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Scalable characterization of quantum processors is crucial for mitigating noise and imperfections.
While randomized measurement protocols enable efficient access to local observables, inferring a globally
consistent description of multi-qubit processes remains challenging. Here we introduce a local-to-global
reconstruction framework for one-dimensional multi-qubit states and channels. The method is efficient
provided that correlations, as quantified by the conditional mutual information, decay exponentially. In
particular, we prove that under this assumption, the required number of samples scales polynomially with
the system size and the inverse of the desired global reconstruction error, which we quantify by the trace-
norm distance between the true and the reconstructed Choi states. Our approach is based on combining
local shadow tomography with locally optimal recovery maps obtained by convex optimization. We
supplement these rigorous guarantees by studying the performance of the protocol numerically for a
system evolving under a local Lindbladian and a noisy, shallow circuit. By employing a tensor network
representation, we reconstruct channels acting on up to 50 qubits and accurately recover global diagnostics
such as the process fidelity, the Choi state purity, and Pauli-weight-resolved process matrix elements. Our
work thus extends the powerful toolbox of local shadow tomography to scalable channel characterization

with access to global properties.

DOI: 10.1103/51mt-ghpn

L. INTRODUCTION

The development of quantum technologies has been
progressing at a rapid pace. Leading quantum computing
platforms have now reached sizes of more than 100 qubits
[1-4] and have carried out computational tasks that are
beyond the reach of classical computers [5—8]. The ability
to run quantum circuits with minimal noise on these
devices crucially relies on their accurate characterization
and calibration. This poses a formidable practical chal-
lenge since the systems are too large for complete
tomography or full device-scale modeling and simulation.
The challenge is expected to become even more significant
as devices continue to grow in size and complexity on the
path toward quantum error correction and fault-tolerant
quantum computation.

Randomized schemes such as randomized benchmark-
ing [9-11] and shadow tomography [12—18] address part
of this challenge. However, randomized benchmarking
probes only a restricted family of structured random
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sequences and reports an averaged error rate, which
may hide important gate- and context-dependent effects
such as crosstalk between particular operations. While
shadow tomography provides access to a larger class of
observables, it necessitates deeper circuits to probe global
properties. In this work, we overcome this limitation by
making a physically motivated assumption that allows us
to reconstruct the global state from local measurements,
thereby providing access to nonlocal properties including
the purity, entanglement entropy, and individual compo-
nents of a process matrix.

The key assumption underlying our approach is a locality
condition formulated in terms of the conditional mutual
information (CMI). We focus on one-dimensional systems
and assume that the CMI decays exponentially with the size
of the conditioning subsystem. This assumption can be
rigorously justified for Gibbs states of local Hamiltonians
[19-21] and we expect it to hold more generally for shallow
circuits in the presence of weak noise. The formal role of
this assumption is to allow us to patch together information
from small subsystems with controlled error, resulting in the
protocol summarized in Fig. 1. We first perform tomogra-
phy on subsystems that are large compared to the decay
length of the CMI. From this information, we then recon-
struct the global state using so-called recovery maps, each of
which appends a single site to the current reconstruction
while acting only on a small conditioning region formed by
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FIG. 1. Protocol for process matrix reconstruction. (a) In each experimental shot, we prepare |0)®", apply independently sampled
single-qubit gates Uy, ..., U, before the unknown channel A and V, ..., V,, prior to measurement in the computational basis. (b) Local-
to-global stitching. The measurement records are first converted into estimates J; of the reduced Choi states on overlapping windows of
2w —+ 1 consecutive sites, where w denotes the reconstruction width. The global Choi state is then assembled one site at a time: at step i,

the current reconstruction K;, which is supported on sites {1, - - -, i} and stored as an MPO, is extended to site i + 1 by a recovery map
R; acting only on the w sites {i —w + 1, -+, i}. The map R, is determined by the convex optimization in Eq. (5), which matches the
marginal of the extended state on the window {i — 2w + 1, ---, i + 1} to the tomographic estimate J,, . Iterating until site  is reached

yields the global estimate J = K,,.

the w preceding sites. We refer to w as the reconstruction
width. The exponential decay of the CMI with the size of
the conditioning region ensures that a reconstruction width
growing only logarithmically with the system size and the
inverse target error suffices, which underlies the efficiency
of the protocol. We prove that poly(n, 1/¢) samples are
sufficient to reconstruct a (mixed) quantum state on n qubits
with an error less than ¢ in trace norm.

When applied to quantum channels, our guarantees are
correspondingly expressed in terms of the trace-norm
distance  between the normalized Choi states.
Operationally, this metric quantifies the distinguishability
of the two channels for the fixed product of Bell states used
as input in the Choi representation, and it controls
quantities such as the process fidelity and individual
process-matrix elements. This metric is weaker than the
worst-case diamond-norm distance, into which it can be
converted at the expense of a dimensional factor that is
exponential in the system size in general, although the
factor can be made polynomial for structured channels
such as Pauli channels (see Appendix D). The recon-
structed state can be represented by a matrix product
operator (MPO) [22-24], which permits the efficient
computation of a wide variety of properties.

We showcase the efficiency of the approach by applying
it to the problem of process tomography. In this context,
our method recovers the Choi state corresponding to the
probed quantum channel [25]. When available, process
tomography is a powerful tool to gain fine-grained
information about quantum gates, which may help to
identify the cause of noise and imperfections. In practice,
however, process tomography is limited to very small

systems owing to the fact that the process matrix describ-
ing a channel acting on n qubits is composed of 16"
parameters [26,27]. We are able to accurately reconstruct
the process matrix of a channel acting on 50 qubits from
estimates of reduced channels acting on blocks of 3
adjacent qubits and observe that our method works well
even beyond the regime where the rigorous error bounds
apply. We anticipate that the protocol will be most useful
for the fine-grained characterization of few-layer opera-
tions in one-dimensional architectures, for example, a
layer of parallel entangling gates in a trapped-ion or
superconducting-qubit chain. In this setting, our method
can detect crosstalk correlations between gates executed in
parallel and, via global quantities like the Choi state purity,
separate coherent from incoherent errors. This is comple-
mentary to randomized benchmarking discussed above,
which reports averaged error rates, and to Pauli-noise
learning [28], which efficiently characterizes the stochastic
Pauli components but does not retain arbitrary coherent
errors.

Before proceeding with the details of our work, we
briefly comment on connections to related studies.
Learning a general n-qubit channel in diamond norm is
generally intractable. Recent results on the query and
sample complexity of quantum process tomography estab-
lish costs that grow exponentially with the number of
qubits [29-32]. Self-consistent gate-set tomography recon-
structs the complete error structure of a gate set, but its cost
also grows exponentially with the number of qubits [33].
In the setting of process tomography, the present frame-
work accesses regimes beyond those previously treated for
unitary channels [34], Pauli channels [28] and for channels
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described by Kraus operators with low Pauli weight [35].
Moreover, when used for process tomography, our method
does not require an assumption of Markovianity, in
contrast to Lindbladian tomography [36,37]. Related
machine-learning approaches have inferred reduced quan-
tum channels on NISQ devices and local effective gen-
erators from noisy measurements, but not a globally
consistent reconstruction of the full channel [38,39].

From a tensor-network perspective, our protocol can be
viewed as a procedure for recovering an MPO representa-
tion of a quantum state under the assumption of exponen-
tially decaying CMI, hence complementing other lines of
work on MPO tomography. Previous methods for local-to-
global reconstruction recover one-dimensional mixed
states in MPO form from local marginals under an
invertibility condition [40] and were demonstrated exper-
imentally on up to 14 trapped-ion qubits [41]. Subsequent
work [42] compared Petz-recovery-map-based and matrix-
reconstruction-based methods. Compared to this line of
research, we treat general quantum channels rather than
states, working in the Choi representation. We also obtain
end-to-end guarantees in which local process shadows feed
directly into the reconstruction, with trace-norm and
sample-complexity bounds under the exponentially
decaying CMI assumption. Heuristic schemes have also
been proposed that directly fit tensor-network models to
experimental data [43—45]. There have additionally been
several works providing rigorous guarantees under differ-
ent assumptions. One such work assumes approximate
factorization conditions that can be phrased in terms of
Rényi-type approximate Markov behavior, and its theo-
retical guarantees are primarily expressed in Hilbert-
Schmidt norm rather than trace norm [46]. Another recent
work is based on a formal assumption concerning the
spectral properties of MPO tensors, which, however, lacks
a simple physical interpretation [47]. The reconstruction in
the case of exponentially decaying CMI has been pre-
viously considered for the Belavkin-Staszewski relative
entropy [48] and for the von Neumann entropy [49]. In
contrast to the latter work, our analysis uses a locally
optimal recovery strategy, and we provide tighter error
bounds leading to a quadratic improvement in the scaling
of the sample complexity. In a similar spirit, Gao and
Yu [50] established sample-optimal tomography of
quantum Markov chains by means of Petz recovery
maps. Their analysis applies to states satisfying an exact
Markov condition, whereas we allow for approximate
Markovianity in the form of exponentially decaying
CMI and provide an end-to-end local-shadow protocol
for general channels.

II. SETTING

We consider an unknown noisy quantum channel A
acting on 7 spins, each represented by a local Hilbert space
C“. For simplicity, we will focus on the case of qubits

(d = 2), although our results can be readily generalized to
any constant local dimension d. Let 6y =1 and o/, 6,, 03
denote the single-qubit Pauli operators. For any
ue{0,1,2,3}", we define the n-qubit Pauli operator
Pﬂ =0, ® -®o,. We will often represent the channel
in terms of the process matrix y, which is the unique 4" x
4" matrix such that

A(/)) - D(aﬂpappﬁ‘ (1)
ap

It is further convenient to use the Choi-Jamiotkowski
representation of a channel [25,51]. To this end, we
consider a doubled local Hilbert space C? ® C?, which
supports the maximally entangled state
|®) = ﬁZle |k)in ® |k)ou» Where the subscripts serve

as labels for the Hilbert spaces. Given a channel A, we
define the Choi state

J(A) = (Tin ® Aou)(|@)(@M]), )

where |®()) = |®)®" and 7 is the identity map. By the
Choi-Jamiotkowski isomorphism, the Choi state is
uniquely determined by the channel and vice versa.
Moreover, for any completely positive and trace-preserv-
ing (CPTP) channel, the Choi state is positive and satisfies
trou[J(A)] = I, /d". The process matrix y corresponds to a
representation of a Choi state in the orthonormal basis
@) = (Pain ® Touw)|P™), 1., Zop = (alJ(A)IB).

Experimentally, we access A via the protocol shown
in Fig. 1. In each shot we prepare the state |0)®", to
which we apply independently sampled single-qubit gates
U= ®;’:1 U;. We then apply the channel A followed by
another layer of single-qubit gates V = ®;?:]Vj before
measuring each qubit in the computation basis to obtain an
outcome bitstring b. Each shot is thus fully described by
the triple (U, V,b). Our protocol works, in principle, for
any set of single-qubit unitaries that is tomographically
complete. For concreteness, we choose each U; such that it
prepares an eigenstate of the three single-qubit Pauli
operators. Similarly, each V; rotates the basis of the
subsequent measurement into the eigenbasis of one of
the three Pauli operators.

