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Utility-scale quantum computers require quantum error correcting codes with large numbers of
physical qubits to achieve sufficiently low logical error rates. The performance of quantum error
correction (QEC) is generally predicted through large-scale numerical simulations, used to estimate
thresholds, finite-size scaling, and exponential suppression of logical errors below threshold. The
connection of QEC to models from statistical mechanics provides an alternative tool for analyzing QEC
performance. However, predicting the behavior of these models also requires large-scale numerical
simulations, as analytic solutions are not generally known. Here we exploit an exact mapping, from
a toric code under bit-flip noise that is post-selected on being syndrome free to the exactly solvable
two-dimensional Ising model on a torus, to derive an analytic solution for the logical failure rate across
its full domain of physical error rates. In particular, this mapping provides closed-form expressions
for the logical failure rate in four distinct regimes: the path-counting, below-threshold (ordered),
near-threshold (critical), and above-threshold (disordered) regimes. Our framework places a number of
familiar and long-standing numerical observations on firm theoretical ground. It also motivates explicit
ansitze for the conventional QEC setting of non-post-selected codes whose statistical mechanics
mappings involve random-bond disorder. Specifically, we introduce an effective tension model for the
below-threshold regime, and a new scaling ansatz for the near-threshold regime, derived from an
analysis of the domain wall energy cost distributions. By bridging statistical mechanics theory and
quantum error correction practice, our results offer a new toolkit for designing, benchmarking, and
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understanding topological codes beyond current computational limits.

DOI: 10.1103/4wvz-1p8m

I. INTRODUCTION

As quantum devices scale toward fault-tolerant quantum
computing (FTQC), with the ambition of deploying
millions of physical qubits to perform useful quantum
computations with noisy components [1], quantum error
correction (QEC) research has come to rely almost
exclusively on large-scale numerical simulations to bench-
mark code performance. From early Monte Carlo studies
of concatenated and surface codes [2,3], to more recent
tensor network and Monte Carlo estimates of threshold
values [4—6] and finite-size scaling [7-9], these numerical
approaches have delivered indispensable insights into
logical error suppression below-threshold and resource
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requirements for overhead optimization. Yet, there
are few analytic treatments, the most notable being
rigorous lower bounds on thresholds for concatenated
codes [10-13] and upper-bound estimates via statistical
mechanics constructions [5,7,14,15]. These treatments
typically yield conservative bounds rather than precise
performance predictions. As the system complexity of
quantum computers grows beyond what even the most
powerful supercomputers can faithfully simulate, ana-
lytic methods capable of delivering accurate, regime-
spanning performance formulas will be essential to guide
code design, decoder development, and resource alloca-
tion in the FTQC regime.

There is a rich connection between topological codes
and classical statistical mechanics [3,7-9,14-20]. Notably,
explicit mappings have been established between logical
failure rates of well-known topological codes, such as
surface codes, and partition functions of well-known
disordered statistical mechanical models [3,14]. A cel-
ebrated example is the correspondence between the surface
code under a bit-flip error channel and the random-bond
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Ising model (RBIM) in two dimensions, featuring +J
couplings [3]. The order-disorder phase transition of the
statistical mechanical model corresponds to the logical
threshold of the code [3,9]. In the thermodynamic limit, for
a physical error rate below this critical value, decoding
success occurs with certainty. Above this critical value, all
logical sectors become equally probable, so the probability
of decoding success becomes the reciprocal of the number
of logical sectors. This mapping not only provides an
intuitive picture of error processes but also allows one to
leverage established tools from statistical physics to
analyze logical thresholds and failure rates [4,21,22].

While the conceptual framework of topological QEC
has matured considerably since its introduction, a quanti-
tative understanding of logical failure rates remains a
challenge. Precise error rate predictions depend on micro-
scopic details such as lattice geometry, boundary con-
ditions, physical noise channels, and the choice of decoder.
This makes the analytic treatment of QEC codes operating
in a practical regime an intractable problem in general.
Focusing, instead, on the simpler post-selected limit of
QEC codes can result in models that are tractable. In
Ref. [23], it was demonstrated that incorporating post-
selection into the analysis of QEC codes constrains the
quenched disorder in the corresponding statistical mechan-
ics model, over which thermodynamic quantities are
averaged. This constrained disorder viewpoint also under-
lies recent evidence that partial post-selection can yield
scalable accuracy gains by discarding exponentially rare
syndromes [24]. Full post-selection is performed by
aborting and reinitializing the code whenever any non-
trivial syndrome is measured. In the extreme case of full
post-selection on a surface code under a bit-flip error
channel, the inherent disorder in the RBIM is entirely
eliminated. This reduces the model to the clean two-
dimensional Ising model, whose exact solution was first
derived by Onsager in 1944 [25]. This observation offers
an analytic foothold to further our understanding of
optimal QEC performance.

In this work, we exploit the mapping from a fully post-
selected toric code under bit-flip noise to the two-
dimensional Ising model, to derive closed-form analytic
expressions for the logical failure rates of this code across
its full domain of physical error rates and code distances.
We identify four distinct regimes of topological error
correction as a function of physical error rate and code
distance.

First, at sufficiently low physical error rates, the system
is well described by an approximation which becomes
exact in the limit as the physical error rate p goes to 0. We
call this the path-counting regime, in which failure rates
can be estimated by counting the lowest-weight errors that
cannot be corrected. Second, for sufficiently large code
distances (or equivalently, lattice sizes), and for error rates
below the topological code threshold, the system enters the

below-threshold (ordered) regime, characterized by an
exponential decay of logical failure rates with increasing
code distance. Third, when the correlation length is
comparable to the system size, finite-size scaling describes
the critical region around the threshold p.. Here, the
scaling behavior of logical failure rates is governed by the
universality class of the phase transition in the underlying
statistical mechanical model. Finally, for large code dis-
tances and physical error rates above the threshold, the
system transitions into the above-threshold (disordered)
regime, where the logical failure rate converges to the
value dictated by a uniform distribution over the logical
sectors. We use the term regime rather than phase
to emphasize that these behaviors are defined for finite
lattice sizes; in the thermodynamic limit, only the ordered
and disordered phases remain. Figure 1 provides (a) a
schematic overview of this mapping and (b) summarizes
the resulting regimes along with (c) their physical
interpretations.

The exact analytic expressions that have been derived
for the two-dimensional Ising model allow a detailed
analytical investigation of each of these regimes.
For the fully post-selected toric code under bit-flip noise,
the functional behaviors of logical failure rates throughout
the different regimes are established exactly. Furthermore,
we conjecture that while the introduction of disorder (or
the absence of post-selection) may quantitatively shift
certain parameters associated with the functional behavior
of logical failure rates in these regimes, the qualitative
nature of the regimes remains robust across not only the
non-post-selected surface code, but also a broad class of
other topological codes as well. Here, we focus on 2D
topological codes for which the noise models map to a
classical statistical mechanical model that undergoes
a second-order phase transition. This work thus lays a
rigorous foundation for understanding topological quan-
tum error correction in finite, practical regimes—bridging
the gap between idealized, thermodynamic-limit descrip-
tions and realistic, experimentally accessible systems.

The remainder of the manuscript is structured as
follows. In Sec. II, we summarize the mapping between
stabilizer codes and classical spin models. We explain how
logical failure probabilities are encoded as free energy
costs of domain walls and how these map onto decoding
strategies, and we summarize key results from the spin
glass literature on the scaling of domain wall energies. In
Sec. III, we specialize to the fully post-selected toric code,
exploiting its exact mapping to the clean 2D Ising model to
derive closed-form expressions for the logical failure rate
in each regime. In Sec. IV, we extend these insights to non-
post-selected surface codes, proposing effective tension
and error function ansitze that capture finite-size scaling
and below-threshold behavior. In Sec. V, we investigate
how the results developed in the preceding sections can be
applied to circuit-level noise. Finally, in Sec. VI, we extend
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(a) Mapping the toric code to an Ising model (b) Four distinct regimes of error correction
Stat. mech. regime Dominant physical mechanism Logical failure behaviour QEC interpretation
Path-counting Combinatorics, minimum weight errors ~ pWmin Performance set by minimal logical
errors
Ordered Order, domain wall free energy cost ~ e=cd(Lm) Robust quantum memory, expo-
nential error suppression
Critical Critical fluctuations, finite-size scaling ~ f((p— pC)Ll/ Y) Threshold behaviour, performance
set by scaled distance to threshold
c
Disordered Disorder, proliferating defects ~ Prail,0o — O(e‘ﬂld(ﬁm)) Decoding fails reliably, information

lost

(c) Characteristics of the four regimes

FIG. 1. Decoding topological codes: A statistical mechanical perspective. (a) The action of a logical operator in a topological code
can often be mapped to the insertion of nontrivial defects or domain walls in an equivalent statistical mechanical model (e.g., £J
random-bond Ising model for certain surface codes, where +J corresponds to ferromagnetic coupling between spins, and —J
corresponds to antiferromagnetic coupling). (b) The performance of optimal decoding exhibits distinct regimes as a function of
physical error rate p and code distance L, mirroring the regimes of the associated statistical mechanical model: path-counting, ordered,
critical, and disordered. The boundaries shown are schematic and may overlap at finite L: the path-counting and critical regions denote
finite-size crossover windows in which the corresponding approximations are expected to be accurate, whereas only the ordered and
disordered regions remain as distinct thermodynamic phases in the limit L — o0. (¢) Summary table providing the physical origin,
functional behavior of logical errors, and consequences for quantum error correction within each identified regime. These features are
generic to topological codes whose decoding maps to classical statistical mechanics models that undergo second-order phase
transitions. In the ordered phase, the table entry ~e~¢(“x) denotes the asymptotic suppression of the logical failure probability, where
d(L,,) is the support size of the minimal representative in the logical class £,,. In the disordered phase, ~Pp,; o — O(e‘“ldw%)) denotes
exponential approach to the asymptotic failure probability Py o, with rate controlled by the support size d(LS,) of the minimal
representative in the conjugate logical class. In general, d(£,,) and d(LS,) need not coincide, although for the 2D toric/planar code both
scale as O(L). For bit-flip noise on a single logical degree of freedom, Py o = %

the results from earlier sections into a general framework  and the correspondence between partition function
for topological QEC, outline its assumptions and scope,  calculations and decoding strategies [4]. Where helpful,
interpret the physical meaning of key parameters, and  we summarize the distinctions between maximum-
discuss limitations and avenues for future work. likelihood and maximum-probability decoding, as well
as the role of post-selection in modifying the underlying
spin model [23]. We finally introduce key results from the
spin glass literature, particularly the scaling of domain
In this section, we briefly summarize the formalism and wall energy costs in random-bond Ising models [28,29],
key results from the literature on statistical mechanical ~ which we leverage in our analyses below.
mappings of QEC codes that underpin our later analyses. Pauli stabilizer codes admit an exact mapping to
We assume familiarity with stabilizer codes, logical  disordered classical spin models. Each realization of the
sectors and cosets, and the basic principles of decoding  noise model for the code corresponds to a random choice

II. FAILURE RATES AND FREE ENERGY

[26,27]. We introduce the generalized statistical mechani-  of couplings in the classical model. The partition function
cal mapping of stabilizer codes [3,9], the construction of  of this model corresponds to a sum over error configura-
the disordered Hamiltonian from physical error processes, tions that have the same logical action and cannot be
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distinguished by the stabilizers of the code. Through this
mapping, the computation of disordered partition func-
tions, free energy costs and phase transition points of the
classical spin models directly yields logical failure prob-
abilities and decoding thresholds [3,9]. We now summa-
rize this correspondence, restricting our attention to qubit
CSS codes, for pedagogical clarity. The stabilizer gener-
ators of such codes can be chosen to be either X-type or
Z-type, containing only oy and identity operators or only
o7 and identity operators, respectively. For a treatment
beyond these restrictions, including general qudit stabilizer
codes and correlated noise models, see Ref. [9]. In this
mapping, a classical spin degree of freedom s, € Z, is
assigned to each stabilizer generator S;. Assuming single-
qubit Pauli noise, spins interact if their corresponding
stabilizers overlap on at least one physical qubit. Bit-flip
noise induces interactions among spins associated with
X-type stabilizers, phase-flip noise induces interactions
among spins associated with Z-type stabilizers, and Y-type
noise induces interactions involving both types of spins.
The coupling strength of each interaction is set by the
underlying noise process acting on the corresponding
qubit. In the absence of errors, all coupling strengths
favor alignment of spins, which we refer to as ferromag-
netic coupling. A single Pauli error on a physical qubit
flips the sign of the couplings associated with that error,
thereby introducing disorder into the system.

The statistical mechanical Hamiltonian produced by the
mapping, for a given configuration of errors &, is

Strength Disorder ~ Interactions

———
HeG) - T el [[ s O

ioEP; k:[[o.Spll=—1

where J;(o) are noise-dependent interaction strengths, P;
is the local Pauli group on qubit 7, the scalar commutator
[[o.&]] = £1 distinguishes ferromagnetic from antiferro-
magnetic couplings, and €€ P®" is a Pauli error, which
defines the disorder on the system. We call this quenched
disorder, as it does not evolve with time. Consequently,
thermodynamic quantities are averaged over the quenched
disorder by first fixing the disorder realization, taking
thermal averages, and then averaging this quantity over the
quenched disorder distribution that is determined by the
noise process on the physical qubits.

The following symmetry of the model relates the
Hamiltonians corresponding to instances of the noise that
are related by a stabilizer:

Hes,(5) = He(5 + ),
where k denotes flipping the k™ spin. In other words,

flipping s; has the same effect as multiplying the physical
error € by the stabilizer S,. Consequently, fixing € then

summing over all spin configurations s is equivalent to
summing over every error in the coset £ - S, i.e., every
product of £ with elements of the stabilizer group. Since
the optimal maximum likelihood decoding (MLD) must
consider all errors equivalent up to stabilizers, this sym-
metry makes the calculation of the partition function,
where one sums over all spin configurations, a direct
implementation of optimal decoding if the coupling
strengths are chosen correctly.

We choose the coupling strengths of the model so that

e PH:0) = P(€) by construction. This is done so that by
enumerating all possible spin configurations, we have
Ze =) 5 e P1:() « P(E). That is, the disordered parti-
tion function is proportional to the probability of the
logical coset of which £ is a representative error [30]. For
these results to hold, it can be shown that the choice of the
interaction strengths corresponds to the Nishimori con-
ditions, which is a manifold on which a gauge symmetry
allows for several exact identities of thermodynamic
quantities [31]. The Nishimori conditions are

piie) =g o @l @

TEP;

where /3 is the thermodynamic beta of the model, J;(o) are
the coupling constants corresponding to the local Pauli o
acting on qubit i, P; are the local Pauli group acting on
qubit i, | P| is the cardinality of the Pauli group considered
(e.g., 2 for bit-flip, 4 for depolarizing) and P;(7) is the
probability of the local Pauli 7 acting on qubit i.

With the Nishimori conditions satisfied and with dis-
order corresponding to a Pauli error £€ P®", the free
energy cost of a nontrivial logical operator L,, is

AFm(g) = FSC,n(ﬁN) - FS(ﬂN)
_ P(€)
By m(ﬂ)(%))’ @

where Sy is the finite thermodynamic beta under which
the Nishimori conditions are satisfied and P(E) is the
cumulative probability of all physical errors in the logical
coset £. Successful decoding of a logical degree of
freedom under MLD occurs when the free energy cost
of a nontrivial logical operator, conditioned on an error £

having occurred, is positive. Successful decoding of all

logical degrees of freedom occurs when P(£) > P(EL,,)
for all nontrivial £,,, conditioned on the error £ having
occurred. This optimal decoding corresponds to comput-
ing the free energy cost of domain walls along the
Nishimori line at finite temperature, but is generically
#P-complete [32].

To overcome the computational intractability of MLLD, one
can also perform maximum-probability decoding (MPD).
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MPD selects the single most likely error in each logical coset
without summing over stabilizer-equivalent degeneracies,
and it can be expressed as the zero-temperature limit
(f — o) of the free energy cost calculation, where only
the minimum-energy (or maximum-probability) ground state
configuration remains. We write

lim AF,,(€) = AE(E)

p—o0

= minHg, (5) — minHg(5). “)

Similarly, decoding success under MPD for this error £
occurs if this ground state energy cost is positive.

