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Recent years have enjoyed a strong interest in exploring properties and applications of random quan-
tum circuits. In this work, we explore the ensemble of r-doped Clifford circuits on n qubits, consisting
of Clifford circuits interspersed with 7 single-qubit non-Clifford gates. We establish rigorous convergence
bounds toward unitary k-designs, revealing the intrinsic cost in terms of non-Clifford resources in various
flavors. First, we analyze the kth order frame potential, which quantifies how well the ensemble of doped
Clifford circuits is spread within the unitary group. We prove that a quadratic doping level, 1 = @ (k?),
is both necessary and sufficient to approximate the frame potential of the full unitary group. As a con-
sequence, we refine existing upper bounds on the convergence of the ensemble toward state k-designs.
Second, we derive tight bounds on the convergence of ¢-doped Clifford circuits toward relative-error
k-designs, showing that = @(nk) is both necessary and sufficient for the ensemble to form a relative
g-approximate k-design. Similarly, # = ©(n) is required to generate pseudorandom unitaries. All these
results highlight that generating random unitaries is extremely costly in terms of non-Clifford resources,
and that such ensembles fundamentally lie beyond the classical simulability barrier. Additionally, we
analyze high-order doped-Clifford-Weingarten functions to derive analytic expressions for the twirling
operator over the ensemble of random doped Clifford circuits, and we establish their asymptotic behavior

in relevant regimes.
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I. INTRODUCTION

Randomness is a central and powerful tool in quantum
physics, with a wealth of applications spanning quantum
cryptography [1-5], quantum algorithms [6—10], quantum
sensing [11—14], benchmarking and certification [15—18],
and quantum communication [19-28]. The use of ran-
dom unitary operators is also prevalent in providing a

*Contact author: loleone@unisa.it
fContact author: s.oliviero@fu-berlin.de
Contact author: alioscia.hamma@unina.it
SContact author: jense@fu-berlin.de
IContact author: 1.bittel@fu-berlin.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOL

2691-3399/26/7(2)/020321(29)

020321-1

coarse-grained description of the evolution of complex
quantum systems, yielding insights into the spectra of
complex Hamiltonians and fundamental processes and fea-
tures such as quantum thermalization [29—34], the holo-
graphic principle [35—40], notions of quantum scrambling
[41-47], and quantum thermodynamics [48]. Given the
ubiquity of quantum randomness in both applications and
rather fundamental topics, understanding its precise origin
constitutes a fundamental question.

In its simplest form, quantum randomness can be
achieved by drawing unitary matrices uniformly at ran-
dom according to the Haar measure over the unitary
group U, = U(2") on n qubits. However, for most appli-
cations in many-body physics (for large n), constructing
Haar-random unitaries is practically infeasible, for the cir-
cuit complexity becoming prohibitively large. A simple
counting argument reveals that an exponential number
(in n) of elementary gates is needed to approximate a
Haar-random unitary with constant precision. However,
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for many applications, sampling Haar-random unitaries
is too much to ask for anyway. For most practical
purposes, one can be content with constructing an ensem-
ble of unitaries £ reproducing up to the first £ moments
of the distribution, leading to the concept of umitary
k-designs [44,49—55]. An even weaker—and conceptually
somewhat differently motivated—request is that of compu-
tational pseudorandomness, that is, indistinguishably from
true randomness given computational constraints. Both
concepts have proven to be highly fruitful in a wealth of
applications, both practically and conceptually [56—60].
Recently, there has been a breakthrough in Refs. [55,58]
with the introduction of sets generating unitary k-designs
and pseudorandom unitaries with the minimal possible
depths, i.e., scaling logarithmically with the number of
qubits n. This represents a significant reduction com-
pared to the exponential scaling of gate complexity for
Haar-random unitaries.

Despite the existence of extremely shallow circuits
capable of generating pseudorandom unitaries, in many
quantum hardware architectures involving early quantum
computers, resource costs stem not only from the num-
ber of gates but also from the #ypes of gates used. One
of the main bottlenecks in quantum error correction is
a consequence of the Eastin-Knill theorem [61], which
asserts that no universal gate set can be implemented trans-
versely—that is, without incurring spatial overhead. As
a result, the best that a fault-tolerant, gate-based quan-
tum computation scheme can achieve is to use only a
single non-transversal gate which, when combined with
a transversal gate set, enables universal quantum compu-
tation. A common approach is to use transversal Clifford
operations, which are available in many stabilizer quan-
tum error-correcting codes [62], and to invest resources
in implementing a single non-Clifford gate—making use
of what is called magic—that is sufficient to promote the
Clifford group to a universal gate set.

In this context, the challenge becomes generating
unitary designs using the fewest possible non-Clifford
gates, since Clifford operations, being transversal, can be
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effectively considered free. Notably, the Clifford group
alone is sufficient to generate exact unitary 3-design [63,
64], a highly useful property for learning algorithms [65]
and benchmarking [66—68]. However, it falls short in
producing higher-order designs [69]. Consequently, non-
Clifford operations become the critical resource required
for achieving higher-order unitary designs, while their
usage must be minimized to reduce the associated
overhead.

In this work, we explore the generation of unitary
designs using t-doped Clifford circuits—deep Clifford cir-
cuits, which we regard as free resources, augmented with ¢
single-qubit resource-intensive non-Clifford gates (as illus-
trated in Fig. 1)—with a primary focus on determining the
minimal use of non-Clifford resources required to generate
unitary k-designs. The main question we seek to answer in
this work is the following.

How well “spread” is the set of doped Clifford circuits and
what relative error design does it achieve as a function of
the doping t?

By developing a general framework for computing aver-
ages over doped Clifford circuits—an approach of indepen-
dent interest—this work provides detailed answers to both
of the aforementioned questions.

We remark that addressing this question, concerning
the quantum randomness attained by doped Clifford cir-
cuits, also has implications for scrambling and for quantum
advantage experiments [44,70], where Clifford+T architec-
tures play a crucial role.

First, we establish tight bounds on the kth frame poten-
tial—a scalar quantity that measures how uniformly an
ensemble of unitaries is spread over the unitary group—as
a function of the doping parameter ¢. Specifically, we show
that a quadratic doping level, t = ® (k> 4 loge™!), is both
necessary and sufficient to approximate the frame potential
within an additive error ¢ relative to the frame potential of
Haar-random unitaries. While one might have expected a
linear scaling of the doping with respect to the degree k
of the frame potential, this result reveals that generating
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Pictorial representation of z-doped Clifford circuits. The orange gates are Clifford gates, while the teal gates are single-qubit

non-Clifford gates. Hence, non-Clifford gates are interleaved within a circuit that predominantly consists of feasible Clifford operations.

020321-2



NON-CLIFFORD COST OF RANDOM UNITARIES

PRX QUANTUM 7, 020321 (2026)

quantum randomness using doped Clifford circuits incurs
an intrinsic cost in terms of non-Clifford resources. This
convergence bound has a direct application in quantify-
ing the scrambling capabilities of doped Clifford circuits;
notably, only a polylogarithmic amount of doping is both
necessary and sufficient to achieve maximal scrambling.

Second, we establish tight bounds on the convergence
of the #-doped Clifford ensemble toward unitary k-designs.
We show that a doping level scaling linearly in both the
number of qubits # and the degree £, i.e., t = O(kn) (up
to logarithmic factors), is necessary and sufficient for the
ensemble to form a k-design up to a relative approxima-
tion error &, even for values of ¢ exponentially large in
nk. While the main result of Ref. [51] shows that a doping
level independent of the number of qubits # is sufficient to
produce a k-design with additive approximation error, our
result demonstrates that generating a k-design with relative
approximation error is necessarily costly in terms of non-
Clifford resources. Similarly, we show that ¢ = (:)(n) are
necessary and sufficient to construct pseudorandom uni-
taries. The stark contrast between these two results lies in
the notion of approximation: additive-error designs guar-
antee indistinguishability from Haar-random unitaries (up
to precision ¢) only under a restricted class of protocols,
whereas relative-error designs, as well as pseudorandom
unitaries, ensure indistinguishability under any quantum
protocols. In the following sections, we carefully explain
our results and place them in context with previously
known bounds.

A. Overview of the results

Let us provide an informal overview of our results,
also summarized in Table I. Our model of #-doped Clif-
ford circuits consists of randomly drawn Clifford circuits
interspersed with single-qubit random gates. As we dis-
cuss later, the specific choice of “doping gates” is not
crucial to our analysis. In this paper, we mainly examine
two commonly used choices: random diagonal single-
qubit gates and Haar-random single-qubit gates. Both
yield qualitatively similar results. However, the techniques
we develop are independent of the particular choice of
doping.

TABLE L.
proven in this work are marked with [x].

1. The spreading of doped Clifford circuits via frame
potential

One of the question we address in this paper is how
spread is the ensemble of doped Clifford circuits with
respect to the amount of doping, quantified by the num-
ber ¢ of non-Clifford gates inserted. The frame potential
measures whether £ is “spread” or “concentrated” within
the full unitary group U,. Specifically, the frame poten-
tial of order & measures how well the finite collection of
unitaries £&F := {U®F : U e £} is uniformly distributed on
UE*, and it is defined as

FP = Eypeeltr(UV . (1)

As the name suggests, the frame potential can also be
thought of as a “repulsive force”: we can think of the uni-
taries in £ as particles on the unitary group subject to
a repulsive force proportional to [tr(UVT)|¥, and Eq. (1)
gives the potential of the configuration [50]. In the extreme
case where the ensemble consists of only one element with
probability one, the forward evolution perfectly cancels the
backward evolution, leading to the maximal possible value
of the frame potential. In contrast, if the ensemble £ is suf-
ficiently spread, then two independently drawn samples U
and V are likely to be very different, meaning that [tr(UVT)]
will be very small. As expected, the most spreading ensem-
ble is the ensemble equipped with the uniform measure
over the full unitary group, the Haar measure: in fact, this
is the equilibrium configuration exactly minimizing the
frame potential [50]. It holds that for any ensemble of uni-
taries, we have F, g‘) > fé?ar' We quantify the spreading of
an ensemble &£ with the difference F, g{) - g;)ar, which is
positive, and zero if and only if £ is an (exact) k-design.

Let us first consider the ensemble of unitaries consti-
tuted by Clifford operators, belonging to the Clifford group.
Such ensemble is discrete and it features a minimum dis-
tance between its elements. As such, it is not sufficiently
spread across the unitary group,

F& = Fitaar = exp(Q(2)), 2)

i.e., the Clifford group gets further away, increasing &,
in a quadratic-exponential fashion. The ultimate reason

Summary of results on unitary design constructions and their associated non-Clifford costs. Results (or portions thereof)

non-Clifford cost

O(k* + kloge™)

Operational meaning

Additive unitary k-design [51,71] Secure against non-adaptive k-query experiments

Relative unitary k-designs [51][*] O (nk) Secure against any k-query quantum experiment
Pseudorandom unitaries [S8][*] On) Secure against any poly-time quantum experiment
Unitary frame potential [x] Ok +loge™") Spreading on the unitary group and OTOCs

State k-designs [*] O(k* +loge™h) Secure against any k-query quantum experiment
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for this behavior is that the frame potential of sub-
groups of the unitary groups is given by the dimension
of the commutant, which, for the Clifford group, increases
quadratic-exponentially in k& [72]. The relevant question
then becomes how much doping is necessary for a suffi-
ciently uniform spreading of the doped Clifford ensemble
across the unitary group.

The first central result of this work resolves around a
tight bound on the frame potential of the ensemble of
doped Clifford circuits.

Theorem (Frame potential convergence. Informal of
Theorem 3). Letn > Q (k> 4 tlog k). There exists two con-
stants A, B = ®(1) such that the difference between the
frame of #-doped Clifford circuits .7-",(1‘) and the Haar frame

potential F}(I];)ar is upper and lower bounded as

2 2
2Q(k —Atlogk) < -7:t(k) . F(I];)ar < 20(k 731)' (3)

There are two worth-noticing aspects around the result
summarized in Eq. (3). First, the upper bound is com-
pletely independent from the number of qubits n of the
quantum circuit. However, the result of generating system-
size independent additive-error designs with #-doped Clif-
ford circuits was established in the seminal paper [51],
and it is well-understood in the literature. The second,
and novel, aspect of Eq. (3) is that the bounds showcase
a quadratic dependence of ¢ upon the design order k. As
the order of the frame potential grows, the convergence
requires a quadratic amount of doping. Indeed, to have
.E(k) — g@ar = ¢ then a necessary and sufficient amount
of doping (up to log factors) is t = @ (k*> + loge™"). The
result can be understood by the following hand-wavy argu-
ment: the ultimate responsible for this convergence bound
is the quadratic-exponential growth of the commutant of
the Clifford group with respect to & against the factorial
growing of the unitary group commutant [72]. Indeed,
the doping can effectively “kill” an exponential fraction
(in 7) of operators within the commutant of the Clifford
group, resulting in exp(k?) exp(—1) scaling. The above
result already highlights an inherent substantial cost—in
terms of non-Clifford resources—associated with generat-
ing higher-order designs through doping, a point that will
be further explored in the following sections.