To keep the protocol scalable, we avoid manipulating
the full n-qubit channel directly and instead reconstruct
reduced channels on small, overlapping windows. For a
window W C {1,...,n} with complement W, we define
the reduced channel A" as the action of A on W when W
is initialized in the maximally mixed state and finally
traced out. Explicitly, for any state ¢ supported on W,

1
AWM (o) = try, {A (g ® Wﬂwﬂ . (3)
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The corresponding Choi state satisfies J(AMW)) =
triy[J(A)], where the trace is performed over both the
“in” and the “out” spaces associated with subsystem W.
We estimate the reduced Choi state or, equivalently, the
reduced channel A(") described by the process matrix y()
using process classical shadows under local Pauli-basis
randomization [16,17] (see Appendix C 1 for the explicit
single-shot estimators and the reconstruction formula).

In practice, it is only possible to determine the reduced
channels of small subsystems as the sample complexity
and the computational complexity of the tomography
increase exponentially with the size of W. Our goal is
to nevertheless reconstruct the global process matrix y by
gluing together the locally reconstructed windows. In
general, however, local marginals need not have a unique
global extension (the quantum state/channel marginal
problem [52-56]) so an additional assumption is neces-
sary. We will show below that under the following
assumption that the CMI decays exponentially with the
size of the conditioning system, it is possible to efficiently
reconstruct the global process matrix.

To formally state the assumption, we introduce further
notation (see Appendix A for details). Given a state p
supported on three disjoint subsystems A, B, and C, the
CMI between A and C conditioned on B is defined
as I,(A: C|B) = S,(AB) + S,(BC) —S,(B) — S,(ABC),
where §,(A) is the von Neumann entropy of the reduced
state p(A) on subsystem A. When p = J(A) is a Choi state
and the subsystems are specified in terms of the physical
sites, it is understood that both the “in”” and “out” parts are
included for each site. Our key assumption may thus be
stated as follows.

Definition 1. (Exponentially decaying CMI). Consider
three subsystems A, B, C C {1,2,---,n} with the definite
ordering iy < iy < icforalliy €A, iz €B,i- € C. We say
that a channel A acting on sites {1,2,---,n} has expo-
nentially decaying CMI if there exist constants @ and &
such that for any such subsystems the Choi state J(A)
satisfies

Iy (A: CIB) < aelBl%, @

III. LEARNING PROTOCOL

States satisfying the exponentially decaying CMI con-
dition are commonly referred to as approximate Markov
states [57], in reference to exact Markov states for which the
CMI vanishes. Given an exact Markov state p for which
1,(A: C|B) = 0, there exists a so-called Petz recovery map
R p_pc acting on subsystem B and extending it to BC such
that p(ABC) = (Z4 ® Rp_sc)|p(AB)] [58,59]. Crucially,
the Petz recovery map can be expressed in terms of the
reduced state p(BC) and does not require knowledge about
subsystem A. A similar map exists for approximate Markov

states but the recovery is no longer exact, incurring an error
proportional to \/1,(A: C|B) [60,61].

Our strategy is to use such recovery maps to reconstruct
the Choi states describing the global channel A. We
proceed sequentially, adding one site at each step.
Concretely, given the reduced Choi state supported on
sites {1,---, i}, we apply a recovery map R; to extend the
support to {1,---,i+ 1}. The recovery map is assumed to
only act on sites {i —w +1,---,i}. We refer to w as the
reconstruction width. In the notation of the previous
paragraph, the subsystems A, B, and C are given by
A=A{l,---i—w}, B={i—w+1,---,i}, and
C = {i+ 1}. Owing to the exponentially decaying CMI,
the reconstruction error can be made arbitrarily small by
increasing w.

A key technical challenge is to find suitable recovery
maps. If the reduced Choi state on sites {i—w +
1,---,i,i+ 1} were known exactly, we could directly
compute the rotated Petz map introduced in Ref. [61],
which guarantees a bounded reconstruction error. In
practice, however, the reduced state can only be known
approximately owing to the uncertainty of local tomog-
raphy with a finite number of samples. A recent result [49]
overcomes this challenge by showing that the rotated Petz
map can be made stable against shot noise. Here, we
pursue a different approach because the computation of the
rotated Petz map is cumbersome. Moreover, despite its
formal guarantees, the rotated Petz map is often far from
optimal and may perform worse than even the much
simpler standard Petz recovery map [62,63].

Motivated by these shortcomings, we use a simple
numerical procedure to determine a locally optimal

recovery map. We denote by J; the empirical estimates

of the reduced Choi state on sites {i—2w,---,i}
obtained from process classical tomography. We further
let K; be the reconstructed Choi state on sites {1,---,i}.

Defining the subsystems L;={l,---i—2w}, A;=
{i-2w+1,---i—w}, B;={i—w+1,---i}, and

C;={i+ 1}, as well as the union A; =L; UA,, the
locally optimal recovery map satisfies

R} =argming, ccp,—5,c,) 1T i1 — (Za, @ R))[tr (K)]Il5-
(5)

where C(B; — B;C;) is the set of CPTP maps from
subsystem B; to B; U C;. In other words, instead of
constructing the recovery map analytically from a
Petz-type formula, we define it variationally: R* is the
CPTP map, acting on the conditioning region B; only, that
best reproduces the tomographic window estimate J it
when applied to the current reconstruction K;. It is
computed as a convex optimization over the Choi matrix
of the map, as discussed below. Having obtained R
we iterate the procedure for K, | = (Z; ® R})[K|],
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ALGORITHM 1.

Sequential construction of the global process matrix from randomized measurements.

Input: Records (U, V,b); system size n; reconstruction width w.

Output: Estimate J of the global Choi state J(A).

fori=2w+1ton—1do

AW N -

{i=2w+1,---,i+ 1}
Obtain R} according to Eq. (5).
Assign K;; < (Z3, ® RY)[K,].
7 return J < K,,.

A

Using process classical shadows, obtain an empirical estimate .AIZWH for the reduced Choi state on sites {1,---,2w + 1}.
Assign K5, < the projection of J,,., onto the set of density operators.

Using process classical shadows on sites, obtain the empirical estimate J;,, for the reduced Choi state on sites

leading to Algorithm 1. The output of the algorithm can be

* *
represented as the sequence of channels R o --- o RY |

applied to the estimate jsz of the initial reduced Choi
state. For efficient computation, we convert this represen-
tation into an MPO representation of the Choi. Since each
Rf acts on w sites, the bond dimension of the MPO depends
exponentially on w. For notational simplicity, our proof
initializes the reconstruction at the left edge of the chain.
This choice is not fundamental: starting from an interior
window, one may apply the one-sided construction sepa-
rately toward the left and right, with the two directional
errors bounded separately and then combined by the triangle
inequality. The position of the initial window may therefore
be treated as a practical hyperparameter, for example, by
selecting it using held-out marginal errors. We do not
optimize this choice in the present numerical study.

The Choi-Jamiotkowski isomorphism implies that the
set C(B; — B;C;) is convex as the corresponding set of
Choi states is convex. Since the cost function in Eq. (5) is
also convex, finding R} constitutes a convex optimization
problem, which can be solved efficiently numerically. We
show in the next section that Algorithm 1 yields an
estimate of the global Choi state with a sample complexity
that depends polynomially on the desired 1-norm error and
the system size. In practice, one is limited to relatively
small values of w since each optimization involves 2w + 1
sites in the doubled Hilbert space. Nevertheless, we show
in Sec. IV that the algorithm can perform well even in
regimes where the rigorous bounds are not applicable.

We briefly comment on the physicality of the output of
Algorithm 1. Because the initial window is projected onto
the set of density operators and every subsequent recovery
map is CPTP, the final estimate satisfies J >0 and
TrJ = 1. It is therefore always a valid quantum state.
However, the trace-preserving Choi constraint,
TrowJ = I,,/2", is not enforced exactly. Since the trace
norm is contractive under the partial trace, Theorem 1
implies || Troy — 32, < ||7 = J(A)||, < e. Thus, the vio-
lation of the trace-preserving constraint is at most the
global reconstruction error. Linear trace-preserving con-
straints could be added to the local convex optimizations

without destroying convexity. While the residual loss of
the optimization can be used to certify a small global
reconstruction error, it remains an open problem whether
the reconstruction error can be bounded a priori in the
presence of this constraint.

We are now able to state our main technical results: A
trace norm bound for the Choi state reconstructed in
Algorithm 1, and the sample complexity required to
achieve a desired distance. We only sketch proofs and
defer technical details and intermediate lemmas to
Appendixes B and C. Our first theorem establishes that
under the assumption of exponentially decaying CMI,
Algorithm 1 can achieve an arbitrarily small error in the
trace norm of the Choi state if the reconstruction width is
sufficiently large and the reduced Choi states are estimated
with sufficiently small error.

Theorem 1. (Trace norm bound for the Choi state). Let A
be an n-qubit channel with exponentially decaying CMI
with parameters a and & according to Definition 1. Denote
by J(A) the corresponding Choi state and let J be the
output of Algorithm 1. Assume that the estimates J; of the
reduced Choi state on subsystems X; = {i — 2w, -, i}
computed in Algorithm 1 satisfy

| B a
2 /i = trppx, (M) < Ee—w/<2§) (6)
forallie {2w+ 1, ---, n}. There exist constants b, ng > 0
such that if n > ny and
b b
w > 4&In {—”m <—”>] : @
€ €
then
17 =J(M)h <e @®)

for any target accuracy ¢ € (0, 1).

The proof follows from Theorem 9 in Appendix B
applied to the special case of Choi states, where each site
contains both “in” and “out” parts of the doubled Hilbert
space. To establish Theorem 9, we show that if the distance
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between the local marginals of two states is small, then
their global trace distance is controlled by two quantities:
the local mismatches and the amount of long-range corre-
lations as quantified by the CMI. This step combines the
quantum Pinsker inequality [64] relating the trace distance
to the so-called entropy concavity gap with continuity
bounds for entropic quantities, yielding Lemma 6. We next
show using the data processing inequality that the CMI of
the state generated by Algorithm 1 is bounded by the CMI
of the target state up to an error that depends on the local
mismatch of the reconstructed state (Lemma 7). Finally, we
control the local mismatch by comparing the algorithm’s
recovery map to a (rotated) Petz map, whose reconstruction
error is governed by the approximate Markov property of
the true state. This yields a recursion showing that the
accumulated local mismatch is driven by the local tomog-
raphy error combined with the exponentially small CMI
(Proposition 8).

Using Theorem 1, we may bound the sample complexity
for estimating the Choi state with a small error in trace
distance. Concretely, we employ a process shadow tomog-
raphy protocol of Ref. [17] and bound the number of
samples required to satisfy Eq. (6). The condition can be
satisfied for all subsystems X; simultaneously with high
probability, resulting in the following corollary.

