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We develop protocols for generating loss-tolerant quantum tree-codes; these are designed to safeguard
information against qubit losses, with wide applications in quantum communications. Contrary to pre-
vious proposals, our method enables top-to-bottom fast encoding and decoding, thereby reducing losses
due to the lagging and photon-reordering at the repeater stations. At the hardware level, we show how to
achieve this with a single quantum emitter equipped with a static feedback mechanism, which we leverage
to engineer entangling gates between a fed-back qubit and multiple emitted qubits in parallel. In addition,
analyzing typical patterns within the error-correction decoding graphs, we find optimizations of the struc-
ture of tree-codes, which enable improved performance by also reducing the code size; these are based on
the introduction of asymmetries in the code, which mimic the intrinsic adaptiveness of the recovery pro-
cedure. We show numerically that these improvements together significantly enhance the loss-correction
performance. Specifically, focusing on quantum repeater protocols, we show that our fast recovery scheme
(decoding-encoding) allows for improved repeater rates with smaller photon numbers per code.
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I. INTRODUCTION

Qubit loss is a primary source of errors when photons
are employed in quantum information protocols [1,2]. Par-
ticularly, in long-range quantum communications, e.g., for
quantum key-distribution (QKD) [3–6], transmissions are
severely limited by the fact that photon losses grow expo-
nentially with the length of the channel. Indeed, while
experiments have successfully demonstrated quantum net-
working at remarkable distances [7–12], further advances
crucially depend on overcoming losses [13,14].

In principle, losses can be faced by employing quantum
repeater schemes [15–18] and encoding the information in
entangled loss-tolerant codes (LTCs), i.e., quantum states
where the information is stored nonlocally in correlations
among several physical photonic qubits [19,20]; then, the
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information can be restored even in presence of significant
losses among the components of the LTC. This can also be
understood as a form of quantum error-correction (QEC),
where errors are in the form of erasures—i.e., their loca-
tion is known to the decoder [21]. These QEC settings fea-
ture much higher thresholds than more general schemes:
for instance, it is known that losses can be corrected effi-
ciently (i.e., with polylogarithmic resource overheads) up
to the break-even point of a 50% error-rate [19]. How-
ever, in practice the possibility of correcting photon losses
is currently limited by the hardness of efficiently generat-
ing entangled photonic states in the first place, posing a
bold question mark on the feasibility of photonic quantum
information processing at large scales. Correspondingly,
in recent years the development of methods for the effi-
cient generation and error-correction of LTCs has become
a topic of increasing interest [17,20,22–26], unveiling key
technical challenges both on the theoretical and on the
experimental side [27].

In this work, we contribute to the feasibility and per-
formance of loss correction in two main directions. First,
we develop novel protocols for the generation of photonic
LTCs, specifically from the family of tree-graph codes
[17,19]. These protocols advance existing methods (also
using similar hardware [23]) by allowing for a hierarchical
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generation of tree LTCs—a feature that, although recog-
nized to be highly desirable [27], had previously been
achieved only at the cost of substantial overheads [28]. In
line with expectations, our numerical analyses show that
our hierarchically generated LTCs feature improved loss-
tolerance properties. Second, we tackle the design of the
LTCs themselves, for which we introduce a refined design
approach, which we motivate both analytically and numer-
ically: in contrast with current proposals, we show that the
introduction of judicious asymmetries in the LTCs can sys-
tematically improve the success rates by also lowering the
required photon number.

Our methods are motivated and inspired by many recent
advancements in the deterministic coupling of waveg-
uides with controllable, qubit-like quantum systems across
various platforms, opening the door for novel direc-
tions in quantum networking [14,29], where entanglement
between single photons is mediated deterministically by
programmable emitters [30–37]. In this spirit, our scheme
is deterministic and only requires one single quantum emit-
ter; this provides practical simplifications to the system
layout, and is aligned with current and near-term experi-
mental capabilities. Altogether, our results go in the direc-
tion of improving the performance (i.e., the loss-tolerance),
by simplifying the physical resources (number of photons
and of “matter qubits”).

