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Cooling quantum systems with finite resources is a central task in quantum technologies and has been
extensively explored in discrete-variable settings. As continuous-variable (CV) platforms play an increas-
ingly important role in quantum information processing, it becomes crucial to understand the fundamental
limitations of cooling bosonic systems. In this work, we develop a general framework for cooling CV
systems, identifying both the constraints imposed by Gaussianity and the advantages enabled by non-
Gaussian interactions. We derive a reachable bound on the cooling performance of Gaussian operations
that applies to arbitrary cooling architectures. By optimizing over all protocols saturating this bound,
we further identify the most efficient scheme, which minimizes dissipated energy for a given number of
ancilla modes. Beyond Gaussian operations, we show that p-excitation exchange exploits non-Gaussian
resources to achieve a p-fold enhancement of the cooling limit. Our results establish the fundamental
limits of CV heat-bath algorithmic cooling and reveal the crucial role of non-Gaussianity in surpassing
Gaussian cooling barriers.

DOI: 10.1103/3qnz-6bcz

I. INTRODUCTION

Continuous-variable (CV) systems are key platforms
for quantum information science. They arise naturally in
circuit QED, integrated photonics, optomechanics, and
trapped-ion motional modes. Achieving near-ground-state
preparation is crucial in CV systems, as it underpins coher-
ence and entanglement that enable enhanced precision in
quantum sensing [1–3], robust quantum communication
[4,5], and fault-tolerant quantum computation [6–8]. A
direct route to near-ground-state preparation is achieved
through cooling by contact with a cold environment. This
mechanism is inherently incoherent, and millikelvin-level
cooling of continuous-variable systems has been demon-
strated in superconducting platforms such as transmon
devices [9,10] and optomechanical systems [11]. Records
of sub-millikelvin temperatures have been reported using
sideband-resolved optomechanical cooling [12], a protocol
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that falls within the category of Gaussian operations.
Beyond Gaussian operations, quantum absorption refrig-
eration based on the trilinear Hamiltonian [13] has also
been experimentally realized in a trapped-ion system [14],
demonstrating the integration of non-Gaussian operations
into cooling protocols.

These experimental advances naturally raise a broader
theoretical question: what are the fundamental cooling
capabilities of Gaussian and non-Gaussian operations?
A notable step in this direction was made in Ref. [15],
where no-cooling theorem was established for single-
mode Gaussian thermal operations, even when assisted
by Gaussian unitaries and catalytic states. However, the
multimode generalization of the Gaussian constraint in
cooling, as well as the corresponding bounds under finite-
time and finite-resource constraints, are still unknown.
Beyond Gaussian operations, non-Gaussian resources have
been recognized as indispensable in other quantum tasks,
including universal quantum computation [16], entangle-
ment distillation [17,18], and enhanced quantum metrol-
ogy [19–21]. Recent advances in the precise control of
nonlinear interactions in CV platforms—such as paramet-
ric amplification and second-harmonic generation, have
opened new opportunities for the integration of non-
Gaussian operations into cooling protocols. Nevertheless,
the impact of the nonlinearity order on achievable cooling
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limits has yet to be fully characterized, leaving the poten-
tial of non-Gaussian resources to enhance cooling as an
open question.

Heat-bath algorithmic cooling (HBAC) has been
employed as a general framework to quantitatively study
the third law in finite-dimensional quantum systems,
demonstrating reachable cooling limits [22,23], as well as
the interplay between consumed resources, such as energy
[24,25], time [24], complexity [24,26], and memory [26].
It alternates between two subroutines: recharging, where
entropy is transferred from the target system to an ancilla
(referred to as the machine), and thermalizing, where this
entropy is removed from the ancilla to the reservoir. The
purpose of HBAC is to achieve sub-bath cooling, i.e.,
to cool the system mode below the reservoir tempera-
ture. Within this framework, cooling limits have been
calculated for a variety of protocols, including the partner-
pairing algorithm (PPA) [27], Nuclear Overhauser Effect
(NOE) [28], state-reset (SR) [28], and extended HBAC
(xHBAC) [29]. Remarkably, a trade-off has recently been
established between the dissipated heat and the size of
the machine [24,25], bridging the theories of Landauer
and Nernst. While these fundamental limits and efficien-
cies have been extensively studied in finite-dimensional
quantum systems, they remain much less explored in
continuous-variable settings.

In this work, we systematically study the cooling limita-
tions of Gaussian operations and the cooling enhancement
of non-Gaussian operations using the HBAC framework.
Our findings can be summarized as follows.

(1) In Sec. III A, we establish the necessary and suffi-
cient conditions for sub-bath cooling through multi-
mode Gaussian operations (Theorem 1).

(2) In Sec. III B, we prove that the most efficient
recharging routine corresponds to successive SWAP
operations on a sequence of machines ordered by
their increasing energy gaps (Theorem 2). Within
this ordering, each energy gap remains a free param-
eter, which we optimize to minimize heat dissipation
during Gaussian cooling.

(3) In Sec. IV A, we establish the necessary and
sufficient condition for sub-bath cooling enabled
by a specific non-Gaussian operation, the p-
excitation exchange interaction (Theorem 3). Then
in Sec. IV B, using the HBAC framework, we prove
that this iterative non-Gaussian cooling yields a p-
fold cooling enhancement in terms of the inverse
effective temperature relative to Gaussian HBAC
(Theorem 4).

II. PRELIMINARY

In this section, we establish the theoretical framework
for HBAC in continuous-variable (CV) systems. We begin

by defining the two primary classes of control in the cool-
ing protocol: coherent control and incoherent control. The
distinction between the two lies in the ability to estab-
lish coherence across energy levels. While both are driven
by unitary evolution, incoherent control is constrained
to energy-preserving operations, whereas coherent control
allows for general unitaries.

In this work, we mainly focus on the scenario based
on coherent control, and will show that sub-bath cool-
ing is unachievable with any Gaussian HBAC proto-
col based on incoherent control. Precisely, we consider
a N -mode machine M that works cyclically between a
target mode S and a multimode reservoir R to carry
the entropy from S to R (see Fig. 1). The system
and machine are described through bare Hamiltonians
HS = ω0â†â and HM =∑N

j =1 ωj b̂†
j b̂j with ω1 ≤ · · · ≤ ωN ,

respectively. The protocol consists of several rounds, each
comprising a recharging routine, in which a unitary oper-
ator V acts collectively on S and M , and a thermalizing
routine, in which SM interacts with R via an energy-
preserving unitary U. Before the protocol starts, the state of
SMR is initialized to a Gibbs state τS ⊗ τM ⊗ τR at inverse
temperature β, i.e., τX = e−βHX /tr(e−βHX ), X ∈ {S, M , R}.
Throughout the paper, we adopt units where � = kB = 1.
Because the reservoir is large, it is assumed that it relaxes
to the Gibbs state in every round, while SM can preserve

(a) (c)

(d)(b)

FIG. 1. Continuous-variable heat-bath algorithmic cooling
framework with two routines: recharging and thermalizing. V
denotes the recharging unitary; U1 and � denote the thermalizing
unitary and the full thermalization channel, respectively. (a) The
first round of the most general Gaussian HBAC using N ancil-
las; The optimal recharging routine consists of successive full
SWAP operations, i.e., the single-excitation exchange described
in (c). The output state becomes the input state of the next iter-
ation, ρ

(2)

SM . (b) Example of iterative cooling with non-Gaussian
operations studied in this paper. At the lth recharging routine, the
system interacts with a refreshed machine τM , producing ρ

(l+1)

S
which serves as the input for the next round. The recharging rou-
tine is a p-excitation exchange operation for p ≥ 2 illustrated
in (d).
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its state in the output of the thermalizing routine to the
next round. After the whole process ends, the state of the
machine would be reset to the Gibbs state for later use.
In the Gaussian scenario (Sec. III), we work on the most
generic Gaussian HBAC framework, i.e., the only restric-
tion we consider is that both V and U are Gaussian. It leads
to the fundamental restriction on the cooling limit and
efficiency imposed by Gaussianity. In the non-Gaussian
scenario (Sec. IV), we showcase the advantage of non-
Gaussianity in cooling by considering a specific protocol,
where N = 1, the recharging routine is driven by the multi-
excitation exchange Hamiltonian H (p)

I ∝ âb̂†p + â†b̂p , and
the thermalizing routine is simply full thermalization of the
machine mode [see Fig. 1(b)].

