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Fermionic atoms in optical lattices provide a native implementation of Fermi-Hubbard (FH) models
that can be used as analog quantum simulators of many-body fermionic systems. Recent experimental
advances include the time-dependent local control of chemical potentials and tunnelings, and thus enable
us to operate this platform digitally as a programmable quantum simulator. Here, we explore these oppor-
tunities and develop ground-state preparation algorithms for different fermionic models, based on the
ability to implement both single-particle and many-body high-fidelity fermionic gates, as provided by the
native FH Hamiltonian. In particular, we first design variational precompiled quantum circuits to prepare
the ground state of the natively implemented FH model, with significant speedups relative to competing
adiabatic protocols. Besides, the versatility of this variational approach enables us to target extended FH
models, i.e., including terms that are not natively realized on the platform. As an illustration, we include
next-nearest-neighbor tunnelings at finite dopings, relevant in the context of d-wave superconductivity.
Furthermore, we discuss how to approximate the imaginary-time evolution using variational fermionic
circuits, both as an alternative state-preparation strategy and as a subroutine for the quantum Lanczos
algorithm to further improve the energy estimation. We benchmark our protocols for ladder geometries,
though they can be readily applied to two-dimensional experimental setups to address regimes beyond the
capabilities of current classical methods. These results pave the way for more efficient and comprehensive
explorations of relevant many-body phases with existing programmable fermionic quantum simulators.

DOI: 10.1103/3nx4-bnyy

I. INTRODUCTION

Ultracold atoms in optical lattices are now established
as one of the leading platforms to simulate quantum
many-body physics [1–4]. The use of fermionic atoms,
in particular, has enabled the study of strongly correlated
fermionic problems in condensed-matter [5–19] and high-
energy physics [20–22]. Traditionally, cold-atom quantum
simulators operate in an analog mode, where the sys-
tem evolves globally under the local Fermi-Hubbard (FH)
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Hamiltonian, consisting of nearest-neighbor (NN) tunnel-
ing terms and on-site Hubbard interactions. This analog
approach complements current efforts on digital simula-
tion with qubit-based devices [23–30], with the advantage
of avoiding the overheads of fermion-to-qubit mappings
[31–37], as well as showing good performance against
errors in the absence of quantum error correction [38–43]
and having the capabilities to generate large-scale entan-
glement [44–47]. In certain regimes, however, ground-
state preparation with fermionic cold-atom simulators
presents open challenges. This is the case when the energy
gap is small and where state preparation is limited by
temperature effects and finite coherence times, as well as
for models beyond the natively implemented local FH
Hamiltonian. Addressing both of these issues is required
to observe certain phenomena, such as d-wave super-
conductivity [48], which is now believed to appear in
the presence of next-nearest-neighbor (NNN) tunneling
terms [49,50].
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FIG. 1. A schematic illustration of the programmable fermionic quantum simulator architecture introduced in this work. (a) We
consider a fermionic quantum processor based on ultracold (spinful) fermionic atoms on a two-dimensional (2D) optical superlattice.
The superlattice structure is generated using two counterpropagating laser beams in each direction, giving rise to a four-site unit-cell
structure. Our protocols start by first preparing a Mott-insulating state, |�0〉, with atoms localized on the potential wells. In the left
panel, we represent a half-filled state, but states with finite dopings can also be prepared. In this setup, different unitary gates Ûk ∈ G [see
Eq. (5)] can be implemented by globally controlling the superlattice potential. Here, the atoms evolve under the FH Hamiltonian with
tunnelings restricted to certain links, as schematically depicted in the other panels. (b) Different protocols built using these resources,
and (c) applications in quantum simulation that we target in this work. (1) We construct hybrid variational-adiabatic circuits using
sequences of programmable quenched evolutions, allowing us to prepare the ground state of different fermionic Hamiltonians starting
from low-entropy product states. (2) Our protocols can be also applied to extended FH models using only the resources depicted in
(a), i.e., from the native (local) FH dynamics. To achieve this, we either use the latter to construct precompiled gates that implement
unitary evolutions under the extended terms or incorporate their effect through classical postprocessing. (3) The prepared states can
be used as inputs to implement a quantum imaginary-time evolution (QITE) and also to improve the estimation of the ground-state
energy using the quantum Lanczos (QLanczos) algorithm through classical postprocessing.

Recent experimental advances, including the single-site
control and measurement of tunneling elements and chem-
ical potentials using digital mirror devices, optical tweez-
ers, and superlattices [44,51–57], are enabling a more
programmable mode of operation, allowing us to imple-
ment FH dynamics acting only on certain parts of the
system. In this context, fermionic atoms in optical lat-
tices can be regarded as fermionic quantum processors
[58–63], i.e., digital quantum simulators with fermions
as their basic constituents. The native dynamics of the
system are harnessed here as resources to build a set of
fermionic gates, which are then used to construct quan-
tum simulation circuits. This approach combines the error
resilience of analog devices, since complicated many-body
gates can be implemented directly with high fidelity, while
incorporating the versatility of digital systems. The latter
enables us to prepare ground states more efficiently than
traditional adiabatic protocols and to target more compli-
cated Hamiltonians that are never directly implemented in

the system. While this programmable approach has been
considered for trapped ions [64–66] and Rydberg-atom
arrays [67–78], the qubit-based algorithms developed for
these platforms cannot be applied directly to cold-atom
simulators based on itinerant particles due to the funda-
mental differences in the hardware architecture and slower
experimental repetition rates.

In this work, we focus on the problem of ground-
state preparation for extended FH models relevant
in condensed-matter physics, including NNN-tunneling
terms and NN interactions, and develop protocols espe-
cially tailored to the experimental capabilities of fermionic
atoms in programmable optical lattices. For this, we first
show how to implement a set of fermionic many-body
gates generated by FH dynamics [Fig. 1(a)]. While not
being universal, this gate set enables the construction of
a broad class of state-preparation variational circuits [79]
[Fig. 1(b)]. In contrast to previous variational approaches
applied to quantum chemistry problems using qubit-based
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devices [80–85], the fermionic nature of our resources
combined with the translational invariance of the target
models allows us to construct circuits with few variational
parameters and to considerably reduce or even eliminate
costly quantum-classical optimization loops.

The first class of fermionic circuits that we consider
can be regarded as hybrid variational-adiabatic circuits.
Specifically, here the variational part is precomplied clas-
sically to prepare the ground state on small system sizes,
which are then adiabatically coupled to reach the ground
state of the target extended system. This allows us to build
finite correlation lengths much faster than purely adia-
batic protocols and at the same time avoid any quantum
optimization on the hardware.

The second class of variational circuits is inspired by
the quantum imaginary-time evolution (QITE) [86–89] and
can be interpreted as its unitary approximation. While in
this case the optimization of the circuit is performed on the
quantum hardware, we design our protocols to minimize
experimental overheads. In particular, we investigate the
effect of shot noise and show that the number of experi-
mental runs required to implement this algorithm is within
reach for current cold-atom experiments. Finally, we show
that this protocol has the additional advantage that the
collected data can be postprocessed using the quantum
Lanczos (QLanczos) method [86], allowing us to further
improve the estimation of the target ground-state energy.

The rest of the paper is structured as follows. We start
in Sec. II by introducing a programmable quantum simula-
tor based on fermionic atoms in optical lattices, including
the fermionic gate set that can be implemented using the
native dynamics of the system. In Sec. III, we build hybrid
variational-adiabatic circuits for ground-state preparation
using this gate set and apply them to local and extended
FH models, both at half filling as well as for finite dop-
ings. In Sec. IV, we explain how to implement QITE using
fermionic circuits and apply it to approximate the ground
state of the FH models, as well as to improve the esti-
mation of the ground-state energy through the QLanczos
algorithm. Finally, in Sec. V, we summarize our findings
and point to future directions.

II. PROGRAMMABLE FERMIONIC QUANTUM
SIMULATOR

A. Resource Hamiltonians and fermionic gate set

In this work, we consider a fermionic quantum processor
based on fermionic atoms trapped in optical lattice poten-
tials, with two internal levels that codify the spin degree
of freedom, σ ∈ {↑, ↓} [see Fig. 1(a)]. Assuming an opti-
cal lattice generated by counterpropagating laser beams,
the dynamics of the atomic system can be described by the
resource local FH Hamiltonian,

ĤFH = Ĥt + ĤU + Ĥn, (1)

consisting of NN-tunneling terms,

Ĥt = −
∑

〈i,j 〉,σ
ti, j ĉ†

i,σ ĉj,σ , (2)

on-site Hubbard interactions,

ĤU = U
∑

i

n̂i,↑n̂i,↓, (3)

and local chemical potentials,

Ĥn =
∑

i,σ

μi,σ n̂i,σ . (4)

Here, c(†)i,σ denote the (creation) annihilation fermionic
operators corresponding to the σ spin component at the
site i of a two-dimensional (2D) square lattice and n̂i,σ =
ĉ†

i,σ ĉi,σ is the atomic occupation number.
To construct fermionic quantum simulation circuits, we

employ a set of unitary gates G generated by the native FH
dynamics,

G =
{

e−i[Ĥt(ti, j )+HU(U)+Hn(μi)]T
}

ti, j ,U,ni
. (5)

In this work, we consider translational-invariant patterns
for ti, j and μi [see Fig. 1(a)], implemented through super-
lattice potentials [54,55,57] and local energy shifts [90–
93], respectively, where the latter can be made site and
spin dependent by introducing vector light shifts. Together
with a homogeneous Hubbard parameter U tuned with Fes-
hbach resonances, this gate set G can thus be implemented
using only global experimental knobs. We will assume
that we can turn their corresponding parameters on and
off freely, and apply quench evolutions under the corre-
sponding terms, which is what we label as programmable
operation.

We note that implementing these many-body fermionic
gates using digital qubit devices would require long cir-
cuits, the depths of which are limited in the absence
of error correction, while here they are realized with
high fidelity using the native dynamics of the fermions.
Despite not being universal, below we show how this
restricted gate set is sufficient to construct different quan-
tum state-preparation protocols for several translational-
invariant fermionic Hamiltonians relevant in condensed-
matter physics.

B. Initialization and state preparation

For cold atoms in optical lattices acting as analog quan-
tum simulators, the ground state of the FH Hamiltonian
given in Eq. (1) can be prepared in the system using
different approaches. The standard technique consists on
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first cooling down an atomic gas to ultracold temperatures
and then adiabatically ramping up the optical lattice, an
approach that is limited by the temperatures that can be
reached experimentally. Alternatively, one can take a more
algorithmic approach by first preparing a low-entropy
product state of fermionic atoms,

|�0〉 =
⊗

i

|ψ0〉i , (6)

where |ψ0〉 ∈ {|0〉 , |↑〉 , |↓〉 , |↑↓}〉 denotes the fermionic
occupation on each lattice site. In particular, both the
half-filled case, with ρ = 1/L

∑
i,σ 〈n̂i,σ 〉 = 1, where N

is the number of lattice sites, as well as finite dopings,
with δ = 1 − ρ �= 0, can be prepared using pattern-loading
techniques [94–97], as has been demonstrated experimen-
tally [44,51,53,54,98]. Besides the Mott-insulator product
state, one could also prepare a band-insulator product
state [98], which is also the natural starting state used
in optical-tweezer arrays [92,99]. Both product states can
be adiabatically modified to prepare uncoupled dimers
[98,100] and then adiabatically connected to the target
state [53,54,92,100–104]. Although this approach is guar-
anteed to work if the ground state is gapped, it is limited by
the coherence time of cold-atom experiments if the gap is
small, which is the case for doped phases. Moreover, this
approach cannot be applied to target extended FH mod-
els, the interactions or tunnelings of which are not natively
implemented in the system.