As an example, a planar code with bit-flip noise maps to
the 2D random-bond Ising model with £/ couplings. In
such models, there is a single nontrivial logical operator
L, = X which wraps around only one direction of the
lattice. The ground state energy cost between logical
sectors is AE(E), which we hereafter call AE, leaving
the functional dependence on the quenched disorder
parameter implicit. AE is proportional to the difference
in weights of the minimum-weight perfect matchings [33],
which can alternatively be expressed as the signed logical
gap as formulated in Refs. [34-36]. The logical failure rate
under minimum-weight perfect matching decoding
(MWPMD) can then be expressed as [35]

lpfail - /0 dAE P(AE) (5)

[es]

If the distribution of domain wall free energies of the
disordered statistical mechanical model is known, then the
optimal logical failure rate can be determined exactly for
any code. As above, for surface codes with bit-flip noise, to
compute the optimal logical failure rate, we integrate the
probability distribution of the domain wall free energy cost
over R™:

0
Pait :/ dAF, P(AF,). (6)

[Se]

Although the free energy cost of domain walls in the
2D random-bond Ising model has been extensively studied
in the spin glass literature [28,33,37-42], these insights
remain underutilized in the quantum error correction
community. For the =/ RBIM, two important phases
are identified. In the ferromagnetic (ordered) phase
(p < p.), the system exhibits long-range ferromagnetic
order, which means a non-zero spontaneous magnetization
in the thermodynamic limit. However, individual bonds
can still be frustrated, so the spins do not all align perfectly.
The spin glass phase only occurs at 7 =0 in two
dimensions [33], when p > p,, i.e., above-threshold. In
the spin glass (disordered) phase, frustration from the
random bonds prevents simple long-range ferromagnetic
order, leading to a frozen state with complex, spatially

disordered spin configurations [43]. The critical point
p = p. is the boundary between these two phases.
Under certain noise models, some codes map to models
that have been argued to undergo first-order phase tran-
sitions [44,45]. We nevertheless apply our approach when
the order of the transition is uncertain and find a robust
fitted threshold using our scaling ansatz in the examples
we have studied. In such cases, the terms critical point and
critical regime may not be accurate. We leave determining
the order of these transitions to future work.

A key diagnostic in these spin glass descriptions is the
distribution of the domain wall cost: the domain wall free
energy cost AF along the Nishimori line (8= fy),
relevant to optimal MLD, and the domain wall ground
state energy cost AE in the zero-temperature limit
(f = o), relevant to MPD. For a given disorder realiza-
tion, these quantities measure the cost of inserting a
nontrivial domain wall, and the logical failure rate is
controlled by the probability that these domain walls lower
the free energy of the system. Thus, the relevant object is
not only the disorder-averaged cost, but the full distribu-
tion of AF or AE.

Nevertheless, the scaling of the typical domain wall cost
with system size provides an important diagnostic of the
phase. The stiffness exponent @ is defined such that the
rescaled domain wall cost, AF/LY (or AE/L? at T = 0),
has a nontrivial limiting distribution as L — oo [46]. In a
ferromagnetic phase, @ = 1 as domain wall free energy
costs are proportional to their length. In the 7 = 0 spin
glass phase of the 2D £J RBIM, by contrast, 8 = 0 [33], as
the distribution P(AF) converges to a limit independent
of L as L — oo [39].

Between these limits lie a critical regime in which the
typical domain wall cost grows sublinearly with L, and,
more importantly for decoding, its full distribution exhibits
nontrivial finite-size scaling. The distribution of domain
wall costs in the RBIM with £/ disorder at 7 = 0 remains
understudied in the literature. However, for the RBIM with
coupling constants drawn from a Gaussian distribution,
along the low-temperature critical line below the multi-
critical point, it is known that AF ~ L% with 0, ~0.15
[28,37,46]. For the £J RBIM, at the (finite-temperature)
Nishimori multicritical point, it is also known that 8, = 0,
as this distribution is manifestly scale invariant [47]. It is
this distributional scaling of AF and AE that we analyze in
detail later in this work.

III. FULLY POST-SELECTED SURFACE CODES

In Sec. II, we identified that the logical failure rate of
QEC codes can be determined by the free energy costs of
domain walls in the statistical mechanical model produced
by an exact mapping. In previous works, these domain wall
free energy costs have been considered as order parameters
to determine a code’s optimal threshold [3,9,14]. In this
work, we go beyond simply estimating thresholds to obtain
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quantitative results for logical failure rates using the
distribution of domain wall free energy costs. In this
section, we map the fully post-selected toric code onto the
clean 2D Ising model on a torus to obtain a closed-form
expression for the logical failure rate across the full
domain of physical error rates and code distances. We
use this expression to analyze the functional behavior of
the logical failure rates of the code in the four regimes
identified in Fig. 1. The behavior of domain walls in these
regimes is summarized in Fig. 2, which provides a guide
for the quantitative analysis presented below.

The 2D Ising model is one of the most thoroughly
explored systems in physics, providing insights into
critical phenomena and phase transitions. Originally
solved exactly by Onsager in 1944 in the thermodynamic

(a) Path-counting (b) Below-threshold

! o> v,
00,  ay

WW ODEO
J
SNYE

(d) Above-threshold

(¢) Near-threshold

FIG. 2. Domain wall behaviors across the four regimes of the
fully post-selected toric code under bit-flip noise. (a) Path-
counting regime (p < p.): On a clean lattice at very low error
rates, logical failure is dominated by the shortest possible domain
walls, which remain essentially straight and unperturbed. (b) Be-
low-threshold regime (p < p.): Below-threshold, thermal capil-
lary wave fluctuations impart roughening to an otherwise
predominantly straight interface, yielding small-amplitude cor-
rections on a straight wall. (c¢) Near-threshold regime (p =~ p.):
Near-threshold, scale invariance drives domain walls to develop
fractal, self-similar structure, with fluctuations on all length
scales reflecting critical behavior. (d) Above-threshold regime
(p > p.): Above-threshold, thermal fluctuations dominate, frag-
menting the system into a dense tangle of short, disconnected
domain wall loops.

limit, the model exhibits a phase transition from a
ferromagnetic (ordered) to a paramagnetic (disordered)
phase at the critical point where f.J = $log(1 + V2) [25].
Onsager’s exact solution marked a significant milestone
in statistical mechanics which laid the groundwork for
understanding universality and scaling behavior near
criticality.

The partition function of the Ising model on a finite
torus with periodic-periodic (pp) boundary conditions
was first computed in 1949 by a map to the spin-
representation of the group of rotations [48]. This compu-
tation was later generalized to antiperiodic-antiperiodic
(aa), periodic-antiperiodic (pa) and the converse (ap)
using Grassmannian path integrals [49] and a simplified
transfer matrix method [50]. We use these results for the
different partition functions of the Ising model on the torus
ZppsZpas Zaps Zaq 1o find exact analytic expressions of
logical error probability of the toric code.

It was shown in Ref. [23] that the fully post-selected
limit of a toric code under bit-flip noise maps directly to a
clean two-dimensional Ising model. We will consider the
case of a torus with L-by-L lattice sites, although the
results we describe can be extended to a rectangular lattice.
The Nishimori conditions read

p7 = L1og (1_—’)) )
2 P

where f is the thermodynamic inverse temperature of
the clean 2D Ising model. For the clean 2D Ising model,

the critical point occurs at f.J = 1log(1 +v2) [25].
Substituting this into the Nishimori conditions gives the
threshold error rate

.= ———~0.2929. 8
p PIRYG (8)

Under the general mapping of a quantum error correc-
tion problem to a disordered statistical mechanics model
Z¢ o« P(E). The disordered partition function encodes the
logical error probability summed over all possible errors
consistent with the measured syndrome. In the fully post-
selected case, we can describe the (unconditioned) prob-
ability of these logical errors through the Ising model’s
partition functions with different boundary conditions.
Specifically, by fixing the index of logical operators with
a boundary of the torus, we have

PAQ®T)xZ,,
PX®1)xZ,,
PAQ®X) xZ,,
P(X ® X) x Zy,. 9)
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The total logical failure probability is given by

P, — Zap+Zpa+Zaa
fail pr + Zap + Zpa + Zaa .

(10)

Since we are interested in the square case we will
have Z,, = Z,,.

Following Refs. [49,51], we evaluate the partition
functions of the 2D Ising model for these boundary
conditions in Appendix A. The solution to the 2D Ising
model on a lattice works by mapping the classical spins to
a system of free fermionic variables. The fermions are
massless at the phase transition where the model is
described by a conformal field theory [52]. The fermions
gain a mass |u| away from criticality where

§= log<\/sinh(2jﬂ)), (11)

which is O at criticality as expected. The parameter yu is
positive in the low temperature low p regime and negative
at high temperatures. This signed mass is useful for
describing the physics on either side of the phase
transition.

Along the two principal directions of the torus, the
fermions may have periodic (Ramond) or antiperiodic
(Neveu-Schwarz) boundary conditions [52], which leads
to four sectors denoted by (a,y), where a,y € {0, %} A
value of O (for a or y) corresponds to periodic boundary
conditions for the fermions in that respective direction,
while a value of 1/2 corresponds to antiperiodic con-
ditions. The partition functions of the spin model, such
as Z,,, can be written in terms of partition functions of
the fermions with these boundary conditions Zy o, Zy 12,
Z1/2.0:Z1/2,1/2- Specifically, the logical failure probability
in terms of the fermion partition functions is

1 sgn(T —Te)Zoo

Pry =5+ - (12)
2 Zipap+Zoypn+ Zipo +sgnZy

Equation (12) already provides significant information
about the shape of the threshold plot for the fully post-
selected code. At the critical point p = p. the solution
gives Zyo =0 for all L and thus Pg; = 1/2. So the
crossing of the logical error probabilities is perfect for all L
and occurs at p = p. and Pg;; = 1/2. In the limit of high p
and high T all the partition functions are nearly equal
and Pg,; — 3/4 as it should for the toric code with bit-
flip noise.

Using the explicit expressions for the Z,, the proba-
bility of logical success of a fully post-selected toric code
can be derived exactly. We show in Fig. 3 the comparison
of this analytic expression against the numerically simu-
lated values taken from a tensor network decoder with
bond dimension y = 28 [6]. As this tensor network

0.8 T T T L —
9 — Analytic S
® 06 ® Numeric J
8 - [L=3
= _
=04f & L=5 ]
[ - L=7
= - L=09
3] J
) 0.2 L=11
Q
—

0'0 1 1 1 1 ]

©
o [®

0.1 0.2 0.3 0.4 0.5
Physical error rate (p)

FIG. 3. Logical failure rates for a fully post-selected toric code
are shown as a function of the bit-flip probability p for various
lattice sizes L. The solid lines represent the exact analytic curves
obtained via a mapping to the 2D Ising model, while the scatter
points denote the failure rates computed using a tensor network
decoder with a truncation bond dimension of y = 28. The curves
cross at the threshold error p.~0.29 and logical failure
probability P = 1/2 as predicted by the 2D Ising model
solution.

decoder is optimal, without bond truncation, the numeric
results are equal to the exact analytic expression. The
curves all cross at the critical point as predicted by the
discussion above.

This analytic expression for the logical failure rate of the
fully post-selected toric code enables us to probe, in closed
form, the functional behavior of the failure rate across each
of the four regimes identified above. Moreover, having this
exact formula lets us explore failure rates for system sizes
far larger than would be tractable via Monte Carlo sam-
pling or splitting-method techniques [53]. We now use this
exact closed-form expression for the logical failure rate of
a fully post-selected toric code to investigate the functional
behavior of these failure rates in each of the four regimes
identified in Fig. 1.

A. Path-counting regime

For sufficiently low physical error rates the logical
failure rate of a QEC code can be approximated by
evaluating the total probability of all minimum-weight
error configurations that will not be corrected successfully
given some decoder. The regime in which these approxi-
mate expressions become accurate is known as the path-
counting limit [8], and in fact, in the limit as p — 0, such
approximations become exact. We obtain the path-
counting expression for fully post-selected toric codes
as follows. For sufficiently low p, logical errors are
dominated by a single domain wall forming that wraps
around the torus. This probability without accounting for
post-selection is

Pwall = 2LPL(1 - p)ZLZ_L' (13)

The path-counting approximation is valid only as long
as contributions from longer, higher-weight error chains
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are negligible. On the torus, the next-shortest error paths
that cause a logical failure have a length of L + 2. These
paths can be visualized as the minimal, straight-line error
chain deformed by two “kinks” (see Appendix B for a
detailed description). To assess when the length L + 2
paths become significant, we compare their total proba-
bility to that of the minimal paths. The probability of any
single path of length L + 2 is suppressed by a factor of
(p/(1 — p))? relative to a minimal path. However, there is
an additional combinatorial factor counting the number of
ways such a path can be formed. The number of locations
to place the two kinks on a chain of length L scales as
L(L — 1). The total contribution from the next-to-minimal
paths is therefore smaller than the leading-order term by a
factor of L(L —1)(p/(1 — p))?. For the path-counting
approximation to hold, this term must be much less than 1,
which implies the condition p < 1/L.

Next, we must use Bayes’ rule to determine the
probability of failure in the fully post-selected case. The
event 5 = +1 includes all closed-loop error configurations,
not just the empty configuration. However, the empty
configuration gives the leading contribution, while the first
corrections come from small contractible loops of length 4,
whose total weight is suppressed by O(L?(p/(1 — p))*).
Since we are in the path-counting regime p < 1/L, these
corrections are negligible, and hence

PG =-+1)~(1—p).

We can then compute the path-counting expression
for the logical failure rate in the fully post-selected
regime using

|]:Dwall
P(s = +1)
_2LpH(1—p)t
T (1-ppPF

L
— 2L(1i)—p)L. (14)

fail —

In Fig. 4, we plot the predicted failure probability using
the path-counting expression of Eq. (14) and the exact
analytic values discussed above for a range of values of L.
The approximation is good for small p but once the
physical error rate reaches a sufficiently large p ~ 1/L, the
path-counting approximation breaks down and no longer
captures the logical failure rate accurately. The path
counting formula underestimates the logical error proba-
bility in this regime. At fixed code distance L, pushing p
above this scale drives the system into the below-threshold
regime, which we now analyze.

2

5

—

o

—~

=

&

S / ---- Path-counting _ L —

ED 10-27 |/ — Analytic |

I" 1 1 L - 1I1

0.00 0.05 0.10 0.15

Physical error rate (p)

FIG. 4. Logical failure rate Pg,; for a fully post-selected toric
code under bit-flip noise in the path-counting regime. The failure
rate is plotted as a function of the physical error rate p, with
curves parametrized by the lattice size L. The dashed lines
represent the path-counting approximation, while the solid lines
show the exact analytic values. The shaded gray region indicates
parameters where the path-counting regime is not expected to
apply. Its boundary is obtained by substituting L = 1/p into the
path-counting approximation (Eq. (14)), consistent with the
validity scale p <« 1/L discussed in the main text.

B. Below-threshold (ordered) regime

We have seen that the path counting regime holds
only until p ~ 1/L. In this regime the expected number
of errors in the whole system is only O(L). In the limit of
large L with pL held constant the density of errors goes to
zero as 1/L. If instead we ask for non-zero error rate in the
large L limit we should hold p < p, constant as L — oo.
Then we enter a regime where the system is macroscopic,
with a constant non-zero density of errors. In this regime
we can estimate the error probability Pg,; using known
results about the free energy of domain walls in the
2D Ising model.

In the ordered regime of the Ising model the spins align
as far as possible, but the three different antiperiodic
boundary conditions appearing in the formula for Py
require a single domain wall that will increase the free
energy depending on the linear size of the system L. In the
case of Z,, and Z,, these domain walls are vertical and
horizontal respectively, and have length L. In the case of
Z,, the domain wall runs diagonally and has length 2L (in
the Manhattan metric). This will mean that Z,, is negli-
gibly small compared to Z,, = Z,,.

We can define the change in free energy AF(f3, L) due to
the domain wall by the formula

Zap =Zpy =€ PAIOLIZ (15)
In the thermodynamic limit, the free energy cost of a

domain wall in the 2D Ising model is given by Onsager’s
expression [25],

AF(B,L — o) = o(f)L = (21 _ %log coth(Jﬁ))L,
(16)
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where o(f3) is the domain wall surface tension. We work in
units of / = 1 when quoting o itself; however, the product
Po is independent of this choice when the Nishimori
conditions are satisfied, in which case fo can be written
in terms of the error probability as

(1-p)(1-=2p)
p )

po(p) = log< (17)

See Appendix C for the asymptotic behavior of fio(p) as
p — 0and p — p., which connects the path-counting and
near-threshold regimes.

