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Long-Range Quantum Scars

Hossein Hosseinabadi ,1,* Riccardo J. Valencia-Tortora,1 Aleksandr N. Mikheev ,1,2

Darrick E. Chang ,3,4 Johannes Zeiher ,5,6,7 Roderich Moessner,8 and Jamir Marino 1,9

1
Institute of Physics, Johannes Gutenberg University Mainz, 55099 Mainz, Germany

2
Department of Physics, University of Konstanz, Universitätsstraße 10, 78464 Konstanz, Germany

3
ICFO—Institut de Ciències Fotòniques, The Barcelona Institute of Science and Technology,

08860 Castelldefels, Spain
4
ICREA—Institució Catalana de Recerca i Estudis Avançats, 08015 Barcelona, Spain

5
Max-Planck-Institut für Quantenoptik, 85748 Garching, Germany

6
Munich Center for Quantum Science and Technology (MCQST), 80799 Munich, Germany

7
Fakultät für Physik, Ludwig-Maximilians-Universität, 80799 Munich, Germany

8
Max Planck Institute for the Physics of Complex Systems, Nöthnitzer Str. 38, 01187 Dresden, Germany

9
Department of Physics, The State University of New York at Buffalo, New York 14260, USA

 (Received 29 October 2025; revised 9 January 2026; accepted 4 May 2026; published 11 June 2026)

Rydberg–cavity systems are emerging as promising platforms for quantum simulation and quantum
information processing. These hybrid architectures combine two complementary interaction mechanisms:
cavity photons mediate collective long-range couplings, while Rydberg excitations generate strong short-
range interactions. Together, they offer a setting for engineering many-body phases characterized by a
hierarchy of interactions across widely different length scales. In this work, we introduce a minimal and
scalable model for such systems. Focusing on the strong Rydberg blockade regime, we restrict the Hilbert
space to the subspace enforced by the blockade, yielding a kinetically constrained long-range model in
one spatial dimension. This approach both captures the physics of Rydberg–cavity experiments in the
regime of strong Rydberg interactions and provides a conceptually transparent framework for studying
the interplay of long-range and short-range interactions. At equilibrium, in addition to paramagnetic and
Néel-ordered phases, the system supports a blockaded ferromagnetic/superradiant phase, distinct from the
conventional superradiant phase. Out of equilibrium, we identify long-range quantum many-body scars,
which are atypical nonthermal eigenstates that evade the eigenstate thermalization hypothesis, and giving
rise to slow entanglement growth. In contrast to the linear-in-time entanglement growth characteristic of
short-range scarred models, these long-range scars exhibit logarithmic entanglement dynamics. Our results
establish a minimal yet versatile framework for Rydberg–cavity systems, and provide a stepping stone for
future theoretical and experimental studies of this frontier platform in quantum many-body physics.

DOI: 10.1103/586v-sxqr

I. INTRODUCTION

Cold-atom systems are established as versatile quan-
tum simulators, offering unprecedented control over
interactions and geometry [1–3]. Among their many
incarnations, two directions stand out for their ability to
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engineer strongly interacting quantum matter: cavity quan-
tum electrodynamics (QED), where long-range photon-
mediated interactions dominate, and Rydberg atom arrays,
which realize programable spin models with strong short-
range couplings. Together, these complementary platforms
have enabled the exploration of collective phases of mat-
ter, novel dynamical regimes, and new paradigms of
light–matter interaction.

Cavity QED provides a natural setting for simulating
long-range interacting systems. When atomic ensembles
are placed between high-finesse mirrors, photons mediate
effective couplings that extend across the entire system and
can be tuned via external driving [4]. A hallmark example
is the Dicke superradiant phase transition [5–7], where
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light and matter become coherently locked into a collec-
tive state. Experiments have realized Dicke superradiant
using Bose-Einstein condensates in cavities [8–11], with
recent extensions to fermionic gases [12–16], associative
memory models [17], and spin-glass dynamics [18–24].

Rydberg atom arrays, by contrast, realize short-range
interacting spin models through the strong and tunable
interactions of atoms in highly excited Rydberg states
[25]. This architecture allows for flexible geometries and
interaction graphs, enabling the study of ordered magnetic
phases [26–29] as well as exotic states such as topo-
logical matter and quantum spin liquids [30,31]. Beyond
equilibrium phases, Rydberg systems also exhibit strik-
ing nonequilibrium dynamics. Most notably, they host
quantum many-body scars [32,33], atypical nonthermal
eigenstates with low entanglement that evade the eigen-
state thermalization hypothesis and give rise to long-lived
coherent oscillations [34–40].

The complementary strengths of cavity QED and Ryd-
berg arrays motivate hybrid platforms that combine the
two, opening new opportunities for quantum simulation.
One realization of such systems involves ensembles of
Rydberg atoms, known as Rydberg superatoms, embed-
ded in optical cavities, which have been studied pri-
marily in the context of quantum information processing
[41–43]. A more recent and rapidly growing direction is
the integration of ordered Rydberg arrays into cavities,
which promises to merge the advantages of global photon-
mediated interactions with the programable short-range
couplings of Rydberg systems. Although experimental
progress on atomic arrays in cavities is still at an early
stage [44–47], a growing body of theoretical work has
predicted a wealth of novel phenomena. These include
phases with intertwined superradiant and antiferromag-
netic or ferromagnetic order [48,49], the emergence of
meson–polariton excitations [50], and long-lived prether-
mal regimes of coupled light and matter [51]. These pro-
posals highlight the potential of hybrid cavity–Rydberg
systems to access correlated regimes of light and matter
that lie beyond the reach of either platform alone.

Future experimental progress in hybrid cavity–Rydberg
systems will need to be closely guided by theory. To
date, theoretical studies have largely relied either on exact
treatments restricted to small system sizes [49,50] or on
approximate approaches such as mean-field and semi-
classical methods [51,52], whose validity must be care-
fully assessed. This situation underscores the necessity of
advancing along two complementary directions. First, the
development of analytical and numerical techniques capa-
ble of accurately capturing the physics of cavity–Rydberg
platforms. Second, the identification of minimal mod-
els that retain the essential features of these systems in
certain regimes while remaining analytically tractable or
amenable to numerically exact solutions to larger system
sizes.

FIG. 1. Schematics of the model. A chain of two-level atoms
is placed inside an optical cavity and suspended by optical
tweezers (yellow shades). The cavity mode (red shade) medi-
ates long-range interactions that generate hybridization between
atomic ground and excited states across the chain (red wavy line).
In addition, atoms experience short-range Rydberg interactions
that energetically penalize configurations with simultaneously
excited nearest neighbors (blockade). The interplay of short-
range and long-range interactions leads to distinct physics, both
in and out-out equilibrium.

In this work, we contribute to the second direction
outlined above by introducing a minimal model of a Ryd-
berg atom array coupled to an optical cavity (Fig. 1).
By focusing on the strong Rydberg blockade regime, we
can exclude states with simultaneously excited neighbor-
ing atoms, and thereby work within a reduced Hilbert
space, allowing to reach larger system sizes. The lat-
ter would require treating both the atomic and photonic
Hilbert spaces explicitly, which significantly restricts the
accessible system sizes and makes finite-size effects par-
ticularly severe in the presence of long-range interactions.
Beyond its direct relevance for Rydberg–cavity experi-
ments, the model is of intrinsic theoretical interest, as it
provides one of the simplest, yet rich, frameworks to study
the interplay of short-range and long-range interactions.

Owing to the interplay between the strong Rydberg
blockade and cavity-mediated interactions, our model real-
izes a kinetically constrained long-range system. As a
result, its properties combine features characteristic of
both kinetically constrained models, most notably the PXP
model [26,34–36], and conventional long-range interact-
ing systems [53–58]. At the level of equilibrium phases,
we find that the ground state can be tuned between a para-
magnetic phase, a Néel-ordered phase, and most notably, a
blockaded ferromagnetic/superradiant phase. Out of equi-
librium, the system hosts long-range quantum many-body
scars, which manifest in the absence of thermalization and
slow entanglement growth. Remarkably, the entanglement
entropy in these scarred dynamics grows logarithmically
in time [55], in contrast to the linear growth observed in
short-range scarred systems [34,35].

Our results provide a stepping stone for future stud-
ies of cavity–Rydberg systems, which represent one of
the most promising frontiers for realizing novel quantum
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many-body phenomena. More broadly, our work estab-
lishes a route to realizing kinetically constrained dynamics
in long-range interacting quantum systems, thereby open-
ing a new direction for exploring many-body physics at
the intersection of cavity QED and constrained dynamics.
We further elaborate on the potential of this novel research
area in the Concluding section.

