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Can a distributed network of quantum sensors estimate a global parameter while protecting every
locally encoded value? We answer this question affirmatively by introducing and analyzing a protocol for
distributed quantum sensing in the continuous-variable regime. We consider a multipartite network in
which an unknown local phase is imprinted at each node on a shared entangled Gaussian state. We show
that the average phase can be estimated with high precision, exhibiting Heisenberg scaling in the total
photon number, while individual phases are inaccessible. We further prove a no-go theorem showing that,
for three or more parties, no finite-energy Gaussian probe can provide complete privacy of the average
phase, meaning that all phase combinations orthogonal to the average remain entirely hidden. This
identifies the two-party case as an exceptional Gaussian setting that can achieve complete privacy.
We further investigate the impact of displacements and optical losses, revealing trade-offs between
estimation accuracy and privacy. Finally, we benchmark the protocol against other continuous-variable
resource states.
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I. INTRODUCTION

Sensing spatially distributed parameters lies at the heart
of emerging quantum technologies, with implications
ranging from clock synchronization [1,2] to distributed
computing [3,4] and precision metrology [5,6]. Over the
past two decades, we have learned how quantum infor-
mation may be processed, shared, and protected across
networks [7–11]. Within this landscape, quantum sensor
networks, in which entangled resources are distributed
among spatially separated nodes that collaboratively
estimate parameters, have emerged as powerful platforms
for both fundamental studies and real-world applications
[6,12–19].
A central challenge in any such network is privacy,

meaning that each node should learn only the authorized
global quantity while remaining ignorant of the individual

parameters. A paradigmatic example is distributed phase
sensing, where each node encodes an unknown local phase
and the network aims to estimate only the average phase,
while keeping all individual phases and non-target phase
combinations hidden [20,21]. In this setting, each local
phase is an unknown physical parameter imprinted at a
node by a local channel. The party operating that node
follows the prescribed measurement procedure, but does
not know the value of its phase except through the quantum
probe and the public measurement record. Likewise,
a party or external observer may access the full public
classical record and any quantum systems assigned to
them, but has no direct side information about the raw
local phase values. Operationally, this setting captures
applications ranging from networked atomic clocks, where
the encoded phase represents a local clock offset and the
target is an average synchronization signal [1,2], to
distributed magnetic-field or strain sensing, where local
fields are encoded as phases but only an aggregate quantity
is revealed [13,16,19]. It also encompasses more general
quantum sensor networks estimating linear functions of
spatially distributed parameters [6,14,15,22], as well as
quantum-assisted long-baseline interferometry, where sep-
arated sites jointly estimate optical phase information
without each site accessing the full global signal [9,23,24].
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While discrete-variable quantum networks have proto-
cols for private parameter estimation [20,25,26], including
experimental demonstrations [27], optimal state construc-
tions [21], and analyses of robustness against noise and
loss [28,29], the corresponding question for continuous-
variable (CV) sensor networks remains largely unex-
plored. In particular, it is not known whether CV systems
can achieve complete privacy, whether weaker forms of
privacy are possible, or how these privacy requirements
affect the precision with which the target function can be
estimated. This gap is especially striking because optical
Gaussian states provide deterministic, large-scale entan-
glement at room temperature [30,31]. This motivates the
key question addressed in the present work: under an
experimentally feasible protocol, can CV sensor networks
be made private and, if so, what price must be paid in
precision?
We answer this question by proving a no-go theorem

showing that, for three or more parties, finite-energy
Gaussian states cannot hide every phase combination
orthogonal to the average phase, and therefore cannot
provide complete privacy. The two-party case is the
exceptional setting allowed by our result, where a two-
mode squeezed state can achieve complete privacy. For
larger networks, the attainable goal is instead privacy at the
level of individual local phases. We then identify a simple,
experimentally feasible Gaussian protocol, based on dis-
tributing a two-mode squeezed vacuum through a beam-
splitter network, that preserves the privacy of every
individual local phase and asymptotically approaches
complete privacy (see Fig. 1 for a schematic representa-
tion). We also show that the average phase can be
estimated with high precision, exhibiting Heisenberg

scaling in the total photon number, while other orthogonal
phase combinations exhibit shot-noise scaling. Our results
reveal a fundamental limitation on the use of Gaussian
resources for privacy in distributed quantum sensing.
They also complement recent work [32] by resolving
the open question of whether Gaussian states can achieve
complete privacy.
The paper is organized as follows. In Sec. II, we

introduce the estimation task, the notion of privacy, the
quantum Fisher information matrix (QFIm)-based privacy
criterion, and the Gaussian formalism used throughout.
There, we also derive a general QFIm formula for pure
Gaussian states under local phase encoding in Lemma 2,
together with a covariance-matrix expression for the
privacy measure in Theorem 3. In Sec. III, we first prove
the no-go theorem for complete average-phase privacy
with three or more Gaussian modes in Theorem 4. We then
present the two-mode squeezed state as the exceptional
two-party case achieving complete privacy, including the
effects of finite squeezing and loss, before introducing the
multipartite beam-splitter protocol. For this protocol, we
characterize the QFIm in Lemma 5, derive its spectrum
in Theorem 6, and analyze its privacy properties in
Corollary 7. In Sec. IV, we study the effects of displace-
ment and optical loss, and benchmark the protocol against
other Gaussian resources, including independent single-
mode squeezed states and cluster states. We conclude with
a summary and outlook, while the appendices contain the
technical proofs and supporting examples.

II. SETTING THE SCENE

This section sets out the estimation problem, the
estimation-theoretic tools we use, the operational notions
of privacy, and the Gaussian framework in which we work.
We first introduce the multiparameter setting and the
quantum Fisher information matrix, whose range and
kernel determine which linear combinations of phases
are locally estimable. We then define unobservable direc-
tions, private parameters, and the privacy regimes consid-
ered in the rest of the paper, together with the assumptions
on the parties under which these guarantees apply. Finally,
we specialize the formalism to Gaussian states and
operations.

A. Multiparameter estimation problem

We consider a network of M parties, connected by
quantum and classical links, that share an initial joint
quantum state ρ̂. Each party μ is subjected to a local
encoding channel ΛμðθμÞ that imprints an unknown
parameter θμ ∈R on its share [see Fig. 2(a)]. The resulting
encoded state is ρ̂ðθÞ ≔ Λθðρ̂Þ, where Λθ ≔⊗M

μ¼1 ΛμðθμÞ,
with θ ¼ ðθ1;…; θMÞ∈RM [see Fig. 2(b)]. After encod-
ing, every node performs a measurement and broadcasts
its classical outcome to a trusted central processor [see

FIG. 1. Phase estimation & privacy. Two squeezed states are
combined at a local beam splitter to generate a two-mode
squeezed state, which is then split into four modes using two
additional beam splitters. Each party receives one mode, and a
local phase θk is encoded. The goal is to estimate the average
phase while hiding the individual local phases. The strongest
version would hide every combination orthogonal to the average
(complete privacy). For Gaussian probes of three or more modes
complete privacy is ruled out, so the multipartite protocol targets
the privacy of each local phase (weak privacy) and quantifies
residual leakage into other combinations.
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Fig. 2(c)]. The collective task is to estimate, from these
broadcast outcomes, a publicly agreed linear target func-
tion fðθÞ ¼ uTθ where u∈RM and kuk2 ¼ 1.
The fundamental object that bounds the precision of any

unbiased estimator of θ is the QFIm, with entries [33–36]

Qμν½ρ̂ðθÞ� ≔
1

2
tr½ρ̂ðθÞfL̂θμ ; L̂θνg�; (1)

where fÂ; B̂g ¼ ÂB̂þ B̂Â denotes the anticommutator
and 2∂θν ρ̂ðθÞ ¼ ρ̂ðθÞL̂θν þ L̂θν ρ̂ðθÞ is the symmetric log-
arithmic derivative (SLD). The QFIm Q is a real, sym-
metric, positive semi-definite matrix. Its spectrum governs
the achievable estimation precision and, as we will see,
also the information that can leak about θ. We will use two
subspaces of RM:

rangeðQÞ ≔ fQu∶ u∈RMg ⊆ RM; (2)

i.e., the linear span of the columns ofQ. The kernel (or null
space) is

kerQ ≔ fu∈RM∶ Qu ¼ 0g; (3)

equivalently, the subspace of vectors that Q maps to zero.
For symmetric Q, rangeðQÞ and kerQ are orthogonal
complements in RM.
A linear function uTθ admits a finite-variance, locally

unbiased estimator if and only if u∈ rangeðQÞ. When this
holds, the scalar quantum Cramér-Rao bound is [37,38]

varðuTθ̂Þ ≥ uTQþu; (4)

where Qþ is the Moore-Penrose pseudoinverse. The
condition u∈ rangeðQÞ is essential. If u has a component
along kerQ, then that component lies in an unobservable

direction. To make this explicit, decompose u orthogonally
as u ¼ ur þ u0, with ur ∈ rangeðQÞ and u0 ∈ kerQ. For
ϵ > 0, we regularize the QFIm as Qþ ϵ1 and denote Qr
the restriction of Q to rangeðQÞ. Since rangeðQÞ and kerQ
are orthogonal invariant subspaces of Q, one obtains

uTðQþ ϵ1Þ−1u ¼ uTr ðQr þ ϵ1Þ−1ur þ
ku0k22
ϵ

; (5)

which diverges as ϵ → 0þ whenever u0 ≠ 0. Any compo-
nent of u in kerQ is therefore unobservable. No locally
unbiased estimator of the corresponding linear combina-
tion of θ can have finite variance. For the unitary encodings
considered in this work an even stronger statement holds.
As shown below, u∈ kerQ implies the exact invariance
ρ̂ðθþ tuÞ ¼ ρ̂ðθÞ for all t∈R, so every measurement
produces statistics that are strictly independent of the
parameter combination along u, and that combination is
nonidentifiable rather than merely poorly estimable (see
Definition 1 and Lemma 8 in Appendix A). We use Qþ in
subsequent expressions only as shorthand on rangeðQÞ,
and we always identify a kernel direction explicitly as
unobservable rather than as having vanishing variance.
Thus, when u ∉ rangeðQÞ, the finite number uTQþu is not
interpreted as a precision bound for the full target uTθ.
These observations motivate the following definition.
Definition 1. (Unobservable direction & private param-

eter). Let QðθÞ be the QFIm of the encoded state ρ̂ðθÞ and
define the directional derivative

∂uρ̂ðθÞ ≔
XM
μ¼1

uμ ∂θμ ρ̂ðθÞ: (6)

1. A nonzero vector u∈RM is unobservable at θ
if u∈ kerQðθÞ.

FIG. 2. Estimation scheme. The parties (depicted as colored circles) request anM-partite state ρ0 from the source S (red star), which
(a) prepares and distributes it within the network. Then, (b) an unknown parameter θμ is locally encoded via a quantum operation
ΛμðθμÞ. After encoding, (c) the probe is measured either locally at the nodes, with the outcomes broadcast publicly, or by a joint
receiver, and the resulting data are processed by a trusted central processor.
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2. A component θj is private at θ if there exists an
unobservable u with uj ≠ 0.

Equivalently, θj is private if and only if ej ∉ rangeðQÞ,
where ej is the unit vector with a 1 in the j-th entry (see
Proposition 1 below). We note that the definition of
unobservability, u∈ kerQ, coincides with ∂uρ̂ ¼ 0 at
regular points (see Lemma 8 in Appendix A), where
ρ̂ðθÞ has locally constant rank and depends smoothly on
θ [35,39]. Outside such points, parameter-dependent
changes in the rank of ρ̂ can produce singular Fisher-
information contributions through the limiting behavior

of ð∂upkÞ2
pk

, where pkðθÞ is an eigenvalue of ρ̂ satisfying
pkðθ0Þ ¼ ∂upkðθ0Þ ¼ 0 at an interior point θ0 [40,41].
Although both the numerator and denominator vanish at
θ0, the limiting ratio along u can be finite and nonzero. In
the protocols studied here the parameter dependence is
purely unitary, so the spectrum of ρ̂ðθÞ is independent of θ
and ∂pk

∂θμ
≡ 0 for every eigenvalue (including zero eigen-

values). The rank of ρ̂ðθÞ is locally constant, and no
singular eigenvalue contribution arises. The only non-
unitary channel we model—a fixed loss before the phase
encoding—is itself θ-independent and so does not intro-
duce parameter-dependent support either. The regular-
point equivalence between u∈ kerQ and ∂uρ̂ ¼ 0
therefore holds throughout this work.
We conclude this section with a proposition that

characterizes private parameters:
Proposition 1. (Characterization of private parameters).

For a real symmetric QFIm Q, a component θj is private at
θ if and only if ej ∉ rangeðQÞ. Equivalently, θj is private if
and only if there exists u∈ kerQ with uj ≠ 0.
Proof. Because Q is real and symmetric, rangeðQÞ ¼

ðkerQÞ⊥. If there exists u∈ kerQ with uj ≠ 0, then
eTj u ¼ uj ≠ 0, so ej is not orthogonal to kerQ and there-
fore cannot belong to rangeðQÞ. Conversely, if
ej ∉ rangeðQÞ, then its orthogonal projection u onto
kerQ is nonzero. Since ej − u∈ rangeðQÞ and u∈
kerQ, these two vectors are orthogonal. Hence
0 ¼ uTðej − uÞ ¼ uj − kuk22, so uj ¼ kuk22 > 0. Thus
u∈ kerQ and uj ≠ 0. By Definition 1, this is exactly
the condition that θj is private. ▪

B. Privacy characterization and quantification

We can now state the operational notions of privacy that
organize the rest of the paper, together with the assump-
tions on the parties under which our results hold. Each
party holds one mode of an entangled probe distributed by
a trusted source. The parameter θμ is an unknown physical
phase imprinted on mode μ by the local environment—a
sample, an external field, a refractive-index shift, a clock
offset, or another local channel. Each party operates the
post-encoding readout apparatus at its node and follows
the prescribed measurement procedure, but does not know

the numerical value of θμ except through the quantum
probe and the public measurement record. The privacy task
is to ensure that no party, colluding subset of parties, or
external observer with access to the public broadcast and to
the quantum systems in their possession can uniquely
reconstruct any raw individual value, except insofar as it is
unavoidably constrained by the authorized target function.
We work under the following prescribed-protocol

assumptions:
A1. Trusted source. A trusted source prepares the
requested probe within a known tolerance and dis-
tributes it through the network. The only state
imperfection we model is optical loss in the distri-
bution channels.

