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This perspective outlines promising pathways and critical obstacles on the road to developing useful
quantum computing applications, drawing on insights from the Google Quantum AI team. We propose a
five-stage framework for this process, spanning from theoretical explorations of quantum advantage to the
practicalities of compilation and resource estimation. For each stage, we discuss key trends, milestones,
and inherent scientific and sociological impediments. We argue that two central stages—identifying
concrete problem instances expected to exhibit quantum advantage, and connecting such problems to
real-world use cases—represent essential and currently under-resourced challenges. Throughout, we touch
upon related topics, including the promise of generative artificial intelligence for aspects of this research,
criteria for compelling demonstrations of quantum advantage, and the future of compilation as we enter
the era of early fault-tolerant quantum computing.
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I. INTRODUCTION

Quantum computing hardware is advancing at a remark-
able rate. The theoretical basis of quantum error-correction
(QEC) is solid, and several platforms are now below the
error-correction threshold [1–3]. Experimentalists believe
that today’s technology can scale to at least hundreds of
logical qubits, and while significant challenges remain,
there is growing confidence that there are no fundamen-
tally insurmountable obstacles on the path to a large
fault-tolerant quantum computer.

Justifying and sustaining the investment in research,
development, and infrastructure for large-scale, error-
corrected quantum computing hinges on the community’s
ability to provide clear evidence of its future value through
concrete applications. Further, in order to maintain tech-
nological momentum, it is critical to match investment
growth and hardware progress with algorithmic capabil-
ities. The time to discover quantum algorithms is now,
and this provides an exciting opportunity where theory
research can have enormous leverage and impact.

This perspective outlines the wide-ranging research
required to create practical quantum computer applica-
tions. We divide that quest into five stages:
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(1) Discovery of new quantum algorithms in an abstract
setting.

(2) Identification of problem instances exhibiting quan-
tum advantage.

(3) Establishing quantum advantage for a real-world
application.

(4) Optimization, compilation, and resource estimation
for a use case.

(5) Application deployment.

Along the way, we identify several key features of quan-
tum algorithms research that we believe are crucial for
delivering a useful real-world application. Our perspective
focuses on the development of quantum applications real-
izing computational speedups, particularly those designed
for fault-tolerant quantum computers. We set aside other
important areas of quantum advantage—e.g., in sensing,
metrology, or communication—to concentrate on practi-
cal computational applications. (For a recent review on
categories of quantum advantage, seeRef. [4].)

In the following subsections, we briefly introduce sev-
eral prominent theses of our perspective, which will be
discussed in more depth throughout the article. We then
discuss the five stages categorizing the maturity of a quan-
tum application, key challenges for each stage, and how we
can make progress. We include standalone sections on the
importance of verifiability, on quantum simulation, compi-
lation in the early-fault-tolerant regime, and the economics
of quantum application discovery.

A. Focus on verifiability

It is important to distinguish between quantum algo-
rithms that could one day provide the basis for a practically
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relevant computation, and those that will not. We argue
that in the real world, computations are not useful unless
they are verifiable in the sense that the quality of the
solution can be efficiently checked or measured. If we
can efficiently spoof the output of a quantum computation
with no efficiently detectable change in performance, then
such spoofing would be easier than building and running a
quantum computer. If spoofing the output affects the per-
formance in an efficiently detectable way, then we should
be able to use that to verify the computation.

We believe that verifiability is a necessary (but insuffi-
cient) condition for the utility of quantum algorithms prim-
itives. This rules out quantum advantages based on sam-
pling from a scrambled quantum state [5,6]. While such
tasks represent interesting demonstrations of the power
of quantum computing and lower-bound the resources
required for quantum advantage in more useful contexts, if
one cannot efficiently measure how well they are solving
the problem at hand, the real-world impact of that solution
would also be inefficient to measure.

Efficient classical verification is the highest standard.
However, we can set a lower bar for assessing the poten-
tial utility of quantum algorithms in quantum simulation:
the output of a useful quantum algorithm should at least
be verifiable by another quantum computer. This allows
for cross-verification between quantum devices or for ver-
ifying the computation against nature itself. For instance,
consider a quantum simulation algorithm that computes a
physical observable. If two different quantum computers
could run the simulation and get the same answer, one can
at least regard this as an experimentally testable prediction
about the world. This cannot be said for some sampling
tasks such as random circuit sampling (RCS). We note
that Refs. [7,8] have also recently called attention to the
importance of verification.

B. Focus on finding hard instances and ensembles

Many research papers in quantum algorithms fail the
following litmus test: if given a quantum computer tomor-
row, could the quantum algorithm be implemented and
realize a quantum advantage? In order to do this, one needs
not only a quantum algorithm but also a way to sam-
ple a quantumly easy yet classically hard instance. Many
quantum algorithms come with exponential speedups in
query models or worst-case speedup guarantees such as
BQP-Completeness. However, most papers lack a method
to actually generate instances with quantum advantage
in a computational model aside from embedding other,
already known-to-be-hard problems with an advantage
(e.g., factoring).

In quantum simulation there appear to be a wealth of
systems that folklore holds to be intractable for classical
computers yet tractable for quantum computers. However,

the community does not have many candidates for veri-
fiable quantum simulation problems with an asymptotic
quantum speedup that is convincingly established in the
average case, i.e., for typical problem instances drawn
at random. We hope that this presents an exciting new
direction for quantum algorithms researchers, one which
is impactful and promising yet relatively underexplored.
We note that other recent perspectives have also called
attention to this specific challenge [4,7,9].

The most important reason to seek knowledge of
instances with a quantum speedup is because an under-
standing of the type of structure that leads to advantage can
help to find real-world problems where the advantage per-
sists. Such problems are also “shovel-ready” for hardware
demonstrations of quantum advantage. Finally, we discuss
that if the problem has the property that a classical machine
learning method would struggle to generalize from train-
ing on a small number of quantumly computed solutions,
this would prevent the eventual obsolescence of quantum
computing in the context of that problem.

It should be noted that a core tenet of our approach,
shared by many others in the field, is that achieving
practical quantum advantage in computational models
in the foreseeable future (i.e., anytime in the next two
decades) likely requires super-quadratic speedups [10,11].
While many problems are amenable to quadratic speedups
using standard techniques like amplitude amplification,
discovering algorithms with higher-order speedups is con-
siderably more difficult. Henceforth, when we refer to a
computation as having quantum “advantage,” we mean a
computation run at such a scale that it actually requires
fewer computational resources (e.g., time) than classi-
cal competition. By contrast, when we write quantum
“speedup,” we are referring to the algorithm scaling.
Finally, when we refer to a computation as having “utility,”
we mean that it is useful beyond providing a demonstration
of quantum computers.

C. Focus on connecting to real-world applications

Even a quantum algorithm that is efficient for explicit
classically hard instances is not yet a quantum applica-
tion. Perhaps the most significant bottleneck in delivering
value is the translation of abstract algorithms into solutions
for real-world problems where a practical advantage holds
under all physical and economic constraints. Outside of
quantum simulation and cryptanalysis, this connection has
proven difficult to demonstrate. This “application search”
is often undervalued in the academic community compared
to the discovery of new abstract algorithms, creating an
imbalance: the field has a growing portfolio of theoretical
tools but a scarcity of demonstrated, practical use cases.

This challenge stems from two primary difficulties. The
first is technical: most algorithms with super-quadratic
speedups come with a long list of stringent criteria—such
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as requirements on data structure, matrix sparsity, or con-
dition number—that are rarely met in problems of com-
mercial interest. The second is sociological: a persistent
knowledge gap exists between quantum algorithmists and
real-world domain specialists. Finding a new application
requires a rare, cross-disciplinary skill set to bridge this
divide. We argue that a “problem-first” approach, where
one starts with an industrial challenge and tries to invent
a quantum solution, though attempting to more directly
address an end-user’s needs, is rarely fruitful. A more
effective strategy is the “algorithm-first” approach: begin
with a known quantum primitive (e.g., quantum simula-
tion) that offers a clear advantage, and then search for
real-world problems that map onto the required mathemati-
cal structure. We posit that generative artificial intelligence
might be a useful tool for helping to bridge the knowledge
gap between disparate fields.

D. Focus on architecture in early fault-tolerance

An important final step in developing quantum appli-
cations is the compilation of logical circuits and the opti-
mization of the resources required for realization within
error-correcting codes. Much has been written lately about
the dawn of the “early fault-tolerant” era and an emerging
important direction in the field will be to design algorithms
for this era. However, in our section on early fault-tolerant
compilation, we caution that simple rules of thumb such as
“focus on reducing circuit depth and the number of logi-
cal qubits” are often insufficient (and sometimes actively
harmful) for guiding the search for early fault-tolerant
algorithms.

