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We propose a decoder for quantum low-density parity-check (LDPC) codes based on a beam search
heuristic guided by belief propagation (BP). Our beam search decoder applies to all quantum LDPC codes
and achieves different speed-accuracy tradeoffs by tuning its parameters such as the beam width.
We perform numerical simulations under circuit level noise for the ½½144; 12; 12�� bivariate bicycle (BB)
code at noise rate p ¼ 10−3 to estimate the logical error rate and the 99.9 percentile runtime and we
compare with the BP-OSD decoder which has been the default quantum LDPC decoder for the past six
years. A variant of our beam search decoder with a beam width of 64 achieves a 17× reduction in logical
error rate. With a beam width of 8, we reach the same logical error rate as BP-OSD with a 26.2× reduction
in the 99.9 percentile runtime. We identify the beam search decoder with beam width of 32 as a promising
candidate for trapped ion architectures because it achieves a 5.6× reduction in logical error rate with a
99.9 percentile runtime per syndrome extraction round below 1 ms at p ¼ 5 × 10−4. Remarkably, this is
achieved in software on a single core, without any parallelization or specialized hardware (FPGA, ASIC),
suggesting one might only need three 32-core CPUs to decode a trapped ion quantum computer with 1000
logical qubits.
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I. INTRODUCTION

Classical low-density parity-check (LDPC) codes [1–3]
are widely adopted in classical information processing
(WiFi, 5 G mobile, and flash memory). One of the main
reasons for the success of LDPC codes is that they come
with a fast and accurate decoder, the so-called belief
propagation (BP) decoder [4].
The generalization of LDPC codes to the quantum

setting was originally proposed by Mackay et al. [5].
Later several more efficient constructions of quantum
LDPC codes were introduced, such as hypergraph product
(HGP) codes [6], two-block codes [7], balanced product
codes [8], and the recently discovered asymptotically good
quantum LDPC codes [9,10]. Moreover, circuit level
simulations proved that several instances of quantum
LDPC codes outperform surface codes such as hyperbolic
codes [11], bivariate bicycle (BB) codes [12] or their BB5
variant [13], radial code [14], or HGP codes [15,16].
Precisely, they achieve the same logical error rate as
surface codes with a substantially smaller qubit overhead.
However, to make quantum LDPC codes practical, a fast

and accurate decoder is needed. BP is fast but it does not

perform well in general when applied to quantum LDPC
codes. The first issue comes from the definition of the
decoding problem. In the classical case, BP is designed
to estimate the marginal error probability of each bit.
However, the concept of marginal error probability for a
single qubit in a stabilizer code is not well defined. Since
any error is equivalent to its product with a stabilizer, an
error acting non-trivially on a specific qubit is equivalent
to another error that acts trivially on that same qubit [17].
The second issue is that BP often fails to converge to a
valid correction. To explain this problem, recall that BP
works as a message-passing algorithm, sending data
through the edges of the graph representing the code,
which we call the Tanner graph [18]. For BP to be accurate,
the code must be designed in such a way that its Tanner
graph is cycle-free, so that a message sent from a node
cannot loop back to its sender, avoiding risks of incon-
sistencies. For a non-trivial code, it is impossible to
remove all cycles but removing short cycles is enough
to ensure a high accuracy for BP [19]. Unfortunately, the
structure of quantum LDPC codes makes short cycles
unavoidable [5]. As a result, some marginal probabilities
oscillate and BP either fails to converge, reducing its
accuracy, or BP converges slowly, reducing its speed.
The BP-OSD decoder, proposed in 2019 by Panteleev

and Kalachev [20] and improved in Refs. [21,22], has been
the default decoder for quantum LDPC code simulations
over the past six years. It is far more accurate than BP,
achieving logical error rates orders of magnitude better.
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However, it is too slow for practical applications because it
relies on a matrix inversion implemented in cubic com-
plexity by Gaussian elimination. This matrix inversion is
also the bottleneck when adapting the union find decoder
to quantum LDPC codes [23].
The ambiguity clustering decoder [24] and the BP-LSD

decoder [25] eliminate the BP-OSD bottleneck by parti-
tioning the matrix inversion into sub-problems that can be
resolved independently, effectively reducing the average
runtime, but these approaches do not improve the accuracy
of BP-OSD. Moreover, the worst-case runtime of these
decoders remains superlinear, which impacts the tail of the
runtime distribution. For example, in Fig. 9 of [25], we see
that the tail of the runtime distribution of BP-LSD reaches
runtimes that are two orders of magnitude larger than the
average. To avoid this issue, which could lead to a large
qubit and time overhead for fault-tolerant quantum com-
putation [26,27], we track both the average runtime and the
99.9 percentile runtime of our decoder.
Another strategy to improve BP for quantum LDPC

