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Quantum learning encounters fundamental challenges when estimating nonlinear properties, owing to
the inherent linearity of quantum mechanics. Although recent advances in single-copy randomized mea-
surement protocols have achieved optimal sample complexity for specific tasks like state purity estimation,
generalizing these protocols to estimate broader classes of nonlinear properties without sacrificing optimal-
ity remains an open problem. In this work, we introduce the observable-driven randomized measurement
(ORM) protocol enabling the estimation of Tr(Op?) for an arbitrary observable O—an essential quan-
tity in quantum computing and many-body physics. We establish an upper bound for ORM’s sample
complexity and show its optimality for observables with a large trace-norm, including Pauli and local
observables, closing a gap in the literature. For these observables, ORM admits an efficient implementation
with Clifford circuits. Numerical experiments validate that ORM requires substantially fewer state samples
to achieve the same precision compared to classical shadows. Additionally, we introduce a braiding ran-
domized measurement protocol for multiple low-rank nonlinear observables, reducing circuit complexities

in practical applications.
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I. INTRODUCTION

Quantum learning is pivotal for both verifying and
extracting information from quantum systems, addressing
the growing demands of quantum technologies while at
the same time enabling transformative applications [1-5].
To date, the majority of quantum learning theory has
focused on the estimation of linear properties of quan-
tum states. However, nonlinear properties, like the state
purity Tr(p?) and the nonlinear expectation value Tr(Op?),
play vital roles in quantum simulation for virtual cool-
ing [6,7], quantum error mitigation [8—10], and instances
of quantum algorithms [11,12]. Specifically, estimating
Tr(Op?)/Tr(p?) yields estimates of a quantum system at
a lower temperature than the physically prepared thermal
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state, thereby suppressing potential incoherent noise. Fur-
ther applications include inferring entropic quantities and
the quantum Fisher information of an unknown quantum
state [13,14] and detecting quantum phases of matter in
mixed states [15—17].

Yet, the intrinsic linearity of quantum mechanics renders
the estimation of nonlinear properties considerably more
challenging than that of a linear expectation value Tr(Op)
of an observable O. For linear estimation, directly measur-
ing single state copies in the observable’s eigenbasis has
optimal sample complexity in the Hilbert space dimension.
While quantum memory enables entangled measurements
across multiple state copies, such resources only offer
exponential advantage in more complex tasks [11,18-20].

In contrast, when estimating a nonlinear property like
Tr(Op?), directly applying observable-driven techniques
from linear estimation unavoidably requires coherently
controlled quantum memory [21-28] and renders imple-
mentations on quantum devices challenging [25-27].
Existing protocols using only single-copy quantum oper-
ations instead resort to general informationally complete
measurements independent of the observable [29,30] and
postprocess tensor products of so-called classical shadows

Published by the American Physical Society
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FIG. 1. The framework of observable-driven randomized mea-

surement protocol. To estimate Tr(Op?) for arbitrary observables
O, the observable-driven randomized measurement protocol first
decomposes O into a few dichotomic observables. For each
dichotomic observable, one rotates the target state into the eigen-
basis of the observable, evolves it with a block-diagonal random
unitary, measures in the computational basis, and postprocesses
the measurement results to estimate its nonlinear expectation
value.

(CS) of the state [31,32]. Current lower bounds QVd),
where d is the dimension of Hilbert space, suggest that
these protocols consuming O(d) state copies are indeed
suboptimal [11]. Purity estimation can be optimally imple-
mented using randomized measurements (RMs) [2,18,
19,33-37]. How to optimally estimate Tr(Op?) given a
general observable O from single state copies—a nonlin-
ear analog of directly measuring O—is in fact an open
question.

In this work, we answer this question by proposing an
observable-driven protocol and establishing its optimal-
ity for a wide range of observables in the single-copy
regime. Our protocol generalizes the optimal RM pro-
tocol for purity estimation to the nonlinear expectation
value Tr(Op?) of arbitrary observables O. The RM ensem-
ble incorporates information about the target observable
O. As shown in Fig. 1, our observable-driven random-
ized measurement (ORM) protocol begins by decomposing
the target observable into a few dichotomic observables,

each of which has only two distinct eigenspaces. For each
dichotomic component, we design an RM protocol that
employs block-diagonal random unitary evolutions to esti-
mate its nonlinear expectation value. Our analysis shows
that for general observables with bounded operator norm
on a quantum system of dimension d, the ORM protocol
exhibits a sample complexity scaling of O(+/d). Impor-
tantly, this scaling matches the fundamental lower bound
for a broad class of observables, including all Pauli and
local observables, across all single-copy schemes [11,38],
and thereby is provably optimal. The ORM protocol also
offers significant practical advantages. It is sufficient to use
a constant number of measurement bases for constant addi-
tive error and failure rate, independent of the system size
or the target observable. Furthermore, the protocol fea-
tures exceptionally simple postprocessing, alleviating the
need for precise, gate-by-gate calibration of the unitary
operations.

To enhance the practicality of our ORM protocol, we
construct more efficient circuit implementations for prac-
tical observables. We first simplify the protocol for Pauli
observables by introducing mid-circuit measurements and
subsystem random unitaries and propose a variant requir-
ing only single-qubit gates. Built on this, we develop
an alternative Clifford-circuit implementation that also
achieves the optimal O(v/d) sample complexity. We fur-
ther extend our analysis to other unitary ensembles such as
approximate designs, shallow circuits, and local unitaries
to establish the protocol’s robustness. Finally, via a Pauli
sampling protocol, we generalize these efficient primitives
to a broad class of physical observables. For local Hamil-
tonians and stabilizer fidelities, this approach preserves
the O(+/d) sample complexity while significantly reducing
circuit complexities.

Additionally, for constant-rank observables, we propose
the braiding randomized measurement (BRM) protocol,
which simultaneously combines the strengths of random-
ized measurement and classical shadows. Specifically,
BRM achieves the same sample complexity scaling as both
classical shadows and ORM for constant-rank observables.

TABLE 1. The comparison of classical shadows and observable-driven randomized measurement in estimating Tr(Op?) with
constant additive error and failure probability.
Information of Estimating
Observables Samplej Measurement Random unitary unitary in M independent
complexity bases .
postprocessing?
cs 0]l < 1 0) (\/dTr(OZ)) 0] (,/dTr(02)) Unitary 3-design Yes Oog(M))
Block-diagonal
ORM 106l < 1 O(d) o) unitary 4-design No o)
Pauli observables,
ORM local observables, OWd) o) Clifford No oW

and stabilizer fidelities
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TABLE II. The comparison of classical shadows, observable-driven randomized measurement, and braiding randomized measure-
ment protocols in estimating low-rank nonlinear observables with constant additive error and failure probability.

Information of Estimating

Observables Sampk? Measurement Random unitary unitary in M independent
complexity bases .

postprocessing?

Cs Tr(0?) = O(1) O/d) OW/d) Unitary 3-design Yes O(log(M))
Block-diagonal

ORM Tr(0?) = O(1) O/d) o) unitary 4-design No oW
ORM Stabilizer fidelities OWd) o) Clifford No o)
BRM Tr(0%) = O(1) OWd) o) Unitary 6-design Yes O(log(M))

Moreover, it significantly reduces the number of required
measurement bases compared to classical shadows and
offers more favorable scaling when simultaneously esti-
mating multiple observables, compared to ORM.

This work is organized as follows. Section II revisits the
RM protocol for purity estimation. Section III introduces
the ORM protocol and analyzes its sample complexity.
Section IV further simplifies the circuit implementation
of our protocols for a broad class of observables. We
first present a version tailored to Pauli observables that
admits a Clifford-circuit implementation and then discuss
extensions using approximate unitary designs, low-depth
circuits, and local measurements. We also propose a Pauli
sampling scheme that enables simple implementations
for estimating local observables and stabilizer fidelities.
Section V demonstrates applications of ORM to error
mitigation, mixed-phase detection, and the estimation of
entropic quantities; in particular, we numerically apply
ORM to a virtual cooling task and show its advantage over
classical shadows. Section VI introduces the BRM proto-
col for estimating low-rank observables. Finally, Sec. VII
summarizes our main results and outlines directions for
future research. Our results are summarized in Tables I
and II.

I1. REVISIT: RANDOMIZED MEASUREMENT
PROTOCOL FOR PURITY ESTIMATION

Randomness plays a crucial role in quantum informa-
tion processing, such as in quantum sampling advantage
[39,40], device benchmarking [41,42], noise suppression
[43—45], efficient quantum state tomography [37], and
quantum cryptography [46]. RM has emerged as a key
tool in quantum learning [2,33,35,36], usually offering
highly attractive performance compared to conventional
tomography-based methods, while avoiding resource-
intensive operations such as quantum memory or deep
quantum circuits.

To motivate our method, we first revisit how to use an
RM protocol to estimate the purity of a quantum state p
[2,34]. Throughout this work, we assume p is an n-qubit

d-dimensional quantum state. The main idea is to perform
repeated measurements on multiple random bases and then
postprocess the measurement outcomes. Specifically, we
draw Ny independent random unitaries from a suitable ran-
dom unitary ensemble (often taken to be a unitary design
[47]; see Appendix A 1) to rotate the measurement basis.
For each choice of U, we apply it to p, generating UpU",
and then perform N,, computational-basis measurements
on the evolved state. Each measurement produces an n-bit
outcome string s;, and we denote the outcomes of all Ny,
measurements as {s,-}?’:"f. Subsequently, we perform clas-
sical postprocessing on these measurement outcomes to
estimate the purity. When the random unitary is sampled
from a unitary two-design, the postprocessing function is
given by

d, s1=us,
X2 (s1,82) = 1
2(s1,52) {_1’ 51 % 5, (D
and the unbiased estimator for Tr(p?) is chosen as
. N\ !
My = ( 5 > > X)) 2

1<i<j <Ny

We can further average the estimators with all Ny choices
of unitaries {Uu}zlg1 to obtain

1 &
M=—>N M. (3)
o

Each MzU is an unbiased estimator of Tr(p?) [2]. Moreover,
if the random unitary ensemble forms a unitary 4-design,
then the variance of the estimator M, scales roughly as
d/(NyN%,) [48,49]. Thus, by setting Ny = O(+v/d) and
Ny = O(1), the purity can be estimated with constant
additive error, saturating the lower bound on sample com-
plexity for purity estimation using single-copy operations
[18,19]. Another feature of the RM protocol is that, while
the number of measurements in a single basis N, scales
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exponentially with the system size, selecting a constant
number of measurement bases Ny suffices for accurate
state purity estimation [2,50]. Moreover, its postprocess-
ing does not require knowledge of the applied unitaries,
providing advantages over classical-shadow-based quan-
tum learning protocols in terms of computational cost for
postprocessing and robustness against miscalibration.

The core idea of making A7[2U an unbiased estimator
of Tr(p?) is that the postprocessing function X>(s;,s») in
Eq. (1) virtually measures the SWAP observable between
two copies of p [2]. Specifically, we define a diagonal

observable,
= Z Xo(si,87)

Sissj

Sis Sj )(Si, Sj | 4)
and draw U from a unitary 2-design ensemble, we have
E[U*2nU%7] =5, Q)

where S is the SWAP operator. Following this line of
thought, we get

E [MU]
AT
=E | Y XoGsis) (s UpU' Isi) (5| UpU' |s;)
_Si,Sj
= @ ZXz(S,',Sj)TI'( Si,Sj)<S,’,Sj| U®2,0®2UT®2)
_Sl',Sj

= E[Tr (U'2x,U0%2p%?)] = Tr(Sp®) = Tr(p?). (6)

The construction of the RM protocol utilizes the prop-
erty of purity that it is invariant under the action of an
arbitrary unitary operation, i.e., [S, U®?] = 0. Thus, the
measurement statistics on a random basis reflect the infor-
mation of state purity. Following this logic, by incorporat-
ing the properties of the target nonlinear observable, we
can design an RM protocol to estimate more general state
functions.

I1I1. OBSERVABLE-DRIVEN RANDOMIZED
MEASUREMENT PROTOCOL

In this section, we present our main result: an
observable-driven randomized measurement protocol to
estimate the nonlinear quantity Tr(Op?) for arbitrary
observables O. As the name suggests, the ORM protocol
uses random unitaries drawn from an ensemble specific
to the target observable O. We prove that ORM accu-
rately estimates Tr(Op?) with high probability using only
OWd) copies of p for all observables with ||Olls < 1.
The result is the first to match the lower bounds derived in
Refs. [11,38] and concludes an open theoretical question.

A. Estimating dichotomic observables

We first consider a dichotomic observable (i.e., a
Hermitian matrix whose eigenvalues are +1 and —1),
which is the foundation for developing an estimation pro-
tocol for general observables. A representative example is
0 =27, =7 ® I, 1, which acts as the Pauli-Z operator on
the first qubit and trivially on the remaining qubits. For
any single-copy protocol, estimating Tr(Z; p?) to constant
precision with constant failure probability has a sample
complexity lower bound of ©2(+/d) [11]. In Appendix C,
we show that this lower bound can be generalized to
the estimation of all Pauli observables. In the meantime,
classical shadows require

OWdTr(0%) = Od) (7)

many samples [31,51,52], resulting in a quadratic gap rela-
tive to the lower bound. This gap primarily arises because
the quantum experiments in classical shadows do not uti-
lize information about the target observable. Here, we
leverage the knowledge of O to design a protocol that
closes this gap.

Given the dichotomic observable O with two
eigenspaces I1. (eigenvalues +1 and projectors Py) and
corresponding dimensions d., the target state p can be
written in a block form with respect to these subspaces,

B

where p1+ = P.pP.. A key observation is that Tr(Op?)
can be expressed as a difference of purities within each
eigen-subspace,

1 01[p. BT
won=r(s 5]l 2])
=Tr(p:) — Tr(p2). )

Therefore, our idea for estimating Tr(Op?) is to separately
estimate the purities of o1 and then compute their differ-
ence. This can be done by modifying the random unitaries
and the postprocessing function. As shown in Fig. 1, given
the dichotomic observable O, one first rotates the target
state p into the eigenbasis of O using V' (such that VOOVE
is a diagonal matrix), which makes the density matrix the
form of Eq. (8) in the computational basis. To estimate
purltles of p., we rotate the state Vpp VT with the unitary
U= U, & U_, where U, and U_ are independent random
unitaries acting on the d., - and d_-dimensional subspaces,
respectlvely The dlagonal blocks of the rotated density
matrix are U, ,0+U and U_p_ U", which corresponds to
original blocks evolved under random unitaries U, and
U_. Similar to the RM protocol, in each random unitary,
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we perform Ny, times of computational-basis measurement
to collect the outcomes {s; fV:Ml . We then classify them into
two groups depending on their eigenspaces. Then, one can
employ the estimator of Eq. (2) for each group of data to
estimate the purity of the corresponding block and evaluate
the difference between them to estimate Tr(Op?).

To summarize, the unbiased estimator of Tr(Op?) can
be chosen as

N —1
wU=(2M> S X, (10)

1<i<j <Ny
Here, the postprocessing function is defined as

X (siys7)

_ )\ng(s,',Sj), if 5;,5; € T, for some £ € {+, —},
o, otherwise,

(11

where AL = +1 are the eigenvalues corresponding to I,
and Xzi(s,-,sj) is given by Eq. (1) with d replaced by d..
Note that when O is the identity operator, this estimator
reduces to the estimator of the original RM protocol (using
a global unitary) for purity estimation [2,33,34]. Combin-
ing the original proof of RM shown in Eq. (6) and the
observation of Eq. (9), one can prove that wy is indeed
an unbiased estimator of Tr(Op?) (see Appendix B for
details). To further reduce the variance of the estimator,
we can take the average of multiple estimators in Eq. (10)
estimated with U being chosen as Ny independent random
unitaries {Uj, ..., Uy,}, leading to

®=7r) O (12)

Furthermore, by repeating the protocol 7 = O (log(5™"))
times and applying the median-of-means method, we can
suppress the failure probability to §. We summarize the full
procedure in Protocol 1.

