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Free Cumulants in Full Eigenstate Thermalization from Boundary Scrambling
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Out-of-time-order correlation functions (OTOCs) and their higher-order generalizations present
important probes of quantum information dynamics and scrambling. We introduce a solvable many-
body quantum model, which we term boundary scrambling, for which the full dynamics of higher-order
OTOC:s is analytically tractable. Following recent extensions of the eigenstate thermalization hypothesis,
these dynamics are encoded in free cumulants describing higher-order correlations between matrix
elements. Using this correspondence, we obtain analytical predictions for time- and frequency-resolved
free cumulants and show these to be stable away from the solvable point. The solvability is enabled by the
identification of a higher-order Markovian influence matrix, capturing the effect of the full system on a
local subsystem. These results provide insight into the emergence of random-matrix behavior from
structured Floquet dynamics and show how techniques from free probability can be applied in the

construction of exactly solvable many-body models.
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L. INTRODUCTION

The relaxation of physical observables toward thermal
equilibrium is a defining characteristic of the ergodic
phase of matter and underlies the emergence of statistical
mechanics in isolated quantum systems. The eigenstate
thermalization hypothesis (ETH) provides the leading
theoretical framework for these phenomena, explaining
how local subsystems thermalize by interpreting the
remainder of the system as an effective bath [1-3].
Recent progress has shifted the focus toward more refined
probes of thermalization and quantum information dynam-
ics. As a prominent example, out-of-time-order correlators
(OTOCs) quantify the scrambling of quantum information
[4-11] and have been experimentally probed in analog
[12-15] and digital quantum simulation [16—19]. A higher-
order generalization of the OTOC was recently measured
on Google’s 103-qubit quantum processor [20], where the
complexity of a classical simulation of these dynamics
motivated this experiment as a path to quantum advantage.
In parallel with these developments, ETH has been
extended to the so-called “full” ETH ansatz [21-29],
describing the dynamics of arbitrary multi-point correla-
tors including (higher-order) OTOC:sS.
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This theory decomposes multi-point correlators in free
cumulants, connected correlation functions from free
probability [30-35], which recently found applications
throughout many-body quantum dynamics [23,27,36-46].
Within full ETH, these free cumulants quantify correla-
tions between eigenstates [23], which however lack a
direct dynamical interpretation. Free cumulants were
recently shown to emerge in a purely dynamical fashion
in a minimal random-circuit model, without invoking the
notion of eigenstates entirely [46]. From this perspective
free cumulants effectively encode how different replicas of
the time-evolution operator interact. These results were
enabled by the identification of a higher-order influence
matrix (IM). Influence matrices capture the effect of a full
system on a local subsystem, formalizing the notion of a
bath [47-49], with a Markovian IM returning free cumu-
lants as eigenmodes of the OTOC dynamics [46].

To bridge these two notions of free cumulants we
introduce a new solvable model of many-body quantum
dynamics, dubbed boundary scrambling. Beyond its
intrinsic interest as an experimentally realizable model
for which the dynamics of higher-order OTOCs is ana-
lytically tractable, this model (i) gives rise to Floquet
dynamics and hence allows for a (quasienergy) eigenstate-
based description and (ii) reproduces the generalized IM of
the minimal random-circuit model in the thermodynamic
limit. The analytical characterization of these dynamics
can hence be used to obtain predictions for the eigenstate
correlations within the full eigenstate thermalization
hypothesis. While exact results were previously obtained
for the exact dynamics of (higher-order) OTOCs, as well as
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FIG. 1. Tensor-network representation [50,51] of (a) the boun-

dary scrambling circuit and (b) a higher-point k-OTOC in the
folded picture (left) and via the influence matrix (right).
(c) Dynamics of the 2-OTOC and its constituting free cumulants,
showing excellent agreement between finite-size numerics
(markers) and analytical results in the thermodynamic
limit (lines).

for the statistics of matrix elements of local observables
[52], this model is the first in which analytical predictions
can be made for higher-order correlations between matrix
elements. Note that we do not prove full ETH within this
model, which imposes a specific structure on matrix-
element correlations, but rather make analytical predic-
tions for these time- and frequency-resolved correlations
within the full ETH ansatz, using the analytical results for
the dynamics.

The model describes spatially structured (1 + 1)D
dynamics, with unitary evolution corresponding to a local
quantum circuit model with a “zig-zag” layout as shown in
Fig. 1(a) [53]. Higher-order OTOCSs between local observ-
ables acting on the leftmost boundary site can be conven-
iently represented in the folded picture by the tensor
network depicted in Fig. 1(b). The gates in the bulk can
be compressed: Switching from time to space evolution
and propagating the right boundary by means of the spatial
transfer matrix (gray) yields a higher-order IM for the left
boundary. The solvability is underpinned by choosing the
(blue) gates in the bulk to be dual unitary, i.e., unitary in
both time and space [54-56]. The (green) gates at the
boundary can be chosen freely. In the thermodynamic limit
the IM of this circuit coincides with the Markovian IM of
the solvable random-circuit model of Ref. [46]. This
agreement is the main technical result of this paper, and
its proof requires a combination of techniques from tensor
networks and free probability. The boundary scrambling
circuit at the solvable point hence reproduces the solvable

random-circuit dynamics of Ref. [46], while circum-
venting the need for randomness and averaging over
circuit realizations.

This connection allows for an exact characterization of
higher-order OTOCs, which now additionally encode
correlations between eigenstates. Other analytically trac-
table settings require either randomness or a large number
of local degrees of freedom [9-11,44,57—61], similar to the
random-circuit model. The former renders the concepts of
eigenstates and hence full ETH void, whereas the latter
leads to an exponential increase in the numerical cost of
exact diagonalization, preventing any comparison with
numerical results on ETH. Moreover, while other models
become solvable only at late times [44,62,63], the dynam-
ics in our model remain tractable at all times, allowing for
a full frequency-resolved characterization. Taken together,
these allow for leveraging the exactly solvable higher-
order OTOC dynamics to make predictions for time- and
frequency-resolved correlations between matrix elements
of local observables described by full ETH. More specifi-
cally, we obtain analytic predictions for the smooth
frequency dependence of (higher-order) correlations
between matrix elements entering the full ETH ansatz
and show excellent agreement with numerical results.

We detail the boundary scrambling model in Sec. II and
contrast it with the random-circuit model of Ref. [46],
highlighting how results directly carry over between these
models. In Sec. III we focus on the standard 2-OTOC,
presenting explicit expressions for time- and frequency-
resolved free cumulants, and in Sec. IV these results are
extended to k-OTOCs of arbitrary order. Remarkably, it
can be analytically shown that all OTOC dynamics is
stable away from the solvable point, indicating that these
results do not depend on any fine-tuning. While the proof
of these results is relatively straightforward for the
2-0OTOC, the extension to arbitrary-order k-OTOCs is
significantly more involved and goes beyond standard
applications of dual unitarity, requiring the combination of
tensor network manipulations with techniques from free
probability. Section V is reserved for discussion and
conclusions.

II. MODELS AND MAIN RESULTS

Both the boundary scrambling model and the random-
circuit model from Ref. [46] describe the dynamics of a
local subsystem (a boundary) coupled to a maximally
scrambling environment (a bulk). We focus on generalized
OTOC:s of arbitrary order k between local observables A
and B:

Ci(1) = %tr([A(t)B]k) = %tr([U(t)A U(n)Bf), (1)

where D is the dimension of the Hilbert space and the
dynamics after ¢ discrete time steps corresponds to a
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unitary transformation with /(7). Local observables
are defined as observables that only act nontrivially in
the local subsystem (the boundary). Below we introduce
both models separately, before discussing their shared
dynamics.

A. Random-circuit model

In the random-circuit model, a local subsystem A is
coupled to a thermodynamically large environment E
through local interactions mediated by an intermediate
site C. For concreteness, both A and C can be taken to host
a d-level qudit, whereas the environment has Hilbert-space
dimension dg, such that D = d’dp. At each discrete time
step ¢, the boundary A interacts with the coupling C
through a fixed unitary gate U = U, and the coupling C
in turn interacts with the environment E through a Haar-
random unitary Vg, drawn independently at each time
step ¢. The evolution operator for a single time step is then
given by U, = (1, ® V¢g)(Uase ® 1). The unitary gate
U and the Haar-random unitary matrices are graphically
represented [50,51] by

T T o TR
A C

C E

where the indices label the relevant Hilbert spaces.
The evolution operator for a single time step can be
represented as

The dynamics then follows from the full evolution operator
U(t) =U,...U, U,. Exact results for the k-OTOC can be
obtained by averaging over the Haar-random unitaries and
taking the limit where the Hilbert space of the environment
diverges, dp — oo [46]. In this limit the environment is
effectively maximally scrambling and techniques from
random matrix theory can be applied (see also Ref. [64]).

B. Boundary scrambling model

The boundary scrambling circuit is defined as a one-
dimensional local quantum circuit with L + 1 sites, each
hosting a d-level qudit. The left boundary (site 0) is the
subsystem of interest, with the L — 1 rightmost sites acting
as the effective environment. We focus on generalized
OTOCs between local observables A and B of the form
A=a®1; and B=b ® 1;, defined as in Eq. (1) with
D = d-t'. All interactions are nearest-neighbor, such
that the interactions between the boundary and the envi-
ronment are again mediated by a local coupling (site 1).

Specifically, the dynamics of the bath is governed by a
“zig-zag” circuit

V=V 2Voz..Vi1 1 Vicip--VasVia, 4

with V;; a dual-unitary two-qudit gate acting on sites i and
Jj (for a recent review of dual unitarity, see Ref. [56]).
The subsystem is coupled to the bath through a two-qudit
gate U = U,; which also induces the internal dynamics
of the subsystem. The evolution operator for a single
discrete time step is given by U = (1, @ V)(U ® 1;_).
Graphically representing the unitary and the dual-unitary
qudit gates as

W= w=l

0 1 i

the evolution operator for a single time step can be
represented as

with L =4 here. The full system undergoes periodic
Floquet dynamics with U(t) =U', as also illustrated
in Fig. 1(a).

Exact results for the dynamics of the k-OTOCs can be
obtained in the thermodynamic limit L — oo. In this limit
the combination of the scrambling properties of the local
gates with the geometry of the circuit again leads to a
maximally scrambling environment, as outlined below.