codes is to modify the message-passing procedure by
adding or removing constraints in order to suppress the
impact of short cycles and the marginal oscillations. Recall
that BP sends messages back and forth between error nodes,
representing potential error sources, and detector nodes
associated with syndrome measurement results. Poulin
and Chung proposed to freeze the value of an error node
neighboring an unsatisfied detector node in the Tanner
graph [28]. Stabilizer inactivation (SI) removes the value of
the least reliable stabilizer node [29]. Guided decimation
(BP-GD) fixes the value of the most reliable qubit node
[30,31]. Guided decimation is combined with backtracking
in the decision-tree decoder of [32]. The ordered Tanner
forest post-processing (BP-OTF) is executed in a cycle-free
subgraph of the Tanner graph [33]. BP-Relay introduces a
memory in BP [34]. Remarkably, SI, BP-GD, the decision-
tree decoder and BP-Relay achieve a better accuracy than
BP-OSD for the ½½144; 12; 12�� BB code with circuit level
noise. The runtime distribution tail was not analyzed in
these papers. When implemented on FPGA, the runtime of
BP Relay seems promising for applications to supercon-
ducting qubits but the introduction of a long-term memory
makes it inherently sequential which might lead to a long
runtime tail at the software level [35].
Different parallel variants of BP were proposed. The

automorphism-based decoder of [36] runs BP in parallel
over many inputs obtained by applying an automorphism
of the code. The parallel BP decoder of [37] generates
several initial configurations by flipping some of the most
oscillating qubits and runs BP in parallel for all these
initial configurations. These decoders are embarrassingly
parallel but they do not significantly improve the accuracy
of BP-OSD at the circuit level.
Optimization algorithms have also been used to design

decoders for quantum LDPC codes. The decision-tree

decoder of [32] explores the tree of all fault configurations
starting from the empty set. Wu et al. treated the decoding
problem as a linear program and solved it together with
its dual to obtain performance guarantees [38]. An integer
programming decoder and a decoder based on A� search
were considered in Ref. [39]. These four decoders can be
useful to probe the optimal performance of small codes but
they are too slow for real-time decoding. A recent branch
and bound decoder might be faster but it was not analyzed
under circuit level noise [40].
In this work, we propose a beam search decoder which

is simultaneously fast, accurate, easy to parallelize, and
flexible. The decoder is parametrized by the beam width
and other parameters. We estimate the performance of our
beam search decoder with numerical simulations for the
½½144; 12; 12�� bivariate bicycle (BB) code under circuit
level noise with noise rate p ¼ 10−3. The simulations are
performed on a 2023 M3 processor on a single core
without any parallelization. Our beam search decoder
achieves a logical error rate that is up to 17× better than
BP-OSD. For a beam width of 8, we achieve the same
logical error rate, a 4.6× reduction of the average runtime
and a 26.2× reduction of the 99.9 percentile runtime
compared with BP-OSD. For a beam width of 32, we
achieve a 5.6× reduction of the logical error rate, a 2.8×
reduction of the average runtime and a 20.4× reduction of
the 99.9 percentile runtime compared with BP-OSD. This
proves that the beam search decoder can be simultaneously
more accurate and faster than BP-OSD.
To examine the practical application of our beam search

decoder in a large-scale fault-tolerant trapped ion quantum
computer, we consider its performance at lower noise rate.
We pick p ¼ 5 × 10−4, which is above the noise rate
achievable in today’s devices [41], and our goal is to
design a high-accuracy decoder whose 99.9 percentile
runtime per syndrome extraction round is under 1 ms,
which is the expected syndrome extraction time on trapped
ion machines. At this noise rate and with the ½½144; 12; 12��
BB code, the beam search decoder with beam width of
32 has an average runtime per syndrome extraction round
of 270 μs and a 99.9 percentile runtime of 940 μs, which is
24 times better than BP-OSD.
Our work proves that a software-level decoder on a

single core, without any parallelization or specialized
hardware (FPGA, ASIC) can simultaneously achieve a
significantly better logical error rate than BP-OSD and a
99.9 percentile runtime below 1 ms. This suggests that one
might only need three 32-core CPUs to decode a trapped
ion quantum computer with 1000 logical qubits. For
comparison, a fault-tolerant quantum computing architec-
ture based on superconducting qubits and surface codes
might need up to 1000 ASICs or FPGA decoders to correct
1000 surface code patches simultaneously.
We further demonstrate the flexibility of our decoder by

performing numerical simulations showing that the beam
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search decoder also outperforms BP-OSD for other BB
codes and for HGP codes [16]. Moreover, it can benefit
from the XYZ-decoding, which utilizes both X and Z
syndrome outcomes simultaneously for decoding [35].
The rest of this paper is organized as follows. Section II

introduces the main ideas of the beam search decoder.
In Sec. III, we present our numerical results, followed by
concluding remarks in Sec. IV. Additionally, Appendix A
reviews the quantum decoding problem and the BP
algorithm, while Appendix B provides a detailed algo-
rithmic description of the beam search decoder.

II. OVERVIEW OF THE BEAM SEARCH
DECODER

This section gives an overview of the beam search
decoder. We first clarify the terminology used in the tree
search. A path represents one partial decoding trajectory,
specified by the error nodes that have already been fixed
and their assigned values. A branch is obtained from a path
by choosing one additional error node and fixing it to
either 0 or 1, producing two child paths. The decoder
maintains a set of active paths, which contains the
candidate partial assignments currently being explored.
After each branching step, this set is pruned so that only
the most reliable paths are kept.
With this terminology, the algorithm is initialized by a

standard BP run. If BP does not converge, the posterior
log-likelihood ratios (LLRs) are used to identify the least
reliable error node. The decoder then creates a single seed
path, in which no error node has yet been fixed, but the least
reliable error node has been selected as the first branching
point. The initial set consists only of this seed path.
The decoder then executes multiple rounds of “masked

