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The second law of thermodynamics for adiabatic operations—constraints on state transitions in closed
systems under external control—is one of the fundamental principles of thermodynamics. On the other
hand, recent studies of thermalization have established that even pure quantum states can represent thermal
equilibrium. However, pure quantum states do not satisfy the second law in that they are not passive, i.e.,
work can be extracted from them if arbitrary unitary operations are allowed, and that various entropy
formulas, such as the von Neumann entropy, deviate from thermodynamic entropy in such states. It
therefore remains unresolved how thermal equilibrium represented by a pure quantum state can be
reconciled with thermodynamics. Here, based on our key quantum-mechanical notions of thermal
equilibrium and adiabatic operations, we address the emergence of the second law of thermodynamics in
closed quantum many-body systems. We first introduce infinite-observable macroscopic thermal
equilibrium (iMATE): a quantum state, including pure states, is said to represent iMATE if the expectation
values of all additive observables, which correspond to additive quantities in thermodynamics, agree with
their equilibrium values. We also introduce a macroscopic operation as unitary evolution generated by a
time-dependent additive Hamiltonian, which is regarded as corresponding to adiabatic operations.
Employing these concepts, we show Planck’s principle: no extensive work can be extracted from any
quantum state representing iMATE through any cyclic macroscopic operations with the operation times
independent of the system size. Furthermore, we introduce a quantum-mechanical form of entropy density
such that it agrees with thermodynamic entropy density for any quantum state representing iMATE. We
then prove the law of increasing entropy: for any initial state representing iMATE, this entropy density
cannot be decreased by any macroscopic operations with the operation times independent of the system
size, followed by a relaxation process governed by a time-independent Hamiltonian. Our theory thus
proves two different forms of the second law, which are quantum mechanically inequivalent to each other,
and demonstrates how thermodynamics emerges from quantum mechanics by adopting macroscopically
reasonable classes of observables, equilibrium states, and operations.
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I. INTRODUCTION

The second law of thermodynamics [1–19] is the origin
of irreversibility of many macroscopic phenomena and
provides a strong constraint on the possible state transi-
tions in such systems. State transitions occur due to various
causes, such as a sudden quench that induces relaxation
(governed by a time-independent Hamiltonian) in an
isolated system. Among them, transitions due to adiabatic
thermodynamic operations on closed systems (governed by
a time-dependent Hamiltonian) are particularly important,
since, e.g., thermodynamics can be rigorously constructed
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from axioms about adiabatic accessibility and equilibrium
states [4].
While there are many different forms of the second law,

the representative forms that correspond to adiabatic
operations are Planck’s principle [4,15,18] and the law
of increasing entropy [1–4]. Here, Planck’s principle states
that the energy of a closed system cannot be decreased by
any adiabatic thermodynamic operation in which the initial
and final values of the control parameters, such as volume
and magnetic field, coincide. The law of increasing
entropy states that thermodynamic entropy of a closed
system cannot be decreased by any adiabatic operation.
These laws are well established in thermodynamics.
However, their understanding from microscopic physical
laws is still insufficient.
Planck’s principle has motivated researchers to intro-

duce the notion of passivity [5–8]. A quantum state is said
to be passive for a given Hamiltonian if the expectation
value of the Hamiltonian cannot be decreased by applying
any unitary time evolution. It has been shown [6] that the
necessary and sufficient condition for passivity is that the
quantum state can be written as a classical mixture of
energy eigenstates with probabilities that are in descending
order with respect to the energy eigenvalues. This implies
that any mixed quantum states with nondescending-order
probabilities, including pure quantum states other than the
ground states, are not passive.
On another front, in the study of thermalization of

isolated quantum systems [20–70], it is widely believed
that not only Gibbs ensembles but also other quantum
states, including pure quantum states, can represent thermal
equilibrium. For instance, the eigenstate thermalization
hypothesis (ETH) [20–23] states that every energy eigen-
state located in the bulk of the energy spectrum represents
thermal equilibrium and is believed to hold for typical
nonintegrable systems [20–25,40,66–69]. However, given
that general pure quantum states do not satisfy the condition
for passivity, Planck’s principle does not seem to hold for
thermal equilibrium represented by pure quantum states.
One reason for the above inconsistency is due to the fact

that some unitaries with which the energy is decreased
from nonpassive states do not correspond to adiabatic
thermodynamic operations, i.e., thermodynamic opera-
tions in systems that exchange no heat with the environ-
ment (not to be confused with the adiabatic theorem in
quantum mechanics). If the system is isolated from the
environment, the dynamics is governed by a unitary time
evolution generated by a time-dependent Hamiltonian.
However, the Hamiltonian of thermodynamic systems is
usually assumed to consist only of local interactions, and
thermodynamic operations must be completed in a usual
timescale that should not exceed, e.g., the lifetimes of
constituent particles or the age of the universe. Under such
restrictions, it will be difficult to generate all unitaries in
macroscopic systems. In other words, it is not obvious

what unitaries correspond to adiabatic thermodynamic
operations.
Furthermore, there is the possibility that, to resolve the

above inconsistency, we need to adopt the appropriate
definition of quantum states representing thermal equilib-
rium. In the context of thermalization, two definitions are
often used: macroscopic thermal equilibrium (MATE)
[20,42,47–49] and microscopic thermal equilibrium
(MITE) [42,47,49]. In the notion of MATE, a quantum
state is said to be in MATE if, for a finite number of fixed
macroscopic observables, the measurement outcomes
almost surely agree with their equilibrium values [71].
On the other hand, a quantum state is said to be in MITE if
the expectation values of all local observables agree with
those in the Gibbs state. Note that the Kubo–Martin–
Schwinger (KMS) condition [72–74] corresponds to the
thermodynamic limit of MITE (Sec. XII A). Since the
standard thermodynamics focuses on macroscopic quan-
tities [3], MATE is considered to be more compatible with
thermodynamics than MITE. However, we stress that both
definitions only require that the value of each observable in
that state agrees with the equilibrium value described by
statistical mechanics; it is nontrivial whether state tran-
sitions starting from that state are consistent with tran-
sitions allowed in thermodynamics.
Moreover, it is rather nontrivial how the law of increas-

ing entropy is reconciled with the nonpassive nature of
pure quantum states representing thermal equilibrium. To
address this question, it is desirable to define entropy for
each quantum state such that it agrees with thermodynamic
entropy whenever the state represents thermal equilibrium.
(Unfortunately, the von Neumann entropy does not work in
general since it is zero for a pure quantum state even if the
state represents thermal equilibrium and does not agree
with thermodynamic entropy.) It seems challenging to
define such an entropy purely quantum mechanically. In
addition, even if such a definition is possible, it is not clear
whether the law of increasing entropy is satisfied.
In fact, there are several studies that considered similar

questions on the second law of thermodynamics via
unitary dynamics [75]. The passivity in closed quantum
many-body systems has been addressed in a pioneering
work by Hokkyo and Ueda [18] employing MITE as
thermal equilibrium states; however, many of the problems
remain unsolved (see Sec. XII C). Regarding the law of
increasing entropy, it has been discussed based on certain
forms of entropy, such as extensions of the Boltzmann
entropy [12], diagonal entropy [13,14,17], and observable
entropy [19,20]. However, they face at least one of the
following two difficulties in addressing the above ques-
tions. One is that they do not apply to pure quantum states,
particularly energy eigenstates. For instance, diagonal
entropy [13,14] becomes zero when applied to energy
eigenstates. In addition, they only consider the initial state
satisfying the condition for passivity [12] or having a large
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effective dimension [19] (see also Sec. XII D), neither of
which is satisfied by energy eigenstates. The other diffi-
culty is that they do not consider the case of closed
quantum systems where the time evolution is generated by
a time-dependent Hamiltonian; rather, they consider the
case of isolated quantum systems where the time evolution
is generated by a time-independent Hamiltonian alone.
This distinction is thermodynamically crucial because
general adiabatic thermodynamic operations are often
time dependent.
In this paper, we address the above issues by resolving

the following fundamental questions: (Q1) How should
quantum states representing thermal equilibrium be
defined, so that they are consistent with thermodynamics,
including state transitions? (Q2) How should adiabatic
thermodynamic operations be expressed quantum mechan-
ically? (Q3) Can we resolve the inconsistency between
thermodynamics and the fact that any pure quantum state
can break the passivity even when it represents a thermal
equilibrium state? (Q4) Is there a formula for entropy
that can be determined for each quantum state and agrees
with thermodynamic entropy for any state representing
thermal equilibrium, including pure states? (Q5) Can we
derive the law of increasing entropy from quantum
mechanics for any quantum state representing thermal
equilibrium?
Our answers to these questions are summarized as

follows: (A1) We introduce a wide class of quantum states
representing thermal equilibrium, called infinite-observable
macroscopic thermal equilibrium (iMATE). They are indis-
tinguishable from the Gibbs state by the expectation value of
any additive observable, which corresponds to an additive
quantity in thermodynamics. (A2) We represent adiabatic
thermodynamic operations by unitary time evolutions gen-
erated by time-dependent Hamiltonians that are restricted
to additive observables. We call such operations macro-
scopic operations. (A3) We prove a macroscopic version of
passivity for any quantum state representing iMATE, includ-
ing pure quantum states, under any macroscopic operation.
(A4) We introduce a quantum-mechanical entropy density
by using a characterization of quantum states in terms of
additive observables. We call it quantum macroscopic
entropy density. It agrees with thermodynamic entropy
density for any state representing iMATE, including pure
quantum states. (A5) We study the time evolution in which
the initial quantum state is prepared in iMATE, and a
macroscopic operation is applied to it, followed by a
relaxation process induced by a time-independent final
Hamiltonian. Then we prove that the quantum macroscopic
entropy density does not decrease by any macroscopic
operation. Overall, (A3) and (A5) demonstrate that the
second law of thermodynamics emerges in closed quantum
many-body systems, given macroscopically reasonable
notions of equilibrium states (A1), operations (A2), and
entropy (A4).

This paper is structured as follows. In Sec. II, we
summarize our main results for the simplified case where
states and macroscopic operations are macroscopically
uniform. In Sec. III, we introduce additive observables. In
Sec. IV, we define macroscopic states and their equiv-
alence relation. Using this, we introduce iMATE in Sec. V.
In Sec. VI, we formulate unitary time evolution corre-
sponding to adiabatic thermodynamic operations and
provide a critical result stating that the equivalence relation
between macroscopic states is preserved by such a time
evolution. Using this, we show the macroscopic version of
passivity in Sec. VII. In Sec. VIII, we introduce reduced
density matrices that characterize the values of additive
observables in macroscopic states, which are basic ele-
ments of our entropy formula given in Sec. IX. In Sec. X,
we prove that this entropy formula gives thermodynamic
entropy for any quantum state representing iMATE. In
Sec. XI, we show the law of increasing entropy applicable
to both our entropy and thermodynamic entropy. In
Sec. XII, we compare our results with the existing studies,
i.e., MITE, MATE, and the results by Hokkyo and Ueda
[18] and those by Meier et al. [19]. In Sec. XIII, we
provide pivotal counterexamples to the second law when
operation time diverges in the thermodynamic limit, which
indicates the optimality of our results. In Sec. XIV, we
discuss possible candidates for extending our results while
avoiding such counterexamples. Section XV summarizes
the paper.

II. SUMMARY OF RESULTS FOR
MACROSCOPICALLY UNIFORM CASE

The results of this paper reduce to simpler ones in the
case where states are macroscopically uniform and oper-
ations are induced by external fields (or control parame-
ters) that are uniform throughout the system, which we
refer to as the macroscopically uniform case. In this
section, we provide an informal but physically intuitive
summary of our main results in that case. The mathemati-
cally rigorous formulation of results for the case where
macroscopically nonuniform states and operations are
considered will be given in the subsequent sections. We
take kB ¼ ℏ ¼ 1 throughout this paper.

A. Macroscopic equivalence and infinite-observable
macroscopic thermal equilibrium

The MATE [20,42,47–49] is one of the ordinary notions
of quantum states representing thermal equilibrium.
However, as will be pointed out in Sec. XII B, it is not
fully consistent with thermodynamics. We first resolve this
problem by introducing its improved version that is
expected to be consistent with thermodynamics.
We consider quantum spin systems on a d-dimensional

hypercubic lattice ΛL with N ¼ Ld sites. Following the
philosophy of thermodynamics, we focus on “additive
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observables.” For simplicity, this section focuses only on
additive observables on the whole system, while the
following sections focus also on those on macroscopic
subsystems, which are ΘðNÞ-sized [76] subsets of ΛL.
Then, additive observables are simply defined as follows.
Let α be an observable whose support is contained in the
hypercube Cl of side length l centered around site 0∈ΛL
(see Sec.III.B). Such an observable and its translations are
called l-local observables [see Fig. 1(a)]. We call AL an
additive observable composed of l-local observables if

AL ¼
X
r∈ΛL

αr; (1)

where αr is the translation of α by r [see Fig. 1(b)].
In spin-1=2 chains, for instance, α ¼ σx0 and α ¼

σz−1σx0σz1 are examples of 1- and 3-local observables,
and hence AL ¼PL

j¼1 σ
x
j and AL ¼PL

j¼1 σ
z
j−1σxjσzjþ1

are additive observables composed of 1- and 3-local
observables, respectively. Note that as l is increased,
the number of independent l-local observables increases,
and so does the number of independent additive observ-
ables AL.
By utilizing all additive observables, we introduce a new

way of characterizing a quantum state macroscopically:
we say that two quantum states ρL and σL are macro-
scopically equivalent, denoted by

ρL ∼mac
σL; (2)

if, for any positive integer l∈N, it holds that

lim
L→∞

Tr
�
ρL

AL

N

�
¼ lim

L→∞
Tr
�
σL

AL

N

�
(3)

for every additive observable AL composed of l-local
observables. This means that we focus on all additive
observables composed of l-local observables where l is
taken arbitrarily large but independent of L. See Fig. 2 for
a schematic illustration. For a rigorous and generalized
definition, see Definition 6.

(a) (b)

FIG. 1. Schematic illustrations of (a) an l-local observable αr and (b) an additive observable composed of l-local observables AL,
Eq. (1), for the macroscopically uniform case. The case with l ¼ 2 and L ¼ 7 is shown.

FIG. 2. Schematic illustration of macroscopic equivalence,
Eq. (2) and Definition 6. For all additive observables given in
Eq. (1), two states ρL and σL give the same expectation values of
their densities in the thermodynamic limit, as described
in Eq. (3).
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Using this notion of macroscopic equivalence, we define
an iMATE, which will be shown to be consistent with the
second law of thermodynamics, as follows. Suppose that
the system is described by a Hamiltonian HL that is an
additive observable defined above. We say that a state ρL
represents an iMATE if ρL is macroscopically equivalent to
the canonical Gibbs state

ρcanL ðβjHLÞ ¼ e−βHL=Z (4)

with some finite inverse temperature −∞ < β < ∞, where
Z is the partition function. Table I shows a quick
comparison between our notion of thermal equilibrium
and those in previous literature.
We will generalize the macroscopic equivalence and

iMATE in the following sections by focusing also on
additive observables on macroscopic subsystems. Such a
more general definition reduces to the above one if the
states ρL and σL are macroscopically uniform, meaning
that the expectation values of the density of each additive
observable on any macroscopic subsystems coincide. For
the precise definition (Definition 12) and physical moti-
vations behind considering all additive observables,
see Sec. V C.

B. Macroscopic operations

As another important ingredient to discuss the second
law, we next explain what type of quantum-mechanical
operations should be considered. The second law concerns
transitions of thermal equilibrium states caused by thermo-
dynamic operations, which are macroscopic in a certain
sense. Although the quantum-mechanical representations
of such thermodynamic operations are nontrivial in gen-
eral, we adopt the following quantum-mechanical
operations.
Let m be some positive integer independent of L.

Suppose that we can control m external fields (or control
parameters) in a time-dependent manner as f1ðtÞ; f2ðtÞ; ...;
fmðtÞ∈R, which couple to m additive observables
B1
L; B

2
L; ...; B

m
L of the system, respectively. Hence, the

system obeys a unitary time evolution ULðt; 0Þ generated
by the time-dependent Hamiltonian

HLðtÞ ¼ HL −Xm
μ¼1

fμðtÞBμ
L: (5)

We call such a unitary operationULðt; 0Þ a macroscopic
operation of operation time t. A schematic illustration is
given in Fig. 3. See also Table II, where our operation is
compared with the operations treated in the previous
literature.
Note that, in the following sections we also consider

macroscopic operations whose Bμ
L’s are additive observ-

ables on macroscopic subsystems, instead of the entire
system. In such a case, macroscopic uniformity of states
is not preserved under the operations, and therefore, we
need to focus on additive observables on macroscopic
subsystems to discuss macroscopic equivalence after
the operation.

C. Main results

The four main results of this paper are summarized as
follows in the macroscopically uniform case.
The first main result is about the consistency between

macroscopic equivalence and macroscopic operations.
Using the Lieb-Robinson bound [77], we show that
macroscopic equivalence is preserved by any macroscopic
operation within an operation time that is independent
of L:

TABLE I. Comparison of the notions of thermal equilibrium when the system is described by a translation-invariant Hamiltonian.
Lower rows include more states than the upper ones, indicating that our iMATE includes more states than the statistical ensembles and
MITE.

Notion Characterization Examples Spatial structure

Statistical ensembles … Gibbs states Translation invariant (58)
MITE (Definition 16) Arbitrary local observables Typicality [50–52], TPQ states [54,55] Locally uniform (Definition 13)
Our iMATE (Definition 8) Arbitrary additive observables METTS (Example 1), Examples 2 and 3 Macroscopically uniform (Definition 12)
Ordinary MATE Finite macroobservables Example 4 …

FIG. 3. Schematic illustration of macroscopic operations,
Eq. (5), for the macroscopically uniform case. We here show
the case with m ¼ 1, where the Hamiltonian is driven by a time-
dependent control field fðtÞ coupled to an additive observ-
able BL.
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Main result 1. (Macroscopic equivalence after a macro-
scopic operation, Theorem 1 for the macroscopically
uniform case). Suppose that states ρL and σL are macro-
scopically equivalent, ρL ∼mac

σL. Take these states as initial
states and consider a time evolution by a macroscopic
operation ULðt; 0Þ, ρLðtÞ ¼ ULðt; 0ÞρLU†

Lðt; 0Þ and
σLðtÞ ¼ ULðt; 0ÞσLU†

Lðt; 0Þ. Then, for any operation time
t� independent of L, t� ¼ OðL0Þ, the states ρLðt�Þ and
σLðt�Þ remain macroscopically equivalent,

ρLðt�Þ ∼mac
σLðt�Þ: (6)

Note that this result holds regardless of whether ρL and
σL represent iMATE. In other words, this result also
applies to nonequilibrium states.
The second main result corresponds to a quantum-

mechanical version of Planck’s principle [4,15,18], which
is one of various expressions of the second law in closed
systems. In particular, thanks to the restriction of oper-
ations to macroscopic operations, we succeed in obtaining
the following result, which applies to any quantum state
representing iMATE, including pure quantum states:
Main result 2. (Macroscopic passivity of iMATE,

Corollary 3 for the macroscopically uniform case). Let
HL and ρL be the initial Hamiltonian and the initial state at
t ¼ 0, respectively. Suppose that ρL represents iMATE
described by HL at a nonnegative inverse temperature
β ≥ 0. After any macroscopic operation ULðt�; 0Þ with an
operation time t� > 0 independent of L, the expectation
value of HL does not decrease extensively,

lim
L→∞

Tr
�
ρLðt�Þ

HL

N

�
≥ lim

L→∞
Tr
�
ρL

HL

N

�
; (7)

where ρLðt�Þ ¼ ULðt�; 0ÞρLU†
Lðt�; 0Þ.

Since the system does not exchange heat with the
environment, the energy change of the system Tr½ðρLðt�Þ −
ρLÞHL� equals the work done by the external world. In
other words, an extensive work cannot be extracted from
iMATE by any macroscopic operation of operation time
t� ¼ OðL0Þ. In the special case where ρL represents
iMATE at β ¼ 0, inequality (7) becomes equality. [By

contrast, at β > 0, an extensive work can be done on
iMATE, i.e., there exist macroscopic operations with
t� ¼ OðL0Þ such that the strict inequality holds in
Eq. (7).] We will also show that the constraint
t� ¼ OðL0Þ on the operation time is optimal by providing
a counterexample to Eq. (7) at any longer timescale. See
Proposition 5 for details.
To explain the third and fourth results, we introduce an

appropriate spatial average of the reduced density matrix.
Let Cl

r ≔ Cl þ r be the translation of a hypercube Cl by r.
Consider the reduced density matrix TrΛLnCl

r
½ρL� on Cl

r ,
and move it to Cl (so that it is defined on the same region
Cl for any r), as schematically shown in Fig. 4(a). We call
this reduced density matrix an l-local density matrix
around r and denote as ρrLjl.
Even when ρL is macroscopically uniform, it can be

nonuniform microscopically, and thus ρrLjl can differ for
different r. To extract a thermodynamic property, we
consider its spatial average given by [see Fig. 4(b)]

ρaveLjl ≔
1

N

X
r∈ΛL

ρrLjl: (8)

This quantity characterizes the expectation values of
additive observables composed ofl-local observables in ρL
because it satisfies Tr½ρaveLjlα� ¼Tr½ρLAL�=N. Consequently,
its L → ∞ limit becomes a quantity common to all
macroscopically equivalent states: if ρL and σL are mac-
roscopically equivalent, ρL ∼mac

σL, then limL→∞ ρaveLjl ¼
limL→∞ σaveLjl holds for all l∈N (see Proposition 3 for
details).
The third main result states that a suitably defined form

of entropy, which we refer to as quantum macroscopic
entropy density smac

l (Definition 14), agrees with thermo-
dynamic entropy density sTD if the state represents
iMATE. For macroscopically uniform states, smac

l is simply
given by the von Neumann entropy density of ρaveLjl, and
hence the result can be stated as follows:
Main result 3. (Entropy formula for iMATE, Theorem 2

for the macroscopically uniform case). Suppose that ρL is
in iMATE of the system described by H at inverse

TABLE II. Consistency to Planck’s principle for each combination of the class of initial states and of operations. Lower rows include
broader states and narrower operations than the upper ones. Importantly, a straightforward extension of our setup given in the fourth
row to broader operations (resp. states) while keeping the class of states (resp. operations) as in the third row (resp. fifth row) causes
inconsistency to Planck’s principle.

Reference Initial states Operations Consistency to Planck’s principle

[6] Passive state Arbitrary unitary operation Passivity [6]
[18] MITE (Definition 16) Local control (Definition 17) of timescale OðL0Þ Thermodynamic passivity [18]
… iMATE (Definition 8) Local control (Definition 17) of timescale OðL0Þ Inconsistent as in Example 5
This paper iMATE (Definition 8) Macroscopic operation (Definition 10) of timescale OðL0Þ Macroscopic passivity (37)
… Ordinary MATE Macroscopic operation (Definition 10) of timescale OðL0Þ Inconsistent as in Example 4
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temperature β. Let ρaveLjl be its spatial average, defined by (8),
andSvN½ρaveLjl� be thevonNeumann entropyof ρaveLjl. Then, the
density ofSvN½ρaveLjl� approaches the thermodynamic entropy

density sTDðβjHÞð≔ limL→∞SvN½ρcanL ðβjHÞ�=NÞ in the fol-
lowing iterated limit,

lim
l→∞

lim
L→∞

SvN½ρaveLjl�
ld ¼ sTDðβjHÞ: (9)

Importantly, this result states that Eq. (9) holds for any
state representing iMATE. This should be contrasted with
the naive von Neumann entropy density SvN½ρL�=N and the
entanglement entropy density, which, in general, disagree
with the thermodynamic entropy density (see Secs. IX C
and X C for details). Furthermore, this result implies
that thermodynamic entropy density can be obtained by
measurements of additive observables, as will be explained
in Sec. X D. These measurements only require preparations
of quantum states representing iMATE at a single inverse
temperature β, in contrast to entropy measurements in
thermodynamics, which require preparations of multiple
thermal equilibrium states at different inverse temperatures.
The fourth result is to derive the law of increasing

entropy, another renowned formulation of the second law
of thermodynamics under closed systems following adia-
batic operations. To explain this result, we introduce a
process consisting of a macroscopic operation and a
relaxation process, which is regarded as corresponding
to the adiabatic operation in thermodynamics. Suppose
that, at time t ¼ 0, the system is described by the initial
Hamiltonian H0 and that the state of the system ρL
represents an iMATE at inverse temperature β0. Until

time t�, we perform an arbitrary macroscopic operation
ULðt; 0Þ, where t� is assumed to be independent of L. At
time t ≥ t�, the Hamiltonian is taken to be a time-
independent one H1, and the system obeys the “relaxation
process” defined by ULðt; t�Þ ¼ e−iH1ðt−t�Þ. That is, the
time dependence of the Hamiltonian is given by

HðtÞ ¼
8<
:

H0 ðt ¼ 0Þ
H0 −Pm

μ¼1 f
μðtÞBμ ð0 < t < t�Þ

H1 ðt ≥ t�Þ
; (10)

where HðtÞ for 0 < t < t� takes the form of Eq. (5). We
interpret the long-time average of the state at t ≥ t� as the
final state of the relaxation process, as is often done in the
studies of thermalization,

ρLðt > t�Þ ≔ lim
T →∞

1

T

Z
t�þT

t�
dt e−iðt−t�ÞH1ρLðt�Þeiðt−t�ÞH1 ;

(11)

where ρLðt�Þ ¼ ULðt�; 0ÞρLU†
Lðt�; 0Þ.

We show that the entropy density given in the lhs of
Eq. (9) does not decrease in such a process:
Main result 4. (Law of increasing entropy, Theorem 4

for the macroscopically uniform case). For the process
mentioned above, let σL ≔ ρLðt > t�Þ be the final state
evaluated by the long-time average (11). Under some mild
assumption about the existence of a unique thermody-
namic limit (for details, see Theorem 4), the quantum
macroscopic entropy density does not decrease through
this process,

(a) (b)

FIG. 4. Schematic illustrations of (a) l-local density matrix ρrLjl and (b) its spatial average ρaveLjl, Eq. (8), for the macroscopically
uniform case. (a) We first define Cl

r , which is a region obtained from the translation of Cl by r. The density matrix ρrLjl is obtained by
the reduced density matrix of ρ onto Cl

r , followed by the translation by −r. (b) The state ρaveLjl is obtained by averaging ρrLjl for all r.
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lim
l→∞

lim
L→∞

SvN½ρaveLjl�
ld ≤ lim

l→∞
lim
L→∞

SvN½σaveLjl�
ld (12)

as long as t� ¼ OðL0Þ.
This result should be distinguished from other results

on the law of increasing entropy in isolated quantum
systems [13,14,19,20], i.e., systems evolving via a time-
independent Hamiltonian. This is because our result
includes not only relaxation processes but also arbitrary
macroscopic operations described by time-dependent
Hamiltonians, consistent with the setting of the second
law of thermodynamics under adiabatic operations.
We can also show that the constraint t� ¼ OðL0Þ on
the operation time is optimal by providing a counterex-
ample to Eq. (12) at any longer timescale. See
Proposition 6 for details.
We note that the assumption mentioned in Main result 4

is about the relaxation process governed by H1, and it is
weaker than the assumption that thermalization occurs,
which means that the final state (11) represents an iMATE.
If we further assume this assumption of thermalization,
Main results 3 and 4 lead to

sTDðβ0jH0Þ ≤ sTDðβ1jH1Þ; (13)

where β1 is the inverse temperature of iMATE represented
by the final state. This inequality indeed corresponds to the
law of increasing entropy in thermodynamics, upon which
thermodynamics can be rigorously constructed [4].

III. SETUP

In this section, we introduce our setup in a formal
manner. Note that mathematically rigorous treatment of
our formulations is far from trivial because multiple
length scales appear such as the sizes of local regions,
subsystems, and the whole system. We need to take the
thermodynamic limit with appropriately controlling the
relations among these length scales. To clarify this point,
we consider sequences of systems, subsystems, states
and observables rather than their members, in the
following sections. This enables us to suitably define
important concepts, such as iMATE. For the reader’s
convenience, we summarize the notations of our symbols
in Appendix A.

A. Systems and subsystems

We consider a quantum spin system on a d-dimensional
hypercubic lattice ΛL¼ðZLÞd ¼f−⌈L=2⌉þ1;−⌈L=2⌉þ
2;…;bL=2cgd with side length L and the number of sites
N ¼ Ld [78]. For simplicity, we impose the periodic
boundary conditions, while our results presented in the
following sections are not affected by the choice of
boundary conditions. Suppose that the total Hilbert space
is given by a tensor product of local Hilbert spacesHr that

are isomorphic to CD and let Tr be the translation operator
defined by

Tr ⨂
r0 ∈ΛL

jjr0 ir0 ¼ ⨂
r0 ∈ΛL

jjr0 ir0þr; (14)

where fjjirgD−1
j¼0 is an orthonormal basis of Hr. We write

the Manhattan distance between two sites r and r0
by jr − r0j.
In Sec. II, we have considered only additive observables

on the whole system; however, to detect macroscopic
nonuniformity of nonequilibrium states, such as that of
convecting fluid in a box, and to distinguish these states
from thermal equilibrium states, we should also focus on
additive observables on subsystems. These subsystems
should be small relative to the whole system so that finer
spatial structures can be detected, yet sufficiently large to
ensure that thermodynamics applies. To this end, we
introduce macroscopic subsystems as follows.
We take a large integer K independent of L [79], and

partition the total lattice ΛL into Kd subsets Sð1Þ
L ; � � � ;SðKdÞ

L
that have almost equal side lengths bL=Kc or ⌈L=K⌉. We
call each of these subsets a primitive macroscopic sub-
system. The union of primitive macroscopic subsystems is
called a macroscopic subsystem. In Fig. 5, we illustrate
primitive macroscopic subsystems with K ¼ 4 and a
macroscopic subsystem SL composed of three primitive

macroscopic subsystems, Sð6Þ
L ;Sð7Þ

L and Sð10Þ
L , for

L ¼ 8; 16; 32. When taking the thermodynamic limit
L → ∞, we consider such proper sequences of macro-
scopic subsystems composed of the same primitive macro-
scopic subsystems:
Definition 1. (Proper sequences of macroscopic sub-

systems). Primitive macroscopic subsystems SðkÞ
L are

labeled by k∈ f1;…; Kdg for each L such that one in
the same position has the same label k, as illustrated in
Fig. 5. A sequence of macroscopic subsystems ðSLÞL∈N is
said to be proper if each member SL is composed of the
same primitive macroscopic subsystems,

SL ¼ ⋃
m

j¼1

S
ðkjÞ
L for every L∈N; (15)

where fk1;…; kmg ⊂ f1;…; Kdg is an arbitrary subset
composed of m labels with m ¼ 1;…; Kd.
Note that since K is kept independent of L, the number

of sites in SL for any proper sequence ðSLÞL∈N grows in
the same order as the total volume, jSLj ¼ ΘðLdÞ. Note
also that, by taking m ¼ Kd, we can see that ðΛLÞL∈N is a
proper sequence of macroscopic subsystems.
Since we will only consider proper sequences when

discussing macroscopic subsystems, we often omit the
term “proper sequences” hereafter.
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B. Additive observables

In the spirit of thermodynamics, we are interested in
observables that are spatially averaged in a macroscopic
subsystem. Such observables correspond to additive
observables defined below.
To introduce them, we first define local observables.
Definition 2. (Local observables). Let Cl be a

d-dimensional hypercube with side length l, f−⌈l=2⌉þ1;
−⌈l=2⌉þ2;…;bl=2cgd, composed of ld sites, and Cl

r ≔
Cl þ r be its translation by r. An observable supported on
Cl
r for some r∈ΛL is called an l-local observable.
In this paper, we are interested in l-local observables

whose l is independent of L, l ¼ OðL0Þ, because we
would like to regard an l-local observable α as defined
independently of the thermodynamic limit.
Using this, we introduce an additive observable on a

macroscopic subsystem as follows (see Fig. 6):
Definition 3. (Additive observables). Let SL be a

macroscopic subsystem and α be an l-local observable.
The following observable is said to be the additive
observable on SL obtained from α,

ASL
ðαÞ ≔

X
r s:t: SuppðαrÞ⊂SL

αr; (16)

where αr ¼ TrαT
†
r is the translation of α by r and SuppðαrÞ

means the support of the operator αr. An observable AL is
said to be an additive observable composed of l-local
observables if there are an l-local observable α and a
macroscopic subsystem SL such that AL ¼ ASL

ðαÞ.
Physically, the density of the additive observable on SL

obtained from α, ASL
ðαÞ=jSLj, corresponds to the spatial

average of α on the macroscopic subsystem SL.
When taking the thermodynamic limit L → ∞, we

consider proper sequences of additive observables, each
of which is characterized by an l-local observable α and a
proper sequence of macroscopic subsystems as follows:

Definition 4. (Proper sequences of additive observ-
ables). A sequence of observables ðALÞL∈N is said to be
a proper sequence of additive observables if there exist a
positive integer l∈N, an l-local observable α, and a
proper sequence of macroscopic subsystems ðSLÞL∈N
such that each element AL is given by the additive
observable on SL obtained from α,

AL ¼ ASL
ðαÞ for every L∈N: (17)

The set of all proper sequences of additive observables is
denoted by A.
Note that l and α are independent of L in this definition.