Corollary 2. (End-to-end sample complexity). Let A be
an n-qubit channel with exponentially decaying CMI with
parameters a and & according to Definition 1. Denote by
J(A) the corresponding Choi state and let J be the output
of Algorithm 1 with M records (U,V,b) as an input.
Given ¢€,5 € (0, 1), there exists a choice of w such that J
satisfies ||J — J(A)||, < e with probability at least 1 — &
provided

n\ c2é+es
M > c, <—) f(n,e,6,8), 9)

where ¢, ¢,, and c¢3 are constants and f(n,¢,6,¢) is a
function that depends linearly on & and polylogarithmi-
cally on n, &, and 6.

The proof is given in Appendix C2, which includes
detailed expressions for the constants ¢;,3 and the
function f.

The explicit dependence on the CMI decay length £ in
Eq. (9) delineates the regime of applicability of our
method. For any fixed &, the sample complexity is
polynomial in n and 1/¢, but the degree of the polynomial
grows linearly with £. If the CMI of the Choi state decays
slowly or over long distances, the required reconstruction
width w grows accordingly. Since the optimizations
determining the recovery maps involve windows of 2w +
1 sites, both the cost of the convex optimization and the
sample complexity grow exponentially with w, rendering
the protocol impractical. We note that our results are stated
in terms of the trace norm error of the Choi state. By

contrast, the diamond norm ||A — A’[|, has an operational
meaning as the worst-case distinguishability of two chan-
nels. In general, the two are related by an inequality of the
form |A — A'||, < d"||J(A) — J(A)]|,, whose dimension-
dependent prefactor can be loose. For structured noise
models this conversion can be significantly tighter. In
particular, for Pauli channels (i.e., channels whose process
matrices are diagonal in the Pauli basis), we can control the
diamond norm with trace norm error, which removes the
dimension-dependent prefactor. We provide details in
Appendix D.

IV. APPLICATIONS

A. Learning open-system dynamics

We now apply our reconstruction scheme to a concrete
model of open quantum system dynamics. We consider an
open Heisenberg spin chain with local anisotropic noise.
Writing X;, Y;, Z; for the Pauli operators on the ith system
qubit, the reduced system dynamics are governed by the
Lindblad master equation [65]

pi=—i[H,p,]

+ Z >
i=1 ae{xyz}

a a 1 a a
(LR L =L L0 ).
(10)

with Hamiltonian

—

n—
H = (XiXip1 +YiYip +ZZiyy), (11)

i=1

N[ =

and local noise with jump operators L,(»a) e \/y_aagw,
where (6!, 6%, 6\9) = (X,,Y,, Z,), with rates y, = Yy =

1 L 1
1/2 and y, = 1. These dynamics generate a family of
CPTP maps A, such that A,(py) = p,, and their associated
Choi states J(A,).

We emphasize that although we use Lindblad spin-chain
dynamics as a controlled and physically motivated testbed,
our reconstruction protocol does not assume a Lindbladian
generator or Markovianity: it recovers the channel A,
directly from randomized measurements rather than iden-
tifying the underlying Hamiltonian and jump operators as
in Lindbladian tomography. This distinction is practically
relevant because in realistic devices the effective noise can
be time-dependent, non-Markovian, or only approximately
describable by a local master equation, whereas our
method only relies on the locality structure of the induced
Choi state. We also note that a general characterization of
how the Choi state conditional mutual information grows
under generic many-body Lindblad evolutions is still
lacking. We therefore treat decaying CMI as a plausible
hypothesis, which is justified by the accuracy and stability
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of the reconstruction in the short-time regime considered
below. In addition, we provide direct numerical evidence
in Appendix E (Fig. 4). There, we evaluate the Choi-state
CMI for the Lindbladian example we consider here. We
observe that the CMI is bounded by an exponentially
decaying envelope in the size of the conditioning region,
with a decay length that grows with the evolution time,
which is consistent with the picture that correlations spread
under the dynamics.

To simulate J(A,) we work on a doubled chain, where
each super-site consists of a system qubit and a reference
qubit. We initialize a product of Bell pairs |@) = (|00) +
|11))/+/2 between system and reference on each super-
site. All Hamiltonian and Lindblad operators act as I @ A
on system and reference, so that the resulting state on the
doubled chain at time 7 is precisely the Choi state J(A,) of
the open-system channel on the system qubits. We present
the J(A,) as an MPO and simulate the open-system
dynamics using a TEBD-style tensor-network time-evolu-
tion method [66,67]. All tensor-network contractions and
MPO manipulations are implemented using QUIMB [68].

From the global Choi state MPO we extract reduced
marginals on contiguous windows along the doubled
chain. We interpret the synthetic reduced Choi state as
J. on sites {i = 2w, ..., i}. In the numerics below we take
w = 1. In the noiseless setting, J; is taken to be the exact
reduced marginal extracted from the MPO. In the noisy
setting, we consider a phenomenological tomography error
model where we perturb the corresponding local Pauli
expansion coefficients of Choi state by additive Gaussian
noise. More specifically, for each coefficient ¢, corre-
sponding to the Pauli operator P,, we sample independent
noise &, ~N(0,0%) and set &, = ¢4+ &. Then, we
convert these noisy coefficients into an estimate of the
local Choi state J;, projecting onto physical states by
enforcing hermiticity, setting negative eigenvalues to zero,
and renormalizing to unit trace. We quantify the local
estimation error by 7; =1 |J; = J:||, and define =
max; 77; as the maximum window error, which we use
as a summary for the local noise level.

Given the collection of window estimates {J;}, we
perform the sequential left-to-right reconstruction of
Algorithm 1. Denoting by K; the current reconstructed
Choi state on sites {1, ..., i}, we compute at each step a
locally optimized recovery map R} € C(B; — B;C;) by
fitting the predicted 3-site window marginal (Z,, ®
R;)[Tr,(K;)] to the target window marginal Jit1, as in
Eq. (5). In our numerical implementation, we optimize
over the Choi matrix of R;. Instead of considering the trace
norm as objective in Eq. (5), we use a Frobenius-norm
objective as a practical surrogate, since it yields a smooth,
inexpensive objective amenable to efficient solvers, lead-
ing to faster and stable optimization compared with trace
distance in practice [69]. Since || X||; < vdwin||X||F on

each (2w + 1)-site window, the resulting trace norm
residual is within a factor 2”**! of the trace distance
optimum. The resulting map R is then used to update the
global estimate via K;,; = (Z3 ® R[)[K;]. The convex
optimization is carried out using cvxpy [70]. Further
details of the numerical implementation are given in
Appendix F.

We use the diagonal entries y,, of the process matrix as
a convenient diagnostic of how weight spreads under the
channel. Figure 2 summarizes the reconstruction perfor-
mance for this open-system dynamics. Panels (a) and (b)
show that in the absence of shot noise, the reconstructed
channel matches the exact channel in the Pauli-weight-
resolved sums of diagonal Pauli-basis process matrix
entries. The relative error A, grows smoothly with the
evolution time, from below 1073 at = 102 to a few times
1073 at + = 107!, reflecting the intrinsic accuracy of the
reconstruction at fixed width w = 1. This growth indicates
the buildup of correlations in the Choi state under the
dynamics, in line with the growth of the CMI decay length
observed in Appendix E. Panels (c) and (d) probe how the
reconstruction error depends on the error of local window

() 103 (© g
8
10-1 9
21072 3 =
) 4 H
-]
1072
1[)4 =] a8 =] =]
5 6 & @ g
(b) (d) g
]
1071 5 e
3 x
10 [ 5 2
< < X
1072
© 8
=] =] =]
104 " A #® a
o wsle_e. °
0.025  0.050 0.075  0.100 107 1072 1077
t n

FIG. 2. Reconstruction of Pauli-weight-resolved diagonal proc-
ess matrix elements in an open Heisenberg chain with local
anisotropic noise (n =50 qubits). (a) For Pauli weights
k=0,1,2, the cumulative quantity G =4 <t [taal Where
|| denotes the Pauli weight of @, of the exact channel (solid
lines) agrees well with that of the reconstructed channel obtained
from our optimization procedure (markers). (b) The corresponding
relative  reconstruction error  Ag = 3k Wow — Yaal/
Zla\sk [¥E.|, where the superscripts E and R refer to the exact
and the reconstructed channel, respectively. Panels (a),(b) assume
perfect local tomography without noise. (c),(d) Relative
reconstruction error Ag in the presence of local noise, which is
quantified by the error # in the reduced Choi states, at fixed
evolution times ¢ = 10~ (c)and = 5 x 1072 (d). Each data point
is the mean over 10 independent noise realizations. The error bars
denote the standard error of the mean and are often smaller than
the marker size.
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estimations. We introduce local estimation errors by
perturbing the Pauli expansion coefficients of each local
marginal as described above, and summarize the resulting
local noise level by 5 We then run the sequential
reconstruction. For each noise level, we repeat the sam-
pling of the noise and the full reconstruction of the n = 50
chain for 10 independent realizations, and report the mean
of Ay together with its standard error. Figure 2(c) shows
the resulting global error at fixed evolution time ¢ = 107!,
while (d) shows the same dependence at = 5 x 1072, In
both cases, the global reconstruction error decreases as 7 is
reduced, before saturating at small # at a plateau that
coincides with the intrinsic, noise-free reconstruction error
of panel (b) at the corresponding evolution time.
Consistent with this, the plateau is lower at the earlier
time. The global error is thus controlled by the local
tomographic noise until the latter drops below the intrinsic
accuracy of the stitching procedure. These results indicate
that the local-to-global stitching procedure is stable to
moderate local estimation errors for the n = 50 chain
studied here.

B. Learning noisy circuits

To illustrate the applicability of our method to shallow
noisy circuits, we consider channels of the form [see
Fig. 3(a)]

AU,e,y(p) = (Q DJ(/j)) ° Ue © U(P)7
j:

(a) (®) 1o
Dy é (5 08
UE
oo (©) 10
U " 0.8
0.6F
; ; ; : o
0 0.25 0.5 0.75 1
gl %1072
FIG. 3. Global reconstruction of a noisy shallow circuit with
n =20 qubits. (a) Structure of the channel Ay, , =

(®D£j >) oU,.oU, where U is a single layer of nearest-neighbor
J

two-qubit gates, U, denotes a coherent perturbation, and D, is a
single-qubit dephasing channel. (b) Process fidelity with respect
to the ideal unitary circuit U, showing F(Ay .. Ay) (solid lines)
for the exact noisy channel and F (/A\Um, Ay) (markers) for the
optimization-based reconstruction, as a function of y. (c) Purity
of the Choi state P(J(Ay,,)) (solid lines) together with the
purity of the reconstructed channel P(J(A . ,)) (markers), as a
function of y.

where U is a single layer of nearest-neighbor two-qubit
gates acting on even bonds, U = Q);cyenUi.i11, and U,
denotes a coherent-noise layer acting on even and odd
bOIldS, Ue = ®i0ddUi~i+1 (6) °© ®ieven Ui,i+1 (6)’ which
models an undesired coherent coupling. Here DJ(/) is a
single-qubit dephasing channel in the Z basis with strength

y on site j, e.g., DJ(,J) (p) =1 —=y)p+vZipZ;. For
y = ¢ = 0, the channel reduces to a depth-one circuit of
disjoint two-qubit unitaries on even bonds. Viewing the
Choi state J(A) as an n-site chain by grouping the input-
output degrees of freedom of each qubit into a single site,
J(A) then factorizes into independent two-site blocks.
Consequently, for any contiguous tripartition A — B — C
with B > 1, we have I;,)(A: C|B) = 0. In the weak-
noise, shallow-depth regime, we therefore expect the Choi
states generated by Ay ., to exhibit an analogous approxi-
mate Markov property.