BP.” In each round, every path in the set is expanded into
two new branches by constraining the least reliable error
node (identified in the previous round) to 0 and 1,
respectively. This newly constrained node is now consid-
ered “masked,”meaning that it is effectively removed from
the BP calculations. This constraint is added to the path’s
history of masked error nodes. To maintain tractable
complexity, this branching step is followed by a pruning
step: the set is sorted by a reliability score, and only a fixed
number of the most reliable paths are kept. This process
repeats until one of two termination conditions is met:
either a pre-defined number of valid solutions is collected,
or the maximum number of masked BP rounds is reached.
The decoder then returns the minimum-weight solution
it finds. Figure 1 illustrates the workflow of the decoding
algorithm, while Algorithm 1 presents a high-level sketch
for the special case where the decoder terminates upon
finding the first valid solution.
In our decoder, the reliability metric for each error node

is the absolute value of the sum of its posterior LLRs over
all BP iterations in the current round. We use this sum-
based metric rather than the LLR from a single BP iteration

to ensure that oscillating error nodes are correctly iden-
tified as unreliable. The reliability score of a path, which is
used to prune the set, is then calculated by summing these
individual node metrics over all of its associated unmasked
error nodes.
Pseudocode and a detailed description of the beam

search decoder are provided in Appendix B, and the
implementation source code is available on GitHub [42].
Our beam search decoder shares several similarities

with the BP-GDG decoder proposed in Ref. [31]. Both
algorithms, for example, employ multiple rounds of
masked BP and select one error node to fix (or constrain)
in each round. The BP-GDG decoder, in its initial 4
rounds, also branches by exploring both values (0 and 1)
for the selected error node. However, there are three
important differences between our decoder and BP-GDG.
First, our decoder systematically branches in every round,
whereas BP-GDG only branches for the first 4 rounds.
After that, BP-GDG only performs a quick exploration of
immediate side branches of the most likely decoding path.
Second, and most importantly, we introduce a reliability
score to predict a path’s likelihood of success before its
completion. To our knowledge, this is a new approach. In
contrast, standard decoders (including BP-GDG) can only
evaluate a path’s quality after it terminates—either by
finding a valid solution and checking its weight, or by
failing to converge at the maximum iteration limit. This
conventional method must run all paths to completion,
even those that are unlikely to succeed. Our reliability
score enables the decoder to proactively prune the set,
eliminating unpromising paths early and focusing com-
putational effort on more viable candidates, as demon-
strated by our simulation results. Third, the node
selection strategies differ. Our decoder branches on
the least reliable error node (the one with the minimum
absolute summed LLR). In contrast, BP-GDG branches
on the error node most likely to be 1 (the one with the
most negative LLR history).
The beam search decoder has a relatively simple and

uniform structure. In every round, the decoder performs
the same three operations: branch on the least reliable error
node, run masked BP on the resulting paths, and prune the
active set using the path reliability score. This contrasts
with decoders such as BP-GDG, which combine several
stages and branching rules. This uniform structure makes
the algorithm easier to describe and more accessible to
readers outside the specialized quantum-decoding com-
munity, while still providing a tunable accuracy-latency
tradeoff through the beam width.
Our decoder is also related in spirit to Tesseract [39], a

recent search-based decoder that formulates most-likely-
error decoding as a shortest-path problem over the graph of
error subsets and applies A� search with several pruning
heuristics, including a beam cutoff. The role of bounded
search in our decoder is different. Rather than searching
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directly over error subsets using an A� objective, we use
BP throughout the search: BP identifies the least reliable
error node for branching, masked BP updates the messages
associated with each partial path, and the accumulated
posterior LLRs from masked BP define the reliability score
used for pruning. Thus, Tesseract is a search-first decoder,
while our method is a BP-guided beam search decoder. This
distinction leads to a different accuracy-latency tradeoff. For
example, in Fig. 2 of [39], the ½½144; 12; 12�� BB code
corresponds to the 288-qubit data point because the hori-
zontal axis counts both data and ancilla qubits. At physical
error rate p ¼ 10−3, the reported mean decoding time for
Tesseract is above 0.1 s per round. By comparison, our
decoder runs well below 1 ms per round on average for the
same code and physical error rate. This comparison illus-
trates that Tesseract is designed as a near-optimal search
decoder, whereas our decoder is designed for real-time
BP-guided decoding with controlled latency.
The comparison between beam search and decision-tree

decoders [32] is more subtle, because both methods can be

(a) (b)

FIG. 1. Overview of the beam search decoder. (a) The decoder is initialized with a small number of BP iterations. Then, the least
reliable error node (red) is selected and two branches are created corresponding to the two possible values of this node. After the first
step, BP is replaced by a masked BP ignoring the previously fixed error nodes. (b) The beam search decoder repeats the following three
steps: (i) branching over the least reliable error node (ii) running a masked BP and (iii) pruning to reduce the number of paths to the
beam width (which is 2 in this figure). The decoder is terminated once a sufficient number of solutions is found or if a maximum
number of repetitions is reached.

ALGORITHM 1. Beam search decoder (high-level sketch).