In particular, for any proper sequence ðALÞL∈N, the
operator norm k • k of AL satisfies kALk ≤ jSLj × kαk ¼
OðLdÞ, which indicates the extensive property of such a
sequence. Since we will only consider proper sequences

FIG. 5. Illustration of how each primitive macroscopic subsystem grows as L is increased (L ¼ 8, 16, 32 from left to right) in the case
of d ¼ 2 and K ¼ 4. We can define a macroscopic subsystem SL as the union of certain primitive macroscopic subsystems. For

example, we can consider a macroscopic subsystem corresponding to the shaded region as a union of Sð6Þ
L ;Sð7Þ

L ; and Sð10Þ
L .

FIG. 6. Schematic illustration of the additive observable on a
macroscopic subsystem SL obtained from an l-local observable
α, Definition 3. The special case where the subsystem is taken as
the total lattice, SL ¼ ΛL, was given in Fig. 1(b).
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when discussing additive observables, we often omit the
term “proper sequences” hereafter.
Let us clarify the meaning of A, i.e., the set of all

(proper sequences of) additive observables. Here, “all”
refers to the following arbitrarinesses of their choices:

(i) l is an arbitrary positive integer, l∈N;
(ii) α is an arbitrary l-local observable on Cl [80];
(iii) ðSLÞL∈N is any proper sequence of macroscopic

subsystems.
Note that, since arbitrariness (i) states that l can be

taken arbitrarily large, A is an infinite set. However, for
each l, the number of independent additive observables
ðALÞL∈N is bounded from above by the total number of
choices (ii) and (iii), D2ld

× 2K
d
(recall that D is the

dimension of the local Hilbert space), which increases with
l but is independent of L. This means that A is much
narrower than the set of sequences of arbitrary observ-
ables, as the number of independent observables on ΛL

grows as D2Ld
with respect to L.

Now, we give an easy example showing the difference
between A and the set of sequences of arbitrary observ-
ables. Let UL be the translation-invariant unitary operator
in spin−1=2 systems defined by UL ¼Qr∈ΛL

σzr, where
σx;y;zr is the Pauli operator on site r. To represent it in the
form of Eq. (16), we need to take l ¼ L and
SuppðαÞ ¼ ΛL. This means that the sequence of these
unitaries ðULÞL∈N cannot be written in the form of
Eq. (17) with l ¼ OðL0Þ and is not a proper sequence.
The additive observables defined above are important

because they satisfy the additivity property, Eq. (18)
below, and hence, they are a natural candidate for
quantum-mechanical representations of additive quantities
in thermodynamics [81]. Suppose that a macroscopic
subsystem SL is composed of mð¼ OðL0ÞÞ primitive

macroscopic subsystems fSðkjÞ
L gmj¼1 (kj ∈ f1; 2;…; Kdg).

An additive observable on SL can be well approximated by
the sum of additive observables on these primitive macro-
scopic subsystems because it satisfies

����ASL
ðαÞ −Xm

j¼1

A
S
ðkjÞ
L

ðαÞ
���� ¼ OðLd−1Þ: (18)

Here, the OðLd−1Þ term in the right-hand side (rhs)
corresponds to the contributions from the boundaries

of S
ðkjÞ
L ’s. This property (18) corresponds to the additivity

property in thermodynamics because it indicates that
the expectation values of densities, ASL

ðαÞ=jSLj andP
m
j¼1 AS

ðkjÞ
L

ðαÞ=jSLj, coincide in the thermodynamic limit.

Therefore, we regard that additive observables defined
by Eq. (16) correspond to additive quantities in
thermodynamics.

IV. MACROSCOPIC EQUIVALENCE

In this section, we introduce the notion of “macroscopic
equivalence” [82]. It is applicable to both equilibrium
and nonequilibrium states. We will utilize it to define
macroscopic thermal equilibrium in the next section.
Let ρL be a density matrix of the system of size L. To

take the thermodynamic limit, it should be considered as a
member of an appropriate sequence ðρLÞL∈N of density
matrices. Since we are interested in additive observables,
we characterize appropriate sequences of density matrices
in terms of additive observables as follows:
Definition 5. (Macroscopic state). A sequence ðρLÞL∈N

of density matrices ρL defined on ΛL is said to represent
a macroscopic state if, for any proper sequence of
additive observables ðALÞL∈N, the expectation value of
AL divided by the total number of sites converges in the
limit L → ∞, i.e.,

lim
L→∞

Tr½ρLAL=N� exists for every ðALÞL∈N ∈A: (19)

Here, A is the set of all proper sequences of additive
observables defined in Definition 4.
In the special case where ρL is translation invariant,

Tr½ρLAL�=N ¼ Tr½ρLα�jSLj=N holds for any AL ¼ ASL
ðαÞ,

and hence, the above condition (19) reduces to the
existence of the L → ∞ limit of Tr½ρLα� for every local
observable α.
Furthermore, we define an equivalence relation between

sequences of density matrices as follows:
Definition 6. (Macroscopic equivalence). Let ðρLÞL∈N

and ðσLÞL∈N represent macroscopic states. We say that
they are macroscopically equivalent and denote

ðρLÞL∈N ∼macðσLÞL∈N; (20)

if

lim
L→∞

Tr
�
ρL

AL

N

�
¼ lim

L→∞
Tr
�
σL

AL

N

�
for all ðALÞL∈N ∈A:

(21)

For macroscopically equivalent states ðρLÞL∈N and
ðσLÞL∈N, we also say that they represent the same macro-
scopic state.
The relation (20) indeed satisfies the definition of an

equivalence relation. See Fig. 2 for a schematic illustration.
As a simple example, let ρL be a pure product state of

the form ðj0ih0jÞ⊗ΛL in a spin-1=2 system, and σL be its
spin flip at site 0, σL ¼ σx0ρLσ

x
0. Then both sequences of

density matrices ðρLÞL∈N and ðσLÞL∈N represent macro-
scopic states and they are macroscopically equivalent.
Hence, they represent the same macroscopic state.
In addition, it is usually considered in thermodynamics

that any additive quantity should take a macroscopically
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definite value, and hence a single-shot measurement
suffices to obtain its equilibrium value. In other words,
variances of additive quantities should be macroscop-
ically negligible. When a representation of a macro-
scopic state satisfies this property for all additive
observables, we call it a representation of a normal
macroscopic state:
Definition 7. (Normal macroscopic state). Let ðρLÞL∈N

represent a macroscopic state. It is said to represent a
normal macroscopic state if the variances of additive
observables in all proper sequences of additive observables
are macroscopically negligible, that is,

Tr½ρLðAL=NÞ2� − ðTr½ρLAL=N�Þ2 ¼ oðL0Þ
for all ðALÞL∈N ∈A: (22)

V. INFINITE-OBSERVABLE MACROSCOPIC
THERMAL EQUILIBRIUM

In this section, we introduce the notion of thermal
equilibrium used in this paper, which is characterized by
all additive observables.

A. Hamiltonian

Thermodynamics treats simple systems as the funda-
mental building blocks of a macroscopic system [3,4].
In equilibrium statistical mechanics, such a simple system
corresponds to a many-body system described by a
translation-invariant Hamiltonian. Therefore, when inves-
tigating equilibrium states (e.g., before or after thermo-
dynamic operations), we consider a system described
by a Hamiltonian H that is an additive observable on the
whole system ΛL, unless otherwise stated. That is, the
Hamiltonian is translation invariant and can be written as

HL ¼ AΛL
ðhÞ ¼

X
r∈ΛL

hr; (23)

where h is some l-local observable, with l independent
of L, and hr ¼ TrhT

†
r .

For example, if we choose d ¼ 1 and h ¼ Jσz0σ
z
1 − gσx0

then Eq. (23) defines the following additive observable:

HL ¼ J
XL
j¼1

σzjσ
z
jþ1 − g

XL
j¼1

σxj : (24)

This is nothing but the Hamiltonian of a one-
dimensional transverse-field Ising model with the periodic
boundary condition. As is seen in this example, Eq. (23)
defines general translation-invariant systems with short-
range interactions.

B. Gibbs states

In statistical mechanics, thermal equilibrium states are
often described by statistical mechanical ensembles, such
as the microcanonical and the canonical Gibbs states. In
this paper, we employ the canonical Gibbs state (4) as a
reference state for a general representation of thermal
equilibrium states. This implies that we consider thermal
equilibrium states specified (labeled) only by inverse
temperature β and N. It will be straightforward to extend
our theory to more general cases where additional vari-
ables are necessary to specify equilibrium states.
Furthermore, we exclude systems that exhibit phase
coexistence. Although the extension to such systems does
not seem difficult, it is out of the scope of this paper.
In order to utilize the canonical Gibbs state as a

reference state, we assume that its sequence represents a
macroscopic state in the sense defined in Sec. IV:
Assumption 1. The sequence of canonical Gibbs states

ðρcanL ðβjHLÞÞL∈N represents a macroscopic state, that is, it
satisfies Eq. (19).
We consider that this assumption will be reasonable

aside from the first-order phase transition point for the
following reason. For any additive observable A, its
expectation value in ρcanL ðβjHLÞ is given by the derivative
of a generalized free energy,

Tr½ρcanL ðβjHLÞA� ¼
�
1

β

∂
∂h

logTr½e−βðHL−hAÞ�
�����

h¼0

: (25)

It was shown that the thermodynamic limit of this free
energy exists [83,84]. Furthermore, it is usually considered
that this derivative and the thermodynamic limit can be
interchanged if β is not at the first-order phase transition
point [85]. This indicates that, for such a value of β, the
thermodynamic limit of the expectation value of A should
coincide with the derivative of the thermodynamic limit
of the above free energy, meaning that Assumption 1 is
satisfied.
In some parts of this paper, where the fluctuations of

additive observables are crucial for our analysis, we will
also use the following assumption:
Assumption 2. The sequence of canonical Gibbs states

ðρcanL ðβjHLÞÞL∈N represents a normal macroscopic state,
that is, it satisfies both Eqs. (19) and (22).
The second assumption (22) is ensured by the

assumption of the decay of correlations between distant
local observables. Therefore, it will be reasonable except
when β is at the first-order phase transition point. Note that
this assumption will hold even at the continuous phase
transition point because an arbitrarily slow decay of
correlations is sufficient for this assumption.

C. Thermal equilibrium in this paper

In recent studies of the foundation of statistical mechan-
ics, two notions of thermal equilibrium are well known:
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“MATE” and “MITE” [42,47,49]. The notion of MATE
(resp. MITE) is defined focusing on macroscopic (resp.
microscopic) observables. The notion of MATE applies
not only to quantum systems but also to classical systems;
MATE has a classical counterpart [42,49], and we can
discuss whether each point in the classical phase space
satisfies it, whereas MITE does not work well in such
situations. For example, consider a classical gas in thermal
equilibrium. Most of the snapshots are obviously in the
same equilibrium state. However, since such a snapshot is
not uniform microscopically (though uniform macroscop-
ically), each of them is not in MITE but in MATE. The
situation is the same in quantum systems; equilibrium
states can be nonuniform microscopically, which is not in
MITE but in MATE. In addition, MATE will have a
stronger connection to thermodynamics than MITE, as
macroscopic observables used in MATE will correspond to
macroscopic physical quantities in thermodynamics.
Considering its generality and consistency with thermo-
dynamics, we adopt the approach based on MATE to
discuss a notion of thermal equilibrium.
In the conventional formulation of MATE, whether a

state represents MATE is determined solely from the
probability distributions of a finite number of given
macroscopic observables [47–49], as will be explained
in Sec. XII B. However, for a certain choice of a finite
number of macroscopic observables, we can provide a
simple counterexample to the second law of thermody-
namics, as will be explained in Example 4. Furthermore,
we expect that even if we focused on more generic but a
finite number of observables [69], we would encounter
almost the same problem.
To resolve such inconsistency with the second law, we

here characterize thermal equilibrium states by focusing
on all (thus, as discussed in Sec. III B, an infinite number
of) additive observables. We call such a notion of thermal
equilibrium iMATE:
Definition 8. (iMATE). Let ðρLÞL∈N represent a macro-

scopic state (cf. Definition 5). It is said to represent iMATE
of a system described by a translation-invariant
Hamiltonian HL if there exists a finite inverse temperature
−∞ < β < þ∞ such that ðρLÞL∈N is macroscopically
equivalent to ðρcanL ðβjHLÞÞL∈N,

ðρLÞL∈N ∼macðρcanL ðβjHLÞÞL∈N; (26)

where ∼mac is defined by Eq. (21).
In other words, we say that ðρLÞL∈N represents an

iMATE if the expectation value of the density of any
additive observable coincides with its equilibrium value in
the thermodynamic limit.
Furthermore, in thermodynamics, it is usually consid-

ered that additive physical quantities do not have macro-
scopically large fluctuations. When we impose this

behavior in addition to Definition 8, we call such an
equilibrium state a normal iMATE as follows:
Definition 9. (Normal iMATE). A sequence of density

matrices ðρLÞL∈N is said to represent normal iMATE if it
represents a normal macroscopic state [Definition 7], and
at the same time iMATE [Definition 8].
We discuss physical motivations behind defining ther-

mal equilibrium by iMATE. As an example, let us consider
a classical gas. Its thermal equilibrium states are specified
only by the internal energy U, volume V, and particle
number N. This means that, within the space of thermal
equilibrium states, each thermal equilibrium state is
labeled by ðU;V;NÞ. Suppose that an experimenter pre-
pares a state of the gas in such a way that ðU;V;NÞ take
some specified values. In order to judge whether the gas is
in thermal equilibrium or not, he/she should also measure
other additive observables [86] to explore the space of all
macroscopic states, since there are various nonequilibrium
states that have the same values of ðU;V;NÞ as the
equilibrium state. For instance, the total kinetic energy
will take the unique value satisfying equipartition in the
equilibrium state, whereas it can take other values in
nonequilibrium states. More generally, if, in some state,
some additive observable deviates from the equilibrium
value, we can measure this observable, at least in principle,
and can detect a difference from the thermal equilibrium
state. Reflecting this arbitrariness of additive observables
measured in real experiments, we have defined iMATE,
focusing on all additive observables.
Some readers might still be mystified by the fact that

iMATE thus defined focuses on an infinite number of
additive observables. We point out that iMATE requires
focusing on fewer observables than MITE, a commonly
used notion of thermal equilibrium in the study of thermal-
ization in isolated quantum systems [42,47,49]. For in-
stance, in spin−1=2 chains, the number of additive
observables composed of l-local observables that are used
to define iMATE scales as 4l, which is independent of L.
In comparison, the number of l-local observables that are
used to define MITE scales as 4l × L (see Sec. XII A for
details). Hence, the number of observables considered in
iMATE is much smaller than that in MITE. As a result,
iMATE includes all states that represent MITE (see
Sec. XII A). It also includes equilibrium states that are
not included in MITE, as explained in Table I and
in Sec. V D.

D. Examples of iMATE

Let us provide examples of a sequence of states that
represents iMATE, but that is not in MITE.
The first example is the minimally entangled typical

thermal states (METTS) [87,88], which provide a natural
illustration. Let jii ði ¼ 0; 1; � � � ; DN − 1Þ denote a basis
vector of a computational basis, which can be written as
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⨂
r∈ΛL

jjrir; (27)

where fjjrirgD−1
jr¼0 is an orthonormal basis of the local

Hilbert space Hr. The METTS are a family of states
obtained by imaginary-time evolution of these computa-
tional basis vectors,

jϕðiÞi ¼ 1ffiffiffiffiffiffiffiffiffi
PðiÞp e−1

2βHL jii; (28)

where PðiÞ ¼ hije−βHL jii. The canonical Gibbs state can
be decomposed as a classical mixture of METTS:

ρcanL ðβjHLÞ ¼
X
i

PðiÞ
Z

jϕðiÞihϕðiÞj: (29)

Therefore, the average of the expectation value of any
observable in jϕðiÞi’s for all i according to the probability
PðiÞ=Z agrees with that in the canonical Gibbs state.
Since METTS are obtained by evolving a product state

containing no spatial entanglement for an imaginary time
of order OðN0Þ, they retain only a small amount of
entanglement [89] and exhibit short-range correlations.
As a consequence, the self-averaging property is expected
to hold, and for any additive observable, the expectation
value of its density in a single typical METTS converges in
the thermodynamic limit to that in the canonical Gibbs
state, without ensemble averaging. Therefore, a sequence
of typical METTS sampled according to the probability
distribution PðiÞ

Z is macroscopically equivalent to the
canonical Gibbs state and hence represents iMATE. In
fact, we can rigorously show the following (for the precise
statement and the rigorous proof, see Propositions 8–10 in
Appendix C 1).
Example 1. (Typical sequence of METTS represents

iMATE, informal version of Proposition 10). We choose
iL ∈ f0; 1;…; DN − 1g according to the probability dis-
tribution PðiLÞ=Z and define ρL ¼ jϕðiLÞihϕðiLÞj for each
L∈N. Under a reasonable assumption for the canonical
Gibbs state ρcanL ðβjHLÞ (see Assumption 4), we can
show that the sequence of states ðρLÞL∈N satisfies
ðρLÞL∈N ∼macðρcanL ðβjHLÞÞL∈N with probability 1.
On the other hand, METTS are in general not locally

uniform (see Definition 13 for a precise definition) and
thus excluded from MITE.
The following second and third examples of iMATE

contain no random variables (in contrast to METTS, which
contains iL as a random variable). Since the finite temper-
ature case is technically cumbersome, we first give an
example at infinite temperature, β ¼ 0:
Example 2. (Infinite temperature iMATE without ran-

dom variables, informal version of Proposition 11). For

simplicity, we consider a one-dimensional spin-1=2 system
(d ¼ 1; D ¼ 2) with L ¼ n2n for some n∈N. Let
fjbnðiÞig2n−1i¼0 be the computational basis on consecutive
n sites, as shown in Eq. (C59). We consider a state jψLi
given by the tensor product of the basis vectors,
jψLi ¼ ⨂2n−1

i¼0 jbnðiÞi. Because of the spatial structure of
jψLi, the spatial average of the expectation value of any
l-local observable α in jψLi is proportional to its trace,

hψLj
1

L

XL
j¼1

αjjψLi ≃
1

n

Xn
j¼1

Trn½αj�
2n

≃
Trn½α�
2n

; (30)

where Trn½•� is the trace on n consecutive sites. The above
approximate equalities ≃ become exact after taking the
thermodynamic limit n → ∞. Therefore, the sequence of
states ðρLÞL∈N given by ρL ¼ jψLihψLj is macroscopically
equivalent to the sequence of maximally mixed states,
ðρLÞL∈N ∼macðIΛL

=2NÞL∈N, which means that it represents
iMATE at inverse temperature β ¼ 0 for any Hamiltonian.
Note that the expectation values of Pauli-z operators σzj
in jψLi depend on the site, and hence, this state does
not represent MITE described by a translation-invariant
Hamiltonian.
Finally, we provide an example of iMATE at finite

temperature that contains no random variables:
Example 3. (Finite temperature iMATE without random

variables, informal version of Proposition 12). For sim-
plicity, we consider a one-dimensional spin-1=2 system
ðd ¼ 1; D ¼ 2Þ with L ¼ n2n for some n∈N. Let Hn
be the sum of local Hamiltonians hr restricted to con-
secutive n sites, f1; 2;…; ng. We can construct a sequence
of states representing iMATE at inverse temperature
β by the following steps: (1) Take the eigenstates of
Hn, denoted by jEνi ðν∈ f1; 2;…; 2ngÞ. (2) Perform
the discrete Fourier transform, jqi ∝Pν e

2πiqν=2n jEνi
(q∈ f0; 1;…; 2n − 1g). (3) Evolve them for an imaginary
time β=2 by Hn, jφðqÞi¼ e−βHn=2jqi= ffiffiffiffiffiffi

Zn
p

with
Zn ¼Tr½e−βHn �. Importantly, the normalization constants
take the same value (i.e.,

ffiffiffiffiffiffi
Zn

p
) for all q. (4) Take a tensor

product of 2n number of them, jψLi ¼ ⊗q jφðqÞi. Then, the
sequence of states ðρLÞL∈N with ρL ¼ jψLihψLj is macro-
scopically equivalent to the sequence of the tensor product
of 2n number of the canonical Gibbs states on n sites,
ðe−βHn=ZnÞ⊗2n . The latter sequence can be shown to be
macroscopically equivalent to ðρcanL ðβjHLÞÞL∈N.
Note that, since the state in this example is a tensor

product of 2n number of n-qubit states, it has no corre-
lation between local observables on two adjacent n-qubit
blocks. By contrast, the Gibbs state at β > 0 usually has
nonzero correlation. These imply that the state in this
example is not in MITE.
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VI. MACROSCOPIC OPERATIONS AND
EQUIVALENCE AFTER SUCH OPERATIONS

A. Macroscopic operations

In this section, we introduce macroscopic operations,
which are unitary operations regarded as corresponding to
adiabatic thermodynamic operations. After that, we pro-
vide our crucial theorem stating that macroscopic equiv-
alence defined in the previous section is preserved after a
macroscopic operation.
As discussed in the Introduction, we should not consider

arbitrary operations when discussing consistency with
thermodynamics; rather, we should restrict them to those
feasible within the framework of thermodynamics.
Although quantum-mechanical operations corresponding
to thermodynamic operations have not been fully identi-
fied yet (to the authors’ best knowledge), we here consider
the following class of quantum operations, which seems
most interesting in many physical situations.
A closed system is manipulated through some fields (or

control parameters), such as a magnetic field. In thermo-
dynamic systems, such fields are usually conjugate to
additive quantities. Therefore, we define macroscopic
operations as unitary time evolutions induced by the
external fields coupled to additive observables, including
those on macroscopic subsystems [90], as shown sche-
matically in Fig. 7. More precisely:
Definition 10. (Macroscopic operation). Let m be a

positive integer independent of L, ðB1
L; B

2
L;…; Bm

L Þ be an
arbitrary set of proper sequences of additive observables
on some macroscopic subsystems, and ðf1ðtÞ; f2ðtÞ; � � � ;
fmðtÞÞ be an arbitrary set of bounded real functions
independent of L [91]. We define a “macroscopic
operation” starting from t ¼ 0 as a sequence of uni-
tary-operator-valued functions ðULð•; 0ÞÞL∈N, where
ULðt; 0Þ is the time evolution generated by the
Hamiltonian [92]

HLðtÞ ¼ HL −Xm
μ¼1

fμðtÞBμ
L ðt > 0Þ: (31)

Then, the macroscopic operation ULðt; 0Þ is determined
by

i
∂
∂t
ULðt; 0Þ ¼ HLðtÞULðt; 0Þ; ULð0; 0Þ ¼ 1; (32)

and changes a quantum state ρL as

ρLð0Þ ¼ ρL ↦ ρLðtÞ ¼ ULðt; 0ÞρLULðt; 0Þ† ðt > 0Þ:
(33)

As expected from thermodynamics,we can show that any
representation of a macroscopic state remains a represen-
tation of some macroscopic state under macroscopic
operations, when the operation time is L-independent:
Proposition 1. (State after a macroscopic operation also

represents a macroscopic state). Let ðρLÞL∈N represent a
macroscopic state. Then, for any macroscopic operation
ðULð•; 0ÞÞL∈N and operation time t� ∈R>0 independent
of L, ðρLðt�ÞÞL∈N also represents a macroscopic state,
where ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ†.
Proof. See Appendix D. ▪
Moreover, if the initial state represents a normal macro-

scopic state, the normality is also preserved under macro-
scopic operations:
Proposition 2. (State after a macroscopic operation also

represents a normal macroscopic state). Let ðρLÞL∈N
represent a normal macroscopic state. Then, for any macro-
scopic operation ðULð·; 0ÞÞL∈N and operation time t� ∈R>0

independent of L, ðρLðt�ÞÞL∈N also represents a normal
macroscopic state, where ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ†.
Proof. See Appendix D. ▪

B. Macroscopic equivalence
after macroscopic operations

We now discuss the macroscopic equivalence of states
after a macroscopic operation. Suppose that the same
macroscopic operation is applied to two different quantum
states that are macroscopically equivalent. Since the
resulting states obtained by applying the macroscopic
operation also represent macroscopic states according to
Proposition 1, we can ask whether they are macroscop-
ically equivalent. To this question, we obtain the following
theorem:
Theorem 1. (Macroscopic equivalence after a macro-

scopic operation). Let ðρLÞL∈N and ðσLÞL∈N represent
macroscopic states. Suppose that ðρLÞL∈N and ðσLÞL∈N

are macroscopically equivalent, ðρLÞL∈N ∼macðσLÞL∈N.
Then, for any macroscopic operation ðULð·; 0ÞÞL∈N and
operation time t� ∈R>0 independent of L, it holds that

ðρLðt�ÞÞL∈N ∼macðσLðt�ÞÞL∈N; (34)

FIG. 7. Schematic illustration of macroscopic operations,
Definition 10, where we consider the case with m ¼ 1. The
special case where SL ¼ ΛL was given in Fig. 3.
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where ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ† and σLðt�Þ ¼
ULðt�; 0ÞσLULðt�; 0Þ†.
Therefore, if every additive observable initially takes

the macroscopically same value in two states ρL and σL
[as (21)], then this macroscopic coincidence is kept for
arbitrary operation time t� ¼ OðL0Þ, while its value
depends on t�.
Proof outline. Consider the time evolution of an additive

observable AL by macroscopic operation ULðt; 0Þ in the
Heisenberg picture, AH

L ðtÞ. Using the Lieb-Robinson
bound, for t� ¼ OðL0Þ, AH

L ðt�Þ can be well approximated
by a certain additive observable [77,93,94]. Combining
this with the definition of macroscopic equivalence,
Definition 6, we can show that the expectation value of
AH
L ðt�Þ in ρL coincides with that in σL. Since this holds for

any additive observable AL, we have Eq. (34). For the
details, see Appendix D. ▪
Specifically, by taking the canonical Gibbs state

ρcanL ðβjHLÞ as σL, we obtain the following corollary:
Corollary 1. (Response of iMATE). Let ðρLÞL∈N rep-

resents iMATE described by the Hamiltonian HL at the
inverse temperature β. Then, for any macroscopic oper-
ation ðULð·; 0ÞÞL∈N and operation time t� ∈R>0 indepen-
dent of L, it holds that

ðρLðt�ÞÞL∈N ∼macðULðt�; 0ÞρcanL ðβjHLÞULðt�; 0Þ†ÞL∈N;

(35)

where ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ†.
In other words, on a timescale independent of L, the

response of additive observables in a system prepared in
iMATE to macroscopic operations does not depend on
the choice of the representation of iMATE. This is
consistent with the experimental fact that macroscopic
responses of macroscopic systems in thermal equilib-
rium are insensitive to microscopic details of the states of
the systems.

C. Lower bound on the timescale of thermalization

By using Corollary 1, we can readily obtain the
following corollary, which states that the timescale of
thermalization is bounded from below.
Corollary 2. (Lower bound on the timescale of thermal-

ization). Let the HamiltonianHL be an additive observable
on the whole system and ðρLÞL∈N be an arbitrary repre-
sentation of a macroscopic state that does not represent
iMATE of the system described by HL. Now, consider the
time evolution generated byHL, i.e., ρLðtÞ ≔ e−iHLtρLeiHLt.
Then, for any time t� independent of L, the sequence
ðρLðt�ÞÞL∈N does not represent iMATE.
This means that, for any initial nonequilibrium states,

relaxation to thermal equilibrium in the sense ofDefinition 8
can occur only at the timescale of ωðL0Þ [76]. This is also
consistent with experiments on macroscopic systems in

thermal equilibrium. Note that this timescale is much longer
than that derived by using typicality arguments [95,96]. This
difference arises because our Hamiltonian consists of local
interactions, and we focus on all additive observables, both
of which respect locality, in contrast to the typicality
arguments. We also note that the above result is distinct
from the ωðL0Þ-bound on timescale of relaxation provided
in Ref. [97], which considered locality of dynamics but
basically focused on a restricted class of observables
corresponding to, e.g., transport of particles.
Proof. We prove this corollary by contradiction.

Assume that ðρLðt�ÞÞL∈N represents iMATE. This means
that there is some inverse temperature β such that
ðρLðt�ÞÞL∈N ∼macðρcanL ðβjHLÞÞL∈N. Because the inverse
ULðt; 0Þ ¼ eiHt of the original time evolution is a macro-
scopic operation, Corollary 1 implies

ðρLÞL∈N ¼ ðULðt�; 0ÞρLðt�ÞU†
Lðt�; 0ÞÞL∈N

∼macðULðt�; 0ÞρcanL ðβjHLÞU†
Lðt�; 0ÞÞL∈N

¼ ðρcanL ðβjHLÞÞL∈N; (36)

which contradicts the premise that ðρLÞL∈N does not
represent iMATE. ▪

VII. MACROSCOPIC PASSIVITY

A. Macroscopic passivity at β ≥ 0

According to thermodynamics, one cannot extract
work from thermal equilibrium states by any adiabatic
operation in which the final values of control parameters
coincide with the initial values, a form of the second
law known as Planck’s principle [4]. By combining
Corollary 1 and the passivity of the canonical Gibbs
state [5,6], we immediately obtain the following result,
which is a quantum-mechanical expression of Planck’s
principle on the timescale independent of L and is
valid for any (possibly pure) quantum states representing
iMATE.
Corollary 3. (Macroscopic passivity of iMATE). Let

ðρLÞL∈N represent iMATE described by a translation-
invariant HamiltonianHL at a nonnegative inverse temper-
ature β ≥ 0. Then, for any macroscopic operation
ðULð·; 0ÞÞL∈N and operation time t� ∈R>0 independent
of L, it holds that

lim
L→∞

Tr½ρLðt�ÞHL=N� ≥ lim
L→∞

Tr½ρLð0ÞHL=N�; (37)

where ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ†.
Note that the energy change through a macroscopic

operation corresponds to the total amount of work done on
the system by the external fields during the operation.
Therefore, Corollary 3 states that it is impossible to extract
an extensive work from iMATE through a macroscopic
operation with a finite operation time. This corresponds to
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Planck’s principle in thermodynamics (see Appendix B on
the differences from Planck’s principle given in Ref. [4]). In
this way, our definitions of thermal equilibrium and macro-
scopic operations are consistent with thermodynamics.
Proof of Corollary 3. Since ðρLÞL∈N represents iMATE

at the inverse temperature β, by applying Corollary 1, we
get ðρLðt�ÞÞL∈N ∼macðULðt�; 0ÞρcanL ðβjHLÞULðt�; 0Þ†ÞL∈N.
Therefore, we have

lim
L→∞

Tr½ρLðt�ÞHL=N�
¼ lim

L→∞
Tr½ULðt�; 0ÞρcanL ðβjHLÞULðt�; 0Þ†HL=N�:

(38)

Combining this with the passivity of the canonical Gibbs
state with nonnegative inverse temperature [5,6], i.e.,

Tr½VρcanL ðβjHLÞV†HL=N� ≥ Tr½ρcanL ðβjHLÞHL=N� (39)

for an arbitrary unitary operator V, we have

lim
L→∞

Tr½ρLðt�ÞHL=N� ≥ lim
L→∞

Tr½ρcanL ðβjHLÞHL=N�: (40)

Again, using the assumption that ðρLÞL∈N represents
iMATE, we obtain

lim
L→∞

Tr½ρLðt�ÞHL=N� ≥ lim
L→∞

Tr½ρLð0ÞHL=N�: (41)

▪
Some readers might be concerned that allowing only

finite-time operations could leave the final state out of
equilibrium, potentially undermining the physical rel-
evance of our results to thermodynamics. Originally,
Planck’s principle, which motivates the concept of pas-
sivity, states that one can extract no work through any
adiabatic operation in which the final values of control
parameters coincide with the initial values (see
Appendix B for details). In our quantum-mechanical setup,
this corresponds to the setting that the final Hamiltonian
is the same as the initial Hamiltonian, HL. Thus, in this
setting, the time evolution generated by the final
Hamiltonian conserves HL. Consequently, even if we
add a relaxation process following macroscopic operations
and wait for an arbitrarily long time to reach thermal
equilibrium, the expectation value ofHL remains invariant,
and Eq. (37) holds exactly the same.