As a prerequisite for evaluating our cooling protocol, we
formalize the definition of temperature for CV quantum
systems. This is necessary because, in general, the out-
put CV state may deviate from the standard Gibbs state.
For a general single-mode state, we introduce the defini-
tions of thermal excitation and effective temperature (see
Definition 1). These metrics provide a consistent frame-
work for assessing our protocol throughout the remainder
of this work.

Definition 1. Let UG
1 denote the set of single-mode

Gaussian unitary operators. The thermal excitation of a
single-mode state ρ1 is

n(ρ1) := min
W∈UG

1

tr(â†âWρ1W†). (1)

From the Bose-Einstein distribution, the corresponding
effective inverse temperature is given by

βeff(ρ1) := 1
ω

ln
n(ρ1) + 1

n(ρ1)
. (2)

The purpose of minimization in Eq. (1) is to exclude
the contribution of displacement and squeezing to the
excitation number, such that the mean excitation num-
ber is caused solely by thermal noises. For a single-
mode Gaussian state ρG, n(ρG) accounts for the ther-
mal excitation contribution to the mean excitation num-
ber n̄(ρG) = tr(â†âρG), aside from the contributions from
squeezing and displacement. Moreover, ρG can be trans-
formed by a Gaussian unitary to the Gibbs state τ̃ (ρG) with
inverse temperature βeff(ρ

G), whose mean photon number
is n(ρG) (see for example, Ref. [30], or Appendix A 1
for a brief proof). Notably, because τ̃ (ρG) is related to
ρG by a Gaussian unitary, the von Neumann entropy
S(ρG) := −tr(ρG ln ρG) and purity P(ρG) := tr[(ρG)2] are
also monotonic on n(ρG). Thus, the thermal excitation
n(ρG) can also be employed as an effective measure
of nonequilibrium or purity of the Gaussian state ρG.
Every non-Gaussian state ρNG has a Gaussian counter-
part ρ̃G(ρNG), such that the first and second moments of

ρNG and ρ̃G(ρNG) coincide. Thus, it is natural to employ
n[ρ̃G(ρNG)] to measure the thermal excitation in ρNG,
which equals to n(ρNG) by Definition 1 [13].

III. COOLING WITH GAUSSIAN OPERATION

A. Limitation of Gaussian cooling

With the preliminaries established in Sec. II, we now
analyze the constraints and limitations inherent to Gaus-
sian cooling protocols. The unitary operations in both
recharging and thermalizing routines are restricted to be
Gaussian in this section, so we first consider the ability of
a multimode Gaussian unitary in minimizing the thermal
excitation in the first mode, and prove the following lemma
(the proof is in Appendix A 2).

Lemma 1. Consider a J -mode system initially in a
Gaussian product state ρJ = ⊗J

j =1ρj . After the action of
a global Gaussian unitary, the minimum of the thermal
excitation of Mode 1 in the output is

min
W∈UG

J

n
(
tr\1(WρJ W†)

) = min
j

n(ρj ), (3)

where UG
J is the set of J -mode Gaussian unitary operators.

Applying Lemma 1 to the scheme of HBAC, we obtain
Theorem 1, which specifies the necessary and sufficient
condition on sub-bath cooling via Gaussian operations.

Theorem 1. By Gaussian HBAC protocols, the effective
inverse temperature of S can reach β∗ = λβ (λ > 1) if and
only if ωN ≥ λω0.

Proof. In our setting, the unitary U in the thermaliz-
ing routine is both Gaussian and energy-preserving. Thus,
the reservoir modes that can exchange energy with the
machine should be resonant with the machine modes. It
means that the frequencies of the effective reservoir modes
are no larger than ωN .

In our generic framework of HBAC, the output state
ρ

(l+1)

SM of SM after the lth iteration is related to ρ
(l)
SM

as ρ
(l+1)

SM = trRl[Wl(ρ
(l)
SM ⊗ τRl)W

†
l ], where Wl = UlV, V

acts on SM , Ul acts on SMRl, and ρ
(1)

SM = τS ⊗ τM [See
Fig. 1(a)]. It follows that after L iterations,

ρ
(L)

S = trMR[W(τS ⊗ τM ⊗ τR)W†], (4)

where τR = ⊗L
l=1τRl is a multimode reservoir composed of

different Gibbs state denoted by τRl , and W = WL · · · W1
is a Gaussian unitary. By Lemma 1, the mean excita-
tion number in the system mode is bounded as n(ρ

(L)

S ) ≥
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minj n(τ (ωj )) = n(τ (ωN )). It follows that the effective
temperature of the system mode satisfies

β∗ = βeff(ρ
(L)

S ) ≤ ωN

ω0
β. (5)

Therefore, for the Gaussian HBAC protocol to reach β∗ =
λβ, it is necessary that ωN ≥ λω0. This proves the “only if”
direction. Conversely, if ωN ≥ λω0, then β∗ can be reached
by setting the recharging routine as V = exp[−iχ(â†b̂N +
âb̂†

N )t] for some proper t. �

This theorem directly implies the necessity of a machine
for sub-bath cooling under Gaussian operations, which is
consistent with the no-go theorem [15] stating that cooling
below the bath temperature via Gaussian thermal opera-
tions is impossible. Our results unveil further restrictions
of Gaussian operations in cooling protocols.

In algorithmic cooling (also known as nonequilibrium
concentration in the context of resource theories), one
starts from J copies of state ρ, applies a joint unitary
U on them, and aims at purifying the output state ρ ′ =
tr\1(Uρ⊗J U†) of the first system, such that S(ρ ′) < S(ρ)

or P(ρ ′) > P(ρ). This task is achievable for J ≥ 3 if ρ

and ρ ′ are qubit states [31], and for J ≥ 2 if ρ and ρ ′ are
d-dimensional (d ≥ 3) systems [32]. In contrast, Lemma
1 indicates that it is impossible to do algorithmic cool-
ing using only Gaussian unitary operations. Precisely, the
rhs of Eq. (3) equals n(ρ) because ρj = ρ, ∀j . Thus, the
thermal excitation of the first mode in the output cannot
be lower than the input. Consequently, it is impossible to
achieve algorithmic cooling using only Gaussian unitary
operations.

As discussed in Sec. II, HBAC with incoherent con-
trol permits only unitary operations that conserve the total
energy. Consequently, the recharging unitary V is con-
strained to be energy-preserving. In this setting, entropy
removal requires two machines with distinct roles. The
colder machine extracts entropy from the system, while
the hotter machine absorbs the excess energy and entropy
generated during cooling. Consequently, the cooling pro-
tocol involves energy-preserving interactions with two
machines—one at an inverse temperature β and the other
at a higher temperature βH < β. Because Gaussian inter-
actions are generated by quadratic Hamiltonians, they are
energy-preserving only when the system mode is resonant
with the machine modes. Under this resonance condition,
Lemma 1 implies that cooling to an inverse tempera-
ture greater than β is impossible. This result stands in
sharp contrast to the discrete-variable case [23], where
incoherent-control HBAC protocols can reach the same
cooling limit as those based on coherent control.

In the PPA-like protocols, the machine consists of two
parts: the reset part, which is refreshed to the Gibbs state
in the thermalizing routine in each round, and the scratch

part, which remains in the same state and thus carries for-
ward memory. For both the qubits case (where the system
is a single qubit and the machine is composed of qubits)
[22] and the arbitrary finite-dimensional case [33], it is
shown that the memory effect of the scratch can provide
an exponential advantage over the memoryless scenario.
On the contrary, Theorem 1 implies that the memory effect
does not improve the cooling limit in the Gaussian setting.
From Theorem 1, when ωN = λω0, the inverse tempera-
ture of the system can at most reach β∗ = λβ by Gaussian
HBAC protocols, which include the PPA-like protocol as a
special case. On the other hand, this limit can be achieved
in one round by simply swapping the states of S and MN in
the recharging routine, which is memoryless. Hence, our
result shows that, in order to exploit the memory effect,
non-Gaussianity in the operations is necessary.

