we shall assume the existence of a second unimodular
eigenvalue jλ1j ¼ 1 and work backward to infer what
conditions must be satisfied for its existence. We assume
there exists a normalized eigenvector jvi such that

ðD1Þ

where in this Appendix we will always be using normal-
ized vectorized operators such that

ðD2Þ

and we will use the shorthand for the vectorized Pauli
operators fjXi; jYi; jZig ¼ fjσð1Þi; jσð2Þi; jσð3Þig. We will
now show that hvj must also be a left eigenvector of Tl
with the same eigenvalue

hvjTl ¼ hvjeiθ; (D3)

as a consequence of the unimodularity eigenvalue. We will
focus on the two Hermitian operators T†

lTl and TlT
†
l, both

of whom are non-expansive. Trivially, we have
hvjT†

lTljvi ¼ 1, but we also must have

hvjTlT
†
ljvi ¼

X
α

jhvjTljαij2 ≥ 1;

hvjTlT
†
ljvi ¼

X
i

σiðTlÞ2 · jhijvij2 ≤ 1;

⇒ hvjTlT
†
ljvi ¼ 1;

(D4)

where in the first inequality we expanded in an orthonor-
mal basis fjαig containing jvi, while in the second we
expanded in the eigenbasis of TlT

†
l and denoted by

σiðTlÞ2 its eigenvalues (which are the singular values of
Tl squared). Note that the first inequality relies on the fact
that the eigenvalue is unimodular and if we lower its
magnitude the inequalities will have finite overlap and we
will not be able to make the final statement.
Now, we can turn the second statement into an equality

hvjTlT
†
ljvi ¼

X
i

σiðTlÞ2 · jhijvij2 ¼ 1;

⇒ hiiv ¼ 0 if σiðTlÞ ≠ 1.
(D5)

This means jvi is living in the unimodular eigenspace, so

TlT
†
ljvi ¼ T†

lTljvi ¼ jvi; (D6)

where we the logic follows equally for T†
lTljvi. Now

T†
lTljvi ¼ jvi
T†
ljvi ¼ e−iθjvi

hvjTl ¼ hvjeiθ:
(D7)

The benefit of this setup is that the relations in Eq. (D6)
are very pleasant to work with. We have
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ðD8Þ

and

ðD9Þ

where we are denoting the conjugate gates in red. We see
that Hermitian operators with a large enough support will
always split into two distinct pieces separated by identities.
We name these pieces

ðD10Þ

For general gates, these channels are Hermitian, non-
expansive and positive semi-definite so must have real
eigenvalues λ∈ ½0; 1�. We want to show that the pairs of
channels on each edge share unit eigenvectors such that
we can construct jvi that is both an eigenvector of T†

lTl

and TlT
†
l. We now argue that we can consider

ðD11Þ

as necessary and sufficient conditions for the existence of a
shared second unit eigenvector of l1 ⊗ 1 (1 ⊗ r1) and l2
(r2). This is because the only way that the product of two
Hermitian non-expansive positive semi-definite operators
(i.e. λ∈ ½0; 1�) can have a unimodular eigenvector is if the
vector is a unimodular eigenvector of both operators
separately.
It is quite easy to determine if there are any extra 1 s in

the spectra of these operators. We consider

nl¼ lim
k→∞

tr½ðl1⊗1Þl2�k; nr¼ lim
k→∞

tr½ð1⊗ r1Þr2�k; (D12)

where 1 is the identity on both the forward and backward
copies. Despite the fact that these operators are not
Hermitian, they are non-expansive and we argued above
that they cannot have any unimodular eigenvalues that are
not 1. Therefore, Eq. (D12) will converge to integers. We
can calculate the values of nl and nr. We can rearrange the
terms in the products such that

nl ¼ lim
k→∞

tr½DlD
†
l �k; nr ¼ lim

k→∞
tr½DrD

†
r �k; (D13)

where

ðD14Þ

The question is now whether or not there is a second
unimodular singular value of Dl and/or Dr. This is a very
physical question: we are asking if the nontrivial operator
strings produced by spatial evolution from the infinite
temperature boundary can combine into larger strings
without their amplitudes decaying.
We now focus on the left edge as the analysis is identical

for both edges. By writing out the expansions ofDl we can
check the number of singular values. Before doing this, let
us fix notation. Wewill take the subsystem to be positioned
such that the leftmost spin the transfer matrix acts on is
positioned at x ¼ 1=2 such that s1 ¼ s1þl ¼ 0.
To expand Dl it is helpful to state the operator

expansions of the following objects

ðD15Þ
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simple substitution therefore allows us to write