In finite systems, however, the interface is not perfectly
rigid but undergoes capillary fluctuations [54,55]. These
fluctuations modify the partition function by an amount
that, after proper regularization, leads to a logarithmic
correction to the free energy. Following an approximate
capillary wave treatment (see Appendix D), one finds that
the finite-size correction leads to a domain wall free energy
of the form

AF(L.f) = o(p)L ~ 3log(L) + 6(8) + O(1/L). (18)

The capillary wave correction is independent of f in the
below-threshold regime, and the size-independent correc-
tion 6 is known to have some temperature dependence,
as seen, for example, in Fig. 9 of Ref. [55]. There are
expected to be additional finite-size corrections of O(1/L)
and smaller.

Neglecting the additive constant as a first approxima-
tion, we can substitute AF in Eq. (15) and then evaluate the
logical error probability to find

Zap + Zpa

Prait 7 — Qe PAF(B.L)
pp ) )
~ 2\/Z<(1_p)(1_2p)> +0(pt/VL). (19)

In this approximation the contribution of Z,, is
neglected since it is of order p* and expected to be
smaller than the subleading free energy corrections to Z,,,
that we have neglected.

We can compare the below-threshold logical failure
rate (Eq. (19)) to the expression that holds in the path
counting regime (Eq. (14)). At low p the dominant
exponential suppression of errors approaches p” in both
cases. The increased error rate at moderate p is captured
by the additional factor of (1 —2p)~L in Eq. (19).
Capillary waves cause the domain wall to wander over
long length scales as indicated in Fig. 2. The factor of
VL in Eq. (19) can be interpreted as describing the
effective domain wall width that results. The ranges of
validity of Eq. (19) and Eq. (14) do not precisely overlap
so that these logarithmic contributions to the free energy

Logical failure rate
—
<
s

y ---- CW approx. —L =7 |
/ — Analytic —L=9
—17 |/ |
10 L=11
1 ! 1 1 1
0.0 0.1 0.2 0.3

Physical error rate (p)

FIG. 5. Comparison of the capillary wave approximation
(dashed lines) and the exact analytic calculation (solid lines)
of the logical failure rate for a fully post-selected toric code.
Results are shown as a function of the physical error rate p for
various lattice sizes L, with each color representing a different L.
The gray shading marks parameters where the capillary-wave
expression (Eq. (19)) is not expected to be accurate. The
boundary is obtained by imposing the near-threshold scale
|p—pJL =1 (e, E~L; see Sec. IIIC) and, on the below-
threshold side relevant here, substituting p = p. — 1/L into
Eq. (19); we shade the region above this boundary.

do not agree between the two limits we have used to find
approximate expressions.

We plot in Fig. 5 comparison of this approximate
expression with the exact analytically computed failure
rates using the free fermion mapping.

Figure 5 shows that as p approaches the critical value p..,
our capillary wave approximation breaks down because
domain wall fluctuations grow too large. These fluctua-
tions are growing since the surface tension decreases
toward zero as the critical point is approached.
Equation (19) is not expected to be valid when the system
size L becomes comparable to o and the logical error
probability is O(1). In the next section we turn to finite-
size scaling theory to describe the logical failure rates in
this critical regime.

C. Near-threshold (critical) regime

As we approach the threshold error rate p,., fluctuations
span the entire lattice and finite-size effects dominate [56].
The fluctuations are described by a correlation length £(/3)
that becomes very large in the region of the phase
transition. For system sizes L < & unitless physical quan-
tities such as the logical failure probability P (f, L) are
functions of L/¢& only. For a general statistical mechanical
model close to a critical point the correlation length &
diverges as &« | —f.|7 for some scaling exponent
v > 0. Comparing to the Nishimori condition (Eq. (7))
we see that we also have & & |p — p.|™ in this regime.
In the case of the 2D Ising model it is known that
E(B) = 1/Po(B) [57] and by differentiating ¢ as given
in Eq. (16) at . it is straightforward to confirm the known
result that v = 1.
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We now define a dimensionless scaling variable

x=(p—pJL = (L/O)"".

In the critical scaling regime we expect that

Pra(p. L) = fl(p — pc)L'"]. (20)

If we plot the logical error probability against x for all L
then the data collapse onto a single curve given by the
scaling function f(x). Since we have an analytical solution
to the 2D Ising model it is possible to see exactly how the
scaling limit emerges from the solution. In fact the scaling
function f could in principle be determined from the exact
solution of the Ising model. We can already see from our
earlier discussion that f(0) =1/2 and f(x) - 3/4 as
x = oo. By performing a Taylor expansion of Pg(x)
centered at x = 0, we can see that

1
P it (x) & 3 + f(0)x 21n

for small x, where the slope f’(0) can be obtained through
a first-order expansion (in the fermion mass u) of the
partition functions with different boundary conditions. In
Appendix E, we use the results of Ref. [58] to perform this
expansion, obtaining f'(0) ~ 1.503. Figure 6 demonstrates
this data collapse, particularly close to the phase transition,
and the dashed black line indicates the derived first-order
prediction of the scaling function f. Once x < 0 or x > 0
(i.e., L > &), the curves no longer fall onto a single,
L-independent line.

We now show explicitly how finite-size scaling behavior
arises from the low-momentum modes in the free fermion
mapping in order to understand the regime of validity of

<) - u
8 .
@ P
- -~
2 -~
= 0 / 1
Rs  L-8 — L=96
~ — L=-16— L =128
S — L=24— L=192
& — L=32— L=26
H — L=48— L =512
— L = 64 == Prediction
1 1 1
—0.02 —0.01 0.00 0.01 0.02
1
(p—pe) LY

FIG. 6. Data collapse of the logical failure rate P, for the
fully post-selected toric code under bit-flip noise. The logical
failure rate is plotted against the scaling variable x = (p — p..)L,
where p, = ﬁi is the critical error rate. Near criticality, the data

collapse onto a single curve consistent with the scaling form
Pea(p. L) = fl(p — p.)L'*], with v =1 for the 2D Ising
universality class. The dashed line shows the first-order prediction
for the scaling function derived from the free fermion partition
functions in Appendix E. Inset: The data before rescaling.

the near-threshold regime. The fermion partition functions
Z,,(u, L) depend on the signed mass parameter x and L
through the boundary conditions, which determine the
allowed fermion momenta k, and Lw, (k) where the lattice
dispersion relation is

w, (k) = arcsinh (\/sinz(k) + 2 sinh? (pt)) . (22)

Near criticality, Eq. (11) implies u ~ 0. Since the scaling
plot is written in terms of p, we expand yx about p = p,.:

du
L du N 23
u dp . (p pc) ( )
Using
”:10g<\/m)’ ﬂJ:%IOgC_Tp)’
we find
W dipr ____ 1
m_coth(zﬁl), dp  2p(1—p)

At the critical point p, = rl\/i’ equivalently
sinh(24.J) = 1, this gives

T =—24V2).

Hence

_ m . (24)

p~—2+V2)(p-p.) = i

Thus || ~ €7 in the critical regime, as expected for the
inverse correlation length. Equation (24), together with
Eq. (22), shows that the low energy sector is controlled by
the scaling variable x.

For the low lying momentum modes relevant to finite-
size scaling,

k:ﬂ(n—l-a)’

=0,1,...,
7 n

with n fixed as L — 0. Since both y and k are small when
x = O(1), we may expand sin(k) ~ k and sinh(u) ~ u in
Eq. (22). This gives

Lo, (@) ~y/(a(n +a))? + 2(uL)?

= \/(ﬂ(n +a))? +2(2+ V2)%x2.
(25)

This quantity is O(1) for fixed n and x = O(1).
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Each of the fermion partition functions Z, ,, as defined
in Appendix A, depends only on L, (k) for each mode k.
Thus the contribution to the partition functions Z, , of the
modes with 7 less than some constant, say 100, is given by
Eq. (25) and only depends on x.

As a result near criticality each full partition function
can be decomposed into a universal part corresponding to
these low values of n that depend only on x and non-
universal contributions that arise from higher-energy
modes with larger values of n. When forming the ratio
in Eq. (12), these non-universal factors appear in every
term in a similar way, so they cancel out. This cancelation
leaves the logical failure probability dependent solely on
the scaling variable x = (p — p,)L, capturing the univer-
sal critical behavior.

The emergence of this universal scaling, derived in this
x = O(1) regime for the fully post-selected case (see
Fig. 6), is particularly pronounced within a characteristic
window where the scaling variable x is of order unity (e.g.,
|x| < ¢ for some constant ¢). This observation provides the
foundation for expecting similar finite-size scaling behav-
ior in the non-post-selected toric code, albeit with a scaling
variable x = (p — p.)L'*, with v # 1, reflecting its dis-
tinct universality class.

At fixed code distance L, increasing the error rate p
beyond p,. drives the system into the above-threshold
regime, where domain walls proliferate and the code loses
its ability to protect quantum information. This is the topic
of the next subsection.

D. Above-threshold (disordered) regime

The above-threshold regime occurs at higher bit-flip
probabilities, i.e., above the error threshold. In this
regime, the dominant thermal fluctuations disrupt long-
range order, leading to fundamentally different behavior
in the Ising model and, consequently, in the logical failure
rate of the post-selected toric code. We use a Kramers-
Wannier duality to map the behavior of the below-
threshold regime to the above-threshold regime [59].
This shows that the logical failure probability Py,
exponentially decays from unity toward 3/4 with increas-
ing L, consistent with the fourfold degeneracy of logical
cosets in the high-error limit.

The dual thermodynamic beta is defined through [60]

sinh(2pJ) sinh(24*J) = 1, (26)

or more conveniently,

tanh(JB*) = e=2/P. 27
Substituting in the Nishimori conditions, we get
14
tanh(Jf*) = ——. 28
anh(/p7) = (8)

We can similarly write

1= e 20
tanh(]ﬂ*) = W
-
1+
—1—2p", (29)

and equating Egs. (28) and (29), we obtain

1-2p
L 30
P = p) G0

The Kramers-Wannier duality mixes the different sec-
tors of the partition functions as [61]

pr(p) 1 1 1 1 pr(p*)
Zpa(p) :1 1 1 -1 -1 Zpa(p*)
Zap(p) 211 —1 1 —1 Zap(p*)
Zaa(F) I -1 -1 1 Zaa(p*)
(3D
So immediately it follows that
. 1
[1 =Pt (P)][1 = Prau(p*)] = 1 (32)

We can therefore estimate the logical failure rates in the
above-threshold regime using the capillary wave theory
derived in the below-threshold regime. In the below-
threshold regime, we showed that the failure rate expo-
nentially decayed to 0 as L — oo for fixed p < p,.. Then
by Eq. (32), we see that our logical failure rate in the
above-threshold regime exponentially approaches 3/4 at
fixed p > p,.

In the next section, we move beyond the fully post-
selected scenario. Before moving on, we note that the
analytical expressions for the fully post-selected surface
code derived in this section apply directly to various
magic-state injection, distillation, and cultivation schemes
(e.g., Refs. [35,62,63]).

IV. SURFACE CODES WITHOUT
POST-SELECTION

In this section, we consider the standard setting of
quantum error correction without post-selection. We
thereby introduce quenched disorder into the statistical
mechanical model. It is well known that the toric code
under the bit-flip error model can be mapped to the random
bond Ising model in 2D (RBIM) [3]. Although this model
is not exactly solved like the clean Ising model, there is a
large literature on this model due to its relevance to spin
glasses [28,33,37-42].
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Here we investigate two complementary decoding
settings for the non-post-selected surface code: the zero-
temperature limit 7 = 0, corresponding to MWPMD, and
along the Nishimori line 7 = Ty(p), corresponding to
optimal MLD. In the statistical mechanical picture, these
probe, respectively, domain wall ground state energy
costs and domain wall free energy costs in the disordered
model. Comparing these two settings allows us to dis-
tinguish features that are specific to the full finite
temperature decoding problem from those already
present in the ground state structure of the disordered
model. It also allows us to compare the behavior of a
standard efficient decoder with that of the optimal
decoder, while retaining a common statistical mechanical
interpretation.

For the T = 0 numerics, we use MWPMD as imple-
mented in PyMatching [64]. We note, however, that the
zero-temperature decoding problem is highly degenerate: a
given syndrome may admit many minimum-weight cor-
rections, and a specific matching implementation does
not in general fairly sample this degenerate manifold [65].
As emphasized in Ref. [65], this can affect precise quanti-
tative estimates of zero-temperature threshold properties.
Accordingly, our 7 =0 results should be interpreted
primarily as characterizing the phenomenology of this
standard matching decoder and the associated regime
structure, rather than as an unbiased high-precision deter-
mination of the zero-temperature RBIM critical point.

For the finite 7 = Ty(p) numerics, we use the Planar
decoder [66], which uses the Kac-Ward determinant
formula to compute partition functions of planar disor-
dered Ising spin glasses, enabling exact evaluation of the
free energy costs of domain walls for fixed disorder
realizations. The Kac-Ward determinant formula for com-
puting such partition functions can be shown to be
equivalent to the FKT algorithm [67,68].

We demonstrate that the four regimes and their
qualitative failure rate behaviors, identified in Sec. III
for the post-selected case, remain robust even for non-
post-selected surface codes. This is underpinned by the
expectation that the four regimes identified from the
post-selected surface code carry across to the random-
bond Ising model that describes the system with
quenched disorder, corresponding to error correction
with no post-selection. We now detail the behavior of
surface codes within these four regimes. For each
regime, we describe its key characteristics and introduce
the specific ansatz for the logical failure rate Pg;(p, L)
that we will derive and analyze in the subsequent
discussion:

1. Path-counting regime: At sufficiently low
p < 1/L?, one can determine the probability of
errors occurring that have the minimum Hamming
weight required to inflict a logical error upon
decoding. In this regime, as detailed in Sec. IV A,
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we show that the failure rate for a toric code under
the bit-flip error model with odd L follows the form

2L L!

e’

Pea(p. L)

. Below-threshold regime (ordered): This regime

occurs for p < p,. and sufficiently large L > 1, and
is identified with logical failure rates that decay
exponentially to O with code distance. In this
regime, logical failure is controlled by the negative
tail of the domain wall free energy distribution. As
will be shown in Sec. IV B, for the toric code under
the bit-flip error model we expect, over the numeri-
cally accessible finite-size regime, the failure rate
of each logical degree of freedom to follow the
effective form

Pei(p. L) & e Ploan(p)Lo(p)]

where o.5(p) is an effective tension, and 5(p) is a
finite-size offset that absorbs subleading correc-
tions. Within this finite-size parametrization, this
offset sets the O(1) failure probability when the
fitted o4 vanishes.

. Near-threshold regime (critical): Near criticality,

low-momentum modes dominate the physics,
and finite-size scaling implies that the logical
failure rate depends on the scaling variable
x = (p— p.)L'", equivalently on the ratio L/,
where &~ |p — p.|™. For the clean fully post-
selected problem, the transition lies in the 2D Ising
universality class. For the disordered RBIM relevant
to non-post-selected decoding, however, the relation
to the clean Ising fixed point is more subtle.
Because the 2D Ising model is marginal under
the Harris criterion [69], weak quenched bond
randomness is marginally irrelevant: along the
paramagnetic-ferromagnetic transition line near
the pure Ising point, the critical behavior is still
controlled by the pure Ising fixed point, with
logarithmic corrections rather than changed critical
exponents [70,71].

At sufficiently strong disorder, the phase diagram
crosses over to distinct strong-disorder fixed points.
In the 2D +J RBIM, the Nishimori line is
RG-invariant [72,73] and intersects the paramag-
netic-ferromagnetic boundary at the Nishimori
multicritical point [31,74,75], which is the point
relevant to maximum-likelihood decoding [3,9].
Along the Nishimori line itself—the direction rel-
evant when varying the physical error rate in the
decoding problem—numerical work finds v~ 1.5
[47,70,76], and recent analytical work argues for the
exact value v = 3/2 [77].
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Below the Nishimori multicritical point, the low-
temperature paramagnetic-ferromagnetic boundary
is believed to be controlled by a strong-disorder
fixed point distinct from the clean Ising one,
with critical behavior numerically consistent with
that of the 7 =0 endpoint [70]. This low-
temperature strong-disorder universality class is
believed to be distinct from the Nishimori multi-
critical point, although the correlation length critical
exponent at the 7 =0 ferromagnet-spin glass
transition has also been found numerically to be
close to v~ 1.5 [7,8].

