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We present a family of quantum low-density parity-check codes, which we call radial codes, obtained
from the lifted product of a specific subset of classical quasicyclic codes. The codes are defined using a pair
of integers (r, s) and have parameters [[2r2s, 2(r − 1)2, ≤ 2s]], with numerical studies suggesting average-
case distance linear in s. In simulations of circuit-level noise, we observe comparable error suppression
to surface codes of similar distance while using approximately five times fewer physical qubits. This is
true even when radial codes are decoded using a single-shot approach, which can allow for faster logical
clock speeds and reduced decoding complexity. We describe an intuitive visual representation, canonical
basis of logical operators and optimal-length stabilizer measurement circuits for these codes, and argue
that their error correction capabilities, tunable parameters and small size make them promising candidates
for implementation on near-term quantum devices.
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I. INTRODUCTION

A quantum error correcting code (QECC) is a strat-
egy for redundantly encoding quantum information in a
way that protects this information from environmental
noise. The most commonly studied encodings use the col-
lective state of a large number of qubits (n) to encode
the state of a smaller number of qubits (k) so that one
encoded state cannot be transformed into another with-
out interacting with at least d of these qubits [1]. Due to
the extreme fragility of quantum systems, QECCs have
immense potential value in information-processing tasks,
but their inherent inefficiency can also lead to significantly
increased resource costs. In recent years much progress
has been made in reducing these overheads, most notably
with the development of so-called “good” quantum low-
density parity-check (LDPC) codes [2–5] which have k
and d both scaling linearly with n while also possessing
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a description in terms of sparse matrices (a desirable prop-
erty for a number of reasons). While these codes require
numbers of physical qubits well beyond the scale of current
or near-term quantum computing devices, the techniques
developed as part of their construction (in particular, the
lifted product of classical codes [6]) have been observed
also to be highly effective at creating efficient, small-scale
codes [7–11].

In this work, we describe a family of quantum codes,
which we call quantum radial codes, constructed using
the lifted product. The codes have parameters compa-
rable to the bivariate bicycle codes of Ref. [12] while
also showing evidence of single-shot decodability under
circuit-level noise. Additionally, they have an intuitive
visual representation, a canonical basis of logical opera-
tors and optimal-length circuits for stabilizer measurement.
Each code is defined using a pair of integers (r, s) and has
parameters [[n, k, d]] = [[2r2s, 2(r − 1)2, ≤ 2s]] and checks
of weight 2r. The independent tunability of k and d makes
these codes highly flexible and potentially suited for a vari-
ety of applications. Table I summarizes properties of the
specific instances studied in this work, which have check
weights of at most eight.

The rest of this manuscript is structured as follows. In
Sec. II we describe the classical codes used as input to the
lifted product and then in Sec. III we study the quantum
codes produced. In Sec. IV we numerically investigate the
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TABLE I. Code parameters, thresholds, and Z word error rates
at physical error rate p = 10−3 for the quantum radial codes stud-
ied in this work. The net encoding rate counts both data qubits
and ancilla qubits used for syndrome readout and for our codes
is given by k/2n. The value of the Z word error rate for the
[[352, 18, 20]] is obtained through a fit, see Fig. 9(b).

[[n, k, d]]
Net encoding

rate
Pseudo

threshold pZ(10−3)

[[90, 8, 10]] 2/45 0.4% ≈6 × 10−6

[[352, 18, 20]] ≈1/40 0.6% ≈3 × 10−8

distances of these codes and discuss methods for ensur-
ing higher average-case distance. Finally, in Sec. V we
describe our techniques for simulating the performance of
these codes under circuit-level noise and present evidence
for their single-shot decodability in this setting. The scripts
used to obtain all the numerical results in this work can be
found in open source at Ref. [13].

II. CLASSICAL RADIAL CODES

We begin by defining what we call classical radial
codes, which are a subset of the quasicyclic codes pre-
sented in Ref. [14]. These codes are defined using a pair
of integers (r, s) and have parity-check matrices (PCMs)
of the form

H =

⎛
⎜⎜⎜⎜⎜⎜⎝

λ
a(0,0)
s λ

a(0,1)
s · · · λ

a(0,r−1)
s

λ
a(1,0)
s λ

a(1,1)
s · · · λ

a(1,r−1)
s

· · · ·
· · · ·
· · · ·

λ
a(r−1,0)
s λ

a(r−1,1)
s · · · λ

a(r−1,r−1)
s

⎞
⎟⎟⎟⎟⎟⎟⎠

, (1)

where λa
s is an element of the ring of circulants of length s.

λa
s has a binary matrix representation as the s × s identity

matrix with each row shifted to the right by a places, which
we write as B(λa

s ). We will also use B(H) to mean the
matrix obtained by replacing each element of H with its
binary representative. The code can also be described more
concisely using just a matrix

A =

⎛
⎜⎜⎜⎜⎜⎝

a(0,0) a(0,1) · · · a(0,r−1)

a(1,0) a(1,1) · · · a(1,r−1)

· · · ·
· · · ·
· · · ·

a(r−1,0) a(r−1,1) · · · a(r−1,r−1)

⎞
⎟⎟⎟⎟⎟⎠

s

. (2)

It is known that provided the elements of A satisfy

a(u1,u′
1) − a(u1,u′

2) − a(u2,u′
1) + a(u2,u′

2
) �= 0 mod s, (3)

the girth (minimum cycle length) in the Tanner graph of
the associated code is at least six [14]. In addition, we will
require that

(1) s is prime,
(2) r ≤ s,
(3) the rows of A are linearly independent.

The motivation for these restrictions will be explained
shortly, but first, it will be helpful to introduce a visual
description of the structure of these codes.

