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Erasure qubits constitute a promising approach for tackling the daunting resources required for fault-
tolerant quantum computing. By heralding of erasure errors, both the error-correction threshold and the
sub-threshold scaling of the logical error rate are significantly improved. While previous research has
focused primarily on fault-tolerant quantum memories, we extend this investigation to magic state injec-
tion—a critical yet resource-intensive component of fault-tolerant quantum computation. We show that,
after postselection on erasures, the logical error rate of the injected magic state is set by the residual Pauli
error, while the space-time overhead is only marginally increased as compared with the case of non-erasure
qubits with a similar noise strength. These conclusions hold both for injection into the surface code and
for injection and cultivation on the color code. For the former, we show that most of the gains can be
achieved by the use of just three strategically placed erasure qubits in the surface code patch, independent
of the patch size. For the latter, in contrast, it is beneficial to have all the qubits in the cultivation patch be
erasure qubits. Our results for cultivation suggest that algorithmically relevant logical error rates may be
within reach without magic state distillation for erasure rates < 4 x 1073 and residual Pauli error rates of

~ 1074,

DOI: 10.1103/5q1v-ry3y

I. INTRODUCTION

One of the foremost challenges in realizing universal
quantum computation is the reliable implementation of
non-Clifford operations, such as the T gate, within quantum
error correction codes [1,2]. Magic-state-based approaches
are a leading strategy for enabling these crucial gates in
fault-tolerant architectures [3,4]. However, magic states
can often not be created fault-tolerantly and instead must
be injected into the code and distilled to higher fidelity
[3-7].

The fidelity with which these states are created has a
large impact on the resource cost of the subsequent dis-
tillation process. For example, in the 15-to-1 distillation
process [4,7], an injection error rate p leads to an out-
put error rate of ~ p? after distillation. This means that
an order-of-magnitude reduction in the injection infidelity
results in a 3-orders-of-magnitude reduction in distillation
fidelity. In particular, the difference in overhead for magic
state injection with p ~ 1073 vs p ~ 10~ can be striking,
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because it may determine whether one or multiple dis-
tillation rounds are necessary for near-term fault-tolerant
applications [7]. Similar conclusions hold for the recently
introduced “magic state cultivation” protocol, where phys-
ical error rates of ~ 10™* bring near-term applications
within reach without distillation [8].

Magic state injection protocols have been improved
over a series of studies [5,8—14]. Nevertheless, injection
is fundamentally limited by the error rate of the underly-
ing physical qubits. This limitation motivates the search
for new qubit platforms that naturally support higher-
fidelity operations, or, as is the case for erasure qubits, offer
mechanisms to detect errors more efficiently.

Erasure qubits have emerged as a promising candi-
date for the implementation of fault-tolerant quantum
computation. In erasure-based architectures, qubits can
signal whether an error has occurred, effectively con-
verting unknown errors into heralded erasure errors.
This additional information enables more targeted error-
correction strategies, leading to higher thresholds for fault-
tolerant memories [15,16]. Potential realizations of erasure
qubits include neutral atoms [15], trapped ions [17], and
superconducting qubits [16,18], with recent experimental
demonstrations [19-22].

In this work, we extend magic state injection circuits on
the surface [9—11,23-25] and color code [8,13] to erasure
qubit implementations. We present theoretical arguments
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backed by extensive numerical analysis. Many of our con-
clusions are of a general nature and should also apply to
other injection protocols. When post-selection is done on
erasure events, the logical injection error is independent
of the erasure error rate, and is set by the (assumed much
lower) residual Pauli error rate within the computational
subspace of the erasure qubits. We show that this conclu-
sion continues to hold to a good approximation for noisy
erasure detection at realistic error rates.

Moreover, there is only a marginal reduction in the
injection acceptance rate if we compare erasure qubits with
non-erasure qubits and set the erasure rate of the former
equal to the Pauli error rate of the latter. In other words, the
conversion of Pauli errors to heralded erasure errors comes
at minimal cost in terms of the number of retries before
a magic state is accepted. To support our analytical argu-
ment, we conduct a broad numerical study. A second ben-
efit comes from the well-known improved error-correction
performance associated with erasure qubits [15,16], which
reduces the cost of expansion to a larger code after the
magic state has been injected, making it practical to per-
form injection on smaller distance codes.

In contrast to quantum error correction, where frequent
erasure checks and resets are required to gain a substantial
advantage over non-erasure qubits [26], the post-selected
nature of state injection means we can check for erasures
only at the end of the injection. Alternatively, a practical
choice which we use in our numerical analysis is to check
once per syndrome round during the injection, in parallel
with ancillary measurements. Less frequent erasure checks
may relax hardware requirements, as erasure detection and
reset can be slow in practice. The challenges associated
with rapid erasure detection can perhaps be avoided, while
still retaining very large overhead reduction for magic
state factories, by the use of specialized patches with era-
sure qubits for injection, with magic states subsequently
transported to patches of non-erasure qubits.

We show that almost all the benefit of using erasure
qubits in the injection step is retained by placing only a
small, constant number of erasure qubits at strategic loca-
tions in the code patch. For surface code injection, as few
as three erasure qubits are required, independent of the
desired size of the final encoded magic state. For the “cul-
tivation” step following the initial injection in the recently
introduced “magic state cultivation” protocol [8], the situ-
ation is a bit different. There, it does pay to make most of
the qubits in the patch into erasure qubits, as we show in
Sec. V.

We demonstrate the advantages of erasure qubits
through numerical simulations using the injection proto-
col presented in Refs. [10,11] on the surface code, as well
as the recently introduced injection and cultivation proto-
col on the color code [8]. We compare erasure qubits with
differing erasure rates with non-erasure qubits. The results
reveal that even at relatively high erasure rates and with

noisy erasure detection, there is a significant advantage for
injection using erasure qubits.

II. ERASURE QUBITS

Erasure qubits are a type of qubit that converts a spe-
cific noise mechanism to a heralded error. Erasure can
be detected by measuring the qubit in a state outside its
computational subspace [15,16,21,22], or by use of, an
ancillary qubit, that flags erasure events while the data
qubits remain in the computational subspace [18].

Erasure qubits become beneficial when erasures are the
dominant error mechanism in the system and undetectable
errors are heavily suppressed. In the limit where era-
sure dominates, the surface code error-correcting threshold
is close to 5% erasure per controlled NOT (CNOT) gate
[15,16,26], and the sub-threshold logical error rate has
better scaling with distance [15,26]. More concretely, for
small physical error rates we expect the logical error to be
exponentially suppressed with distance as [26—29]

procg™, (M

where g approaches a linear function of the physical error
rates in the low-noise regime (¢ < 1) and g = 1 marks the
threshold. While for non-erasure qubits we have o = 1/2,
the scaling « is generally increased for erasure qubits, and
approaches 1 in the limit where erasures dominate [26].