1 Run standard BP and return if it converges.
2 path:next pos ← the least reliable error node in BP.
3 path:pos val pairs ← an empty vector.
4 Initialize set← fpathg with a single element path
5 for r ¼ 1; 2;…;max_rounds do
6 Initialize next_set as an empty set.
7 for each path∈set and val∈ f0; 1g do
8 nextp:pos val pairs ←

path:pos val pairs ∪ ðpath:next pos;valÞ
9 Run masked BP masking the nodes in

nextp.pos_val_pairs.
10 If masked BP converges, return the result.
11 nextp:next pos ← the least reliable error node

in masked BP.
12 nextp:score ← reliability score of nextp.
13 Add nextp into next_set.
14 Remove the element with the smallest score if

the size of next_set exceeds the parameter
beam_width.

15 set ← next_set
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represented as searches over a tree of partial decoding
decisions. However, the underlying tree and the decoding
mechanism are different. In a decision-tree decoder, the
decoding problem is specified by a parity-check matrix H.
Given an input syndrome σ and a partial correction F, a
node in the decision tree represents the residual syndrome
σ þHF. The tree is expanded by selecting an unsatisfied
check vertex from this residual syndrome and adding one
of its neighboring fault vertices to the partial correction.
The process continues until the residual syndrome
becomes empty. Different decision-tree decoder variants
mainly differ in the cost function used to explore this tree.
By contrast, the tree in our beam search decoder is defined
by BP-guided partial assignments. The decoder branches
on the least reliable error node identified by BP, fixes this
node to either 0 or 1, and then reruns masked BP on the
resulting paths. The accumulated posterior LLRs from
masked BP are then used to score and prune incomplete
paths. Thus, while both approaches can be represented as
searches over a tree, the branching rule, the role of BP, and
the pruning mechanism are different: decision-tree decod-
ers are syndrome-driven searches over fault additions,
whereas our decoder is a BP-guided beam search over
uncertain error-node assignments.
This difference is reflected in the runtime-tail behavior.

In the circuit-level simulations of the ½½144; 12; 12�� BB
code, Fig. 13 of [32] suggests that the BP-DTD runtime
distribution at p ¼ 10−3 has an average decoding time on
the order of 10 ms for the 12-round syndrome extraction
circuit, while the tail extends much further, with the 99.9
percentile visually estimated to be on the order of 10−1 s.
By comparison, for the same code and physical error rate,
our decoder has total 12-round average runtime of a
few milliseconds (Table II) and 99.9-percentile runtime
below 15 ms (Table III). This highlights a key goal of
our BP-guided beam search decoder: controlling not only
the average runtime, but also the tail of the runtime
distribution.

III. SIMULATION RESULTS

We provide simulation results for several configurations
of our beam search decoder across three quantum LDPC
codes. We compare the performance of these configura-
tions against a baseline BP-OSD decoder [20–22].

Following [25], which compares BP-OSD and BP-LSD,
we configure the baseline BP-OSD decoder with 30 min-
sum BP iterations and order-10 combination-sweep OSD
post-processing. Table I lists the names and corresponding
parameters for each beam search decoder configuration
used in our simulations.
Figure 2 plots the logical error rate of the ½½144; 12; 12��

BB code under circuit-level noise. At physical error rate
p ¼ 10−3, even the most computationally efficient con-
figuration, beam8_230iters, yields a 1.3× improve-
ment over bp30+osd. Increasing the beam width further
enhances performance: beam32_340iters and
beam64_640iters reduce the logical error rate by
factors of 5.6× and 7.0×, respectively. Notably, the most
advanced configuration, beam64_32res_640iters,
achieves a 17× improvement over BP-OSD.
Tables II and III detail the decoding time statistics for

the ½½144; 12; 12�� BB code over 12 syndrome extraction
rounds, measured on a single core of a 2023 Apple M3 Pro.
Table II reports the average decoding time, while Table III
lists the 99.9 percentile. We evaluate two physical error
rates: p ¼ 10−3, relevant for superconducting qubits, and
p ¼ 5 × 10−4, applicable to higher-fidelity hardware such

TABLE I. Name and parameters for different configurations of beam search decoder. The number of iterations in name is calculated
as initial itersþ max rounds � iters per round. The parameter num_results is omitted from the name if it is equal
to 1.

Name max_rounds beam_width initial_iter iters_per_round num_results

beam8_230iters 10 8 30 20 1
beam32_340iters 10 32 40 30 1
beam64_640iters 20 64 40 30 1
beam64_32res_640iters 20 64 40 30 32

FIG. 2. Simulation results for the ½½144; 12; 12�� BB code
under circuit-level noise. BP-OSD decoder is configured with
30 min-sum BP iterations followed by order-10 combination-
sweep OSD.
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as trapped ion systems. At both error rates, all three beam
search configurations improve the 99.9 percentile decod-
ing time by at least 16× compared to the bp30+osd
baseline, demonstrating superior capability in mitigating
worst-case decoding latency. Specifically, the fastest
configuration, beam8_230iters, achieves reductions
of 31× and 26× at p ¼ 5 × 10−4 and p ¼ 10−3, respec-
tively. Benefiting from the significantly reduced variance
in decoding time, the beam32_340iters configuration
achieves a 99.9 percentile time of less than 1 ms per
syndrome extraction round at p ¼ 5 × 10−4. While the
reduction in average time is less pronounced, beam8_
230iters still yields a 4.6× speedup at p ¼ 10−3.
Figure 3 plots the logical error rate of the ½½90; 8; 10��BB