Recall that the RM protocol described earlier can esti-
mate the purity Tr(p?) of a density matrix to constant
additive error using O(v/d) samples. The procedure of the
ORM protocol for estimating a dichotomic observable is
equivalent to performing the RM protocol in two blocks
of the target state and then postprocessing accordingly.
Consequently, the ORM protocol has a similar perfor-
mance guarantee to the RM protocol [49], as stated in the
following theorem (the proofis provided in Appendix B 1):

Lemma 1 (Estimating dichotomic observables with
block-diagonal unitary 4-designs). Let O be a dichotomic
observable, the dimensions of its two eigenspaces be
d,,d_ # 0, and two random unitaries U, and U_ be sam-
pled from a unitary 4-design. For any input state p in a

PROTOCOL 1.
able O.

Estimating Tr(Op?) for a dichotomic observ-

Input: 7,Ny,Nys: number of repetitions, unitaries per
repetition, and measurements per unitary. O: classical
description of a dichotomic observable and its two
eigenspaces with dimensions d+ and d—-. T x Ny x Ny
copies of p.

Output: ®: an estimator of Tr(Opz).

1 Find the unitary Vj that diagonalizes O, i.e., VOOVOT isa
diagonal matrix in the computational basis.
2 fort=1toT do

3 for u=1to Ny do
4 Sample random unitaries U, and U_ with
dimensions d+ and d-, respectively, and let
U = U + (&) [7 —
5 for i =1 to Ny, do
6 Rotate p with Vp and U to get U VOpVOTU .
7 Perform a computational basis measurement and
obtain an outcome slgt,) .
1) _ (Nu\~! b
8 Compute (u,E ) - () > X (sl(lt_l.).,sl(tt;).
| 1<i<j<Nu o
Ny
9 Compute 0" = ﬁ > a),gt).
u=1

10 Return @ = median{a)(l),oo(z)7 ey a)(T)}.

d-dimensional qubit system, Protocol 1 estimates the non-
linear quantity Tr(Op?) to additive error & with probability
at least 1 — §, with a sample complexity of

(o(max{g,vd/d+ Vd/d_}log(zs_l)). (13)

g2 7 g2

Specifically, the number of repetitions is 7= O (log(6 ")),
the number of random unitaries per repetition is Ny =
O (max { 1,1/(dy€?),1/(d_g?) }), and the number of mea-

surements per unitary is Ny = O (v/Nyd/).

Note that the sample complexity given in Lemma 1
cannot cover the sample complexity for estimating purity,
which corresponds to the observable of identity I with
d_ = 0. Actually, by slightly modifying our derivation in
Appendix B 1, we can derive the sample complexity for
purity estimation [49].

Remark 1 (Purity estimation with unitary 4-designs).
When O is the identity matrix, O =1, i.e., has a
unique eigenvalue 1, Protocol 1 still applies by setting
dy =d, d_=0. In this case, ORM is equivalent to
the RM protocol measuring the purity [2]. The sample

complexity is O (max {«/;l/s, 1/82} log (8’1)) by set-
ting 7T=0 (log(é_l)), Ny=0 (max {1, 1/(d£2)}), and
NM =0 («/NUd/S).
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Note that when d+ = Q2(d), Protocol 1 achieves a sam-
ple complexity upper bound as O (max {«/c_l/e, 1/82}>,
which is similar to the sample complexity for estimating
purity. However, when d_ = O(1) ord, = O(1), the sam-
ple complexity upper bound can reach O(v/d/e?), which
is worse than the purity estimation. We can use an observ-
able decomposition technique to avoid this upper bound,
the proof of which is left to Appendix B 3.

Lemma 2 (Dichotomic decomposition). For any dicho-
tomic observable O with min{d,,d_} < d/4, one can
decompose O as O = %(:I:H + Oy + O, + O3), where each
O; is a dichotomic observable with subspace dimensions
being 2 (d).

Therefore, by estimating Tr(p?) and each Tr(0;p?) to
O(e) precision and combining the results, we have:

Theorem 1 (Improved scaling in estimating dichotomic
observables with block-diagonal unitary 4-designs).
For any dichotomic observable O, Tr(Op?) can be esti-
mated to within additive error & with probability at

least 1 — § using O (max {«/3/8, 1/82} log(B_l)) sample
complexity with single-copy operations.

The ORM protocol offers several practical advantages.
First, it only requires a minimal number of measurement
settings. Notably, for any estimation accuracy ¢ that is not
exponentially small, even a constant number of measure-
ment bases, Ny, is sufficient to estimate Tr(Op?) accu-
rately. This feature significantly reduces the experimental
overhead, as reconfiguring the measurements is on many
platforms more demanding than repeated sampling in a
fixed basis [53-56].

Another crucial advantage of our protocol lies in its
simplified gate calibration and postprocessing. The data
processing is independent of the specific random unitary
applied, requiring only comparing the sampled bitstrings
[see Eq. (11)]. This implies that the unitaries do not need
meticulous, gate-by-gate calibration; it is sufficient that
they are drawn from the required unitary design. In contrast
to methods like classical shadows, ORM avoids computa-
tionally intensive steps like classical state reconstruction,
and the postprocessing function can be evaluated effi-
ciently in practice. The runtime of computing the estimator
over T samples scales as O(nT?) under a brute-force enu-
meration of pairwise contributions and can be improved to
O(nT) using standard data structures such as a trie. Thus,
we do not expect the protocol to be limited in its scalability
by the postprocessing complexity but rather by the data
acquisition.

Furthermore, the ORM protocol achieves the optimal
sample complexity for Pauli observables. According to
Lemma 1, when ¢ and § are constants, the sample com-
plexity for estimating Pauli observables is upper bounded

by O(v/d), which is more efficient than other prevailing
single-copy randomized measurement protocols such as
classical shadows (see Appendix A 3 for an analysis of the
classical shadows). In Appendix C, we generalize the proof
in Ref. [11] and show that O(+/d) is optimal for all Pauli
observables, thus answering an open question in quantum
learning. In the next section, we will show that our protocol
is actually optimal for a much broader class of observables
(see Fact 1).

B. Estimating general observables

We now discuss how to generalize the protocol from
dichotomic observables to estimating general observables
O subject to |0l < 1 (otherwise rescale O according
to O/||O|ls). The main observation is that an arbitrary
observable can be approximated, to a desired precision
e, by a sum of O(logs~!) dichotomic observables. With
the decomposition, we can then apply Protocol 1 to esti-
mate the expectation value of each component and sum
the resulting estimators to obtain the final estimator. We
first show how to perform such a decomposition.

Lemma 3 (Dichotomic decomposition of general observ-
ables). For any observable O satisfying ||O||o < 1, one
can decompose O as

k
0="Y 270,404, (14)
=1

where k € NT, each O, is a dichotomic observable with
eigenvalues &1, and || O [loo < 27%.

Proof. First, suppose O is a diagonal matrix, O =
diag (ag,ay,...,a4-1), where d = 2" is the dimension of
the Hilbert space. Given k € N, each diagonal element g;
can be written as

k
ai = Z 2_lai,l + ajn, (15)
=1

where a;; € {£1}and 0 < |g; o] < 27k, To see this, define
a;1 = sgn(a;), recursively

-1
aj|] = sgn | a; — Z 27j a,;,- (16)
j=1

for 2<1<k, and ajpn =a; — Zle 27'a;;, where the
(slightly modified) sign function is given by

1, x>0,
sgn(x) = 1 =0 17)
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By construction, |a; — ZJI.ZI 27a;;| <27 'forall 1 <I/<k.
Let

O, = diag(aos, aiy, .. -,a4-11), 1=<I1=<k, (18)
Op = diag(apa, a1 ns--->Ad—1.7)-
We have that
k
0= 270+ 04, (19)

=1

where each O; is diagonal with entries in {#1}, and
10alloc = max;{la;al}) < 27%.

If O is not diagonal, let O = VTOD Vo be its diagonaliza-
tion, where D is a real diagonal matrix and V) is unitary.
Decompose D into a sum of diagonal dichotomic matrices
D; as above, and define O, = VTODIVO, Opr = VI)DA Vo.
This yields the desired decomposition. |

Lemma 3 shows that a general observable O can be
decomposed into a sum of dichotomic observables {0/}5‘:0.
The contribution of residual term O to Tr(Op?) decreases
exponentially as k increases. Notice that the construc-
tive proof presented here does not necessarily yield the
optimal number of decomposed terms, but provides a gen-
eral decomposing procedure of an arbitrary observable to
dichotomic ones. By applying Protocol 1 to estimate each
Oy and ignoring O for k = O(loge™"), we obtain the pro-
tocol for estimating Tr(Op?) for an arbitrary observable O
to a desired precision ¢. The full procedure is summarized
in Protocol 2, and the resulting sample complexity is stated
below, with the proof being presented in Appendix B 4.

Theorem 2 (Estimating general observables with block—
diagonal unitary 4-designs). Let O be an observable with
|0]lc < 1. For any input state p in a d-dimensional qubit
system, Protocol 2 estimates Tr(Op?) to within additive
error ¢ with probability at least 1 — §, using a sample
complexity of

O (max {g, Slz} log[s~" log(s_l)]> ) (20)

Furthermore, a matching lower bound exists for a broad
class of observables, as established by the following result.

Fact 1 (Lower bound of sample complexity for esti-
mating observables with large trace-norm [38]). Given
an observable O with |O|; = 2(d), any measure-
ment protocol that uses single-copy operations on a d-
dimensional input state p to estimate Tr(Op?) to within
additive error ¢ = O(1) requires at least Q(V/d) sample
complexity.

PROTOCOL 2. Estimating Tr(Op?) for general observables
(ORM).

Input: &: desired precision of additive error. d: desired
upper bound of failure probability. O: classical
description of an observable with |O| . < 1.

(’)(max{@, E%}log[Sfl log(sfl)]) copies of p.
Output: ®: an estimator of Tr(0p2>, satisfying
Per—Tr(Opz)‘ < e] >1-6.
1 Set k =[log,(£7')]+1, get the dichotomic deposition
k
0=y 2_101 + Oy using Lemma 3.
=1
2 for /=1 tokdo
3 Set g/ = (3)'£,8' = §/k. Obtain an estimator a for
Tr(Olpz) with precision &’ and failure probability &
using Remark 1 and Theorem 1.

k
4 Return o = ¥ 2_[(0,.
I=1

The condition ||O||; = 2(d) is met by most observables
of physical interest, including Pauli observables, local
observables, and typical physical Hamiltonians, establish-
ing the broad optimality of our protocol for these key
applications. See Sec. IV for a detailed discussion and
efficient implementations for estimating these observables.

While the ORM protocol offers significant advantages
in terms of sample and computational complexity in
postprocessing, it also presents challenges to a practical
implementation. The protocol requires classically diago-
nalizing the target observable. Furthermore, it necessitates
the implementation of random unitaries drawn from block-
diagonal unitary designs, with their structure tailored to the
specific observable being measured. Implementing these
specialized ensembles generally has a similar circuit com-
plexity as realizing global random unitaries. Additionally,
the postmeasurement data from an experiment cannot be
reused for estimating multiple observables simultaneously.
A comparison between classical shadows and ORM is
summarized in Table 1.

IV. EFFICIENT CIRCUIT IMPLEMENTATIONS

While the ORM protocol is theoretically appealing
due to its optimal sample complexity, its practical util-
ity additionally requires scalable implementation of the
measurements. In this section, we develop efficient circuit
implementations of ORM for several physically relevant
observables. First, we present the ORM protocol tailored
for Pauli observables. Then, we provide performance guar-
antees for ORM when replacing the unitary 4-design with
Clifford unitaries for Pauli observables and discuss its per-
formance when using approximate unitary designs and
local gates. Finally, we develop a Pauli sampling protocol
that decomposes the target observables into several Pauli
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strings and performs importance sampling on those strings
to estimate their nonlinear expectation values. We show
that our ORM achieves O(+/d) sample complexity for a
wide range of physical observables and is sample-optimal
for many of them.

A. Estimating Pauli observables

The unitary transformation that rotates an arbitrary
observable into its eigenbasis can be prohibitively com-
plex, often requiring a circuit depth that scales expo-
nentially with the system size. This complexity presents
a barrier even for the simpler task of estimating a lin-
ear expectation value. Fortunately, many observables of
practical interest possess sufficient structure to be diago-
nalized efficiently. In this section, we focus on one of the
most important classes of such observables—Pauli opera-
tors—and present an implementation of the ORM protocol
that is not only efficient in terms of circuit resources but
also achieves the optimal O(+/d) sample complexity.

Starting from the simplest case where the target observ-
able is O = 7}, i.e., the Pauli-Z operator on the first qubit
and identity on the others. In this case, the eigenspace
with +1 eigenvalue is spanned by state vectors of the
form of |0) ® |¥,,—1), where |Y,_1) is an arbitrary pure
state defined on the second to the nth qubits. Similarly, the
eigenspace with —1 eigenvalue is spanned by state vectors
of the form |1) ® |¥,,—1). Now, the gate implementation
procedure in Protocol 1 can be greatly simplified into the
following.

(1) Draw random unitaries U, from a unitary 4-design
that act on the last n — 1 qubits.

(2) Measure the first qubit in the computational basis to
obtain i € {0, 1}.

(3) When the measurement result is i = 0, apply U, on
the other (n — 1) qubits, or apply U_ otherwise.

By judging the first bits of two measurement outcomes,
it is easy to decide whether the two outcomes are from
the same eigenspace or not and thus decide the value
of the postprocessing function. To summarize, when the
target observable is Z;, one does not need to perform
the diagonalization unitary but instead two independent
(n — 1)-qubit random unitaries. At the same time, the sam-
ple complexity remains ((+/d) as the procedure described
above is actually equivalent to that of Protocol 1. From
an experimental perspective, chaotic evolution in certain
analog systems is known to approximate global random
unitaries [58—61], which can be beneficial for quantum
learning tasks [62—64]. Recent experimental efforts have
already used this chaotic behavior to benchmark quan-
tum devices [65]. Implementing our protocol on such
experimental platforms is therefore both interesting and
promising.

Furthermore, the (n — 1)-qubit unitary could also be
replaced by the tensor product of #» — 1 local unitaries
drawn from a single-qubit unitary 2-design to further
reduce the implementation difficulty. The postprocessing
function needs to be modified correspondingly to

2 1(=2) AL if s;[1] = 5;[1] = 0,
X (si,57) = § =277 1(=2)726m),if 5[ 1] = 5;[1] = 1,
0, otherwise,

21

where A(s;,s;) is the Hamming distance between s; and
s;, and s;[1] is the measurement outcome of the first qubit
[34]. However, in this case, we cannot guarantee that the
protocol can reach the O(+/d) sample complexity for esti-
mating Tr(Z, p?). We will use numerical experiments later
to assess the performance of the local-version protocol.

Notice that when O is a general Pauli observable, we
could always find a Clifford circuit V¢ rotating it to a
single-qubit Pauli Z acting on O’s support (say qubit 1),
1e.,Z = V0 VZ. Experimentally, this means one can first
apply the circuit V¢ to the state p, then run the ORM proto-
col for the simple, fixed observable Z;. Crucially, when O
is a local Pauli operator, the required Clifford circuit V¢
is also local and can be implemented with much lower
depth. As illustrated in Fig. 2, this approach provides an
efficient circuit implementation for the entire class of Pauli
observables.