B. Macroscopic passivity at β= 0
and difference from β > 0

Interestingly, in the special case β ¼ 0, Corollary 3
additionally prohibits an extensive increase of energy. This
is because if ðρLÞL∈N represents iMATE described by HL
at β ¼ 0, it also represents iMATE described by −HL,
which implies an inequality opposite to Eq. (37). In other

words, not only can no extensive work be extracted from
such a state, but also no extensive work can be done on
such a state through any macroscopic operation with a
finite operation time. In addition, since such a ðρLÞL∈N
represents iMATE described by AL at β ¼ 0 for any
additive observable AL, the same argument implies that
the expectation value of AL cannot be increased nor
decreased extensively through any finite-time macroscopic
operation. Thus, we obtain the following corollary:
Corollary 4. (Stability of iMATE at β ¼ 0 to any

macroscopic operation). Let ðρLÞL∈N represent iMATE
(described by some translation-invariant Hamiltonian) at
zero inverse temperature β ¼ 0. Then, for any macroscopic
operation ðULð·; 0ÞÞL∈N and operation time t� ∈R>0

independent of L, the sequence ðρLðt�ÞÞL∈N given by
ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ† remains to represent
iMATE at β ¼ 0, ðρLðt�ÞÞL∈N ∼macðρLÞL∈N. In other words,
it holds that

lim
L→∞

Tr½ρLðt�ÞAL=N� ¼ lim
L→∞

Tr½ρLð0ÞAL=N�
for all ðALÞL∈N ∈A: (42)

Proof outline. This corollary directly follows from
Corollary 1 and the stability of the maximally mixed
state IΛL

=DN to unitary operations, ULðt�; 0ÞðIΛL
=DNÞ

ULðt�; 0Þ† ¼ ðIΛL
=DNÞ. ▪

By contrast, at positive inverse temperature β > 0,
an extensive work can be done on iMATE at β even
within a finite operation time. In other words, the strict
inequality in Eq. (37) naturally holds for typical macro-
scopic operations with t� ¼ OðL0Þ. An example is the case
where HL ¼ Mz, β > 0, and ULðt; 0Þ ¼ e−πiMxt for t ∉ Z,
where Mx;y;z ¼Pr∈ΛL

σx;y;zr .

C. Straightforward extension of macroscopic
passivity is impossible

In this subsection, we explain that we cannot straight-
forwardly extend macroscopic passivity to a longer oper-
ation time, to a broader class of initial thermal equilibrium
states, or to a broader class of operations.
First, we briefly comment on the timescale of operation

time in Corollaries 3 and 4. We will show in Sec. XIII that
the constraint on the operation time, t� ¼ OðL0Þ, is
optimal by constructing a counterexample of the macro-
scopic passivity for any longer operation time t� ¼ ωðL0Þ.
In other words, the timescale ofOðL0Þ is the longest one in
that macroscopic passivity can be proven under the setting
considered in this paper.
Next, we comment on the extension to a broader class of

initial thermal equilibrium states. We emphasize that it is
crucial in Corollaries 3 and 4 to focus on all additive
observables for characterizing thermal equilibrium. If we
focused on a finite number of additive observables instead,
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we would encounter an inconsistency with the second law,
as the following example clearly shows:
Example 4. (Contradiction to Planck’s principle when

thermal equilibrium were characterized by only a few
additive observables, informal version of Proposition 14).
Let us consider the XY model on the square lattice (d ¼ 2),

HL ¼ HXY
L − hxMx

L − hyMy
L; (43)

where

HXY
L ¼ −XL

j;k¼1

	
Jx
	
σxj;kσ

x
jþ1;k þ σxj;kσ

x
j;kþ1



þ Jy

	
σyj;kσ

y
jþ1;k þ σyj;kσ

y
j;kþ1




; (44)

Mx;y
L ¼

XL
j;k¼1

σx;yj;k : (45)

We assume Jx; Jy > 0 and Jx ≠ Jy, while hx and hy can be
taken arbitrarily including zero. In this case, local con-
served quantities, i.e., additive observables commuting
withHL, are restricted only toHL itself [98] and symmetry
breaking is absent at sufficiently high temperature. Then,
thermal equilibrium state at such temperature can be
described by the canonical Gibbs state ρcanL ðβjHLÞ, which
is expected to satisfy Assumptions 1 and 2. Suppose
that we only focus on three additive observables
Ã ¼ fMx

L;M
y
L;H

XY
L g, which seem to be a natural choice

because they appear in Eq. (43). We take hx as a control
parameter and consider a macroscopic operation of oper-
ation time OðL0Þ. Then, there is a state ρL that is
indistinguishable from the canonical Gibbs state
ρcanL ðβjHLÞ with respect to Ã and represents the ordinary
MATE [48] but violates Eq. (37). In other words, the
choice Ã is inappropriate in the sense that it cannot
distinguish a macroscopically nonpassive state ρL from
ρcanL ðβjHLÞ. This example suggests the difficulty of char-
acterizing thermal equilibrium using only a finite number
of additive observables, as anticipated from the physical
motivations discussed in Sec. V C. Instead, by focusing on
all additive observables through iMATE, we have success-
fully proved the consistency with the second law.
Finally, we comment on the extension to a broader class

of operations. In Corollaries 3 and 4, the restriction of the
class of operations to macroscopic operations is crucial.
This can be seen from the following example, which shows
a contradiction to Planck’s principle when allowed to
apply local controls—a class of operations broader than
macroscopic operations—to iMATE.
Example 5. (Contradiction to Planck’s principle when

combining iMATE and local control ofOðL0Þ time). Local
controls are defined as unitary time evolution in which
parameters conjugate to local observables are controlled

(see Definition 17 in Appendix G for the precise defi-
nition), and are broader operations than macroscopic
operations. Take the initial Hamiltonian as

HL ¼ Mz
L ¼

XL
j¼1

σzj; (46)

and the initial state ρL as that given in Example 2, where
the sequence ðρLÞL∈N represents iMATE at β ¼ 0. There
exists a local control ðULðt�; 0ÞÞL∈N of operation time
t� ¼ OðL0Þ such that all up spins in ρL are flipped to
downward. As a result, Planck’s principle is violated as

lim
L→∞

Tr½ρLðt�ÞHL=N� < lim
L→∞

Tr½ρLHL=N�; (47)

where ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ†.
Proof of Eq. (47). See Appendix G 2. ▪
This means that the setup of “iMATE þ local control”

violates Planck’s principle even for operation time inde-
pendent of L. By contrast, as mentioned in Table II, the
setups of “iMATEþmacroscopic operation” and “MITEþ
local control” for such an operation timescale are consistent
with Planck’s principle. These facts suggest a trade-off
between the notion of thermal equilibrium and the class of
operations consistent with the second law of thermody-
namics. For more details, see also Appendix G.

VIII. CHARACTERIZATION OF MACROSCOPIC
STATES BY REDUCED DENSITY MATRICES

In this section, we introduce a reduced density matrix
that completely characterizes macroscopically equivalent
states. We then use it to clearly define macroscopic
uniformity. Furthermore, in the next section, we will
use it to define an entropy that is consistent with thermo-
dynamics. For readers’ convenience, we summarize in
Table III the definitions and symbols used in this paper.

A. l-local density matrices and their spatial average

Recall that Cl is a d-dimensional hypercube with an
L-independent side length l centered around site 0∈ΛL.
For an arbitrary quantum state ρL on ΛL, consider its
reduced density matrix on Cl

r ¼ Cl þ r, and move it to Cl

(so that it has the same support for any r). The density
matrix obtained is called an l-local density matrix around
r and denoted as

ρrLjl ≔ TrΛLnCl ½T†
rρLTr�: (48)

To extract macroscopic properties of the system, we
introduce the spatial average of ρrLjl on a primitive
macroscopic subsystem SðkÞ,
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ρðkÞLjl ≔
1

jSðkÞj
X
r∈SðkÞ

ρrLjl; (49)

and its L → ∞ limit:
Definition 11. (Spatial average of l-local density ma-

trices). Let ðρLÞL∈N represent a macroscopic state. For any
positive integer l∈N, and for a primitive macroscopic
subsystem SðkÞ, we define

ρðkÞ∞jl ≔ lim
L→∞

ρðkÞLjl: (50)

We call it the spatial average of l-local density matrices
around SðkÞ.
We can show that the limit (50) exists as follows.
Proof of well-definedness of Eq. (50). For any observ-

able α on Cl, we have

Tr½ρðkÞLjlα� ¼ Tr
�
ρL

ASðkÞ ðαÞ
jSðkÞj

�
þOð1=LÞ; (51)

where ASðkÞ ðαÞ is the additive observable on SðkÞ obtained
from α [which is local since l ¼ OðL0Þ] and the last term
of Oð1=LÞ corresponds to the contributions from the
boundary of SðkÞ. Since ðρLÞL∈N is a macroscopic state,
Eq. (19) guarantees that there exists the L → ∞ limit of the
first term of the rhs of the above equation. Thus there exists

limL→∞ Tr½ρðkÞLjlα�. By taking α as a member of a basis of

operators on Cl, the above statement implies the existence

of the L → ∞ limit of ρðkÞLjl. ▪
Importantly, the spatial average ðρðkÞ∞jlÞl∈N;k∈ f1;…;Kdg

completely characterizes macroscopically equivalent
states as follows:
Proposition 3. (Characterization of macroscopically

equivalent states). Any two representations of macroscopic
states ðρLÞL∈N and ðσLÞL∈N are macroscopically equiv-
alent, ðρLÞL∈N ∼macðσLÞL∈N, if and only if

ρðkÞ∞jl ¼ σðkÞ∞jl (52)

holds for all k∈ f1;…; Kdg and for all l∈N.
This means that all macroscopically equivalent repre-

sentations of a macroscopic state are characterized only by

a set of spatial averages of l-local density matrices, ρðkÞ∞jl
for k∈ f1;…; Kdg and l∈N.
Proof outline. From Eq. (51), it holds that

Tr½ρðkÞ∞jlα� ¼ lim
L→∞

Tr
�
ρL

ASðkÞ ðαÞ
jSðkÞj

�
(53)

for all primitivemacroscopic subsystemsSðkÞ and anl-local
observable α on Cl. This means that the equality between

Tr½ρðkÞ∞jlα� and Tr½σðkÞ∞jlα� is equivalent to the equality of the
expectationvalue ofASðkÞ ðαÞ=jSðkÞj inρL andσL. Combining
this with Eq. (18), we can show that Eq. (52) is equivalent
to macroscopic equivalence (21), ðρLÞL∈N ∼macðσLÞL∈N.
For the details, see Appendix E 1. ▪

B. Macroscopic uniformity

The term “macroscopically uniform” is often used
ambiguously in the literature. We here define it clearly
by using the spatial average of l-local density matrices.
In the above discussion, Eq. (51) tells us that the

expectation value with respect to ρðkÞ∞jl (the spatial average
of l-local density matrices around SðkÞ) corresponds to the
coarse graining in a primitive macroscopic subsystem SðkÞ.
From the viewpoint of macroscopic theory, when such
coarse-grained values do not depend on the choice of SðkÞ,
we should regard the state as macroscopically uniform.

Therefore, using ρðkÞ∞jl, we can formulate macroscopically
uniform states as follows:
Definition 12. (Macroscopically uniform state). A rep-

resentation of a macroscopic state ðρLÞL∈N is said to
represent a macroscopically uniform state when

ρðkÞ∞jl ¼ ρðk
0Þ

∞jl (54)

holds for all k; k0 ∈ f1;…; Kdg and for all l∈N.
In other words, if ðρLÞL∈N represents a macroscopically

uniform state, the density of the additive observable
obtained from an l-local observable α on any macroscopic
subsystem ðSLÞL∈N coincides with that on the total
system,

lim
L→∞

Tr
�
ρL

ASL
ðαÞ

jSLj
�
¼ lim

L→∞
Tr
�
ρL

AΛL
ðαÞ
N

�
; (55)

for any α and l∈N.
Furthermore, from Proposition 3, we can say that

whether a macroscopic state is macroscopically uniform

TABLE III. A quick list of symbols used in Sec. VIII and the
following sections.

Symbol Definition Meaning

ΛL Section III A Total lattice with side length L

SðkÞ
L

Definition 1 kth primitive macroscopic subsystem

Cl Definition 2 Hypercube of side length l at 0

Cl
r Definition 2 Translation of Cl by r

ρL Section IV Density matrix on ΛL

ρrLjl Equation (48) Reduced density matrix of ρL on Cl
r

ρðkÞLjl
Equation (49) Spatial average of ρrLjl around SðkÞ

L

smac
l ½ðρLÞL∈N� Definition 14 Quantum macroscopic entropy density
s̃l½ðρLÞL∈N� Equation (63) An upper bound of smac

l ½ðρLÞL∈N�
sTDðβjHLÞ Equation (72) Thermodynamic entropy
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is independent of the choice of its representations in the
following sense:
Corollary 5. (Macroscopic uniformity depends only on

a macroscopic state but not on its representation). For any
twomacroscopically equivalent representations of amacro-
scopic state, ðρLÞL∈N ∼macðσLÞL∈N, one of them ðρLÞL∈N
represents amacroscopically uniform state if and only if the
other ðσLÞL∈N represents a macroscopically uniform state.
In particular, since the canonical Gibbs state

ðρcanL ðβjHLÞÞL∈N of a system described by a translation-
invariant Hamiltonian HL is translation invariant [in the
sense of Eq. (58) in Sec. VIII C], any representation
of iMATE, Definition 8, represents a macroscopically
uniform state:
Corollary 6. (Macroscopic uniformity of iMATE). Any

representation of an iMATE represents a macroscopically
uniform state.
This is consistent with the fact that we exclude first-

order phase transition points. We also note that iMATE
need not be locally uniform (defined below), unlike MITE.
See Table I for a quick comparison.

C. Local uniformity

We also introduce a sense of uniformity stronger than
the macroscopic uniformity. We call it local uniformity:
Definition 13. (Locally uniform). A sequence of quan-

tum states ðρLÞL∈N is said to represent a locally uniform
macroscopic state if it satisfies the following two con-
ditions: (i) For any positive integer l∈N, there exists
the thermodynamic limit of the l-local density matrix
around r ¼ 0,

lim
L→∞

ρr¼0
Ljl : (56)

(ii) For any positive integer l∈N, the l-local density
matrix around any site r becomes the same in the
thermodynamic limit,

lim sup
L→∞

max
r;r0 ∈ΛL

kρrLjl − ρr
0
Ljlktr ¼ 0 for all l∈N; (57)

where k · ktr is the trace norm.
Importantly, the class of locally uniform macroscopic

states is narrower than the class of macroscopically uni-
form states. In other words, if a sequence of quantum states
ðρLÞL∈N represents a locally uniform macroscopic state,
then it represents a macroscopically uniform state.
It is obvious that if a sequence of quantum states

ðρLÞL∈N representing a macroscopic state is translation
invariant in a microscopic scale, i.e., if

TrρLT
†
r ¼ ρL for all r∈ΛL; (58)

then it represents a locally uniform macroscopic state.
However, the converse is not necessarily true, as

exemplified by typical state vectors on an energy shell
[50–52] and thermal pure quantum (TPQ) states [54,55].
Note that locally uniform iMATE is equivalent to MITE in
Definition 16.

IX. QUANTUM MACROSCOPIC
ENTROPY DENSITY

In this section, we introduce an entropy density that
takes the same value for any macroscopically equivalent
states. In particular, we will show in the next section that it
agrees with the thermodynamic entropy density for any
macroscopic states representing iMATE. Given these
significant features, we call it the quantum macroscopic
entropy density.

A. Definition and basic property

Definition 14. (Quantum macroscopic entropy density).
For any representation of a macroscopic state ðρLÞL∈N,
the quantum macroscopic entropy density is defined by

smac
l ½ðρLÞL∈N� ≔

1

Kd

XKd

k¼1

SvN½ρðkÞ∞jl�
ld (59)

¼ lim
L→∞

1

Kd

XKd

k¼1

SvN½ρðkÞLjl�
ld (60)

for any l∈N.

In Eq. (59), the term SvN½ρðkÞ∞jl�=ld is the average of the
von Neumann entropy density of the average of the l-local
density matrices over the primitive macroscopic subsystem
SðkÞ, and smac

l ½ðρLÞL∈N� is its average over the whole
system. Here, recall that the whole system contains Kd

primitive macroscopic subsystems with almost equal sizes.
Since smac

l ½·� depends only on the spatial average of ρðkÞ∞jl,
Proposition 3 immediately gives the following:
Corollary 7. (Equivalent macroscopic states have the

same value of smac
l ). For two representations of macro-

scopic states ðρLÞL∈N and ðσLÞL∈N, it holds that

ðρLÞL∈N ∼macðσLÞL∈N

⇒ smac
l ½ðρLÞL∈N� ¼ smac

l ½ðσLÞL∈N� for all l∈N:

(61)

That is, smac
l ½·� takes a unique value for all macroscop-

ically equivalent states. Such a strong universality has been
obtained by taking the spatial average and the limit L → ∞
in the definition of ρðkÞ∞jl.
Since smac

l ½·� depends only on a macroscopic state, it is
independent of other information, such as the Hamiltonian
of the system. Therefore, when two systems described by
different HamiltoniansH1 andH2 are in the same quantum
state ρL (which does not represent thermal equilibrium in
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at least one of the systems), the quantum macroscopic
entropy density for these two cases coincides. By contrast,
other forms of entropy often depend on the details of
the Hamiltonian. For instance, the Boltzmann entropy at
energy coinciding with the energy expectation value in ρL
will generally differ between these two systems described
by H1 and H2.

B. Quantum macroscopic entropy density
of macroscopically uniform states

In this subsection, we explain how the quantum macro-
scopic entropy density can be simplified when the macro-
scopic state of interest is macroscopically uniform in the
sense explained in Sec. VIII B.
First, we give a useful upper bound for smac

l ½·�.
Corollary 8. (Upper bound for the quantum macro-

scopic entropy density). For any representation of a
macroscopic state ðρLÞL∈N, the quantum macroscopic
entropy density satisfies

smac
l ½ðρLÞL∈N� ≤ s̃l½ðρLÞL∈N� (62)

where

s̃l½ðρLÞL∈N� ≔
SvN½ρave∞jl�

ld ¼ lim
L→∞

SvN½ρaveLjl�
ld ; (63)

and ρave∞jl is the density matrix on Cl defined by the L → ∞
limit of

ρaveLjl ≔
1

N

X
r∈ΛL

TrΛLnCl ½T†
rρLTr� (64)

¼ 1

Kd

XKd

k¼1

ρðkÞLjl: (65)

Proof. First, Eq. (65) follows from the definition. The
inequality (62) follows from Eq. (65) and the concavity of
the von Neumann entropy [99]. ▪
This upper bound s̃l½ðρLÞL∈N�will be easier to calculate

than the quantum macroscopic entropy density because
s̃l½ðρLÞL∈N� does not depend on the definition of primitive
macroscopic subsystems SðkÞ. Roughly speaking, s̃l is

SvN=ld of the average of ρðkÞLjl ’s over primitive macroscopic

subsystems, whereas smac
l is the average of SvN½ρðkÞLjl�=ld ’s

over primitive macroscopic subsystems.
Furthermore, the following corollary readily follows

from Eqs. (54) and (65) and Corollary 6:
Corollary 9. (Quantum macroscopic entropy density of

a macroscopically uniform state). For any representation
of a macroscopically uniform state ðρLÞL∈N, its quantum
macroscopic entropy density coincides with the upper
bound (63),

smac
l ½ðρLÞL∈N� ¼ s̃l½ðρLÞL∈N�: (66)

In particular, any representation of iMATE satisfies the
above equality.
This corollary states that if ðρLÞL∈N represents a

macroscopically uniform state, the quantum macroscopic
entropy density can be calculated from the simpler
quantity s̃l½ðρLÞL∈N�. In addition, the corollary also states
that the quantum macroscopic entropy density of ðρLÞL∈N
representing iMATE can be calculated from s̃l½ðρLÞL∈N�.

C. Quantum macroscopic entropy density of locally
uniform macroscopic states

If ðρLÞL∈N is locally uniform in the sense explained in

Sec. VIII C, then ρðkÞLjl ¼ ρr¼0
Ljl follows from Definition 13.

Combining this with the continuity of the von Neumann
entropy [99], the quantum macroscopic entropy density
can be calculated without spatial average as follows:
Corollary 10. (Quantum macroscopic entropy density of

a locally uniform macroscopic state). For any representa-
tion of a locally uniform macroscopic state (see
Definition 13), the quantum macroscopic entropy density
satisfies

smac
l ½ðρLÞL∈N� ¼ lim

L→∞

SvN½ρr¼0
Ljl �

ld : (67)

Now we explain the relation between the quantum
macroscopic entropy density and a well-studied quantity.
Whendistinguishingwhether energy eigenstates are thermal
(which means in thermal equilibrium) or not, many existing
studies investigate entanglement entropy [100,101]. In such
studies, an energy eigenstate is often regarded as nonthermal
if its entanglement entropy between a subsystem of side
length l and the rest deviates from the thermodynamic
entropy for 1 ≪ l ≪ L. From the formula (67), we can see
that, when ðρLÞL∈N is a sequence of translation-invariant
energy eigenstates, its quantum macroscopic entropy den-
sity coincides with its entanglement entropy density in an
intermediate size subsystem, 1 ≪ l ≪ L. Therefore, for
such states we can justify the above-mentioned usage of
entanglement entropy by showing that the quantum macro-
scopic entropy density of iMATE coincides with thermo-
dynamic entropy, which will be given later as Theorem 2.
Although the half-chain entanglement entropy is also

well used to characterize the thermality of given pure
quantum states, our results do not guarantee the correct-
ness of such a usage. In fact, we can find examples of
representations of iMATE whose half-chain entanglement
entropy does not agree with thermodynamic entropy even
for locally uniform macroscopic states while the quantum
macroscopic entropy density does:
Example 6. (Thermal pure quantum state with zero

half-chain entanglement). For simplicity, we here consider
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one-dimensional spin-1=2 systems with an even number
of sites, d ¼ 1, D ¼ 2, and even L. Let fMLgL∈N
be a sequence of integers that diverges as L → ∞ with
the rate of oðLÞ, e.g., ML ¼ b ffiffiffiffi

L
p c. Take ρL ¼ jψLihψLj,

where

jψLi ¼ ⨂
L=2

j¼1

jΦi2j−1−2ML;2jþ2ML
: (68)

Here, jΦir;r0 is one of the Bell states on sites r and r0, such
as jΦir;r0 ¼ 1ffiffi

2
p ðj0irj1ir0 − j1irj0ir0 Þ, and the addition of

sites, 2j − 1 − 2ML and 2jþ 2ML, is defined modulo L.
The reduced density matrix of ρL on any subset with
a diameter less than 4ML is maximally mixed, and

hence ρðkÞ∞jl ¼ ðI=2Þ⊗Cl
holds because of l ≪ 4ML.

From Proposition 3, this implies that ðρLÞL∈N represents
iMATE at infinite temperature β ¼ 0 (for any
Hamiltonian). In addition, it is a locally uniform macro-
scopic state, and its quantum macroscopic entropy density
is given by log 2, which coincides with thermodynamic
entropy density. On the other hand, the half-chain entan-
glement entropy density of ρL is given by ð8ML=LÞ log 2,
which becomes zero as L → ∞ and does not agree with
thermodynamic entropy density.
This example and the above discussion show that for

locally uniform macroscopic states the entanglement
entropy for 1 ≪ l ≪ L can detect nonthermality of a
pure state, while the half-chain entanglement cannot in
general.

D. Quantum macroscopic entropy density is
measurable with macroscopic measurements

Interestingly, the quantum macroscopic entropy density
can be obtained by measuring additive observables (with-
out measuring other observables) as follows:
Corollary 11. (Measurement of quantum macroscopic

entropy density). Let D be the dimension of the local
Hilbert space on each site and fjjirgD−1

j¼0 be an ortho-
normal basis on each site r. Given an arbitrary positive
integer l∈N. The basis vector on Cl is written
as jjiCl ≔ ⊗ld

s¼1 jjsirs , where js ∈ f1;…; Dg,
j ¼ ðj1;…; jldÞ, and the symbol s labels the sites in Cl

as Cl ¼ frsgld

s¼1. Prepare the system in a state ρL whose
sequence ðρLÞL∈N represents a macroscopic state.
Measure the additive observable on a primitive macro-
scopic subsystem SðkÞ obtained from an l-local observable
jjihj0j, defined by Eq. (16),

ASðkÞ ðjjihj0jÞ ¼
X

r s:t: Clþr⊂SðkÞ
jjiClþrhj0jClþr; (69)

where jjiClþr ¼ ⨂
ld

s¼1

jjsirsþr. Repeating this measurement

many times and taking the sample average, we obtain the
expectation value of the density ASðkÞ ðjjihj0jÞ=jSðkÞj. Here,
note that if ðρLÞL∈N represents a normal macroscopic
state, a single measurement suffices to evaluate the
expectation value in a macroscopically negligible preci-
sion. Suppose that we can reasonably extrapolate the
sample average to L → ∞. Then, we obtain a matrix

element of ρðkÞ∞jl through Eq. (51),

lim
L→∞

Tr
�
ρL

ASðkÞ ðjjihj0jÞ
jSðkÞj

�
¼ hj0jClρðkÞ∞jljjiCl : (70)

By performing this measurement for all j; j0, we obtain

ρðkÞ∞jl for each k∈ f1;…; Kdg. By substituting the obtained
ρðkÞ∞jl’s into Eq. (59), we have smac

l ½ðρLÞL∈N�.
We give several comments on this result: first, this

measurement protocol might look similar to quantum state
tomography; however, only the additive observables need
to be measured here, and their number is independent of L
(while it increases with l). Second, this protocol enables
us to measure not only quantum macroscopic entropy
density, smac

l ½ðρLÞL∈N�, but also the spatial average of

l-local density matrices, ρðkÞ∞jl. In this sense, ρðkÞ∞jl and
smac
l ½ðρLÞL∈N� are macroscopic quantities that can be
obtained directly by macroscopic measurements. Third,
even in a practical experimental situation where the states
prepared for repeated measurements, ρ1L, ρ

2
L, ρ

3
L;…, are not

the same each time, ρiL ≠ ρi
0
L, the above measurement

protocol works, as long as all sequences of these states
represent the samemacroscopic state, ðρiLÞL∈N ∼macðρi0LÞL∈N.
This is because, for all i, the expectation value of
ASðkÞ ðjjihj0jÞ=jSðkÞj in ρiL is the same, and hence, the law
of large numbers applies to the sample average with a large
sample size.
In Corollary 11, we have assumed that the expectation

value of the density of additive observables can be
reasonably extrapolated to L → ∞. However, the meas-
urement outcomes inevitably deviate from the L → ∞
limit due to fluctuations of additive observables, meas-
urement errors, and finite-size effects. For completeness,
we will show in Appendix I that such deviations do not
affect the value of the quantum macroscopic entropy
density.

X. QUANTUM MACROSCOPIC ENTROPY
DENSITY OF THERMAL EQUILIBRIUM

In this section, we show that the quantum macroscopic
entropy density agrees with the thermodynamic entropy
density for all representations of iMATE. We also discuss
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methods of calculating it and measuring it, and present a
numerical demonstration.

A. Agreement with thermodynamic entropy density

We have shown that the quantum macroscopic entropy
density takes the same value among equivalent macro-
scopic states, irrespective of their quantum-mechanical
representations. This means that it extracts only a macro-
scopic property from the density matrices. Hence, we
expect that it should capture some thermodynamic prop-
erty when macroscopic states represent thermal equilib-
rium states. By employing iMATE for thermal equilibrium
states, we can show that this is indeed the case. That is, the
quantum macroscopic entropy density agrees with the
thermodynamic entropy density for all representations
of iMATE:
Theorem 2. (Quantum macroscopic entropy density of

iMATE). For any representation of an iMATE, ðρLÞL∈N,
the l → ∞ limit of smac

l ½ðρLÞL∈N� exists and agrees with
the thermodynamic entropy density sTDðβjHÞ,

lim
l→∞

smac
l ½ðρLÞL∈N� ¼ sTDðβjHÞ; (71)

where sTDðβjHÞ is given by

sTDðβjHÞ ≔ lim
L→∞

SvN½ρcanL ðβjHÞ�
N

: (72)

Since smac
l ½ðρLÞL∈N� is defined in the L → ∞ limit,

Eq. (71) takes the L → ∞ limit before the l → ∞ limit.
This corresponds to the iterated limit in Eq. (9).
Proof. First, we remark that the existence of the

thermodynamic limit (72) can be verified from that of
free energy and of the expectation value of energy density.
The former is proved, for instance, in Refs. [83,84]. The
latter follows from Assumption 1. From Corollary 7, it is
sufficient to prove the above theorem for the canonical
Gibbs state ðρcanL ðβjHÞÞL∈N, that is, the l → ∞ limit of
smac
l ½ðρcanL ðβjHÞÞL∈N� exists and agrees with thermody-
namic entropy,

lim
l→∞

smac
l ½ðρcanL ðβjHÞÞL∈N� ¼ sTDðβjHÞ: (73)

For the proof of this equality, see Appendix E. ▪
This result should be contrasted with the von Neumann

entropy density limL→∞ SvN½ρL�=N of the total system. In
general, it does not agree with the thermodynamic entropy
density sTD. For instance, it takes zero if ðρLÞL∈N is a
sequence of pure quantum states representing iMATE,
such as thermal energy eigenstates [20–23], the TPQ states
[54,55], and the imaginary-time-evolved entangled antipo-
dal pair states [102,103].

Note that the von Neumann entropy density of a reduced
density matrix (for a pure quantum state, this is nothing but
the entanglement entropy density) of a state representing
iMATE does not necessarily agree with sTD, either. In fact,
that of the l-local density matrix, SvN½ρrLjl�=ld, of iMATE

does not necessarily agree with sTD, even if we take the
l → ∞ limit. We will give a vivid illustration of this fact
taking the METTS as an example in Sec. X C.
While the METTS in that example does not represent

locally uniform iMATE, one might expect that if ρL
represents locally uniform iMATE (which is then equiv-
alent to MITE of Definition 16) SvN½ρrLjl�=ld would agree

with sTD. For example, it has been often argued
[19,50,104] that the reduced density matrix of a trans-
lation-invariant representation of thermal equilibrium on a
small hypercube ρr¼0

Ljl is “close” to the canonical Gibbs
state on the same hypercube ρcanl ðβjHlÞ [not to be con-
fused with the reduced density matrix of ρcanL ðβjHLÞ on
Cl]. Combining this argument with Eq. (67), one might
expect that Theorem 2 would readily follow at least for
representations of iMATE that are locally uniform.
However, it is unclear that in what sense ρr¼0

Ljl is close
to ρcanl ðβjHlÞ in such an argument and whether the
deviation between them does not affect the value of the
von Neumann entropy. For instance, the expectation values
of operators near the boundary of Cl in the state ρr¼0

Ljl differ
from those in the state ρcanl ðβjHlÞ, as manifested in
difference between the Gibbs states under periodic boun-
dary and open boundary. This means that ρr¼0

Ljl and
ρcanl ðβjHlÞ are not close in the sense of trace norm, and
hence closeness of SvN½ρr¼0

Ljl � and SvN½ρcanl ðβjHlÞ� cannot
be proved by naively applying the Fannes-Audenaert
inequality [105]. Therefore, the proof (Appendix E) of
the above Theorem is nontrivial even for the locally
uniform case.

B. Remarks on calculating thermodynamic entropy

Equation (71) gives a method for calculating thermo-
dynamic entropy. It has two notable features among
various methods: it depends only on the representation
of a macroscopic state ðρLÞL∈N, and it provides thermo-
dynamic entropy correctly for all representations
of iMATE.
For the first point, other methods (including the

Boltzmann entropy) often require information about the
Hamiltonian of the system, while our quantum macro-
scopic entropy density does not require any information
other than ðρLÞL∈N, as explained in Sec. IX.
For the second point, the ordinary von Neumann entropy

does not work for all representations of iMATE,
as mentioned in Sec. X A. The same can be said for
the entanglement-entropy-like quantity in the rhs of
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formula (67). In fact, it provides thermodynamic entropy
only for representations of iMATE that are locally uni-
form, but not for other representations of iMATE. As an
example, let us consider the state in Example 2. Since it is
not locally uniform, formula (67) does not hold, and the rhs
of Eq. (67) becomes zero, and hence it does not agree with
thermodynamic entropy. By contrast, our macroscopic
entropy density predicts log 2, which agrees with thermo-
dynamic entropy density.