In the rest of the paper, we introduce different state-
preparation protocols that address these open questions.
We follow the algorithmic approach mentioned above,
starting from low-entropy product states given in Eq. (6)
that we take as a fermionic computational basis, but instead
use variational circuits built from the fermionic gates in
G [see Eq. (5)] to prepare the target ground state [see
Fig. 1(b)]. This allows us to reach low entropies with
a much shorter implementation time, as well as to tar-
get Hamiltonians with extended terms not included in
the resource Hamiltonian (see, e.g., Appendix A). As we
explain in detail in the following sections, we design these
variational algorithms to minimize the corresponding mea-
surement overhead, tailoring them to the measurement
capabilities of cold-atom quantum hardware, which we
describe in Appendix C.

III. HYBRID VARIATIONAL-ADIABATIC
FERMIONIC CIRCUITS

In this section, we design variational fermionic circuits
with the resources described in Sec. II to approximate the
ground states of relevant condensed-matter Hamiltonians.
To illustrate the power of these variational circuits, we con-
sider first the local FH model ĤFH on a ladder geometry
and target a strongly correlated regime with U/t = 8, both

at half filling (Sec. III A) and finite dopings (Sec. III B). In
Sec. III C, we show how these protocols can be also applied
to extended FH models.

A. Fermi-Hubbard ladders at half filling

The first target Hamiltonian is the local FH model given
in Eq. (1), with ti, j = t and μi = 0. This model has been
regarded as a candidate to explain high-Tc superconduc-
tivity in cuprate materials [48], although recent numerical
evidence suggests that it does not support a dominant
superconducting order in the expected parameter regime
[49]. Nevertheless, the local FH model features other inter-
esting strongly correlated phases, such as stripe phases
[12], away from half filling.

As an initial state for our protocol, we consider an anti-
ferromagnetic product state |�0〉 on a ladder geometry [see
Fig. 2(a)]. This state is the half-filled ground state of the
Hamiltonian

Ĥ (0) = −μ
∑

i

(−1)ix+iy
(
n̂i,↑ − n̂i,↓

)
, (7)

where i = (ix, iy). The steps of the protocol are schemat-
ically depicted in Figs. 2(b)–2(d): (i) we first prepare the
ground state of ĤFH for a product of uncoupled dimers; (ii)
we then couple neighboring dimers to obtain the ground
state of 2 × 2 plaquettes; and, finally, (iii) we obtain the
ground states of ĤFH for the whole system by coupling
neighboring plaquettes. Each step k of the protocol can be
described as a variational quantum circuit consisting of a
sequence of global unitary evolutions from our fermionic
gate set G [see Eq. (5)],

Û (k)(θ (k)) =
D(k)∏

μ=1

e−iT(k)μ Ĥ (k)(λ(k)μ ). (8)

Here, D(k) denotes the depth of the circuit for each step k,
θ (k) = (θ

(k)
1 , . . . , θ (k)D ) are variational parameters and Ĥ (k)

are the programmable FH Hamiltonians depicted in Fig. 2
and written explicitly in Appendix B. For each step, we
keep certain Hamiltonian couplings fixed and use other
ones, denoted by the vector λ(k)μ , together with the evo-
lution times T(k)μ , as variational parameters θ (k)μ = T(k)μ λ(k)μ .
The latter are optimized to minimize the expectation value
of the target Hamiltonian over the prepared state using the
variational quantum eigensolver (VQE) algorithm [79].

In the following, we use as figures of merit to benchmark
the protocols both the residual energy ε and the infidelity
I , defined as

ε = |E(θ (k))− EGS|
N

, (9)
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(e)

(f) (h) (j)

(g) (i)

(b) (c) (d)

FIG. 2. Ground-state preparation for the local FH model at half filling. (a)–(d) Superlattice configurations employed to prepare the
ground state of the local FH model on a 2 × 4 ladder at half filling and for U/t = 8, starting from an antiferromagnetic product state
on a deep lattice (a). We employ quench evolutions under the corresponding Hamiltonians Ĥ (k), where we depict the different nonzero
tunneling elements in different colors. We first prepare the ground state on each uncoupled dimer (b), then for each uncoupled plaquettes
(c), and finally for the full extended system (d). (e),(g) The infidelity I and the residual energy ε, respectively, as a function of the
implementation time T(1) to prepare a product of uncoupled dimers (b) from the initial product state in (a), using both variational and
adiabatic protocols. The inset shows the results obtained with a longer adiabatic protocol. (g),(h) I and ε as a function of T(2) during
the preparation of the ground state for a product of uncoupled plaquettes (c). Both protocols start from the state prepared variationally
in (b) and HyVA1→2 corresponds here to the adiabatic evolution of the latter to the target state. In the inset, we show results obtained
for a longer adiabatic evolution. (i),(j) I and ε for the preparation of the ground state of the target Hamiltonian, i.e., the local FH model
(d), as a function of T(3), starting from the state prepared in (c). In this case, the adiabatic part in the HyVA2→3 protocol refers only
to the adiabatic fusion of the uncoupled plaquettes, which are prepared with the fully variational protocol in (c). In the inset, we again
show the results obtained after applying the HyVA protocol for longer times.

I = 1 − F , (10)

where E(θ (k)) = 〈ψ(θ (k))|ĤFH|ψ(θ (k)〉 is the expecta-
tion value of ĤFH over the variational state after each
step |ψ(θ (k))〉 = Û (k)

(
θ (k)

) |ψ(θ (k−1))〉, EGS is the exact
ground-state energy, and F = |〈ψGS|ψ(θ (k))〉 | is the
fidelity between the variational and the exact ground state
|ψGS〉. We note that E(θ (k)) can be measured experimen-
tally using quantum gas microscopes [105–108], as we
explain in Appendix C.

As we describe now in detail, in the first two steps a
short circuit will be sufficient given the small system size
of the target states, and we can thus optimize the cir-
cuit classically and apply the resulting optimal evolution
directly on the quantum hardware. We refer to these vari-
ational circuits as variational precompiled, to distinguish
them from the ones required in step (iii), where the opti-
mization should be performed on the quantum hardware or
replaced by an adiabatic fusion.

In Figs. 2(e) and 2(f), we show the results for the first
step of the protocol, where we prepare a product of dimers.
We compare the results obtained for an optimized varia-
tional circuit with D(1) = 3 with an adiabatic fusion of the
dimers, and plot the evolution of ε and I up to the total
evolution time, T(1) = ∑

μ T(1)μ . We note that the finite-
depth variational circuit prepares exactly the ground state
of the FH Hamiltonian on each uncoupled dimer. Com-
pared to this, an adiabatic protocol interpolating from Ĥ (0)

to ĤFH using the same implementation time does not reach
similar accuracies, one fifth of the total time being used to
ramp up the values of t and U from zero and the rest used
to decrease μ. As shown in the inset, by increasing the adi-
abatic implementation time to T = 25/t, the resulting state
is still limited to I ∼ 10−2 and ε ∼ 10−3. We thus con-
clude that the precompiled variational circuit prepares the
state with a much higher accuracy, requiring, moreover, a
much shorter implementation time.

The results obtained for the second step of the proto-
col are shown in Figs. 2(g) and 2(h), where we prepare
the ground state of a product of uncoupled plaquettes
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starting from the dimer product state, again taking D(2) =
3. We now compare these results with those obtained using
a hybrid protocol, where we start from the same state
but then implement an adiabatic linear ramp of t̃ from
0 to t. We refer to this as a hybrid-variational adiabatic
(HyVA1→2) approach. In this case, the fully variational
protocol provides much better results, as it prepares the
ground state of the uncoupled plaquettes with I ∼ 10−4,
and with an implementation time 10 times shorter. More-
over, the sudden increase in the figures of merit followed
by a fast decay suggests that the variational coupling can
be understood as a nonadiabatic process [77].

In the final step, we switch on the tunneling elements
between different plaquettes to prepare the ground state of
the complete 2 × 4 ladder [see Fig. 2(d)]. In this case, we
use the intraplaquette tunnelings t̃μ and the total evolu-
tion time for each quench Tμ as variational parameters.
In Figs. 2(i) and 2(j), we show the results for a cir-
cuit with D(3) = 3 quench evolutions, where we obtain
a fidelity above 99.9%. We compare these results with
those obtained using a HyVA2→3 protocol, starting now
from the same variationally prepared plaquettes, which are
then adiabatically fused using a linear ramp for the pla-
quette coupling. In this case, the fully variational protocols
require half of the implementation time compared to the
HyVA protocol to reach the same fidelities. Moreover, as
we discuss in Appendix D, the variational protocols have
a certain resilience to noise in the parameters. There, we
show that the advantage of these protocols holds even in
the presence of experimentally available fidelities.

These results show that even if the HyVA2→3 protocol
is a bit slower, the difference is not very large compared
to the fully variational one. Moreover, the former has
the additional advantage that it only relies on precom-
piled variational circuits to prepare the ground state of
the uncoupled plaquettes, which can be optimized clas-
sically, as we show in the second step. Thus, it can be
implemented directly on the quantum hardware for an
extended 2D system, as opposed to a fully variational
method. The latter requires a quantum-classical optimiza-
tion loop [79], which is challenging to implement in cold-
atom setups due to current experimental repetition rates
[109,110]. Considering these numbers, we estimate that
around 300–500 energy evaluations can be implemented
in practice [111]. Using a gradient-free optimizer, this
means that it would be reasonable to run between three
and five hybrid quantum-classical optimization loops with
current experimental repetition rates (greater system sizes
could be achieved following these variational state prepa-
rations with HyVA coupling). We also want to note that
the good performance of the HyVA2→3 protocol relies on
the finite correlation length of the target ground state and
it is reminiscent of a renormalization-group approach. The
precompiled variational circuits efficiently build up such
correlations on plaquettes using a much shorter evolution

time than their adiabatic counterparts, such that the final
ground state can be then efficiently prepared by adiabat-
ically coupling them. Since the building blocks of these
adiabatic equivalents have been theoretically analyzed pre-
viously [101–103] and have already been demonstrated
experimentally [53,54,98,100], we expect our ideas to be
realizable with current technology. In the following, we
drop the subindices and refer to this last protocol as HyVA.

Let us also note that from the behavior shown in Fig. 2
when coupling the smaller to the larger systems, we expect
a favorable scaling of our protocols with system size. Due
to translational invariance, the coupled subsystems will
resemble the final system more as more steps are imple-
mented. Furthermore, since the subsystems are coupled
through evolution in time in a Floquet-like scheme, we
expect the generated states to accurately match the prop-
erties of the target states even in cases in which long-range
correlations are involved or small gaps would be crossed
[112–114], provided that enough coherence time is avail-
able. In the next section, we investigate the performance
of this protocol for a different system size, showing that
the advantage is still maintained for larger systems.