ðD16Þ

ðD17Þ

where X̃ and Ỹ are defined in Eq. (34) and any explicitly
written longitudinal field h corresponds to that used in
the definition of the X̃; Ỹ on the lhs of the equation. Finally,
we will need

ðD18Þ

Defining

Jx ¼
πsx
4

(D19)

for brevity and using the relations above one finds

ðD20Þ

where h1
2
is the longitudinal field applied to the leftmost

spin acted on by Tl. This form verifies immediately that
Dl always has at least two unit singular values

and , with more
appearing at the special points h1

2
¼ 0; π=4. As we discuss

in the main text, one can verify numerically that there do

indeed exist points with all hx ¼ π
4
where Tl possesses

nontrivial conserved quantities. Therefore, we will not be
able to rule out other unimodular eigenvalues in this case.
We can however address the other regions.

1. Unit eigenvectors for 0 < jh1
2
j < π=4

We verified above that in this region nl ¼ 2 and thus
there exists a second mutual unit eigenvector of l1 ⊗ 1 and
l2. The two unit eigenvectors can be checked to be

ðD21Þ

where the latter is trivially an eigenstate l2 and can be seen
to be an eigenstate of l1 ⊗ 11 through .
Therefore, any unit eigenvector of Tl must take the form

jv2li ¼
X1
i¼0

jaii ⊗ jψ ii;
X1
i¼0

hψ ijψ ii ¼ 1. (D22)

We now prove that hψ1jψ1i ¼ 0 within this region of the
parameter space. To do this, we run a self-consistency
check: assuming jv2li to be an eigenstate we must have

ðD23Þ

where Pαβ ¼ jαβihαβj and 1x is the identity on x doubled
qubits. Using the operator expansions in Eqs. (D17)
and (D18) and the fact that jψ ii must be eigenvectors of
r1 we have

hψ1jðMX̃Z ⊗ 12l−3Þjψ1i ¼ 0; (D24)

where

ðD25Þ

with the gates pictured here being folded variants ofU1;3=2.
Outside of s1 ¼ 1, this channel is positive definite and
diagonal in the Pauli basis

ðD26Þ

Therefore Eq. (D24) implies that for 0 < jh1j < π=4
and s1 ≠ 1

hψ1jψ1i ¼ 0. (D27)
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To check the point where s1 ¼ 1 we look at

kðPZZ ⊗ 12l−2ÞTljvlik ¼ 0

⇒ hψ1jðMX̃Y ⊗ 12l−3Þjψ1i ¼ 0.
(D28)

Evaluated specifically at s1 ¼ 1 we have that MX̃Y is
also positive definite and diagonal in the Pauli basis

ðD29Þ

Therefore, we find that also at 0 < jh1j < π=4 and
s1 ¼ 1 we must have hψ1jψ1i ¼ 0.
In conclusion: whether s1 ¼ 1 or not, if 0 < h1

2
< π

4
and

0 < h1 < π
4
we must have hψ1jψ1i ¼ 0 and therefore

ðD30Þ

In these cases we must have

ðD31Þ

and likewise on the right edge. We now see that jv2l−2i
must be a unimodular eigenvector of

ðD32Þ

At this point if l is large enough to require it we may
repeat the analysis presented so far but for the smaller
channel defined by Eq. (D32). In doing this, one ends up
asking the same questions about the similarly defined
channels l01 ⊗ 1 and l02 that act on the sites 3=2; 2. In this
case, it is immediately obvious that the equivalent
edge channel

ðD33Þ

does not have any nontrivial unit eigenvectors since by
definition 0 < s1 ≤ 1. Therefore, we can conclude that
jv2l−2i is trivial on its edge site, giving

ðD34Þ

The next site can be probed by projecting l02 like so

ðD35Þ

where the constant has changed due to the normalization of
the states. The expansion of this channel gives

ðD36Þ

Again we can see that since s1 > 0 by definition, this
channel does not have any nontrivial unimodular eigen-
vectors. This leads us to conclude that the support of the
eigenvector on next site must also be trivial.