Multiple experiments have demonstrated that one can
engineer a significant bias where undetectable errors
within the computational subspace are far less likely than
erasure errors. For superconducting transmon qubits, the
recently introduced dual-rail qubit [16,22] suffers mostly
from energy-relaxation noise, which is converted to era-
sure. Meanwhile, dephasing, which manifests itself as
dephasing error, is suppressed by a stable energy gap due
to a capacitive coupling of the two transmons compris-
ing the dual rail. Superconducting cavity dual-rail qubits
[18,30,31], which are motivated by the intrinsically low
dephasing of the cavity’s linear oscillator modes, allow the
detection of cavity decay, the dominant source of noise in
the system. Lastly, for certain cold atom platforms, such
as '"1Yb and #Sr, decay from the Rydberg state is sig-
nificantly biased toward identifiable states, allowing the
detection of more than 90% of decay events during a
two-qubit (2Q) gate [15,32].

III. MAGIC STATE INJECTION

The Eastin-Knill theorem [33] states that universal
quantum computation cannot be implemented transversely
on a quantum error-correcting code. To overcome this
limitation, researchers have developed various schemes,
including code switching and gate teleportation.

Gate teleportation requires specific input states that
typically cannot be prepared fault-tolerantly. In practice,
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this challenge is addressed through a two-step process:
(1) Magic state injection [9—11,34], where many noisy
encoded states are generated in a non-fault-tolerant man-
ner, and (2) magic state distillation [3], where noisy states
are distilled into fewer high-fidelity states suitable for gate
teleportation.

Magic state injection involves encoding a magic state
in a low-distance (d;) code and subsequently expanding
it to a code with a larger distance (d;). This method is
particularly vulnerable to errors during the initial stages
of the process. These early errors can propagate through
the system and persist, regardless of the final code
size.

Here we consider the surface code magic state injec-
tion protocol described in Refs. [9—11], but we emphasize
that many of our conclusions are general and should apply
to other injection schemes as well. Color code cultiva-
tion is presented in Sec. V. The protocol proceeds as
follows:

(1) A noisy magic state is prepared in a d; surface code.
We exemplify this step by implementing both the
scheme of Lao and Criger [10], building on previous
work by Li [9], which we refer to as “Lao-Criger
injection,” and the scheme of Gidney [11], which
we refer to as “hook injection.” Lao-Criger injec-
tion allows the injection of an arbitrary state, while
hook injection allows the injection of states confined
to the X'-Y plane ((y| Z|v¥) = 0). We present both
injection protocols to emphasize that our results are
not specific to a particular injection scheme, but
apply to magic state injection in general. This step
includes initialization of the data qubits and per-
forming one round of stabilizer extraction. A subset
of stabilizers are deterministic in the absence of
errors, and the process is restarted if any of these
give an unexpected outcome.

(2) Stabilizer measurements are performed on the dis-
tance d; surface code for another » — 1 rounds.
If any stabilizer measurement flips in subsequent
rounds, the state is discarded and the process
restarts. In earlier work » = 2 was typically used
[9,10], but in Ref. [11] it was shown that for large
values of d, increasing r is beneficial.

(3) The surface code is finally expanded to a larger dis-
tance d,, followed by d, rounds of standard error
correction. The final distance, d,, is chosen to be
large enough to support the desired error rate of the
subsequent distillation protocol [7].

The logical error rate has a contribution from undetected
low-weight errors in the first two steps, and topologically
non-trivial errors in the third step. In Fig. 1 we illustrate
the first step of the hook injection protocol for the case of
a d; = 2 surface code, and we present a full analysis of the
two injection strategies in Appendix B.

X1 |0) -{H] l H
2 D2 |4) &
D1 |+) T
Z1 |0) ﬂf [T -
D4 |+)
x2 D3 |+) T
i

FIG. 1. First step of the hook injection circuit from Ref. [11]
for a rotated surface code of distance d; = 2. (a) Physical layout
of the four data qubits D1-D4, the two X stabilizers (blue), and
the Z stabilizer (pink). The hatched stabilizers are deterministic
in the first round. The logical operators Z; and X; are depicted
in green and purple, respectively. (b) CNOT gate locations over
the surface code patch. (¢) Circuit implementing the first round
of the hook injection. Some physical Pauli errors on the T gate
and blue and red CNOT gates can flip the logical operator with-
out being detected, and thus their error probability has a linear
contribution to the logical error rate. The T gate translates to a
rotation of the Z; logical operator, leading to the preparation of
a |T) = T|+) state (see Appendix B 2). Injection distance d; = 2
was used for visual clarity; we note, however, that hook injection
can be performed at any surface code distance.

During the first step, single fault locations can cause an
undetected logical error (see, e.g., the T gate and the blue
and red CNOT gates in Fig. 1) [35]. Consequently, the logi-
cal error rate has a linear contribution from the Pauli error
probability of one-qubit (1Q) gates p;, 2Q gates p,, and
initialization pyy.

To quantify these contributions, we approximate the
logical error rate achieved after the first two steps as
follows:

PLinj () ~ ap1 + bpz + cpw + O(p?). 2

with p = (p1,p2,piv). Here a,b,c € R are coefficients
derived from counting the number of undetected fault loca-
tions that flip the logical operators. Coefficients for hook
injection and Lao-Criger injection are given in Appendix
B. For a noise model with py = p» = p, p1 = p/10, and
injection of the |S) = (]0) —i—ill))/\/f state [which can
be simulated by Clifford operations, unlike the magic
state |T) = (|0) + &™/* |1>)ﬁ] the logical error rate for
hook injection py; = 7/30p and for Lao-Criger injection
pL1 = 46/30p, showing the favorable performance of hook
injection.

A. Injection with erasure qubits

By implementing magic state injection using erasure
qubits [16], we can use the additional information received
from the erasures to improve the post-selection.

Erasure qubits split the noise into two parts: unde-
tectable Pauli errors that contribute to the injection fidelity
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in linear order, and erasure errors that are identifiable
by use of erasure detection. Useful erasure qubits should
convert dominant noise processes to erasures. We there-
fore assume that the probabilities e, e;, and epy of era-
sure errors during 1Q gates, 2Q gates, and initialization,
respectively, obey

ey, e1,eN > P2,P1,PIN 3)

for erasure qubits.