We test this expectation in Appendix E (Fig. 5). We find
that the maximum CMI decays rapidly with the width b of
the conditioning region and reaches the numerical floor for
b > 3, beyond the causal range of the circuit. At fixed b,
the CMI scales approximately as e'® with the coherent
perturbation strength and rapidly saturates as the sizes of
the outer regions A and C are increased. These results show
that the coherent crosstalk generates only weak, short-
ranged conditional correlations, supporting the exponen-
tially decaying CMI assumption and helping to explain the
good reconstruction accuracy already obtained with w = 1
in Fig. 3. We emphasize, however, that this expectation is
restricted to sufficiently shallow depths. In noisy random
circuits the CMI can spread superlinearly and become
long-ranged at larger depths [71]. Our numerical results
for noisy random Clifford circuits in Appendix E quantify
this limitation within the parameter regime studied. As
shown in Fig. 6, the Choi-state CMI remains well
described by an exponential decay with the width of the
conditioning region for all circuit depths and noise
strengths considered. The decay persists when the outer
regions A and C are extended to cover the entire chain
(Fig. 7). However, the fitted decay length increases with
both depth and noise strength, implying that progressively
larger reconstruction windows are required as the noise
rate and circuit depth increase.

When € > 0, the coherent crosstalk, in combination with
the local dephasing, induces spatially correlated noise in
the Choi state and increases the CMI. For ¢ = 0 the Choi
state factorizes for any y and the CMI vanishes (see
Appendix E). For each choice of (U,¢,7) we compute
the corresponding Choi state J(Ay.,) and generate
synthetic local data according to the access model of
Sec. II. Here we consider U = Q);_gyene T XXt HViict),
which corresponds to an iSWAP gate. We take
Us=Q);o1a€ M 0 Qi_eyene’™i, where H; = a; X; X; 1+
Y Y +aZZ; . We set e =ry with re{1,2,4,8}.
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For each data point, the coefficients oy, a,, a3 of each U,
are drawn independently from a uniform distribution on
[0,1). We vary the noise amplitude y from 0 to 1072
Figure 3 shows reconstruction performance for n = 20
qubits. To benchmark the reconstruction, we compute the
fidelity between the Choi state of the noisy channel and
that of the ideal unitary channel. Since the Choi state of the
unitary channel is pure, the fidelity reduces to a simple
overlap [72] F(Ayey. Ay) = Tr[J(Ay,)J(Ay)]. The
fidelity bounds the trace distance according to the

Fuchs-van de Graaf inequalities 1—./F (AU_W,AU) <
I (Ave) Ty < /T=F(Bge, - Ay). Figure 3(b)
reports this fidelity as a function of y. The reconstructed
channel closely tracks the exact channel, with deviations
that grow with the strength of the coherent perturbation
and remain small for € < 4y.

We also report the Choi state purity P(J(Ay,.,)) =
Tr[J(Ay.,)?] as a simple global diagnostic of unitarity of
the quantum process [73]: the amount of coherent versus
incoherent noise in the channel.

Figure 3(c) shows that the purity computed from the
reconstructed Choi state reproduces the exact values well
for moderate coherent perturbations, whereas for the
strongest perturbation, ¢ = 8y, the reconstruction under-
estimates the purity at the largest noise rates. This trend is
consistent with the growth of the Choi-state CMI with €
quantified in Appendix E, where the reconstruction
becomes less accurate as the CMI increases. For fixed
7, varying e only modifies the coherent unitary part of the
channel, which induces a unitary change of basis of the
Choi state. Since the purity is invariant under unitary
conjugation, P(J(Ay,,)) is independent of ¢ and depends
only on y. Together, these results demonstrate that our
local-to-global learning scheme can reliably reconstruct
physically relevant global functionals of noisy shallow
circuit layers from local data.

V. DISCUSSION AND OUTLOOK

We introduced a local-to-global reconstruction frame-
work for quantum channels in one dimension under the
physically motivated assumption of exponentially
decaying CMI of the Choi state. By combining scalable
process classical shadows on small windows with a
sequential recovery procedure, we obtain an explicit global
estimate J and the corresponding process matrix j. This
representation supports efficient evaluation of both local
and genuinely nonlocal quantities, including purity- and
entropy-like functionals as well as selected process matrix
elements. Numerically, we observed that the method can
remain effective even when the rigorous worst-case regime
is not strictly satisfied, enabling reconstructions for chan-
nels acting on up to 50 qubits from reduced windows of
size 3 in our examples. While we are able to rigorously
bound the 1-norm error in the Choi state, it remains an

open question whether tight bounds on the diamond norm
of the channel can be obtained using a similar approach.

Several directions are particularly promising for
improving practical performance and broadening the scope
of the approach. A natural direction is to combine our
local-to-global stitching framework with heuristic tensor-
network learning algorithms [43,44]. These works param-
eterize the global Choi matrix by a tensor-network ansatz
and fit its parameters via data-driven, generally non-
convex optimization over an informationally complete
measurement dataset. Inspired by this, we envision a
hybrid strategy: one could learn a low-complexity ten-
sor-network model restricted to each local window directly
from the randomized measurement records, and then feed
the learned window marginals into our recovery-map
procedure to produce a globally consistent MPO estimate
of the full Choi state. Such a hybrid approach could
improve sample efficiency compared to worst-case win-
dow tomography while avoiding the need to train a single
global tensor-network model directly.

Our access model assumes ideal local randomization
gates and measurements. In experiments, state-prepara-
tion-and-measurement (SPAM) errors can bias the window
estimates J; and thereby propagate through the recovery
procedure. An attractive feature of our approach is that
SPAM errors are often largely local. Hence, if SPAM
errors are well modeled by shallow local noise, they may
be absorbed into the same locality structure exploited by
the recovery maps. A careful empirical study benchmark-
ing SPAM-mitigation strategies within our pipeline, espe-
cially in regimes where SPAM dominates over intrinsic
channel noise, would help identify the most robust
experimental pathway.

Our guarantees rely on exponential decay of CMI on the
Choi state, which is a strong but physically motivated
locality condition. We expect it to hold for channels
generated by shallow circuits with local interactions and
sufficiently weak noise, where information does not
propagate far and long-range correlations remain sup-
pressed. Conversely, for deep circuits, strongly correlated
noise, or channels that generate long-range entanglement
on the doubled system, the CMI tail may decay more
slowly. In such regimes larger reconstruction widths w
may be necessary, leading to larger bond dimensions and
higher sample requirements. For practical deployments, it
is therefore useful to develop diagnostics, e.g., estimating
empirical CMIs on triples A — B — C of windowed sub-
systems to probe whether I(A: C|B) decreases as |B|
grows. We remark that such diagnostics use the same
randomized-measurement records as the reconstruction,
which allows one to estimate the CMI on windows of up to
2w+ 1 sites and to monitor its decay with |B| (see
Appendix E for benchmarks of this decay).

Two complementary consistency checks can be per-
formed without introducing additional measurement
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settings. One is cross-validation, in which the recon-
structed state is used to predict the marginals of windows
that were held out from the stitching procedure, and the
other is monitoring the convergence of reconstructed
global quantities as w is increased. A failure of either
check signals that the required reconstruction width
exceeds the accessible window size, in which case the
output of the protocol should not be trusted. We note that
these checks provide physical reassurance rather than a
certificate. A mixed Choi state may contain system-
spanning coherent components (e.g., GHZ-type coher-
ences) that are invisible to every proper local marginal.
However, this obstruction is not expected to be generic in
the regime we discussed in our application section.
Understanding typical decay lengths for relevant device
noise models remains an important direction.

Extending the framework to higher-dimensional geom-
etries is another important goal for near-term devices. The
main challenge is that representing and manipulating 2D
tensor-network objects (e.g., projected entangled-pair
operators and states, PEPO/PEPS) typically requires
approximate contraction schemes, and the computational
cost can grow quickly with bond dimension and separator
width. Developing principled patch-based or separator-
based variants of our recovery approach in 2D, together
with efficient approximate contraction and stability guar-
antees under CMI-like locality assumptions, is an exciting
and challenging direction for future work.

ACKNOWLEDGMENTS

We thank J. Ignacio Cirac for insightful comments and
feedback on the manuscript. We further thank Alvaro
Alhambra, Flavio Baccari, Marianna Crupi, Giacomo
Giudice, Daniel Malz, Daniel Stilck Franca, Lorenzo
Piroli, and Yijian Zou for fruitful discussions. We
acknowledge support from the German Federal Ministry
of Education and Research (BMBF) through the funded
project ALMANAQC, Grant No. 13N17236 within the
research program “Quantum Systems.”

DATA AND CODE AVAILABILITY

The source code used to produce the numerical results
of this work, comprising the implementation of the
reconstruction algorithm, the tensor-network simulations
of Sec. IV, and the evaluation of the Choi-state CMI of
Appendix E is openly available on GitHub and
Zenodo [74].

APPENDIX A: DEFINITIONS AND NOTATION

Given a Hilbert space H, we denote by B(H) the
space of bounded linear operators acting on H. We
define D(H):={peB(H): p>0,tr(p) =1} as the
space of density operators on H. We refer to a map
R: B(H,) - B(H,) as a superoperator from H; to H,

and denote the such

by S(Hl, Hz)

We consider a system composed of n sites, which we
label using the set of integers [n] = {1,2, - -, n}. Each site
is described by a local Hilbert space C? and we denote the
full Hilbert space of the system by H (") = (C%)®". We will
often deal with subsystems, which we specify in terms of
the indices A C [n] of the included sites. We denote the
corresponding Hilbert space by H ") (A). Similarly, for any
pE€D(HM), the state p(A)eD(H"(A)) denotes the
reduced density operator on subsystem A, i.e.,
p(A) = trj,a(p). For multiple subsystems, we introduce
the shorthands AB=A U B, ABC=AUBUC,etc.Ina
slight abuse of notation, we will sometimes use a string of
site labels to directly specify the subsystem. For example,
the state p(iy, iy, -+, iy) ED(H<”>(1'1, i, +,i;)) should
be understood as p(A)€D(H™(A)), where A=
{i1, iy, -, ix}. To avoid confusion, we use lower case
letters for site labels and upper case letters for subsystems.