code using two strategies: standard XZ-decoding and
XYZ-decoding, following the terminology in Ref. [34].
Since both BB codes and HGP codes simulated in this
paper are CSS codes, X and Z errors are decoded

separately, and the total logical error rate is approximated
as the sum of the X and Z logical error rates. Recall from
Appendix A that the decoding problem is defined by the
triple ðH;A;pÞ. Both strategies utilize the same logical
operator matrix A and error probabilities p; they differ
only in the construction of the parity-check matrix H.
When decoding X errors, both strategies employ the same
logical operator matrixA consisting of Z logical operators;
however, XZ-decoding constructs H using only Z stabi-
lizers, whereas XYZ-decoding includes both X- and
Z-type stabilizers. Similarly, when decoding Z errors,
XZ-decoding uses only X stabilizers to form H, while
XYZ-decoding employs the full set of stabilizers.
In theory, utilizing the full set of stabilizers yields

more information than restricting the decoder to a single
stabilizer type. This advantage arises because the circuit-
level noise model assumes that qubits undergo depolariz-
ing noise during unitary gates and idling time. Since
depolarizing noise includes a Pauli-Y component, which
triggers both X- and Z-type stabilizers, employing both
types simultaneously captures strictly more information.
However, a major drawback of utilizing the full set

of stabilizers is the induction of length-4 cycles in the
corresponding Tanner graph, which is known to degrade
the performance of BP and many BP-based decoders. As
shown in Fig. 3, the bp30+osd decoder performs much
worse under XYZ-decoding than XZ-decoding, despite
the fact that XYZ-decoding theoretically provides more
information. In contrast, beam64_640iters effectively
leverages this additional information, reducing the logical
error rate by approximately 2× compared to XZ-decoding
in the range 0.002 ≤ p ≤ 0.004. A likely explanation is
that the short cycles in XYZ-decoding hinder BP-based
decoders by causing the posterior LLRs of error nodes to
oscillate between positive and negative values. However,
because the reliability score in our beam search decoder is
derived from the absolute sum of posterior LLRs, it can
successfully identify these oscillating nodes as unreliable
and exclude them from subsequent BP iterations.

TABLE II. Average decoding time in circuit-level noise simulations of the ½½144; 12; 12�� BB code with 12 syndrome extraction
rounds.

Physical error rate bp30+osd (ms) beam8_230iters (ms) beam32_340iters (ms) beam64_640iters (ms)

5 × 10−4 3.55 1.627 3.202 5.881
10−3 10.59 2.318 3.837 6.698

TABLE III. The 99.9 percentile decoding time in circuit-level noise simulations of the ½½144; 12; 12�� BB code with 12 syndrome
extraction rounds.

Physical error bp30+osd (ms) beam8_230iters (ms) beam32_340iters (ms) beam64_640iters (ms)

5 × 10−4 272.5 8.704 11.26 14.53
10−3 289.0 11.01 14.18 17.70

FIG. 3. Simulation results for the ½½90; 8; 10�� BB code under
circuit-level noise. The suffix _XYZ in the legend denotes XYZ-
decoding, which utilizes both X and Z syndrome outcomes
simultaneously for decoding.
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Finally, to verify the robustness of our decoder across
different quantum LDPC families, we perform simula-
tions of the ½½450; 32; 8�� cyclic HGP code introduced
in Ref. [16]. The logical error rates for three decoders are
presented in Fig. 4. Our beam search decoders continue
to exhibit lower logical error rates than the bp30+osd
baseline. In particular, at a relatively high noise rate
p ¼ 0.005, the beam8_230iters and beam64_
640iters configurations achieve improvements of
1.4× and 3.7×, respectively.

IV. CONCLUSION

In this work, we propose a simple beam search decoder
for quantum LDPC codes. We show that it is simulta-
neously fast and accurate, significantly outperforming the
BP-OSD decoder.
We demonstrate that the beam search decoder with

beam width of 32 achieves a lower logical error rate than
BP-OSD while satisfying the runtime requirements for
trapped ion or neutral atom quantum computers, which
are expected to be on the order of 1 ms. Notably, this
configuration meets strict latency constraints, achieving a
sub-millisecond runtime not only on average but also at the
99.9 percentile.
It is a folklore that superconducting qubits, which

must be decoded within a micro-second window,
might require a supercomputer to perform decoding for
a large-scale fault-tolerant quantum computer. This
encouraged researchers to optimize decoders at the
micro-architecture level [43] and to build hardware-level
decoders on FPGAs or ASICs [35,44–51]. In contrast,
because the decoding time budget of trapped ions and
neutral quantum computers is significantly larger, our
decoder can be executed on a CPU without any paral-
lelization or specialized hardware implementation.