ðD37Þ

Since sx > 0 everywhere inside the subsystem this
process will continue until we arrive at the other edge
of the subsystem and are left with the channel

ðD38Þ

which is graphically written as

ðD39Þ

This channel may be dealt with by hand upon which
one finds that the only non-zero eigenvalues are
f1; cos 2Jl−1 cos 2hl−1=2 cos 2hlg where the unit eigen-
value of course corresponds to the . Once again, we
are left to conclude that on the last two remaining sites the
eigenvector must be trivial. We find therefore that all
unimodular eigenvectors of Tl must be nontrivial within
two sites of the left edge of the channel if they are to be
orthogonal to the completely trivial infinite temperature
state. This logic may be carried out identically for the
right edge.
In total, we have found that a necessary condition for the

existence of a nontrivial unimodular eigenvector is that it
must have nontrivial support at the edges. When inves-
tigating the channels responsible for the edge behavior we
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found that for the left edge to be non trivial we must have
h1

2
; h1 ∈ f0; π

4
g and symmetrically that for the right edge to

be non trivial we must have hl−1
2
; hl ∈ f0; π

4
g.

APPENDIX E: BOUNDING THE
SPECTRAL RADIUS

In this appendix we prove that the eigenvectors in
Eq. (74) correspond to the eigenvalues with maximal
possible magnitude by bounding the spectral radius of

TðnÞ
l to

ðE1Þ

The spectral radius of a matrix may be calculated in the
following way

ρðTðnÞ
l Þ ¼ lim

t→∞
kðTðnÞ

l Þtk1
t
2; (E2)

where we are defining the p-norms as

kAk2p ≡ ½trðAA†Þp� 12p: (E3)

Now, we consider the 2-norm

ðE4Þ

where there are t applications of the un-normalized trans-
fer matrix followed by t applications of its conjugate (in
red) that are ultimately joined together at the top and
bottom by the trace. This can be reformulated as the norm
of an operator acting in space. To do this we unfold the
contractions on the left and right edges and fold in the
contractions on the top and bottom to get the following

ðE5Þ

where now the multiplication and trace functions run from
left to right and we have pictured a specific t ¼ 5 to serve
as an example. Now we can recognize this as meeting the
definition of the operator norm given above

ðE6Þ

This quantity is no easier to calculate than those given
before. The difficulty here comes from the bullet states
applied to the top and bottom of the diagram that block the
application of the solvability conditions. However, we now
show that they do not meaningfully contribute to the large t
asymptotic value. We can use operator norm inequalities
to cut them out of the diagram in order to isolate all
t-dependence into an operator whose norm we may
calculate. We will apply Hölder’s inequality for operator
norms

kABkr ≤ kAkpkBkq; (E7)

which is valid for all p; q; r∈ ½1;∞� such that

1

p
þ 1

q
¼ 1

r
; (E8)
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in order to state that

ðE9Þ

where the two norms without subscripts are of the same
type. The method for making the split at larger t is to
simply pad the middle of the operator under the infinity
norm with more and more identity tensors/straight lines
such that no more gates must be included in it for the
inequality to hold. This means that the piece we have cut
off the original diagram is constant with respect to time

ðE10Þ

as kA ⊗ 1k∞ ¼ kAk∞. The remaining norm can be
expressed as

ðE11Þ

where we remind the reader that the operator within the
norm on the lhs has two copies which results in the power

of 1=n rather than the expected 1=2n on the rhs. This
contraction can now be performed easily by applying the
solvability conditions

ðE12Þ

which is a result that generalizes to any larger times. We
can now write that

ðE13Þ

Taking the large time limit of this bound, we find that
the constant drops out as desired

ðE14Þ

This upper bound is indeed the eigenvalue correspond-
ing to the eigenvectors in Eq. (74). Therefore, we have
proven that these eigenvectors are indeed two of the
leading eigenvectors.