B. Replacing the exact 4-design with Clifford unitaries,
approximate design, and local gates

While our protocol for Pauli observables achieves the
optimal performance with an exact 4-design, implement-
ing such an ensemble is demanding [66]. In this section,

Tr(Pl’gpQ)

 RRABRERR
U;

Ve

@O 000000

FIG. 2. Protocol for measuring any Pauli observable, with
the example of a two-qubit Pauli observable defined on the
first two qubits, O = P;,. Here, V¢ is a Clifford unitary that
rotates O to the Pauli-Z operator on the first qubit. Depending
on the measurement outcome of the first qubit, we then apply
U; to the remaining part of the system, which can be either a
global random unitary or a tensor product of single-qubit random
unitaries.
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we demonstrate that this requirement can be significantly
relaxed by using a more practical ensemble of random
Clifford unitaries [67,68], which can be implemented
efficiently with O(n) circuit depth on 1D architectures
[69,70]. This requirement parallels the global Clifford pro-
tocol used in classical shadows [31]. Specifically, we prove
that replacing the exact 4-design with random Clifford uni-
taries preserves the optimal sample complexity scaling of

O (\/c_i), albeit at the cost of a less favorable dependence
on the desired precision ¢.

Lemma 4 (Estimating traceless dichotomic observables
with block-diagonal Clifford gates). Let O be a trace-
less dichotomic observable, i.e., the dimensions of its two
eigenspaces are d,,d_ =d/2 =2""', and two random
unitaries U, and U_ be sampled from the (n — 1)-qubit
Clifford group. For any input n-qubit state p with n > 3,
Protocol 1 estimates the nonlinear quantity Tr(Op?) to
additive error & with probability at least 1 — §, with a
sample complexity of

O (‘;—ZE 1og(51)> . (22)

Specifically, the number of repetitions is 7= O (log (3’1)),
the number of random unitaries per repetition is Ny =
@ (l / 82), and the number of measurements per unitary is

Ny =0 (V).

The proof of Lemma 4 is detailed in Appendix B 2. With
this result, we can now replace the unitary U; in Fig. 2 by
a random Clifford unitary and achieve the sample-optimal
single-copy estimation of Pauli observables with solely
Clifford circuits. Similar to the unitary 4-design case, our
analysis also extends to the estimation of purity and inner
product between two states using multi-qubit Clifford gates
with only minor modifications, which is consistent with the
results reported in Ref. [71].

Moreover, the requirement for an exact unitary 4-design
can be relaxed to an approximate one. Although a rigor-
ous proof is beyond the scope of this work, the reasoning
is straightforward. If one uses an e-approximate unitary
design, the resulting deviations in quantities like the expec-
tation value [e.g., Eq. (6)] and its variance will be bounded
by d°e, where ¢ is a constant. By selecting an approx-
imation error that is polynomially small in the system
dimension, specifically € = d~¢ for a constant ¢ > ¢/, the
error in the final estimate becomes negligible. The perfor-
mance thus remains nearly identical to that achieved with
an exact design. Crucially, such approximate designs can

be implemented using a random circuit with depth of [57]

log((l) =clogd = O(n), (23)

which is comparable to that of the random Clifford
ensemble.

The unitary ensemble can be simplified even further to
shallow random circuits or even local random unitaries by
adjusting the estimator form [see Eq. (21)]. While these
more practical ensembles do introduce some additional
sample complexity overhead—for example, average sam-
ple complexities of O(+/2.5") and O(+/2.18") for local
and shallow unitary ensembles [71]—the cost remains sig-
nificantly lower than the O(2") complexity guarantee of
classical-shadow protocols. In Sec. V, we present numer-
ical experiments that validate this advantage, showing
that our protocol achieves better sample complexity than
classical shadows even when using local unitaries.

C. Estimating physical observables via Pauli sampling

Building upon our schemes for estimating Pauli observ-
ables with Clifford unitaries, we now show that the
nonlinear expectation values of a wide range of observ-
ables—such as local observables and fidelity to stabilizer
states—can be estimated using efficient circuit imple-
mentation schemes while maintaining the O(+/d) sample
complexity. This is optimal for most of these observables.

Our central method is built on a powerful technique:
importance sampling of Pauli operators [72,73]. Given any
observable O, we can decompose it in the Pauli basis as
follows:

1 K
0=— P)P;, 24
ﬂ;m( ) (24)

where P; € {I,X,Y,Z}®" is a Pauli operator, and xo(P) :=
Tr(OP) /+/d represents the corresponding Pauli coefficient.
Here, K denotes the number of Pauli operators needed to
decompose O. The nonlinear expectation values can thus
be expressed as

K
Tr(0p®) = ) xo(P)x,2 (Py). (25)

i=1

This expression can be further simplified to

K
Tr(0p®) = ) piXs,

i=1

(26)
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where the terms p; and X; are defined as

x(P)

1013
o 2P
X0

P =

27

Note that {p;}X , forms a probability distribution over the
Pauli operators that decompose M.
Our protocol proceeds as follows.

(1) Sample /= O (K||O||3/(de?)) Pauli strings P;
according to the probability distribution {p;}.
(2) Foreach1 <i </ use

m =0 ﬂ (28)
l Vdigy2(P;)

samples of p to obtain an estimator w; of Tr(P;p?) in
Eq. (12) using Protocol 1 and Lemma 4 with random
Clifford gates.

(3) Compute the averaged estimator

! 2
Z 10113 (29)
= Tr(OP)

(4) Repeat steps 1-3 for 7= O(logé~') times and
apply the median-of-means method to the obtained
T estimators to output the final estimators.

We prove that the above Pauli sampling protocol
achieves the following performance in Appendix D:

Theorem 3 (Estimating observables via Pauli sampling
and block-diagonal Clifford gates). Let O be an observ-
able that admits a Pauli decomposition, with the number
of Pauli basis elements given by K [see Eq. (24)]. Then,
the Pauli sampling protocol estimates the nonlinear quan-
tity Tr(Op?) to additive error & with probability at least
1 — §, with an expected sample complexity of

O(KJ_OJLH (8~ )). (30)

The actual sample complexity is unlikely to exceed
its expected value by much, as guaranteed by Markov’s
inequality. Furthermore, we note that the sample complex-
ity can be further improved using unitary 4-designs, which
can result in a better dependence on ¢! rather than e =2 for
the precision ¢.

D. Local observables and Hamiltonians

We now apply the Pauli sampling protocol to a wide
range of observables and demonstrate that it achieves
O(+v/d) complexity.

Local observables, which act nontrivially on only a
constant number of qubits, are ubiquitous in quantum
many-body physics (e.g., correlation functions and local
energy terms). For any k-local observable O = Oy ® Ij,\4
with |4| =k, we can always decompose it using K =
4% Pauli operators, each acting nontrivially only on A.
Assuming the proper normalization condition |0, < 1,
we have ||O||§ < d, leading to the following performance
guarantee.

Corollary 1 (Performance guarantee for local observ-
ables and Hamiltonians). Let O be a k-local observ-
able satisfying ||O]looc < 1. Then, the Pauli sampling
protocol estimates Tr(Op?) to additive precision &
with probability 1 — 45, with a sample complexity of
(@) (K(«/c_i/sz) log (8’1)>, where K < 4% is the number of

nonzero Pauli terms in the decomposition of O.

This method extends directly to local Hamiltonians,
which model most practical quantum systems and give
the energy of the target states. Such Hamiltonians can be
written as

K
H:Zaipi, (31)

where K = poly(n) and each P; is a local Pauli operator.
The 2-norm of H is given by ||H||§ =) a%d, which yields
the sample complexity

@) ((Z a,?) Kg log (51)) . (32)

For k-local observables, we have that ||O||; = 2" %||04l; =
Q(d) for constant k and ||Oy4||; = 2(1). By Fact 1, esti-
mating the nonlinear expectation value of such observables
requires at least 2 (v/d) sample complexity, so our protocol
is sample-optimal across all single-copy schemes. Simi-
larly, since the energy is nonvanishing for most eigenstates
of practical Hamiltonians H, we have ||H||; = Q(d), and
thus our protocol achieves the optimal sample complexity
O(+/d) up to a logarithmic factor (3=, a?) K.

E. Stabilizer fidelities and subspaces

Another important class of observables is the fidelities
to stabilizer states |i), which play a fundamental role in
quantum information theory [74]. A stabilizer state |y/) can
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be represented as a uniform sum over Pauli strings in its
stabilizer group,

2]1

1
W= ) P Pi€Gy, (33)
i=1

where |G, | = 2". This can be generalized to a stabilizer
subspace, represented by the projector

2k

1
H:?ZPI" P; € Gn, (34)
i=1

where Gy contains all Pauli strings that stabilize this sub-
space, and 2"~ is the rank of the subspace. For example,
when IT represents the set of all code states of a stabilizer
code, IT becomes the projector onto the code space. This is
important in tasks like subspace verification for quantum
error-correcting codes [75]. When k = n, this reduces to a
single stabilizer state.

For any 1 < k < n, we have ||1'I||% =2""%and K = 2,
which leads to the following sample complexity guaran-
tees.

Corollary 2. Let1 < k < n and IT be the projector onto
a stabilizer subspace as given in Eq. (34). Then, the Pauli
sampling protocol estimates Tr(ITp?) to additive preci-
sion & with probability 1 — §, with a sample complexity

of O ((«/(_1/82) log (8‘1)>.

When £ is constant, our protocol achieves optimal sam-
ple complexity by Fact 1. To the best of our knowledge,
it remains open whether the sample complexity Q (+/d) is
optimal for low-rank projectors. See Sec. VI for further
discussion on estimating nonlinear expectation values of
low-rank observables. Moreover, for states with low non-
stabilizerness, our protocol can potentially preserve the
O(+/d) sample complexity [76].

V. APPLICATIONS

Estimating higher-order expectation values of quantum
states is both a fundamental task and a key primitive in var-
ious fields. In this section, we highlight three applications:
quantum virtual cooling, mixed-state phase detection, and
entropy estimation. We perform numerical experiments to
confirm the advantages of ORM compared with classical
shadows.

A. Quantum virtual cooling

A particularly important case that has attracted much
recent attention is error mitigation on noisy intermediate-
scale quantum devices and slightly beyond [8]. In quantum
experiments, we often aim to obtain the expectation values

of observables on a quantum state prepared by a quan-
tum device. However, due to imperfections such as gate
errors or insufficient cooling, the actual state is typically
a noisy mixed state p rather than a pure state. Although
some severe obstructions against the scalability of classes
of quantum error mitigation methods have been identi-
fied [77—-80], various such notions (also involving quantum
processing aspects) remain a key ingredient in realizing
functioning near-term quantum architectures.

The most important information is usually encoded in
the principal component ) of p, which can be expressed
as

p=0=p)IV)¥l+ppL, (35)
where p, has orthogonal support to |y). When the noise
strength p is small, the error contributed by the noisy
part p; can be substantially suppressed by considering the
second-order expectation value Tr(Op?)/Tr(p?) [9,10].
When p, has exponentially large rank, such as in the case
of white noise, Tr(Op?)/Tr(p?) can even exponentially
suppress the noise with respect to the number of qubits.
Therefore, estimating Tr(Op?) and the purity Tr(p?) pro-
vides a significantly improved estimation of (Y| O|y)
compared to directly measuring Tr(Op).

When the noise is primarily introduced by thermal exci-
tations, the target state can often be described by a Gibbs
state of the form p o exp(—BH), where H is the Hamil-
tonian and 8 > 0 is the inverse temperature. In this set-
ting, estimating Tr(Op?)/Tr(p?) effectively predicts the
expectation value on a lower-temperature state, as p> o
exp(—2BH), providing access to physical properties at
temperatures beyond the experimental cooling capability
[7].

Here, we numerically simulate the quantum virtual cool-
ing task using the global and local versions of ORM. We
consider the Gibbs state of a system of L spins governed
by the Heisenberg XX Hamiltonian,

L
Hyx = Y 2hJ;;(XX + Y,Y,))+hB. Y Z, (36)

1<i<j<L i=1

with a transverse field, which is well studied and imple-
mented in trapped-ion platforms [34,81]. The antiferro-
magnetic coupling strength decays according to a power
law Ji; =Jo/li —j|% with Jy =420 s7! and o = 1.24.
The transverse field is set to B, = 50J; so that Hyy well
approximates the system of hopping hard-core bosons [81].
The observable of interest is the two-local Pauli correla-
tor O = Z,Z,. Starting from a reference temperature 7y =
200Jy (i.e., By = 1/Ty), we examine the thermal states

e PHxx

p(B) = Te(

Tr ) 37
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| wi,...,wr. We quantify accuracy via the mean-squared
1.001 ’_,+_ ————— T error (MSE),
0.75 1 % - LT
) -~ -7 2 2,72
z A& A=) o =TeZZp")] (39)
S 0.50 L . . 1
, s = Cooling =
/s R === No cooling o ) .
0251 =~ GORM and evaluate the minimum number of state copies required
e ¢ LORM to achieve A% < 0.01.
T T T j T For ORM protocols, we sweep over the number Ny
1 2 3 4 5 .
8/5 of random unitaries drawn from the Haar measure and,
0 for every Ny, increase the number of measurements per
FIG. 3. Virtual cooling of 6-qubit thermal states using unitary Ny, until the MSE falls below 0.01. The sample

global-unitary observable-driven randomized measurement and
local-unitary observable-driven randomized measurement pro-
tocols. The black dashed curve shows the theoretical value
Tr[Z1Z, p(28)] on cooled states, while the gray dashed curve
shows the value Tr[Z,Z; p(B)] on original thermal states. Mark-
ers give observable-driven randomized measurement estimates
of Tr[Z1Z, p(B)*] /Tr[p(B)?] for five values of B and are
slightly displaced along the horizontal axis to enhance visibil-
ity. Each point is the mean of ten independent runs with Ny = 10
random unitaries (drawn from the global Haar measure or the
tensor product of single-qubit Haar measure) and Ny, = 1000
measurements per unitary, with error bars denoting the stan-
dard error. Both protocols accurately reproduce the cooled-state
expectation values.

for B € {Bo, 280, 380,48, 58}. For each B, we estimate

Tr[Z1Z:p(B)’]
Tr[p(B)?]

using both global-unitary ORM (GORM) and local-
unitary ORM (LORM). We numerically simulate a 6-qubit
system and present the results in Fig. 3, where each data
point is the mean of ten experiments with Ny = 10 ran-
dom unitaries and Ny, = 1000 measurements per unitary,
with error bars indicating the standard error. The random
unitaries are drawn from the global Haar measure or the
tensor product of single-qubit Haar measure. Figure 3 also
shows the exact theoretical values of Tr[Z,Z,p(8)] and
Tr[Z,Z,p(28)] (dashed lines) for comparison. The numer-
ical results confirm that both GORM and LORM accu-
rately reproduce the expectation value of Z;Z, at half the
temperature of the original thermal state with reasonable
experiment repetitions. Because local unitaries are easier
to implement experimentally, LORM is often preferred
despite its moderately larger estimator variance.
Furthermore, we compare the number of state copies
needed to estimate the nonlinear expectation value
Tr (Z1Z,p?) to a target precision using four protocols:
global and local versions of classical shadows and ORM.
The input state throughout is the Gibbs state at temper-
ature B = 88y. For each system size and each protocol,
we perform 7 = 100 experiments, obtaining estimators

=Tr[Z1Z,p(2B)] (38)

complexity is given as miny2 y,, v, <001 NVolNu)-

For classical shadows, we vary the total number of shad-
ows N,. In each experiment i = 1,2,...,7, we generate
2N; classical shadows { ,6]-(') }fﬁﬁ using random unitaries
drawn from the Haar measure, split them into two equally

sized groups,

2Ny

o 1 i o 1 N
60D =—3"p", 6P =— 3" p7 (40
Nx‘ i—1 S N
J= J=Ns+1
and form the estimator
w; =Tr[21Z, 5 (6“V6P +60P60D)] . (41)

Because each w; uses only N2 distinct shadow pairs, rather
than the full (2N;)?/2 = 2N? possible pairs, we count
the effective sample complexity as V2N; instead of 2N,.
The reported sample complexity is the smallest ~/2N; that
achieves an MSE below 0.01.