B. Energy efficiency of Gaussian cooling

As shown in the last subsection, the cooling limit can be
achieved within one round. During the recharging routine,
the system and the machine interact via a Gaussian uni-
tary V, and the joint state becomes ρ ′

SM = V(τS ⊗ τM )V†.
During the thermalizing routine, the machine is reset to
the Gibbs state for later use, and hence an amount of heat
Q = tr[HM (ρ ′

M − τM )] is dissipated to the reservoir. Using
the formalism in Ref. [34], the dissipated heat is lower
bounded as

βQ ≥ 	̃SS, (6)

where 	̃SS = S(τS) − S(ρ ′
S) is the decrement of entropy in

the target system. For example, when one bit of informa-
tion is erased, a qubit state is transformed from τS = I/2 to
a pure state ρ ′

S = |0〉〈0|, leading to a decrease in the qubit’s
entropy of 	̃SS = ln 2. Equation (6) then implies that the
dissipated heat Q is lower bounded by kBT ln 2, thereby
recovering the well-known Landauer’s bound [35]. Thus,
Eq. (6) can be viewed as a generalized form of Landauer’s
bound, extending it to scenarios with arbitrary initial and
final states. Further, the difference is usually called the
entropy production and can be calculated as [34]


N (V, HM ) := βQ − 	̃SS = D[ρ ′
M ||τM ] + IS:M (ρ ′

SM ),
(7)

where IS:M is the mutual information and D[·‖·] is the rel-
ative entropy. A lower value of 
N (V, HM ) indicates a
higher efficiency of the protocol. The efficiency is maxi-
mized when 
N (V, HM ) = 0. In this limit, all redundant
heat vanishes, and the dissipated heat reaches its lower
bound, i.e., βQ = 	̃SS. In the following, we derive the
optimal Gaussian unitary V in the recharging routine and
the optimal spectrum ω1, . . . , ωN−1 of the machine, such
that 
N (V, HM ) reaches the minimum for given N . For an
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arbitrary choice of the spectrum of the machine, the fol-
lowing theorem identifies successive bimode swaps as the
most efficient unitary in the recharging routine. The proof
is given in Appendix A 3.

Theorem 2. For any choice of ω1, . . . , ωN−1, among
all the protocols that can achieve the cooling limit β∗ =
(ωN /ω0)β, the most efficient unitary in the recharging
routine is

V∗ := arg min
V∈UG

N+1


N (V, HM )

= SWAP(S, MN ) ◦ · · · ◦ SWAP(S, Mj0), (8)

where SWAP(·, ·) is the unitary which swaps the states of
two modes, j0 is the minimum index such that ωj0 > ω0.
Besides, the minimum entropy production reads


∗
N (HM ) = D[τ(ω0)‖τ(ωj0)] +

N∑

j =j0+1

D[τ(ωj −1)‖τ(ωj )],

(9)

where τ(ωj ) = (1 − e−βωj )
∑∞

n=0 e−nβωj |n〉〈n| is the
Gibbs state of a harmonic oscillator with frequency ωj and
inverse temperature β.

Prior to this result for general Gaussian cooling pro-
tocols, to the best of our knowledge, the most efficient
recharging unitary had been tackled analytically only for
the collisional cooling for qubits [25] where the system is
a single qubit, the machine consists of N qubits, and the
system qubit interacts successively with machine qubits,
one at a time and each qubit only once.

Clearly, the machine modes with ωj ≤ ω0 do not play
any role in improving the cooling limit or energy effi-
ciency. Therefore, for the purpose of optimizing 
∗

N (HM )

for a given N , one should set ω1 > ω0. With this, Eq. (9)
can be rewritten as


∗
N (HM ) =

N∑

j =1

D[τ(ωj −1)‖τ(ωj )]

=
N∑

j =1

(n̄j −1 + 1) ln
n̄j + 1

n̄j −1 + 1
+ n̄j −1 ln

n̄j −1

n̄j
,

(10)

where n̄j := n̄(τ (ωj )) = 1/(eβωj − 1). Next, we focus on
optimizing the entropy production over the machine spec-
trum ω1, . . . , ωN−1,


∗∗
N = min

ω1,...,ωN−1

∗

N (HM ). (11)

We verify that ∂2
∗
N (HS)/∂ n̄2

j = (n̄j −1/n̄2
j )− ((n̄j −1 + 1)/

((n̄j + 1)2)) + (1/n̄j (n̄j + 1)) > 0 for n̄j −1 ≥ n̄j , and

FIG. 2. Plot of minimum heat dissipation 
∗∗
N as the func-

tion of as a function of the cooling ratio λ = β∗/β. Here,
λ defines the target inverse temperature relative to the initial
one. The initial mean excitation number is fixed at n0 = 10,
corresponding to the normalized effective inverse temperature
βω0 = ln(11/10) ≈ 0.0953. For each λ, 
∗∗

N is optimized over
the energy gap of N = 1, 2, 4 machine modes. We observe that
heat dissipation increases as the cooling demand increases (larger
λ) for a fixed number of machine modes. However, introducing
additional machine modes significantly reduces this dissipation.

hence, 
∗
N (HS) is a strictly convex function of n̄1, . . . , n̄N−1

for n̄0 ≥ n̄1 ≥ · · · ≥ n̄N−1 ≥ n̄N . Therefore, the minimum
of 
∗

N (HS) is reached if and only if ∂
∗
N (HS)/∂ n̄j = 0,

which gives

gj +1 − gj = (egj −gj −1 − 1) · 1 − e−gj

1 − e−gj −1
,

j = 1, . . . , N − 1, (12)

where we define βωj = gj (j = 0, . . . , N ) for convenience,
and g0 and gN are the boundary conditions. Equation (12)
can be solved numerically and plotted in Fig. 2, see also
Fig. 5 in Appendix A 3. For a finite number of machine
modes N , we observe a substantial reduction in heat
dissipation as N increases. In particular, the dissipation
decreases by more than half with the introduction of just
one additional machine mode (N = 2).

In the limit where N is large, such that (gj − gj −1)
kN 2 is

infinitesimal for k ≥ 3, Eq. (12) can be solved analytically
as

g∗
j = 2 ln

{

− coth
[

j
2N

ln tanh
gN

4
+ N − j

2N
ln tanh

g0

4

]}

.

(13)

Therefore, the optimal entropy production for large N
reads


∗∗
N�1 = 1

2N

[
1
2

ln
tanh(βωN /4)

tanh(βω0/4)

]2

+ o
(

1
N 2

)

. (14)
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The details of the calculation can be found in
Appendix A 3.

Equation (14) shows that the entropy production 
∗∗
N

converges to zero in the limit N → ∞, demonstrating
that the generalized Landauer’s bound in Eq. (6) can be
approached when the time cost diverges, which is consis-
tent with the result in Ref. [24]. Besides, Eq. (14) scales as
1/N . Building on Ref. [25], which establishes 1/N scaling
for optimal entropy production in collisional models for
finite-dimensional systems, we extend this finding to the
continuous-variable regime. Furthermore, since our opti-
mization is over both the genuine multipartite Gaussian
unitary operators and the spectrum of the machine, Eq. (14)
actually gives the general and reachable lower bound of
dissipated energy in Gaussian cooling for given ω0, ωN ,
and N � 1. Our result shows that the collective advantage
[36] disappears when the Gaussian condition is imposed,
complementing the result for thermodynamics length [37],
where the continuous time evolution of a system is stud-
ied. Our results show that Gaussian HBAC cannot surpass
the 1/N convergence rate toward the generalized Landauer
limit, thus offering no collective advantage. This limita-
tion arises because Gaussian operations lack the strong
nonlocal, long-range interactions required for collective
enhancement [36]. This observation also complements the
findings on thermodynamic length in classical Gaussian
dynamics [37].