C. k-OTOC dynamics

As will be shown throughout, the effect of the Haar-
random unitary environment is exactly reproduced by the
boundary scrambling circuit. This is the main technical
result of this work. While the first model provides insight
into the structure of higher-order OTOC dynamics, it fails
to address several aspects present in experimentally
relevant settings. First, the random environment lacks
the structure present in most many-body systems support-
ing either few-body or spatially local interactions. Second,
the randomness in time renders the notion of eigenstates of
the evolution void, and hence prevents those results from
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being explicitly connected with ideas from full eigenstate
thermalization, which are applicable to time-independent
Hamiltonians or Floquet evolution (see below). One of the
main advancements of the present work is hence to replace
the Haar-random gates by a deterministic, spatially struc-
tured model undergoing Floquet rather than random time
evolution, while preserving the solvability.

After taking the appropriate limits, in both models the
k-OTOC of Eq. (1) can be graphically represented as
(rotated here by 90° for convenience):

where, with slight abuse of diagrammatic notation, the
tensors now denote k replicas of the unitary gate U and its
complex conjugate:

(U@ Uk . (8)

The effect of the environment is encoded in a matrix
product state |Z), acting on a temporal lattice of length 27
with local spaces given by the 2k-fold replicated local
Hilbert space d [see also Fig. 1(b)]:

6bb-560s )

Crucially, the bond dimension of this matrix product
state is constant in time. Each state in the corresponding
auxiliary Hilbert space is labeled by a noncrossing
permutation of k elements. These special permutations
encode the combinatorial structure of how different rep-
licas interact and provide an organizing principle for
higher-order OTOC dynamics and, more generally, for
the combinatorics of free probability. Consequently, the
bond dimension in the matrix-product representation
equals the number of such noncrossing permutations as
given by the Catalan number C;. Both the boundary
conditions and the matrix elements of these tensors are
explicitly given in Sec. IV, which also contains more
details on noncrossing permutations.

Since in both cases the k-OTOC dynamics takes the
form of Eq. (7), all results from Ref. [46] directly carry
over to the boundary scrambling circuit. Given the time-
translation invariance of the bulk tensors in the matrix-
product representation of |Z), the above tensor network
can be contracted by repeated application of a temporal
transfer operator

: (10)

acting on the 2k copies of the local subsystem and the
auxiliary space indexed by noncrossing permutations.

The Jordan form of G dictates the higher-order OTOC
dynamics. For a generic unitary gate U, it was shown in
Ref. [46] that this operator has a set of (leading) eigen-
states with unit eigenvalue, encoding the stationary equi-
librium state, whereas the subleading eigenvalues yield the
approach to equilibrium. For traceless observables the
corresponding OTOCs decay as

Co(t) ~ =122, (11)

where 4 sets the decay rate of the time-ordered correlation
functions as C;(¢) ~ 4. A notable exception is given when
the local subsystem hosts a qubit, in which case the
predicted decay is of the form Cy(t) ~A¥. The corre-
sponding leading and subleading eigenstates can be
identified with free cumulants from free probability.

Moreover, the decay of all higher-order OTOCs between
local traceless observables signals that time-evolved
observables become freely independent from static ones,
also apparent in the vanishing of mixed free cumulants.
Free independence is the appropriate notion of statis-
tical independence in the setting of chaotic quantum
dynamics [27], as borrowed from free probability
theory [30-35].

D. Eigenstate thermalization hypothesis

Free cumulants naturally appear in the description of
k-OTOC:s through the lens of the eigenstate thermalization
hypothesis. Full ETH predicts a decomposition of the
k-OTOC Cy(t) as a sum of terms indexed by noncrossing
permutations, with each term factorizing in free cumulants
corresponding to the size of the cycles in this partition
[21,23,26,65]. We refer to Ref. [26] for a general overview.
At lowest orders and for traceless observables, this
decomposition returns

Ci(t) =ky(1) and  Cy(t) = ky(1) +2ky(1)*,  (12)
as also illustrated in Fig. 1(c). These decompositions allow
the free cumulants to be determined recursively, leading in
particular to k4(7) = C,(t) — 2C, (). Full ETH predicts
that these free cumulants can be expressed in terms of
correlations between matrix elements A;; = (i|A[j) of
observables in the quasienergy eigenstates satisfying
U|i) = €'*i|i). The relevant lowest-order free cumulants
are explicitly given by

1 iw;;
ka (1) = B;Aiiji e,

1 )
ka(1) = 5 Z A;iBjiAyBy; e @itent - (13)
i 7
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with @;; = @; —@; and the summation running over
pairwise distinct indices only. These free cumulants can
also be expressed in the frequency domain via Fourier
transform with respect to ¢, which effectively amounts to
replacing €'’ by 276(w — w;;). In the frequency domain
the free cumulants hence encode the dependence of
correlations between matrix elements on the respective
frequency w, i.e., the quasienergy difference. Those
correlations include the usual off-diagonal ETH in terms
of k,(w) for A = B. In this case k,(w) corresponds to the
spectral function, characterizing the smooth dependence of
the variance of the off-diagonal matrix elements on the
(quasi-)energy difference—a key prediction of ETH [3].
Full ETH extends this paradigm and predicts that higher-
order correlations between matrix elements also smoothly
depend on the involved (quasi-)energy differences. This
smooth dependence is captured by the higher-order free
cumulants, such as k,(w), generalizing the spectral func-
tion from ETH. Note that k,(¢) would vanish identically
under the standard ETH assumption that off-diagonal
matrix elements behave as i.i.d. Gaussian variables, such
that this nonvanishing free cumulant captures correlations
beyond ETH.

This formalism extends to higher orders by the general
relation between k-OTOCs and dynamical free cumu-
lants, known as the moment-cumulant relation in free
probability theory [32,33,66]. Formally, it is always
possible to define

Ct)= > k(A(1).B.....A(1).B), (14)

o €NC(2k)

where the summation runs over all noncrossing permuta-
tions of 2k elements, denoted NC(2k), see also Sec. IV.
The terms k, on the right-hand side factorize according
to the cycles in o, and we will refer to these factors as
dynamical free cumulants. Each cycle returns a free
cumulant set by the size of this cycle. Additionally, for
traceless observables any cycle of length one leads to a
vanishing contribution, such that the corresponding per-
mutations can be excluded.

Returning to Eq. (12), for k=1 the noncrossing
permutations of two elements are given by (1)(2) and (12),
where only the latter contributes since it does not contain a
cycle of length one, leading to

Ci(t) = kp) (1) = ky(1), (15)

where we made the operator dependence implicit. For
k =2 there are 14 noncrossing permutations of four
elements, three of which do not contain a cycle of length
one: (12)(34), (23)(14) and (1234). Again making the
operator dependence implicit, these lead to

Co (1) = k(12)34)(t) + k(23)(14) (1) + k(1234) (1)
= ko (1)ky(2) + ko (1) (1) + k(1)
= 2[ko (1)) + k(). (16)

This factorization is also indicated in the inset of
Fig. 1(c) for k=2. Full ETH then states that each
dynamical free cumulant can be expressed as a particular
summation over matrix elements with non-repeating indi-
ces, as in Eq. (13), encoding time- or energy-resolved
correlations between matrix elements [23]. The exact
results on the OTOC dynamics allow for predicting the
expected form of these correlations in the present model:
In the frequency domain both k,(w) and k4(w) are
characterized by Lorentzian correlations with a width
set by the decay rate of the correlation functions
and OTOC:s.

III. FREE CUMULANTS FOR THE 2-OTOC

We now obtain an exact description of the 2-OTOC
dynamics, postponing the discussion of the general case to
the next section. The results in this section serve to illus-
trate the ideas underpinning the exact solution, with the
advantage that the corresponding expressions are signifi-
cantly simpler than those in the general case. From these
exact results for the dynamics, we additionally obtain
analytical predictions for the free cumulants from Eq. (13)
encoding eigenstate correlations within full ETH, and
compare these with finite-size numerics.

Utilizing a standard folding procedure we move into a
replica picture for the OTOC dynamics, in which the
OTOC is expressed in terms of folded gates (see, e.g.,
Refs. [56,62])

(U®U*)®2:, (V®V*)®2:~<>7 (17)

with % denoting complex conjugation. Here we again use
the same diagrammatic representation of the folded gates
as for their single-replica counterparts, using only the
former representation in what follows. We also rotate the
gates in the bulk by 45° for a more compact representation
below. The boundary conditions are expressed in terms
of the permutation states |0) =-0= szzl |iijj) and
o) =-o=Y¢ j=1 [ijji). They represent the identity
permutation and the cyclic shift, with the latter corre-
sponding to the swap between the two replicas. The
observables are encoded by dressing these permuta-
tion states as @ = @) = (e ® 1 ® a ® 1p)|0) and
A=m=000b®1lbx 1))..

In the replica picture the OTOC can be cast into a
compact tensor network form:
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Ca(t) = LT

shown here for r = 3, where we have utilized a more
compact representation of the zig-zag bulk and used
causality and unitarity to get rid of the gates in the bulk
at the final time step. The resulting network resembles a
two-dimensional partition function, although with com-
plex weights, which is also illustrated in Fig. 1(b).

A. Evolution in space: Influence matrix

In order to contract this tensor network, we use the well-
established space-time duality and consider the dynamics
in space. We identify a spatial transfer matrix (rotated by
90° for convenience)

1
T = dm@{}mw (19)

and left and right spatial boundaries

lv...u)= U /UL (21)

These are states defined on the temporal lattice of
2(t—1) sites, with each site carrying a d*-dimensional
(folded) Hilbert space. The full circuit can be recast as

Cy(1) = (BITH | U ... U) = (B|T). (22)

All information about the local subsystem is contained in
the left boundary (B|, and |Z) = 7t7'| U ... U) encodes
the effect of the (replicated) bulk on local observables. The
state |Z), dubbed the (generalized) IM, generalizes the IM
approach to quantum dynamics established for time-
ordered correlation functions [47-49] to arbitrary-order
OTOCs [46].