2. Implications for approximate state k-designs

Our result in Eq. (3) has implications in the context of
unitary k-designs, particularly to state k-designs. Given an
ensemble of unitaries, it is natural to consider the ensemble
of states S = {U0) | U € £} induced by £ when acting
on the trivial state vector |0). The ensemble of unitaries
£ generates an g-approximate state k-design if and only if

||lllék) - \Pﬁ'ﬁarlh < g, where we define

W = Eynaar (U 0)(0] U 4)

as the average state of the given ensemble. A key applica-
tion of our main result in Eq. (3) is in establishing conver-
gence bounds on the ability of doped Clifford circuits to
generate approximate state k-designs.

Theorem (Doped Clifford circuits producing state k-
designs. See Lemma 18 and Corollary 3). Letn > Q (k> +
tlogk). Let \IJ,(k) the average k-copy state produced by the
ensemble of -doped Clifford circuits, and let \IJI({IZar the
Haar k-copy state. Then

(k) (k)
% f; — Y Haar (5)

(k) (k)
Wiaar — W7l = ,
' 2 fHaar

Haar

which, combined with Eq. (3), implies that a quadratic
doping level t = Q(k* + loge™!) suffices for doped Clif-
ford circuits to produce an ¢-approximate state k-design.

This result constitutes an improvement over previously
established bounds. In particular, the best known bound
prior to this work follows from the stronger results of Ref.
[73], which show that a doping level of r = Q2 (log? k(k* +
kloge™")) is sufficient to achieve a unitary k-design up to
an additive error €.

Moreover, Eq. (5) provides an operational interpreta-
tion of the frame potential. While frame potentials have
become a central tool for analyzing quantum randomness
and have inspired connections across a broad range of
fields—such as circuit complexity lower bounds [74,75]
and information scrambling [44]—Eq. (5) directly links
the frame potential to the rigorous notion of approximate
state k-designs.

3. Applications to quantum scrambling

Scrambling is the phenomenon by which local informa-
tion—i.e., information encoded in a local subsystem—is
dispersed, as a result of quantum evolution, into nonlocal
degrees of freedom. Consequently, information is said to
be scrambled if no local quantum measurement can recover
the initial information. Quantum scrambling is thus a hall-
mark of chaotic and complex quantum dynamics, making it
one of the most intriguing features of quantum evolutions.

Since scrambling is a property of the quantum evolu-
tion itself, diagnosing scrambling behavior comes with an
intrinsic challenge: to decide whether a unitary U scram-
bles information, one would in principle need to verify
that its action on all possible localized quantum states
renders the information unrecoverable. A more practical
bottom-up approach is instead to check whether quantum
information can be locally recovered via local quantum
measurements, which, without loss of generality, can be
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taken to be Pauli measurements (as these form a complete
operator basis). At the operator level, diagnosing quantum
scrambling can then be achieved through exotic correla-
tion functions between local operators. In particular, given
a unitary U, one can define k-order Out-of-Time-Ordered
Correlation (OTOC) functions [76]. Consider two k-tuples
of Pauli operators Ay,...,4; and By,...,B; and define
B; := U'B;U. The k-OTOC is then defined as

1 - -
OTOC (U, {4},{B}) = Etr(AlBl - ArBy). (6)

The careful reader will note that the behavior of
OTOC (U, {4},{B}) can strongly depend on the choice
of the tuples of observables {4},{B}. To eliminate
this spurious dependence, a common approach is
to average over all Pauli observables: OTOC(U) :=
E4,(8 OTOC(U, {4}, {B}).

A fundamental benchmark of scrambling behavior is
given by Haar-random unitary dynamics, which maximally
disperse local information into nonlocal degrees of free-
dom. A natural figure of merit is, therefore, § OTOC(U),
defined as the relative difference between OTOC,(U) and
the Haar-random average Ey-y,, OTOC(U).

Combining the convergence bound on the frame poten-
tial discussed above with the findings of Ref. [44], which
relate the frame potential of unitary ensembles to OTOC:s,
we can estimate the average scrambling behavior of doped
Clifford circuits.

Corollary (Scrambling in t-doped Clifford circuits.
Informal of Corollary 4). Let n > Q(k*> + tlogk) and
¢ > 0. The relative difference between the average
OTOC,(U) of a t-doped Clifford circuit and that of Haar-
random unitaries is negligibly small if and only if ¢ =
Ok + log'*< n).

These results establish both upper and lower bounds,
revealing the ultimate capabilities and limitations of
scrambling in doped Clifford circuits. The conclusion is
noteworthy: only a polylogarithmic number of additional
non-Clifford gates is sufficient to reproduce scrambling
behavior that is indistinguishable—up to negligible rela-
tive error—from Haar-like scrambling. In sharp contrast,
as we will later demonstrate, relative k-designs (and pseu-
dorandom unitaries) require an extensive €2 (n) number of
non-Clifford gates. This underscores a fundamental dis-
tinction: while relative designs entail a linear overhead,
reproducing complex scrambling dynamics demands only
a polylogarithmic number of non-Clifford resources. These
findings are akin to those of Ref. [18], which showed
that reproducing the Porter-Thomas distribution of mea-
surement statistics for Haar-random states in the com-
putational basis requires only a polylogarithmic number

of non-Clifford gates. This suggests that the two proper-
ties, namely anticoncentration and scrambling, are closely
related.

Before concluding this section, one might argue that
OTOC(U) inherently washes out the locality aspect
of scrambling, since averaging over the full Pauli
group includes highly nonlocal measurements. However,
because we are concerned with comparing deep uni-
taries—such as doped Clifford circuits and Haar-random
unitaries—Ilocality becomes irrelevant in this regime.

4. The twirling operator over doped Clifford circuits

On a more technical note, proving the tight convergence
bounds for t-doped Clifford circuits relies on a formal
understanding of the twirling operator over this ensem-
ble. In particular, given an ensemble of unitaries £, the
twirling superoperator (also commonly referred to as the
kth moment superoperator) is defined as

®P(0) := Eyee[UP*OU™®H). (7)

If the ensemble £ forms a unitary k-design, then the
twirling superoperator coincides with the one over the
entire unitary group, i.e., ®. (0) := Eyey, [UPFOUT®H].
In Sec. I1I, we characterize the twirling operator over the
doped Clifford circuits, regardless of the particular choice
of doping gates, in terms of the elements €2 of the Clifford
commutant,

(0) = B[, (0) + Y [AW o0, (8)
Q,Q

the so-called Pauli monomials, introduced in Ref. [72].
Here, the components of the matrix AYWW~! are referred to
as doped-Clifford-Weingarten functions: the matrix WW~!
encodes the Clifford-Weingarten functions, introduced and
studied in Refs. [72,77,78], while the matrix A captures the
influence of doping in the circuit. In Sec. III B, we derive
the asymptotic scalings of these functions for k> = O(n),
which allows for simpler analytic expressions. For the dop-
ing architectures analyzed in this paper, one has ||Alle <
C < 1, with C = ©(1) being a constant. Equation (8) illus-
trates the competition between the Clifford contribution
to the twirling, which gets exponentially suppressed with
increasing doping ¢, and the gradual emergence of the
twirling operator p® (-) over the full unitary group. From

Haar

Eq. (8), it immediately follows that whenever ||Allo < 1,
lim {”(0) = ®,,(0), ©)

the only remaining question being the scaling competi-
tion between ¢, k, and n. The convergence toward Haar
random depends on the matrix A. In particular, the crux
of the lower bound in Eq. (3) resolves around a relation
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between the trace of A and the spectral form factor of the
ensemble of non-Clifford gates used to dope the Clifford
group and promote it to universality (see Lemma 15). The
relationship between the convergence rate of doped Clif-
ford circuits and spectral form factors is intriguing due to
their widespread presence across various areas of quantum
information. Originally introduced in the context of the
Random Matrix Theory [79] as a tool to measure correla-
tions between the energy eigenvalues of quantum systems,
spectral form factors have found numerous applications in
quantum information theory due to their ability to model
complex systems in a simple and effective way. In partic-
ular, they have become fundamental tools to characterize
chaotic dynamics [80—84], thermalization and ergodicity
[85], and also found applications in number theory [86]
and quantum transport [87].

5. Convergence of doped Clifford circuits to relative
unitary designs

The second question we address in this paper concerns
the convergence of #-doped Clifford circuits to unitary
k-designs. While Eq. (9) guarantees that, with an appro-
priately chosen measure, -doped Clifford circuits always
converge to exact unitary designs in the limit of infi-
nite doping, the fundamental question that remains is how
much doping 7 is necessary and sufficient for the ensemble
to be effectively considered a unitary k-design on # qubits.

There are essentially two common notions of approxi-
mate unitary k-designs for an ensemble &: e-approximate
unitary designs in terms of additive error and in terms of
relative error. The first notion ensures that any quantum
algorithm, with resolution &, making k-fold queries to U®*
cannot distinguish £ from unitaries drawn uniformly from
the Haar measure. The second, stronger notion guarantees
that even quantum algorithms making & (possibly adap-
tive) queries cannot distinguish £ from the Haar-random
unitaries. We refer the reader to Sec. II B for a formal intro-
duction; in the following, we focus on the stronger notion
of approximate k-designs in relative error. In particular, an
ensemble £ of unitaries is a relative e-approximate unitary
k-design if and only if,

<o < (1 +e)dl)

Haar>

1 —e)o®

Haar — (10)
where ® — @' > 0 iff ® — @' is a completely positive
map. Thanks to the characterization of the twirling oper-
ator of doped Clifford circuits in Eq. (8), we establish
the following convergence bounds to relative approximate
k-designs.

Theorem (Optimal convergence to relative unitary
designs). Let § > 0,0 < e < 2”5(1_5), and k < 27. Then,
for the ensemble of t-doped Clifford circuits C;, the follow-
ing results hold.

(1) Fork < 8n/2,the ensemble C; cannot form a relative
g-approximate unitary k-design unless

t = Q(nk) (Theorem 4). (11)

(2) For k = O(y/n), the ensemble C, does form an
e-approximate k-design with 1 = Q(nk) ([51], see
Proposition 3).

(3) For k > 8n8~!, the ensemble C, cannot form a rela-
tive e-approximate unitary k-design unless

t = Q (k) (Theorem 5). (12)

In particular, item (1) and (2) together implies an opti-
mal convergence bound toward relative e-approximate
k-designs with t = ©(nk), in the regime k = O(/n).

The theorem above implies that constructing relative
approximate designs in the context of doped Clifford cir-
cuits is highly resource-intensive—even when a relative
error exponentially large in nk is allowed. In particular,
when k£ = O(n), the number of non-Clifford gates required
scales linearly with both the tensor power & and the number
of qubits 7 (and it is also saturated for k = O(4/n)). Sim-
ilarly, when k = Q(n), the number of non-Clifford gates
must grow at least linearly with k. In the intermediate
regime Q (n) < k < O(n?), where the first bound provides
a tighter constraint than the second, it follows that at
least t = Q (n?) non-Clifford gates are necessary, since any
(k + 1)-design is also at least a k-design. This result strictly
generalizes the finding of Ref. [77], where a linear num-
ber (in n) of non-Clifford gates was shown to be necessary
and sufficient to reproduce an g-approximate 4-design in
relative error.

At this point, the reader may wonder how this result
reconciles with the observed convergence of the frame
potential that appears independent of n, as well as with
the “homeopathic” convergence in additive-error designs
reported in Ref. [51]. The key lies in the notion of approx-
imation: while a doping level independent of # is sufficient
for the convergence of the frame potential, and for achiev-
ing e-approximate state designs and unitary designs in
additive error, it does not preclude the existence of a quan-
tum algorithm that, with k& queries to U and resolution
~¢, can distinguish the ensemble from the Haar measure.
This leads to the stronger notion of unitary designs in
relative error. The theorem above shows that such distin-
guishing algorithms do exist unless the doping is extremely
high—specifically, linear in nk. This highlights the fact that
an ensemble of unitaries which is indistinguishable from
Haar-random unitaries up to the £ moment must necessar-
ily lie beyond the classical simulability threshold, which is
set by t = O(logn) [88,89].
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B. Remarks on z-doped Clifford circuits generating
pseudorandom unitaries

As anticipated, a weaker alternative to generating rela-
tive e-approximate unitary k-designs is the construction of
pseudorandom unitaries [90]. A set of unitaries ¢/ is called
pseudorandom if no polynomial-time quantum algorithm
can distinguish whether a unitary was sampled uniformly
from U/ or from the Haar measure on the full unitary group.
In contrast with unitary k-design, pseudorandom unitaries
demand indistinguishability only against polynomial-time
adversaries.