Motivated by this picture, we show in Sec. IV C,
by analyzing the distribution of domain wall energy
costs, that the failure rate for the surface code with
bit-flip noise in this regime is governed by the
finite-size scaling ansatz

1 A 2 A A
Pfail(paL)z2|:] —erf( 2X +\/§1x+ o)}

where x = sgn(p — p.)(L/&)" = (p — p)L'" is
the scaling variable, and A,, A; and A are constants
that relate to the domain wall energy cost distribu-
tion at criticality.

4. Above-threshold regime (disordered): This regime
occurs for p > p. and sufficiently large L > 1,
and is identified with logical failure rates which
exponentially approach (K —1)/K with code
distance:

Pri(p, L)~ 1 — L PP+ ()]
1 ’ K

The introduction of quenched randomness fun-
damentally alters the Kramers-Wannier duality.
Unlike the pure model, the duality does not provide
a simple mapping between the RBIM at parameters
p and a dual point p* [78], and consequently, the
elegant transformation relating the above-threshold
behavior to the below-threshold regime is lost. As a
result we do not have a way of inferring either ¢’ or
& from the below threshold values ¢ and §. Due to
the complexities arising from quenched disorder,
particularly the loss of a simple duality, developing
and verifying a more precise ansatz for the approach
to the asymptotic failure rate in this regime is
beyond the scope of the current work.

Having outlined the expected characteristics of the
four operational regimes in surface codes without post-
selection, we now aim to quantitatively model their failure
rates. The exact analytical solutions for the post-selected
system, presented in Sec. III, provide a foundation for
developing suitable ansdtze. The subsequent analysis,
presented for each regime, serves to test these models

and thereby substantiate the robustness of the four-regime
structure in the presence of quenched disorder.

A. Path counting

In this subsection, we restrict attention to the 7 =0
MWPMD data. The path-counting regime is most natu-
rally formulated in this zero-temperature setting, since it
describes the asymptotic p — 0 limit, which on the
Nishimori line also implies Ty(p) — 0. The derivation
of the logical failure rate expression in the path-counting
regime is similar to the post-selected case. One assumes
that logical failure is dominated by the minimal uncorrect-
able error configurations, which without post-selection are
those in which exactly [L/2] errors occur along a domain
wall of length L [3,8,79,80]. Under the assumption that
errors are independent and occur with probability p, the
probability for a given minimal path is proportional to
plt/21, For a toric code with an odd distance L, including
the combinatorial multiplicity of such paths leads to an
expression of the form

2LL!
Praa(p. L) = WPWZ]’ (33)
where the L-dependent prefactor accounts for the number
of distinct domain wall configurations. For an even
distance L, the minimal error chains of weight L/2 cause
a decoder failure only half the time, which introduces an
additional factor of 1/2 to the prefactor.

This expression represents the leading-order contribu-
tion to the logical failure rate, becoming increasingly
accurate as p — 0, where such minimal error configura-
tions dominate all other failure mechanisms. The sub-
sequent terms in this expansion, which depend on longer
error paths, determine the range of p for which this
leading-order approximation is valid. Following the
approach of Dennis et al. [3] and Beverland et al. [80],
we present a detailed calculation of the next leading-order
contributions in Appendix B. This allows us to estimate the
regime of validity for the path-counting estimate, which
we find to be p < 1/L?, and highlights a strong depend-
ence on boundary conditions so that the toric code, the
planar code with even and odd L, and the rotated planar
code all have different error rates. This very strong
boundary condition dependence is not observed for large
L. We refer to Beverland et al. [80] for a more complete
discussion of these points.

To explore the validity of the path-counting approach,
we performed numerical simulations at very low physical
error rates. As shown in Fig. 7, the path-counting expres-
sion given by Eq. (33) indeed converges to the simulated
logical failure rate as p — 0. We also observed that the
path-counting expression (Eq. (33)) underestimates the
logical failure rate when p > 1/L?. This regime of validity
agrees with the analytical arguments in Appendix B.
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FIG. 7. Comparison of the logical failure rate of a standard
toric code (without post-selection) in the path-counting regime.
Numerical simulation results (scatter points) are shown along-
side the theoretical prediction from the path-counting approach
(dashed lines). Data points represent between n = 10° and
n = 6 x 10'% samples, with decoding performed using PyMatch-
ing [64]. The agreement improves significantly as p decreases,
confirming the accuracy of the path-counting expression in the
low physical error rate limit. The gray shaded region indicates
parameters where the path-counting expression is not expected to
be accurate. The boundary is obtained by imposing p = 1/L?
(see the validity scale p < 1/L? discussed in the main text) in
the path-counting expression (Eq. (33)), and we shade to the right
(larger p) of this boundary. For a smooth boundary across non-
integer L, we evaluate a continuous I'-function extension of the
combinatorial prefactor in Eq. (33), which agrees with the integer
expression at integer L (up to even/odd rounding) and is used
only for the boundary visualization.

Thus we find that the regime of validity of the path
counting approximation to the logical failure rate is much
lower than in the fully post-selected case. This is presum-
ably due to the entropic contributions of the much larger
number of error configurations that can occur without
post-selection.

B. Below-threshold scaling

As the physical error rate p increases beyond the
narrow applicability of path-counting but remains below
the critical threshold p, of the RBIM, the non-post-
selected surface code enters the below-threshold regime.
Analogous to the below-threshold regime of the fully post-
selected surface code, we expect logical failure rates Pp,;
in this regime to decay exponentially with code distance L.
In the presence of quenched disorder, however, this decay
is controlled not by the disorder-averaged domain wall free
energy itself, but by the rare event tail of the distribution of
domain wall free energy costs AF,(p,L).

When quenched disorder is introduced, the capillary
wave fluctuations described in Sec. III B are suppressed
because the disorder introduces random pinning sites that
cause the domain wall to become rougher and localized
rather than thermally fluctuating [81]. The entropy of
the interface becomes dominated by the energy cost of
overcoming disorder pinning rather than the entropic

wandering of the domain wall, effectively rescaling the
surface tension to a smaller value and eliminating the log L
entropic correction from capillary waves [82].

Rather than the deterministic domain wall free energy
cost obtained in the fully post-selected model, the non-
post-selected setting produces a distribution of domain
wall free energy costs. At low temperatures, the scaling of
this distribution is naturally motivated by directed polymer
in a random environment (DPRE) theory [81,83,84].
The geometry relevant here, however, is not precisely
the conventional point-to-point or point-to-line polymer
geometry [84]: the domain wall is free to choose its
position rather than having either endpoint fixed. We
therefore use the DPRE picture only as a qualitative guide
to the expected free energy distribution, and hence to the
functional form of the logical failure rates observed
numerically below.

In the DPRE picture, AF is most easily expressed as a
function of a random variable y which follows a Tracy-
Widom law [85,86]. The functional form of AF depends
both on (inverse) temperature and the length of the domain
wall and is predicted to scale as

AF(L,p) ~6L —cL'3y +y+---, (34)

where ¢ and c are f-dependent constants, y follows a Tracy-
Widom law and - - - denotes subleading corrections. We treat
the additional distribution y as a constant here, which can be
justified by the fact that it is tightly distributed (see e.g. Egs.
(1.5-1.7) of Ref. [87]). With logical failure occurring
whenever the domain wall free energy cost is negative,
the leading asymptotics of Py, are set by

lpfail - P(AF < 0)
=P(6L —cL'3y +y <0)

= |]J><)( S %123 4 ZL—1/3>. (35)
¢ ¢

The right tail asymptotics of the Tracy-Widom distri-
butions obey [88]

/

Py >x)~—e

e 30

By substituting Eq. (36) into Eq. (35), these asymptotics
show that log(Py,;) obtains a term linear in L. The

subleading terms are logarithmic in L and constant,
respectively. In full, we have

32
log(Pyy) = —¢” (G> L —logL
C

3 c 3c"y\/o
loge —log(2) —251Ve L.
+ [ogc 5 log (c) 2c3ﬂ +O(L™)

(37)
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In other words, the leading asymptotic of Py is an
exponential decay in L, consistent with numerical obser-
vations in the literature [53,80]. We expect both the finite-
temperature (MLD) and zero-temperature (MWPMD)
domain wall energy cost distributions to follow this form,
as the universal aspects of the DPRE are the same in both
settings [84,89]. We leave a detailed investigation of this
DPRE-related scaling to future studies.

The quenched disorder present in the RBIM prohibits a
simple analytic evaluation of the true domain wall surface
tension. However, by the arguments which predict the
asymptotic scaling of log(Py,;) above, we postulate that
over the numerically accessible finite-size regime, the
logical failure rate of a single logical degree of freedom
takes the effective form

Pra(p. L) = e Ploe(p)L+3(p)] (38)

Here o5 (p) plays the role of an effective tension, and
5(p) is a finite-size offset that absorbs subleading correc-
tions over the range of lattice sizes considered. This
effective tension o (p) is not equal to the actual surface
tension of the random-bond Ising model, but rather a
function of the surface tension and the amplitude of DPRE
fluctuations, which we define phenomenologically to
allow equal comparisons between non-post-selected and
post-selected surface codes.

This parametrization is intended as an effective finite-
size description of the data rather than an asymptoti-
cally exact statement about the full disorder-averaged
free energy. In particular, any logarithmic or other
subleading corrections to log(Pg,;) are absorbed into
5(p) over the finite range of system sizes accessible in
our numerics.

Although we cannot directly evaluate oz (p) in our
model, we determine its value in the limit as p — 0 in the
path-counting regime in Appendix C. The effective tension
oesr(p) must still vanish at criticality, as with the surface
tension of the clean Ising model [25]. If we consider
the behavior precisely at threshold, Eq. (38) implies
Pei(pe. L) = e #(Pc)_ This finite-size offset is therefore
expected to approximately determine the lattice size-
independent failure rate at threshold. However, we note
that the validity of these below-threshold approximations
does not extend all the way to the threshold.

We curve-fit and plot the logical failure rate of non-post-
selected planar codes as a function of physical error rate
and code distance in Fig. 8 at both 7' =0 (through
MWPMD) and T = Ty(p) (through MLD). From this
we extract the effective tension o (p), plotted in Fig. 9,
and the finite-size offset 6(p), plotted in Fig. 10. These fits
show that the effective finite-size form in Eq. (38) provides
a good description of the below-threshold failure statistics
of the planar code over the range of system sizes
considered here at both T = Ty(p) and T = 0.
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Physical error rate (p)

FIG. 8. Comparison of the logical failure rate Py,; for the non-
post-selected planar code under bit-flip noise in the below-
threshold regime, evaluated at zero temperature (7 = 0) and
along the Nishimori line (7 = Ty(p)). For each dataset, the fail-
ure rate is fitted to the ansatz in Eq. (38), yielding the parameters
oeit(p) and 8(p). The scatter points show the numerical results,
while the fitted curves are shown as lines: dashed for 7 = 0 and
solid for T =Tx(p). The T =0 data are obtained using
PyMatching [64], while the T = Ty(p) data are obtained using
Planar [66], both with n = 10° samples.

In Fig. 9, the effective tension o5 (p) appears to be
very similar at 7=0 and T =Ty(p), with any
differences remaining small on the scale of the fitted
uncertainties. By contrast, Fig. 10 shows that 5(p) at
T =0 and T = Ty(p) differ by an approximately con-
stant offset across the range of p studied here. Taken
together, these results suggest that MWPMD and optimal
MLD exhibit similar below-threshold scaling, with the
dominant exponential suppression governed by nearly the
same effective tension and the main discrepancy captured
by a subleading finite-size offset. If this behavior persists
at larger L, then the resulting difference in logical failure

L T T T T
0.4 F .
o "=
F 03 F ;
2 : T
O = =
= 202 ™ b
Eh =
= SRy
S 0.1 e T =0 S b
‘—\\
— T = Tn(p) =
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0.02 0.04 0.06 0.08 0.10

Physical error rate (p)

FIG. 9. Plot of the effective tension oy as a function of the
physical error rate p for the non-post-selected planar code in the
below-threshold regime, comparing zero temperature (7 = 0)
with the Nishimori line (7' = Tx(p)). The points are obtained
from fits to the logical failure rate data, with error bars indicating
one standard deviation, and the lines are interpolations between
the fitted values: dashed for 7 = 0 and solid for T = Tx(p).
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FIG. 10. Plot of the finite-size offset 5(p) as a function of the
physical error rate p for the non-post-selected planar code in the
below-threshold regime, comparing zero temperature (7 = 0)
with the Nishimori line (T = Tx(p)). The points are obtained
from fits to the logical failure rate data, with error bars indicating
one standard deviation, while the lines are guides to the eye
generated by a weighted least-squares cubic polynomial fit:
dashed for T = 0 and solid for T = Tx(p).

rates should become negligible relative to the additional
computational cost of optimal MLD.

By casting our results into the standard parametrization
of Bravyi and Vargo [53], we give the decay rate a(p)
a clear physical interpretation in terms of an effective
tension governed by the free energy cost of rare logical
domain walls. For our model, in the below-threshold
regime of the surface code, the logical failure rate takes
the form of Eq. (38). Our effective tension maps directly to
the decay rate:

1
a(p) := = lim —log (Pri(p. L)) = fou(p).  (39)

While the ansatz given by Eq. (38) provides a good
description of the logical failure rate deep within the
below-threshold regime, it is not expected to hold as the
physical error rate p approaches the critical point p,.
To accurately describe the logical failure rates in this
critical regime, we turn to the framework of finite-size
scaling theory.

C. Near threshold

In the near-threshold regime, the behavior of the logical
failure rate Pg; is governed by finite-size scaling.
A consequence of introducing quenched disorder, charac-
teristic of the random-bond Ising model relevant to non-
post-selected surface codes, is that the free energy cost of a
domain wall is no longer a single well-defined value for a
given p and L. In what follows, we study this distribution
in two decoding settings: in the zero-temperature limit
T =0, corresponding to MWPMD, where the relevant
quantity is the domain wall ground state energy cost AE,
and along the Nishimori line T = Ty(p), corresponding to
optimal MLD, where the relevant quantity is the domain

wall free energy cost AF. In the quantum error correction
literature, the former quantity has been termed the “logical
gap,” since it measures the difference in Hamming weight
between decoder corrections leading to distinct logical
outcomes [34-36,90]. At the critical point the mean of the
distribution of domain wall energies AE is known to scale
with L as AE « L? [46] where 0 < 0 < 1 is the stiffness
exponent that has been studied in the spin glass literature
[33,38-42]. Below, we analyze finite-size scaling results
for both the full energy cost distributions and the logical
error rates close to threshold.

To simplify the initial presentation of our analysis, we
primarily consider a planar code with open boundary
conditions. This system encodes a single logical qubit
(k = 1), in contrast to the two logical qubits of the toric
code, allowing for a clearer exposition of the core con-
cepts. The framework, however, extends straightforwardly
to systems with multiple logical qubits, where it neces-
sitates working with multi-dimensional probability distri-
butions for the logical operator costs.

The relevant domain wall costs in the RBIM can take
either sign due to the random couplings in the model. We
denote this quantity by AC, where AC = AE at T = 0, and
AC = AF along the Nishimori line (7 = Ty(p)). In the
quantum error correction context negative domain wall
energy corresponds to decoder failure. We will define the
probability density for AC to be P(AC; p, L). As a result
the logical failure probability is just the total probability
for negative AC and can be determined if P(AC; p, L) is
known. We will assume as in Eq. (20) that the logical
failure probability is given as a function of the scaling
variable x = (p — p.)L'/¥ where v is the scaling exponent
of the RBIM. Thus we have

0
Pfail(va) :/ dACP(AC;P,L)

= f((p = po)L¥), (40)

where f is the scaling function. The general scaling
function f(x), which represents Pg,; (x), is expected to
satisfy asymptotic limits f(x) - 0 as x - —oco (below-
threshold regime, p < p.) and f(x) - (K—1)/K as
x — oo (above-threshold regime, p > p.) [7], where K
is the dimension of the logical subalgebra. For the planar
code with bit-flip noise, which encodes a single logical
qubit (k = 1), the upper limit is (2 —1)/2=1/2 (see
Appendix F, Sec. F 3).