II. SUMMARY OF THE RESULTS

In Sec. III, we introduce our setup, consisting of a
chain of atoms coupled to Rydberg states and the field
of an optical cavity (Fig. 1), realizing a many-body sys-
tem with competing short-range and long-range interac-
tions. The short-range component arises from the Rydberg
interactions, which energetically suppress simultaneous
excitations of neighboring atoms, while the long-range
interactions are mediated by the collective coupling of
atoms to a common cavity mode. In the absence of Ryd-
berg interactions, the physics of the system is very well
captured by mean-field theory, as long-range interactions
tend to suppress effects of quantum fluctuations [7,57,59].
The central question is how the strong short-range interac-
tions modify the physics compared to conventional cavity
QED frameworks.

By focusing on the regime of strong Rydberg interac-
tions, in Sec. III B we derive an effective description of
the system constrained to the subspace allowed by the
blockade. We show that the resulting effective Hamilto-
nian, referred to as (PXP)2, can be expressed in terms of the
square of the well-known PXP Hamiltonian, augmented
by an additional transverse field term. Alternatively, the
model can be interpreted as a Dicke Hamiltonian projected
onto the blockade subspace. Due to this duality in the struc-
ture of the model, its behavior, both at equilibrium and
out of equilibrium, exhibits an interplay of the physics
characteristic of the PXP and Dicke models.

Using this effective theory, we first discuss the ground
state phases of the system in Sec. IV. The model exhibits
three distinct phases depending on the magnitude and
sign of the transverse field. For large positive fields, the
ground state is paramagnetic, with all atoms remaining in
their ground states. In the opposite limit, for large nega-
tive fields, the system favors a Néel-ordered configuration
with a period-two density-wave profile. Between these two
extremes, at intermediate values of the transverse field,
the ground state becomes ferromagnetic or, with respect
to the cavity mode, superradiant. This phase breaks the
spin Z2 symmetry while preserving translation symmetry, a
surprising feature given the presence of (infinitely) strong
Rydberg blockade. As a result, the ground state cannot
be approximated by a classical product state, even in the
limit of vanishing transverse field. This ordered state is
strongly affected by quantum fluctuations induced by the
blockade, which significantly “dress” the classical product

state ansatz. A hallmark of this effect is a magnetization
that exceeds any classical value allowed by the blockade
constraint.

Next, we analyze the spectrum of low-energy excita-
tions in Sec. IV B. We numerically compute the dispersion
of the lowest-lying modes and find that, in the paramag-
netic phase, the spectrum is dispersive at finite momenta,
while the zero-momentum mode remains energetically iso-
lated by a finite gap below the continuum. This gap closes
at the transition into the ferromagnetic phase, signaling the
onset of spontaneous symmetry breaking. To understand
these features, in Sec. IV C we develop a field-theoretic
formalism that qualitatively captures the structure of the
excitation spectrum. This analysis shows that the finite-
momentum dispersive modes originate from the Rydberg
blockade, while the isolated zero-momentum mode is a
consequence of the long-range cavity-mediated interac-
tions.

We then proceed to investigate the nonequilibrium
behavior of the system in Sec. V. Motivated by the con-
nection to the PXP model, we examine the spectrum for
signatures of quantum many-body scars (QMBS). Through
spectral analysis, we show that, similar to the PXP case,
the spectrum is predominantly chaotic but contains a set of
atypical scarred eigenstates, violating volume-law entan-
glement expected for chaotic systems. These scarred states
exhibit strong overlap with initial product states featur-
ing short-period density-wave order, most notably the Néel
state.

In Sec. V B, to address whether these nonthermal eigen-
states have an impact on dynamics, as they are just a poly-
nomial number compared to the exponentially abundant
number of thermal states, we analyze the entanglement
dynamics following quantum quenches from various prod-
uct states. Remarkably, we find that the half-cut entangle-
ment entropy exhibits logarithmic growth in time across all
initial states, regardless of their overlap with scarred eigen-
states. However, states with stronger overlap with QMBS
show slower, though still logarithmic, entanglement pro-
duction. These states include density-wave configurations,
which have a periodic distribution of excited atoms across
the chain. We demonstrate that this slower growth can be
understood within the framework of long-range interact-
ing systems: by partitioning the chain into sublattices and
neglecting the initially unoccupied sublattices, the dynam-
ics of the remaining subsystem can be effectively described
by a long-range Ising model without projectors. In this
picture, the growth of entanglement is explained in terms
of the production of collective excitations (magnons). For
density-wave states, the reduced phase space for magnon
creation due to projectors leads to suppressed entangle-
ment growth compared to the vacuum state. This mecha-
nism also explains why the period-three density-wave state
exhibits slower entanglement growth than the period-two
Néel state, an observation that contrasts with the behavior
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observed in the PXP model, where longer period density-
wave states thermalize more efficiently.

We also explore the impact of the transverse field on
entanglement dynamics in Sec. V B 2 and observe a strik-
ing asymmetry between positive and negative field values.
For positive fields, entanglement growth is monotoni-
cally suppressed, consistent with the system becoming
increasingly polarized. In contrast, for negative field val-
ues, entanglement production initially increases, reaching
a pronounced maximum before decreasing again at larger
negative fields. We show that this nonmonotonic behavior
arises from a resonance phenomenon: certain terms in the
Hamiltonian effectively act as a drive on the system, and
the resonance occurs when the drive frequency matches
the excitation energy. This resonance condition coincides
with the point of maximal entanglement growth, providing
a clear dynamical interpretation of the observed peak.

Finally, we briefly address the experimental feasibil-
ity of the model in Sec. VI, arguing that the omission
of dissipation is well justified for experimentally relevant
timescales, where coherent dynamics dominate.

III. MODEL

The goal of this paper is to put forward a minimal model
of competing short-range and long-range interactions in
the regime of strong interactions. This model can be real-
ized by an array of Rydberg atoms held by optical tweezers
inside of an optical cavity (Fig. 1). The atoms are col-
lectively coupled to a single cavity mode, leading to an
effective long-range interaction between the atoms. While
this Dicke-Ising model captures the essential features of
Rydberg atoms embedded in optical cavities, it remains
too complex to allow for exact solutions. To facilitate ana-
lytical and numerical progress, we focus on the regime
of strong Rydberg interactions and project the model onto
the subspace defined by the Rydberg blockade constraint.
This projection yields an effective theory, whose properties
will be investigated in detail throughout the remainder of
this work. We focus on the one-dimensional case, which is
most relevant to current experiments on Rydberg-dressed
atoms in cavities.

A. The Dicke-Ising Hamiltonian

We consider a chain of two-level atoms of length L
inside an optical cavity (Fig. 1). The atoms interact with
each other by coupling to Rydberg states and with a single
cavity mode, as described by the following Hamiltonian

H = Ha + Hc + Hac. (1)

Ha is the atomic part given by

Ha = �

L∑

i=1

σ z
i + V

∑

〈ij 〉
ninj , (2)

where σαi are the Pauli matrices satisfying [σα , σβ] =
iεαβγ σ γ , and � is a local field. V > 0 is the strength
of Rydberg interactions, which are approximated by the
nearest-neighbor coupling of the excited state occupation,
2ni ≡ 1 + σ z

i . Hc describes a free bosonic mode

Hc = ωca†a, (3)

where ωc is the cavity detuning. The atom-cavity interac-
tion is given by

Hac = − g√
L

L∑

i=1

(a + a†)σ x
i , (4)

where g is the coupling strength, which is rescaled with
L to keep the total energy extensive. In general, incoher-
ent processes, such as atomic decay and cavity loss, are
also present in experiments. We neglect these effects in
our analysis, assuming that their effect is small during the
runtime of experiments.

The model in Eq. (1) is well understood in two limiting
cases. For g = 0, the spins and the cavity decouple, and the
spin sector reduces to an Ising chain with antiferromag-
netic nearest-neighbor interactions in a longitudinal field
hex = �+ V/2. In this limit, the energy spectrum can be
obtained exactly, as all terms in the Hamiltonian commute.
The opposite limit, V = 0, corresponds to the Dicke model,
which has been extensively studied in atomic physics, both
theoretically and experimentally [4,7]. Here, the Hamilto-
nian has permutation symmetry under the exchange of spin
indices and can be expressed in terms of collective spin
operators Sα = ∑

i σ
α
i . This symmetry greatly reduces the

numerical cost of exact diagonalization, enabling simula-
tions of systems with hundreds of spins [7]. Furthermore,
the mean-field (MF) solution of the Dicke model becomes
increasingly accurate as we approach the thermodynamic
limit, providing analytical insight into the system’s behav-
ior both in and out of equilibrium. We discuss the prop-
erties of both of these limiting cases in more detail in
Sec. IV, in connection with the behavior of H in more
general parameter regimes.