The numerical results are summarized in Fig. 4. Both
global and local versions of ORM require far fewer state
copies than their classical-shadow counterparts (GCS and
LCS, respectively), especially when the number of qubits

GCS
107 LCS
" GORM
% —e— LORM
S
o 10*4
8
<
s
77
10° ;

FIG. 4. Number of state copies needed to estimate Tr(Z;Z, p?)
with MSE < 0.01 averaged over 100 experiments, as a function
of system size L. Within both the global-unitary and local-unitary
settings, observable-driven randomized measurement requires
far fewer copies than classical shadows, offering a significant
advantage in sample complexity with increasing system size.
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is large. These findings confirm that classical shadows do
not attain optimal sample complexity scaling. Whereas
the classical-shadow curves grow exponentially with sys-
tem size, the global ORM curve increases only slowly,
remaining almost flat up to L < 10 qubits, underscoring its
excellent sample efficiency in practice.

B. Detection of mixed-state quantum phases

The study of phases of matter and phase transitions is
one of the most fundamental branches of physics, provid-
ing the conceptual foundation for understanding diverse
phenomena across condensed matter physics, statistical
mechanics, and even emerging connections to artificial
intelligence [82]. Traditionally, investigations of quan-
tum phase transitions have largely focused on pure quan-
tum states, particularly at zero temperature, where the
ground state or low-lying excitations dominate the sys-
tem’s behavior. In reality, perfectly pure states at zero
temperature do not exist. Any physical system inevitably
interacts with its environment, leading to decoherence and
resulting in mixed states. As such, pure states should
be viewed as a highly useful, yet ultimately idealized
abstraction.

Motivated by this realization, recent efforts have sought
to extend the study of quantum phases and phase tran-
sitions beyond pure states to encompass mixed states.
These investigations have revealed novel physical phe-
nomena with no direct counterparts in the pure-state
regime [15,83,84]. One prominent example is the discov-
ery of symmetry-protected topological phases for mixed
states, where researchers have found that certain topolog-
ical properties, traditionally thought to be fragile under
decoherence, can in fact remain robust even in noisy,
open-system conditions [16,17,85] in a precise sense.

In the course of studying mixed-state phases, researchers
have realized that traditional linear quantities, such as cor-
relation functions, are often insufficient to fully capture the
phase behavior and critical phenomena of mixed states.
This has motivated the use of various nonlinear quan-
tities, such as entanglement entropy, Rényi correlators,
and fidelity correlators, that are more sensitive to quan-
tum correlations and coherence. Among these, our target
quantity in this work, Tr(Op?) with O being a Pauli corre-
lator, plays a particularly important role in characterizing
mixed-state phases and their transitions [15,16]. However,
previous studies have primarily relied on the classical
shadows to estimate such quantities [17]. As demonstrated
in Fig. 4, the ORM protocol proposed in this work offers
a significant advantage in sample complexity compared
to classical shadows, where the observable is also set as
the Pauli correlator. This further highlights the value and
the practical usefulness of the ORM approach as a pow-
erful tool for probing mixed-state phases and uncovering

new physical insights beyond what is accessible through
traditional techniques.

C. Estimation of entropic quantities

We here briefly mention a further application of Tr(Op?)
not considered before, that of the estimation of certain
entropic quantities. Specifically, the Petz-Rényi relative
entropy [86] is defined for o € (0,1) U (1, 00) as

Du(pllo) := log, Tr(p%c'™),  (42)

oa—1

a quantity with applications and a crisp interpretation in
quantum information theory [87]. For @« = 2 and o being a
full-rank density matrix, this gives

Ds(pllo) :=log, Tr(p?c ). (43)

As o~ ! is Hermitian and can be seen as a quantum observ-
able O, the ORM protocol can be used to estimate the value
of Dy(pllo).

When o is the maximally mixed state, o = 1/d,
D, (pllo) provides an alternative metric of how close p
is to the maximally mixed state, a task fundamental to
the resource theory of purity [88] and closely related to
quantum mixedness testing [89]. Let

c:=D, (p Hg) = n+ log Tr(p?), (44)

so that Tr(p?) =279, To estimate ¢ within additive
error ¢, we need to produce an estimator w of Tr(p?)
satisfying @ € [27"—¢*®) 2=("=¢=9]which translates to
an additive precision requirement ¢, = © (¢27"9). By
Remark 1, achieving this accuracy requires

1 d>
o(3)=0(5) @
copies of p, reflecting the fundamentally exponential sam-
ple complexity of mixedness testing [89].

The ORM protocol applies to estimating D,(p||o) for a
general state o. Let

K = )"max(o)/)"min(o) (46)

be the condition number of o, where An.x and A, are its
largest and smallest eigenvalues. We can rewrite

c:=Ds(pllo) =n+logk + log Tr(p?(kdo) ™). (47)

To estimate ¢ within additive error g, it suffices to
obtain an estimator @ of Tr(p?(kdo)~!) satisfying
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w € [k127 0=+ e =12=(=c=9)] which requires an addi-
tive precision

€0 = Ok 162779, (48)
The matrix (kdo)~! is Hermitian and obeys
l(edo) ™ oo < 1. (49)

Theorem 2 guarantees us to achieve this precision with
O(k2d* /&%) copies of p. When x = O(1), the resulting
sample complexity (up to logarithmic factors) matches that
of the maximally mixed reference state.

VI. AN ALTERNATE APPROACH FOR
LOW-RANK OBSERVABLE ESTIMATION

In the previous section, we have utilized the local struc-
ture of the target observable to simplify the implementation
of the ORM protocol, replacing the block-diagonal ran-
dom unitary with two independent random unitaries. In
this section, we will develop an alternative RM proto-
col to show that, when estimating Tr(Op?) for low-rank
observables, we can also replace the block-diagonal ran-
dom unitary with a normal random unitary. This protocol is
partly inspired by the thrifty shadow protocol [90,91]. Note
that estimating such quantities is particularly important for
error-mitigated fidelity estimation, where O = |v) (| and
[1) is the target state vector.

For low-rank observable, Protocol 2 achieves a sample
complexity of O(+/d), as shown in Theorem 2. Interest-
ingly, this favorable scaling does not necessarily require an
observable-dependent protocol. In fact, the classical shad-
ows can also estimate Tr(Op?) with sample complexity
O(V/d) (see Appendix A 3). However, a major limitation
of the classical shadows lies in its large number of required
measurement settings. For example, when ¢,§ = O(1),
our protocol only requires Ny = O(1) distinct measure-
ment settings, whereas classical shadows demands OWd)
random unitaries. Reducing the number of measurement
settings is crucial for practical quantum platforms such as
superconducting and optical qubits [92,93], where mea-
surements under a single setting can be repeated efficiently,
but changing the measurement basis is time-consuming.
Furthermore, the measurement cost can be exponentially
reduced on platforms that support ensemble-average mea-
surements across many copies, such as nuclear magnetic
resonance systems, where a thermodynamically large num-
ber of quantum states can be simultaneously accessed [50].

The new protocol combines the central ideas of the RM
protocol introduced in Sec. II and the classical shadows
and thus is named BRM. Specifically, it shares the same
quantum data-obtaining process with RM and borrows the
idea from classical shadows in data postprocessing. To
illustrate this, we first show how the purity-estimation pro-
tocol can be generalized to estimate Tr(p>). Recall that the

key step in estimating Tr(p?) is to virtually implement a
SWAP operator S using the data postprocessing function
[see Egs. (1) and (6)]. By a similar argument, an estima-
tor for Tr(p?) should virtually implement the third-order
permutation operator. Concretely, the estimator takes the

form
R N\ !
= ()
3

where X3 (s;, sj, sx) is chosen so that

E[U X U] = 5 (Plyy) + Plioy))  (S1)

Z X3(si,87,80),  (50)

1<i<j <k<Ny

for U being sampled from a unitary 3-design [47]. Here,

Xs= ) Xs(51,52.53) lst,s2,83) (51,90, 83,  (52)

51552553

and P(B 2> ]P’(1 »3 are third-order cyclic permutation
operators satisfying P35, 61, ¢2,d3) = I¢2, 3, 1) and
P?lz}) |¢13¢23 ¢3> = |¢39 d)la ¢2> for arbitrary |¢1>3 |¢2> and

|¢3). To fulfill Eq. (51) and make M3U unbiased, one can
select X3(s1,52,53) = X3(|{s1,52,53}]), with

1+ d?
X3(1) = 5

1—-d
X3(12) = — X33)=1 (33)

for d = 2" [94]. We now make a key observation: since
Tr(p*) = Tr(p’p), (54)

replacing one instance of p in Tr(p®) with an observ-
able O yields Tr(O,oz) Leveraging the unbiasedness of
the estimator M3U, we replace one “physical probabil-
ity” (s| UpU" |s) with a “virtual probability” (s| UOUT |s),
which can be computed classically from O and U. This
replacement still preserves unbiasedness, producing an
estimator for Tr(Op?). Specifically, the resulting single-
round estimator is

N\
w, = < 2 ) Z Z X3(si9sj50)
1<i<j <Nps 0 €{0,1}"
x (o| UOU |o). (55)

In fact, by a minor modification to the estimator w,,
we could remove its dependency on O and construct the
unbiased estimator

n Ny !
2:
#=(3)

for p2. This could be regarded as the “shadow” of p? while
estimating properties in the form of Tr(Op?). Similarly to

YooY Xlsis,0)Ue) ol U

1<i<j <Nps 0 €{0,1}"

(56)

010360-14



OPTIMAL RANDOMIZED MEASUREMENTS FOR A FAMILY...

PRX QUANTUM 7, 010360 (2026)

PROTOCOL 3. Estimating Tr(Op?) for many low-rank
observables (BRM).

Input: T,Ny,Ny: Number of repetitions, unitaries per
repetition, and measurements per unitary.
{0 }M_,: classical description of M
observables satisfying Tr(O%) =0(1).
T -Ny - Ny copies of p.

Output: {®, }_,: estimators of {Tr(0,,p?)}

respectively.

1 fort=1to T do

2 for u=1to Ny do

3 Sample a random unitary U,,.

4

5

M

m=1’

fori=1to Ny do
Apply U, to p. Perform

computational-basis measurement and
)

obtain an outcome s, ;.

6 form=1toMdo
7 forr=1to T do

NU -1
8 Compute ol = % 3 (NZM )
u=1

1<i< j<Ny 6e{0,1}"
X359 ) (6|UOUT o) .

L w,i 2 7u,j?
9 Compute @, = median{a),gll) , (0,512), ey a),g,T) }.

10 Return {@,, }M_,.

the protocols proposed in Sec. III, we can average over
Ny random unitaries and then apply the median-of-means
procedure to further suppress the failure probability. We
summarize the full procedure in Protocol 3.

An advantage of BRM over ORM is that BRM does
not require a block-diagonal unitary. Instead, it uses a
global random unitary, which simplifies implementation in
real experiments. Moreover, this observable-independent
BRM protocol offers a notable advantage in estimat-
ing multiple low-rank observables compared to ORM.
Specifically, suppose we wish to estimate M observables
01, 0,,...,0y, each satisfying Tr(0?) = O(1), with a
failure probability §. By setting 8’ = §/M and selecting
the number of experiments to guarantee failure probabil-
ity 8’ for estimating a single observable, the union bound
ensures that all M observables can be estimated simultane-
ously with failure probability §. This approach introduces
only an O [log(8'~")] = O(log M) overhead, rather than a
multiplicative factor of M that would result from naively
repeating the entire protocol M times.

We further remark that third-order twirling is required
to virtually implement the permutation operators, so uni-
taries should be sampled from a unitary 3-design to
ensure the estimator is unbiased. Furthermore, sampling
from a 6-design is sufficient to guarantee the performance
stated in Theorem 4 (see proof in Appendix E for the

single-observable case and the discussion above for the
multiobservable case).

Theorem 4 (Estimating many low-rank observables).
Let {O,}_, be a collection of observables satisfying
Tr(O;) = O(1) for all i. For an input state p in a
d-dimension system, Protocol 3 simultaneously estimates
all quantities Tr(O,,p?) to additive error at most & > 0
with probability at least 1 — 8, with a sample complex-
ity of O(v/de~?1log(M/8)). Specifically, the number of
repetitions is 7 = O (log(M/3)), the number of random
unitaries per repetition is Ny = O (8_2), and the number

of measurements per unitary is Ny, = O (ﬁ)

We use Table II to compare the three protocols (clas-
sical shadows, ORM, and BRM) in estimating low-rank
nonlinear expectation value. Subject to constant additive
error and failure probability, all three protocols have a
sample complexity scaling with the square root of the sys-
tem dimension. Our proposed protocols, both ORM and
BRM, remarkably reduce the number of required mea-
surement bases to a constant number, compared to the
exponentially many with system size in classical shad-
ows. BRM also shares the favorable scaling in simultane-
ously estimating multiple observables, since it is also an
observable-independent protocol.

VII. SUMMARY AND OUTLOOK

In this work, we have presented observable-driven ran-
domized measurement protocols for estimating nonlinear
properties of the form Tr(Op?). Our approach requires
only single-copy quantum experiments and achieves prov-
ably optimal sample complexity among all observables
with ||O||; = €(d). While previous single-copy protocols
were known to be optimal only for purity and inner product
estimation, we bridge this gap by incorporating observ-
able information into the RM framework, achieving a
sample complexity of O(+/d) for estimating any observ-
able with bounded norm. Note that the observable-driven
idea was also adopted for classical shadows to reduce the
complexity in estimating linear properties [73,95].

For practical applications, we present an efficient
Clifford-circuit implementation for estimating Pauli
observables that preserves the optimal sample complex-
ity. We then extend this implementation to a broad class
of physical observables, such as local Hamiltonians and
stabilizer fidelities, via a Pauli sampling protocol. We
further simplify circuit requirements by employing approx-
imate unitary designs, shallow circuits, and local unitaries.
A systematic study of randomized measurement under
approximate state designs—particularly the performance
of shallow-depth approximate unitary designs [57}—is an
interesting direction for future work.
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The theoretical intuition behind our protocol is rooted in
Schur-Weyl duality, which refers to the fact that the action
of a group of unitaries can filter out properties invariant
under their action. This is the fundamental reason why the
RM protocol can estimate the purity Tr(p?), as the action
of any unitary on the state p leaves the purity unchanged.
Following this intuition, when estimating Tr(Op?), it is
natural to choose a unitary ensemble consisting of all uni-
taries that commute with the observable O. In the case
of a dichotomic observable, this insight leads naturally to
Protocol 1, which employs block-diagonal random uni-
taries. Therefore, an intriguing direction for future work
is to develop a unified framework capable of estimating
functions like Tr(O,p0;p), which plays a vital role in
mixed-state quantum phase transition [84] or more general
functions Tr(Op®’) by appropriately adjusting the ran-
dom unitary ensemble. From a practical standpoint, one of
the key motivations for estimating nonlinear expectation
values is to amplify the information of the principal com-
ponent in a noisy target state. While our work addresses
the estimation of the second-order nonlinear expectation
value, a natural question is how to extend these meth-
ods to estimate higher-order values, Tr(Op") for ¢ > 2, or
even to directly obtain (/| O |y) using single-copy oper-
ations, where |1) is the principal component of the noisy
mixed state p. A related approach that combines random-
ized measurements with quantum error mitigation has also
been developed in Ref. [96]. The distinction lies in that
Ref. [96] mitigates the measurement process itself through
the estimation of an appropriate frame.

In addition to this, we show that to estimate low-rank
observables, the observable-independent BRM protocol
proposed in Sec. VI can achieve sample complexity and
measurement bases equivalent to those of ORM. This
shows once again that low-rank structure can reduce the
sample complexity of quantum learning protocols [97].
The BRM protocol integrates techniques from both RM
and classical shadows, offering distinct advantages over
these conventional approaches: compared with RM, its
capability extends beyond the estimation of state moments,
and compared with classical shadows, it significantly
reduces the number of required measurement bases. This
result represents an intriguing step toward a unified frame-
work combining RM and classical shadows, two of the
most prevalent approaches based on measurements in
random bases [35,90,91].