A2. Access-controlled & no-side-information. The
parameter θμ is an unknown external physical quantity
imprinted once on the designated mode during a
prescribed sensing interaction at node μ. Party μ
operates the post-encoding readout, but is neither given
θμ nor able to substitute an auxiliary probe or obtain an
additional use of the parameter-dependent interaction.

A3. Prescribed-protocol execution. The parties perform
the agreed measurement and report its outcome
truthfully.

A4. Available information. A party, a colluding subset
of nodes, or an external observer may have access to
(i) the entire public classical record, namely all
broadcast measurement outcomes, and (ii) the quan-
tum systems in their possession. They do not have
direct access to any raw local parameter value θν,
including the value encoded at their own node, except
through the quantum systems in their possession and
the public classical record.

The privacy guarantees below are information-theoretic
statements about the impossibility of uniquely inferring
the protected parameter values from the accessible infor-
mation. The restriction in A2 is a physical access
assumption, not a property enforced by the shared probe.
If a party could substitute an auxiliary probe or repeat the
parameter-dependent interaction, no shared state could
prevent it from estimating θμ directly. Assumption A3

concerns only the stated estimation performance and the
integrity of the reported estimate. For privacy, the parties
may process arbitrarily the quantum systems in their
possession and the public record, as specified in A4.
The privacy guarantee does not cover additional access
to the sensing interaction contrary to A2 or direct side
information about the raw parameters and is not a
composable cryptographic guarantee. The only integrity-
relevant imperfection we model is optical loss in the
distribution channels. Relaxing these conditions using
verification protocols for untrusted sources [25,42] is
discussed in the conclusions.
Here and throughout, Q denotes the QFIm of the full

encoded state, without imposing an LOCC restriction on
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the measurement. Conclusions concerning complete and
component privacy that are derived from kerQ are meas-
urement independent: for the unitary phase encodings
considered here, a kernel direction leaves the encoded
state invariant and is therefore unobservable under any
POVM. By contrast, Eq. (4) and the nonzero eigenvalues
of Q provide unrestricted-measurement precision bench-
marks. Their attainability by local measurements is not
assumed for general M.
We now organize privacy in terms of the range and

kernel of the QFIm. Fix a target direction u∈RM with
kuk2 ¼ 1. We exclude the operationally degenerate single-
component case u ¼ �ej, since asking the protocol to
reveal θj while simultaneously keeping it private is
inconsistent. Complete privacy is the strongest case, in
which only the target function fðθÞ ¼ uTθ is accessible.
A weaker requirement is component privacy, where every
individual phase remains private even though some non-
target linear combinations may still be accessible. For non-
coordinate targets, complete privacy implies component
privacy, but the converse need not hold.
To obtain a quantitative measure, rather than only a

binary distinction between private and non-private direc-
tions, we use the measure of Ref. [28]:

PðQ;uÞ ¼ uTQu
trðQÞ : (7)

The privacy measure is evaluated with kuk2 ¼ 1, so that
0 ≤ PðQ;uÞ ≤ 1 whenever Q ≠ 0. It is undefined when
trQ ¼ 0, which corresponds to the encoded state being
locally invariant under all single-parameter shifts.
Moreover, PðQ; uÞ ¼ 1 if and only if Q is rank one and
rangeðQÞ ¼ spanfug, equivalently Q ∝ uuT. The measure
has two convenient properties: it is basis invariant,
PðBQBT;BuÞ ¼ PðQ; uÞ for any real orthogonal matrix
B, and it is continuous in Q, so small experimental
imperfections lead to proportionally small changes in P.
Finally, PðQ; uÞ > 0 does not by itself imply that the target
fðθÞ is estimable. This can happen because u may have a
component in kerQ, which does not contribute to uTQu
but nevertheless prevents uTθ̂ from having finite variance.
The scalar quantity PðQ; uÞ is useful for quantifying

how concentrated the Fisher information is along the target
direction, but it does not by itself determine which
individual parameters are private. We therefore keep
track of the kernel and range of Q explicitly. In the
following classification, we assume Q ⪰ 0, trQ > 0, a
non-degenerate target u ≠ �ej, and local estimability of
the target, u∈ rangeðQÞ. Cases with u ∉ rangeðQÞ are
excluded, since then the target itself is unobservable.
Under these assumptions, the regimes below distinguish
complete privacy, weak component privacy, partial hiding,
and the absence of component privacy.

1. Complete privacy (rangeðQÞ ¼ spanfug, equiva-
lently P ¼ 1 and dim kerQ ¼ M − 1): only fðθÞ
is accessible.

2. Weak component privacy (ej ∉ rangeðQÞ for every
j, but rangeðQÞ ⊋ spanfug): every individual com-
ponent is private, but some non-target combinations
remain accessible.

3. Partial hiding (dim kerQ ≥ 1, but ej ∈ rangeðQÞ
for at least one j): some linear combinations are
unobservable, but at least one individual component
θj is accessible.

4. No component privacy (kerQ ¼ f0g): every com-
ponent θj is observable.

The following box illustrates these notions on a few
discrete-variable warm-ups; analogous Gaussian examples
are worked out in Sec. III.

Example: privacy measure for GHZ, W & jþi⊗3

As awarm-up, consider three parties sharing a given state
jψi. Each party j locally encodes a phase θj by applying
the unitary operation UðθjÞ ¼ j0ih0j þ eiθj j1ih1j. The
aim is to estimate the average phase, characterized by a
vector vavg ∝ ð1; 1; 1Þ, while remaining completely ag-
nostic about other combinations of the individual phases.
The privacy measure for different choices of the initial
state (see Appendix B for details) is given by

(a) jGHZi ¼ 1ffiffi
2

p ðj000i þ j111iÞ → PðQGHZ;vavgÞ ¼ 1:

Here QGHZ is the all-ones matrix. Its kernel is the two-
dimensional subspace fu∶ u1 þ u2 þ u3 ¼ 0g, so for
each j there exist null vectors with uj ≠ 0. Hence every
individual phase θj is private. The only observable
combination is the sum θ1 þ θ2 þ θ3, which coincides
with the chosen target.

(b) jWi¼ 1ffiffi
3

p ðj100iþ j010iþ j001iÞ→PðQW;vavgÞ¼ 0:

One has kerQW ¼ spanfð1; 1; 1Þg (any global shift of all
three phases is invisible), so QW has rank two. Because
the null vector has all three nonzero components, each θj
is private. However, the average-phase direction lies
entirely in the kernel, so vavg ∉ rangeðQWÞ and the
average phase is unobservable. The W state is therefore
target-blind for the average. The privacy measure regis-
ters this as PðQW;vavgÞ ¼ 0.

(c) jþi⊗3 ¼ ½ 1ffiffi
2

p ðj0i þ j1iÞ�⊗3 → PðQþ;vavgÞ ¼ 1
3
.

In this case,Qþ is full rank (no kernel), so there is no null
direction with uj ≠ 0. By Definition 1 no individual
phase is private. The probe reveals all three phases (and
thus the average), with PðQþ;vavgÞ ¼ 1

3
indicating that

only one third of the total information is aligned
with the average and the rest leaks into orthogonal
combinations.
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C. Gaussian framework

We now restrict the framework above to Gaussian states
and operations, which form the resource class used in the
rest of the paper.
We consider quantum systems withM canonical degrees

of freedom, with annihilation and creation operators âμ
and â†μ (μ∈ f1;…;Mg). Setting ℏ ¼ 1, the canonical
commutation relations are ½âμ; âν� ¼ ½â†μ; â†ν� ¼ 0 and
½âμ; â†ν� ¼ δμν. Hermitian quadratures are defined
by x̂μ ¼ 1ffiffi

2
p ðâμ þ â†μÞ and p̂μ ¼ 1

i
ffiffi
2

p ðâμ − â†μÞ, satisfying
½x̂μ; p̂ν� ¼ iδμν. Collecting them in the column vector
r̂ ¼ ðx̂1; p̂1;…; x̂M; p̂MÞT, one has ½r̂; r̂T� ¼ iΩ, where Ω
is the symplectic form. Throughout, M∈N denotes the
number of bosonic modes (and the number of users); the
auxiliary symbol N∈N appears only in recursive con-
structions, e.g. M ¼ 2N.
A Gaussian state is completely characterized by its first

moments and covariance matrix [43–45],

r̄ ¼ trðρ̂ r̂Þ and σ ¼ 1

2
tr½ρ̂fðr̂ − r̄Þ; ðr̂ − r̄ÞTg�: (8)

Gaussian operations act on ðσ; r̄Þ via σ → FσF⊤,
r̄ → Fr̄þ d with FΩF⊤ ¼ Ω. For pure Gaussian states,
the QFIm can be written as [46]

Qμνðσ; r̄Þ ¼
1

4
tr½ðσ−1∂θμσÞðσ−1∂θνσÞ� þ ∂θμ r̄

Tσ−1∂θν r̄: (9)

The inverse σ−1 here refers to the covariance matrix
only. Every physical Gaussian state satisfies σ ≻0, so σ−1
is always well defined. This should not be confused with
full rank of the density operator, which fails for pure
Gaussian states. The first term in Eq. (9) encodes the
information stored in the covariances, while the second
accounts for the displacements; either term vanishes when
the corresponding quantity is parameter-independent.
In the Gaussian protocols studied below, the local

parameters are encoded as phase shifts generated by the
number operators n̂μ ¼ â†μâμ. The encoded family is

ρ̂ðθÞ ¼ ÛðθÞρ̂ÛðθÞ† where ÛðθÞ ¼ ⨂
M

μ¼1

eiθμn̂μ : (10)

For a generic pure multimode Gaussian state subjected
to the local phase encoding in Eq. (10), the quantum Fisher
information matrix can be expressed directly in terms of
the covariance matrix and first moments. The following
result gives the corresponding closed-form expression:
Lemma 2. (QFIm for Gaussian phase shifts). Let jΨðθÞi

be a pure M-mode Gaussian state obtained by applying

local phase shifts to a pure state jψ0i

jΨðθÞi ¼
�
⨂
M

μ¼1

eiθμn̂μ
�
jψ0i; (11)

The quantum Fisher information matrix associated with
multiparameter phase estimation θ ¼ ðθ1; � � � ; θMÞ can be
expressed in terms of the quadrature covariance matrix and
first moments as follows:

Qμν ¼ 2
X

z;w∈ fx;pg
ðσ2ẑμŵν

þ 2 σẑμŵν
r̄ẑμ r̄ŵν

Þ − δμν: (12)

where σẑαŵβ
≔ hðẑα − r̄ẑαÞðŵβ − r̄ŵβ

Þi denotes the centered
second moment and r̄ẑα ¼ hẑαi.
The proof of the above lemma is given in Appendix E.

Lemma 2 also enables us to derive the following theorem
for the privacy measure:
Theorem 3. (Privacy in Gaussian phase estimation). The

privacy when estimating the average phase from a pure
M-mode Gaussian state jΨðθÞi, where each local param-
eter θμ is encoded via UμðθμÞ ¼ eiθμn̂μ , is given by

PðQ;vavgÞ ¼
2
P

μ;ν
z;w∈ fx;pg

ðσ2ẑμŵν
þ 2 σẑμŵν

r̄ẑμ r̄ŵν
Þ −M

M ð2P μ
z;w∈ fx;pg

ðσ2ẑμŵμ
þ 2 σẑμŵμ

r̄ẑμ r̄ŵμ
Þ −MÞ ;

(13)

where the above summation denotes the double sum over
μ; ν and z; w∈ fx; pg.
The proof is in Appendix E.

III. MAIN RESULTS

The framework of Sec. II reduces the privacy of a
distributed phase-sensing protocol to a property of the
QFIm. We now take the target direction to be the average-
phase direction, u ¼ vavg ¼ 1ffiffiffiffi

M
p ð1;…; 1ÞT and ask what

form of privacy can be achieved with a Gaussian probe
under unitary local phase encoding. The answer is funda-
mentally different for two parties and for three or more
parties. We start with a no-go theorem (Sec. III A), then
turn to the exceptional two-party case (Sec. III B) and
finally build a multipartite protocol (Sec. III C).

A. No-go for complete privacy
with three or more parties

We first state our main no-go result, which shows that
complete privacy of the average phase is impossible for
finite-energy Gaussian networks with three or more
parties.
Theorem 4. (No-go for complete average-phase privacy).

No finite-energy M-mode Gaussian probe with M ≥ 3
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undergoing the local phase encoding of Eq. (10) can
achieve complete privacy of the average phase with non-
zero sensitivity. More explicitly, if Q satisfies

rangeðQÞ ⊆ spanf1g; (14)

where 1 ¼ ð1;…; 1ÞT, then Q ¼ 0.
Sketch of the proof. The full proof is given in

Appendix F. We sketch the three steps here.
(i) Unitarity of the encoding implies ∂uρ̂ ¼ i½Ĝu; ρ̂� with
Ĝu ¼Pμ uμn̂μ, so u∈ kerQ is equivalent to ½Ĝu; ρ̂� ¼ 0.
Applying this to every u∈H0 ≔ fu∶ 1Tu ¼ 0g forces ρ̂ to
be invariant under the entire zero-sum subgroup of local
phase rotations. (ii) Translating this invariance to phase
space using the symplectic action of phase rotations, one
shows that the first moments must vanish, every diagonal
covariance block must be rotationally symmetric
(σμμ ¼ νμ12), and—using the existence of a third mode
l ≠ μ; ν to construct a zero-sum rotation that affects μ
while leaving ν fixed—all off-diagonal blocks must vanish
(σμν ¼ 0 for μ ≠ ν). (iii) The resulting state σ ¼ ⨁μνμ12,
r̄ ¼ 0 is invariant under every local phase rotation, not only
the zero-sum ones. Hence the QFIm vanishes identically,
contradicting any assumption of finite average-phase
sensitivity.
Importantly, the theorem is specific to the average-phase

direction. It does not rule out rank-one Gaussian QFIms
aligned with other parameter directions. For example, the
finite-energy Gaussian probe jαihαj ⊗ j0ih0j⊗ðM−1Þ, with
α ≠ 0, has Q ¼ 4jαj2 e1eT1 , under local phase encoding,
and is therefore rank one but supported on the first
coordinate. Thus the no-go result arises from requiring
complete privacy of the average phase across three or more
modes, not from rank one itself.