This allows us to reduce the logical error by discarding
the state for every detected erasure in the first two steps, at
the expense of lowering the injection acceptance rate. For
perfect erasure detection, such that every erasure in the first
round is identifiable, the logical error rate of the injection
is strictly given only by the undetectable errors, i.e.,

PLinj (€D) = PLinj (D) “4)

independent of e and with p; ;,j(p) defined as before [see
Eq. (2)]. This manifests itself a key advantage of using era-
sure qubits for magic state injection, as the logical error
rate does not depend on the erasure rate.

On the other hand, discarding of states due to erasure
errors directly affects the acceptance rate. However, the
impact is not very large, if our comparison is with non-
erasure qubits with a similar noise rate, as we show in the
following.

The acceptance rate of the protocol can be broken down
into two parts: the probability that no erasure has occurred
R.(e), and the probability that no Pauli error was detected
R, (p). The overall acceptance rate of an injection circuit
discarding erasure errors is then the product

R(e.p)=R. (R, (P). 6]

It is natural to compare the performance of a pro-
tocol with erasure qubits with that of a protocol using
non-erasure qubits, where the Pauli error rate of the non-
erasure qubits is comparable in magnitude to the erasure
rate. This is motivated by the observation that physical
implementations of erasure qubits “convert” the dominant
physical error processes, which would normally lead to
undetectable errors, into detectable erasures [19-22].

For clarity, we denote the Pauli error rates when using
non-erasure qubits by p,. Numerical analysis suggests that
most mechanisms contributing to Pauli errors are detected
(Appendix D), and as such we get that for p, = e the
acceptance rates due to erasure errors and due to Pauli
errors are nearly identical, i.e., R.(e) ~ R, (p,). In addi-
tion, in the limit of interest where the residual Pauli error
rate of the erasure qubits is very small [Eq. (3)], only
a small fraction of the discarded states originates from
residual Pauli errors, ie., 1 — R,(p) < 1 — R.(e). Conse-
quently, the acceptance rate of erasure qubits is expected

to be nearly the same as that of non-erasure qubits when
e =py:

R(e,p) = R, (pn = €). (6)

In practice, implementation of erasure qubits may come
at the cost of increased complexity compared with imple-
mentation of non-erasure qubits in the same physical plat-
form, making an apples-to-apples comparison challenging.
In particular, erasure qubits may come at the cost of addi-
tional hardware, more frequent measurements and resets,
and slower gates. Although the resulting erasure errors are
more benign, this added complexity can lead to higher
error rates relative to those for their non-erasure coun-
terparts. For example, in dual-rail systems, the excitation
number averaged over the computational basis states is
increased by a factor of roughly 2 as compared with that
for a qubit encoded in the zero- and one-excitation states
of a single mode [36]. The effective erasure rate is there-
fore approximately twice the decay rate of a conventional,
single-mode qubit when the same hardware is used.

In this work, we consider three scenarios for com-
parison: an almost perfect “conversion” of Pauli errors
to erasure errors e = p,, and two values for non-perfect
“conversion,” e = 4p, and e = 10p,,. We note that certain
architectures, such as tunable transmons and cold atoms,
may be able to achieve e = p, [15,16], depending on the
gate implementation. Additionally, we assume that erasure
qubits retain some residual Pauli error p, which we take
to be an order of magnitude smaller than for non-erasure
qubits in our numerics, p = p,/10.

Figure 2 presents a comparison of injection acceptance
rates and logical error rates for non-erasure and erasure
qubits, at different ratios of p, to e. We use a noise model
where reset, measurement, and CNOT gates carry a proba-
bility p, (p) of inducing a Pauli error on the participating
non-erasure (erasure) qubits, while other single-qubit gates
and idling carry a reduced error probability of p,/10
(p/10). For the erasure qubits, we assume equal erasure
probability for reset, measurement, and CNOT operations e,
while other single-qubit operations have a reduced erasure
probability e/10. Idling occurs at every stabilizer extrac-
tion round and affects all qubits not currently engaged in
measurement. Erasure detection is performed at the end
of every stabilizer extraction round in parallel with ancilla
measurements. An erased qubit that interacts with another
qubit in a two-qubit gate induces a fully depolarizing chan-
nel on the other qubit. See Appendix A for further details
of the noise model.

From Fig. 2, we see that for the e = p, scenario, the
injection acceptance rate with erasure qubits is reduced
only marginally compared with that with non-erasure
qubits, as we anticipated in Eq. (6). However, the logi-
cal error rate reduces significantly. As expected the logical
rate depends only on the residual error rate p when erasure
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FIG. 2. Logical error rate and acceptance rate for ungrown
injection with d; = 3 for Lao-Criger injection and hook injec-
tion of an |S) = S|+) state. Points represent non-erasure (e =
0,p, = 1073), almost perfect erasure conversion (e = 1073,p =
10™*), and two values of non-perfect erasure conversion rates
(e=4-103p=10"*and e = 1072, p = 10~*). The theoreti-
cal limits [Eq. (2)] for non-erasure qubits and erasure qubits are
depicted by the dashed blue and red lines, respectively. Each era-
sure scenario is calculated for perfect erasure detection and for
erasure detection error rate epp = epy = 1072 for false-positive
and false-negative detections, respectively.

detection is perfect [Eq. (4)]. This observation essentially
indicates that post-selection on an event results in an error
rate that is independent of the probability of that event
[14,37].

1. Faulty erasure detection

For imperfect erasure detection, false positive and false
negative detections contribute differently. False positive
erasure detections lead only to unnecessary discards of
potentially valid states, reducing the protocol’s acceptance
rate. On the other hand, false negative detections can con-
tribute to the logical error rate. However, the latter is
mitigated by three factors: first, this is a second-order effect
where an erasure first happens and then goes undetected,
such that the probability of false negatives is already
quite low; second, these undetected erasure errors gener-
ate depolarizing noise on both themselves and interacting
qubits in our model, making them likely to trigger a sta-
bilizer detection event; third, they must evade detection
across all » rounds.

To balance the competing effects between false positive
and false negative erasure detections, we choose to dis-
card the state only if we detect two erasures. This approach

reduces unnecessary discards from false positives, as a sin-
gle erroneous detection will not trigger abortion. While
this could potentially allow some true erasure errors to go
undetected (false negatives), we find that this is unlikely in
practice, as undetected erasure errors are likely to trigger
stabilizer detection events as they stay erased and inject
noise into the system over multiple rounds. We have found
in our numerical analysis that this trade-off is favorable, as
the reduction in false-positive-induced discards outweighs
the minimal increase in undetected errors.

As demonstrated in Fig. 2, introduction of significant
false negative and false positive rates epy = epp = 1072
with this scheme results in a minimal effect on the logical
error rate, and only a marginal reduction of the accep-
tance rate. Equations (4) and (6) are thus reasonably good
approximations even for noisy erasure detection.