Just as success in the era of noisy intermediate-scale
quantum devices required careful consideration of the
details of the target hardware platform, we argue that
success in the early fault-tolerant era demands careful con-
sideration and perhaps even codesign of the quantum error-
correction architecture. While it is not practical for all
algorithmists to program at the level of stabilizer diagrams,

we argue that algorithmists familiar with intermediate rep-
resentations and cost models will provide unique capabili-
ties. However, these models depend sensitively on certain
assumptions of the underlying architecture that still need
to be developed and optimized.

II. THE FIVE STAGES OF QUANTUM
APPLICATIONS RESEARCH

We categorize the development of quantum applications
into five stages, as depicted in Fig. 1. In this section, we
provide a high-level summary of these stages. The remain-
der of the article will then offer a more detailed discussion
of the challenges inherent in each.

Stage 0: “Fundamental Stage”—Fundamental research
in quantum information science. The Fundamental Stage
encompasses the foundational work in quantum informa-
tion and complexity theory that guides the search for
quantum speedups. This research often establishes fun-
damental limits on the power of quantum computation.
For example, classical simulation algorithms [12], quan-
tum query lower bounds [13], and no-go theorems (e.g.,
the “no fast-forward theorem” [14,15]) can prove that no
quantum speedup is possible for certain problems, steer-
ing researchers away from dead ends. Likewise, there are
many examples of quantum complexity theory teaching
us that certain problems (e.g., preparing sufficiently low
temperature Gibbs states of many Hamiltonians [16,17])
are sufficiently difficult in the worst case (e.g., QMA-
Hard [18]) that we should not expect efficient quantum
algorithms that work for all instances. Such results help
quantum algorithmists focus their attention and effort on
more realistic goals.

Fundamental Stage research is typically abstract,
curiosity-driven, and conducted primarily within academia
rather than industrial groups. While critically important,

FIG. 1. The stages of quantum application development. This framework is a conceptual model of application research maturity
and progression is not always linear. Some seminal works, like Shor’s factoring algorithm, addressed multiple stages at once (I, II,
and III), while other research paths may skip stages entirely. For example, research into “tests of quantumness” often focuses on
minimizing resource requirement tasks with quantum advantage irrespective of practical applications. Ultimately, this framework
serves to categorize research and identify the key bottlenecks on the path to realizing practical quantum applications.
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since the Fundamental Stage is not algorithm or applica-
tion development per se, we will not discuss it further in
this perspective.

Stage I: “Algorithms Stage”—Discovery of new quan-
tum algorithm in abstract setting. Stage I involves the dis-
covery, design, and analysis of new quantum algorithms. In
the Algorithms Stage, the goal is often to introduce a new
quantum computational primitive and to give some sort
of evidence for how it performs. Work at this stage often
focuses on worst-case asymptotic complexity, concerned
with the scaling of the algorithm for the most difficult pos-
sible instance. Algorithms that invoke blackbox oracles to
solve problems in simplified computational models such
as the query model would be in scope for the Algorithms
Stage. This stage includes many foundational results of
the quantum algorithms field. Canonical examples include
Grover’s algorithm [19], Simon’s algorithm [20], quan-
tum phase estimation [21], and quantum algorithms for the
Abelian hidden subgroup [21]. It also encompasses broad
frameworks like the quantum adiabatic algorithm [22],
the quantum approximate optimization algorithm (QAOA)
[23], and quantum signal processing [24,25], as well as
algorithms for BQP-Complete problems such as the solv-
ing systems of linear equations [26] or estimating the Jones
polynomial [27].

Stage II: “Instances Stage”—Identification of problem
instances exhibiting quantum advantage. An Algorithms
Stage result advances to the Instances Stage when one
is able to efficiently generate concrete problem instances
(even if contrived) where a quantum computer is expected
to outperform the best-known classical algorithms. For
example, the Instances Stage can be accomplished when a
problem is shown to have an average-case super-quadratic
speedup across an efficiently constructible ensemble. This
is a crucial step toward practical utility. Results only
demonstrating worst-case speedup are not yet in the
Instances Stage, since one might not know how to gen-
erate classically difficult instances except by embedding
other problems that were already known to have a quantum
speedup (e.g., factoring).

Sampling problems with large quantum speedups seem
to be abundant [5,28]. However, we will argue that
Instances Stage algorithms with potential for utility should
be either classically or quantumly verifiable and it has been
considerably more difficult to advance problems with that
property to this stage. Examples of quantum algorithms
papers that have addressed the Instances Stage for deci-
sion problems include quantum algorithms for Gauss sums
[29], tensor principal component analysis [30], the opti-
mal polynomial intersection (OPI) problem [27], and the
simulation of higher-order Out-of-Time-Order Correlators
(OTOCs) on random circuits [31]. (See Ref. [32] for a
formal definition of the OTOC problem.)

Instances Stage results must confront two related chal-
lenges. The first is to identify a problem instance such
that the output of the quantum algorithm avoids concentra-
tion on an average input-independent value, and therefore
reveals an input-dependent signal. The second challenge
is the need to consider a vast array of (possibly heuristic)
classical algorithms that could compete with the quantum
algorithm. Beyond being a necessary step toward applica-
tions, our belief is that the Instances Stage is as much the
heart of the quest for quantum advantage as the Algorithms
Stage.

Stage III: “Real-World Stage”—Establishing quantum
advantage in a real-world application. The Real-World
Stage is the critical step of connecting an abstract quan-
tum advantage from the Instances Stage to a specific,
real-world application. A result reaches this stage when it
identifies a practical problem where a quantum algorithm
is expected to deliver a meaningful speedup, after account-
ing for all real-world constraints and overheads. This stage
is challenging because the “fine print” of many quantum
algorithms often prevents a direct mapping to practical
problems [33].

The most famous Real-World Stage success is Shor’s
algorithm [34], which had the immediate application of
breaking widely used cryptosystems [35,36]. Since then,
quantum simulation has seen the most progress. Our team
has developed Real-World Stage case studies detailing
how quantum simulations could be applied to challenges in
fusion energy, battery design, and drug discovery [37–42].
Outside of quantum simulation and cryptography, directly
linking novel algorithms to high-value practical problems
in a manner that retains a quantum speedup remains a
major outstanding goal for the field.

Stage IV: “Compilation Stage”—Optimization, compi-
lation, and resource estimation for a use case. The Com-
pilation Stage shifts the focus from theoretical speedups
to the practical engineering challenges of optimization,
compilation, and resource estimation for a specific use
case. This marks a significant departure from earlier stages:
the emphasis moves from asymptotic analysis to concrete,
finite resource costs, such as the exact number of qubits
and gates required. This work meticulously analyzes and
optimizes the constant factors determining an algorithm’s
real-world viability. Canonical examples include the long
series of papers that have systematically reduced the esti-
mated resources for simulating quantum chemistry [43]
or breaking Rivest–Shamir–Adleman (RSA) encryption
[44]. More broadly, the Compilation Stage encompasses
the development of compilers for mapping logical cir-
cuits onto error-correcting codes, as well as the creation
of software tools, like Qualtran [45], Q# [46], QREF [47],
Bartiq [48], Qrisp [49], and Silq [49], designed (at least in
part) to automate and streamline these painstaking resource
estimates.
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Stage V: “Deployment Stage”—Application deploy-
ment. The Deployment Stage represents the final phase:
deploying a proven quantum solution into a practical,
real-world workflow. As of today, this stage is entirely
prospective, as no quantum application has yet been imple-
mented in hardware with a conclusive advantage on a
problem of real-world consequence. Importantly, the moti-
vation for deployment will be agnostic to the fact that the
underlying technology is quantum, relying entirely on the
fact that it is a better solution to the problem or application
at hand. Perhaps the closest current example is certified
random number generation [50], though its impact to date
remains limited. The Deployment Stage will likely involve
creating industry-specific application programming inter-
faces, environments, and workflows—for example, a cloud
service that allows clients to seamlessly offload tasks to
a quantum computer. Although this stage is certain to
have significant challenges associated with it, we elect not
discuss it further here since most of this work is in the
future.

III. STAGE I: “ALGORITHMS STAGE”

While discovering new algorithms is challenging, the
Algorithms Stage has seen significant progress in recent
years, with active research in areas including quantum
machine learning, Gibbs state preparation, and quantum
algorithms for differential equations among other areas
[16,51–61]. See Table I for a noncomprehensive but rep-
resentative list of some Algorithms Stage results with
super-quadratic speedups.

TABLE I. A representative (but not at all comprehensive) list
of some Algorithms Stage results with super-quadratic speedups.