Although not the primary focus of this work, we briefly
examine the construction of pseudorandom unitaries in
the framework of #-doped Clifford circuits. We consolidate
existing results from the literature to determine the opti-
mal level of doping that is both necessary and sufficient
for generating pseudorandom unitaries.

Proposition 1 (Pseudorandom t-doped Clifford circuits).
Any pseudorandom set of unitaries must involve at least
Q (n) non-Clifford gates. Conversely, there exists a pseu-
dorandom set constructed using O(n) (up to log factors)
non-Clifford gates.

The proof of the above proposition is entirely based
on the results of Refs. [58,91] and is provided in Sec.
IV C for completeness. While we have shown that gen-
erating relative-error unitary k-designs requires doping
with ¢ = @ (nk) non-Clifford gates, the proposition above
demonstrates that a significantly lower doping level of
t = O(n) is both necessary and sufficient for generating
pseudorandom unitaries. Although the weaker require-
ment of indistinguishability from Haar-random unitaries
by polynomial-time quantum adversaries allows for more
favorable scaling of 7, the fact that it still grows linearly
with system size underscores the inherent cost of ran-
domness generation in terms of non-Clifford resources, a
recurring theme throughout this work.

C. Discussion, outlook, and open questions

In this work, we study how well doped Clifford circuits
spread over the unitary group and establish tight bounds on
both their frame potential and the approximation of state
k-designs. Additionally, we carefully analyze the precise
conditions under which the ensemble of doped Clifford
circuits constitutes a relative-error unitary k-design, a nat-
ural and, at the same time, strong sense of approximation.
The recurring theme in our results is that generating ran-
domness is extremely demanding in terms of non-Clifford
resources, and, therefore, substantially challenge the fault-
tolerant implementation of unitary k-designs. On the other
hand, a positive interpretation of the present results is to
see them as an encouragement for efforts aimed at pro-
ducing quantum circuits outside the realm of classical
simulability.

The first main result of this work is that a quadratic
amount of doping, in terms of the degree £, is both nec-
essary and sufficient for the ensemble to approximate the
Haar frame potential. To prove this, we introduce new
technical tools for averaging over t-doped Clifford circuits
from a mathematical perspective, including the construc-
tion of doped-Clifford-Weingarten functions and an anal-
ysis of their asymptotic scaling in n. These tools are of
independent theoretical interest and are aimed at increas-
ing the portfolio of rigorous methods to study random
processes in quantum physics.

Our second main result is a linear lower bound in
both n and k for doped Clifford circuits to form a rel-
ative e-approximate k-design. Specifically, we show that
the ensemble cannot constitute a relative design unless
t = Q(nk). This lower bound is optimal in the regime
k = O(4/n): the seminal work of Haferkamp et al. [73]
establishes a matching upper bound, demonstrating that
doped Clifford circuits do yield relative designs when ¢ =
O(nk). Seen in this light, our results establish the optimal-
ity of the construction from Ref. [73], showing that a linear
amount of doping, t = @(nk), is both necessary and suffi-
cient for achieving relative-error unitary designs. Beyond
this regime, we show that Q (k) many non-Clifford gates
are necessary for constructing relative unitary k-designs.

While our results provide a conclusive analysis of the
convergence of the frame potential and unitary k-designs
in the relative error setting in the regime k = O(y/n), they
leave important open questions regarding other fundamen-
tal aspects of unitary k-designs, which we explicitly invite
further investigation into.

First, convergence guarantees for #-doped Clifford
circuits forming relative e-approximate k-designs—
potentially matching our lower bounds—are currently
lacking in the regime k = Q(y/n). Second, we explicitly
study Clifford circuits doped with non-Clifford unitaries.
However, the same question is also relevant—and, in
fact, some of our results carry over directly—to scenar-
ios where the doping is implemented via suitable non-
Clifford mid-circuit measurements rather than unitaries, as
in what are known as dynamical quantum circuits [92].
While the results of Ref. [78] imply convergence to a
relative e-approximate 4-design using ©(n) mid-circuit
measurements, an analysis of higher-order designs remains
lacking.

Third, finally, the frame potential captures the differ-
ence between the moment operators associated with an
ensemble of unitaries in the 2-norm. Similarly, approxi-
mation in relative error for the twirling channel provides
a strong indistinguishability notion, even against adver-
saries capable of adaptive queries to copies of the uni-
taries. However, alternative approximation measures may
be more appropriate and physically plausible in certain
contexts. In particular, the diamond distance between the
twirling operator defined in Eq. (7) and the Haar twirling
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operator has operational significance analogous to the
trace distance used in state designs, as formalized through
a generalization of the Holevo-Helstrom theorem. Our
results do not yield strong implications for this notion
of approximation. For this reason, they are also neither
contradicting nor incompatible in spirit to the findings
of Ref. [51]. Although relative-error designs constitute a
robust and practically useful framework—often outper-
forming additive-error designs—an intriguing open ques-
tion remains: does the quadratic scaling observed in the
convergence of the frame potential also arise in the conver-
gence of additive-error k-designs? Or is this scaling merely
a consequence of the spreading properties captured by the
frame potential?

While these questions are primarily mathematical in
nature, they also invite conceptual investigations into
which precise sense of approximation is most natural in
what context, and they will be the subject of fruitful future
research.

D. Structure of this work

The remainder of this work is organized as follows. We
begin in Sec. II by setting the notation and introducing key
concepts that are instrumental for proving our main results.
In Sec. II D, we briefly review the main findings concern-
ing the Haar measure over the Clifford group—a critical
component of our approach—while referring the reader to
Ref. [72] for a comprehensive introduction to the topic.
In Sec. IlI, we define the ensemble of #-doped Clifford cir-
cuits, introduce an appropriate measure over this ensemble,
and present a systematic method for computing averages
using doped-Clifford-Weingarten functions—a generaliza-
tion of the Clifford-Weingarten functions from Ref. [72].
We also derive the asymptotic behavior of these functions
in the regime k = O(+/n). Finally, in Sec. IV, we lever-
age the framework developed in the preceding sections to
prove the main results discussed in Sec. [ A.

II. PRELIMINARIES

In this section, we briefly introduce the tools that are
necessary to introduce and prove the main results in this
work. Let H be the Hilbert space of n qubits and d = 2"
its dimension. We consider k copies of it H®*. We denote
as B(H) the set of operators acting on H, and I/, denotes
the unitary group on n qubits. We use the notation [#] to
denote the set [n] := {1,...,n}, where n € N. The finite
field IF, consists of the elements {0, 1} with addition and
multiplication defined modulo 2. For x € F%, we denote
|x| the Hamming weight of x. The space of £ x m binary
matrices over IF; is denoted by F5*”. The set Sym(IF3™*™)
denotes the set of all symmetric m x m matrices over the

finite field I, having a null diagonal. That is,

Sym(#3")
={MeFy ™ M =M, M;; =0V €[m]}.

Similarly, we define set Even(ngm) as the set of binary

matrices V € IF";X”’ with m € [k] with column vectors V7
of even Hamming weight

Even(F5*™) := (¥ e FY*™ : |¥1| =0 mod 2 Vi € [m]}.
(13)

A. Pauli operators

The entire discussion of this work is focusing on captur-
ing properties of quantum circuits consisting on n qubits.
To this purpose, let us introduce the qubit Pauli matrices

{I,X,Y, Z}as
0 0 1 0 —i
r=(o 1) = o) =0 )

1 0
Z=Q_J. (14)

The Pauli group on n-qubits is defined as the n-fold tensor
product of the set of Pauli matrices, multiplied by a phase
factor from {%1, £i}. We denote the Pauli group modulo
phases as P, := {I,X, Y, Z}®". Let us define the function

O =

x(4,B) := c—litr(ABATBT), (15)

where 4 and B are operators. The function x (4, B) satisfies
the symmetry properties,

X(4,B) = x(¢44,¢5B), x(4,B) = x(B',4)
= x (4", B"), (16)

where ¢, ¢pp € {—1,1, —i, +i} and the latter follows from
the cyclicity of the trace. Note that, the following property
holds: x (P, Q) can be written as

xp.oy= b HIBOI=0 g
-1, if{P,0} =0,
and we have that POP = x (P, 0)Q.

A Clifford operator is a unitary operator that maps any
Pauli operator to another Pauli operator under conjugation.
This family of unitaries is extremely important in quantum
information theory, many-body physics [93], and it plays a
dominating role in quantum error correction.

Definition 1 (Clifford group). The set of Clifford opera-
tors forms a group, called the Clifford group C,, which is a
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subgroup of the unitary group U,,, defined as the normalizer
of the Pauli group P,,. Concretely, this means that

C,={UelU@" | UPU' € P,, VP € P,}.

It is straightforward to verify that this leads to the group
property of C,,.

Definition 2 (Stabilizer states). Stabilizer states are pure
quantum states obtained by |0)®” via the action of a
Clifford unitary operator C € C,. The set of stabilizer
states on n qubits will be denoted as STAB,,.

B. Unitary k-designs

Unitary designs are sets of unitaries that approximate
Haar-random unitaries by reproducing the expectation val-
ues of low-order polynomials. In this section, we briefly
introduce the relevant concepts and refer the reader to Ref.
[52] for a more in-depth overview.

We denote as dU the Haar measure over the unitary
group, which is the only left/right invariant measure on 4,,.

Definition 3 (k-fold channel). Let O € B(H) be a oper-
ator. The k-fold channel (or twirling) is defined as

d®

o (0) == / dU UP*oU'®*, (18)

A general recipe to compute the k-fold channel associ-
ated with the unitary group is via the Weingarten functions
[94].

Lemma 1 (Weingarten calculus). Let A the k! x k!
matrix with components A, = tr(7;7,), then for any
O € B(H) the k-fold twirling in Eq. (18) reads

Oy = D (A otr(T O) T, (19)

where the components (A~'),, are called Weingarten
functions.

Lemma 2 (Asymptotics of Weingarten functions [94]).
Let A be the k! x k! matrix with components A, , =
tr(T; T, ). Then, in the limit of large d, the components of
the inverse matrix A~! behave as

(A Vg =d ¥+ 0 *?),

(20)
(A Do =0 "), 1 0.

The above asymptotics are extremely useful for various
applications, see also Ref. [95]. Let us introduce the con-
cept of unitary k-designs. Denoting £ C U, as an ensemble
of unitaries, either discrete or continuous, equipped with a

measure du(U), one can define the k-fold channel of £ on
O € B(H) simply as

() ::/gd,u(U) UBkOUTe*, 1)

This operator is also commonly referred to as the kth
moment superoperator. Whenever dD(gk) (O) agrees with the
k-fold channel on the full unitary group, we say that £ is
(an exact) unitary k-design.

Definition 4 (Unitary k-design). Let £ CU, be an
ensemble of unitaries equipped with a measure du(U). €
is a unitary k-design iff

o (0) = iy, (), (22)

for any O € B(H).

Let us now introduce one of the central objects of this
work in the context of unitary k-design: the frame poten-
tial [50]. The frame potential is a scalar function, which
can determine whether an ensemble & is a k-design or not.
The frame potential can be seen as a “repulsive force:”
The global minimum of the (unitary) frame potential cor-
responds to an exact unitary design. The frame potential is
defined as

F& = / du () duMleUVHE. (23)
&

Lemma 3 (Unitary k-design via the frame potential).
Let £ be an ensemble of unitaries equipped with the
measure du(U). Then

fék) > f(k)

Haar> (24)
with equality if and only if £ is a k-design. Moreover,
F®O =kl

Haar

Let us now define the concept of approximate unitary k-
designs. There are essentially two distinctly different but, at
the same time, common definitions of approximate unitary
k-designs.