C. Numerical illustration

Now we numerically demonstrate that our quantum
macroscopic entropy density smac

l ½ðρLÞL∈N� approaches
the thermodynamic entropy density sTDðβjHÞ with
increasing l, as Eq. (71), whereas the density of entangle-
ment entropy does not, for a pure quantum state that
represents iMATE (but not MITE).
We consider the one-dimensional ðd ¼ 1Þ transverse-

field Ising model, whose Hamiltonian is given by Eq. (24).
We impose the open boundary condition for ease of
calculation, and take J ¼ g ¼ 1 and the inverse temper-
ature as β ¼ 1.
Using the matrix product state representation, we gen-

erate an ensemble of METTS samples ρL ¼ jϕðinÞihϕðinÞj
(n ¼ 1; 2;…), defined by Eq. (28), which are sampled
according to the probability distribution PðiÞ=Z. Although
ðρLÞL∈N is not MITE, it typically represents iMATE, as
discussed immediately after Eq. (29), Therefore, from
Corollary 9, its quantum macroscopic entropy density
smac
l ½ðρLÞL∈N� should agree with a simpler quantity
s̃l½ðρLÞL∈N� ¼ limL→∞SvN½ρaveLjl�=ld, for each l ¼ 1; 2;….
Hence, we calculate the von Neumann entropy density
SvN½ρaveLjl�=ld for these METTS samples. We then compare
their average with thermodynamic entropy density
sTDðβjHÞ defined by Eq. (72), which is here calculated
using exact analytical solutions. The length of the total
lattice is set to L ¼ 512, which is sufficiently large to
ensure that finite-size effects are negligible.
In Fig. 8, we plot SvN½ρaveLjl�=ld (green filled circles)

averaged over 105 METTS, where the error bars indicate
the standard deviation. It is confirmed that SvN½ρaveLjl�=ld

approaches sTDðβjHÞ (light-blue line) as l is increased.
To justify that the behavior of the sample average

reflects each typical METTS at the thermodynamic limit,
we also examine the L dependence of sample-to-sample
fluctuations for L ¼ 32 − 512. The inset shows the stan-
dard deviation as a function of L at fixed l ¼ 8. It can be
seen that the standard deviation of SvN½ρaveLjl�=ld decreases
as a power law in L toward zero, indicating self-averaging.
Therefore, SvN½ρaveLjl�=ld becomes independent of the
METTS sample as L → ∞ for fixed l. These results
demonstrate Eq. (71) in Theorem 2, which takes the
iterated limit, L → ∞ followed by l → ∞, as in Eq. (9).

For comparison, we also plot in Fig. 8 the density of the
entanglement entropy, SvN½ρr¼0

Ljl �=ld (purple square),
which is a measure of entanglement between Cl taken
from the center of the chain and the rest. We observe that
this quantity is well separated from SvN½ρaveLjl�=ld (green

filled circles) and sTDðβjHÞ (blue line), and approaches 0
with increasing l, which is consistent with the result in
Ref. [89]. Furthermore, its standard deviation (inset)
approaches a constant independent of L, in contrast to
that of SvN½ρaveLjl�=ld (also in the inset), which decays as a
power law. These results clearly demonstrate that the
entanglement entropy density for METTS does not agree
with the thermodynamic entropy density. This is because
ρL is not locally uniform, and consequently, Eq. (67) in
Corollary 10 does not hold for METTS, although it
represents thermal equilibrium.
It is worth mentioning that Fig. 8 also demonstrates that

thermal equilibrium does not necessarily imply the volume
law of the entanglement entropy, or equivalently, the
subvolume law does not necessarily imply nonequilibrium.

D. Method for measuring thermodynamic entropy

Our results provide a novel method for measuring
thermodynamic entropy. In thermodynamics, entropy
can only be measured through a certain thermodynamic
process, which involves multiple different thermal

FIG. 8. Locality ðlÞ dependence of SvN½ρaveLjl�=ld (green filled
circles) and the entanglement entropy density SvN½ρr¼0

Ljl �=ld

(purple square) in the one-dimensional transverse-field Ising
model at J ¼ g ¼ 1 and β ¼ 1 with L ¼ 512 (see text for
details). Both quantities are obtained from 105 METTS samples,
where the error bars represent the standard deviation. The light-
blue line indicates the exact thermodynamic entropy density in
the thermodynamic limit. The inset shows the L dependence of
the standard deviations at fixed l ¼ 8 for both entropy densities.
Imaginary-time evolution is carried out using a second-order
Trotter decomposition with step size δβ ¼ 0.01 and truncation
threshold 10−14.
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equilibrium states. A typical example of such a process is a
heating process, in which the system traverses multiple
thermal equilibrium states at different temperatures. By
measuring the specific heat at many points in such a
process, one obtains the (difference of) entropy using
thermodynamic relations.
By contrast, Theorem 2 and Corollary 11 show that

thermodynamic entropy density can be obtained by the
measurement protocol in Corollary 11, which only requires
preparations of quantum states representing iMATE at a
single inverse temperature β. Although it is safe to repeat-
edly prepare the states in order to eliminate the effect of the
backactions of quantum measurement [106], our protocol
contains only iMATE at a single β, not multiple β, in
contrast to the conventional thermodynamic protocol.
Furthermore, to obtain thermodynamic entropy, we do

not need to measure additive observables on primitive
subsystems SðkÞ for all k∈ f1;…; Kdg; instead, measure-
ments of additive observables on the total system ΛL
suffice. This is because, from Corollary 9, quantum macro-
scopic entropy density coincides with SvN½ρave∞jl�=ld for
states representing iMATE. Here, we can obtain SvN½ρave∞jl�
by measurements of additive observables on the total
system since the density matrix ρaveLjl is defined by the
spatial average of reduced density matrices over the total
lattice, and hence, it is characterized by the additive
observables on the total system.

XI. LAW OF INCREASING ENTROPY

In Sec. VII, we have given Corollary 3, which corre-
sponds to a quantum-mechanical derivation of Planck’s
principle. It is one of many forms of the second law of
thermodynamics and applies to any adiabatic operation in
which the initial and final values of ðf1;…; fmÞ coincide.
In thermodynamics, it is sometimes said to be equivalent to
different forms of the second law; however, other laws of
thermodynamics were assumed when the equivalence was
proved, and therefore, they are not shown to be equivalent
to each other from quantum mechanics alone.
In this section, we address this problem and will give a

quantum-mechanical proof of another form of the second
law of thermodynamics. It is the law of increasing entropy,
which asserts that an adiabatic thermodynamic operation
cannot decrease the thermodynamic entropy of the system.
This law applies to any adiabatic operation including the
case where the initial and the final values of ðf1;…; fmÞ
are different. Lieb and Yngvason [4] showed that thermo-
dynamics can be rigorously constructed from the adiabatic
accessibility that corresponds to this law.

A. Time evolution representing adiabatic
thermodynamic operation

In order to prove the law of increasing entropy by
quantum mechanics, we need to formulate thermodynamic

entropy and adiabatic thermodynamic operations in terms
of quantum mechanics. For entropy, we will use the
quantum macroscopic entropy density introduced in
Sec. IX because it corresponds to thermodynamic entropy
as shown in Sec. X. For adiabatic thermodynamic oper-
ations, we refine the macroscopic operations introduced in
Sec. VI as follows.
In thermodynamics, an adiabatic thermodynamic oper-

ation generally consists of three parts: (i) preparation of a
thermal equilibrium state, (ii) operation by changing the
values of the control parameters ðf1;…; fmÞ in a time-
dependent manner, and (iii) waiting for relaxation to
another thermal equilibrium state to occur.
In Sec. VI, macroscopic operations have been formu-

lated as consisting of only parts (i) and (ii), but excluding
part (iii). This is because part (iii) does not affect the
macroscopic passivity (37), as mentioned in the last
paragraph of Sec. VII A, and can be omitted. However,
in thermodynamics, the law of increasing entropy requires
part (iii) because the state after part (ii) is generally a
nonequilibrium state and its thermodynamic entropy is not
well-defined. Therefore, in this section, we consider the
time evolution containing part (iii) in addition to macro-
scopic operations, i.e., parts (i) and (ii).
Precisely, we consider the time evolution of the

following form (see also Table IV): (i) At t ¼ 0, the
system is prepared in the state ρLð0Þ, whose sequence
ðρLð0ÞÞL∈N represents iMATE of the system described
by the initial Hamiltonian H0. We take H0 as an additive
observable on the whole system ΛL, which is translation
invariant on ΛL. (ii) For 0 < t < t�, where t� is the
operation time, ðf1;…; fmÞ are changed in a time-
dependent manner. Consequently, the Hamiltonian
becomes a time-dependent one, HðtÞ, which induces
the unitary time evolution. We take HðtÞ as a general one
of the form (31), which may not be translation invariant
on ΛL (recall that Bμ

L’s are additive observables on some
macroscopic subsystems, not necessarily on the whole
system ΛL). Then, the time evolution in this operation
part is a general macroscopic operation ðULð·; 0ÞÞL∈N
given in Definition 10. (iii) For t ≥ t�, we stop the
operation and wait for relaxation. We take the
Hamiltonian H1 in this final stage as an additive
observable on the whole system ΛL again (but can be

TABLE IV. Unitary time evolution corresponding to adiabatic
thermodynamic operations.

Time regime HðtÞ ρLðtÞ
t ¼ 0 H0 ρLð0Þ ∼mac

ρcanL ðβ0jH0Þ
0 < t < t� (operation) HðtÞ ULðt; 0ÞρLð0ÞU†

Lðt; 0Þ
t ≥ t� (relaxation) H1 e−iH1ðt−t�ÞρLðt�ÞeiH1ðt−t�Þ
t → ∞ (thermalization) H1 ρLðt > t�Þ ∼mac

ρcanL ðβ1jH1Þ
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different from H0). The system relaxes due to the unitary
evolution with the time evolution operator e−iH1ðt−t�Þ.
In summary, the time evolution can be written as

follows.
Definition 15. (Time evolution regarded as correspond-

ing to adiabatic thermodynamic operations). Unitary time
evolution that we adopt to describe adiabatic thermody-
namic operations is generated by the following time-
dependent Hamiltonian,

HðtÞ ¼
8<
:

H0 ðt ¼ 0Þ;
H0 −Pm

μ¼1 f
μðtÞBμ ð0 < t < t�Þ;

H1 ðt ≥ t�Þ;
(74)

where H0 and H1 are additive observables on the whole
system ΛL while HðtÞð0 < t < t�Þ takes the form of
Eq. (31). For time 0 < t < t�, the time evolution is given
by a macroscopic operation ULðt; 0Þ, while the time
evolution for t > t� is written as a relaxation process
e−iH1ðt−t�Þ.
In this section, we only consider the case where the

operation time t� is independent of L. A longer operation
time will be discussed in Sec. XIII.

B. Law of increasing entropy under
an assumption of thermalization

Let ρLðtÞ be the state at time t. We are interested in ρLðtÞ
in the relaxation part long after t�. The relaxation part starts
from the state ρLðt�Þ ¼ ULðt�; 0ÞρLð0ÞU†

Lðt�; 0Þ. In the
studies of thermalization, it is well established that, under a
reasonable assumption, the state evolved by a time-
independent Hamiltonian is macroscopically equivalent
to its long-time average,

ρLðt > t�Þ ≔ lim
T →∞

1

T

Z
T

0

dt e−iH1tρLðt�ÞeiH1t; (75)

at almost all times [33–37]. Therefore we can regard the
long-time average ρLðt > t�Þ as the final state of the
relaxation process.
Furthermore, previous studies of thermalization have

uncovered that realistic systems usually exhibit thermal-
ization, that is, the long-time-averaged state represents
thermal equilibrium [21–23,40]. Note that, when discus-
sing thermalization, the initial state of the relaxation
process ρLðt�Þ is restricted to states whose energy fluc-
tuation is macroscopically negligible

Tr½ρLðt�ÞðH1Þ2� − ðTr½ρLðt�ÞH1�Þ2 ¼ oðN2Þ: (76)

Following these, we assume that if the initial state
satisfies this condition, then the final state ðρLðt > t�ÞÞL∈N
represents iMATE:
Assumption 1. (Thermalization). If the sequence of the

initial state of the relaxation process ðρLðt�ÞÞL∈N is a

macroscopic state that satisfies Eq. (76), then the sequence
of states ðρLðt > t�ÞÞL∈N defined by Eq. (75) represents
an iMATE (26).
In other words, this assumption says that there exists an

inverse temperature β1 ∈R such that

ðρLðt > t�ÞÞL∈N ∼macðρcanL ðβ1jH1ÞÞL∈N: (77)

This inverse temperature β1 ∈R can be determined from
the energy conservation,

lim
L→∞

Tr½ρLðt�ÞH1�
N

¼ lim
L→∞

Tr½ρcanL ðβ1jH1ÞH1�
N

: (78)

Note that, in the study of thermalization, it is known that
such an assumption can be justified by the ETH [21–23].
Now, we give a quantum-mechanical version of the law

of increasing entropy (which is a weaker version of
Theorem 4 given in Sec. XI C).
Theorem 3. (Law of increasing quantum macroscopic

entropy density and thermodynamic entropy density). Let
t� be an L-independent time, ðρLð0ÞÞL∈N be a representa-
tion of normal iMATE at an inverse temperature β0 ∈R,
and ρLðtÞ be the state evolved from ρLð0Þ by the
Hamiltonian explained immediately after Eq. (74).
Suppose that Assumption 1 is satisfied. Then the sequence
of states ðρLðt > t�ÞÞL∈N defined by Eq. (75) represents
iMATE (26) at the inverse temperature β1 determined by
Eq. (78), and satisfies

lim
l→∞

smac
l ½ðρLð0ÞÞL∈N� ≤ lim

l→∞
smac
l ½ðρLðt > t�ÞÞL∈N� (79)

for any macroscopic operation ðULðt�; 0ÞÞL∈N of operation
time t� ¼ OðL0Þ. Here, the existence of the limit l → ∞
follows from Theorem 2. Furthermore, it holds that

sTDðβ0jH0Þ ≤ sTDðβ1jH1Þ: (80)

This theorem says that the quantum macroscopic
entropy density and thermodynamic entropy density can-
not decrease through any finite-time macroscopic oper-
ation followed by the relaxation process [107], and
Eq. (80) is precisely the law of increasing entropy.
Note that the long-time average in the rhs of Eq. (79)

corresponds to focusing on a state at a typical time in a
sense similar to the study of thermalization, as explained
for Eq. (75). Note also that, in Sec. XIII, we will show that
the constraint on the operation time, t� ¼ OðL0Þ, is
optimal by constructing a counterexample for any longer
timescale t� ¼ ωðL0Þ.
Proof. There are two ways; one is to use Theorem 4

given in Sec. XI C, and the other is to show it directly.
For the former, see Appendix E 6. For the latter, see
Appendix E 7, which provides a much simpler proof than
the proof of Theorem 4. ▪
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C. Law of increasing entropy under assumption
weaker than thermalization

In the previous subsection, we have proved that the
quantum macroscopic entropy density does not decrease
through finite-time macroscopic operation and infinite-
time relaxation process by assuming that the final
Hamiltonian induces thermalization. In this section, we
will show the same proposition under aweaker assumption.
First, we introduce the weaker assumption. Consider

two initial states ρL and σL whose sequences represent the
same iMATE,

ðρLÞL∈N ∼macðσLÞL∈N ∼macðρcanL ðβ0jH0ÞÞL∈N: (81)

From Theorem 1, the states after any macroscopic oper-
ation of operation time t� ¼ OðL0Þ remain to represent the
same macroscopic state,

ðρLðt�ÞÞL∈N ∼macðσLðt�ÞÞL∈N: (82)

We consider the relaxation process induced by H1 starting
from these states. We assume that, by this process, these
states relax to the same macroscopic state. Precisely, this
assumption is stated as follows:
Assumption 2. (Existence of a unique final macroscopic

state). If two sequences of the initial states ðρLðt�ÞÞL∈N
and ðσLðt�ÞÞL∈N are macroscopically equivalent as in
Eq. (82), then the sequences ðρLðt > t�ÞÞL∈N and
ðσLðt > t�ÞÞL∈N given by the long-time average (75) of
the relaxation process also represent some macroscopic
states, and they are macroscopically equivalent,

ðρLðt > t�ÞÞL∈N ∼macðσLðt > t�ÞÞL∈N: (83)

In other words, this assumption requires that the
relaxation process induced by H1 has a unique stationary
macroscopic state for any macroscopically equivalent
representations of a macroscopic state, ðρLðt�ÞÞL∈N
and ðσLðt�ÞÞL∈N. This assumption is weaker than
Assumption 1 because it does not assume that the unique
stationary macroscopic state is macroscopically equivalent
to the canonical Gibbs state, whereas Assumption 1 does.
Furthermore, even in integrable systems, if relaxation to a
unique stationary state described by the generalized Gibbs
ensemble [56–64] occurs, then Assumption 2 will be
satisfied while Assumption 1 is not.
Note that if the operation time is taken as t� ¼ ωðL0Þ,

Eq. (82) is no longer satisfied in general. This means that
such a case is out of the scope of Assumption 2, and hence,
Eq. (83) can be violated.
Under such a weaker assumption, we again obtain the

statement that prohibits the decrease of the quantum
macroscopic entropy density.

Theorem 4. (Law of increasing quantum macroscopic
entropy density without assuming thermalization). Let t�
be an L-independent time, ðρLÞL∈N represent an iMATE,
and ρLðtÞ be the density matrix evolved according to
Eq. (74) starting from ρL. Suppose that Assumption 2 is
satisfied. Then, the representation ðρLðt > t�ÞÞL∈N of the
final macroscopic state, defined by Eq. (75), satisfies

lim
l→∞

smac
l ½ðρLÞL∈N� ≤ lim inf

l→∞
smac
l ½ðρLðt > t�ÞÞL∈N�:

(84)

Proof. See Appendix E 5. ▪
We mention that Eq. (79) of Theorem 3 readily follows

from this theorem, as explained in Appendix E 6.

XII. COMPARISON WITH THE EXISTING
STUDIES

In this section, we compare our notion of iMATE and
our results on the second law with those of the existing
studies.

A. iMATE vs MITE and KMS

In this subsection, we will show that our notion of
thermal equilibrium, iMATE, is a broader class of states
than the well-known notion of thermal equilibrium, MITE.
We also explain that, when discussing the connection to
thermodynamics, iMATE is more appropriate than MITE.
We start by rewriting the definition of MITE in Ref. [42]

in terms of our notation. The condition for MITE on the
length scale l in Ref. [42] can be rephrased as

max
r∈ΛL

kρrLjl − τrLjlk1 ≪ 1; (85)

where τL is the microcanonical Gibbs state on some energy
shell, and ρrLjl (resp. τrLjl) is the reduced density matrix

of ρL (resp. τL) on Cl þ r moved onto Cl, as defined in
Eq. (48). We interpret the symbol “≪ 1” in the above
condition to mean that the larger L is, the smaller the lhs
becomes. Then the above condition can be rewritten as

lim
L→∞

max
r∈ΛL

kρrLjl − τrLjlk1 ¼ 0. (86)

It is usually considered that, outside the first-order phase
transition points, the microcanonical Gibbs state τL in the
above condition can be replaced by the canonical Gibbs
state σL ¼ ρcanL ðβjHLÞ with the corresponding inverse
temperature β because of the local equivalence of these
two Gibbs states (which is rigorously shown under
reasonable assumptions [84,108]). Thus, we obtain the
following:
Definition 16. (MITE). For any l∈N, a sequence of

density matrices ðρLÞL∈N is said to represent l-local MITE
of a system described by a Hamiltonian HL if
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lim
L→∞

max
r∈ΛL

kρrLjl − σrLjlk1 ¼ 0; (87)

where σL ¼ ρcanL ðβjHLÞ is the canonical Gibbs state with
some inverse temperature −∞ < β < ∞. Furthermore, it
is said to represent OðL0Þ-local MITE if it represents
l-local MITE for all l∈N.
It is worth mentioning that a KMS state in infinite

systems will correspond to the thermodynamic limit of a
state in OðL0Þ-local MITE, as it corresponds to the
thermodynamic limit of the Gibbs state [72–74].
Our iMATE includes the above-defined OðL0Þ-local

MITE:
Proposition 4. (MITE ⊂ iMATE). If a sequence of

density matrices ðρLÞL∈N represents OðL0Þ-local MITE
then it represents iMATE.
Proof. From Eq. (87), we have

lim
L→∞

kρðkÞLjl − σðkÞLjlk1 ¼ 0 (88)

for all l∈N. From Proposition 3, this means
ðρLÞL∈N ∼macðρcanL ðβjHLÞÞL∈N, indicating that ðρLÞL∈N rep-
resents iMATE. ▪
On the other hand, we have seen in Sec. V that there are

thermal equilibrium states that are iMATE but not MITE.
Therefore, MITE serves as a narrower definition of
thermal equilibrium than the iMATE. We have also seen
there that iMATE has a stronger connection to thermody-
namics than MITE, as iMATE is characterized by additive
observables, which correspond to additive quantities in
thermodynamics, while MITE is characterized by local
observables. Moreover, MITE crucially depends on the
choice of boundary conditions or the existence of only a
single impurity; the Gibbs states under different boundary
conditions or with different positions of few impurities
have different expectation values of local observables near
the boundary or the impurities, meaning that they represent
different MITE. By contrast, they represent the same
iMATE. This means that iMATE reflects the insensitivity
of thermodynamics and equilibrium statistical mechanics
to the choice of boundary conditions and the position of
few impurities, while MITE does not. For these reasons,
iMATE is more appropriate than MITE when discussing
the consistency with thermodynamics.
Note that iMATE is characterized by an L-independent

number of observables, in contrast to MITE. To explain
this point, let us compare the number of independent
additive observables composed of l-local observables
with the number of independent l-local observables.
The former is bounded from above by KdD2ld

, which is
independent of L, while the latter is bounded from below
by ðD2 − 1Þld

N. Since we take the thermodynamic limit
L → ∞ before taking l large, the latter grows much faster
than the former. In this sense, verification of iMATE

requires investigating a much smaller number of observ-
ables than OðL0Þ-local MITE.
We mention that several studies consider the following

class of states that is even narrower than the OðL0Þ-local
MITE: Let ðlLÞL∈N be a sequence of positive integers that
diverges slower than ΘðLÞ, that is, it satisfies lL ¼ ωðL0Þ
and lL ¼ oðLÞ, such as lL ¼ b ffiffiffiffi

L
p c [109]. We say that a

sequence of density matrices ðρLÞL∈N represents lL-local
MITE if it satisfies

lim
L→∞

max
r∈ΛL

kρrLjlL
− σrLjlL

k1 ¼ 0; (89)

where σL ¼ ρcanL ðβjHLÞ is the canonical Gibbs state with
some inverse temperature. This condition is stronger than
Eq. (87) for any l∈N, and hence ðρLÞL∈N also satisfies
the condition for OðL0Þ-local MITE. Although there are
some studies [69,84,108,110] investigating observables
with ωðL0Þ locality, which would be related to Eq. (89),
most of the existing studies [24,25] explore l-local
observables with l ¼ OðL0Þ, which is consistent with
Eq. (87). In addition, as mentioned above, the KMS
condition corresponds to OðL0Þ-local MITE. This also
suggests that lL-local MITE is less established than
OðL0Þ-MITE.

B. iMATE vs the ordinary MATE

In this subsection, we briefly review the ordinary notion
of MATE [20,42,47–49] and compare it with our iMATE.
The notion of MATE was first introduced by von

Neumann [20]; it was later termed MATE by Goldstein
et al. [47]. Here, we explain the notion of MATE,
following the review article by Mori et al. [42]. First,
they take a fixed set of “macroobservables” fM1

L;…;Mm
Lg.

As examples, they enumerated particle number, energy,
momentum, and magnetization on each macroscopic sub-
system. Next, they introduced approximations of these
macroobservables fM̃1

L;…; M̃m
Lg that commute with each

other. Note that although the existence of such approx-
imations is quite nontrivial, when “macroobservables”
M1

L;…;Mm
L (whose definition is not exactly specified in

Refs. [20,42,47–49]) are taken as additive observables and
m is fixed to a finite value, the existence is proved
mathematically by Ogata [111]. Lastly, they say a quantum
state represents MATE if, in the joint distribution of
M̃1

L;…; M̃m
L in that state, M̃μ

L’s are sufficiently concen-
trated at the equilibrium values for all μ ¼ 1;…; m.
Our iMATE shares a key motivation with the ordinary

MATE to focus on observables that are macroscopic in
some sense; however, there is a significant difference in the
number of observables of interest. As Ref. [42] says that
fM1

L;…;Mm
Lg is fixed, the number of macroobservablesm

is fixed independently of L in the ordinary MATE. Another
formulation of MATE by Tasaki [48] also requires that “m
is not too large, and is independent of N.” Furthermore,
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these are consistent with the condition for applying the
mathematical result by Ogata [111] that m is fixed to a
finite value. By contrast, in our formulation of iMATE,
the set of (sequences of) additive observablesA, which we
focus on, is an infinite set. Moreover, as shown by
Example 4, focusing only on a finite number of additive
observables will cause a contradiction to the second law of
thermodynamics.
We also comment on another difference: The ordinary

MATE requires the concentration in the distribution of
macroobservables, while our iMATE focuses only on the
expectation values of additive observables. However, we
consider this difference noncritical, as our normal iMATE
assumes small variances for additive observables, which
has a meaning close to the concentration.

C. Comparison with the results by Hokkyo and Ueda

Hokkyo and Ueda [18] introduced “thermodynamic
passivity,” which can be compared to our macroscopic
passivity (Corollary 3).
They showed thermodynamic passivity for states rep-

resenting MITE. [More precisely, they assumed the
lL-local MITE, Eq. (89), for some lL satisfying
lL ¼ ωðL0Þ; this is a stronger assumption than the
OðL0Þ-local MITE, Eq. (87), as explained in Sec. XII A.]
Our macroscopic passivity (Corollary 3) is also valid for
states representing iMATE, including typical METTS (28)
and Examples 2 and 3, to which their results cannot be
applied. We consider this difference crucial because, as
mentioned in Sec. XII A, MITE has less connection to
thermodynamics than iMATE. Therefore, applicability for
iMATE is not a naive extension of MITE but a significant
step toward deriving thermodynamic laws solely from
quantum mechanics.
We also point out that they showed thermodynamic

passivity by assuming that the inverse temperature of the
initial state is greater than some positive value independent
of the system size. On the other hand, our proof based on the
Lieb-Robinson bound applies to any nonnegative inverse
temperature, including β ¼ 0. In particular, at β ¼ 0, we
have found that macroscopic passivity can be extended to a
more general form: the expectation value of not only the
Hamiltonian but also any additive observable cannot be
increased or decreased extensively through any macro-
scopic operation with a finite operation time (Corollary 4).
Note that our contributions cover far beyond the

passivity; we have proved the law of increasing entropy
(Theorems 3 and 4), which is quantum-mechanically
inequivalent to the macroscopic passivity. Furthermore,
we have introduced many key concepts, including macro-
scopic equivalence, iMATE, macroscopic operations, and
quantum macroscopic entropy density, and obtained rich
results, such as preservation of macroscopic equivalence
(Theorem 1), and the entropy formula (Theorem 2). We
also give plenty of examples, including critical examples

in Sec. XIII, which show that the operation times in
Ref. [18] and ours are impossible to extend.

D. Comparison with the results by Meier et al.

Meier et al. recently studied equilibration of the
“Shannon observable entropy” SOSh in isolated quantum
systems [19]. Here, SOSh is defined as the Shannon entropy
of the probability distribution of the measurement outcome
of a single observable O. Under certain assumptions, they
found that the deviation of SOSh from its value in the
stationary state is sufficiently small for typical time
t∈ ½0; T� when T is sufficiently large [112]. This implies
that SOSh increases for typical time. We raise several crucial
differences between their results and ours.
First, we are interested in resolving the apparent

inconsistency of quantum mechanics and thermodynamics
that occurs when the thermal equilibrium state is repre-
sented not by Gibbs states but by a general quantum state.
Therefore, our quantum macroscopic entropy has been
introduced such that it agrees with thermodynamic entropy
for any quantum state representing iMATE. In contrast, SOSh
has no general connection to thermodynamic entropy
except when the state is taken as a Gibbs state (with O
taken as the Hamiltonian).
Second, while our results (Theorems 3 and 4) apply to

any initial state representing thermal equilibrium, they
focused on the initial state whose effective dimension is
sufficiently larger than the number of possible measure-
ment outcomes of O (which typically grows as ΩðNÞ [76]
when O is taken as an additive observable such as the
magnetization or the Hamiltonian). This means that energy
eigenstates, which are one of our primary interests as
discussed in Sec. I, were excluded even if they represent
thermal equilibrium.
Third, they considered isolated systems while we con-

sider closed systems: their time evolution is governed by a
time-independent Hamiltonian in contrast to ours. In other
words, they focused solely on relaxation in the absence of
operations, whereas we are interested in the more general
case where the systems are subject to time-dependent
adiabatic operations.
Finally, SOSh was defined for a single observable O;

extending this to multiple noncommutative observables
appears nontrivial, since the spectral decomposition of O
was used to define SOSh. By contrast, our quantum macro-

scopic entropy density smac
l ½·� is defined using ρðkÞLjl, which

contains complete information about the expectation values
ofall additive observables composed ofl-local observables.

XIII. COUNTEREXAMPLES BY
LONGER-TIMESCALE OPERATIONS

We have proved two forms of the second law of thermo-
dynamics, i.e., the macroscopic passivity (Corollary 3) and
the law of increasing entropy (Theorems 3 and 4). They are
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proved for any macroscopic operations with the operation
time t� ofOðL0Þ. In this section, we show that this timescale
of t� is the longest for these general results, by showing that
there exist counterexamples when t� is longer.

A. Counterexample to the macroscopic passivity

We first show that a naive extension of the macroscopic
passivity (Corollary 3) to longer operation times is
impossible:
Proposition 5. (Counterexample to macroscopic pas-

sivity at any longer timescale). Consider a system on a
lattice of arbitrary spatial dimension with local Hilbert
spaces ≅ C4. For any operation time TL satisfying both
TL ¼ ωðL0Þ and TL ¼ OðLÞ, there exist a Hamiltonian
HL, a sequence of microscopic states ðρLÞL∈N represent-
ing iMATE described by HL at the inverse temperature
β ¼ 0, and a macroscopic operation ðULð·; 0ÞÞL∈N such
that

lim
L→∞

Tr½ρLðTLÞHL=N� < lim
L→∞

Tr½ρLð0ÞHL=N�; (90)

where ρLðtÞ ¼ ULðt; 0ÞρLULðt; 0Þ†.
Proof outline. We prove this proposition by an explicit

construction of ðρLÞL∈N, HL, and ðULðTL; 0ÞÞL∈N. We
take ρL as a product of L=2 Bell pairs. Each pair consists of
two spins separated by a distance ≃2TL. This implies that
ðρLÞL∈N represents iMATE at β ¼ 0 (for any HL). We
choose the time-dependent Hamiltonian HLðtÞ such that
ULðTL; 0Þ becomes a repetition of swap gates for ≃TL
times. This maps ρLðTLÞ to a product of nearest-neighbor
Bell pairs. Choosing HL appropriately, we obtain Eq. (90).
For the details, see Appendix H 1. ▪
Therefore, the timescale presented in Corollary 3 is the

longest one that can be proven in the physical setting
considered in this paper.
We emphasize that this upper boundof the timescale is not

peculiar to our definition of thermal equilibrium, iMATE. In
fact, the sequence of microscopic states used in the con-
struction of the above example is in MITE, and, since
macroscopic operation ⊂ local control (Definition 17), the
macroscopic operation is also local control. That is, the
failure of passivity at timescales beyond OðL0Þ already
occurs within the setup of “MITE þ local control” consid-
ered, e.g., by Hokkyo and Ueda [18], and is not specific to
our setup of “iMATE þ macroscopic operation.”

B. Counterexample to the law of increasing entropy

We then show that a naive extension of the law of
increasing entropy (Theorems 3 and 4) to longer operation
times is impossible:
Proposition 6. (Counterexample to the law of increasing

entropy at a longer timescale). Consider one-dimensional
spin−1=2 systems, i.e., the case of D ¼ 2 and d ¼ 1. For
arbitrary integer TL that scales as TL ¼ ωðL0Þ and

TL ¼ OðLÞ, there exist initial and final Hamiltonians
H0 and H1, a sequence of the initial states ðρLÞL∈N
representing iMATE at infinite temperature β ¼ 0, and a
macroscopic operation ðULð·; 0ÞÞL∈N such that

lim
l→∞

smac
l ½ðρLÞL∈N� ¼ log 2

> lim
l→∞

smac
l ½ðσLÞL∈N� ¼ 0; (91)

where ðσLÞL∈N is a sequence of the final state evaluated by
the long-time average (75),

σL ≔ ρLðt > TLÞ; (92)

of the state after t ¼ TL, with ρLðtÞ≔ULðt;0Þ
ρLU

†
Lðt;0Þ.