Several subsystems occur frequently throughout the
proofs. Given an integer w>1, we let A; =
{i-=2w+1,---i—w}, B;={i—w+1,---,i}, and
C; = {i + 1}. Moreover, we define the subsystems mak-
ing up the left and right edges, L; = {1,---i —2w} and
R; = {i+2,---,n}, as well as the respective unions A; =
L;UA; and C; = C; U R;. We additionally use the short-
hand Xi = {Z—ZW,,Z} :Ai—l UBi—l UCi—l' We
employ this notation consistently throughout, but will
nevertheless include the relevant definitions in all formal
statements for convenience.

For functions of states such as entropies and the CMI,
we use subscripts to indicate on which state the function is
applied and brackets to specify the relevant subsystems.
For example, S,(A) = —tr[p(A)log p(A)] denotes the von
Neumann entropy of the reduced state p(A). Similarly,
S,(A|B) = S,(AB) — S,(B) is the conditional entropy and
1,(A: C|B) = S,(AB) + S,(BC) — S,(ABC) — S,(B) is
the CMI. Again, we sometimes use the site labels directly.
For instance, 1,(1,---,i—w:i+1,---,nli—w+1,---i) is
equivalent to I/,(;l,»: C;|B;).

Using the above notation, we formalize the notion of
states with exponentially decaying CMI as follows.

Definition 2. (Exponentially decaying CMI). Consider
three subsystems A, B, C C [n] with the definite ordering
ip <igp<icforalliy€A, ipeB, iceC. We say that a
state p € D(H")) has exponentially decaying CMI if there
exist constants a and £ such that for any such subsystems

space of all superoperators

I,(A: C|B) < ae lBI/¢, (A1)
The Markov entropy [75,76] defined as follows serves
as a convenient technical tool.
Definition 3. (Markov entropy). Given a quantum state

p €D(H™), we define the multipartite Markov entropy of
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shielding width w > 1 as

SM =3 S,(i—w|B;) + S,(B,).

i=w+1

(A2)

where B, = {i—w+1,---,i}.

Markov entropy has the important property that it equals
the von Neumann entropy when p is an exact Markov state
with decay length less than w, as evident from the
following lemma.

Lemma 3. Given a quantum state p € D(H™), the
Markov entropy of shielding width w satisfies

n—1
SM=8,+ Y L(i—w: Ci|B),
i=w+1

(A3)

where B; = {i—w+1,---,i}and C; = {i + 1,---,n}.
Proof. By the definition of the CMI,

n—1 n—1
S L(i—w: CiIB) = > [S,(i—w|B;) = S,(i —w|B; U C})]. (A4)
i=w+1 i=w+1
The second term is a telescoping sum that simplifies to
n—1 _ n—1
S S i—wlBUC)= > [Sy(i—w.-n) =S, (i—w+ 1, .n) (A5)
i=w+1 i=w+1
=8, -S,(n—w,---,n). (A6)
By observing that S,(n —w,---,n) = S,(n—w|B,) + S,(B,), we obtain the desired result
n—1 _ n
S LGi—w: CiIB) = > S,(i—w|B;)+S,(B,) — S, =S¥ —S,. (A7)
i=w+1 i=w+1
|
m states o, €D(H™(1,2,---,i)) with reconstruction

Our reconstruction algorithm is based on sequentially
adding sites using recovery maps that only act on a small
region. Concretely, when applied to a state defined on the
sites 1,2, - - -, i, the CPTP map R; adds the site i + 1. We
assume throughout that R; only acts on the region of width
w preceding i, i.e., the subsystem B, = {i —w + 1,-- -, i}.
This leads us to formally define sequentially generated
states for the purpose of this work as follows.

Definition 4. (Sequentially generated states). Consider
the Hilbert space (") and the reconstruction width w > 1.
Let A;={1,2,---,i—w}and B;={i—w+1,i—w+
2,---,i} for wH+1<i<n We say that the states
0, €D(H"(A;B;)) are sequentially generated if they
satisfy 6,1 = (Z; ® R;)[o;] for all w+1<i<n—1,
where 7; € S(H™(A;), H"(A,)) is the identity channel
and R; € S(H"(B;), H")(B; U {i + 1})) is a CPTP map.

Our approach is to choose the recovery maps R; such
that the distance from estimates p; of local reduced density
matrices is minimized at each step. We formalize this
notion as follows.

Definition 5. (Locally optimal recovery). Consider the
Hilbert space 1) and a set of sequentially generated

width w according to Definition 4. Given an operator
piv1 (not necessarily a valid quantum state) on
H(”)(i—2w+ 1,---,i+ 1), we say that the recovery is
locally optimal with respect to p;,; if the map R; of
Definition 4 minimizes the trace distance ||p;,—
(Za, ® Ry)try (6))]]l;, where A, ={i—=2w+1,---i—
whand L; = {1,---,i—2w}.

APPENDIX B: PROOF OF THEOREM 1

We first establish two lemmas concerning the continuity
of the CMI and the Markov entropy. Both lemmas are
standard results expressed in a convenient fashion for our
purposes.

Lemma 4. (Continuity of the CMI). Consider two
quantum states p and ¢ in a composite Hilbert space H, ®
Hp ® He with  local dimensions dimH 4 = dy,
dimHp = dg, and dimHe = d¢. If Sllp—of|, <e <1,
then

I1,(A: C|B) —I,(A: C|B)| < 8elog(dsdc/e). (B1)
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Proof. The conditional entropy S,(A|B) = S,(AB) —
S,(B) satisfies the continuity bound [77]

1S, (AIB) — S,(AIB)| < 2¢log,dy + (1 + e)H(e/ (1 +¢)).
(B2)

where H(x) = —xlog, x — (I —x)log,(1 —x) is the
binary entropy function. Here, we used the fact that
5lp(AB) —o(AB)|l, < 3lp —oll; < e Using the bound
(1 +x)H(x/(1 +x)) < —xlog,(x/4), we can simplify
the expression to

S,(A|B) — S,(A|B)| < elogy(4dj/e).  (B3)
Similarly, we obtain

S,(CIB) — S,(C|B)| < elogy(4dg/e),  (B4)

S,(AC|B) — S,(AC|B)| < elog,(4d5d%/e).  (BS)

To complete the proof, we express the CMI in terms of
the conditional entropy as

1,(A: C|B) =S,(A|B)+S,(C|B) —S,(AC|B). (B6)

Using the triangle inequality and the fact that d4 > 2,
dc > 2, and € < 1, we obtain the desired result

lI,(A: C|B) —1,(A: C|B)| < elog,(64d4d¢/€)

< 8clogy(dsdc/e).  (BT)

L]

Lemma 5. (Continuity of the Markov entropy). Consider
two quantum states p € D(H™) and 6 € D(H™). Given a
shielding width w > 1 and assuming that the reduced
density ~matrices  satisfy  |p(i —w,---,i) —o(i —
w, -, 0i)|l; £e <1 for all w+ 1< i< n, the difference
in Markov entropy is bounded by

|SM — SM| < 4nelog,(d/e). (B8)
Proof. We let B ={i—w-+1,i—w+2,---,i}. By

following the same steps as in the proof of Lemma 4, we
find that
S,(i —w|B;) — S,(i —w|B;)| < elog,(4d*/e).  (BY)

The von Neumann entropy satisfies a similar continuity
bound [77]
1S,(By) = S5(By)| < wlogy(d)e + H(e),  (B10)

which we simplify using H(x) < —xlog,(x/e) to obtain

‘Sﬂ(Bn)_Sﬂ(BnN Sglot(:”Z(eaw/g) (Bll)
By expanding |S¥ — S¥| in terms of Definition 3 and
applying the triangle inequality, we obtain

[} =S| <el(n—w)log, (44 /€) +1ogy (ed" /)]

<dnelog,(d/e) +log, (e~ /(4d)"), (B12)
where the final inequality holds for all d > 2 and ¢ < 1.
The second term is negative for all w > 1 and can therefore
be dropped. m

In the next step, we establish that the trace distance
between two quantum states is small if the trace distance
between their local marginals is small in addition to a
condition on the CML.

Lemma 6. Consider two quantum states p € D(H")) and
o €D(H™). Given a shielding width w > 1, we let B; =
{i—w+1,---,i} and C;={i+1,---,n}. Assuming
that the reduced density matrices satisfy §||p(i —w,---,i) —
o(i—w,---,i)||; <e<1 for all w+1<i<n, the trace
distance between p and ¢ is bounded by

lp — ol? < 4In2[R, + R, + 8nelogy(d/e)],  (B13)
where
n—1 B
R,:= Y L(i—w: Ci|B) (B14)
i=w+1

and similarly for o.
Proof. We follow Ref. [78] to define the concavity gap
of the von Neumann entropy [79],

A= 5(2) ~ 5.5(0) ~ 3 5(0). (B15)

2

where 7 := % (p + o). The concavity gap can be expressed
as

1 1
A =2 D(pliz) + 5 D(ell). (B16)

where D(w||n) = Trjw(log, @ — log, n)] denotes the rela-
tive entropy of @ with respect to 5. To make D(w||5) finite,
we must have supp(@) C supp(#), which is automatically
satisfied for D(p||z) and D(o||z) because p and o are
positive semi-definite and thus supp(p) C supp(p + o) and
supp(o) C supp(p + o). By the quantum Pinsker inequal-
ity [64], for any two states @ and 7,

1
D(wln) 25— llo =l

Bl
~2In2 (B17)
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such that

lp—o|? <8In2 A. (B18)

To establish an upper bound on A, we relate it to the
Markov entropy and CMIL. By Lemma 3, R, = S¥ — S,
such that

1 1
A= (S =) +5(S = S) +5 (R, +R,). (B19)

2 2

Moreover, since the CMI is nonnegative, Lemma 3 implies
that S¥ > §_. It follows that

1

A<
- 2

1
(S¥ —8M) + (S%—S%)+§(R,,+R,,). (B20)

N =

By noting that

1
lz=plly = 7= ally =5 llp =l (B21)
we obtain from Lemma 5
|S¥ — SM| < 2nelogy(2d/e) < 4nelog,(d/e)  (B22)

and similarly for [S¥ — SM|. The lemma follows by
substituting this bound into Eqgs. (B20) and (B18). [

Applied to our problem, we choose p to be the physical
state with exponentially decaying CMI, which immedi-
ately implies that R, is exponentially suppressed in the size
w of the Markov shield. We further let ¢ = 0, to be
sequentially generated according to Definition 4. The next
lemma relates the properties of ¢,, pertinent to Lemma 6 to
the properties of previously generated states.

Lemma 7. Consider a state p€D(H™) and a set of
sequentially generated states o; € D(H")(1,2, - - -, i)) with
reconstruction width w > 1 according to Definition 4.
Assuming that

1
§||p(i—2w,--~,i)—6i(i—2w,~--,i)|\1Sesl (B23)

for all 2w + 1 < i < n, the quantities R, and R, defined in
Lemma 6 satisfy

Moreover, the final reconstructed state satisfies
L, .. . . .
§||p(l—w,~--,l)—an(l—w,~-~,l)||1Se. (B25)

forallw+1<i<n. .

