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The nonstabilizerness of quantum states is a necessary resource for universal quantum computation,
yet its characterization is notoriously demanding. Quantifying nonstabilizerness typically requires an
exponential number of measurements and a doubly exponential classical post-processing cost to evaluate
its standard monotones. In this work, we show that nonstabilizerness is, to a large extent, in the eyes
of the beholder: it can be witnessed and quantified using any set of mn-qubit Pauli measurements,
provided the set contains anti-commuting pairs. We introduce a general framework that projects the
stabilizer polytope onto the subspace defined by these observables and provide an algorithm that esti-
mates magic from Pauli expectation values with runtime exponential in the number of measurements m
and polynomial in the number of qubits n. By relating the problem to a stabilizer-restricted variant of the
quantum marginal problem, we also prove that deciding membership in the corresponding reduced
stabilizer polytope is NP-hard. In particular, unless P = NP, no algorithm polynomial in m can solve the
problem in full generality, thus establishing fundamental complexity-theoretic limitations. Finally, we
employ our framework to compute nonstabilizerness in different Hamiltonian ground states, demonstrat-

ing the practical performance of our method in regimes beyond the reach of existing techniques.

DOI: 10.1103/2xnf-jcyn

L. INTRODUCTION

A central problem in quantum information science is to
identify and quantify the resources that allow quantum
systems to outperform their classical counterparts [1,2].
In the context of quantum computation, this distinction is
sharply captured by the theory of stabilizer states and
operations [3]. While stabilizer states may exhibit large
amounts of entanglement, the Gottesman-Knill theorem
guarantees their efficient classical simulability [4,5], so
they are insufficient for universal quantum computation.
The essential ingredient behind quantum advantage is then
called nonstabilizerness, or magic, which has therefore
emerged as a fundamental resource for fault-tolerant
quantum computation [6] as well as in other quantum
information processing tasks [7-11].
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Despite its importance, the characterization of non-
stabilizerness remains well known to be difficult. At the
heart of the problem lies the complex geometry of the
stabilizer polytope, the convex hull of all stabilizer states
[12]. Determining whether a given quantum state lies
inside or outside this polytope or quantifying its distance
from it poses two major bottlenecks. The first bottleneck is
experimental. Most existing measures and witnesses of
nonstabilizerness rely on complete state tomography,
which requires estimating 4" expectation values for an
n-qubit system and is therefore infeasible beyond small
system sizes. The second bottleneck is computational.
Even assuming full tomographic data were available,
deciding whether a state lies inside the stabilizer polytope
is itself an intractable task: the number of its vertices grows
super-exponentially with the number of qubits [13]. As a
consequence, existing approaches must rely on strong
symmetry assumptions, highly structured families of
states, or severe dimensional restrictions [14,15]. This
exponential overhead contrasts with the scale of current
quantum platforms, which already operate at—and in
some cases beyond—hundreds of qubits [16—19].

Published by the American Physical Society
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Together, these obstacles severely limit our ability to
detect and quantify nonstabilizerness in large quantum
systems, and raise a fundamental question: Can one
quantify the degree of nonstabilizerness of a quantum
state using only a limited number of measurements, while
simultaneously avoiding computationally intractable opti-
mization over the full stabilizer polytope? In this work,
we answer this question in the affirmative. Inspired by
the philosophy of classical shadows [20], we show that
it is possible to capture essential information about non-
stabilizerness by probing only a low-dimensional sub-
space of the full Hilbert space. Rather than reconstructing
the entire quantum state, we project the stabilizer poly-
tope onto this subspace and study the resulting reduced
marginal polytope. Remarkably, this projection pre-
serves enough geometric structure to allow for detection
and quantification of nonstabilizerness, while drasti-
cally reducing both measurement and computational
complexity.

We develop a near-optimal algorithm to construct such
projected stabilizer polytopes from a number of measure-
ments that scales polynomially with the system size, while
the classical post-processing cost scales exponentially
only in the number m of selected Pauli observables.
This approach simultaneously addresses the two afore-
mentioned bottlenecks: it replaces full tomography with a
shadow-like measurement scheme, and it reduces the
complexity of the convex optimization problem by work-
ing with a significantly smaller polytope. It is character-
ized by the commutativity graph of Pauli measurements,
similar to the ideas developed in Refs. [21-24]. We
illustrate the general framework with several explicit
examples, demonstrating that our method reliably quan-
tifies nonstabilizerness in regimes far beyond the reach of
existing techniques.

The paper is organized as follows. In Sec. II, we review
the essentials of stabilizer resource theory and the robust-
ness of magic (RoM), the central monotone of nonstabi-
lizerness employed throughout this work. In Sec. III, we
introduce the reduced stabilizer polytope and present a
near-optimal algorithm for its construction, together with
the associated nonstabilizerness monotone. We also pro-
vide a detailed analysis of several reduced polytopes of
particular interest. In Sec. IV, we address the computa-
tional complexity of the problem, proving that even for
reduced stabilizer polytopes there exists no polynomial-
time algorithm to decide whether a given set of corre-
lations lies inside the polytope. In Sec. V B, we apply
our general framework to selected cases of interest,
computing the nonstabilizerness of ground states of
several Hamiltonians using only the local observables
required to determine their energy. Finally, in Sec. VI,
we summarize our findings and highlight directions for
future research.

II. STABILIZER RESOURCE THEORY
AND MONOTONES

In this section, we review the basic ingredients under-
lying the definition of stabilizer states and summarize the
relevant resource monotones. We consider systems of n
qubits, described by the Hilbert space H = (C?)®". We
denote by P, the n-qubit Pauli group, defined as the group
generated by tensor products of single-qubit Pauli oper-
ators, including overall phases. When convenient, we will
refer to P, as the Pauli group modulo phases, i.e., the Pauli
group without signs.

A stabilizer group S C P, is an Abelian subgroup of the
Pauli group such that —1 ¢ S. If rank(S) = n, the group S
uniquely defines a pure stabilizer state [yS) as the joint +1
eigenstate of all its elements, that is,

sly®) = +[yS) V s€S. (1)

Because pure stabilizer states are in one-to-one corre-
spondence with stabilizer groups of maximal rank, we
denote both sets by stab,,.

The set of (possibly mixed) stabilizer states is defined as
the convex hull of pure stabilizer states,

STAB,, = conv(stab,,)

:{ > pswslﬁeAmb,,}, )

S estab,

where Ay, = {P € Rl pe > 0,56 ps =1} denotes
the probability simplex and w° = |w°)(y°|. The set
STAB, thus forms a polytope in the space of quan-
tum states; the above characterization as the convex
hull of finitely many extremal points is known as its
V-representation [25].

There exists a natural class of unitaries that preserve
the stabilizer polytope and form a group, known as the
Clifford group. These unitaries are defined as those that
conjugate Pauli operators into Pauli operators,

Ct,={UeU(H)|VY P€P,. 3P €P,st. UPU" « P'}.
3)

A quantum channel £ that preserves STAB,—that is,
E(w) e STAB,, for all w € STAB,—is called a stabilizer
operation. Any such channel can be decomposed into a
sequence of Clifford unitaries, computational-basis mea-
surements, and classical post-processing. Together, the
stabilizer polytope and the set of stabilizer operations
define the stabilizer resource theory [12], in which STAB,,
constitutes the set of free states and stabilizer operations
are the free operations.
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A generic quantum state y is said to be nonstabilizer if
v ¢ STAB,,. Nonstabilizerness constitutes the resource
of the stabilizer resource theory, in direct analogy with
entanglement, coherence, nonlocality, and other quantum
resources [26]. To quantify this resource, one introduces a
stabilizer monotone, namely a real-valued function f on
quantum states satisfying the following properties: (i) all
stabilizer states attain the same value f,, and (ii)
F(EW)) < fy) for all stabilizer operations £. We say
that f is faithful if f(y) > f for all states, with equality if
and only if w € STAB,,.

Various stabilizer monotones have been proposed in the
literature. These include measures based on the trace
distance [27] and the relative entropy [12], which are
generic constructions for convex quantum resource theo-
ries. Such monotones can typically be expressed as

fy)= min D(y,o0), 4)

6 €STAB,

where D(-, -) denotes a convex distance measure (or, in the
case of concave entropic measures, an analogous expres-
sion in which the optimization is a maximization over
stabilizer states). For simpler, non-optimizing entropic
quantifiers, one must restrict to the pure-state stabilizer
resource theory [28], as is also common in the resource
theory of entanglement [1].

By Eq. (2), optimization over stabilizer states requires
|stab,,| = 20(") data even to specify o € STAB, in the
V-representation [5]. Moreover, computing the mono-
tone itself typically requires tomographically complete
information about the state y—as is the case for both
the relative entropy [12] and the trace distance [27], for
example—entailing an experimental overhead scaling
as O(4").

Indeed, recently in Ref. [13], it was noted that deciding
if a quantum state is in the stabilizer polytope requires
exp(n?) time complexity, under standard complexity-
theoretic assumptions. They have also shown that this
lower bound is actually reached by computing a monotone,
the RoM, defined for a quantum state y as [29]

> xsvﬁ}, (5)

RoM(y/) = mjn{ [1X]l1 lw =

. S estab,
where the vector ¥ € RI@| specifies a stabilizer pseudo-
mixture of y, and [|X||; = > sc b, [Xs| is referred to as
its negativity. Since tryr = 1, the coefficients necessarily
satisfy > gean, Xs = 1, implying the lower bound
RoM(y) > 1. We will use this monotone as our figure
of merit.

The robustness of magic is a faithful stabilizer mono-
tone [29], that is, the minimum value is attained if and only
if y is a stabilizer state, and the minimization ensures
monotonicity under all stabilizer operations. It was also

shown that the evaluation of the RoM can be formulated as
a linear program (LP),

|\, s.t. A¥ = b, (6)

RoM(y) = min||¥
X

where the elements of the rectangular matrix A are

given by Ap s = tr(Py®) and the vector b is defined as
bp = tr(Py). Despite this reformulation, the problem
remains plagued by the same fundamental limitations
discussed above. In its current form, it requires an
exponential amount of experimental data and computa-
tional resources to be evaluated.

Beyond its role as a resource monotone, the RoM also
quantifies the classical simulability of quantum states via
quasiprobability methods [30]. In particular, it was shown
that expectation values of the form tr(PE(y)) for stabilizer
operations £ can be estimated within additive error § and
with failure probability at most € in poly(n) time, provided
that

N > %ROM(I,U)2 In <%) @)
o €
independent samples are drawn from the probability
distribution defined by ps = |xs|/||X||; [29].

In the next section, we turn to the projection of the
stabilizer resource theory in settings where tomographic
completeness is not available. In particular, we discuss
how to construct suitable projections of the stabilizer
polytope and define the corresponding RoM measure.

ITII. REDUCED STABILIZER POLYTOPE
AND ROBUSTNESS

In realistic experimental settings, access to tomo-
graphically complete data is rarely available. Instead,
measurements are typically constrained by the physical
architecture of the platform, calibration requirements, and
noise considerations, resulting in access to only a limited
set of observables. These observables are often fixed in
advance, for instance, by native measurement bases,
locality constraints, or readout fidelities, and may scale
at most polynomially with the system size. As a conse-
quence, any characterization of nonstabilizerness that
fundamentally relies on full state tomography is incom-
patible with the operational regime of contemporary
quantum devices. This motivates the following shift in
perspective: rather than attempting to reconstruct the full
quantum state, we ask what can be inferred about non-
stabilizerness from partial information alone. In particular,
given expectation values of a restricted set of experimen-
tally accessible observables, can one still certify and
quantify nonstabilizerness in a meaningful and resource-
efficient way? Addressing this question requires rethinking
the geometry of the stabilizer polytope under projection
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onto lower-dimensional subspaces, which is the approach
we will develop in the following. The key idea behind it is
to construct a projected stabilizer polytope.