B. Complete privacy for two parties

We turn to the exceptional M ¼ 2 case identified by
Theorem 4 and show that the two-mode squeezed state
(TMSS) provides complete average-phase privacy. The
example also lets us introduce the main ingredients of
interest, such as loss, displacement, measurement strate-
gies, and the role of entanglement. In line with the no-side-
information assumption A2, the two parties do not know
their local phases prior to inference.
Consider a two-mode squeezed state (TMSS) under-

going local phase shifts θ1 and θ2. In this simplest case,
one may ask whether it is possible to estimate only the
average phase. To make the scenario more realistic, we
introduce noise prior to the phase encoding, modeled by a
beam splitter with transmissivity η. For simplicity, we
assume that both modes experience the same level of loss,
even though in experimental implementations this sym-
metry may not hold. This assumption allows for a cleaner
analytical treatment and captures the essential features of

the problem; in Appendix C, we show how the analysis
generalizes when the losses differ. Under this symmetric-
loss model, it can be shown that the quantum Fisher
information matrix of the output state is given by

Qðr; ηÞ ¼ η2sinh22r
1þ 2ð1 − ηÞηsinh2r

�
1 1

1 1

�
: (15)

This matrix is clearly of rank one, capturing the fact that
only a single linear combination of the two local phases
can be estimated. Diagonalizing Qðr; ηÞ, we find that it
has a single nonzero eigenvalue λavg ¼ 2η2 sinh2 2r=½1þ
2ð1 − ηÞη sinh2 r�, associated with the eigenvector vavg ¼
1=

ffiffiffi
2

p ð1; 1ÞT corresponding to the average phase
ϕavg ≔ 1=2 ðθ1 þ θ2Þ. The second eigenvalue vanishes,

λrel ¼ 0, with the corresponding eigenvector vrel ¼
1=

ffiffiffi
2

p ð−1; 1ÞT linked to the relative phase ϕrel ≔
1=2 ðθ2 − θ1Þ. The vanishing QFI along this orthogonal
direction confirms that the relative phase cannot be esti-
mated. Since vrel ∈ kerQ and both components of vrel are
nonzero, according to Definition 1, both phases θ1 and θ2
are private. In fact, since the QFIm is rank one, we have
complete privacy, and therefore PðQ;vavgÞ ¼ 1.
The two-mode setting falls outside the scope of

Theorem 4 because there is no third mode available to
force the off-diagonal block σ12 to vanish. The relative-
phase symmetry that would otherwise be restrictive
reduces to a one-dimensional subgroup, and the TMSS
exploits the off-diagonal correlations that this symmetry
leaves unconstrained. Although only the average phase
remains estimable in the presence of noise, it is important
to emphasize that the attainable precision degrades
with η, as the QFIm is reduced by a factor of
η2=½1þ 2ð1 − ηÞη sinh2 r�.
An interesting case arises when the modes are displaced

before encoding the phases. Although this improves the
estimation precision (as the quantum Fisher information
increases), it compromises privacy. For simplicity, we set
η ¼ 1 and analyze what happens with the spectrum of the
QFIm. In contrast with the undisplaced case, the QFIm is
no longer rank one and has no zero eigenvalue: both the
average-phase direction and directions with relative-phase
content can carry finite Fisher information. The two
eigenvalues can be written as λ� ¼ fðα1; α2; rÞ �
gðα1; α2; rÞ, with eigenvectors that depend on the dis-
placement pattern. We therefore avoid labelling them as
purely “average” and “relative” eigenvalues except in
symmetric limiting cases. When α1 ¼ α2 ¼ 0, we recover
the undisplaced TMSS case, where the relative-phase
direction is unobservable. As soon as the displacement
pattern breaks the photon-number-correlation symmetry,
the previously hidden direction acquires finite QFI.
Physically, while the undisplaced TMSS is insensitive
to opposite local phase shifts because of its perfect
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photon-number correlations, displacements introduce local
phase references and make relative-phase information
observable. The loss of privacy by displacing the modes
can be quantified by using Eq. (7), which gives us

PðQ;vavgÞ ¼ 1 − ðα21 þ α22Þ cosh 2rþ 2α1α2 sinh 2r
2ðα21 þ α22Þ cosh 2rþ sinh2 2r

;

(16)

where, without loss of generality, we assume that α1; α2 ∈R.
Since α21 þ α22 ≥ j2α1α2j and cosh 2r ≥ j sinh 2rj, the
numerator of the second term in Eq. (16) is non-negative
and is strictly positive unless α1 ¼ α2 ¼ 0. Thus, displacing
the modes before encoding the local phases invariably leads
to a reduction in the privacy measure.
We now turn to the question of which measurements

the parties are allowed to perform, and what the optimal
protocol is for estimating the average phase. If we restrict
attention to Gaussian measurements, it can be shown that
the optimal strategy within the Gaussian toolbox involves
the following scheme: after the local phase encoding, the
two modes are interfered on a balanced beam splitter,
followed by homodyne measurements in conjugate quad-
ratures rotated by an angle ϕ (see Appendix C1). The
optimal angle ϕopt is given by

ϕopt ¼
θ1 þ θ2

2
þ tan−1

 
η sinh 2rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4ð1 − ηÞη sinh2 r
p

!
: (17)

However, this dependence of ϕopt on the unknown
average phase poses a practical challenge. This apparent
circularity is resolved by standard adaptive metrology: a
short pre-run with heterodyne (or fixed-angle homodyne)
detection provides a coarse estimate of ϕavg. The local
oscillators are then iteratively steered towards ϕopt until the
classical Fisher information is maximized. In the lossless
case, the resulting Fisher information saturates the quan-
tum benchmark, while under loss, it does not generally
attain the QFI. In the regime where phase shifts are small,
the average can be neglected, and the optimal angle
becomes effectively independent of the unknown param-
eter, removing the need for adaptive alignment.
Finally, let us consider the role of entanglement for

privacy. This naturally leads to a comparison between the
previous scenario and the case in which the two-mode
squeezed state is replaced by two single-mode squeezed
states. Following the same protocol (and assuming η ¼ 1
and α1 ¼ α2 ¼ 0), it is straightforward to show that the
QFIm is QðrÞ ¼ 2 sinh2ð2rÞ12, with degenerate spectrum
λavg=rel ¼ 2 sinh2ð2rÞ. Hence kerðQÞ ¼ 0 and, by
Definition 1, there exists no nonzero vector v with vj ≠ 0

lying in the kernel. In particular, no component θj is
private. This can be seen directly from the privacy
measure: for both the average-phase direction vavg and

the relative-phase direction vrel, we have PðQ;vavgÞ ¼
PðQ;vrelÞ ¼ 1=2. Thus only half of the available infor-
mation aligns with the chosen public function, and the
remaining half leaks into the orthogonal combination.
Equivalently, the scalar QCRB (4) shows that both
combinations are estimated with identical precision. By
contrast with the TMSS case, where Q is rank-one and
concentrates all information along the average-phase
direction, two independent single-mode squeezers distrib-
ute information uniformly across all phase combinations.
This comparison highlights the role of the shared TMSS
correlations: the independent squeezers retain sensitivity
to the collective target, but their full-rank QFIm provides
neither complete nor component privacy.

C. Weak privacy in a quantum network

Theorem 4 rules out complete average-phase privacy for
M ≥ 3, since any Gaussian probe whose QFIm has
rangeðQÞ ¼ spanfvavgg must have Q ¼ 0. For three or
more parties, the relevant goal is therefore weaker: every
individual phase should remain private, while the normal-
ized QFIm becomes increasingly concentrated along the
average-phase direction as the squeezing increases. We
now introduce an experimentally feasible protocol with
exactly these properties. The protocol proceeds as follows
(see Fig. 3 for a pictorial overview):

1. A two-mode squeezed state is distributed among M
modes using a beam splitter network, with vacuum
states injected into the unused input ports.

2. Each output mode undergoes a local phase shift θi,
where i∈ f1; � � � ;Mg.

3. Each party performs a local measurement, and the
broadcast outcomes are processed centrally to
estimate the average phase.

FIG. 3. Protocol. Two orthogonally squeezed states are gen-
erated by optical parametric oscillator (OPOs) and mixed at a
central beam splitter to produce a two-mode squeezed state. This
is symmetrically distributed via a recursive beam splitter network
(yellow area), where each layer mixes modes with vacuum,
doubling their number. The resulting state then undergoes local
phase shifts fθ1;…; θMg, followed by local measurements.
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The choice of a two-mode squeezed state is motivated
by the two-party example of Sec. III B. There, privacy
comes from a symmetry of the TMSS: the two modes
always contain matching photon-number fluctuations, so
opposite phase shifts on the two modes cannot be dis-
tinguished. The beam-splitter network used below only
redistributes the optical fields among more parties. It does
not destroy this correlation between the two original input
modes. As a result, one collective phase direction remains
unobservable after the state is distributed, and this unob-
servable direction is what makes every individual phase
weakly private. This would not happen if the input
resource was a single-mode squeezed vacuum sent through
the same balanced beam-splitter network, with vacuum in
the unused input ports. In that case, the network would
simply spread one squeezed mode over many parties.
There would be no second, photon-number-correlated
input mode to provide a hidden opposite phase symmetry.
Consequently, all local phase directions would carry some
information, the QFIm would have no nontrivial kernel,
and no individual phase would be private according to
Definition 1. Thus, weak privacy is not produced by the
beam-splitter network alone. It comes from the TMSS
symmetry that the network preserves while distributing
the state.
As our goal is to analyze the privacy of the protocol,

we first construct the quantum Fisher information matrix
for the setting at hand. The following lemma gives its
explicit form:
Lemma 5. (Beam-splitter-tree QFIm). Consider a two-

mode squeezed state split into 2N modes by a balanced
50∶ 50 beam splitter network. Encoding local phases
θ ¼ ðθ1;…; θMÞ via ÛðθÞ ¼⊗M

μ¼1eiθμn̂μ , the correspond-
ing quantum Fisher information matrix Q is independent
of θ and can be written in the projector form

Q ¼ cosh 2r − 1

2N−2
ð1M − Πþ − Π0Þ þ

cosh 4r − 1

2N−1 Πþ;

(18)

where Πþ ¼ 11⊤=M and Π0 ¼ ss⊤=M with 1 ¼
ð1;…; 1Þ⊤ and s ¼ ð1;…; 1|fflfflffl{zfflfflffl}

M
2

;−1;…;−1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
M
2

Þ⊤.

With an explicit characterization of the quantum Fisher
information matrix in hand, Definition 1 implies that its
eigenvalues determine the achievable privacy. The follow-
ing theorem gives the spectrum of Q:
Theorem 6. (Spectrum and eigenmodes of the QFIM).

The eigenvalues of the quantum Fisher information matrix
Q characterized by Lemma 5 are

λðQÞ ¼
8<
:0;

cosh 2r − 1

2N−2 ; � � � ; cosh 2r − 1

2N−2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
M−2 times

;
cosh 4r − 1

2N−1

9=
;:

(19)

The corresponding orthonormal eigenbasis is given by:
i. Zero eigenvalue: v0 ¼ sffiffiffiffi

M
p .

ii. Degenerate eigenvalue:W¼fw∶1⊤w¼0;s⊤w¼0g.
iii. Largest eigenvalue: vavg ¼ 1ffiffiffiffi

M
p .

The null direction v0 ¼ sffiffiffiffi
M

p has a transparent symmetry

interpretation. It corresponds to applying the same phase
shift to all modes descended from one input arm of the
initial TMSS and the opposite phase shift to all modes
descended from the other arm. Because the beam-splitter
tree is passive, the corresponding generator collapses to
Ĝ0 ¼ 1ffiffiffiffi

M
p ðn̂A − n̂BÞ, where n̂A ¼Pj∈A n̂j and n̂B ¼P

j∈B n̂j are the total photon numbers on the two
branches. A two-mode squeezed vacuum has perfect
photon-number correlations, so varðn̂A − n̂BÞ ¼ 0. The
QFI along v0 therefore vanishes by symmetry.
Equivalently, the state is invariant under opposite phase
rotations of the two TMSS branches, and the beam-splitter
network preserves this symmetry. The zero eigenvalue in
Eq. (19) is thus a direct consequence of the input symmetry
rather than an accidental cancellation.
The spectrum in Theorem 6 admits a clear metrological

interpretation. There are three distinct sectors: one zero
eigenvalue (a single direction with vanishing sensitivity),
an ðM − 2Þ-dimensional shot-noise-limited subspace with
eigenvalues scaling linearly with the mean photon number,
and a unique enhanced direction whose eigenvalue
includes a quadratic contribution in the photon number,
thus providing a Heisenberg scaling precision benchmark.
In other words, among all independent phase combina-
tions, only one collective mode is metrologically special,
while all others remain shot-noise limited. A detailed
derivation of the photon-number scaling of these eigen-
values is provided in Appendix D4.
Combining Lemma 5 with Theorem 6, we can now

determine the privacy properties of this protocol. This is
done via the following corollary:
Corollary 7. (Private components). For a TMSS split

into M ¼ 2N modes via a balanced 50∶ 50 beam splitter
network, with local phases encoded through phase shifts:

(i) The kernel of Q is one-dimensional, with
v0 ∈ kerQ, so there exists a single unobservable
direction and the scheme exhibits weak privacy.