We show that several physical implementations bene-
fit of our protocols, including silicon-vacancy (SiV) color
centers [38,39], semiconductor quantum dots [40,41] and
neutral atoms [42,43]. We note that our results are partic-
ularly relevant for atoms in cavities, which had previously
been ruled out for the implementation of loss-tolerant pro-
tocols similar to the ones studied here [27], even though
featuring high-fidelity operations and reliable interfaces
with waveguides. In contrast, we find that the methods
introduced here conspire constructively to allow high qual-
ity loss correction also in these setups. In fact, we show
that our reductions in physical requirements combine well
with favorable parameters of neutral atom settings (such as
very long coherence times), to overcome their main limi-
tations (e.g., slow emission rates). This eventually results
in such systems surpassing the threshold for secure loss-
tolerant communication, showcasing a clear example of
the practical improvement allowed by our constructions.

This work is organized as follows. In the next section
(Sec. II), we start by introducing the main figures of merit
considered, and we highlight a series of relevant aspects.
Then, we give a broad overview of the ideas and results,
providing an intuition in the main insights and methods. In
Sec. III, we formally introduce the LTCs we are interested
in. In Sec. IV, we present our generation scheme, providing
detailed account of the considered experimental paradigm
and end-to-end protocols for all the steps involved. In
Sec. V, we present our code optimization strategy, based
on asymmetric LTCs. In Sec. VI we analyze numerically

the presented methods on the explicit example of one-way
quantum repeaters; in Sec. VII we discuss physical realiza-
tions with present and near-term technology. Finally, in the
last part (Sec. VIII) we discuss and summarize the contents
of our work.

II. MAIN CONCEPTS AND RESULTS

For concreteness, we will benchmark our methods on
the application of quantum communications, where losses
have the most dramatic impact. The underlying main-
picture is therefore the one of quantum repeater schemes
[16–18]: information is not only encoded redundantly in
LTCs but also the transmission line is divided in smaller
portions, and the signal is periodically restored (decoding
and re-encoding) at intermediate repeater stations. Thus,
the main figure of merit we are eventually interested in is
a communication rate of the generic form

R = R (
L, m, Sphys; EQEC, Pgen

)
. (1)

This naively depends on the overall transmission distance
L, on the number of repeater stations m, and on the physical
system Sphys employed to operate at the various stations;
in addition, R depends strongly also on the abstract encod-
ing EQEC for QEC, i.e., the LTC, and on the protocols
Pgen employed for executing each step, e.g., for the prepa-
ration of the LTC. Here, our principal goal is to design
(EQEC, Pgen), so to reach high rates R over long distances
L, with minimal resources (e.g., minimal repeater stations
m, or small error-correcting codes).

More specifically, we envision a final goal of imple-
menting quantum key-distribution (QKD), and corre-
spondingly as a cost-function we consider the specific rate
[18] defined as

R = fPsucc
L/Latt

TrepmnNph
, (2)

which also allows comparison with related studies [17,27].
In the equation above, Psucc is the overall probability that
the transmission of a single bit of information succeeds,
and f is the “secret key fraction” [5], a figure of merit that
captures the asymptotic performance of a specific QKD
scheme over a given quantum channel; moreover, Trep is
the duration of the repeater operation at each station, n is
the number of “matter qubits” employed per station, Nph
is the number of photons per error-correcting code and
Latt � 20 km is the typical attenuation length for telecom
photons in optical fibers.

We note that the division by Nph is not always present in
literature [17,27] to avoid redundancy, as for many proto-
cols one has Trep � Nph/γ , where γ is the single-photon
emission rate [17,23]; however, for reasons that will
become clear later on, this is not the case in our scheme,
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FIG. 1. (a) The recovery protocol for a generic loss-tolerant quantum code after it undergoes a lossy channel: we stress the adap-
tiveness of the destructive measurements, which in the figure are performed from the left side to the right side. (b) and (c) A quantum
emitter Q, with the level structure shown in the left inbox, is coupled to a waveguide and can be driven in such a way to determinis-
tically emit single photons. Moreover the photons, after the emission, are fed-back to Q once: in the figure, we represent this through
the component M, which can be realized, e.g., with a switchable mirror. We color in blue photons which have been emitted but still
must be reflected and fed-back, in red those which have been reflected and are feeding-back, and in green those which have already
interacted with Q. The trajectory of one photon is also shown in the space-time diagram in the right inbox, where τ is the time-delay
between emission and feedback. (d) The rate of Eq. (2), for L = 300 km, as a function of the number m of repeater stations disposed
along the transmission line. The markers correspond to: upper magenta line: top-to-bottom (hierarchical) generation with a single
emitter of asymmetric loss-tolerant codes, as proposed in this work; lower orange line: bottom-to-top generation of symmetric LTCs
as proposed in Refs. [17,27], with maximum branching parameter of the tree-graph set to 5; middle aqua line: the same bottom-to-top
method, but without restrictions on the number of children qubits.

where in fact one can even have Trep � Nph/γ , suggesting
that the two figures of merit shall be highlighted separately
in the optimization.