We finish this section by computing different observ-
ables in the states prepared with the hybrid and the fully
variational protocols. In Fig. 3, we plot different correlation
functions, which can be measured in cold-atom experi-
ments using state-of-the-art techniques, such as quantum
gas microscopes [105–107]. In particular, in Fig. 3(a) we
show the spin-spin correlations 〈Ŝz

i Ŝz
j 〉 between the atoms

within one plaquette. We observe how the HyVA1→2 pro-
tocol does not manage to build the antiferromagnetic cor-
relations present in the exact ground state, as opposed to
the fully variational circuit for the same evolution time. In

(a) (b)

FIG. 3. Observables for the prepared states. (a) Spin-spin cor-
relations between the atoms forming one (uncoupled) plaquette,
measured on the state prepared after the second step of our pro-
tocol [see Fig. 2(c)]. We compare the results with the fully vari-
ational circuit (in blue) and the HyVA1→2 approach (in orange)
with the same total implementation time. (b) The spin-structure
factor Sm(k) along the x axis for a ground state prepared on the
2 × 4 ladder [see Fig. 2(c)], obtained at the end of the third step
using either a fully variational or the corresponding HyVA2→3
protocol (green), again using the same implementation time. In
both panels, we include the result for the exact ground state (in
black).
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(a) (b) (d)

(c) (e)

FIG. 4. Ground-state preparation for the local FH model at finite doping. (a) The initial state used to prepared the ground state of a
2 × 6 FH ladder with doping δ = 1/3 and U/t = 8. Atoms are loaded into the optical lattice, with certain sites left empty according
to the expected stripe configuration in the ground state, which has a wavelength λ = 1/δ. (b),(c) The infidelity I and the residual
energy ε, respectively, as a function of the implementation time T. We compare the results obtained with the variational circuit (blue)
in Eq. (12) with the HyVA protocol (orange) described in the text. The insets show the results obtained with the latter for a longer
adiabatic evolution time. (d),(e) The charge density profile 〈n̂x〉 and spin-structure factor along the x axis Sm(k), respectively, for
the final states prepared with these different methods. The markers indicate that the observables are obtained for the different times
indicated in (b) and (c).

Fig. 3(b), we show the spin-structure factor,

Sm(k) =
∑

i,j

eik(i−j )
[
〈Ŝz

i Ŝz
j 〉 − 〈Ŝz

i 〉〈Ŝz
j 〉

]
, (11)

calculated along the x axis. For this observable, both the
fully variational and the HyVA2→3 protocols produce sim-
ilar results, confirming our previous conclusions. Here, we
note that the extremely good performance of our protocols
is partially a consequence of the relatively simple structure
of the target ground state. We now demonstrate how these
results are maintained for the more complicated case of an
FH model with finite doping.

B. Fermi-Hubbard ladders at finite doping

In the presence of a finite doping δ, several works
[49,115,116] have found that the ground state of ĤFH forms
charge stripes with a wavelength λe = 1/δ, leading to one
doped hole per unit cell. We now show how to prepare
these doped ground states, which present a smaller energy
gap as compared to the half-filled case studied above. In
this case, we start with an antiferromagnetic product state
of 8 fermionic atoms on a 2 × 6 ladder [see Fig. 4(a)], cor-
responding to δ = 1/3. This state can be obtained experi-
mentally by removing four atoms in nonconsecutive rungs
of the ladder, starting from the state |�0〉 considered above
for the half-filled case [8,14,15,98,117,118].

From this initial state, we prepare the ground state at
U/t = 8 following two steps. First, we prepare the ground
state of the dimers at the edge of the system as well as

the central 2 × 2 plaquette, using the precompiled varia-
tional circuits described above for the half-filled case. We
then connect the dimers and plaquettes by applying the
following parametrized unitary,

Uδ (θ) =
D∏

μ=1

e−iTμĤδ(θμ), (12)

with

Ĥδ = −t̃
∑

〈i, j 〉∈links,σ

ĉ†
i,σ ĉj,σ − t

∑

〈i, j 〉�∈links,σ

ĉ†
i,σ ĉj,σ (13)

+ U
∑

i

n̂i,↑n̂j ,↓ +	/t
∑

i,σ

μin̂i,σ (14)

and variational parameters θμ = (
Tμ t̃μ, Tμ 	μ

)
. Note that

t̃ is now the tunneling for the links connecting dimers and
plaquettes with their contiguous empty sites, and that we
fix μi/t = 4 for the initially empty sites and zero for the
half-filled ones. This Hamiltonian can be implemented for
larger systems in a translationally invariant manner while
keeping δ fixed.

In Figs. 4(b) and 4(c), we plot ε and the I for the opti-
mized circuit with D = 2 layers and compare the results
with the ones obtained with a HyVA protocol. For the lat-
ter, the adiabatic fusion is now performed in two steps, first
by ramping up from t̃ = 0 to t̃ = t, while keeping 	 fixed
for a time T1, and then decreasing the chemical potentials
until they are uniform along the ladder, for a time T2. From
these results, we conclude that, similarly to the half-filled
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case, the fully variational state preparation shows better
performance in terms of both the fidelity and the accuracy
of the energy estimation compared to the HyVA method
for the same implementation time. However, the advan-
tage of the latter relies on the fact that all the variational
circuits are optimized classically and can thus be applied
directly to an extended system. In the insets of the figure,
we show how the results obtained with the HyVA protocol
can be further improved by increasing the implementation
time, which is still within the typical experimental coher-
ence times. In the next section, we show how these results
are maintained for larger system sizes.

In Fig. 4(d), we plot the charge-density profile along
the x axis, 〈n̂x〉, to show that our variationally prepared
states [at the times indicated by the markers in Fig. 4(b)
and 4(c)] qualitatively reproduce the expected periodic-
ity of the stripe pattern of the exact ground state. In the
case of the HyVA protocol, longer implementations times
are required for this, which is consistent with the results
described above. Finally, the spin-structure factors along
the x axis also agree for the states prepared with the differ-
ent methods, as shown in Fig. 4(e). We note that while the
quantitative agreement is not as good as for the half-filled
case, our variational protocols approximate the properties
of the exact ground state qualitatively for short implemen-
tation times. The difference here compared to half filling
stems from the smaller gap and therefore longer correlation
length of the target ground state.

C. Extended Fermi-Hubbard ladders

We finish this section by showing how our variational
protocols can also be used to prepare the ground states
of extended Fermi-Hubbard (eFH) models, where the tar-
get and resource Hamiltonians do not match. We illus-
trate our approach for the eFH model in the presence of
NNN-tunneling terms,

ĤeFH = ĤFH + Ĥt′ , (15)

with

Ĥt′ = −t′
∑

〈〈i, j 〉〉,σ
ĉ†

i,σ ĉj ,σ . (16)

This model has regained significant interest because
several works have suggested that these longer-range tun-
nelings stabilize a d-wave superconducting order in the
thermodynamic limit [50,116,119]. However, the question
is still not completely settled, since obtaining the ground
state for large system sizes using classical methods is com-
putationally very challenging [48]. This and other ques-
tions could be further investigated in fermionic cold-atom
quantum simulators, where the d-wave order parameter
can be efficiently measured experimentally [108].

(a)

(b) (c)

FIG. 5. The extended Fermi-Hubbard (eFH) model. (a) Using
UAT, we prepare the ground state of the eFH model on a 2 × 6
ladder, for U/t = 8, t/t′ = −0.25, and δ = 1/3. As described in
the text, we take as an initial state the ground state of the local
FH model prepared with the HyVA protocol (orange), using a
total time Tt = 20, and apply an adiabatic Trotter evolution for
a time TTrottert = 10 to reach the target state (blue). (b),(c) The
spin-structure factor Sm(k) and the atomic density, respectively,
calculated along the ladder. We show results for the initial and
the prepared state and compare with the results obtained on the
exact ground state of the model (in black).

We study, in particular, the eFH model given in Eq. (16)
on a ladder geometry. We focus on the case with a finite
doping of δ = 1/3 and take U/t = 8 and t′/t = −0.25, a
parameter regime that is compatible with the numerical
evidence of d-wave superconducting order [116]. As ini-
tial state for the protocol, we consider the ground state of
the local FH Hamiltonian, |ψFH〉, prepared with the proto-
cols introduced in Sec. III B. We then transform this state to
the ground state of the eFH model, |ψeFH〉, through an adi-
abatic Trotter (AT) evolution, where the NNN-tunneling
terms are slowly introduced through a linear ramp, as
schematically depicted in Fig. 5(a). In Appendix A, we
show how to generate time evolutions under Ĥt′ by just
concatenating three unitaries from the fermionic gate set
G given in Eq. (5), such that the whole protocol can be
implemented using only local FH dynamics.

On a ladder geometry, this unitary evolution takes the
form

UAT =
∏

k

e−iĤFH
	T
2 e−iĤ (1)

t ′
	T̃k

2

× e−iĤ (2)
t ′ 	T̃k e−iĤ (1)

t ′
	T̃k

2 e−iĤFH
	T
2 , (17)

where 	T̃k = ((Tk + Tk−1)	T)/(2TTrotter), Tk = k	T,
with k an integer and 	T a suitable time step, and 0 <
Tk ≤ TTrotter. Here, Ĥ (1)

t ′ and Ĥ (2)
t ′ refer to the two sets of

commuting operators in Ĥt ′ , where we choose, in partic-
ular, the parallel diagonal terms along the two possible
orientations in the ladder. Finally, we note that here the uni-
tary time evolutions with NNN-tunneling terms, e−iĤt ′	T,
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can be implemented using quench evolutions with only
NN tunnelings, as described in Appendix A, such that the
whole protocol can be implemented with the fermionic
gate set given in Eq. (5). In this case, the application of the
UAT operator for a total time TTrotter needs an equivalent
physical time of T = 2TTrotter.

In Fig. 5, we show the results obtained after applying
this AT protocol to the initial state, |ψFH〉, obtained with
the HyVA protocol described in Sec. III B for a total imple-
mentation time of Tt = 20. This state corresponds to the
ground state of the local FH Hamiltonian prepared with
a fidelity of approximately 87%. After its preparation, we
implement UAT for a total time of TTrottert = 10 and a time
step 	Tt = 0.05, resulting in a final fidelity of approxi-
mately 86% for the exact ground state of the eFH model. In
Figs. 5(b) and 5(c), we plot the spin-structure factor Sm(k)
given in Eq. (11) and the occupation numbers along the x
axis, respectively, for the initial and the final states after the
AT protocol. Our results show how, despite the imperfect
state prepared due to Trotter errors arising from the Trotter-
ization and also due to the finite value of TTrottter used here,
we can approximate the properties of the ground state of
the extended model, which are qualitatively different from
those in the initial state. Specifically, in this case, our pro-
tocol is able to melt the initial stripe order, as required to
achieve a d-wave superconducting state.

The study of the emergence of such order is limited
here by the system sizes that we can simulate classically.
This and other properties of the phase diagram of the eFH
model could be further investigated in a fermionic quan-
tum simulator by applying the state-preparation protocols
described here to larger system sizes. Finally, we note that
the Trotter circuit can be shortened considerably by pro-
moting the Trotter times to variational parameters, which
could be optimized to reach similar fidelities in fewer Trot-
ter steps. While performing this optimization classically is
challenging for the system sizes considered here, this could
be done directly in the quantum hardware through a VQE
protocol.

IV. VARIATIONAL QUANTUM IMAGINARY-TIME
EVOLUTION

In this section, we show how to approximate QITE on
a fermionic quantum simulator using fermionic unitary
circuits. Apart from being an alternative state-preparation
method, QITE is an important subroutine for other quan-
tum simulation algorithms, such as subspace expansion
methods [120] or the algorithm recently introduced in
Ref. [121] to estimate Loschmidt amplitudes. This last
algorithm, through the possibility of performing QITE,
could be used as a way to implement filtering algorithms
[122–125] and statistical phase-estimation protocols [126–
130] with fermionic quantum simulators.