For any code with parity-check matrix of the form in
Eq. (1) we can arrange the bits and checks in a pattern of r
concentric rings containing s spokes. This is done by enu-
merating the rings and spokes and then assigning to every
row i of B(H) a coordinate (u, v) where

u = ring number = �i/s�,

v = spoke number = i mod s
(4)

(where �·� is the floor operator) and similarly for the
columns. This gives us one bit and one check for each inde-
pendent coordinate (0 ≤ x < r, 0 ≤ y < s). Each ring then
contains s bits and s checks (one pair from each spoke) and
each spoke contains r bits and r checks (one pair from each
ring). When arranged in this way each check in the code
contains exactly one bit from each ring and each bit is part
of exactly one check from each ring. For clarity, we will
always use u to refer to ring indices and v to refer to spoke
indices. Additionally, we will use primed indices for bit
coordinates and unprimed indices for check coordinates.
Two examples are shown in Fig. 1, that is, in Fig. 1(a) we
have a code

A =
(

0 0
0 0

)

3

H =
(

λ0
3 λ0

3

λ0
3 λ0

3

) B(H) =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1

⎞
⎟⎟⎟⎟⎟⎠

,

(5)

12

1

(a)

12

1

(b)

FIG. 1. Radial layouts for two examples of (r, s) = (2, 3) clas-
sical codes with parity-check matrices given in Eqs. (5) and (6)
respectively. Bits/checks are shown as circles/squares. Rings
(and ring indices) are shown in red. Spokes (and spoke indices)
are shown in blue.
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where each spoke is a copy of the 2-bit cyclic repetition
code, while in Fig. 1(b) we have a code

A =
(

0 0
1 0

)

3

H =
(

λ0
3 λ0

3

λ1
3 λ0

3

) B(H) =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 1 0 1 0 0
0 0 1 0 1 0
1 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠

,

(6)

with connections between the spokes, resulting in a 6-bit
cyclic repetition code.

By examining the parity-check matrices of these codes
more closely we can see that the values au,u′ can be inter-
preted as a description of the connections between checks
of ring u and bits of ring u′. Specifically, if au,u′ = x then
each check of ring u is connected to the bit of ring u′ that
is x spokes ahead of it. When all au,u′ = 0 [as in Fig. 1(a)]
each check connects only to bits in its own spoke. Note that
because the values of au,u′ depend only on the ring coordi-
nates of the relevant checks and bits this representation of
the Tanner graph is rotationally symmetric with order s.

We can now use this perspective to understand the
significance of the conditions described above, starting
with a derivation of Eq. (3). Consider a bit with coor-
dinates (u′

1, v′
1) and two checks connected to this bit,

which must have coordinates (u1, v′
1 − au1,u′

1
) and (u2, v′

1 −
au2,u′

1
), with addition implicitly performed mod s. Under

what circumstances can these checks also share a sec-
ond bit, i.e., resulting in a length-4 cycle? The first check
is connected to bits with coordinates (u′

2, (v′
1 − a(u1,u′

1)) +
a(u1,u′

2)) and the second to bits with coordinates (u′
3, (v′

1 −
a(u2,u′

1)) + a(u2,u′
3)). For two of these bits to be the same we

need the ring coordinates to be equal, u′
2 = u′

3, and also the
spoke coordinates to be equal

v′
1 − a(u1,u′

1) + a(u1,u′
2) = v′

1 − a(u2,u′
1) + a(u2,u′

2). (7)

By requiring that this condition is not met for any
u1, u2, u′

1, u′
2 we obtain Eq. (3) and guarantee a certain

amount of expansion in the Tanner graph, since checks can
only share at most one bit. To see an example, compare the
Tanner graphs of Fig. 1(a), where A does not satisfy (3),
and Fig. 1(b), where it does. With this in mind, the other
three restrictions have the following effects.

s is prime: As mentioned above, the radial representa-
tion of the Tanner graph is rotationally symmetric with
order s, and so any disjoint subgraphs contained in the
graph must also have rotational symmetry with order that is
some factor of s. By choosing s to be prime we thus ensure
that all rotational symmetries of the graph are of order s
or 1, and when combined with (3) this ensures that the
Tanner graph consists of a single connected component.

This is because a disjoint subgraph with order s symme-
try (that is not just the entire graph) must contain every
bit and check in some subset of the rings and no bits or
checks from other rings, but because each bit/check is con-
nected to one check/bit from each ring such a subgraph is
not possible. On the other hand, if there is a disjoint sub-
graph with order 1 symmetry then there must be s disjoint
copies of this subgraph which are mapped onto each other
by the order s symmetry of the total graph. Each of these
subgraphs can then contain at most r unique bit nodes (as
there are only rs bits in the code), but each bit is connected
to r checks and by Eq. (3) these checks are connected to
r(r − 1) unique bits so there can be no disjoint subgraphs
of this size. The only remaining option is for there to be no
nontrivial disjoint subgraphs.

r ≤ s: This is necessary because the r checks which
share a given bit cannot have any other shared bits and
must also be connected to one bit from each ring, so there
must be at least r unique bits in each ring. We can also
see that the distance of the code must be at least r, as any
nonzero bit of a given codeword is connected to r checks
and each of these must be connected to at least one other
nonzero bit of this codeword for the checks to be satisfied.

The rows of A are linearly independent: Given any row
Hi of H , the sum of all the rows of B(Hi) is the all-1s
vector. This means that there is one linear dependency
in B(H) for each pair of rows in H , giving r − 1 linear
dependencies. If we then choose the rows of A to be lin-
early independent then we find that with high probability
[15] these are the only linear dependencies. We then have
rs bits and rs − (r − 1) independent checks, giving (r − 1)

encoded bits of information.
Finally, we can choose a basis for the codewords of these

codes and show that the distance is 2s. Enumerating the
encoded bits from 0 to r − 2, let the ith codeword corre-
spond to setting all bits in the ith ring and the (r − 1)th
ring to be 1, and all other bits to be 0 (this is a codeword
because each check in the code acts on exactly one bit from
each ring). These r − 1 codewords are all linearly indepen-
dent and of weight 2s, and because they overlap only on
the (r − 1)th ring, and this overlap always has size s, any
linear combination of them always has weight at least 2s.
These codes then have parameters [rs, r − 1, 2s], with each
node in the Tanner graph having degree r.

III. QUANTUM RADIAL CODES

Quantum radial codes (QRCs) are obtained from the
lifted product of two classical radial codes. For a (ring-
theoretic) ring R and two ring-valued matrices H1 ∈
Rm1×n1 and H2 ∈ Rm2×n2 the lifted product is defined as

HX = [
H1 ⊗ Im2 |Im1 ⊗ H2

]
,

HZ = [
In1 ⊗ H ∗

2 |H ∗
1 ⊗ In2

]
,

(8)
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where H ∗ is the conjugate transpose of H , obtained by
transposing the matrix and taking the inverse of each ele-
ment [6]. If H is a classical radial code then H ∗ will also
be a classical radial code (in fact, it is just H with the bits
and checks exchanged).