Equation (40) is highly constraining for the energy cost
distributions at threshold. At the critical point p = p,,
the diverging correlation length renders the model scale
invariant, and this is reflected in a domain wall energy
distribution that becomes, in a coarse-grained sense,
independent of the lattice size. In particular, the condition
that P, remains constant for all finite L reflects this
scale invariance.
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FIG. 11. Log-log plot of the mean ground state energy cost,

AEy(L), between the two logical sectors of the planar code at
criticality p = p, as a function of lattice size L. The scatter
points represent the numerically simulated averages, and the
solid line is a linear regression fit based on the ansatz
AEy(L) = AL?. The fit yields a stiffness exponent of 6 = 0.242.

At T = 0, we verify numerically that the appropriately
rescaled P(AE; p, L) distributions converge to a universal
envelope as L — oo (see Appendix F, Secs. F 1 and F 2).
Fitting (AE) = ALY using n = 10° samples per point and
p. = 0.103 [7] gives 8 = 0.242 (see Fig. 11). One com-
plexity arises from the fact that by virtue of the quantized
coupling constants, the distribution P(AE; p, L) is discrete
for all p €0, 1], L € N*. The effect of this can be seen in
Fig. 12. Consequently in the Appendix we are careful to
define a suitably coarse-grained notion of convergence of
these distributions.

At T = 0, rescaling the distributions over AE at p,. by
LY collapses the data for all L onto a single curve, well
described (in the region relevant to the Py integral) by a
Gaussian with mean u = 2.047 and standard deviation
o = 2.010 (see Fig. 12 and Appendix F, Sec. F 1). This
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FIG. 12. Scaled probability distributions of the domain wall
ground state energy costs AE(L)/L? for the planar code at
criticality (p = p. =~ 0.103). Each histogram (colored) corre-
sponds to a different lattice size L, and the overlaid dashed curve
is a single Gaussian whose mean and standard deviation are
taken from the pooled data of AE/LY (u = 2.047, ¢ = 2.010).
The Gaussian aims to approximate the proposed continuous
envelope onto which all distributions collapse as L — 0.

motivates a Gaussian approximation for P(AE; p,L) in
what follows.

The ground state energy cost distribution for the 2D +J
random-bond Ising model with open boundary conditions
(i.e., the planar code) is known to exhibit non-Gaussian
tails [33]. This non-Gaussianity can be clearly seen in the
tails of Fig. 12. However, for the purpose of determining
the logical failure rate Pg,; via integration of this distri-
bution, and that of the (T = Ty(p)) free energy cost
distribution, we find that its behavior, particularly in the
region relevant to the integral, can be approximated to
leading order by a transformed Gaussian. While this
approximation neglects the true non-Gaussian nature of
the tails, which can introduce non-universal, L-dependent
corrections, it captures the dominant scaling behavior.

Conversely, at T = Ty(p), the distribution of AF at p,
is manifestly scale invariant without any rescaling. In
other words, at this point, the stiffness exponent § = 0
exactly. We show this distribution in Fig. 13, using
p =p.=~0.1092212 [47]. A Gaussian distribution is
overlaid on the estimated probability distributions, with
mean and standard deviation taken from the pooled data
(u = 2.115 and 6 = 2.167). The fit of this Gaussian is not
as good as at T = 0, due to the known asymmetry of the
distribution of AF [47]. This distribution is well studied
and includes a non-zero skew and a nonanalytic kink at
AF = 0. This kink arises from the Nishimori symmetry
constraint [24]

P(AF) = P(—AF)efAF

= — L =11
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FIG. 13. Probability distributions of the domain wall free
energy cost, AF(L), for the two logical sectors of the planar
code at criticality (p = p.~0.1092212), evaluated on the
Nishimori line T = Ty(p). Each colored curve corresponds to
a different lattice size L. Probability density functions at each L
are estimated using a non-parametric Gaussian kernel density
estimator. The dashed black curve shows a single Gaussian with
mean and standard deviation taken from the pooled data of
AF(L) (p=2.115 and o =2.167). Without any additional
rescaling by LY as in Fig. 12, the distributions exhibit an
approximately scale invariant form, consistent with a stiffness
exponent of § = 0.
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enforcing the left and right derivatives of P(AF) to sum to
the probability at the origin [47]

d_(0) + 0, (0) = P(0).

For the purposes of our analysis of Pg,;, we approximate
the domain wall energy cost distributions P(AC; p, L) by a
Gaussian with mean u(p, L) and variance o¢*(p,L) for
both 7 = 0 and T = Ty(p) in what follows for consistent
analyses. The failure probability is obtained by integrating
the negative tail of this Gaussian distribution:

1 L
Prit(p. L) = = {1 —erf ((;u(pi)

2 (p,L)\/EH'

Given the assumed scaling behavior of the logical
failure probability, we expect the ratio u(p,L)/c(p,L)
to be a function of the scaling variable x = (p — p,)L'/*
near-threshold. Let us define

(4D)

(x) _#p.L) 42)
o(p.L)

We analyze the energy cost distributions found in
simulations close to the known threshold at p = p, ~
0.103 for T=0 [7] and at p = p.~0.1092212 for
T = Ty(p) [47] for a range of system size L to find the
mean and variance of the distribution. We plot the ratio
g(x) in Figs. 14(a) and 14(b) and observe very good data
collapse, indicating the quality of our scaling ansatz.
We curve-fit a second-order polynomial to the ratio
g(x), using the ansatz g¢(x) = B,x>+ B;x + B,. For
T =0, the best-fit parameters extracted from this pro-

cedure are: p,.=0.1014+0.0001, v =1.60+0.02,
T=0

25 T T L=
N A § tiln
200 N, B ll'l., , N eL=15
[ .'\ 1F ‘uﬂnlllllé o [ =17
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05 F \503‘.. 1 e« L=29
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(a)

B, =9.569 £0.3, By =-5.399+0.08, and By = 1.091+
0.004. For T = Ty(p), the best-fit parameters extracted
from this procedure are: p. = 0.1085 £ 0.00006, v =
1.560 £ 0.008, B, = 6.456 +0.1, B; = —4.363 £0.04,
and B, = 0.9988 £ 0.002.

To construct a practical ansatz for fitting numerical data
for the logical failure rate, particularly for capturing the
behavior around the threshold, we use a phenomenological
function inspired by the error function structure of
Eq. (41). The general form we consider is

(1 —erf(G(x)/V2)), (43)

1
ferf(x) = 2
where G(x) is a polynomial in the scaling variable
x = (p—p.)L"", and p, and v are also fitting parameters.
The order of the polynomial G(x) determines the total
number of free parameters in this ansatz. Specifically, we
investigate two cases for G(x):

1. Quadratic G(x): Gguaa(x) = Axx* + Ax + Ag. This

results in a 5-parameter model for f(x) (namely
Ay, A1, Ag, pe, V). This is the primary form used for

the data collapse shown in Figs. 15(a) and 15(b).
2. Linear G(x): Gy,(x) = Ajx + Ag. This results in a
4-parameter model for f.¢(x) (namely A, Ay, p., V).

We plot in Figs. 15(a) and 15(b) a data collapse curve
using the quadratic G(x) ansatz (5 free parameters),
rescaling by the argument x = (p — p.)Lv. At T =0,
our fit returned values A, =5.509 £0.2, A, = —4.613 +
0.06, and Ay = 1.041 +£0.002. The fit also refined the
critical parameters to p. = 0.1028 +0.0001 and v =
1.517 £ 0.01, which are used to construct x in the plot.
At T = Ty(p), our fit returned values A, = 5.270 + 0.1,
Ay = —4.466 £ 0.04, and Ay = 1.006 £ 0.001. The fit

T = Ty(p)
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FIG. 14. Data collapse plots of the ratio of mean to standard deviation (1/c) of domain wall costs as a function of the scaling variable
x = (p — p.)L"*. (a) Zero-temperature domain wall ground state energy cost distribution, obtained by MWPMD. The dashed black
line is the best fit to the second-order polynomial ansatz g(x) = B,x> + B, x + By. (b) Finite-temperature domain wall free energy cost
distribution on the Nishimori line, obtained by optimal MLD. The dashed black line is the best fit to the same second-order polynomial
ansatz. In both cases, the collapse of data from different system sizes onto a single curve supports the finite-size scaling hypothesis near

the respective threshold. Note the different scale of the y axes.
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Logical failure rate Pg,; for the non-post-selected planar code under bit-flip noise, plotted as a function of the scaling

variable x = (p — p.)L'/"* to demonstrate data collapse. (a) Zero temperature (T = 0), corresponding to MWPMD. (b) Along the
Nishimori line, T = Ty(p), near the Nishimori multicritical point, corresponding to optimal MLD. In both panels, the dashed black
curve shows the best fit to the finite-size scaling ansatz of Eq. (43), with quadratic scaling function G(x), treating the parameters
Ay, Ay, Ay, the critical error rate p,., and the critical exponent v as free fit parameters. The scatter points represent numerical simulation
results obtained using PyMatching [64] with n = 10° samples in (a), and Planar [66] with n = 103 samples in (b).

also returned the critical parameters as p. = 0.1090
0.00004 and v = 1.562 + 0.008.

To quantify the critical failure rate, we compare three
independent methods that map either the domain wall
energy cost distribution or the logical failure data to
Pri(p.). We first investigate the critical failure rate at
T = 0 using MWPMD. (1) Fixing p. = 0.103 and fitting
Gaussians to the critical distributions across L gives
g(0)=p/6=1.018= Py (p.) =0.154. (2) Performing a
data collapse on g(x) = u/c with (p.,v) free yields
p. =0.1014 £ 0.0001 and an intercept By = 1.091 +
0.004 = Py (p.) = 0.1376 £ 0.0008. (3) Fitting the log-
ical failure rate directly with the (quadratic) error-function
ansatz gives p,. = 0.1028 0.0001 and A, =1.041+
0.002 = Py (p.) = 0.1489 £ 0.0004. The predictions
of the critical failure rate do not agree within uncertainty.
However, overall, all three methods place Py (p.) in the
narrow range of 0.135-0.155; we thus rely on the direct
failure rate fit for precise threshold estimates and use
the distribution-based collapse as a complementary cross-
check of the scaling form.

We next investigate the critical failure rate at 7 = Ty (p)
using optimal MLD. (1) Fixing p. = 0.1092212 and
fitting Gaussians to the critical distributions across L gives
9(0) =p/6=0.9760 = P,y (p.) =0.1645. (2) Performing
a data collapse on g(x) = u/o with (p.,v) free yields p, =
0.1085 £0.00006 and an intercept By = 0.9988 +
0.002 = Py (p.) = 0.1589 + 0.0005. (3) Fitting the log-
ical failure rate directly with the (quadratic) error-function
ansatz gives p,. = 0.1090 £ 0.00004 and A, = 1.006 &+
0.001 = Py (p.) = 0.1572 £ 0.0002. Again, the predic-
tions from these three methods do not agree within
uncertainty. However, all three methods place P (p.)
in the narrow range of 0.155-0.165.

We compared the quadratic error function ansatz
(Eq. (43)) with several alternatives, including a linear
error function form, and two commonly used ansétze from
literature: a simple polynomial model, and a polynomial
with finite-size corrections (see Appendix F4 for details).
Across all three comparison metrics—the residual sum of
squares (RSS) and the Akaike and Bayesian information
criteria (AIC and BIC)—the quadratic error function
model consistently gave the best fit to our numerical data
for both the 7 = 0 and T = Ty(p) settings (see Tables II
and III in Appendix F4). This strong performance, despite
using fewer parameters than some alternatives, highlights
that the error function structure, motivated by the Gaussian
approximation to the energy-cost distribution, more accu-
rately captured the true scaling behavior of Py in the
near-threshold regime.

We believe that the improved performance of this ansatz
results from the fact that our chosen scaling function
ansatz fits the failure probability accurately throughout the
region where the logical error probability changes rapidly
with physical error probability. This region carries the
most information about the location of the threshold even
when the relevant range of physical error probability shifts
as the size of the system increases. The usual approach,
such as in Ref. [7], Taylor expands the scaling function
close to the point where the logical failure curves cross. As
we have seen, this can be quite far from the point where the
derivative of the failure probability is maximum. More
dramatic examples of this include recent work on dynami-
cal bias arrangement [91] (see Fig. 8) and on the sustain-
able threshold in single-shot error correction [92] (see
Fig. S2). In these cases the crossing point occurs where
P =~ 1, making locating the threshold by means of the
crossing less efficient. In general we believe that scaling

043004-19



LUCAS H. ENGLISH et al.

PRX QUANTUM 7, 043004 (2026)

ansitze that fit the data accurately in the region where the
derivative of the failure probability is largest will outper-
form those that look for the crossing. There are many
possible approaches; an example is the ansatz described in
Sec. S3 C of Ref. [92].

Finally, we do not include a dedicated above-threshold
subsection for non-post-selected surface codes. Quenched
disorder does not destroy the Kramers-Wannier duality;
rather, it replaces the clean p <> p* map of the clean
model with a generalized duality that no longer yields a
simple relation between the RBIM at p and any dual point
at p* (see, e.g., Refs. [93,94]). Consequently, we cannot
simply bootstrap an above-threshold ansatz (e.g., ¢/, )
from the below-threshold quantities. Second, for p > p,,
the logical failure rate rapidly saturates toward (K — 1)/K
with increasing L, making differences between code
distances exponentially hard to resolve and of limited
diagnostic value; only in the narrow near-threshold win-
dow governed by finite-size scaling does Py,; carry useful
“distance-to-threshold” information.

V. EXTENSION TO CIRCUIT-LEVEL NOISE

In this section, we investigate how the insights devel-
oped above can be extended beyond code capacity noise,
by considering a rotated surface code memory experiment
under uniform depolarizing circuit-level noise with d
rounds of syndrome extraction. In the presence of noisy
syndrome measurements, the decoding problem is
naturally associated with a three-dimensional statistical
mechanical model. For independent bit-flip data errors and
measurement errors this model is most easily formulated
as the random plaquette gauge model (RPGM) [3,7]. For
depolarizing noise, the Y-error correlations couple the X
and Z spacetime volumes, leading to the random coupled-
plaquette gauge model (RCPGM) proposed in Ref. [45].

N/Z (hook-prone)

N/Z (hook-avoiding)

Circuit-level depolarizing noise does not map exactly to
a simple uniform RCPGM, because microscopic circuit
faults propagate into schedule-dependent correlated events.
Nevertheless, the RCPGM provides a close statistical
mechanical analog for the depolarizing circuit-level setting
and motivates interpreting the circuit-dependent logical
failure rates in terms of effective domain wall energy costs.

To investigate how well our ansdtze can capture the
behavior of logical failure rates under circuit-level noise,
we compare three syndrome extraction circuits: a standard
hook error-avoiding N/Z measurement schedule [95-97],
the recently proposed diagonal schedule of Ref. [98], and a
deliberately suboptimal hook-prone schedule in which
correlated faults are aligned with the logical operators
[99]. The diagonal measurement schedule is designed to
preserve the full circuit distance while maintaining a
globally uniform measurement schedule. By contrast, in
the hook-prone schedule the path-counting picture predicts
a reduced effective distance: in the path-counting regime,
the dominant fault patterns have support scaling like d/2
rather than d [98]. In the below-threshold regime, however,
degeneracy and finite-p effects soften this simple factor-
of-two picture, so the effective suppression rate must be
extracted numerically.

All circuit-level simulations were performed using
Stim [100], and decoding was carried out using
PyMatching [64]. Motivated by the below-threshold form
developed in Sec. IV B, we fit the logical failure rate for
each schedule s to

PU) (p, d) » A (p) expl—a,(p)d, (44)

where a,(p) is a schedule-dependent effective decay rate,
and A,(p) is a prefactor absorbing subleading finite-size
and circuit-dependent effects.
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FIG. 16. Logical failure rate of a rotated surface code memory experiment under uniform depolarizing circuit-level noise. The code
distance is d, and each experiment uses d rounds of syndrome extraction, with n = 107 shots per data point. Results are shown for three
measurement schedules: (a) N/Z (hook-prone), (b) N/Z (hook-avoiding), and (c) diagonal. Scatter points show numerical simulation
data, and solid curves show fits to the phenomenological below-threshold ansatz.
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suppression, while the hook-avoiding N/Z and diagonal
schedules exhibit larger and mutually consistent decay
rates within uncertainty. This is consistent with the
expectation that the hook-prone circuit lowers the effective
cost of logical fault configurations, while the distance-
preserving schedules restore the full circuit distance in the
low-p limit.