(ii) Since every entry of s is nonzero, each parameter θj
is individually private.
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(iii) The QFIm is not rank-one: there are M − 2 degen-
erate eigenvalues ðcosh 2r − 1Þ=2N−2 associated
with W. Hence complete privacy does not hold.

Item (iii) is also a structural consequence of Theorem 4:
complete privacy is impossible forM ≥ 3 Gaussian probes
with unitary phase encoding, so any concrete protocol can
at best achieve the weak privacy described in items (i)–(ii).
The proofs of these three results are given in Appendix D.
We also provide an efficient Mathematica notebook
that constructs the covariance matrix of the beam splitter
tree, the quantum Fisher information matrix, and its
eigenvalues for an arbitrary number of nodes in the
network—along with many other results concerning pri-
vacy in CV systems [47]. The above results assume a
specific resource state, namely a two-mode squeezed state,
and a specific protocol, consisting of a beam-splitter
network followed by local phase encoding. For a generic
pure state produced by a Gaussian protocol and subjected
to local phase shifts, the QFIm can be computed using
Lemma 2. In the case of interest—where jψ0i is a two-
mode squeezed state distributed through a beam splitter
network—Lemma 2 recovers Lemma 5 (and vice versa).
We summarize the message of this section. For M ¼ 2

the TMSS achieves complete privacy, and Theorem 4
closes the door on this for any M ≥ 3. When the TMSS is
distributed among more parties via the beam-splitter tree,
every individual phase remains private (Corollary 7), but
certain orthogonal combinations leak; the leaked informa-
tion is, however, insufficient to reconstruct any individual
phase under the no-side-information assumption A2. In
linear-algebra terms, the encoded data leave an under-
determined affine family of compatible parameter vectors
θþ kerQ, so no individual component is identifiable from
the public record alone without additional side informa-
tion. We now turn to a quantitative analysis of these results.

IV. PRIVACY PERFORMANCE AND
IMPERFECTIONS

For M ≥ 3, complete average-phase privacy cannot be
achieved by finite-energy Gaussian probes (Theorem 4).
However, privacy at the level of individual phases remains
guaranteed for the TMSS-tree protocol (Corollary 7). We
now analyze the privacy performance of this protocol
under displacement and loss and compare it with selected
alternative Gaussian resources.
In Fig. 4 we plot the two nonzero eigenvalues of the

QFIm [Eq. (19)] as functions of the squeezing parameter
on a log-log scale, for different values ofM (colors ranging
from red to black). The left and right panels show the
largest and smallest nonzero eigenvalues, respectively. As
the squeezing increases, the dominant eigenvalue grows
as cosh 4r while the subdominant eigenvalue grows as
cosh 2r, both diverge in absolute terms, but the ratio
between them grows as cosh 4r= cosh 2r ∼ e2r at large r.
Consequently, the fraction of the total Fisher information

lying outside the average-phase direction vanishes asymp-
totically, and the normalized spectrum approaches the
rank-one limit, even though no eigenvalue is in fact
suppressed. With a fixed total mean photon number,
increasing the number of modes M spreads the photons
across more parameters; as a result, each local phase
receives fewer photons and the shot-noise-limited sensi-
tivity per direction decreases.
Applying Theorem 3, one can get a closed-form

expression for the privacy as a function of the number
of parties ðM ¼ 2NÞ in the average phase estimation,
namely we have that

PðQ;vavgÞ¼ 1− 2N−2

½ð2N−1Þþcosh2r� for r> 0; (20)

Reaching P ¼ 1 in the multi-party setting would require
the unphysical infinite-squeezing limit, consistent with
Theorem 4. At first sight, this behavior may seem
paradoxical. Although the privacy measure falls approx-
imately as 1=M, the QFIm always contains a strictly zero
eigenvalue, ensuring that at least one linear combination
of local phases remains completely hidden. This reflects
the structure of the beam splitter network. Each added
layer doubles the number of output modes and enlarges
the phase subspace orthogonal to the protected direction.
Besides the fully hidden branch-imbalance vector
s ¼ ð1;…; 1|fflfflffl{zfflfflffl}

M
2

;−1;…;−1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
M
2

Þ⊤, defined in Lemma 5, the

QFIm has an ðM − 2Þ-dimensional degenerate eigen-
space W ¼ fw∈RM∶ 1⊤w ¼ 0; s⊤w ¼ 0g. Writing A ¼
f1;…; M

2
g and B ¼ fM

2
þ 1;…;Mg for the two branches

of the tree, the conditions 1⊤w ¼ 0 and s⊤w ¼ 0 are

FIG. 4. Quantum Fisher information spectrum. Log-log plot of
the eigenvalues of the quantum Fisher information matrix λðQÞ
as a function of the squeezing parameter r, for different numbers
of modes M ¼ 2N. The largest eigenvalue is shown with solid
lines, while the smallest nonzero eigenvalue is shown with
dashed lines. As M increases, the spectral gap between the two
eigenvalues widens, highlighting how the distribution of infor-
mation across phase directions depends on both squeezing and
network size. The total number of photons (and hence the total
metrological resource) is conserved; splitting the state among
more modes spreads these photons more thinly across the
network, so each local phase shift affects fewer photons and
the sensitivity per parameter direction decreases.
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equivalent to
P

j∈A wj ¼ 0;
P

j∈B wj ¼ 0. Thus W con-
sists of phase contrasts within each branch, such as e1 − e2
or eM

2þ1 − eM
2þ2, rather than contrasts between the two

branches. All directions in W have the same finite eigen-
value ðcosh 2r − 1Þ=2N−2.With r held fixed, the total Fisher
information must be distributed across more directions, so
the share associated with the average phase diminishes.
Henceforth we restrict attention to the four-mode instance
M ¼ 4, the smallest network that already displays all
qualitative features (a single fully hidden direction, plus
degenerate orthogonal sensing directions) and is experi-
mentally realizable. Using Eq. (20), P4ðrÞ ≔ 1 − 2

3þcosh 2r.
We now consider a slightly more general scenario by

introducing displacement operations on both modes before
they are sent through the beam splitter network (see Fig. 5).
First, as in the two-mode case, displacements remove the
strictly zero eigenvalue of the QFIm, so that no parameter
direction remains completely hidden. However, the small-
est eigenvalue can remain very small (ϵ-close to zero).
Second, by Theorem 3, the privacy measure when the
TMSS is split into four modes is PðQ;vÞ ¼ P4ðrÞ−
fðr; α1;α2Þ, where fðr; α1; α2Þ ≥ 0 quantifies the reduction
in privacy due to the displacements.
In the first panel of Fig. 6 we examine privacy in the

absence of loss (η ¼ 1) while displacing the TMSS by
jαj ¼ jα2 − α1j in phase space. In the plotted curves we
restrict to the displacement path specified in the numerical
calculation, so that jαj denotes the chosen relative dis-
placement amplitude rather than a complete parameter-
ization of the two-dimensional displacement space. The
privacy measure decreases with increasing jαj, although it
asymptotically approaches one as r → ∞. Since displace-
ment is a resource for parameter estimation, the reduction
in privacy arises from information leakage at the level of
the encoded state: displacements break the symmetry in
phase space and individual phases are imprinted in the first
moments. Operationally, any unintended displacement can
be diagnosed by estimating the first moments of each
mode (which ideally vanish in the undisplaced protocol).
Correspondingly, the scalar Fisher information

ðvTQþvÞ−1 (bottom panel of Fig. 6) increases with jαj.
Importantly, values of P close to 1 should not by

themselves be read as “more secrecy.” When overall
sensitivity is depleted, P → 1 can simply indicate that
nearly all information has been erased rather than genu-
inely hidden. In the second panel we replace displacement
with a loss channel of transmissivity η. Loss degrades the
privacy measure, but this reduction does not arise from
information leakage—the zero eigenvalue of the QFIm
persists. Rather, it reduces the fraction of the total Fisher
information aligned with the target. A possible way to
improve privacy in the presence of loss is to allow finite
displacement and optimize over jαj, increasing precision at
the cost of partially sacrificing privacy.
Having characterized the impact of imperfections in

the TMSS-based protocol, we now ask whether alternative
Gaussian states might offer improved or comparable
privacy. In particular, we explore whether continuous-
variable analogs of graph states—linear cluster states
generated via CZ operations—can support private estima-
tion of the average phase. We compare the privacy of
cluster states with that of both the TMSS-split network and
separable squeezed product states. We benchmark the
privacy of different Gaussian states under average phase
estimation (see Fig. 7). ATMSS distributed symmetrically
via beam splitters concentrates an increasing fraction of
the Fisher information along the target direction, leading
to P → 1 in the large-squeezing limit even though the
off-target eigenvalues do not vanish absolutely. In contrast,
cluster states do not support private estimation: their
privacy measure asymptotically converges to the sepa-
rable-state baseline P ¼ 1

4
. Increasing the CZ coupling

strength does not improve privacy and, in fact, leads to

FIG. 5. Displacement and loss. The two-mode squeezed state is
first displaced by amounts α1 and α2 and then subjected to a loss
channel modeled by beam splitters with transmissivities η1 and
η2, respectively. Subsequently, the modes undergo the beam
splitter network, after which local phases are encoded.

FIG. 6. Privacy under displacement and loss. Top panels:
privacy for different values of jαj ¼ jα2 − α1j in the absence
of loss (left), and privacy in the presence of a loss channel with
efficiency η for fixed jαj ¼ 0 (right). Bottom panels: effective
scalar QFI ðvT

avgQþvavgÞ−1 for the average-phase target, which is
in rangeðQÞ throughout the plotted regimes, so the pseudoinverse
expression is well defined.
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greater information leakage about individual parameters,
suggesting a fundamental incompatibility between the
position-position correlations introduced by CZ operations
and the number-based phase encoding used here. Whether
the TMSS-tree protocol is optimal among all Gaussian
probes under the no-go constraint of Theorem 4 remains an
open question. For the specific protocol considered here,
however, we provide both analytical and numerical evi-
dence that it is near-optimal within the family of Gaussian
resources we tested.

V. CONCLUSION AND OUTLOOK

We have introduced and analyzed an information-
theoretic characterization of privacy for continuous-
variable sensor networks. Our framework is based on
unobservable directions, namely vectors lying in the kernel
of the QFIm, and provides an operational way to assess
privacy at the level of individual components under the
prescribed-protocol and no-side-information assumptions
A1 toA4. The central structural result is Theorem 4, which
states that, under unitary local phase encoding, complete
privacy of the average phase is impossible at finite energy
for three or more modes. The two-mode squeezed state is
the exceptional Gaussian case that achieves complete
privacy. For the TMSS distributed over M ¼ 2N modes,
we derived a closed-form projector expression for the
QFIm in Lemma 5, obtained its full spectrum and
eigenmodes in Theorem 6, and translated these results
into operational privacy statements in Corollary 7. The
protocol has a single unobservable direction and makes
every local phase individually private, although complete
privacy is not attained at finite squeezing. We also obtained
general closed-form expressions for the QFIm of arbitrary
pure multimode Gaussian states undergoing local phase
shifts in Lemma 2 and for the privacy measure PðQ;vavgÞ
in Theorem 3.

We further analyzed two practically relevant scenarios.
Displacements enhance estimation precision by imprinting
phases into the first moments but simultaneously remove
the zero eigenvalue of the QFIm, destroying privacy at the
component level. Optical loss preserves the zero eigen-
value, so no individual phase becomes identifiable, but it
reduces the fraction of the total Fisher information aligned
with the target direction, lowering the privacy measure. A
comparative study revealed that alternative Gaussian
resources, such as four-mode cluster states or independent
single-mode squeezers, perform worse than the TMSS-tree
protocol within the family we tested. A natural question
under the no-go constraint of Theorem 4 is to identify the
optimal protocol among experimentally friendly Gaussian
resources.
The privacy guarantees of this work rely on the access-

controlled encoding assumption A2 and on the adversarial
modelA4: each party can use only the public broadcast and
the quantum systems in its possession to infer information
about the local phases, has no additional query access to
any encoding channel, and does not know any raw value θμ
directly. If adversaries are instead allowed to know their
own raw phases, or to interrogate their encoding channels
with auxiliary probes, the privacy criterion used here is no
longer sufficient. Indeed, for the TMSS-tree protocol the
QFIm has a one-dimensional kernel generated by a vector
with nonzero support on every component. Fixing even
one component of θ then removes the remaining ambiguity
along this kernel direction and can reveal the other
components. A natural strengthening, which we leave
for future work, is conditional privacy. In this stronger
sense, θj would remain private against an adversarial
subset S ∌ j if there exists a kernel direction w∈ kerQ
such that wj ≠ 0 while wi ¼ 0 for every i∈S. Designing
continuous-variable protocols whose QFIm kernels satisfy
this stronger condition is an open problem. While our
analysis assumes an honest setting, this is an idealization
that may not hold in practical network deployments.
Another extension is therefore to incorporate a certifica-
tion layer, enabling participants to verify in situ that the
distributed resource is sufficiently close to the intended
state. In the discrete-variable regime, Shettell et al. [20]
have shown how stabilizer-based tests can certify GHZ-
type states. More recently, Descamps and Markham [42]
extended this result to continuous-variable graph states,
developing noise-tolerant verification routines. An open
problem is to develop a certification protocol tailored to
our specific scheme.
Finally, our scheme can be feasibly implemented using

a source of two-mode squeezed states, an array of beam
splitters, and homodyne detectors. Two single-mode
squeezed states can be generated via parametric down-
conversion [48] or four-wave mixing [49] and interfered
on a balanced beam splitter to produce a two-mode
squeezed vacuum. This TMSS is then distributed to four

FIG. 7. Privacy comparison. (a) Privacy PðQ;vavgÞ as a
function of r for three states: TMSS distributed via a symmetric
beam splitter network (black), a linear cluster state on four
parties via sequential CZ operations on fð1; 2Þ; ð2; 3Þ; ð3; 4Þg at
the optimal coupling gopt ≈ 0.88 (red), and a product of single-
mode squeezed states (dashed). (b) Privacy of the cluster state for
various g versus r.