We begin by assuming that the experimenter has access
to only m Pauli operators, collected into the set

Pt ®)

where we always take m < poly(n). Given a quantum state
w, we may represent it by its Pauli expectation values,

v =((P),)pep, €[-1.1]"" )

M:{Pl,Pz,"'

In this representation, the stabilizer polytope can be
written as

Conv<l/78)$estabn c [_1’ 1]4"‘

Denoting by II,, the projection that maps a vector
v€[-1,1]* onto the components corresponding to the
observables in M, we define the projected stabilizer
polytope as the image of STAB,, under this projection,

STAB, (M) =I1,([STAB,]. (10)

Clearly, if M =P,, one recovers the full stabilizer
polytope, i.e., STAB,(P,) = STAB,,.

A noteworthy property of this construction is that the
resulting projected polytope depends only weakly on the
total number of qubits. In particular, we have the following
result.

Lemma 1. Let {Py, P,,---, P, } be aset of n-qubit Pauli
operators, and let n’ > n. Then

STAB,({P;}1,) = STABn/({Pi ® ]]n’fn}?:l) (11)

where the identity acts on the remaining n’ — n qubits.

The proof is given in Appendix A 1. This result suggests
that the projected stabilizer polytope depends only on the
algebraic relations among the Pauli operators in M, rather
than on their explicit tensor-product embedding into the
full Hilbert space. We will make this intuition precise in
the next subsection.

Since specifying the measurement set M already fixes
the number of qubits required to realize the corresponding
observables, we will henceforth suppress the explicit
dependence on n and write STAB(M) = STAB,(M).
We further denote by stab(M) C STAB(M) a generating
set for the V-representation of the projected polytope,
namely

STAB(M) = conv[stab(M)] = conv(v}, v, -+, Ujstan(m)))-
(12)

Because the projection can map distinct stabilizer states
to the same point—or render some points redundant via

convex combinations—one generally has stab(M) ¢
I1,,stab,. For instance, it may occur that

M = ps Ty
5%5

We postpone the explicit construction of the
V-representation stab(M) to the next subsection and treat
it as an input for the remainder of the present discussion.

Observing correlations that lie outside the projected
stabilizer polytope provides a bona fide witness of non-
stabilizerness. Indeed, for a given state v,

(<Pl>y/’ ) <Pm>1//> & STAB(M) = y & STAB,.. (13)

While this criterion suffices for witnessing nonstabili-
zerness, it does not provide a quantitative measure. To go
beyond mere detection, we seek an analog of a stabilizer
monotone that can be evaluated solely from the expect-
ation values of the observables in M.

To this end, we introduce a natural generalization of the
robustness of magic in Eq. (5), which we call the reduced
robustness of magic,

RoMy(y) = min_[|¥

% & Rstab(M)]

I (14)

|stab(M)|
S.t. HMI/_} = Z .le_))j,
J=1
15
|stab(M)| (a5)
Z Xj =1.
=1

As in the full RoM, this definition leads to a linear
program, but now expressed exclusively in terms of
the measurement data associated with M. It is clear that
M = P, implies RoM M = RoM. Also, the normalization
condition is automatically satisfied if we include 1€ M,
which we assume from now on.
The reduced robustness of magic satisfies the following
properties.
Lemma 2. Given two sets of n-qubit Pauli operators
M, N and a quantum state v, the reduced robustness of
magic obeys:
(1) Faithfulness: RoM (y) > 1, with equality if and
only if there exists a stabilizer state ¢) € STAB,, such
that (P),, = (P), for all P€ M.

(2) Stabilizer monotonicity: RoM (E(y)) <
RoM () for all trace-preserving stabilizer oper-
ations &.
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(3) Submultiplicativity and convexity:
RoM yign (¥ ® p) < RoM y(w)RoMy (p),

RoM <ZP1W/) <D _Ipj[RoM ().
j j

(4) Measurement monotonicity:
M' € M = RoM () = RoMy(w).

In particular, given any measurement set M, we
have the lower bound RoM(y) > RoM ().

The proof is provided in Appendix A 2. Properties 2 and
3 show that the reduced robustness of magic is indeed a
valid stabilizer monotone, inheriting many of the structural
features of the full robustness of magic [29]. The most
significant insights, however, arise from properties 1 and 4.

Property 1 highlights that RoM,, is generally not
faithful: the condition RoMy,(w) =1 guarantees only
that there exists a stabilizer state reproducing the statistics
of y on the restricted measurement set M. Consequently,
depending on the choice of observables, nonstabilizer
states may remain indistinguishable from stabilizer states
at the level of accessible Pauli expectations. A precise
characterization of this phenomenon will be developed
in Sec. IV.

Property 4 ensures that the measurement-limited robust-
ness nonetheless provides a meaningful lower bound on
the nonstabilizerness of the full state. In particular, it
implies a corresponding lower bound on the classical
simulation cost: by measuring only m < poly(n) Pauli
operators, one can already infer a sample-complexity
bound of the form N > f(e, 5)RoM (w)? for quasiprob-
ability-based simulation, directly from Eq. (7).

With the reduced robustness of magic, we thus resolve
the first of the two central obstacles in nonstabilizerness
estimation: the requirement of tomographically complete
data. The monotone RoM ,, can be evaluated using any
experimentally accessible set of measurements, albeit with
a strength that depends on the choice of M. However,
the second obstacle, the computational complexity, still
remains at this point. Indeed, evaluating RoM,, still
requires access to a V-representation of the projected
stabilizer polytope.

A straightforward upper bound on the size of the linear
program in Eq. (14) is obtained via a direct “top-down”
construction,

stab(M) C IT,,(stab,,), (16)

namely by projecting all |stab,,| = 20(*") vertices of the full
stabilizer polytope. This approach makes clear that, in the
worst case, evaluating the reduced RoM is no easier
than computing the original RoM: although the #;-norm

minimization can be solved in time polynomial in the
number of constraints [31], the number of vertices remains
exponentially large. In the following, we show that by
exploiting the algebraic structure of the measurement set
M, one can construct compressed V-representations of
the projected stabilizer polytope, thereby addressing the
remaining computational bottleneck.

A. Bottom-up reconstruction

We will now show that there is a purely combinatorial
construction of the reduced polytopes. First, define the
frustration graph [21-24] of M as the graph G, with
V(G ) = M, and edges given by

Then, we can show:

Theorem 3. Let M be a set of mn-qubit Pauli strings.
Then, the reduced polytope has a V-representation
given by

STAB(M) - Conv{zsﬁf}se[max(G,’\/l)afEBS’ (18)

where [, (G () is the set of (maximally) independent sets
of G, and

By = {fe{i}5| [[rP#-1.VSc S}, (19)

Pes

denotes all bitstring assignments over the independent set
S that do not have a negative Pauli product on the subsets,
and the vector ¥  is defined as

- [ fp if fpPES,
(Us.p)p = { 0  otherwise. (20)
Furthermore, the set stab(M) = {% ;} has size:
|stab(./\/l)| <2 min{n.m}+min{cm,(1/2+0(1))112}7 (21)

where ¢ = log 3/3. Without further restrictions on M, this
bound is tight and reached by the set of marginals

M= O{Xi’Yi’Zi}- (22)
i=1

We present the full proof in Appendix B, and here we
outline the main ideas underlying the construction.
Starting from the original “top-down” V-representation
of the reduced polytope in Eq. (16), one may view the
extremal points of STAB(M) as arising from the corre-
lations of Paulis drawn from M of pure stabilizer
states. This perspective naturally leads to the question
of which stabilizer structures are already encoded in the
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measurement set itself. Namely, which subsets of M can
simultaneously fix expectation values (P;) = %1.

This intuition is formalized through the notion of closed
commuting subsets [32], defined as

CM) ={QCEM[Q=(0)n+M,—1 & (0)},
(23)

where +M = MU(—-M) and —M ={—-P|,—P>, ...,
—P,,}. The terminology reflects the two defining proper-
ties of any Q € C(M). First, the set is closed, in the sense
that the subgroup it generates, (Q), intersects =M only on
the elements of Q itself. Second, it is commuting, since the
condition —1 ¢ (Q) implies that (Q) is an Abelian sub-
group of the Pauli group and therefore defines a stabilizer
group [33]. Furthermore, we will consider maximal com-
muting subsets (MCSs), where we impose the additional
property that, given Q C @', then Q = Q'. We denote this
set by Cpax(M).

Operationally, the elements of C,,,, (/M) may be inter-
preted as measurement contexts [34]: maximal subsets of
Pauli observables within M that can simultaneously attain
definite values. The central and somewhat surprising
result, proved in Appendix B, is that these MCSs suffice
to generate the reduced stabilizer polytope. More precisely,
one can construct a V-representation such that

stab(M) = Cpax (M). 24

This characterization makes explicit that the complexity
of the reduced polytope is governed by the algebraic and
combinatorial structure of the measurement set M, rather
than by the exponentially large set of pure stabilizer states
appearing in the top-down construction.

The remainder of the proof establishes a connection
between MCSs and a purely combinatorial problem:
finding consistent independent sets in an associated frus-
tration graph. This reformulation makes clear why we refer
to the present approach as bottom-up. Rather than pro-
jecting the full stabilizer polytope without regard to mea-
surement structure, the stabilizer correlations accessible to
a restricted measurement set are reconstructed directly
from the relations among the measurements themselves.
Moreover, the combinatorial expression of the convex hull
in Eq. (18) naturally suggests an efficient algorithmic
strategy: construct the frustration graph and enumerate its
consistent independent sets.

We defer a detailed discussion of this algorithm to
Sec. III D. Instead, in the next section, we illustrate the
geometry of reduced stabilizer polytopes for small meas-
urement sets, which provides valuable intuition for how
their structure emerges from the underlying algebraic
relations among the observables.

B. On small polytopes and Pauli commutativity

We now explore reduced polytopes for m < 3, since
these are the cases that can be visualized and hence easily
understood. All three cases are plotted in Fig. 1.

For m = 1, we have M = {P;}. We have the frustration
graph of one vertex, which also composes the single
maximal independent subset. Since we can either assign
fp,=1or fp =—1, we have:

STAB({P,}) = conv(—1,1) = [-1,1],  (25)

which is indeed the full range of (P,), since ||P;|| = 1.
A single Pauli expectation value cannot witness non-
stabilizerness.

The first nontrivial case is for m = 2. If [P, P,] =0,
the graph is fully disconnected and there is a single
maximally independent set, /., (G () = {M}. We have
two further cases: If P, # —P,, they are fully inde-
pendent and:

STAB({P,. P,}) = conv({(£1,£1)}) = [-1, 1]2. (26)

Otherwise, if P, = —P,, we obtain conv((1,—1),
(—1,1)), forming the red line in Fig. 1(a), since those
two are the consistent sign assignments for the two Paulis.
In all those cases, again, (P;) and (P,) fully obtain all the
admissible expectation values, and no nonstabilizerness
can be detected. The other case is when { P, P,} = 0, and
then the independent sets are formed by single Paulis. In
this case, we have:

STAB({P,, P,}) = conv({(£1,0), (0,£1)}),  (27)

as illustrated by the second example in Fig. 1(a). Now, one
can see that there is a range of correlations for which
nonstabilizerness can be witnessed, since the correspond-
ing polytope does not fully span the operator spectrum of
both Paulis.