Type Result

BQP-Complete Computing knot invariants (Jones
polynomials) [27,62,63]
Solving linear systems of equations [26]
Coupled classical oscillator dynamics [58]
Preparing local minima of quantum
Hamiltonians [17]
Universal quantum simulation [64]

Oracular Simon’s problem [20]
Forrelation [65]
Yamakawa–Zhandry [56]
Glued trees [66]
Abelian hidden subgroup [21]

Other Adiabatic algorithm [22,67,68]
Early results on QAOA [23]
Topological data analysis [61]
Simulating differential equations [69–72]
Generative learning of shallow quantum
circuits [54,73]

However, this does not mean the Algorithms Stage
is without challenge. We observe that despite a dra-
matic increase in the size of the quantum computing
field throughout the last decade, a smaller percentage of
researchers today seem to be working on certain founda-
tional topics in algorithms than in the past. For example,
the study of quantum algorithms with algebraic structure,
such as for the Hidden Subgroup Problem, has become a
sparsely populated subfield. This is despite a history of pro-
found results and a sense among practitioners that more
discoveries await [29,74–80]. This trend is particularly
concerning in the context of postquantum cryptography.
The security of such schemes can only be established by
a robust community effort to find quantum attacks. Yet,
only a small fraction of the few researchers with the rare
dual expertise in quantum algorithms and cryptography are
actively working on this. This is alarming because a critical
vulnerability discovered after postquantum cryptography
has been widely deployed would be catastrophic.

That a relatively small fraction of quantum algorithms
researchers appear focused on foundational, high-risk
research in algorithms might be explained in part by
structural incentives in academia and industry that inad-
vertently encourage risk-averse behavior. Finding ways of
encouraging more researchers to pursue bold, foundational
searches for new quantum algorithms would meaning-
fully expand the frontier of what our field can achieve.
There is a large potential upside: a short paper with a gen-
uinely new idea can redirect years of effort. Evaluation and
funding mechanisms ought to reward originality, problem-
finding, and careful exploration of hard ideas (including
well-documented negative results), not only incremental
improvements, which would empower more researchers to
aim for breakthroughs.

Our experience suggests that new quantum algorithms
rarely appear from a vacuum and instead still find some
inspiration from prior (often “Fundamental Stage”) work.
Even Shor’s algorithm was inspired by the period finding
of Simon’s algorithm. In turn, Shor’s algorithm inspired
subsequent work in period finding, phase estimation, and
algorithms for the Abelian hidden subgroup problem.
Many recent Algorithms Stage innovations from our own
team at Google have followed a pattern of generalization
and modification. For instance, our work on planted infer-
ence [81] was a generalization of prior results on tensor
principal component analysis (PCA) [30]. Our algorithms
for simulating classical oscillators [58], and the subsequent
work on Shadow Hamiltonian simulation [82] and linear
matrix equations [59], were inspired by and extended pre-
vious quantum algorithms for differential equations [69–
71]. Our recent work on decoded quantum interferometry
(DQI) [57] bore substantial resemblance to prior work on
quantum reductions [83–86] and oracle separations [56].
This process—studying a speedup or interesting quantum
subroutine in a specific context and then adapting its core

020101-5



RYAN BABBUSH et al. PRX QUANTUM 7, 020101 (2026)

mechanism to solve a different class of problems—has
been a reliable engine for Algorithms Stage discovery.

A. Verifiability or reproducibility as necessary
conditions for utility

How can we tell if an abstract quantum algorithm has the
potential for utility in applications? This section proposes a
necessary (but insufficient) condition as such a filter: use-
ful quantum computations must be verifiable, or at least,
“quantumly verifiable.”

We consider an output to be verifiable if a quantum or
classical computer can efficiently check if the answer is
correct (without requiring quantum communication). We
argue that we cannot consider a solution to be useful if
there is no way to verify it in a reasonable time. If the
quality of the solution makes any difference in the real
world, then the real world is effectively giving feedback
on the quality of the answer and this feedback could be
used for verification. For example, imagine using a quan-
tum computer to optimize a technology. If the new design
it suggests performs measurably better, that real-world suc-
cess would be an informal verification of the result. It
follows that tasks of relevance to the classical world ought
to be classically verifiable in order to be useful.

An output is considered quantumly verifiable if the out-
put can be verified by a trusted quantum computer. For
example, any computation that is independently repro-
ducible will be quantumly verifiable: running the same
quantum algorithm across different quantum devices yields
consistent results. Here we are referring to the final answer
output by the quantum algorithm (e.g., the estimate of
the expectation value or the final factors rather than the
exact samples or repeated runs that were required to deter-
mine that answer). This is crucial for quantum simulations
because their purpose is to make predictions about nature
(which can be imagined as performing a quantum compu-
tation). For example, if a quantum computer helps design a
new superconductor, the simulation would be confirmed if
the material is created and observed to have the predicted
properties.

We stress that the notion of quantum verification can
coincide with utility even if the output is never literally
verified by another quantum computer. Rather, by virtue of
being quantumly verifiable in principle, we can be sure that
the output is a reproducible and testable prediction about
the world, unlike the output of random circuit sampling.
Such a prediction has the potential for utility in the real
world since Nature itself is quantum.

A task like random circuit sampling fails the conditions
for utility. It is believed that the output of random circuit
sampling is not efficiently verifiable or reproducible, even
by another quantum computer—this is a folklore result. Of
course, many sampling tasks are computationally useful.
For example, Monte Carlo sampling algorithms are widely

used in practice. However, applications of sampling typ-
ically use samples to extract meaningful information or
specific features of the underlying distribution. For exam-
ple, Monte Carlo is often used to evaluate integrals. To use
a quantum example, while Shor’s algorithm involves sam-
pling from a final quantum state, classical postprocessing
of the samples reveals a deterministic and classically veri-
fiable answer. Sampling from generative AI models is only
useful if the samples can be evaluated under some quality
metric. In contrast, samples obtained from random quan-
tum circuits lack any efficiently discernible features. If a
quantum algorithm generates samples containing mean-
ingful signals from which one could extract classically
hard-to-compute values, then the problem ultimately being
solved is not sampling but a quantumly verifiable task
such as expectation value estimation with sampling as a
subroutine.

Quantum computers first obtained quantum advantage
in sampling against the best classical algorithms in 2019
[6]. By contrast, the first claims of quantum advantage in
computing an expectation value to have withstood prelim-
inary efforts at classical simulation seem to have occurred
only in the last year. Notable claims were made by IBM
[87] and D-Wave [88] in 2024 but then challenged by
several groups shortly thereafter using relatively standard
methods [89–93]. This year, claims were made by Quantin-
uum [94] and Google [31] and the Quantinuum results
have recently been simulated classically [95]. Thus, even
though these recent Instances Stage demonstrations are
not yet solving practical problems, we believe that solv-
ing expectation value problems with quantum advantage
as opposed to sampling problems represents clear progress
toward more useful quantum computing.

Finally, we emphasize that we consider these conditions
as guiding principles for assessing the utility of quantum
algorithms, rather than as an absolute criterion. Certain
computations, such as certified random number genera-
tion [50], may remain useful even when verification is
inefficient, although such cases generally lie outside the
computational model considered in this work.

IV. STAGE II: “INSTANCES STAGE”

We consider a quantum algorithm to have reached the
Instances Stage only when one can generate concrete
instances of a problem that are expected to exhibit ver-
ifiable quantum advantage. For example, this would be
satisfied if one identifies an ensemble of quantumly ver-
ifiable problem instances that can be efficiently sampled
for which a quantum algorithm gives a super-quadratic
speedup over the best known classical algorithms, with
probability vanishing at most polynomially in the problem
size (e.g., they are average-case hard classically). While
this is a demanding criterion, several results have met
it. Examples of papers that have addressed the Instances

020101-6



GRAND CHALLENGE OF QUANTUM APPLICATIONS PRX QUANTUM 7, 020101 (2026)

Stage include Shor’s algorithm [34], the DQI algorithm
applied to OPI [57], algorithms for tensor PCA [30], and
speedups for other number-theoretic problems like Pell’s
equation [76]. One could also consider using a quantum
computer to efficiently generate or sample hard instances,
although we are not aware of any examples of this kind.

It is acceptable for Instances Stage results to target
abstract or even contrived problems. Trying to contrive
examples with advantage can be a good first step toward
later applications because if a quantum advantage can-
not be demonstrated in an idealized, hand-picked setting,
the prospect of discovering one in a complex real-world
application (the Real-World Stage) is probably negligible.
Despite its critical role as a bridge from theory to practice,
the Instances Stage is frequently overlooked by the quan-
tum community, and its difficulty is often underestimated.
However, those working at the intersection of quantum
computing and cryptography often do focus on Instances
Stage results because cryptosystems based on computa-
tional security usually require average case notions of
problem complexity.