Starting from some initial state |
(τ = 0)〉, the QITE
protocol prepares the (nondegenerate) ground state of a
target Hamiltonian Ĥ ,

|�GS〉 = lim
τ→∞

e−τ Ĥ |
(τ = 0)〉
‖e−τ Ĥ |
(τ = 0)〉‖ , (18)

provided that these two states have a nonzero overlap, i.e.,
〈�GS|
(τ = 0)〉 �= 0. Implementing this protocol using
quantum hardware is challenging, since it requires the
application of a nonunitary operator. In Sec. IV A, we
introduce a procedure to implement it in a fermionic quan-
tum simulator by adapting a QITE algorithm that was first
proposed for qubit-based devices [86], as well as its vari-
ational approximation (VarQITE) [87–89]. In Sec. IV B,
we explain how to use the VarQITE protocol to construct
an approximate Krylov subspace by postprocessing the
collected data and then use it to obtain a better estima-
tion of the energy using the QLanczos algorithm [86].
In Sec. IV C, we illustrate our protocols for the local FH
model studied in Sec. III, as well as for an extended FH
model with NN interactions. For the latter, the QITE pro-
tocol is implemented using only the local fermionic gate
set given in Eq. (5), demonstrating that the proposed algo-
rithms can be used to study target models different from
the native experimental resources, by performing measure-
ments on the quantum hardware and applying classical
postprocessing. We finish this section by investigating the
effect of shot noise on these algorithms and giving an esti-
mation on the number of experimental repetitions required
to run them with good precision on a cold-atom setup.

A. Approximating QITE with unitary evolutions

Given a target Hamiltonian Ĥ , the goal of the protocol is
to implement a variational approximation of the nonunitary
QITE step,

|ψ (τ +	τ)〉 = cτe−	τ Ĥ |ψ (τ)〉 , (19)

where 	τ is the imaginary time step, |ψ (τ)〉 is the
imaginary-time-evolved state at time τ obtained after n
QITE steps, with |ψ (τ = 0)〉 some initial state, and cτ =
1/‖e−	τ Ĥ |ψ (τ)〉‖ is a normalization constant. Although
the QITE step is a nonunitary operation, since both
|ψ (τ +	τ)〉 and |ψ (τ)〉 are normalized states, the two of
them can be connected through the application of a unitary
operator.

To find an approximation of this operator, and simi-
lar to other variational approaches, the idea is to define a
parametrized quantum state |ψ (θ (τ ))〉, prepared through
a variational quantum circuit constructed using quenched
unitary dynamics as described in Sec. III and charac-
terized by a vector of tunable parameters θ(τ ) ∈ R

d. In
Ref. [88], the imaginary time dynamics of the parameters
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at a time τ are derived from McLachlan’s variational prin-
ciple. However, as explained in Appendix E, the required
measurements are challenging to obtain with a fermionic
optical-lattice simulator. For this reason, in Appendix E we
develop an iterative approach similar to the one proposed
in Ref. [86], where we instead approximate each time step
using the following variational state:

|ψ (θ (τ +	τ))〉 =
D∏

μ=1

e−iTμĤμ |ψ (θ (τ ))〉 , (20)

where Ĥμ are the different terms of the Hamiltonian, e.g.,
Ĥμ ∈ {Ĥt, ĤU} for the local FH model. The state is thus
updated by a sequence of global quenches with variational
parameters θμ (τ ) = Tμλμ, with λμ ∈ {t, U}, correspond-
ing to the fermionic gates in G given in Eq. (5). We refer
to this approach as a variational QITE (VarQITE).

Setting the variational parameters to zero at each step,
the quantities that need to be measured in the quantum
hardware to update the variational parameters are the
following:

gμν (θ (τ )) = Re
[
〈Ĥμ Ĥν〉θ

]
− 〈Ĥμ〉θ 〈Ĥν〉θ ,

bμ (θ (τ )) = Im
[
〈Ĥμ Ĥ 〉θ

]
,

(21)

where Re and Im denote the real and imaginary
part, respectively. These observables can be measured
in a cold-atom setup using state-of-the-art techniques,
either globally including extra pulse sequences [108] or
through parallelized measurements with the superlattice,
as explained in Appendix C. We note that although the
number of terms that we have to measure scale with the
system size, making this protocol more challenging that
the precompiled variational circuits described in the pre-
vious section, each of them can be obtained using current
experimental techniques [57].

B. Using VarQITE to improve energy estimation
through QLanczos

Let us now explain how the VarQITE can be used as
a subroutine for more complex algorithms. One exam-
ple is the QLanczos algorithm [86], a quantum version of
the classical iterative Lanczos algorithm that can be used
to significantly improve the energy estimated in the state
prepared by the VarQITE.

The classical Lanczos algorithm [131] constructs a
Hamiltonian H projecting Ĥ over a Krylov subspace
{|ψ (0)〉 , Ĥ |ψ (0)〉 , Ĥ 2 |ψ (0)〉 , . . . }, where |ψ (0)〉 is an
initial state. Diagonalizing H yields a variational estimate
of the ground state that can be used to reinitialize the
algorithm, improving the convergence with each iteration.
The key idea of the quantum version of this algorithm, the

QLanczos, is to project the target Hamiltonian Ĥ into the
Krylov subspace spanned by |ψ (τα)〉,

Hα,β = 〈ψ (τα)| Ĥ |ψ (
τβ

)〉 (22)

at different imaginary times τα = α	τ , with α = 1, . . . , N .
Using this projection, we can write the effective
Schrödinger equation in the Krylov subspace, H|�〉 =
ES|�〉, where S is the matrix that takes into account the
normalization,

Sα,β = 〈ψ (τα) |ψ
(
τβ

)〉. (23)

To understand intuitively why the states |ψ (τα)〉 obtained
after α QITE steps are expected to generate a Krylov
subspace, we can rewrite them from Eq. (19) as

|ψ (τα)〉 = cα
(

e−τ Ĥ
)α

|ψ (0)〉 , (24)

where cα = ∏α
τ=1 cτ is the product of all the previous nor-

malization factors. From that equation, we can conclude
that the QITE steps create a Krylov-like subspace with iter-
ative applications of the operator e−τ Ĥ instead of the bare
Ĥ .

The matrices H and S can be extracted using the quan-
tum simulator in two different ways. First, as detailed in
Appendix E, one can measure |Sα,β | and |Hα,β | directly by
reversing the corresponding variational circuits and then
follow the ideas described in Ref. [121] to obtain the corre-
sponding phase. We refer to this approach as the complete
QLanczos algorithm. Alternatively, one can obtain these
matrices approximately using the recursive formula (for an
explicit derivation, see Appendix E)

S α+1
2 , β+1

2
= cα cβ/c2

α+β
2

,

H α+1
2 , β+1

2
= S α+1

2 , β+1
2

〈ψ(τα+β
2
)|Ĥ |ψ(τα+β

2
)〉,

(25)

where cα are the normalization constants that can be
obtained recursively at each step, by setting c1 = 1 and

c2
α+1 = 1 − 2	τ 〈ψ (τα)| Ĥ |ψ (τα)〉

c2
α

+ O(	τ 2). (26)

The advantage of this approximation, which we denote
as approximated QLanczos, is that it only relies on the
measurement of 〈ψ (τα)| Ĥ |ψ (τα)〉. Therefore, the steps
to implement the approximated QLanczos involve the
implementation of the QITE algorithm first and the con-
sequent construction of the matrices H and S following
Eqs. (25) and (26), where only data corresponding to the
energy measurements obtained during the QITE algorithm
are used. In contrast, implementing the full QLanczos
approach requires an explicit calculation of H and S
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according to Eqs. (22) and (23), which, in general, involves
the measurement of complex phases. This would need
either the application of inverse circuits and the measure-
ment of Loschmidt amplitudes [121] or the use of methods
based on circuit perturbations [132].

Let us also mention that even though this approximation
relies on a small time step	τ to reach a good accuracy, the
number of measurements required to calculate VarQITE
scales with 1/	τ , so this time step cannot be made arbi-
trary small. In Appendix E, we explain in detail how to
measure the required quantities for these two methods in a
cold-atom setup.

C. Application of VarQITE and QLanczos to
Fermi-Hubbard ladders

We now apply the VarQITE and the different QLanczos
protocols discussed above to the FH ladder with U/t = 8,
both at half filling and for finite dopings. Moreover, we
also consider the effect of NN-interaction terms. We inves-
tigate the performance of these methods as a function of
the system sizes and for different choices of the initial state
|ψ(τ = 0)〉, which can be prepared with the variational
protocols described in Sec. III. As shown in Ref. [86], the
initial state should have a sufficiently good overlap with the
target ground state, while at the same time have a moderate
correlation length such that the nonunitary QITE step can
be approximated by a unitary operator. For these reasons,
we choose (i) a tensor product of the ground state of the
FH model at U/t = 8 for each uncoupled plaquette and (ii)
a similar plaquette product state but obtained for U/t = 32
to reduce the initial correlation length.

1. Local Fermi-Hubbard ladders

Our results for the local FH ladder are summarized in
Fig. 6, where we first show the expectation value of the
target Hamiltonian 〈Ĥ 〉 over the states evolved with our
VarQITE protocol for a 2 × 12 ladder at half filling and
compare them with the equivalent exact ITE calculation
[dark dashed lines in Fig. 6(a)]. These results show the
importance of the choice of the initial state. In particular,
if we take the plaquette product state for U/t = 8 as the
initial state (in solid blue), the protocol does not provide
a significant improvement in the energy because the QITE
step has a support (i.e., the number of fermion modes in
which it acts simultaneously) smaller than the correlation
length of the system and thus it cannot properly capture
the imaginary-time dynamics [86]. In the language of vari-
ational quantum computing, we would say that the circuit
lacks expressibility for that given initial state. On the other
hand, for the initial plaquette product state with U/t = 32,
which has a smaller overlap with the exact ground state,
the protocol results in a larger improvement of the initial
energy during the optimization. These results exemplify
a trade-off between the trainability of the circuit and the

(a)

(c) (d)

(b)

FIG. 6. VarQITE and QLanczos for the local FH ladder. (a)
A comparison between the QITE protocol (solid lines) and the
exact ITE (dashed lines) to prepare the ground state of a half-
filled 2 × 12 ladder at U/t = 8, starting from different initial
states depicted with different colors (see the text). The data were
obtained updating the wave function according to Eq. (19) using
	τ = 0.005. (b) We show the best residual energies ε obtained
with the QITE protocol as well as with the two QLanczos meth-
ods, together with the required implementation time T, for the
different initial states. We also show results obtained with the
HyVA method (see Fig. 2) using the same implementation time.
(c),(d) The results obtained for ε using the different protocols as
a function of the ladder length N , for the case of half filling (c)
and quarter filling (d), respectively.

quality of the initial state. Although a reduced express-
ibility improves the trainability of a variational quantum
circuit [133], this needs to be accompanied by a suitable
initial state. In such case, issues in the trainability can be
solved while still being able to reach the states of interest
in the Hilbert space [114,134].

Similarly to the HyVA protocol introduced in the previ-
ous section, our results show how our VarQITE approach
can prepare the ground state of the FH Hamiltonian much
faster than standard adiabatic protocols. As shown in
Fig. 6(b), the bare application of VarQITE does not provide
an advantage over the HyVA approach, considering, in par-
ticular, that it requires more complicated measurements.
However, as we have mentioned previously, it can be used
as a subroutine for other algorithms, such as QLanczos.
We now show how this approach provides an advantage
with respect to the HyVA protocol both in terms of imple-
mentation times as well as in the accuracy of the estimated
ground-state energy.