Away from the two limiting cases discussed above,
we encounter the same challenges typical of many-body
Hamiltonians: the Hilbert space grows exponentially with
the system size, making it difficult to study large sys-
tems. Reference [48] studied a similar model using a MF
treatment of both long-range and short-range interactions,
which was later improved in Ref. [51] by systematically
incorporating fluctuations using field-theoretic methods.
Recently, several works have investigated variants of H ,
focusing on regimes where the Ising interaction (V) is
ferromagnetic [49], or where it is antiferromagnetic but
combined with a staggered field. The latter case can be
mapped to a ferromagnetic interaction in a uniform field
via a π -rotation of the spins on one of the sublattices [50].
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In this work, we focus on the unexplored regime of
strong Rydberg interactions, where V is largest energy
scale in Eq. (1). In this strong Rydberg blockade limit, con-
figurations with simultaneously excited neighboring sites
are energetically forbidden. As a result, the Hilbert space
can be effectively projected onto the subspace allowed by
the blockade, leading to a kinetically constrained long-
range system. A technical advantage of the projection is
that the effective model can be exactly diagonalized for
larger system sizes.

B. Effective theory in the strong blockade regime

The strong blockade theory can be constructed fol-
lowing Refs. [26,60], by introducing projectors onto the
low-energy subspace that excludes configurations with
simultaneously excited adjacent sites, such that

nini+1 = 0. (5)

Among the terms in the Hamiltonian, only the atom-cavity
interaction in Eq. (4) requires this projection. In a chain
geometry, a spin-flip operator σ x

i is allowed to act only if
both neighboring sites are unoccupied. The corresponding
projection is given by

σ x
i → σ̃ x

i = Pi−1σ
x
i Pi+1, (6)

where Pi = 1 − ni projects onto the atomic ground state at
site i. Applying this projection, the atom-cavity coupling
becomes

Hac → H̃ ac = − g√
L

∑

i

(a + a†)σ̃ x
i . (7)

In addition to the strong blockade regime, we work in the
adiabatic limit, where the cavity mode evolves much faster
than the atomic excitations within the projected subspace.
More precisely, we assume

�, g � ωc � V, (8)

which justifies adiabatic elimination of the cavity mode.
Neglecting cavity losses, the leading-order effect of this
elimination results in an effective long-range interaction,

HJ = −J
L

∑

i,j

σ̃ x
i σ̃

x
j , (9)

where J = g2/2ωc is the effective coupling. Unless stated
otherwise, we express all energies in units of J . The
resulting effective Hamiltonian is then

H̃ = −1
L

∑

i,j

σ̃ x
i σ̃

x
j +�

∑

i

σ z
i . (10)

The derivation of the effective Hamiltonian together with
the next-to-leading order terms is provided in Appendix.

In the remainder of this paper, we work with H̃ and
restrict the Hilbert space to states obeying the blockade
constraint. Before going into the details of the equilibrium
and nonequilibrium properties of H̃ , we give an overview
of other known spin models with close connection to our
system. For convenience, we call the first term in (10)
the “interaction” term in the reminder of the paper, while
remembering that even in the absence of this term the
system is still interacting due to the blockade condition.

The Hamiltonian H̃ bears a strong resemblance to the
long-range transverse-field Ising model, also known as the
Lipkin-Meshkov-Glick (LMG) model [59], defined by

HLMG = −1
L
(Sx)2 +�Sz, (11)

where Sα = ∑
i σ

α
i are collective spin operators. Owing to

its permutation symmetry and mean-field solvability, the
LMG model has been extensively studied. Its ground state
exhibits a second-order phase transition from a paramag-
netic to a ferromagnetic phase at�c = 2, in the mean-field
Ising universality class [53,59]. Out of equilibrium, the
LMG model has also been investigated in the context of
quantum quenches [61–63] and Floquet dynamics [64,65].
Despite its superficial similarity to the LMG model, the
presence of projectors in H̃ imposes nontrivial kinetic
constraints that fundamentally modify the system’s behav-
ior, both at equilibrium and out of equilibrium, as we
demonstrate in the following sections.

Another model relevant to our discussion is the PXP
model [34,35], given by the following Hamiltonian

HPXP =
∑

i

σ̃ x
i , (12)

where the projected operator σ̃ x
i is defined in Eq. (6). The

PXP model has attracted significant attention due to its
nontrivial relaxation dynamics. As first observed experi-
mentally in Ref. [32], for certain initial states, such as the
antiferromagnetic (Néel) state, the system exhibits anoma-
lously slow thermalization, in violation of the eigenstate
thermalization hypothesis (ETH). This behavior has been
attributed to the presence of QMBS, which are atypi-
cal, weakly entangled eigenstates and are reminiscent of
scar states in classically chaotic systems such as billiards
[36]. Initial states with large overlap with QMBS display
slow entanglement growth, persistent memory of initial
conditions, and long-lived coherent oscillations, in stark
contrast with typical thermalizing dynamics. The connec-
tion between H̃ and HPXP becomes evident upon noting
that

H̃ = −1
L
(HPXP)

2 +�
∑

i

σ z
i . (13)

This relation suggests a close correspondence between the
dynamics of the two models. As we will show in Sec. V,
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the dynamics under H̃ is influenced by QMBS, particularly
in the regime |�| � 1. However, the long-range nature of
the interactions in H̃ , along with its distinct symmetries
compared to HPXP, leads to qualitatively different dynam-
ical behavior, most notably in the growth of entanglement
and correlations.

In the following section, we analyze the ground state
properties of our model, with particular emphasis on the
different symmetry-breaking phases and the spectra of low-
energy excitations within each phase. We then turn to the
study of the model’s nonequilibrium dynamics in Sec. V.

IV. EQUILIBRIUM PROPERTIES

We begin by analyzing the ground state properties of H̃
in Eq. (10). In Sec. IV A, we examine the different ground
states and their associated symmetries. This is followed by
a detailed study of low-energy excitations in Sec. IV B. In
particular, we highlight how the interplay between long-
range and short-range interactions gives rise to distinctive
features in both the ground state and its excitations, going
beyond the paradigms established for systems with purely
short-range or purely long-range interactions [57,66]. We
conclude our discussion of the system’s equilibrium prop-
erties in Sec. IV C, where we provide an analytical treat-
ment of the paramagnet-to-ferromagnet phase transition
and the behavior of low-lying excitations near the critical
point, with particular emphasis on the role of the Rydberg
blockade in shaping the transition.

A. Ground state phases

1. Qualitative analysis

Considerable insight into the ground state structure of
the system as a function of � can be obtained on physical
grounds, as we now discuss.

We begin with the limit � � 1, where the interaction
term becomes negligible. In this case, the ground state is
a classical paramagnet (PM), given by a product state of
atomic ground states:

|
PM〉 = |0〉 ≡ |0〉1 |0〉2 . . . |0〉L−1 |0〉L , (14)

which satisfies the blockade constraint [Eq. (5)]. For finite
values of �, the interaction term induces global pairwise
spin flips, leading to quantum corrections to Eq. (14). As
we demonstrate both analytically and numerically later,
these fluctuations give rise to excitations with distinct dis-
persive properties, both globally and locally, due to the
interplay between short-range and long-range interactions.
Nevertheless, for sufficiently large �, Eq. (14) remains a
good approximation to the ground state.

In the opposite extreme limit −V � � � −1, the sys-
tem favors the maximal number of excitations consistent
with the Rydberg blockade. The resulting ground states are

twofold degenerate:

|
e〉 = |Z2〉 , |
o〉 = T1 |Z2〉 , (15)

where |Z2〉 is the Néel state,

|Z2〉 ≡ |1〉1 |0〉2 . . . |1〉L−1 |0〉L , (16)

and T1 denotes translation by one lattice site. Similar
results have been reported before for the PXP model
[67,68]. For large negative�, the true ground state remains
close to Eq. (15), with only weak corrections due to inter-
actions. These corrections are generally smaller than in
the PM case, since the blockade constraint more strongly
restricts quantum fluctuations around |Z2〉 than around |0〉.

We now turn to the intermediate regime |�| � 1, where
interactions dominate. At � = 0, as discussed previously
[Eq. (13)], the eigenstates of H̃ match those of the PXP
model, which describes a constrained spin chain in a trans-
verse field. The ground state of the PXP model exhibits
finite magnetization 〈σ x

i 〉 	= 0 [26], implying the same
holds for H̃ at � = 0. However, in contrast to the PXP
model, both its ground state and highest excited state
become degenerate ground states of H̃ in this limit. This
signals a ferromagnetic (FM) phase characterized by spon-
taneous breaking of the spin Z2 symmetry, σ x

i → −σ x
i . In

the cavity QED context, this FM phase corresponds to a
superradiant (SR) phase, where the cavity field acquires a
nonzero expectation value:

〈a〉 =
√

L g〈σ̃ x〉. (17)

Finding an appropriate mean-field ansatz for the FM
ground state is complicated by the presence of the block-
ade constraint. The simplest state satisfying the constraint
while breaking both Z2 and translational symmetry is

|→〉1 |0〉2 . . . |→〉L−1 |0〉L , (18)

with |→〉 = (|0〉 + |1〉)/√2. This suggests a transition
from the FM to the Néel phase is associated with the
restoration of the Z2 symmetry. However, as we will show
using exact numerical results in Sec. IV A 2, this ansatz
does not describe the true FM ground state. Although the
FM phase does break the Z2 symmetry, it remains trans-
lationally invariant. Taking this observation into account,
a more suitable ansatz for the FM ground state is the (not
normalized) projected fully polarized state given by [69]

|⇒̃〉 ≈ Pblock (|→〉1 |→〉2 . . . |→〉L) , (19)

where Pblock is the projector to the Rydberg blockade
subspace:

Pblock =
∏

i

(1 − nini+1). (20)
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The state |⇒̃〉 breaks the spin Z2 symmetry while being
translationally invariant. We will compare the properties of
this state with exact numerical results in the next section,
showing an improved agreement compared to Eq. (18).
Finally, we note that the simultaneous restoration of the
spin Z2 symmetry and breaking of translation symmetry at
a common critical value of � indicates a first-order phase
transition between the FM and Néel phases [49].