Many important algorithms remain in the Algorithms
Stage because their advantage has only been proven in
abstract settings that do not allow one to generate con-
crete problem instances with quantum advantage. Consider
results in the query model, such as Simon’s algorithm [20]
or the welded trees problem [66]. While they demonstrate
a proven separation from classical computing, the advan-
tage relies on a black-box oracle. Without a method to
instantiate these oracles in a way that remains classically
hard, they have not addressed the Instances Stage. Simi-
larly, a paper describing an algorithm that provides only a
worst-case speedup has also failed to address the Instances
Stage. The initial work on QAOA [23], for instance, was
a landmark Algorithms Stage achievement that showed
a better worst-case approximation ratio than was known
classically at the time. However, this worst-case guarantee
did not allow one to sample problem instances with quan-
tum advantage (even before better classical algorithms
were introduced). In contrast, subsequent numerical stud-
ies identifying a scaling advantage for QAOA on particular
problem classes [101] made a successful push into the
Instances Stage.

A common misconception is that proving BQP-
Completeness implies a practical promise of quantum
speedup. However, we argue that on its own, BQP-
Completeness is not just a hallmark of the Algorithms
Stage but a suggestion that more work must be done to
get to the Instances Stage. It indicates one has found a
new universal language for quantum computation, rather
than new problem instances with demonstrable advantage.
Of course, one can always derive ensembles of BQP-
Complete problems with average-case quantum speedups
by reducing already-known Instances Stage+ results (e.g.,
factoring) into the new framework but that does not help

to elucidate new, natively hard instances. The issue is
that proving a problem BQP-Complete does not inher-
ently specify a distribution of hard inputs. Furthermore,
“natural” ensembles of instances of BQP-Complete prob-
lems—like sparse random matrices for the HHL algorithm
[26], random braids for knot invariants [27], or the dynam-
ics of random oscillator networks [58]—are often clas-
sically easy on average. This occurs when quantities of
interest concentrate to classically predictable values, elim-
inating any potential for quantum advantage. Constraining
problems in a way that precludes BQP-Completeness may
in some cases help to avoid this concentration phenomena.

A key distinction among Instances Stage results is their
long-term vulnerability to being solved by an efficient clas-
sical machine learning algorithm given a finite amount of
classical data generated by the quantum computer. This
allows us to separate Instances Stage results into two
groups.

The first category contains problems where there are a
finite number of distinct instances with a quantum advan-
tage. This includes important simulation targets like the
FeMoco molecule or the phase diagram of the Hubbard
model, which have a limited number of distinct phases
or parameters. Here, a quantum computer might only be
needed to provide the initial data. It is conceivable that
after solving enough instances, a classical model could
learn the underlying patterns and generalize to the remain-
ing problems, reducing the need for further quantum com-
putation. For example, in electronic structure force-field
calculations one can already use a few high accuracy data
points calculated using expensive (classical) methods to
boost the accuracy of data taken with cheaper, less accu-
rate methods [107]. This first class of problems is related to
what complexity theorists call the complexity class P/Poly:
those that can be solved in polynomial time given a poly-
nomial amount of “advice.” (When this class is restricted
using efficiently computable data from a polynomial num-
ber of quantum computations it is known as BPP/Samp.)
Of course, one still requires a quantum computer to pro-
vide initial data, and understanding generalization, or lack
thereof, remains a matter of ongoing research [108,109].

The second category consists of problems where there is
an exponentially large ensemble of instances that are clas-
sically hard in the average case and the solution of any
polynomial sized set of problem instances provides mean-
ingful information about only a vanishingly small fraction
of other problem instances. Such fundamentally unlearn-
able structure implies a lack of regularity in the solution
space of the problem in mapping from inputs to outputs,
and the implication for the available application space is
worthy of further study. For these problems, the advantage
is likely to be permanent. Even after a quantum computer
solves many examples, a classical machine-learning model
would still be unable to generalize from that data to effi-
ciently solve new instances. We list all results of this type
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TABLE II. The short list of Instances Stage results that are currently known to the authors of this perspective for which there is an
exponential-size ensemble with an average-case super-quadratic quantum speedup. This is in contrast to problems such as FeMoco or
the Hubbard model where there is effectively a finite number of distinct calculations we expect to have quantum advantage. Also worth
mentioning but not included in this table is work on proofs of quantumness based on trapdoor claw-free functions where verification
is only efficient using hidden side information [102–106].

Algorithms Stage inspiration Problem Speedup Verifiable

Period finding [20] Factoring and discrete log [34] Exponential Classically
Principal ideal and Pell’s equation [76] Exponential Classically
Zeta function of algebraic curves [80] Exponential Quantumly
Unit and class groups [96] Super-polynomial Classically
Two-variable exponential congruences [79] Cubic Classically

Phase estimation [21] Gauss sums [29] Super-polynomial Quantumly
Tensor principal component analysis [30] Quartic Classically
Sparse learning parity with noise [81] Quartic Classically
Community detection [97] Quartic Classically

Abelian hidden shift [74] Legendre symbol [77] Exponential Classically
Elliptic curve isogenies [78] Super-polynomial Classically

Regev’s reduction [84] Optimal polynomial intersection [57,98,99] Exponential Classically
Yamakawa–Zhandry (instantiated) [56,100] Exponential Classically

Quant. approx. opt. algo. (QAOA) [23] QAOA for 8-SAT [101] Super-quadratic Classically
Random circuit sampling (RCS) [28] RCS out-of-time-order correlators [31] Exponential Quantumly

known to us in Table II. The second category of problems
offers a potential unending need for quantum computers
and value here might be more defensible for the businesses
offering a quantum computer. However, the first category
still forms a valuable and important application of quantum
computing.

A core difficulty of the Instances Stage arises from a
fundamental tension between two competing forces. On
one hand, a quantum algorithm must generate highly com-
plex states with large entanglement to be difficult for
classical computers to simulate. On the other hand, these
same complex states often exhibit scrambling or thermal-
ization, causing their observables to become statistically
predictable. For a scrambled quantum state, observable
values tend to concentrate tightly around their average
values, erasing the unique “signal” associated with the
specific problem input. A trivial classical algorithm can
then compete by simply outputting this predictable aver-
age value. This tension appears to be a typical behavior
of randomly sampled quantum states [110,111], and states
produced by the output of random quantum circuits [112].
Similarly, simple initial states that are time-evolved under
Hamiltonians of generic strongly correlated systems often
quickly relax to states indistinguishable from a thermal
ensemble (following the so-called eigenstate thermaliza-
tion hypothesis [113]) features of these ensembles are
often either predictable by cluster expansions [114,115],
random matrix theory [116], or from single nonrandom
quantum states [117]. (This is especially true for high
temperature states [118,119], or low dimensional systems
[120].) A major challenge in the Instances Stage is to
find problem classes where corrections are observable (i.e.,

not exponentially small), and not predictable by classical
algorithms.

There are various rules of thumb for what make prob-
lems in many-body physics hard; e.g., disorder, systems
near phase transitions, properties at low but nonzero tem-
perature, nonequilibrium phenomena, and glassy or topo-
logically nontrivial phases. However, significant work is
required to confirm that such properties lead to instances
that do not fall prey to the aforementioned issues, yielding
problems that could fall into Table II above. Such results
would give a better idea of asymptotically promising tar-
gets for quantum computers within many-body physics.
Moreover, this search will likely expand and better our
knowledge of interesting physical phenomena: previous
work from the quantum computing community on many-
body scars [121], random circuits [28], and higher-order
out of time-ordered correlators [31] have all opened new
areas of research within the strongly correlated physics
community. Understanding the boundary where many-
body systems become computationally complex can be
viewed as a fundamental pursuit in the study of highly
entangled quantum systems.

Another major challenge of the Instances Stage is
that the classical competition is the constantly improv-
ing “moving target” of practical, state-of-the-art heuristics,
rather than the provable, worst-case algorithms that are
often the point of comparison in the Algorithms Stage.
This creates a fundamental asymmetry. Today, we typi-
cally rely on theoretical proofs or limited simulations to
assess a quantum algorithm’s average-case performance,
while classical approaches are benchmarked by their best-
observed performance in practice. History shows that the
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power of many of the most impactful classical algo-
rithms—including the Metropolis algorithm, the simplex
method, and modern neural networks—were difficult to
assess analytically and required large-scale empirical test-
ing for their development [122,123]. This precedent sug-
gests that the true potential of certain quantum heuristics
may likewise remain hidden until we can explore them on
scaled-up quantum hardware. Moreover, central Instances
Stage questions such as the extent to which expectation
values concentrate in output states would be straightfor-
ward to study using large quantum computers. Hence,
while the classical moving target makes the Instances
Stage difficult today, future hardware may make it easier
to identify promising avenues for quantum advantage.