In Figs. 6(b)–6(d), we summarize our results using
the two QLanczos approaches described above. First, in
Fig. 6(b), we plot the residual energy ε as a function of
the total implementation time T and compare the results
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obtained directly from the VarQITE algorithm [shown in
Fig. 6(a)] and the ones obtained from the QLanczos algo-
rithms [the circle (triangle) markers correspond to the
approximated (complete) method]. We note that the phys-
ical time T that we are plotting in the horizontal axis
in Fig. 6(b) is different for the different states consid-
ered, although the imaginary time [the horizontal axis in
Fig. 6(a)] is the same in all cases. We also benchmark these
protocols against the HyVA state preparation introduced
in the previous section by showing, in each case, results
obtained for the same total implementation times (in red
rhombus). From these results, we can first conclude that
both QLanczos protocols improve the energy with respect
to the VarQITE algorithm from which the information is
extracted and, more importantly, that they considerably
reduce the evolution time required for that, since only short
imaginary times are required. Moreover, for this system
size, QLanczos performs better if the corresponding Var-
QITE starts with the plaquette state at U/t = 32 (orange
lines and markers), even if the final energy obtained with
the latter is worse than for the initial plaquette state at
U/t = 8 (blue lines and markers). The reason is that the
former has a shorter correlation length than the latter and
better approximates the exact QITE for short times. This
observation shows a trade-off between the fidelity of the
initial state used for the QITE and the accurate approxi-
mation of the exact ITE. Whereas increasing the former
may lead to a better final energy after the application of
the QITE protocol while needing shorter times, as shown
in Fig. 6(b), the latter guarantees that QLanczos will later
provide a faster convergence to the exact energy. Finally,
we also observe how, for this system size, both versions of
the QLanczos algorithm introduced above perform better
than the HyVA protocol for an equivalent implementation
time.

In Fig. 6(c), we make a systematic analysis of the
QLanczos advantage over the HyVA protocol for increas-
ing ladder sizes, i.e., N = 2 × L, where L is the length of
the ladder. For the half-filled case, we can observe that
the approximated QLanczos version shows worse perfor-
mance compared to the HyVA protocol after a certain sys-
tem size N . For the complete QLanczos, the performance
is similar to that of the HyVA protocol. This behavior can
be explained by the nature of the state that we are trying to
prepare. At half filling, the gap of the system is very large
and the adiabatic fusion of plaquettes is expected to be effi-
cient even for short implementation times. The situation
changes, however, if we now compare the performance of
these protocols in the presence of doping. The results are
shown Fig. 6(d), where we perform a similar scaling anal-
ysis of the performance of QLanczos against the HyVA
protocol for the case of quarter filling. In that case, we
now find a clear advantage of the complete QLanczos com-
pared with the HyVA protocol that is maintained, and even
increases, as the system size grows.

2. Fermi-Hubbard ladder with extended interactions

One of the main advantages of implementing the Var-
QITE and the QLanczos protocols is that there is no need
to directly engineer all the terms in the target Hamilto-
nian Ĥ to estimate its ground-state energy. This is because
the unitary parametrization [cf. Eq. (20)] of the nonuni-
tary QITE step [cf. Eq. (19)] does not need to include, in
principle, all the different terms in Ĥ , the Hamiltonian gen-
erating the ITE. To illustrate this point, we now include
an extra NN-interaction term to the half-filled FH ladder
target Hamiltonian,

ĤV = V
∑

〈i, j 〉
n̂in̂j , (27)

where we set V/t = 2. We apply our protocols to this
extended FH ladder and summarize our results in Fig. 7.
In this case, both the initial states and the quench evolu-
tions in the fermionic circuits are the same as above. The
only difference is that now the observables that we have to
measure in Eq. (21) also include the new term ĤV, as part
of Ĥ = ĤFH + ĤV.

In Fig. 7(b), we show the results obtained after imple-
menting the VarQITE protocol starting from the same
initial states as in Fig. 6(a). There, we demonstrate that we
can accurately approximate the exact QITE corresponding
to the extended FH Hamiltonian for the chosen parameter
regimes. Furthermore, in Fig. 7(c), we perform a similar
system-size analysis as in the local FH case. We find that

(a)

(c)

(b)

FIG. 7. VarQITE and QLanczos for the FH ladder with
extended interactions. (a) A comparison between the QITE pro-
tocol (solid lines) and the exact ITE (dashed lines) to prepare
the ground state of a half-filled 2 × 12 ladder at U/t = 8 and
V/t = 2, starting from different initial states (see legend). (b) The
best residual energies ε obtained with the QITE protocol as well
as with the two QLanczos methods, together with the required
implementation time T, for the different initial states. (c) The
residual energies ε as a function of the ladder length N for the
different protocols.
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QLanczos still provides an advantage both in its approxi-
mate and its complete form when compared to the regular
VarQITE and that these results hold as the system size
increases. We note that, in this case, we do not assume that
the term ĤV is generated on the quantum simulator. There-
fore, and since there is no equivalent adiabatic preparation,
our results show how both the VarQITE and the QLanc-
zos protocols developed here can be used to explore target
models beyond the ones engineered in the experiment.

3. Effect of shot noise

Finally, let us note that all the results shown for the
VarQITE and the QLanczos algorithms so far assume an
infinite number of measurements. We now conclude this
study by investigating how our protocols are affected by
the presence of shot noise stemming from a finite num-
ber of samples in the estimation of each measured object.
In Fig. 8(a), we compare the results obtained from the
VarQITE algorithm for different number of samples, show-
ing how the protocol is still able to capture the results
obtained using an infinite number of measurements. Then,
in Fig. 8(b), we show the final estimation of the energy
provided by the approximated and complete versions of
QLanczos as a function of the number of samples. The
main conclusion is that a reasonable amount of total sam-
ples in the calculation of each object needed for QLanc-
zos recovers the same values that were obtained in the
infinite-measurement case. Therefore, based on the results
discussed in the previous sections, we can conclude that
QLanczos provides a good estimation of the energy of the
ground state while requiring less coherence time than other
methods, even in the presence of shot noise.

(a) (b)

FIG. 8. The effects of shot noise in QITE and QLanczos. (a)
A comparison between the QITE (solid lines) and the exact
imaginary-time evolution (dashed lines) applied to the target
local FH model with U/t = 8 in a 2 × 4 ladder, considering as
initial state the uncoupled plaquettes with reduced t in Fig. 6(a).
Each line considers a different number of samples per object,
with the shaded ribbon being the standard deviation. (b) The
best residual energies ε compared with the number of samples
per object used to obtain them when considering the situation
depicted in (a).

The number of required samples can be connected to
the number of experimental runs needed to implement the
algorithms in practice. Assuming that the required observ-
ables are measured following the parallelization schemes
proposed in Appendix C, the number of experimental
runs needed to implement a single VarQITE step grow as
O(8NM ) for a ladder, with N being the total number of
sites and M the number of samples assumed in the calcula-
tion [O(10NM ) for a full lattice]. Assuming the possibility
to implement in parallel approximately ten independent
2D experiments, either within the same 2D layer [135]
or using a three-dimensional optical lattice [136–138], the
results shown above for a 2 × 4 ladder and M = 2000
samples per object can be obtained with approximately
1.5 × 104 experimental runs in total. This is within reach
considering the repetition rates of current cold-atom exper-
iments [110,139]. We note that this number can be further
reduced by implementing more sophisticated measurement
schemes based on quantum control techniques [108] or
randomized protocols [140–145].

V. CONCLUSIONS AND OUTLOOK

In summary, we have shown how cold atoms in opti-
cal lattices can be operated as programmable quantum
simulators of fermionic models, where we harness the lat-
est experimental advances demonstrating local control of
these platforms. Here, we focus on ground-state prepa-
ration and develop quantum algorithms that overcome
some of the limitations of more traditional analog quantum
simulation approaches.

We first construct hybrid variational-adiabatic protocols
that are precompiled classically and demonstrate that they
can faithfully prepare the ground state of translational-
invariant local and extended FH models, both at half filling
as well as for finite dopings. Importantly, we show that
these precompiled circuits require considerably less time
than adiabatic protocols. Besides, we also demonstrate that
they can be used to study models beyond the local FH
models used as resources, e.g., FH with extended tunnel-
ing terms, required to obtain a d-wave superconducting
order. Second, we propose how to obtain a variational
approximation of the quantum imaginary-time evolution
using resources available in cold-atom setups and bench-
mark its potential as an alternative state-preparation strat-
egy for fermionic Hamiltonians. Finally, we also show
that this protocol can be used as a subroutine for the
QLanczos algorithm, which only requires postprocessing
of the data measured during imaginary-time evolution, and
demonstrate how it considerably improves the ground-
state energy estimation for local and extended FH models.
While we benchmark our protocols on ladder geometries,
they are designed for extended 2D systems and can readily
be applied to cold-atom experiments to investigate system
sizes that cannot be addressed using classical methods.
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The fermionic gate set considered in this work can be
extended by including more general resources that can
be natively implemented in cold-atom simulators, such
as synthetic gauge fields [146] or long-range interactions
[147–149]. The former would allow to target fractional
quantum Hall states [150], which are topologically ordered
phases that are very hard to prepare adiabatically due to
gap-closing transitions, and the latter could help to prepare
critical states more efficiently [151].

Besides these specific applications to ground-state
preparation, our programmable quantum simulation
approach can be used to design and implement other quan-
tum algorithms tailored to cold-atom experiments. The
fermionic gate set given in Eq. (5) introduced here can
be readily used to implement a Trotter real-time evo-
lution under extended FH dynamics. Furthermore, these
resources can be also employed to construct more efficient
many-body spectroscopy methods to better estimate the
properties of the fermionic states prepared here, a research
direction that we will explore in future works.
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APPENDIX A: PROGRAMMING EXTENDED
FERMI-HUBBARD MODELS

In this appendix, we show how, by implementing
a sequence of quench evolutions corresponding to the
fermionic gate set G given in Eq. (5), it is possible to
generate evolutions under more complicated Hamiltonians
beyond the local FH model given in Eq. (1). While here we
focus on the implementation of the NNN-tunneling term
of Eq. (16), other extended terms can be also obtained in a
similar manner.

One key element to achieve this task is the implemen-
tation of fermionic SWAP (fSWAP) gates between two NN
sites i and j , i.e., fSWAPi↔j |a〉i |b〉j = |b〉i |a〉j , where |a〉
and |b〉 are the different atomic states, with a, b ∈ {0, ↑,
↓, ↑↓}. These gates can be directly implemented by dimer-
izing the lattice, as described in Fig. 1(a), and applying
an off-site chemical potential such that the system evolves
under the Hamiltonian

ĤfS = −t
∑

σ

(
ĉ†

i,σ ĉj ,σ + H.c.
)

− 3t
(
n̂i,σ + n̂j ,σ

)
, (A1)

for a total time TfS = π/(2t) [25] [see Fig. 9(a)]. Using the
superlattice structures shown in Fig. 1(a), this gate can be
parallelized for all dimers in the lattice, and alternated in
different directions to generate more complex evolutions.