For m =3, different commutation structures can
emerge. We might have |E(G )| €{0.1,2,3}, which
labels the 4 possible graph permutation classes based on
the number of edges. The cases with |E(G )| €{0,2,3}
are illustrated in Fig. 1(b). Note that assuming negative
Pauli product constraints, such as P{P, = —1, it would
correspond also to a projection, since it does correspond to
imposing the extra constraint (P;) + (P,) = 0. For m >3
however, more interesting constraints start to appear. For
example, we can have P;P,P; = %1, and it cannot be
written linearly in the expectation values. In the figure, the
fully commuting case is shown with and without this extra
constraint. Note that, for the fully anticommuting case, we
have the octahedron that also defines STAB,, since indeed
it is the reduced polytope for the single-qubit Pauli
triple: STAB, = STAB({X,Y,Z}).
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(a) @

PPy =1

3

W

PPﬁP =~

O

FIG. 1.

Tllustration of some of the reduced polytopes for m € {2,3}. We draw the polytopes in [—1, 1]

, with the axis labels as

vertices of the frustration graph drawn in overlap. In (a), we show the two reduced polytopes coming from the two possible frustration

graphs, where in red we show the corresponding reduced polytope if the extra condition P; P, =

—1 is added in the commuting case. In

(b), we highlight four possibilities: The case of a graph of two edges, the fully commuting case, where the correlations span the full

L 1P
to the definition of STAB,;.

A very clear message that those examples show is that
(independent) commuting sets of Paulis are trivial as
witnesses. Indeed, we can show that this is a generic result:

Proposition 4. Let M ={P,,P,,---,P,,} be a set of
n-qubit Pauli strings that are independent, meaning that
there is no § C [m] such that [[;csP; = 1. If M is
commuting,

STAB(M) = [—1,1]™. (28)

Proof. The proof follows from recognizing there is a
single maximally independent subset, I, (G ) = {M}.
By independence, every f € {+}M/=" is in B, since all
of the sign assignments do satisfy the product condition.
Hence, by Theorem 3, the reduced polytope is the convex
hull of the Hamming cube:

STAB(M) = conv{(£l,£1,---,£1)}, (29

length m

which is exactly [—1, 1]™. "

Then, a natural question to ask is whether the amount of
anticommutativity generates more constrained polytopes.
We can show that the reduced polytopes of fully anti-
commuting sets are the most basic building blocks of
reduced polytopes:

, the case where the commuting tuple also satisfies the constraint PP, P3

= —1 and the fully anti-commuting case that reduces

Lemma 5. Let M ={P,Py,---,P,},M ={P],
P, ---P,} be two sets of n-qubit Pauli operators with
P; # —P; for all i, j€[m]. Then, if M is fully anti-
commuting,

STAB(M) C STAB(M'). (30)

Moreover, M can only be realized with n > |m/2|
qubits, where the inequality is tight.

The proof is presented in Appendix A 3. In particular,
the proof shows that if M is fully anticommuting, then
STAB(M) =conv{+tey,...,Lte,} ={xeR™: |x||, <1}.
Equivalently, the facets are > 7| s;(P;) < 1,s; € {*1}.
Thus a fully anticommuting measurement set gives an
explicit analytic family of reduced-polytope witnesses.
However, that does not imply that fully anticommuting sets
are optimal for magic detection in any situation. Even if
the inclusion in Eq. (30) holds, we do not necessarily have
that RoM () is greater than RoM ¢ (w); the set M’ can
be better suited to witness the magic of a particular state y
than M.

C. Triangle criterion as a reduced stabilizer polytope

We now isolate a class of reduced polytopes corre-
sponding exactly with the triangle criterion, introduced
in Ref. [35]:
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Theorem 6. Let p be a quantum state. Suppose there
exist three pure stabilizer states {y, y,, w3} satisfying

1
tr(yy;) = 3 for all i # j, 31
such that
tr(pyry) > tr(pyr,) + tr(pyr3). (32)

Then p is a magic state.

In Appendix E we show that such a triple of neighboring
stabilizer states corresponds to a common stabilizer group
S of rank n — 1, with three additional Pauli generators P;
such that the stabilizer of y; is S; :== (S U P;). A natural
question is how much information is contained in the
reduced polytope built from the measured Pauli set
M=58,US8,US; In addition to the facet (32), the
reduced polytope contains exactly all the facets corre-
sponding to changing the signs of the generators in each S;.

More precisely, after a Fourier transform over the
Abelian group S in the Pauli coefficient coordinates, the
new coordinates split into syndrome blocks, correspond-
ing to irreducible characters of S. For each character
x: S > {£1}, i.e., every possible measurement outcome
of the common stabilizer subgroup S, we can define
the syndrome probability p, and the logical Bloch coor-
dinates g, P In these coordinates, the reduced stabilizer

polytope is
STAB(M) = {(p)(’q)(,P]’q)(,Pz’q)(,P3))(€S*: Zp)( - 17
X
|q)(,P1| + |q)(,P2| + |q)(,P3| < p){ v )(}

Thus each syndrome sector carries a copy of a logical
one-qubit stabilizer octahedron. It follows that the facets of
STAB(M) are exactly

Pyt $14,p, + $2q,.p, +53q,p, 2 0, (33)

for y€S* and sy,s,,53€{+1}. Equivalently, in the
original Pauli coordinates, these inequalities read

Z}{(Q)[VQ+51erl +SQer2+S3er3] > 0. (34)
Qes

These are precisely the triangle inequalities for each
fixed common syndrome and arbitrary sign choice of P;.
The character y chooses the syndrome sector of the
common stabilizer context S, while the signs (s, s,, 53)
choose one of the eight facets of the {P,, P,, P3} logical
one-qubit stabilizer octahedron. The proof is given in
Appendix E.

D. Explicit algorithm

Now that some intuition is gained on how the combi-
natorial problem of the frustration graph fixes the poly-
tope, we present the general algorithm. The detailed
analysis for the runtime is left for Appendix C.

Theorem 7. Let M ={P,P,,---,P,} be a set of
n-qubit Pauli strings. There is a classical algorithm,
sketched in Algorithm 1, that takes M as an input and
outputs the V-representation of Theorem 3 with runtime

T = p(n’ ’,n)20(min{m,n}erin{m,nz})7 (35)

where p(n, m) is bounded by some polynomial in n and m.

Note that the runtime of the algorithm to list all
|stab(M)|m-dimensional vectors has a similar upper
bound as the length of the list itself. This is due to the
way Algorithm 1 works: We list all the possible indepen-
dent subsets and build the sign assignments, that give the
exponential scaling. The polynomial overhead mostly
comes from building the compatible sign assignments
and the vectors g ;.

There are some interesting regimes: for a constant
number of measurements, m = O(1), the algorithm runs
in linear time 7 = O(n). If we allow logarithmic many
measurements m = O(logn), the time is still polynomial
T = O(log(n)n'*°¢3/3), However, if we consider a quad-
ratic (or larger) number of measurements m = Q(n?),
then the bottleneck of the algorithm becomes the
possibly exponentially many maximal commuting subsets,
and the time scales with the size of |stab,|, giving
T = O(p(m,n)2°")). Modulo a polynomial overhead,
this already reaches the mentioned minimum time com-
plexity for determining membership in the full stabilizer
polytope when tomographic information is available [13].
The same regimes are captured in the size of the reduced
constraint polytope. From Eq. (21), [stab(M)|<
2 min{nm}+min{em.(1/24+0(1)n*} Thys for m = O(1) the num-
ber of vertices is bounded independently of n, up to the
polynomial cost of manipulating the Pauli strings, while
for m = O(logn) the V-representation has polynomial
size. For m = O(n), the reduced polytope may already

ALGORITHM 1. V-representation of STAB(M).

Input: M = {P,P,, -
measurements;
Output: stab(M) = {7, ¥, - -
Theorem 3.
Initialize V « {};
Compute E(G y,);
Find Imax(G/Vl);
for Se1,,,(Gy) do
Compute all f€ By and append Esy_f to V;
return V

-, P,,} as the set of Pauli

*, Djsub(p|} as defined in

AU B W=
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have exponentially many vertices, although still para-
metrically fewer than the full stabilizer polytope. In the
tomographically complete regime, M = P,, the reduced
polytope coincides with STAB,,, and the size and complex-
ity reduce to those of the full stabilizer-polytope member-
ship problem studied in Ref. [13].

As a corollary, we get the complexity of estimating
Eq. (14): It is known that from the theory of linear
programs that finding a X€R"™ that e-approximates a
linear objective with M constraints can be found in
O(m(m + M)3/?log(1/e)) time [31]. Then, to estimate
the reduced RoM, we first obtain the V-representation of
the reduced polytope from the set of Pauli measure-
ments via the construction of Theorem 3, realized by
Algorithm 1, and then run the linear program with
M = 0(2 min{m.n}+min{cm.(1/2+o(1))n2})' Since the linear
programming runtime dominates due to the extra power
of 3/2, we have:

Corollary 8. Given a set of expectation values of
n-qubit Pauli strings M on a quantum state s,
((P1)ys (P2)ys -+ (Pm)y), with m <poly(n), there is
an algorithm that e-approximates RoM,,(w) in
O(2¢ min{mn*} 109 (1/€)) runtime, where ¢/ = O(1).

Note that, up to a polynomial-time overhead, our
algorithm outputs a compressed representation of the
polytope in time proportional to its maximal possible size.
Since the 2"-length representation is known to be tight,
this scaling indicates that the algorithm is near-optimal.

IV. STABILIZER MARGINAL PROBLEM AND
COMPLEXITY LOWER BOUND

We will show in this section that under the assumption
that P # NP, if there is an algorithm that decides if a set of
Pauli correlations is inside the reduced polytope, it must
run in

T = w(poly(n, m)) (36)

time, meaning that there is no poly-time algorithm in the
number of Pauli measurements to decide if the corre-
sponding set of expectation values lies inside the reduced
polytope or not. Doing so, we will make contact with a
classical problem in quantum information theory, the
quantum marginal problem.
First, we describe the task formulated as what is called a
decision problem [36]:
Definition 1. We define the reduced stabilizer member-
ship problem as the decision problem (rSMP) defined by
(i) Inputs: A set of m < poly(n)n-qubit Pauli strings,
M ={P,Py,---,P,} and a vector Ve [—1,1]™;
(ii) Decision: Output YES if V€ STAB(M) and NO
otherwise.
And, by Eq. (13), all the YES outputs to this problem
match with all YES outputs with the stabilizer membership

problem, which decides if an n-qubit quantum state y is
stabilizer or not. However, this variation only requires
inputs of size poly(n).

Before proceeding, let us give a quick review of
what is called the quantum marginal problem. We assume
to have n qubits and some, possibly overlapping, subsets
{R1,R,, -, Ry} C [n] of constant size, |R;| = k = O(1),
and a list of density matrices {p;, p», - - -, py } supported on
those subsets. The problem is to find if there is a global
density matrix p such that it correctly marginalizes to the
inputs within a 1/poly(n) precision. It was shown that
this problem is QMA-hard [37], meaning that, even with
quantum computers, it is expected that there is no efficient
algorithm to solve it, under standard complexity-theoretic
assumptions.

The quantum marginal problem is the natural generali-
zation of a classical problem in probability theory,
referred to as the classical marginal problem (CMP).
The difference is that the inputs are probability distribu-
tions {p;, P2, -+, Py} each over a constant number of
bits, and we ask if there is a global probability over # bits
that marginalizes to each of the inputs. It is known that this
is NP-complete [38,39].