Even without an immediate real-world application,
Instances Stage results are valuable because they provide a
concrete recipe for generating hard test cases, essential for
validating hardware progress and demonstrating algorith-
mic milestones. This is the mentality underlying research
into algorithmic “tests of quantumness,” which treats the
Instances Stage as an end in and of itself. The goal is to set
aside immediate practicality and instead answer the ques-
tion: What is the simplest possible problem that demon-
strates quantum advantage with the absolute minimum
resources? We believe that the leading proposals to date (in
the sense they solve classically intractable problems with
the fewest quantum resources) are Jacobi factoring [124]
for a classically verifiable problem and OTOC of random
quantum circuits [31] for a quantumly verifiable problem.
By seeking the cheapest possible quantum advantage, such
work provides a heuristic lower bound on the resources
that might be needed to give advantage in a useful appli-
cation. Such benchmarks also help to distill the essence of
quantum advantage in a fashion which may help to sharpen
intuition about where to look for necessary structures in
practical contexts.

We believe the Instances Stage in an exciting oppor-
tunity for researchers. One reason is that it falls into
a disciplinary gap; e.g., perhaps theorists drawn to the
abstract nature of the Algorithms Stage, view the numer-
ical and heuristic components of the Instances Stage as
“too applied” while application-focused researchers see
the push for contriving hard instances as an esoteric
aim. Another possible reason is that parts of the com-
munity might not appreciate the difficulty, or importance
of finding instances with average-case speedups within
a problem known to admit worst-case ones. For exam-
ple, many physicists seem to either believe that finding
Instances Stage results is trivial in quantum simulation
and that is why there are not many papers about it, or
believe that the problem is very hard and that is why
there are not many papers about it. By highlighting how
few Instances Stage results have been substantiated, we
hope to encourage more researchers to fill this critical gap.
The Instances Stage is not merely a prerequisite for useful

applications—it represents a fundamental question at the
core of understanding the complexity of quantum physics.

V. STAGE III: “REAL-WORLD STAGE”

Outside of cryptanalysis and quantum simulation, the
search for practical quantum applications has proven
remarkably difficult. This gap represents the core challenge
of Real-World Stage research: taking an algorithm with
a theoretical speedup and finding a real-world problem
where that advantage holds true under all practical con-
straints. While a broader portfolio of algorithms from the
earlier stages would certainly help, the current scarcity of
Real-World Stage applications highlights that connecting
theory to practice is a major bottleneck in its own right.

The two primary successes of the Real-World Stage,
cryptanalysis and quantum simulation, are both excep-
tional cases where the path from algorithm to application
was unusually direct. Quantum algorithms for factoring
and discrete logarithms were immediately connected to
breaking RSA and elliptic curve cryptography (ECC),
respectively, and quantum simulation benefits from a nat-
ural mapping between problem and computer. (We discuss
quantum simulation applications further in the subsequent
section.) An important goal is to identify clear real-world
applications of quantum computers outside of these two
areas. Current levels of investment in quantum computing
anticipate eventually unlocking a total addressable mar-
ket well in excess of tens of billions of dollars per year
[125] and by the time large quantum computers are built,
the commercial value of breaking legacy cryptosystems
might be relatively limited. Investors are already quite
accustomed to hearing that quantum computers will help
with simulation and cryptanalysis and thus, compelling use
case stories in other areas have significantly more marginal
value in their ability to inspire and incentivize investment.

A significant concern is the relative lack of academic
attention devoted to the Real-World Stage compared to
the earlier stages. Within the research community, Algo-
rithms and Instances Stage work is sometimes (in our view,
unfairly) perceived as more “fundamental” and thus, more
important than the Real-World Stage. A paper identify-
ing a novel real-world use case for an existing quantum
algorithm, for instance for linear systems [26] or topolog-
ical data analysis [61], would likely not receive the same
acclaim as the discovery of a new algorithm. This cultural
bias creates a critical imbalance. The field has a grow-
ing portfolio of abstract algorithms but a severe scarcity
of demonstrated, practical use cases—a gap that impedes
the overall health of the field. Inspiring more researchers
to tackle the challenges of the Real-World Stage was a
primary motivation for our team’s proposal and spon-
sorship of the Google Quantum AI XPRIZE Quantum
Applications competition [126].
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We posit that there are two basic reasons that the
Real-World Stage is so challenging. The first (relatively
obvious) reason is that Algorithms Stage and Instances
Stage successes are rare and always come with a long list
of criteria that must be met in order for super-quadratic
quantum advantage to be possible. For example, quan-
tum algorithms for solving linear systems Ax = b [26]
generally require b to be prepared on the quantum com-
puter with polylog(N ) resources, A to be sparse and have
polylog(N ) condition number, and these algorithms only
enable sampling the entries of x proportional to their mag-
nitude. While the original paper on this topic (the “HHL”
algorithm) has over 4k citations, we are not aware of
any paper identifying a promising real-world instantia-
tion with super-quadratic speedup, or even an ensemble
of average-case hard instances placing it in the Instances
Stage. Additionally, many quantum algorithms pertain to
problems that look somewhat esoteric, involving specific
number theoretic or algebraic structure (e.g., [29,57,76–
80]), and it can be difficult to find contexts in the real world
where this structure naturally arises.

A second, purely sociological challenge for the Real-
World Stage is the knowledge gap between quantum
algorithmists and real-world domain specialists. Finding a
new application is an “application search” that requires a
rare, cross-disciplinary skill set to build bridges between
abstract theory and practical problems. This work demands
breadth over depth, which may be one reason it is often
undervalued within traditional academic structures. In
quantum simulation, many quantum researchers are physi-
cists or even chemists with pre-existing domain exper-
tise in classical many-body simulation, which effectively
closed this knowledge gap from the start. In contrast, few
quantum algorithmists have knowledge of fields like epi-
demiology or genomics, where algorithms for problems
like topological data analysis [61] might apply.

Some application discovery initiatives apply a
“problem-first” strategy: ask a domain expert or customer
for their hardest or most important problem, then try to
design a quantum algorithm to solve it. This approach is
rarely fruitful because quantum speedups tend to require
exceptional mathematical structure. A more effective strat-
egy is the “algorithm-first” approach. The search should
begin with a known quantum primitive that offers an
advantage and then search for real-world problems that
map onto that structure. To facilitate this algorithm-first
search for applications, our team and collaborators are
creating a “Compendium of Super-Quadratic Quantum
Advantage.” This document will profile several dozen
algorithms outside of simulation and cryptanalysis, each
with a known super-quadratic speedup. The entries will
give a concise description of the abstract problem and its
“regime of advantage” in simple terms, without detailing
the quantum algorithm. The compendium is designed to be
readable by anyone with a technical undergraduate degree,

assuming no prior knowledge of quantum computing. Our
goal is to empower domain experts to identify potential
applications in their own fields. If an expert finds a match
between a problem in the compendium and a challenge
they face, they can seek collaboration with quantum spe-
cialists to assess if the advantage translates to their use
case.

We observe that this sociological knowledge gap makes
Real-World Stage work particularly well-suited for accel-
eration by generative AI. While AI is making impressive
progress in advanced reasoning, our experience is that it
is not yet broadly capable of the creative leaps required
for most Algorithms Stage algorithm discovery. Part of its
power today lies in leveraging a vast breadth of knowledge
to connect disparate fields—the exact skill needed for the
application search of the Real-World Stage. The agent’s
task would not be to invent, but to recognize: to scan its
knowledge base for real-world problems that match the
structure of known quantum speedups, even if they are
described using different terminology in another field’s lit-
erature. Our team has already seen early success with this
approach using an internal Google tool based on Gemini
[127].

The path through these stages of application maturity
is not always linear. Sometimes, engaging directly with a
Real-World Stage application can provide the necessary
guidance to solve the challenges of the Instances Stage.
A truly important real-world problem, like understanding
a molecule with mysterious unresolved properties, often
comes with a wealth of established classical research.
Such work can provide a roadmap, highlighting the spe-
cific regimes where classical methods are known to fail
and where phenomena like concentration are already well-
understood. In such cases, the real-world application itself
provides the context needed to satisfy certain Instances
Stage criteria. Thus, while Real-World Stage results should
always at least build on established quantum primitives
from the Algorithms Stage, it may sometimes make sense
to skip past the Instances Stage to the Real-World Stage
and matching to applications, if doing so will help connect
to literature about where the problem is actually difficult.