Proof. Let B;={i—w+1,---,i} and C;=
{i+1,---,n} and define A, = {1,2,---,i—w}. Using
Definition 4, we may express the sequentially generated
state as 6, = D0, where O;=(Z; ®
Ry-1)o-o(Z; ®R,;). Here, ®; is a CPTP map that
extends subsystem B; to B;UC;. Hence, 1, (i—
w: Ci|B;) = I, 5., (i —w: By, UCip,|B;).  Since
@, ,, does not act on B;, we may apply the data processing
inequality for the CMI [80.81] to obtain 1, (i —
w: Ci|B;) <1, (i—w: Bi,|B;) and

n—1
R, < Y I, (i—w: B,[B). (B26)

i=w+1

By the continuity of the CMI, Lemma 4, together with
the assumption in Eq. (B23),

I

Oitw (

i—w: By, |B;) <1,(i —w: By, |B))

+ 8elog, (d" ' /e).  (B27)
Since p({i—w}UB;UB,.,,)=tr¢, [p({i—w}UB;UC})],
the data  processing inequality  implies  that
1,(i—w: Biy,,|B;) < 1,(i —w: C;|B;). We thus obtain
R, <R,+8(n—w—1)elog,(d"*'/e), (B28)
which can be simplified to the first statement in the lemma
for w > 1.
For the second part of the lemma, we first note that

1
§||p(n—2w,---,n)—a,,(n—Zw,-~,n)||1Se (B29)

by assumption. Since the trace distance is non-increasing
under the partial trace, Eq. (B25) thus holds for all
n—w <1< n. To establish the result for i < n —w, we
observe that the map R;,, only acts on sites with index
greater than i. Because the maps are trace preserving, this

R,, <R, + 16wnelogy(d/e). (B24) implies o,(i —w,---,i) = 0;,,,(i —w,---,i). Hence,
|
L. . . . Lo . . .
Slpli w1 =0l ) = 3 =) = o= ) (B30)
| . . .
SSlpli=w. it w) —op(i=w, it W)y <e. (B31)
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The above lemma applies to all sequentially generated
states. However, it is not immediately useful as it depends
on the trace distances between reduced density matrices of

Proposition 8. Consider a quantum state p € D(H™)
with exponentially decaying CMI according to
Definition 2. Let p; be an estimate of the reduced density

p and the sequentially generated states, which are gen- ~ operator p(i—2w, -, i) satisfying

erally unknown. We will now show that for locally optimal

recovery maps according to Definition 5, the trace dis-

tances can be bounded in terms of the CMI with respect to 1 . N

p and the local tomography uncertainty. B (i =2w, -+ i) = pilly <n (B32)

|

for all 2w + 1 <7 < n. Further, let o; ED(H(”)(I, 2,---,1i)) denote the sequentially generated states that are locally
optimal with respect to p; (Definition 5). Then, for all 2w 4+ 1 <i < n,

1
—lpli—=2w,--- 1) —0oc;(1 —2w,---,1 <2n+ae n.
5 llo(i=2 j i —2 N, < (2 w/28 (B33)

Proof. Let A; ={i—2w+1,---,i—w}, B;={i—w+1,---,i}, and C; = {i + 1}. Consider the trace distance

191 — i1 (i = 2w, -, D)|l; = |piv1 — 61 (AiB,Ci)|ly = [|pis1 — (Za, ® Ri)[0;(A;B;)]

1s (B34)

where R; € S(H"™ (B;), H")(B,C,)) is the locally optimal recovery map. By definition, R; minimizes this trace distance
and we may use any other recovery map to obtain an upper bound. In particular, we will consider the rotated Petz recovery
map (switching briefly to index j to distinguish it from the imaginary unit in the exponent) [61]

R[] = 72[/: dr cosh(zit) T 1P(Bjcj)1/zfitﬂ(Bj)fl/er”[']P(Bj)fl/zfilﬂ(BjCj)l/zm- (B35)
The rotated Petz recovery map has the important property (see Ref. [61], Theorem 2.1)
SIo(AB,C) = RIIp(ABl, < \/1,(4,: C.IB). (B36)
By using the rotated Petz recovery map to bound Eq. (B34), we obtain
[Pix1 — 611 (ABCi) |y < [|pic1 — (Za, @ RY*)[o;(A;B;)]]]; (B37)
<|Ipis1 = p(AiB:Cly + lp(A;B;Ci) — (Za, ® RI*)[p(A:B)]Ili + [|(Zs, ® RY*)[p(A;B;) — 0;(A;B)]|l;,  (B38)

where we used the triangle inequality. The first term on the right-hand side is bounded by 27 by assumption while the
second term is bounded by Eq. (B36). For the final term, we use the fact that the trace distance is non-increasing under
CPTP maps, yielding

1, 1
2 1Pis1 — 01 (AiBCo)lly £+ /1,(A;: Ci|B;) +§ lp(A;B;) — 6;(A:B))l|; (B39)

1
<n+4/I,(A;: Ci|B;) +5||P(1‘\z'7le>1Ci71) —0i(Ai1Bi Ciy)|;- (B40)

In the second line, we used the relation {i — 2w} U A; U B; = A;,_; U B,_; U C;_; along with the fact that the trace
distance is non-increasing under the partial trace. Defining &, == 1||p(A;B;C;) — 6,1 (A;B;C;)||;, we thus find

L.
Sip1 <1 +§ Pis1 — 61 (ABC))||y <21+ \/Ip(Ai3 Ci|B;) + ;.

The initial state o,,,, is obtained from p,,.; by discarding negative eigenvalues and renormalizing to unit
trace (Algorithm 1). Since the negative eigenvalues of the unit-trace estimate carry weight at most

(B41)
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HP2wer —p(1, -+, 2w+ 1)||; <5, and the renormaliza-
tion changes the operator by at most the same amount, the
projection at most doubles the initial error, &y, < 27.
The later estimates p;, | serve only as reference operators
in the optimization and need not be positive semidefinite.
Iterating down to this boundary condition, we obtain

i

Sip1 S2(i=2w+ 1)+ Z \1,(4;1 CjIB;).

J=2w+1
(B42)

Using the fact that the CMI of p decays exponentially,
we finally arrive at

max &; < (27 +ae™/*)n.

2w+1<i<n

(B43)

|

Finally, we combine all results into our main theorem.
Theorem 9. Consider a quantum state p € D(H") with
exponentially decaying CMI according to Definition 2. Let
p; be an estimate of the reduced density operator
|

1
EHP(i_ZW""’i) —oi(i—2w,--,i)||, £ 2ane™/* <

p(i —2w, -+, i) satisfying

1, . N
5”!’(1 = 2w, i) = pilly <1 (B44)

for all 2w + 1 < i < n. Further, let 6; € D(H (1,2, - -, i))
denote the sequentially generated states that are locally
optimal with respect to p; (Definition 5). There exist
constants b and n, such that

lp—oulli <& (B45)

for any e<l1 if

n < (a/2)e™/*, and n > ny.
Proof. We will show that the

for ny = max{d/2a, e/b,2a/b*, E/12}.
Given the assumption 5 < (a/2)e™/%, Proposition 8

gives the bound

w > 4&1n[(bn/e) In(bn/e)],

theorem holds

2an

= (bn/e)*In?(bn/e)’

(B46)

Since € < 1 and n > n, the right-hand side is bounded from above by 1, which allows us to use the bounds in Lemma 7.

Explicitly,

R, <R,+32awn*llog(d/2an) + w/2&e "% <R, + (16aw’n®/&)e™"/*,

1
3 lp(i —w, -, i) —o,(i—w, -, i)|, <2ane™/?%.
By substituting these bounds into Lemma 6, we obtain
lp — o} < 8In2[R, + (8aw?n?/E)e™/% + Ban?(log,(d/2an) + w/2E)e™"/*]

<8In2[R, + (12aw?n?/&)e"/%],

(B47)

(B48)

(B49)

(B50)

where we used n > d/2a and w > 1. The definition of R, (Lemma 6) in conjunction with the exponentially decaying CMI
assumption (Definition 2) yields R, < an e /€. Since n > £/12, the second term in the square brackets of Eq. (B50)

bounds R, from above. Therefore,

lp — o2 < 1921In2(aw’n?/E)e/%.

(B51)

The function x?e~* decreases monotonically for all x > 2. This implies that we may substitute a lower bound on w into
Eq. (B51) provided that w > 4¢£, which is indeed satisfied since n > ¢/b. We thus obtain

Ilp — o2 <30721n2(a&/b?)e {1 +

lnln(bn/s)r. (B52)

In(bn/¢)

The term in square brackets is bounded from above by 1 + 1/e < v/2. Setting b*> = 6144 1n2 a & thus establishes the

theorem.
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APPENDIX C: SAMPLE COMPLEXITY

1. Process tomography with classical shadows

The sample complexity of our algorithm is governed by
the complexity of estimating the reduced channels J; =
trp\x, [J(A)] for the subsystems X; = {i —2w,---,i},
i€{2w+1,---,n}. For concreteness, we employ the
ShadowQPT protocol of Ref. [17]. Applied to our for-
malism, the gates U, are chosen such that they prepare with
equal probability one of the 6 eigenstates of the Pauli
operators X, Y, and Z. Similarly, the V; are drawn from a
random distribution such that the measurement is per-
formed in one of the Pauli bases with equal probability.
Instead of specifying U; and V;, we may equivalently
describe the input state |ui", bI") and the measured state
|uStt, b, where p""' € {X,Y,Z} specifies the Pauli
basis and 5" € {—1, +1} the eigenvalue associated with
the prepared or measured state, respectively.

For a given shot, it is straightforward to restrict the
record to a subsystem of interest X; by only retaining
(,u}“, bij“, p™, b9") for j € X;. Denoting such a record for a
given subsystem by r, we define the classical shadow

Zi(r) = @ [e(uir, BT @ (W, b)), (CD
JEX
where
w(u, b) = 3u, b)(u, b| — I (C2)

and (-)T denotes transpose in the computational basis. The
classical shadow is an unbiased estimator for the reduced
Choi state J;: E[Z;(r)] = J; [17].

Given M i.i.d. shots described by records ry, - - -, ry;, we
estimate the reduced Choi state by the empirical mean

. 1L,
Ji==—% Ci(r). (C3)
e

M>C [b_n In <b_n>] o [In <l> + 16¢1n <b—nln (b_n>> In(24n) + 21n(24n)].
€ € 0 € €

Using the (crude) bound In(bn/e) < bn/e, we see that
Eq. (C7) is clearly of the form of Eq. (9) in Corollary 2. m

APPENDIX D: DIAMOND NORM AND CHOI
STATE BOUNDS

Our guarantees in Theorem 1 are stated in terms of the
trace distance between the global Choi states and corre-
sponding process matrix. In many applications, however,

so that E[J;] = J;. The distance of J; from J; can be
bounded using the following theorem.