A. DE OLIVEIRA JUNIOR et al. PRX QUANTUM 7, 033036 (2026)

033036-12



parties by an additional beam-splitter network. Each party’s
local phase is imprinted by a channel that the party does not
control, after which homodyne measurements of appropri-
ately chosen quadratures on each mode are performed to
reconstruct the covariance matrix of the state. The state
preparation, distribution, and detection stages thus rely only
on well-established optical components. We emphasize,
however, that the Heisenberg-scaling precision discussed
in this work is a benchmark defined under unrestricted
measurements: constructing a strictly local measurement
strategy that attains it for M ≥ 3, or quantifying the
unavoidable gap, remains an important open step toward
a fully distributed implementation.
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APPENDIX A: UNOBSERVABILITY & PRIVACY

In this appendix we prove Proposition 1. We first present
a lemma giving equivalent characterizations of unobserv-
ability at regular points of the quantum statistical model;
the unitary phase-encoding family used in the main text
falls in this class, as discussed below Definition 1.

Lemma 8. (Equivalent criteria for unobservability at
regular points). Suppose the multiparameter statistical
model is regular at θ, in the sense that ρ̂ðθÞ has locally
constant rank and the SLDs are well defined on suppðρ̂Þ.
Let Q be the QFIm with entries Qμν ¼ 1

2
tr½ρ̂fL̂θμ ; L̂θνg�,

where L̂θμ are the SLDs. Then, for any real vector u∈RM,
the following are equivalent:

(i) ∂uρ̂ ¼ 0,
(ii) L̂u ≔

P
μ uμL̂θμ ¼ 0 on suppðρ̂Þ,

(iii) u∈ kerQ.
Proof. Linearity of the SLD equation gives

2∂uρ̂ ¼ ρ̂L̂u þ L̂uρ̂; L̂u ≔
P

μ uμL̂θμ . Moreover, u⊤Qu ¼
trðρ̂L̂2

uÞ ≥ 0. Thus u∈ kerQ if and only if trðρ̂L̂2
uÞ ¼ 0,

which is equivalent to L̂u ¼ 0 on suppðρ̂Þ. The SLD
equation then gives ∂uρ̂ ¼ 0 on the support. At regular
points the rank of ρ̂ðθÞ is locally constant, so the SLD
equation represents the full derivative without additional
singular terms from eigenvalues emerging out of zero.
Hence ∂uρ̂ ¼ 0. Conversely, if ∂uρ̂ ¼ 0, then the SLD
equation gives ρ̂L̂u þ L̂uρ̂ ¼ 0. In an eigenbasis of ρ̂,
with eigenvalues pa, this reads ðpa þ pbÞðLuÞab ¼ 0.
Whenever at least one of a; b belongs to the support of ρ̂,
one has pa þ pb > 0, and therefore ðLuÞab ¼ 0. Hence
L̂u ¼ 0 on suppðρ̂Þ, and u⊤Qu ¼ trðρ̂L̂2

uÞ ¼ 0: Since
Q ⪰ 0, this is equivalent to u∈ kerQ. ▪

APPENDIX B: PRIVACY MEASURE IN GHZ, W,
AND PRODUCT STATES

To illustrate the notion of privacy, consider a simple
phase-estimation protocol. Specifically, three parties shar-
ing a state jΨi each locally encode a phase θj by applying
the unitary operationUðθjÞ ¼ j0ih0j þ eiθj j1ih1j. Our goal
is to assess privacy when the parties attempt to estimate the
average phase θavg ¼ ðθ1 þ θ2 þ θ3Þ=3. This can be
achieved by computing PðQ;vavgÞ, where in this case
vavg ¼ 1ffiffi

3
p ð1; 1; 1Þ. Consequently, the problem reduces to

calculating the quantum Fisher information matrix Q with
respect to the average phase. As we are dealing with pure
states, the QFIm is simply given by

QμνðθÞ ¼ 4Re½h∂θμΨðθÞi∂θνΨðθÞ − h∂θμΨðθÞiΨðθÞhΨðθÞi∂θνΨðθÞ�: (B1)

To highlight the nontrivial nature of PðQ;vavgÞ, we consider two different state preparations undergoing the local
encoding. Namely,

jGHZi ¼ 1ffiffiffi
2

p ðj000i þ j111iÞ⟶UðθÞjΦGHZðθÞi ¼
1ffiffiffi
2

p ðj000i þ eiðθ1þθ2þθ3Þj111iÞ: (B2)
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jWi ¼ 1ffiffiffi
3

p ðj001i þ j010i þ j100iÞ⟶UðθÞjΦþðθÞi ¼
1ffiffiffi
3

p ðeiθ3 j001i þ eiθ2 j010i þ eiθ1 j100iÞ: (B3)

These two cases illustrate opposite extremes: the GHZ
state allows complete privacy for the average phase,
whereas the W state is blind to the average phase. To
see this, we compute the quantum Fisher information for
each state:

QGHZ ¼
0
@ 1 1 1

1 1 1

1 1 1

1
A; QW ¼ 4

9

0
@ 2 −1 −1

−1 2 −1
−1 −1 2

1
A:

(B4)

From their quantum Fisher information, we observe that
QGHZ is a rank-one matrix proportional to vavgv

T
avg. By

contrast, QW has rank two and kerQW ¼ spanfð1; 1; 1Þ⊤g.
Thus the average-phase direction vavg ¼ 1ffiffi

3
p ð1; 1; 1Þ⊤ lies

in the kernel of QW , so the average phase is completely
inaccessible from this state. Nevertheless, since the null
vector has nonzero support on every component, each
individual phase is private in the sense of Definition 1. We
therefore have PðQGHZ;vavgÞ ¼ 1 and PðQW;vavgÞ ¼ 0.
As a final case, we now consider the scenario in which

the parties share product states and each encodes the local
phase, leading to

jþ3i ¼
�
1ffiffiffi
2

p ðj0i þ j1iÞ
�
⊗3

⟶
UðθÞjΦþðθÞi

¼⨂
3

j¼1

1ffiffiffi
2

p ðj0i þ eiθj j1iÞ:
(B5)

In this case, the quantum Fisher information is simply
Qþ ¼ 13. This implies that each phase θj can be inde-
pendently and optimally estimated. Nothing is hidden—all
functions are accessible, as the QFIm is full rank and every
direction in parameter space is estimable. Even though the
product state leaks all information (i.e., there is no privacy
in the conventional sense), the privacy measure PðQ;vÞ is
still nonzero–specifically, PðQ;vavgÞ ¼ 1

3
. The fact that P

is not zero reflects that the desired function is indeed
accessible, but information about other functions is also
present.

APPENDIX C: MINIMAL SCENARIO
FOR PRIVACY

Consider a scenario in which two parties share a two-
mode squeezed state, characterized by the covariance
matrix

σ ¼ 1

2

0
BB@

cosh 2r 0 − sinh 2r 0

0 cosh 2r 0 sinh 2r
− sinh 2r 0 cosh 2r 0

0 sinh 2r 0 cosh 2r

1
CCA; (C1)

with a first-moment vector given by r̄ ¼ 0. To maintain generality, one can assume an imperfect state preparation by
sending the two-mode squeezed state through a Gaussian loss channel. This can be modeled by coupling both modes to a
vacuum mode via a beam splitter with transmissivity η. After this transformation, the covariance matrix of the output state
is given by:

σloss ¼
1

2

0
BB@

1þ 2η sinh2 r 0 −η sinh 2r 0

0 1þ 2η sinh2 r 0 η sinh 2r
−η sinh 2r 0 1þ 2η sinh2 r 0

0 η sinh 2r 0 1þ 2η sinh2 r

1
CCA; (C2)

Assuming that both parties encode a phase θj via a phase shift, the encoded covariance matrix takes the following form:

σθ ¼
1

2

0
BBBB@

1þ 2η sinh2 r 0 −η cosðθ1 þ θ2Þ sinh 2r −η sinðθ1 þ θ2Þ sinh 2r
0 1þ 2η sinh2 r −η sinðθ1 þ θ2Þ sinh 2r η cosðθ1 þ θ2Þ sinh 2r

−η cosðθ1 þ θ2Þ sinh 2r −η sinðθ1 þ θ2Þ sinh 2r 1þ 2η sinh2 r 0

−η sinðθ1 þ θ2Þ sinh 2r η cosðθ1 þ θ2Þ sinh 2r 0 1þ 2η sinh2 r

1
CCCCA;

(C3)
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The SLDs can be directly obtained when η ¼ 1. However, for an arbitrary η, the calculation is not as straightforward.
Nonetheless, we can construct an ansatz for the SLD. More precisely, both symmetric logarithmic derivatives are identical
and given by:

Lθ1;2 ¼
sinh 2r

2þ 4ηð1 − ηÞ sinh2 r

0
BBB@

0 0 sinðθ1 þ θ2Þ − cosðθ1 þ θ2Þ
0 0 − cosðθ1 þ θ2Þ − sinðθ1 þ θ2Þ

sinðθ1 þ θ2Þ − cosðθ1 þ θ2Þ 0 0

− cosðθ1 þ θ2Þ − sinðθ1 þ θ2Þ 0 0

1
CCCA: (C4)

Observe that Eq. (C4) satisfies DσðLθ1;2Þ ¼ 2∂θ1;θ2σ.
Thus, it is straightforward to show that the quantum

Fisher information matrix in this case is rank-1 and
given by

Q ¼ η2 sinh2 2r
1þ 2ð1 − ηÞη sinh2 r

�
1 1

1 1

�
: (C5)

This implies that PðQ;vavgÞ ¼ 1. In the case where there
are no losses η ¼ 1 and Q ∝ sinh2 2r as expected.

1. Optimal measurement

We now show that the optimal measurement for
estimating the average phase θavg ≔ ðθ1 þ θ2Þ=2 in our

two-mode setup is a Gaussian measurement—specifically,
an adaptive scheme in which the two-mode squeezed state,
after local phase encoding, is passed through a 50:50 beam
splitter, followed by homodyne detection at an optimal
angle ϕopt. We begin with the state after the phase shifts,
whose covariance matrix is given by Eq. (C2). The two
encoded modes are interfered on a single balanced 50∶ 50
beam splitter. This transformation renders the output
state’s covariance matrix block-diagonal:

σθ;bs ¼
1

2

�
A 0
0 B

�
(C6)

where A and B are matrices given by

A ¼ 1

2

 
1 − ηð2 sinh2 r − sinh 2r cos θÞ −η sinh 2r sin θ

−η sinh 2r sin θ 1þ ηð2sinh2rþ sinh 2r cos θÞ

!
(C7)

B ¼ 1

2

 
1 − ηð2 sinh2 rþ sinh 2r cos θÞ η sinh 2r sin θ

η sinh 2r sin θ 1 − ηðsinh 2r cos θ − 2 sinh2 rÞ

!
: (C8)

The symmetry and block-diagonal form of the covari-
ance matrix allows us to analyze each output port inde-
pendently, simplifying the analysis of measurement
strategies. We now turn to the measurement stage, where
homodyne detection is performed on each output port of
the beam splitter. Port 1 is measured in a rotated x̂ϕ
quadrature, while port 2 is measured in the conjugate p̂ϕ

quadrature. Specifically, the measurement covariance
matrices are taken in the limiting form:

σð1ÞM ¼ RðϕÞdiag
�
1

r1
; r1

�
RðϕÞT and

σð2ÞM ¼ RðϕÞdiag
�
r2;

1

r2

�
RðϕÞT (C9)

where RðϕÞ is a rotation matrix with r1 and r2 being
squeezing parameters. In the limit r1 → ∞ and r2 → ∞,

these measurements become projective: Party 1 effectively
measures x̂ϕ, and party 2, p̂ϕ, with infinite precision along
those directions and maximal uncertainty in their
conjugates.
The classical Fisher information can be expressed in

terms of the first and second moments as follows [51]

FCðθ; rθ; σθ; σMÞ ¼
1

2
tr
�
ðσθ þ σMÞ−1

�
∂σθ
∂θ

��
2

þ
�
∂rθ
∂θ

�⊤
ðσθ þ σMÞ−1

�
∂rθ
∂θ

�
:

(C10)

The optimal measurement angle is obtained by maxi-
mizing FCðϕÞ with respect to ϕ. This yields:

PRIVACY IN CONTINUOUS-VARIABLE DISTRIBUTED... PRX QUANTUM 7, 033036 (2026)

033036-15



ϕopt ¼
θ1 þ θ2

2
þ tan−1

�
η sinh 2rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4ð1 − ηÞη sinh2 r
p �

:

(C11)

Finally, plugging ϕopt into the classical FI yields:

FCðrÞ ¼
2η2 sinh2 2r

1þ 4ð1 − ηÞη sinh2 r : (C12)

APPENDIX D: COVARIANCES AND QUANTUM
FISHER INFORMATION MATRIX OF A

TWO-MODE SQUEEZED STATE THROUGH
A BALANCED TREE

In this appendix we derive closed-form expressions for
the covariance matrix of a state that starts as a two-mode
squeezed state and is then split into M ¼ 2N modes
(N ≥ 2) by a balanced beam splitter tree. At each layer,
every mode is mixed on a 50∶50 beam splitter with
vacuum in the ancillary port (see Fig. 8). We then give
the covariance matrix after 2N local phase shifts are
encoded on the modes. Finally, we obtain an analytical
form of the quantum Fisher information matrix, together
with its eigenvalues and eigenvectors. The entire appendix
can also be reproduced using a Mathematica notebook
(see Ref. [47]), where all matrices are provided and the
results can be verified both analytically and numerically.
For clarity, the discussion is organized into three parts.