While it is important to proactively push the Real-World
Stage forward, we conclude by noting that history teaches
us to be optimistic. Graph theory, introduced by Euler in
1736, and the Fast Fourier Transform, discovered by Gauss
in 1805, did not find much use until the advent of digi-
tal computing, where they became cornerstones. Number
theory, an ancient art with no application whatsoever for
millennia, became the bedrock of modern cryptography.
The Paris Kanellakis prize given by the ACM is essentially
a prize for “Real-World Stage” results in pure mathemat-
ics, not unlike the Google Quantum AI XPRIZE Quantum
Applications competition. The existence of this prize in a
different field speaks to a universal challenge of bridging
from theory to application.
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A. Quantum simulation applications

Aside from cryptanalysis, quantum simulation is the
most mature domain for Real-World Stage research, ben-
efiting from a natural mapping between the problem and
the computer. However, translating this potential into
real-world impact still faces several significant hurdles.
First, many powerful classical algorithms already effec-
tively model a large number of systems that do not
exhibit strong correlation with a significant correlation
length [128,129]. Second, it can be difficult to estab-
lish that running a particular quantum computation (e.g.,
at a finite basis and computational cell size and with
a certain model of the environment) will resolve the
important open questions about the physics of a sys-
tem of interest. Finally, a successful simulation must
target the correct bottleneck in a larger technological
process. In drug discovery, for instance, the primary
bottleneck is not generating candidate molecules but
assessing their efficacy and toxicity within the complex
environment of the human body, a challenge currently
solvable only by expensive, high-attrition clinical trials
[130]. A quantum speedup not targeting the key bottle-
neck, therefore, might prove useful without being truly
transformative.

A common proposal is to use quantum simulation for
“discovery”; it is easier to identify a classically intractable
calculation than to know what one will learn from it. This
is the case in both condensed matter physics and chem-
istry. In condensed matter, it is relatively simple to tune a
model into a strongly correlated, hard-to-simulate regime,
but more difficult to know which specific calculation will
reveal new physics. Similarly, in chemistry, the FeMo-
cofactor of nitrogenase (FeMoco)—an enzyme involved
in biological nitrogen fixation (fertilizer production)—is a
famous target for quantum simulation. While there is hope
that studying it will lead to better industrial processes, one
cannot be certain of this without first learning what such
simulations reveal.

Quantum chemistry has long been widely regarded as
a leading candidate for real-world impact from quantum
simulation. This is because chemistry is the central science
at the heart of many industries and because ab initio mod-
els of electronic structure aim to produce a high level of
quantitative accuracy required for engineering applications
of new molecules and materials. This contrasts with con-
densed matter physics, where models are usually designed
to capture qualitative features—such as the phases of mat-
ter—rather than make precise numerical predictions about
real systems. A computational chemist seeks to answer
specific, quantitative questions: “if I dope this battery cath-
ode material with a particular atom, does its conductivity
increase by 1% or 3%?” A condensed matter physicist, by
contrast, typically investigates broader, qualitative trends:
“what type of doping might improve conductivity?” or “is
this a conductor or an insulator?”

While compelling molecular use cases like FeMoco
[131] and P450 [132] exist, they are relatively rare in the
context of all industrially relevant chemistry. In contrast,
promising solid-state applications are far more abundant,
for several reasons [38]. First, many key industrial tar-
gets such as heterogeneous catalysts involve solid-state
materials, and their properties are often more directly
determined by their electronic structure. That is, relative
to molecular chemistry, fewer material properties depend
strongly on entropic contributions that would need molec-
ular dynamics to resolve. Second, it is easier to find clas-
sically intractable problems in solid-state systems. Many
phases of matter in the solid-state have longer correla-
tion lengths than molecules, creating complex electronic
structure beyond the reach of classical simulation. This
complexity, however, is a double-edged sword: the same
properties that make these systems hard for classical com-
puters also make them resource-intensive for quantum
computers, demanding larger and more powerful devices
[38,40].

Whether a true asymptotic, exponential quantum
speedup exists for chemical ground states is a subject of
legitimate debate. Some argue that “natural” molecules rel-
evant to industry may have special properties that may
make them solvable in polynomial time with advanced
classical methods, like tensor networks [128,129], even
if many remain out-of-reach for practical methods today.
Conversely, it is plausible that strongly correlated molec-
ular ground states are not even efficiently preparable on
a quantum computer in the true asymptotic limit. Yet
another perspective is that the controllable errors in quan-
tum algorithms provide a decisive advantage over classical
methods where convergence guarantees may not even be
feasible [41].

However, our view is that fixating on asymptotic scal-
ing may be the wrong lens for assessing the practical
value of quantum computing in chemistry. Molecules and
the correlation lengths of materials are intrinsically finite;
thus, an algorithm’s utility depends on its performance
on these specific instances, not its behavior at an infi-
nite limit. Furthermore, while some classical methods may
have favorable polynomial scaling in theory, they can
be completely impractical for high-precision chemistry in
practice. For example, the projected entangled pairs state
(PEPS) method (the basis for claims that classical meth-
ods may efficiently solve strongly correlated electronic
structure made in Ref. [128]) has never been success-
fully applied to molecular electronic structure due to its
prohibitively high scaling. This brings us to a more prag-
matic perspective. For certain high interest systems like
FeMoco, we know that despite intense effort, no classical
method has solved its electronic structure to the accu-
racy needed for definitive chemical insight [133–135]. We
also know that we can efficiently prepare quantum states
with a very high overlap on its true ground state [133].
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Therefore, while the theoretical debate over exponential
quantum speedup remains unresolved, having a large-scale
quantum computer today would allow us to learn things
about the molecule that are currently beyond our reach.

Our team has had success identifying specific, impact-
ful use cases for quantum simulation by collaborating
directly with domain experts. This strategy has led to
concrete Real-World Stage case studies, including partner-
ships with pharmaceutical company Boehringer-Ingelheim
on drug discovery [132], chemical company BASF on bat-
tery development [38], and Sandia National Laboratories
on simulating fusion reactors [37]. In the next section,
we summarize these and other similar case studies on
the resources required for industrial quantum simulation
problems in Table IV.

Looking further, we expect that quantum simulation
will open new fields of discovery. Our modern world is
built on a century of understanding equilibrium quantum
mechanics, a domain often tractable by classical methods.
In contrast, classical methods struggle to treat nonequilib-
rium dynamics and quantum computers promise to help
open this field by making such simulations routine. This
capability may someday allow us to design new phases
of matter, like driven superconductors, that only exist far
from equilibrium [136,137]. Similarly, we know that it
is possible to program chemical reactions by engineering
laser pulses, but simulating such a process is intractable
for all but the smallest molecules [138,139]. This is a
speculative, long-term vision, and it is difficult to estimate
the value of as-yet-undiscovered applications. Nonethe-
less, we hope that the community will eventually focus
as much attention on exploring and realizing such trans-
formative applications as it has on developing techniques
suitable for equilibrium systems. Realizing this potential
requires the same pragmatic, collaborative work outlined

above: e.g., partnering with domain experts to identify the
first concrete, impactful simulation problems in this new,
unexplored territory.

VI. STAGE IV: “COMPILATION STAGE”

Once a compelling problem is identified from Instances
Stage or III, the focus shifts to a natural question: What are
the minimum physical resources required to achieve quan-
tum advantage? Accurate resource estimates are essential
to assessing when quantum computers may deliver a return
on investment. Compilation Stage research answers this by
optimizing algorithms and compiling them down to a phys-
ical hardware level to produce detailed resource estimates.
This process can be understood as a compilation stack with
distinct layers that we outline below.

(1) Compilation Stage(a): Algorithmic refinement. The
high-level algorithm is refined to better suit the spe-
cific use case, often by exploiting symmetries to
improve asymptotic performance.

(2) Compilation Stage(b): Compilation to logical quan-
tum gates. The refined algorithm is compiled into
a discrete, logical gate set. At this layer, the focus
is on constant factors, but may not fully account
for the overhead of routing or the production of
non-Clifford resources.

(3) Compilation Stage(c): Compilation to logical QEC
primitives. The gate-level logical circuit is mapped
onto a specific architecture, such as the surface
code with chip modularity. This produces an instruc-
tion set of fault-tolerant operations, such as lattice
surgery primitives. At this point one can make phys-
ical resource estimates (e.g., number of physical

P
h
sy

ic
al

 q
u
b
it
s

T
o
ff
o
li 

g
at

es

FIG. 2. These figures illustrate that Compilation Stage research has reduced the resources required to solve important problems
by many orders of magnitude over the last decade as function of publication year in both space such as for breaking 2048 bit
Rivest–Shamir–Adleman encryption (left), and time as approximated by the Toffoli count estimating the ground state energy of
FeMoco to chemical accuracy for “small” 54-orbital [140] and “large” 76-orbital active spaces [131] (right). The left plot includes
Refs. [44,141–144] and the right plot includes Refs. [41,43,140,145,146].
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qubits and runtime) by using an appropriate cost
model to determine code distances and cycle times.

(4) Compilation Stage(d): Compilation to physical
operations. Final machine instructions are opti-
mized and output by an automated compiler. This
step produces exact resource counts (up to uncer-
tainties from decoding feedback) as opposed to
merely estimates. The computation is now ready to
execute given sufficiently capable hardware.