B. Code expansion

In the third step we expand the code from distance d,
to distance d,, where d, is the desired final distance of the
surface code. The overall error rate of the injection proto-
col has contributions from errors in all three steps, which
can be approximately expressed as

PL = PLinj + PLexp» (7)

with py inj and py exp denoting the logical error rates in the
injection and expansion steps, respectively.

The logical error rate of the injection process is limited
by the linear contributions from low-weight errors in the
initial step [Eq. (2)]. The expansion step should ideally
exhibit a significantly lower error rate than the injection
process.

During the first stabilizer extraction round in the expan-
sion process, the code still exhibits fault distance of the
smaller distance d, code, and we thus expect the logical
EITor Py cxp to be dominated by errors happening in this
round. For low physical error rates, we thus expect py exp
to follow Eq. (1) with d = d; and where ¢ is a linear com-
bination of e and p (see Appendix C for numerical fits to
this Ansatz).

By simulating an expansion of a perfectly prepared
state (i.e., one with no noise before the expansion round),
we can isolate and quantify the logical error rate con-
tributed solely by the expansion step, py cxp. Figure 3(a)
illustrates these simulation results across various parame-
ter regimes, demonstrating how expansion-induced errors
scale with code distance d; and physical error rates, with
fixed d, = 15. To compare erasure and non-erasure qubits,
we use the same noise model as in Ref. III A. Near-perfect
erasure conversion leads to significantly better scaling of
the logical error rate with code distance, while imperfect
conversions mitigate this improvement by bringing the
effective error rate closer to the threshold (Appendix C).
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(a) , (b) :
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FIG. 3. (a) Logical error rate of the expansion from a distance d, to a d, = 15 surface code. The encoded d; surface code state is

prepared noiselessly, allowing examination of the error contributions from the expansion step. The same erasure conversion scenarios
as in Fig. 2 are analyzed: non-erasure qubits (e = 0, p, = 1073), near-perfect erasure conversion (¢ = 1073, p = 10~*), and two val-
ues of non-perfect erasure conversions (e =4 - 1073,p = 107* and e = 1072, p = 10~*). (b) Pareto front of the entire injection and
expansion protocol for the same scenarios as in (a) (same color key). The points, each labeled with its corresponding (r, d;) values,
are obtained by scanning combinations of the number of post-selected rounds » and the injection distance d;, where » € {2, 3,4} and
dy € {3,...,7}. The theoretical limits [Eq. (2)] for non-erasure qubits and erasure qubits are depicted by the dashed blue and red lines,

respectively.

To evaluate the effectiveness of the complete injection
process, we simulate the entire protocol as described in
Ref. [11]. The simulation begins with hook injection of
an |S) state into a surface with code distance d;, followed
by » — 1 rounds of stabilizer extraction, a single round of
expansion to distance d;, and d, memory rounds, and ends
with in-place Y basis measurement [38] to determine the
injection success. In this section, we assume perfect era-
sure detection after every gate in order to simplify the
decoding process. We refer the reader to Refs. [26,39]
for detailed analysis of how sparse and non-perfect era-
sure detection can affect the results of a quantum memory
protocol.

In Fig. 3(b), we plot the error rate and the expected vol-
ume of the entire injection circuit, including expansion.
The expected volume is calculated as

V(dl’r) = %ﬂa (8)

with Oy, being the number of data and ancillary qubits in
the distance d; surface code and R being the acceptance
rate of the injection. The error rate has contributions from
all of the injection steps, and therefore we can see that for
lower d; values, the expansion is limited by the errors in
the expansion round. For higher values of d;, the logi-
cal rate approaches the ideal logical error rate of 7/30p
[Eq. )]-

When comparing the logical error rates shown in
Fig. 3(a) for the expansion step alone and Fig. 3(b) for
the full injection process, we see that the limiting factor

depends on which stage contributes more significantly to
the total error. If the dominant contribution arises from the
expansion step because d; is not sufficiently large, then
no matter how much the injection stage is improved, the
final logical error rate remains constrained by the expan-
sion process itself. On the other hand, if the injection step
is the primary source of errors, the overall logical error rate
quickly saturates at the theoretical limit of 7/30p [Eq. (2)
and Appendix B].

IV. HYBRID ERASURE AND NON-ERASURE
SYSTEM

In certain hardware implementations, such as super-
conducting qubits, realizing erasure-enabled qubits can be
more expensive than realizing non-erasure qubits [22].
Motivated by this, we investigate a hybrid strategy that
integrates both erasure and non-erasure qubits within the
same surface code patch, deploying erasure qubits only at
those circuit locations where they provide the most benefit.

The injection circuit is subject to two distinct types of
fault location: undetectable faults that add directly to the
logical error rate and detectable faults that cause the state
to be discarded and the injection procedure to be restarted,
thereby lowering the overall acceptance rate without affect-
ing the logical error rate. In both the Lao-Criger scheme
and the hook injection scheme, increasing the injection dis-
tance d; does not add more undetectable faults [10,11].
By introducing erasure qubits to circuit locations that con-
tribute to the first (undetectable) error type, and using
non-erasure qubits elsewhere, one can retain the reduced
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logical error rate of erasure qubit injection while minimiz-
ing the number of required erasure qubits. Furthermore,
in scenarios in which erasure qubits exhibit a higher error
rate than non-erasure qubits, e > p,, the reduced error rate
associated with the second (detectable) type of error mech-
anism increases the protocol’s acceptance rate by reducing
the frequency of discards. In this section, we add a sub-
script to the residual Pauli error rates of the erasure qubits,
Pe, to better distinguish them from the Pauli error rate of
the non-erasure qubits in the same code patch, which we
denote by p,.

The resulting error rate injection on the hybrid patch pre-
serves the linear contributions from p,, as it is driven by the
residual Pauli error of the erasure qubits participating in the
“sensitive” circuit locations. Additionally, there is an extra
contribution proportional to p2, which is negligible as long
as p,; < pe!

PLinihybrid Pes Pn) = PLin(@e) + O@). ©)

For example, in the hook injection circuit depicted in
Fig. 1, our proposed approach is implemented by select-
ing D1, D3, and Z1 to be erasure qubits, as they participate
in the colored CNOT gates and in the 7 gate. These three
qubits covers all fault locations that contribute linearly
to the logical error rate, independent of the size of the
surface code patch. These qubits cover all weight-1 fault
locations regardless of the patch size (see Ref. [11] for
details), thereby making our hybrid approach viable for
any injection distance d;.