Proof outline. We prove this proposition by an explicit
construction of ðρLÞL∈N, H0, H1, and ðULðTL; 0ÞÞL∈N.
We take ρL and ULðTL; 0Þ as in the proof outline
of Proposition 5. Here, note that the choice of H0 is
unimportant. As mentioned in the proof outline of
Proposition 5, ρLðTLÞ is a product of nearest-neighbor
Bell pairs. This state is known as the ground state of the
Majumdar-Ghosh model [113]. By choosing H1 as the
Majumdar-Ghosh Hamiltonian, ρLðTLÞ becomes station-
ary in the relaxation process governed by H1, and hence
σL ¼ ρLðTLÞ holds. Consequently, we obtain Eq. (91). For
the details, see Appendix H 2. ▪
In this example, through a macroscopic operation of

operation time TL ¼ ωðL0Þ, the quantum macroscopic
entropy density decreases from the maximum value
log 2 to the minimum value 0. This means that if we
permit a macroscopic operation of operation time ωðL0Þ,
we can construct a counterexample of Theorems 3 and 4
with the maximum violation. In addition, as shown in
Appendix H 2, ρLðTLÞ is the ground state ofH1, indicating
that the macroscopic operation induces state transition
from β ¼ 0 to β → ∞.

XIV. DISCUSSION

A. Perspectives for longer-timescale operations

As shown in the previous section, the timescale OðL0Þ
of the operation time in our results corresponding to the
second law (Corollary 3, Theorems 3 and 4) is optimal in
the sense that the straightforward extension to a longer
timescale is impossible.
However, in thermodynamics, we sometimes encounter

operations completed on longer timescales. For instance,
consider the extraction of work from a fluid system by
moving a piston quasistatically. To extract an amount of
energy of ΘðLdÞ, which remains relevant in the thermo-
dynamic limit, the piston must be moved by a distance of
ΘðLÞ. On the other hand, since the local relaxation time of
the fluid is independent of the system size, the piston speed
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must be OðL0Þ to ensure that the process remains quasi-
static. Consequently, such an operation inevitably requires
a time of ΩðLÞ [76] and cannot be completed within the
timescale of OðL0Þ.
To extend the consistency with thermodynamics to such

a longer timescale, we need to introduce some additional
condition(s). We here list three candidates:

(i) It is impossible to precisely prepare a quantum state
exactly as specified, such as the pure state (H2) in
our counterexample.

(ii) It is impossible to precisely execute a macroscopic
operation exactly as specified, such as the operation
generated by the Hamiltonian (H5) in our counter-
example.

(iii) When discussing state transitions from thermal
equilibrium, we need to restrict quantum states to
a subset of iMATE. The subset consists only of
quantum states with complex structures, such as the
typical energy eigenstates of nonintegrable systems.

In candidates (i) and (ii), “impossible” means that the
success probability → 0 as L → ∞. Candidate (iii) sounds
reasonable because state transitions are nonequilibrium
processes, while we have defined iMATE to be fully
consistent with equilibrium statistical mechanics. For
example, while an integrable system has an equilibrium
state, it does not thermalize after a quench and hence is
abnormal thermodynamically. Therefore, it seems natural
to restrict quantum states when discussing thermodynamic
processes. Further investigation will be a subject of future
research.
Interestingly, when a longer timescale is considered

without imposing these additional conditions, our counter-
examples provide a rigorous realization of a violation of
the second law of thermodynamics. We stress that our
examples do not rely on the measurement-and-feedback
approach, which has been widely employed to construct
counterexamples to the second law since Maxwell’s
pioneering thought experiment [114]. Rather, they are
similar to the spirit of Loschmidt’s paradox, stating that the
second law seems violated because of the reversibility of
microscopic dynamics. Given the state-of-the-art control-
lability of many-body dynamics in quantum simulators
and computers, it is interesting to experimentally observe
the violation of the second law predicted by our counter-
examples using these platforms. Such experiments will
also confirm the necessity and importance of the additional
condition(s) mentioned above.

B. K dependence

As explained in Sec. III A, we have taken the partition
numberK to be a large integer independent ofL,K ¼ OðL0Þ.
Physically, our results are expected to be independent of K.
An easy way of seeing this independence explicitly is to take
the K → ∞ limit after taking the thermodynamic limit
L → ∞, which would correspond to the situation in which

continuum mechanics applies. When taking this limit, we
make the following technical adjustment.
Naively, one may expect that taking K larger means

focusing on more observables and considering more
operations, since the side length of the primitive macro-
scopic subsystems, L=K, becomes smaller. However, if we
straightforwardly took K larger, the set of (sequences of)
additive observables would not necessarily get broader.
For instance, additive observables with K ¼ 2, in general,
cannot be written as additive observables with K ¼ 3. To
avoid such complexities, we can take K as [115]

K ¼ Mmax!; (93)

where Mmax is a positive integer. To achieve the K
independence, we take Mmax → ∞ after taking L → ∞.
The above form of K allows us to consider additive

observables on macroscopic subsystems of side length
L=M for allM ≤ Mmax [116]. As a result, we can deal with
macroscopic operations controlling the fields conjugate to
additive observables on macroscopic subsystems of side
length L=M for any M ≤ Mmax. Furthermore, in iMATE
with K ¼ Mmax!, any additive observable on macroscopic
subsystems of side length L=M takes the equilibrium
values independently of M, as long as M ≤ Mmax. In this
way, the adjustment (93) resolves the above-mentioned
complexities, and the limit Mmax → ∞ (after taking
L → ∞) makes our theory independent of K, as physically
expected.
In the above argument, the existence of the Mmax → ∞

limit of the quantum macroscopic entropy density seems
nontrivial. We finally address this point by showing that
the limit indeed exists for any macroscopic state. Given a
sequence of states ðρLÞL∈N. Suppose that it represents a
macroscopic state, defined by Definition 5, for any K of
the form (93) and for anyMmax ∈N. This can be rephrased
that ðρLÞL∈N satisfies Eq. (19) for any K∈N [117]. To
indicate the K dependence of the quantum macroscopic
entropy density smac

l ½ðρLÞL∈N�, defined by Eq. (59), we add
a superscript K to it and write it as smac;K

l ½ðρLÞL∈N� in the
remainder of this subsection. Using the concavity of the
von Neumann entropy, we can show

smac;ðMmaxÞ!
l ½ðρLÞL∈N� ≥ smac;ðMmaxþ1Þ!

l ½ðρLÞL∈N�: (94)

This means that smac;ðMmaxÞ!
l ½ðρLÞL∈N� is monotonically

decreasing with respect to Mmax. Furthermore, since it
is nonnegative, there exists its Mmax → ∞ limit, and we
obtain the desired result:
Proposition 7. (The existence of K → ∞ limit of

quantum macroscopic entropy density). Given a sequence
of states ðρLÞL∈N that represents a macroscopic state for
anypartition numberK∈N, which is used to define additive
observables in Definition 3. The quantum macroscopic
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entropy density of ðρLÞL∈N has the Mmax → ∞ limit,

lim
Mmax→∞

smac;ðMmaxÞ!
l ½ðρLÞL∈N�: (95)

In other words, smac;ðMmaxÞ!
l ½ðρLÞL∈N� becomes almost

independent of Mmax as Mmax is taken large.
Proof of Eq. (94). See Appendix E 8. ▪

XV. SUMMARY

For closed quantum many-body systems of arbitrary
spatial dimension d obeying the unitary time evolution, we
have proposed and proved two forms of the second law
of thermodynamics: the macroscopic passivity and the law
of increasing entropy, which are quantum-mechanically
inequivalent to each other.
To this end, we first introduced macroscopic subsystems

in order to detect macroscopic nonuniformity of non-
equilibrium states (Sec. III). We then gave clear definitions
of additive observables and l-local observables.
To formulate the thermodynamic limit rigorously, we

have considered sequences of quantum states (Sec. IV). We
say that such a sequence represents a macroscopic state if
the expectation values of densities of all additive observ-
ables converge in the thermodynamic limit. Importantly, we
introduced a notion of macroscopic equivalence; we say
that two quantum-mechanical representations of macro-
scopic states are macroscopically equivalent if densities of
all additive observables coincide in the thermodynamic
limit (Definition 6). This notion forms the foundation for
the results in this paper.
We then introduced iMATE as a notion of thermal

equilibrium states (Definition 8, Sec. V). It corresponds
to an extension of an ordinary notion called MATE such
that all, thus an infinite number of, additive observables
should be consistent with thermodynamics. This resolves
possible contradictions of MATE against thermodynamics
(Example 4, Sec. VII). Furthermore, our iMATE includes
well-known quantum states representing equilibrium
states, such as the minimally entangled typical thermal
states (Example 1, Sec. V D), which are not included in
another ordinary notion called MITE. Therefore, we
employ iMATE as quantum-mechanical representations
of equilibrium states.
We also introduced macroscopic operations as unitary

time evolutions generated by a time-dependent Hamiltonian
that is additive andwhose time dependence is governed by a
finite number of parameters conjugate to additive observ-
ables (Definition 10, Sec. VI). We then proved that macro-
scopic equivalence is preserved after any macroscopic
operations (Theorem 1). While there are many different
quantum states that represent the same iMATE, this propo-
sition guarantees that all such states exhibit the same
responses of additive observables to macroscopic opera-
tions, in consistency with thermodynamics (Corollary 1).

We then proposed and proved our first form of quantum-
mechanical expressions of the second law, which we call
the macroscopic passivity (Corollary 3, Sec. VII). It states
that if the system is prepared in an arbitrary state
representing iMATE described by an initial Hamiltonian
with nonnegative inverse temperature, no macroscopic
operation can decrease the expectation value of the initial
Hamiltonian extensively. In other words, extensive work
cannot be extracted from states representing iMATE by
any macroscopic operation. We also proved that iMATE at
infinite temperature, β ¼ 0, is stable against any macro-
scopic operations (Corollary 4).
In order to proceed to our second expression of the second

law, we introduced the l-local density matrices and their
spatial average (Definition 11, Sec. VIII). We proved that all
macroscopically equivalent representations of amacroscopic
state are characterized only by the spatial averages ofl-local
density matrices. Using this result, we unambiguously
defined the notion of macroscopically uniform states
(Definition 12) and proved that the macroscopic uniformity
depends only on a macroscopic state but not on its repre-
sentation (Corollary 5). In particular, any representation
of an iMATE represents a macroscopically uniform state,
under our assumption that the system is not at a first-order
phase transition point (Corollary 6). For comparison, we also
defined locally uniform macroscopic states (Definition 13).
Many other quantum-mechanical definitions of thermal
equilibrium (such as the Gibbs states and MITE) assumed
locally uniform macroscopic states, which are a strictly
narrower class than macroscopically uniform states.
Using the spatial average of l-local density matrices,

we introduced the quantum macroscopic entropy density
(Definition 14, Sec. IX), and proved that it takes the same
value among equivalent macroscopic states (Corollary 7).
Most importantly, we proved that it agrees with the thermo-
dynamic entropy density for all representations of iMATE
(Theorem 2, Sec. X). This should be contrasted with many
other quantum-mechanical entropies, such as the von
Neumann entropy of thewhole systemand the entanglement
entropy, which do not necessarily agree with the thermo-
dynamic entropy (Sec. X C and Example 6). Interestingly,
our result means that the thermodynamic entropy can be
obtained by measuring appropriate additive observables
without individual measurements of a huge number of local
observables or thermodynamic measurements on multiple
states along a thermodynamic process (Sec. X D).
Using these results, we proved the law of increasing

entropy, which is our second form of quantum-mechanical
expressions of the second law (Theorems 3 and 4, Sec. XI).
It states that if the system is prepared in a state representing
iMATE described by an initial Hamiltonian, then the
quantum macroscopic entropy density cannot be decreased
by any finite-time macroscopic operation followed by an
infinite-time relaxation process governed by a final
Hamiltonian. This corresponds to the thermodynamic
statement which asserts that an adiabatic thermodynamic
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operation cannot decrease the thermodynamic entropy of
the system. Although it is sometimes said to be equivalent
to the statement corresponding to our macroscopic pas-
sivity, the other laws of thermodynamics were assumed in
such arguments. By contrast, we have proved both forms
independently from quantum mechanics. Comparisons
with the existing studies were made in Sec. XII.
Our two forms of quantum-mechanical expressions of

the second law are proved for any macroscopic operations
with the operation time t� independent of the system size.
We showed that this timescale of t� is the longest for these
general results, by showing that there exist counterexam-
ples when t� is longer (Sec. XIII). We pointed out that this
upper bound of the timescale is not peculiar to our definition
of thermal equilibrium, iMATE, but rather is common to the
previous study that assumedMITE. Since this restriction on
the operation time seems unsatisfactory from the viewpoint
of thermodynamics, we discussed possible candidates to
remove the restriction in Sec. XIVA.On the other hand, it is
interesting to experimentally realize our counterexamples
because they provide a violation of the second law of
thermodynamics in the spirit of Loschmidt’s paradox
without relying on the measurement-and-feedback
approach (last paragraph of Sec. XIVA). We believe that
such experiments will lead to a deeper understanding of the
second law. We also pointed out that our results will be
independent of the choice of the partition number K in the
iterated limit, K → ∞ after L → ∞ (Sec. XIV B).
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APPENDIX A: SUMMARY OF NOTATION
AND DEFINITIONS

This Appendix summarizes the notation and terminol-
ogy used throughout the main text. Table V shows the
notation related to the lattice, Hilbert spaces, macroscopic
subsystems, and locality. Table VI shows the notation for

TABLE V. Notation related to the lattice, Hilbert spaces, macroscopic subsystems, and locality.

Symbol Meaning/role Where introduced

d Spatial dimension of the hypercubic lattice. Section III A
L Linear system size (side length). Section III A
N ¼ Ld Total number of lattice sites. Section III A
ZL ¼ f−⌈L=2⌉þ 1;…; bL=2cg Integer coordinates with periodic boundary conditions. Section III A
ΛL ¼ ðZLÞd Total lattice of size L. Section III A
r; r0; 0 Lattice sites and the origin, r∈ΛL. Section III A
jr − r0j Manhattan distance on ΛL (with periodic identification). Section III A
Hr Local Hilbert space at site r. Section III A
D Local Hilbert-space dimension; Hr ≅ CD. Section III A
fjjirgD−1

j¼0 Orthonormal basis of Hr. Section III A
HΛL

¼ ⊗r∈ΛL
Hr Total Hilbert space on ΛL. Section III A

K L-independent number of partitions in each spatial direction. Section III A
Kd Number of primitive macroscopic subsystems. Section III A

SðkÞ
L

kth primitive macroscopic subsystem (k∈ f1;…; Kdg). Definition 1

SL (General) macroscopic subsystem: union of primitive ones. Definition 1
m Number of primitive macroscopic subsystems forming SL (m ¼ 1;…; Kd). Definition 1
k; k0; kj Labels of primitive macroscopic subsystems. Definition 1
jSLj Number of sites in SL; scales as ΘðLdÞ for proper sequences. Definition 1
l Locality length (kept L-independent, i.e., l ¼ ΘðL0Þ). Definition 2
Cl d-dimensional hypercube (side length l) centered at 0. Definition 2
Cl
r ¼ Cl þ r Translation of the reference cell by r. Definition 2

Oð·Þ; oð·Þ;Θð·Þ;Ωð·Þ;ωð·Þ Landau asymptotic symbols. Reference [76]
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TABLE VI. Notation for translations, local/additive observables, and operator-theoretic conventions.

Symbol Meaning/role Where introduced

Tr∶ ⊗r0 jjr0 ir0 ↦⊗r0 jjr0 ir0þr Lattice translation by r (unitary on HΛL
). Section III A

α Local observable. Definitions 2 and 3
αr ¼ TrαT

†
r Translate of α supported on Cl

r . Definition 3
Suppð·Þ Support (set of sites) of an operator. Definition 3
ASL

ðαÞ Additive observable on SL obtained from α. Definition 3
AL Generic additive observable (often AL ¼ ASL

ðαÞ). Definition 4
A Set of all proper sequences of additive observables. Definition 4
k · k Operator norm. …
k · ktr Trace norm. …

TABLE VII. Notation for states, equilibrium notions, operations, reduced states, and entropies.

Symbol Meaning/role Where introduced

ρL; σL Density matrices on HΛL
. Section IV

ðρLÞL∈N A sequence of states considered in the thermodynamic limit. Definition 5
Macroscopic state Sequences for which Tr½ρLAL=N� converges for all ðALÞ∈A. Definition 5, Eq. (19)
Macroscopic equivalence ∼mac Equivalence relation between macroscopic states. Definition 6, Eq. (21)
Normal macroscopic state Macroscopic state with macroscopically negligible

variance for all ðALÞ∈A.
Definition 7, Eq. (22)

HL Hamiltonian. Equation (23)
h Local interaction term of the Hamiltonian. Equation (23)
β Inverse temperature. Definition 8
ρcanL ðβjHLÞ Canonical Gibbs state. Equation (4)
iMATE “Infinite-observable macroscopic thermal equilibrium.” Definition 8, Eq. (26)
Normal iMATE iMATE that is also a normal macroscopic state. Definition 9
ULðt; 0Þ Unitary time evolution operator for a macroscopic operation. Definition 10
HLðtÞ ¼ HL −Pm

μ¼1 f
μðtÞBμ

L Controlled Hamiltonian generating a macroscopic operation. Definition 10, Eq. (31)

m Number of external fields coupled to additive observables. Definition 10
Bμ
L Additive observables coupled to external fields. Definition 10

fμðtÞ Values of external fields. Definition 10
t� Operation time. Definition 10
ρLðtÞ ¼ ULðt; 0ÞρLU†

Lðt; 0Þ Time-evolved state under the operation. Definition 10

ρLðt > t�Þ Long-time average in the relaxation stage. Equation (75)
T Time-window length for defining the long-time average. Equation (75)
H0; H1 Initial and final Hamiltonians in an adiabatic-operation protocol. Equation (74) and Table IV
ρrLjl l-local reduced state around r, moved onto Cl. Equation (48)

ρðkÞLjl Spatial average of ρrLjl over SðkÞ
L . Equation (49)

ρðkÞ∞jl
Thermodynamic limit of ρðkÞLjl. Equation (50)

ρaveLjl Spatial average of ρrLjl over the full lattice ΛL. Equation (64)

ρave∞jl Thermodynamic limit of ρaveLjl. Below Eq. (63)

SvN½ρ� von Neumann entropy of a density matrix ρ. Definition 14
smac
l ½ðρLÞL� Quantum macroscopic entropy density at scale l. Definition 14, Eq. (59)
s̃l½ðρLÞL� Upper bound on smac

l obtained from ρave∞jl. Equation (63)

sTDðβjHÞ Thermodynamic entropy density of the canonical Gibbs state. Equation (72)
DðσkρÞ Quantum relative entropy. Proof of Theorem 3
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translations, local/additive observables, and operator-
theoretic conventions. Table VII shows the notation for
states, equilibrium notions, operations, reduced states,
and entropies.

APPENDIX B: PLANCK’S PRINCIPLE FOR
ADIABATIC OPERATIONS INDUCED BY

EXTERNAL FIELDS

According to Refs. [4,120], Planck suggested formulat-
ing thermodynamics on the basis that “friction” is an
adiabatic operation that is not reversible. Since friction
increases the energy of the system, its irreversibility means
the impossibility of decreasing the energy by any adiabatic
operation. Following this contribution of Planck, we call
the following law Planck’s principle, as in Ref. [4]:
Planck’s principle 1. (Original form of Planck’s prin-

ciple). Consider a simple thermodynamic system whose
thermal equilibrium states are specified by internal energyU
and several additional additive quantities, so-called “work
coordinates,” denoted by V1;…; Vn, such as volume and
magnetization. Consider changing the state of the system
from one thermal equilibrium state ðU0; V1

0;…; Vn
0Þ to

another thermal equilibrium state ðU1; V1
0;…; Vn

0Þ, whose
work coordinates have the same values. If the final energy is
lower than the initial energy,

U0 > U1; (B1)

it is impossible to induce such a change through any
adiabatic operation.
Note that Planck’s principle (Theorem 3.4) in Ref. [4]

contains not only the above statement but also its inverse:
If U0 ≤ U1, then it is possible to induce the state change
ðU0; V1

0;…; Vn
0Þ → ðU1; V1

0;…; Vn
0Þ through some adia-

batic operation. However, which types of adiabatic oper-
ations are possible crucially depend on the details of the
setting, and, to our knowledge, there is no consensus on
this. For this reason, we call the above statement Planck’s
principle and do not include its inverse, as in Refs. [15,18].
This principle easily follows from another law, the law

of increasing entropy, as follows: Let SðU;V1;…; VnÞ be
the thermodynamic entropy function of a simple thermo-
dynamic system in Planck’s principle 1. Since its deriva-
tive with respect to U gives the inverse temperature β,
SðU;V1;…; VnÞ is monotonically increasing with respect
to U (at least in the region 0 < β < ∞, to which thermo-
dynamics usually applies). Furthermore, the law of
increasing entropy states that adiabatic operations that
decrease the entropy,

SðU0; V1
0;…; Vn

0Þ > SðU1; V1
0;…; Vn

0Þ; (B2)

are impossible. From the monotonicity of Sð·; V1;…; VnÞ,
this is equivalent to the statement that adiabatic operations

decreasing the energy U0 > U1 are impossible, which
implies Planck’s principle 1.
Planck’s principle 1 is useful when V1;…; Vn can be

controlled, as in the case of volume enclosed by a
container with a piston. However, it is inconvenient when
their conjugate parameters are controlled, as in the case
where Vμ is magnetization while the magnetic field—the
variable conjugate to Vμ—is controlled. Below, we rewrite
Planck’s principle 1 in a form useful for such a case, that is,
the case where adiabatic operations are induced by
external fields, such as a magnetic field.
We consider adiabatic operations induced by external

fields f1;…; fm. We write additive quantities conjugate to
them by B1;…; Bm. We assume that thermal equilibrium
states are specified by ðU;B1;…; Bm; NÞ, where N is the
total number of sites and has the same role as the volume of
the system. This corresponds to taking ðV1;…; VnÞ as
ðB1;…; Bm; NÞ. Let UðS; B1;…; Bm; NÞ be internal
energy function, and EðS; f1;…; fm; NÞ be its Legendre
transformation with respect to B1;…; Bm. The latter
represents the energy in the presence of external fields.
Solving E ¼ EðS; f1;…; fm; NÞ with respect to S, we
obtain an entropy function whose arguments are
ðE; f1;…; fm; NÞ, denoted by S̃ðE; f1;…; fm;NÞ. The
derivative of S̃ðE; f1;…; fm;NÞ with respect to E coin-
cides with the inverse temperature β because

∂E
∂S

∂S̃
∂E

¼ 1 (B3)

follows from

EðS̃ðE; f1;…; fm; NÞ; f1;…; fm;NÞ ¼ E: (B4)

This means that S̃ðE; f1;…; fm;NÞ is monotonically
increasing with respect to E (at least in the region
0 < β < ∞, to which thermodynamics usually applies).
Combining this with the law of increasing entropy, we
obtain the following:
Planck’s principle 2. (Another form of Planck’s prin-

ciple). Consider a simple thermodynamic system under
external fields f1;…; fm whose thermal equilibrium states
are specified by internal energy U, additive quantities
B1;…; Bm conjugate to f1;…; fm, and the total number of
sites N. We consider thermal equilibrium states outside the
first-order phase transition point; then, they can also be
specified by ðE; f1;…; fm; NÞ, where E is the energy in
the presence of fields

E ¼ U −Xm
μ¼1

fμBμ: (B5)

Consider changing the state of the system from one
thermal equilibrium state ðE0; f10;…; fm0 ; NÞ to another
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thermal equilibrium state ðE1; f10;…; fm0 ; NÞ, whose exter-
nal fields take the same values. If the final energy is lower
than the initial energy,

E0 > E1; (B6)

it is impossible to induce such a change through any
adiabatic operation.
Note that Eq. (B5) corresponds to the thermal equilib-

rium value of the following Hamiltonian under external
fields,

HLðf1;…; fmÞ ¼ HL −Xm
μ¼1

fμBμ
L; (B7)

which takes the same form as Eq. (31). In this sense, our
definition of macroscopic operation, Definition 10, is
consistent with the definition of adiabatic operation in
thermodynamics.
In particular, applying Planck’s principle 2 to the case

f10 ¼ … ¼ fm0 ¼ 0, we obtain the following statement: any
adiabatic operation induced by external fields f1;…; fm

does not decrease the energy

U0 ¼ E0 ≤ E1 ¼ U1; (B8)

as long as the initial and final values of external fields are
set to zero. This indeed coincides with the inequality (37),
i.e., macroscopic passivity.

APPENDIX C: EXAMPLES OF IMATE

In Appendix C 1, we will show that the sequence of
METTS represents iMATE almost surely. In addition, in
Appendix C 2 and C 3, we will construct representations of
iMATE that contain no random variables in contrast
to METTS.

1. METTS (details of Example 1)

In Appendix C 1 a, we will show that there are appro-
priate sequences of METTS that represent iMATE. In
Appendix C 1 b, we will reinforce this result by showing
that if we construct a sequence of METTS according to the
probability distribution PðiÞ=Z, the sequence represents
iMATE almost surely, under a certain condition on the
probability distribution. In Appendix C 1 c, we justify this
condition from a reasonable physical assumption on the
canonical Gibbs state.

a. There are sequences of METTS representing iMATE

Here, we show that there exist sequences of METTS that
represent iMATE. We are interested in METTS (28)
corresponding to the Gibbs state described by HL at
inverse temperature β, i.e., ρcanL ðβjHLÞ. We assume that
the Gibbs state satisfies an assumption slightly stronger
than Eq. (22), which is a part of Assumption 2:
Assumption 3. [Assumption slightly stronger than

Eq. (22)]. There is a sequence of positive integers
ðlmax

L ÞL∈N that diverges in the limit L → ∞ [with the
rate of oðLÞ] and in which the Gibbs state ρcanL ðβjHLÞ
satisfies the following: The variance of any additive
observable composed of lmax

L -local observables is macro-
scopically negligible, that is,

Tr
�
ρcanL ðβjHLÞ

ðASL
ðαLÞÞ2

jSLj2
�

−
�
Tr
�
ρcanL ðβjHLÞ

ASL
ðαLÞ

jSLj
��

2

¼ oðL0Þ (C1)

holds for every macroscopic subsystem ðSLÞL∈N and for
every lmax

L -local observable αL satisfying kαLk∞ ¼ 1.
Since Eq. (22) refers to additive observables composed

of l-local observables with l ¼ OðL0Þ, the above con-
dition (C1) is stronger than Eq. (22). Note that, as long as
lmax
L ¼ ωðL0Þ, its divergence can be arbitrarily slow. In

this sense, we consider that the gap between Assumption 3
and Eq. (22) is physically unimportant.
Under this assumption, we show the following:
Proposition 8. (There are sequences of METTS

representing iMATE). Let ϕLðiÞ ¼ jϕðiÞihϕðiÞj with
i∈ f0; 1;…; DN − 1g be METTS defined by Eq. (28).
Suppose that the corresponding Gibbs state ρcanL ðβjHLÞ
satisfies Assumption 3. For each system size L∈N, we
choose iL ∈ f0; 1;…; DN − 1g appropriately such that
Eq. (C8) given below is satisfied. Then, the sequence of
states ðρLÞL∈N given by ρL ¼ ϕLðiLÞ represents iMATE
described by HL at inverse temperature β. Moreover,
according to the probability distribution PðiLÞ=Z, the
probability of choosing iL ∈ f0; 1;…; DN − 1g that satis-
fies Eq. (C8) is arbitrarily close to 1 for sufficiently largeL.
This means that if Assumption 3 is satisfied, then there

are sequences of states ðρLÞL∈N representing iMATE.
Below, we prove Proposition 8.
Proof. First, we define the following small quantity,

which provides an upper bound on the fluctuations of
additive observables composed of lmax

L -local observables:

Take one of the primitive macroscopic subsystems SðkÞ
L ,

and define

εflucL ≔ sup
αLðkαLk∞¼1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr

"
ρcanL ðβjHLÞ

ðASðkÞ
L
ðαLÞÞ2

jSðkÞ
L j2

#
−
 
Tr

"
ρcanL ðβjHLÞ

ASðkÞ
L
ðαLÞ

jSðkÞ
L j

#!
2

vuut ; (C2)
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where αL in the rhs runs over all lmax
L -local observables

with kαLk ¼ 1. Note that because of the translation
invariance of the Gibbs state, it is independent of the
choice of k∈ f1; 2;…; Kdg. Assumption 3 implies
εflucL ¼ oðL0Þ.
Second, we introduce sequences of positive integers

ðlLÞL∈N and positive real values ðδLÞL∈N so that they
satisfy the following:

lL ¼ ωðL0Þ; lL ≤ lmax
L (C3)

δL ¼ oðL0Þ (C4)

Dld
LεflucL

δL
¼ oðL0Þ: (C5)

For instance, this can be achieved by choosing

δL ¼ ðεflucL Þ1=3; (C6)

lL ¼ min
��− logðεflucL Þ

3 logD

�
1=d

;lmax
L

�
: (C7)

Third, we describe how to choose iL∈f0;1;…;DN−1g.
Let ϕðkÞ

LjlL
ðiÞ be the spatial average (49) of lL-local density

matrices of ϕLðiÞ, and ρcanLjlL
be that of the Gibbs state

ρcanL ðβjHLÞ. Here, we note that it is independent of
the choice of k∈ f1; 2;…; Kdg because of the transla-
tion invariance of the Gibbs state. We choose
iL ∈ f0; 1;…; DN − 1g for each L such that the following
condition is satisfied:

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiLÞ − ρcanLjlL

���
1
< δL: (C8)

Below, we will show that such an iL satisfying Eq. (C8)
indeed exists, and furthermore, that typical iL’s satisfy
Eq. (C8).
Fourth, we show that if Eq. (C8) is satisfied for all

L∈N, then the obtained ðρLÞL∈N represents iMATE
described by HL at inverse temperature β. Take an
arbitrary positive integer l∈N that is of OðL0Þ.
Because of Eq. (C3), l ≤ lL holds for a sufficiently
large L. This implies���ρðkÞLjl − ρcanLjl

���
1
≤
���ρðkÞLjlL

− ρcanLjlL

���
1
: (C9)

Combining this with Eqs. (C4) and (C8), we have

lim
L→∞

max
k∈ f1;2;…;Kdg

���ρðkÞLjl − ρcanLjl
���
1
¼ 0. (C10)

Since l is arbitrary, this holds for any l∈N. From
Proposition 3, this implies ðρLÞL∈N ∼macðρcanL ðβjHLÞÞL∈N.