2. Numerical results

Following the discussion of the previous section, we
numerically diagonalize H̃ in the blockade subspace to
study its ground state phases.

As an unbiased indicator of phase transitions, we use the
half-chain entanglement entropy SL/2. Deep within con-
ventional ordered phases, entanglement is typically weak,
as the ground states can often be approximated by tensor
product states with local structure. Near phase transi-
tions, long-range correlations become enhanced and lead
to increased entanglement. The ground state entanglement
entropy of the (PXP)2 Hamiltonian [Eq. (10)] is shown in
blue in Fig. 2(a). Consistent with the arguments of the pre-
vious section, the entanglement vanishes for� � 1, where
the system is a trivial PM, as described by Eq. (14). In the
opposite limit, � � −1, SL/2 saturates to one. Since the
logarithms are computed in base 2, this value indicates a
Greenberger–Horne–Zeilinger (GHZ) state resulting from
the symmetrization of the Néel states in Eq. (15), i.e.,
|
〉 = (|Z2〉 + T1 |Z2〉)/

√
2. In the thermodynamic limit,

infinitesimal symmetry-breaking fields are expected to
drive the system toward one of the symmetry-broken
Néel states. Nonetheless, in finite-sized systems, such a
symmetric metastable state can be adiabatically prepared

(a) (b)

FIG. 2. Ground state behavior of the (PXP)2 model. (a)
Ground state half-cut entanglement entropy, in the absence (blue)
and presence (orange) of small symmetry-breaking fields. The
peaks in the latter show phase transition points. (b) Staggered
magnetization (black) and uniform magnetization (red), show-
ing three different phases depending on the value of the field �.
Dashes show the maximum magnetization possible for a classi-
cal state in the presence of blockade. Data have been obtained for
a chain of 20 spins.

[70,71], similar to the phenomenon of supercooling in liq-
uids [72,73]. Finally, in the intermediate regime |�| � 1,
corresponding to the ferromagnetic (FM) phase, the entan-
glement entropy increases. A distinct peak appears near
� ≈ −1, marking the transition between the Néel and FM
phases.

To resolve the phase boundaries more sharply, we
introduce a small symmetry-breaking field given by the
perturbation

δH = −ε
∑

i

(
σ̃ x

i + (−1)iσ z
i

)
, (21)

with ε = 10−4. The entanglement entropy of the ground
state of H̃ + δH is shown in orange in Fig. 2(a). In the PM
phase, the result agrees with the symmetric case. In the
deep Néel phase (� � −1), the entanglement vanishes,
reflecting the classical nature of the symmetry-broken |Z2〉
state. More importantly, two distinct peaks in SL/2 appear
near � ≈ ±1, corresponding to the boundaries between
the PM, FM, and Néel phases. Between these peaks, entan-
glement remains finite even at � = 0, indicating that the
product-state ansatz in Eq. (18) is not a valid approxi-
mation. As we elaborate below, the FM ground state and
its entanglement profile are crucially affected by quantum
fluctuations.

To further characterize the ground state phases, we com-
pute the order parameters associated with the expected
symmetry-broken phases as functions of �. Specifically,
we evaluate the average magnetization,

M x = 1
L

∑

i

〈σ x
i 〉, (22)

which serves as the FM order parameter, and the staggered
magnetization,

M z
stag = 1

L

∑

i

(−1)i〈σ z
i 〉, (23)

which acts as the Néel order parameter. As shown in
Fig. 2(b), the phase boundaries inferred from these order
parameters align with those obtained from the entangle-
ment entropy. The behavior in both the PM and Néel
phases is consistent with classical ground states given by
Eqs. (14) and (15), respectively. In particular, M z

stag reaches
its maximal value quickly for � � −1.

A striking feature of the FM phase is the absence of stag-
gered magnetization, i.e., no translation symmetry break-
ing, despite the presence of strong Rydberg blockade. This
further confirms that the ansatz in Eq. (18), which predicts
finite M z

stag, does not accurately describe the FM ground
state. Furthermore, the maximum value of M x, observed at
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� = 0, exceeds the maximum possible value attainable by
any classical state that respects the blockade constraint:

max(M x) ≈ 0.6 > max(M x)cl = 0.5. (24)

This excess highlights the presence of quantum fluctua-
tions in the FM phase due to strong blockade. In Sec. IV A,
we also provided a translationally invariant ansatz for the
FM ground state in Eq. (19). Calculation of the average
magnetization for this state yields

〈⇒̃| σ x
i |⇒̃〉

〈⇒̃〉 = 2
2 + ϕ

+ O(ϕ−2L) ≈ 0.55, (25)

where ϕ = (1 + √
5)/2 is the golden ratio. We see that

the magnetization of |⇒̃〉 exceeds the maximum classi-
cal limit, although it is still smaller than the exact value.
Despite this difference, |⇒̃〉 provides a good approxima-
tion of the ground state at � = 0.

Based on our numerical results, we conclude that the
PM–FM transition is a second-order phase transition asso-
ciated with the spontaneous breaking of the spin Z2
symmetry, similar to the Dicke phase transition. In this
regime, low-energy physics is dominated by long-range
interactions, while the blockade modifies the structure of
gapped excitations, as discussed in Sec. IV B. In contrast,
the FM–Néel transition connects two distinct symmetry-
broken phases and is characterized by a sharp change in
both order parameters, as seen in Fig. 2(b). Our findings
are consistent with those in Refs. [49,50], indicating a
first-order transition.

B. Low-energy excitations

Following the discussion of the ground state in the pre-
vious section, we now turn to the low-energy excitations
of the system above the ground state.

To study the low-energy modes, we use the following
momentum-resolved spectral density:

A(k,ω) ≡
∑

α

∣∣〈α| σ x
k |
〉∣∣2

δ(ω − Eα + E
), (26)

where |α〉 and Eα are, respectively, the eigenstates and
energies of H̃ with ground state |
〉. σ x

k = ∑
j e−ikj σ x

j /
√

L
is the Fourier transform of spin operator in terms of lat-
tice momentum k = 2πnk/L with −L/2 < nk ≤ L/2. The
dependence of A(k,ω) on σ x makes it particularly sensi-
tive to the excitations of the PM phase and its transition to
the FM state.

We have displayed the normalized spectral density for
different values of � in Fig. 3. Starting from the PM phase
(� = 1.5), the spectrum has two notable features. First, is
the presence of a continuum of dispersive modes at finite
momenta, corresponding to magnons, separated by a large
energy gap from the ground state. Second, is the single
midgap zero-momentum mode, which is a signature of
long-range interactions in the system, since, in the absence
of Rydberg blockade, finite-momentum excitations are
degenerate and dispersionless [57]. The blockade-induced
screening of spin operators by projectors in H̃ lifts the
degeneracy of the finite-momentum manifold. As a result,
excitations at momenta close to k = π can reduce their
energies, which demonstrates the tendency of the system to
form antiferromagnetic correlations, consistent with Ryd-
berg interactions. We note that the dispersion of excitations
is sensitive to the system size, with the excitation band-
width decreasing as L increases. We analytically explain
this numerical observation later in Sec. IV C. This suggests
that in the thermodynamic limit, the effects of the Rydberg
blockade become negligible in the PM phase and near the
PM–FM transition. However, in experimentally relevant
regimes, where only a few tens of atoms can be trapped
inside the cavity using optical tweezers, dispersive modes
persist and play a crucial role in interpreting experimental
observations.

By approaching the PM to FM transition, the finite-
momentum modes become more dispersive, with the
k = π mode reducing its energy gap. Similarly, zero-
momentum mode becomes softer, and its energy gap
vanishes faster as we decrease �. As a result, the
phase transition corresponds to the condensation of zero-
momentum mode, and the formation of FM order. The

FIG. 3. Spectrum of the low-energy excitations for different values of �, for a chain of 24 spins. The discontinuity at k = 0 is due
to the long-range cavity-induced interaction, with a vanishing gap at � ≈ 0.8, signaling a second-order transition to a ferromagnetic
ground state. The k = π mode becomes gapless at � ≈ −0.6, where the ground state transforms to a Néel-ordered state.
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blockade merely causes enhanced quantum fluctuations in
the FM phase. Decreasing � further enhances dispersive
modes until we reach the FM to Néel transition point.
At this point, the excitation gap at k = π vanishes, while
the zero-momentum mode acquires an energy gap. The
vanishing of the energy gap on both sides of the tran-
sition is not a typical feature of first-order transitions,
and could be a consequence of the kinetically constrained
nature of the system. Deep in the Néel phase, finite-
momentum modes become weakly dispersive, while being
significantly broadened.