APPENDIX F: DIAGONALIZATION OF THE
PROPAGATOR AT THE FREE POINT

In this appendix we detail the diagonalization of the
propagator for d ¼ 2, hx ¼ 0 and sx ¼ s. We work with
the kicked Ising representation of the propagator (cf.
Appendix A), which can be expressed as

U ¼ ei
π
4

P
2L
j¼1

Xj=2eiHoei
π
4

P
2L
j¼1

Xj=2eiHe;

He ¼
XL
x¼1

�
π

4
Zx−1=2Zx þ fZxZxþ1=2

�
;

Ho ¼
XL
x¼1

�
fZx−1=2Zx þ

π

4
ZxZxþ1=2

�
;

(F1)

where we set f ¼ πs=4. A favorable rearrangement of this
expression is the following

SAMUEL H. PICKERING and BRUNO BERTINI PRX QUANTUM 7, 043001 (2026)

043001-28



U ¼ T exp
�
i
Z

1

0

dτHðτÞ
�

¼ U1U2

Y2L
n¼1

Xn=2;

U1 ¼ exp

"
i
π

4

XL
m¼1

YmYmþ1
2

#
exp

"
i
π

4

XL
m¼1

Zm−1
2
Zm

#
;

U2 ¼ exp

"
if
XL
m¼1

Ym−1
2
Ym

#
exp

"
if
XL
m¼1

ZmZmþ1
2

#
:

(F2)

It is easily seen that

"Y2L
n¼1

Xn=2; U1

#
¼
"Y2L
n¼1

Xn=2; U2

�
¼ ½U1; U2� ¼ 0: (F3)

Therefore, we may diagonalize them all simultaneously.
One can immediately recognize that the two propagators
U1 and U2 will have the same spectra as homogeneous
kicked Ising models. This is because they both take
the form

Uμ ¼ exp

 
i
XL
m¼1

tm−1
2

!
exp

 
i
XL
m¼1

tm

!
; (F4)

where ftjg fulfill

t2j ¼ const; ftm; tmþ1
2
g ¼ 0; ½tm; tn� ¼ 0; jm−nj> 1

2
:

(F5)

This algebra immediately implies that the model can be
written as a product of quadratic forms of Majorana
fermions [97,98]. In particular, due to the fine-tuned angle
π=4 the operator U1 is actually equivalent to the self-dual
kicked Ising model which is dual unitary, while U2 is
generically away from this critical point. We therefore
can expect the modes of U1 to all travel at maximal
velocity jvj ¼ 1 and the modes of U2 to travel at a range of
smaller velocities.
To piece this out we introduce Majorana fermions with

the following Jordan-Wigner transformation

am−1
2
¼
 Ym−1

n¼1

Xn=2

!
Ym=2; am¼

 Ym−1

n¼1

Xn=2

!
Zm=2; (F6)

that are Hermitian and satisfy the Clifford algebra

am ¼ a†m; fam; ang ¼ 2δmn: (F7)

We must take care with the boundary conditions for
these operators. Using the fact that L is always even we
work in the basis where

P ¼
Y2L
n¼1

Xn=2 (F8)

is diagonal and equal to þ1 or −1 which we refer to as the
even and odd sectors respectively. In each sector we have a
different boundary condition: periodic ðamþ2L ¼ amÞ in
the odd sector and anti-periodic ðamþ2L ¼ −amÞ in the
even sector.

1. Odd sector

Here we take P ¼ −1 and work with periodic boundary
conditions. With these definitions, we may write

U1 ¼ exp

"
i
π

4

XL
m¼1

a2ma2mþ1
2

#
exp

"
i
π

4

XL
m¼1

a2ma2m−3
2

#
;

U2 ¼ exp

"
if
XL
m¼1

a2m−1a2m−1
2

#
exp

"
if
XL
m¼1

a2mþ1a2m−1
2

#
:

(F9)

We shall adopt a notation that makes the unit cell more
clear, for m ¼ 1; 2;…; L

γð1Þ
m−1

2

¼a2m−3
2
; γð1Þm ¼a2m; γð2Þ

m−1
2

¼a2m−1; γð2Þm ¼a2m−1
2
;

(F10)

under which

U1 ¼ exp

"
−i π

4

XL
m¼1

γð1Þ
mþ1

2

γð1Þm

#
exp

"
i
π

4

XL
m¼1

γð1Þm γð1Þ
m−1

2

#
;

U2 ¼ exp

"
−ifXL

m¼1

γð2Þm γð2Þ
m−1

2

#
exp

"
if
XL
m¼1

γð2Þ
mþ1

2

γð2Þm

#
:

(F11)

Here we draw attention to the fact that not only do U1

and U2 commute, they also act on disjoint Hilbert spaces.
An important identity for interpreting these forms is