IV. COOLING WITH NON-GAUSSIAN
OPERATION

A. Single-shot cooling

In this section, we investigate the cooling enhancement
offered by p-excitation exchange operation induced by the
interacting Hamiltonian H (p)

I (χ) = χ(âb̂†p + â†b̂p) with
p ∈ {1, 2, 3, . . .}. The case p = 1 corresponds to a beam-
splitter-type interaction which yields the optimal recharg-
ing routine among all Gaussian operations. For p ≥ 2, the
dynamics become non-Gaussian and are realizable through
multimode mixing in experiments [38,39]. In particular,
the quantum absorption refrigeration [13,40], which relies
on three-wave mixing, has been demonstrated in trapped-
ion systems [14]. A recent implementation of autonomous
quantum refrigerator is also reported in superconducting
qubit [41].

Specifically, we consider a single-mode system and
machine, each initialized in a Gibbs state (τS and τM ) at
inverse temperature β. Their bare Hamiltonian is H0 =
ω0â†â + ω1b̂†b̂. The system and the machine then inter-
act through the unitary V(p)(t) = exp(−iH (p)t) generated
by H (p) = H0 + H (p)

I (χ). Obtaining a closed analytical
expression for the exact total excitation under this nonlin-
ear interaction is extremely challenging. As a result, earlier
works have either focused on short-time dynamics with

coherent or Fock initial states [42], or relied on effective
long-time equilibration toward a steady state. In our work,
we follow the short-time approach but consider the more
realistic case in which the initial states are Gibbs states.
Now, the single-shot cooling operation is defined as

Et(τS) = trM
[
V(p)(t) (τS ⊗ τM ) V(p)†(t)

]
. (15)

In the Heisenberg picture, the mean excitation number of
the system evolves as

n̄S(t) = tr
[
τSE†

t (n̂S)
]

, (16)

where n̂S = â†â and E†
t (n̂S) = trM

[
(I ⊗ √

τM )V(p)†(t)
(n̂S ⊗ I)V(p)(t)(I ⊗ √

τM )
]
. In the χ t � 1 limit, the mean

excitation number is approximated as (see Appendix B 1)

n̄S(t) ≈ n̄S − χ2t2
[
(1 + n̄M )p n̄S − n̄p

M (1 + n̄S)
]

p!, (17)

where n̄S := n̄S(0) and n̄M := n̄M (0) are the initial mean
excitation numbers of the system and machine, respec-
tively. After a p-excitation exchange, the transient state of
the system is no longer in the form of a Gibbs state. Never-
theless, as we show in Appendix B 1, the thermal excitation
of ρ ′

S(t) = Et(τS) equals to its mean excitation number, i.e.,
n(ρ ′

S(t)) = n̄S(t). Henceforth, we employ n̄S(t) to quantify
the cooling performance. If n̄S(t) < n̄S for χ t � 1, we say
that the system is cooled beyond its initial temperature,
i.e., βeff(ρ

′
S(t)) > β. The necessary and sufficient condi-

tion for sub-bath cooling with the p-excitation exchange
Hamiltonian is given by the following theorem.

Theorem 3. Under a single-shot p-excitation exchange
cooling operation Et with χ t � 1, the necessary and suffi-
cient condition for sub-bath cooling is pω1 > ω0.

Proof. From Eq. (17), the sub-bath cooling n̄S(t) < n̄S
is equivalent to χ2t2

[
(1 + n̄M )p n̄S − n̄p

M (1 + n̄S)
]

p! > 0,
which gives

n̄S >
n̄p

M

(1 + n̄M )p − n̄p
M

. (18)

Because (1 + n̄M )/n̄M = eβω1 , the right-hand side is equal
to 1/(eβpω1 − 1). From n̄S = 1/(eβω0 − 1), Eq. (18) holds
if and only if pω1 > ω0. �

We find that requirement of the machine frequency in
Theorem 3, ω1 > ω0/p is less restrictive than the one in
Theorem 1, ω1 > ω0. This implies that cooling with a
machine whose frequency is equal to or lower than the
system frequency is possible for V(p)(t) with p ≥ 2. In
Fig. 3, we give an example of cooling with V(2)(t) for
three initial conditions n̄S < n̄M , n̄S = n̄M , n̄S > n̄M . We
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FIG. 3. Plot of n̄S(t), n̄M (t) with initial condition (from left to right) n̄S < n̄M , n̄S = n̄M , n̄S > n̄M . The orange (teal) solid line
indicates n̄S(t) (n̄M (t)). The dashed line indicates the initial mean excitation number where n̄S = 2, n̄M = 1.5, 2.0, 2.5.

show that sub-bath cooling is possible even in the cases of
n̄S < n̄M (ω1 < ω0), n̄S = n̄M (ω1 = ω0), where Gaussian
cooling fails. For the case of n̄S > n̄M (ω1 > ω0), the sys-
tem’s mean excitation drops beyond the machine’s mean
excitation for χ t � 1 and

t > tc = 1
χ

√
n̄S − n̄M

[
(1 + n̄M )p n̄S − n̄p

M (1 + n̄S)
]

p!
. (19)

The lower bound of the cooling condition in Theorem
3 corresponds to the resonance condition ω0 = pω1, under
which the p-excitation exchange interaction V(p) becomes
energy preserving. In this resonant regime, no cooling
enhancement is possible. Thus, Theorem 3 generalizes
the previously known no-cooling condition for cooling
through trilinear Hamiltonian [13] to arbitrary p-excitation
exchange processes.

B. Iterative cooling

In the previous subsection, we showed that V(p)(t) pro-
vides a cooling advantage in the short-time regime. We
now investigate the cooling behavior when this operation
is applied repeatedly. Within the HBAC framework, we
iterate the recharging step V(p)(t), followed by full ther-
malization of the machine for L rounds [see Fig. 1(b)]. In
each round, the system interacts with a refreshed machine
τM with a fixed machine gap for the same short duration
χ t � 1. Since Et is a dissipative channel, the system state
converges to a steady state after sufficiently many itera-
tions. To determine whether this steady state is thermal,
we evaluate the thermal Fano factor [13]. We find that it
approaches zero in the large-L limit, indicating that the
steady state converges to a Gibbs state (see Appendix B 3).
Thus, in the asymptotic limit, the repeated action of Et
maps any initial Gibbs state to another Gibbs state, while
allowing for nonequilibrium dynamics during intermedi-
ate iterations. Since the steady state in the large-L limit is
thermal, its temperature can be characterized entirely by
its mean excitation. Using this fact, we derive the HBAC
cooling limit for the p-excitation exchange operation.

Theorem 4. In the large L limit, the Markovian colli-
sional model governed by the unitary interaction V(p)(t)
maps a Gibbs state to another Gibbs state. The asymptotic
effective inverse temperature can reach β∗ = (ω1/ω0)pβ.

Proof. The mean excitation number after L iterations
for p-excitation exchange is given by

n̄(L)

S = tr

⎡

⎣τS E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
L times

(n̂S)

⎤

⎦ . (20)

From this, we derive the closed-form expression of the
mean excitation number after L iterations of cooling as (see
Appendix B 2)

n̄(L)

S ≈ n̄(0)

S (1 − a)L + b
1 − (1 − a)L

a
, (21)

where a = χ2t2[(1 + n̄M )p + n̄p
M ]p! and b = χ2t2n̄p

M p!. In
the large-L limit, the mean excitation approaches

n̄(∞)

S := lim
L→∞

n̄(L)

S = 1
epβω1 − 1

, (22)

which saturates to the minimum allowed mean excita-
tion of the system for sub-bath cooling. Hence, it cannot
be reduced even further by p-excitation interaction from
Theorem 3. Besides, because the asymptotic state of the
system is a Gibbs state, we have n̄(∞)

S = 1/(eβ∗ω0 − 1).
Equation (22) then implies β∗ = (ω1/ω0)pβ. �

Theorem 4 highlights that the chain of non-Gaussian
collisions Et achieves the cooling limit equivalent to a
single excitation Gaussian exchange with a machine pos-
sessing a p-fold increased energy gap [see Fig. 1(d)]. With
increasing nonlinearity p , not only does the asymptotic
mean excitation decreases exponentially, but the conver-
gence rate toward the asymptotic mean excitation is also
increased by (p!)-fold (see Fig. 4). For p = 1, we recover
n̄(∞)

S = n̄M . Since only single-excitation exchanges are
permitted, the energy exchange per interaction is lim-
ited. This agrees with our previous result that the most
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FIG. 4. The time evolution of n̄(L)

S := n̄(Lt) under iterative
cooling for L = 1, 2, 3, . . . , 2 × 104 and t = 5 × 10−3 s. Within
each iteration, the collisional channel is governed by the p-
excitation exchange operation. Initially, n̄(0)

S = 2, and n̄(0)
M = 1.5.