Definition 5 (e-approximate unitary design in additive
error). Let ¢ > 0. Let £ be an ensemble of unitaries
equipped with the measure diu(U). £ is an g-approximate
unitary design in additive error iff

[Ps — PHaarllo < &,

(25)

where @ (resp. Puayr) is the k-fold channel defined in
Definition 3 and || - ||, denotes the diamond norm.
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The notion of e-approximate unitary designs in additive
error has the operational meaning that the state produced
by any quantum algorithm that queries U®* when is sam-
pled from & or according to the Haar measure is at most
¢ close in trace distance. However, recently, the concept
of relative error is becoming increasingly prominent in the
context of the study of unitary k-designs [58,73,96].

Definition 6 (s-approximate unitary design in relative
error). Let ¢ > 0. Let £ be an ensemble of unitaries
equipped with the measure du(U). £ is an e-approximate
unitary design in relative error iff

(1 — &) Praar < Pe < (1 + &) Phaar, (26)

where ® < @’ denotes that &' — @ is a completely posi-
tive map.

The operational meaning of relative error design in
Definition 6 is much stronger than the additive error in
Definition 5. This is indeed referred to as the “gold stan-
dard” in Ref. [58], making reference to Ref. [52]: if £ is a
unitary design in relative error then the state produced by
any quantum algorithm that makes & queries to U (which
can be adaptive queries even) when U is sampled from £
or from the Haar measure is at most 2¢-close in trace dis-
tance (for in-depth discussions, see, e.g., Refs. [52,96] and,
for a modern perspective, Ref. [58]). As a matter of fact,
Definition 6 implies Definition 5 (up to a factor of 2), while
the converse is not true unless exponential factors are in the
error:

Lemma 4 (Additive vs. relative error. Lemma 3 in
Ref. [52]). Let ¢ > 0. Let £ be an ensemble of unitaries
equipped with the measure du(U). If £ is e-approximate
k design in additive error, then it is a d**s-approximate
k-design in relative error. Conversely, if £ is an e-
approximate k-design in relative error, then £ is an 2e-
approximate k-design in additive error.

Lastly, let us introduce the concept of k-expander,
tightly related to the relative approximate k-design. We
refer to Ref. [52] for more details. Let us define the kth
moment operator,

M® = Eyee (U @ T%H), @7)

where U denotes the complex conjugate of U. Let MI({/;)M be
the equivalent for the Haar measure.

Then a §-approximate k-expander & is defined as [7,52,
73,97]

k k
IME — ME oo < 8. (28)

As anticipated, there is a intimate relation between §-
approximate k-expander and relative e-approximate k-
design, as the following lemma, due to Ref. [52],
summarizes.

Lemma 5 (k-expander and relative k-designs, Lemma 4
in Ref. [52]). Denote with G¢ the smallest ¢ for which £
forms an e-approximate k-design in relative error, so that
Eq. (26) holds true. Then

27 ENIM P — My lloo < Ge < 227 IM® — Mg

Haar — Haar ” o0

(29)

C. State k-designs and state frame potential

In this section, we introduce the concept of state k-
design, also called projective k-design. This concept is
closely related to the one of unitary design but restricted
on pure states (i.e., rank one projectors). For the remainder
of this work, we indicate as [{) state vectors and v their
density matrices, i.e., quantum states.

Definition 7 (Projective k-design). Consider a set of
state vectors S = {|v)}, equipped with a measure du (V).
Defining

= [auw v, (0)
then S is a projective k-design iff \Ilék) = \I/ﬁ’;)ar, where

&) . &) ®k
\IjHaar T (DHaar(w )

Proposition 2 (Haar twirling). For any pure state y, the
Haar twirling over 1 ®* reads

I sym

o®
tr(Msym)

o (W) = 31)

where Mgy = (1/k!) ZneSk T is the projector onto the
symmetric subspace of H®*, Sy is the symmetric group of
order k and T, are representation of permutation operators

JTESk.

Given an ensemble £ of unitary operators, £ induces
an ensemble of states when applied on a reference state
vector |0), i.e., Sg ;= {U|0), U € &} such that |S¢| < |E].
We have that if £ is unitary k-design, then Sg is a state k-
design. The converse, naturally, does not hold. However, if
£ is not a unitary k-design, it can happen that, with a accu-
rate choice of the reference state vector |0) in the definition
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of S¢, then S¢ is state k-design. One relevant example is
given by the Clifford orbit of quantum state. In particular,
Ref. [69] has shown the existence of fiducial quantum state
vectors |¢) promoting the Clifford orbit of |¢) to a state
4-design. Similarly, Ref. [98] has shown that ensembles
of matrix product states provide good fiducial vectors for
state 4-designs as their stabilizer entropies attain universal
values.

Similarly to the case of unitary design, there is a notion
of a state frame potential for projective k-design, which
corresponds to the purity

Pur(p) := tr(p?) (32)
of the state vector \I/ék) in Eq. (30). Similarly, to the frame
potential in Lemma 3 [50], also the state frame potential
provides a necessary and sufficient condition for state .-
designs.

Lemma 6 (State design via frame potential). Let S be
an ensemble of states equipped with the measure du(yr).
Then

Pur(¥ ) > Pur(¥) ),

Haar

(33)

with equality if and only if S is a projective k-design.
Moreover,

Pur(¥) ) = (34)

tr(Tym)
where tr(Tlgym) = (d+1/§_l )

We can define a notion of e-approximate projective
design in trace distance.

Definition 8 (e-approximate state design in trace dis-
tance). Let ¢ > 0. Let S be an ensemble of pure states
equipped with a measure du(v). S is an g-approximate
state k-design iff

I \Ijék) — v (k)

Haar”1 =e.

(35)

The notion of e-approximate state k-design in trace
distance has a clear operational meaning. Through the
Holevo-Helstrom theorem, k-copies of a state drawn uni-
formly at random from the set S cannot be dististinguished
from a Haar-random state with probability greater than
% + ¢ if § is an g-approximate k-design.

The state frame potential, being related to the purity of
the state vector W¢, is amenable for practical computation
and also provides a useful bounds to the less computable
notions of approximate state designs Definition 8. For this
purpose, it is useful to define the relative frame potential
of an ensemble S of states, and relate it to Definition 8.

Definition 9 (Relative frame potential). Let S be an
ensemble of states equipped with the measure du (). The
relative frame potential is defined as

Pur(¥¥) — Pur(w ) )

RY =
Pur(W}f) )

(36)

Lemma 7 (Bounds via state relative frame potential).
Let S be an ensemble of pure states equipped with a mea-

sure du (), and Wék) be the mixed state associated with S.

Let Rg‘) be the relative frame potential of the ensemble S.
Then the general bounds

(k) (k) [ > (k)
”\IJS - \IjHaarHI = RS

hold. In particular, Eq. (37) implies that if the relative state
frame potential R(Sk) < & then S is an g-approximate state
design in trace distance.

(37

Proof. The bound in Eq. (37) descends from a useful
property of Schatten p-norms, i.c., given 4 € B(H), then
l4ll; < «/rank(4)|4||,. Hence, we can readily apply it to
Eq. (35), to get

¥ — p®

Haar

I < y/rank(w® — @)

Haar

EE — s
(38)

From Lemma 6, we know that [Ww{ —w( |2 =
Pur(¥}) ) — Pur(WY). Let us now show that

Haar

) < rank(¥® ).

Haar

rank(Wék) —

Haar (39)
First, we have that rank(‘lfl({?ar) = rank(ITgyy). Then,
since T [¢®F) = |¢®F) for any v, we also have that

nsqufg‘> = \Ilg‘), i.e., ITgyym acts identically ;m \Ilg‘)],( from
é ) lIJ( ) ) <

Haar

which it immediately follows that rank(W
rank(\IJI({I;)ar). Recalling that \IJI(QM is proportional to a pro-
jector, i.e., gy, the statement follows. The validity of

Eq. (37) then follows. |

D. Haar average over the Clifford group

In this section, we summarize the findings of Ref. [72]
regarding the average over the Clifford group, as it will be
instrumental for the proof of our main result. Let us first
define the set of reduced Pauli monomials, which will be
referred to as the set of Pauli monomials for brevity.

Definition 10 (Pauli monomials). Let k,m e N, Ve
Even(FF 12‘””) with independent column vectors and M €
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Sym(F7*™). A Pauli monomial, denoted as Q(V,M) €
B(H®¥), is defined as

1
QV,M) = d_m Z P<18U1P£®v2 .. .P;%Um
PeP)}

< | T] x@np) |, (40)
ij €[m]
i<y

where x (P;, P;) is defined in Eq. (15), and we denote a
string of Pauli operators in P, as P := Py,...,P;. We
define the set of reduced Pauli monomials as

P = {Q(V,M) | V € Even(Fy*") : rank(V)
=m, M € Sym(F""), me [k—1]}.  (41)

Furthermore, we define Py := P N U, the set of reduced
Pauli monomial which are also unitary and Pp the set
of reduced Pauli monomials proportional to projectors,
formally defined as

Pp = {QV,0) | V € Even(F*™) : VT =0
mod 4, V] -V =0 mod2,ij €[m]}. (42)

Lemma 8 (Relevant properties of Pauli monomials).
The following facts hold [72]:

(1) The commutant of the Clifford group is spanned by
P.

(2) For n <k —1, P contains linearly independent
operators.

3) Pl = 1—[5:02 (2'+1), and the following bounds

K—3k—1 2=3k+12

holds2™—2 =< |P| <2 2 .
(4) For Q € P, then Q= w®" (ie., factorizes on
qubits), where

1

Pe{lx,y.z)m

Qv p&V2 Qv
Pl P2 .. .Pm g

< | TT x@.pp™i . (43)
i,/"e['m]
i<j

5) QF =QT forall Q € P.

(6) @ =QyQp where Que Py, QpePp for all
QeP.

(7) 121 = tr(Qp(V,0)) = d*%D) where Qp(V,0) €
Pp, for any Q € P.

(8) tr(RQp®") < 1 for any state p and any Q2 € P.

Lemma 9 (Twirling over the Clifford group [72]). Con-
sider the Clifford group C,. The k-fold channel of C,,
denoted as @ (+), on an operator O reads

Sa(0) = Y W oot @'OQ,  @4)

Q.QeP

where P is the set of Pauli monomials in Definition 10,
and W™! are the Clifford-Weingarten functions introduced
in [72], obtained by inverting the Gram-Schmidt matrix
Wao = tr(QTQ)).

Lemma 10 (Average stabilizer state [99]). Let o €
STAB,, then

1

&) _®k ®k

&5 (0% = Eso _Z_,,E Q
QeP

1
== Z collyQpIly, (45)

" QpePp

where Ty == (1/|Pul) Ygep, 2 and Z, = 2"[]5 (2"
+ 2%). The coefficient cq is determined by the following
identity:

Z QP = CQHngnu, (46)
Qe{QulpQyy : Qu,Qy €PU}

which is the multiplicity of the projection. The state
frame potential, coinciding with its purity, is given by
Pur(®¢ (0%9) = |PI/Z,.

In what follows, we summarize the asymptotic results
proven in Ref. [72], that will be particularly useful to
derive the expression of the twirling operator for 7~-doped
Clifford circuits.

Lemma 11 (Asymptotics of Clifford-Weingarten func-
tions [72]). Let VW the Gram-Schmidt matrix, and let W~!
be its inverse. Let n > k? — 3k + 13. Then the following
properties hold.

(1) W is symmetric.

Q) 1 <Woo <d ', Q#Q P.

(3) WQ’Q = dk, QeP.

@) d* —|P|d*" < A(OW) < d* + |P|d"" where A(W)
is any eigenvalue of V.

(5) det(diagW) (1 — |P*/d) < det(WV) < det
(diag W) (1 + 2|77|2/d), ifn > k> —3k+13.

(6) The following asymptotics hold for Clifford-
Weingarten functions:

_ L] _6PP
1
‘(W Je.g — 7 = P
N
5|P
WV Degl < ;Hll-
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III. TWIRLING OPERATOR OVER THE
DOPED-CLIFFORD GROUP

In this section, we define and compute the twirling
operator for #-doped Clifford unitaries. ¢-doped Clifford
unitaries are generated by applying Clifford gates aug-
mented with at most # non-Clifford gates, see Fig. 1. It is
well known that enhancing the Clifford group with any gate
outside the Clifford set yields a universal gate set. Studying
t-doped Clifford unitaries thus serves as a framework for
studying the transition to the universality regime by con-
trolling the degree of non-Cliffordness introduced in the
unitary transformation.

Before proceeding, we emphasize an important distinc-
tion: while the twirling operators for both the unitary and
Clifford groups can be simply expressed as elements of the
commutant of the unitary (or Clifford) group, #-doped Clif-
ford unitaries do not form a group (as can be readily veri-
fied). Consequently, we cannot employ the Haar measure,
which is the uniform measure over groups. Instead, we
must define an appropriate measure over 7-doped Clifford
circuits, noting that this choice is not unique.