In the thermodynamic limit L — oo this IM can be
exactly obtained. Noting that 7 is non-expanding with
leading eigenvalue 1, in this limit 7 in Eq. (22) can
be replaced by a projector P onto the corresponding

leading eigenspace as lim;_ . 7%!' =P, yielding
|Z) = P| U ... U). The leading eigenspace corresponds
to eigenoperators with eigenvalue 1, and the eigenvectors
can be obtained using dual unitarity. Dual unitarity of the
bulk gates V;; results in the following graphical identities
for the folded gate [56]:

R

From these identities it follows that for the 2-OTOC the
eigenvalue 1 is at least (27— 1)-fold degenerate, with
eigenstates corresponding to domain-wall configurations

2= 1)) =+ ?)a o
J 2(t—1)—j

switching between O at (half) time step j = 0, ...,2(r — 1)
and [ at j + 1. These states span the so-called maximally
chaotic subspace, see also Refs. [62,63,67-69], and such
domain-wall configurations appear throughout the study
of 2-OTOCs [8-10,61,70-73]. In particular, using the
first two relations involving the identity permutations in
Eq. (23) allows for simplifying the action of 7 on the
domain wall states from left to right, whereas the remain-
ing relations involving the swap allow for simplifying from
right to left, returning the expected eigenvalue equation.

From this point on, we assume that there are no addi-
tional eigenvectors with eigenvalue one, and that the above
states exhaust the leading eigenspace. This is a standard
assumption, and in the single-replica case it has been
proven that this is generically the case [74]. By performing
the appropriate orthonormalization and projection, the
influence matrix follows as

7) = iy SR = 1)) = e S0 1)),

jeven Jjodd

(25)

with weights depending on whether the domain wall is
located at even or odd half time steps, see Appendix B for
details. As indicated in Fig. 1(b) this IM can be embedded
in a matrix product state with a two-dimensional auxiliary
space labeled by the permutations O and (1. We have that

0) @ 17) ® D) = 4&-O--—-O-0-Op - (26)

where we artificially enlarged the temporal Hilbert space
with two sites in order to have evolution that is uniform in
space, incorporating the initial (final) boundary conditions
with the identity (swap) in the matrix product state. The
local tensors encode the locations and the weights of the
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domain walls, with nonzero components
] ] m} m} [m} [m}
:d2 =-0, = :7d3 :d2 =-,
QR0 Q-Q-"Q-"Q
(27)
and the boundary tensors have nonzero components
F=dF=d Zp=d72, (28)
enforcing the appropriate boundary conditions at initial

and final times. We hence find that the 2-OTOC can be
graphically represented as

B. Evolution in time: Dynamical semigroup

Having contracted the bulk into an influence matrix, we
can now identify a temporal transfer matrix G given in
Eq. (10) and contract the remaining tensor network. This
transfer operator explicitly reads

here represented as block matrix in the auxiliary space
{0, O}, c.f. Eq. (27). The individual blocks are governed
by operators M, acting on (vectorized) 2-replica observ-
ables

1 f=0 1 }=© 1 j=0
MDDZE7MQQZE7MDOZE.
(31)

After including the appropriate boundary conditions, we
obtain an expression for the 2-OTOC as

Co(1) = (w3 |G'lwa). (32)

va) = <52'|°,))). (33)

The matrix G acts on a 2d*-dimensional Hilbert space
and describes non-unitary dynamics. As G might have a
nontrivial kernel, the resulting dynamics obeys only the
semigroup property G'* = G'G* for t,s > 0, as pointed
out in the single-replica case [75,76]. It nevertheless allows
for a straightforward numerical evaluation of the 2-OTOC

with

(ws| = ((ml/d*.0).

for arbitrary times ¢. Analytical expressions can be
obtained by noting that the diagonal channels M5 and
M, factorize in two copies of a quantum channel M
[46], defined as

1
M(a) = Etrz[Un(a ® HU},). (34)

This channel determines the correlation functions as
C(t) = tr(bM'(a)) [46]. Choosing a (D) as a left (right)
eigenoperator of this channel with eigenvalue A, we have
that C;(r) = A" tr(ab)/d. Furthermore, for such eigenvec-
tors one has (m| My, = A*(m| and M, |*) = A%|*), such
that the 2-OTOC can be evaluated as

Cy(1) = 222 t(m| Mg, |*) — 2% (t — 1) % (35)
This expression can also be obtained by projecting these
boundary conditions on the leading eigenoperators of G
(see Appendix B), where the appearance of nontrivial
Jordan blocks returns the polynomial prefactor t. This
result indicates that the dynamics of Eq. (35) captures the
late-time dynamics of generic observables, albeit with
modified prefactors due to the modified overlaps with
eigenoperators. We generally observe that the 2-OTOC
asymptotically decays twice as fast as the two-point
function, where the nontrivial Jordan structure of G gives
rise to a linear correction to the overall exponential decay.
The dynamical free cumulants follow as

ky(t) = ky(a, b)A"
ky(t) = ky(a, b, a, b)A*
220D [(m[ M. |o) = 22(e]#) /], (36)

with ky(a,b) =tr(ab)/d  and ks(a,b,a,b) =
tr(abab)/d — 2(tr(ab)/d)* the (static) free cumulants
from free probability [77]. At short times the dynamics
is governed by the exponential decay of k,(7), whereas at
long times the OTOC is dominated by k4(1).

C. Numerics

While the above exact results on the OTOC are obtained
in the thermodynamic limit, they accurately capture the
dynamics in finite systems even for moderate choices of L,
allowing for analytical predictions of the free cumulants
within full ETH. We consider a fixed choice of the unitary
U, chosen to minimize finite-size effects, and random
(in space, i.e., quenched disorder) dual-unitary gates V
(see Appendix C for details). We additionally choose U to
be Hermitian, such that the left and right eigenoperators
of the quantum channel coincide and the free cumulants
[Eqg. (13)] encode correlations between matrix elements of
a single operator (A = B). While quenched disorder is not
necessary and the above derivation also applies for a
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FIG. 2. (a) Dynamics of the 2-OTOC and its decomposition in
free cumulants C,(t) = k4(t) + 2[k,(£)]>. Analytic expression
[Eq. (35)] (colored orange line) is compared with numerical data
for the OTOC and the free cumulants [Eq. (12)] (markers) and
the full-ETH predictions [Eq. (13)] obtained via exact numerical
diagonalization (black solid line). (b) Frequency-resolved free
cumulants. Numerical results from full ETH [Eq. (13)] (markers)
are compared with analytical results [Eq. (37)] (dashed lines).
Numerical calculations performed for bath size L = 13 and U
chosen such that 41~ 0.9. We plot the absolute value of the
cumulants in log scale to better visualize the long tails.

homogeneous bulk of ergodic dual-unitary gates, the
presence of disorder reduces finite-size effects. As shown
in Fig. 2(a) we find almost perfect agreement between the
finite-size numerics and our exact results for the 2-OTOC
and the free cumulants [Eq. (36)]. By performing exact
diagonalization of the evolution operator I/ we obtain
the free cumulants via the explicit full-ETH prediction
[Eq. (13)] and again find almost perfect agreement,
see Fig. 2(a).

The agreement between the dynamical free cumulants
[Eq. (36)] and those computed via full ETH in terms of
matrix elements [Eq. (13)] implies that our setting repro-
duces the combinatorial structure of the full ETH ansatz.
In particular, it confirms the existence of correlations
between matrix elements beyond the standard ETH para-
digm. Note that in either case, such a comparison can
normally be performed only via finite-size numerics. The
features of the boundary scrambling model enable us to go

a step further and obtain analytical expressions for the
dynamical free cumulants, retaining a meaningful notion
of eigenstates. Crucially, preserving this aspect is precisely
what allows us to predict the structure of correlations
between matrix elements.

These correlations and their smooth dependence on
quasienergy are most transparent once we traverse from
the time to the energy domain. A Fourier transform of
Eq. (36) returns

ky(@) = ky(a, b)J}) ()
ky(@) = ky(a, b,a, b)J%) (@)
+ IS ()8 Mg, [+) /22 — (ml+)/d]. (37

where we have introduced the decay timescale y through
y = —In|4| and defined

(1) B sinhy
J =
r (@) coshy —cosw
cos cosh(y) — 1

[cos(w) — cosh(y)]*

For slowly decaying modes with 4 close to one and
hence small y, k, (@) approximates Lorentzian correlations
between matrix elements, consistent with recent predic-
tions for dual-unitary circuits [52]. Predictions for k4(®)
were however out of reach in previous studies.

These results again agree with the numerically obtained
full-ETH prediction (13), see Fig. 2(b), quantifying fre-
quency-resolved correlations between matrix elements and
demonstrating their smooth dependence on the involved
quasienergies toward the thermodynamic limit. Small
deviations from the analytic result appear at the tail ends
of k4(®) due to finite-size effects. Higher-order cumulants
can assume negative values and also drop off as a
Lorentzian at large frequencies, consistent with recent
numerics [26,29]. These expressions present a first ana-
lytical prediction for higher-order correlations between
matrix elements, capturing correlations beyond ETH, and
are expected to be asymptotically correct for generic
observables.

IV. HIGHER-ORDER OTOCS AND STABILITY

All results can be extended to k-OTOCs with k > 2.
Crucially, the influence matrix of the bulk returns the
random-circuit influence matrix at all orders k, such that
the results of Ref. [46] can be directly applied, again
circumventing the need for randomness and averaging. We
therefore focus mainly on the derivation of the influence
matrix, where we will additionally establish its stability
when perturbing away from dual-unitary bulk dynamics.
Moreover, we compare analytic results obtained in the
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thermodynamic limit with numerical simulations for finite
system size.

A. Extension to higher orders

In the replica picture the k-OTOC admits the same
diagrammatic representation (18) as for k = 2 adapted to
the appropriate number of k replicas. This tensor network
is now constructed out of gates consisting of k-folded
replicas

(U U=k = , (Vov)k =Q , (39)

with permutation states at the temporal boundaries corre-
sponding to the identity (O) and the cyclic ((J) permu-
tation of k elements:

d
0)=-0= Y l|ivivigia...ixix),  (40)
i14in...ip=1
d
o) =-0= > l|ivigiz...ixirir). (41)

11,02..,0=1

We similarly encode the nontrivial part of the operators
by dressing these states via ¢ = |®) = (a ® 1,)®*|0) and
¥ = (m = (0](b®14)%®", as apparent in the temporal
boundaries. The spatial boundaries remain unaffected
except for adjusting the number of replicas accordingly.
We can hence again define the multi-replica transfer

operator
1
7= o—<,><> ~ ~<\><>—n (42)

and left and right spatial boundaries

[u...u)= U U, (44)

which are identical to the expressions from Sec. III except
that each tensor now represents an arbitrary number of k
replicas.

Again switching to spatial evolution via 7 and taking
the thermodynamic limit, we replace lim; _, 75! = P.
Here, P is the projection onto the leading eigenspace of 7°
for eigenvalue 1. Details of this construction are given in
Appendix A, and we here only outline the main results.