Finally, we show that typical iL’s satisfy Eq. (C8). To
this end, we evaluate the probability that Eq. (C8) is
violated,

Probi
h

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���
1
≥ δL

i

≔
XDN−1

i¼0

PðiÞ
Z

χ
h

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���
1
≥ δL

i
;

(C11)

where χ½·� is the indicator function that takes 1 when · is
true, and 0 otherwise. From the Chebyshev inequality,
we have

Probi
h

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���
1
≥ δL

i

≤ max
k∈ f1;2;…;Kdg

XDN−1

i¼0

PðiÞ
Z

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���2
1

δ2L
: (C12)

From the relation between the trace norm and the
operator norm, we have���ϕðkÞ

LjlL
ðiÞ−ρcanLjlL

���
1
¼ sup

αLðkαLk∞¼1Þ

���TrhαL	ϕðkÞ
LjlL

ðiÞ−ρcanLjlL


i���:
(C13)

We introduce an orthogonal basis of operators on ClL
,

fuμgD2ld
L

μ¼1 , satisfying the following:

ðuμÞ† ¼ uμ; (C14)

Tr½uμuμ0 � ¼ Dld
Lδμ;μ0 ; (C15)

kuμk∞ ≤
ffiffiffi
2

p
: (C16)

For instance, this can be satisfied by ðvμ þ ðvμÞ†Þ= ffiffiffi
2

p
and ðvμ − ðvμÞ†Þ= ffiffiffi

2
p

i [121], where vμ’s are the general-
ized Pauli matrices on ClL

. Using this, we expand the
operator αL,

αL ¼
XD2ld

L

μ¼1

cμuμ: (C17)

From the condition kαLk∞ ¼ 1, the coefficients cμ’s
satisfy

XD2ld
L

μ¼1

jcμj2 ¼
kαLk22
Dld

L

≤ kαLk2∞ ¼ 1; (C18)

where kαLk2 is the Hilbert-Schmidt norm. Combining
these, we have
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���TrhαLðϕðkÞ
LjlL

ðiÞ − ρcanLjlL
Þ
i���2

¼
����XD

2ld
L

μ¼1

cμTr
h
uμ
	
ϕðkÞ
LjlL

ðiÞ − ρcanLjlL


i����2 (C19)

≤
�XD2ld

L

μ¼1

jcμj2
��XD2ld

L

μ¼1

jTr½uμðϕðkÞ
LjlL

ðiÞ−ρcanLjlL
Þ�j2
�

(C20)

≤
XD2ld

L

μ¼1

���Trhuμ	ϕðkÞ
LjlL

ðiÞ − ρcanLjlL


i���2; (C21)

where in the second line, we used the Cauchy-Schwarz

inequality. This implies

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���2
1
≤
XD2ld

L

μ¼1

���Trhuμ	ϕðkÞ
LjlL

ðiÞ − ρcanLjlL


i���2;
(C22)

which enables us to eliminate supαLðkαLk∞¼1Þ. From
Eq. (51), the trace in the rhs can be rewritten as

Tr
h
uμ
	
ϕðkÞ
LjlL

ðiÞ−ρcanLjlL


i
¼Tr

�ASðkÞ
L
ðuμÞ

jSðkÞ
L j

ðϕLðiÞ−ρcanL ðβjHLÞÞ
�
:

(C23)

Combining these, we have

Probi
h

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���
1
≥ δL

i

≤ max
k∈ f1;2;…;Kdg

1

δ2L

XDN−1

i¼0

PðiÞ
Z

XD2ld
L

μ¼1

����Tr
�ASðkÞ

L
ðuμÞ

jSðkÞ
L j

ðϕLðiÞ − ρcanL ðβjHLÞÞ
�����2 (C24)

¼ max
k∈ f1;2;…;Kdg

1

δ2L

XD2ld
L

μ¼1

�XDN−1

i¼0

PðiÞ
Z

�
Tr
�ASðkÞ

L
ðuμÞ

jSðkÞ
L j

ϕLðiÞ
��

2 −
�
Tr
�ASðkÞ

L
ðuμÞ

jSðkÞ
L j

ρcanL ðβjHLÞ
��

2
�
; (C25)

where we used Eq. (29). Using nonnegativity of the variance of ASðkÞ
L
ðuμÞ=jSðkÞ

L j in ϕLðiÞ,

�
Tr
�ASðkÞ

L
ðuμÞ

jSðkÞ
L j

ϕLðiÞ
��

2

≤ Tr
�ðASðkÞ

L
ðuμÞÞ2

jSðkÞ
L j2

ϕLðiÞ
�
; (C26)

we have

XDN−1

i¼0

PðiÞ
Z

�
Tr
�ASðkÞ

L
ðuμÞ

jSðkÞ
L j

ϕLðiÞ
��

2

≤
XDN−1

i¼0

PðiÞ
Z

Tr
�ðASðkÞ

L
ðuμÞÞ2

jSðkÞ
L j2

ϕLðiÞ
�
¼ Tr

�ðASðkÞ
L
ðuμÞÞ2

jSðkÞ
L j2

ρcanL ðβjHLÞ
�

(C27)

Since uμ is an lL-local observable with kuμk∞ ≤
ffiffiffi
2

p
, the variance of ASðkÞ

L
ðuμÞ=jSðkÞ

L j in the Gibbs state is bounded from
above by 2ðεflucL Þ2,

Tr
�ðASðkÞ

L
ðuμÞÞ2

jSðkÞ
L j2

ρcanL ðβjHLÞ
�
−
�
Tr
�ASðkÞ

L
ðuμÞ

jSðkÞ
L j

ρcanL ðβjHLÞ
��

2

≤ 2ðεflucL Þ2: (C28)

Therefore, we have

Probi
h

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���
1
≥ δL

i
≤ max

k∈ f1;2;…;Kdg
1

δ2L

XD2ld
L

μ¼1

2ðεflucL Þ2 ¼ 2

�
Dld

LεflucL

δL

�
2

; (C29)

which vanishes in the limit L → ∞ due to Eq. (C5). This means that the probability of choosing iL ∈ f0; 1;…; DN − 1g
that satisfies Eq. (C8) is arbitrarily close to 1 for sufficiently large L. ▪
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b. Typical sequence of METTS represents iMATE

In the previous subsubsection, we have shown that if iL
is chosen appropriately such that Eq. (C8) is satisfied for
every L, then the sequence of METTS, ðϕLðiLÞÞL∈N,
represents iMATE. Although we have also shown that
the probability of satisfying Eq. (C8) is close to 1 for each
L, it is unclear how high the probability is that Eq. (C8) is
satisfied for all L simultaneously. In other words, we did
not evaluate the probability that the sequence ðϕLðiLÞÞL∈N
represents iMATE. Here, we show that the sequence
ðϕLðiLÞÞL∈N represents iMATE with probability 1, assum-
ing that the probability of violating Eq. (C8) decays at a
sufficiently fast rate with respect to L.
Recall that, under Assumption 3, ðδLÞL∈N and ðlLÞL∈N

are defined by Eqs. (C3)–(C5). For simplicity of notation,
let pL be the probability that Eq. (C8) is violated,

pL ≔ Probi
h

max
k∈ f1;2;…;Kdg

���ϕðkÞ
LjlL

ðiÞ − ρcanLjlL

���
1
≥ δL

i
:

(C30)

Our upper bound of pL given in Appendix C 1 a
employs the Chebyshev inequality, which is not suffi-
ciently tight for the purpose of this subsubsection. Instead,
we here assume

X∞
L¼1

pL < ∞: (C31)

This condition is justified by a physically reasonable
assumption in the next subsubsection.
Using condition (C31), we can show the following:
Proposition 9. (Typical sequence of METTS represents

iMATE). Suppose that Assumption 3 and Eq. (C31) are
satisfied. We choose iL ∈ f0; 1;…; DN − 1g according to
the probability distribution PðiLÞ=Z and define ρL ¼
ϕLðiLÞ. For any positive number ϵ > 0, we can say that
the sequence of states ðρLÞL∈N satisfies ðρLÞL∈N ∼mac

ðρcanL ðβjHLÞÞL∈N with probability larger than 1 − ϵ.
In other words, if Assumption 3 and Eq. (C31) are

satisfied, then ðρLÞL∈N represents iMATE almost surely.
The essential idea of the following proof is almost the
same as that of the Borel-Cantelli lemma.
Proof. Let L� ∈N be a sufficiently large integer. We

consider the probability that Eq. (C8) is satisfied for all
L ≥ L�,

PL� ≔
Y∞
L¼L�

ð1 − pLÞ: (C32)

Taking its logarithm, we have

logPL� ¼
X∞
L¼L�

logð1 − pLÞ: (C33)

From Eq. (C31), since L� is sufficiently large, pL < 1=2
holds for all L ≥ L�. From the concavity of logð1 − xÞ,

we have logð1 − pLÞ ≥ −2pL log 2 for pL < 1=2.
Substituting this, we have

logPL� ≥ −2 log 2 X∞
L¼L�

pL; (C34)

or equivalently

PL� ≥ exp
�
−2 log 2 X∞

L¼L�
pL

�
≥ 1 − 2 log 2

X∞
L¼L�

pL:

(C35)

From Eq. (C31),
P∞

L¼L� pL becomes sufficiently small
by taking L� sufficiently large. This implies that

PL� ≥ 1 − ϵ (C36)

holds for sufficiently large L�.
The remaining task is to show that if Eq. (C8) is satisfied

for all L ≥ L�, then the corresponding ðρLÞL∈N satisfies
ðρLÞL∈N ∼macðρcanL ðβjHLÞÞL∈N. This readily follows from
Eqs. (C9) and (C10). ▪

c. Physical justification of Eq. (C31)

Here, we justify Eq. (C31) from a physically reasonable
assumption. First, to introduce a new assumption given
below (Assumption 4), which shares the key motivation
with Assumption 3, we temporarily impose Assumption 3.
Let αL be an arbitrary lL-local observable with
kαLk∞ ¼ 1, where lL is given by Eq. (C3). From
Assumption 3, the variance of the additive observable
AL ¼ ASðkÞ

L
ðαLÞ scales as

σ2A ≔ Tr½ρcanL ðβjHLÞðδALÞ2� ¼ oðN2Þ; (C37)

where

δAL ≔ AL − Tr½ρcanL ðβjHLÞAL�: (C38)

As suggested from the quantum central limit theorem
[122–126], the distribution of AL is close to the Gaussian
distribution with the variance σ2A,

Tr½ρcanL ðβjHLÞPA
m� ∝ exp

�
− ðδAmÞ2

2σ2A

�
; (C39)

wherePA
m is the projection to the eigenspace of AL with the

eigenvalue Am, and δAm ¼ Am − Tr½ρcanL ðβjHLÞAL�. This
indicates that the moment generating function can be
approximated by
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Tr½ρcanL ðβjHLÞ exp½τδAL�� ≃ exp
�
σ2Aτ

2

2

�
¼ exp½τ2oðN2Þ�:

(C40)

These discussions should hold for any αL and at least for
sufficiently small jτj. Therefore, the Gaussian concentra-
tion bound [127–131] of the following form will be a
reasonable assumption for the canonical Gibbs state:
Assumption 4. (Gaussian concentration bound). There

are positive real numbers τ0 and ν independent of L, a
sequence of positive integers ðlmax

L ÞL∈N and a sequence of
positive real numbers ðχLÞL∈N that scale as

χL ¼ OðN2−νÞ; (C41)

χL ¼ ΩðNÞ; (C42)

lmax
L ¼ ωðL0Þ (C43)

and in which

log Tr½ρcanL ðβjHLÞ exp½τδASðkÞ
L
ðαLÞ�� ≤

1

2
τ2χL (C44)

is satisfied for any τ∈ ð−τ0; τ0Þ, lmax
L -local observable αL

with kαLk∞ ¼ 1, L∈N, and k∈ f1; 2;…; Kdg.
Note that, although there is a rigorous proof of the

Gaussian concentration bound [130] in the case where
lmax
L is independent of L and β is sufficiently small,

Assumption 4 is stronger than such a bound. We expect
Assumption 4 to be valid because of the discussions given
above Assumption 4. In addition, when τ0 is very small,
Eq. (C44) will be more reasonable because the lhs
becomes close to σ2Aτ

2=2. We remark that, though
Eq. (C41) is slightly stronger than the scaling of oðN2Þ
which corresponds to Eq. (C37), their difference will be
unimportant for sufficiently small ν. Note also that since
Eq. (C44) is an upper bound, Eq. (C42) is not crucial for
Assumption 4; if one finds χL satisfying the above
conditions other than Eq. (C42), we can replace it by a
larger χL to meet Eq. (C42).

Using this assumption, we show the following:
Proposition 10. [Physical justification of Eq. (C31)].

Suppose that Assumption 4 is satisfied. We take sequences
ðδLÞL∈N and ðlLÞL∈N as

δL ¼ 1

logL
¼ oðL0Þ; (C45)

lL ¼ min
�
�

log logL
logD

�
1=d
�
;lmax

L

�
¼ ωðL0Þ (C46)

instead of Eqs. (C3)–(C5). Then, Eq. (C31) is satisfied.
This implies that, for any positive number ϵ > 0, we can
say that the sequence of states ðρLÞL∈N defined in
Proposition 9 satisfies ðρLÞL∈N ∼macðρcanL ðβjHLÞÞL∈N with
probability larger than 1 − ϵ.
In other words, if Assumption 4 is satisfied, then

ðρLÞL∈N represents iMATE almost surely.
Proof. From Jensen’s inequality, for any τ∈R, we have

exp½τTr½ϕLðiÞδASðkÞ
L
ðαLÞ�� ≤ Tr½ϕLðiÞ exp½τδASðkÞ

L
ðαLÞ��;
(C47)

which implies

X
i

PðiÞ
Z

exp½τTr½ϕLðiÞδASðkÞ
L
ðαLÞ��≤Tr½ρcanL exp½τδASðkÞ

L
ðαLÞ��:

(C48)

Combining this with Assumption 4, we have

X
i

PðiÞ
Z

exp½τTr½ϕLðiÞδASðkÞ
L
ðαLÞ�� ≤ exp

�
χLτ

2

2

�
(C49)

for any τ∈ ð−τ0; τ0Þ.
Next, using these inequalities, we give an upper bound

for the probability that the expectation value of ASðkÞ
L
ðαLÞ in

ϕLðiÞ deviates from that in the canonical Gibbs state. For
any τ > 0 and ϵ > 0, the following identity holds:

Probi

�
Tr
�
ϕLðiÞ

δASðkÞ
L
ðαLÞ

jSðkÞ
L j

�
≥ ϵ

�
¼ Probi

h
exp½τTr½ϕLðiÞδASðkÞ

L
ðαLÞ� ≥ eϵτjS

ðkÞ
L j
i
: (C50)

Applying the Markov inequality, we have

Probi

�
Tr
�
ϕLðiÞ

δASðkÞ
L
ðαLÞ

jSðkÞ
L j

�
≥ ϵ

�
≤ e−ϵτjS

ðkÞ
L jX

i

PðiÞ
Z

exp½τTr½ϕLðiÞδASðkÞ
L
ðαLÞ� (C51)

≤ e−ϵτjS
ðkÞ
L j exp

�
χLτ

2

2

�
: (C52)
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The same calculation applies to Probi

�
−Tr

�
ϕLðiÞ

δA
S
ðkÞ
L

ðαLÞ

jSðkÞ
L j

�
≥ ϵ

�
. Therefore, we have

Probi

�����Tr
�
ϕLðiÞ

δASðkÞ
L
ðαLÞ

jSðkÞ
L j

����� ≥ ϵ

�
≤ 2e−ϵτjS

ðkÞ
L j exp

�
χLτ

2

2

�
: (C53)

Substituting ϵ ¼ δL=Dld
L and τ ¼ ðδL=Dld

LÞ × ðjSðkÞ
L j=χLÞ, we have

Probi

�����Tr
�
ϕLðiÞ

δASðkÞ
L
ðαLÞ

jSðkÞ
L j

����� ≥ δL
Dld

L

�
≤ 2 exp

�
− jSðkÞ

L j2
2χL

ðδL=Dld
LÞ2
�
: (C54)

Note that τ ¼ ðδL=D2ld
LÞ × ðjSðkÞ

L j=χLÞ ¼ oðL0Þ holds from Eqs. (C42)–(C46), and hence, τ∈ ð0; τ0Þ is satisfied.
Now, we show Eq. (C31). From Eq. (C22), we have

Probi½kϕðkÞ
L ðiÞ − ρcanL k1 ≥ δL� ≤

XD2ld
L

μ¼1

Probi

�����Tr
�
ϕLðiÞ

δASðkÞ
L
ðuμÞ

jSðkÞ
L j

�����2 ≥ δ2L
D2ld

L

�
≤ 2D2ld

L exp
�
− jSðkÞ

L j2
2χL

ðδL=Dld
LÞ2
�
: (C55)

Taking a sum over all k∈ f1; 2;…; Kdg, we have

pL ≤ 2KdD2ld
L exp

�
− jSðkÞ

L j2
2χL

ðδL=Dld
LÞ2
�
: (C56)

From Eqs. (C41), (C45), and (C46), the rhs scales as

2KdD2ld
L exp

�
− jSðkÞ

L j2
2χL

ðδL=Dld
LÞ2
�

¼ OððlogLÞ2Þ × exp½−ΩðNνÞ=ðlogLÞ4�: (C57)

This implies that, at sufficiently large L, pL decays faster
than, e.g., Oð1=L2Þ, which satisfies Eq. (C31). Therefore,
we have

X∞
L¼1

pL ≤
X∞
L¼1

2KdD2ld
L exp

�
− jSðkÞ

L j2
2χL

ðδL=Dld
LÞ2
�
< ∞;

(C58)

that is, Eq. (C31) is satisfied.
Finally, we briefly show that ðρLÞL∈N represents

iMATE almost surely, imposing Assumption 4 instead
of Assumption 3. We emphasize that Assumption 3 is not
apparently used in the proof of Proposition 9. Therefore,
we can apply the proof of Proposition 9 almost directly,
replacing Eqs. (C3)–(C5) by Eqs. (C45) and (C46) as the
definitions for lL and δL, which enable us to obtain the
desired result. ▪

2. Infinite temperature iMATE without random
variables (details of Example 2)

In this subsection, we provide a simple example of
representations of iMATE at β ¼ 0 that contains no
random variables in contrast to the typical sequence
of METTS.
Proposition 11. (Infinite temperature iMATE without

random variables). For simplicity, we consider a one-
dimensional spin-1=2 system. The extension to systems
in higher spatial dimensions is straightforward. Let the
system size L be expressed as L ¼ 2nn for an integer n.
We assume that the number of subdivisions K used
to define the primitive macroscopic subsystem SðkÞ
(see Sec. III A) can be written as K ¼ 2κ, where κ
can be taken arbitrarily large as long as it is independent
of L.
We write the computational basis of a system composed

of n sites by fjbnðiÞigi¼0;1;…;2n−1, where bnðiÞ maps each
integer 0 ≤ i ≤ 2n − 1 to an n-bit binary sequence. Thus,
the basis states are enumerated as

jbnð0Þi¼ j0 � � � 00i|fflfflfflfflffl{zfflfflfflfflffl}
n

; jbnð1Þi ¼ j0 � � � 01i|fflfflfflfflffl{zfflfflfflfflffl}
n

;

jbnð2Þi¼ j0 � � � 10i|fflfflfflfflffl{zfflfflfflfflffl}
n

; jbnð3Þi ¼ j0 � � � 11i|fflfflfflfflffl{zfflfflfflfflffl}
n

; � � � (C59)

Using this, we consider a pure state ρL ¼ jψLihψLj of
the system on ΛL, where
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jψLi ¼ ⨂
2n−1

i¼0

jbnðiÞiniþ1: (C60)

Here, jbnðiÞiniþ1 is defined on fniþ 1;…; niþ ng. In this
state, the expectation values of local observables, such as
Pauli-z operator σzj, depend on the site. Therefore, this state
does not represent MITE of a system described by a
translation-invariant Hamiltonian. By contrast, ðρLÞL rep-
resents iMATE at inverse temperature β ¼ 0 for any
Hamiltonian.
Proof. We divide the total lattice ΛL into two types of

disjoint subsets

ΛL ¼
�

⋃
2n−1

i¼0

In;i

�
∪
�

⋃
2n−1

i¼0

J n;i

�
; (C61)

In;i ≔ fniþ 1;…; niþ κg; (C62)

J n;i ≔ fniþ κ þ 1;…; niþ ng for i ¼ 0;…; 2n − 1.

(C63)

Because they satisfy jIn;ij ¼ κ and jJ n;ij ¼ n − κ, In;i’s
occupy a negligibly small fraction of the system and J n;i’s
occupy the majority of the system,

���� ⋃2n−1
i¼0

In;i

����=N ¼ κ=n → 0;

���� ⋃2n−1
i¼0

J n;i

����=N ¼ ðn − κÞ=n → 1; as L → ∞: (C64)

Using these, primitive macroscopic subsystems can be written as

SðkÞ
L ¼ fðk − 1Þn2n−κ þ 1; ðk − 1Þn2n−κ þ 2;…; kn2n−κg ¼ I ðkÞ

L ∪ J ðkÞ
L ; (C65)

where

I ðkÞ
L ≔ ⋃

k2n−κ−1

i¼ðk−1Þ2n−κ
In;i; J ðkÞ

L ≔ ⋃
k2n−κ−1

i¼ðk−1Þ2n−κ
J n;i for k ¼ 1; 2;…; 2κ: (C66)

This implies that the additive observable on SðkÞ
L obtained from α can be well approximated by the sum of translations of α

on J ðkÞ
L ,

����ASðkÞ
L
ðαÞ − X

j s:t: SuppðαjÞ⊂J ðkÞ
L

αj

���� ≤ kαk
Xk2n−κ−1

i¼ðk−1Þ2n−κ
ðjIn;ij þ 2jSuppðαÞjÞ ¼ kαkðκ þ 2jSuppðαÞjÞ2n−κ ¼ N ×Oð1=nÞ;

(C67)

where αj ¼ TjαT−1
j is the translation of α by j sites. By taking the expectation value in the state (C60), we have

hψLjASðkÞ
L
ðαÞjψLi=N ¼ 1

N

X
j s:t: SuppðαjÞ⊂J ðkÞ

L

hψLjαjjψLi þOð1=nÞ (C68)

¼ 1

N

Xk2n−κ−1
i¼ðk−1Þ2n−κ

X
j s:t: SuppðαjÞ⊂J n;i

hψLjαjjψLi þOð1=nÞ (C69)

¼ 1

N

Xk2n−κ−1
i¼ðk−1Þ2n−κ

X
j s:t: SuppðαjÞ⊂J n;i

niþ1hbnðiÞjαjjbnðiÞiniþ1 þOð1=nÞ; (C70)

where the definition (C60) is used in the last equality. Now we introduce a symbol ĩ as an integer satisfying

ĩ∈ f0; 1; 2;…; 2n−κ − 1g; ĩ≡ i ðmod 2n−κÞ; for i∈ f0; 1;…; 2ng: (C71)
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Using this, the basis (C59) can be written as

jbnðiÞiniþ1 ¼ jbκðkÞiIn;i
⊗ jbn−κðĩÞiJ n;i

; (C72)

where jbκðkÞiIn;i
is defined on In;i and jbn−κðĩÞiJ n;i

on J n;i. Inserting this into the above expression, we have

hψLjASðkÞ
L
ðαÞjψLi=N ¼ 1

N

Xk2n−κ−1
i¼ðk−1Þ2n−κ

X
j s:t:SuppðαjÞ⊂J n;i

J n;i
hbn−κðĩÞjαjjbn−κðĩÞiJ n;i

þOð1=nÞ; (C73)

which follows from SuppðαjÞ ⊂ J n;i. Since J n;i is the translation of J n;0 by nðiþ 1Þ sites, we can rewrite asX
j s:t:SuppðαjÞ⊂J n;i

J n;i
hbn−κðĩÞjαjjbn−κðĩÞiJ n;i

¼
X

j s:t: SuppðαjÞ⊂J n;0

J n;0
hbn−κðĩÞjαjjbn−κðĩÞiJ n;0

: (C74)

Inserting this, we have

hψLjASðkÞ
L
ðαÞjψLi=N ¼ 1

N

Xk2n−κ−1
i¼ðk−1Þ2n−κ

X
j s:t:SuppðαjÞ⊂J n;0

J n;0
hbn−κðĩÞjαjjbn−κðĩÞiJ n;0

þOð1=nÞ (C75)

¼ 1

N

X2n−κ−1
i0¼0

X
j s:t: SuppðαjÞ⊂J n;0

J n;0
hbn−κði0Þjαjjbn−κði0ÞiJ n;0

þOð1=nÞ: (C76)

Furthermore, since fjbn−κiði0Þg2n−κ−1i0¼0
forms an orthonormal basis on J n;0, the last expression can be rewritten using the

trace on J n;0, TrJ n;0
½·�, as

hψLjASðkÞ
L
ðαÞjψLi=N ¼ 1

N

X
j s:t:SuppðαjÞ⊂J n;0

TrJ n;0
½αj� þOð1=nÞ: (C77)

Since the trace does not depend on the site j, we have

hψLjASðkÞ
L
ðαÞjψLi=N ¼ TrJ n;0

½α�
N

× jfj∈ΛLjSuppðαjÞ ⊂ J n;0gj þOð1=nÞ (C78)

¼ 1

K

TrJ n;0
½α�

2n−κ þOð1=nÞ: (C79)

On the other hand, recalling that ρcanL ðβ ¼ 0jHLÞ ¼
IΛL

=2N , we have

Tr½ρcanL ðβ ¼ 0jHLÞASðkÞ
L
ðαÞ�=N ¼ jSðkÞ

L j
N

Tr½α�
2N

¼ 1

K
Tr½α�
2N

:

(C80)

Combining Eqs. (C79) and (C80), we have

hψLjASðkÞ
L
ðαÞjψLi=N

¼ Tr½ρcanL ðβ ¼ 0jHLÞASðkÞ
L
ðαÞ�=N þOð1=nÞ: (C81)

Because of the additivity property (18), the same
equality holds for all macroscopic subsystems SL. This
implies that ðρLÞL∈N with ρL ¼ jψLihψLj represents
iMATE at β ¼ 0. ▪

3. Finite temperature iMATE without random
variables (details of Example 3)

In this subsection, we explicitly construct a representa-
tion of iMATE at finite temperature. Importantly, it
contains no random variables in contrast to METTS.
Proposition 12. (Finite temperature iMATE without

random variables). For simplicity, we consider a one-
dimensional spin-1=2 system ðd ¼ 1; D ¼ 2Þ; the exten-
sion to larger d and D is straightforward. We restrict the
system size to the form

L ¼ 2nn ðn∈NÞ; (C82)

and assume that the number of subdivisions used to define
the primitivemacroscopic subsystemsSðkÞ (see Sec. III A) is
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K ¼ 2κ; (C83)

where κ is fixed (independent of L) and can be chosen
arbitrarily large.
We can construct pure quantum states fjφðiÞig2n−1i¼0

defined on ðn − κÞ consecutive qubits such that the product
state

jψL; βi ¼ ⨂
2n−1

i¼0

ðj0i⊗κ ⊗ jφðiÞiÞ (C84)

represents iMATE described by HL at inverse temper-
ature β,

ðjψL; βihψL; βjÞL ∼macðρcanL ðβjHLÞÞL: (C85)

Note that since jψL; βi is a product state,
ðjψL; βihψL; βjÞL does not represent MITE.
Proof. Wework in one dimension and restrict the system

size to L ¼ 2nn with n∈N. We fix κ independent of n and
set K ¼ 2κ.
We partition the chain ΛL ¼ f1; 2;…; Lg into In;i’s and

J n;i’s as in Appendix C2. The Hamiltonian on the subset
J n;i is given by

Hn;i ≔
X

j ðSuppðhjÞ⊂J n;iÞ
hj; (C86)

where hj ¼ TjhT−1
j . We define the canonical Gibbs state

on J n;i by

ρcann;i ¼ e−βHn;i

Tr½e−βHn;i � : (C87)

Let fjEνiJ n;i
g2n−κν¼1 be an eigenbasis of Hn;i with eigen-

value Eν. The canonical Gibbs state is expanded as

ρcann;i ¼
X2n−κ
ν¼1

λνjEνiJ n;i
hEνjJ n;i

; (C88)

λν ¼
e−βEν

Tr½e−βHn;i � : (C89)

Let ω satisfy ω ¼ e2πi=2
n−κ

and perform the Fourier
transform,

jqiJ n;i
¼ 1ffiffiffiffiffiffiffiffiffi

2n−κ
p

X2n−κ
ν¼1

ωqνjEνiJ n;i
for q∈f0;1;…;2n−κ−1g:

(C90)

Then, for every q,

hqjJ n;i
ρcann;i jqiJ n;i

¼
X2n−κ
ν¼1

λνjhEνjJ n;i
jqiJ n;i

j2 ¼ 1

2n−κ
X2n−κ
ν¼1

λν ¼
1

2n−κ : (C91)

For q∈ f0; 1;…; 2n−κ − 1g, define

jφðqÞiJ n;i
¼

ffiffiffiffiffiffiffiffiffi
2n−κ

p
ðρcann;i Þ1=2jqiJ n;i

: (C92)

From Eq. (C91), each jφðqÞi is normalized:

kjφðqÞiJ n;i
k2 ¼ 2n−κhqjJ n;i

ρcann;i jqiJ n;i
¼ 1. (C93)

Importantly, it holds that

1

2n−κ
X2n−κ
q¼1

jφðqÞiJ n;i
hφðqÞjJ n;i

¼ ðρcann;i Þ1=2
�X2n−κ

q¼1

jqiJ n;i
hqjJ n;i

�
ðρcann;i Þ1=2 ¼ ρcann;i : (C94)

Using this, we define

jψL; βi ¼ ⨂
2n−1

i¼0

j0i⊗In;i ⊗ jφðĩÞiJ n;i
; (C95)

where ĩ is defined in Eq. (C71).
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Let α be an arbitrary l-local observable for an arbitrary l∈N. By taking n sufficiently large, jJ n;ij ¼ n − κ can be
taken sufficiently larger than l ¼ OðL0Þ. By the same calculation as Eqs. (C67)–(C76), we have

hψL; βjASðkÞ
L
ðαÞjψL; βi=N ¼ 1

N

X
j s:t: SuppðαjÞ⊂J ðkÞ

L

hψL; βjαjjψL; βi þOð1=nÞ (C96)

¼ 1

N

X2n−κ−1
i0¼0

X
j s:t: SuppðαjÞ⊂J n;0

J n;0
hφði0Þjαjjφði0ÞiJ n;0

þOð1=nÞ: (C97)

Since fjqiJ n;0
g2n−κ−1q¼0 forms an orthonormal basis on J n;0, it holds that

hψL; βjASðkÞ
L
ðαÞjψL; βi=N ¼ 2n−κ

n2n
X

j s:t: SuppðαjÞ⊂J n;0

TrJ n;0
½ρcann;0αj� þOð1=nÞ: (C98)

Taking the thermodynamic limit, we have

lim
L→∞

hψL; βjASðkÞ
L
ðαÞjψL; βi=N ¼ 1

K
lim
n→∞

1

n

X
j s:t: SuppðαjÞ⊂J n;0

TrJ n;0
½ρcann;0αj�: (C99)

The rhs represents the expectation value of the density of the additive observable obtained from α in the canonical Gibbs
state in the system of size n. Therefore, rewriting n by L, we have

1

K
lim
n→∞

1

n

X
j s:t:SuppðαjÞ⊂J n;0

TrJ n;0
½ρcann;0αj� ¼

1

K
lim
L→∞

TrΛL

�
ρcanL ðβjHLÞ

AΛL
ðαÞ
N

�
(C100)

¼ lim
L→∞

TrΛL

�
ρcanL ðβjHLÞ

ASðkÞ
L
ðαÞ

N

�
: (C101)

This means that

lim
L→∞

hψL; βj
ASðkÞ

L
ðαÞ

N
jψL; βi ¼ lim

L→∞
TrΛL

�
ρcanL ðβjHLÞ

ASðkÞ
L
ðαÞ

N

�
(C102)

holds for arbitrary k∈ f1; 2;…; Kdg and for an arbitrary
l-local observable α with l ¼ OðL0Þ. From Eq. (18),
this implies

ðjψL; βihψL; βjÞL∈N ∼macðρcanL ðβjHLÞÞL∈N; (C103)

i.e., ðjψL; βihψL; βjÞL∈N represents iMATE described
by HL at inverse temperature β.
Note that jψL; βi is the product of states on In;i’s and

those on J n;i’s. This means that the adjacent In;i’s and
J n;i’s have no correlation. Furthermore, the states on In;i

can be taken arbitrarily; hence, for simplicity, we took
them as the tensor product of j0i’s. These facts indicate
that ðjψL; βihψL; βjÞL∈N does not represent MITE. ▪

APPENDIX D: PROOF OF PROPOSITIONS 1, 2,
AND THEOREM 1

Our proof relies crucially on the Lieb-Robinson bound,
which describes the emergent light cone that limits
information propagation in locally interacting many-body
systems. Before explaining this bound, we introduce some
notation. Here, we consider a general setting where the
Hamiltonian HðtÞ can be written as

HðtÞ ¼
X
X⊂ΛL

HXðtÞ; (D1)

where HXðtÞ is a Hermitian operator supported on X. Note
that L dependence is omitted for the simplicity of notation.
To represent regular locally interacting systems, we
impose two conditions on this Hamiltonian. One is that
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this HamiltonianHðtÞ is composed of rH-local observables
for some rH ∈N independent of L and t, that is,

HXðtÞ ¼ 0 for lX > rH; (D2)

where lX ¼ maxr;r0 ∈Xjr − r0j is the diameter of X. The
other is that the operator norm of HXðtÞ is bounded from
above by some constant CH independent of t; X; L,

kHXðtÞk ≤ CH for all X ⊂ ΛL and all t∈R: (D3)

Importantly, for the time-dependent Hamiltonian (31),
which generates a macroscopic operation, both conditions
are satisfied. Under these conditions, the following norm

kHðtÞkμ for μ ≥ 0 becomes of OðL0Þ,

kHðtÞkμ ≔ max
r∈ΛL

X
X∋r

kHXðtÞkeμlX ¼ OðL0Þ: (D4)

Now we present the Lieb-Robinson bound for the time-
dependent Hamiltonian.
Lemma 1. (Theorem 2 of Ref. [77]). Given a (time-

dependent) Hamiltonian HðtÞ with well-defined
kHðtÞkμ < ∞ for all μ < μ� and all t∈R, then for two
arbitrary local operatorsOX andOY with supports X and Y,
respectively, and any κ; η > 0 with κ þ η < μ�, we have

k½ULðt; t0Þ†OXULðt; t0Þ;OY �k≤ 2 minfjXj; jYjgkOXkkOYkexp
�
−κ
�
distðX;YÞ−2Cd

κ

�
d
eη

�
d
Z

t

t0

dskHðsÞkκþη

��
; (D5)

where ULðt; t0Þ is the unitary time-evolution operator
generated by HðtÞ during ½t0; t�, distðX; YÞ is the distance
between X; Y ⊂ ΛL, and Cd is a constant (determined
solely by the lattice geometry) that validates jXj ≤
CdðlX þ 1Þd for all X ⊂ ΛL.
By virtue of the Lieb-Robinson bound, as we will do

below, we can study the properties of the Heisenberg
operator for an additive observable from the properties of
additive observables.
We first observe that an additive observable on a

macroscopic subsystem that can be expressed as a
composite system of macroscopic subsystems can be
approximated by the sum of additive observables on each
subsystem. Since we assume that any macroscopic sub-
system can be expressed as a composite system of

primitive macroscopic subsystems, it suffices to examine
the properties of additive observables on primitive macro-
scopic subsystems [see Eq. (18)]. Therefore, in the
following, we investigate the properties of the
Heisenberg operator for an additive observable A on a
primitive macroscopic subsystem SðkÞ. To be concrete,
consider the additive observable A on SðkÞ obtained from
an lA-local observable α for some lA ∈N,

A ¼
X

SuppðαÞþr⊂SðkÞ
TrαT

†
r ¼

X
SuppðαrÞ⊂SðkÞ

αr: (D6)

Here we write TrαT
†
r as αr. Then the Heisenberg

operator AHðtÞ for A can be written as

AHðtÞ ¼ ULðt; 0Þ†AULðt; 0Þ ¼
X

SuppðαrÞ⊂SðkÞ
ULðt; 0Þ†αrULðt; 0Þ ¼

X
SuppðαrÞ⊂SðkÞ

αHr ðtÞ; (D7)

where αHr ðtÞ ¼ ULðt; 0Þ†αrULðt; 0Þ is the Heisenberg op-
erator for αr. As a preliminary step in proving the
theorems, we prove that AHðtÞ can be approximated by
an additive observable on SðkÞ.
Since ULðt; 0Þ is the time evolution operator for the

entire system, αHr ðtÞ is generally nonlocal. We then
introduce a local observable that approximates αHr ðtÞ.
See also Fig. 9 for the rough sketch of the time evolution
of αHr ðtÞ. Let l be a positive integer independent of L, and
let Λr;l be a set of lattice sites within distance l from
SuppðαrÞ,

Λr;l ¼ fr0 ∈ΛLjdistðr0; SuppðαrÞÞ ≤ lg: (D8)

We defineH0
r;lðtÞ as the sum of all local observables that

constitute HðtÞ whose supports overlap with Λr;l. Clearly,
H0

r;lðtÞ is local, and the Heisenberg operator αH̃r;lðtÞ ¼
U0

r;lðt; 0Þ†αrU0
r;lðt; 0Þ for αr obtained by applying the

unitary evolutionU0
r;lðt; 0ÞgeneratedbyH0

r;lðtÞ is also local.
Now, let us show that αH̃r;lðtÞ approximates αHr ðtÞ.