½γaγb; γc� ¼ 2ðγaδbc − γbδacÞ; (F12)

where one should read equations without upper indices as
equations with all operators of the same upper index. We
shall diagonalize these operators in their adjoint repre-
sentation. To that end it is convenient to introduce the
vectorized notation

jxi ¼ i2xγx: (F13)

2. Diagonalizing U1

We first define the LiouvillianLO ¼ ½O; ·� and introduce
A;B such that
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U1 ¼ exp
�
i
π

4
B
�
exp
�
i
π

4
A
�
: (F14)

Then, we have that for m ¼ 1; 2;…; L

LAjmi¼−2jm−1=2i; LAjm−1=2i¼−2jmi;
LBjmi¼2jmþ1=2i; LBjmþ1=2i¼2jmi: (F15)

This gives

ei
π
4
LA jmi ¼ −ijm − 1=2i;

ei
π
4
LA jm − 1=2i ¼ −ijmi;

ei
π
4LB jmi ¼ ijmþ 1=2i;

ei
π
4LB jm − 1=2i ¼ ijm − 1i:

(F16)

Putting these together it is trivial to construct eigenstates

jk;−i ¼ 1ffiffiffiffi
L

p
XL
m¼1

e−ikmjmi;

jk;þi ¼ 1ffiffiffiffi
L

p
XL
m¼1

e−ikmjm − 1=2i;
(F17)

where k∈R for the Ramond sector momenta

R ¼
�
2πn
L

∶ n ¼ −L
2
; � � � ; L

2
− 1



; (F18)

that are chosen to give periodic boundary conditions.
Returning to the operator formalism, we can construct
the eigenmodes easily but we must be careful to not
generate any redundancies. It is important to note that the
use of the i2m factor in Eq. (F13) is equivalent to shifting
the momenta of these modes by π. We will make
definitions explicitly using k∈R∶ k > 0

β†1ðkÞ ¼
1ffiffiffiffiffiffi
2L

p
XL
m¼1

e−ikmγð1Þ
m−1

2

;

β1ð−kÞ ¼ iffiffiffiffiffiffi
2L

p
XL
m¼1

e−ikmγð1Þm :

(F19)

that are related to jk − π;þi and jk − π;−i respectively.
For the k ¼ 0 and k ¼ −π operators we define

β†1ð0Þ ¼
1

2
ffiffiffiffi
L

p
XL
m¼1

	
γð1Þ
m−1

2

þ iγð1Þm



;

β†1ð−πÞ ¼ 1

2
ffiffiffiffi
L

p
XL
m¼1

ð−1Þm
	
γð1Þ
m−1

2

þ iγð1Þm



:

(F20)

These operators are well defined as canonical fermions

fβ1ðkÞ; β†1ðk0Þg ¼ δk;k0 ; (F21)

with all other anticommutators vanishing. Their evolution
is particularly simple

U1 β
†
1ðkÞU†

1 ¼ −eijkj β†1ðkÞ: (F22)

It is helpful to keep this −1 separate as it represents the
creation operator connecting the odd and even sectors.

3. Diagonalizing U2

We again introduce A;B such that

U2 ¼ expðifBÞ expðifAÞ: (F23)

Then, we have that for m ¼ 1; 2;…; L

LAjmi ¼ −2jmþ 1=2i;
LAjmþ 1=2i ¼ −2jmi;

LBjmi ¼ 2jm − 1=2i;
LBjm − 1=2i ¼ 2jmi;

(F24)

which gives

eifLA jmi ¼ cosð2fÞjmi − i sinð2fÞjmþ 1=2i
eifLA jm − 1=2i ¼ cosð2fÞjm − 1=2i − i sinð2fÞjm − 1i

eifLB jmi ¼ cosð2fÞjmi þ i sinð2fÞjm − 1=2i
eifLB jm − 1=2i ¼ cosð2fÞjm − 1=2i þ i sinð2fÞjmi:

(F25)

This process is symmetric under translations of Δm ¼ 1
(2 sites), so we assume the eigenvector takes the form

jk;�i ¼ 1ffiffiffiffi
L

p
XL
m¼1

e−ikm
h
að�Þ
k jm − 1=2i þ bð�Þ

k jmi
i
:

(F26)