A. A small example

To understand the structure of QRCs we can start with a
simple example, taking [from Fig. 1(b)]

H1 = H2 = H =
(

λ0
3 λ0

3

λ1
3 λ0

3

)
, (9)

which has conjugate transpose

H ∗
1 = H ∗

2 = H ∗ =
(

λ0
3 λ2

3

λ0
3 λ0

3

)
(10)

so that we obtain a quantum code with parity-check
matrices

(11)

(12)

Readers may find it helpful to refer to the full binary rep-
resentations of these matrices (Appendix A) during the
following discussion.

We can think of the quantum code as being built from
two copies of H (orange and green) and two copies of H ∗
(red and blue). We will call the copies of H “X codes” and
the copies of H ∗ “Z codes.” Each qubit is associated with a
bit in one of these four codes, while each stabilizer is asso-
ciated with a check (X stabilizers with the checks of the
X codes and Z stabilizers with those of the Z codes). The
colored row/column indices show the associated classical
code and ring within that code, of each qubit and stabilizer
in the quantum code.

The support of each X stabilizer of the quantum code
consists of the support of a ring u check in one of the X
codes plus one qubit from ring u in each of the Z codes.

FIG. 2. Structure of the quantum radial code with PCMs (11)
and (12). The code is made of four (r, s) = (2, 3) classical radial
codes, with two (red and blue) providing Z stabilizers and two
(orange and green) providing X stabilizers. An example of a X
stabilizer from ring 1 of the orange code (supported on a qubit
from each ring of the orange code and a ring 1 qubit in each of
the red and blue codes) is also shown.

Importantly, each stabilizer in ring u of a given X code is
assigned a unique qubit from ring u of each Z code so that
the product of all X stabilizers in any ring of an X code is
supported on all qubits of that X code plus all ring u qubits
in all Z codes. Similarly, each Z stabilizer has the support
of a ring u check from a classical Z code plus one qubit
from ring u in each of the X codes, and the assignments of
these qubits are unique in the same way. All checks have
weight 4, because they act on two X code qubits and two
Z code qubits. A representation of this structure is shown
in Fig. 2.

To see how many logicals we should expect we can
count the number of relations between stabilizer genera-
tors. As explained above, the product of all X stabilizers
from ring u of the orange code is supported on all qubits
of the orange code and all ring u qubits in the red and blue
codes. The product of all stabilizers from both rings of the
orange code is then supported on all qubits of the red and
blue codes and none of the qubits of the orange code. The
same is true for the stabilizers of the green code so the
product of all X stabilizers is identity on all qubits. The
same argument can be made for the Z stabilizers. These
are the only relations so we have only two encoded qubits.

We can also use the radial structure of the code to find a
basis for these logical operators. We can see that any clas-
sical codeword from one of the Z codes lifts to a logical
X operator in the quantum code because if this operator is
supported only on, e.g., red qubits then it only intersects Z
stabilizers associated with the checks of the red code, and
by definition, it commutes with these stabilizers because its
support is a codeword of the red code. We know that a basis
for the codewords of a classical radial code is all bits in any
pair of adjacent rings, and here we only have two rings so
the logical operator is supported on all qubits of the red
code. A similar operator is supported on all qubits of the
blue code but these two are equivalent up to composition
with stabilizers. There are also logical X operators sup-
ported on all ring u′ qubits of the orange and green codes.
We can see this because each Z stabilizer acts on one qubit
in each of these rings, so it will intersect two qubits of this
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1 16 10

20 3 1812 19 2

17 11 21

13 7 22

5 15 924 4 14

8 23 6

FIG. 3. Embedding of the radial code described by Eqs. (11)
and (12) onto a twisted 2-torus, where it is equivalent to a sur-
face code. Qubits are circles with coloring showing which of the
classical radial codes in Fig. 2 they belong to. X and Z stabilizers
are square faces.

operator (one orange and one green). The operators asso-
ciated with u′ = 0 and u′ = 1 are once again equivalent up
to stabilizers. Finally, we can identify a pair of logical Z
operators, one supported on the X codes and one on the Z
codes, in the same way. This is consistent with the fact that
we expected two encoded qubits from counting relations
and gives a basis of logical operators with weight 2s = 6.

Before generalizing these results we observe that this
example of a radial code has a different (and more familiar)
representation as a surface code on a twisted torus (Fig. 3).
Readers who wish to check this explicitly can refer to the
binary PCMs in Appendix A. This makes it obvious that
this code is actually distance 4 rather than 6. We will see
later that this is not specific to this case, and that while we
can generalize the logical basis described here the resulting
upper bound on the distance is usually not tight.

B. The general case

A general QRC is built from r copies of H1 and r copies
of H ∗

2 . Each qubit and stabilizer is assigned a coordinate
(c, u, v) where 0 ≤ c < 2r indexes the code to which it
belongs. We will also use the indices 0 ≤ x, z < r to index
X and Z codes separately.

HX for a general QRC has the form

HX = (H (Z)
X | H (X )

X ), (13)

where

H (Z)
X =

⎛
⎜⎜⎜⎜⎜⎜⎝

H (0,0)

1 Ir H (0,1)

1 Ir · · · H (0,r−1)

1 Ir

H (1,0)

1 Ir H (1,1)

1 Ir · · · H (1,r−1)

1 Ir
· · · ·
· · · ·
· · · ·

H (r−1,0)

1 Ir H (r−1,1)

1 Ir · · · H (r−1,r−1)

1 Ir

⎞
⎟⎟⎟⎟⎟⎟⎠

(14)

describes the connections of X stabilizers to qubits of the
Z codes (Ir is the r × r identity matrix) and

H (X )
X =

⎛
⎜⎜⎜⎜⎜⎝

H2 0 · · · 0
0 H2 · · · 0
· · · ·
· · · ·
· · · ·
0 0 · · · H2

⎞
⎟⎟⎟⎟⎟⎠

(15)

describes the connections to qubits of the X codes. In this
block form each column of H (Z)