A. Doped Clifford measures

Definition 11 (t-doped Clifford measure). Denote C”
the ensemble of -doped Clifford circuits, defined as

t
CY = {U, C U = (]"[ C,K,-) Co, C; € C, Vi € [0,1],

i=1
K, e U, Vie [1,z]}, (48)

then a random #-doped Clifford circuit is defined according
to the following measure, denoted as w(U;):

w(Up) = per* 1 * fet -+ - * Jet, (49)

where x denotes the convolution between measures, while
(e is the uniform measure over the n#-qubit Clifford group,
while @ is any measure over the single-qubit unitary
group. Notice that 1) can also be deterministically a single
gate. Let f(U;) be any function of U; € Cn(’), we denote the
average over C\” as

[ AU Uy = f ac, / (K- / dCof (U,
cl i a
(50)

where dC := duc(C). Given O € B(H®"), the twirling
operator @;k) (O) reads

% (0) = / dU, U oU®*, (51)

Before explicitly computing the twirling operator
through Weingarten calculus, let us give an alternative
expression that we can use later. We can parametrize
single-qubit unitaries K; (up to an irrelevant phase) with
a vector & = (o, @,,a.) as K;(@) = €% where o =
(X, Y, 7). Hence the measure du; (K;) = da can be con-
veniently thought of as a measure on the vector «. That
said, we have the following alternative expression:

cD;k)(O) = Eﬁi / dasi - - - d&,U((xt) ce U(al)cpg‘l)(o)

x Ul (a) -+ U} (), (52)

where Uj(e;) = @i where P; = (Piy,iP;xP;.,P;;) and
P, P, are a pair of anticommuting Pauli randomly choosen
from the Pauli group P, (modulo identity), and Ej, denotes
the uniform average over this choice. The above expres-
sion follows directly from the fact that random Clifford
operators map Pauli operators uniformly to other Pauli
operators.

That said, Eq. (52) is simply an alternative way to
express the twirling operator. While it has the advantage
of making the dependence on the Clifford twirling <I>(Ck1) (0)
explicit, it is not particularly informative on its own. How-
ever, we can leverage the Clifford-Weingarten calculus
to formally compute bek)(O). In particular, in the next
theorem, we derive the explicit form of the doped twirling
operator in terms of doped-Clifford-Weingarten functions,
introduced in Ref. [77] and also used in Ref. [18].

Theorem 1 (t-doped twirling operator). The t-doped
twirling operator CDEk) (O) reads

o(0) =Y o), )

QeP

=Y (W' W aatr(0),  (53)
Q/

where W~! are the Clifford-Weingarten functions,
e (0) = Y oW Haatr("0), see Sec. 9. We defined
T is a |P|x|P| matrix with components 7qqo =
tr(Qk (), where we defined « () := [, dui(K) K=

QKT the single twirling with measure .

Proof. The proof proceeds by induction on ¢. For t = 0,
we have ¢fk)(0) = dDg)(O) by definition, which proves
the statement for ¢t = 0. Let us suppose that <I>§k)(0) is
indeed of the form in Eq. (53), and let us show it for 7 + 1.
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By Definition 11, we have
o® (0) = / dc / dui (K) C¥ k&P (0) KTk ok
Cl 23

=Y <) / dc / duy (K) CBFK®*
Cl I3

QeP
x QK T®ktek

=30 Y W Dagrtr(@ k(@)
Q

Q/Q//

=Y W ' Tgacd (02

Q.9
=) W ') M aaca(0)R, (54)
Q9
which proves the statement. ]

At first glance, the matrix 0V ~'7)"WW~! may appear as
a natural generalization of the Clifford-Weingarten func-
tions discussed in Lemma 9. However, in the following,
we present a formulation that is more directly applicable
to practical applications, as it explicitly incorporates the
dependence on the twirling over the full unitary group.

Lemma 12 (Convergence toward Haar random). Let
W~! be the matrix of Clifford-Weingarten functions and
consider the matrix W~!7 . Define £ as a |P| x |P| matrix
with components

(55)

Loo = ZaeSk(Ail)rmWaQ’, €S,
Q.Q - 0

Q¢S

Define A :=W~!T — L. The doped-Clifford operator
reads

o"(0) = Y (AT + AW ot (0Q)Q = 17),.(0)
Q,Q
+ ) [AW oo tr(02)Q. (56)
Q,Q'

The doped-Clifford-Weingarten functions are thus defined
through the twirling operator as the components of the
matrix [A W™ ]q .

Proof. For simplicity we denote the non-zero com-
ponents as Lo =) (A*I)H,GWUQ, because the other
components of £ are zero by definition. Using that 7o, =
Tro = War = Wra, we now prove four properties of the
matrix L.

(1) Let us show that £ is a projector, i.e., £> = L:

(LHoq = Zﬁmﬁm/ = Z(A_l)szn

7,0,T

X WﬂT(A_l)IGWUQ’ (57)

= Z (Ail)QﬂAr(t(Ail)raWo’Q/

T,0,T

= Z Sno(A_l)QﬂWaQ/ = ﬁa (58)

where we used the fact that the sum runs only
over T € S; because Lo = 0 for Q ¢ S; and that
Wrio = Ars, 1., the Gram-matrix VW equals A
restricted to permutation space.

(2) Let us show that LOV™'T) = L,

LV "Dl = Y (A )

U,Q//,Q///

Wnr(w_l)rﬂ/”%/”ﬂ/ (59)

= > S (A T =Y (A Do Trer
,Q" o

(60)

= Z(A_l)nawnﬂ’ = £nﬂ/a (61)

while [LOV 'T)]ae =0 for Q' &S, because
LQQ/ =0 for ' ¢ Sk.
(3) Letus show that W'T)L = L,

[V ' T Lloe = Z WV DaarTare (Ao Weer
Q' ot

(62)

= Z (Wﬁl)QQ”WQ”a (A_l)UTWrQ’ (63)

/!
Q' o,

=Y Sas(A g Wrar = Lag,  (64)

where, in the first sum, we restricted the first sum
only on o € S because Lqor = 0 for Q & Sy.
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(4) Finally, let us show that LW~ = A~! when
restricted to permutation space, otherwise zero,

W e =Y (A DaeWoa Warg,

o

= 800 (A Do, (65)

while [LW ™ qo = 0 is zero because Agg =0
for 2 ¢ S;. In what follows, we adopt a slight
abuse of notation by using A and A~ to denote
the Gram and Weingarten matrices of the unitary
group, viewed as embedded in the Clifford com-
mutant space by padding with zeros outside the
permutation subspace.

By definition, we can write W™'7 = L+ A. How-
ever, we notice that LA =L OV 'T) - L2 =L - L =
0, where we used properties (1) and (2) above. Similarly,
using (1) and (3), one sees that AL = 0. Consequently, we
have that OW~!'7) = L + A’. Hence W 'T)W~! =
A"+ AW, where we used property (4) above (as
well as the abuse of notation we pointed out above). We
can insert such identity in the expression of the twirling
operator, which reads

©[7(0) =) TV 'T) ]aatr(QO)Q = ) A~

QQ/ QQ/
+ AW N tr(Q0)Q (66)

=Y A Daott(TO) Ty + Y [AW oo tr(QO)Y

w0 QQ/

(67)
= o(.(0) + Y AW ger(Q0O)Q,  (68)
Qo'
which concludes the proof. |

Corollary 1. For any choice of | for which ||Alje < 1,
then
(0). (69)

Haar

lim ®*0) = o®
11— 00

Proof. The proof immediately follows from Lemma 12.

Now that we have defined the doped-Clifford-
Weingarten function, following the same spirit as the
Clifford-Weingarten function [72], we aim to study its
asymptotic behavior. While a full analytical computation
for large k is impractical, we can effectively characterize
its behavior in the limit of large ».

B. Asymptotics of doped Clifford-Weingarten
functions

Lemma 13 (Properties of T). The |P| x |P| matrix 7
with components 7 o := tr(Q7k (Q')), obeys the follow-
ing properties:

(1) 7 is Hermitian.

() Taq = d*(tr(w'k(w))/2%), where o is defined
through Q = w®".

(3) Tao <2d"'forQ # Q.

Proof. Ttem (1) readily follows from the definition. To
show (2) and (3), we can use the tensor product structure
of Pauli monomials see Lemma 8, i.e., 2 = »®". Then

Togo = tr(o'e)" tr(0'k (@)

= Wl—Dagtr(@'c(@)). (70)

Hence, from Lemma 11, we know that W|,—1)qq =
(d/2)* and W|,_1)ago < (d/2)*=!. Moreover, it holds
that |tr(@'c(@))] < ollcllc@)i < ol < 2%, where
we have used the data-processing inequality [100] in the
second-to-last inequality and Lemma 8.

Lemma 14 (Properties of W™'T). Let n > k> — 3k +
13, and k> 3. Let W~! be the matrix of Clifford-
Weingarten functions, and consider the matrix YW~!7 . Let
L be the matrix defined in Eq. (55). Define A := W7 —
L. The following facts hold.

(1) Aqq =0for Q,Q €.
) |Aqq — tr(@ik (@) /24| < 7IPI?/d, for Q & Si.
(3) |Aqq| <7|/P)?d for Q # Q.

Proof. First note that 7, = W), q for any 7 € S; and
Q € P. Hence, item (1) follows immediately by definition.
Let us now consider we have Agq = (W_IT)Q’Q for
Q & S; and prove item (2),

Aga =W NHeoTaa + Z W heaoTaa. (1)

Q£Q

Using Lemmas 11 and 13, one can control the second term
as

6IPP, 1 _ 12IPP

Z(W_I)Q,Q’TQ/,Q <|P| i 7

Q£Q

(72)
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It means that we can then use the following chain of
inequalities and obtain

t il

Ago— r(wzi(w))'

O @k )] | 12/PP
< '(W )aoZoo o + 7
B . NI B tr(w'c(w))| 12|P)
= ‘(W e.ed o o +—0

tr(w'c (@) |, _ 1 12|PP3

— T ‘Wﬂfﬂ TE T
_ 8P 12/PP
- d d?
L SIPE L 12/PF
- d d?

2
< (73)

where we have used again Lemmas 11 and 13, to prove
such a bound, and that |P|> > 6|P| for k > 3, from which
item (2) follows. For item (3), we can consider Ag oy with
Q # Q,Q e Spand Q' ¢ S; and use the triangle inequality
|Ago| < W™ Dqo| + [Lag]. Let us bound the two
terms separately,

IOV " Taa
< |W haellTool+ |W Hao| 1 Tae

+max [Tl ) |V Dagal
Q4Q

1 61PN 5 gt | 1o LOIP]
5£(1+7 24 +d NP1

5d4 PP
dk+1

(74)
and

L < [ max|AZY| + k! max |AZL| ) max W
[Logo| < 2 A |+ G#n| ol Q;m/| Q.|

1 k! 1 2

=< (ﬁ + W) d < 7
where we have used the asymptotics of the Weingarten
function (see Lemma 2) and Clifford-Weingarten functions

in Lemma 11 and that n > k> — 3k + 13 by assumption.
Combining Egs. (74) and (75), we get

(75)

4 22|P3  5|PH TP
A < — < . 76
[Agar| < 7 + 7 7 = (76)
where we have made use of the fact that 2|P|> > 11|P| +
4 for k > 3. This concludes the proof. ]

Theorem 2 (Asymptotics doped-Clifford-Weingarten
functions). Assuming that n>3(k*—3k+18
+ log ||A||g01) and k£ > 3, the doped-Clifford-Weingarten
functions have the following asymptotics:

_ 18P :
AW eal = dIAIG —m, Q@ €S,
_ _ L 301PP
[AW oo = (Ra) WV Dag £ HIAIL —
(7

Moreover, the following facts hold.

(1) [(AYan — (Ago)| < TIPR/DIAIG.
(2) max [(A)ge| < HlAIS TIPR/d for @ # .

Proof. First, notice that we can write W™'T = L + A,
and LA = 0, while £? = L. Therefore, we can express the
matrix of the doped-Clifford-Weingarten functions as

WITYW= = A7 AW (78)

where A~! is only supported on the first k! x k! block
corresponding to permutation. Hence we need to charac-
terize A’. Thus, let Q ¢ S;. First, the following chain of
inequalities holds:

(Moo < (A NaoAge+ Y (A oo Ag gl
Q4Q

< (A" YaaAgq + P max [Ago | A%
Q£
< (A" Agq +|PImax [Aq ol Al aeAoq
QY
+ [Pl max |Aq oAl
Q0

= (A"™Hq AL o +2|P|lmax |Ag o ||AIZ".