We further note that, to the best of our knowledge,
it remains an open question whether Q(+/d) is a funda-
mental lower bound for estimating Tr(Op?) for low-rank
observables under single-copy measurement schemes.
Therefore, there is still potential to further optimize the
sample complexity by exploring novel ways of incorpo-
rating observable information into the randomized mea-
surement framework. While our work has focused on
single-copy measurement schemes, a promising avenue for

future research is the estimation of nonlinear properties
in other settings. These include multicopy measurement
scenarios [98], models with access to oracles preparing
purifications of the input state [99,100], and protocols
designed for a limited number of copies [38,101]. We hope
that the present work stimulates further endeavors in these
directions.
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APPENDIX A: PRELIMINARIES

1. Random unitaries

In this Appendix, we will briefly introduce the foun-
dations of random unitary integral, especially the twirling
function. One could refer to the review article Ref. [103]
for more information on random unitaries. A unitary distri-
bution is called Haar measure if and only if the following
holds:

fAU= | fUNAU =

Haar Haar Haar

FVAU  (Al)

for arbitrary continuous function f(-) and unitary V.
According to the Schur-Weyl duality, the #-th order inte-
gral over Haar-random unitaries is related to the #-th order

permutation group. For X € L (((Cd)@), we define its

t-th order twirling and write it as a linear combination of
permutation operators,

D,(X) = / URXU™® qu
Haar

= Y Wg(r 'o,d)Tr (P! _X)P,,

T,0ES;

(A2)
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where P! € L ((Cd)@) acts as permutation 7 € S; on ¢

states in C? according to

]P);[ = Z |S7t_l(l)""’s7'[_l(t)> <S],...,St . (A3)
S15e0051

The Weingarten coefficient Wg(wr ~'o,d) [104-106] is

defined as the element in the pseudoinverse of the Gram
matrix,

Weg(r o, d) = (G)

where G, , = Tr (IP);,IIP)Q) )

w0

(A4)

The design of postprocessing functions in the RM pro-
tocol aims to construct a suitable operator X;, such that
®,(X;) is a combination of desired permutation operators.
For example, when estimating purities, we want to realize
®,(X;) = S, which is then reduced to solving the set

Tr(X;) = d,

A5
Tr(SX,) = d? (A3)

of linear equations [2]. A direct construction is to make X,
diagonal as X; = Zsl,szX(SI’SZ) |s1,82) (s1,52| and deter-
mine a function X;(sy, s7) satisfying

ZX2(S1,S2) =d,

51,52

ZXZ(SI:SI) =d.

S1

(A6)

The function in Eq. (1) provides such a solution. Fur-
thermore, the function X3 defined in Eq. (53) constructs
an operator whose third-order twirling evaluates as a lin-
ear combination of cyclic permutation operators. Similarly,
one can generalize this theory to design functions for
constructing high-order permutation operators. It is worth
mentioning that the inherent symmetry of the symmetric
group may forbid a solution to equations corresponding
to an arbitrary combination of permutation operators in
Eq. (A2). One example is that when X3 is subjected to
a diagonal operator, the two cyclic permutation operators
IP’?m), ]P)?BZ) always share the same coefficients [94].

2. Median-of-means method

Here, we briefly introduce how the median-of-means
method exponentially suppresses the failure probability.
The median-of-means estimator is summarized in the
following lemma:

Lemma Al (Median-of-means estimator). For given
parameters 0 <6 < land 0 < ¢ < %, let

g(8_1).

Suppose {0®}L | are independent random variables satis-
fying E [0”] = @ and Var[w®] < c&? for any . Define
the median-of-means estimator

w = median {a)(l), o?,. .., a)m} . (A8)

Then
Pr{lw — | > ¢] <56. (A9)

Proof. The event {|w — w| > ¢} is contained by the
event

T

1 1
_ E O _ 5 Z
7 2 1 (|a) o| > 8) > > (A10)
where 1(-) is the indicator function. Define
1
X ==-1(lo” — o] > ¢). (Al1)

T
Then X, are independent random variables taking values in
{0,1/T}. By Markov’s inequality,

Var[o®
Pr[|a)(t) —o| > 8] < Var[o™] <ec.

> (A12)

Hence, E[X] <c¢/T and ]E[Z,TZIX,] <c. Applying
Hoeffding’s inequality, we have

T T T
1 1
Pr[g X;EE}EP{E Xt—E[E Xti|2§—ci|
=1 =1 t=1

1 2
< exp (—2 <§ —c) T) . (A13)
Substituting
T=——1log(s" Al4
2o g(87") (Al4)
completes the proof. |

Now suppose we have a protocol that produces an
estimator w® with expectation @ and variance
Var [0] < c&. (A15)

We run this protocol 7 = O(log(6~")) times [given by
Eq. (A7)], thereby obtaining estimator w to be the median
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of these T estimators,

o = median {0V, 0, ..., 0"}. (A16)
By Lemma Al, w satisfies
Prl|lw — @] = €] <. (A17)

Thus, the median-of-means method exponentially sup-
presses the failure probability compared to the average
estimator (1/7) Zthl w®,

3. Classical shadows

Here, we briefly review the classical shadows using
global random unitaries introduced in Ref. [31] and discuss
its relevant performance guarantees. In this scheme, one
performs N; single-copy experiments on the input state p.
In each round, one draws a global random unitary U from
a unitary 3-design and applies it to the state: p — UpU'.
A computational-basis measurement is then performed on
UpU'. Suppose the measurement outcome for the ith uni-
tary U; is |b;), a “classical shadow” of p is constructed
as

pi=Q" + DU b)BIU -1, (A1)
which satisfies E[p;] = p. To estimate Tr(Op?), one
defines the estimator [31]

AN o
wcs = (2 ) Z Tr(Osympi & Pj), (A19)
1<i<j <Ny
where
1
Osym = ES(O RI+I®0) (A20)

is the symmetrized version of O, and S denotes the swap

operator acting on (Czn)®2. It follows that

N\ . A
E[wcs]Z(z) > Tr(OymEl4] ® E[5])

1<i<j <Ns

N. -1
= ( ) 2. TrOymp ® p) = Tr(Op?).

2 ~
151<./ <Ny

(A21)

Hence, wcs is an unbiased estimator of Tr(Op?). Next,
we show that the associated variance obeys the following
bound.

Lemma A2. The variance of the estimator wcg satisfies

1 1
Var[wcs] = mO(Tr(O)2 +dTr(0?)) + FO(HOH@O).
(A22)

s

We postpone the proof of Lemma A2 and first discuss
its implications. When O = I, the classical-shadow estima-
tor provides an estimation of state purity Tr(p?), yielding
Var[ocs] = O(d*/N? + 1/N;). To estimate Tr(p?) to con-
stant additive error with high probability, the variance
should be suppressed to a constant. This implies a sam-
ple complexity of Ny = O(d), which is worse than the
O(+/d) scaling of the RM protocol in Sec. II. For a general
traceless observable Oy satisfying Tr(Oy) = 0, achieving a
constant-precision estimate of Tr(Op}) requires a sample

complexity
N,=0 (,/dTr(O )>

Before proving Lemma A2, we first establish the follow-
ing auxiliary lemma.

(A23)

Lemma A3 (Auxiliary lemma). For any state p and
Hermitian observable O act on p, Tr(pOp0O) < [|0*|ls.

Proof. Let p =3, pi|vi)(
sition of p, then

v;| be the spectral decompo-

Tr(p0pO) < [0pO|o = ‘ 0 v (v;] O
oo
<Zpl||0|v (v Ol < Zp,||02||oo
= ||02||oo. (A24)

Proof of Lemma A2. We use the following properties of
the classical-shadow estimator.

Fact Al (Lemma SI of Ref- [31]). Fix observable O
and set 0 = Tr(Op), where p is a classical shadow in
Eq. (A18). Then the variance of o satisfies

Var[0] < 3Tr(0?). (A25)

Fact A2 (Lemma S5 of Ref. [31]). The variance of wcs
satisfies

4 A A
Var[wCS] = ﬁvar[Tr(Osympl ® :02)]

N

4 .
+ Vvar[Tr(Osympl ® /0)], (A26)

where p; and p, are two shadow estimators defined in
Eq. (A18) constructed in independent experiments.

We bound these two terms in Fact A2 separately. For the
first term, we use the following fact:
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Fact A3 (Lemma S6 of Ref. [31]). For the symmetrized
observable Ogym,

Var[Tr(Ogymp1 ® f2)] = O (Tr(ogym)) . (A27)

Incorporating Eq. (A20) into the above, we find

4 N R 1 5
]Tgvar[Tr(Osympl ® p2)] = N—go(Tr(Osym))

1
_ @O(Tr(of + dTr(0%)).
(A28)

For the second term, we have

4 R 2 R
v VarlTr(Oymp1 ® p)] = - Var[Tr((pO + Op)p1)]

A

1
= 77 OTr(p0pO + 0*p?))

N

1
= —O(|0]%),

N (A29)

where in the second step we have used Fact Al and in
the last step we apply Lemma A3. Combining Eqgs. (A28)
and (A29), we obtain the stated variance bound for
wcCs. |

APPENDIX B: ADDITIONAL ANALYSIS ON
ESTIMATING DICHOTOMIC OBSERVABLES

Here, we provide the analysis of the protocols intro-
duced in Sec. III A. First, we present the proof of Lemma
1. Then, we give a decomposition of the dichotomic
observable that leads to the sample complexity stated in
Theorem 1.

1. Proof of Lemma 1

First, we analyze the expectation value of the estimator
w defined in Eq. (12).

Lemma Bl (Expectation value of estimator w). Given
Ny, and a dichotomic observable O, the estimator wy
defined in Eq. (12) is unbiased, satisfying

Elwy] = Tr(0p?). (B1)

Proof. First consider a general observable O in the
Hilbert space of an n-qubit system H,, = (C?)®". Let

L
0= ZMPK
=1

be its spectral decomposition, where P, is the projector
onto the eigenspace I1, corresponding to the eigenvalue A,.

(B2)

Our protocol proceeds as follows. For each eigenspace I,
we draw a Haar-random unitary Uy, and then apply their
direct sum

L

U= U (B3)
=1

to the state p. Next, we measure the resulting state on

the eigenbasis of O and record the measurement outcomes

{s1,...,Sn,, ). Suppose we generate these random unitaries

(U, }i_, for Ny times, and in each time we perform Ny,

repeated measurements. For each unitary U, we construct
the estimator

NM -1 b
wy = ( ) > Z Xy (s1,85),

tiye (™)

(B4)

where

MXf(si,sj), si,8; € Iy for some £ € [L],
0, otherwise.

X (si, s5;) = {
(BS)

Here, {i,j} € ([Né‘”) means | <i<j < Ny,i#j, and
X (si,s7) is defined in Eq. (1), with d replaced by d;, the
dimension of I1,. The expectation value of wy is

EMd=@b]mwwmmmwwmﬁﬁmmﬁ

51,52

L
= IKF; |:Z Z<51|P£UPUTPIZ|SI>

=1 51,82

XWWWWMMMW%m] (B6)

Note that U, constructed as in Eq. (B3), commutes with
each projector P, (and thus commutes with O). Define
U, = Uy @ 0 to be the unitary acting on the whole space
'H,, but keeping only terms in subspace IT;, and denote

pe = (PepPoln,, 15) = Is)g, forsell,. (B7)
Then it follows that
U, =P, UP, = P, U= UP,,
(BY)

Ul = pU'P, = PU=UP,.

Using these definitions, we can simplify the terms in
Eq. (B6),
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L
Eloy] = E ZZ(Sl|UZPUZ|31)(S2|UEPUZ|S2)MX22(S1,52{|
| (=1 51,52

L
= E | D Gil0pc 0} 151621 0o 5o U} 152) 1o XS G, 52)

(Ue) | =155

L
=Y MTr(5). (B9)
=1

In the last step, we use Eq. (6). When O is a dichotomic observable with eigenvalues £1, Eq. (B9) simplifies to
E[wy] = Tr(p3) — Tr(p2) = Tr(Op), (B10)
where the last equality uses Eq. (9). |

Furthermore, we could sample U for Ny times independently and construct w, according to Eq. (12) for each u € [Ny].
Then their average w satisfies

Ny
1
Elw] = — Y E[w,] = Tr(0p?), B11
[] NU; [,] = Tr(Op?) (B11)
thus is also an unbiased estimator. We establish the variance of the estimator w.

Lemma B2 (Variance of estimator o with block-diagonal unitary 4-design). Given Ny, Ny, and a dichotomic observ-
able O, the estimator w defined in Eq. (12), obtained by following Protocol 1 with U, sampled from a unitary 4-design,

has variance
1 d 1 1 1
Vi =0 — — B12
ar(w) ( <NM +— Ny, + . + d_)) (B12)

where d and d_ denote the dimensions of the eigenspaces I and IT_ of O, respectively, andd = d, + d_.

Proof. We calculate the variance of the estimator w, [see Eq. (B4)] to get

Var(w,) = E[0]] — E[w,]®

N\ 2
= ( ZM Z E [Xzb(si,Sj )Xzb(s,v,sjz)] — E[w.]*. (B13)
(i)
{i/,f/}E([N%/[])

Define A(,j;i,j') =

{i,jyuld,j’ }| € {2,3,4} and split the above summation into three terms,

)OS SRS D DIEE D D (B14)
ey e e e
(W' }e([NM]) {i/,/'/}e([Néw]) {i/,j/}e([Néw]) {i/J/}E([Ng/I])
AGysi'H=2 Ay j")=3 A3y =4

010360-20



OPTIMAL RANDOMIZED MEASUREMENTS FOR A FAMILY... PRX QUANTUM 7, 010360 (2026)

(1) The first term is

Z E [Xzb(siasj)Xzb(Si’,sj/)]
(i e (M)
{i/,j/}e([Ng’[])
A ")=2

T
= ( M) E Z<s1|U+pU1|s1><sz|U+p01|sz>X;<s1,S2>2] +(+ = -)
2 U+ S1,52

N L

U 5
=<2M>E T | U1 | Y X GLs) 55 Gisal | UF255% | |+ (+ &= ), (B15)
Uy o
51,52

where (+ <= —) is obtained by replacing all the label “+” with label “—” (and vice versa) in the previous terms.
We define

X022 = 37 X4 G522 5150) (515 (B16)

5152
and calculate its second-order twirling [94],
P, (x 192y
22X =d I+ (dy - 1S, (B17)

where I and S are respectively the identity and SWAP operator acting on H?z. In this way, the contribution of this
term becomes

N,
Ay = ( 2M> (diTr(54)* + (dy — DTr(L)) + (+ &= —). (B18)
(2) The second term is

Z E [Xy (s, 5) X5 (s7,5;7) ]
w1e(™)
{i/,j’}e([Ng’I])
AGi =3

N, n p X
= ( M) E[ > <s1|U+pU’+|s1><s2|U+pUL|S2><s3|U+pUL|s3>X2+(s1,sZ)X;(sl,sg} +(+ =)
51552553

N, e A sk oo - -
=6( M)E Z G015 U151 32| Uy 53 UL 152) 53104 55 UL 153)X5T G152 X5T G1,53) | + (+ <= —)
B
N, - . e e oo
= < M>E Tr | 0% Z X5 (G1,3)X, (51,53)1315:53) (515253 | U252 | | + (+ <= —).  (B19)

51,852,583

We further define the operator

XD = N XL 5) X (51,53) [515083) (1505 (B20)