To make this more explicit, in Fig. 17 we plot the fitted
decay rates a,(p). As p increases toward threshold, the
three curves move toward zero, consistent with the loss of

;: 1.0 - : — N/Z (hook-prone)

S 0.8 _ N/Z (hook-avoiding) _
e < —— Diagonal 1
g _ ]
> 0.6 [ - 3 ]
2 i “\_ ]
< 04 ]
g | e :
&g [ \_ |
M 0.0 B I . L4

0.001 0.002 0.005

Physical error rate (p)

FIG. 17. Fitted circuit-dependent decay rates a,(p) extracted
from the logical failure data in Fig. 16. The decay rate decreases
toward zero as p approaches threshold, while at lower p the three
schedules separate according to circuit quality. The hook-prone
schedule has the smallest decay rate, reflecting its reduced
effective distance in the low-p limit.

Although the RCPGM has Nishimori conditions, these
conditions specify multiple dimensionless coupling con-
stants rather than a unique scalar inverse temperature.
Moreover, the circuit-level noise model considered here
contains schedule-dependent correlated fault mechanisms,
so there is no unique Nishimori inverse temperature fy(p)
by which to normalize a,(p) to obtain an effective tension.
We therefore report a,(p) itself as the primary phenom-
enological quantity.

Figure 16 shows the logical failure rate as a function of
the physical circuit depolarizing probability p, together
with fits to the ansatz in Eq. (44). Across the below-
threshold regime, the ansatz captures the numerical data
well. The main effect of changing the syndrome extraction
schedule is to change the decay rate: the hook-prone
N/Z schedule shows systematically weaker exponential

exponential suppression near criticality being controlled
mainly by the bulk transition. At smaller p, however, the
curves separate clearly according to circuit quality. In
particular, the standard N/Z and diagonal schedules retain
an equivalent (up to uncertainty) decay rate, whereas the
hook-prone schedule has a smaller decay rate throughout
the below-threshold regime. However, the hook-prone
decay rate is larger than the 1/2 reduction predicted by
the path-counting picture.

We next examine the near-threshold regime. For each
schedule, we fit the logical failure rate to the finite-size
scaling form

o s o)
Pg’ai)l(pi d) :fs ((p — pg. ))dl/ etf),

where the fitted threshold p(cs), effective crossover expo-

nent ygz and scaling function f; are all allowed to depend

on the syndrome extraction schedule. The resulting col-
lapses, shown in Fig. 18, are remarkably good for each
schedule.

The fitted threshold and crossover exponent for each

schedule are summarized in Table I. Both the threshold

p) and the effective crossover exponent 1\}) are maxi-

mized for the diagonal measurement schedule, minimized
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FIG. 18. Finite-size scaling collapse of the logical failure rate for the rotated surface code memory experiment under uniform

depolarizing circuit-level noise. Results are shown for three syndrome extraction schedules: (a) N/Z (hook-prone), (b) N/Z (hook-
avoiding), and (c) diagonal. For each schedule, the threshold pf;s) and effective crossover exponent v

(s)

are fitted independently, and the

scaling function is approximated locally by a second-order polynomial in the scaling parameter x;, = (p — pgs))dl/ v,
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TABLE 1. Fitted near-threshold parameters for the rotated
surface code memory experiment under uniform depolarizing
circuit-level noise.

Schedule PE-” ng

N/Z (hook-prone) 0.00621 £ 0.00002 1.20 +£0.03
N/Z (hook-avoiding) 0.00668 £ 0.00002 1.30 +0.02
Diagonal 0.00682 4 0.00003 1.39 +0.04

for the hook-prone schedule and lie in between for
the hook-avoiding schedule. The fitted thresholds differ
between schedules, as expected from the schedule-
dependent propagation of microscopic circuit faults.

The interpretation of the exponents ”2;12 requires care.
In the RPGM and RCPGM literature, the underlying
phase transition is often diagnosed using gauge-invariant
observables such as Wilson loops [7,44] or Polyakov
lines [45]. Moreover, the RCPGM transition has been
argued to be first order, in which case the correlation
length remains finite and the usual interpretation of v as a
divergent correlation length critical exponent is not appli-
cable [44,45]. We therefore denote the fitted exponent by
Vo and interpret it only as a finite-size crossover exponent
governing the logical failure probability. In this sense, the
collapse should not be read as evidence for a conventional
continuous critical point. Rather, it shows that the non-
local QEC observable P,; exhibits a simple and robust
finite-size scaling, even when the underlying statistical
mechanical transition may be first order.

VI. DISCUSSION AND OUTLOOK

In this work, we have leveraged the exact solvability
of the 2D Ising model to provide a comprehensive
analytical treatment of the fully post-selected toric code,
yielding closed-form expressions for its logical failure rate
across the entire domain of code distances and physical
error rates. This analysis established the existence and
characteristics of four distinct operational regimes: path-
counting, below-threshold (ordered), near-threshold
(critical), and above-threshold (disordered), see Fig. 1.
We derived approximations of the functional behavior
of the logical failure rates within each regime from a
physical perspective. Specifically, we proposed a combi-
natorial expression counting the minimal uncorrectable
errors in the path-counting regime. In the below-threshold
regime, we incorporated capillary wave theory to propose
an expression for the failure rates which depend on the
surface tension of domain walls. Near criticality, we
showed how finite-size scaling manifests in the logical
failure rate through the domination of low-momentum
modes of the partition functions with different boun-
dary conditions. Finally, we showed how a Kramers-
Wannier duality exactly mapped the failure rate in the

below-threshold regime to a dual probability in the above-
threshold regime.

These physical considerations then motivated analyses
without post-selection, that is, on a standard surface code.
First, we showed that path-counting expressions are
accurate for non-post-selected toric codes; however, the
accuracy of such approximations only holds for much
lower physical error rates than suggested in prior numeri-
cal studies [8]. We next considered the physical behavior
of domain wall fluctuations within the below-threshold
(ordered) regime to propose an ansatz for the failure rates.
Our physically motivated ansatz effectively captured the
functional behavior of failure rates. While recovering
forms similar to previous ansitze proposed in the literature
(e.g., Ref. [80]), our approach provides a clearer physical
interpretation of the constituent parameters in terms of
effective tension-driven free energy costs. Finally, we
investigated the near-threshold behavior of failure rates
by proposing a new notion of data collapse for the distri-
bution of ground state energy costs of a random-bond Ising
model. The universal envelope of this distribution was
used to propose a new ansatz for the finite-size scaling
function of the logical failure rate of surface codes near
threshold. We compared this new error function-based
ansatz against an exponential ansatz proposed in literature,
obtaining an order-of-magnitude improvement in the fitting
accuracy with equivalent numbers of free parameters.

The consistent structure of these four operational
regimes across both the exactly solvable post-selected
model and the numerically investigated non-post-selected
model suggests a broadly applicable framework for under-
standing topological QEC. We now delineate the general
conditions under which these four regimes are expected to
be a generic feature of such codes.

A. Physical interpretation

Our quantitative analysis of the non-post-selected toric
code via the ansatz Py (p, L) ~ e Ploa(n)L+3(P)] (Eq. (38))
provides insights into the impact of quenched disorder.
The extracted effective tension oz (p) at both T =0 and
T =Ty(p) (Fig. 9) exhibits a monotonically decreasing
trend with p, vanishing as p — p. as expected. This
behavior quantifies how the energy cost of creating a
system-spanning domain wall is systematically reduced by
increasing disorder, yet remains substantial enough to
ensure error suppression below-threshold.

The p-dependent finite-size offset 5(p) (Fig. 10) orig-
inates from the logarithmic and constant subleading
corrections to the asymptotics of log(Pg,;;) from the
DPRE picture. Across the ordered regime, &(p) remains
positive, of order unity, and shows only a weak variation
with p. The presence of a non-zero §(p) underscores the
energetic contributions from disorder beyond the simple
linear scaling with L and can be directly related to the
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critical amplitude of Py, at threshold, which is indepen-
dent of L. Furthermore, the success of our error function
ansatz for the finite-size scaling function (Eq. (43)),
derived from a transformed Gaussian distribution of
ground state energy and free energy costs, suggests that
while the underlying energy landscape is complex and
non-Gaussian in its full detail [33], the critical failure
statistics are predominantly governed by fluctuations that
are effectively Gaussian in nature after appropriate rescal-
ing and shifting. This provides a powerful simplification
for modeling near-threshold behavior.

B. Comparison to prior work

Here we compare our results with existing literature.
Dennis et al. [3] established the mapping of surface codes
to a 2D RBIM (and with measurement errors to a 3D
random-plaquette gauge model) and identified the thresh-
old as a phase transition. We instead use full post-
selection to obtain a clean Ising model on the torus
and derive closed-form expressions for Py, (p, L) for all
p, L in that setting, then transfer these insights to non-
post-selected codes via an effective tension oz (p). On
the Nishimori line, Wang, Harrington and Preskill [7]
related the threshold to critical phenomena and provided
a finite-size scaling analysis. The finite-size scaling
ansatz in Ref. [7] involved a Taylor expansion of the
scaling function close to the point where the logical error
probabilities cross. Our error function scaling ansatz
captures the whole region where the logical error prob-
ability is changing rapidly with the physical error
probability and was inspired by the distribution of
domain wall free energy costs at threshold.

Watson and Barrett [8] identified a small-p path-
counting regime and a near-threshold scaling regime that
inform overhead estimates. Our results recover these
same limits quantitatively: (i) we reproduce the path-
counting behavior when p < 1/L?; (ii) in the below-
threshold regime our expression reduces asymptotically
to their exponential-decay ansatz as it approaches the
near-threshold regime, while giving a physical interpre-
tation of the coefficients of exponential decay and (iii) we
improve their scaling ansatz by deriving the scaling
function from the full distribution of domain wall energy
costs, which yields an explicit error function collapse
with interpretable parameters.

Beverland et al. [80] analyzed the tradeoff between
square-lattice and rotated surface codes, emphasizing
how combinatorial counting of low-weight logical errors
and boundary condition effects govern performance at
small p while such boundary effects are not significant
close to threshold. Our analysis extends this by deriving
closed-form path-counting expressions for the surface
code with a range of boundary conditions and identifying
the precise validity window p < 1/L? for the path-
counting approximation.

Bravyi and Vargo [53] used rare event Monte Carlo
(splitting) methods to estimate Py, (p, L) for surface codes
with holes up to L < 20, confirming Pgy; ~ e~ *P)L, and
providing a fit for the decay rate a(p). Our analysis
replaces such empirical decay rate fits with formulas from
the clean Ising mapping, identifying a(p) = fo.x(p) as
a domain wall surface tension. Bravyi, Suchara, and
Vargo [4] gave a polynomial-time MLD for independent
bit/phase-flip noise via matchgate simulation (and an
MPS-based approximation for depolarizing noise); our
results are decoder-agnostic and provide parameter-
interpretable fits for Pg(p, L) that can be applied to
outputs of any MLD or MPD implementation.

Most recently, Xiao, Srivastava, and Granath [15]
derived closed-form logical failure rates for the XY and
XZ7X surface codes under biased noise by choosing
rotated boundaries that reduce a special disordered point
to decoupled 1D Ising chains; our results are complemen-
tary, providing closed-form P, (p, L) for the unbiased,
fully post-selected case and a physical identification
a(p) = P o (p) that extends beyond a single bias-specific
point.

C. Realm of applicability and limitations

Our four-regime framework applies broadly to topo-
logical stabilizer codes in two spatial dimensions, which
have local checks and codimension-1 logical operators,
under ii.d. Pauli noise on the Nishimori line, where
maximum-likelihood decoding maps to free energy
differences in a classical spin model. Under these con-
ditions, the decoding problem exhibits an order-disorder
transition enabling the finite-size scaling we use. A more
detailed explanation of the assumptions required for our
framework to apply, along with further examples, and
technical bounds on domain wall free energies are pre-
sented in Appendix G.

While this work provides a comprehensive framework,
certain limitations should be acknowledged. Our primary
analysis has focused on D =2 surface codes under a
bit-flip noise model, leveraging its direct mapping to Ising-
type models. The extension of the exact analytical treat-
ment of the fully post-selected case to more complex
noise channels like depolarizing noise, which maps to
the eight-vertex model, remains an open challenge, though
our general four-regime structure is expected to persist.
For the non-post-selected codes, our analysis relied on
T =0(MWPMD) and T = Ty(p) optimal MLD only. The
impact of finite-temperature decoding off the Nishimori
line (e.g., as proposed recently in Ref. [101], or other
decoding schemes) should also be investigated.

Additionally, while our ansdtze demonstrate excellent
agreement with numerical data, they are phenomenologi-
cal in parts, and a more rigorous derivation from first
principles of the random-bond Ising model for some of
these forms (particularly the p-dependence of §(p) or the
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precise form of the energy cost distribution leading to the
error function scaling) would be desirable. Finally, the
range of system sizes L and the number of shots in our
numerical simulations, while substantial, inherently limit
the precision to which asymptotic scaling behaviors can be
confirmed, especially at extremely low p.

D. Outlook

Future work should determine the finite-size scaling
functions governing fault-tolerant logical operations such
as lattice surgery [102], building on recent statistical
mechanical studies of lattice surgery-based logical state
teleportation and its crossover scaling behavior [103],
and more broadly including the impact of boundary
conditions [104,105], geometry [106—108], and topologi-
cal features such as twist defects [109]. We expect that the
underlying bulk scaling behavior remains the same as in
the defect-free case, with any deviations captured entirely
by modified finite-size (or boundary) scaling functions.
For instance, while the primary scaling variable x =
(p — p.)L'" would retain its form, the near-threshold
failure probability P (p,L) would be described by a
boundary-dependent scaling function. Thus, Pg;(p =~
P L, B) = f5((p— po)L'¥), where fy(x) explicitly
depends on the set of parameters B characterizing the
specific boundary conditions or geometry, distinguishing
it from an idealized scaling function f((x).

Beyond these scaling investigations, the exploration of
new code constructions derived from statistical mechanical
models exhibiting high-temperature transitions could
promise new topological code constructions. Given the
exact solvability of the eight-vertex model, future work
could also explore extending the current statistical
mechanics mapping to the surface code under depolarizing
noise, which maps to the eight-vertex model in the fully
post-selected limit.

Furthermore, investigating the model’s applicability
to scenarios involving measurement errors, potentially
through connections to random plaquette gauge models,
or more complex circuit-level noise, also presents a
direction for research. It would be of interest to settle
the question of whether topological codes with measure-
ment errors map to statistical mechanical models with first
order or continuous phase transitions. This would require a
careful consideration of the possibility that these transi-
tions are showing pseudo-first-order behavior [110,111].
In the case of a first-order transition our finite-size scaling
approach may not work at all system sizes, although in the
examples we have studied in this work we were able to
analyze the logical failure rate as a non-local order
parameter through finite-size scaling.