In the large L limit, the minimum achievable mean excitation sat-
urates to Eq. (22), indicated by the dashed line. As p-nonlinearity
increases, the minimum mean excitation decreases. For p ≥ 2,
the asymptotic mean excitation decreases below n̄(0)

M .

optimal Gaussian recharging operation fails to surpass
the limit β∗ = (ω1/ω0)β. For p ≥ 2; however, the p-
excitation exchange Hamiltonian allows multiple quanta to
be transferred in a single interaction. This accelerates the
cooling process, enabling the system temperature to con-
verge more rapidly and decrease by a factor of p . Since
higher p-nonlinearity implies stronger non-Gaussianity,
the observed p-fold cooling enhancement emphasizes that
non-Gaussianity is a key resource for surpassing the cool-
ing limits imposed by Gaussian dynamics.

V. CONCLUSION

In this paper, we have investigated the fundamental
cooling limits of multimode Gaussian operations and the
cooling advantage offered by a specific non-Gaussian oper-
ation, the p-excitation exchange operation. Optimizing
over all Gaussian protocols, we prove that the most opti-
mal cooling strategy is successive SWAP operations with
machine modes of increasingly larger energy gaps. Since
SWAP interactions exchange only a single excitation per
round, Gaussian protocols are intrinsically limited in the
control complexity required for more energy extraction
during the recharging routine. Consequently, Gaussian
operations cannot cool a target system when the avail-
able machine modes have gaps that are equal to or smaller
than the system’s. This limitation rules out nonequilib-
rium concentration, excludes any cooling advantage from
incoherent Gaussian control, and shows that Gaussian
protocols gain no benefit from memory effects. Beyond
single-excitation exchange, we demonstrate that the p-
excitation exchange yields a p-fold cooling enhancement.
This improvement arises from genuine non-Gaussianity,

which leverages increased control complexity to extract
more energy. The experimental realization of higher-order
p-excitation is challenging, but has been demonstrated in
superconducting circuits [41,43] and trapped ions [14].

In the future work, the cooling efficiency of the p-
excitation exchange operation and the corresponding col-
lective advantage remain to be established. The potential
of memory effects induced by the p-excitation exchange
to further enhance cooling will be also addressed in the
future.
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APPENDIX A: APPENDICES FOR GAUSSIAN
COOLING

1. Preliminaries: Gaussian states and Gaussian
unitary operations

Consider a J -mode bosonic system, whose Hamilto-
nian is written as H =∑J

j =1 ωj â†
j âj , where âj , â†

j , and
ωj are the annihilation and creation operators, and the
frequency of the j th mode. A Gaussian state of this
system is fully characterized by its first and second
moments defined as rj = r∗

j +J = 〈âj 〉 for j = 1, . . . , J
and Mj ,k = Mk+J ,j +J = 1

2 〈{âj , â†
k}〉 − 〈âj 〉〈â†

k〉, Mj ,k+J =
M∗

j +J ,k = 1
2 〈{âj , âk}〉 − 〈âj 〉〈âk〉 for j , k = 1, . . . , J , respe-

ctively. Accordingly, the first moment vector r and the
second moment matrix M can be written as

r =
(�α∗

�α
)

, M =
(

μ∗ ν

ν∗ μ

)

, (A1)

where �α is a J -dimensional vector and μ and ν are J × J -
dimensional matrices that are Hermitian and symmetric,
respectively. Moreover, the second moment must obey the
uncertainty principle, which corresponds to M + Z ≥ 0
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with a 2J × 2J matrix

Z := 1
2

(
I 0
0 −I

)

,

where I is the identity matrix. With this, the mean excita-
tion number n̄j := 〈â†

j âj 〉 can be written as

n̄j = |αj |2 + μjj − 1
2

. (A2)

As an example, a single-mode Gibbs state with mean exci-
tation number n̄ can be described by r = 0, μ = n̄ + 1

2 , and
ν = 0.

In this representation, a J -mode Gaussian unitary oper-
ations is described by a 2J -dimensional vector d =
(�α∗

d �αd
)T and a 2J × 2J unitary matrix

G =
(

C∗ S
S∗ C

)

satisfying GZG† = Z, or equivalently,

CC† − (SS†)∗ = I, (SC†)T = SC†. (A3)

which acts on the first and second moments as r → Gr + d
and M → GMG†. It is directly checked that | det(G)| = 1
and further det(GMG†) = det(M), i.e., the determinant of
the second moment does not change under the action of
Gaussian unitary operations.

In the following, we will use the tuple (d, C, S)

to represent a multimode Gaussian unitary opera-
tion. For example, a displacement is described by
(d, G = I); a passive unitary, which is composed
of phase-shifters and beam-splitters, is described by
d = 0, S = 0, and a unitary matrix C; a phase
shifter further requires C = diag(e−iφ1 , . . . , e−iφJ ). For
single-mode squeezing acting on each mode, d =
0, C = �C = diag(cosh r1, . . . , cosh rJ ), and S = �S =
diag(sinh r1, . . . , sinh rJ ). With this, some known results
can be inferred directly. For example, Eq. (A3) implies that
the singular value decompositions of C = WC�CV†

C and
S = WS�SV†

S should satisfy WC = W∗
S, VC = VS, and

�2
C − �2

S = I. It follows that any G in a Gaussian unitary
can be decomposed as G = Gps2GsqGps1 , where

Gsq =
(

�C �S
�S �C

)

describes a single-mode squeezing, Gps1 = V†∗
C ⊕ V†

C and
Gps2 = W∗

C ⊕ WC are passive unitary operators. This
immediately leads to the well-known result that any Gaus-
sian unitary is decomposable as passive unitaries, single-
mode squeezings, and displacements.

Besides, consider a single-mode Gaussian state ρG

with first and second moments (α, μ, ν). It can be trans-
formed to a Gibbs state τ(ρG) with μ′ =

√
μ2 − |ν|2 =√

det(M) by a single-mode Gaussian unitary composed
of a displacement by −α, a phase shifter with φ =
− 1

2 arg(ν), and a squeezing with r = − 1
2 arg tanh |ν|/μ.

It follows that n̄(ρG) = |α| + μ − 1
2 ≥ √

det(M) − 1
2 =

n̄[τ(ρG)]. Hence, the thermal excitation in ρG is n(ρG) =
n̄[τ(ρG)] from the definition.

The representation based on {âj , â†
j } described above

will be employed to simplify the proofs of our results. It
is equivalent to the more widely used representation based
on {x̂j = 1√

2
(âj + â†

j ), p̂j = 1/i
√

2(âj − â†
j )} by a simple

transformation.
Next we will focus on the ability of multimode Gaus-

sian unitary operations in manipulating the mean number
of excitations in each mode. Lemma A1 below will be used
in our proof of Lemma A2.