C. Field theoretical treatment

We develop an analytical framework that provides
insight into several numerical observations reported in pre-
vious sections. Our approach, inspired by methods used
to study quantum Ising transitions [19,66,74], involves
mapping the original spin degrees of freedom to soft-spin
variables via the replacement

σ x
i → ϕi. (27)

To begin, we consider the noninteracting part of the
Hamiltonian. In the absence of the blockade constraint, this
mapping yields

�
∑

i

σ z
i → r

∑

i

(
π2

i + ϕ2
i

)
, (28)

where πi is the canonical conjugate momentum to ϕi, sat-
isfying [ϕi,πj ] = iδij . The parameter r should be chosen
such that the excitation energy in this effective model
matches that of the original spin model deep in the PM
phase.

Since (σ x)2 = 1, we must impose a constraint on the
magnitude of ϕi. This is most naturally done in the
path integral formalism, where the imaginary-time action
becomes

S0 =
∑

i

∫
dτ

[
1
4r
(∂τϕi)

2 + rϕ2
i − χi(τ )(ϕ

2
i − 1)

]
,

(29)

with χi(τ ) a time-dependent Lagrange multiplier field
enforcing the unit-length constraint ϕ2

i = 1.
To incorporate the Rydberg blockade, which forbids

simultaneous excitation of neighboring sites, we introduce
a second Lagrange multiplier field λi(τ ) to impose the
constraint ϕiϕi+1 = 0:

Sbl = −
∑

i

∫
dτ λi(τ )ϕiϕi+1. (30)

The final component is the long-range interaction. Using
Eq. (9), its contribution to the action takes the form

Sint = −J
L

∑

i,j

∫
dτ ϕiϕj . (31)

The model is thus described by the sum of the three
contributions introduced above:

S = S0 + Sbl + Sint. (32)

We focus on the PM regime, where 〈ϕi〉 vanishes. To pro-
ceed analytically, we make a simplifying approximation
by treating the Lagrange multiplier fields as uniform and
time-independent parameters:

χi(τ ) = χ , λi(τ ) = λ, (33)

which allows the action to be written in momentum and
frequency space as

S = 1
4r

∑

k

∫ ∞

0

dω
2π

(
ω2 + ω2

k

) |ϕ(k,ω)|2, (34)

where the excitation dispersion is given by

ωk = 2
√

r
(
r − χ − λ cos k − J δk,0

)
. (35)

We note that the long-range interaction modifies the dis-
persion at zero momentum, by introducing a discontinuity
through the J δk,0 term. The dispersion of finite-momentum
modes arises due to the interplay of the blockade and long-
range interactions, as encoded by λ. The values of χ and λ
are determined by enforcing the constraints at the level of
expectation values. The unit-length constraint leads to

〈ϕ2
i 〉 = 1 ⇒ 1

L

∑

k

r
ωk

= 1, (36)

while the Rydberg blockade constraint imposes

〈ϕiϕi+1〉 = 0 ⇒ 1
L

∑

k

cos k
ωk

= 0. (37)

Equations (36) and (37) can be solved in the large-L
limit. Moreover, to match the excitation gap with that of
the original model in the deep PM regime, we require
consistency with the microscopic energy scale. The result
is

r = 2�, χ ≈ 3
2
�, λ ≈ −2�

L

(√
�

�− 2J
− 1

)
,

(38)

to leading order in 1/L. Equation (38) is consistent with the
numerical results presented in Sec. IV B, which attributed
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FIG. 4. Dispersion of excitations in the paramagnetic phase
and close to the ferromagnetic transition, obtained from the
soft-spin approximation for a chain of 24 spins.

the finite bandwidth of excitations to the Rydberg block-
ade. In particular, the bandwidth increases as� approaches
the phase transition, and scales inversely with the system
size, in agreement with Eq. (38).

We emphasize that this result relies on the smallness
of λ, which holds due to its 1/L scaling. However, as
� → 2J , this approximation breaks down, and Eqs. (36)
and (37) must be solved numerically. The dispersion ωk
obtained from the analytical approach is shown in Fig. 4,
and it agrees qualitatively with the exact numerical results
shown in Fig. 3 for the PM regime.

V. NONEQUILIBRIUM DYNAMICS

We now turn to the dynamics of the system far from
equilibrium. Due to the Rydberg blockade, the model is
subject to kinetic constraints. Such constraints are known
to give rise to unconventional dynamics, including per-
sistent macroscopic oscillations and slow thermalization.
In addition, the presence of long-range interactions leads

to qualitatively distinct behavior compared to systems
with purely local interactions, such as enhanced collec-
tive effects. The model defined in Eq. (10) combines both
of these ingredients, and we demonstrate below how their
interplay shapes the nonequilibrium dynamics.

In the following, we first investigate the scarred
spectrum of the system in Sec. V A, showing its close con-
nection to the scars of the PXP model. We then address
entanglement dynamics in Sec. V B, showing that despite
the similarities of the two models, they display qualita-
tively different entanglement growth.

A. Quantum many-body scars

The presence of QMBS in the energy spectrum of the
system is evident from its connection to the PXP model,
as expressed in Eq. (13). Similar to the PXP model [34],
density-wave states such as the Néel state defined in
Eq. (16) have significant overlap with scarred eigenstates.
In Fig. 5(a), we show the overlap between the Néel state
and the eigenstates of H̃ at � = 0, clearly revealing the
presence of scars in the spectrum. However, unlike in the
PXP model, the level spacing between scarred states is
no longer approximately constant. This significant overlap
with QMBS explains the absence of thermalization when
the system is initialized in the state |Z2〉.

We also analyze the level statistics of the system. In
the case of the LMG model [Eq. (11)], the spectrum
exhibits nongeneric level statistics that does not corre-
spond to those of chaotic or integrable systems [57,59].
Since our model shares structural features with that case,
one might expect its spectrum to inherit similar traits.
However, as in the PXP model, the unfolded distribution
of level spacings exhibits fully chaotic behavior, as shown
in Fig. 5(c) for zero-momentum and inversion-symmetric
energy eigenstates. In fact, at � = 0, the level statistics of
H̃ matches those of the PXP model, which agrees well with

(a) (b) (c) (d)

FIG. 5. (a) and (b) The overlap between the Néel state and the eigenstates of the Hamiltonian for� = 0 and� = −0.2, showing the
presence of scars in the spectrum. The colormap indicates the density of the points. (c) Energy level statistics in the zero-momentum
and inversion-symmetric subspace, compared to Poisson, Wigner-Dyson, and semi-Poisson distributions. (d) Correlation dynamics
for |ψ0〉 = |Z2〉. The long-time persistence of staggered magnetization for � = 0 is due to the overlap of the initial state with scars.
L = 30 for (a)–(c) and 28 for (d).
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a semi-Poisson distribution [34]

P(s) = 4se−2s. (39)

This can be demonstrated by analyzing the unfolded level
spacings,

si ≡ (εi+1 − εi)
dN
dε

∣∣∣∣
εi

, (40)

where εi are the energy levels and N (ε) is a smooth
interpolation of the level counting function. According to
Eq. (13), for � = 0, we have ε ∼ ε2

PXP, implying that

si = (si)PXP, (41)

and hence the level spacing distributions of the two models
coincide.

Thus far, we have focused on the case � = 0, where a
one-to-one mapping to the PXP model exists [Eq. (13)].
However, one can also study the stability of quantum
many-body scars at finite values of �. As shown in
Fig. 5(b), scarred eigenstates persist over a finite range
of �. For large positive or negative values of �, these
states gradually evolve into simple product eigenstates of
H̃ , consistent with the asymptotic limits � → ±∞.

In order to demonstrate the dynamical consequence
of QMBS, we consider the evolution of the two-point
correlation function

C(r, t) = 〈ni(t)ni+r(t)〉, (42)

after initializing the system in the Néel state. In case of
ergodic dynamics, we expect the initial density-wave pro-
file to quickly relax to a high temperature thermal state
with uniform excitation density. A signature of scarred
dynamics and weak ergodicity breaking is the persistence
of initial density-wave profile for long times. Starting
from a Néel state and for � = 0, as shown in Fig. 5(d),
we see that the initial staggered pattern persists for long
times, as a consequence of the significant overlap between
|Z2〉 and the scarred eigenstates of H̃ . However, in con-
trast to the PXP model, C(r, t) does not display persistent
coherent oscillations. This distinction can be attributed to
the absence of approximate commensurability among the
scarred level spacings in H̃ , which inhibits the formation
of regular revival dynamics typically observed in QMBS
associated with the PXP model [34].