In order to construct the leading eigenstates of 7 with
eigenvalue 1, it is convenient to introduce permutation
states, generalizing Eqgs. (40) and (41) to arbitrary permu-
tations. The state |o) is defined from a permutation ¢ of k
elements as

d
‘0’) = é) = Z |i1ig(1)i2io—(2) - --ikio—(k)) (45)

i1,02,...ip=1

It can be directly checked that these states reduce to
the previously introduced states when considering the
identity permutation O = (1)(2)...(k) and the cyclic shift
O = (12...k).

The relevant permutations are additionally constrained
to be noncrossing: When writing a permutation ¢ in cycle
notation, it is noncrossing if in each cycle the elements are
in increasing order and the condition p; < g; < p> < ¢q»
is never fulfilled for p;, p, in a cycle V and ¢;, g, in a
different cycle V'. The set of all noncrossing permutations
of k elements is denoted by NC(k) and supports an
ordering, where o¢; C o; if all cycles of o; are contained
in the cycles of 6;NC(k) is a partially ordered set,
which supports a Mobius function p(o, 6,) with defining

property

> ul(02.03) =685, 0, (46)

0,Co,Co03

where the summation runs over o, with fixed ¢, and o3.
Written out explicitly, the Mobius function reads

u(oy,0;) = H (—D)VCyy 47)

Veal’loz

with the product running over the cycles V of the
permutation 61_162 and C, the Catalan numbers.

The relevant eigenstates of the spatial transfer matrix
now no longer correspond to domain wall states, but rather
to multichains: ordered sequences of noncrossing permu-
tations. Concretely, the eigenstates for unit eigenvalue are
labeled by multichains 6 =06, C 06, C--- C 0y of
length 2(z — 1). The resulting eigenstates are of the form

bbb, W

and satisfy 7'|6) = |o). For k = 2, the multichains reduce
to domain walls, but for £ > 2 these can have a more
involved structure. Such eigenstates were previously
obtained in Ref. [44], where their more complicated
structure however prevented a direct orthonormalization.
We again assume that the multichains exhaust the leading
eigenspace, which we numerically find to generically be
the case. In this case, leveraging the properties of the
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Mobius function, it is possible to perform the appropriate
projection |Z) =P|uU...U) to obtain the IM for k
replicas as

212
)= (H u(oz,-l,oz,-)d"’zf-'”zfl-k> ). 49
G \i=1
with |o| the number of cycles in . In Appendix A, we in
fact prove the stronger statement

G|T|Z) = (3| U ... u), (50)

for arbitrary choice of unitary gate in the bulk, i.e.,
dropping the requirement of dual unitarity. In case of
dual-unitary bulk gates the multichains are eigenvectors of
T with unit eigenvalue and Eq. (50) immediately returns
that (6|Z) = (6] U ... U). We hence see that |Z) is a linear
combination of multichains which has the same overlaps
with multichains as the boundary state | U ... U), such that
it necessarily corresponds to the boundary state projected
on the space of multichains. If on the other hand dual
unitarity in the bulk is broken, Eq. (50) allows for
establishing the stability of the IM under perturbations.
We will return to this more general result below.

The influence matrix (49) can again be recast as a matrix
product state by defining local tensors

g‘u:®d|u|f|ff|*k‘u(cr7 I/) 5ggua
V_d}a:@ 6ng

where 6,c, enforces the ordering inherited from the
multichains. The initial and final tensors generalize to

Go =d, o =d %, (52)

(51)

are chosen such that they reproduce the initial and final
temporal boundary conditions O and [, respectively. Up
to adapting the prefactor from d=% to d~*' we recover the
tensor-network representation (29), which again allows for
an effective contraction by means of the k-replica gen-
erator G. As the influence matrices coincide with the
random-circuit model, we refer to Ref. [46] for a detailed
discussion. Ultimately, one obtains the asymptotic decay
of k-OTOCs ~t*~1)?" as stated in Eq. (11) for d > 2. Up to
polynomial prefactors reflecting the Jordan structure of G,
all higher-order OTOCs decay at the same rate and twice as
fast as the correlation function C;(r). A notable exception
is the qubit case, d = 2, which exhibits faster decay ~A*
for higher orders k > 3.

B. Numerics

In Fig. 3 we illustrate the resulting k-OTOC dynamics
for k = 1,2, 3 in the cases where the boundary hosts either

) Qubit Qutrit
8", a . b
e, @, ®
1] gooeeg e, 40 Soe,,
1024 llRL ""O.’..“ .‘c.‘ \y ."’ﬂ.‘.
= I \g o %, . 040000, o ™
= L RN ‘ NS
%
b 4] Ch1 - ‘.} ‘o‘ ‘.‘.
10 - \.\ .‘0‘ ‘o\
o k=2 L "{ !...
e k=3 @
106 L , ,
0 20 40 0 10 20
t t

FIG. 3. Dynamics of the k-OTOC for (a) qubits and (b) qutrits.
We compare the analytical solution in the thermodynamic
limit L — oo (dot-dashed lines) against finite-size numerics
for k=1,2,3 for L =13 (circular markers). The numerics
show excellent agreement even at finite system size (note the
logarithmic scale).

a qubit or a qutrit. For k = 1 we recover the time-ordered
correlation function, and the only noncrossing partition is
the identity O = (1). For k =2 the only noncrossing
permutations are the identity, O = (1)(2), and the cyclic
permutation, [J = (12), leading to a bond dimension
C, =2. For k=3, in addition to the identity O =
(1)(2)(3) and the cyclic permutation [J = (123), the
remaining three permutations (12)(3), (13)(2), and
(1)(23) are also noncrossing, leading to a bond dimen-
sion C3 = 5.

The exact decay of the k-OTOC up to k=3 in the
thermodynamic limit is illustrated through the dot-dashed
lines in Fig. 3. For k =3 the numerical evaluation of
correlations between matrix elements is prohibitively
costly due to the repeated summations over the full
Hilbert space, such that we here focus on the exact results
for the dynamics. The exact results in the thermodynamic
limit are obtained from evaluating the dynamics generated
by G [Egs. (7) and (10)]. We also compare the exact results
in the thermodynamic limit with a direct numerical simu-
lation of the k-OTOC in a finite system with L = 13.
Finding excellent agreement for the accessible system size
moreover confirms that the multichain states exhaust the
leading eigenspace of the transfer matrix 7.

C. Stability away from dual unitarity

The repeated appearance of the higher-order influence
matrix |Z) in both the structured boundary scrambling
dynamics and the random-circuit model suggests its more
general applicability as a minimal Markovian bath for
k-OTOCs. However, as this influence matrix is obtained by
projecting the boundary state into the (highly degenerate)
leading eigenspace of the spatial transfer matrix 7, it is
naively expected to be highly unstable away from the dual-
unitary point. The number of multichains and hence the
degeneracy of this eigenspace scales combinatorially with
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t and k [78]. Away from dual unitarity, this degeneracy is
broken and numerical investigations show that the spatial
transfer matrix has a unique leading eigenstate with eigen-
value one. From first-order perturbation theory we hence
expect corrections arising from all states in this space. This
observation would be consistent with the general insta-
bility of solvable (e.g., integrable) dynamics away from
solvable points.

Remarkably, the influence matrix is in fact perturba-
tively stable when moving away from dual unitarity.
Similar in spirit to degenerate perturbation theory, the
effect of small dual-unitarity-breaking perturbations can
be taken into account by projecting the spatial transfer
matrix 7 into the eigenspace at the dual-unitary point and
diagonalizing this projected (non-dual-unitary) transfer
matrix P7P. In Appendix A, we analytically show that
the spatial transfer matrix 7 for gemeric unitary gates
projected into the space of multichains retains the exact
influence matrix |Z) as (generically unique) eigenstate
with eigenvalue one:

PTPII)=PT|I)=|I). (53)

where P is the projector on the multichain states, i.e., the
eigenstates with eigenvalue one at the dual-unitary point.
This observation is a direct consequence of Eq. (50) as
(6|P = (6] and P|T) = |Z). The influence matrix hence
only receives corrections from non-multichain states,
which are suppressed by the gap of 7. For gates in the
bulk close to dual unitarity the k-OTOC is hence still
approximately given by Eq. (7), with corrections sup-
pressed as we approach the dual-unitary point. We illus-
trate this result with further numerics in Appendixes D and
E. For small deviations from dual unitarity and large
system sizes, the OTOC dynamics is visually indistin-
guishable from the dual-unitary result. While the structural
stability of dual-unitary dynamics is in general an open
question [46,68,79-81], this result establishes the stability
of the k-OTOC dynamics in the present model.

V. DISCUSSION AND CONCLUSIONS

We have introduced the boundary scrambling circuit as
a first example of a spatially structured, chaotic, yet
exactly solvable many-body Floquet system in which the
dynamics of higher-order OTOCs can be fully character-
ized. Using this exact solution we can verify predictions
from recent extensions of ETH, fully characterize free
cumulants as the building block of higher-order correla-
tors, and establish asymptotic free independence between
static and dynamic observables. The exact results for the
dynamics additionally allow us to obtain frequency-
resolved expressions for higher-order correlations between
matrix elements. The exact higher-order OTOC dynamics
predicts a characteristic Lorentzian form of correlations
between matrix elements, whose width is set by an easily

accessible property of the gate acting on the boundary. The
presented results are expected to hold asymptotically in
more generic ergodic quantum dynamics. Next to these
results on full ETH, this work presents the first structured
model in which a Markovian influence matrix can be
established on the level of k-OTOCs, following the success
of the influence matrix approach in describing the dynam-
ics of correlation functions of structured models [47-49].

The solvability of this model should be contrasted with
the solvability of dual-unitary brickwork circuits (as
recently reviewed in Ref. [56]). Dual unitarity has served
as a testbed for notions of quantum chaos, e.g., through
spectral statistics and emergent designs, but results on
(higher-order) OTOC:S typically require a scaling limit and
no exact results are available for their full dynamics.
Boundary scrambling, conversely, allows for a complete
characterization of k-OTOCs by effectively inducing a
separation of time scales between the boundary dynamics
and the bulk dynamics, where in each time step the bulk
globally scrambles quantum information. It is expected
that most of the exact results for dual-unitary brickwork
circuits can be extended to the boundary scrambling
geometry, where it would be interesting to contrast free-
ness with different probes of quantum chaos. A similar
question was raised in Ref. [82], which introduced a model
based on linear feedback shift registers that provably
satisfied ETH. A recent study of random matrix product
unitaries additionally indicated how freeness needs to be
distinguished from the formation of unitary designs as an
indicator of quantum chaos [45], and proposed freeness as
an operational benchmark in quantum devices. Boundary
scrambling here presents a structured model which repro-
duces the mathematical structure of random matrix prod-
uct unitaries, and can also be directly implemented in
current digital quantum simulation platforms.