First, using H0
r;lðtÞ defined above, we decompose the

Hamiltonian HðtÞ as

HðtÞ ¼ H0
r;lðtÞ þH1

r;lðtÞ þH2
r;lðtÞ; (D9)

where H1
r;lðtÞ is an operator acting only on

ΛLnSuppðH0
r;lðtÞÞ, and H2

r;lðtÞ is an interaction acting
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on both SuppðH0
r;lðtÞÞ and ΛLnSuppðH0

r;lðtÞÞ. We then have

kαHr ðtÞ−αH̃r;lðtÞk¼ kULðt;0Þ†αrULðt;0Þ−U0
r;lðt;0Þ†αrU0

r;lðt;0Þk

¼
����
Z

t

0

ds
d
ds

fULðt− s;0Þ†U0
r;lðt; t− sÞ†αrU0

r;lðt; t− sÞULðt− s;0Þg
����

¼
����
Z

t

0

dsfULðt− s;0Þ†½iHðt− sÞ− iH0
r;lðt−sÞ�U0

r;lðt; t− sÞ†αrU0
r;lðt; t−sÞULðt− s;0Þ

þULðt− s;0Þ†U0
r;lðt; t− sÞ†αrU0

r;lðt; t− sÞ½iH0
r;lðt−sÞ− iHðt− sÞ�ULðt−s;0Þg

����
¼
����
Z

t

0

dsULðt− s;0Þ†½U0
r;lðt; t− sÞ†αrU0

r;lðt; t− sÞ;H1
r;lðt− sÞþH2

r;lðt− sÞ�ULðt− s;0Þ
����

¼
����
Z

t

0

dsULðt− s;0Þ†½U0
r;lðt; t− sÞ†αrU0

r;lðt; t− sÞ;H2
r;lðt− sÞ�ULðt− s;0Þ

����
≤
Z

t

0

dskULðt− s;0Þ†½U0
r;lðt; t− sÞ†αrU0

r;lðt; t− sÞ;H2
r;lðt− sÞ�ULðt− s;0Þk

¼
Z

t

0

dsk½U0
r;lðt; t− sÞ†αrU0

r;lðt; t− sÞ;H2
r;lðt− sÞ�k: (D10)

By applying Lemma 1, for any κ; η > 0, we have

kαHr ðtÞ − αH̃r;lðtÞk ≤
Z

t

0

ds 2 minfjSuppðαrÞj; jSuppðH2
r;lðt − sÞÞjgkαrkkH2

r;lðt − sÞk

× exp
�
−κ
�
distðSuppðαrÞ; SuppðH2

r;lðt − sÞÞÞ − 2Cd

κ

�
d
eη

�
d
Z

t

t−s
dukH0

r;lðuÞkκþη

��
≤ 2jSuppðαrÞjkαrk sup

0≤s≤t
kH2

r;lðsÞk exp½−κ inf
0≤s≤t

distðSuppðαrÞ; SuppðH2
r;lðsÞÞÞ�

×
Z

t

0

ds exp
�
2Cds

�
d
eη

�
d
sup
0≤u≤t

kH0
r;lðuÞkκþη

�
: (D11)

SinceHðtÞ is a sum of rH-local observables, as assumed in Eq. (D2),H2
r;lðtÞ satisfies kH2

r;lðtÞk ¼ Oðld−1Þ for l ≫ rH.
Furthermore, by the definition of H0

r;lðtÞ, distðSuppðαrÞ; SuppðH2
r;lðtÞÞÞ ¼ ΘðlÞ for l ≫ rH. In addition, from the

definition (D4) of the norm k · kμ, kH0
r;lðuÞkκþη is bounded from above by kHðuÞkκþη, which is independent of l and is

of OðL0Þ. Using these, we have

kαHr ðtÞ − αH̃r;lðtÞk ≤ 2jSuppðαrÞjkαrk sup
0≤s≤t

kH2
r;lðsÞk exp½−κ inf

0≤s≤t
distðSuppðαrÞ;SuppðH2

r;lðsÞÞÞ�

×
Z

t

0

ds exp
�
2Cds

�
d
eη

�
d
sup
0≤u≤t

kHðuÞkκþη

�
(D12)

≤ R1ld−1e−R2ðl−vLRtÞ: (D13)

Here, R1, R2, and vLR are some positive constants that are independent of L, t, and l. Thus, we see that αH̃r;lðtÞ is an
ð2lþ lAÞ-local observable approximating αHr ðtÞ with an error of Oðld−1e−Θðl−vLRtÞÞ, which becomes sufficiently small
when l ≫ vLRt. Consequently, by letting

Bt;l ¼
X

SuppðαrÞ⊂SðkÞ
αH̃r;lðtÞ; (D14)

we have

kAHðtÞ=jSðkÞj − Bt;l=jSðkÞjk ≤
1

jSðkÞj
X

SuppðαrÞ⊂SðkÞ
kαHr ðtÞ − αH̃r;lðtÞk ≤ R1ld−1e−R2ðl−vLRtÞ: (D15)
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Note that this error bound does not depend on L. This
shows that AHðtÞ=jSðkÞj can be approximated by a sum of
local observables uniformly in L. However, Bt;l is still not
an additive observable since αH̃r;lðtÞ and αH̃r0;lðtÞ are gen-
erally not related to each other via spatial translation.
Moreover, the support ofBt;l may even extend beyondSðkÞ.
Let us further examine the properties of αH̃r;lðtÞ. Assume

that the support of αr is sufficiently far from the surface
of the subsystem SðkÞ. More precisely, we consider the
case where

distðSuppðαrÞ;ΛLnSðkÞÞ > lþ δ: (D16)

Here δ is the maximum of diameters of the local terms
that constitute HðtÞ and is a constant independent of L. In
this case, the support of H0

r;l is entirely within SðkÞ. Since
HðtÞ is defined as a sum of additive observables, which are
sums of translations of local observables in macroscopic
subsystems, ifH0

r;l has support entirely within the primitive
macroscopic subsystem, it can be expressed as a sum of
translations of a local observable hðtÞ independent of r as

H0
r;lðtÞ ¼

X
SuppðhðtÞÞþr0∩Λr;l≠∅

Tr0hðtÞT†
r0 : (D17)

By the definition of Λr;l (D8) and SuppðαrÞ ¼
SuppðαÞ þ r, we obtain

H0
r;lðtÞ ¼

X
SuppðhðtÞÞþr0−r∩Λ0;l≠∅

Tr0hðtÞT†
r0

¼
X

SuppðhðtÞÞþr0∩Λ0;l≠∅

Tr0þrhðtÞT†
r0þr ¼ TrH0

lðtÞT†
r ;

(D18)

where

H0
lðtÞ ¼

X
SuppðhðtÞÞþr0∩Λ0;l≠∅

Tr0hðtÞT†
r0 : (D19)

Therefore, using the Heisenberg operator ct;l ¼
U0

lðt; 0Þ†αU0
lðt; 0Þ for α obtained by applying the unitary

evolution U0
lðt; 0Þ generated by H0

lðtÞ, we have

αH̃r;lðtÞ ¼ Trct;lT
†
r : (D20)

In other words, among the αH̃r;lðtÞ constituting Br;l,
those associated with r for which the support of αr is at a
distance greater than lþ δ from the surface of SðkÞ can
be represented as translations of ct;l. Then we introduce
an additive observable Ct;l on SðkÞ obtained from a
ð2lþ lAÞ-local observable ct;l,

Ct;l ¼
X

Suppðct;lÞþr⊂SðkÞ
Trct;lT

†
r : (D21)

Recalling that lþ δ is a constant independent of L, we
obtain

kBt;l=jSðkÞj − Ct;l=jSðkÞjk ≤ R3lL−1; (D22)

where R3 is some positive constant that is independent of
both L and l.
From the above, we get

kAHðtÞ=jSðkÞj−Ct;l=jSðkÞjk
≤kAHðtÞ=jSðkÞj−Bt;l=jSðkÞjkþkBt;l=jSðkÞj−Ct;l=jSðkÞjk
≤R1ld−1e−R2ðl−vLRtÞ þR3lL−1: (D23)

That is, Ct;l is an additive observable on the macroscopic
subsystem SðkÞ that approximates AHðtÞ [132].
Now we are ready to prove Propositions 1 and 2 and

Theorem 1.
Proof of Proposition 1. We prove that the expectation

value of the Heisenberg operator AHðtÞ=jSj for the additive
observable density A=jSj converges in the thermodynamic
limit for every macroscopic subsystem S and additive
observable A on S. To this end, we prove that
ðTr½ρLAHðtÞ=jSj�ÞL∈N is a Cauchy sequence.
Suppose that the macroscopic subsystem S is a

composite system of J primitive macroscopic subsystems
fSðk1Þ;Sðk2Þ; � � � ;SðkJÞg. Then, as shown in Eq. (18),

FIG. 9. Schematic illustration of the time evolution αHr ðtÞ of an
lA-local observable αr in the Heisenberg picture. It can be
approximated by a ð2lþ lAÞ-local observable αH̃r;lðtÞ within a
precision ≃e−R2ðl−vLRtÞ, as in Eq. (D13). As a result, αHr ðtÞ can be
effectively considered as a local observable whose support grows
in t as OðvLRtÞ þ lA.
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it holds that

����AHðtÞ=jSj −XJ
j¼1

λðkjÞAH
SðkjÞ ðtÞ=jSðkjÞj

���� ¼ oðL0Þ; (D24)

where λðkjÞ ¼ limL→∞ jSðkjÞj=jSj. Therefore, if
ðTr½ρLAH

SðkjÞ ðtÞ=jSðkjÞj�Þ
L∈N

converges in the thermody-

namic limit for all j ¼ 1; 2; � � � ; J, ðTr½ρLAHðtÞ=jSj�ÞL∈N
also converges. Thus, we consider the case where the
macroscopic subsystem S is a primitive macroscopic
subsystem.
Since A is an additive observable on the primitive

macroscopic subsystem, there exists an additive observ-
able Ct;l on the macroscopic subsystem that approximates
AHðtÞ in the sense of Eq. (D23). Then, by the triangle
inequality and Hölder’s inequality, for any positive integer
l0, we have

jTr½ρLAHðtÞ=jSj�jL¼L1
− Tr½ρLAHðtÞ=jSj�jL¼L2

j
≤ jTr½ρLAHðtÞ=jSj�jL¼L1

− Tr½ρLCt;l0
=jSj�jL¼L1

j
þ jTr½ρLCt;l0

=jSj�jL¼L1
− Tr½ρLCt;l0

=jSj�jL¼L2
j

þ jTr½ρLCt;l0
=jSj�jL¼L2

− Tr½ρLAHðtÞ=jSj�jL¼L2
j

¼ jTr½ρLfAHðtÞ=jSj − Ct;l0
=jSjg�jL¼L1

j
þ jTr½ρLfAHðtÞ=jSj − Ct;l0

=jSjg�jL¼L2
j

þ jTr½ρLCt;l0
=jSj�jL¼L1

− Tr½ρLCt;l0
=jSj�jL¼L2

j
≤ kAHðtÞ=jSj − Ct;l0

=jSjkjL¼L1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼ð�1Þ

þ kAHðtÞ=jSj − Ct;l0
=jSjkjL¼L2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼ð�2Þ

þ jTr½ρLCt;l0
=jSj�jL¼L1

− Tr½ρLCt;l0
=jSj�jL¼L2

j|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼ð��Þ

:

(D25)

Let l� ∈N be such that

ld−1 ≤ exp
�
R2

2
ðl − vLRtÞ

�
for alll ≥ l�: (D26)

Then, from Eq. (D23), for any given ϵ > 0, choosing
l0 ¼ maxfl�; ⌈vLRtþ 2

R2
log 8R1

ϵ ⌉g and L�
0 ¼ ⌈ 8R3l0

ϵ ⌉, for
every L1; L2 > L�

0, it holds that

ð�1Þ ≤ R1ld−1
0 e−R2ðl0−vLRtÞ þ R3l0L−1

1

≤ R1e−
R2
2 ðl0−vLRtÞ þ R3l0L�

0
−1 ≤ ϵ=4; (D27)

ð�2Þ ≤ R1ld−1
0 e−R2ðl0−vLRtÞ þ R3l0L−1

2

≤ R1e−
R2
2 ðl0−vLRtÞ þ R3l0L�

0
−1 ≤ ϵ=4. (D28)

In addition, since Ct;l0
is an additive observable on the

macroscopic subsystem, its expectation value in the
sequence of the microscopic states ðρLÞL∈N representing
the macroscopic state converges in the thermodynamic
limit. Therefore, for any ϵ > 0, there exists L��

0 ∈N such
that for every L1; L2 > L��

0 , it holds that

ð��Þ¼ jTr½ρLCt;l0
=jSj�jL¼L1

−Tr½ρLCt;l0
=jSj�jL¼L2

j< ϵ=2.

(D29)

Thus, from the above, for any ϵ > 0, there exists L0 ∈N
such that for every L1; L2 > L0, it holds that

jTr½ρLAHðtÞ=jSj�jL¼L1
− Tr½ρLAHðtÞ=jSj�jL¼L2

j < ϵ:

(D30)

This implies that ðTr½ρLAHðtÞ=jSj�ÞL∈N is a Cauchy
sequence. This completes the proof of Proposition 1. ▪
Proof of Proposition 2. We prove that the variance of the

Heisenberg operator AHðtÞ=jSj for the additive observable
density A=jSj is oðL0Þ for every macroscopic subsystem S
and additive observable A on S.
Suppose that the macroscopic subsystem S is a

composite system of J primitive macroscopic subsystems
fSðk1Þ;Sðk2Þ; � � � ;SðkJÞg. Then, as shown in Eq. (18), it
holds that

����AHðtÞ=jSj −XJ
j¼1

λðkjÞAH
SðkjÞ ðtÞ=jSðkjÞj

���� ¼ oðL0Þ: (D31)

Thus, we have

Tr½ρLðAHðtÞ=jSjÞ2� − ðTr½ρLAHðtÞ=jSj�Þ2

¼
XJ
j;j0¼1

λðkjÞλðkj0 ÞTr
h
ρLðδAH

SðkjÞ ðtÞ=jSðkjÞjÞðδAH
S
ðkj0 Þ

ðtÞ=jSðkj0 ÞjÞ
i
þ oðL0Þ; (D32)
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where δAH
SðkjÞ ðtÞ ¼ AH

SðkjÞ ðtÞ − Tr½ρLAH
SðkjÞ ðtÞ�. Using the triangle inequality and Cauchy-Schwarz inequality, we have

jTr½ρLðAHðtÞ=jSjÞ2� − ðTr½ρLAHðtÞ=jSj�Þ2j

≤
XJ
j;j0¼1

λðkjÞλðkj0 ÞjTr½ρLðδAH
SðkjÞ ðtÞ=jSðkjÞjÞðδAH

S
ðkj0 Þ

ðtÞ=jSðkj0 ÞjÞ�j þ oðL0Þ

≤
XJ
j;j0¼1

λðkjÞλðkj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ρLðδAH

SðkjÞ ðtÞ=jSðkjÞjÞ2�Tr½ρLðδAH
S
ðkj0 Þ

ðtÞ=jSðkj0 ÞjÞ2�
r

þ oðL0Þ: (D33)

Therefore, if the variance of AH
SðkjÞ ðtÞ=jSðkjÞj is oðL0Þ for all j ¼ 1; 2; � � � ; J, the variance of AHðtÞ is also oðL0Þ. Thus, we

consider the case where the macroscopic subsystem S is a primitive macroscopic subsystem.
Since A is an additive observable on the primitive macroscopic subsystem, there exists an observable Bt;l that

approximates AHðtÞ in the sense of Eq. (D15) and an additive observable Ct;l on the macroscopic subsystem that
approximates Bt;l in the sense of Eq. (D22). Therefore, we have

lim
L→∞

Tr½ρLAHðtÞ=jSj� ¼ lim
l→∞

lim
L→∞

Tr½ρLBt;l=jSj� ¼ lim
l→∞

lim
L→∞

Tr½ρLCt;l=jSj�; (D34)

where the first equality follows from the fact that Eq. (D15) holds even after L → ∞, and the second equality from
Eq. (D22) combined with L → ∞. In a similar manner, we have

lim
L→∞

Tr½ρLðAHðtÞ=jSjÞ2� ¼ lim
l→∞

lim
L→∞

Tr½ρLðBt;l=jSjÞ2� ¼ lim
l→∞

lim
L→∞

Tr½ρLðCt;l=jSjÞ2�: (D35)

Thus, we obtain

lim
L→∞

fTr½ρLðAHðtÞ=jSjÞ2� − ðTr½ρLAHðtÞ=jSj�Þ2g ¼ lim
l→∞

lim
L→∞

fTr½ρLðCt;l=jSjÞ2� − ðTr½ρLCt;l=jSj�Þ2g: (D36)

Since Ct;l is an additive observable composed of
ð2lþ lAÞ-local observables, the variance of Ct;l=jSj in
the sequence of microscopic states representing a normal
macroscopic state ðρLÞL∈N is oðL0Þ. Therefore, we obtain

lim
L→∞

fTr½ρLðAHðtÞ=jSjÞ2� − ðTr½ρLAHðtÞ=jSj�Þ2g ¼ 0.

(D37)

This completes the proof of Proposition 2. ▪
Proof of Theorem 1. We prove that for every macro-

scopic subsystem S and additive observable A on S,
we have

lim
L→∞

Tr½ρLAHðtÞ=jSj� ¼ lim
L→∞

Tr½σLAHðtÞ=jSj�: (D38)

Suppose that the macroscopic subsystem S is a
composite system of J primitive macroscopic subsystems
fSðk1Þ;Sðk2Þ; � � � ;SðkJÞg. Then, as shown in Eq. (18), it
holds that

����AHðtÞ=jSj −XJ
j¼1

λðkjÞAH
SðkjÞ ðtÞ=jSðkjÞj

���� ¼ oðL0Þ: (D39)

Therefore, if Eq. (D38) is satisfied when A ¼ ASðkjÞ for
all j ¼ 1; 2; � � � ; J, it is also satisfied for A. Thus, we
consider the case where the macroscopic subsystem S is a
primitive macroscopic subsystem.
Since A is an additive observable on the primitive

macroscopic subsystem, there exists an observable Bt;l

that approximates AHðtÞ in the sense of Eq. (D15) and an
additive observable Ct;l on the macroscopic subsystem
that approximates Bt;l in the sense of Eq. (D22).
Therefore, in the same manner as Eq. (D34), we have

lim
L→∞

Tr½ρLAHðtÞ=jSj� ¼ lim
l→∞

lim
L→∞

Tr½ρLBt;l=jSj�

¼ lim
l→∞

lim
L→∞

Tr½ρLCt;l=jSj�; (D40)

and
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lim
L→∞

Tr½σLAHðtÞ=jSj� ¼ lim
l→∞

lim
L→∞

Tr½σLCt;l=jSj�: (D41)

On the other hand, since Ct;l is an additive observable
composed of ð2lþ lAÞ-local observables with
2lþ lA ¼ OðL0Þ, macroscopically equivalent states
ðρLÞL∈N and ðσLÞL∈N satisfy

lim
L→∞

Tr½ρLCt;l=jSj� ¼ lim
L→∞

Tr½σLCt;l=jSj�: (D42)

By combining the above, we finally obtain

lim
L→∞

Tr½ρLAHðtÞ=jSj� ¼ lim
L→∞

Tr½σLAHðtÞ=jSj�: (D43)

This completes the proof of Theorem 1 [133]. ▪

APPENDIX E: PROOF OF PROPOSITION 3,
THEOREMS 2–4

1. Proof of Proposition 3

Here, we prove Proposition 3. We divide the proof of
this proposition into two parts: proof for the necessity and
sufficiency of Eq. (52).
Proof for the necessity of Eq. (52). Take arbitrary

k∈ f1;…; Kdg and l∈N. As explained above, Eq. (51)
holds for any observable α on Cl. If fρLgL and fσLgL are
macroscopically equivalent, we can show

lim
L→∞

Tr
�
ρL

ASðkÞ ðαÞ
jSðkÞj

�
¼ lim

L→∞
Tr
�
σL

ASðkÞ ðαÞ
jSðkÞj

�
(E1)

by multiplying N=jSðkÞj to the definition of macroscopic
equivalence (21). Here ASðkÞ is the additive observable on
SðkÞ obtained from a local observable α. By combining
Eqs. (51) and (E1), we have

Tr½ρðkÞ∞jlα� ¼ Tr½σðkÞ∞jlα� (E2)

for any observable α on Cl. This implies Eq. (52). ▪
Proof for the sufficiency of Eq. (52). Assume that

Eq. (52) holds for all k∈ f1;…; Kdg and for all l∈N.
First we will show Eq. (E1) for arbitrary additive observ-
ables on an arbitrary primitive macroscopic subsystem. Let
ASðkÞ be an additive observable on a primitive macroscopic
subsystem SðkÞ obtained from a local observable α. By
taking a sufficiently large positive number l∈N, the local
observable α can be regarded as an observable onCl. From
Eq. (52), we have Eq. (E2). Combining this with Eq. (51),
we obtain Eq. (E1).
Finally, we show Eq. (21) for arbitrary additive observ-

ables on an arbitrary macroscopic subsystem. Let AS be an
additive observable on a macroscopic subsystem S
obtained from the local observable α. From Eqs. (18)
and (E1), we have

lim
L→∞

Tr
�
ρL

ASðαÞ
N

�
¼ lim

L→∞
Tr
�
σL

ASðαÞ
N

�
: (E3)

This implies macroscopic equivalence (21). ▪

2. Upper bound on the quantum macroscopic
entropy density

Lemma 2. (Principle of maximum entropy). Let ðρLÞL∈N
represent a macroscopic state. If its energy density coin-
cides with that of an equilibrium state described by a
Hamiltonian H at some inverse temperature β�,

lim
L→∞

Tr½ρLH�=N ¼ lim
L→∞

Tr½ρcanL ðβ�jHÞH�=N; (E4)

then the quantum macroscopic entropy density smac½•� is
bounded from above by thermodynamic entropy

lim sup
l→∞

smac
l ½ðρLÞL∈N� ≤ sTDðβ�jHÞ: (E5)

Proof. We will utilize the fact that smac
l ½•� is bounded

from above by s̃l½•�, as shown in Eq. (62), to obtain
Eq. (E5). Therefore, we first investigate ρave∞jl, which is

defined by Eq. (64). Let Hp
l (Ho

l) be the Hamiltonian on
the hypercube Cl with the periodic (resp. open) boundary
conditions and let ρcanl ðβjHÞ be the canonical Gibbs state
e−βH

p
l=Zl. From the definition of the quantum relative

entropy DðρkσÞ ¼ Tr½ρ log ρ� − Tr½ρ log σ�, we have

Dðρave∞jljρcanl ðβ�jHÞÞ¼ β�ðTr½ρave∞jlH
p
l�−Tr½ρcanl ðβ�jHÞHp

l�Þ
þSvN½ρcanl ðβ�jHÞ�−SvN½ρave∞jl�:

(E6)

For the first term of Eq. (E6), we have the following
equality:

lim
l→∞

Tr½ρave∞jlH
p
l�

ld

¼ lim
l→∞

Tr½ρave∞jlH
o
l�

ld ð∴kHp
l −Ho

lk ¼ Oðld−1ÞÞ
(E7)

¼ lim
l→∞

lim
L→∞

1

Nld

X
r∈ΛL

X
r0ðSupp½h�þr0⊂ClÞ

Tr½ρLTrþr0hT
†
rþr0 �

(E8)

¼ lim
l→∞

lim
L→∞

1

Nld

X
r0ðSupp½h�þr0⊂ClÞ

X
r∈ΛL

Tr½ρLTrhT
†
r � (E9)

¼ lim
l→∞

lim
L→∞

1

Nld

X
r0ðSupp½h�þr0⊂ClÞ

Tr½ρLHp
L� (E10)
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¼ lim
l→∞

1

ld

X
r0ðSupp½h�þr0⊂ClÞ

lim
L→∞

Tr½ρLHp
L�

N
(E11)

¼ lim
L→∞

Tr½ρLHp
L�

N
(E12)

¼ lim
L→∞

Tr½ρcanL ðβ�jHÞHp
L�

N

	
∵ Eq: ðE4Þ



(E13)

¼ lim
l→∞

Tr½ρcanl ðβ�jHÞHp
l�

ld (E14)

Note that the above calculation can be performed in
almost the same manner for other boundary conditions.
Since the relative entropy is nonnegative, rhs of Eq. (E6)

is also nonnegative. Combining this with Eqs. (E14)
and (62), we have

smac
l ½ðρLÞL∈N� ≤ s̃l½ðρLÞL∈N� ≤ sTDðβ�jHÞ: (E15)

By taking lim sup
l→∞

, we obtain Eq. (E5). ▪

3. Lower bound on the quantum macroscopic entropy
density after a unital CPTP map

Next, we investigate how smac½•� can be decreased by a
unital completely positive trace-preserving (CPTP) map.
A CPTP map Uð•Þ on the total Hilbert space is said to be
unital when it satisfies

UðIΛL
Þ ¼ IΛL

; (E16)

where IΛL
is the identity operator on the total Hilbert

space. For instance, a similarity transformation by a
unitary U, Uð•Þ ¼ U •U†, is a unital CPTP map. For
arbitrary unital CPTP maps, we can show the following
proposition.
Proposition 13. (Lower bound on the quantum macro-

scopic entropy density after a unital CPTP map). Let
ðULÞL∈N be a sequence of unital CPTP maps and ðρLÞL∈N
be a representation of a macroscopic state. Suppose that
ðULðρLÞÞL∈N also represents some macroscopic state.
Then, it holds that

smac
l ½ðULðρLÞÞL∈N� ≥ lim sup

L→∞

SvN½ρL�
N

for all l∈N:

(E17)

Proof. Let us consider a combination of a unital CPTP
map ULð•Þ and the translation T†

r • Tr by some r∈ΛL,

Ur
Lð•Þ ≔ T†

rULð•ÞTr; (E18)

which is also a unital CPTP map. From the monotonicity
of relative entropy [99], we have

DðρLkIΛL
=DNÞ ≥ DðUr

LðρLÞkUr
LðIΛL

=DNÞÞ
¼ DðUr

LðρLÞkIΛL
=DNÞ; (E19)

whereD is the dimension of the Hilbert space on each site.
In addition, the relative entropy is related to the von
Neumann entropy by

DðρLkIΛL
=DNÞ ¼ N logD − SvN½ρL�: (E20)

Combining Eqs. (E19) and (E20), we obtain the monot-
onicity of the von Neumann entropy against a unital
CPTP map

SvN½ρL� ≤ SvN½T†
r ρ̃LTr�; (E21)

where we write ρ̃L ¼ ULðρLÞ for simplicity of notation.
This inequality is used to obtain the lower bound of the
quantum macroscopic entropy density of a macroscopic
state ðρ̃LÞL∈N.
To evaluate the quantum macroscopic entropy density of

ðρ̃LÞL∈N, let us consider partitioning the system into many
hypercubes of side length l ¼ OðL0Þ. Above Eq. (49) of
Sec. VIII A, we have introduced a d-dimensional hyper-
cube Cl ⊂ ΛL with side length l centered at site 0∈ΛL.
Now we introduce hypercubes of the same size and
partition the system by them. Let M ≔ ðbL=KlcÞd be
the number of hypercubes in a primitive macroscopic
subsystem SðkÞ and Cl

rkj
⊂ SðkÞ (j ¼ 1;…;M) be disjoint

d-dimensional hypercubes with side length l. Suppose
that each Cl

rkj
is centered at site rkj ∈SðkÞ. Then, Cl

rkj
can be

written as a translation of Cl,

Cl
rkj
¼ Cl þ rkj ðrkj ∈SðkÞ; j ¼ 1;…;MÞ: (E22)

Let Rk be the set of remaining sites in SðkÞ. They satisfy

SðkÞ ¼
�
⋃
M

j¼1

Cl
rkj

�
∪ Rk (E23)

by definition. Note that the number of sites in Rk,

jRkj ¼ jSðkÞj−Mld ¼ðL=KÞd− ðbL=KlcÞdld ¼OðLd−1Þ;
(E24)

is negligibly small compared to the total number of sites
N ¼ Ld when L is large.
For any density matrix ρL on ΛL and for any subset

S ⊂ ΛL, let ðρLÞjS ≔ TrΛLnS½ρL� be the reduced density
matrix on S. Note that ðρLÞjCl

r
corresponds to ρrLjl defined

in Eq. (48). Now, we consider the state given by the tensor
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product of the reduced density matrices of T†
r ρ̃LTr on Cl

rkj
’s

as a reference state,

τrL ≔
�
⊗
Kd

k¼1
⊗
M

j¼1
ðT†

r ρ̃LTrÞjCl
rk
j

�
⊗
�
⊗
Kd

k¼1
ðT†

r ρ̃LTrÞjRk

�
:

(E25)

The nonnegativity of the quantum relative entropy
DðT†

r ρ̃LTrkτrLÞ results in the following inequality,

SvN½T†
r ρ̃LTr� ≤

XKd

k¼1

XM
j¼1

SvN
h
ðT†

r ρ̃LTrÞjCl
rk
j

i

þ
XKd

k¼1

SvN½ðT†
r ρ̃LTrÞjRk �; (E26)

which is known as the subadditivity of the von Neumann
entropy. For the first term of the rhs of Eq. (E26), it
holds that