1. Compact expression for the beam-splitter tree
covariance matrix

In this subsection we derive compact formulas for the

“leaf-to-leaf” covariances σðxÞjk and σðpÞjk generated by a
balanced beam-splitter tree fed by a two-mode squeezed

state on inputs A; B. The key idea is that each output
quadrature ẑj can be written as a scaled version of one of the
original input quadratures (A or B) together with extra terms
coming from the vacuum modes that enter the unused ports
of the beam splitters. These extra terms have simple� signs
that depend on the path through the tree. We will keep track
of these signs and scaling factors, compute the covariances
coming from the squeezed inputs and the vacua separately,

then add them to obtain explicit formulas for σðxÞjk and σðpÞjk .
Finally, we combine them into the global block-diagonal
covariance matrix σ ¼ σðxÞ ⊕ σðpÞ.
For a modemmixed with an ancillary vacuummode v, a

balanced beam splitter acts on the dimensionless quad-
ratures �

xm
xv

�
→

1ffiffiffi
2

p
�
1 1

1 −1
��

xm
xv

�
;�

pm

pv

�
→

1ffiffiffi
2

p
�
1 1

1 −1
��

pm

pv

�
:

(D1)

Because (D1) is block-diagonal in ðx; pÞ, it creates no
cross x-p correlations provided the input state itself is free
of such terms. We adopt this assumption throughout.
Let A and B denote the two modes that carry an initial

two-mode squeezed state; every remaining input port is
prepared in vacuum. A balanced binary tree of 50∶50 beam
splitters of depth N doubles the mode count at each layer.
We count layers starting from 1; hence a tree of depth N
contains N − 1 beam-splitter layers and produces M ¼ 2N

output modes (see Fig. 8).
We label leaves and layers by j∈ f0; 1;…; 2N − 1g and

l∈ f1;…; N − 1g, and set

jiðjÞ ≔ bj=2 ic mod 2 ði∈N0Þ; (D2)

(a) (b)
beam splitter

beam splitter network

mirror

0 1 2 3

0 1 2 3 4 5 6 7

A B

vac

vac

0 1 2 3

0 1 2 3

vac

4 5 6 7

vac vac

vac

A B

/

/

layers

leaves

FIG. 8. Beam-splitter tree. (a) A two-mode squeezed state ðA;BÞ is split into M ¼ 2N modes (N ≥ 2) by a balanced beam-splitter
tree. At each layer l, every mode is mixed on a 50∶50 beam splitter with vacuum in the ancillary port. The leaves j at the output
originate either from A or B; we indicate the origin by coloring the leaves in yellow (mðjÞ ¼ A) or green (mðjÞ ¼ B). Leaf indices j and
layer indices l follow the conventions defined in Eqs. (D2) and (D6). (b) Legend showing the optical elements used in the beam-
splitter tree.
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rðjÞ ≔ jN−1ðjÞ; (D3)

slðjÞ ≔ ð−1Þ jN−l−1ðjÞ; (D4)

bðj;lÞ ≔ bj=2N−lc: (D5)

The following lemma gives an explicit expression for
the quadrature operator at each output mode in terms of the
initial inputs and the vacuum contributions introduced at
each layer of the beam splitter tree:
Lemma 9. For any z∈ fx; pg and every leaf j,

ẑj¼2−ðN−1Þ=2 ẑmðjÞþ
XN−1

l¼1

2−ðN−lÞ=2slðjÞẑðl;bðj;lÞÞvac ; (D6)

where mðjÞ ¼ A if rðjÞ ¼ 0 and mðjÞ ¼ B if rðjÞ ¼ 1.
Proof. The proof proceeds by induction on the network

depth N. For the base case N ¼ 2, the tree contains two
beam splitters, each mixing one of A;B with a fresh
vacuum. Applying (D1) once gives

ẑj ¼ 2−1=2 ẑmðjÞ þ 2−1=2 s1ðjÞẑð1;bðj;1ÞÞvac ; (D7)

which matches (D6) for N ¼ 2. Assume (D6) holds for
depth N − 1. Attach to every leaf a balanced beam splitter

that mixes the leaf with a fresh vacuum ẑðN−1;bÞvac

(b ¼ 0;…; 2N−1 − 1). Denote by ẑðoldÞj the quadrature on
the depth-ðN − 1Þ leaf j before the extra splitter is inserted.
The two new leaves, labelled 2j and 2jþ 1, obey

ẑ2jþν ¼ 2−1=2
h
ẑðoldÞj þ ð−1ÞνẑðN−1;bÞvac

i
for ν∈ f0; 1g:

(D8)

Inserting the induction hypothesis for ẑðoldÞj and observ-
ing that ð−1Þν ¼ sN−1ð2jþ νÞ yields (D6) for depth N.
The identities bð2jþ ν;lÞ ¼ bðj;lÞ and slð2jþ νÞ ¼
slðjÞ for l < N − 1 follow directly from the definitions,
completing the proof. ▪
Next, we use the previous lemma to decompose each

output quadrature into its squeezed and vacuum contribu-
tions, in preparation for computing covariances between
the leaf modes. Define

ẑðsqÞj ≔ 2−ðN−1Þ=2 ẑmðjÞ and

ẑðvacÞj ≔
XN−1

l¼1

2−ðN−lÞ=2 slðjÞẑðl;bðj;lÞÞvac : (D9)

Because the initial TMSS pair ðA;BÞ and all ancilla
vacua are uncorrelated and the network is a real orthogonal
(hence symplectic) transformation on ðx; pÞ, cross terms

remain zero: hẑðsqÞj ẑðvacÞk i ¼ 0 for all j; k. With x̂ ¼ ðâþ
â†Þ= ffiffiffi

2
p

and p̂ ¼ ðâ − â†Þ=ði ffiffiffi
2

p Þ, the TMSS state satisfies
covðx̂A; x̂BÞ ¼ − 1

2
sinh 2r and covðp̂A; p̂BÞ ¼ 1

2
sinh 2r.

Propagating through the tree gives

covðx̂ðsqÞj ; x̂ðsqÞk Þ ¼ 1

2N
½cosh 2r δmðjÞ;mðkÞ

− sinh 2r ð1 − δmðjÞ;mðkÞÞ�; (D10)

covðp̂ðsqÞ
j ; p̂ðsqÞ

k Þ ¼ 1

2N
½cosh 2r δmðjÞ;mðkÞ

þ sinh 2r ð1 − δmðjÞ;mðkÞÞ�: (D11)

For the vacuum ancillas, we have hẑðl;bÞvac ẑðl
0;b0Þ

vac i ¼
1
2
δl;l0δb;b0 , so

covðẑðvacÞj ; ẑðvacÞk Þ ¼ 1

2

XN−1
l¼1

2−ðN−lÞ slðjÞslðkÞδbðj;lÞ;bðk;lÞ:

(D12)

Adding (D10)–(D12) yields

σðxÞjk ¼ 2−N½cosh 2r δmðjÞ;mðkÞ − sinh 2r ð1 − δmðjÞ;mðkÞÞ�

þ 1

2

XN−1

l¼1

2−ðN−lÞ slðjÞslðkÞδbðj;lÞ;bðk;lÞ;

(D13)

σðpÞjk ¼ 2−N½cosh 2r δmðjÞ;mðkÞ þ sinh 2r ð1 − δmðjÞ;mðkÞÞ�

þ 1

2

XN−1
l¼1

2−ðN−lÞ slðjÞslðkÞδbðj;lÞ;bðk;lÞ;

(D14)

which are symmetric and positive-definite. Now we collect
the x-and p-covariances into the full 2M × 2M covariance
matrix. Because the x̂ and p̂ quadratures remain uncorre-
lated throughout the network, the global covariance matrix
takes the block-diagonal form

σ ¼ σðxÞ ⊕ σðpÞ; (D15)

with the canonical ordering ðx̂0; x̂1; � � � ; x̂M−1; p̂0;
p̂1; � � � ; p̂M−1Þ. Alternatively, using the interleaved ordering
ðx̂0; p̂0; x̂1; p̂1; � � �Þ, we define a permutation P such that

σ ¼ P
�
σðxÞ 0

0 σðpÞ

�
P⊤; (D16)

where Pð2jÞ¼j, Pð2jþ1Þ¼Mþj for j ¼ 0;…;M − 1.
This completes the construction of the full covariance
matrix of the output state.
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2. Covariance matrix phase-shift

In this subsection we describe how the covariance
matrix changes when local phase shifts are applied to
each output mode of the beam-splitter tree. Each phase
shift θj acts as a rotation in the ðx; pÞ quadrature space of
mode j, and all such rotations together form a block-
diagonal symplectic matrix SðθÞ. By applying the standard
transformation rule σ ↦ SðθÞ; σ; SðθÞ⊤ to the block-
diagonal covariance from the previous section, we obtain
explicit formulas for the rotated covariance blocks
σðxxÞðθÞ, σðxpÞðθÞ, σðpxÞðθÞ, and σðppÞðθÞ.
Consider the zero-mean Gaussian state produced by

the beam splitter tree of depth N given by Eq. (D15).
Let θ ¼ ðθ0;…; θM−1Þ∈RM and define the symplectic
matrix:

SðθÞ ¼ ⨁
M−1

j¼0

�
cos θj sin θj
− sin θj cos θj

�
: (D17)

The local phase-rotation unitary ÛðθÞ ¼ ΠM−1
j¼0 e

−iθjâ†j âj
transforms the covariance matrix as

σðθÞ ≔ SðθÞσSðθÞ⊤ ¼
�
σðxxÞðθÞ σðxpÞðθÞ
σðpxÞðθÞ σðppÞðθÞ

�
; (D18)

with entries for j; k ¼ 0;…;M − 1,

σðxxÞjk ðθÞ ¼ cos θj cos θkσ
ðxÞ
jk þ sin θj sin θkσ

ðpÞ
jk ; (D19)

σðxpÞjk ðθÞ ¼ − cos θj sin θkσ
ðxÞ
jk þ sin θj cos θkσ

ðpÞ
jk ; (D20)

σðpxÞjk ðθÞ ¼ − sin θj cos θkσ
ðxÞ
jk þ sin θj sin θkσ

ðpÞ
jk ; (D21)

σðppÞjk ðθÞ ¼ sin θj sin θkσ
ðxÞ
jk þ cos θj cos θkσ

ðpÞ
jk : (D22)

The form of Eq. (D18) is easily understood once one
recalls how a phase-rotation acts in the Heisenberg picture.
First, for each mode j,

ÛðθÞ†
�
x̂j
p̂j

�
UðθÞ¼

�
cosθj sinθj
−sinθj cosθj

��
x̂j
p̂j

�
: (D23)

Because a linear (and, in particular, symplectic) trans-
formation S carries the covariance matrix to σ ↦
SðθÞσSðθÞ⊤, the full transformation law follows at once.
Finally, substituting the block-diagonal form of the origi-
nal σ and the block structure of SðθÞ yields the explicit
block expression displayed in Eq. (D18).

3. Quantum Fisher information
from a beam splitter tree

We now compute the quantum Fisher information
matrix for estimating the local phases θ applied to the
modes at the output of the beam-splitter tree and determine
its eigenvalues and eigenvectors in closed form. Starting

from the covariances σðxÞjk and σðpÞjk derived earlier, we first
show that the QFIm does not depend on the actual phase
values, so it can be evaluated at θ ¼ 0. We then use the
symmetry of the tree to prove that Q has only three distinct
kinds of entries, which allows us to write it in a simple
projector form. This structure makes the eigendecompo-
sition straightforward: two special phase patterns (uþ for a
uniform phase and u0 for an A vs B imbalance) give two of
the eigenvalues, and any vector orthogonal to both lies in a
degenerate subspace with a common eigenvalue λ⊥.
Consider the zero-mean Gaussian output of the depth-N

beam-splitter tree fed by a two-mode squeezed state on
inputs A; B (all other inputs in vacuum), with quadrature

covariances σðxÞjk ; σ
ðpÞ
jk given by Eqs. (D13) and (D14).

Below, we prove that after encoding local phase shifts as in
Eq. (D18), the QFIm Q:
(a) is independent of θ and has entries

Qjk ¼ 2½ðσðxÞjk Þ2 þ ðσðpÞjk Þ2� − δjk; (D24)

(b) admits the projector form

Q¼ λ⊥ð1M −Πþ −Π0Þ þ λþΠþ with

Πþ ≔
11⊤
M

and Π0 ≔
ss⊤
M

; (D25)

where 1¼ð1;…;1Þ⊤ and s ¼ ð1;…; 1|fflfflffl{zfflfflffl}
M
2

;−1;…;−1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
M
2

Þ⊤;
(c) has spectrum

λðQÞ¼
8<
:0;

cosh2r−1

2N−2 ;…;
cosh2r−1

2N−2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
M−2 times

;
cosh4r−1

2N−1

9=
;:

(D26)

Equivalently, entrywise,

Qjk ¼

8>><
>>:

λ⊥ þ λþ−2λ⊥
M ; j ¼ k;

λþ−2λ⊥
M ; j ≠ k and mðjÞ ¼ mðkÞ;
λþ
M ; mðjÞ ≠ mðkÞ;

(D27)

where
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λ⊥ ¼ cosh 2r − 1

2N−2 and λþ ¼ cosh 4r − 1

2N−1 : (D28)

Step 1 (Independence of θ and entrywise formula). By
Lemma 2 and zero mean, the QFIm is

QjkðθÞ ¼ 2
X

z;w∈ fx;pg
σẑjŵk

ðθÞ2 − δjk; (D29)

where σẑjŵk
ðθÞ are the second moments after encoding.