X /H (X )
X is associated with

all qubits of a Z/X code while each row is associated with
all X stabilizers of an X code. We can then see that the
support of an arbitrary X stabilizer from X code x, ring
u, will be a single qubit from each ring of this X code (the
same support as a check of H2) and a single qubit from ring
u of each Z code. This second point is due to the fact that
each H (i,j )

1 Ir can be expanded as

H (i,j )
1 Ir = λ

a1
(i,j )

s Ir

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ
a1
(i.j )

s 0 · · · 0

0 λ
a1
(i,j )

s · · · 0
· · · ·
· · · ·
· · · ·
0 0 · · · λ

a1
(i,j )

s

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (16)

where each row u is associated with all checks from the uth
ring of X code x and each column u′ is associated with all
qubits from the u′th ring of Z code z. Because the matrix
is diagonal X checks from ring u can only connect to Z

code qubits from ring u, and because λ
a1
(i,j )

s has exactly one
nonzero entry in each row and column each X check is
connected to exactly one qubit from each Z code, and no
two X stabilizers from the same X code x and ring u share
a qubit in Z code z.

An equivalent analysis can be performed for Z stabiliz-
ers and so we obtain a direct generalization of the structure
discussed in the previous section, namely that an X /Z sta-
bilizer from code c, ring u is connected to a unique qubit in
each ring of code c and a unique ring u qubit in each Z/X
code. An illustration of this generalized structure is shown
in Fig. 4.

The rest of the discussion in the previous section gen-
eralizes straightforwardly as well. Each codeword of a Z
code (all bits in rings u′,u′ + 1 of that code) lifts to a log-
ical X operator of the quantum code and there are r − 1
such independent logicals per Z code. The product of all X
stabilizers from rings u,u + 1 in any X code is supported
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FIG. 4. Representation of the structure of a quantum radial
code. The code is formed from r copies of a classical radial code
H1 (the X codes) and r copies of a classical radial code H ∗

2 (the Z
codes). Each stabilizer is associated with a ring u check in one of
these classical codes and has support on a qubit from each ring
of that code and a ring u qubit from each code of the other type
(u = 0 in the example above).

on all ring u and u + 1 qubits of all Z codes, so there
are r − 1 independent choices of Z code and (r − 1)2 X
logicals of this type. There are also logical X operators
supported on all ring u qubits in a pair of X codes x and
x + 1. There are r different X codes giving (r − 1) inde-
pendent pairs of codes for each choice of ring, and the
product of all X stabilizers from any ring in X codes x
and x + 1 is supported on all qubits of these X codes,
meaning we have r − 1 independent choices of ring and
(r − 1)2 independent logicals of this type also. An identi-
cal analysis can be performed for the logical Z operators,
so we have 2(r − 1)2 independent X and Z operators and
2(r − 1)2 encoded qubits. The number of encoded qubits
could also be checked by counting the number of relations
between stabilizers, as was done in the previous example.

Finally, we observe that every logical operator in the
basis described above is supported on a pair of rings, and
that every ring contains s qubits, so each of these opera-
tors has weight 2s. The number of physical qubits in the
code is 2r2s (as it is made of 2r classical radial codes,

each of length rs) and so a general QRC has parame-
ters [[2r2s, 2(r − 1)2, ≤ 2s]]. We were unable to identify a
method to reliably achieve this upper bound on the dis-
tance, but in the next section we study the scaling of d with
s in the average case and present numerical evidence that
the relation is linear. In a similar vein, it would be prefer-
able if the check weights could be made constant rather
than scaling as 2r, but as the majority of the arguments
provided above rely on the checks of the classical codes
being supported on one bit of each ring this is not possible
without significantly altering the construction. However, in
this work we are only concerned with small-size instances
of these codes and in these cases the stabilizer weights are
no more than eight.

IV. CODE DISTANCES OF QUANTUM RADIAL
CODES

As shown in the example of Fig. 3, the upper bound
on the distance of d ≤ 2s that we obtained previously is
not generally tight, and in most cases lower distance log-
ical operators will exist. In Appendix B we examine this
specific example in more detail and conclude that QRCs
obtained from products of classical codes where H1 = H2
are more likely to exhibit low-weight logicals than those
where H1 �= H2. To test this hypothesis and to get a bet-
ter idea of what kinds of distances we can expect from
QRCs we use QDistRnd [16] to numerically estimate the
distances of randomly generated codes for different r and
s and for both H1 = H2 and H1 �= H2 (i.e., independently
generated H1 and H2). The accuracy of these distance
estimates is discussed in Appendix C.

We also wish to emphasize that the instances we have
studied here are relatively small and there is no guaran-
tee that this linear behavior will continue to hold for larger
codes. We note that, to the best of our knowledge, prov-
ing minimum distance bounds of lifted product codes over
an Abelian group remains an open problem. While certain
examples of bounds exist [6], these rely upon the input
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FIG. 5. Numerical estimates of average distances for quantum radial codes of different s for (a) r = 3 and (b) r = 4. 100 codes were
generated for each pair (r, s). Error bars are the standard error on the mean and are typically smaller than the marker.
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FIG. 6. Distribution of distances for quantum radial codes of different s for (a) r = 3 and (b) r = 4 . The codes in these figures are a
subset of the H1 �= H2 codes from Fig. 5. Curves are intended to improve clarity where different distributions overlap and do not imply
fitting to a model.

matrices having specific structures that do not extend to
the radial code construction.

Additionally, we study the distributions of these dis-
tances around the average, as shown in Fig. 6. We observe
that these distances appear to be normally distributed about
the mean, with the variance increasing with increasing s.
This is unsurprising, as there is a greater variety of possi-
ble classical radial codes to use as input when s is much
larger than r.