XM
j¼1

SvN
h
ðT†

r ρ̃LTrÞjCl
rk
j

i
¼
XM
j¼1

SvN
h	

T†
rþrkj

ρ̃LTrþrkj


���
Cl

i
(E27)

because of Eq. (E22). Summing up the above quantity for
all r∈Cl, we have

X
r∈Cl

XM
j¼1

SvN
h
ðT†

r ρ̃LTrÞjCl
rk
j

i

¼
X
r∈Cl

XM
j¼1

SvN
h
ðT†

rþrkj
ρ̃LTrþrkj

ÞjCl

i (E28)

¼
X

r0 ∈SðkÞnRk

SvN½ðT†
r0 ρ̃LTr0 ÞjCl � (E29)

≤
X
r∈SðkÞ

SvN½ðT†
r ρ̃LTrÞjCl �; (E30)

where the second equality follows from Eq. (E23) and the
last inequality from the nonnegativity of the von Neumann
entropy. Furthermore, from the concavity of SvN½•� and the
definition of the coarse-grained local state, Eq. (49), the
above upper bound satisfies

X
r∈SðkÞ

SvN½ðT†
r ρ̃LTrÞjCl � ≤ jSðkÞjSvN

h
ρ̃ðkÞLjl

i
: (E31)

Here, recall that ρ̃ðkÞLjl is defined by Eq. (49). Combining
Eqs. (E26), (E30) and (E31), we have

SvN½ρL�
N

≤
1

ld

X
r∈Cl

SvN½T†
r ρ̃LTr�
N

(E32)

≤
1

Kd

XKd

k¼1

SvN½ρ̃ðkÞLjl�
ld þ 1

ld

X
r∈Cl

XKd

k¼1

SvN½ðT†
r ρ̃LTrÞjRk �
N

:

(E33)

For the second term of Eq. (E33), we have

SvN½ðT†
r ρ̃LTrÞjRk � ≤ jRkj logD ¼ OðLd−1Þ: (E34)

Therefore, taking lim supL→∞ of Eq. (E33), we obtain

lim sup
L→∞

SvN½ρL�
N

≤
1

Kd

XKd

k¼1

SvN½ρ̃ðkÞ∞jl�
ld ; (E35)

where we interchanged lim supL→∞ and SvN½•� using the
continuity of the von Neumann entropy [99]. The rhs of the
above inequality corresponds to smac

l ½ðULðρLÞÞL∈N�. ▪

4. Proof of Eq. (73) which is used
in the proof of Theorem 2

Proof. Inserting ρL ¼ ρcanL ðβjHÞ into Lemma 2, we have

lim sup
l→∞

smac
l ½ðρcanL ðβjHÞÞL∈N� ≤ sTDðβjHÞ: (E36)

On the other hand, inserting ρL ¼ ρcanL ðβjHÞ into
Proposition 13 and taking UL in Proposition 13 as the
identity map, we have

smac
l ½ðρcanL ðβjHÞÞL∈N� ≥ lim sup

L→∞

SvN½ρcanL ðβjHÞ�
N

¼ sTDðβjHÞ for all l∈N; (E37)

where the last equality follows by definition (72).
Combining these inequalities and taking lim inf

l→∞
of the

latter inequality, we obtain

sTDðβjHÞ ≤ lim inf
l→∞

smac
l ½ðρcanL ðβjHÞÞL∈N�

≤ lim sup
l→∞

smac
l ½ðρcanL ðβjHÞÞL∈N� ≤ sTDðβjHÞ;

(E38)

which corresponds to Eq. (73). ▪
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5. Proof of Theorem 4

Proof. We introduce

ULð•Þ ≔ lim
T →∞

1

T

Z
T

0

dt e−iH1tUðt�; 0Þ •U†ðt�; 0ÞeiH1t;

(E39)

which is a unital CPTP map. The existence of the limit
limT →∞ can be shown from the fact that the Hilbert space
is finite dimensional. Inserting ρL ¼ ρcanL ðβjHÞ into
Proposition 13 and taking ULð•Þ in Proposition 13 as
the above one, we have

smac
l ½ðULðρcanL ðβ0jH0ÞÞÞL∈N� ≥ sTDðβ0jH0Þ for all l∈N:

(E40)

Furthermore, from Assumption 2, for any representation
ðρLÞL∈N of iMATE described byH0 at inverse temperature
β0, i.e., ðρLÞL∈N ∼macðρcanL ðβ0jH0ÞÞL∈N, it holds that

ðρLðt > t�ÞÞL∈N ¼ðULðρLÞÞL∈N ∼macðULðρcanL ðβ0jH0ÞÞÞL∈N:

(E41)

Combining these with Corollary 7, we have

smac
l ½ðρLðt > t�ÞÞL∈N� ≥ sTDðβ0jH0Þ for all l∈N:

(E42)

In addition, using Theorem 2, the rhs of the above
inequality can be written as

sTDðβ0jH0Þ ¼ lim
l→∞

smac
l ½ðρLÞL∈N�: (E43)

Taking lim infl→∞ of Eq. (E42), we obtain

lim inf
l→∞

smac
l ½ðρLðt > t�ÞÞL∈N� ≥ lim

l→∞
smac
l ½ðρLÞL∈N�;

(E44)

which corresponds to Theorem 4. ▪

6. Proof of Theorem 3 using Theorem 4

Equation (79) of Theorem 3 readily follows from
Theorem 4 as follows.
Proof. Suppose that the assumptions of Theorem 3 are

satisfied. First, we will show that Assumption 2 is also
satisfied. Consider two representations of the same
iMATE, i.e., ðρLÞL∈N and ðσLÞL∈N satisfying Eq. (81).
From Corollary 1, the expectation values of H1=N in
ρLðt�Þ and σLðt�Þ coincide, which implies that the inverse
temperatures β1 determined from Eq. (78) also coincide.
From Assumption 1, ðρLðt > t�ÞÞL∈N and ðσLðt > t�ÞÞL∈N

represent the same iMATE, ðρcanL ðβ1jH1ÞÞL∈N. This
implies Eq. (83), indicating that Assumption 2 is satisfied.
Next, we show that Eq. (84) reduces to Eq. (79).

Since ðρLðt > t�ÞÞL∈N represents iMATE, liml→∞ smac
l

½ðρLðt > t�ÞÞL∈N� exists, as explained below Eq. (79).
This means that the rhs of Eqs. (79) and (84) coincide,
implying that Eq. (84) reduces to Eq. (79). ▪

7. Direct proof of Theorem 3

We here give a more direct proof of Theorem 3.
Proof. First, we will show that ðρLðt > t�ÞÞL∈N repre-

sents iMATE. Since ðρLð0ÞÞL∈N represents normal
iMATE, Proposition 2 implies that ðρLðt�ÞÞL∈N represents
a normal macroscopic state. This means that Eq. (76) is
satisfied. This fact combined with Assumption 1 implies
that ðρLðt > t�ÞÞL∈N represents iMATE.
Next, we will show Eq. (80). Let σL ¼ ρcanL ðβ0jH0Þ be

the canonical Gibbs state described by the initial
Hamiltonian, and σLðt�Þ ¼ ULðt�; 0ÞσLU†

Lðt�; 0Þ be its
time evolution by a macroscopic operation. Consider
the quantum relative entropy DðσkρÞ ¼ Tr½σ log σ� −
Tr½σ log ρ� of σLðt�Þ with respect to ρcanL ðβ1jH1Þ,

DðσLðt�ÞjjρcanL ðβ1jH1ÞÞ
¼ β1ðTr½σLðt�ÞH1� − Tr½ρcanL ðβ1jH1ÞH1�Þ
þ SvN½ρcanL ðβ1jH1Þ� − SvN½σLðt�Þ�: (E45)

FromTheorem 1, ðσLðt�ÞÞL∈N is macroscopically equiv-
alent to ðρLðt�ÞÞL∈N. This implies σLðt�Þ has the same
energy density H1=N as that of ρLðt�Þ. Moreover, from
Eq. (78), energy density of ρcanL ðβ1jH1Þ also coincides. In
addition, the unitary invariance of the von Neumann
entropy implies SvN½σLðt�Þ� ¼SvN½ρcanL ðβ0jH0Þ�. Thus,
combining these with nonnegativity of relative entropy,
we obtain Eq. (80).
Finally, note that since ðρLðt > t�ÞÞL∈N represents

iMATE, Eq. (80) is equivalent to Eq. (79). ▪

8. Proof of Proposition 7

The core idea of the proof of Proposition 7 is given in
Sec. XIV B. The remaining task is to prove Eq. (94).
Proof of Eq. (94). For simplicity of explanation, we here

write the spatial average of l-local density matrices (49) as

ρk;KLjl; k ¼ ðk1; k2;…; kdÞ∈ f1; 2;…; Kgd (E46)

instead of the original symbol ρðkÞLjl (k∈ f1; 2;…; Kdg).
Here, the label k divided by K expresses the relative
position of the primitive subsystem. Furthermore, for
notational simplicity, we write K1 ¼ ðMmaxÞ! and
K2 ¼ ðMmax þ 1Þ!. In a similar manner as Eq. (65), we
can show that
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ρk;K1

Ljl ¼ 1

ðMmax þ 1Þd
X

q near k

ρq;K2

Ljl ; (E47)

where k∈ f1; 2;…; K1gd and q∈ f1; 2;…; K2gd. Here,
the sum

P
q near k runs over all tuples of integers q ¼

ðq1; q2;…; qdÞ satisfying

ðkμ − 1ÞðMmax þ 1Þ þ 1 ≤ qμ ≤ kμðMmax þ 1Þ (E48)

for all μ ¼ 1; 2;…; d. The condition (E48) roughly states
that q=K2 is close to k=K1 [within the precision of 1=K1].
Combining Eq. (E47) with the concavity of the von
Neumann entropy, we have

SvN
h
ρk;K1

∞jl
i
≥

1

ðMmax þ 1Þd
X

q near k

SvN
h
ρq;K2

∞jl
i
: (E49)

This results in

1

Kd
1

X
k∈ f1;2;…;K1gd

SvN
h
ρk;K1

∞jl
i
≥

1

Kd
2

X
q∈ f1;2;…;K2gd

SvN
h
ρq;K2

∞jl
i
;

(E50)

which reduces to Eq. (94). ▪

APPENDIX F: DIFFICULTY IN
CHARACTERIZING THERMAL EQUILIBRIUM
BY ONLY A FEW ADDITIVE OBSERVABLES

(DETAILS OF EXAMPLE 4)

Proposition 14. (Contradiction to Planck’s principle
when thermal equilibrium were characterized by only a
few additive observables). Consider the system described
by the Hamiltonian (43) and take hx as a control parameter.
There exist a sequence of states ðρLÞL∈N and amacroscopic
operation ðULðt�; 0ÞÞ of operation time t� ¼ OðL0Þ such
that, although ðρLÞL∈N represents thermal equilibriumwith
respect to Ã ¼ fðMx

LÞL∈N; ðMy
LÞL∈N; ðHXY

L ÞL∈Ng in the
sense that

lim
L→∞

Tr
�
ρL

AL

N

�
¼ lim

L→∞
Tr
�
ρcanL ðβjHLÞ

AL

N

�
for any ðALÞL∈N ∈ Ã (F1)

is satisfied, Planck’s principle is violated,

lim
L→∞

Tr
�
ρLðt�Þ

HL

N

�
< lim

L→∞
Tr
�
ρL

HL

N

�
; (F2)

where ρLðt�Þ ¼ ULðt�; 0ÞρLU†
Lðt�; 0Þ. Moreover, ðρLÞL∈N

satisfies the condition for the ordinary MATE formulated
by Tasaki [48] in addition to Eq. (F1).
In other words, the choice Ã is inappropriate in the

sense that it cannot distinguish a macroscopically non-
passive state ρL from ρcanL ðβjHLÞ.
Proof. Consider a sequence of states ðjψLihψLjÞL∈N

defined by jψLi ≔ j0i⊗N, which is the eigenstate of σzj;k
with the eigenvalue þ1. Because the expectation values of
the additive observablesMx

L;M
y
L;H

XY
L in the state jψLi are

zero coinciding with those in ρcanL ðβ ¼ 0jHLÞ, Eq. (F1) is

satisfied at β ¼ 0. In addition, since jψLi is a product state,
the distributions of additive observables Ã have a suffi-
ciently sharp peak, indicating that it satisfies the condition
for the ordinary MATE formulated by Tasaki [48].
However, jψLi responds to a macroscopic operation

differently than ρcanL ðβ ¼ 0jHLÞ, and it does not satisfy
macroscopic passivity (37). We first provide a rough
sketch of the proof. For simplicity, we take hy ¼ 0. We
try to realize the π=2 pulse around the x axis. To this end, at
t ¼ 0, we suddenly change hx to some positive value 1=δ
that is sufficiently larger than jJxj and jJyj. The time
evolution ULð•; 0Þ generated by such a Hamiltonian is a
macroscopic operation, and at t ¼ t� ≔ πδ=2, the unitary
ULðt�; 0Þ is close to the π=2 pulse around the x axis, which
induces the state transition to the eigenstate of σyj;k with the
eigenvalue −1. As a result, we have

lim
L→∞

hψLjU†
Lðt�; 0Þ

HL

N
ULðt�; 0ÞjψLi ¼ −2Jy þOðδÞ < 0

�
¼ lim

L→∞
hψLj

HL

N
jψLi

�
; (F3)

which implies Eq. (F2).
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Now, we will show Eq. (F3) exactly. The above macroscopic operation ULð•; 0Þ is generated by

HLðtÞ ¼
�
HL ¼ HXY

L − hxMx
L t ≤ 0

HXY
L − 1

δM
x
L 0 < t < t� ¼ πδ=2

: (F4)

Below, we consider approximating the macroscopic operation ULðt; 0Þ by e
i
δM

x
Lt for small δ. By a calculation similar to

Eq. (D10), we can show that an arbitrary observable AL satisfies

kU†
Lðt�; 0ÞALULðt�; 0Þ − ÃLðt�Þk∞ ≤

Z
t�

0

dtk½ÃLðtÞ; HXY
L �k∞ (F5)

where ÃLðtÞ ≔ e−itδMx
LALei

t
δM

x
L . Inserting AL ¼ HL, we have

kU†
Lðt�; 0ÞHLULðt�; 0Þ − H̃Lðt�Þk∞ ≤

Z
t�

0

dtk½H̃LðtÞ; HXY
L �k∞ (F6)

≤ t� × sup
t∈ ½0;t��

k½H̃LðtÞ; HXY
L �k∞: (F7)

Here, H̃LðtÞ can be written as H̃LðtÞ ¼ H̃XY
L ðtÞ − hxMx

L, where

H̃XY
L ðtÞ ¼ e−itδMx

LHXY
L ei

t
δM

x
L ¼ −XL

j;k¼1

ðJxðσxj;kσxjþ1;k þ σxj;kσ
x
j;kþ1Þ þ Jyðσyj;kðtÞσyjþ1;kðtÞ þ σyj;kðtÞσyj;kþ1ðtÞÞÞ; (F8)

σyj;kðtÞ ¼ cosðt=δÞσyj;k − i sinðt=δÞσzj;k: (F9)

Due to the additivity of H̃LðtÞ, the commutator in the rhs of Eq. (F7) is also additive, and hence is ofOðNÞ. This implies
that

���� limL→∞
hψLjU†

Lðt�; 0Þ
HL

N
ULðt�; 0ÞjψLi − lim

L→∞
hψLj

H̃Lðt�Þ
N

jψLi
���� ≤ t� × lim

L→∞

supt∈ ½0;t��k½H̃LðtÞ; HXY
L �k∞

N
¼ OðδÞ: (F10)

Combining this with hψLj H̃Lðt�Þ
N jψLi ¼ −2Jy, we obtain Eq. (F3). ▪

APPENDIX G: LOCAL CONTROLS

1. Passivity to local controls

In this Appendix, we extend our results for the setup
“iMATEþmacroscopic operations” to the setup “MITEþ
local control.” Precisely, MITE considered here corre-
sponds to OðL0Þ-local MITE defined by Definition 16 and
local control considered here is given as follows:
Definition 17. (Local control). Let rH be a positive

integer independent of L and consider a time-dependent
Hamiltonian

HLðtÞ ¼
X
r∈ΛL

hrLðtÞ; (G1)

where hrLðtÞ’s are rH-local observables. Here, hrLðtÞ’s can
be arbitrarily chosen for all r∈ΛL, and different hrLðtÞ’s
are not necessarily related by translation in contrast to
Eqs. (23) and (31). Assume that khrðtÞk’s are bounded

from above by some constant independent of L, r, and t.
Let ULðT; 0Þ be the unitary operator generated by HðtÞ
from t ¼ 0 to t ¼ T. The sequence of these unitary
operators ðULðT; 0ÞÞL∈N is called local control of oper-
ation time T.
Note that the Hamiltonian here does not have any spatial

uniformity, unlike Eqs. (23) and (31). Therefore, “local
control” is a broader class of operations than “macroscopic
operation.”
With these definitions of OðL0Þ-local MITE,

Definition 16, and local control, Definition 17, we obtain
the following proposition by a straightforward extension of
our proof for our original setup of “iMATEþmacroscopic
operations”:
Proposition 15. (Passivity of MITE to local control). Let

ðρLÞL∈N be a sequence of density matrices that represents
OðL0Þ-local MITE described by a Hamiltonian HL with
inverse temperature β ≥ 0. Let t� be an arbitrary positive
number independent of L. For any local control
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ðULðt�; 0ÞÞL∈N of operation time t�, the expectation value
of HL does not decrease extensively,

lim
L→∞

Tr½ρLðt�ÞHL=N� ≥ lim
L→∞

Tr½ρLð0ÞHL=N�; (G2)

where ρLðtÞ ¼ ULðt; 0ÞρLULðt; 0Þ†.
This means that extensive work cannot be extracted

from OðL0Þ-local MITE by any local control of operation
time independent of L. This extends thermodynamic
passivity by Hokkyo and Ueda [18] to the case of β ¼ 0

and to the case where ðρLÞL∈N represents OðL0Þ-local
MITE but does not satisfy Eq. (89).

2. Proof of Eq. (47) in Example 5

Thus, the passivity holds true for the “MITE þ local
control” setup, in addition to the “iMATE þ macroscopic
operation” setup (Corollary 3). One might expect that
they could be extended to a broader setup of “iMATE þ
local control.” However, Example 5 shows that such an
extension is impossible. Below, we prove Eq. (47) in
Example 5.
Proof of Eq. (47). Let us consider a pure product state

ρL ¼ jψLihψLj given by Eq. (C60) and the initial
Hamiltonian by Eq. (46). The sequence ðρLÞL∈N repre-
sents iMATE at β ¼ 0. Consider flipping all up spins by a
local control ULðt�; 0Þ generated by

HLðtÞ ¼
XL
j¼1

bjLσ
x
j ; (G3)

where bjL ∈ f0; 1g are taken such that bjL ¼ 0 holds if the
spin on site j in jψLi points downward, and bjL ¼ 1 if that
spin points upward. By taking the operation time as
t� ¼ π=2, ULðt�; 0Þ becomes the π-pulse around x axis
for any site j satisfying bjL ¼ 1. Applying this local control
ρLðt�Þ ¼ ULðt�; 0ÞρLULðt�; 0Þ†, we have

lim
L→∞

Tr½ρLðt�ÞHL=N� ¼ −1 < lim
L→∞

Tr½ρLHL=N� ¼ 0;

(G4)

which means that Eq. (47) holds. ▪

APPENDIX H: CONSTRUCTION OF
COUNTEREXAMPLES AT A LONGER

OPERATION TIME

1. Proof of Proposition 5

We prove Proposition 5 by an explicit construction.
Since we can obtain a d-dimensional system by bundling
Ld−1 copies of a one-dimensional system, it suffices to

provide an example for the case of d ¼ 1. Moreover, since
the timescale can be freely rescaled by a factor indepen-
dent of L through multiplying the Hamiltonian by a
constant, we can assume without loss of generality that
TL < L=8.
While we consider a system with a local Hilbert space

of dimension 4, for the sake of explanation, we use an
equivalent setting where the local Hilbert space is of
dimension 2 and L is even. By grouping two adjacent sites
(2j − 1 and 2j for j ¼ 1; 2;…L=2) into a single site, we
can obtain a system with a local Hilbert space dimension
of 4. It is important to note that a one-site translation in
the system with a local Hilbert space dimension of 4
corresponds to a two-site translation in the system with a
local Hilbert space dimension of 2.

a. Setup

We choose the initial Hamiltonian HL as

HL ¼ π

4

XL
j¼1

σ⃗j · σ⃗jþ1 þ
π

4

XL
j¼1

σ⃗j · σ⃗jþ3; (H1)

where σ⃗i · σ⃗j ¼
P

μ¼x;y;z σ
μ
i σ

μ
j .

In addition, for the initial state ρL, we select a pure state
ρL ¼ jψLihψLj, where

jψLi ¼ ⊗
L=2

j¼1
jΦi2j−1−2ML mod L;2jþ2ML mod L: (H2)

Here, ML ¼ bTLc is the largest integer not greater than
TL, and jΦi ¼ 1ffiffi

2
p ðj01i − j10iÞ is a spin singlet state. Then

ðρLÞL∈N represents iMATE at infinite temperature because
for any subsystem with diameter of OðL0Þ the reduced
density matrix is maximally mixed.
Furthermore, we choose the macroscopic operation

ðULð•; 0ÞÞL∈N to be determined, according to
Definition 10, by the following additive observables and
the external fields coupled to them:

B1 ¼ π

4

XL
j¼1

ð−1Þjσ⃗j · σ⃗jþ1; B2 ¼ π

4

XL
j¼1

σ⃗j · σ⃗jþ3;

(H3)

and

f1ðtÞ¼
�þ1 ðn≤ t<nþ1=2Þ
−1 ðnþ1=2≤ t<nþ1Þ ðn∈Z≥0Þ; f2ðtÞ¼1.

(H4)
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Then, from Eq. (31), the generator of the time evolution HðtÞ satisfies

HðtÞ ¼
8<
:

π
2

PL=2
j¼1 σ⃗2j−1 · σ⃗2j ðn ≤ t < nþ 1=2Þ

π
2

PL=2
j¼1 σ⃗2j · σ⃗2jþ1 ðnþ 1=2 ≤ t < nþ 1Þ

ðn∈Z≥0Þ: (H5)

b. Proof of Eq. (90)

We now prove that Eq. (90) is satisfied in the setting provided above.
First, note that for any n∈Z≥0, it holds that

Uðnþ δt; nÞ ¼ Uðδt; 0Þ; (H6)

Uðnþ 1; nÞ ∝
YL=2
j¼1

SWAP2j;2jþ1

YL=2
j¼1

SWAP2j−1;2j: (H7)

From this, we can rewrite ULðTL; 0Þ as

ULðTL; 0Þ ¼ ULðTL;MLÞULðML; 0Þ ∝ ULðTL −ML; 0Þ
�YL=2

j¼1

SWAP2j;2jþ1

YL=2
j¼1

SWAP2j−1;2j
�ML

: (H8)

Thus, we have

ULðTL; 0ÞjψLi ¼ ULðTL −ML; 0Þ ⊗
L=2

j¼1
jΦi2j−1;2j: (H9)

Direct calculation verifies that

�
⊗
L=2

j¼1
hΦj2j−1;2j

�
ULðTL −ML; 0Þ†HLULðTL −ML; 0Þ

�
⊗
L=2

j¼1
jΦi2j−1;2j

�
(H10)

¼
�− 3

8
πL ð0 ≤ TL −ML < 1=2Þ

− 3
8
πLfsin4πðTL −ML − 1=2Þ þ cos4πðTL −ML − 1=2Þg ð1=2 ≤ TL −ML < 1Þ (H11)

for sufficiently large L. Therefore, since the minimum value of sin4 xþ cos4 x on ½0; π=2Þ is 1=2, we find

lim
L→∞

hψLjULðTL; 0Þ†HLULðTL; 0Þ=NjψLi ≤ − 3

16
π: (H12)

Here, we have used the fact that in a one-dimensional system, N ¼ L. On the other hand, since ðjψLiÞL∈N is locally
indistinguishable from the maximally mixed state, we have

lim
L→∞

hψLjHL=NjψLi ¼ 0. (H13)

Hence, we obtain

lim
L→∞

hψLjULðTL; 0Þ†HLULðTL; 0Þ=NjψLi < lim
L→∞

hψLjHL=NjψLi: (H14)

This is what we aimed to prove.
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2. Proof of Proposition 6

In this subsection, we prove Proposition 6 by an explicit
construction. The basic strategy is almost the same as that
of Proposition 5.

a. Setup

We choose the initial Hamiltonian H0 as

H0 ¼
π

4

XL
j¼1

σ⃗j · σ⃗jþ1 (H15)

and the final Hamiltonian H1 as

H1 ¼
π

4

XL
j¼1

σ⃗j · σ⃗jþ1 þ
π

8

XL
j¼1

σ⃗j · σ⃗jþ2: (H16)

The latter is known as the Majumdar-Ghosh model
[113]. Furthermore, we select the initial state ρL as
Eq. (H2) with ML ¼ TL. Moreover, we choose the macro-
scopic operation ðULð·; 0ÞÞL∈N to be determined, accord-
ing to Definition 10, by the following additive observable
and the external fields coupled to it:

B1 ¼ π

4

XL
j¼1

ð−1Þjσ⃗j · σ⃗jþ1; (H17)

and

f1ðtÞ ¼
�þ1 ðn ≤ t < nþ 1=2Þ
−1 ðnþ 1=2 ≤ t < nþ 1Þ ðn∈Z≥0Þ:

(H18)

Then, from Eq. (31), the generator of the time evolution
HðtÞ is written as

HðtÞ ¼

8>>>>><
>>>>>:

H0 ðt ≤ 0Þ
π
2

PL=2
j¼1 σ⃗2j−1 · σ⃗2j ð0 < t < TL; n ≤ t < nþ 1=2Þ

π
2

PL=2
j¼1 σ⃗2j · σ⃗2jþ1 ð0 < t < TL; nþ 1=2 ≤ t < nþ 1Þ

H1 ðt ≥ TLÞ

ðn∈Z≥0Þ: (H19)

Under this setup, we prove Eq. (91) in the next
subsubsection. Note that, since the initial state is at
β ¼ 0, Proposition 6 is independent of the choice of the
initial Hamiltonian H0. We choose the above H0 such that
B1 and f1ðtÞ become simple.

b. Proof of Eq. (91)

We now prove that Eq. (91) is satisfied for the setting
provided in the previous subsubsection.
It is easy to see that the reduced density matrix of ρL on

a subset with diameter less than 4TL þ 1 is maximally
mixed. This indicates that smac

l ½ðρLÞL∈N� ¼ log 2.
Therefore, what we need to show below is only
liml→∞ smac

l ½ðσLÞL∈N� ¼ 0. As shown in Sec. H1, the state
at time t ¼ TL is given by a pure state

ULðTL; 0ÞjψLi ¼ ⨂
L=2

j¼1

jΦi2j−1;2j ¼: jϕLi: (H20)

This state is known as the ground state of the Majumdar-
Ghosh Hamiltonian H1 [113]. This shows that, at t > TL,
the state remains unchanged under the unitary time
evolution generated by H1, indicating that the long-time
averaged state (92) is given by

σL ¼ jϕLihϕLj: (H21)

Since this state is an eigenstate of the two-site shift
operator T 2, the coarse-grained local state (50) is given by

ðσLÞjkCl ¼ 1

2
ðσLÞjCl þ 1

2
ðT σLT †ÞjCl : (H22)

Because of the structure of jϕLi, we can show that the
rank of each of ðσLÞjCl and ðT σLT †ÞjCl is bounded by 4.
This implies that

rank ðσLÞjkCl ≤ rank ðσLÞjCl þ rank ðT σLT †ÞjCl ≤ 8

(H23)

for k ¼ 1;…; Kd and for arbitrary l ≪ L. Since the von
Neumann entropy is bounded from above by the rank of
the density matrix, we have

smac
l ½ðσLÞL∈N� ¼

1

Kd

XKd

k¼1

SvN½ðσ∞ÞjkCl �
ld ≤

log 8
ld ; (H24)

which indicates liml→∞ smac
l ½ðσLÞL∈N� ¼ 0.
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APPENDIX I: SMALLNESS OF DEVIATION
IN MEASUREMENT OUTCOMES

In this section, we show that the deviation of the
measurement outcomes in Corollary 11 from the L → ∞
limit of the expectation value of the density of additive
observables is negligibly small for obtaining quantum
macroscopic entropy density.
Corollary 12. (Deviation of the measurement outcomes

does not affect the quantum macroscopic entropy density).
Consider the measurement protocol given in Corollary 11.
If it is applied to a system with L < ∞, the deviation of its
prediction from the L → ∞ limit, Eq. (70), is given by the
difference between the sample average of M measurement
outcomes, ai1 ; ai2 ;…; aiM , of ASðkÞ ðjjihj0jÞ=jSðkÞj and the
lhs of Eq. (70),

δðkÞj;j0 ðiÞ ≔
ai1 þ…þ aiM

M
− lim

L→∞
Tr
�
ρL

ASðkÞ ðjjihj0jÞ
jSðkÞj

�
: (I1)

Its mean square over all outcomes, denoted by

Ei½jδðkÞj;j0 ðiÞj2�, can be taken sufficiently small by taking
M and L sufficiently large and choosing the measurement
device appropriately. [If ðρLÞL∈N represents a normal
macroscopic state, M ¼ 1 is sufficient.] This means that

in such measurements, we can evaluate hj0jClρðkÞ∞jljjiCl with
sufficiently high precision.
Moreover, the precision of quantum macroscopic

entropy density is given as follows. Let δðkÞ be a
Dld

×Dld
matrix whose matrix elements are given by

δðkÞj;j0 ðiÞ, and ρ̃ðkÞl be a Dld
×Dld

density matrix whose

matrix elements hj0jρ̃ðkÞl jji are given by the sample average
ðai1 þ…þ aiMÞ=M of ASðkÞ ðjjihj0jÞ=jSðkÞj. It satisfies

kρ̃ðkÞl − ρðkÞ∞jlk1 ¼ kδðkÞk1; (I2)

where k • k1 is the trace norm. From the Fannes-Audenaert
inequality [105], we have

jSvN½ρ̃ðkÞl � − SvN½ρðkÞ∞jl�j
ld ≤ kδðkÞk1

logD
2

þH2ðkδðkÞk1=2Þ
ld ;

(I3)

where H2ðxÞ ¼ −x log x − ð1 − xÞ logð1 − xÞ. Since all
elements of δðkÞ can be taken sufficiently small when
taking M and L sufficiently large and choosing the

measurement device appropriately, ρ̃ðkÞl and SvN½ρ̃ðkÞl �
become sufficiently close to ρðkÞ∞jl and SvN½ρðkÞ∞jl�, respec-
tively. Therefore, taking the average of SvN½ρ̃ðkÞl �=ld over
all primitive macroscopic subsystems k, we obtain quan-
tum macroscopic entropy smac

l ½ðρLÞL∈N�.

Proof outline. The mean square of the deviation is
composed of three contributions,

Ei

h���δðkÞj;j0 ðiÞ
���2i ¼���δðkÞ;flucj;j0

���2þ���δðkÞ;errorj;j0

���2þ���δðkÞ;sizej;j0

���2; (I4)

where the first, second, and third terms represent the
quantum fluctuation of the additive observable, measure-
ment error, and finite-size effect, respectively. For the first
term, if measurements are repeated M times, it scales as

δðkÞ;flucj;j0 ¼ Oð1= ffiffiffiffiffi
M

p Þ, which becomes sufficiently small
when M is sufficiently large. [In addition, if ðρLÞL∈N
represents a normal macroscopic state, it scales as

δðkÞ;flucj;j0 ¼ oðL0Þ even for a single-shot measurement.]
For the second term, choosing an appropriate measurement

device makes δðkÞ;errorj;j0 sufficiently small [134], such as

δðkÞ;errorj;j0 ¼ Oð1= ffiffiffiffi
N

p Þ [125,126]. For the third term, it

scales as δðkÞ;sizej;j0 ¼ oðL0Þ by the following definition,

δðkÞ;sizej;j0 ≔ Tr
�
ρL

ASðkÞ ðjjihj0jÞ
jSðkÞj

�
− lim

L→∞
Tr
�
ρL

ASðkÞ ðjjihj0jÞ
jSðkÞj

�
:

(I5)

The second and third terms (and the first term in the case
of normal macroscopic states) become sufficiently small
when L is taken sufficiently large. ▪
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