The BP algorithm appeared independently in different
communities. It is used in coding theory, statistical
physics, machine learning and optimization and it led to
fruitful exchanges of ideas between these communities
[2,3,52,53]. In the quantum setting, the interface between
quantum error correction and statistical physics is an active
research topic [54–63]. We anticipate that the beam search
decoder will play a role at this interface, similar to the
connecting role of BP in the classical case.
Beyond its practical utility, the simplicity of the beam

search decoder makes it a promising candidate for theo-
retical analysis. We hope this feature will facilitate the
proof of asymptotic results for quantum LDPC codes,
much like the BP decoder proved crucial in the design of
capacity-achieving classical LDPC codes [3].
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APPENDIX A: THE DECODING PROBLEM
AND THE BP ALGORITHM

In a quantum fault-tolerant computing system, a
syndrome extraction circuit periodically measures syn-
dromes, and a decoder corrects errors based on the
measurement results. Simulations of this process typi-
cally use one of two noise models. The circuit-level noise
model, a realistic approach widely used in simulations,
assumes every operation in the syndrome extraction
circuit is a potential source of error. In contrast, the
much simpler code capacity noise model only assumes
idling noise on the data qubits, while all other operations
are considered perfect. In this paper, we adopt the more
realistic circuit-level noise model.
The decoding problem is formally defined by a parity-

check matrix H∈ FM×N
2 , a logical operator matrix

A∈ FK×N
2 , and a probability vector p ¼ ðp0;…; pN−1Þ.

The N columns of H and A correspond to the set of all
possible error sources in the circuit-level noise model,
with pi being the error probability of the ith source. TheM
rows of H correspond to the “detectors,” which are either
syndrome measurement results or the XOR of two meas-
urement results from consecutive rounds. An entry
Hij ¼ 1 if and only if the jth error source flips the ith
detector. Similarly, the K rows of A correspond to the
logical operators, and Aij ¼ 1 if and only if the jth error
source flips the ith logical operator. The parity-check
matrix H is also referred to as the detector error model

FIG. 4. Simulation results for the ½½450; 32; 8�� HGP code [16].
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in Stim [64]. Let e∈ FN
2 denote the binary vector of

(unknown) error locations, and let s ¼ He∈ FM
2 be the

observed syndrome. The decoder takes s as input and
attempts to compute a correction ê∈ FN

2 such that it
matches the syndrome (Hê ¼ s) and preserves the logical
state (Aê ¼ Ae).
Both the new decoder proposed in this paper and our

baseline for comparison, the BP-OSD decoder, are based
on BP. We begin by reviewing BP decoding with the min-
sum update rule. This algorithm operates on the Tanner
graph, a bipartite graph constructed from the parity-check
matrix H. The graph’s vertices are divided into N error
nodes (e0;…; eN−1), corresponding to the columns of H,
and M detector nodes (d0;…; dM−1), corresponding to the
rows ofH. An edge connects a detector node di to an error
node ej if and only ifHij ¼ 1. We useN ðdiÞ andN ðejÞ to
denote the set of neighbors for di and ej, respectively.
The BP decoder functions by passing messages back and
forth along these edges over multiple iterations. We use
Di→jðtÞ and Ej→iðtÞ to denote the detector-to-error and
error-to-detector messages in the tth iteration, respectively.
The decoder takes the syndrome vector s ¼
ðs0;…; sM−1Þ∈ FM

2 as input. To initialize, the decoder
first calculates the prior LLR for each error node as

Λj ¼ log 1−pj

pj
. The initial error-to-detector messages in

iteration 0 are then set to these priors: Ej→ið0Þ ¼ Λj for all
connected pairs ðdi; ejÞ. In each subsequent iteration t ≥ 1,
the message passing proceeds in two steps. First, the
detector-to-error messages are updated using the min-sum
rule:

Di→jðtÞ ¼ ð−1Þsi · Y
ej0 ∈N ðdiÞnfejg

signðEj0→iðt − 1ÞÞ

· min
ej0 ∈N ðdiÞnfejg

jEj0→iðt − 1Þj: (A1)

Second, the error-to-detector messages are updated by
summing the prior LLR with all other incoming detector
messages:

Ej→iðtÞ ¼ Λj þ
X

di0 ∈N ðejÞnfdig
Di0→jðtÞ: (A2)

After updating the messages, the decoder also calculates
the posterior LLR ΛjðtÞ for each error node as

ΛjðtÞ ¼ Λj þ
X

di0 ∈N ðejÞ
Di0→jðtÞ: (A3)

Based on this, a hard decision êjðtÞ is made:

êjðtÞ ¼
�
0 if ΛjðtÞ > 0;
1 if ΛjðtÞ ≤ 0: (A4)

Define the vector êðtÞ ¼ ðê0ðtÞ; � � � ; êN−1ðtÞÞ. The iter-
ative BP decoding stops at iteration t if the syndrome
equation HêðtÞ ¼ s is satisfied, or if t exceeds a pre-fixed
maximum number of iterations.

APPENDIX B: DETAILED DESCRIPTION OF
THE BEAM SEARCH DECODER

In this section, we present a detailed description of our
new beam search decoder. Given the extensive notation
required to define the algorithm, a summary of the relevant
variables is provided in Table IV to assist readers.
The algorithm maintains a set of decoding paths. It is

initialized by running some standard BP iterations to
generate a single “seed” path. The posterior LLRs from
this initial run are used to identify the least reliable error
node, which is stored in path.next_pos and will be
masked in future BP iterations.
The decoder then iterates through multiple rounds of