Theorem 10. (Sample complexity of ShadowQPT,
Theorem II.1 of Ref. [17]). Let A be an n-qubit channel
and let J(A) be its normalized Choi state. Let X; C [n] be a
subsystem comprising at most k qubits, where i is an index
that enumerates all such subsystems. We denote by J; =

trp,\x,[/(A)] the corresponding reduced Choi state and by
J; the estimator obtained according to Eq. (C3) with M

samples. There exists a constant C > 0 such that for any
n,6€(0,1),

1445 T(24n)%
MzC—an{( n) ] (C4)
n o
implies
1A
S =il < (C5)

2
for all i with probability at least 1 — 6.

2. Proof of Corollary 2

Proof. Corollary 2 follows by combining Theorem 9
with Theorem 10. Theorem 9 requires estimating the
reduced Choi states on k =2w + 1 sites with an error
n < (a/2)e™/*. By substituting these values into
Eq. (C4), we obtain

M > Cledn121/ew {ln G) + (4w +2)In (24n)} , (C6)

where C' = 4 x 144C/a®. Next, we insert the condition
w > 4&1In[(bn/e) In(bn/e)] from Theorem 9, which yields

(€7

|
the metric for comparing quantum channels is the diamond
norm. Here we relate our Choi/process matrix bounds to
diamond norm error.

Let A be the input system with dim(A) = D = d" and
define A :== A — A’. The diamond norm is [82]

1A[l, = max[[(A & Ig) (par)l]1-
PAR
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where R is an ancilla with dim(R) = dim(A) = D and the
maximization is over density operators pur >0
with Tr(psg) = 1.

Let J(A) denote the Choi state. A standard inequality
relates the diamond norm to the trace distance of Choi
states:

|A = Als < DIJ(A) = J(A)

I (D1)
where an exponential prefactor D = d" appears in the
inequality.

We make the additional assumption that A and A’ are
Pauli channels, i.e., their process matrices are diagonal in

the Pauli basis with diagonal entries y, , and %, ,. Define
511 =Xaa _)?a.a' Then

A(p) = 2511 PapPZ

Consequently, for any pyg,

(A ®Ig)(par) = Zfsa (Py ® Ig)par (Po ® Ig).

Using the triangle inequality and unitary invariance of
the trace distance,

(A ®Iz)(par)lly < Z|5a| [(Pa ® Ir)par (Pu ® Ir)ll

a
=D 18allparlly =D I8
a a

’

since ||parll; = Tr(pag) = 1. Maximizing over p,p yields
A=A = lAll, <D 18-
a

Finally, because y and y are diagonal,
||)(_)?||1 = Zb(aﬂ _)?a,a| = Z|5a|’
a a

and therefore
A=A, < =2l (D2)

By the Choi state to process matrix transformation, we
can also guarantee in terms of the Choi states:

A = Nls < ¢l[J(A) = J(A)

s (D3)

up to a constant factor c¢. Hence, for Pauli channels we
show that the exponential prefactor in Eq. (D1) can be
removed.

APPENDIX E: NUMERICAL EVIDENCE FOR
EXPONENTIALLY DECAYING CMI

In this appendix, we provide numerical evidence for the
exponential decay of the CMI of Choi states in the sense of
Definition 1. We organize the examples into three classes.
First, we study the interacting Heisenberg chain of
Sec. IVA corresponding to the open-system application.
Second, we consider shallow circuits with Pauli noise and
coherent crosstalk corresponding to the noisy-circuit
application of Sec. IV B. Third, we consider random
Clifford circuits subject to Pauli noise, with circuit depths
up to 10. Within the parameter regimes examined, these
examples support the assumption of exponentially
decaying CMI.

Throughout this appendix, A denotes the channel under
consideration and J(A) its Choi state, Eq. (2), which we
regard as a state on a chain of n sites, where site i
comprises the “in” and the “out” qubit of the physical
qubit i. We consider tripartitions of the chain into adjacent
intervals A, B, and C of a = |A|, b = |B|, and ¢ = |C]
sites, with B located between A and C, and we evaluate the
CMI I,z (A: C|B) = S(AB)+ S(BC) —S(B) — S(ABC),
where S(R) denotes the von Neumann entropy, measured
in bits, of the reduced Choi state on the region R. We fit the
data to the form age~?/¢ and refer to & as the decay length.
The prefactor a, plays the role of the constant a in
Definition 1, which we rename to avoid confusion with
the size a of the region A. We note that the CMI considered
here refers to the Choi state J(A) of the noisy channel,
which is the average over all noise realizations before
evaluating the CMI. This differs from evaluating the CMI
for each noise realization with fixed spacetime locations of
depolarization and then averaging over all noise realiza-
tions. This averaged CMI has been found to spread
superlinearly in noisy random circuits [71].

1. Lindbladian dynamics with a coherent
Hamiltonian

To probe the CMI decay in the presence of a coherent
interaction, we implement a tensor-network evaluation for
the model studied in Sec. IVA, with n = 50 and local
anisotropic noise with rates y, =y, =1/2, y, = 1. We
compute I, )(A;: C,|B,) for windows with |A| = |C| = 1
and conditioning regions of size |B|=be{l,---,4},
sweeping the window position s through the bulk of the
chain and reporting the maximum, I7*(1,b,1). The
entropies are obtained by exact diagonalization of the
reduced Choi states on windows of up to seven sites.

The results are shown in Fig. 4. At all times considered,
the CMI is bounded by an exponential envelope,
M < gg e, with decay lengths & = 1/k ~0.15-0.18
as shown in Fig. 4(a). The CMI at fixed conditioning size
grows monotonically with the evolution time, as shown in
Fig. 4(b), and this growth parallels that of the intrinsic
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FIG. 4. Choi-state CMI for the open Heisenberg chain with local anisotropic noise (n = 50, y, =y, = 1 /2,7, = 1), i.e., the model
studied in Sec. IVA, including the coherent Heisenberg interaction of Eq. (11). (a) I7**(1,b, 1) as a function of the size b of the
conditioning region at four evolution times. The data points for a fixed ¢ are upper bounded by an exponential decay function aye™?,
corresponding to decay lengths & = 1/k ~ 0.15-0.18 sites that grow slowly with the evolution time. (b) I'T**(1, b, 1) as a function of the
evolution time ¢ at fixed b = 1,2,3. The CMI grows monotonically with ¢ and matches the growth of the reconstruction error in
Fig. 2(b). (c) Dependence on the size a = c at fixed b = 1, with the conditioning region fixed at the center of the chain as a grows. The
CMI increases monotonically with a, but the total increase from a = 1 to @ = 3 remains below 0.4% and is invisible on this scale.

reconstruction error in Fig. 2(b). Figure 4(c) shows that the
CMI is almost independent of the sizes a and ¢, which is
consistent with the uniformity requirement in Definition 1.
These decay lengths are far below the reconstruction
windows used in Sec. IV A, in agreement with the accuracy
and stability of the reconstruction observed there.

2. Shallow circuits with coherent and Pauli noise

The noisy-circuit channel Ay ., of Sec. IVB with
vanishing coherent perturbation, ¢ = 0, belongs to the
class of Clifford circuits with Pauli noise. In this case,
the Choi state factorizes exactly into two-site blocks: the
circuit is a single layer of disjoint two-qubit gates, and the
on-site Pauli noise acts within the individual blocks, so
J(A) remains a tensor product of two-site blocks for any y.
Consequently, 1;5)(A: C|B) =0 for all contiguous tri-
partitions with b > 1. When € > 0, the coherent crosstalk

error U, takes the Choi state out of the stabilizer formal-
ism, and we evaluate the CMI by tensor-network methods.
For the same channel family as in the main text, we
take n =120, y=10"2, e=ry with re{l,---,10}.
We consider U, = ®i:0ddUi ° ®i:even U;, where U; =
efel@XiXipra¥i¥iyi+asZiZini) with the couplings a; » 3 drawn
uniformly at random on every bond. We construct the Choi
state of the shallow circuit as a matrix-product operator,
and the entropies of contiguous windows are obtained by
exact diagonalization. Here, we define I7**(a, b, c) as the
maximum of the CMI over the three central placements of
the window (the centered window and its shifts by one site
to either side), for contiguous regions with |A| = a,
|B| = b, and |C| = c¢. We report the average of I7** over
10 independent disorder realizations of U.,.

The results are shown in Fig. 5. In Fig. 5(a), we observe
that the CMI decays rapidly within the causal cone of the

@ (b) (©
=001 A c—005 107" 4 o b1 (o 2® =001 A =005
= 0.02 o -0- b=1(xe) & (U
s ? g 002 &P 0.1 o b2 (ea) ’Q”m,@' 10' €= 0.02 P e—o01
1072 - .
s 329 10750 ¢ ®
~> 1076 A ~> Q’,/‘/ @,@’Ep ~> " " "
1073 1 /@,/‘F 102 4
1079 4 &
Q ’114
-3 10’4 - [E” 10—3 d
10712 1 T T T T T T T T T T
1 2 3 4 0.01 0.02 0.05 0.1 1 2 3
b € a=c
FIG.5. Choi-state CMI of the noisy shallow circuit of Sec. IV B, including the coherent crosstalk layer U, (n = 20,7 = 1072, ¢ = ry

with r€ {1, ..., 10}). Data points are averaged over 10 independent disorder realizations of U,. Error bars denote the standard error
c/ /N with N = 10 realizations, where ¢ is the standard deviation over realizations. (a) I'me(l, b, 1) as a function of the size b of the
conditioning region. The CMI decays rapidly inside the causal cone of the circuit and drops to the numerical floor for b > 3. (b) Scaling
with the strength e of the coherent perturbation at fixed b, with fitted power laws I; « €!% (b = 1) and « '8! (b = 2) (dashed lines).
(c) Dependence on the size a = ¢ at fixed b = 1. The CMI increases monotonically by less than 10% from a = 1 to a = 2 and saturates
thereafter.
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FIG. 6. Exact Choi-state CMI of random brickwork Clifford circuits with single-site depolarizing noise of strength p applied after

every layer. Here we take n = 40,

A| = |C| = 1 in panels (a)—(d), with the sliding-window maximum over positions. Each data point is

averaged over 10° independent Clifford circuit realizations. (a) CMI as a function of the circuit depth ¢ and the size b of the
conditioning region for p = 0.01, 0.02, and 0.05. Panels (b)—(d) show the CMI decay with respect to the conditioning size b at different
depths t = 4, 6, 8. Within each panel, the curves correspond to p = 0.01, 0.02, 0.05. The dashed lines are exponential fits to the region
b > rwith decay length £ = 1/k, where  is the decay rate. Panels (e)—(g) show the dependence on the size a = |A| = |C| at fixed b = 2
for depths ¢ = 4, 6, 8. For each realization, the conditioning region B is centered in the chain. The CMI increases monotonically with a

and saturates on the scale of the light cone.

circuit and drops to the numerical floor beyond it when
b > 3, where the outer regions are causally disconnected. In
Fig. 5(b), we also observe that the CMI grows as an
approximate power law in the coherent perturbation
strength, I; €3 at b =1 and I, xe'8! at b =2. In
Fig. 5(c), we increase the sizes a and ¢ and find that the
CMI depends only weakly on a = ¢, consistent with the
requirement of Definition 1. Even at the largest coherent
perturbation considered, the CMI at » = 1 remains of order
10~'bits and is negligible for b > 3, which explains why
the reconstruction with w =1 in Sec. IV B performs well
over most of the parameter range of Fig. 3, with reduced
accuracy only at the strongest coherent perturbation.