Note the close similarity with our task, namely, deter-
mining whether there exists a global stabilizer state that
reproduces the statistics of a given set of Pauli obser-
vables M. This motivates us to formulate a variant of the
quantum marginal problem restricted to the stabilizer
setting [40]:

Definition 2. We define the stabilizer marginal problem
(SMP) on n qubits as the problem defined by

(i) Input: A set of stabilizer density matrices {¢;,

¢y}, with N <poly(n), ¢;€STAB,,
specified by

i = Z Psl//8§

SEstabyg,|

ﬁ € Astab‘Ri‘ ’ (37)

where R; C [n], |R;| < k = O(1) for all i €[N];
(i) Decision: Output YES if there exists a n-qubit
stabilizer state ¢ € STAB,, such that:

trz.¢ = @i

and NO otherwise.

The standard tool to relate problems of this kind is a
polynomial-time reduction [41]. Concretely, if a decision
problem A reduces to a problem B, then any algorithm that
solves B can be used to solve A with only polynomial
overhead. We establish a sequence of such reductions
connecting the classical, stabilizer, and reduced member-
ship problems:

Theorem 9. Denoting <, for the polynomial-time
reduction, the following are true:

(1) CMP <,y SMP;

(2) SMP £,y ISMP.

VieN], (38)

poly
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Thus, CMP <,y
rSMP are NP-hard.

The proof is described in Appendix D. This shows that,
by lower bounding the hardness of the SMP, one gets a
hardness result for the reconstruction problem. This shows
our claim in Eq. (36): If P # NP, there is no polynomial-
time algorithm to solve an NP-hard problem, and thus no
way to solve the membership of the reduced stabilizer
polytope in poly(n, m) time.

rSMP, and therefore both SMP and

V. EXAMPLES

In this section, we provide examples that illustrate the
effectiveness of our method with some examples, illus-
trating its power.

A. On unstructured/random states

Before presenting examples that fall within our frame-
work, let us first address the problem of detecting magic in
random states. We have the following no-go result:

Lemma 10. Let M ={Py,P,,---,P,} be a set of
n-qubit Pauli operators and let v be a state 2-design. Then,

Pry/~u[(<P1>y/’ <P2>y/’ T <Pm>y/) € STAB<M)]

m3
>1-0 <2—n> (39)

If v =Haar, then, the failure probability is
©(m2-<?'/™), where ¢ = O(1) is a constant.

The proof is presented in Appendix A 4. Recall that a
2-design is a distribution of pure states whose first two
moments match the uniform Haar distribution. In an
approximate setting, they appear quite naturally in random
quantum circuits [42,43] and in thermalization [44].

We point out that this is an information-theoretic result
in the following sense. If one has access only to expect-
ation values, meaning linear observables on the state v,
then the magic of typical states can only be witnessed
when tomographic information is available. Otherwise, if
m < poly(n), the bound in Eq. (39) guarantees that the
resulting correlations are almost surely stabilizer. We note
that average-case upper bounds on linear magic detection
for random induced states, such as those of Ref. [35], also
upper bound the generic detection power of reduced
polytopes, since any reduced-polytope test is a linear
witness in span(M), complementing the average-case
no-go of Lemma 10.

This observation also rules out detecting magic from
local marginals of random states, as the following imme-
diate corollary shows:

Corollary 11. Let |¥) be Haar-random on n + nj qubits
and p =trg|¥)(¥| the induced state on n qubits. For A C [n]
with |A| = o(n), let M be the m = 441 —1 = 200" |

nontrivial Paulis supported on A. Then
PrIT(p) ¢ STAB(M)] < @(m2-¢2""5/"") (40)

This follows because each P& M is supported on
AC[n], so (P),=(P)y. Hence Lemma 10 applies
directly to the reduced correlations.

B. On structured examples: Gibbs and ground states

In this section, we illustrate the power of our algorithm
by numerically computing the reduced RoM of ground
states of Hamiltonians whose nonstabilizerness is recently
discussed [15,45,46].

The general approach will be as follows: An n qubit
Hamiltonian can be written as

H= Y wpP, (41)

PeM

where M is a set of Pauli operators and {wp } pc 1, is a set
of coefficients. Denote y as a (or the, in the unique case)
corresponding ground state. In experiments and numerical
simulations, one of the most natural observables is the
ground state energy:

Eg=(H), = Y wp(P), . (42)

Pe M(H)

Indeed, we will assume that our measurement set is a
subset M C M(H), on the same footing as energy
estimation, and is a weaker assumption when the inclusion
is strict. For concreteness, we will focus with translation-
ally-invariant, one-dimensional k < 2-local Hamiltonians
[48], that have the form:

H= PIFED O iy (43)
apef0,123} i

where we referred to the components of
X, x1,x2,x3) = (1,X;,Y;, Z;) in the sum. In particular,
we will focus in the following family of examples:

H annnt = _Z(ZiZHI —kZiZi1» + 9X;), (44)

1

1 h
Hxxz = ZZ(XanJrI +Y, Y, +AZ,Z,.) _EZX"’

n n

(45)

where all the couplings are assumed to be positive. The
first Hamiltonian is referred to as the axial next-nearest
neighbor Ising (ANNNI) model [49] and the second is
referred to as XXZ chain (with a transverse field) [50].
As discussed in the references above, both Hamiltonian
families exhibit quantum phase transitions [51]: The
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FIG. 2. Reduced nonstabilizerness of the transverse-field Ising model. The shaded region in panels (a) and (b) corresponds to the
reduced stabilizer polytope associated with the measurement set M = {Z,Z,, X, }. (a) Ground-state correlations ((Z,Z,), (X;)) as a
function of the transverse field g for different system sizes. The maximal deviation from the stabilizer polytope occurs near the critical
point g = 1. (b) Correlations for Gibbs states p o e~ /T at different temperatures, showing the suppression of nonstabilizerness with
increasing 7. (c) Reduced robustness of magic computed from the Hamiltonian observables M(Hqygpy). The peak near the quantum
critical point is progressively softened as temperature increases, eventually leading to a stabilizer regime (“sudden death of

magic” [47]).

ground state exhibits abrupt changes as the parameters are
varied. A natural signature is to look at the energy gap:
A(H) = lim (£, — Ey), (46)

where E| is the first excited state. A ground state is said to
be gapped if A(H) > 0, and gapless if A(H) = 0. A phase
diagram is constructed by identifying states that have
their states smoothly varying with the parameters that
define the Hamiltonian, although this definition can only
be made mathematically sharp in the gapped case [48].
Numerically, this can be probed by looking at the behavior
of observables as one takes the system size to be large.

Let us consider the case of the ANNNI. For k£ = 0, the
corresponding Hamiltonian is known as the transverse-
field Ising model (TFIM). Its nonstabilizerness was ana-
lyzed in Ref. [45] by computing the stabilizer Rényi
entropy (SRE) [28]. In general, it is necessary to have
full tomographic information compute the SRE. It turns
out that this model hosts a phase transition at g =1
between two gapped phases, that have stabilizer points:
Notice that (g = o0) = (|4+)(+[)®" is the unique
ground state at large fields, stabilized by the group
(X1, X5,---,X,) and wy(g=0) is any state formed
through the coherent superposition of |0)®" and |1)®",
with stabilizer group (Z,Z,, Z,Z;, - - -). The transition is a
gapless point that tunes into the phases that are adiabati-
cally connected between the two points. The SRE follows
this behavior: In the stabilizer points, it vanishes, and
acquires a maximum value in the transition between the
phases that are connected with the stabilizer points.

Using our approach, we observe that this behavior can
be found already with exponentially fewer measurements.
Consider:

M ={Z,Z,,X,}, (47)
which corresponds to energy measurements on the first
pair of qubits. The corresponding reduced polytope is the
one corresponding to the second graph in Fig. 1(a). We can
compute directly both expectation values as a function of g
in the ground state, as shown in Fig. 2(a). As n increases,
we can see that the maximal distance of the correlations
remains around the critical value g = 1, indicating the
phase transition.

In order to test our algorithm in the mixed state regime,
we will also test our method in Gibbs states of the TFIM
model, where our target state is p « exp(—Hgpy/T), NOW
parametrized by (7,g). As is shown in Fig. 2(b), as
temperature increases, the corresponding correlations
become more stabilizer-like. In fact, since at T — oo,
p = 21 €STAB,, it is expected that there always will be
some critical temperature 7', depending on n and g such
that for 7 > T.(n, g), we have a stabilizer Gibbs state, a
“sudden death of magic.” As shown in Ref. [52], this is
indeed what happens for geometrically local Hamiltonians,
with T. = O(1). Our method captures this sudden death
for the subsystems defined by the measurements. We
confirm this expectation by computing the reduced
RoM for the Paulis in the Hamiltonian, M (Hygpy ), shown
in Fig. 2(c): As temperature increases, the peak at the
critical value of the (ground state) phase transition is
softened, and, given any temperature 7', a discontinuity in
the robustness is developed for some g, increasing as T
increases.

Our results are also model-independent: We extend the
TFIM example to the full ground state phase diagram of
the models in Egs. (44) and (45). In the optimal case where
we measure all the ©(n) Paulis in the Hamiltonian,
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FIG. 3. Comparison between the energy gap and the reduced

RoM measure for the ANNNI and XXZ models. For the ANNNI
model, 10 qubits were used, while 9 qubits were used for XXZ
model. Column (a) presents the results for the ANNNI model as
function of the frustration k and the transverse field g. Column
(b) details the XXZ model in terms of the magnetic field 4 and
the anisotropy A.

meaning that we compute:

M(H annnt) = ROM g1, onn) [Wes (K5 9)] (48)
M(Hxxz) B ROM gy, ) [Wes (11, A)]. (49)

The results are shown in Fig. 3. As one can see, the
behavior of the energy gap has a similar behavior as the
nonstabilizerness as captured by the reduced RoM, where
gapless regions are expected to have high nonstabilizer-
ness and gapped phases that host stabilizer points, as is
the case for the TFIM, have low nonstabilizerness near
stabilizer regions. Although most of the phase diagrams
show nonstabilizerness, there are particular regions where
it vanishes. For the ANNNI, note that the gapped region at
g = 0 has vanishing RoM. This is due to the fact that the
ground state is in the code stabilized by the group
generated by the Z @ Z Pauli pairs on first and second
neighbors. Similarly, for the XXZ model, we have stabi-
lizer ground states in the ferromagnetic region with 7 = 0
and Ae[-2,—1].

We stress that although the results were derived by
exact diagonalization of the Hamiltonians for few qubits,
we could use data coming from quantum simulators/
computers and more efficient classical simulation algo-
rithms to run the same algorithm for a larger number of
qubits, which is a bottleneck for other measures, as pre-
viously mentioned. For example, in Ref. [15], the RoM
was studied for < 8-size subsystems of quantum Gibbs
states, and although our reduced form does not correspond

to the full information of the RoM, the numerical experi-
ments above indicate that they capture much of the same
information with lower computational algorithmic cost.

VI. CONCLUSION AND FINAL REMARKS

In this work, we have shown how nonstabilizerness can
be witnessed and quantified even when the number of
accessible measurements is limited. By restricting stabi-
lizer resource theory to a subset of observables, we
constructed an algorithm that takes as input the expectation
values of Pauli operators and decides whether they are
compatible with stabilizer statistics. We demonstrated the
practical performance of this approach through explicit
many-body examples and established its near-optimality
from a complexity-theoretic perspective: the superpoly-
nomial dependence on the number of measurements is not
an artifact of the method, but is in fact unavoidable unless
widely believed complexity-theoretic assumptions fail.