“masked BP.” In each round, every path in the current
set is expanded into two new branches by setting its
path.next_pos node to 0 and 1, respectively. Each
new path inherits its parent’s history of masked error
nodes (stored in path.pos_val_pairs) and appends
the new (node, value) pair to the history, using the node
index from path.next_pos and the value (0 or 1) just
explored. A round of masked BP iterations is then run
for each new path. The posterior LLRs in these BP
iterations are used to determine two things: (1) the next
least reliable unmasked node (which is stored as the new
path.next_pos), and (2) an overall reliability score
for the path. This branching process doubles the size
of set each round, so to maintain tractable complexity,
the set is pruned back down to a fixed parameter
beam_width by keeping only the paths with the
highest reliability scores.
We use jsum LLR½j�j as a reliability metric for each

error node ej, where sum LLR½j� is the summation of
ΛjðtÞ over all BP iterations in the current round. The least
reliable node to store in path.next_pos is the one with
the smallest jsum LLR½j�j. This sum-based metric is more
robust than using the instantaneous magnitude jΛjðtÞj from
the final iteration. While the instantaneous LLR reflects
the decoder’s confidence at that single step, it can be
misleading. For example, an unreliable node whose pos-
terior LLR oscillates between large positive and negative
values would have a (correctly) low summed reliability,
even if its final jΛjðtÞj is large.
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The overall reliability score for each path is then
calculated by summing the per-node reliability metrics,
jsum LLR½j�j, over all unmasked error nodes and normal-
izing by the number of BP iterations in that round. This
normalization is crucial because different paths may have
run for a different number of iterations (due to early
returns), and the division makes their scores comparable.
In contrast, this normalization was not required when
selecting the least reliable node (as described previously),
since all nodes within a single path are guaranteed to go
through the same number of iterations.
The beam search decoder has a parameter num_

results that controls its termination logic. If num_
results is set to 1, the decoder returns the first
valid decoding solution it finds. Otherwise (for
num results > 1), the decoder maintains a set
results, into which it adds every valid solution it
discovers. As soon as this set reaches the target size of
num_results, the decoder terminates and returns the
minimum-weight error vector from results, where the
weight of an error vector ê ¼ ðê0;…; êN−1Þ is defined as

wtðêÞ ¼
XN−1
j¼0

êj log
1 − pj

pj

Finally, a key optimization in our algorithm is the order
of decoding different paths. In each round, the paths in
the set are sorted by the reliability score and explored in
descending order. We prioritize high-score paths first
because they are intuitively more likely to lead to a correct
decoding result.
A high-level sketch of the beam search decoder is

presented in Algorithm 1 for the num results ¼ 1

case. We now provide a detailed explanation of the full
algorithm, shown in Algorithm 3. The decoder has five
parameters: max_rounds, beam_width, initial_
iters, iters_per_round, and num_results.
We will describe the logic for the simplest case of
num results ¼ 1.
The decoder begins by running initial_iters

standard BP iterations [following Eqs. (A1)–(A4)]. If a
valid solution is found (i.e., HêðtÞ ¼ s), it is returned
immediately. Otherwise, the decoder calculates a reli-
ability metric jsum LLR½j�j for every error node ej,
where sum LLR½j� is the summation of ΛjðtÞ over all
initial_iters iterations.
This information is used to build the “seed” path

object, which initializes the set for the subsequent
decoding rounds. This object contains four fields. The
first, path.edge_msgs, stores all error-to-detector
messages from the last BP iteration, which will be used
to “warm-start” the next round of masked BP. The second,
path.pos_val_pairs, stores the (position,
value) pairs for all masked error nodes; for example,
a pair ðj; vÞ∈path:pos val pairs means that error
node ej is fixed to v∈ f0; 1g, and that ej is excluded from
all the calculations in the masked BP. This field is
initialized as an empty vector. The third field, path.
next_pos, stores the index of the next error node to
mask, which is set to the node ej with the minimum
reliability metric jsum LLR½j�j. The final field, path.
score, is the path’s reliability score used for ranking. It
is initialized to 0.
The decoder then executes up to max_rounds rounds

of masked BP. As described in the high-level overview,
each round involves expanding the set by a factor of two

TABLE IV. Variables and notation used in the beam search decoder.

Notation Meaning

path An object representing a unique decoding path in the branching tree.
path.pos_val_pairs An array containing indices and values of the error nodes that have been fixed for this path.
path.edge_msgs A snapshot of all error-to-detector messages from the last BP iteration, used to initialize the next round of

masked BP for this path.
path.score The path reliability score, used for sorting and pruning.
path.next_pos The index of the least reliable error node ej chosen as the branching point for the next round of masked

BP iterations.
nextp The new child path object obtained by branching at path.next_pos from the current path

set The set of active candidate paths currently being processed.
next_set The set of candidate paths for the subsequent round, generated by branching every path in set.
results A container for valid error vectors ê found (where Hê ¼ s).

beam_width The maximum number of candidate paths allowed in set at each step.
max_rounds The maximum depth of the branching tree (number of branching rounds) allowed.
initial_iters The number of BP iterations performed on the root node before the beam search begins.
iters_per_round The number of masked BP iterations performed to update a specific path after an error node is fixed.
num_results The target number of valid solutions required to terminate the decoding process early.
sum_LLR[j] The cumulative posterior LLR for error node ej.
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and subsequently pruning it back to beam_width based
on path.score if its size exceeds this limit. We now
provide a detailed explanation of the masked_BP func-
tion, which is formally defined in Algorithm 2.
The masked_BP function takes 4 input parameters.