In some architectures, and specifically superconducting
qubits, erasure qubits exhibit longer gate times, requiring
the non-erasure qubits to remain idle during this period. We
mimic such a scenario by comparison with an alternative
noise model, inspired by the relaxation times of the super-
conducting dual-rail qubits and transmons (see Appendix
E). This alternative noise model has a CNOT Pauli error rate
for non-erasure qubits given by p) = (p, + e») /2. This
alternative noise model is labeled “hybrid (with idling)”
in Fig. 4.

We compare numerical results for distance-3 hook injec-
tion with non-erasure qubits, erasure qubits, and the hybrid
approach—where only three qubits are erasure qubits—in
Fig. 4. In Fig. 4(a), we show the acceptance rate for
the different scenarios. In Fig. 4(b), we show the corre-
sponding logical error rate as a function of the erasure
conversion ratio e/p,. It can be seen that the hybrid archi-
tecture shows a significant acceptance rate increase over
all-erasure patch, while the logical error rate is essentially
unaffected as long as p,f & pe, as expected. The improve-
ment in acceptance rate becomes more pronounced as the
erasure rate increases relative to the non-erasure Pauli rate,
and is negligible when e = p,, since the acceptance rates of
the full-erasure and non-erasure patches are nearly equal,
as explained in Sec. 1T A.

(a) 101

—e— Erasure qubits

—e— Hybrid qubit types
0.44 " Hybrid (with idling)
Non-erasure qubits

Acceptance Rate

T T T T T

2 4 6 8 10
elpn
(b)
-~ 7/30p,
—=—- 7/30pe limit for po =10"* -
© . | — Erasure qubits . o " A
E 10734 —4— Hybrid qubit types e ’
T Hybrid (with idling) s e d
g Non-erasure qubits o . //
i 5 e v /
T 1074 e it Y
=1 ‘j,"’ ¥ g /!/+/1/.
3 -a_,:s,’”f o4 | 1 ,J__-«;_—J_"_l\z' |
= S '
10734 . .
10 10-3 1072
Pn
FIG. 4. (a) Acceptance rates and (b) logical error rates for

distance-3 qubit patches for different architectures: all erasure
qubits (red), all non-erasure qubits (blue), a hybrid design com-
bining erasure and non-erasure qubits (purple), and a hybrid
design with different gate times taken into account (green). A
non-erasure error rate of p, = 1073 is used in (a), and the residual
Pauli error rate is fixed at p, = 10~* throughout. An erasure rate
of e = 1073 is used for (b). The results demonstrate that for prac-
tical non-erasure error rates (p, ~ 1073), hybrid architectures
maintain low logical error rates comparable to the erasure-only
case, while achieving higher acceptance rates.

Thus, the hybrid approach is a particularly cost-effective
way to reduce magic state overhead in architectures where
high-quality erasure qubits can be realized, but are either
more expensive or exhibit significantly higher erasure rates
than non-erasure qubits.

V. INJECTION AND CULTIVATION ON THE
COLOR CODE

Zero-level distillation [13,40—45] realizes a high-fidelity
magic state by repeated measurements. Gidney et al.
[8] recently introduced a novel zero-level distillation
approach, dubbed “magic state cultivation.” This pro-
cedure comprises three steps: injection, cultivation, and
grafting, where the latter is a code expansion step from
a small color code to a hybrid color and surface code.
Compared with the injection and expansion protocols dis-
cussed in the preceding two sections, the cultivation step
is a fundamentally new ingredient. Vaknin et al. [46]
demonstrated that the use of erasure qubits can increase
cultivation efficiency. In this study, we analyze the benefits
of the hybrid construction for cultivation.

The injection step prepares a magic state in a small color
code, similarly to the surface code injection protocols dis-
cussed in Sec. III. We focus here on the “unitary injection”
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from Ref. [8], which shares similarities with hook injection
for the surface code, consisting of a state creation phase via
unitary operation followed by a round of stabilizer mea-
surement. This step results in a magic state that has a linear
physical error rate contribution to the logical error rate:

2 1

PLcolor,inj = EPZ + gpla

(10)
with use of the same notation for one-qubit and two-qubit
locations as previously.

The magic state cultivation protocol’s primary advan-
tage, however, emerges during the second step, cultivation,
where we perform a fault-tolerant measurement of the
logical Hyy = (X + Y)/+/2 operator on the color code.
This critical measurement detects low-order errors that
would otherwise dominate the logical error rate, substan-
tially improving the overall protocol’s effectiveness. By
identifying and flagging these errors, the fault-detection
mechanism significantly increases the fidelity of the result-
ing magic state beyond what the initial injection alone can
achieve.

The arguments presented in Sec. III A, which lead to
the conclusion that the logical fidelity is set by the resid-
ual Pauli error rate of the erasure qubits, Eq. (4), and that
the acceptance rate is roughly equal to that of non-erasure
qubits with the same noise strength, Eq. (6), are applica-
ble to the first two steps, injection and cultivation, of the
overall cultivation procedure. While the last step in cul-
tivation uses gap-based post-selection, the first two steps
are post-selected on any detector firing. In our erasure-
based protocol, this corresponds to post-selection on all
erasures. Accordingly, we simulate these steps and present
the results in Fig. 5. In this section, for better compari-
son with Ref. [8], we adopt the same uniform noise model
as used there. In this model, each operation [1Q gate, 2Q
gate, and state preparation and measurement (SPAM)] is
subject to a Pauli error with probability p and an erasure
error with probability e. While these simulations do not
incorporate erasure measurement errors, our analysis in
Sec. Il A suggests that failed erasure measurements would
likely be mitigated by subsequent erasure and stabilizer
measurements in the protocol. We anticipate this limitation
would manifest itself only as a small reduction in overall
performance [26].

In the final grafting step, the code is expanded into a
larger-distance hybrid color and surface code. In this step,
an abort criterion is determined by gap decoding [8]. As
shown in Ref. [46], erasure qubits will give an advantage
to this step as well, since erasure information can be used
to refine the soft abortion criterion. On the other hand,
in architectures where erasure qubits are costly compared
with non-erasure qubits, it may also be pertinent to con-
sider a hybrid approach where a small color code patch of
erasure qubits is grafted into a larger patch of non-erasure

Color Code Injection (d = 3)

(a) 1073
=== 7p/15 limit for p=1073 p,=1x1073

o | ——- 7p/5limitforp=10"* ______________°® _______|

S ® Non-erasure qubits

5 ® Erasure qubits

-

w

S8 10744

o p=1%x10"% p=1x10"* p=1x10"*

S e=1x102 e=4x10"? e=1x107

0.0 0.2 0.4 0.6 0.8 1.0

(b) Injection and Cultivation (d = 3)