Using Frobenius-norm invariance under left/right orthogo-
nal multiplications [52],

X
z;w

σẑjŵk
ðθÞ2 ¼ kσjkðθÞk2F ¼ kRðθjÞσjkð0ÞRðθkÞ⊤k2F

¼ kσjkð0Þk2F ¼ ðσðxÞjk Þ2 þ ðσðpÞjk Þ2:
(D30)

ThusQjkðθÞ is independent of θ, and evaluating at θ ¼ 0
yields (D24).
Step 2 (Projector form and commutant). Let vjk denote

the vacuum contribution appearing in (D13) and (D14):

vjk ≔
1

2

XN−1

l¼1

2−ðN−lÞ slðjÞslðkÞδbðj;lÞ;bðk;lÞ: (D31)

We claim that

vjk ¼

8>><
>>:

1
2
ð1 − 21−NÞ; j ¼ k;

−2−N; j ≠ k and mðjÞ ¼ mðkÞ;
0; mðjÞ ≠ mðkÞ:

(D32)

For j ¼ k, the signs coincide slðjÞ ¼ slðkÞ and all
Kronecker deltas are 1, so vjj ¼ 1

2

PN−1
l¼1 2

−ðN−lÞ ¼
1
2
ð1 − 21−NÞ. If mðjÞ ≠ mðkÞ, then j and k lie on opposite

outputs of the first (top) beam splitter, so bðj; 1Þ ≠ bðk; 1Þ.
At every subsequent level l ≥ 2, each side is split further
without mixing with the other, hence bðj;lÞ ≠ bðk;lÞ for
all l. Therefore δbðj;lÞ;bðk;lÞ ¼ 0 for every l, and vjk ¼ 0.
Now take j ≠ k with mðjÞ ¼ mðkÞ. Let L∈ f2;…; N − 1g
be the smallest level at which j and k choose different
outputs (equivalently, the last level where they coincide is
L − 1). Then only the terms with l ¼ 1;…; L − 1 con-
tribute to vjk. For l ≤ L − 2 their choices agree, so
slðjÞslðkÞ ¼ þ1, whereas at l ¼ L − 1 they differ and
sL−1ðjÞsL−1ðkÞ ¼ −1. Hence,

vjk ¼
1

2

�XL−2
l¼1

2−ðN−lÞ − 2−ðN−Lþ1Þ
�

¼ 1

2
½2−ðN−Lþ1Þð1 − 2−ðL−2ÞÞ − 2−ðN−Lþ1Þ� ¼ −2−N;

(D33)

proving Eq. (D32).
According to Eq. (D32) and the structure of the

squeezed part in (D13) and (D14), the entries of Qjk in
(D24) take only three values: one for j ¼ k, one for j ≠ k
with mðjÞ ¼ mðkÞ, and one for mðjÞ ≠ mðkÞ. Hence Q is
completely determined by three numbers and can be
written as

Q ¼ α 1M þ βΠþ þ γΠ0; (D34)

for some scalars α; β; γ, where Πþ ¼ 11⊤=M and
Π0 ¼ ss⊤=M, with

11⊤ ¼
�
1A1⊤A 1A1⊤B
1B1⊤A 1B1⊤B

�
and

ss⊤ ¼
�

1A1⊤A −1A1⊤B
−1B1⊤A 1B1⊤B

�
: (D35)

where 1A and 1B denote the all-ones vectors of length M
2
on

the A and B indices, respectively.
Step 3 (Eigenspaces and eigenvalues).We now pick two

phase patterns that match the symmetry of the tree and
make the QFIm simple to evaluate. If we vary the phases
along a unit vector u∈RM via θ ¼ tu, the unitary is
ÛðtÞ ¼ expð−it ĜuÞ with generator

Ĝu ≔
XM−1

j¼0

uj n̂j: (D36)

For our zero-mean Gaussian setting, one has
u⊤Qu ¼ 4 varðĜuÞ, so we want directions u for which
Ĝu has a simple form on our state. Define,

uþ ¼ 1ffiffiffiffiffi
M

p and u0 ¼
sffiffiffiffiffi
M

p ; where

sj ¼
�þ1; j∈A

−1; j∈B:
(D37)

These correspond to a uniform phase (all modes
together) and an A-vs-B imbalance (plus on A, minus
on B). A passive beam-splitter network redistributes
photons but does not create or destroy them. Since all
ancillary inputs (other than A;B) are in vacuum, the total
photon number flowing down the A-branch equals the
photon number that entered at A, and similarly for B:
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X
j∈A

n̂j ¼ n̂A;
X
k∈B

n̂k ¼ n̂B;
XM−1

j¼0

n̂j ¼ n̂A þ n̂B:

(D38)

Consequently, the generators for uþ and u0 collapse to

Ĝþ ¼
X
j

1ffiffiffiffiffi
M

p n̂j ¼
n̂A þ n̂Bffiffiffiffiffi

M
p ;

Ĝ0 ¼
X
j

sjffiffiffiffiffi
M

p n̂j ¼
n̂A − n̂Bffiffiffiffiffi

M
p : (D39)

These simple number combinations make the corre-
sponding variances, and hence the eigenvalues of Q along
uþ and u0, straightforward to compute for a TMSS. For a
TMSS with squeezing r and n̄ ≔ sinh2 r, varðn̂AÞ ¼
varðn̂BÞ ¼ n̄ðn̄þ 1Þ; covðn̂A; n̂BÞ ¼ n̄ðn̄þ 1Þ, so varðn̂Aþ
n̂BÞ ¼ 4 n̄ðn̄þ 1Þ and varðn̂A − n̂BÞ ¼ 0. For our pure
state under local phase shifts, the QFIm satisfies along
any direction u: u⊤Qu ¼ 4 varðĜuÞ. Since uþ and u0 are
normalized and are eigenvectors by symmetry, their
eigenvalues are λ� ¼ 4 varðĜ�Þ. Computing then, we have
that for uþ:

varðĜþÞ ¼
1

M
varðn̂A þ n̂BÞ ¼

4n̄ðn̄þ 1Þ
M

¼ cosh 4r − 1

2N−1 :

(D40)

For u0, it follows that

varðĜ0Þ ¼
1

M
varðn̂A − n̂BÞ ¼ 0: (D41)

Finally, from the three-valued structure of Qjk, the
QFIm lies in the three-dimensional linear span generated
by f1;Πþ;Π0g. Consequently, RM decomposes into
three invariant (mutually orthogonal) subspaces:
spanfuþg ⊕ spanfu0g ⊕ W, whereW ≔ fw∶ 1⊤w ¼ 0;
s⊤w ¼ 0g. On W, we have Πþw ¼ Π0w ¼ 0. So,
Qw ¼ λ⊥w. To obtain the eigenvalue, choose w supported
on two sibling leaves j; k in the same half created by the
last balanced splitter, with entries wj ¼ 1, wk ¼ −1, others
0. The associated generator is Ĝ⊥ ¼ n̂j−n̂kffiffi

2
p . Writing the last

splitter as âj ¼ 1ffiffi
2

p ðĉþ v̂Þ, âk ¼ 1ffiffi
2

p ðĉ − v̂Þ with v̂ a fresh

vacuum and ĉ the parent mode one layer above, one finds
n̂j − n̂k ¼ ĉ†v̂þ v̂†ĉ. On a product state ρc ⊗ j0ih0jv (i.e.
v̂ in vacuum and uncorrelated with ĉ),

varðn̂j − n̂kÞ ¼ hðĉ†v̂þ v̂†ĉÞ2i ¼ hĉ†ĉi; (D42)

since hv̂†v̂i ¼ 0, hv̂v̂†i ¼ 1 and all mixed expectations
factorize. Therefore

λ⊥ ¼ w⊤Qw
kwk2 ¼ 4 varðĜ⊥Þ ¼ 2 varðn̂j − n̂kÞ ¼ðD43Þ2hĉ†ĉi:

(D43)

Each 50∶50 splitter with vacuum halves the mean
photon number on the transmitted branch: if âout ¼ ðâin þ
v̂Þ= ffiffiffi

2
p

with v̂ in vacuum then hâ†outâouti ¼ 1
2
hâ†inâini.

Along any path from an input to a leaf there are N − 1

splitters; consequently the leaf mean is n̄=2N−1. The parent
mode ĉ sits one layer above the leaves, so it has passed
through N − 2 splitters and hĉ†ĉi ¼ n̄

2N−2. Substituting into
(D43) and recalling cosh 2r − 1 ¼ 2n̄ gives

λ⊥ ¼ 2n̄
2N−2 ¼

cosh 2r − 1

2N−2 (D44)

Therefore Q has eigenvalue 0 on spanfu0g, eigenvalue
λþ on spanfuþg, and eigenvalue λ⊥ on W, which is
equivalent to the projector form (D25) and to the spectrum
(D26). The casewise expression (D27) follows from (D25)
by evaluating the three cases j ¼ k, j ≠ k with mðjÞ ¼
mðkÞ, and mðjÞ ≠ mðkÞ.

4. Average number of photons hitting the phase-shift

In the previous appendix, we proved that the eigenvalues
of the QFIm associated with the 2N-mode Gaussian state
generated by recursively distributing a two-mode squeezed
vacuum through a balanced beam splitter network exhibit a
highly structured eigenspectrum. More precisely, these are
given by

λðQÞ ¼
8<
:0;

cosh 2r − 1

2N−2
;…;

cosh 2r − 1

2N−2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2N−2 times

;
cosh 4r − 1

2N−1

9=
;:

(D45)

We now recast them in terms of the mean photon
number. The mean photon number per input mode is
n̄ ≔ sinh2 r, so the total mean photon number on the two-
mode squeezed state is N̄ ≔ 2 sinh2 r. After the balanced
2N-port splitter network, this total is conserved and spread
uniformly, hence the mean photons per output mode (i.e.,
per local phase parameter) is

n̄mode ¼
N̄
2N

¼ 21−N sinh2 r: (D46)

Using the identities cosh 2r − 1 ¼ 2 sinh2 r and
cosh 4r − 1 ¼ 2 sinh2 2r ¼ 8 sinh2 r cosh2 r, the spectrum
can be written as
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λðQÞ ¼
8<
:0; 4n̄mode;…; 4n̄mode|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

2N−2 times

; 8n̄modeð1þ 2N−1n̄modeÞ
9=
;:

(D47)

For fixedN, the QFIm spectrum splits into three sectors:
one null direction, a ð2N − 2Þ-dimensional shot-noise
sector with eigenvalues λSNL ≔ 4n̄mode that grow linearly
with the mean photons per mode, and one enhanced
direction with λmax ≔ 8n̄modeð1þ 2N−1n̄modeÞ that includes
a quadratic term from squeezing-induced correlations. In
terms of total photons N̄ ¼ 2Nn̄mode, these become λSNL ¼
N̄=2N−2 and λmax ¼ N̄2=2N−2 þ 8N̄=2N, so the enhance-
ment factor is λmax=λSNL ¼ N̄ þ 2. Consequently, estima-
tion variances scale as 1=λ: generic phase combinations are

shot-noise limited ∼1=N̄, while the special collective
phase achieves Heisenberg scaling ∼1=N̄2. The factor
2N only fixes prefactors for a given N—it does not change
the photon-number scaling exponent.

APPENDIX E: QUANTUM FISHER
INFORMATION MATRIX & PRIVACY

In this appendix, we prove Lemma 2 and Theorem 3. We
begin by considering a pure state jψ0i and recalling that a
local phase shift on mode μ is implemented by the unitary
UðθμÞ ¼ eiθμn̂μ , where n̂μ ≔ â†μâμ is the number operator.
For pure states, the quantum Fisher information matrix
(QFIm) is given by

QμνðθÞ ¼ 4Re½h∂θμΨðθÞj∂θνΨðθÞi − h∂θμΨðθÞjΨðθÞihΨðθÞj∂θνΨðθÞi� (E1)

Since the local phase-shift unitaries acting on different modes commute, the derivative with respect to each θμ
simplifies to:

j∂θμΨðθÞi ¼ ∂
∂θμ

ðeiθμâ†μâμÞ
�Y

ν≠μ
eiθâ

†
ν âν

�
jψ0i ¼ in̂μjΨðθÞi: (E2)

Plugging Eq. (E2) into Eq. (E1), we find that the QFIm is given by the covariance of the number operators μ and ν, i.e.,

QμνðθÞ ¼ 4½hn̂μn̂νi − hn̂μihn̂νi� ¼ 4 covðn̂μ; n̂νÞ (E3)

where all expectation values h•i ¼ hΨðθÞj • jΨðθÞi are taken with respect to the final state.
We now show that the covariance of number operators can be computed directly from the covariance matrix of the state.