Another hallmark of scarred dynamics and ergodicity
breaking is the slow growth of entanglement. In our model,
this behavior reflects an intriguing interplay between the
kinetic constraint imposed by the Rydberg blockade and
the long-range nature of the interactions, as we discuss in
detail in the following section.

B. Entanglement dynamics

Entanglement is a defining feature of quantum systems
that, in simple terms, quantifies how much information
about the rest of the system is imprinted on a given sub-
system. Following a sudden change in system parameters,
generic (nonintegrable) systems typically exhibit chaotic
dynamics, characterized by a linear growth of entangle-
ment in time. In contrast, integrable systems display slower
entanglement growth due to the presence of conserved
quantities. A hallmark of systems hosting QMBS, despite
being chaotic in the bulk of their spectrum [see Fig. 5(c)],
is the unusually slow growth of entanglement when the
initial state has significant overlap with scarred eigen-
states [34,36]. Interestingly, slow entanglement growth is
also found in certain nonintegrable systems with long-
range interactions. In such cases, entanglement can grow
logarithmically in time, a behavior that may appear coun-
terintuitive at first glance, as the nonlocality of interactions
would be expected to lead to the fast spreading of entan-
glement across the system. However, this behavior can
be understood in terms of the production of collective
excitations that dominate the dynamics [56] (see also the
discussion below).

Notably, the cavity–Rydberg setup considered in this
work naturally embeds both QMBS and long-range inter-
actions within a single model. As a result, the entanglement
dynamics exhibits a hybrid character, partly resembling
scarred dynamics and partly reflecting features typical of
long-range interacting systems, with certain aspects of the
evolution admitting interpretations from both perspectives.

In the following, we first examine entanglement dynam-
ics at � = 0 in Sec. V B 1, and then analyze the case of
finite � in Sec. V B 2.

1. Zero detuning (� = 0)

As discussed earlier, the case � = 0 is closely related
to the standard PXP model. Consequently, we follow
a similar approach to analyzing entanglement dynamics
by tracking the evolution of the half-chain entanglement
entropy,

SL/2(t) = −TrA (ρA(t) ln ρA(t)) , (43)

where ρA(t) is the reduced density matrix of a subsys-
tem A of size L/2, obtained by tracing over the com-
plementary subsystem B, ρA(t) = TrB|ψ(t)〉〈ψ(t)|, with
|ψ(t)〉 = e−iH̃ t |ψ0〉 the time-evolved state. We expect dis-
tinct behaviors of SL/2(t) depending on whether the initial
state |ψ0〉 has significant overlap with scarred eigenstates.

We show the time evolution of SL/2(t) in Fig. 6 for
two different initial states: the vacuum state |0〉 and the
Néel state |Z2〉, across various system sizes. The primary
distinction between the two is the markedly slower entan-
glement growth observed for the Néel state, which has
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FIG. 6. Evolution of entanglement entropy in the (PXP)2

model at � = 0, starting from the vacuum (blue) and Néel
(orange) states, for system sizes L = 20, 22, 24, 26 (lighter to
darker curves). Dashed lines indicate logarithmic growth. Inset:
Entanglement dynamics for various density-wave initial states
with different periodicities in the (PXP)2 model, compared to
the Lipkin-Meshkov-Glick model, all evaluated at � = 0 and
L = 24.

significant overlap with scarred eigenstates [Fig. 5(a)].
In this respect, the influence of scars mirrors that seen
in the PXP model. It is worth noting that, unlike in the
PXP model, the two initial states do not have the same
energy with respect to the (PXP)2 Hamiltonian. However,
their energy difference is subextensive in the system size,
scaling as 〈0| H̃ |0〉 − 〈Z2| H̃ |Z2〉 ∼ O(1), and is therefore
negligible for system sizes that we work with.

Despite the broadly similar influence of scars on entan-
glement dynamics in the PXP and (PXP)2 models, the
temporal growth of entanglement follows distinct trends in
the two cases. In the former, entanglement entropy grows
linearly in time, albeit with different rates for |0〉 and |Z2〉
[34,35]. In contrast, for the (PXP)2 model, the growth is
logarithmic, as illustrated by the dashed lines in Fig. 6.
Logarithmic growth implies that entanglement spreads
faster than linear at early times but slows down signifi-
cantly at later times. This behavior is a direct consequence
of long-range interactions, which are not constrained by
locality and can entangle distant regions of the system
almost instantaneously.

Similar logarithmic growth has been observed in other
systems with long-range interactions, where couplings
decay with distance as r−α for α < d, with d the spatial
dimension [54,55,75]. This behavior was later explained
in Ref. [56] in terms of the linear-in-time proliferation of
magnons, whose contribution to the entanglement entropy
scales as

SL/2(t) ∼ log n(t) ∼ log t, (44)

where n(t) is the total magnon population. In this pic-
ture, the condition α < d ensures that magnon scattering is
suppressed in the thermodynamic limit, allowing the free-
magnon approximation to remain valid. As we will show
below, and later in Sec. V B 2 for the case � 	= 0, this
picture also provides a useful framework for interpreting
various features of entanglement dynamics in our model.

To further illustrate the connection between our model
and other long-range interacting systems, we compare the
entanglement dynamics of our model with that of the LMG
model [Eq. (11)]. In the inset of Fig. 6, we present the evo-
lution of the half-cut entanglement entropy generated by
the two models for several initial product states: the vac-
uum state, the Néel state, and the density-wave states |Z3〉
and |Z4〉, which have periodicities of three and four sites,
respectively. For the LMG model, the three density-wave
states exhibit identical entanglement dynamics to the vac-
uum state, as they are related to it by a π -rotation around
the x-axis applied to the occupied sites, which is a sym-
metry of HLMG for � = 0. We find that, when initialized
in the vacuum state, the entanglement growth in both the
(PXP)2 and LMG models agrees at early times, with their
corresponding curves nearly overlapping. This agreement
can be attributed to the fact that, at short times, the num-
ber of spin flips remains small, and the blockade projectors
[Eq. (6)] have a negligible effect on the dynamics.

The above observation should be contrasted with the
case where the system is initialized in the |Z2〉 state, for
which the blockade projectors impose maximal constraints
on the dynamics. Remarkably, we still observe logarithmic
entanglement growth in this case, despite the relevance of
the blockade. This behavior can be understood as follows.
We decompose the Hamiltonian H̃ from Eq. (10) into three
parts:

H̃ = H̃ e + H̃ o + H̃ eo, (45)

where

H̃ η = −1
L

∑

i,j ∈η
σ̃ x

i σ̃
x
j +�

∑

i∈η
σ z

i , (η = e, o), (46)

generates spin-flip dynamics within each of the even and
odd sublattices, and

H̃ eo = −1
L

∑

i∈e

∑

j ∈o

σ̃ x
i σ̃

x
j + h.c., (47)

corresponds to intersublattice spin-flip processes. In this
decomposition, H̃ η contributes negligibly to the dynamics
at early times if the corresponding sublattice η is initially
unoccupied, as is the case in the Néel state. Similarly, H̃ eo
is suppressed due to the blockade constraint. The remain-
ing nontrivial contribution arises from H̃ η acting on the
initially occupied sublattice. Since all adjacent sites on this
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sublattice are separated by at least one unoccupied site, the
blockade constraint becomes ineffective within it, and H̃ η

can be approximately treated as an LMG model without
projectors. This effective dynamics on a single sublat-
tice then explains the logarithmic growth of entanglement
entropy observed at early times.

In the PXP model, density-wave states with longer peri-
odicities have progressively smaller overlap with QMBS
and, in the limit of large period, asymptotically behave
like the vacuum state [34]. A notable observation about the
(PXP)2 model, as shown in the inset of Fig. 6, is the slower
entanglement growth of the |Z3〉 state compared to |Z2〉.
Moreover, |Z2〉 and |Z4〉 exhibit identical growth at early
times. Both of these observations can again be explained
by the interplay between the Rydberg blockade and long-
range interactions. The similarity between |Z2〉 and |Z4〉
arises from the fact that the system can be partitioned
into two sublattices, and spin flips in the fully unoccu-
pied sublattice are suppressed by the blockade constraint.
As a result, the early-time dynamics can again be mapped
to an LMG model restricted to the occupied sublattice,
using Eqs. (45)–(47).For the |Z3〉 state, the system can be
partitioned into three sublattices, with only one of them ini-
tially occupied. Due to the blockade constraint, spin flips in
the two unoccupied sublattices are suppressed, effectively
restricting the dynamics to the occupied sublattice. Con-
sequently, the early-time evolution can be approximately
mapped to an LMG model defined over one-third of the
chain, with a correspondingly reduced phase space for gen-
erating excitations. We remark that, since the overlap of
|Z3〉 with scars is smaller than that of |Z2〉, one expects the
entanglement entropy of the former to eventually surpass
that of the latter at late times. However, strong finite-size-
induced oscillations obscure this behavior in the observed
entanglement dynamics.