Importantly, the reduced polytope naturally defines a non-
stabilizerness monotone, the reduced robustness of magic
RoM 4, which lower bounds the magic content of the full
state. Operationally, this immediately translates into a lower
bound on the classical simulation cost: measuring only m <
poly(n) Pauli observables already suffices to infer a quasi-
probability sample-complexity bound. Hence, even limited
measurement data can certify nontrivial classical hardness.

Several directions for future research naturally emerge.
One concerns connections to quantum learning theory, in
particular quantum PAC learning, where the goal is to
predict expectation values drawn from a distribution using
only a linear number of measurements [53]. It was shown in
Ref. [54] that stabilizer states are efficiently PAC-learnable,
in contrast to generic quantum states. An interesting open
question is how this learnability behavior extends to fami-
lies of states with bounded nonstabilizerness, and whether
the tools developed here can help characterize the sample
complexity as a function of the magic content. Another
promising direction is to relate our framework to recent
advances on quantum correlation sets of Pauli observables
[24,55], which are likewise governed by algebraic proper-
ties of the underlying frustration graph. Understanding these
connections may yield a more unified geometric and
combinatorial picture of restricted quantum correlations.

Finally, it is natural to explore potential implications
for fault-tolerant quantum computation, particularly in the
context of magic-state injection [6]. Since the RoM
provides quantitative bounds on resources in unitary
synthesis [29], it would be interesting to investigate
whether our reduced-polytope approach can lead to new
resource-estimation or certification protocols tailored to
experimentally accessible observables.

Overall, our results offer a new perspective on the
geometry of nonstabilizerness and provide a practical route
toward its characterization in large-scale quantum systems.
More broadly, they suggest that the complexity inherent in
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quantum resource theories need not be confronted in its
full exponential form, but can instead be meaningfully
controlled by projecting the problem onto experimentally
and computationally accessible subspaces.
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APPENDIX A: SHORT PROOFS AND AIDING
PROPOSITIONS

A result that we use a lot is the following proposition:

Proposition 12. Let S C P, be a stabilizer group of
generic rank, and let w° =273 _qs be the stabilizer
projector. Then, for any P €P,,:

tr(Py®) =

(P.S)=1[PeS]— 1[-Ped],
(A1)

where 1[:] is the indicator function. Note that
(P,S)e{-1,0,1}.

Proof. It follows by the definition of y° and the Hilbert-
Schmidt orthogonality of Pauli matrices, which imposes

tr(PQ) = 6pp2" for all P,Q €P,:

Ztr (Ps) = (8, —0-p,).  (A2)
seES sES
from which the result follows by recognizing
l[iP € S] = ZseS(aP,s - 57P,s)' u

This result implies the concentration of Pauli strings of
stabilizer pseudomixtures/mixtures: Let y = > ¢ xsy®,
and let P be a Pauli string. Then, by the proposition above:

P, = > xs(P.8)=> xs(P.S).

Sestab, SPE ea!ilén

(A3)

where now the sum is restricted to stabilizer groups that
include either P or —P.
Yet another result is the 1-norm bound on changing
V-representations of a polytope:
Proposition 13. Let Py, P, C [—
with the following convex hulls:

1, 1] be two polytopes

P, =conv(u;,u,, Py =conv(vy,vy, . Vi),

(A4)

)

such that P, C P,. Then, given vER", we have

k ky

min { v =, b2 min {1, v =3}
i=1 J=1

(AS)

Proof. Given that the u’s are in the convex hull of
the v’s:

ko
u; = E :‘I}Yﬁ
=1

Suppose that we have v = > . a;u; as a feasible decom-
position in the optimization in the lhs of Eq. (A5). Then,
defining #¢ =3, q}ai, note that v =} . 7v; is a feasible
decomposition in the rhs. We have:

q €A, Vielk]. (A6)

7

ky
1671, = Z|ﬂ“| < ZZQ,WJ =

i=1 j=

(AT)

where we have used i qj = 1. Since the inequality holds
for every a, Eq. (AS) is satisfied upon optimization. m

Another geometric fact about the reduced stabilizer
polytope is the following:

Proposition 14. Let M = {P, P,,---,P,,} be a set of
n-qubit Pauli operators, such that P; # —P; for every pair
i,j€[m]. Then, the corresponding reduced polytope
includes the 1-norm closed ball of radius 1:

Bi(1)=

Proof. For a given i € [m], there is the following pair of
n-qubit stabilizer states:

(FeR™: |||, <1} CSTAB(M).  (A8)

(A9)

043009-13
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Since tr(P;p)

(<P1>/1I?t’ <P2>/)ii’ T <Pi>/)ii’

I-norm (closed) balls admit a presentation as the
following convex hull (which is also referred to as the
m-dimensional crosspolytope [25]):

Bl(l) :Conv{é?}ie[m].aei7 (A1D)

and since conv{ey}; ¢y e+ € STAB(M) by convexity,
the claim is shown. m

1. Proof of Lemma 1

Let us denote M={P;}", and MQ®I=
{P; ® 1} ,. Let I1,,yy € STAB,,(M). Then:

My = > psTluy®, (A12)
Sestab,
where IT S = ((P1)ys, (P2)ys, s (Pm)ys). By tensor-

ing with the identity, we construct the stabilizer group
S ® 1 by tensoring all Paulis in S with 1,,_,, which is not
full rank. Two facts hold:

p3 = > s®1,.,€STAB,,
X®1ln/7n eSR1

(A13)

<Pi>l//S - <Pl ® ﬂn/_n>WS®ﬂ, V 16{1,2, ,m}

(Al14)

Equation (A14) follows from Eq. (A13), and the first
equation follows from the fact that y°®! is the (propor-
tionally normalized) projector into the subspace of states in
C*®", which can be written as uniform distribution over
its pure stabilizer basis [56]. By Eq. (Al4), it follows
that HMI//S = HMII_}S®",
STAB, (M ® 1), and
STAB,, (M ® 1).

Now consider the other way around. Let II Ml// €
STAB,/(M @ 1). Then, it admits a decomposition:

thus showing that Il €
therefore, ~ STAB,(M) C

M/ = > polluy’. (AL5)

S estab,,

Now, consider a tensor splitting C2®" ~ C?®" @
C*®("-n) For any & e€stab,, we can construct the
following stabilizer group:

S|, ={se€Ss=s®1,_,} €stab,, (A16)

"?<Pm>pii) = (0,0,

= +6,; for all j & [m], the corresponding vector of correlations becomes:

,+1,---,0) = ¢ € STAB(M). (A10)

|

meaning that it acts nontrivially just on the first tensor
factor. Note that imposing this support condition on s’ € &’
is the same as imposing tr,_,(s’) # 0, due to Paulis being
traceless. Finally, we note that:

<Pi®ﬂn n ZU‘P@ﬂnr ns)

sSes

:—ZtrPs S

since, for stabilizers in S'\&'|, will have vanishing con-
tribution. Therefore, this shows that T, = IT,yS'h,
showing the inclusion IT),y’ € STAB, (M), and therefore,
STAB,/ (M ® 1) C STAB,(M). .

(A17)

2. Proof of Lemma 2

Let us go one-by-one:

(1) The inequality follows as, given any x € RIs@b(M)|,

|stab(M)] [stab(M)|
Xl = > x> xj| =1, (A18)
j=1 j=1

by the constraint. If there is a stabilizer state
¢ € STAB,, agreeing with y on all Paulis of M,
it follows that ROMM(I//) RoM (¢p) = [|x]|; =
>.;x; =1, since ¢ is a stabilizer mixture. On the

other hand, note that the reverse triangle inequality
above is tight iff all x; > 0. However, if that is the
case, note that we have:

|stab(M
HMlﬁ:HM( Z Z X Pl ) =y,

j=1 Sestab,

(A19)

where we defined ¢ =), sx; péy/S € STAB,,,
since X € Aggpvy and  p/ €A, for all
Jj € [|stab(M)]].

(2) If £ is a TP stabilizer operation:

> opSw. PO €A, (A20)
S’ €stab,,
Hence, given a stabilizer pseudomixture of

V= ZSestab" xSV/S’ we have that TTyE(y) =
Ss.s Poxslyw®, thus, using that the

043009-14
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3)

“4)

M-correlations of pure stabilizer states are in
conv(stab(M)), we have, by the bound of Propo-
sition 13:

RoMv((E(w)) < min([x[|; = RoM (). (A21)

Submultiplicativity follows if one writes the stabi-
lizer pseudomixture of the parts:

w= > xsy;

Sestab,

p=>_ ysw. (A22)

Sestab,,

and noting that y ® p=> g¢xsysy° ® y¥
defines itself a pseudomixture of the product.

the Mgy ® p =

Yos.5XsYs ueny® @ =g o xsys Thuy® @
1,7, where the last tensor product is of the Pauli
coefficient vectors themselves. It is clear that these
vectors are, not necessarily extremal, points in the
reduced polytope; then, applying Proposition 13 we
arrive at:

Consider decomposition

RoMugn (v ® p) < min > _|xslys|
7SS

= min||x|;|ly[l;
Y

< RoM y;()RoM (o),
(A23)

since we can always choose X, y attaining the mini-
mum in the individual LP optimization for each
factor. The proof for convexity follows by the same
strategy: consider HMIT/j =Y xS’jHlel‘S, which
will give an upper bound:

RoM y, (ZPJW!') < ijjxj
J

<> Ipilixsll. (A24)
J

1

yielding  RoM(3_; pjw;) < 325 |pjIRoMuy ()
upon optimization.

Note that projecting to a smaller set of coordinates
preserves any vector equation; namely, if M’ C M
then

x

Hyy = Z xSH/\/lV/S}

S estab,
c {x

Myy = ) stM/wS}. (A25)

S estab,

Since {T1,,y° |S € stab,, } must contain all extremal
vertices of the projected polytope, in addition to
some possible redundant non-extremal points, opti-
mizing over both sets above results in the respective
reduced robustness of magic. However, minimizing
over a larger set results in a lower value:

RoM (w) > RoM (). (A26)

3. Proof of Lemma 5

First, we show that all such fully anticommuting sets
indeed yield the smallest reduced polytopes, and then we
construct representations.

€]

(@)

043009-15

If M is fully anticommuting, the frustration graph
G, 1s the complete graph K. It only has singletons
on its maximal independent set:

Imax(GM) = {{Pl}}:nzl’

since every pair anti-commutes. Then, all bit-string
assignments are allowed, Byp) = {#£}, and each
vector in the V-representation in Theorem 3 is
exactly one of the 2m vectors {&7};, in the proof

(A27)

of Proposition 14. Then,

STAB(M) = conv{eé9}; , = By(1). (A28)
By Proposition 14, it follows that STAB(M) C
STAB(M/’) for any length m Pauli set M.

It is known [57] that a set of m anti-commuting
invertible D x D matrices should satisfy m <
2log(D) + 1. Since Paulis are invertible, substitut-
ing D =2" gives us the claimed bound. Hence,
given m measurements, at least |m/2] qubits are
needed to realize them. To construct an example
with m = 2n + 1 it suffices to provide a represen-
tation of the generators of complex Clifford algebra,
that saturates the bound. For k € [n], define, follow-
ing the Jordan-Wigner transformation:

]/2](5 H Z/Yk

1<j<k—1

Yok-1 = H Z;Xx,
1<j<k—1

(A29)

Note that {y;,y;} = 26;;, for i,j€2n], and are
Pauli operators. Letting I' = [, Z;, note also that
{I',y;} = 0 for all i € [2n]. Therefore, the set:

M = {y1.p2. (A30)

> V2n» F}

satisfies all the constraints and therefore constitutes
the desired example.
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4. Proof of Lemma 10

We use two standard facts [58]:

(1) Since v is a 2-design, E,..,[(P;),] = E, nau[(Pi),] = O,
(2) furthermore, it concentrates, by a standard application of Markov’s inequality: Pr,,.,(|(P;),| > &) < ©(e7227").
Consider v = ((Py),,, (P2)y,» "+ (Py),,). We now want to control its fluctuations by [|7]|,, = max({Py),,, (P2),. ",

(Pp),) By a union bound:

Pr((7ll 2 €) < Pr (U (P | 2 €) < D OPr((P), | 2 6
J= i=1

Then, when this happens, note that:

m
151 = D [P, | < m¥] g = me.
i=1

)<0() = Prllil <0216
o)

m
2ng?