( Jaalgq + 2| |Q¢Q/| oAl

(79)

Iterating these inequalities and upper bounding maxg+o
[Ag o] < 7|P?|/d as in Lemma 14, we finally get

PP

7P _
[(ADae — (Age)| < t——IlAlI%".

7 (80)

While for Q2 # ', we have
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(A)ag = (A )aomax |Aag| + max [(A gl > A

—1 —1
< Al Qm#ag?zglAsz,g/lJrg;aél(A’ e (1Al

Now, let us assume for simplicity that
(Al + IPImax [Ager]) < 1, (82)

which holds whenever n > %(k2 —3k+ 18 + log ||A||gol).
Since it works for any Q # Q’, we have the recurrence
relation

max |[(ADgo| < max [(A"™Dgo| + A% max [Aqal.
QAQ QAQ/ QAQ

(83)
This gives
7P
Aao| < A Ago| < tIA|C! ,
max [(A)qo| < fl|All% g;aél ool < Al y
(84)

J

AW qo = Z(At)mz”(w_l)szm/

Q//

< (AW Dag + (A o)W Dae + [P max W max |AG o

7P

dk+l

7P

k1

<AL OV Daa +1
< IAIL OV Daa +1
< IAIL OV Daa +1

<AL OV Do + 1=

where we have used that |P|?> > 3|P| for k > 3 and used
that n > 3/2(k* — 3k + 18). This concludes the proof. W

Let us informally describe the content of Theorem 2.
On the one hand, Corollary 1 states, quite trivially, that if
we dope the Clifford group with any measure described by
a perturbation matrix A whose operator norm is strictly
less than unity, then in the limit of infinite doping, the
twirling operator converges to the one over the full unitary
group. This is unsurprising, as the Clifford group doped

25|P)?
dk1

30/PP?
k1

Q’/;EQ

+ |Plmax |Agq]). (81)

(

where we have used Lemma 14. Now, putting all together,
we can prove the result. Notice that A restricted to the first
k! x k! is null. Hence, for Q, Q' € S;, we have

AW eal = D (A)aerOV Darer
Q//¢Sk
1P| ., 18|P?

0 Jk+1 ?

< tlAlls <t|A] (85)

00 dk+2

where we have used that n > 2 (k* — 3k + 13). While for
Q &S, orQ &8, we find

6|P|? 49|7>|5
Al 1(1+ y +1 2 A%
~ 2|P* 5 18|P|2 a
IANS +¢ pEs IANG! +1¢ e A%
15|P]
t—1 t—1
A% +tdk+1 1A%

1AL (86)

(

with any gate outside the Clifford group becomes uni-
versal. However, this fact provides the confirmation that,
among all the valid measures we could have chosen for
t-doped Clifford circuits, we selected the one that interpo-
lates between the uniform (Haar) measure over the Clifford
group and the uniform (Haar) measure over the full unitary
group.

On the other hand, Theorem 2 provides a more fine-
grained structure for the twirling over the doped Clifford
group. Specifically, it explicitly separates the depen-
dence on the full unitary group twirling from the doped
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contributions, which eventually decay as ¢ increases. Infor-
mally, we can express the doped-Clifford twirling as

{(0) ~ 1), (0) + Y (A @) W e tr(QO)X,
Q.Q
(87)

where the Haar twirling appears on the left, and the
Clifford twirling on the right, with each Q & S; term
being suppressed by a factor of (Ag o)’ = (2*k||/<(a))||§)t
(see Theorem 2). Naturally, for every Q & S, we have
(Aqo)" < A|lL,, which indicates that the largest coeffi-
cient is suppressed by the operator norm of the perturbation
matrix A.

This finer structural understanding is useful for deter-
mining the amount of doping necessary and sufficient to
approximate the twirling operator applied to a given oper-
ator O of interest over the full unitary group using the
twirling operator over the doped Clifford group. As an
application of the tools presented above, we analyze this
convergence in the next section.

IV. CONVERGENCE OF RANDOM DOPED
CLIFFORD CIRCUITS

In this section, we establish the main result of this work
in two complementary ways: first, by analyzing the con-
vergence of the frame potential in Eq. (23); as a corollary
we provide improved convergence bound of #-doped Clif-
ford circuits toward state k-designs; second, we analyze
the convergence toward relative e-approximate k-design,
by providing tight bounds.

A. Optimal frame potentials convergence

In this section, we prove tight convergence bounds to
the frame potential of r~-doped Clifford circuits. To this end,
we begin by proving some lemmas that are instrumental in
deriving the main result.

As a careful reader may infer from Eq. (87), the con-
vergence of doped random Clifford circuits toward the
Haar measure is governed by the matrix A. Specifically,
it depends on the sum ) (Agg)". In the following key
lemma, we establish a lower bound for this coefficient,
which will, in turn, provide upper and lower bounds on the
convergence rate of the frame potential. As we will see,
such a lower bound depends on the spectral form factor of
the doping ensemble [ du;(U)|tr(U) |?¢, which we charac-
terize later for diagonal single-qubit unitaries, as well as
Haar-random single-qubit unitaries.

Lemma 15 (Lower bounding convergence via spectral
form factor). Let n > 3/2(k* — 3k +18) and k > 4. Let
A = W™IT — L, where the matrices W, T, £ are defined

in Sec. III. Then the bound

Z(AQQY > (IP] — k)
tr(U) | 2\
( fd o r(U>| |P|mo> (88)

Proof. First notice that Ag o = 0 for every Q € S, i.e.,
for any permutation. Hence, we can restrict the sum over
Q & S;. Using the asymptotics in Lemma 14, we can write
the following

+
Z(AQ,Q)[ > Z (tr(a);{(w))

QS QeSy

holds.

7P\
- 'd' ) > (1P| — k)

t

1 Z tr(w 'k (w))  7|P|?

Pl - 2 d (®9)

 Qdsy

where we have used Jensen’s inequality. We can now add
and subtract all the remaining contributions coming from
permutations, which leads to

, 1 tr(w'k (w))
Z(AQQ) > (IP| — k1) (|'p| — k! % 2k

Q2¢Sk

2N\ ¢
k! 7P| ) . (90)

CPI-k d
We now focus our attention on the first term. First, by

Lemma 8 we note that ' = w’. Hence, we have the
following identity

t il
Z I'(a)+k(a))) — Ztr(qbf’k]l ® K[a)®2])
= LE, tr(¢%*1 ® k[0 ®*]) 91)

where ¢, is the Bell state between two copies of a sin-
gle qubit. The second equality comes from Lemma 10, i.e.,
given a 2-qubit stabilizer state 0 € STAB,, then E,0® =
(1/22) Y, w®*, where Z, = 4 ]—[f;—oz (2" + 4). Noticing that
¢+ € STAB,, to simplify calculation, we can trivially
lower bound the average as

Z tr(w'k (w)) - 7

t ®k1 Rk
S = 991 @ k192

[0

Z
=22 [4 tr(¢. 1
|STAB2|/ u1(O)tr(d4
Q Up,1 ® UNHF

|tr<U)|2k
|STAB2|/ a0 O g
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Therefore, the convergence is effectively dictated by the
spectral form factor of the ensemble described by the mea-
sure 1. Before plugging everything together, notice that
| STAB; | = 60 and that

22 - ZZ B l+4 60 4k+1
Pl—k ~ P 142041 2+ 82+ 4
(93)
Then also notice that
4k+1 1
- >_ 94
2k +8)(2k+4) — 3 ©4)
for k > 2. Lastly, we can bound k!/(|P| — k!) < 1/|P|'/1°

for every k > 4. Finally, we have that 7|P|?/d < 1/|P| for
n > 3/2(k* — 3k + 18). Therefore, in summary, we have
the following lower bound

> (Aago)' = (IPI— k)

Q#AS)

1 |tr(U)|2k 2\
X(3/ (e |7>|'/1°)'

The above equation tells that whenever the average spec-
tral form factor is only polynomially small in %, then the
convergence is quadratic ¢ ~ k. |

95)

In the following lemma, we lower bound spectral form
factors for two interesting ensembles: the diagonal ensem-
ble and the Haar-random ensemble.

Lemma 16 (Lower bounding spectral form factors). The
following lower bounds for the spectral form factors of
hold for different ensembles.

/ d,ul(U)ltr(U)|2k_ el diagonal ensemble.
f
27
dpu (D) |tr(U) | > — =Y Haar ensemble.
/ o 2 VE(k+ 1)

(96)

Proof. First, notice that the spectral form factor only
depends on the difference between the eigenphases as

[tr(D))? = |1 + O~ = (1 4 @1 =0 (1 4 ™)

6 — 6
=2+2cos(91—92)=4cos2< 12 2). (97)

Let us begin when w; is the uniform distribution over
diagonal unitary matrices,

|rr(U>|2’f w0 bl 2JF
/ mO = _/0 A6.cos™ 5 = Tw = agi
(98)

where, for the lower bound, we have used the following
on the factorial \/Ek]“’%e_k <k < ek*th ek, For the
Haar ensemble, we can use the famous eigenvalue prob-
ability density on the difference between the eigenphases
PHaar(0) = (1/27)(1 — cos(0)). Therefore, in this case

2w 27
/ dOpHaar(0) cos?t = = —f do(1 — cos(x)) cos?*
0
_ (2k)! > 27 ' (99)
(k)24 (k+1) — e2k(k+ 1)
[ |

Therefore, the spectral form factors for the diagonal
ensemble and for single-qubit Haar-random gates are both
polynomially small in k. Consequently, they lead to the
same convergence result. Below, we, therefore, analyze
only the case of random diagonal single-qubit gates. The
analysis for single-qubit Haar-random gates is analogous
and, most importantly, leads to the same conclusions.

Corollary 2. Letn > 3/2(k* — 3k +18)and k > 9. The
following bound holds for the diagonal unitary ensemble:

\/— t
t

Z(Agm (3 N
Proof. By Lemmas 15 and 16, we have

27 2
32k |7>|1/1°)' (101)

By Lemma 8, we have that for any £ > 9, we have that
2/|P|V10 < /7 /3¢*Vk, therefore, the result follows. W

(100)

> (M) = (P — kD (
Q

The following lemma establishes upper bounds on the
coefficient ) ", (Ag o).

Lemma 17 (Upper bound [73]). Let n > (k* — 3k +
26). Let u; be the measure over single-qubit diagonal or
Haar-random unitaries. The following upper bound holds:

15\
%(Am)f < (P|l—k) (R) :

Proof. Using the asymptotics in Lemma 14, we can
write

i 7 2\ !
Z(AQ,QY < Z (tr(a);{(a))) + |Z| )

QESy &Sk
tr(w' i (w)) N 7P\ 103)
2k d |-

(102)

< (|P|— kb (max
[OLAYA

For w(U) be the measure over the diagonal unitary
ensemble, then in Ref. [73], the authors have proven

020321-19



LORENZO LEONE et al.

PRX QUANTUM 7, 020321 (2026)

that max,,¢s, tr(w’k (w)) /25 < % Moreover, as also noted
in Ref. [73], the same bound hold for the Haar-random
ensemble. Moreover we have that 7|P|?/d < % for every
k > 1 thanks to the hypothesis of the lemma. Therefore,
we finally have

(104)

15\’
Y (M) < (IP|— k) (E) .

QS

Now we established the key lemmas to show the con-
vergence of doped random circuit in multiple flavors. Let
us establish the optimal convergence in frame potential in
terms of the coefficient of Lemmas 15 and 17.

Theorem 3 (Frame potential convergence). Let u; be
the measure over the diagonal unitary ensemble. Let
n > f (k,t) where f (k,#) :== 2k* — 6k + 19 + 31 + log +
tlogk, and k£ > 9. The following upper and lower bounds
hold for the difference of the frame potentials:

2 K2 16
2% ~6r=tlogh=1 }—t(k) — Fitaar <27 2023+ (105)

Proof. Let us first recall the definition of frame poten-
tial, specifically for the doped random Clifford ensem-
ble C,, described by the measure u, introduced in
Definition 11,

£ = [ i) aunie@ i = [ duaoimor

(106)

i.e., it reduces to the average spectral form factor of the
ensemble Cy;, where the amount of doping is doubled. We
can, therefore, express it as

F® / Ao (U (UF @ U = () (107)

through the frame operator th‘) = [ du (D) UP* @ UT®k,
From Lemma 12, we can express the frame operator as

MY =T, + Y AW ee Rt @,  (108)

Q,Q'

where T]_[jl;l Tiry and TR = [dUUPF @ U®*, Given
that ft(k) = tr(F(k)) below we compute tr(F(k)) for sim-

plicity

Fio = Flow + [T (AW oo @ @

Q.