Our results can be extended in different directions. This
Markovian influence matrix presents a first step toward
characterizing non-Markovianity in higher-order quantum
memory. Non-Markovianity can be introduced in a con-
trolled way in the boundary scrambling model by e.g.,
considering smaller system sizes or stronger deviations
from dual unitarity. Furthermore, the presented results can
be extended to more structured subsystems: the influence
matrix approach does not depend on any particular choice
of subsystem. Here it would also be interesting to study
higher-order OTOCs for spatially separated observables,
following Ref. [44], where the application of tools from
free probability can provide further insight into the
structure of information spreading in extended systems.
The introduction of the influence matrix also effectively
modifies the unitary circuit dynamics to non-unitary
dynamics determined by the (non-Hermitian, non-unitary)
generator of the dynamical semigroup. Such a move is
reminiscent of recent research on Ruelle-Pollicott reso-
nances [83-90], suggesting the influence matrix approach
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as a general probe of (higher-order) Ruelle-Pollicott
resonances. To conclude, we expect that similar techniques
can be applied for obtaining the exact dynamics of other
multi-replica observables, i.e., nonlinear functions of local
observables or states as well as spectral fluctuations and
eigenstate correlations.
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APPENDIXES

In Appendix A we prove that the boundary scrambler
returns the random-circuit influence matrix at arbitrary
orders of the k-OTOC and that it is stable when perturbing
away from dual unitarity. Appendix B illustrates this proof
with explicit examples and relevant derivations for the
2-OTOC. Details of the numerics are provided in
Appendix C. In Appendix D we provide further details
on the stability away from dual unitarity with some further
numerical results. Finally, in Appendix E we expand on
how the system approaches the thermodynamic limit and
compare the analytical predictions with additional
numerics.

‘O’) = é) with (i17i/17i27i/2"'

These states correspond to folded versions of permuta-
tion operators, permuting k Hilbert spaces according to the
permutation o. The overlap between two such permutation
states is given by

(v]o) = =d¥ el
@

with |v~!6| the numbers of cycles in v~!'6. This number of
cycles defines a metric on the space of permutations,
where the distance £ between v, €NC(k) is defined
as £(v,0) =k — v 10|

The noncrossing permutations support an ordering,

where 6; C o; if all cycles of o; are contained in the

(A2)

. i _ U
-Zka\U)—H(Si_’],iv(‘jw ij, i =1...d.

APPENDIX A: ANALYTICAL DERIVATION
OF THE INFLUENCE MATRIX

In this Appendix, we analytically show that the influ-
ence matrix from the main text presents the projec-
tion of the right boundary on the leading eigenspace of
the transfer matrix when the bulk gates are dual unitary.
For a dual-unitary bulk, in the thermodynamic limit
L — oo we have that the transfer matrix satisfies
lim; ., 757! = P, with P the projection operator onto
the space spanned by multichains, i.e., the leading eigen-
states with unit eigenvalue. The results in this Appendix
establish that the influence matrix from the main text is
obtained by acting with this projection operator on the
right boundary. Away from the dual-unitary limit, we show
that the transfer matrix projected on this leading eigen-
space retains this influence matrix as leading eigenvector.

We first reintroduce the basic concepts and definitions
in order to be self-contained. We then state the main
theorem, with two corollaries returning the results men-
tioned above. In order to prove the main theorem, we first
establish a lemma which combines tensor network manip-
ulations with identities from free probability. This lemma
allows for the local “propagation” of singletons, reminis-
cent of dual-unitary calculations—but applies for generic
choices of unitary gates. We conclude by explicitly
illustrating the main results in the specific case of the
2-0TOC.

1. Basic concepts

We consider states |o) labeled by noncrossing permu-
tations 0 € NC(k), which act on 2k copies of a local
d-dimensional Hilbert space as

k

j=1

|
cycles of ¢;. Note that all noncrossing permutations lie
between the identity and the cyclic permutation, i.e.,
O C o C . The distances satisfy a geodesic condition
£(01,0,) + €(04,03) =€(0,,03) if 6, C o, C o3 With
this ordering, the set of noncrossing permutations forms
a partially ordered set, with a Mobius function u(s;,0;)
defined as satisfying

Z ”(627 63) = 50‘1,637 (A3)

01C0,Co3

where the summation runs over o, with fixed ¢, and o3.
Written out explicitly, the Mobius function reads

043003-12



FREE CUMULANTS IN FULL EIGENSTATE ...

PRX QUANTUM 7, 043003 (2026)

plov) = [ OVCr (A4)

Veslv

where the product runs over the cycles V of 6~ 'v, with
length |V|, and with C,, the Catalan numbers. States
indexed by so-called multichains of noncrossing permu-
tations, i.e., a sequence of noncrossing permutations
6 =0, Co,C - C oy, can be constructed as the direct
product of 27 permutation states,

Ia=M®mm“®m”:éDéWSG§.
(AS)

The projection operator P is defined as the orthogonal
projection onto the space spanned by those multichains.
We will refer to multichains and the states they index
interchangeably. The overlap between two multichains
follows as

J
(5’|u. V) = - ﬁd\%ﬁilaml — ﬁd\azi\—\ﬂzi_1\+k ]
i=1 =1

Definition. The influence matrix for t=7+ 1 times
steps, which we repeat here for convenience, is defined as

D=3 (Hu(aﬁl,agi>d@fwk> 3. (A10)

- i=1

where the summation runs over all multichains of 2z
noncrossing permutations, 6 =6, C 6, C -+ C 0y(,_y)
with ¢; ENC(k), V i. In the dual-unitary case, these
multichains are left and right eigenstates of the spatial
|

Corollary 1. The influence matrix |Z) corresponds to
| U... U) projected on the space of multichains {|V)}.
Denoting this projector as P, we find that

(A13)

27
(@]3) = [ d* . (A6)
i=1

The spatial transfer matrix 7 is defined as

here rotated by 90° for ease of notation. Each of the gates
represents k replicas of the unitary gate U and its complex
conjugate as (U ® U*)®*. The right boundary state can
similarly be represented as

N

T pairs

(A8)

corresponding to a product of Bell pairs in the composite
Hilbert space of k replicas. The overlap of this state with
the multichains can be obtained as

(A9)

[
transfer matrix 7 with unit eigenvalue, 7 |6) = |6) and
(6|7 = (o], as originally established in Ref. [44].

Theorem. The main result in this Appendix is a proof for
the following identity, where 7 is the spatial transfer
matrix for any choice of unitary gates and | U ... U) is the
spatial boundary vector:

@ITIZ)=(|v...v), Vo (A11)

Writing out the matrix elements of the transfer matrix 7,
Eq. (All) reads

1 a i

= ( i1, i)d—k+02i|—|02¢1> o 0= d|u2¢|—|u2i,1|+k-
13 (Moo OO OO=-1I

OO O

(A12)

|

Proof. In the specific case where the constituting gates
are dual unitary, the multichains are right eigenstates of 7,
as directly follows from Ref. [44]. Reference [44] estab-
lished these eigenstates for a similar transfer matrix in
which the gates did not have the alternating orientation of
the spatial transfer matrix of this work, but this difference
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is immaterial for dual-unitary gates. From the left eigen-
value equation, it follows that Eq. (All) implies that
(U|T|Z) = (W|T) = (¥] U ... U). The projected state P U
..U) is uniquely defined as a linear combination of
multichains which satisfies (J|P|U ... U) = (7| U ... U).
Both conditions are satisfied by |Z), the former by
definition and the latter from the previous argument.
|

(WIPTPIT) = (FIT),

directly returning the corollary since both sides have
identical overlaps with all multichains and do not act
outside of the space of multichains.

The proof of the theorem proceeds by grouping together
different terms in the summation leading to the same
matrix element (7|7 |), up to possible prefactors of d, and
showing that they cancel. In the noncancelling terms
unitarity can be used to repeatedly remove unitary gates
|

Z p(o,09) d721717 =R o Q =0

01Co2

V U= PTP|I) = PT|I) = |T).

Note that this final identity is independent of the choice
of gates.

Corollary 2. The influence matrix is an eigenvector of
the transfer matrix for generic unitary gates when pro-
jected into the space of multichains.

Proof. For generic choices of unitary gates, we can
rewrite Eq. (Al1) as

(A14)

[
and simplify this matrix element to a (product of) simple
contraction(s), i.e., loops which each return a factor d,
returning the right-hand side. In order to perform this
grouping, we first establish the following lemma.

Lemma. For a fixed noncrossing partition ¢, and a fixed
noncrossing permutation v; with a singleton (n), i.e., n
forms a cycle of length 1 in v, the following iden-
tity holds:

unless (n) is a singleton in oy.

(A15)

Proof. We first note that if v, has a singleton (n), which is necessarily also a singleton in the identity partition O, then
we can use unitarity in the n-th replica to contract a single unitary gate with its Hermitian conjugate. Consider e.g.,

vy = (1)(23) and n = 1, then unfolding the gate results in

P

(A16)

Note that here the blue gates no longer denote folded/replicated gates but represent a single gate U, whereas the red
gates denote U*. Unitarity can be used to contract the two gates U and U* connected by the singleton. Second, we note that
all permutations o; which are identical after removing n (“tracing out n”’) return the same contraction at the leftmost gate,
up to a possible prefactor of d. We again illustrate this for v; = (1)(23) and n = 1, where o, either (12)(3) or (1)(2)(3)

returns the same contraction:

o1 = (12)(3) :

#’ "

= (1)(2)(3) : #dé. (A17)
g

Note that if n is a singleton in ¢, we obtain a prefactor d from the single loop, whereas if 7 is not a singleton in o, there

is no additional prefactor.
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We now separate the summation over o; in Eq. (A15) in
equivalence classes based on this singleton structure,

where we say that o, %a’l if both are identical after tracing
out n. For permutations within the same equivalence class,
we observe that (i) the operator part of Eq. (AlS) is
identical, and (ii) these have the same prefactor power of d.
The former was established above. For the latter, we note

that if n is a singleton in &, and o, éo’l , where ¢ # o7 such
that n is not a singleton in o}, then |6’ | = |o|| — 1. If (n) is
not a singleton in ¢/ it is necessarily part of a larger cycle,
e.g., if n=1 and oy = (1)(2)(34), then o) is either
(12)(34) or (134)(2). The additional prefactor of d from
Eq. (A17) when n is a singleton in o; hence cancels
with the additional factor of d~! from the additional cycle
in oy in the overall prefactor dlol=le =k guch that all
permutations in the same equivalence class have the same
prefactor.