While the preceding points outline directions for extend-
ing and refining the theoretical framework, the approach
developed in this paper also holds immediate promise for

analyzing specific, practical code families. For instance,
an interesting application of the approach developed here
is to families of bivariate bicycle codes [112] with fixed
check structure [113,114], as these codes satisfy the
assumptions on which our analysis is founded. This could
provide accurate and efficient estimates of optimal logical
error rates in practical regimes for near-term quantum error
correction with quantum low-density parity-check codes.
Finally, for near-term quantum computing platforms that
operate with p > p. yet remain in the near-threshold
regime, our framework suggests a practical diagnostic: by
fitting logical failure data to our finite-size scaling forms,
one can extract a quantitative ‘“‘distance-to-threshold”
metric. This would enable experimental systems to bench-
mark their proximity to fault tolerance and track progress
toward entering the below-threshold regime.
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APPENDIX A: FREE FERMION SECTORS
AND SPIN PARTITION FUNCTIONS
ON THE TORUS

In this section, we outline how we evaluate the free
fermion partition functions of the 2D Ising model on an
L x L torus with twisted (periodic/antiperiodic) boundary
conditions, and how these sectors are recombined to obtain
the spin partition functions with (pp), (pa), (ap), and
(aa) boundaries. Our presentation follows Refs. [49,51].
The fermions acquire a mass away from criticality accord-
ing to Eq. (11). For later use we record the lattice
dispersion relation

w,(k) = arcsinh<\/sin2(k) + 2 sinh? (,u)) (A1)
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Labeling the fermion boundary conditions along the two
cycles by (a,y) €{0,1}% where 0 denotes periodic and §
antiperiodic, the partition function in sector (a,y) is

Zoy (1) = ﬁz sinh [La)ﬂ (@) + my} ‘ (A2)

The spin partition functions for the four spin boundary
conditions on the torus are linear combinations of these
fermionic sectors. Writing p for periodic and a for
antiperiodic spin boundary conditions, we have
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APPENDIX B: SURFACE CODE FAILURE
RATES IN PATH-COUNTING REGIME

+Zyj20(u) — sgn(

Z

~Zipo(p) + sgn(

+ Zyj20(u) + sgn(

Zaa =

+Zyj20(H) + sgn( (A3)

In this section, we derive the leading-order expressions
for the logical failure rate of various surface codes in the
path-counting regime by counting the number of most
likely error paths. Our analysis follows that of Beverland
et al. [80], who demonstrated a significant difference in
this path-counting regime between the rotated and unro-
tated surface codes due to a larger number of low-weight
error chains in the rotated version. This highlights the
substantial effect of boundary conditions on logical error
rates when the system is far from the thermodynamic limit.
This behavior contrasts with the critical regime near-
threshold, where they showed that both code geometries
exhibit nearly identical behavior, reflecting the universal-
ity of bulk properties in topological codes where boundary
effects are diminished.

1. Counting errors

Consider path counting following Dennis et al. [3] and
Beverland et al. [80]. Specifically, we can take the upper

bound from Eq. (22) of Beverland et al. [80]

Z Neon(1)

SO
X —_— ., (Bl
u%z];m(u v 1—p

where Ny, (l) is the number of non-contractible closed
paths on the lattice. The sum over u reflects the number of
ways of removing [ — u errors from the closed path to
leave an uncorrectable error. The sum over v reflects
additional errors separate from the error chain that are
assumed not to affect performance of the decoder. This is
an upper bound because the sum over » will include a very
low probability contribution of additional non-contractible
errors, and thus there is some double counting of error
configurations in this sum. However for low enough p and
odd L this double counting should be negligible and the
upper bound should be a good estimate of the logical error
probability. The expressions for even L will typically
result in an extra factor of a half since there are error
configurations with weight L/2 where the decoder fails
only half the time. Specifically if p ~1/L and n = L?,
then there are on average L errors in the code. There are
(1) ~ (L — 1)% e such error configurations of which only
2L are non-contractible closed paths on the torus. Thus we
expect this formula to be a good estimate of the logical
error probability at least when p < 1/L. The estimate of
the binomial coefficient here is Stirling’s approximation
for large L. Unless p < 1/n the prefactor (1 — p)* ~ e
is not close to one. But this formula can be further
analyzed for moderately low p <1/L by performing
the sum over errors v that are separate from the nontrivial
error chain. Using Eq. (23) of Beverland et al. [80] we find

the estimate
i . p e
! —1 . (B2
Z (u> L —p} (52

[Pfail &= ZNcon(l)(l -
I=L u=[1/2]

Below, we analyze this formula to find the leading order
logical error probability as follows:

Ptall < 1 -

Pfail = ]\"minprL/I| + NlprL/2]+l + (B3)

This formula requires counting the minimum weight
errors that cause decoder failure and is expected to be good
so long as p < Ny,;n/N. These numbers N;,, N, depend
strongly on the boundary conditions.

2. Torus, odd distance

The smallest possible logical operator [ = d corre-
sponds to straight lines across the code, of which there
are N.,,(L) =2L. The factor of 2 corresponds to
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horizontal and vertical lines. These straight lines lead to an
error of weight [L/2] that is incorrectly decoded. These
uncorrectable errors correspond to removing |L /2] errors
from such a lowest weight logical operator. Thus

N = 21001 = P21 7 )

This gives us the lowest order path counting estimate for
the logical error probability.

The second shortest logical operators are lines across the
code that have / = L + 2 and have 2 kinks added to one
of the 2L straight lines. There are L(L — 1)/2 possible
locations for the kinks, and 2 possible orientations
for the kink, so that N.,(L+2)=(2L)L(L—1)=
2(L? — L?). This curve leads to a decoder error for a
Pauli of weight [L/2]+ 1 once we have removed
|L/2] + 1 errors from the logical operator. We can also
remove |L/2| —1 errors from the straight line to find
another error configuration with this weight that results in
decoder failure and so

(B4)

w=aw == pe (B2 )

+2L(1 —p)WZJ—'< (BS)

1)

Comparing these two in the case of large d we find that
we need

1
< —,
P<yp2

this tells us the range of validity of the path counting
regime, with higher order terms starting to dominate at
large physical error probabilities. Given this range of p
we have (1 — p)£/2] ~ 1 so we can neglect these factors in
this regime. However note that it is important that we do
not have a factor (1 — p)" here since that is not necessarily
close to one in this regime.

3. Torus, even distance

For even distance we again care about [ = L strings.
Removing L /2 errors results in an error chain of weight
L/2 for which the decoder will fail 1/2 the time. So for
even distance we find

Npin = L(1 — p)1£/2 ( (B6)

L;ZJ) '

It is straightforward to calculate N, for this case also and
determine that the regime of validity for this logical error
probability estimate is p < 1/4L2.

4. Planar, even distance

With the planar code patch, there are now half as
many length d error chains since only horizontal chains
exist. However logical operators do not need to satisfy
periodic boundary conditions, so there now exist lines
with length L 41 that have a single kink and result
in a logical operation. Since L is even we can remove
L/2 + 1 errors from the line to leave behind a configu-
ration of L/2 errors. We will assume that this is a
correctable chain. In that case for the even planar code
the minimum weight errors result from straight lines of
length L and we have

1
Nuwin =5 L(1 = p)l/2 ( (B7)

LL52J ) '

For the longer error chain we need to consider the
contribution of both / =L + 1 chains with L/2 errors
removed, and [ =L + 2 chains with L/2+ 1 errors
removed, which will lead to decoder failure half the time.
The latter case will be the dominant contribution due to the
larger number of these error configurations. The [ = L + 1
chains have a single kink, this kink can go in one of two
orientations, so there are L(2L)=2L? of these. The
[ = L + 2 chains have two kinks, but unlike the periodic
case there are 4 possible orientations of the pair of kinks,
so there are 2L (L — 1) kink configurations for each of the
Ll = L chains. Thus there are 2(L* — L?) of these error
configurations. Finally as before we can remove L/2 — 1
errors from the / = L chains. So we have

w= 2w == (B0

()

LA _p)LL/ZJ—l< (B8)

ni-1)

The first of these terms is dominant at large L and again
tells us that we need p < 1/4L2.

5. Planar, odd distance

For odd distance we can remove [L/2] errors from the
I =L+ 1 chains to leave [L/2] errors, and the decoder
will fail half the time for these. This will mean that the
logical failure rate is higher for the odd size surface code
by a factor of L. This gives us

L+1
Nmin = L2(1 - p)LL/ZJ ([L/2-|>

+%L(1 — p)lie/2l <LL§2J)' (B9)
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Again we can drop the factors (1 — p) in the relevant
regime.

This analysis suggests that the different combinatorial
factors for the number of low-weight error chains, par-
ticularly the emergence of / = L + 1 error chains in the
planar code with open boundaries, could be the origin
of the pronounced even-odd distance effect observed in
surface codes. This effect, where codes with an odd
distance L exhibit a higher logical error rate than those
with an even distance, has been noted in numerical
simulations starting with the work of Wang, Harrington,
and Preskill [7] and persists even for relatively large code
sizes close to the threshold.

APPENDIX C: ASYMPTOTICS OF
POST-SELECTED SURFACE TENSION AND
NON-POST-SELECTED EFFECTIVE TENSION

In this section, we describe the asymptotic forms for the
tensions of both fully post-selected and non-post-selected
surface codes. We start from the decay rate definition

1
a(p) = po(p) = —Lh_{glozlog P (p. L) (ChH

and use the Nishimori conditions fJ = %logl_Tp throughout.

1. Fully post-selected surface codes

For the clean 2D Ising model (T < T.) the domain wall
free energy per unit length splits into an energetic piece 2/
from broken bonds and an entropic reduction that vanishes
as f# — oo:

) entropic
energetic e Ae—
=~ 1
olf)= 2J -— Elog coth(BJ). (C2)

The second term should not be confused with the finite-
size capillary-wave correction — %log L that arises from
the roughening of the interface (see, e.g., Ref. [55]). Along
the Nishimori line, coth(//) = 1=, so we can write

energetic
entropic

—_——~
1—p —N——
alp) = fo(p) = log (7) Ll =2p).  (©3)

The path-counting approximation Py, z2L(ﬁ)L is
valid only for p < 1/L (i.e., pL - 0 as L - oo; see
Sec. Il A), whereas the decay rate

1
a(p) = —Lh_{{)lozlog Prait(p. L)

holds for p fixed as L — oo. These limits do not commute,
so the path-counting form should not be used to determine

a(p). Indeed, if one enforces a fixed pL = O(1) by taking
p = c¢/L, then

Liog|22 (2] = 1og 2 —10 +0(1)
—_—— _— = —_ C s
L% 1-p g g

which diverges as logL. Instead, using the clean
domain wall free energy (Eq. (C3)) one has a(p) =

(1=p)(1-2p)
p

o =2 1o

log = log% + O(p), so along the Nishimori line

=l

i.e., o(p) = 2J with 1/log(1/p) corrections as p — 0.
Near the clean critical point p, = ﬁi’ a first-order
expansion of Eq. (C3) gives
a(p) = =41+ V2)(p—p) +O((p— p.)?), (CH
s0 fo vanishes linearly as p — p., matching the finite-size
scaling analysis with v = 1. Dividing by the thermody-

namic f according to the Nishimori conditions then yields
an explicit leading form for the surface tension,

_ _8(1 + \/Z)(p - pc)

o(p) = . p=pe.  (CS)
IOgT
2. Non-post-selected surface codes
The path-counting approximation for the non-

post-selected case (see Appendix B) is valid only for
p<1/L? ie., pL?> - 0 as L — oo, whereas the decay
rate holds p fixed. These limits do not commute. Enforcing
a fixed pL?> = O(1) by taking p = ¢/L? in the path-
counting form

L
Py ~ L L/2
fail (L/Z)p

and applying Stirling’s approximation for log( LL/Z) =
Llog2 —log(zL/2) + O(1) yields

1 1
—zlogIPfaﬂ(L,p =c/L?) = 10gL—10g2—§10gc—|—(9(1),

which similarly diverges as logL. Thus the path-
counting expression is incompatible with the decay-rate
limit and cannot be used to determine «(p). With the
Nishimori conditions satisfied, taking p — 0 sends
pJ :%logl_Tpe oo while the bond randomness van-

ishes, so the RBIM reduces to the clean 7 = 0 Ising
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model; consequently,

limo(p) = 2J.
p—0

(C6)

The limit above refers to the microscopic clean
Ising surface tension. In the non-post-selected decoding
problem, the path-counting approximation effectively
enforces domain walls of length L/2 (assuming even L;
see Appendix B3). Modeling the failure probability as
Pra ~ exp|—foer(p)L /2] = exp[—a(p)L] and comparing
with the decay-rate definition (Eq. (C1)) identifies an
effective tension o.;(p) = o(p)/2. Hence o — J as
p — 0 (equal to 1 when J = 1), consistent with the
small-p limits reported by Beverland et al. [80].

From the RBIM mapping, the near-threshold finite-size
scaling implies P (p. L) = f((p — p.)L'*) with v # 1
(empirically v~ 1.5 for bit-flip noise). Consistency with
this scaling and the decay-rate definition implies that,
as p — p, from below,

a(p) = Poei(p) « |p — pcl, (CT)
Clp—p.l

= e (P) 1| 1,,,| ; (C8)
ﬁlOgT

for some non-universal amplitude C. This viewpoint was
introduced by Watson and Barrett [8], who proposed the
finite-size scaling ansatz Pp(p,L) = Ae~P=P:I'L  for
p < p. which both guarantees exponential decay of
logical failure rates below-threshold and yields data
collapse under the rescaling by x = (p — p.)L'/".

APPENDIX D: DERIVATION OF CAPILLARY
WAVE CORRECTIONS TO SURFACE TENSION

In this section, we sketch a derivation of the capillary
wave corrections to the free energy cost of a domain
wall in the 2D Ising model at finite thermodynamic beta
B :kB#T in the ferromagnetic (ordered) phase. In the
thermodynamic limit the free energy cost is given by

Onsager’s result, AFy . (#) = o(B)L, with o(f) = (2J —
%log coth(Jp)) [25]. For finite systems the interface

fluctuates, and these capillary waves modify the free
energy by an additive logarithmic term [54].

In the capillary wave model the fluctuating interface is
described by a height function %(x) along the coordinate x
(taken along the mean direction of the interface). In this
case, the boundary tension becomes a function of the slope
of the interface: (0, f#). The local slope of the interface is

given by
dh
0 = arct. —, D1
(x) = arctan <dx> (D1)

so that the differential arc length is

/ dh\?
dl = /1 — | dx.
+<dx) X

The macroscopic energy of the interface is then obtained
by integrating the angle-dependent surface tension over
this arc length

1 [L dh dh\?
E:EA dxa{arctan(a,/a] 1—1—(5). (D3)

For nearly flat interfaces (where % is small), one can

expand both o[arctan(%), f] and the square-root factor in
powers of %. Keeping terms up to second order yields

dh dh\?
c {arctan <aﬁ>] 1+ (%)

dh 1

, dh\>
~a0.0)+000 G +350(3) . @b

(D2)

where the surface stiffness coefficient is

k(p) = 0(0,5) +0"(0,5).

The first term o(0) contributes a constant reference
energy proportional to the total interface length, while
the linear term in % contributes only at the boundaries
(which we may neglect under periodic boundary condi-

tions). Thus, the fluctuating part of the interface energy is

given by
1 L dh\?
E, _ — .

This is the standard capillary wave Hamiltonian in
2D [54,55]. To evaluate the partition function, we decom-
pose the height fluctuations into Fourier modes

h(x) = Zfzq e'ax,
q

(D5)

(D6)

with wave vectors ¢ = 2zn/L for a system of length L.
We therefore have

dh N

q
dh\? ~
<E> :Zq2|hq|2'
q

(D7)
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Substituting this expansion into the energy yields

_A dx Z 2|h |2 Zqz|ﬁq|2-

q

cwﬁ =
(D3)

Because the Hamiltonian is quadratic, the partition
function factors into a product over independent
Gaussian integrals. The Gaussian integral below is taken
only over the non-zero Fourier modes of the interface
height field. The ¢ = 0 mode corresponds to the collective
translation of the interface and is restored separately as a
factor of L for a free interface on the torus. We evaluate
these integrals as

Zo = /dh exp[ <AL o Iqu}
q#0

=11\ /@ s

4#0

D9
g vV 2rkn (09)

where we have evaluated the Gaussian integrals. This
product diverges, so we apply zeta-function regularization
to obtain a physically sensible result. First we split this
product into the positive and negative modes separately,
which we can rewrite as

= VI
M s oo

Next we can express the total partition function for the
capillary wave fluctuations as

M) Mo

n=1
where the infinite product of —1 over all positive n leads to
an undetermined overall phase. However, we know that the
partition function must be positive, so we take the absolute
value of this equation, obtaining

(D11)

00 \/Z )2
Zewl = . D12
12 LII (\/2m<n b1
We can rewrite this expression as
o \/Z 2 :° . =] 1
Z.| = = —. (D13
7l =11 ) = (o)™ Tl @19

Now we apply zeta function regularization, first noting

© 1 =2¢(0) = —1 Next we have [[2,n =0 =
v2rx, such that H °  n* =2x. Using the regularized

values, we finally obtain

Z. | = L\=1 1 [«
W \2ak) 2z L\ 2z

On an L x L torus the domain wall can be translated to
any of the L transverse positions with the same energy.
Summing over these degenerate placements multiplies the
partition function by L:

K
Zhe = LIZ.,| = \/Z\/ o

Finally the free energy difference (remembering the
energies are normalized in units of % as above) is given by

ety (),

In our convention the bare free energy cost of a rigid
interface is given by AF, . (f) = o(B)L. Adding the
capillary-wave contribution for a free interface gives

AF(L. B) = o(B)L — %log(L) _log (\/§> (D17)

In practice, we absorb the logarithmic term in the
stiffness coefficient, log(&) into an overall constant.
That is, we write AF(L,f) = o(f)L —3log(L) + const
and then neglect the constant term when comparing to
numerical results. This approximation is justified both
by the fact that the variation in «(f) is small over the
temperature range of interest and by the excellent numeri-
cal agreement observed when using the truncated expres-
sion. Thus, we arrive at the approximate expression for the
free energy cost of a domain wall:

(D14)

(D15)

AFfe = (D16)

AF(L,p) = (2]—;logcoth(Jﬁ))L —%log(L). (D18)

APPENDIX E: NEAR-THRESHOLD EXPANSION
OF FULLY POST-SELECTED TORIC CODE
AND THE CRITICAL SLOPE OF THE
SCALING FUNCTION

We follow Ref. [58] to derive the near-threshold
expansion of the logical failure probability Py,; of a fully
post-selected toric code on an L x L torus to first order in
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the mass parameter y and express the coefficients in terms
of the Dedekind eta and Jacobi theta functions.