A. Confinement properties

In addition to the code distance, the confinement [17]
of a code becomes relevant in the presence of syndrome
measurement errors for single-shot decoding. Formally, for
a stabilizer code confinement is defined as

Definition 1 (Confinement, [17]). Let t be an integer and
f : Z → R some increasing function with f (0) = 0. We
say that a stabilizer code has (t, f )-confinement if, for all
errors e with |e| ≤ t, it holds

f (|σ(e)|) ≥ |e|red. (17)

In the above definition, σ(•) refers to the syndrome
map and the superscript red refers to the condition that
the weight of e must be reduced over the stabilizer group.
Practically, we can characterize the confinement profile of
a stabilizer code by searching for the minimum syndrome
weights of errors of increasing weight w ≥ 1 [18]. We use
the software dist-m4ri [19] to compute the confine-
ment profile of two specific examples of quantum radial
codes up to w ≤ 8 and compare it to the confinement pro-
file of the bivariate bicycle codes in Ref. [12]. We also
compare to the trivariate tricycle codes studied in Ref. [20].
We restrict to HZ checks for all codes and note that trivari-
ate tricycle codes have meta-checks in this sector. The
results are summarized in Table II.

While our [[90, 8, 10]] quantum radial code has a con-
finement profile similar to the bivariate bicycle codes, non-
decreasing only for irreducible errors of weight w ≤ 2, our
[[352, 18, 20]] code has improved confinement. Notably,
the [[352, 18, 20]] quantum radial code satisfies |σ(e)| ≥
|e|red for irreducible errors with weight w ≤ 6. In that, it
is more similar to examples of trivariate tricycle codes.
While the syndrome that an error of weight w produces
is larger, the condition |σ(e)| ≥ |e|red is satisfied for irre-
ducible errors with weight w ≤ 7, w ≤ 5, and w ≤ 6 for
the three examples in Table II.

In addition to the minimal syndrome weight for an
irreducible error of weight w, we also show the average
syndrome weight for an irreducible error of weight w in
Fig. 7. Note that the average syndrome weight is typically
nondecreasing up to larger values of w compared to the
minimal syndrome weight in Table II.

TABLE II. Confinement profile for X errors (Z checks) for
various examples of bivariate bicycle [12], quantum radial, and
trivariate tricycle [20] codes. The confinement profile is obtained
from the minimal syndrome weight of errors with weight w =
1, . . . , 8 for all codes except the [[72, 12, 6]] (BB), where w =
1, . . . , 6.

Code Confinement profile

[[72, 12, 6]] (BB) 3, 4, 3, 4, 3, 4
[[90, 8, 10]] (BB) 3, 4, 3, 2, 3, 2, 3, 2
[[108, 8, 10]] (BB) 3, 4, 3, 2, 3, 2, 3, 2
[[144, 12, 12]] (BB) 3, 4, 3, 2, 3, 2, 3, 2
[[288, 12, 18]] (BB) 3, 4, 3, 2, 3, 4, 3, 4
[[360, 12, ≤ 24]] (BB) 3, 4, 3, 2, 3, 4, 3, 4

[[90, 8, 10]] (QR) 3, 4, 3, 2, 3, 2, 3, 2
[[352, 18, 20]] (QR) 4, 6, 6, 6, 6, 6, 4, 4

[[72, 6, 6]] (TT) 6, 8, 10, 10, 10, 10, 10, 6
[[126, 6, 8]] (TT) 6, 8, 10, 12, 14, 12, 12, 6
[[288, 6, 10]] (TT) 6, 8, 10, 12, 14, 14, 12, 6
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FIG. 7. Average confinement profile for X errors (Z checks)
for various codes. It represents the average syndrome weight
of irreducible errors of weight w. Dashed lines are a guide for
the eye.

Last, it is worth noting that the confinement profile for
the code is not the same thing as the confinement profile for
the detector error model (DEM) on which the decoding is
performed (see Sec. V), although the two will be related.
One important difference is that, in any circuit consisting
of repeated measurements of the same set of stabilizers, a
sequence of w consecutive measurement errors on the same
ancilla qubit always results in a syndrome of weight two,
regardless of the size of w.

V. SINGLE-SHOT DECODING UNDER
CIRCUIT-LEVEL NOISE

A. Syndrome extraction circuits

We can use the previously described structure of QRCs
to define an optimal-length (in the sense that ancilla qubits
are never idle) schedule for parallelized stabilizer measure-
ments. In this schedule, each stabilizer ancilla interacts first
with its associated Z code qubits and then with its associ-
ated X code qubits, with X and Z stabilizers offset from
each other by half a cycle. An example for two stabilizers
of the example code from Sec. III A is shown in Fig. 8.

The general definition of such a measurement circuit is
as follows. For a Z measurement ancilla associated to a
stabilizer in Z code z and ring u the associated operation at
each timestep of the circuit is

(1) t = −1: Initialize the ancilla in |0〉.
(2) 0 ≤ t < r: Apply a CX gate with the target on the

ancilla and control on the relevant qubit.
(3) r ≤ t < 2r: Apply a CX gate with the target on the

ancilla and control on the relevant qubit in X code
(z + t) mod r, ring i.

(4) t = 2r: Measure the qubit in the Z basis.

{
{

}
}

}
}

}
}

}
}

FIG. 8. Measurement circuit for two stabilizers from the (2, 3)

quantum radial code discussed in Sec. III A. The top qubit is the
ancilla for the ring 0, spoke 0 Z stabilizer from the red classical
code while the bottom qubit is the ancilla for the ring 0, spoke
0 X stabilizer from the orange classical code. The 24 qubits in
the middle are the 24 data qubits of the quantum code and are
ordered using their associated classical codes and rings as before.
Bold qubit lines are part of the support of one or both stabilizers.
Dashed gray lines show boundaries between timesteps.

For an X stabilizer measurement ancilla in X code x, ring
u we instead have

(1) t = r − 1: Initialize the ancilla in |+〉.
(2) r ≤ t < 2r: Apply a CX gate with control on the

ancilla and target on the relevant qubit in Z code
(x + t) mod r, ring i.

(3) 2r ≤ t < 3r: Apply a CX gate with control on the
ancilla and target on the relevant qubit in X code x,
ring (u + t) mod r.

(4) t = 3r: Measure the qubit in the X basis.