To conclude the proof of this lemma, we establish the
following crucial identity. Different terms in the summa-
tion in Eq. (A15) can be grouped according to their
equivalence class, and the summation over each class
vanishes identically unless this equivalence class is trivial
and consists of a single partition with n as singleton.
For fixed o, and o,, the summation over all ¢} that are
equivalent to o vanishes unless 7 is a singleton in ¢, and
hence in all permutations in the summation. We have that,
for fixed o, and o,

S u(eh.02) =0

/

1

o
o

unless n is asingletonino,. (A18)

02

= 10

1771

This identity can be proven by using the explicit
parametrization of the Mobius function. The Mobius
function [Eq. (A4)] reads

(123)(4)(56)
M(plv D) =2

The Mobius function factorizes according to the
cycles in the Kreweras complement, illustrated in red,
where cycles of length 1,2,3,4,... contribute a factor
1,—1,2,-5,... It can be observed that these Mobius
functions indeed sum to zero. This example illustrates
the general idea that, if z* has a cycle of length p which
contains (...nn + 1...), which is guaranteed if z has a

uloro) = [ DM'Cy, (A19)

Veal’laz

where V denotes the cycles in 67! 6,, with |V| the length of
the cycle, and C,, denotes the Catalan numbers. If ¢, has a
cycle of length # containing n, then only the factor
involving this cycle will differ across different ¢;’s within
the same equivalence class. We take this cycle to be of
length # and relabel its elements as (12...7) = . We
define 7, as o, restricted to these £ elements, where since
o, C o, this singles out the relevant cycles of ¢; without
“cutting” any cycles.

In the Mobius function, the relevant factor corresponds
to ;7 ') = #}. This partition corresponds to the Kreweras
complement of z;, which is the largest noncrossing
partition that can be constructed on the dual of the
partition. Within the same equivalence class (now of non-
crossing permutations of £ elements), we denote z as the
noncrossing partition that has a singleton n, and use p to
denote the equivalent permutations in which n is not a
singleton. The identity to be proven reduces to

u(z,0) + Z,u(p, 0) =0 unlessnis a singleton in o,.

p=r

(A20)

The proof can be performed by graphically illustrating
how the different p’s can be constructed from 7 on the level
of the Kreweras complement, which directly relates to
the Mobius function. We first illustrate this construction
using a concrete example, choosing £ =6, n =1 and
n=(1)(23)(4)(56). The three corresponding choices
of p are then p; = (123)(4)(56), p, = (14)(23)(56) and
p3 = (156)(23)(4). Nlustrating these permutations and
their Kreweras complement, we find that

(A21)

(14)(23)(56)
M(p% D) =1

(156)(23)(4)
(ps,0) =2

I

singleton n, the Kreweras complement of p can be
obtained by splitting this single cycle in two (noncrossing)
cycles of length r and length p — r. All other cycles in z*
are identical to cycles in p*, such that these can again be
factored out in the summation over Mdbius functions.
Explicitly writing out the relevant factor originating from
this cycle in Eq. (A20) returns
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p—1

p—1
(_l)pilcpf] + Z(—l)rilcrfl X (_l)pirilcpfrfl = (_1)p*1 |:Cpl - Zcrlcprl] =0 if p e 1’ (A22)
r=1

which vanishes by using the recursion relation of the
Catalan numbers [91]. We arrive at the final result:
the summation over Mobius functions vanishes unless the
singletons of v, are also singletons of ¢, and hence of .

This argument can now be extended to relate the
singletons in v,;,_; to the singletons in o,;, which also
correspond to singletons in all underlying permutations
6y C 0, C--- C 0y. Furthermore, rather than using this
|

r=1

|
identity to “propagate” singletons in v,; | from the left, a
similar identity can be applied to “propagate” singletons in
v5; from the right.

Corollary. For a fixed noncrossing permutation v,;_;
with a singleton (n), i.e., n forms a cycle of length 1 in
V5,1, and a fixed noncrossing partition o,;, the following
identity holds:

Z ﬁM(szﬂ,Uzj)d|02j‘_‘02j’1|_k O 00 ----- 00 =0
(@ @)

unless (n) is a singleton in og;, (A23)
c j=1

provided vy C v, C -+ C vy, and where the summation
again runs over multichains. Furthermore, this expression
can be factorized: the nth replica acts as a singleton,
whereas the remaining summation corresponds to Eq. (A23)
for kK — 1 replicas (up to a possible prefactor of d).
Proof. If n is a singleton in v,,_; then the ordering of
noncrossing permutations vy C v, C --- C v,;_; implies
that n is also a singleton in these permutations. Further-
more, using the previous lemma, it follows that ¢, and o,
share this singleton. Using this singleton structure, we can
repeatedly use unitarity to contract the corresponding
unitaries in the nth replica, which introduces a singleton

Y T lonjm1,005) dioei=lozri=

G j=t

provided v,;_; C v5; C - -+ C vy, and where the summation
again runs over multichains. The resulting expression
again factorizes, where the two replicas connected by this
singleton factorize out.

Proof. This identity follows directly from the previous
one by relabeling the different replicas in such a way that
the cyclic permutation gets mapped to the identity permu-
tation. This relabeling corresponds to taking the Kreweras
complement, which reverses the ordering of the non-
crossing permutations.

along the “horizontal” direction. Such a singleton again
introduces equivalence classes, and we can repeat the
previous argument iteratively. The factorization directly
follows from using unitarity in the nth replica, noting that
removing the singleton (n) from all cycles returns the
corresponding expression for k — 1 replicas, where the
additional prefactor of d can arise from the overlap
between this singleton and v5;.

Corollary. For a fixed noncrossing permutation v,; with
a singleton (n) in its complement v};, i.e., v; has a cycle
containing (...nn+ 1...), and a fixed noncrossing parti-
tion o,;_;, the following identity holds:

OO
) @

unless (n) is a singleton in 03, 4,

(A24)

Given this lemma and the resulting corollaries, we are
now in a position to prove Eq. (A12) and hence the main
theorem of this section.

Proof of the theorem. We use that any partition ¢ either
has a singleton or its complement ¢* has a singleton. Using
the lemma and its corollaries, and restricting the summa-
tion to be nonvanishing, this lemma can be applied at least
once for every noncrossing partition v;, either from the left
or the right. Applying this lemma once effectively removes
a single unitary and its hermitian conjugate from the
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replicas at each step, replacing them by a contraction. The
resulting expression corresponds to a summation of the
form of Eq. (A12), but now on k—1 replicas, with a
possible prefactor depending on the Hilbert space dimen-
sion, and we can repeatedly use this argument to remove
layers of unitaries, such that this expression evaluates to a

l

product of loop contractions. While this factor can in
principle be obtained by keeping track of all contractions, it
can also be obtained by observing that the final expression
no longer depends on the choice of unitaries. As such, we
can e.g., choose all gates to be equal to the identity to obtain
this value. In this case the tensor network evaluates to

o ' _.. . 0 — ﬁd\az‘ilogiﬂ\ « ﬁd\u;il,luzil _ dﬁdIUzi—ll_‘UziH‘k « ﬁdll/zi‘_‘l’2i—ll+k’ (A25)
i=0 i=1 i=1 =1
&

where we have formally identified 6y = o and 05,1 = [J
and used |J| = 1. Plugging this expression in Eq. (A12),
we only need to perform the summation over Mdbius
functions to return the presented result.

To conclude, we briefly discuss one subtlety. The spatial
transfer matrix 7 is necessarily contracting, i.e., all its
eigenvalues lie either on or inside the unit circle [67].
Furthermore, it follows from the presented proof that
(Z|T|T) = (Z|T), since the influence matrix acts within
the space of multichains and is an eigenstate when
projecting 7 in this space. If 7 was Hermitian, the
combination of these arguments would suffice to establish
|Z) as an exact eigenstate of the transfer matrix for any
choice of unitary gates: the equality (Z|71Z) = (Z|Z)
could only be satisfied if 7|Z) = |Z). Any term in 7 |Z)
that is orthogonal to |Z) would increase the norm,
contradicting the fact that 7 is contracting and hence
its operator norm is upper bounded by 1. However, in the
non-Hermitian case the matrix 7 can be contracting
without having operator norm 1, such that the previous
argument does not apply. A numerical investigation indeed
indicates that, away from the dual-unitary point, this
transfer matrix has a unique leading eigenvalue 1 and all
other eigenvalues lie inside the unit circle, but it generi-
cally has singular values outside the unit circle. We
highlight this subtlety since otherwise our perturbative
calculation would have established that |Z) is an exact
eigenvector with unit eigenvalue for generic 7. While this
is true at the dual-unitary point, it only holds approx-
imately away from this limit.

APPENDIX B: EXPLICIT RESULTS
FOR THE 2-OTOC

Having obtained a proof of Eq. (All) for general
choices of k, we now illustrate this result for k = 2. In
this case there are two permutations, the identity O and the
cyclic permutation, i.e., the swap [, and the multichains
correspond to domain wall states, switching from O to [1.
These states have been extensively analyzed in the

[

literature and can be explicitly orthonormalized to obtain
the projector on this space [63,67,68].

1. Influence matrix

For k = 2, the multichains |6) are domain walls between
the identity and swap permutation. In contrast to the main
text, in this section, we use normalized domain wall states
for convenience

o---o). (B1)

The influence matrix consists of a linear combination of
these states. For these permutations, the only nontrivial
value the Mobius function can take is given by
u(o,0) = —1. The random matrix influence matrix is
hence given by

T 1 7—1
)= [2¢.2i) - EZ |27,2i +1).  (B2)
i=0 i=0

We can first check that this state corresponds to the right
boundary projected on the space of multichains, i.e., that
the influence matrix satisfies (27, j|Z) = (27, j| U ... U).
The overlap of these multichains with the right boundary
state can be directly calculated as

1, jeven,

(21,]|u...u):{%, Jodd.