In summary, the slower entanglement growth observed
for the Néel state can be understood from two complemen-
tary perspectives. From the viewpoint of scarred dynamics,
it arises due to the significant overlap of the initial state
with scarred eigenstates. In contrast, within the magnon
picture, it can be attributed to the reduced phase space
available for magnon creation. We emphasize, however,
that the magnon-based explanation is limited to early and
intermediate-time dynamics. At later times, the occupation
of both sublattices becomes appreciable, and the assump-
tions underlying the magnon picture break down. Conse-
quently, the long-time saturation of entanglement entropy
to lower values for the Néel state must be attributed to the
presence of scars in the spectrum.

2. Finite detuning (� �= 0)

Having discussed the case of vanishing � = 0, we
now turn to the more general regime of finite �. As we
shall demonstrate, the interplay between the blockade con-
straint and long-range interactions gives rise to a nontrivial
dependence of the entanglement dynamics on �, exhibit-
ing a marked asymmetry between positive and negative
values.

We begin by considering the regime� > 0. The half-cut
entanglement entropy, evaluated for time evolution from
the Néel state, is shown in Fig. 7(a). As � increases,
the entanglement growth is progressively suppressed. This
behavior can be understood from two complementary
perspectives. In terms of eigenstate structure, larger �
enhances the overlap between the Hamiltonian eigenstates
and those of σ z

i , including the Néel state itself, thereby
limiting dynamics. In the magnon picture, increasing �
raises the magnon energy gap, which in turn suppresses

(a) (b) (c)

FIG. 7. Entanglement dynamics in the (PXP)2 model starting from the Néel state and for (a) � > 0 and (b) � < 0, for chain sizes
L = 24 and 26 (light and dark curves, respectively). In panel (b), the entanglement growth rate exhibits a clear maximum within the
range −1 � � < 0. (c) Entanglement dynamics of the deformed model [Eq. (48)] with χ = 0.1 and L = 22, displaying a peak at
� ≈ −0.4, consistent with resonant excitation of magnons in the system.
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spin-flip processes generated by the interaction term. Over-
all, the behavior observed for positive � is consistent with
expectations.

While one might expect a similar suppression of entan-
glement growth for � < 0, the observed behavior is
notably different. As shown in Fig. 7(b), decreasing �

initially enhances the entanglement growth rate, which
reaches a maximum around � ≈ −0.5. Upon further
reduction of�, the dynamics begins to follow the expected
trend: entanglement growth becomes increasingly sup-
pressed, reflecting the growing overlap between the Néel
state and the ground state of H̃ for � � −1. The non-
monotonic behavior, and, in particular, the existence of
a maximum, again originates from the interplay between
the Rydberg blockade and long-range interactions, as we
elaborate below.

Our argument starts with the following deformation of
H̃ [Eq. (10)]:

H̃(χ) = H̃ XY + H̃ drive(χ), (48)

where H̃ XY is the spin-conserving part,

H̃ XY = − 1
4L

∑

i,j

(
σ̃+

i σ̃
−
j + σ̃−

i σ̃
+
j

)
+�

∑

i

σ z
i , (49)

and H̃ drive is a nonconserving drive term given by

H̃ drive = − χ

4L

∑

i,j

(
σ̃+

i σ̃
+
j + σ̃−

i σ̃
−
j

)
, (50)

with σ̃+
i = (σ̃ x

i + iσ̃ y
i )/2 the projected spin-ladder opera-

tors. While for χ = 1, we recover the original Hamiltonian
H̃ , we consider the limit χ � 1 such that the drive term
can be treated perturbatively. We will show below that
the limit of χ = 1 can be qualitatively explained based on
similar arguments.

The naming of H̃ drive becomes clear upon moving to a
rotating frame defined by the transformation with respect
to the �

∑
i σ

z
i term. In this frame, the Hamiltonian

becomes

H̃ r(χ) = H̃ r
XY + H̃ r

drive(χ), (51)

where

H̃ r
XY = − 1

4L

∑

i,j

(
σ̃+

i σ̃
−
j + σ̃−

i σ̃
+
j

)
, (52)

H̃ r
drive(χ) = − χ

4L

∑

i,j

(
e+4i�tσ̃+

i σ̃
+
j + e−4i�tσ̃−

i σ̃
−
j

)
.

(53)

We begin by noting that the Néel state is an eigenstate
of the unperturbed Hamiltonian, H̃ r

XY |Z2〉 = −0.5 |Z2〉. To

analyze the spectrally nearby excitations, we apply the
Holstein-Primakoff transformation in the dilute limit:

σ̃−
i ≈ 2a†

i , (54)

while restricting the dynamics to the occupied sublattice
due to the blockade. Upon transforming to momentum
space, we obtain

H̃ r
XY ≈ −1

2
− a†

k=0ak=0, (55)

which shows that the single-magnon gap above the Néel
state is ε1 = −1. The presence of only the zero-momentum
mode in Eq. (55) reflects the long-range character of the
interactions. The negative magnon energy indicates that
the Néel state is dynamically unstable, although this insta-
bility cannot be accessed through the spin-conserving part
H̃ r

XY alone.
We now examine the effect of the drive term. In bosonic

language, and again restricting to the occupied sublattice,
it becomes

H̃ r
drive(χ) ≈ −χ

2
e−4i�ta†

k=0a†
k=0 + h.c. (56)

For small χ , this term can be treated perturbatively.
According to Fermi’s golden rule, H̃ r

drive generates magnon
pairs at zero momentum if the following resonance condi-
tion is met:

−4�res ≈ 2ε1 → �res ≈ −0.5. (57)

Given the connection between magnon population and
entropy in long-range systems [cf. Eq. (44)], this implies
that entropy production should exhibit a peak at the res-
onance frequency. As shown in Fig. 7(c), the prediction
of Eq. (57) agrees well with the numerically observed
behavior of the deformed Hamiltonian with χ = 0.1.

Likewise, the enhancement of entanglement growth in
the original model (χ = 1) can be attributed to the same
resonance mechanism. However, in that case the resonance
is broader due to higher-order processes and magnon inter-
actions. Consequently, the increase in growth rate is more
gradual compared to the sharply defined profile in case of
χ � 1.

VI. EXPERIMENTAL REALIZATION OF THE
MODEL

In the following, we provide a brief overview on how
the model defined in Eqs. (1)–(4) could be realized in an
upcoming experimental platform based on Rydberg arrays
coupled to single-mode optical resonators.

Specifically, we consider a setting in which two stable
hyperfine ground states in alkali atoms are coupled off-
resonantly to Rydberg states via Rydberg dressing [76]
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and at the same time to an optical resonator with two
pump fields to realize a Dicke model [77]. This setting and
the mapping of the quantum optical model to the many-
body system studied in this work was analyzed in detail in
Ref. [48].

For the Ising interactions implemented via Rydberg
dressing, we assume that the atoms can be coupled with
a Rabi frequency of 
/2π = 10 MHz at a detuning of
�/2π = 20 MHz to a Rydberg state with a decay time of
τ = 50 µs. For these parameters, the effective lifetime of
the system is τeff = 4τ�2/
2 = 800 µs and the Rydberg-
dressed interaction V = 
4/8�3 = 2π × 156 kHz. This
leads to a quality factor of Vτeff = 125. We note that these
parameters can be flexibly adjusted by changing the effec-
tive admixture to the Rydberg state, e.g., by increasing �.

The coupling to the resonator with two coherent pump
fields naturally leads to the emergence of the Dicke model
[77], as required by Eq. (4). Adiabatic elimination of the
cavity field leads to effective interactions accompanied
with collective dissipation via photons leaking from the
cavity, as well as free-space scattering due to off-resonant
Raman coupling. It can be straightforwardly shown that
the collective cooperativity sets the ratio between cavity-
induced interaction and scattering rate to free space in this
setting. For near-concentric cavities, single-atom coopera-
tivities of about C = 4g2

0/κγ ≈ 30 are realistic for cavity
parameters (g0, κ , γ ) ≈ 2π × (2, 0.1, 6) MHz, where g0 =
g/

√
L is the single atom-cavity coupling. Assuming that

about L = 50 atoms can be placed within the cavity mode,
we have g ≈ 2π × 14 MHz, and the collective cooper-
ativity of CL = 1500 allows for a significant number of
coherent processes before dissipation appears.

VII. PERSPECTIVES

On the theoretical side, a natural next step is to extend
the present framework to higher dimensions, particularly
to two-dimensional arrays of Rydberg atoms in cavities,
which are already within experimental reach. From a com-
putational standpoint, analyzing the resulting models will
likely require scalable approaches such as tensor network
methods, or variational wavefunction techniques inspired
by those developed in Ref. [35] for PXP scars.