Because each Z code z, ring u data qubit is part of a
unique stabilizer from each ring of Z code z and a unique
ring u stabilizer from each X code (and the reverse for
X code qubits) we can see that this schedule will never
lead to collisions where two ancilla qubits try to interact
with the same data qubit at the same time. Additionally,
because each data qubit interacts first with all its associated
Z measurement ancillas and then with all its associated X
measurement ancillas the circuit is guaranteed to be valid
and avoid the issues discussed in Appendix B of Ref. [21].
Finally, we can see that if we run the two halves of this cir-
cuit continuously (i.e., Z ancillas are initialized on each t
mod 2r = −1 and X ancillas on each t mod 2r = r − 1)
then these ancillas are never idle and each cycle of the
circuit has the minimal possible length.
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It is worth noting that this circuit is not guaranteed to be
optimal from a fault-tolerance perspective, and there may
be other measurement circuits for QRCs that lead to higher
effective distance. We leave the study of such circuits as a
problem for future work.

B. Simulation method and noise model

We use stim [22] to simulate the propagation of noise
through these measurement circuits. We use a standard
noise model where for each timestep,

(1) idle qubits experience single-qubit depolarizing
errors with probability pidle,

(2) pairs of qubits acted on by CX gates experience
two-qubit depolarizing errors immediately follow-
ing the gate with probability pCX,

(3) qubits initialized in |0〉 / |+〉 experience single-qubit
X /Z errors immediately following initialization
with probability preset,

(4) qubits measured in the Z/X basis experience single-
qubit X /Z errors immediately before the measure-
ment with probability pmeas.

We restrict our simulations to the setting where pidle =
pCX = preset = pmeas to facilitate comparison with other
works. However, it is worth noting that such a setting is not
necessarily experimentally realistic, and that in practice,
e.g., idling errors may be negligible [10] or that measure-
ments error rates may be much higher than two-qubit gate
error rates [23].

C. Decoding strategy

The output from stim is a DEM—a bipartite graph of
error nodes, corresponding to possible faults in the circuit,
and detector nodes, corresponding to sets of measurement
outcomes that can be used to infer the occurrence of these
faults. An error node and a detector node are connected by
an edge whenever the occurrence of the error modifies the
outcome of the detector.

Under a phenomenological noise model, the standard
approach to simulating single-shot decoding is to apply
random Pauli errors to the qubits of the code, calculate
the corresponding syndrome, flip random bits of this syn-
drome to represent the action of measurement errors, and
then task the decoder to calculate a correction based on
this syndrome [24]. Usually, there will be some discrep-
ancy between the calculated and true error configurations,
resulting in some residual error that is carried over into the
next cycle of the simulation. This approach does not gener-
alize directly to the setting of stim and DEMs where error
configurations are generated for the entire circuit before
any decoding is performed, with some errors triggering
multiple detectors with different time coordinates. To rep-
resent the action of a single-shot decoding strategy in this

setting we must therefore have a way to divide the DEM
into distinct time slices which can be fed independently
to the decoder and to propagate the calculated correc-
tions forward in time so that future detector outcomes are
appropriately modified [25].

In our work, we use an overlapping window [26–28]
(sometimes referred to as a sliding window [29,30]) decod-
ing approach that fulfills these requirements. In general, a
(w, c)-overlapping window decoder is defined by a choice
of decoding algorithm, window size w ∈ N, and commit
size c ≤ w ∈ N. The operation of the decoder is as follows.
Consider a generic decoding cycle, before which a correc-
tion for the syndrome data from the first t syndrome extrac-
tion cycles has already been determined. w and c are then
used to define two sets of consecutive syndrome extraction
cycles, the decoding window, {t + 1, t + 2, . . . , t + w}, and
the commit region, {t + 1, t + 2, . . . , t + c}. In each decod-
ing cycle, the subset of the total syndrome associated with
the extraction cycles within the decoding window is identi-
fied and passed to the decoder, and a correction is returned.
The parts of this correction that lie outside the commit
region are then discarded and only the correction within
the commit region is applied (either in hardware or soft-
ware). Finally, the syndrome of this modified correction is
calculated and used to update the existing syndrome data
for future extraction cycles. The decoding window is then
advanced by c syndrome extraction cycles and the process
begins again.

Algorithm 1 shows an implementation of this procedure
based on the DEM obtained from stim. In each decoding
cycle, the subgraph of the DEM lying within the decod-
ing window is calculated using a call to current_inds. We
make use of the fact that in a standard stabilizer code
potential faults can only trigger detectors locally, that is,
a fault during a syndrome extraction cycle can only influ-
ence detectors during that and the following cycle [31]. As
a result, the matrix representation of the DEM is a banded
matrix, which allows one to determine relevant indices for
the current decoding and commit region by identifying the
indices of the first and last nonzero elements for a sub-
set of rows that corresponds to the detectors of the current
decoding round.

The most direct generalization of single-shot decoding
to this overlapping window case would be to take w = c =
1, but we can also consider looser generalizations where w
and c are simply required to be both small and independent
of the size or distance of the code. We propose “constant-
depth decodable” as an alternative and more precise term
for “single-shot decodable” in this case.

D. Numerical results

For the results presented in this section, and summarized
in Fig. 9, we use the BP + OSD decoder of the ldpc Python
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ALGORITHM 1. Pseudocode for overlapping window
decoding.

package [32,33] in combination with a (w, c) = (3, 1)-
overlapping window decoding strategy, although a (1, 1)

strategy was also observed to suggest a threshold, albeit
with higher word error rates. For each window, we perform
a maximum of 1000 iterations of the min-sum algorithm
with a parallel schedule. If the decoder does not converge,
the soft output of the decoder is used to inform the ordered

statistics subroutine. We emphasize that these parameters
are nonoptimal and that further increasing, for example, the
maximum number of iterations for the min-sum algorithm
yields additional improvements. Examples of how logical
error rates vary with the number of BP iterations are shown
in Appendix E. Here, we have limited simulations to 1000
iterations to obtain sufficient statistics in a reasonable time.
We remark that, as its name suggests, the parallel sched-
ule can be fully parallelized in practical applications as
all necessary operations and calculations can be performed
locally. The OSD routine in its current form is not effi-
ciently parallelizable and achieving it is an active research
question [34].