IEI];)ar + Z A W~ ]Q Q’tl'(TQT X Q)
Q,Q'

o+ > AW oo Warg

Q.

_ ]:(k)

Howe + (AN, (109)
Q

Now, by assumption n > f (k,t/2) above. In order to
apply Theorem 2, a sufficient condition is that %(k2 —
3k + 18 + log [|All)). By Lemma 17, if n > (k* — 3k +
26) then for the diagonal unitary ensemble ||A]q < }—2.
Hence, a sufficient condition for applying Theorem 2
in this case is n > %(k2 3k+ 26+ log} ). Note that
the condition n > f (k,/2) ensures n > 3 (k* — 3k + 26 +
log 16) for any ¢,k > 1. Applying Theorem 2, we can
express Y o(ADaqa =Y o(Aeg) £ (TP /d)yl| AL
Now, applying Lemma 15 and Corollary 2, we have

207\’
A — k! -
§Q:< )o = (P )(Mﬁ)

7P

y A"

(110)

To derive a nontrivial lower bound we require that
t
TIPP AL < L(P| - k) <2ﬁ/3e2ﬁc> . A suf-

ficient condition to ensure it is given by n > f (&, f), which
explains the reason behind this assumption. To see this,

2 .
—k!) > 2% wvalid for any k > 4, |P| <
,and [|Allee < %, then we require

we require (|P)|
25 (¥ =3k+6)

22(k2 3k+6)—n-+log 7—(-—1) log 18 +log < 24 —tlogy = f 1

(111)

from which the condition follows. Hence ) o(ANq o >

2
2 —d=tlogk=1 The upper bound follows easily. Indeed,
we have

t 7|P|4 t—1
S;;(A)m«m k')( ) y ’(m)
ﬁ)’

15\ 1
< (P - k) (E) GE k')(3 T

< 2]7 tlog 16 5+ 2k2/272t7%10gk <27 2 7tlog 15+1
(112)
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where we have used the condition n > f (k,/2). We are
just left to send 7 — 2¢. This concludes the proof. |

Remark 1. The bounds appearing in Theorem 3 are
obtained via a fully analytical, worst-case analysis and
should be interpreted as sufficient guarantees rather than
tight conditions. In particular, the constraint on the func-
tion f (n, k) is likely an artifact of the techniques used
to control the non-Haar contributions within the Clifford
commutant, and could potentially be relaxed by a more
refined analysis. While these sufficient conditions may
place the theorem outside the range of current exact classi-
cal simulations, we, nonetheless, expect that the qualitative
conclusion of Theorem 3 can be verified numerically for
much smaller system sizes.

The above theorem constitutes one of the main results
of this work. In particular, it shows that a necessary and
sufficient condition to have the frame potential difference
to be smaller than ¢ is having the amount of doping to scale
quadratically with respect to k, i.e., t = O(k* 4+ loge™).

Lemma 18 (Relative state frame potentials and frame
potentials are related). Let C, be the t-doped Clifford
ensemble. Let S; = {C;|0) : C € C;}, the ensemble of

J

Pur(w?) =

1
=Pur(W P ) + —
Z,

Q Q/ Q// Q/H

= Pur(W® )+ — Z(A Nara = Pur(W® )

Haar

Haar
Q Q'

= Pur(\I-’g;)ar) + Z_(]:t(k) I&’;)ar) + Z (A g 0.
n

QAQ

Noticing that Pur(Wp ) = tr~! (Mgym), and using
Defintion 9, Eq. (113) follows. Let us now prove Eq. (114).
First of all, the following bounds hold:

1 4k tr(l'[sym)

1
— 116
k! dk' - Z k (116)

The lower bound follows from Z,/d* < 1+ 4%/d in the
hypothesis of Theorem 3 and that 1/(1 +x) > 1 — x. The

states induced by C,. Then it holds that

tr(Igym) tr(ITgym)
ny (-ft - fHaar) + Zny Z (AZI)Q/,Q
Q£Q

Rs, =
(113)

where Z, = d ]—[ (d + 27). Moreover, in the hypothesis
of Theorem 3, i.e., n > f (k, 1), then

l _c ]:;(k) - fHaar R f.[(k) - fHaar
2 Fi Haar St N 2 ’

114
~7:Haar ( )

where ¢ < 27/ &0+2F for every ¢.

Proof. Let us denote as \Dt(k) be the average state
of the ensemble S,. Clearly \Ilt(k) = <I>fk)(a®k) for any
o € STAB,,. From Sec. IIC, we know that the state
frame potential is simply given by the purity of \IJt(k),
which is given by Pur(\ll,(k)) = tr(o®Fd,,(0®%)), since
the twirling channel ®,(-) is self-adjoint. However, it
also holds that tr(oc ® ®,,(c®)) = E, tr(o® d,,(c®F)) =
(1/Z2,) ZQ tr(QDo,(0®F)), see Lemma 10. From Lemma
8, we know that tr(Qo®) =1 for any o € STAB, and
Q € P. Hence, from Lemma 12, we have

1
Ztr(sz%(a@")) = Pur(¥{),) + A > (AW g e Ware

Q, Q/ Q"

1
Z (Azt)Q’,QW (W_I)QW’Q”WQ”,Q = Pur(\IJI(_I];)ar) =+ Z_ Z (AZI)Q/’QWSQW,Q

n Q.Q Q"

Z(A% e+ > (AMgg

Q£Q

(115)

(

upper bound follows by noticing that tr(I1sym)/Z, is mono-
tonically increasing with d, and therefore,

tr(nsym) < lim tr(Hsym) _ l
Z, ~—d  Z, kv

(117)

Moreover, applying Theorem 2, we find Zg;m,(Azt)Q/,Q
< (7|73|4/d)t||A||§;1 and, in the hypothesis of Theorem 3,
we have (7/P|*/d)t| Al%" < J(FP — Fugar). u

Corollary 3 (State k-design convergence). Let S; be the
ensemble of states induced by C;. Then for n > f (k, 1)
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shown in Theorem 3 the bound

2 16 1
||\If(k) _\I,(k)nl 527_t10gﬁ+710g3

Haar (1 18)
holds. Hence, t = Q(k* +loge™!) are sufficient for S,
to be an g-approximate state k-design in trace distance.
Similarly,

K t
& —3t—% logk—2
28 2 )
=W

(k)
R —w,
tr(nsym) Haar t || o0

(119)

and hence t = Q(k*/ logk + log ™) are necessary for S,
to be a relative e-approximate state k-design.

Proof. The proof follows from Eq. (37), Lemma 18 and
Theorem 3. u

Corollary 4 (Scrambling of doped Clifford circuits).
Let OTOC(U) := Ky, 5, (1/d)tr(4,B; - - - A;By), where
B; := UB;U'. Then, we define the relative error with
respect to the Haar value

OTOCk(U) — Ey~paar OTOCk(U)

§ OTOC =
W) E~ttaar OTOC(U)

(120)

It holds that [ dU,8 OTOC,(U,) = negl(n) if and only if
t = O(* + log'** n) where ¢ > 0 and negl(n) is a func-
tion decreasing faster than any polynomial.

Proof. We employ the relation proven in Ref. [44]: for
any ensemble & of unitaries, it holds that

Eye OTOCK(U) = Fe (121)

d2k+1

where F¢ is the frame potential. Considering the rel-
ative ratio, and applying the result of Theorem 3 we
find that fixing = O(kz—i—log“”’ n) for some c¢ > 0,
then (F, — Fiaar)/ Fiaar = exp(O(log”C n)). Conversely,
we have that fixing ¢ = Q(k*/logk + log'**n) (F, —
FHaar)/ FHaar = exp(Q (log'*e n)). Noting that exp
(log' ¢ n) = negl(n) proves the desired result. |

B. Optimal convergence of ~~-doped Clifford circuit
toward relative unitary designs

In this section, we establish the optimal convergence of
the ensemble of #-doped Clifford circuits through approxi-
mate k-design in relative error. The key ingredient for the
proof, is the lower bound, as for the upper bound we can
import the main result shown in Ref. [73].

Let us first establish the following key lemma.

Lemma 19 (Lower bounding the largest eigenvalue of
the t-doped state). Let 1| be any measure over the single-

qubit unitary group. Let U := ®® (5®*) for some o €

STAB,,. Then
1%l = B!, i (122)
! ZZ
where By, := [dad(|a| < 1/8kt) is the volume of a ball

of radius 1/8kt with the measure da, see Eq. (52).

Proof. Our task is to lower bound the infinity norm of
\I-'t(k). Let us first find tight bounds on || \Ilg‘? loo- Let 2 € Pp
a projective Pauli monomial with m = k/2. We know that
Q% = d"Q, hence Q/d" is a projector and || Qo = d".
On the other hand, we also have ||Q|; = tr(Q) = d“.
For the choice m = k/2, we have that Q is proportional to
a statevector, and that |||l = [|Q||; = d*/>. We remark
that a projective Pauli monomial with m = k/2 always
exists for k = 0 mod 8, while it is not guaranteed to exist
for any k. For example, for k = 4 it does not exist. How-
ever, a projective Pauli monomial with m = k/2 — 1 for
k even always exists, see [72] for more details. We use
m = k/2 for simplicity. We can lower bound

1
(k) ’
Q) = § tr(Q)
ZuliS2h 5=

dk dk/2
AT

k)
e > tr(W,
> ||sz||

tr(Q?) = , (123)

=
Zu|12]14

where we used that \Ifél) o' ZQEE Q2 (see Lemma 9), that
tr(Q€’) > 1, and that tr(Q?) = d*.

We are now ready to bound ||\, (i llso- Let |v) the normal-
ized eigenstate corresponding to the maximum eigenvalue
||\If(k)||OO We can bound II\I'( Moo = (vl\If( )|v). Writing

\I-',(k) = d>fk) (\Il(k)) we can lower bound it as

tr( (W& o)l ) = Ep /nda8(|a|<s)tr<|v)( |

1 1
[]_[ U?k(&i)} vl []‘[ U?k(&i)} > (124)
Now, notice that for every i, we have
=1
1U(@) — 1lleo = IZ: Ell(i& Pl
o0 1 _} }
Z ol el — 1 < 2. (125)

Since, we restricted the domain of integration up to || <
€. The above inequality holds whenever ¢ < 1. It easily
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il il
tr(|v><v| []‘[ U?k@)} vl []‘[ U;@k@)} )ztr(|v><v|wé’?)—\tr(|v><v|Vwé’?V*)—tr(|v><v|\vé’?)\ (126)

Now, notice that

‘tr( [v)v| V\IJg‘I)V') —tr(lv)(vl \I-'(k))) = ‘tr) [v)(v| VlIJ(k)[

< Wl &V —

— 1) + (W il v - 1)

1] )l 1+ 1V = Lo 1% (o)l 1)

< I NIV = Lol Xl 11 + 1V = Llloo (0] ¥ & |0)

=20 E oV = 1o

Noticing that ||V — 1], < | UP*(@) — 1| < 4tke,
we obtain

T T
tr(|v><v| []‘[ U;@k@)} v []‘[ U;@k@-)} )

> W o (1 — dtke). (128)
Choosing ¢ = 1/8kt, we arrive at
®) 1 ®) i
190l 2 5B, 10 o 2 B, 55m (129)
concluding the proof. |

The next theorem establishes the key lower bound to
convergence to relative e-approximate k-design.

Theorem 4 (Lower bound to relative unitary designs).
Let § > 0. Let C, be the ensemble of ¢-doped Clifford
circuits. For any n > 267'kand 0 < ¢ < dg(l_‘s), then C;
cannot be a relative e-approximate unitary design unless

nk
= 6] logB-!" (130)
1231

Proof. According to Definition 6, a necessary condi-
tion for C; being a relative design is the channel §& =
1+ s)égzar — q>§"> to be a completely positive quantum
channel. A necessary condition for complete positivity is
simply positivity, i.e., the channel §® to output positive
matrices when applied on states. We can then apply 6@ on
o ® for o € STAB, and get

50 (0®) = (1+ )W, — .