Lemma A1. Let L be a J × J matrix satisfying LL† ≥ I,
and O be a completely positive semidefinite matrix of the
same dimension. The eigenvalues of O in the descending
order are labeled as o↓

j , while the eigenvalues of LOL† in
the descending order are labeled as o′↓

j . Then for all j , the
following relation holds

o′↓
j ≥ o↓

j . (A4)

Let {o′′
j } be the diagonal elements of LOL†, and then

J∑

j =k

o′′
j ≥

J∑

j =k

o↓
j , k = 1, . . . , J . (A5)

Proof. By the Courant–Fischer–Weyl min-max princi-
ple, the eigenvalues λ

↓
j (where ↓ indicates the descending

order) of a Hermitian matrix Q can be calculated as

λ
↓
j = max

M∈H
dim(M)=j

min
|x〉∈M
〈x|x〉=1

〈x|Q|x〉, (A6)

where H is the Hilbert space on which Q acts.
From LL† ≥ I, we have ‖L†|x〉‖2 = 〈x|LL†|x〉 ≥ 1 for

any normalized vector |x〉. Defining |xL〉 = L†|x〉/‖L†|x〉‖,
we then obtain

〈x|LOL†|x〉 = 〈xL|O|xL〉 · ‖L†|x〉‖2 ≥ 〈xL|O|xL〉. (A7)

Besides, L is full-rank, so for any j -dimensional space
M, ML ≡ {L†|x〉∣∣|x〉 ∈ M} is also j -dimensional. It fol-
lows that for any normalized vector |x〉 ∈ M, there is a
normalized vector |xL〉 ∈ ML, such that Eq. (A7) holds.
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Therefore, for any j -dimensional space M, there is a
j -dimensional space ML such that

min
|x〉∈M
〈x|x〉

〈x|LOL†|x〉 ≥ min
|xL〉∈ML〈xL|xL〉

〈xL|O|xL〉. (A8)

It follows immediately that

o′↓
j = max

M∈H
dim(M)=j

min
|x〉∈M
〈x|x〉

〈x|LOL†|x〉

≥ max
ML∈H

dim(ML)=j

min
|xL〉∈ML〈xL|xL〉

〈xL|O|xL〉 = o↓
j . (A9)

Further, Eq. (A5) is obtained by recalling that the diago-
nal elements {o′′

j } and the eigenvalues {o′↓
j } of LOL† are

related as
∑J

j =k o′′
j ≥∑J

j =k o′↓
j . �

Lemma A2. Consider a system consisting of J inde-
pendent harmonic oscillators with frequency ω1, . . . , ωJ
and initially in the Gibbs state at inverse temperature β.
The mean excitation number of the j th mode is n̄j =
1/(eβωj − 1). Under any Gaussian unitary (d, C, S), the
mean excitation number n̄′

l in the output satisfies

J∑

j =k

n̄′
j ≥

J∑

j =k

n̄↓
j , ∀k = 1, . . . , J , (A10)

where {n̄↓
j } is {n̄j } in the descending order. The equali-

ties are saturated for all k when d = 0, S = 0 and C is a
permutation which puts n̄j in the descending order.

This lemma is related to Lemma 1 in Ref. [45], where
the relation between the diagonal elements and the sym-
plectic eigenvalues of a covariant matrix has been demon-
strated. Here we are more interested in the conversion
of the mean excitation numbers of each mode under the
action of a multimode Gaussian unitary operation. For
completeness, we provide our comparably simpler proof.

Proof. Because the system is initially in the Gibbs
state at inverse temperature β, the second moment of the
J -mode initial state is in the following form:

μ = diag(μ1, . . . , μJ ), ν = 0, (A11)

where μj = n̄j + 1
2 , and n̄j = 1/(eβωj − 1) is the mean

excitation number of the j th mode. After a joint Gaussian

unitary G, the second moment becomes

μ′ = CμC† + S∗μS∗†, (A12)

ν ′ = C∗μS∗† + SμC†. (A13)

The second moment of the j th mode is then calculated as

μ′
j =

∑

j ′
(|Cjj ′ |2 + |Sjj ′ |2)μj ′ , (A14)

ν ′
j = 2

∑

j ′
C∗

jj ′Sjj ′μj ′ . (A15)

It follows that for all k = 1, . . . , J ,

J∑

j =k

μ′
j =

J∑

j =k

J∑

j ′=1

(|Cjj ′ |2 + |Sjj ′ |2)μj ′

≥
J∑

j =k

J∑

j ′=1

|Cjj ′ |2μj ′ =
J∑

j =k

μ′′
j , (A16)

where {μ′′
j } are the diagonal elements of the matrix CμC†.

From Eq. (A3), CC† ≥ I. It follows from Lemma A1
that

∑J
j =k μ′′

j ≥∑J
j =k μ

↓
j for all k = 1, . . . , J , and then

∑J
j =k μ′

j ≥∑J
j =k μ

↓
j . Recalling that n̄′

j ≥ μ′
j − 1

2 is the
mean excitation number of the j th mode in the output, and
n̄↓

j = μ
↓
j − 1

2 is the mean excitation number in the input,
we arrive at Eq. (A10). It is noted that the left-hand side
means the summation of the mean excitation numbers of
arbitrary k modes in the output. �

2. The cooling limit of the Gaussian HBAC

Two consequences of Lemma A2 are observed. The first
is Lemma 1 in the main text, which we restated below.

Lemma A3. Consider a J -mode system initially in a
Gaussian product state ρJ = ⊗J

j =1ρj . After the action of
a global unitary, the minimum of the thermal excitation of
Mode 1 in the output is

min
W∈UG

J

n
(
tr\1(WρJ W†)

) = min
j

n(ρj ), (A17)

where UG
J is the set of J -mode Gaussian unitary operators.

Proof. From ρj = Wj τ(ρj )W
†
j , n(ρj ) = n̄[τ(ρj )], and

the definition of the thermal excitation, we have for all
J -mode Gaussian unitary W, it holds that
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n
(
tr\1(WρJ W†)

) = min
W̃1∈UG

1

n̄
(

W̃1tr\1(W(⊗J
j =1Wj )(⊗J

j =1τ(ρj ))(⊗J
j =1W†

j )W
†)W̃†

1

)

= n̄
[
tr\1

(
W̄(⊗J

j =1τ(ρj ))W̄†
)]

≥ min
j

n̄[τ(ρj )] = min
j

n(ρj ), (A18)

where W̄ = ˜̄W1W(⊗J
j =1Wj ) and ˜̄W1 is the single-mode

Gaussian unitary that saturate the minimization in the first
line. The equality is saturated by choosing W to be a swap
between the first mode and the mode with the minimum
thermal excitation. This completes the proof. �

3. The most efficient protocols of Gaussian HBAC

The second consequence of Lemma A2 is the following.

Lemma A4. Consider a J -mode Gibbs state τ = ⊗J
j =1τj

with the mean excitation number of each mode in the
descending order {n̄↓

j }, and a J -mode Gaussian state ρ =
UGτUG† obtained from τ via a Gaussian unitary UG with
the mean excitation numbers n̄ρ

j = tr(ρâ†
j âj ). Let �K =

(K1, . . . , KJ ′) (J ′ ≤ J ) be a real vector with its elements in
the increasing order. If n̄ρ

1 = n̄↓
J , . . . , n̄ρ

J−J ′ = n̄↓
J ′+1, then

J ′
∑

j =1

Kj n̄ρ

J−J ′+j ≥
J ′
∑

j =1

Kj n̄↓
j . (A19)

The equality is saturated when n̄ρ

J−J ′+j = n̄↓
j for j =

1, . . . , J ′.

Proof. For J ′ = J , we have

J∑

j =1

Kj n̄ρ
j =

J∑

j =1

Kj

⎛

⎝
J∑

l=j

n̄ρ

l −
J∑

l=j +1

n̄ρ

l

⎞

⎠

= K1

J∑

l=1

n̄ρ

l +
J∑

j =2

(Kj − Kj −1)

J∑

l=j

n̄ρ

l

≥ K1

J∑

l=1

n̄↓
l +

J∑

j =2

(Kj − Kj −1)

J∑

l=j

n̄↓
l

=
J∑

j =1

Kj n̄↓
j . (A20)

In the third line, we have used Lemma A2. The equality is
saturated when n̄ρ

j = n̄↓
j for all j .

For J ′ < J , define �K ′ such that K ′
j = Kj for j =

1, . . . , J ′, and K ′
J ′ ≤ K ′

J ′+1 ≤ · · · ≤ K ′
J−1 ≤ K ′

J . It follows

that

J ′
∑

j =1

Kj n̄ρ

J−J ′+j =
J ′
∑

j =1

K ′
j n̄ρ

J−J ′+j +
J∑

j =J ′+1

K ′
j n̄ρ

J−j +1

−
J∑

j =J ′+1

K ′
j n̄ρ

J−j +1

=
J∑

j =1

K ′
j n̄ρ′

j −
J∑

j =J ′+1

K ′
j n̄↓

j

≥
J∑

j =1

K ′
j n̄↓

j −
J∑

j =J ′+1

K ′
j n̄↓

j =
J ′
∑

j =1

K ′
j n̄↓

j .