). (A31)

(A32)

By Proposition 14, we know that if ||7||, < 1 = v € STAB(M). Hence, choosing ¢ = 1/m yields our desired bound by

chaining the events:

3
Pr(v € STAB(M)) > Pr(||7]|, < 1) > Pr <||17||°o < %) =1 —®<—>.

If instead v = Haar, we can apply Levy’s lemma [58] to
find that:

Pry/~Haar(|<Pi>y/‘ 2 8) < 2exp (_C2n82)7 (A34)
where ¢ = O(1) is a positive constant. Using the same line
of reasoning as above, the new failure probability is
obtained by substituting € = 1/m and multiplying by m
due to the I-norm bound in Eq. (A32), upgrading the
previous result by a double-exponential suppression:

3

) <’;> > O(m2-2' 1", (A35)
where ¢’ = O(1) is again a positive constant. "

APPENDIX B: PROOF OF THEOREM 3

First, we will show the relation to the maximally
commuting subsets defined on Eq. (23), and then do the
graph-theoretic interpretation. By Eq. (A3), we know
that for any given stabilizer state ¢ = s P sy’ €
STAB,, its projection has the form:

HM(Z = Z pSHM‘/_}Sv

Sestaby,
SNEM#Q

(BI)

since I 7S SN+M=2 — (). Now, let us define S; ~ S, in
stab, ifft S| N =M = S, N £ M it is easy to see that this
is an equivalence relation. Then, due to Proposition 12, it
follows that:

m
= (A33)

\
Vi€ [m| = MyuyS = Iy,y.
(B2)

<Pi>y/51 = <Pi>l,/527

Thus, the distinct elements on the convex decomposition
of Eq. (B1) are for stabilizer groups that have distinct
intersections with the measurement set. We can rewrite
Eq. (B1) as

My = > pgls

[S] € stab, | v

PEAjgun, |, (B3)

where stab, |, = (stab,/~)\[@] is the set of all equiv-
alence classes except the stabilizers with vanishing inter-
section with M, p(g) = Yose 15 Ps and the corresponding
vector is

1 if P,€8,
(17[3])1: —1 if —PiES,
0 otherwise.

(B4)

Claim: The correspondence
+M eC (M) is a bijection.

First, by consequence of the equivalence relation, it is
well-defined; since S is a stabilizer group, we have —1 &
S N +M and since S is full rank, S N =M is maximal,
ie, SNEMeCpy(M).

Given any Q € C,, (M), since it is a commuting set of
Paulis, we can always find a maximal rank stabilizer group
S D Q. For any choice of S, we have S N + M = Q; if this
were not the case, say, S N =M 2 Q, we could take some

[S]estab,| = SN

043009-16
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PeSN+EM\Q and add it to Q, rendering Q not
maximal. Thus, the inverse map is well-defined.

By abuse of notation, we can identify ¥, = Us via the
aforementioned bijection. Therefore by Eq. (B3):

STAB(M) = conv{ig}pec,, (M) (B5)

We can further strengthen this claim: Each 7, is actually
an extremal point of STAB(M), and thus stab,|,, also
correspond to extremal vertices.

Suppose that Ty = Y prUg, pr > 0, Y rpr =1,isa
convex decomposition with R € C,,,(M). We claim that
Q C R for every R appearing in the sum. Assume, by
contradiction, that there exists some R, such that QZR,,.
Then there is an element oP; € Q\R,, with o€ {£1}.
By the definition of 7y, this means that (7y); = 6. On
the other hand, ¢ = (7y); = > p Pr(Vr); Since each
(vg); €{—1,0,1} and the pg’s form a probability distri-
bution, this equality can hold only if (7); = o for every R
with pp > 0. In particular, this must hold for R,, which
implies 6P; € R. This contradicts the choice oP; € Q\R.
Therefore Q C R for all R in the convex decomposition.
Since both Q and R are maximal elements of C,, (M), it

1 if PeM,
(E”_{—1ﬁpe—wm

Thus, there is a subset S 0 C M such that we can write:

0= {(fQ)PP}PESQ' (B9)

We note that:

(i) fg€Bs,, since —1 & (Q) imposes that, for every
Sl g SQ

I (Fo)pP #—1. (B10)

Pes

(i) Sg € Inux(Grq): We know that S, €1(G ), since
Q is commuting. Furthermore, if there were
S'el(Gy) with S C S, we could add P;eS'\S
to Q, contradicting its maximality.

So, there is a map Q + (S, f), for S € I,,,.(G ) and

f €Bg. We also denote v, r, = vp.

We show that we can also reconstruct an element of
C(M) from a pair (S€I ., fE€Bg). There are two
possibilities:

(1) Bg # @: Then, note that, given f&Bg, we can

construct:

Os.p) = {fpP}pes C M. (B11)

- o= { Vg

follows that R = Q for all terms with positive weight.
Hence the convex decomposition is trivial, and 7, is an
extremal point.

We now construct a graph theoretic presentation of
Cax (M) based on G . First, we claim that:

I(Gy) ={S S M|[P;,P;] =0, V P,,P,€S}, (B6)
where we denoted /(G ) as the set of independent subsets
of G . Graph theoretically, S € I(G ) iff its elements do
not share an edge in E(G »,). For the frustration graph G,
this happens iff all the Paulis commute, since a pair of
Paulis either commute or anti-commute, showing the
algebraic presentation above. We say that S€ (G ) is
also maximal (S € I, (G \y)) if:

vV S'el(Gyy), ScS=8=5S (B7)

Claim: There is a correspondence Q € C o (M) «—
(S € Ihax, f €EBg), for S € max(Gyy) and f €Bg [59].

In fact, consider Q€ C(M). Since every P€Q
satisfies either Pe M or —Pe€M, we can define
fo €{£}2 with elements:

if +P, €0,

0 otherwise. (B8)

Since f satisfies the Pauli product condition, we
know that —1 & (Qs s)). Furthermore, since S is
maximal, we know that:

iPe M\S: [P,S] =0, (B12)
since otherwise S C SU{P'}€I(Gy), contra-
dicting the maximality of S. Note that this condi-
tion is robust to signs, since if two Paulis P, P’
do commute, so does [s;P,s,P'] =0 for all
s1,5, € {£}. We then conclude that:
Then, NS (Q(s,f)) N :IZM\Q(S.f) - :IZM\Q(S,f)
cannot be commuting with Qss), and thus
Q(s.5) € Crmax (M). We define on this case:

ES,f = Z)'Q(s__[)' (B14)
(i1)) Bg = @: Then there is no consistent stabilizer group
among the signed Pauli elements of S & 7, (G ().

We call those cases trivial.
Hence, the set of nontrivial (S € I, (G ), f € Bg) is in
bijection with C(M). Equations (B8) and (B14) define
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E(S,f) with:

- _Jfp, iffpPES
(W(s.0)i = { 0  otherwise. ’ (B13)
and by Eq. (B5) we have the main claim:
STAB(M) = conv{¥p}gecim)
= conv{¥s t}ser,, (Gu)ren,  (B16)
where both lists are of extremal vertices.
|
stab(M)| = > [Bg| <
Se]maX(G.M) Se}max<G,M)
where
Smax =  max  |S]. (B18)
Se Imax(GJ\/l)

For the term |/,,,,(G )| we also have two separate
upper bounds: first, for any graph of m vertices, we
know [60]:

|Imax(GM)| < 3mi3, (B19)
On the other hand, as implied by the arguments in
Appendix C, every maximal commuting subset S accounts
for at least 2 points in stab(M). Then, it is bounded by the
number of stabilizer groups, 2(1/2+o(D)n* 5] accounting
for the combined bound
|Imax(GM)| <2 min{cm,(1/2+0(1))n*} (B20)
and thus arriving at |stab(M)| <
2 min{n,m}+min{cm,(1/2+o(1))n*} with c= 10g 3/3 For
m = Q(n?), this just reduces to the loose bound
|stab(M)| < [stab,|; however, for m = O(n) we have
|stab(M)| = 290" dropping the explicit dependence
on n.

Tightness of M = {X,,Y,Z,,X,,---,Z,} follows by
recognizing that the corresponding frustration graph is
given as

| "

m/3 times

with K5 being the completely connected graph of 3
vertices. Then, every independent set S €1, (Gy) can
be written as

S: {Sl,Sz,...

 Sy3)s (B22)

Z 2 min{n,|S[} <2 min{n’AYmaX}|]max(GM)|’

We now move to the size bound. The simplest upper
bound one can take for the number of consistent (S, f)
pairs is by the following argument; any commuting set of
n-qubit Paulis can be extended to a full stabilizer group,
which is generated by some set of n Paulis, {P, ..., P,}.
Then we are free to choose only fg(P;)€{+1}, as the
other Paulis are all products of some combination of the
generators. This accounts for at most 2" possible sign
assignments of the extended stabilizer group. On the other
hand, the number all sign assignments is [{41}5] = 2I5/,
Then we can write:

(B17)

|

with S; € {X;,Y;,Z;} being one of the three independent
sets of each K;. Hence, we have indeed that
[Imax (G rq)| = 3™/3. Furthermore, note that, for any
S’ C S, their corresponding Pauli product is also indepen-
dent, meaning that [ [, ¢ P # %1, which implies that any
fe{£}* is also in Bg. Thus, By = {£}"/3 = {£}" for
any S € I,,,(G ), and we have that by Eq. (B17),

|stab(M)| = Z

S € Inax (G,\/l>

Bs| = [Tmax (G a0)[2"

_ 2n+(10g3/3)m' (B23)

APPENDIX C: PROOF OF THEOREM 7

We will present the proof by expanding the steps
outlined in Algorithm 1. In order to do the detailed
analysis, we need to do some preliminaries on Pauli
strings. A specific classical representation of P € P, is
in terms of its symplectic representation [3,4], on which
we write:

P =1X*Z", (CI)
where 1€ {£1, +i} and a, b €F}, and we have used the
shorthand notation:

(C2)

n n
ngm, 7h = @ 7V,
= =

i=1
Considering P, = 1, X*ZP and P, = 1,X*Z™, they
satisfy:

PP, = (—1)%2P,P,, (C3)

where Q;, =a;-b,+a, b, is referred to as the
symplectic form of the vectors (a;,b;)T €F3" and
(az, bz)T S ﬂ:%n.
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Note that storing this bit representation of the Pauli,
P+ (2, a,b) requires O(n) bits, and Pauli multiplication,
obtained by considering (4;,a;,b;) and (4,, a,, b,), one
can verify that PP, is given by the representation
(MAa(=1)Pr22 a, +a,,b; +b,), which requires O(n)
runtime, and so does checking commutativity of two

|

MZ{Pl,Pz"",

stored in O(mn) bits. We now go through the four steps:

(1) We compute the frustration graph datum by com-
puting its adjacency matrix, which turns out to be
the symplectic form itself, which, for i, j € [m], is
given as

Q;;=a;-b;+b;-a,€{0,1}, (CS)
all of its elements can be computed in O(m? x n) =
O(m?n) runtime;

(2) Equipped with a classical representation of the
graph G by (M, [Q;)]; jepm) Where M is the
list of symplectic representations of the Paulis and
the edges are specified by the adjacency matrix. It is
known that there is an output-sensitive algorithm
[61] that runs in O(m>|I (G ry)|) time and uses
O(m?) space to compute I, (G ry);

(3) Given S € I,,,,(G ), we will find every admissible
sign assignment f € Bg. Remember that By is the set
of all sign assignments that do not incur any product
of the type [ [pe s fpP = —1, for all subsets S’ C S.