10764 ® Non-erasure qubits

o) @ Erasure qubits e
2 10-74 ¢ Sl.x—qublt hybnd_ —
= Nine-qubit hybrid Pp=1x10"
o _g p=1x10
= 10 e=1x10"
w 4
= =1x10"
S 1094 £Z1x102
© &3 p=1x10"* b p=1x107"*
S 10-10] & e=4x10"3 | e=1x1073

10~ T T T T

0.0 0.2 0.4 0.6 0.8 1.0
Acceptance Rate
FIG. 5. Logical error rate and acceptance rate for (a) unitary

injection and (b) unitary injection and cultivation for distance-3
color code, with use of the protocol from Ref. [8]. Points are for
non-erasure (e = 0,p, = 1073), almost perfect erasure conver-
sion (e = 1073, p = 10™*), and two values of non-perfect erasure
conversions (e =4-1073,p =107 and e = 1072,p = 107%).
Hybrid setups with, respectively, six erasure qubits and nine era-
sure qubits (e = 1073, p, = 1073, p = 10™*) are also presented.
The theoretical limits [Eq. (10)] for non-erasure qubits and
erasure qubits are depicted by the dashed blue and red lines,
respectively, in (a).

qubits. We leave these more complex questions for future
work.

To devise a hybrid erasure and non-erasure approach,
we need to identify the fault locations that contribute most
to logical errors. Unlike injection, the cultivation circuit
does not have any single fault location capable of unde-
tectably causing a logical error. Instead, logical errors arise
through combinations of faults, each involving at least d;
fault locations. For d; = 3, a computerized search reveals
hundreds of thousands of such fault combinations, making
it unfeasible to fully suppress errors by converting a small
subset of qubits to erasure qubits, as was done for injection
in Sec. IV. Nevertheless, we find that conversion of just six
qubits into erasure qubits can suppress at least one fault in
most of these combinations, resulting in more than a ten-
fold reduction in the logical error rate. Further reduction is
achieved by conversion of nine qubits into erasure qubits,
fully covering at least one fault in every fault combination
and reducing the error rate by a factor of 30. Both hybrid
schemes are illustrated in Fig. 5 as the “six-qubit hybrid”
and “nine-qubit hybrid” data points. However, the benefit
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of these hybrid schemes is modest, as in contrast conver-
sion of all 15 qubits to erasure qubits yields a significantly
greater improvement—by a factor of roughly 10°.

VI. CONCLUSION

We have demonstrated that erasure qubits can signifi-
cantly enhance magic state injection and magic state cul-
tivation, by providing additional information that enables
more effective post-selection. Specifically, the logical error
rate can drastically reduce with minimal reduction in the
acceptance rate, if dominant errors can be converted into
detectable erasure errors. This improvement persists even
when erasure rates are modestly higher than error rates in
non-erasure qubits, and erasure detection itself is noisy.

For surface code injection, we moreover demonstrate
that almost all the benefits of using erasure qubits can be
achieved with the use of a hybrid system with only three
strategically placed erasure qubits at the most impactful
locations, offering an efficient alternative when full erasure
qubit implementation proves cost-prohibitive or introduces
significant performance overhead.

For color code cultivation, on the other hand, our analy-
sis shows that it pays to make all the qubits of the injection
and cultivation process into erasure qubits. In this case,
for cultivation on a d = 3 color code, we find that era-
sure qubits with erasure rate e > 10~ and residual error
rate p = 10~* have an approximately 1000-fold reduction
in logical error rate over non-erasure qubits with physical
error rate p, = 1073, at a marginal cost in acceptance rate.

The benefits of using erasure qubits become even more
pronounced when we consider subsequent code expansion,
which we study for injection into the surface code. We
speculate that large gains can also be had for the “graft-
ing” step of magic state cultivation—see also a discussion
in Ref. [46]-but leave a quantitative study of this for future
work. Moreover, the method presented here can be directly
implemented to cultivation methods that utilize non-local
connectivity [46,47]. Our results for the injection and cul-
tivation steps are, however, indicative that extremely low
logical error rates relevant for early fault-tolerant applica-
tions may be within reach with erasure rates of ~ 10~ and
residual undetectable errors at the ~ 10~ level.
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APPENDIX A: NOISE MODEL

In our simulations, we use a noise model in which two-
qubit gates (CNOT gates) and SPAM operations carry a
probability p of inducing a Pauli error, and non-SPAM
one-qubit operations (idling and single-qubit gates) carry a
probability p /10 of inducing a Pauli error. Idling occurs at
every stabilizer extraction round in parallel with measure-
ments, and affects all qubits not being measured. All Pauli
errors are considered equally likely, i.e., the noise channels
are fully depolarizing.

For erasure qubits, there is an additional probability e
of erasure error occurring for two-qubit gates and SPAM
operations, and a probability of ¢/10 for erasure dur-
ing non-SPAM one-qubit operations. An erased qubit that
interacts with another qubit induces a fully depolarizing
channel on the other qubit. A measurement on an erased
qubit gives a random outcome, while state preparation is
assumed to correctly reinitialize a qubit, even if it was pre-
viously erased. In two-qubit gates, each qubit is erased
with probability 1 — /1 — e;, leading to a total erasure
rate of e, per gate.

APPENDIX B: INJECTION TYPES

1. Lao-Criger injection

The protocol in Ref. [10], which we refer to as “Lao-
Criger injection,” is a version of the protocol presented
by Li [9], adapted to the rotated surface code. It starts
by initializing a qubit in the desired injection state, and
measuring the stabilizers » times.

The initialized qubit can be either in the corner of the
patch or in the middle of the patch. In this study, we focus
exclusively on initializing the center qubit, as it exhibits a
better error rate; see Ref. [10] for further details.

The logical error rate up to first order in the gates error
is given by

3 2
pu=Zpr+pn+=p1 +0(P%). (B1)

5 3
This error rate results from the rate of initialization error
affecting the middle qubit, a single-qubit gate error dur-
ing the rotation of this qubit into the magic state, and nine
particular two-qubit errors, each occurring with probability
p2/15 in three specific CNOT gates during the first round of
stabilizer extraction.
The noise channel is expressed as

2
Eu=U—-pwl]+ ew+ gpl)[FL]

5 2 2
+ EPZ[XL] + —pa[ Y] + —p2[ZL], (B2)

15 15
with [F7] being the channel that flips the state to an orthog-
onal state, and [P;] being the channel that applies the
logical Pauli P on the state [9].
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2. Hook injection

Hook injection was introduced by Gidney [11]. Instead
ofinitializing a qubit in the desired injection state, it initial-
izes a |+) state and rotates the logical operator. It does so
by switching the order of the CNOT gates in the stabilizer
extraction circuit, in a way that Z rotations on an ancilla
rotate the logical operator.