(A21)

where ρ ′ is a Gaussian state related to ρ as n̄ρ′
j = n̄ρ

J−J ′+j

for j = 1, . . . , J ′ and n̄ρ′
j = n̄ρ

J−j +1 for j = J ′ + 1, . . . , J .
�

Now we are ready to present Theorem 2 in the main text
and its proof.

Theorem A1. For any choice of ω1, . . . , ωN−1, among
all the protocols which can achieve the cooling limit β∗ =
(ωN /ω0)β, the most efficient unitary in the recharging
routine is

V∗ := arg min
V∈UG

N+1


N (V, HM )

= SWAP(S, MN ) ◦ · · · ◦ SWAP(S, Mj0), (A22)

where SWAP(·, ·) is the unitary which swaps the states of
two modes, j0 is the minimum index such that ωj0 > ω0.
Besides, the minimum entropy production reads


∗
N (HM ) = D[τ(ω0)‖τ(ωj0)] +

N∑

j =j0+1

D[τ(ωj −1)‖τ(ωj )],

(A23)

where τ(ωj ) = (1 − e−βωj )
∑∞

n=0 e−nβωj |n〉〈n| is the
Gibbs state of a harmonic oscillator with frequency ωj and
at inverse temperature β.
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Proof. The initial states of the system and the machine
are τS = τ(ω0) and τM = ⊗N

j =1τ(ωj ), respectively, and the
final state of the system is ρ ′

S = τ(ωN ). With this, we
have

IS:M (ρ ′
SM ) = S(ρ ′

S) + S(ρ ′
M ) − S(ρ ′

SM )

= S(τ (ωN )) + S(ρ ′
M ) − S(τS ⊗ τM )

= S(ρ ′
M ) −

N−1∑

j =0

S(τ (ωj )). (A24)

It follows that


N (U, HM ) = −tr(ρ ′
M ln τM ) − S(ρ ′

M ) + IS:M (ρ ′
SM )

= −tr(ρ ′
M ln(⊗N

j =1τ(ωj ))) −
N−1∑

j =0

S(τ (ωj ))

= −
N∑

j =1

tr(ρ ′
j ln τ(ωj )) −

N−1∑

j =0

S(τ (ωj )),

(A25)

where ρ ′
j = tr\j (ρ

′
M ). Let n̄j := tr(τ (ωj )a

†
j aj ) and n̄′

j =
tr(ρ ′

j a†
j aj ) be the mean excitation number of τ(ωj ) and ρ ′

j ,

respectively. Recalling that τ(ωj ) =∑∞
l=0(n̄

l
j /(n̄j + 1)l+1)

|l〉〈l|, we have

−
N∑

j =1

tr(ρ ′
j ln τ(ωj ))

=
N∑

j =1

∞∑

l=0

〈l|ρ ′
j |l〉[(l + 1) ln(n̄j + 1) − l ln n̄j ]

=
N∑

j =1

∞∑

l=0

l〈l|ρ ′
j |l〉 ln

n̄j + 1
n̄j

+
N∑

j =1

ln(n̄j + 1)

=
N∑

j =1

n̄′
j ln

n̄j + 1
n̄j

+
N∑

j =1

ln(n̄j + 1)

= β

N∑

j =1

n̄′
j ωj +

N∑

j =1

ln(n̄j + 1). (A26)

By setting J = N + 1, J ′ = N , �K = {ω1, . . . , ωN }, {n̄ρ
j } =

{n̄′
0, n̄′

1, . . . , n̄′
N }, and {n̄↓

j } = {n̄1, . . . , n̄j0−1, n̄0, n̄j0 , . . . , n̄N }
in Lemma A4, because n̄′

0 = n̄N , we have

N∑

j =1

n̄′
j ωj ≥

j0−1∑

j =1

n̄j ωj + n̄0ωk +
N∑

j =j0+1

n̄j −1ωj , (A27)

where the equality is saturated when the system successively swap its state with the j th mode in the machine (j =
j0, . . . , N ). Combining Eqs. (A25)–(A27) together, we obtain


∗
N (HM ) = β

⎡

⎣
j0−1∑

j =1

n̄j ωj + n̄0ωk +
N∑

j =j0+1

n̄j −1ωj

⎤

⎦+
N∑

j =1

ln(n̄j + 1) −
N−1∑

j =0

S(τ (ωj ))

= β

⎡

⎣n̄0ωk +
N∑

j =j0+1

n̄j −1ωj

⎤

⎦+
N∑

j =j0

ln(n̄j + 1) − S(τ (ω0)) −
N∑

j =j0+1

S(τ (ωj −1))

= D[τ(ω0)||τ(ωk)] +
N∑

j =j0+1

D[τ(ωj −1)||τ(ωj )]. (A28)

�

In the limit where N is large, such that (gj − gj −1)
kN 2 is infinitesimal for k ≥ 3, from Eq. (12), we have the following:

gj +1−gj
1/N − gj −gj −1

1/N

1/N

=
(

1
1/N

)2 [

(egj −gj −1 − 1) · 1 − e−gj

1 − e−gj −1
− (gj − gj −1)

]

=
(

1
1/N

)2 [

(gj − gj −1) ·
(

1 − e−gj

1 − e−gj −1
− 1
)

+
(

1
2
(gj − gj −1)

2 + 1
3!

(gj − gj −1)
3 + . . .

)

· 1 − e−gj

1 − e−gj −1

]
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=
(

1
1/N

)2 [

(gj − gj −1) · 1 − egj −1−gj

egj −1 − 1
+
(

1
2
(gj − gj −1)

2 + 1
3!

(gj − gj −1)
3 + . . .

)

· egj −1 − egj −1−gj

egj −1 − 1

]

=
(

gj − gj −1

1/N

)2

· egj −1 + 1
2(egj −1 − 1)

+ o[N 2(gj − gj −1)
3]. (A29)

When gj is approximately continuous, let t = j /N , dt =
1/N and gj = g(t). The above equality reduces to

g̈ = ġ2 · egj −1 + 1
2(egj −1 − 1)

. (A30)

This equation can be easily solved, and we obtain the
following optimal spectrum of the machine:

g∗
t = 2 ln

{

− coth
[

t
2

ln tanh
gN

4
+ 1 − t

2
ln tanh

g0

4

]}

,

(A31)

or in the discrete form

g∗
j = 2 ln

{

− coth
[

j
2N

ln tanh
gN

4
+ N − j

2N
ln tanh

g0

4

]}

.

(A32)

Therefore, the optimal entropy production for large N
reads


∗
N�1 = 1

2N

[
1
2

ln
tanh(βωN /4)

tanh(βω0/4)

]2

+ o
(

1
N 2

)

. (A33)

We find that the numerical solutions of the cooling tra-
jectory and the corresponding entropy production for finite

N begin to deviate from the large-N limit when target-
ing very low mean excitations, on the order of 10−5 (see
Fig. 5). For moderate cooling targets with mean excita-
tions around 10−2, the deviation from the large-N behavior
becomes negligible. In such cases, one can get minimized
entropy production by using solution that sampled from N
equally spaced points along the analytical trajectory given
in Eq. (A33).