First, each S C M is specified as the list of symplectic

representations, as

S ={(4s,, as,. bS,j)}‘jS:‘lv (C6)

referring to (As ;. ag ;. by ;) as the symplectic representa-
tion of Pg ;. We can construct the following matrix:

_ ([ 3sa1 Asn ag s 2nx]s|
M = er; C7
s <bs,1 bs, -+ by > (C7)

Our algorithm is based on the following fact:
Claim: There is a correspondence ¢ € ker[Mg| C

Yl es §'CS: [[peg P = +1.
To see why, note that by definition,

IS]
ceker[Mg] & (Mg) ‘c=0) ¢ (;“) =0ecF%.
i—1 S,i

(C8)

Note that the lhs corresponds t0 the blnary vector of the
symplectic representation of H P , and the rhs is the

P,} = {(41.a;.by). (4. a5.by), -+, (4. 2,.b,)},

Pauli strings, since it can be obtained by addition modulo
2 of the representation of the constituents. We will assume
that every single Pauli is stored and manipulated using the
symplectic representation. This includes the input, which
is given as the following length m array:

(C4

[

representation of the identity, modulo a {£1, +i} phase.
However, since a product of commuting Paulis cannot
square to —1, the phase is restricted to 4-1. Thus:

N ag, IS| L B
e (bsl)o@np I[P==1.

i=1 Pes

(€9)

where we defined §' = {P;€S|c¢; = 1}. Consider now
S’ C S satisfying the constramt Define the vector

cE [F|25| by

= 1[P,es), VvV jells] (C10)

where the jth component is 1 if P; € S’ and zero otherwise.
Then:

(C11)

The binary vectors of the corresponding symplectic
representation of both sides satisfy:

IS|
Zci(f)S*’) =0 & c € ker[Mg], (C12)
i=1 8.
showing the claim.
By performing Gaussian elimination, in

O(min(n, |S|)n|S|) time [62], we obtain a list of spanning
vectors of its kernel:
C
K=| ? |er¥, (C13)
)]

where D = dimker[M].

By the claim above, we can define a bitstring 6 € [F’zj
such that ]—[‘S| = (=1)%1 for all i € [D], where we
denote [¢;]; to refer to the jth component of the ith

spanning vector of Eq. (C13). A second claim is the
following fact:

"i
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Claim: Let f € {£}5 be some sign assignment for each Pauli in S. Then, f € By iff:

K- -x =o, (C14)
where f; = (—1)%, defining x € [F‘ZS‘.
To see why, note that membership in By is guaranteed if:
[1reP#-1. vscs e [[r1#-]]P v S CS. (C15)
Pes Pes Pes

Also note that we only need to check this condition for subsets S" such that [[pc¢ P o 1, since it is automatically
satisfied otherwise. By the correspondence between subsets with trivial product and the kernel of Mg, this corresponds to

checking:

IS| IS|

[1751#- 1]
J=1 J=1

where we have used the fact that the rows of Eq. (C13)
span the kernel. In other words, the constraint must be:

|S] el
Hf-l'/ =0y,

Jj=1

VieD) (C17)

since the lhs is restricted to {£1}. By the definitions of
X, 0, the D equations above correspond to:

VieDleK-x =o,
(C18)

as claimed.

As a consequence, we can count the number of
solutions. First, note that if the kernel ker[Mg] is empty,
i.e., there is no Pauli product proportional to the identity,
then all sign assignments fe&{+}5 are admissible,
accounting for |Bg| = 2!5|. If the kernel is not empty, then
K is full rank and consequently it is surjective. Given a
particular solution x I K-x » =0, the full set of solutions
can be written as:

By = x,, + ker[K]
— (xeF}: x =x, + k. ke ker[K]}, (C19)

where the isomorphism is between sets by the relation
{fj _ (_1))(,- }j' Hence, |BS| — pdimker[K] _ 2|S\—rank[K],
|

O(min(n,

SPniS|)  +

Gaussian elimination to obtain K

Computing the signs {s; };

= 02 ™M+ m + m?n + min(m, n)nm),

where on the last line we have used that |S| < m.

V ¢ € ker[Mg| & Hfﬁ,cf]fﬂ £ HPE'Ci]i’
J=1 j=1

O(|S]*n) +
N —

IS| IS|

VieD), (C16)

by the rank-nullity theorem of KG[FQX‘S‘. Since the

row space of K is ker[Mg], we have that [Bg| = 2/5I-P.

The rank-nullity theorem for MSG[F?ZXW implies that

|S| — D = rank[M|. We know that rank[Mg| < |S], since
M has |S| columns. Furthermore, its column space forms
an isotropic subspace of the symplectic vector space
(F3", Q), defined as a subspace with vanishing symplectic
form. It is known that such a subspace must have
dimension < n [3], yielding rank[Mg] < n. Combining
the bounds, we get that:

|BS| _ 2|S|—D _ 2rank[MS] <2 min(n,|S|)' (C20)

Given K obtained through Gaussian elimination, we
can now present the algorithm to append all the con-
sistent {7 }: (1) Compute & by evaluating the set
{s; = HL,SzllPE,C"]" b |, that can be done in O(D|S|n) =
O(|S|?n) time, (2) Perform Gaussian elimination on

to obtain the spanning set of vectors
ker[K] = span[Fz{c’l,c’z,-'~,ciS|_D}, that takes time
O(min(D, |S|)D|S|) = O(|S|*) and (3) for every
¢’ € ker[K], compute and append the vector g in
Eq. (20), that takes O(2I5=P x m) = O(2 ™in(nISDp;)
time [63]. Summing all up:

o(ISP) + O(2 min(nISD ) (C21)
~—_————
Gaussian eliminationin K Computing the kernel and appending
(C22)
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Combining all three steps, we have our algorithm: (1) Compute the frustration graph, (2) list all the maximally
independent subsets, and (3) construct all the vectors coming from consistent sign assignments of the independent subsets.

Thus, we have, for the runtime:

T = O(mzn) + 0(m3|lmaX(GM)|) + |Imax(GM)| X 0(2 min(n,m)m + m? + m*n + min(m’ n)nm)’
N—_——

(C23)

computing G computing independent subsets

where we bounded |S| < s, defined on Eq. (B18). This is
the full runtime depending on the frustration graph proper-
ties. To have an independent upper bound, we use that
Smax < m and the bound in Eq. (B20). Note that, for n — o
and m < poly(n), the first term that builds the frustration

|

T = 0(mz(min(m,n)+min(cm,(1/2+o(1))n2) + (m3 +mPn + min(m, n)nm)2 min(cm,(1/2+o(1))n2))’

where ¢ = log(3)/3. "

APPENDIX D: PROOF OF THEOREM 9

Let us first properly define the CMP as a decision
problem:
Definition 3. We define the CMP on n bits as the
problem defined by
(i) Input: A set of probability distributions
{1_7)1’ 1_527 T 5N}’ with N < pOIY(n)’ 1_7)1' € AZ‘RH’
where R; C [n], |R;| < k = O(1) for all i € [N];
(i) Decision: Output YES if there exists an n bit
probability distribution p € A,. such that:

> p(x.X) = pi(x),

n—|R;|
2

Vie[N], DI

xelF

and NO otherwise.

I¢peSTAB, : trp ¢ = ¢;.,

Vie[N|o Ipe:

computing consistent vectors for each S € I, (G r4)

|

graph is polynomial and can be dropped in the asymptotic
runtime, since the other two are exponential. Furthermore,
the last contribution has an extra exponential dependency
coming from the sign assignments, making it the single
dominant asymptotic term. We thus arrive at our claim:

(C24)

I
We can now move to the two reductions:
(1) CMP <,y SMP: Given the inputs {7, .-, py}»
note that we can compute the following set of states

N
{¢i5 > Pi(x)|x><X} ;
xe[Flzki‘

(D2)
i=1

in O(1) x N < poly(n) time. For each bit string
X = (xg, ..., le:\) € [F‘ZR" |, the computational-basis
state |x) is a pure stabilizer state. Indeed, it is
stabilized by ((—1)"Z;,...,(=1)"%Zg). There-
fore [x)(x| €stabj| C STAB,. Since p;(x) is a
probability distribution, Eq. (D2) expresses ¢; as a
convex combination of pure stabilizer states. Hence
¢; € STAB g, for every i, and the collection {¢, }Y
is a valid input for the SMP. We claim that:

(a) (<): If there is a global probability distribution p € A,., note that we can construct:

And then, given any i € [N]:

> p(x.x)=pi(x),  Vie[N. (D3
ie[F'z’f‘R”
¢ =Y p(x)[x)(x| €STAB,. (D4)
> pxR) )= ) pix)[x) (x| = ¢, (D5)

trki(b = Z

[Ril \ ¢ = IRil
xel, xel,

since it correctly marginalizes to p;.

R;|
x€el,
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(b) (=) If there is a global stabilizer state ¢ € STAB,,, consider the action of the completely dephasing channel on

the computational basis, D(-), that yields:

D(¢) =

x€F)

> (xlglx)|x) (x

=) px)

x€F)

(Do)

We claim that p = ( p(x))xe[F; is our desired global probability distribution. From the commutativity of the

dephasing channel with partial traces Dltry(-)] = tryD(-), we have:

which is only true if p indeed is a YES instance
of the CMP.

Hence, we have shown that under poly-time
preprocessing, the decision of Definition 3 re-
duces to Definition 2.

(2) SMP <,y rSMP: Consider:

Pk, (D8)

.....

<
|||
IC=

where 75Ri are all the nontrivial 4%l —1 Pauli
strings supported on R;. Note that, furthermore:

N

..... N <D @R 1) <N@E 1) D9

..........

(a) (<): If there is a global stabilizer state that
marginalizes correctly to the {¢;}, it follows

Vi...n =Ly € STAB(M);

(b) (=) If the vector lies in the reduced polytope

there is a ¢ € STAB,, such that Vl N = HM(ﬁ
However, note that, by definition on Eq. (DS),
..... y contains a tomographic complete
set of Paulis on all {R;}, which fixes all the
N reduced density matrices of the state ¢ to be
exactly {¢;}.

Again, we have shown that the decision of
Definition 1 can be made with classical poly-
time by considering Definition 2. L]

VielNle Y pix

v) < 34 ESTAB,

. Yie[N]

D7)

is polynomially bounded in n, since N < poly(n)
and k = O(1). Since each P is supported on some
R;, we can always compute its expectation value on

some reduced density matrix, say ¢;p). Then, we
can define:
Vi = (0(Pip))per, - (D10)

Each expectation value can be computed in O(1)
time, and hence \71,.“,1\, can be obtained in poly(n)
time. We claim that (M y, \71N) are the

desired inputs for the reduced stabilizer member-
ship problem: Let us show that

L ug ¢ = i v ielN]. (D11)

APPENDIX E: TRIANGLE CRITERION AS A
REDUCED POLYTOPE

In this section we prove that we recover any single
triangle criterion with a proper choice of measurement set
M; as a by-product, the reduced polytope will include
several distinct triangle inequalities corresponding to a
family of neighbor stabilizer state triples.