For our simulations, we choose a pair of radial codes
with parameters [[90, 8, 10]] and [[352, 18, 20]], correspond-
ing to (r, s) values of (3, 5) and (4, 11) respectively. Note
that the [[90, 8, 10]] code saturates the distance bound dis-
cussed in Sec. IV, while the [[352, 18, 20]] code comes
close. In Fig. 9(a) we can see how the Z word error rates
in both of these codes vary as we increase the number
of simulated decoding cycles under the error model and
decoding strategy described above. In these simulations,
we fix the physical error rate to be 2 × 10−3 and apply
only order-0 OSD reprocessing. X word error rates are
not shown here but are identical within the sample vari-
ance. We observe that after ∼10 cycles the error rate per
cycle becomes constant, confirming the validity of our
single-shot decoding approach. Further evidence for this
can be seen in Fig. 9(b), which shows how the observed
Z word error rate per syndrome cycle pZ varies with the
physical error rate p . Here we fix the number of decod-
ing cycles to 15 and apply order-4 reprocessing with
the combination-sweep search strategy (OSD-CS-4), and

(a) (b)

FIG. 9. Word error rates in a pair of radial codes as a function of (a) number of decoding cycles and (b) physical error rate. Sim-
ulations were performed using a circuit-level noise model and (3, 1)-overlapping window implementation of BP-OSD-0 in (a) and
BP-OSD-CS-4 in (b). In (a) the physical error rate is fixed at p = 2 × 10−3 and dashed lines are linear fits showing a linearly increas-
ing error rate per decoding round after a few decoding cycles. In (b) the number of decoding cycles is fixed at 15 and dashed lines
are exponential fits with a quadratic exponent, showing exponential error suppression. Note that here we show the Z word error rate
per syndrome cycle, in contrast to (a) which showed the total Z word error rate. Shown are also diamond markers for the Z error rate
of eight patches of d = 7 and d = 9 rotated surface codes decoded over 3d syndrome cycles. Shading indicates hypotheses whose
likelihoods are within a factor of 1000 of the maximum likelihood estimate.
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observe exponential suppression of logical error rates with
decreasing p . The larger code also outperforms the smaller
one for low enough values of p .

It is worth emphasizing that the single-shot decodabil-
ity of these codes is not merely a curiosity, and that the
levels of error suppression displayed make them com-
petitive with some of the best-known codes of similar
size, as can be seen in the comparison against the sur-
face code shown in Fig. 9(b). These data for the surface
code were obtained from simulations of 3d rounds of the
surface_code:rotated_memory_z experiment in
stim [22] with physical error rate p for all error types. The
noise model here is broadly similar to the one described
above, but combines measurement and reset errors into a
single error, ignores idling errors, and applies a depolar-
izing channel before each syndrome cycle. The resulting
error rate PZ,1 for a single logical qubit is then rescaled
according to the expression

pZ = 1 − (1 − PZ,1)
k/3d, (18)

to obtain the Z word error rate per syndrome cycle for k =
8 logical qubits.

Additionally, we note that in some cases the parame-
ters and error correction capabilities of the radial codes
are comparable to those of the bivariate bicycle codes [12]
(e.g., when comparing the [[90, 8, 10]] codes of both con-
structions), but that no valid single-shot decoding strategy
has been demonstrated for the latter. On the other hand,
large bivariate bicycle codes appear to significantly out-
perform large radial codes, perhaps due to the higher check
weights of the radial codes and the difference in simulated
decoding strategies.

VI. CONCLUSION

We have introduced a family of small quantum LDPC
codes with high rate and distance and competitive error
suppression capabilities under a single-shot decoding strat-
egy. We proved an exact value for k and an upper bound
on d for all codes in this family and showed numerically
that while these codes do not achieve this bound in general,
random instances can come very close to it with high prob-
ability when n is suitably small. In numerical studies of
performance under circuit-level noise, small examples of
these codes achieved similar levels of error suppression to
surface codes of comparable distance while using ∼5 times
fewer physical qubits. Due to their small size, flexibil-
ity and powerful error correction capabilities, we believe
these codes would be well suited to small experiments
and implementations on near-term hardware, especially
on, e.g., neutral atom platforms [35] that naturally allow
long-range connectivity.

A number of outstanding questions about these codes
exist. First, we note that our results in conjunction with

the confinement profile (Table II) suggest that the bivariate
bicycle codes of Ref. [12] could also be single-shot decod-
able. Other open questions include whether more optimal
measurement circuits exist for our codes—we have not
evaluated the effective distance of the circuits used in
this work—and also whether other modifications could
be made to the construction to ensure higher distance. It
would also be interesting to investigate the viability of
different and more efficient decoding strategies in these
codes, e.g., fully local or generalized matching decoders.

A more high-level question, given the large number of
recent results involving lifted products of small classical
codes, is which other classical code families might be suit-
able candidates for such a study and how these families
might be identified. Rather than a brute-force search of
the classical literature, it may be possible to identify par-
ticular desirable properties of classical codes that lead to
useful quantum codes (e.g., single-shot decodability, high
distance, etc.).
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APPENDIX A: BINARY PCMs FOR A SMALL QRC

The following are the binary representations of the
matrices (11) and (12) discussed in Sec. III A:
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(A1)

(A2)

APPENDIX B: STRATEGIES FOR PREVENTING LOW-DISTANCE LOGICALS

To understand what kind of features of QRCs can lead to logical operator representations with weight less than 2s we
can return to the example discussed in Sec. III A, since, as we can see from Fig. 3, this code actually has a distance of 4.
We start by considering the product of the two X stabilizers from spoke 0 of the orange code, which can be written as a
sum of binary vectors as follows:

(B1)

We can see that when restricted to the X codes the support of this operator lies within a single ring of the orange code.
The product of the same two operators from the green code gives

(B2)

whose restriction to the X codes lies within a single ring of the green code. The product of these two stabilizers is then

(B3)

which, when restricted to the Z codes, is only supported on the red code. Recall that there is a logical X operator supported
on all qubits of rings 0 and 1 in the red code and another operator supported on all qubits of ring 0 in the orange and green
codes. The product of these two operators with the stabilizer shown above is then
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(B4)

which only has weight 4.