This can be seen by propagating the Z-rotation operator
to the start of the circuit (Fig. 6). The propagation itself can
be derived by observing the relation

[ Jenor},) - €% - T T(CNOT0)
i=1 j=1

— ei% Zi([i*Zi)@)([a*Xa) . eiGZa . ei% Zj([ifzi)@)(laf){a)

— ei@zl LnZy (B3)

for a set of qubits indexed from 1 to #n and ancilla indexed
as a. If the ancilla is initialized in |0), we get the relation
depicted in Fig. 6(a).

The hook injection has a lower logical error rate, con-
tributed only from one error mechanism in the 7' gate
application, and three error mechanisms in the following
and preceding CNOT gates [blue and red in Fig. 6(b)]. This

(a) D1 H&
D2 4N\ =

10)—©&—&—T—b—0— |0)

(®)  x1{m] H

D2 o
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D3 4N &
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]
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A\
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A\

0) o o [1] O

"

a
A%

a
v

]

FIG. 6. (a) Identity from Eq. (B3) for 6 = %. (b) Propagation
of the T gate using this identity.

gives an error rate expressed as

1 3
pur = Zp1 + P2

B4
3 15 (B4)
The noise channel is expressed as
1
Eur = (1 = pa)[/] + gpl[FL]
+ ZpalVi) + —=pali] (B5)
15172 L 15P2 Ll

APPENDIX C: SIMULATING ERASURE QUBITS

In this work, we use the Stim library [49] to perform
Clifford simulations. To simulate erasures we generate an
erasure sequence for each run, and insert fully depolariz-
ing noise wherever an erasure has happened, converting
the erasure circuit into a matchable stabilizer circuit. We
then perform minimum-weight perfect matching decoding
using PyMatching [50].

Throughout this work, we inject an |S) = S|+) =
(10) +i|1))/«/§ state as a test case for injection, as it

Non-Erasure Qubits (e = 0)

1072
]t =3 [2=052,x4=0.01,c=028]
10 E + d1_5
L - d1=7
E 10 4 * 1_
S 10754 —
]
= 1076 4
9
§.’ 10—7 4
1078 4 -
10_9 4 T 3
10 e+p 10
0-2 Erasure Qubits (e/p =100)
10-
,] t @=3 [a=084x,=0028,c=0039],
10 E * d1=5
,8 10—4 i * dl:7
g d1=9
’é 1075 -
]
< 1076 4
9
:Ig 10—7 -
10—8 4
10—9 T T
1073 102

e+p

FIG. 7. Logical error rate of the noisy expansion step from
a distance-d; code to a distance-d, code, with the low-distance
code state being prepared noiselessly. Solid lines represent fits
with Egs. (C1) and (C2), with parameters given in the floating
text box.
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FIG. 8.
with no successful samples were omitted.

includes only gates that can be simulated efficiently on
classical computer [51].

In Sec. Il A, we perfectly decode the resulting injected
state by performing a noiseless stabilizer extraction round
at the end of the circuit.

In Sec. III B, we use the circuits published by Gid-
ney [11], which consist of » rounds of injection, a single
round of code expansion, and d, memory rounds, followed
by an in-place Y-basis measurement [38] to verify the
injected state. In the sole expansion simulation [Fig. 3(a)],
we sample the circuits with noise applied only during the
expansion step. In the end-to-end simulations [Fig. 3(b)],
noise is applied across all operations throughout the circuit.

Throughout the paper, error bars represent 95% confi-
dence intervals.

To investigate the scaling with distance for the expan-
sion step [see Eq. (1)], we fix the ratio of erasure errors
to Pauli errors, such that p = Re for a constant p, and
define x =e+p = (1 4+ p)e to have a one-parameter
noise model. For small x we use an Ansatz from Ref. [26]
for the logical error rate

ad
X
PLexp = C <_) >
Xth

with ¢, xy, and « fit parameters. For non-erasure qubits, a
slightly better fit is achieved with

x a(d+1)
pL,exp =Cc|\— .
Xth

Note that for the code expansion, we are limited by the
smallest distance d; in the first round of the expansion, and

(ChH

(€2)

Hook Injection, d=5
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Variations of Fig. 2 for distances d; € {3, 5,7, 9}. For each point, 2 x 10° Monte Carlo simulations were performed. Points

we thus expect the logical error rate to be approximated by
these Ansdtze for d = d;.

It can be seen from Eq. (C1) that the slopes of the era-
sure qubit scenarios in Fig. 3(a) are governed by the term
o log (x/xg). In all those scenarios, the qubits are erasure-
biased, and thus xy, and « remain nearly constant [16,26].
However, x = e + p changes between the different scenar-
ios (e € {1073,4-1073,1072)), leading to differences in
the slope.

In Fig. 7, we fit those Ansdtze to numerical simulations
of expansion where the low-distance code d; is prepared
noiselessly.

To further strengthen our claim, we present in Fig. 8
numerical simulations as reported in Fig. 2 for injection
distances d; € {3,5,7,9}.

We also present a variation of Fig. 2 corresponding
to the case in which the protocol is aborted after a sin-
gle detected erasure, rather than after two detected era-
sures as considered in the main text. These results are
shown in Fig. 9. As observed, the success rate is signifi-
cantly reduced, while the logical error rate remains largely
unaffected.

APPENDIX D: ACCEPTANCE RATE

The probability of not having any erasure is given by

R.(e) = (1 — espam)™ "M (1 —e)"1 (1 — €)™, (D1)
where x| (x3,xspam) 1s the number of 1Q (2Q, SPAM)
gates in the circuit. The probability of not having any
detected Pauli error is more complex, as for each gate some
Pauli combinations will be detected and some will not be
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FIG. 9. Variation of Fig. 2 for the case where the protocol is
aborted after a single erasure detection. The erasure detection
error rates are set to epp = epy = 1072 for false positives and
false negatives, respectively.

detected. Denoting the probability of a detected Pauli error
on gate g to be pé’ < pg, With p, the error rate of the gate,
we can approximate the acceptance rate:

R,(@) ~ ] -p). (D2)

geG

with G being the set of all gates in the circuit. This expres-
sion approximates the acceptance rate by considering only
first-order error probabilities, presuming that higher-order
terms have a negligible impact on the overall probability.
To evaluate the probability for a Pauli error to be
detected, we show a numerical search of the probability for
detection per gate pgD for the d; = 3 hook injection circuit

i i
& --- Mean 0.92 i
. 1
S 201
g 20 Two-qubit errors :
— 1
3 104 !
[ 1
> 1
Z 0 T ——
0 2 3 4 5 6 7 8 9 10 11 12 13 14 15
T 5 15 5 15 5 158 15 15 15 15 15 15 15 15 15
wn 20 T
3z i
85 Mean 0.98 1
1 . . 1
% Single-qubit errors !
5 101 1
< i
€ 51 i
> 1
=z 1

T T T
0/3 1/3 2/3

pglp

FIG. 10. Histogram of detection rate of errors in two-qubit
gates (top) and single-qubit gates (bottom) for a distance-3 hook
injection circuit with two stabilizer extraction rounds r = 2.
SPAM errors are all detected and thus not displayed. The average
pé) is depicted as dashed lines.

in Fig. 10. Each error location is analyzed for the num-
ber of error mechanisms (i.e., the number of different Pauli
combinations that are detected) and the normalized prob-
ability for each gate is counted in the histogram. It can be
seen that for both 2Q gates and 1Q gates, most Pauli error
mechanisms are detected. SPAM errors are all detected and
thus not displayed in Fig. 10.