The first, path.edge_msgs, “warm-starts” the BP run
by initializing the error-to-detector messages from the
previous round’s final state. The second, path.pos_-
val_pairs, is a vector specifying the error nodes to be
masked and their fixed values. The third is the original
syndrome vector, s. The final parameter, iters_per_-
round, specifies the maximum number of iterations for
this run. Before iterating, the decoder pre-processes the
syndrome based on the values of masked nodes. For every
masked error node ej that is set to 1, all syndrome bits si
corresponding to detectors connected to ej are flipped.
This transformation creates a modified syndrome, effec-
tively recasting the decoding problem as one where all
masked error nodes are fixed to 0. The masked BP then
runs for up to iters_per_round iterations, following

ALGORITHM 2. Function masked_BP.

1 Functionmasked_BP(edge_msgs,pos_val_pairs, s,
max_iters)
Input: a vector edge_msgs used to initialize

error-to-detector messages, a vector
pos_val_pairs specifying the masked error
nodes and their values, a syndrome s, and
maximum number of iterations max_iters

Output: A decoded error vector ê or declare
failure

2 Λj ← log 1−pj

pj
for j ¼ 0; 1;…; N − 1

3 ½Ej→ið0Þ∶ ðdi; ejÞ is connected� ← edge msgs
4 for each ðj; vÞ pair in pos_val_pairs do
5 if v ¼ 1 then
6 Flip all si such that ðdi; ejÞ are connected

in the Tanner graph
7 Error node ej is said to be masked if

ðj; 0Þ∈pos val pairs or ðj; 1Þ∈pos val pairs
8 for t ¼ 1; 2;…;max iters do
9 Update messages and posterior LLRs

according to Eqs. (A1)–(A3) but ignore all the
messages to or from a masked error node.

10 Calculate êjðtÞ according to Eq. (A4) for all error
nodes that are not masked. Fill the masked positions
with 0.

11 if HêðtÞ ¼ s then
12 for each ðj; vÞ pair in pos_val_pairs do
13 êjðtÞ ← v
14 return êðtÞ
15 return “Failure”

ALGORITHM 3. Beam search decoder.

Parameters: max_rounds, beam_width,
initial_iters, iters_per_round,
num_results

Input: A syndrome vector s.
Output: A decoded error vector ê.

1 Initialize results as an empty set
2 Run BP for initial_iters iterations and break out

whenever HêðtÞ ¼ s is satisfied.
3 Insert the decoding result into results if BP succeeds,

and return this result if num_results =1.
4 for j ¼ 0; 1;…; N − 1 do
5 sum_LLR ½j� ← summation of ΛjðtÞ over all BP

iterations.
6 Build an object path with 4 fields:
7 path.edge_msgs ← ½Ej→iðtÞ∶ di; ej connect�, where t

is the index of the last BP iteration.
8 path.pos_val_pairs ← an empty vector
9 path.next_pos ← argmin0≤j<Njsum_LLR½j�j
10 path.score ← 0

11 Initialize set ← fpathg with a single element path
12 for r ¼ 1; 2;…; max_rounds do
13 Initialize next_set as an empty set
14 for each path ∈ set and val ∈ f0; 1g do
15 Append ðpath:next pos;valÞ to the end of

path.pos_val_pairs
16 Run masked_BP(path.edge_msgs,

path.pos_val_pairs, s, iters_per_
round)

17 If masked_BP succeeds, insert the decoding
result into results.

18 If size of results = num_results, return the
minimum weight element in results.

19 iters ← number of iterations actually run in
masked_BP (considering early return)

20 U ← set of unmasked error nodes, i.e.,
fj∶ 0 ≤ j < N; ðj; vÞ ∉
path.pos_val_pairs for v ¼ 0, 1},

21 for j∈U do
22 sum_LLR ½j� ← summation of ΛjðtÞ over all

iterations in masked_BP.
23 Build an object nextp with 4 fields:
24 nextp.edge_msgs ← ½Ej→iðtÞ∶ di; ej connect�,

where t is the index of the last iteration in
masked_BP

25 nextp.pos_val_pairs← path.pos_val_pairs
26 nextp.next_pos ← argminj∈U jsum_LLR ½j�j
27 nextp.score ←

P
j∈U jsum LLR½j�j=iters

28 Insert nextp into next_set
29 Remove last entry of path.pos_val_pairs
30 Only keep the top beam_width elements with the

largest score in next_set if its size exceeds
beam_width.

31 set ← next_set
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the rules Eqs. (A1)–(A4) with a critical modification: all
messages to or from masked error nodes are ignored. For
example, in Eq. (A1), the message Di→jðtÞ is not calcu-
lated if ej is masked; if ej is not masked, the calculation of
Di→jðtÞ will exclude any incoming messages Ej0→iðt − 1Þ
where ej0 is masked.
Finally, we note a simplification in Algorithm 3 made

for clarity and brevity. The pseudocode first gathers all
new paths in next_set (Line 28) and then applies a
single, collective pruning step (Line 30). In our actual
implementation, we maintain the set’s bounded size
“on-the-fly” to improve efficiency. A new path (nextp)
is inserted into next_set only if one of two conditions is
met: (1) next_set is not yet full (its size is less than
beam_width), or (2) nextp.score is greater than the
minimum score currently in next_set. In the second
case, the path with the smallest score is ejected as nextp
is inserted. This optimization is significant because it
avoids the costly operation of copying nextp.edge_
msgs (a long vector) for paths that would be immediately
discarded by the pruning step.
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