51,852,583
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and calculate its third-order twirling [94]

di +1

cI>3(XJ(F1,2),(1,3)) _ T
+

(P + Py + PPy3) + (Phs) + Plios) + Plisy)) - (B21)

d; +2

Here P2 is the permutation operator corresponding to 7 € S; acting on H§3 and we write 7 in its cycle
decomposition. Notice that each /-cycle contributes a factor Tr(ﬁi), so the summation simplifies to

(N (A=, 2dy+ 1), 51 L5 B
Az = 6( 3 ) (d+ +2Tr(p+)Tr(p+) + di2 Tr(p7) 412 +2Tr(m) ) +(+ = ). (B22)

(3) The last term is given by

> B[N i) XS (sv.550)]
tijre(M3r
w514
A j)=4

N,
=6< 4M)gg > (511U pU" 1s1) (52| Uy p U [52) (531 Uy p U I53) (54l U p UL 154) X5 (51, 52) X" (53, 54)

$1,52,53,54

N, F T _
_6( " )UEU Y (si1UspUlLIsi) 52l Uy pUL Is2) (s3] U-p UL [s3) sl U= p U |sa) X, (51, 52) X, (53.54)
+,U-
51,52,53,54

+(+ <= -)

N, BT S U . .
= (f)l@ Y G p UL [51) 6ol Uy 5y U 152531 U iy U 185) Gal U 53 U 30057 G, 52) X5 (s, )

Ut

31 ,52,5‘3 ,34

N, U NP S
—6( f)gEg > GilUp UL 1) 52l U oy U 1520531 0-5- 01 153)
AR RN

x (5| U_p_ U 150X, (51,520 X, (53.54)
+(+ = )

Ny ~ @4 I S VUV [

=6< . )E Te| T D0 X5 Gr )X Gs, 50 51528:80) (158l | U245
U+ 555

15255354

N J 4 ~ ~ o~ ~ o~ iad ~
- 6( f) E | Tr U1®2 ZX2+(S1,S2)|5182)(S182| U%2p%2
vt S1:82

x Tr [ 07 | 37 X5 G, 59)[5350) (a5 | 092582

53,54

+(+ <= ). (B23)

‘We define
X8V — N NG 5)X G50 [5152555) Bi5:535, (B24)

51.52,83.84
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and its fourth-order twirling is [107]

2 2
Dy (X V) = (1 + )P“ + P! 4 P4, + P
4( + ) do(ds +2)(ds +3) 12)(34) di(de +2)(dy +3) ( I (12) (34))
d + 1
— (P} P4 P P4
d.(d, +3) (Plisyea + Pliayes) + Pliszsy + Pliazs))
dy +1

(the other elements in Sy) , (B25)

di(dy +2)(ds +3)

where “the other elements in S, contain all the elements not listed previously. Represented by the lengths of cycles
in cycle decomposition, they consist of four of type 1 + 1 + 2, eight of type 1 + 3, and four of type 4. Consequently,
the contribution of this summation is

Ay = 6<N M) [ 2 Tr(p)* - TR
4 ) ldi(dy +2)(dy +3) (dy +2)(dy +3) +
8(ds + 1) s . ( 2d% +6d, +6 ) o
— T T 1 T
4y + 2, 73 e (I e a1y ) T
2(d;y + 1)

4y s - ~
d, +2)ds + 3)Tr(p+) Tr(p+)Tr(p_)]+(+<:> ). (B26)

Inserting Egs. (B18), (B22), (B26), and (B10) to Eq. (B13), we have

N\ 2
Var(w,) = ( 2M) (42 + A5 + Ag) — (Tr(72) — Tr(5)

A - 2d_ -
T Na G D N
2(dy — 1) s 2(d-—1) 2
Ny — D P Ny =

4(d, — 1)(Ny —2)
(dy +2)Ny(Ny — 1)
8(dy + 1)(Nyy —2)
(dy +2)Ny(Ny — 1)
4(Ny —2)

4(d- — 1)(Ny — 2)
(d-+2)Ny(Ny — 1)
8(d-+ DNy —2)
(d-+2)Ny(Ny — 1)

40Ny —2)

Tr(62)Tr(p5-)

Tr(5)Tr(5y) +

Tr(5’)

Tr(p3) +

_ Tr(o 3 _ T ~_3
@+ DNy — D) P T Ny — 1) )
2Ny — 2)(Ny — 3) - 2Ny — 2)(Ny — 3) .,
L + 2@ NNy =D P @ @ Ny = ) )
B 4Ny —2)(Ny — 3) B T 4Ny —2)(Ny — 3) N
@ 1205 1 3NNy — 1) ) ) = 4 3Ny iy — 1) P TH )
8(d. + 1)(Nyy —2)(Nyy — 3 B B 8(d_+ 1)(Nyy —2)(Nyy — 3 - -
(o DOy =D =3) ooy SAA DN =DWy =) g o

d_(d_ +2)(d- +3)Ny(Ny — 1)

~2\2 (2d3 + 6d_ + 6)(NM - 2)(NM - 3) ~21\2
T A D@ 4 NNy — 1) -

di(dy +2)(ds +3)Ny(Ny — 1)

Q%+ 6d + 6)(Nyy — 2)(Nys — 3)
di(ds +2)d; + 3Ny Ny — 1)

2(dy + 1)(Nyy — 2)(Nyy — 3) 2(d— + 1)(Nyy — 2)(Nyy — 3)

~ ~4
s £ 2)(ds + DNy N =) P T 0@ N = )
4Ny — 6 N 272
R [Tr(p3) — Tr(p2)]". (B27)
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Notice that g4 are principal submatrices of p, so that they are positive semidefinite and Tr(g/,) < 1 for/ € N,. We obtain

the upper bound for Var(w,),

4Ny —2) (3dy+1 3d_+1
Var(w,) < ———(dy +d_
e = gy -t )+NM<NM—1)(d++2 i +2
4(NM—2)(NM—3)< 2 +2d, +2 > +2d_+2 >
Nu(Ny — 1) di(dy +2)dy+3)  d_(d-+2)d-+3)

d 1 1 1
ottty
P@w

Ny ds ' d

Furthermore, suppose we draw Ny independent ran-
dom unitaries and construct an estimator by averaging the
individual estimators obtained for each choice of random
unitary, i.e.,

(B29)

Then we can estimate Tr(Op?) unbiasedly, with the vari-
ance given by

Var(w) 1 Var(w,) 1 o d n 1 n 1 n 1
ar(w) = — var(w,) = — — t— +—+—].
NU NU NAZ/[ NM d+ d,

(B30)
]

Based on Lemmas Al, B1, and B2, we can now prove
Lemma 1 in the main text.

Proof of Lemma 1. To apply Lemma Al, it is suf-
ficient to suppress Var(w) < &2/3 < &2/2. Define n =
max {1/d;,1/d_} = Q(1/d). When &> Q(n'?), we
can set Ny = O(1) and NM:O(dl/z/s) and the
total sample complexity to be Ny x Ny = O (d"/?/e).
When & < O (n'/?), we should set Ny = O (n/e?) and
Ny :(’)(dm/nl/z), which results in the total sam-
ple complexity Ny x Ny = O (d'/?n'/?/£?). In conclu-
sion, the sample complexity is upper bounded by

O(max{\/c_i/s,\/%/ﬁ}). [ |

2. Proof of Lemma 4

In this Appendix, we prove Lemma 4. Notice that it
only differs from Lemma 1 by drawing U randomly from
the group of multi-qubit Clifford gates (which is a unitary
3-design [67] but not a 4-design [68]), the proof is simi-
lar to that in Appendix B 1. The unbiasedness of w follows
directly from Lemma B1. For the variance, we obtain the
following upper bound (cf. Lemma B2):

(B28)

Lemma B3 (Variance of estimator w with block-diagonal
Clifford gates). Given Ny, Ny, and a traceless dichotomic
observable O, the estimator w defined in Eq. (12), obtained
by following Protocol 1 with U sampled from the multi-
qubit Clifford group, has variance

1 (d 1
VarCl(w)=O<N—U<N—A24+m+1)>, (B31)

where d denotes the dimension of the qubit system.

a. Notations

We first introduce some notations for a given state p
that will be used in the proof. We define the state moments
Ry = Tr(p") for k € N, Itis direct to see R; < 1 for any .
We denote the n-qubit Pauli group as P, = {I,X, Y, Z}®",
the projector O = (1/d*) Y_pp, P®*, and its complemen-
tary projector O+ =1 — Q. For a 4-order permutation
operator o € Sy, define O, = Tr (Pf, Q,o®4). Since Q, is
determined by the cycle type A of o, we also denote

Q)L = ch,

1
O, = 7 Z Tr(Pp)*,

PePy
1
Qo1 = =5 ) Tr(PP)Te(Pp)?,
PePy
1
022 = — D Tr(Pp))?, (B32)
Pepy

1
051 =~ > Tr((Pp)*) Tr(Pp),

PePy,

1
Ou=— D Tr(Pp)?).

PePy,

We obtain a tight upper bound for these quantities as
follows.

Lemma B4 (Upper bound of Q,). For n-qubit state p
and o € S4, we have Q, = Tr (P20p®*) < 1/d, where
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d = 2". The bound is saturated when p is a pure stabilizer
state.

Proof of Lemma B4. Let the spectral decomposition be
p = Y ;pi Vi) (¥il. Then we have

Qo = ZpipjpkplTr (P} QW) , (B33)

i k.l

where Wiy = Q,_; ki [¥a) (¥ ]. Notice that Q and W
are projectors and [}P’i, 0] = 0,Vo € Sy, we then have

Tr (P:‘; Q\Dijkl) =Tr (Pi QQ\IJijkl\I’ijkl)

= Tr (V0P OVyit) . (B34)

Using the Cauchy-Schwarz inequality of the Hilbert-
Schmidt norm, we have

Oy = Z pipi kb Tt (Wi QP QW)
ij el

< Z pipi il Tr (Wi OF s QW) |
i el

= Z Pipjpkpz\/ Tr QW ViuQ) TT(Q‘IJ;/HIP’iy P? nglQ)

ikl
= ZPinPkPlTr (O¥iu)
i gl
1 1
=TrQp™) = - > TrPp)* < — 3 Tr(Pp)?
PeP, PePy
1 1
=-R) < -, B35
Ry <~ (B35)

where we use Tr(Pp) € [—1,1] for P € P,. When p =
[Y) (Y] and |y) is a stabilizer states, there are exactly
2" = d Pauli operators in P, such that Tr(Pp) = 1 and for
others Tr(Pp) = 0, we have O, = 1/d. |

In the following, we use R,f and Q;t to denote the
corresponding quantities defined for p.

b. Formula of 4-order Clifford twirling

The multi-qubit Clifford forms a unitary 3-design but
fails gracefully to become a unitary 4-design [67,68,108].
Based on the proof of Lemma B2, we only need to reana-
lyze the 4-order term [cf. A4 in Eq. (B26)], by replacing the
4-order unitary twirling formula in Eq. (B25) with the cor-
responding Clifford twirling formula. Denote the n-qubit
Clifford group as Cl(d) with d = 2", its 4-order twirling
acting on an operator X € L£(C?) is stated as Theorem S.5

TABLE III. Character table of the symmetric group S;. Rows
correspond to irreducible representations (partitions A - 4), and
columns to conjugacy classes (cycle types of o € Sy).

x* (o) L,LLD 2L 22 G @
@) 1 1 1 1 1
3,1 3 1 —1 0 —1
2,2) 2 0 2 ~1 0
@,1,1) 3 -1 —1 0 1
(1,1,1,1) 1 —1 1 1 ~1

in Ref. [109],

Eu (X):= / U XU™®*qu
Cl(d)

ACl(d)
1 1

AM4I0)<d  o€eSy A

1
+ ETr (Xo'P! ) QL} P!P.,  (B36)
A

where A | 4 is a partition of 4 and /(1) is its length. The
dimensions of the Specht modules d, and Weyl modules
Df\t are provided in Table 1 of Ref. [67]. The orthog-
onal projectors to the submodules are [cf. Eq. (S.8) in
Ref. [109]]

(B37)

where the character values x” (o) can be calculated using
the Murnaghan-Nakayama rule and are listed in Table III.

We will use the 4-order Clifford twirling of the operator
[cf. Egs. (1) and (B24), ignoring script +],

12)®2 T S Nimm o e
X282 - E Xo(81,52)X5(53, 54)51525384) (S1525354].
51.52.83.54

(B38)

We consider d > 4 to include all partitions of 4, consis-
tent with implied the assumption d > 8 in Lemma 4. Here,
we list all the terms in

1
Tr (EAél(d) (X(1’2)®2) ,0®4) - ﬂ Z Z T()\'a 0)>

A4 l(A)<d oSy
(B39)
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where we define

1 1
T(A,0):=Tr (dx X [FTr (X(1°2)®2QIP’;‘,1) 0+ ETr (X(1’2)®2QLP‘;71) QL:| P§PAP®4>

A A
. < Lt (x2oget ) - Larproaeps )y Ly (X“’2)®2Q]P’il)) Tr (O3 P,p™)
A A A
+dy (L_Tr (x022p ) — LTr(x “’2)®2Q]P’il)> Tr (B3 P.p®") . (B40)
A A

() A=[1,1,1,1]:d;, = 1,Df = (d— 1)(d—2)/6,D; = (d —4)(d — 2)(d — 1)(d + 1)/24.

(a) o ~[1,1,1,1]

(i) o :P?l)
d*(d* —3d—1)
T(x,0) = 2d—Dd—2)d—1) (1% Q1111+ (=6) X Q211 +3 x 0224+ 8% 031 + (—6) x O4)
d 2
_m(lXR1+(—6)XRz+3xR2+8xR3+(—6)xR4), (B41)

(b) o ~[2,1,1]

. ! 4
(i) o= }P’(lz),IP’(M)

d3

00 = fa=na—n

(=D X Q1111 +6 x Qa11 + (=3) X Q2p + (—8) x 031 + 6 x O4),
(B42)

. _ o4 4 4 4
(i) o = P35, Py, Pios)s P

d(d* —3d -1
T(h,0) = 1d —(4)(d—2)(d)— D (=) x Q1111+ 6% 0211 + (=3) X Q22+ (—8) x 031 + 6 x O4)

—m((—l)><R1+6><Rz+(—3)xR§+(—8)xR3+6xR4), (B43)

(c) o ~[2,2]
(i) o= P?12)(34)

d*(d* —7d +3)

T\, 0) = = Ha—DE~T (1x 01111+ (—6) X Q211 +3 x 0224+ 8 x 031 + (—6) x O4)
+%(1><R1+(—6)xR2+3xR§+8xR3+(—6)xR4), (B44)

. _ o4 4
(i) o =Pi3)04 Pliayes)

&P +d—d

To.0) = s 2d=1 (

1x Qg4 (=6) x Q211 +3 % 022+ 8% 031 + (—6) x Q4), (B45)
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(d) o ~[3,1]

: _ 4 4 4 4 4 4 4 4
(i) o= ]P)(123)’P(132>aP(124)aP(142)a]P)(134)’P(143)’P(234)’P(243)

2

T\, 0) = 1d—2d—1) (1x O+ (—=6) x 011 +3x 02 +8x 031+ (—6) x Q4), (B46)
(e) o ~[4]
(i) o= P?1234)sp ?1243)3 IP31(11342)’1[]%(‘1432)
dd*> —7d+3
T(h,0) = 1d —(4)(d — 2—)i_(d)— D (D) x Q1111+ 6% 0211+ (=3) X 022+ (—8) x 031 + 6 X O4)
d—
+m((—1) X R+ 6 xRy + (=3) x Ry + (=8) x Ry + 6 x Ry), (B47)