With Z,; the fermionic partition functions at twist
(a.p) €{0,4}?, one finds

1
Prit = 3 +

sgn Zyo(p)
Zypap () + Zoa (1) + Zijpo(p) +sgnZoo(u)’
(E1)

where sgn = sgn(7 — T ). Near the critical point g = 0, it
can be shown that

2

Zop() = Zap0) +5 Z0g0) 4. (@) #(0.0),
(E2)
3
Zoolw) = WiZso(0) + 5z 0+ @)

Defining Sy = Z;/512(0) + Zy,1/2(0) + Z,20(0), a
standard linearization of Eq. (E1) gives

1 Zy,(0)
P = — .
fail 2 + SO

p+OW?), (E4)

where we absorbed sgn Z, into the signed u so that the
first correction is odd in . Following Egs. (16) and (17) of
Ref. [58], evaluated at aspect ratio p = 1 and equal lattice

dimensions L = M we have
0, 5(i 1
Y10] e =),
n(i) L

2 1 |
log Z; ,(0) = %LZ + 51og(8L2) +2log |n(i)| + © <L2> ,

(E6)

2
logZ, 4(0) = %Lz + log

(a.p) #(0,0), (E5)

Exponentiating and taking the ratio, the common expo-
nential factor cancels, giving

Z}5(0 )P
0.0( ): \/§L : |’7(l)| : :
So 161 2.1/2(0)] + 100.1/2(0)| + |61 /2.0(7)]

()

(E7)

Substituting into Eq. (E4) yields

Py glJr V8uL|n(i)f?
T2 0101 2(0) |+ 1001 2(D)] + 101)2,0(0)]

+ o4 + 0(%)

(E8)

Using the scaling identification uL = —(2 + v/2)x (see
Eq. (24)), Eq. (E8) shows

d Py
dx

x=0

B ()P
-2+ \/E)\/§|91/2’1/2(l-)| +100.12(0)| + 1012000

(E9)

The proportionality constant is fully determined by the
special function values at = = i, which we numerically
evaluate and plot in Fig. 6. The magnitude of the critical
slope is

In(i)|?
161 2.1/2(0)| 160,12 (0)| 161 /2.0(7)]
(E10)

1£(0)|=(2+V2)V38

~1.503,

where the overall sign depends on the convention chosen
for the signed mass parameter u.

APPENDIX F: SUPPLEMENTARY ANALYSIS
OF NEAR-THRESHOLD SCALING OF
NON-POST-SELECTED SURFACE CODES

This section provides additional technical details and
supporting results for Sec. IV C of the main text. We
present the full derivation of the scaling form for the
domain wall energy distribution, numerical evidence for
convergence of the rescaled distributions to a universal
envelope, asymptotic constraints on the scaling function,
and a quantitative comparison of alternative finite-size
scaling ansitze. These results provide justification for the
modeling choices and parameter estimates reported there.

1. Scaling form for the domain
wall energy distribution

In Sec. IV C we proposed that the distribution of domain
wall ground state energy costs at 7 = 0 obeys a finite-size
scaling form near the threshold. Here we present the
derivation of that form in full, starting from the assumption
that the logical failure probability P,; depends only on the

043004-30



ISING ON THE DONUT: REGIMES OF TOPOLOGICAL ...

PRX QUANTUM 7, 043004 (2026)

scaling variable x = (p — p.)L'/*. We therefore propose
that the distribution takes the form [29,115,116]

P(AE:p. L ! G AE L: F1
AE(L) ~L°F((p — pc)L'"). (F2)

with G the scaling function, AEy(L) representing the
characteristic energy scale and F capturing subleading
corrections away from p = p.. We identify AEy(L) with
the mean of the distribution, AEy(L): = (AE(p,L)). At
the critical point (p = p..), the scaling variable x = 0, so F
is a constant, and the characteristic energy scales as
AEy(L) ~ L?. Changing variables via u = AE/L?, the
failure probability may be rewritten as

lpfail:/ dAE —; ! G<AE (p— Pc)Ll>
= / duG(u. (p — p.)Lb). (F3)

Since Pyg; is known to be a universal function of
x=(p—p.LY, it follows that the scaling function
G(u, x) must depend on p and L only through the scaling
variable x. In particular, at criticality (p = p..), the domain
wall energy distribution assumes the form

P(AE; p., L) :%G<%,O). (F4)
A key subtlety arises from the discrete nature of AE due
to the bimodal coupling distribution, as noted in Ref. [41].
For any finite L, the allowed values of AE are quantized,
and hence the PMF P(AE; p, L) is inherently discrete.
For small L, the spacing between the allowed values is
large. As L increases, these spacings decrease, and the
discrete distribution approaches a continuous envelope.
To formalize this convergence, let P(AE; p, L) denote the
continuous distribution that one would obtain in the
thermodynamic limit. We define the maximum pointwise
discrepancy as

e(L) = sup|P(AE; p,L) —P(AE; p,L)|. (F5)
AFE

Since the spacing between quantized values scales as
L= (see Eq. (F4)), we expect that e(L) ~ L™ as L — oo.
In practice, however, the discrete supports for different L
may not align pointwise even after rescaling. To address
this issue, one may consider comparisons over local
neighborhoods rather than exact pointwise matches.
The Wasserstein metric, defined in terms of the CDFs,
provides a robust measure of the ‘“cost” required to
rearrange the probability mass of one distribution into

that of another [117]. Formally, for two probability
measures a and f, the first Wasserstein distance is
defined as

Wi(a,p) = inf

nt / lu—vldy(u,v), (Fo6)
where I'(a, 3) is the set of all joint distributions with
marginals « and f. In our context, we compute the rescaled
distributions P; (1) = L°P(L%; p.., L), and we provide
numerical evidence that P; (1) converges to the universal
function G(u) using the Wasserstein metric.

2. Convergence of rescaled probability
distribution to envelope

Having established the expected scaling form for
Pri(AE; p, L), we next test whether the rescaled distri-
butions at p = p,. converge to a single universal envelope
as L — oo. We assess the convergence of the rescaled
distributions of ground state energy costs by computing the
Wasserstein distance between adjacent odd lattice sizes L
and L + 2. Figure 19 shows that the Wasserstein distance
decreases with increasing L, providing evidence that
the rescaled distributions converge to a continuous limit
as L — oo.

3. Asymptotic behavior of the scaling function G(x)

Having verified that the rescaled energy-cost distribu-
tions converge to a universal form at criticality, we
now consider the constraints this scaling imposes on
the functional form of G(x) in Eq. (43), since these
constraints restrict the class of admissible phenomeno-
logical models. In particular, the limits x — +oco corre-
spond to the deep ordered and disordered regimes, and the
behavior of G(x) in these regimes determines whether the

0.5 T T T T T T

—o— Simulation

0.0 1 1 1 1 1 1
5 10 15 20 25 30

L

FIG. 19. Plot of the Wasserstein distance between the rescaled
probability distributions for adjacent odd lattice sizes L and
L +2 at criticality (p = p.). We denote a = P(AE(p.,L)/
AEy(p..L)), and p = P(AE(L+2,p.)/AEy(L +2, p.)). The
decreasing trend of the Wasserstein metric with increasing L
provides evidence that the rescaled distributions converge toward
a continuous universal envelope as L — oo.
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phenomenological error-function model satisfies the
physically required limits of Pg,.

For Eq. (43) to meet the required limits, the asymptotic
behavior of G(x) is constrained as follows:

(i) For x —» —o0:

fx) =0 = erf(%) - 1= Gx) > +ox.

(i1) For x — +o0:

fx)—=1/2 = erf(iﬁ?) - 0= G(x)—0.

Thus, G(x) should diverge positively for large negative
x and approach zero for large positive x. Standard poly-
nomial forms (e.g., finite-order Taylor expansions) for
G(x) do not generally satisfy both these conditions.

4. Comparison of alternative scaling
anséitze performance

To assess the robustness of our conclusions, we
compare the phenomenological error function model
introduced in Sec. IV C against alternative finite-size
scaling ansdtze. These comparisons test whether the
observed scaling behavior and extracted parameters are
sensitive to the specific functional form assumed for
Pri(p, L) at both T=0 (using MWPMD) and at
T = Ty(p) (using optimal MLD).

While both fitting procedures yield excellent data
collapse and validate the finite-size scaling hypothesis,
the significant difference in the extracted parameters
(B; vs A;, as well as p,. and v) is not unexpected. The
two methods are sensitive to different features of the
underlying energy cost distributions P(AC; p, L). The first
method, which directly fits the ratio i/ o, relies on the first
two moments of the entire distribution. Its parameters are
thus influenced by the global shape of P(AC), including its
central bulk and positive tail. In contrast, the second
method fits the logical failure rate, Pg,;, which is deter-
mined solely by the integral over the negative tail of the
distribution (AC < 0). This discrepancy suggests that our
model of a perfect Gaussian distribution is a powerful

but imperfect approximation. Any deviation from a true
Gaussian, such as skewness or non-Gaussian tails, will
affect the globally calculated y and o differently than it
affects the area of the negative tail. Consequently, the
phenomenological fit to Py, provides a more direct and
reliable model for the quantity of interest (the logical error
rate) even if the parameters differ from those derived from
the moments of the full, approximate distribution.

To provide a more comprehensive quantitative assess-
ment of our phenomenological error function framework,
we compare its performance (using both linear and
quadratic G(x)) against two alternative functional forms.
The first alternative is a second-order polynomial in the
scaling variable x = (p — p.)L'/*, augmented with a
leading-order finite-size correction term dependent on L:

fpoly—L(p? L) = Apoly—L)C2 + Bpoly—Lx (F7)
+ Cpolny + DpolnyL_l/ﬂ» (FS)

where A1y —1s Bpoly—1s Cpoty—L» Dpoty—1» along with p., v
(which define x), and u are fitting parameters, totaling 7
free parameters [7,8]. This model attempts to capture the
scaling behavior and leading corrections without imposing
the error function structure.

The second alternative is a second-order polynomial
without the L-dependent correction.

fpoly(p7 L) = Apolyx2 + Bpoly-x + Cpolyv (F9)

where Aporys Bpolys Cpoly» along with p. and v are fitting
parameters, totaling 5 free parameters.

We compare these ansatz using the residual sum of
squares (RSS), Akaike information criterion (AIC), and
Bayesian information criterion (BIC) as metrics. Lower
values for these metrics generally indicate a better fit, with
AIC and BIC penalizing models with more parameters. We
compare all four ansitze by fitting them to the full dataset
of logical failure rates Py (p, L) at T =0and T = Ty(p)
for odd L between L,;, and L, (L =9 to 31) and p
values spanning the critical region (p = 0.08 to 0.12 for
T=0and p=0.09to 0.13 for T = Tx(p)). The results
are summarized in Tables I and III.

TABLE II.  Comparison of fit-quality metrics for the four ansiitze fitted to the full dataset (L €[9, 31], all p near
p. with T = 0), where k is the number of free parameters, and N is the number of data points.

Model Ansatz RSS AIC BIC k N
Quadratic Erf Model 2313 x 1074 —2782.71 —2766.12 5 204
Linear Erf Model 1.364 x 1072 —1953.01 —1939.73 4 204
Polynomial-L (Eq. (F7)) 3.132 x 1073 —2247.19 —2223.96 7 204
Simple polynomial (Eq. (F9)) 3.182x 1073 —2247.95 —2231.36 5 204
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TABLE III.  Comparison of fit-quality metrics for the four ansiitze fitted to the full dataset (L € [9, 31], all p near
p. with T = Ty(p)), where k is the number of free parameters, and N is the number of data points.

Model Ansatz RSS AIC BIC k N
Quadratic Erf Model 3.218 x 1074 —2715.39 —2698.80 5 204
Linear Erf Model 1.524 x 1072 —1930.33 —1917.06 4 204
Polynomial-L (Eq. (F7)) 2.749 x 1073 —2273.80 —2250.58 7 204
Simple polynomial (Eq. (F9)) 2.748 x 1073 —2277.84 —2261.25 5 204

APPENDIX G: ASSUMPTIONS AND SCOPE
OF APPLICABILITY

The analyses in the main text are intended to apply to
two-dimensional topological stabilizer codes with local
checks and growing distance. For such codes, nontrivial
logical operators can be represented by connected string-
like operators [118,119]. Under the standard mapping to a
classical statistical mechanical model, these logical strings
correspond to system-spanning domain walls. This is the
central structural assumption underlying our four-regime
picture: logical failure is controlled by the free energy cost
of inserting such a domain wall.

We assume that the physical noise is described by an
i.i.d. Pauli channel, or more generally by local Pauli error
probabilities satisfying the Nishimori conditions. Under
this assumption, maximum-likelihood decoding is equiv-
alent to comparing free energies of the corresponding
classical statistical mechanical model along the Nishimori
line. In particular, the posterior weight of each logical
sector is proportional to the partition function in the
corresponding domain wall sector.

Below threshold, we assume that the associated stat-
istical mechanical model is in an ordered regime. In this
regime, inserting a nontrivial logical domain wall has a
free energy cost whose typical scale grows macroscopi-
cally with the system size. For the two-dimensional codes
considered here, the expected scaling is linear,

AF(Ly) ~ou(p)L 4 o(L),

with 6,,(p) > 0 for each independent logical operator L,,,.
Logical failure is controlled by the lower tail of this
domain wall free energy distribution, corresponding to
disorder and thermal fluctuations that make a nontrivial
logical sector more favorable than the trivial sector. Thus,
below threshold, reliable storage follows from a macro-
scopic domain wall cost together with sufficiently sup-
pressed lower-tail fluctuations.

Above threshold, we assume that this macroscopic free
energy separation between logical sectors disappears.
Equivalently, system-spanning domain walls have at
most subextensive free energy cost in the thermodynamic
limit. The logical sectors then become asymptotically
indistinguishable, and, under the natural symmetry

assumption that their posterior weights become uniform
over the K logical sectors, the logical failure rate
approaches the trivial value

K—-1

Prait = K

For the finite-size scaling analysis near threshold, we
further assume that the relevant order-disorder transition is
continuous, with a diverging correlation length

E~p—pel™.

In this case, the logical failure rate is expected to obey
the scaling form

Pri(p, L) = f((p — Pc)Ll/V)v

up to finite-size corrections. The value of v is determined
by the universality class of the associated statistical
mechanical model. For example, surface code variants
under bit-flip noise map to the two-dimensional random-
bond Ising model, while color codes map to disordered
three-body Ising models [120,121]. Thus different code
families may share the same four-regime structure while
having different critical exponents and scaling functions.

The framework therefore applies most directly to two-
dimensional topological stabilizer codes with perfect
measurements, including surface codes, color codes, and
related homological quantum LDPC constructions. Such
models often have local checks, string-like logical oper-
ators, and associated statistical mechanical models with
an ordered and disordered regime which are separated by
a second-order phase transition. These results may also
apply to families such as bivariate bicycle codes when their
fixed local check structure gives rise to surface code-like
statistical mechanical behavior [113,114]. Extensions
to higher-dimensional codes, non-local interactions, or
models with first-order transitions require separate analy-
sis and are not assumed in the arguments of this work.
Nonetheless, we observed in Sec. V that the results
developed earlier can be applied to models in which the
order of the phase transition is unknown. We leave an
investigation of whether this phase transition is indeed
second order to future work.
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