APPENDIX B: APPENDIXES FOR
NON-GAUSSIAN COOLING

1. Evolution of mean excitation number under
Heisenberg picture

The mean excitation number of target after single oper-
ation of V(p)(t) is given by

n̄S(t) = tr
[
V(p)(t)(ρS ⊗ ρM )V(p)†(t)(n̂S ⊗ I)

]

= tr
[Et(ρS)n̂S

]
(B1)

where Et(ρS) = trM [V(p)(t)(ρS ⊗ ρM )V(p)†(t)]. Equiva-
lently in Heisenberg picture, we have

n̄S(t) = tr
[
τSE†

t (n̂S)
]

, (B2)

(a) (b)

FIG. 5. (a) Trajectory g vs t for cooling from n̄s(0) = 10 to n̄s(1) = 10−5, which corresponds to λ = 120.8. The red markers repre-
sent optimized energy gap of the machine for five timesteps. The blue markers are the discrete solution sampled from the analytical
result. (b) Entropy production vs N , where 
∗∗

N (
∗
N ) is the entropy production with numerical solution (discrete timestep solution

sampled from the analytical curves).
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where E†
t (n̂S) = trM

[
(I ⊗ √

τM )V(p)†(t)(n̂S ⊗ I)V(p)(t)
(I ⊗ √

τM )
]
. In short-time regime χ t � 1, the mean exci-

tation number is approximate using the Baker-Campbell
Haussdorf (BCH) expansion

V(p)†(t)(n̂S ⊗ I)V(p)(t) ≈ n̄S + i[H (p), n̂S]t

− 1
2

[H (p), [H (p), n̂S]]t2, (B3)

where

[H (p), n̂S] = χ(âb†p − â†bp) (B4)

[H (p), [H (p), n̂S]] = 2χ2
[
n̂S[b̂p , b̂†p ] − b̂†p b̂p

]

+ χ(ω0 − pω1)(âb̂†p + â†b̂p) (B5)

If the initial states of the system and machine are
assumed to to Gibbs state τS, τM with mean excitation
number n̄S and n̄M respectively, the evolution of the mean
excitation number of target n̄S(t) and machine n̄M (t) are
approximate to (in the small time perturbation).

n̄S(t) = n̄S −
[
n̄S〈[b̂p , b̂†p ]〉τM − 〈b̂†p b̂p〉τM

]
χ2t2

+ O(t4) + . . .

= n̄S − [(1 + n̄M )p n̄S − n̄p
M (1 + n̄S)

]
p!χ2t2

+ O(t4) + · · · , (B6)

where we have used

∞∑

n=0

n̄n

(n̄ + 1)n+1 〈b̂†p b̂p〉n =
∞∑

n=0

n̄n

(n̄ + 1)n+1

n!
(n − p)!

= p!n̄p , (B7)
∞∑

n=0

n̄n

(n̄ + 1)n+1 〈b̂p b̂†p〉n =
∞∑

n=0

n̄n

(n̄ + 1)n+1

(n + p)!
(n!)

= p!(1 + n̄)p . (B8)

Using tr[τS,M amb†n] = 0, the contributions from Eq. (B4)
and the second term in Eq. (B5) vanish. Thus, n̄S(t) is
also valid for nonresonance case ω0 �= pω1 if (i) the initial
state τ is state that is diagonal in the Fock basis. (ii) short-
time perturbation limit. Following similar calculations, we
show that the first moment α(t) = tr(τSE†

t (â)) = 0 and
the off-diagonal element of the second moment ν(t) =
tr(τSE†

t (â2)) = 0. Therefore, the thermal excitation of the
output state ρ ′

S(t) = Et(τS) equals to its mean excitation
number, i.e., n(ρ ′

S(t)) = n̄S(t).

2. Cooling limit for iterative cooling (matrix algebra)

The cooling protocol in the previous section is then
repeated with L iteration. In each iteration, the target
is interact with reset qubit τS ⊗ τM with fixed machine
gap ωS, ωM and interaction duration t. The mean photon
number after L iterations is given by

n̄(L)

S = tr

⎡

⎣Et ◦ · · · ◦ Et︸ ︷︷ ︸
Ltimes

(ρS)n̂S

⎤

⎦ . (B9)

Equivalently in the Heisenberg picture, we have

n̄(L)

S = tr

⎡

⎣ρS E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
Ltimes

(n̂S)

⎤

⎦ , (B10)

and further,

E†
t (n̂S) ≈ n̂S − g2t2

[
n̂S(4n̄M + 2) − 2In̄2

M

]+ O(t4).
(B11)

Then for L iterations, we have

E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
L times

(n̂s) = E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
(L−1) times

(E†
t (n̂s)), (B12)

and hence,

E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
Ltimes

(n̂S) ≈ E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
(L−1) times

(n̂S) − g2t2

⎡

⎢
⎣E†

t ◦ · · · ◦ E†
t︸ ︷︷ ︸

(L−1) times

(n̂S)(4n̄M + 2) − 2In̄2
M

⎤

⎥
⎦+ O(t4). (B13)

Plugging back into Eq. (B10), we get the iterating function

n̄(L)

S ≈ n̄(L−1)

S − g2t2
[
n̄(L−1)

S (4n̄M + 2) − 2n̄2
M

]
+ O(t4). (B14)
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The closed form of the mean excitation number in term of
initial mean excitation after L iterations of cooling is as
follows:

n̄(L)

S ≈ n̄(0)

S (1 − a)L + b
1 − (1 − a)L

a
, (B15)

where a = χ2t2[(1 + n̄M )p + n̄p
M ]p! and b = χ2t2n̄p

M p!.

3. Thermality of the system after many iterations

It is apparent that the system evolves into a transient
state after a single collision which is not Gaussian nor
thermal. In previous section, we found that the the mean
excitation of the system converge to a thermal excitation.
This raises a question whether this is coincidence or the
final state actually equilibrates to a Gibbs state. To verify
that, we use Fano factor q(t) defined as (Eq. 9 in [13])

q(L) = 〈n̂2
S〉L − 〈n̂S〉2

L

〈n̂S〉L(〈n̂S〉L + 1)
− 1 (B16)

where 〈•〉L = tr(τS E†
t ◦ · · · ◦ E†

t︸ ︷︷ ︸
Ltimes

(•)). If q(t) = 0 then the

system state has Gibbs distribution at the Lth iteration .
In the following calculation, we are interested in whether
limL→∞ q(t) = 0, where

lim
L→∞

q(L) = 〈n̂2
S〉∞ − 〈n̂S〉2

∞
〈n̂S〉∞(〈n̂S〉∞ + 1)

− 1, (B17)

The analytical form of 〈n̂2
S〉1 and 〈n̂S〉1 are given by

〈n̂S〉1 = (1 − a)n̄(0)

S + c, (B18)

and

〈n̂2
S〉1 = (1 − 2a)n̄2(0)

S + bn̄S + c, (B19)

where n̄(0)

S = 〈n̂S〉τS and n̄2(0)

S = 〈n̂2
S〉τS . Here, a = χ2t2

[(1 + n̄M )p − n̄p
M ]p!, b = χ2t2[(1 + n̄M )p + 3n̄p

M ]p! and
c = χ2t2n̄p

M p!. After L iterations, the 〈n̂2
S〉L and 〈n̂S〉L in

term of initial mean excitation read

n̄(L)

S ≈ n̄(0)

S (1 − a)L + c
1 − (1 − a)L

a
(B20)

and

n̄2(L)

S = (1 − 2a)Ln̄2(0)

S

+ n̄(0)

S b
1 − a

a
[
(1 − a)L − (1 − 2a)L] (B21)

+ bc
a

(
1 − (1 − 2a)L

2a
− (1 − a)L − (1 − 2a)L

a

)

+ c
1 − (1 − 2a)L

2a
. (B22)

FIG. 6. Plot of q(L) vs Lt for p = 2, 3 for iterative cooling
with L = 1, 2, 3, . . . , 2 × 104 and t = 5 × 10−3 s and initial mean
photon number of n̄(0)

S = 2, and n̄(0)
M = 1.5.

When L → ∞ and a � 1 (as implies by χ t � 1), we have

〈n̂S〉∞ = n̄(∞)

S ≈ c/a (B23)

〈n̂2
S〉∞ = n̄2(∞)

S ≈ c
2a

(

1 + b
c

)

(B24)

Plugging this into the Eq. (B17) and using the relation 1 +
b/c = 2(1 + 2c/a), we have

lim
L→∞

q(L) = 0, ∀p . (B25)

Therefore, when the cooling condition for p-excitation
exchange is satisfied, its collision in larger L limit equi-
librates toward a Gibbs state for all nonlinearity order p .
We verify the result with numerical example with p = 2, 3
(see Fig. 6), where one can see that the transient state
(finite L) does not exhibit Gibbs distribution; however, in
large L limit the equilibrated state exhibits Gibbs distri-
bution. Effectively, the collisional model with p-excitation
exchange map a Gibbs state to Gibbs state, while in
between the evolution can be out-of equilibrium,

Et ◦ · · · ◦ Et︸ ︷︷ ︸
L→∞

(τS(HS, TS)) = τf (Hf , Tf ), (B26)

where Hf is also a quadratic Hamiltonian, i.e., a harmonic
oscillator.
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