;s _ 4
(i) o = P(13z4):P(1423)

d3
T(x =—((-1 6 -3 -8 6 ,
(A, 0) 1d—d—-1) (=) X Q1111+ 6 X Q11 + (=3) X 022+ (—8) x 031 + 6 x O4)
(B438)
() A=[2,1,1]:d, =3,D} =0,D; =d(d—2)(d—1)(d+ 1)/8.
(@ o ~[L,1,1,1]
. _
(i) o =P,
3
T(x,0) = ) (3% 01111+ (—6) X Q211+ (=3) X 022+ 0 x 031 + 6 x O4)
3
—ﬁ(fixR1+(—6)xR2+(—3)xR§+0xR3+6xR4), (B49)
(b) o ~[2,1,1]
(i) o = P?12)»P?34)
T, o) =0, (B50)
(ii) o =Py, Py, Plrs), Ploy)
T(h,o0) = dd—2) (D X Q1 +2%x 0011+ 1 x 0240 % 031+ (—2) x O4)
3
~ =2 (D) xR +2x Ry + 1 x R34+ 0 x Ry + (=2) x Ry), (B51)
(c) o ~[2,2]
(i) o= P?lz)(34)
3(1 —d)
T(x,0) = - (DX O +2x 0011+ 1x 022+ 0x 031+ (—2) x O4)
3(d—1) 5
+ ) (D) xR +2 xR+ 1xR;+0xRs + (—2) x Ry), (B52)
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(i) o = Pfis)00 Pliyes)
T(A,0) =0, (B53)
(d) o ~[3,1]
@) 0 =P, Plisa) Pliog) Pliany» Plisay Plrasy Plosays Paas)
TG, 0) = 0, (B54)
(e) o ~[4]

. _ 4 4
() o= HJ)(1234)5JP)A(‘1243)’IP)(1342)’IP)(1432)

3(1 —
T(h,0) = did——g (Ix O+ (=2)x 011+ (=) x 022+ 0 x 031 +2 x 04)
3D () Ry (<2) % R+ (1) x B340 x Rs +2 x Ry) (B55)
d—2 1 2 5 3 4),
(i) o = P?1324)»P?1423)
TO. o) =0, (B56)

() A=[2.2]:d; =2,Df = (d— 1)(d+ 1)/3,D; = (d—2)(d— 1)d+ 1)(d+2)/12.
@) o ~[1,1,1,1]
(i) o =P,

d2
T\, o) = 3d—2d—DdtDdL2) (2 X011 +0x 011 +6x 0224+ (=8) x 031 +0x Q4)

2d

- (2xR +0XR+6xR+ (=8 xR+ 0 xR4), B57
(d_z)(d+2)(xl+><z+x2+( ) X R3 4+ 0 X Ry) (B57)

(b) o ~[2,1,1]
(i) o= P‘(‘u),IP"(‘M)
T(h,0) =0, (B58)
(i) o = Pls), Pl Plos) Py,
T(h, o) =0, (B59)
(¢) o ~[2,2]

: 4
(i) o = P(IZ)(34)

A —-3d—-1
T(h,o0) = 2(d—2)(;—1)(d+1§(d+2) (2% 01111 +0x Q211 +6 X 0rn+ (—8) x 031+ 0 x 04)
—I—%(Zx&+OxR2+6xR§+(—8)xR3+0><R4), (B60)
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N 4
(i) o = P3040 Pliayes

& +d>—d

10 = S D@+ (

2X Q111 +0x 0011 +6x 00+ (—8) x 031 +0x04), (B6l)

(d) o ~[3,1]

(i) o= P?lzs)vP‘(‘132)>P?124)’P?142)»P?134)vP?143)3P?234)»P‘(‘243)
d2
TA,0) = ——— ((—1 0 -3 4 0 , (B62
(A, 0) 2d— D@+ (D X 01111 +0x Q2114 (=3) x Q22 +4 x 031 +0x 04), (B62)
(e) o ~[4]
(i) o= ]P)?1234)’P ?1243)’ IED‘(11342)’]P>?1432)
T\, o) =0, (B63)
(i) o = P?1324)3P ?1423)
TO.,0) =0, (B64)

(4) A=[3,11:d, =3,D; =0,D; =d(d— 1){d+ 1)(d+2)/8.
@) o ~[1,1,1,1]

. A
i) o =P,
3
T(x,0) = FE) (B3x 01111 +6x 0211+ (=3) x 024+ 0% 031 + (—6) x O4)
3
= 5 X RIA6 X R+ (=3) X R+ 0 X Ry + (=6) X Ry), (B65)

(b) o ~[2,1,1]
(i) o =P}, P,
T\, o) =0, (B66)

SN 4 i ph i
(i) o = P13 P14y Plasy Plag

T\, 0) = (I1xOui1+2x O+ (=) x 02240 x 031 + (—2) x O4)

d(d+2)
—m(lxR1+2xR2+(—1)xR§+0xR3+(—2)xR4), (B67)
(¢) o ~[2,2]
() o =Pl
T(h,0) = 32_:261) (DX O+ (=2) x Qo1+ 1 X 002+ 0 x 031 +2 x O4)
3?;21) (1) xRi + (=2) x Ry + 1 x R+ 0 x Ry +2 x Ry) (B68)
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(i) o = P304 Pliays)
TG, 0) =0, (B69)
(d) o ~[3,1]
(i) 0 = P55 Plisays Pliaays Pliagys Plisay Pliasys Plosay Plass)
T(A,0) =0, (B70)
(e) o ~[4]

. _ 4 4
(i) o= P(1234),P‘(‘1243),]P’(1342),IP’(1432)

31—d
Tuﬁ):ﬁj:%«_DXQMLHW—mXQmJ+1XQu+0wa+2xQ0
3d—1)
@) (CDXRI+ (2 X Rt 1 x B +0 x Ry +2 X Re), (B71)
(i) o = P?1324):P?1423)
I(,0) =0, (B72)

(5) A=[4]:dy = 1, D} = (d+ 1)(d +2)/6,D; = (d — 1)(d + 1)(d + 2)(d + 4)/24.

(a) o ~[1,1,1,1]

NP .
(i) o =Py,
d*(d*> +5d+17)
T, o) = 1 6 3 8 6
(A, 0) 4(d+1)(d+2)(d—|—4)( X111 +6x 11 +3x 000 +8x0;3;1 + XQ4)
d
= (IxR+6XR+3xR+8XR+6xR4), B73
dinars xR 2 2 3 ) (B73)

(b) o ~[2,1,1]
(@) o= P?IZ)’P?34)

d3

100 = q v

Ix Qi1 +6x 0011 +3%x00+8%x051+6x04), (B74)

- _ 4 4 4 4
(i) o = P(13),P(14),P(23),P(24)

d(d* +5d+17)
T\ = 1 6 3 8 6
(A, 0) 4(d+1)(d+2)(d+4)( X1 +6x0211+3x 00 +8%x031+ XQ4)
1

Cd+2)d+4)

(IXR +6xRy+3xR+8xRy+6xRy), (B75)
(©) o ~[2,2]

N A
@) 0 =Pl 4

B d(d* +d+3)
T 4d+1)(d+2)d+4)

did—-1)
d+2)d+4)

T(A,0)

(1Xx Q111 +6x02114+3x000+8x%x 031 +6x Q4)

(IXR +6xRy+3xR+8xR;+6xRy), (B76)
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N 4
(i) o = P3040 Pliayes

& +d—d
T, =— (1 6 3 8 6 , B77
(A, 0) 1drDdT2) (I1X Q1111 +6x 0011 +3x 002 +8x 0314 6x04) (B77)

(d) o ~[3,1]
(i) o =Pl Pliagys Plioay Pliany Plisay Pliasy Plosay Phoas)
2
(A, 0) = 1dThdLD (1X Q1111 +6x0211+3%x002+8%x031+6x%x04), (B78)
(e) o ~[4]

. _ 4 4 4 4
(i) o= ]P’(1234),IP’(1243),P(1342),P(1432)

dd* +d+3)

e = 1 6 3 8 6

(A, 0) 4(d+1)(d+2)(d+4)( X Qi1 +6 X Q11 +3x 020 +8x 031 46 x 04)
d—1

+ d+2)d+4

(IXR +6xRy+3xR,+8xRy+6xRy), (B79)

s _ 4 4
(i) o = P(1324)sP(1423)

d3

T0-0) = 3 haT o |

1x Qi +6%x0011+3%x00,+8%x051+6x04). (B80)

Summarizing all the terms, we obtain

5d° — d* — 5d° — 43d* + 48 &> +d+2
1 (E Y (1L282) j84) _
(B o) 24d—2)d— D@+ Dd+ 22" T 22 2
5d° —9d* — 21d° 4+ 29d% + 16d — 16 N &A@ +d>—d-5) 0
8d—2)d—Dd+Dd+2) ~7 " 6d—2d—Dd+1)d+2) """
d—1 1 2 d+1 ,
— — R2. BS1
TG T gtk (B81)

¢. Proof of Lemma B3

Proof. The proof is similar to that of Lemma B2. The first two terms 4S5 and Agl are the same as Egs. (B18) and (B22)
since the multi-qubit Clifford group is a unitary 3-design [67]. Inserting d, = d_ = d/2, we have

A5 = (NZM) (cuel+2 +(ds — 1)R;) +(+ = )

= <N2M) [‘2_1 ( +2 +R;2) + (g — 1> (RZ++R2)} (B82)

and

Nar\ (ds — 1 2(d; + 1 1
A9 = (M)<+ RPRE4 24T D R1+3>+(+<:>—)

3/ \ds+2 di+2 3 dy+2
Ny\ (d—2 2 2 2(d+2) B 1 ; B
:6( 3 ) <d+4 (Ri RY+R; R1)+ FEw) (1€3T+R3)—m(1'el+ + R, )) (B83)
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Instead of 44 in Eq. (B26), we obtain

N,
861 ()52 oo 1) 52 e (1)) 4 6
+

_ oM 5d,° —d,* —5d° —43d,* +48 | +d+2 +d, + 2Q
o\ 4 )| 24 -2y — D)(dy + D(dyp +2) 7T 2(d +2) T

5d,° —9d,* —21d,* 4+29d,* + 16d, — 16Q+ d2d> +d?—d, —5) 0
8(dy —2)(dy — 1)(dy + D(dy +2) 220 6(dy — 2)(dy — D (ds + D(dy +2) !

d+ —1 + 1 + 2 + d+ + 1 +2 + p—
— R — R R —RIR — —
2 % d,+2! d++22+d++22 2Ry | O )
N\ [5d° — 2d* — 20d° — 344d* + 1536 _ d?>+2d +8 _
=6 + T e +
( 4 ) [ - - @+ @t s Gt t g (0,100)
d® —18d* — 84d® 4 232d* +256d — 512 . d* (& + 2d* — 4d — 40)

+ —
16(d — 4)(d —2)(d +2)(d + 4) (022020) + 12(d — 4)(d —2)(d +2)(d + 4) (05:+05)

d—2 2 4 d+2 /. .
+ = (0+03) = 7 (RI+RY) — — 4(R++R)+ﬂ<1e+ +Ry )—2R2+R2]. (B84)

We calculate the variance of the estimator w, [see Eq. (B4), cf. Eq. (B27)],

-2
Var(w,) = E[w}] - E[0,]* = (NM > E[XaGns)Xalsis)] — Elw,)

2 2
We(™uh
N\ 2 )
= ( 2M) (AS'+ 45" + 45") — (R —R;)". (B85)
Inserting Eqgs. (B82), (B83), and (B84), we have
N -2
Var (w,) = ( 2M) (A5 + 45" + AT - (R;—R;)2
2(Ny —2)(Ny — 3) d 2 2 4(Ny —2) 3, o3
— - Ry“+R) - R +R

Ny(Ny — 1Dd+4)  Ny(Ny—1) ( ) Ny(Ny — D(d+4) ( )

4Ny —2)d—2) ( . 2 . .2 ( d—2 4(NM—2)(NM—3)) T

RTR" 4+ R R — R +R

Ny (N — 1><d+4>( ‘ ) NyWNy — 1) NNy — D(d +4) (R:+Ry)

4Ny — 6 n 2 2Ny —2)(Nyy —3) (42 2 8WNy —2)d+2) , .
_NM(NM—D( k) © NuWNy — D(d+4) <R 2 ) NM(NM—1><d+4>( i)
(Ny — 2)(Ny — 3)(5d° — 2d* — 20d® — 3444> + 1536) _
48Ny (Ny — 1)(d — 4)(d — 2)(d + 2)(d + 4) (Or11i )
(Nar —2)(Nyr — 3)(d? +2d + 8)

4Ny (Ny — 1)(d +4) (02114021)
(Ny — 2)(Ny — 3)(5d® — 18d* — 84d® + 232d* + 256d — 512) o
16Ny (Nyy — 1)(d — 4)(d — 2)(d + 2)(d + 4) (0:2+022)
(Nt — 2)(Ny — 3)d? (d° + 2d* — 4d — 40) . Ny =2y —3)(d—2)
2Ny — D@ — D@~ @+ @t 4 S0+ =y Gy @ites).

(B86)
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We have RY < 1 and QF < 2/d from Lemma B4, so that
we obtain an upper bound for Var(w,),

Varln < 4 24(Nyy — 2)
Ny(Ny —1)  NyNy — 1)
4(Ny — 2)(Ny — 3)
Ny Ny — 1)

d 1
=0|—=+—+1). B87
(NAZ/I+NM+) (B57)

Furthermore, suppose we draw Ny independent ran-
dom unitaries and construct an estimator by averaging the
individual estimators obtained for each choice of random
unitary, i.e.,

(B88)

Then we can estimate Tr(Op?) unbiasedly, with the vari-
ance given by

1 1 d 1
VarY(w) = —VarY(w,) = —O (= +— +1).
ar (w) No ar- (w,) Ny N[\Z4+NM+
(B89)

Based on Lemmas Al, B1, and B3, we can now prove
Lemma 4 in the main text.

Proof of Lemma 4. To apply Lemma Al, it is suffi-
cient to suppress Var(w) < ¢2/3 < ¢%/2. If we choose

Ny=0 (1/82) and Ny =0 («/Zl), then Ny x Ny, =
(’)(\/3/82) copies of states are sufficient to estimate

Tr(Op?) for traceless dichotomic O to e-precision within
constant failure probability. |

3. Decomposition of dichotomic observables

Now we provide the analysis of the sample complexity
stated in Theorem 1. We assume that min{d_,d.} < d/4;

otherwise, Lemma 1 already yields the desired sample
complexity since d_ = d. = Q(d). We then obtain the
following decomposition, which is illustrated in Fig. 5.

Lemma B5 (Formal version of Lemma 2). Suppose O
is a dichotomic observable satisfying min{d,,d_} < d/4.
Then, O = %(:I:]I + O + O, + 03), where each O; is a
dichotomic observable with eigen-subspace dimensions
d? and ¥ satisfying min{d?”,d\"} > d/3.

Proof. Let P, and P_ denote the projectors onto the
eigenspaces of O corresponding to the eigenvalues +1 and
—1, respectively, sothat O =P, — P_and =P, + P_.
Without loss of generality, we first assume d_ < d, and
d_ < d/4. Next, decompose the +1 eigenspace Il into
three orthogonal subspaces, denoted by Hﬁrl), Hf), and
Hg) (projectors correspondingly denoted as Pﬁ)), each
having dimension at least |d/3]. Define

3
0= vWrl | -P.,

Jj=1

(B90)

where the exponents §;; are the delta function, §;; =1
if and only if i =j. A direct calculation then shows that
0= %(]I 4+ Oy + O, + 03). Moreover, for each O;, one
can verify that the dimensions of its positive and negative
eigenspaces satisfy

; d 2 d d

where the last inequality holds because 0 < d_ < d/4
implies that d > 8. Also,

A d d—1| d
d =d_+ L%J > 1+ {TJ >3 (B9

This completes the proof of the cases d; > d_.