(B3)

Next we compute the overlaps of |Z) with individual
multichains. As a warmup, we begin with the uniform state
|27,0), for which
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T

I)=) (2,

i=0

(

—1 7 7—1
) 1 1 1
:EO 27,0‘27,21—’-1):14- izglﬁ—giioﬁ:l. (B4)

& |

The latter two terms cancel exactly, giving the expected result. For general even j we split the sums into parts i < j
and i > j,

j/2—1 1 T 1 1j/2—1
(277 ]|Z) = Z d] 2i + 1 + Z dZi—j d ] 2i—1 d Z d2l+1—] . (BS)
i=0 i=j/2+1 i=j/2

The first sum cancels with the third and the second sum cancels with the fourth, such that the only remaining term
returns the expected result ( ) = 1. For odd j we similarly find that

(ji)/z : Z : by 1 i 1 :
( ) —2i i—j —2i-1 2itl—j - (B6)
= dl- d —iD /2+1d / d d/ (j+1)/2d Jod

The summations again cancel, such that only ( ) = 1/d remains. These calculations reproduce the expected
overlaps from Eq. (B3), confirming that the random matrix influence matrix returns the correct influence matrix for the
boundary scrambler when k = 2.

2. Perturbative stability

Next, we verify that this influence matrix is an eigenstate with unit eigenvalue of the transfer matrix projected in the
space of multichains. For this we explicitly compute (27, j|7 |Z). The calculation proceeds in a manner analogous to the
calculation of ( T), but because of the involved gates no longer being dual unitary, the individual terms cannot be
reduced to mere powers of 1/d anymore. Instead, they are of the form

(B7)

T g2t ’

which depend on the details of the chosen gate and can generally not be further simplified. For convenience, we define
By = 1. In order to arrive at these quantities, we note that unitarity can be used to simplify the expression for the matrix
elements from either the left and the right. Unitarity results in the graphical identities

R NIRRT
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Using these identities, the matrix elements can be simplified as, e.g.,

= (B10)
For general choices of i and j, these simplifications can be used to evaluate the matrix elements as
aP2j-2i-1» Js B,. .. . .
(27,2j|T |22, 2i) = 1, i=j.  (2n2j|TRe2i+1) = { S iif (Blla)
1B iy, 1>, SR o
2B o, i<, By pis 1<,
27,2j + 1|7T]27,2i) = L i=j+1, 20,2j + 1|T27,2i + 1) = 1, i=], (B11b)
d
%BZi—Zjv i > .] + 19 BZi*Qj’ 1> ]

Using these matrix elements, we can now evaluate the action of the projected transfer matrix on the influence matrix.
While individual terms are more complicated, the previously observed cancellation between the even and odd domain wall
states still persists, and can be used to establish Eq. (A11). For domain walls on even bonds j, we have

j/2—1
Bj 51

17/2]

. ~ By
(20, j|IT|Z) = Z + 1+ Z le—g Z j=2i-1 — Z Byii—j =1, (B12)
i=0 i=j/2+1 i=0 l =j/2
and on odd bonds
(j_1>/2B 2i] 1 B2‘, i 1 (j_l)/z
(27, j|TIT) = Z Jd +d+ TJ—& Z Bj i1 — Z Bzz+1 - = (B13)
i=0 =(j+1)/2+1 i=0 =(j+1)/

Taken together, we find that (27, j|7|Z) = (
returning the expected eigenvalue equation in the space of
multichains.

3. Generator of the dynamical semigroup

In the following we present an alternative derivation of
the dynamics of the 2-OTOC [Eq. (35)] based on the
Jordan decomposition of the matrix G by evaluating
Eq. (32) explicitly. This derivation also helps to clarify
how the resulting expression needs to be modified when
considering the late-time dynamics of generic operators
(rather than eigenoperators).

We first note that, due to its upper triangular block
structure, the spectrum of G follows from the spectra of the
diagonal channels M, , and M. Following the argu-
ments in the main text, the spectra of those channels can in
turn be obtained from the spectrum of the quantum channel
M [Eq. (34)]. More precisely, denoting the eigenvalues of
Mby Ay = 1,44, ..., 4,2_,, the eigenvalues of the channels
M, , and M are the products 4;4;. Consequently, those
are also the eigenvalues of G, which have algebraic
multiplicity two due to the two diagonal blocks. For i # j
or i = j = 0 these also have geometric multiplicity two,
whereas otherwise they have geometric multiplicity one,

leading to a two-dimensional Jordan block for eigenvalues
of the form A?. As argued in Ref. [46], these govern the
late-time dynamics of generic 2-OTOC:s.

To obtain an explicit expression for the 2-OTOC we
again focus on a and b being right and left eigenvectors
of M for eigenvalue A with tr(ab) = d. We denote the
corresponding left and right eigenvectors of M., with
eigenvalue 1> by (b,|=(O|(h®1,® b®1,) and
la,)=(a® 1y ® a ® 1y)|O), respectively, noting that
|a, ) corresponds to |¢) in the main text. The normalization
is chosen such that (b,|a,) = [tr(ab)]* = d*. Similarly,
we denote the left and right eigenvectors of Mpq with
eigenvalue 4> by (by| = (a|(b ® 1, ® b ® 1;) and |a,) =
(a ® 1) ® a ® 1j)|o), respectively, such that (b| corre-
sponds to (m| in the main text. The normalization is
such that (bglag) = tr(ab)? = d?, whereas (bgla,) =
(aglb,)tr(abab).

We now consider the corresponding Jordan block of G,
which can be parametrized as

Jp = 2[|Ro)(Ly| + [R)(Lo)] + |Ro) (Lo (B14)

with |R() and (Lg| right and left eigenvectors satisfying
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(G—21)|Ry) =0 and (Lo|(G—21) =0, (BI5)

and |R;) and (L, | the corresponding generalized right and
left eigenvectors satisfying

(Ly|(G = 2°1) = (Lol-
(B16)

(G—21)|R,) = |R;) and

The above states are subject to the biorthonormalization
condition (L;|R;) =1 — 6, i.e., left and right eigenvec-
tors are orthogonal and so are their generalized counter-
parts. The biorthonormality between these (generalized)
eigenvectors yields the powers of the Jordan block as

Tt = 2 [|Ro)(Ly| + |Ry)(Lo)] + 12207V |Rg) (Lo|. (B17)

The eigenstates follow directly from the eigenoperators
of the diagonal channels, i.e., Moo|an) = A*|ag) and
(b,|M, ., = 2*(b.|, yielding eigenstates of G as

IRy) = (“”'5”) and (Lo| = (0.5, (b.|/d*). (B1S)

where the first and second entries correspond to the [ and
O blocks, respectively. Here, aq and f, are nonzero
complex numbers to be determined. Writing out the
generalized eigenvalue Eq. (B16) fixes the O component
of |R) to be a right eigenvector of M, , with eigenvalue
A2, as given by a., |a,) (again with a prefactor a, to be
determined). Similarly, the [J component of (L, | is forced
to be a left eigenvector i (bg| of Mg for some complex
number f, and we write an ansatz for the generalized

|

1= (L1|R0) = anﬁn(bn|a|:|) = auﬁndz and

fixing a, 8, = d* and a8 = 1/d*. Orthogonality is auto-
matically fulfilled for the eigenvectors, since (Ry|Lgy) = 0,
and for the generalized eigenvectors we find that
0= (L{|Ry) = Pu(bs|r) +a.(li]a.). (B25)
Formally, |r;) and (/| can be obtained through pseudo-
inversion, fixing (bp|r;) = (l;]a,) =0. The relations
above are now sufficient to compute the 2-OTOC between
|

(V/b|R0) = an(bn‘an)/dZ = Qg,

(Lolwa) = B (b.]a.)/d* = B..

eigenvectors as

(L), (B19)

ko= (1)) and (2= utos

with a priori unknown vectors |r) and (/;|. The gener-
alized eigenvalue Eq. (B16) translates to conditions on |ry)
and (/,|, respectively, reading

(MDD - j'21>|rl) + a, (Mno - Mnn/d)|ao) = aD|aD)1
(B20)

(ll‘(Moo _/121) +ﬁD<bD|(MDO _Mnn/d) :ﬁo (bo /d4

(B21)

The above constitutes an underdetermined linear system
for each |r;) and (/;| with either none or infinitely many
solutions, depending on the choice of a, and f. In order
to obtain a solution, the latter can be fixed by projecting
the above equations onto (bg| and |a.). Using that
(bg|Mpg = 22(bg| and M, ,|a,) = 4*|a,), we obtain

@, (bol (Mo, = Mug/d)[a.) = an(bola) = dat,
(B22)

Po(bo| (Moo = Meo/d)|a,) = p.(b.la.)/d* = B./d.
(B23)

The above fixes the ratios ag/a, and fg/f.. Further
constraints arise from the biorthonormality conditions for
the mixed terms, which read

1= (Lo|R)) = a.p.(b.|a.)/d* = a.p./d (B24)

[

a and b from Eq. (B17). The overlaps of the (generalized)
eigenstates with the boundary vectors,

With these overlaps, we recover the result from the main text:

Ca(1) = (WulVislwa) = P agfodtr(abab) + agf, 127071 = 22tr(abab)/d + 1220~ (bo|(Ma. = Mes/d)a.).

dla,
wl = (Gal/a,0) and ) = ((4°°)). B2s)
d*la.)
can be straightforwardly calculated as
(Ws|R1) = (bol|r1)/d* =0, (B27)
(Lilwa) = dpa(bola.) + d*(L]a,) = dpstr(abab). (B28)
(B29)
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For general initial operators only the overlaps need to be
modified, indicating that the overall form of the 2-OTOC
will still apply albeit with modified prefactors.