In Fig. 9(b), we schematically depict how to obtain uni-
tary evolutions under the NNN-tunneling Hamiltonian in a
plaquette through a sequence of fSWAP gates and dimerized
tunnelings. Specifically,

e−iĤt′T′ = fSWAPj ↔k e−iĤ (1)T fSWAPj ↔k, (A2)

(a) (b)

(c)

FIG. 9. Fermionic circuits for extended tunneling, (a) a
fermionic SWAP (fSWAP) gate can be implemented between two
NN sites i and j by evolving with the Hamiltonian ĤfS given
in Eq. (A1) for a time π/(2t). (b) A unitary evolution under
NNN-tunneling terms Ĥt ′ (red, diagonal in the plaquette) can
be implemented using a sequence of fSWAP gates and quench
evolutions under the NN-tunneling Hamiltonian Ĥt (blue) for
a time tT = t ′T′. (c) A sequential application of the operations
described in (b) to the four sets of noncommuting plaquettes gen-
erates an effective evolution under NNN-tunneling terms along
the whole lattice.
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where e−iĤ (1)T corresponds to a quench evolution for a lat-
tice configuration with vertical tunnelings [see Fig. 1(a)]
and tT = t ′T′. This protocol can be applied in parallel to
all commuting plaquettes in the lattice [see Fig. 9(c)] and,
thus, by repeating it four times, we can implement the uni-
tary evolution under the NNN-tunneling Hamiltonian on
the whole lattice. We note that this circuit has a finite depth,
independent on the system size.

APPENDIX B: RESOURCE HAMILTONIANS FOR
PRECOMPILED VARIATIONAL CIRCUITS

Here, we write down explicitly the resource Hamilto-
nians used in Sec. III to prepare the ground state of the
FH model at half filling. For the first step of the proto-
col, the variational circuit given in Eq. (8) is obtained by
quenching with the following Hamiltonian:

Ĥ (1) = −t
∑

〈i, j 〉∈dimers,σ

ĉ†
i,σ ĉj ,σ + U

∑

i

n̂i,↑n̂j ,↓

− μ
∑

i

(−1)ix+iy
(
n̂i,↑ − n̂i,↓

)
, (B1)

where the tunneling is nonzero only between pairs of sites
within dimers, as depicted in Fig. 2(b), and we optimize t,
U and μ for each quench.

In the second step, we start with the dimer product state
prepared variationally and construct a second variational
circuit by quenching with the Hamiltonian [see Fig. 2(c)]

Ĥ (2) = −t̃
∑

〈i, j 〉∈rungs,σ

ĉ†
i,σ ĉj ,σ

− t
∑

〈i, j 〉∈dimers,σ

ĉ†
i,σ ĉj ,σ + U

∑

i

n̂i,↑n̂j ,↓, (B2)

where in this case we fix U/t = 8 and consider only t̃μ and
the quench time T(2)μ as variational parameters. Finally, in
the third step, we apply the Hamiltonian H (3), which is
similar to Eq. (B2), but with t̃ and t now referring to the
interplaquette and intraplaquette couplings, respectively.

APPENDIX C: MEASUREMENT SCHEMES

In this appendix, we show in detail how to measure
〈Ĥ 〉 for the local FH Hamiltonian, where 〈Ĥ 〉 = 〈Ĥt〉 +
〈ĤU〉. Extended tunneling terms can be included in a sim-
ilar manner, by bringing them first to an NN form using
a constant-depth circuit of fSWAP gates, as explained in
Appendix A. We also consider measurements of 〈ĤμĤν〉,
which are required to implement QITE. Both 〈ĤU〉 and
〈Ĥ 2

U〉 are diagonal in the occupation basis and can be
measured in a straightforward manner using a quantum
gas microscope [105–107]. We now consider the remain-
ing terms separately. Finally, let us also note that these

measurements can also be performed using the protocol
introduced in Ref. [108] and based on quantum optimal
control.

1. Measurement of 〈Ĥt〉
The first operator that we are interested in measuring is

Ĥt. When computed over a 2D square lattice, this opera-
tor can be divided into four commuting parts such that all
the terms in each one of them can be measured simultane-
ously through the appropriate dimerization of the lattice.
Labeling these commuting parts with the index α yields
the decomposition

Ĥt = −t
∑

α

Ĥt,α = −t
∑

α

∑

〈iα , jα〉,σ
ĉ†

iα ,σ ĉjα ,σ , (C1)

where all the terms in each Ĥt,α for different iα and jα
commute. The measurement of each term Ĥt,α can be
performed by first applying the unitary operation

Bα =
⊗

〈iα , jα〉,σ
Biα , jα ,σ . (C2)

where each term Biα , jα ,σ brings the corresponding tunnel-
ing term to a diagonal form in the occupation basis, and
they can all be applied in parallel for a fixed α, i.e.,

〈Ĥt,α〉 = − t
2

∑

〈iα ,jα〉,σ
〈ĉ†

iα ,σ ĉjα ,σ + ĉ†
jα ,σ ĉiα ,σ 〉ψ

= − t
2

∑

〈iα ,jα〉,σ
〈n̂iα ,σ 〉ϕ − 〈n̂jα ,σ 〉ϕ , (C3)

where |ϕ〉 = Bα |ψ〉. For a fixed α, all the terms 〈Ĥt,α〉
can thus be measured simultaneously using a quantum gas
microscope, as shown experimentally in Ref. [57]. We note
that in Eq. (C3), we have symmetrized each of the NN
terms and thus the addition of the factor of 1/2.

Let us finally show that the B operator can be alter-
natively implemented in a compact manner by using two
quench evolutions under the Hamiltonian

ĤFT (θ k) = −
∑

σ

θij

(
ĉ†

i,σ ĉj ,σ + ĉ†
j ,σ ĉi,σ

)

− μij ,1n̂i,σ − μij ,2n̂j ,σ , (C4)

where θij , μij ,1, and μij ,2 are different variational
parameters for each quench. We can optimize these
parameters to minimize the infidelity I (θ) = ||B −
e−iĤFT(θ1)e−iĤFT(θ2)||, where ||.|| is the Frobenius matrix
norm. This protocol results in I < 10−8 for a wide range
of parameters, which can potentially lead to a faster
implementation compared to the Zπ/2 and Xπ/2 rotations
implemented in Ref. [57].
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2. Measurement of 〈Ĥ 2
t 〉

We now turn our attention to the measurement of 〈Ĥ 2
t 〉,

corresponding to a linear combination of O(N 2) four-point
correlation functions

〈Ĥ 2
t 〉 =

∑

〈i, j 〉,σ

∑

〈r,s〉,σ ′
〈ĉ†

i,σ ĉj ,σ ĉ†
r,σ ′ ĉs,σ ′ 〉

= 1
4

∑

〈i, j 〉,σ

∑

〈r,s〉,σ ′

〈(
ĉ†

i,σ ĉj ,σ + H.c.
) (

ĉ†
r,σ ′ ĉs,σ ′ + H.c.

)〉
.

(C5)

We now introduce a measurement scheme for these terms
and how it can be parallelized.

Let us first consider the case in which the following con-
ditions are satisfied: (1) i and j are both different of r and s;
(2) σ �= σ ′; or (3) i = r, j = s and σ = σ ′. In that case, it
is possible to independently apply an operator Bi, j ⊗ Br,s
that simultaneously diagonalizes each term in parentheses
in Eq. (C5). Let |ϕ〉 = Bi, j ⊗ Br,s |ψ〉. Then,

〈(
ĉ†

i,σ ĉj ,σ + H.c.
) (

ĉ†
r,σ ′ ĉs,σ ′ + H.c.

)〉

ψ

= 〈(
n̂i,σ − n̂j ,σ

) (
n̂r,σ ′ − n̂s,σ ′

)〉
ϕ

(C6)

and the correlation functions can be computed with mea-
surements over the occupation basis. Furthermore, O(N )
of these measurements can be parallelized, so the total
number of configurations that need to be measured is of
order O(N ).

There are still O(N ) observables that remain to be mea-
sured, namely, when i or j equal r or s (not both) and
σ = σ ′. Let j = r, without loss of generality. In that case,
each of the terms to measure in Eq. (C5) can be rearranged
as

(
ĉ†

i,σ ĉj ,σ + ĉ†
j ,σ ĉs,σ + H.c.

)2

=
(

ĉ†
i,σ ĉj ,σ + H.c.

)2
+

(
ĉ†

j ,σ ĉs,σ + H.c.
)2

+
(

ĉ†
j ,σ ĉs,σ + H.c.

) (
ĉ†

i,σ ĉj ,σ + H.c.
)

+
(

ĉ†
i,σ ĉj ,σ + H.c.

) (
ĉ†

j ,σ ĉs,σ + H.c.
)

. (C7)

The term Dij sσ =
(

ĉ†
i,σ ĉj ,σ + H.c.

)2
+

(
ĉ†

j ,σ ĉs,σ + H.c.
)2

is already measured in the different permutations con-
sidered above, so the only task left is the measurement
of the second line in Eq. (C7). To do so, one may
note that ĉ†

j ,σ ĉs,σ ĉ†
j ,σ ĉi,σ , ĉ†

s,σ ĉj ,σ ĉ†
i,σ ĉj ,σ and their Hermi-

tian conjugates are all equal to zero due to the fermionic

anticommutation rules. Hence, Eq. (C7) reads

(
ĉ†

i,σ ĉj ,σ + ĉ†
j ,σ ĉs,σ + H.c.

)2
= Dij sσ

+
(

ĉ†
i,σ ĉj ,σ ĉ†

j ,σ ĉs,σ + ĉ†
j ,σ ĉi,σ ĉ†

s,σ ĉj ,σ + H.c.
)

= Dij sσ +
(

ĉ†
i,σ ĉs,σ + H.c.

) (
1 − 2n̂j ,σ

)
, (C8)

where the final equality has been obtained after an appli-
cation of the fermionic anticommutation rules. Thus, the
procedure to measure Eq. (C8) consists in the simultane-
ous measurement of

(
ĉ†

i,σ ĉs,σ + H.c.
)

and n̂j ,σ , which can
be achieved applying a fSWAPs↔j and then applying the
corresponding B operator. Once again, most of these mea-
surements can be parallelized, so it is possible to measure
these terms in constant depth.

3. Measurement of Re
[〈

ĤtĤU

〉]
and Im

[〈
ĤtĤU

〉]

Finally, let us outline the measurement of the crossed
terms, which are necessary for the QITE protocol in
Sec. IV. For the first case, let us write Re

[〈
ĤtĤU

〉]
as

Re
[〈

ĤtĤU

〉]
= 1

2

(〈
ĤtĤU + ĤUĤt

〉)
. (C9)

Since Ĥt and ĤU are both Hermitian operators, the sec-
ond equality in Eq. (C9) is the expectation value of an
Hermitian operator. Decomposing these operators into
observables that can be measured, we find that

〈
ĤtĤU + ĤUĤt

〉

= 1
2

∑

〈i, j 〉,σ

∑

s

〈(
ĉ†

i,σ ĉj ,σ + ĉ†
j ,σ ĉi,σ

)
n̂s,↑n̂s,↓ + H.c.

〉
.

(C10)

There are two different types of terms arising from the
above sum. First, there are the ones obtained when i, j �= s.
In such a case, it is possible to diagonalize the ĉ†

i,σ ĉj ,σ +
ĉ†

j ,σ ĉi,σ term using a Bi, j ,σ operator and then compute the
expectation value as described in the above cases, mea-
suring the products of number operators in the occupation
basis. The measurement of these terms can be paral-
lelized, so only O(N ) different configurations are needed
to measure the O(N 2) terms.

Second, there are also the terms where i or j equal s.
Without loss of generality, let j = s. Then, these terms in
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Eq. (C10) become

〈(
ĉ†

i,σ ĉj ,σ + ĉ†
j ,σ ĉi,σ

)
n̂j ,↑n̂j ,↓ + H.c.

〉

=
〈
ĉ†

i,σ ĉj ,σ n̂j ,↑n̂j ,↓ + H.c.
〉

=
〈(

ĉ†
i,σ ĉj ,σ + H.c.

)
n̂j ,σ ′ �=σ

〉
. (C11)

As in the previous cases, the tunneling term can now be
diagonalized and hence measured.