Haar

(131)

A necessary condition for positivity of the matrix § ® (o ®¥)
is the smallest eigenvalue to be positive. Denoting

(127)

(

L(8® (0®F)) the smallest eigenvalue of §® (o ®F), we can
upper bound it as A($P(0®)) < (1 +&)(1/tr(Mgym)) —
B!, (d"?/2Z,), because [¥j,., "] =0. Imposing it
larger than 0, from Lemma 19, we arrive at the condition

tr(Hsym)
> ) . (132)

n

1 nk
> — —log(1 +¢) + log
logB, !\ 2

Then, for any n > k— 1, we can further lower bound
log(trTgym/Z,) using log trMlyym > nk — klogk, log Z, <

nk+ Y52 < nk+1—1/d, implying log(trMgym/Z,) >
—klogk — 1+ 1/d. We arrive at
1
t=
log B},

(I;—k —log(l +¢) — klogk — 2) . (133)

Let us now discriminate two cases. If ¢ < 1, we have
log(1 + €) < 1, hence

1 k
‘> (n——klogk—3).
logB, ! \ 2

Whereas, forany 1 < ¢ < dg(lf‘” and 0 < § < 1, we have
log(l +¢) <loge + (loge/e) < nk(1 —5)/2 + loge,
which leads to

(134)

1 kS
> B klogk—2—1loge).  (135)
logB; ! \ 2
. k1=8) .
Therefore, for any ¢ in the range 0 <e¢ <d 7 with

0 < § < 1, the lower bound in Eq. (135) applies being the
lowest lower bound. Finally, we have that logk + (2 +
loge)/k < %(n/2)8 for any n > 286~k and k > 4, which
leads to ¢ > nk/65~" log B;ll as desired. |

In the following, we import the result from Ref. [73]
to prove an upper bound to relative error unitary designs
that matches the lower bound of Theorem 4. We then also
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consider the measure u; used in Ref. [73], which is the
sum of three delta-functions on U, U', and I, where U is a
generic single-qubit non-Clifford gate.

Corollary 5 (Lower bounding the number of non-Clif-
ford resources). Let § > 0. Let C, be the ensemble of
t-doped Clifford circuits and let i be a single-qubit mea-
sure over one of the following ensembles: the discrete set
{U, U, 1}, the unitary ensemble, or the diagonal unitary
ensemble. For any n > 26"k and 0 < g < dg(lf‘”, then
the following lower bounds on the number of non-Clifford
resources ¢ hold,

nké +
tz {U,U,1},
- nké
~ 6log(nkd)(17 + 6logk)

Unitary ensemble,
|

zl— sin(|a|) —

_ cos(lal) + l\al sin(|a|)
o sm(lal)

- nké
~ 6log(nks)(2 + logk)

Diagonal unitary ensemble.

(136)

Proof. Let u; be the discrete measure that samples over
U, U', 1. Then for any U such that | U — Il > Q(1), i.e.,
that does not depend on £, ¢, then we simply have B,,, = %,
hence we have ¢t > nké/18.

In the second case, we want to compute B, =
f das(a < (8kt)~') for the Haar measure. Let us start by
considering the unitary decomposition U = exp(i& . 13)
For a single-qubit unitary, the proposed decomposition can
also be written as

Following Ref. [101], we get that the measure over the single-qubit unitary group can be expressed as

27 sin? ¢
/r [da: = 2/ dqs/ dQ/

4 sin(|&@|) + 2 sin(|al)
ICl)S(IOtI) mll |51n(|a|) ) (137)
r251n<9 (138)

The conversion is straightforward: first converting to spinorial coordinates, then to spherical ones. Note that for ¢ = 27
the integral returns 1, being the measure normalized. The integral is then equal to

/2 sin%(c)

(139)

1
da; = — [ 2 arct
/&IECU ’ ”( o (COS(C) 3 = cos(Ze)

By considering ¢ = 1/8kt, we get

4
/a Ud "7 3 Bk° <1 -

1 >> 63
(8kt)2 ) = 487 (8k)S
(140)

from which we obtain tlogt > nké/6(17 + 6logk), and,
therefore,

nk
>
~ 6log(nkd)(17 + 6logk)

(141)

is a necessary condition. Let us conclude by computing the
same but considering diagonal unitary matrices. We have
then

(142)

) - \/zsinz(c) cos(c)v/3 — cos(2c)) .

(

from which we obtain tlog? > nk§/6(2 + logk) and,
therefore,

- nké
~ 6log(nkd)(2 +logk)’

(143)

concluding the proof. |

Proposition 3 (Upper bound to relative unitary designs,
Corollary 1 in Ref. [73]). Lete > 0. Let C; be the ensem-
ble of #-doped Clifford circuits. Let U be a single-qubit
non-Clifford gate. Let p; be the uniform measure over
U, U', 1. Then there exist two constants C, (U), C,(U) such
that for ¢t > C,(U) log2 (k)(2nk 4 loge~') then C; is a rel-
ative g-approximate k-design, whenever n > C,(U)k%. If
instead ) is the single-qubit Haar measure, analogous
conclusions can be reached.
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Therefore, combining Theorem 4 and Proposition 3, we
conclude that, for k = O(y/n), t-doped Clifford circuits are
relative e-approximate k-design iff 1 = © (kn).

The convergence lower bound in Theorem 4 holds
whenever k = O(n). Since a k + 1-design must be at least
a k-design, we have that for any £ = Q(n) the number
of non-Clifford gates to be applied is at least t = Q(n?),
underlying an extremely high cost in terms of non-Clifford
resources in producing k-design with large k. In the follow-
ing proposition, we also cover the regime £ = Q2 (n), using
the same proof technique of Theorem 4 and a different
version of Lemma 19.

Theorem 5 (Lower bound to relative unitary k-design for
k= Q). Let § > 0. Let C; be the ensemble of ¢~-doped
Clifford circuit and U = &5 being the T-gate. For any
s~ <k < 2% and 0 < ¢ < d%(l_‘s), then C; cannot be
a relative e-approximate unitary k-design unless

> —.

144
. (144)

Proof. Consider \IJt(k) = CI>§k) (0®F) foro € STAB,. We
then have the bound

k
1w, < y/rank (@) - WP .

The 2-norm ||\IJ,(k)||2 corresponds to (the square root of)
the purity of the state vector ‘l’,(k). For an ensemble of pure
states £ = {|¥;)}, the average over k-fold tensor powers

is given by W = (1/I€]) X yee 1V )XW |*, whose purity
can be lower bounded

(145)

1
D Wi = .
#lpreE 2

(146)

1
(W) = 5+ s
[¥)

This implies that the 2-norm is lower bounded by the
inverse square root of the size of the ensemble, i.e.,
||\Ilék)||2 > |€]71/2. Choosing £ = C,, the ensemble of -
doped Clifford circuits, we can crudely upper bound the
ensemble size by |C;| < |C,| - 4", where |C,| < 2240 g
the size of the Clifford group, and 4" accounts for the num-
ber of possible rotations 5 with P € P,,. Therefore, we
obtain the lower bound

—nt—n? —n/2
VirMoym)”

where we have used that rank(\IJt(k)) = tr(ITgym). Now,
using the same strategy as in Theorem 4, we can

1w > (147)

upper bound the smallest eigenvalue of §® (o®F) = (1 +
8)\If(k) — \Ift(k) as

Haar

146 2—nt—n2—n/2

tr(Igym) B Vir(Isym) ‘

Requiring this quantity to be non-negative and applying
the bounds from Theorem 4, we arrive at

Amin (8P (0®F)) < (148)

k klogk log(l 1
>k, Hogk logre) 1,y
2 2n n 2
For any ¢ < dg(l_‘s) with 0 < § < 1, we obtain
ks klogk 1 1
(oK, Klogk_loge 1 g
2 2n n

which implies ¢ > k8/8, for any 8n8~' < k < 2"/2, thus
concluding the proof. ]

C. The non-Clifford cost of generating pseudorandom
unitaries

In this section, we provide a proof of Proposition 1 by
synthesizing results from Refs. [58,91]. A similar proof is
also presented in Ref. [102]. First, Ref. [58] shows that it
is possible to construct a pseudorandom unitary ensemble
using a shallow quantum circuit of depth O(poly log logn),
assuming the hardness of the learning with errors (LWE)
problem for quantum computers. We refer the reader to
Ref. [58] for full technical details. A circuit of depth D
on n qubits contains at most O(nD) gates, and each gate
can be implemented using O(1) single-qubit non-Clifford
gates [100]. Hence, the construction in Ref. [58] requires at
most O(npolyloglogn) non-Clifford gates, which yields
the upper bound in Proposition 1.

To establish the lower bound, consider a quantum state
vector |y) on n qubits. Its associated stabilizer group is
defined as

Gy ={PelP, : (Yy|PlY) = £1}. (151)
According to Refs. [91,103], if |i) is prepared using
t single-qubit non-Clifford gates, then dimGy >n —
2¢t. Furthermore, Ref. [91] introduced a polynomial-
time quantum algorithm that, given a state vector |y)
and parameters k € [n] ¢ = Q(poly ™! n), can determine
whether

(1) dimGy > n—kor
(2) |y) is e-far in trace distance from any state satisfy-
ing (1).

Now, assume for contradiction that there exists a pseu-
dorandom ensemble U/ generated using only < an with
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a < 1 non-Clifford gates (with high probability). Then,
we can build a polynomial-time distinguisher as follows:
apply the algorithm from Ref. [91] to states generated
(from |0)®") by unitaries from ¢/ and from the Haar mea-
sure. For unitaries in U, the algorithm will output case
(1). We now show that for Haar-random unitaries, the
algorithm almost surely outputs case (2).

To do so, it suffices to prove that a Haar-random state
is far in trace distance from any state with stabilizer
group dimension > n — k, for £ < an. By the compression
theorem [103], any such state vector can be expressed as
l¥) = C(10Y®"* @ |pr)), where |¢) is a k-qubit state vec-
tor and C is a Clifford circuit. Thus, the number of such
states is at most |C,| - |Sk.|, where S . is an e-net covering
of the k-qubit pure state space.

Applying Lévy’s lemma and a union bound, we obtain

Pr  (3¥,—) with dimGy, , > n— kand

|y)~Haar
tr(‘/fwn—k) > d_1/3) < |Cn| ' |Sk,£|
e~ — pegl (n). (152)

The last step of Eq. (152) follows from the fact that |C,,| <

22741 \while
1 0k
Ske = (—) =20@™)
’ £

for any ¢ = ©(1). Hence, fixing ¢ = 1/4 and choosing o
appropriately, Eq. (152) follows. Hence, Eq. (152) proves
that, with overwhelming probability, a Haar-random state
is at least /1 — d—1/3-far in trace distance from any state
vector [¢p) = C(|0) ® |¢)) with |§) € Sk1/4. Since S 14
is an e-covering net with ¢ = 1/4, this further implies that
the Haar-random state is at least /1 —d—1/3 — 1/4 > 0.2-
far from any state with dim G > n — k. We conclude that
the algorithm from Ref. [91] serves as a valid distin-
guisher unless ¢t > an = Q(n), completing the proof of
Proposition 1.

(153)

D. Implications for e-nets

In this work, we have quantified in what precise sense
the ensemble of doped Clifford circuits is spread within the
unitary group. We here explore finally a different reading
of that notion, i.e., to what extent the quantum circuits pre-
pared by doped Clifford circuits approximate all quantum
states, in the sense of constituting an e-net, defined below.

Definition 12 (e-net). Let £ be a discrete ensemble of
unitary operators. £ is a ¢ covering net iff for any U € U,,,
there exists U’ € £ such that | U — U'||, < &, where || - ||
is the diamond norm.

Below, we show that, as one would expect, creating
an e-net requires an exponential amount of non-Clifford

resources, as it also requires an exponential gate complex-
ity.

Proposition 4 (e-net via t-doped Clifford circuits). Let
C; be the ensemble of #-doped Clifford circuits doped
with single-qubit T gates. Then C; cannot form a e-net
with respect to the diamond norm on unitaries unless
t=Q@4"/(nloge™)).

Proof. The proof is done via a simple counting argu-
ment, and using some steps of the proof of Theorem 5. It
is known [104, Proposition 7] (see also Ref. [105, Lemma
9]) that for an ensemble of unitaries £ to form a g-net with
respect to the diamond norm the size |£| must be lower
bounded by

1= (&)

with ¢, > 0 being a universal constant. Hence, a necessary
condition for C, to form a ¢-net is

= ()"

2 . . .
We can upper bound |C;| < 22" +7+41 which immediately
gives the necessary condition on the doping parameter ¢ as

(154)

(155)

dZ
tz—logc—o—n—l,
n €

(156)

proving the statement. |

These statements provide further evidence that explor-
ing the full set of unitaries—for example, by construct-
ing an e-net or by generating unitaries at random—is
extremely costly in terms of non-Clifford resources.
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