3. Random Clifford circuits with Pauli noise

Consider a discrete noisy circuit
A = Epoise © Uit (E1)
where Ucyr is a Clifford layer and &, is a Pauli channel,

> pe=1.

(E2)

5n0ise(p) = Zpe PepPe’ Pe > 09
e

where the P, are Pauli strings and p, their probabilities.
For channels of this form, J(A) is a classical mixture of
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FIG. 7. Full-partition Choi-state CMI of random brickwork Clifford circuits with depolarizing noise of strength p, where the

tripartition A|B|C covers the entire chain of n = 12. For each conditioning size b, the regions A and C comprise all sites to the left and
to the right of B, respectively, the position of B is swept over all n — b — 1 placements with a, ¢ > 1, and we report the maximum CMI
over the position of B. Each data point is averaged over 200 circuit realizations. Panels (a)—(c) show CMI I; as a function of the
conditioning size b at circuit depths t = 4, 6, 8. Inside each panel, the three data sets correspond to noise strengths p = 0.01, 0.02, 0.05.

Dashed lines are exponential fits over b > t, with decay lengths &.

stabilizer states that share the same stabilizer group up to
the signs of the generators, and the entropies of all reduced
Choi states can be evaluated exactly by means of the
stabilizer formalism [83,84]. The method is described at
the end of Appendix F.

We consider random brickwork Clifford circuits of
increasing depth up to ¢ = 10 layers, subject to local
depolarizing noise. At each layer, two-qubit gates drawn
uniformly from the two-qubit Clifford group act on
alternating bonds, followed by a single-qubit depolarizing
channel on every site,

E,(p) = (1= p)p+ L (XpX +YpY +2pZ).  (E3)

We sweep the window across the chain from left to right,
take the maximum over all bulk window positions, and
finally average over 103 circuit realizations. The results are
shown in Fig. 6. Without noise, the Choi state of a depth-¢
circuit has a strict light cone and CMI vanishes beyond it.
We observe that the depolarizing noise smooths this hard
cutoff into an exponential tail. Panel (a) provides a heat
map of the CMI as a function of the circuit depth ¢ and the
conditioning size b. Panels (b)—(d) show CMI decay with
respect to the conditioning size b at fixed circuit depths
t = 4,6, 8. At each depth and noise strength studied here,
the CMI decays exponentially with b for b > . We also
observe that the fitted decay length £ = 1/k (dashed lines)
grows with the circuit depth. For p = 0.01 it increases
from £~ 0.57 at t = 4 to £ =~ 1.24 sites at t = 8, indicating
the spreading of correlations. At fixed depth, & also grows
with the noise strength within the weak noise regime,
reaching £ ~ 1.51 at t = 8 and p = 0.05. This is consistent
with the observation that local decoherence can increase
the range of conditional correlations in stabilizer systems,
as captured by the spacetime Markov length of Ref. [85],
and in noisy random circuits [71]. In our setting, the

increase suggests that the Pauli-error history mediates
classical correlations between the regions A and C. Panels
(e)—(g) show the dependence of the CMI on the sizes a
and c. The saturation rate is related to the depth ¢ and
the decay length. Because the CMI is monotone under
enlarging A and C, the observed rapid saturation provides
evidence that increasing the outer regions further may have
only a limited effect.

We remark that Definition 1 requires the decay to be
uniform over all subsystem choices, including A and C
regions that extend arbitrarily far. To probe this worst case,
we additionally evaluate the CMI of the full-chain tripar-
tition with a + b 4+ ¢ = n, where for each conditioning
size b, the regions A and C comprise all remaining sites to
the left and to the right of B, and we maximize over the
position of B. Since the syndrome enumeration for the full
chain scales as 22", we perform this computation on a
chain with n = 12, averaging over 200 random Clifford
circuit realizations. The results are shown in Fig. 7, which
exhibits exponential decay, with decay lengths
£~ 0.47-0.98 obtained from fits to the data with b > t.
The exponential decay of the CMI therefore cannot be
attributed to small A and C regions.

APPENDIX F: NUMERICAL DETAILS

1. Convex optimization

Convex optimization problems were formulated using
the CVXPY modeling framework and solved with the SCS
solver (Splitting Conic Solver), a first-order primal-dual
method for large-scale conic optimization [86]. For each
local step k, we determine a CPTP map N;_; . by
minimizing the Frobenius distance between the resulting
reconstructed operator J BB, (Nirip1) and the target
operator Jp  pp,.»

Byt
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L* = min ”jBk,lBkBHl (Niokssr) —
k—k.k+1

JBk—lBkBkH | F

(F1)

subject to the CPTP constraints

Trs,,, ) N k=] = Ly, » Nkt = 0. (F2)

out

SCS applies a first-order primal-dual splitting algorithm
and iteratively updates the optimization variables until the
residuals of the Karush-Kuhn-Tucker conditions [69] fall
below a numerical tolerance. For further details about
convex optimization, we refer to Ref. [86].

3 3
JBk—lBkBk+l = z : z :

where the factor 2° follows from the orthogonality relation
Tr(P,Ps) = 295, for Pauli strings on six qubits. To model
noise, we perturb each Pauli coefficient by additive i.i.d.
Gaussian noise &, ~ N (0, 62), i.e., &, = ¢, + &,, and form
JB, BBy = 2aCaPo We then project Jg _ pp,, onto
the set of physical states by imposing hermiticity, setting
negative eigenvalues to zero, and renormalizing to unit
trace.

4. Exact evaluation of entropies

for Clifford circuits with Pauli noise

For a Clifford circuit with Pauli
Appendix E3, the noiseless Choi state |Jy) = (I, ®
Uciigr)|®™) is a stabilizer state whose stabilizer group
Sy has rank 2n, and each Pauli error acts on S€ 8, as
P,SP, = v,(S)S with v,(S) € {z1}. The entropies enter-
ing the CMI can then be computed exactly as follows. For
any region R of physical sites, let Rcy,; denote the
corresponding 2|R| Choi qubits and Jg = trp\g[J(A)]
the corresponding reduced Choi state. We further define

noise as in

Sr = {S€Sy: supp(S) € Rehoi (F5)

as the subgroup of stabilizers fully supported inside Ry
of rank kx with independent generators { g’ i } .- The Pauli
noise restricted to these local generators deflnes a binary

Cll ( Hk 1 ® Glllnk ®6ﬂk+1)

2. Tensor-network simulation
of the open-system dynamics

For the open-system dynamics, we use the open quan-
tum system TEBD algorithms implemented in OQUPy
[87] and Quimb to simulate a 50-qubit spin chain. The
system Lindbladian equation is shown in Eq. (10). We
conduct the TEBD with time step At = 1073, using the
first-order Suzuki-Trotter decomposition [88]. During the
TEBD propagation, we compress the bond dimensions by
singular value decomposition, and discard all singular
values smaller than a relative threshold €, = 1077 with
respect to the largest singular value.

3. Model of local tomography errors

In the noisy setting, we expand the exact marginal Choi
state in the Pauli basis

(e, ®

out ® Gout )’ (F3)

Vi1

out out out
® ﬂk+l ® Ouiy ® Oy, ® O-Vk+])JBk—lBkBk+l]’ (F4)

|
syndrome sg(e) € [Flzc" via ue(gf) = (=1)**)i.  The
entropy of the reduced Choi state J is then given by

S(Ug) =

where H(sg) = — >, qr(s)log, gg(s) is the Shannon
entropy of the syndrome distribution

Z Pe- (F7)

e: sg(e)=s

|Rcnoi| — kg + H(sg), (Fo)

This formula follows from the stabilizer subsystem-
entropy formula of Ref. [83] applied to each syndrome
sector. An equivalent syndrome-entropy formula for sta-
bilizer states under Pauli noise was derived in Ref. [84]. In
the standard binary-symplectic representation of the Pauli
group [89], v, (S) is given by the symplectic inner product

of the binary vectors representing P, and S, so the
syndrome is a linear map over [F»:
sg = Mge (mod 2), (F8)

where e collects the Pauli error bits of the noise model and
My, is the ki x L binary matrix whose columns are the
syndromes of elementary errors. Computing H(sg) =
H(Mpge) is thus a purely classical problem. The local
stabilizer rank ky is obtained by binary Gaussian elimi-
nation at a cost of O(n?) per region.
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For the brickwork circuits with depolarizing noise £, of
Appendix E 3, this leads to the following explicit pro-
cedure. For a fixed circuit realization U, commuting all
noise insertions to the output writes the Choi state of the
noisy channel as

Pu—ZP

with |y) the Choi state of the noiseless circuit and Q
Pauli operators [89].

The entropy of a window X, comprising |Xcp.;| Choi
qubits, is evaluated in four steps. First, binary Gaussian
elimination yields the local subgroup Sy and its rank ky.
Second, we compute the expectation value of every
element g€ Sy. Conjugating g backward through the
Clifford circuit produces a single Pauli string at each
noise layer, and at each of the K(g) spacetime locations
where this string is nontrivial the depolarizing channel
flips the sign of g independently with probability 2p/3,
because two of the three jump operators anticommute with
any nontrivial Pauli. The expectation value is therefore

damped as
4p\ K(9)
<g>pu (1 - ?) ’

where the spacetime support K(g) is the sum over noise
layers of the spatial support of the backward-conjugated
operator. Equation (F10) is the Clifford specialization of
the Pauli-path damping that underlies classical simulations
of noisy circuits [90]. Third, the expectation values
determine the syndrome distribution, being its
F,-Fourier coefficients: (g), =, q(s)(—1)*¥, where
s(g) = >_;a;s;mod2 for g =[];(g;) in terms of the
generators g; of Sy, s0 ¢ is recovered by the inverse
transform of Walsh-Hadamard type. Fourth, substituting ¢
into Eq. (F6) gives the entropy in fully explicit form,

> als)logyq(s).

SE[F:X
4p
1 -2
(-3

The CMI is obtained from the entropies of the four
regions AB, BC, B, and ABC. Since elements of Sy with
disjoint spacetime supports have additive K, the enumer-
ation factorizes over connected components and remains
tractable for all windows considered.

)Qklwo) (o Of. (F9)

(F10)

S(pu.x) = | Xcnoil — kx —

(s) kXZ(l

gESx

(F11)
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