For the case where d, <d_, we apply the above
procedure to the observable —O = %(]I + 01 + Oy + O3).
This yields the decomposition O = %(—]I +0,+ 0, +
0;}), where O; = —0O; for 1 <i < 3. Since negating an

_ 1 + - = -
++ :i ++ _+_ —+ _|_ +_ _|_ ++ )
+ + + + -

FIG. 5. Decomposition of a dichotomic observable. On the left, an observable O with d_ < % is depicted, where the green and

blue blocks represent the eigensubspaces corresponding to IT_ and the three partitions of IT,, denoted by I'ISLI) , Hf), and Hf),
respectively. The £ signs within each block denote the corresponding diagonal entries of 1. On the right, the decomposition
0= %(H + O1 + O, + 03) is shown: the first matrix represents the identity I, while the remaining matrices correspond to O;, O,

and Os, each satisfying di) > d/3.
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observable swaps its eigenspaces but preserves their
dimensions, the components O also satisfy the condition

min{d”,d"”} > d/3. This completes the proof. n

4. Proof of Theorem 2

Proof. Let k = [log, (¢7H71 + 1, and use Lemma 3 to
decompose O as

k
Tr(0p*) = Y 27'Tr(01p*) + Tr(Oap?).  (B93)

=1

We set 8’ = §/k and &) = (%)’ . Foreach | </ <k, we
obtain an estimator w; of Tr(Op}) such that

|l — Tr(Op})| < e, (B94)

with probability at least 1 — §’. By a union bound, with
probability at least 1 — §, the above holds forall 1 </ < k.
We then set

(B95)

k
w = E 27wy,
I=1

as the estimator for Tr(Op?). With probability at least
1-46,

k
Y27 (@ = Tr(Op?)) + Tr(Oap?)
=1

lo — Tr(0p?)| =

k
<Y 27wy = Tr(Op®)| + |Tr(0ap?)|
=1

k
<Y 27+ |0alle
I=1
- k3 l£+8
- -+=-<es
_1=1 4) 8 2

Finally, we account for the sample complexity. We
obtain k& estimators {a)i}le. For each estimator wy,
according to Theorem 1, the sample complexity is

O (max {vd/el, 1/} 10g(1/8)) =0 (3)'(Vd/e) +
(32 (1/e)]10g(1/5)).

(B96)

Summing over [=1,2,...,k

gives the total sample complexity
> [(i) (@) H(2) (i)] O (og(1/5)
((g’ " 8%) log [5”" log(e_l)]>

O (max {g, 8%} log [8_1 log(e‘l)]> . (B9

|
©

APPENDIX C: LOWER-BOUND ANALYSIS FOR
SAMPLE COMPLEXITY

In this Appendix, we will give a brief proof of Fact 1, a
direct corollary of Theorem 9 in the Supplemental Material
of Ref. [11]. In that work, the authors proved the sample
complexity lower bound for estimating Tr(Z, p?), where
Z) represents the Pauli-Z observable on the first qubit,
by constructing a state discrimination task. We consider
specifically two state ensembles:

(1) & containing states of

I
p=110)0 @ W)W+ 5 INMI® . (€D

(2) &, containing states of

I
p =301 Y)Y+ 5100 ® T

(C2)
Here, I/2"~! and |y/) represent the (n — 1)-qubit
maximally mixed state and Haar-random state vec-
tor. A Haar-random pure state can be sampled by
U o), where U is a Haar-random unitary and |v)
is some fixed state vector. The task is that, given
multiple copies of a state p sampled from either
& or & with equal probabilities, how many copies
of p should be provided to decide which ensemble
it comes from. Note that, when # is large enough,
for states from ensemble £; we have Tr(Z; p?) ~ }‘;

while Tr(Z;p?) ~ —3—‘ for states from ensemble &,.
Therefore, if one can accurately estimate the value
of Tr(Z;p?), one can distinguish these two state
ensembles with a high probability. Similarly, if the
discrimination of these two state ensembles has a
fundamental limitation, it also poses difficulties for
the estimation of Tr(Z; p?). In Ref. [11], the authors
proved that, for protocols utilizing arbitrary adaptive
single-copy operations and measurements, $2(+/d)
copies of p should be provided to decide the state
ensemble with success probability % + (1), where
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d represents the dimension of states in ensembles &,
and &,.

It is direct to generalize their conclusion to other observ-
ables by defining two new state ensembles and the corre-
sponding state discrimination task:

(1) &Y containing states of

=U ! 0)(0 ! 1 I U
p= <§| 101 ® [Y) (¥ + 5 1)1 2n_1) :
(C3)

(2) &7 containing states of
(e v+ Lo e — ) ot
p_ (2 ® W 1/f 2 2}’11) b
(C4)

where U is an arbitrary d-dimensional unitary. Note
that the new state ensemble discrimination task is
no more difficult than the original discrimination
task between &, and &,. This is because the two
original state ensembles can be transformed into
EY and &Y using the unitary transformation U,
and the protocols we consider can implement arbi-
trary single-copy operations and measurements. So
we can conclude that distinguishing between &
and EzU also has a sample complexity lower bound
of Q(v/d). To prove the sample complexity lower
bound for estimating Tr(Pp?) with P being a Pauli
observable, we can choose U to be the unitary that
satisfies U'PU = Z;. Then, it can be similarly ver-
ified that the accurate estimation of Tr(Pp?) helps
to distinguish £ and £Y with a high probability.
Therefore, we can conclude that the accurate esti-
mation of Tr(Pp?) with arbitrary Pauli observable
P and target d-dimensional state p has a sample
complexity lower bound of 2 (v/d).

APPENDIX D: ADDITIONAL ANALYSIS ON THE
PAULI SAMPLING PROTOCOL

In this Appendix, we analyze the performance of the
Pauli sampling scheme presented in Sec. IV C and prove
Theorem 3. We begin by establishing the following lemma.

Lemma D1. The estimator w defined in Eq. (29) satisfies

1
Prllo — Tr(0p")| z €] < 3. (D1)
and the expected sample complexity is given by
I
K||0||%>
|:; :| < Vdg? ©2)

Proof. Set | =24K|O|3/de*. For a Pauli opera-
tor P;, we set Ny = O (|0|5/dle*x3(P))) and Ny =
O(V/d), with sample complexity given by m; = NyNy, =
(@) <||O||‘2‘/«/c_llezx(2)(P,-)) for this Pauli operator. Accord-
ing to Lemma B3, we have the following:

Elw;|P:] = Tr(Pip?),

die? x5 (P;)
24015

(D3)
Var[w;|P;] =

Now, consider the random variable

[tellk;

__loi3
,
Tr(OP))

 xoP)Vd

for which we have the following properties:

X = wi, (D4)

2Xp2( l)

E[X;|P] = |0 s
[Xi|P;] = |Ol3 B

(D5)
Ie?

Var[X;|P;] = LR

Therefore, for the random variable w = (1/1) Zle X;,
the variance is given by

2

Var[o|(P;)] = ;4

(Do)

By Chebyshev’s inequality, when fixing {P;}, we have

1
Pllo—EwlPllz5]=2 O
where
1< 1<
Elwl(P}] = ; Y ELGIP]= 5} X  (D8)
i=1 i=1
For each X;, we have
Varp,[X;] = E[X?] — (E[X;])*
< E[x’]
K
= ZP:’Xiz
ZXO(P) < ZXpZ(Pi)>2
013 2 x0(P;)
K
B , Tr(Pip?)>
= ; ol ———
_Kloi3 09
<—=.
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Therefore,
1 g2
Varip) (Elwl{Pi}]) = 5 Varp,[Xi] = . (D10)
By Chebyshev’s inequality, we then have
Pr{IEL|(P] - Elo]l = ] < » D11
U {w]f 1) 1< —.
{pi} 2 6

Finally, combining Eqgs. (D7) and (D11) via a union bound,
we obtain

Pr{lo — E[w]| > €] < (D12)

U-)I»—t

Substituting E[w] = E[X;] = >, p:X; = Tr(Op?) proves
the first inequality in Lemma D1.
Moreover, the expected sample complexity is given by

[ K
E |:Z mi:| = lzpimi
i=1 i=1
B Z)<0<P) ol
0113 Vdls2x 2 (P;)
||0||%>
= O
; (x/c_z’lsz

-o(a)

Proof of Theorem 3. The claimed performance guaran-
tee is obtained by setting 7= O(logs~!) and applying
the median-of-means estimator from Lemma Al. The
expected sample complexity is given by

(D13)

Then we have

(D14)

/
_(KIO[3logs™!

APPENDIX E: ADDITIONAL ANALYSIS ON
ESTIMATING LOW-RANK OBSERVABLES

In this Appendix, we analyze the performance of the
BRM protocol proposed in Sec. VI for estimating nonlin-
ear properties Tr(Op?). We begin by showing it is unbiased
for estimating Tr(Op?) and then provide a performance
analysis of the proposed protocol. Consider the estimator
defined in Eq. (55),

<NM>_l
w, =
2

x (ol UOU" |o), (E1)

Z Z X3(s,,s],o)

1<i<j <Nps 0€{0,1}"

where s5; and s; are the ith and j th measurement outcomes

from a set of Ny, measurements in the basis defined by

U,. The coefficient function X3(s1,s2,53) should be cho-

sen such that the corresponding coefficient matrix X3 =
> X3(s1,82,53) |s1,82,83)(s1,82,53| satisfies Eq. (51),

$1,52,53

so that

B [V X U] = 5 (P + Plios) s (E2)

i.e., its third-order twirling yields a superposition of the
two third-order cyclic operators. Let d = 2" be the dimen-
sion of the Hilbert space, one possible choice is shown as
Eq. (18) in the Supplemental Material of Ref. [94], which
reads as

X3(s1,52,53) = X3(|{s1,52,83}]), with
Lt | _d (€3
X3(1) = 7 X3(2) = — X3(3) = 1.

Elo]=E [ > s11UpU"s1) (52| UpU" |sz><a|U0U*|a>X3<s1,sz,a>}

$1,52,0

I
c=

S1,52,0
(Tr (pOp) + Tr (p*0))

r(0p%).

Ht\u»—a

{Tr (U’W ( > Xs(sl,sz,o>|s1sZa><slsm|> U2 (p®p® 0))]

(E4)
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Lemma El ([Variance of w, in Eq. (55)]). Given an
observable O, the variance of the estimator w, defined in
Eq. (55) satisfies

d
Var[w,] = O ((1 + @> Tr(02)) ) (E5)

We postpone the proof of Lemma E1 and first analyze
the performance of the full protocol. We further draw Ny,
independent random unitaries and construct the estimator,

w=— Z Wy. (E6)

By standard variance reduction for averaging independent,
identically distributed estimators and applying Lemma E1,
we obtain the following corollary.

Corollary E1 (Variance of w). Given an observable O,
the variance of the estimator w defined in Eq. (E6) satisfies

1 d
Var[w] = O ((17(] + NUN]@) Tr(02)> . (E7)

This allows us to prove Theorem 4 in the main text.

Proof of Theorem 4. By Corollary El, for any con-
stant 0 < ¢ < %, we can choose Ny = O(e7?) and Ny, =

O(+/d) such that
Var[w] < ce. (E8)

Set the failure probability per observable to &' = §/M
and use the median-of-means estimator (Lemma Al) to
estimate Tr(0,,p*) within additive error ¢ with success
probability at least 1 — §’. This requires 7 = O (log(l / 8’))
repetitions. Applying the union bound over all M observ-
ables, we find that with probability at least 1 — §'M =
1 — §, the estimation error satisfies

|o — Tr(Onp?)| < & (E9)
forall 1 < m < M. This completes the proof. |
We now prove the validity of Lemma E1.

Proof of Lemma E1. We begin by applying the total
variance law to arrive at

Var[w,] = IE[VSaI'(w,AU)] + Vgr[IsE(wﬂU)]

= E[E(w,|V) — E(@,U)"] + E[E(. 0] — [EE(w,] V)]

= EE(«}|U) — [EE(w,| O]’

2
< EE@}|U),

(E10)

N .
where s = (s1,...,8y,) € Z dM denotes the sequence of measurement outcomes. In the analysis below, we use the nota-

tion A < B to denote 4 = O(B). Define A(i,j;i,j') =

{i,j U {i’,j’}| € {2, 3,4} as the total number of distinct indices

in index pairs (i,j ) and (i, ;). We now expand w, and analyze each term to get

2
EE(} | U)

1

SN—JgE
M7t i<j;i'<j’ a3,as€ly
1

S AP EID M
M \AGji =4 Al j)=3 Al j)=2

e[ (st @ sy )

<4 { (NM>ILF7 [Tr[(pv ® pu ® Ov)XsT'] + (

~ Ny, 4

® UoU") x5

D) Xalsisy.anXs(s).8).as) x {as] UOU' |az) (as] UOU |as)

EE [Tr [(s)(si] ® |s; s | ® UOUNX;]

Ny

s )Igg: [Tr[s1) (511 ® pu ® O)XF]

N,
+ ( 21‘4)15?1@2 [Tr[(s1)(s11 ® Is2) (s2] @ 0U>X3]2]}
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1
S Tr[P6(Xs @ X3) (01 @ 02 ® O3 ® ps ® ps ® Op)] + N—Tr [¢5(X3(1’2’3)’(1’4’5))(,01 MR R ps® 05)]
M

1
+ 2 Tr [ @12 0 0.y © 0, @ 0

M

1 1
=T¢+—I5+—T4.
6 5, T3 N2 4

Here py = UpU', Oy = UOU, and the coefficient matri-
ces are defined as

12,3),(1,4,5
X3( WA ZX3(a1,a2,a3)X3(a1,a4,a5) |a)(al,

5
acZy

123),(1,2,4
X3( W2 ZX3(alaaz,a3)X3(al,a2,a4) |a)(al.
anfJ

(E12)

To analyze the terms I';, we use the Weingarten calculus
and retain only the leading-order contributions in the large-
d limit (d > 1). The Weingarten coefficient Wg(w, d) in
Eq. (A4) admits the asymptotic expansion

k(a)
We(a,d) = dk(a)72t1_[(_1)‘§iflcgi_l + O(dk(a)72t72)
i=1

= 0@ @), (E13)

where

(1) k(@) is the number of cycles in permutation «,

(2) (1,---,&k@) is the cycle type of «,
(3) Cr = (2k)!/k!(k + 1)! is the kth Catalan number,

as given in Eq. (141) of Ref. [94]. Since k(x) < ¢t for all
o € S, it follows that

We(a,d) = O@d™). (E14)

For w € S, and input Q = p®'0%?, where 2 <t < 4, we
claim that

Tr[P’ Q] < Tr(O?). (E15)

This holds because any contraction involving p and
O (e.g., terms like Tr(p?Op®0) for a,b € N,) can be
bounded by [|0?|| < Tr(0?) using similar analysis as in
the proof of Lemma A3. Combining these observations and
using Eq. (A2), we have that for constant # and an arbitrary

(E11)

(

matrix X,
TH®(X)0] = ) Welr ™o, d)TH{P, _ X]Tr{P, Q]
T,0ESs

= O (d'Tr(0%) > Tr[P, X].

T[ES[

(E16)

From Eq. (150) in [94], for any permutation = € S}, the
following scaling bounds hold:

Tr[P! X22] = O(d®),
TI'[IP)Z X3(1,2,3),(1,4,5)] — O(ds)
Tr[]P); X3(1,2,3),(1,2,4)] — O(ds)

(E17)

Substituting these into Eq. (E16), we obtain the following
bounds for the I" terms in Eq. (E11):

T = O (d°Tr(0%) - Od®) = O(Tr(0%),

I's =0 (dTr(0%) - Od) = O(Tr(0%)),  (E18)
Ty =0 (d*Tr(0%) - O@d) = O(dTr(0%)).
Thus, we conclude that
Var[w,] ST —I—LF —I—LF
1 d
< - e 2
< (1 ot Nfl)Tr(O)
S (1 + %) Tr(0%), (E19)
NM

where the last line uses the fact that 1/Ny, < 1. This
completes the proof of Lemma E1. |
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