Another important direction is to incorporate the full tail
of the Rydberg interaction beyond nearest neighbors. In
pure Rydberg systems, it has been shown that the inclu-
sion of these effects can stabilize exotic phenomena such as
emergent anyonic excitations [60]. It is an intriguing open
question whether similarly nontrivial excitations can arise
in the cavity-coupled setting considered here. Furthermore,
our analysis neglects dissipation, which is unavoidable in
realistic experimental platforms. However, as discussed in
Sec. VI, estimates suggest that dissipation plays a limited
role on experimentally accessible timescales, allowing the

phenomena described in this work to be observed over suf-
ficiently long time windows before decoherence becomes
significant. Nonetheless, establishing the robustness of the
nonthermal features and dynamical signatures identified
here in the presence of loss remains an important open
question for future theoretical and experimental studies.
Related to this latter point, we emphasize that in any real-
istic implementation, scar dynamics will emerge within a
prethermal time window, prior to the onset of corrections
to the idealized infinite-Rydberg interaction limit, which
ultimately lead to deviations from our predictions. This
indirectly indicates that the scar dynamics identified in our
work is not a fine-tuned phenomenon, but rather a robust
feature that can arise under a broad range of experimental
conditions, governing the dynamics at least up to inter-
mediate times, and potentially beyond depending on the
operational capabilities of the optical cavity and Rydberg
arrays coupled to them.

From a broader perspective, our work opens a new
research direction at the interface of many-body quan-
tum optics and kinetically constrained dynamics. A first
natural question is how the Dicke phase transition is
reshaped by the presence of Rydberg blockade. While
here we have focused on nonequilibrium entanglement
dynamics, understanding criticality in this setting requires
probing magnetization dynamics and correlation func-
tions—quantities directly accessible in experiments. Given
the foundational role of the Dicke transition in phenom-
ena ranging from superradiance and collective light–matter
synchronization to cavity-mediated quantum phases and
precision metrology [7], its reformulation in the pres-
ence of kinetic constraints may lead to a broad set of
applications. For instance, one could envision forms of
super-radiant phases of matter where certain atomic con-
figurations can collectively radiate preferentially compared
to others due to constraints, and break the robust mean-
field paradigm of Dicke transitions. A second natural
extension is to consider a constrained version of the Tavis-
Cummings model, obtained by removing counterrotating
terms while retaining Rydberg blockade. In this case,
the conservation of total excitation number introduces an
additional mechanism for slow relaxation, potentially sta-
bilizing quantum correlations against internal dephasing.
Since the unconstrained Tavis–Cummings model under-
pins spin squeezing [78], it is particularly compelling
to investigate how blockade-induced constraints deform
these states beyond the collective-spin manifold, possi-
bly enabling new forms of metrologically useful, non-
Gaussian entanglement. Finally, kinetic constraints may
profoundly modify dissipative processes. Upon eliminat-
ing the cavity field in Eq. (7), collective emission channels
(typically described by jump operators such as L = Sx)
become dressed by local projectors enforcing the block-
ade (L = Sx → S̃x) [79]. This raises fundamental questions
about whether constrained dissipation is a form of more
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benign decoherence compared to its unconstrained coun-
terpart [80], alter relaxation pathways, or even provide
a resource for engineering entangled dissipative dynam-
ics. These three directions represent all equally interesting
opportunities in the novel emerging field of kinetically
constrained quantum optics.

On the experimental side, a key step is the implemen-
tation of the proposed setup, namely, coupling Rydberg
transitions to a cavity mode while maintaining a suffi-
ciently large lattice size to access the many-body regime.
For one-dimensional systems aligned with the cavity axis,
the elementary building blocks of tweezers arrays com-
bined with optical cavities [44,45], as well as the imple-
mentation of Rydberg-dressed interactions in lattices and
tweezers [76,81,82] have been shown before, and experi-
mental setups combining both capabilities are underway.
Extending this architecture to two-dimensional settings
is feasible for near-concentric cavity designs with mode-
sizes sufficiently large to accommodate multiple chains
of coupled atoms within the optical modes [83]. Pure
Rydberg systems in two dimensions are known to sup-
port a wide variety of phases, both conventional (e.g.,
density waves with different spatial patterns) and uncon-
ventional (e.g., quantum spin liquids), depending on the
lattice geometry and interaction range. Embedding such
platforms in optical cavities opens a direct path to explor-
ing how cavity-mediated long-range interactions reshape
this rich phase diagram. Furthermore, recent proposals
suggest that cavity coupling may actively stabilize exotic
quantum phases such as valence bond solids and spin liq-
uids [84]. Realizing such states in a controlled, tunable
cavity QED setting would represent a major advance in
quantum simulation.
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APPENDIX: DERIVATION OF THE EFFECTIVE
HAMILTONIAN

We present a derivation of the effective Hamiltonian in
Eq. (10) starting from the microscopic model in Eq. (1).
We begin in the limit in which light and matter are decou-
pled (g = 0), and subsequently increase g to a finite but
small value. For g = 0, the cavity spectrum consists of
equally spaced levels separated by ωc, while the atomic
spectrum features level separations of 2�, 2�+ V, and
2�+ 2V. These correspond, respectively, to atomic exci-
tations at sites with no excited neighbors, one excited
neighbor, and two excited neighbors.

The light-matter coupling term Hac connects sectors of
the Hilbert space with different numbers of excitations.
It induces the following processes, together with their
corresponding excitation energies:

(1) Photon emission from an excited atom without
excited neighbors,

Ef − Ei = ωc − 2�, (A1)

(2) Photon emission from an excited atom with one
excited neighbor,

Ef − Ei = ωc − 2�− V, (A2)

(3) Photon emission from an excited atom with two
excited neighbors,

Ef − Ei = ωc − 2�− 2V, (A3)

as well as their corresponding absorption processes.
Within perturbation theory, the importance of each
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process at finite g is governed by the control
parameter g ≡ g̃/|Ef − Ei|. For g̃ � 1, the associ-
ated process contributes only weakly to the system
dynamics and can be accurately captured within
low-order perturbation theory. In the following, we
analyze the resulting effective descriptions in differ-
ent parameter regimes.

1. Strong Rydberg regime

In the extreme limit V/ωc → ∞, the Hilbert space
decomposes into subspaces characterized by identical con-
figurations of simultaneously excited neighbors, while the
positions of isolated excitations may vary within each sub-
space. In this regime, Hac can only flip spins which have no
excited neighbors. The light-matter coupling is therefore
projected onto

Hac → H̃ ac = − g√
L

∑

i

(a + a†) σ̃ x
i , (A4)

as given in Eq. (7).
Taking the additional limit ωc/� → ∞ suppresses pro-

cesses of type (1), leading to trivial dynamics. For large
but finite ωc/�, the cavity mode can be eliminated using
second-order perturbation theory. This yields the effective
interaction

HJ = −J
L

∑

i,j

σ̃ x
i σ̃

x
j , (A5)

where J = g2/2ωc, in agreement with Eq. (9). Upon fur-
ther decreasing ωc such that |ωc − 2�| � g, one can apply
the rotating-wave-approximation to Eq. (A4) to get

H̃ ac ≈ − g

2
√

L

∑

i

(
aσ̃+

i + a†σ̃−
i

)
. (A6)

Moreover, cavity losses become relevant in this regime, as
they contribute to the atomic decay rate as

γ ∝ g2κ

(ωc − 2�)2 + κ2 , (A7)

which reaches its maximum when ωc ≈ 2�. A faithful
description of this regime requires retaining both atomic
and photonic degrees of freedom, which severely limits the
feasibility of exact diagonalization.

2. Moderately strong Rydberg regime

When ∞ > V/ωc � 1, processes of type (2) and (3)
can influence the dynamics through virtual transitions,
i.e., at higher orders in perturbation theory. In this case,

second-order perturbation theory generates additional con-
tributions to the effective Hamiltonian after adiabatically
eliminating photons:

H̃ 1 = J ′

4L

∑

i,j

[
(ni−1 − ni+1)

2σ+
i (nj −1 − nj +1)

2σ−
j

+ (i ↔ j )
]

, (A8)

H̃ 2 = J ′′

4L

∑

i,j

[
ni−1σ

+
i ni+1 nj −1σ

−
j nj +1 + (i ↔ j )

]
,

(A9)

where J ′ = g2/2(V − ωc) and J ′′ = g2/2(2V − ωc). These
terms allow the positions of simultaneously excited neigh-
bors to change while conserving their total number. Conse-
quently, the Hilbert space can be decomposed into sectors
with fixed numbers of simultaneously excited neighbors.
These sectors remain dynamically decoupled, and the evo-
lution takes place entirely within the sector determined by
the initial state.

This approach remains technically advantageous, as the
cavity degrees of freedom are eliminated and the relevant
Hilbert space is still significantly smaller than the full two-
dimensional atomic Hilbert space. Finally, we note that
the couplings in Eqs. (A8) and (A9) are antiferromagnetic.
They compete with the ferromagnetic interaction in HJ ,
thereby introducing frustration that may give rise to novel
phases. We emphasize that the appearance of these terms
is a distinctive feature of our model and has no analog in
the standard PXP model. A detailed investigation of their
consequences is beyond the scope of the present work and
is left for future studies.
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