Our ability to reduce the weight of the logical operator
in this way depended on three things. (a) It was possible
to take products of X stabilizers associated with a single
X code in such a way that the resulting stabilizer was sup-
ported on only a single ring of this X code (when restricted
to the X codes). (b) It was possible to take products of X
stabilizers associated with different X codes in such a way
that the resulting stabilizer was supported on only a single
Z code (when restricted to the Z codes). (c) We were able
to do both (a) and (b) simultaneously.

In particular, the ability to achieve (c) came from the
fact that H1 = H2 and so the structure of the X stabiliz-
ers within X codes (H2) and between X and Z codes (H1)
were the same. This fact meant that in Eq. (B3) taking a
product of stabilizers restricted to a single ring in the X
codes naturally gave rise to a stabilizer restricted to a sin-
gle code in the Z codes. Choosing H1 and H2 to be very
different means that a product of generators that produces a
very structured operator in the X codes will generally pro-
duce a very unstructured operator in the Z codes and vice
versa.

Numerical investigation (Fig. 5) suggests that choos-
ing H1 �= H2 does lead to an increase in average-case
code distance in some regimes, but this increase is fairly
small. Methods for reducing the likelihood of (a) and
(b) were also developed but were not observed to lead
to any distance improvements and so are not described
here. An interesting question for future research is why the
lifted product can so drastically reduce the distance of the
input codes, and how this can (as much as possible) be
prevented.

APPENDIX C: ACCURACY OF NUMERICALLY
ESTIMATED CODE DISTANCES

As described in Ref. [16], the probability Pfail that the
distance d̃ calculated by QDistRnd is greater than the true
code distance is expected to be upper bounded by

Pfail < e−〈n〉, (C1)

where 〈n〉 is the average number of times a codeword of
weight d̃ was found,

(a) (b)

Above we show versions of the plots from Fig. 6 with
the average upper bound on failure probability displayed
for each (r, s, d̃). We can see that for r = 3 the failure
probability is negligible for all except the highest distance
codes. For r = 4, on the other hand, this bound is much
higher, on the order of 0.1 for almost all codes. However,

we believe that these distance estimates are reliable for the
following reasons: First, they are consistent with the pat-
tern of distance distributions observed for the r = 3 codes,
where the bound on failure probability is much lower. Sec-
ond, the distance estimates are symmetrically distributed
about the mean and failure probabilities for codes at the
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FIG. 10. Distance distributions for the (4, 11) quantum radial code obtained from QDistRand for an increasing number of samples,
i.e., 105 in (a) and 106 in (b). Annotated numbers on each bar indicate the upper bound on the probability that the distance d̃ calculated
by QDistRand is greater than the true code distance.

low end of this distribution are fairly small. As there is
no obvious reason why the distribution should be asym-
metric (especially as all r = 3 distributions are symmetric)
this suggests that the upper end of the distribution also
has roughly the correct shape. Finally, increasing the num-
ber of samples in QDistRnd does not noticeably affect the
distribution shapes. For instance, Fig. 10 shows the dis-
tributions of (4, 11) codes with 105 (left) and 106 (right)
samples.

The distributions are identical in both cases but the
bounds on the failure probabilities of the latter are much
lower than the former. We conjecture that, in the same
way, taking additional samples would reduce the bounds
on failure probabilities for all distributions in Fig. 6 with-
out noticeably altering distribution shapes. Unfortunately,
the number of samples and runtime required to test this for
higher values of s would be prohibitively large.

APPENDIX D: DEFINITIONS OF CODES USED IN
NUMERICS

The [[90, 8, 10]] code studied numerically in Sec. V is the
lifted product of the classical codes defined by

A1 =
⎛
⎝

3 2 1
4 1 4
1 2 3

⎞
⎠

5

A2 =
⎛
⎝

3 3 0
1 0 1
4 2 0

⎞
⎠

5

(D1)

and for the [[352, 18, 20]] code,

A1 =

⎛
⎜⎝

10 10 1 6
4 7 5 2
8 10 6 9
1 6 0 6

⎞
⎟⎠

11

A2 =

⎛
⎜⎝

9 5 8 3
5 4 1 0
0 4 6 10
2 8 4 2

⎞
⎟⎠

11

.

(D2)

APPENDIX E: DECODER OPTIMIZATIONS

It has been suggested that the performance of BP + OSD
in surface codes is limited by the existence of short loops
in the decoding graph [32,36], which prevent meaning-
ful propagation of information once the iteration count
becomes roughly equal to this loop length. However, such
loops also exist in the decoding graphs of the codes
described in this work, and indeed, in all decoding graphs
for stabilizer codes which use repeated syndrome measure-
ments (see Appendix B of Ref. [27]), and here we observe
continued and substantial improvement in the performance
of BP up to very high numbers of iterations (∼10 000,
see Fig. 11). We conjecture that the poor performance
observed for BP in surface codes is due not just to the exis-
tence of short loops but to the combination of both short
loops and pointlike syndromes.

The results in Appendix B of Ref. [36] suggest that
the relevant part of the BP algorithm is the communica-
tion between factor nodes with syndrome −1 (this makes
intuitive sense as these are the nontrivial features of the
syndrome). We can think of each pair of these nodes (A, B)

as being connected by a noisy channel, with the noise
strength proportional to the separation distance between
the nodes. Once this separation becomes roughly equal
to the girth g of the graph, the channel becomes effec-
tively completely noisy, preventing meaningful communi-
cation. However, if there exists a sequence of node pairs
(A, B), (B, C), . . . (Y, Z) where the distance between con-
secutive nodes in each pair is less than g, information can
still propagate through this path, albeit very slowly.

In the case of pointlike syndromes such paths are
unlikely to exist, but they can occur very naturally in codes
such as those studied here, where syndromes are exten-
sive (i.e., the syndrome weight is nonconstant in the error
weight). This slow propagation of information across long,
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FIG. 11. Logical X error rate after 15 decoding rounds with the (3, 1)-overlapping window decoder in (a) for the [[90, 8, 10]] and in
(b) for [[352, 18, 20]] code. Here we varied the number of maximum iterations in the min-sum decoder, shown in the legend, and fixed
the reprocessing routine to OSD-0. A very large number of iterations are necessary before performance begins to plateau.

interconnected paths in codes with extensive syndromes
potentially explains why a higher number of BP iterations
can significantly improve error rates in these codes.
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