There are two vectors such that

eifLBeifLA jk;�i ¼ e�iϵðkÞjk;�i;
ϵðkÞ ¼ 2 sin−1ðj sinðk=2Þ sinð2fÞjÞ; (F27)

with

að�Þ
k ¼ e∓φk=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 coshðφkÞ
p ;

bð�Þ
k ¼ �ie−ik=2 e�φk=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 coshðφkÞ
p ;

sinhðφkÞ ¼ cosðk=2Þ tanð2fÞ:

(F28)

Undoing the vectorization as we did above we can
construct the appropriate modes for k∈R∶ k ≥ 0 that are
related to jk − π;�i
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β†2ðkÞ¼
XL
m¼1

e−ikm

	
e−ϕk=2γð2Þ

m−1
2

− ieðϕk−ikÞ=2γð2Þm



2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lcoshϕk

p ; (F29)

β2ð−kÞ¼
XL
m¼1

e−ikm

	
eϕk=2γð2Þ

m−1
2

þ ie−ðϕkþikÞ=2γð2Þm



2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lcoshϕk

p ; (F30)

where

sinhðϕkÞ ¼ sinhðφk−πÞ ¼ sinðk=2Þ tanð2fÞ; (F31)

and

U2 β
†
2ðkÞU†

2 ¼ −eiεðkÞ β†2ðkÞ
εðkÞ ¼ ϵðk − πÞ − π ¼ cos−1ðcosðk=2Þ sinð2fÞÞ: (F32)

Again we have taken care to make sure there is a −1
factor out the front.

4. Odd sector

Here we take P ¼ 1 and work with anti-periodic
boundary conditions ðamþ2L ¼ −amÞ. With these defini-
tions, we may again write

U1 ¼ exp

"
i
π

4

XL
m¼1

a2ma2m−3
2

#
exp

"
i
π

4

XL
m¼1

a2ma2mþ1
2

#

U2 ¼ exp

"
if
XL
m¼1

a2m−1a2m−1
2

#
exp

"
if
XL
m¼1

a2mþ1a2m−1
2

#
;

(F33)

which is identical to the previous form with only the
boundary conditions changing. The process here is now
identical except for the fact that we must use a different set
of momenta that are compatible with the anti-periodic
boundaries. We refer to these as the Neveu-Schwarz sector
momenta

NS ¼
�
2πðnþ 1=2Þ

L
∶ n ¼ −L

2
; � � � ; L

2
− 1



: (F34)

The notable feature here is no k ¼ 0 mode. Therefore,
we may use the definitions of the fermion operators
presented in the previous section for the momenta non-
zero momenta in the Ramond sector.

APPENDIX G: QUENCH AT THE FREE POINT

Here we provide details on the structure of the free
fermionic quench considered in the main text. The struc-
ture of the evolution operator is described in Appendix F.
The initial state considered is the following state in the
computational basis for even L

jψi ¼ ⨂
L

x¼1

1ffiffiffi
2

p
X1
i;j¼0

ðZÞijjijix−1=2;x

¼
YL
m¼1

1ffiffiffi
2

p
	
c†
m−1

2

þ c†m


j0i; (G1)

where c†j=2 ¼ 1
2
ðaj−1

2
þ iajÞ and j0i the state annihilated

by all cj. This state is an eigenstate of
Q

2L
j¼1 Xj=2 with

eigenvalue 1 so we must use anti-periodic boundary
conditions ðamþ2L ¼ −amÞ and thus momenta from the
Neveu-Schwarz sector. The correlations in this state satisfy
Wick’s theorem and have the property that

hψ jγð1Þm γð2Þn jψi ¼ 0: (G2)

This implies that the initial density matrix may be
written as a quadratic form of the Majorana modes and
that, in particular, it splits into the following tensor product

ρ ¼ ρ1 ⊗ ρ2; (G3)

where ρj involves only Majoranas of type γðjÞm . The
evolution of this density matrix is then given as

ρðtÞ ¼ ρ1ðtÞ ⊗ ρ2ðtÞ; ρjðtÞ ¼ Uj ρjð0ÞðU†
jÞt: (G4)

This means that the entanglement entropies are
expressed as a sum of two contributions depending
respectively only on the j ¼ 1 and j ¼ 2 degrees of
freedom, i.e.

SðnÞðtÞ ¼ SðnÞ1 ðtÞ þ SðnÞ2 ðtÞ: (G5)

At this point we have identified the fact that the quench
problem separates into two parts that are both homo-
geneous and free-fermionic. This allows us to apply the
quasiparticle picture in its most familiar form.
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