Compilation Stage research is most active for the field’s
mature applications: quantum chemistry and cryptanaly-
sis. Progress in these areas is evident in Fig. 2 showing
the steady, year-over-year reduction in their estimated
resource costs, driven by a cycle of algorithmic and com-
pilation improvements that may dramatically shorten the
expected time horizon of economic impact. Compilation
Stage work sometimes commences with reasonable moti-
vation before a real-world application is found (Real-
World Stage). This is especially true for algorithms that
could serve as algorithmic tests of quantumness or hard-
ware demonstrations. However, it is premature to begin
resource estimation before establishing an advantage in
the first place (Instances Stage) since interesting resource
estimations should be based on instances with quantum
advantage.

This work often begins at Compilation Stage(a), which
focuses on refining an algorithm’s asymptotic scaling.
Such improvements can come from integrating new tech-
niques, like adapting block encodings to chemistry phase
estimation [156]. Another common example of Compila-
tion Stage(a) work involves adapting algorithms to more
efficient representations for a target problem, such as
employing a residue number system for factoring [157] or
a first-quantized basis in chemistry [158–160].

To optimize resources required for an application, one
must use cost models that become progressively more spe-
cific and realistic as research moves through the substages
of the Compilation Stage. In Compilation Stage(b), high-
level metrics like “gate count” or “gate depth” may be
acceptable. A standard, more realistic step has been com-
piling to a minimum number of discrete logical gate set
like Clifford + T, though recent advances have called into
question the primacy of this cost model, diminishing the
historical cost gap between T gates and Clifford gates
[161].

As work advances to Compilation Stage (c), the cost
models and the nature of the work itself depend critically
on the specific hardware and error-correction architecture.
This stage is focused on compilation to primitive fault-
tolerant operations, but these operations can vary between
architectures. For example, an architecture based on a 2D
lattice of locally connected physical qubits relies on lattice
surgery to implement multiqubit gates. Other architec-
tures can realize long-range SWAP gates cheaply [162],

implement transversal multiqubit gates [163], or even
implement certain logical operators just by permuting the
physical qubits [164]. The variation between these native
operations will fundamentally change the targets (and the
methods) of any hand or machine compilation pipeline.

Because of these differences, the work at Compilation
Stage (c), and even the prospects for quantum advantage
in a particular application, may be significantly platform-
dependent. For instance, [148] argued that classically chal-
lenging instances of the OPI problem could be solved
using approximately 6 × 106 Toffoli gates and 1900 log-
ical qubits. Despite the low Toffoli count, the large number
of logical qubits required will make it difficult to achieve
quantum advantage using this approach on most small
error-corrected quantum processors. However, this prob-
lem may be an early candidate for quantum advantage in
photonic architectures that aim to be able to effectively
trade space for time by routing qubits into long fiber-optic
delay lines [162].

Once an algorithm has been compiled to a set of
physically relevant abstractions, final physical qubit and
runtime estimates are then obtained from high-level error-
correction parameters like code distances and cycle times.
These are derived from extensive numerical simulation of
a physical-level error model specific to the hardware plat-
form, and are typically out of the algorithmists’ scope.
Finally, in Compilation Stage (d), one uses automatic tools
such as compilers to output a complete set of machine
instructions for hardware execution.

Making the most effective use of quantum resources
requires each stage to be performed with some understand-
ing of cost models for later stages. For instance, it is com-
mon to compile Compilation Stage(b) to logical quantum
gates with all-to-all connectivity, and apply generic qubit
routing techniques or other constructive methods like the
“game of surface codes” to obtain a Compilation Stage(c)
compilation [165]. However, these provide resource upper
bounds that are potentially quite loose. In contrast, we
have found better success in approaching Compilation
Stage(b) with mindfulness of gate-connectivity constraints
and careful selection of non-Clifford resources [44,145].
In this regard, a deeper understanding of the compilation
stack greatly benefits algorithmists seeking resource esti-
mates representative of true hardware capabilities, espe-
cially when resources like dense quantum memories [166]
and limited nonlocality are available. Currently, most
Compilation Stage resource estimates are performed using
a manual process for Stages IV(b) and IV(c). This can be
extraordinarily tedious, difficult to verify, and imprecise.
As a case in point, several researchers from the authors’
team worked for well over a year on an 80-page paper
[167] just to determine the constant factors in an algorithm
that was introduced and described asymptotically in a pre-
ceding 7-page paper [160]. Due to the time-consuming and
architecture-dependent nature of obtaining an optimized
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TABLE III. Algorithms that have reached the Compilation Stage outside of quantum simulation. We summarize just one of the
resource estimates from each paper. When physical resource estimates are given for multiple architectures, we focus on reporting
numbers for superconducting qubits running the surface code. Still, details of the resource estimates may differ in a way that makes
direct comparison challenging. For example, some resource estimates might focus on parallelization to decrease runtime at the cost of
additional space. Some detailed resource estimates not included in this table because they involve only quadratic speedup are Refs.
[152–155].

Compilation Stage(b) Compilation Stage(c)
Real-World Stage Problem

Horizon Problem applications size Logical q. Toffolis Phys. q. Time

Medium Trapdoor
claw-free
functions [103]

Classically
verifiable
quantum
advantage

1024 bits 1600 [147] 8 × 106 – –

DQI for OPI [57] 4095 variables 70
constraints

1900 6 × 106 8 × 105 [148] 1 h

Topological data
analysis of
random graphs
[61]

Unknown 256 vertices 16-cliques 500 [149] 7 × 109 – –

Factoring [34] Breaking RSA 2048 bits 1400 7 × 109 1 × 106 [44] 1 week
Binary discrete

log [34]
Breaking outdated

cryptosystems
233 bits 3000 4 × 106 4 × 106 [36] 8 min

Furthest Elliptic curve
cryptography
[34]

Breaking elliptic
curve
cryptography

256 bits 3000 1.1 × 108 9 × 106 [35] 4 h

Tensor PCA [30] Unknown 100 variables 900 [150] 1 × 1015 – –
XOR-SAT

refutation [81]
Unknown

QAOA for max
8-SAT [101]

Unknown 179 variables 28 000 5 × 1011 7 × 107 [151] 15 h

Compilation Stage(d) compilation, it is common for many
resource estimates to stop at Compilation Stage(b). Keep-
ing in mind that the Compilation Stage is also a moving tar-
get that often lags behind the most current techniques, we
present selected case studies for algorithms outside quan-
tum simulation in Table III and inside quantum simulation
in Table IV.

A vital part of the Compilation Stage, adjacent to
these substages, is further development of software tools
and methods to automate and facilitate compilation and
architecture-aware resource estimates. Current examples
include Qualtran [45], Q# [46], QREF [47], Bartiq [48],
Qrisp [49], and Silq [49] to compose and compile quan-
tum algorithms, with automatic translation of a logical
algorithm directly into a full physical instruction set. This
will not only provide precise resource counts but will also
enable a workflow analogous to modern software profiling.
Researchers will be able to test different implementations,
identify performance bottlenecks, empirically optimize
their quantum code, and verify their compilations.

A. Compilation for early fault-tolerance

As quantum hardware scales, the field is rapidly
approaching the era of early fault-tolerance when quantum

error correction first begins to enable larger-scale quan-
tum computation. This transition raises a crucial question:
What will be the first compelling applications to run on
these machines? Several key milestones will define this
new era, including, e.g.:

(1) The first QEC demonstration solving a classically
intractable nonverifiable problem.

(2) The first QEC demonstration that is classically
intractable and quantumly verifiable.

(3) The first scientific discovery enabled using fault
tolerance for quantum simulation.

(4) The first QEC demonstration of an algorithm that is
classically verifiable.

There is significant confusion in the literature and lit-
tle consensus on how to evaluate algorithms for this era
of early fault-tolerance. Even a seemingly simple ques-
tion—such as whether algorithmic technique X is better
than technique Y for this era—can be divisive. For exam-
ple, it is often suggested that one should aim for fewer
logical qubits [193,194]. However, if this increases the
number of gates, then the code distance may need to
increase, which could result in a larger overall physical
qubit requirement. While the primary goal is usually to
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ing this can be complex. Final resource counts depend sen-
sitively on the chosen QEC architecture, and the detailed
cost models needed to truly differentiate approaches. This
challenge is compounded by the fact that the underlying
platform is a moving target: ideas about error-correcting
codes, hardware architectures, and compilation tools are
all still evolving at a rapid pace. In the era of early
fault-tolerance, it will be critical to codesign quantum algo-
rithms and the specifics of an error-correction architecture.
Even hardware decisions such as how to best modularize
chips can ultimately play an important role in what sort of
tradeoffs are advantageous.