4. Frequency-resolved cumulants

To conclude this section, we discuss the details for

approach of Ref. [52]. For our choice of a Hermitian
gate U one has Cy(t) = C;(—t) and similar for the free
cumulants. Hence, we simply need to compute the dis-
crete-time Fourier transform (DTFT) of A’ and tA!. For
convenience, we introduce the decay rate y and assume A
positive (as in the main text), such that ' = ¢/, which

the frequency-resolved cumulants, where we follow the corresponds to y = —In |4 > 0. We thus have
|
N i . ' - 1 1 sinhy
—rliltior — 1 —(y+io)t —(y—iw)r] — ' 1= = J(l) B30
t=z—oo ‘ i z:zl[e e ] l—e77i@ | —erti® coshy —cosw 7 (@), (B30)

which corresponds to the expression of the main text. This result hence describes the two-point correlation function in the
frequency domain. We can similarly compute the DTFT of 1A’ = te™"" by taking the derivative of the result above, using
that —dy(e’y"‘) = |t]e™", to find

sinhy ) _ cos(w)cosh(y) =1 _ (3 (B31)

tle—rhiltior — = _ _, ’
t;o rle dy <c0shy —cosw [cos(w) —cosh(y)]? 7 (o)

for the second contribution, which has a large negative peak at @ = 0 and two smaller neighboring peaks at intermediate
frequencies. For the terms A* and tA%* appearing in the analytical expression for the 2-OTOC, we simply substitute y — 2y
in Egs. (B30) and (B31).

APPENDIX C: DETAILS ON THE NUMERICAL IMPLEMENTATION

1. Choice of unitary

For the numerics of Fig. 2, we choose the unitary U as

0.7214 0.3618 — 0.0674i  —0.4365 — 0.1884i  0.2964 + 0.1740i
U— 0.3618 4 0.06741 0.5139 0.5213 4-0.35011  —0.3428 — 0.2977i 1)
—0.4365 +0.1884i  0.5213 — 0.35011i 0.1888 0.5821 +0.07231 |-
0.2964 — 0.17401  —0.3428 4-0.29771  0.5821 — 0.0723i 0.5759

This unitary, while randomly generated, has two properties that help to simplify the presented numerics. First, it is
Hermitian, such that the left and right eigenoperators of the quantum channel M are identical (Hermitian, traceless)
operators. For this reason, we can obtain exact results for higher-order correlations between matrix elements of a single
operator. The corresponding advantage of having equal left and right eigenoperators is the fact that the k-OTOCs are
symmetric in time, i.e., Ci(t) = C;(—t), which allows us to compare the frequency-resolved cumulants under Eq. (13)
with the exact results. Second, the quantum channel M acts as a projector on this eigenoperator: it only has a single
nontrivial eigenvalue A = 0.9, where fixing 4 close to 1 results in slower OTOC dynamics and hence a clearer signal for
longer times. In a similar spirit, the unitary we use for the qutrit system in Fig. 3(b) is:

0.66 —0.08-0.56i —0.07+0.23i —0.20—0.11: —0.04 0.01-0.36i
—0.08 + 0.56i -0.27 024 —-0.14i —0.06+0.32i 0.40-+0.31i —0.23-0.34i
U . — —0.07-0.23;  0.24 + 0.14: 0.48 0.11-0.32i 0.38 —0.31i 0.16-0.50i
e 1 —0.204+0.11i  —0.06-0.32i  0.11 +0.32i 0.75 —0.24 —0.10i —0.29 —0.08i
—0.04 040-0.317 038+0.31i —0.24+0.10¢ 0.31 —0.26 4 0.52i
0.01 +0.36i —0.23+034i 0.16+0.50i —0.29+0.08; —0.26-0.52i 0.07

(C2)

043003-21



FRITZSCH, ALVES, RAMPP, and CLAEYS

PRX QUANTUM 7, 043003 (2026)

2. Dual-unitary qubit gates

Here we introduce the parametrization we use to imple-
ment the dual-unitary gates V in the effective bath, as
discussed in Sec. II. For convenience, we make use of the
Cartan decomposition for two-qubit gates [92-94], where
we have:

(er ® v ) —it(XQ@X+YQY+J, ZQZ) (

u, @ u_). (C3)

The operators X,Y,Z are the usual Pauli matrices,
ur, vy €SU(2) are local single-qubit gates, J, €R
is the anisotropy parameter and 7 is the Trotter step,

|

ZA,JBJ,(SZ” w0 — ;;),
I#J

where 627 (w) =

ky(@) = =

returning a dual-unitary gate at ¢ = x/4 [54]. For 1 =0
the gate is purely local and generates no entanglement.
In our numerics, J; is chosen randomly in the interval
J.€[0,1), the single-qubit gates are randomly gener-
ated, and the Trotter step is 7 = z/4 throughout the main
text.

3. Frequency-resolved ETH cumulants

For completeness, we also discuss some subtleties in the
implementation and calculation of ETH cumulants in the
frequency domain. These are defined as

Z AijBjAyB; 67 (0 — w;; — ),

(C4)
D St

> %« 6(w + 27n) denotes the Dirac comb. For numerical purposes these are implemented in terms of

a smoothed Gaussian, where we numerically replace the Dirac deltas by smoothed Gaussians &, (@) with mean zero and
variance 1/v, which corresponds to a sharply peaked Gaussian at zero for sufficiently large v. In our numerics, it suffices to
choose v = 20. Note that in the definition of cumulants for multi-time correlation functions the frequency-resolved

cumulants can also be defined as [26]:

ky(wy, @)
i#j#k#]

which only returns the above free cumulant after a
convolution.

APPENDIX D: NUMERICAL ANALYSIS OF THE
PERTURBATIVE STABILITY

This section provides a numerical complement to
Appendix B and the discussion on perturbative stability
therein. In Fig. 4 we numerically investigate the perturba-
tive stability of the influence matrix. For that purpose, we
parametrize the unitaries in the bath through the Trotter
step 7, per Eq. (C3). At 7 = /4 the gates are dual unitary,
with deviations from this value quantifying the deviation
from dual unitarity. We denote the numerical and analyti-
cal values for the 2-OTOC as ¢, () and C, (1), respectively.
Once the Trotter step is chosen, the bath (zig-zag circuit V)
is constructed with random and independent unitaries with
fixed 7, as depicted by the blue unitaries in the bulk in
Fig. 1. The (green) unitary U at the boundary, which
determines the quantum channel (34) and the 2-OTOC (35)
is also fixed and chosen to be the same as the one in the
main text. In order to remove the dependence on the
specific choice of circuit, we additionally average over
different realizations of the circuit. The analytical pre-
diction C,(¢) for the dual-unitary point as shown in Fig. 4
is thus the same as the one in the main text and is depicted
with the gray dotted line. For the time interval we consider,
the DU bath has excellent agreement with the analytical

2r
Z Al,B,kAszzl5( w 1—wij)5£ (@, — oy),

(C5)

|

prediction, even at finite system size. Tuning away from
the dual-unitary point, the OTOC is visually indistinguish-
able from the exact result even at Trotter step 7 = /5,
which is non-dual-unitary. Only at 7 = z/6 do we start to
see some small deviations, especially at longer times. The
further away from the dual-unitary points, the more the
dynamics deviate from the analytical prediction, but
importantly it does so in a smooth manner.

We also introduce two quantities as helpful metrics.
First, we consider the relative deviation of a numerical
finite-size realization, given by: E[|¢,(7)/Cy(1) — 1],
where E[*] denotes the ensemble average over different
realizations. These are shown in Fig. 4 [Inset (a)], and
qualitatively they follow the behavior we described in the
previous paragraph. The small peak at ¢ ~ 5 occurs due to
the sign-change of the 2-OTOC, where the correlations at
that point are close to zero. We can see that the relative
deviation increases with time, as finite-size effects become
starker.

Similarly, we also investigate fluctuations through the
corresponding (relative) variance var ¢,(z)/C,(t) for the
finite-size correlations. Analogously to the correlations
themselves, the fluctuations [Inset (b)] are minimal at or
near the dual-unitary point (r = z/4 and t = x/5), and
they become more apparent as we move further away from
dual unitarity. Overall, the fluctuations follow the same
qualitative behavior as the relative difference of the
correlations seen in Fig. 4 [Inset (a)].
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FIG. 4. Comparison of numerical realizations ¢,(#) of the (absolute value of the) 2-OTOC with the analytical prediction C,(¢)
[Eq. (35)] when moving away from dual unitarity. Note the log scale in the plot. We follow the parametrization from Eq. (C3), with
decreasing Trotter step, ranging from 7 = z/4 (dual-unitary point, dark purple star markers) up to /10 for generic unitary gates
(square markers). In the insets (a) and (b), respectively, we also plot the average relative deviation and variance of the numerical
realizations as a function of time. Simulations were performed for circuit size L = 10 and averaged over 400 independent realizations.

Further numerical details are described in Appendix C.

APPENDIX E: APPROACH TO THE
THERMODYNAMIC LIMIT

In this section we perform numerical investigations on
the approach to the thermodynamic limit and the depend-
ence on the choice of dual-unitary gates, i.e., on the
typicality of a finite-size realization. The numerics explic-
itly show an exponential convergence scaling as 1/D
toward the thermodynamic limit, with fluctuations over
different realizations suppressed as 1/D?, as we show in
Fig. 5. In Fig. 5(a) we compare the numerics of the
2-OTOC ¢,(t) with the analytical prediction (red dashed
line). This is shown in more detail through the average
relative deviation in the inset, as defined in Appendix D.
For bath size L =7 we already observe very good

1071<

agreement with the analytics up to ¢~ 35. Similarly, in
panel (b) we see a very similar behavior for the fluctua-
tions. By increasing the bath size, we observe both an
exponential suppression of fluctuations and also expo-
nentially smaller deviations for the analytical prediction
at the thermodynamic limit. In the same spirit, deviations
and fluctuations become larger for longer times. Never-
theless, fluctuations display a certain stability for inter-
mediate times, and start to increase only after a certain
threshold. This is especially clear for Lz = 7 in Fig. 5(b),
where the relative variance is constant up to ¢ < 25. Taken
together, these results indicate that the numerical results
approach the analytical result for the thermodynamic
exponentially, with only a weak dependence on the choice
of realization.

Bath size L (b
4
—— 5
—— 6
—— 7
—— 3
—— 9
N asstt®t
20 40

Time ¢

FIG. 5.

Numerical analysis for typicality of a finite-size realization in the boundary scrambler. (a) Numerical 2-OTOC (square

markers) as a function of time for different values of L. Darker colors indicate larger sizes. We compare the numerics with the analytics
plotted with the red dashed line for comparison. We plot the corresponding relative deviation on the inset. We can see that in general the
accuracy exponentially improves with the bath size. Conversely, it decreases for larger times. (b) We analyze the fluctuations as a
function of time and bath size. The behavior is analogous to the relative deviations, indicating concentration for larger bath dimension
and shorter times. Simulations were performed over 2000, 1500, 1500, 1000, 1000, 500 realizations for L = 4,5,6,7,8,9.
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