First, we express the number operator in terms of quadratures: n̂μ ¼ â†μâμ ¼ 1
2
ðx̂μ − ip̂μÞðx̂μ þ ip̂μÞ ¼ 1

2
ðx̂2μ þ p̂2

μ − 1Þ,
where â ¼ ðx̂μ þ ip̂μÞ=

ffiffiffi
2

p
. For zero-mean Gaussian states, all odd moments vanish, and fourth-order moments can be

reduced using Wick’s theorem [53]

hẑαẑβẑγ ẑδi ¼ hẑαẑβihẑγẑδi þ hẑαẑγihẑβẑδi þ hẑαẑδihẑβẑγi;
hẑαẑβŵγŵδi ¼ hẑαẑβihŵγŵδi þ hẑαŵγihẑβŵδi þ hẑαŵδihẑβŵγi; (E4)

where ẑ; ŵ∈ fx̂; p̂g. In particular, setting α ¼ β ¼ μ and γ ¼ δ ¼ ν, we obtain:

hẑ2μẑ2νi ¼ hẑ2μihẑ2νi þ 2hzμzνi2; (E5)

hẑ2μŵ2
νi ¼ hẑ2μihw2

νi þ 2hzμwνi2: (E6)

Expanding the terms in 4 covðn̂μ; n̂νÞ in terms of quadratures x̂μ; p̂μ, we find:

4hn̂μn̂νi ¼ hðx̂2μ þ p̂2
μ − 1Þðx̂2ν þ p̂2

ν − 1Þi ¼ 1þ hx̂2μx̂2νi þ hp̂2
μp̂2

νi þ hx̂2μp̂2
νi þ hp̂2

νx̂2μi − 2hp̂2
μi − 2hx̂2μi: (E7)

4hn̂μihn̂νi ¼ ðhx2μ þ p2
μ − 1ihx2ν þ p2

ν − 1iÞ ¼ 1þ hx2μihx2νi þ hp2
μihp2

νi þ 2hx2μihp2
νi − 2hx2μi − 2hp2

μi: (E8)
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For displaced Gaussian states ẑα → δzα þ hẑαi with ẑ∈ fx̂; p̂g and α∈ fμ; νg, we compute the following product:

ẑ2μŵ2
ν ¼ δẑ2μδŵ2

ν þ 2hŵνiδẑ2μδŵν þ hŵνi2 δẑ2μ þ 2hẑμiδẑμδŵ2
ν þ 4hẑμihŵνiδẑμδŵν þ 2hẑμihŵνi2 δẑμ þ hẑμi2 δŵ2

ν

þ 2hẑμi2hŵνiδŵν þ hẑμi2hŵνi2: (E9)

Taking the expectation value and applying Wick’s theorem, we see that all odd fluctuation moments vanish, and the
fourth-order moments decompose as:

hẑ2μŵ2
νi ¼ hδẑ2μihδŵ2

νi þ 2hδẑμδŵνi2 þ hŵνi2hδẑ2μi þ hẑμi2hδŵ2
νi þ 4hẑμihŵνihδẑμδŵνi þ hẑμi2hŵνi2: (E10)

We can now use Eq. (E10) to compute both terms of 4covðnμ; nνÞ. Starting with the first, we find that 4hn̂μn̂νi is
given by:

4hn̂μn̂νi ¼ 1þ hδx̂2μihδx̂2νi þ 2hδx̂μδx̂νi2 þ hx̂νi2hδx̂2μi þ hx̂μi2hδx̂2νi þ hx̂μi2hx̂νi2 þ 4hx̂μihx̂νihδx̂μδx̂νi þ hδp̂2
μihδp̂2

νi
þ 2hδp̂μδp̂νi2 þ hp̂νi2hδp̂2

μi þ hp̂μi2hδp̂2
νi þ hp̂μi2hp̂νi2 þ 4hp̂μihp̂νihδp̂μδp̂νi þ hδx̂2μihδp̂2

νi þ 2hδx̂μδp̂νi2
þ hp̂νi2hδx̂2μi þ hx̂μi2hδp̂2

νi þ hx̂μi2hp̂νi2 þ 4hx̂μihp̂νihδx̂μδp̂νi þ hδp̂2
μihδx̂2νi þ 2hδp̂μδx̂νi2 þ hx̂νi2hδp̂2

μi
þ hp̂μi2hδx̂2νi þ hp̂μi2hx̂νi2 þ 4hp̂μihx̂νihδp̂μδx̂νi − 2hx̂2μi − 2hp̂2

μi:
(E11)

The second term, 4hnμihnνi, is given by:

4hn̂μihn̂νi ¼ 1þ hδx̂2μihδx̂2νi þ hδx̂2μihx̂νi2 þ hx̂μi2hδx̂2νi þ hx̂μi2hx̂νi2 þ hδp̂2
μihδp̂2

νi þ hδp̂2
μihp̂νi2 þ hp̂μi2hδp̂2

νi
þ hp̂μi2hp̂νi2 þ hδx̂2μihδp̂2

νi þ hδx̂2μihp̂νi2 þ hx̂μi2hδp̂2
νi þ hx̂μi2hp̂νi2 þ hδp̂2

μihδx̂2νi þ hδp̂2
μihx̂νi2

þ hp̂μi2hδx̂2νi þ hp̂μi2hx̂νi2 − 2hδx̂2μi − 2hx̂μi2 − 2hδp̂2
μi − 2hp̂μi2: (E12)

Finally, by combining both terms, the covariance of the number operators can be expressed as:

4covðn̂μ; n̂νÞ ¼ 2½hδx̂μδx̂νi2 þ hδp̂μδx̂νi2 þ hδx̂μδp̂νi2 þ hδp̂μδp̂νi2�
þ 4½hx̂μihx̂νihδx̂μδx̂νi þ hp̂μihp̂νihδp̂μδp̂νi þ hx̂μihp̂νihδx̂μδp̂νi þ hp̂μihx̂νihδp̂μδx̂νi� − δμν; (E13)

where the Kronecker delta δμν accounts for the noncommutativity of the quadrature operators. Therefore, the quantum
Fisher information can be simply written in terms of the covariance matrix and first moments as:

Qμν ¼ 2ðσ2x̂μx̂ν þ σ2p̂μp̂ν
þ σ2x̂μp̂ν

þ σ2p̂μx̂ν
Þ þ 4ðσx̂μx̂ν r̄x̂μ r̄x̂ν þ σp̂μp̂ν

r̄p̂μ
r̄p̂ν

þ σx̂μp̂ν
r̄x̂μ r̄p̂ν

þ σp̂μx̂ν r̄p̂μ
r̄x̂νÞ − δμν

¼ 2
X

z;w∈ fx;pg
ðσ2ẑμŵν

þ 2 σẑμŵν
r̄ẑμ r̄ŵν

Þ − δμν; (E14)

where σẑαŵβ
≔ hðẑα − r̄ẑαÞðŵβ − r̄ŵβ

Þi denotes the centered second moment and r̄ẑα ¼ hẑαi. This concludes the proof of
Lemma 2.
To prove Theorem 3, we begin by recalling the definition of the privacy measure: Pðvavg;QÞ ¼ v⊤

avgQvavg=trðQÞ, where
vavg ¼ ð1; � � � ; 1Þ⊤= ffiffiffiffiffi

M
p

. Given the quantum Fisher information matrix Q derived in Lemma 2, the numerator of P can be
written as

v⊤
avgQvavg ¼

1

M

X
μ;ν

Qμν ¼
2

M

X
μ;ν

X
z;w∈ fx;pg

ðσ2ẑμŵν
þ 2σẑμŵν

r̄ẑμ r̄ŵν
Þ − 1: (E15)

Similarly, the trace is given by trðQÞ ¼Pμ Qμμ ¼ 2
P

μ

P
z;w∈ fx;pg ðσ2ẑμŵμ

þ 2 σẑμŵμ
r̄ẑμ r̄ŵμ

Þ −M. Combining the

numerator and the trace, we obtain the following closed-form expression for the privacy:
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PðQ;vÞ ¼
2
P

μ;ν

P
z;w∈ fx;pg ðσ2ẑμŵν

þ 2 σẑμŵν
r̄ẑμ r̄ŵν

Þ −M

M½2Pμ

P
z;w∈ fx;pg ðσ2ẑμŵμ

þ 2 σẑμŵμ
r̄ẑμ r̄ŵμ

Þ −M� : (E16)

which proves Theorem 3.

APPENDIX F: NO COMPLETE AVERAGE-
PHASE PRIVACY FOR GAUSSIAN PROBES

In this appendix we prove Theorem 4. For convenience,
we first restate the theorem in a form adapted to the proof:
Theorem 4 restated. No rank-one average-phase QFIm

for Gaussian probes. Let ρ̂ be an M-mode Gaussian state
with M ≥ 3, finite first moments r̄∈R2M and covariance
matrix σ∈R2M×2M. Consider the local phase-encoding
family ρ̂ðθÞ ¼ ÛðθÞρ̂ ÛðθÞ† where ÛðθÞ ¼QM

μ¼1 e
iθμn̂μ

with n̂μ ¼ â†μâμ and θ ¼ ðθ1;…; θMÞ. Let Q be the
quantum Fisher information matrix of this family. If every
direction orthogonal to the average-phase direction is
unobservable, i.e.

fu∈RM∶ 1Tu ¼ 0g ⊆ kerQ; with 1 ¼ ð1;…; 1ÞT;
(F1)

then Q ¼ 0. Consequently, no finite-energy Gaussian
probe can satisfy rank Q ¼ 1 and rangeðQÞ ¼ spanf1g.
Equivalently, for M ≥ 3 there is no Gaussian probe whose
only nonzero local-phase sensitivity is the average phase
vT
avgθ, with vavg ¼ 1ffiffiffiffi

M
p .

Proof. First note that no generality is lost by evaluating
the QFIm at θ ¼ 0. Since the local number operators
commute, Ûðθ0þδÞ¼Ûðθ0ÞÛðδÞ, and hence ρ̂ðθ0þδÞ¼
Ûðθ0Þρ̂ðδÞÛðθ0Þ†. The QFIm is invariant under parameter-
independent unitary conjugation, so Qðθ0Þ ¼ Qð0Þ. We
may therefore work at θ ¼ 0. Next, assume that the
subspace H0 ≔ fu∈RM∶ 1 Tu ¼ 0g is contained in
kerQ. This subspace consists of all directions orthogonal
to the average-phase direction. We now prove the result in
three steps.

1. Step 1: vanishing QFI in all relative directions gives
a relative-phase symmetry. For any u∈RM, define

Ĝu ≔
XM
μ¼1

uμn̂μ: (F2)

Equivalently, consider the one-parameter curve
through parameter space ρ̂uðtÞ ≔ ρ̂ðtuÞ. This is not
a restriction on the unknown parameters, but simply
the directional submodel used to test sensitivity
along u. Since the number operators commute,
ρ̂uðtÞ ¼ eitĜu ρ̂e−itĜu . The QFI of this one-parameter
submodel is the obtained from the multiparameter

QFIm, FQ½ρ̂u� ¼ uTQu. Thus, for every u∈H0 ⊆
kerQ, the QFI in the direction u vanishes. By
Lemma 8, in the regular Gaussian phase-estimation
setting considered here this is equivalent to
∂uρ̂ð0Þ ¼ 0. For the present unitary encoding,
∂uρ̂ð0Þ ¼ i½Ĝu; ρ̂�. Hence ½Ĝu; ρ̂� ¼ 0 for all
u∈H0. Since this holds for every zero-sum vector,
and since the number operators commute, it ex-
ponentiates to

ÛðϕÞρ̂ÛðϕÞ† ¼ ρ̂ for all ϕ∈RM with

1Tϕ ¼ 0:
(F3)

2. Step 2: relative-phase invariance constrains the
Gaussian moments. Let r̂ ¼ ðx̂1; p̂1;…; x̂M; p̂MÞT
be the quadrature vector. A local phase shift
acts in phase space through the block-diagonal
symplectic rotation ÛðϕÞ†r̂ ÛðϕÞ ¼ SðϕÞr̂SðϕÞ ¼
⨁M

μ¼1RðϕμÞ, where

RðtÞ ¼
�
cos t − sin t
sin t cos t

�
: (F4)

Therefore the Gaussian moments transform as
r̄ ↦ SðϕÞr̄ and σ ↦ SðϕÞσSðϕÞT. Using the invari-
ance in Eq. (F3), we obtain

r̄ ¼ SðϕÞr̄ and σ ¼ SðϕÞσSðϕÞT (F5)

for every zero-sum phase vector ϕ. We write the
first moments in mode blocks as r̄ ¼ ðr̄1;…; r̄MÞ
with r̄μ ∈R2 and decompose the covariance matrix
into 2 × 2 blocks,

σ ¼

0
B@ σ11 � � � σ1M

..

. . .
. ..

.

σM1 � � � σMM

1
CA; σμν ∈R2×2: (F6)

First, we show that relative-phase invariance
forces all first moments to vanish. For any mode
μ and choose another mode l ≠ μ and set ϕμ ¼
t;ϕl ¼ −t and ϕκ ¼ 0 otherwise. This gives a zero-
sum phase vector, so Eq. (F5) implies r̄μ ¼ RðtÞr̄μ
for all t∈R. Differentiating at t ¼ 0 gives Jr̄μ ¼ 0.
Because J is invertible, r̄μ ¼ 0. As this holds for
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every mode μ, we conclude that r̄ ¼ 0. Second,
every diagonal covariance block is isotropic. Using
the same zero-sum phase vector as above, Eq. (F5)
implies σμμ ¼ RðtÞσμμRðtÞT for all t∈R. Differ-
entiating at t ¼ 0 gives Jσμμ − σμμJ ¼ 0. Writing
the symmetric block as

σμμ ¼
�
a b
b c

�
; (F7)

one finds

Jσμμ − σμμJ ¼
� −2b a − c
a − c 2b

�
: (F8)

Thus b ¼ 0 and a ¼ c, so σμμ ¼ νμ12 for some
νμ ≥ 1

2
. Third, we show that relative-phase invari-

ance forces all off-diagonal covariance blocks to
vanish. For any distinct modes μ ≠ ν, choose a third
mode l ≠ μ; ν and set ϕμ ¼ t, ϕl ¼ −t, and ϕκ ¼ 0

otherwise. This again gives a zero-sum phase
vector, while mode ν is left unrotated. Equation (F5)
then implies σμν ¼ RðtÞσμν for all t∈R. Differ-
entiating at t ¼ 0 gives Jσμν ¼ 0. Because J is
invertible σμν ¼ 0. Since this holds for every pair of
distinct modes μ ≠ ν, all off-diagonal covariance
blocks vanish. Combining the diagonal and off-
diagonal constraints, the covariance matrix must
have the form

σ ¼⨁
M

μ¼1

νμ12 and r̄ ¼ 0: (F9)

3. Step 3: the state is then invariant under all local
phase shifts. The form in Eq. (F9) is invariant under
arbitrary local phase rotations, not only under zero-
sum rotations. For every θ∈RM, we have SðθÞr̄ ¼ r̄
and SðθÞσSðθÞT ¼ σ. Since a Gaussian state is
completely determined by its first moments and
covariance matrix, it follows that ÛðθÞρ̂ÛðθÞ† ¼ ρ̂
for all θ∈RM. Thus the encoded family is constant,
so every local phase direction has zero QFI.
Hence Q ¼ 0.

This proves that if all relative-phase directions lie in
kerQ, then the average-phase direction also lies in kerQ.
Hence kerQ ¼ RM, and therefore Q ¼ 0. In particular, the
only possible QFIm withH0 ⊆ kerQ is the zero matrix, so
a nonzero rank-one QFIm supported on spanf1g cannot
arise for an M-mode Gaussian probe with M ≥ 3. ▪
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