As an example, consider optimizing for circuit depth.
Depth only translates to time if operations scheduled
simultaneously in a logical layer can actually be executed
in parallel. However, one quickly runs into hard limita-
tions in the practical ability to route resource states, and
to decode and implement feedback correction, as required
for non-Clifford gates in most error-correcting codes. In
the regime of early fault-tolerance, it is more likely that
one is distilling a smaller number of resource states in the
first place in order to save physical qubits, which would
require non-Clifford gate serialization. Even when layers
consist only of Clifford gates, these gates typically require
nontrivial ancilla space to execute (e.g., in the standard sur-
face code), and so parallelizing operations (as one is apt to
do when aiming for lower circuit depth) may increase the
number of ancillas required and thus, the total number of
physical qubits.

As another example, consider estimating an expectation
value to precision ε for a circuit with G gates. Amplitude
estimation requires executing a single deep circuit with
O(G/ε) gates, whereas sampling requires O(1/ε2) rep-
etitions of the shallow (G gates) circuit. Intuition might
suggest that the shallow circuits of the sampling approach
are better for early fault-tolerant hardware, but this intu-
ition is incomplete. Amplitude estimation requires a logi-
cal gate error rate of O(ε/G) to succeed. A naive sampling
approach requires a similar error rate. At this error rate, the
probability of a logical gate error in any individual sample
is ∼ ε. This introduces a bias in the estimated expecta-
tion value on the order of ε, and any higher error rate
would introduce an unacceptably larger bias. Therefore,
naive sampling demands the same code distance as ampli-
tude estimation and a higher total runtime. While error
mitigation can relax this requirement, added circuit repe-
titions required for error mitigation may favor amplitude
estimation for achieving practical runtimes. Ultimately, a
detailed study is required to assess which approach is more
favorable, and the conclusions will depend heavily on
the specific architecture, target fidelities, and fault-tolerant
error models.

A fine-grained understanding of costs in early fault-
tolerance will likely require full compilation to a specific
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architecture. We expect that building out precise compila-
tion stacks will be a major focus of industrial efforts over
the next few years. However, high-quality, open-source
compilers will likely remain scarce for academic use,
since developing these tools requires a massive software
engineering effort, and compilers are necessarily tailored
to their target architectures. For example, the underly-
ing connectivity of the hardware can influence both the
choice of error-correcting code (e.g., the surface code vs
an LDPC code) [163,195] and the relative difficulty of
implementing certain operations (e.g., increased connec-
tivity can allow for more transversal gates) [162,195].
Photonic architectures offer another example of an interest-
ing architecture-specific capability that any serious com-
pilation effort would take advantage of: the ability to
effectively “store” a large number of qubits using long
fiber-optic delay lines without significantly increasing the
cost of the hardware [196].

Despite the practical challenges of evaluating and opti-
mizing algorithms for early fault-tolerance, we believe that
this is an area of research rich with opportunities. For
example, compiling to abstractions like braiding diagrams,
lattice surgery, or modified ZX calculus offers a valuable
middle ground between logical and physical circuits. Other
efforts may make progress by focusing on specific archi-
tectural choices. Our team has constructed a rough cost
model for early fault-tolerance that we call FLASQ (fluid
allocation of surface code qubits) [168]. Designed to pro-
duce an estimate of surface code resources given logical
circuits compiled to a 2D grid, we hope it will be useful
for quantum algorithms researchers not willing to engage
as deeply with the details of quantum error-correction.
However, we conclude by noting that algorithmists who
do embrace the messiness of fault-tolerance have a rare
opportunity in the coming years to play an important role
in shaping hardware through codesign by conducting stud-
ies that reveal the impact of hardware architecture (e.g.,
how chips are modularized) on algorithmic overhead.

VII. THE ECONOMICS OF QUANTUM
APPLICATION DISCOVERY

The promise of quantum computing is tempered by
the immaturity of both its hardware and applications. At
this nascent stage, continued progress depends on sus-
tained investment from public and private sources. For
these stakeholders, who weigh opportunities based on
risk and reward, the challenge of building scalable, fault-
tolerant hardware is the primary source of risk. Con-
sequently, tangible hardware progress (achieving higher
qubit counts, lower error rates, scalable error-correction
experiments, and other critical milestones) helps derisk
the endeavor. Such derisking solidifies confidence that
large-scale, error-corrected quantum computers are an

achievable goal, reassuring investors and securing the
long-term vision of the field.

On the other side of the investment equation is the
“reward”: the commercial or scientific value and revenue
opportunities driven by applications with quantum advan-
tage. The projected size of this market (e.g., whether
billions or hundreds of billions of dollars annually) directly
influences company valuations and strengthens the case
for investment. Investors may currently operate under the
assumption that “if we build it, apps will come.” For that
narrative to remain compelling, however, the rate of appli-
cation discovery must accelerate as hardware matures. A
perceived slowdown may be interpreted as a signal that
the technology’s future value is limited to our current
ensemble of established quantum use cases, diminishing
the expected reward.

For any stakeholder—be they a government agency,
venture capitalist, or corporate executive—the “reward” in
quantum’s risk/reward ratio is best articulated through spe-
cific and credible application case studies. An ideal case
study presents a broad use case, grounds it in at least one
specific example with quantifiable value, and assesses the
quantum resources required for quantum advantage. At
present, the few such comprehensive case studies that have
been published are largely confined to quantum simulation
and cryptanalysis (we summarize much of this work in the
tables of the preceding section).

These days, many papers on the quant-ph arXiv explore
the topic of quantum applications by relating established
quantum algorithms to industrial challenges while avoid-
ing the singular question that relentlessly haunts our col-
lective endeavor: is this likely to ever lead to a quantum
advantage? For the most part, hype in the quantum appli-
cations space is easy for practicing researchers to identify
and ignore. A bigger problem is that the noise created by
such work can lead to confusion in policy and business cir-
cles. Researchers sometimes imagine that corporate execu-
tives and venture capitalists uncritically believe everything
they hear about quantum computing. In reality, deep tech
investors are extremely familiar with hype around new
technologies. Nevertheless, our field may burn through
valuable public trust if exaggerated narratives around time-
lines and applications of quantum computing perpetuate
unchecked.

While it is important for scientists to push back on hype
in the quantum field, we also caution against overcom-
pensating and effectively “hyping in the opposite direc-
tion” (i.e., spreading misleading information, or employing
hyperbole in service of combating hype). Such a strat-
egy can lead to excessively cynical takes coming from
parts of the academic community, discouraging students
from working on quantum applications or besmirching
researchers trying to push forward an optimistic yet scien-
tifically grounded research vision. We need top researchers
working on quantum applications and attitudes that treat
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all work on quantum applications as inherently suspect are
detrimental toward that end.

Finally, when it comes to the hard work required to
uncover and substantiate truly promising quantum appli-
cations, we believe the quantum industry appears to face
a classic collective action problem, leading to systemic
under-investment in high quality work in this area. While
the necessity of new applications is widely acknowledged,
prevailing wisdom is that the competitive advantage of
major quantum efforts lies primarily in hardware. This
view is often paired with a belief that intellectual property
for algorithms is either marginal or could be relatively eas-
ily circumvented. The resulting incentive structure creates
an unfortunate Nash Equilibrium: the dominant strategy
for any individual company is to focus an outsized share of
resources on a defensible hardware moat while assuming
other groups, or academics, shoulder the burden of serious
application discovery.

VIII. OUTLOOK

The journey from a theoretical quantum algorithm to
a practical, deployed application is a long and complex
endeavor. In this perspective, we have introduced a five-
stage framework to categorize and understand the maturity
of applications research, arguing that progress is not uni-
form across all stages. While the community has seen
success in the discovery of abstract algorithms (Algo-
rithms Stage) and the detailed optimization of a few
select use cases (Compilation Stage), the field’s forward
momentum is limited by underappreciated bottlenecks in
the middle stages. Specifically, the challenges of identify-
ing concrete problem instances with quantum advantage
(Instances Stage) and matching these problems to real-
world applications (Real-World Stage) represent the most
significant hurdles to expanding the landscape of quantum
applications.

Successfully navigating these stages requires con-
fronting both technical and sociological challenges. The
technical difficulty of the Instances Stage often lies in the
delicate balance of finding problem instances that cause
the quantum algorithm to transition through states complex
enough to be classically intractable, yet structured enough
to prevent the quantum computer’s output from concentrat-
ing to trivial, classically predictable values. The primary
challenge of the Real-World Stage is due in part to the nar-
row window of quantum advantage that survives the first
two stages and is in part sociological: a knowledge gap
exists between the experts who understand the nuanced
requirements for quantum advantage and the domain spe-
cialists who know where such problem structures might
appear in the real world.

We believe, however, that these challenges are sur-
mountable with a strategic and collaborative effort. Ulti-
mately, the continued justification for the investment
required to build fault-tolerant quantum computers

depends on our ability to articulate a growing portfolio
of valuable, achievable, and specific applications. By har-
nessing the community’s ingenuity, we can accelerate the
discovery of these applications and bring the transforma-
tive potential of quantum computing into clearer view.
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