This observation—that most Pauli errors are detected—
aligns with the design of the surface code, which is tai-
lored to detect and correct errors. The weight-1 errors that
are not detected are either:(1) logical faults introduced as
part of the injection process or (2) fault locations that act
trivially on the state, such as the error depicted in Fig. 12.
When the surface code is scaled, the number of type-2 fault
locations grows proportionally with the total number of
fault locations in the circuit, while the number of type-
1 faults remains constant [11]. As a result, the detection
rate is expected to remain roughly unchanged with increas-
ing code distance. To further showcase this, we present the
average value of pg for distances up to 15 in Fig. 11.
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FIG. 11. Average pg /p for various distances, showing that the percentage of detected errors rises only as the distance increases.
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0)

FIG. 12. A ZZ error occurring after the CNOTgate acts triv-
ially on the state and would not trigger an abort. However, if this
error is converted into an erasure, it would lead to the protocol
being aborted, reducing the success rate. Our analysis suggests
that such errors are rare, and that most Pauli errors indeed lead to
an abort.

To provide additional support for our findings in Sec.
IV, we extend our analysis by showing variations of Fig. 4
using different distances (d; = 5 and d; = 7) in Fig. 13.

APPENDIX E: HYBRID DUAL-RAIL AND
TRANSMON ARCHITECTURE

Here we develop an error model for the hybrid non-
erasure and erasure qubit protocol from Sec. IV. We base
this on a scenario where the non-erasure qubits are trans-
mons and the erasure qubits are dual-rail qubits. Since
dual-rail qubits and transmons have different gate times,
to implement the hybrid architecture, we need to account
for idling of some qubits while waiting for other gates to
finish. In this appendix, we offer a general analysis of the
idling errors for the hybrid architecture.

d=>5
(@ 10-
084 o] Non-erasure qubits__
@ =",
© e ————
<  0.61 Hybrid qubit types
9] .
S 0.4 c . * .
> —e— Erasure qubits . . . N
a —+— Hybrid qubit types Hybrid (with idling)
021 o~ Hybrid (with idling) Erasure qubits
—=- Non-erasure qubits
0.0 T T T T T
2 4 6 8 10
e/pn
(b)
~=- 7/30p,
=== 7/30p, limit for po =107*
8 —— Erasure qubits
S 10734 —— Hybrid qubit types
= Hybrid (with idling)
g —$— Non-erasure qubits
Y0744 =t
o =
= | 4=
§ I oy S
1073 4 [ I
10~ 1073 1072
Pn
FIG. 13.

In the hybrid patch, we have three types of two-qubit
gates, (1) between two transmons, (2) between a trans-
mon and a dual-rail qubit, and (3) between two dual-rail
qubits. Each of those has a different gate time: #,4, between
two dual-rail qubits, #,;, between two transmons, and #;._4;
between a transmon and a dual-rail qubit. Dual-rail qubit
gates have longer gate times [16]; thus, in each step of
the stabilizer extraction circuit, transmons participating in
a transmon-transmon gate need to idle while waiting for
the dual-rail qubit gates to finish.

Our assumptions are as follows:

(1) Since the dual-rail qubits and transmons are fabri-
cated on the same chip, we assume they share the
same decay time 7.

(2) We assume equal dephasing and decay times 7y =
T for the transmon and ignore dephasing for the
dual-rail qubit.

(3) The error rates of those gates are dictated only by
the decay and dephasing rates of the qubits. This
assumption is not exact; however, due to the bal-
ance between gate fidelity and gate time, it is often
appropriate [52].

Under the twirling approximation, the Pauli error rate
for transmons is expressed as [53]

1 1
p(H) =374 — —e T — _e32 g (E1)
4 2
(C) d =7
1.0 —e— Erasure qubits
—e— Hybrid qubit types
0.8 1 Hybrid (with idling)
9 — =+ Non-erasure qubits
2 N bit
ﬁ 0.6 1 B e el S on-erasure qublits_ _
0 T
S : -
S 0.4 Hybrid qubit types
>
n Hybrid (with idling)
0.2 1 N - N
Erasure qubit§
0.0 T T T ¢ T
2 4 6 8 10
e/pn
(d)
——- 7/30p,
) —=—- 7/30p limit for pe=10"*
o 10-3 { — Erasure qubits ;/}’//
CE —4$— Hybrid qubit types \ =FoT !
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T 10744 1 :
3 I e e U ) B Y DR .
10754 '
1074 1073 1072
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Figure 4 replotted for two distances, dy = 5 and d; = 7. (a),(c) Success probability as a function of the ratio e/p,, with

pn =103 and p, = 107*. (b),(d) Logical error rate vs p, for fixed e = 1073 and p, = 10~*. Note that as p, increases, the number of
successful shots decreases, which results in larger error bars at the upper end of the scale.
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The erasure rate of dual-rail qubits can be expressed by
the decay rate of the two transmons it is composed of.
Since dual-rail encoding maintains exactly one excitation
distributed between the two transmons [16], the erasure
rate is expressed as

ety =1—e /T a 1/T). (E2)

During idle periods, it can be assumed that the trans-
mons undergo dynamic decoupling, reducing most dephas-
ing impact. Thus, when a transmon remains idle for a
duration tiq, it experiences an error rate given by

Pidie(tiqie) = 1/2T. (E3)

In each time step of the stabilizer extraction circuit, the
transmons are subject to two distinct error sources: the
two-qubit gate operations (p,») and the subsequent idling
period (pnidqie) While waiting for the dual-rail operations
to finish. The combined effective error rate p,, can be
expressed as

*
DPnp = Pn2 T Pnidie

bar — by €2+ pu2
=pl(t = =, E4
p( Zdr) + 2T1 ) ( )

SPAM operation can be delayed or advanced to address
the different gate time issue, and one-qubit gates are
assumed to require negligible idling time as they are
shorter, with smaller error rates.
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