Finally, regarding the measurement of Im
[〈

ĤtĤU

〉]
, we

first rewrite this term as

Im
[〈

ĤtĤU

〉]
= − i

2

(〈
ĤtĤU − ĤUĤt

〉)
. (C12)

The operator to measure in the second equality of
Eq. (C12) is Hermitian, and hence an observable. Its mea-
surement is completely equivalent to the measurement
of Re

[〈
ĤtĤU

〉]
that was described above, with the only

difference being that the measurement of each of the tun-
neling terms

(
ĉ†

i,σ ĉj ,σ + ĉ†
j ,σ ĉi,σ

)
is now a measurement

of the current operator i
(

ĉ†
i,σ ĉj ,σ − ĉ†

j ,σ ĉi,σ

)
. Fortunately,

such an operator can also be diagonalized with a C operator
similar to the B that has diagonalized the tunneling term.
As described in Ref. [57], this term can be easily obtained
with a simple Xπ/2 rotation.

APPENDIX D: EFFECTS OF NOISE IN THE
IMPLEMENTATION OF THE VARIATIONAL

PROTOCOLS

In this appendix, we discuss the effects of imperfect
operations in the implementation of the variational pro-
tocols discussed in the main text. We take as a particular
example Sec. III A and reproduce Fig. 2 including realistic
errors.

Intuitively, the variationally optimized parameters min-
imize the value of a cost function, so the gradient there
is zero and a small perturbation should not take the value
of the cost function far away. Furthermore, since the num-
ber of parameters is kept of order O(1) but the number of
degrees of freedom of the state scales exponentially and
the circuit used is “physically inspired” (in the sense that,
in the limit of D � 1 layers, one recovers a Trotterized adi-
abatic protocol), the cost function should not present lots of
local minima, especially as the size of the system increases.
Therefore, we expect the cost-function landscape (i.e., the
value of 〈ψ(θ)|Ĥ |ψ(θ〉) to be smooth. Overall, this means
that the cost function is not particularly sensitive to small
changes in the values of the parameters around the minima.

Let us now provide a quantitative analysis to confirm
this intuition of the robustness to noise of the protocol. In

Fig. 10, we reproduce Fig. 2 but including randomly sam-
pled noise in each parameter. This models a situation in
which the quenches cannot be perfectly implemented but
instead have an intrinsic error associated. To do so, let the
variational state obtained after quenching the state with the
exact parameters obtained in the optimization (labeled as
“Variational preparation” in Fig. 10) be |ψ(θ∗)〉. Instead of
preparing this state, we prepare |ψ(θ̃∗

)〉 adding Gaussian
noise to the parameters as

θ∗ → θ̃
∗ = θ∗ + ε, εi ∼ N (

0, σ 2) , (D1)

i.e., we randomly perturb each parameter sampling from a
normal distribution with standard deviation σ 2 [these dif-
ferent levels of noise are labeled in Fig. 10 as Noise level =
(100 × σ 2)% to provide a percentage instead].

Furthermore, in order to increase the robustness of the
overall protocol and ease a possible experimental imple-
mentation, the preparation of the dimers starting from the
initial product state is done with quenches under the same
Hamiltonian Ĥ (1) that is used in Fig. 2 [cf. Eq. (B1)] but
now with the value of U fixed to be U/t = 8 (the final
objective value). Figures 10(a) and 10(b) show, respec-
tively, the infidelity I and the residual energy ε obtained
for this state preparation, including different values of the
noise as described above for 50 independent random real-
izations (the results plotted are the corresponding means).
The main conclusion is that although the perfect fidelities
obtained in the noiseless protocol are now unreachable, a
reasonable fidelity in the implementation of the operations
(between 98% and 99%) already prepares the dimers with
infidelities below 10−3 in much shorter times that their
adiabatic counterparts.

For completeness, in Figs. 10(c) and 10(d) we show
the results of preparing the plaquettes and in Figs. 10(e)
and 10(f) the results for the 2 × 4 ladder. From these fig-
ures, we see that they are much more resilient to noise than
the dimer preparation of Figs. 10(a) and 10(b). In partic-
ular, fidelities of 98% lead to infidelities of the prepared
states below 10−3, much closer to the noiseless values than
in the dimer case. This is even more striking in the fusion
of the plaquettes, where the noise hardly modifies the val-
ues of the figures of merit, even when only a 90% fidelity
in the operations is considered. This situation, where the
resilience to noise is improved as the system size increases,
seems to provide numerical evidence to the intuition that a
circuit with O(1) parameters will be more resilient to noise
the bigger the underlying Hilbert space is.

Furthermore, in order to visualize better the effect of the
random noise during the state preparation, in Fig. 11 we
plot the same data as in Fig. 10 but now using a linear
scale. This lets us introduce the standard deviation of the
infidelity and the residual energy after the 50 independent
realizations as a shaded ribbon in the panels. Moreover, the
different scale clearly shows the oscillations in the energy
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(a) (c) (e)

(d) (f)(b)

FIG. 10. The robustness against random noise in the parameters of the ground-state preparation for the local FH at half filling
(logarithmic scale). This figure depicts a ground-state preparation equivalent to the one shown in Fig. 2 but including random noise
in the parameters. The noise is included by sampling randomly from a normal distribution with mean the exact value and a standard
deviation σ , such that the noise level in the labels is given as noise level = 100 × σ 2%. The total number of random samples is
50. (a),(b) The infidelity and the residual energy, respectively, in the preparation of the dimer for the exact variational parameters
and different values of noise. The inset shows the final times with an expanded scale. The optimization is different from the one
considered in the main text, since it fixes the value of U/t = 8 instead of optimizing it to ease the experimental implementation of the
protocol. (c),(d) We also show the infidelity and the residual energy, respectively, for the preparation of the plaquettes. In this case, the
optimization has again been done with D(2) = 4 layers, so the parameters obtained are different than the ones used in the main text.
(e),(f) The same figures of merit, respectively, as the latter, in the case of the coupling of two plaquettes to prepare a 2 × 4 ladder.

and the infidelity and their robustness to noise. This phe-
nomenon seems to indicate that the variational protocols
provide better accuracy in the final-state preparation while
needing much less time than their adiabatic counterparts,
as discussed in Fig. 2. This improved performance can be
associated with a transfer of population from the ground
state to excited states, which may then be diabatically con-
nected to the ground state through closing gaps (in, e.g.,
a similar way as the shortcut-to-adiabaticity protocol in
Ref. [77] does).

Furthermore, to demonstrate that the variational proto-
col works with more realistic pulses and still provides a
clear advantage, we have done calculations using linear
ramps to switch the parameters on and off. The results
are summarized in Fig. 12. The variational parameters in
this new case are the ramping-time length and the value
of the square pulse and its length. Thus, to couple the dis-
connected sites and prepare the dimers, we again quench
the initial product state with the Hamiltonian Ĥ (1) [cf.
Eq. (B1)], fixing U to the target value (U/t = 8) and only

(c) (e)(a)

(b) (d) (f)

FIG. 11. The robustness against random noise in the parameters of the ground-state preparation for the local FH at half filling (linear
scale). This figure is equivalent to Fig. 10 but in a linear scale instead of a logarithmic one. This allows the introduction of the standard
deviation of all 50 averaged realizations for the noisy cases as a ribbon.
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 12. The robustness of the variational state preparation
with ramping pulses when noise is introduced. (a) The pulses
used to prepare a dimer starting from a Mott-insulator state using
two quenches of the Hamiltonian in Eq. (B1). The first quench
ramps the tunneling t, which is then kept constant for some time.
The second quench then ramps both t and μ, which are then kept
constant again. (b) The infidelity I between the prepared state
and the ground state of the FH model in a dimer as a function
of the total time of the quenches. The figure shows the noise-
less case (depicted as the variational one) and the average of 200
realizations with different levels of noise according to the colors
(the ribbon corresponds to their standard deviation). (c) The same
data as in (b) but plotted in a logarithmic scale. (d)–(f) The same
as (a)–(c) but for the coupling of dimers to prepare the ground
state of the plaquette, following three quenches of the system
under the Hamiltonian in Eq. (B2), with their corresponding
adiabatic ramps.

optimizing the values of t and μ together with the total
quench duration and the ramping length. In Fig. 12(a), we
show the optimal value of the pulses: we start by ramping
the tunneling term t above the target value while keeping
the value of μ at zero. In Fig. 12(b), almost no infidelity
change is shown with respect to the dimers up to this point,
so this can be considered as a nonadiabatic mechanism
to move population between the excited states. Then, the
value of t is adiabatically decreased and meanwhile the
value of μ starts to increase. This is the moment at which
the infidelity starts to decrease in Fig. 12(b) and it keeps
decreasing while both of them are kept constant up until
they reach a perfect state preparation in the ideal case.
Moreover, we include different values of random Gaus-
sian noise in the parameters following the same method
as considered in Figs. 10 and 11 [cf. Eq. (D1)].

In Fig. 12(b), we plot the average value of 200 random
realizations, together with their standard deviation as a rib-
bon. What we can see from this figure is that the values of
the noise do not significantly modify the accuracy of the
state preparation. This is more clear looking at Fig. 12(c),
where the same data are plotted but now using a loga-
rithmic scale. There, it can be seen that although noise

limits the perfect fidelity in the state preparation that we
were finding in the noiseless case, error rates of 2% still
provide infidelities below 10−3 in a very short time, provid-
ing much better results than the equivalent adiabatic state
preparations shown in the paper.

Figures 12(d)–12(f), on the other hand, show the same
situation but now in the case of the coupling of dimers
to prepare the ground state of a plaquette. In this case,
the Hamiltonian quenched is Ĥ (2) [cf. Eq. (B2)], with U
again fixed to U/t = 8 and the variational parameters being
t̃, the total length of the quench, and again the ramping
time. In this case, three different quenches (three adiabatic
ramps followed by three constant pulses) are able to gen-
erate the plaquette ground state with great accuracy. More
remarkably, this case is significantly resistant to noise, pro-
viding very similar results independently of the amplitude
of the noise [as shown in Fig. 12(f)]. This confirm that
the intuition of the smoothness of the cost-function land-
scape stated above due to physical arguments is true, so
we expect that this noise resilience will hold as further
subsystems are variationally coupled.

APPENDIX E: IMPLEMENTING QUANTUM
IMAGINARY-TIME EVOLUTION IN A

PROGRAMMABLE SIMULATOR

QITE approximately solves the Wick-rotated Schröd-
inger equation in imaginary time τ ≡ iT to find an approx-
imation of the ground state of a Hamiltonian Ĥ . The
equation

∂

∂τ
|�(τ)〉 = −

(
Ĥ − Eτ

)
|�(τ)〉, (E1)

where Eτ = 〈ψ(τ)|Ĥ |ψ(τ 〉, is formally solved for an ini-
tial state |�0〉 as

|�(τ)〉 = e−τ Ĥ |�0〉√
〈�0|e−2τ Ĥ |�0〉

. (E2)

In the eigenbasis of Ĥ , {|ϕi〉}, the solution |�(τ)〉 reads

|�(τ)〉 ∝ c0 |ϕ0〉 +
∑

n>0

cne−(En−E0)τ |ϕn〉 , (E3)

where the Ei the eigenenergies, ordered in increasing
value. Hence, from Eq. (E3), it is clear that |�(τ)〉 con-
verges to the (nondegenerate) ground state |ϕ0〉 of Ĥ in the
limit τ → ∞.