Lemma 15. Let y,y,, w3 be pure stabilizer states on n
qubits satisfying

tr(yy;) =5 forall i #j. (ED)

Then there exist Pauli operators P;, P,, P;, and a
stabilizer group S of rank n — 1 such that
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(1) The stabilizer group of y; is (S U {P;}) = S U P;S,
(2) the operators P; pairwise anti-commute:

{P;,P;} =0 foralli#j. (E2)

Moreover, up to a Clifford unitary, the triple
{w1, w2, w3} is equivalent to the single-qubit eigenstates
of the Pauli operators Z, X, and Y.

Proof. A standard property of pure stabilizer states that
if two stabilizer states ¢ and ¢ satisfy 0 < [(p|y)| < 1,
then [64,65]:

[{blo) > =275

and furthermore, there exists a Clifford unitary C mapping
them to stabilizer states whose nontrivial overlap is
supported on exactly k logical qubits. That is,

ke{l,2,...n},  (E3)

Clg) = [0)® ® |0)®¢);

Cly) = |v') ®[0)80), (E4)
~—
€ 2%k

where i/ is another stabilizer state with (0|®|y’) = 27%/2,
To show this, let C; be the Clifford such that
C,|¢) = |0)®". Then, we have:

018" C[y) 2 = [{plw)|> =275 (ES)

Since C, |y ) is a pure stabilizer state, it has the following
form for its computational basis expansion [66]:

Cily) = (E6)

1
) ¥xlx).
A /2d1m(V) );/

with V CF, being a binary affine subspace and
wx €{£l,£i}. By Eq. (E5), we find that dim(V) = k.
Thus, by Gaussian elimination, one can find a Clifford
unitary C, composed of CNOTS such that [67]:

C,Cily) = ly') ® |0)®=H), (E7)

with [y’) another stabilizer state with the correct 27%/2
overlap with |0)®%, Since C, is defined from a decom-
position of cNOTs, it stabilizes |0)®" = C,|¢). Defining
C=C,C; gives us our desired Clifford unitary
on Eq. (E4).

Applying this fact to y; and y, for k = 1, there exists a
Clifford unitary U such that

¥ = Uy U = [0)(0] ® 7;

B . (E8)
W, =UpU" = [+)(+] ® 7,

with 7 = [0)(0/®*~1). Defining also {3 = Uy;U", note
that Tr(yrpr;) = 1/2 for i +# j. Because yr3 is itself a

stabilizer state and the overlap 1/2 is the maximal non-
trivial overlap between distinct stabilizer states, it follows
that w3 must share the same (n — 1)-qubit stabilizer
component 7 = |0)(0|®"~%). Hence,

3=kl ® (E9)

for some single-qubit stabilizer state |y) satisfying

[OL)[> = [{+[x)] (E10)

2
2
Since the only solutions are |y, ) = (|0) & i|1))/v/2, we
have:

0) +i[1)
= = N Ell
) = lys) 7 (E11)
namely a Y-eigenstate. Consequently, up to the Clifford
unitary U, the three stabilizer states are precisely

0). I+ e (E12)
which are eigenstates of the Pauli operators
Z, X, +Y, (E13)
respectively. We may therefore define
P, =U'Z,U, P, =U'X,U, P;=U"Y,U,
(E14)

where X, Y, Z; denote the Pauli operators acting on the
first qubit. Since Clifford conjugation preserves the Pauli
group and preserves commutation relations, the operators
P; are Pauli strings satisfying

{Pi,P;} =0 (i#)), (E15)
and each y; is an eigenstate of P;. For completeness, the
common stabilizer group S is built from the image of the
generators of the stabilizer group of 7 under conjugation
by U:

S=(U'zZ,U,U'Z;U,...,U'Z,U), (E16)
and thus {P;, U'Z,U,U'Z;U,...,U'Z,U} is a list of
generators for the stabilizer group of ;. ]

We now have a compact description of the relevant Pauli
operators corresponding to a single neighbor triple; a
natural question is the following: if we choose the
measuring set M to contain exactly the three stabilizer
groups associated with a neighboring triple, does the
reduced polytope include the triangle criterion as a facet?
We answer this question in the affirmative and also
characterize all the other facets:
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Theorem 16. Let y,; be three neighboring stabilizer
states, with stabilizer groups S; := (S U {P;}), and con-
sider the measuring set M = S; U S, U S3. The facets of
the reduced polytope are exactly the triangle criterion for
all possible consistent choices of changing signs in the
generators of S and independent choices for the signs
of P;.

Before we prove the theorem, let us fix some notation.
Given a mixed state p and some P € M, let

rp =Tr(Pp), (E17)
be its Pauli coordinates. We will define another natural set
of coordinates.

Let S* denote the character group of S. For each
character y: S — {+£1}, define the stabilizer projector

1
=— E18
L= 15] QZE:S)((Q)Q (E18)
We introduce syndrome coordinates by
Py =Tr(Lp) = Z;( )70 (E19)
| |Q€S
and
q,p, = Tr(IL,P;p) = s Z;( )7 op,- (E20)

Oes

Since this is just the Fourier transform over the Abelian
group S, it is invertible. So we can express the original
coordinates in terms of the syndrome coordinates:

ro=> 1(Qp,.  ron = x(Q)qyp. (E21)
xeSs* zeS
In particular,
N op,=r=ulp) =1 (E22)

YES*

Proposition 17. In the syndrome-logical coordinates, the
reduced stabilizer polytope STAB(M) is given by

STAB(M) = {(p)(’q)(,Pl’q)(,Pz’q)(,PJZES*: Zp)( = 1,
X

(E23)

|+l + dym] < p, ¥ )(GS*}.

(E24)

Proof. First, take any stabilizer mixture p. Measuring
the commuting stabilizer context S and postselecting the
syndrome corresponding to y is a stabilizer operation.
Therefore, whenever p, > 0, the normalized logical state
in that syndrome sector is a one-qubit stabilizer mixture.
Namely, its Bloch vector is

(qm qy.p, qx.a)
r, D,

The one-qubit stabilizer polytope is the octahedron, so

(E25)

qy.py
Py

Q;(,Pl
Py

q)(f'z
Dy

+ + <l (E26)

Multiplying by p, >0 gives the inequalities in
Eq. (E23). If Tr(I,p) = p, = 0, positivity of the projec-
tion IT,pIT, implies it is actually the zero matrix, and
dy.p, = 43P, = 4y.p, = 0, so the same inequality holds.

We now justify the converse construction in Eq. (E23).
The only point that has to be checked is that the different
syndrome sectors do not interfere with each other.

Claim: The projectors IL, are mutually orthogonal:

1
H)(H)(’:W Z)(( ) (Q)PQ )(;(H;(

P.Q€S

(E27)

In fact, writing R = PQ, so that Q = PR, and using the
multiplicativity of characters, we get

I, = 22(2;((13);( ) R)R.  (E28)
ISI° i \pes
By character orthogonality,
Sl x=x"
P)y(P) = | E29
S = {120 @

and the claim follows. Thus the projectors I1, decompose
the Hilbert space into orthogonal syndrome sectors.
Now assume that the coordinates satisfy

Sre=1 e |+ lapnl + g0 <P ¥
X
(E30)

For each y with p, > 0, define

(QX.P, qy.p, C];(,P3)
u, = , , .
by Py Dy
By Eq. (E30), each u, belongs to a one-qubit stabilizer
octahedron; let {e,, e,, e5} be the canonical basis in R3:

(E31)
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3
u, = Z Z Ay Erteg, Ayps 20,

i=1 t=%1

ZﬁXvEJ — 1
Et
(E32)

Hence, the full state corresponding to the syndrome y
can be written as a convex combination of the six one-qubit
stabilizer vertices, namely the six n-qubit stabilizer states
defined by

1
o' p = ~TL(I + tP),

)(,P_z V4 EG{P],Pz,P3},

re{£1}.

(E33)
|

Tr(H)(Plp){) = u)(sPI’

Tr(H)(P2p;() = Uypy

These are pure stabilizer states: I, fixes the n —1
stabilizers in the common context C, while I + ¢E fixes the
logical Pauli E with eigenvalue ¢.

Set

Py = Ayi @ (E34)
E.t

Then p, is a stabilizer mixture supported entirely in the
syndrome sector y. Moreover,

If p, =0, we simply omit that sector from the convex combination.

Finally define

p=> Dy

Tr(TL,p,) = 1, (E35)

and
Tr(TL,P3p,) = u, p,. (E36)
(E37)

Xt py>0

Since p, >0 and Zx py, = 1, this is a convex combination of stabilizer states. By the orthogonality relation in
Eq. (E27), different syndrome sectors do not mix. Therefore, for every ,

TI‘(HZp) = Dy

and

Tr(H)(PIP) = qX,P] ’

Hence every point satisfying the block-octahedron
constraints in Eq. (E30) is realized by a stabilizer mixture.
This proves the converse inclusion. [

The description in Eq. (E23) is a direct sum of
subnormalized one-qubit stabilizer octahedra, one for each
syndrome y. Therefore its facets are immediate.

Theorem 18. The facets of STAB(M) are exactly the
inequalities

Pyt Spdyp, +Sp,dyp, + 5P dyp, 20, (E40)

for
y €S*,

(sp,»sp,,5p,) € {1}, (E41)

Equivalently, in the original Pauli coordinates, the facets
are

Py +5Sp4yp, +Sp,qyp, +Sp,4q,p, 20,

Tr<H)(P2p) = q;(,P27

(E38)

Tr(I1,Psp) = q,, p,- (E39)

|
1

S| Z)((Q)[FQ + Sp,rop, +5p,7op, +5p,T0p] 2 0.

Q€S
(E42)

These are precisely the triangle inequalities obtained by
considering every possible syndrome y in the common
stabilizer group S, and every sign for the anticommuting
triple Py, P, P5, accounting for 2"+? facets.

Proof. For each fixed y, Eq. (E23) imposes the sub-
normalized octahedron constraint

|q)(,P]| + |q)(.P2| + |qX.P3| < p;(’ (E43)

This is equivalent to the eight linear inequalities

(sp,.Sp,.sp,) {1} (E44)
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Together with the affine normalization Z}( p, =1,
these inequalities give the full H-representation of the
polytope in Eq. (E23). Let us check that each inequality
is facet-defining; since each family of eight inequalities
(E44) is uncoupled from theothers, we may count the
dimension of each syndrome block separately.

The ambient space has dimension 4|S*| = 2"*!_ and the
normalization ), p, = 1 reduces the affine dimension to

dim STAB(M) = 2" — 1. (E45)

Now let us compute the dimension of the exposed

facets. Fix y, and s = (sp ., 5p,, sp,). The equality

Py + SPiy.P, + SPyqy,.P, + SPyyo. Py = 0 (E46)
defines a facet of the four-dimensional cone
{(p.qp,-ar,-ar,)" lap,| +lap,| + lgp,| < p}.  (E47)

Thus it has dimension 3 in the y,-block. The remaining
|S*| — 1 syndrome blocks are unconstrained except for
|

A N —S
e[ (W), +vyh v o] =

Thus Eq. (E40) is equivalent to the triangle witness

s s —S
W, =w b +w, b — y/%;; 3, (E51)

This proves that the facets are exactly the triangle
inequalities associated with the syndrome y and the logical
octahedron direction s.

Therefore, for the measurement set M, the reduced
stabilizer polytope has exactly

8|S*| = 8201 = 2n+2 (E52)

facets, all of which are triangle inequalities. [
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