Since the imaginary-time evolution is not unitary,
obtaining Eq. (E1) with a quantum device requires us to
approximate this action with a unitary operator. A possible
way to do this involves approximating the exact ground
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state with a parametrized trial state,

|ψ(θ(τ ))〉 = U(θ(τ )) |ψ0〉 , (E4)

where θ ∈ R
d is a d-dimensional parameter vector that

depends on the imaginary time. In particular, we will con-
sider parametrized states generated by unitaries of the
form

U(θ(τ )) =
∏

μ

e−iθμ(τ)Hμ , (E5)

where the different Hμ are Hamiltonian terms that can be
easily generated in the quantum simulator, such as those
belonging to the gate set G in Eq. (5) for the case con-
sidered here, and the θμ are the elements of θ . With such
a configuration, the variational quantum imaginary-time
evolution (VarQITE) algorithm [87–89] maps the evolu-
tion of the quantum state |�〉 to one of the vectors of
parameters θ using a variational method.

The application of McLachlan’s principle for this partic-
ular case, as described in Ref. [88], minimizes the distance
between the exact imaginary-time wave function and the
variational one, which is equivalent to the solution of the
problem

δ

∥∥∥∥

(
∂

∂τ
+ Ĥ − Eτ

)
|ψ(θ(τ )〉

∥∥∥∥ . (E6)

Assuming θ(τ ) to be real, Eq. (E6) becomes

g (θ(τ ))
dθ

dτ
= b (θ(τ )) , (E7)

which is the projection of Eq. (E1) onto the variational
manifold. In Eq. (E7), we have introduced the matrix g =
Re [G] as the real part of the quantum geometric tensor,

gμν (θ) = Re
[〈∂μψ (θ) |∂νψ (θ)〉

]

− Re
[〈∂μψ (θ) |ψ (θ)〉 〈ψ (θ) |∂νψ (θ)〉

]
,

(E8)

where we have introduced the notation ∂μ := ∂/∂θμ and
the evolution gradient b:

bμ (θ) = −Re
[〈∂μψ (θ) |H |ψ (θ)〉] . (E9)

We note that bμ (θ) = −∂μE (θ) /2, i.e., b (θ) is propor-
tional to the gradient of the energy evaluated at θ .

If the parametrized state has enough expressibility (i.e.,
has the capability to accurately explore the relevant Hilbert
space), Eq. (E1) is completely equivalent to Eq. (E7).
Although in general this is not the case, Eq. (E7) still
provides a good approximation to solve the real-time
Schrödinger equation if the parametrized state is chosen

properly. The solution of the linear system of ODEs in
Eq. (E7) involves a feedback loop between the classi-
cal and the quantum parts of the algorithm. In practice,
Eq. (E7) is integrated numerically using an ODE solver.
For example, a first-order Runge-Kutta method (or Euler
method) with a time step 	τ leads to the following
equivalent equation in the limit 	τ → 0:

g (τn)
θ (τn+1)− θ (τn)

	τ
= b (tn) , (E10)

where τn := n	τ . Assuming knowledge of the parameters
θ (τn) at step n, the above equation can be solved to yield
the following update rule:

θ (τn+1) = θ (τn)+	τ g+ (τn) b (τn) , (E11)

where g+ is the pseudoinverse of the metric tensor g (usu-
ally regularized by adding a small positive constant along
the diagonal terms). Therefore, measuring the values of g
and b at each step θ(τn) is enough to obtain the next set of
parameters, θ(τn+1).

Unfortunately, the measurement of both g and b follow-
ing Eqs. (E8) and (E9) involves the measurement of real
or imaginary parts of complicated objects as the number
of parameters and the imaginary time-evolution increase.
In a digital quantum device, this could be solved using
controlled unitary operations [88]; however, in a cold-
atom platform, it would be desirable to avoid this over-
head. Although there are proposals to do so, such as in
Ref. [121], the measurement of g and b would add an extra
layer of complexity to the algorithm.

To avoid this overhead, and inspired by the nonvaria-
tional QITE algorithm in Ref. [86], we propose a way to
solve Eq. (E1) iteratively for each time step 	τ using the
variational approximation. If the state at τn is known, the
state at τn+1 can be obtained exactly, as

|� (τn+1)〉 = c(τn)e−	τ Ĥ |� (τn)〉 , (E12)

where c(τn) = 1/‖e−	τ Ĥ |� (τn)〉‖ is a normalization con-
stant. Then, taking |�0〉 = |ψ0〉 = |ψ(τ0)〉 (i.e., the exact
imaginary-time evolved state at τ = 0 according to
Eq. (E3) matches the parametrized quantum state when
θ = 0) and considering the parametrized states as the ones
in Eq. (E5), then Eqs. (E8) and (E9) become

gμν (θ (τ0)) = Re
[
〈ψ0|Ĥμ Ĥν |ψ0〉

]

− 〈ψ0|Ĥμ|ψ0〉 〈ψ0|Ĥν |ψ0〉,
bμ (θ (τ0)) = Im

[
〈ψ0|Ĥμ Ĥ |ψ0〉

]
, (E13)

which can be measured using the methods described in
Appendix C. Hence, from Eq. (E11), it is possible to obtain
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the state at time τ1, |ψ(τ 1)〉. Now, based on Eq. (E12), we
consider this state to be the new initial state, so we map
|ψ(τ 1)〉 → |ψ0〉 and measure the terms in Eq. (E13) over
this state instead of |ψ0〉. The application of the update rule
in Eq. (E11) now gives us a new set of parameters that
parametrize a quantum circuit generating the state |ψ(τ 2)〉
from the state |ψ(τ 1)〉. Applying this protocol iteratively,
it is possible to obtain a variational approximation of the
imaginary-time evolved quantum state up to τn, but always
measuring objects of the form described in Eq. (E13).

1. Implementing the QLanczos algorithm using the
data obtained with the QITE

Finally, to implementation of the QLanczos algorithm, it
is necessary to measure the matrices H and S, which read

Hα,β = 〈� (τα)| Ĥ |� (
τβ

)〉 , (E14)

Sα,β = 〈� (τα) |�
(
τβ

)〉, (E15)

where |�(τα)〉 = cαe−α	τ Ĥ |�0〉. To measure these matri-
ces, one can always directly compute each matrix ele-
ment using the variational approximation of |�(τα)〉,
|ψ(θ(τα))〉, computing the absolute value of the term first
and then its phase. A suitable way to obtain the absolute
value would be to use the compute-uncompute method
of Refs. [89,155]. This protocol computes the absolute
value |〈ϕ|ψ〉|, where |ψ〉 is prepared somehow and |ϕ〉 =
U |ϕ0〉, with |ϕ0〉 being a product state in the occupation
basis (terms of the form | 〈ϕ|Ĥ |ψ〉 | could be computed
identically by decomposing Ĥ as a linear combination of
unitaries [156] and absorbing each unitary into |ψ〉). To
do so, the compute-uncompute method is based on the
application of a unitary V such as | 〈ϕ0|V|ϕ〉 | = 1, so
〈ϕ| = eiφ 〈ϕ0|V . Then,

|〈ϕ|ψ〉| = |〈ϕ0|V|ψ〉| , (E16)

and now the projection over 〈ϕ0| can be done measuring
in the occupation basis directly (since it is a product state
in that basis). Regarding the operator V , it can be imple-
mented directly as the inverse of U , U†, by reverting all the
signs of the unitaries and its order in the state preparation.
However, variational strategies to recompile it with only
positive signs can also be applied. On the other hand, once
the absolute values

∣∣Hα,β
∣∣ and

∣∣Sα,β
∣∣ are measured, the

estimation of its complex phases could be done following
the algorithm described in Ref. [121].

However, in the main text we also introduce Eqs. (25)
and (26) to approximately measure these matrices. To
derive these approximations we follow the ideas intro-
duced in Ref. [86]. First, let us note that the normalization

constant at step γ is

1
c2
γ

= 〈�0|e−2γ	τ Ĥ |�0〉 . (E17)

Then, Sα,β can be rewritten as

Sα,β = 〈�0|cαe−α	τ Ĥ cβe−β	τ Ĥ |�0〉
= cαcβ 〈�0|e−(α+β)	τ Ĥ |�0〉 = cαcβ

c2
α+β

2

(E18)

and the matrix elements of Hα,β read

Hα,β = 〈�0|cαe−α	τ Ĥ Ĥ cβe−β	τ Ĥ |�0〉
= cαcβ 〈�0|e− α+β

2 	τ Ĥ Ĥ e− α+β
2 	τ Ĥ |�0〉

= cαcβ
c2
α+β

2

〈�α+β
2

|Ĥ |�α+β
2

〉 = Sα,β 〈�α+β
2

|Ĥ |�α+β
2

〉 .

(E19)

Hence, all the matrix elements can be computed using the
normalization constants and measurements of the energy.
Finally, the normalization constants can be computed
recursively noting that c0 = 1 and, from Eq. (E17),

1
c2
γ+1

= 〈�0|e−2(γ+1)	τ Ĥ |�0〉 = 〈�γ |e−2	τ Ĥ |�γ 〉
c2
γ

= 1 − 2	τ 〈�γ |Ĥ |�γ 〉
c2
γ

+ O(	τ 2), (E20)

where in the last line we have expanded the exponential up
to first order in 	τ .
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Greiner, V. Vuletić, and M. D. Lukin, Probing many-body
dynamics on a 51-atom quantum simulator, Nature 551,
579 (2017).

030356-23

https://doi.org/10.1080/00268976.2011.552441
https://doi.org/10.1103/PhysRevA.94.030301
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1038/s41586-022-04940-6
https://doi.org/10.1088/2058-9565/ac88f5
https://doi.org/10.1038/s41467-024-50750-x
https://arxiv.org/abs/2404.15397
https://doi.org/10.1103/PhysRevX.15.021017
https://doi.org/10.1038/s41586-020-2910-8
https://doi.org/10.1038/s41586-024-07173-x
https://doi.org/10.1038/s41586-024-08188-0
https://doi.org/10.1038/s41586-024-08460-3
https://doi.org/10.1146/annurev-conmatphys-090921-033948
https://doi.org/10.1103/PhysRevX.10.031016
https://doi.org/10.1126/science.adh7691
https://doi.org/10.1038/nphys3705
https://doi.org/10.1038/s41534-020-00315-9
https://doi.org/10.1126/science.aaz6801
https://doi.org/10.1103/PhysRevLett.131.073401
https://doi.org/10.1103/PhysRevLett.134.053402
https://doi.org/10.1103/PhysRevX.13.021042
https://doi.org/10.1103/PhysRevLett.133.063401
https://doi.org/10.1073/pnas.2304294120
https://doi.org/10.22331/q-2023-10-16-1140
https://doi.org/10.1103/PhysRevResearch.5.043175
https://doi.org/10.1103/PRXQuantum.6.010318
https://arxiv.org/abs/2411.08955v2
https://arxiv.org/abs/2412.16081
https://doi.org/10.1038/s41586-019-1177-4
https://doi.org/10.1103/RevModPhys.93.025001
https://doi.org/10.1103/PHYSREVX.13.021039/FIGURES/15/MEDIUM
https://doi.org/10.1038/nature18274
https://doi.org/10.1038/nature24622


CRISTIAN TABARES et al. PRX QUANTUM 6, 030356 (2025)

[69] A. Keesling, A. Omran, H. Levine, H. Bernien, H. Pichler,
S. Choi, R. Samajdar, S. Schwartz, P. Silvi, S. Sachdev,
P. Zoller, M. Endres, M. Greiner, V. Vuletić, and M.
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Feldmeier, P. E. Dolgirev, N. Maskara, M. Kalinowski, S.
Sachdev, D. A. Huse, M. Greiner, V. Vuletić, and M. D.
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