In this work, we improve on two key aspects that con-
tribute to R: (i) An efficient protocol for the hierarchical
generation of LTCs; (ii) A novel optimization of the LTC
structure. Connecting to the discussion above, the first is
intended to improve Pgen, while the second optimizes
EQEC. In the following we provide a broad overview of the
generation protocol and the optimization strategy, before
entering more in detail in the sections below.

A. Hierarchical generation of loss-tolerant codes with
a single quantum emitter

Typical strategies for generating entanglement in pho-
tonic systems rely on optical setups where probabilistic
interactions between photons are engineered, e.g., via non-
linearities [44]; in these settings, postselection allows to
implement universal quantum operations [45,46]. Yet, the
low success rates constitute a key challenge in the near-
term. In contrast, recent significant advances in the tunable
coupling of controllable matter-based quantum systems
with photonic degrees of freedom [30,31] are paving the
way for a different perspective [47]: experiments have
demonstrated that entanglement between photons can be
mediated deterministically via the interaction of light and
matter [32–34], also enabling the generation and manipula-
tion of photonic entangled states [34–37]. In these settings,
the fundamental challenge becomes the matter-photon
coupling.

For the generation of LTCs, we consider a paradigmatic
quantum-optical setup, where one single emitter Q is cou-
pled to a waveguide. Reducing to a single emitter is an
important practical simplification: we note that many pre-
vious protocols for the generation of loss tolerant states
(LTSs) rely on several emitters [48,49], or to one emitter
coupled to several “memory” qubits [17,22]. The emitter
is driven by a time-dependent laser E(t), which constitutes
the only control-knob on the system: all our proposed pro-
tocols are executed by simply modulating the phase- and
time-profile of E(t). In addition, in our setting we consider
a deterministic time-delayed quantum feedback [50] to the
emitter, facilitated by a delay line of fixed length: any emit-
ted photon is fed-back to the emitter after a fixed time τ ,
before entering the transmission line. Thus, our setup can
be understood as depicted in Fig. 1(b): we control Q via
the laser driving E(t), and at the output we collect the final
desired entangled state in the photon field. Importantly,
we do not assume any direct manipulation of the photons,
nor measurements or resets of neither the photons nor the
emitter.

Our most important contribution on the generation of
LTCs is a method for top-to-bottom (i.e., hierarchical)
generation. This can be understood by schematizing the
LTC with a tree-like graph as in Fig. 1(a), where ver-
tices represent photons and bonds represent entangling
operations; this is the paradigmatic class of LTCs [19].
Loss-correction protocols proceed by performing adaptive
measurements, starting from the top vertex and proceeding
toward the bottom [17,19]. A crucial aspect to keep in mind
is the following: since the loss probability is (exponen-
tially) proportional to the raw time between the emission
and the measurement of a photon, the performance of the
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loss-correction protocol is affected by the order in which
the photons are emitted [27]. If they are emitted starting
from the bottom layer of the tree-graph, the physical loss
probability ploss to be corrected is enhanced to an effective
rate

p ′
loss � 1 − e−γTLTC(1 − ploss), (3)

where TLTC is the overall time needed for generating the
LTC and γ is a loss rate. Previous proposals for deter-
ministically generating LTCs are affected by this issue
[17,22,23]. Importantly, dedicated studies have found that
the impact of the loss-enhancement above is significant
[27], affecting especially the number of photons needed
for correcting the losses, the required coherence of the
emitters, and the communication rate. Although arbitrary
photonic orderings can in principle be achieved with exist-
ing protocols [28], their application to LTCs would require
a prohibitive overhead in the number of ancillary qubits. In
contrast, our approach only makes use of one single emit-
ter qubit. Finally, we note that the protocol in Ref. [23],
which is similar to some constructions presented below,
could not natively allow for efficient hierarchical genera-
tion, as the native operation (an emitter-photon gate based
on coherent feedback) only allows for the creation of one
matter-photon entanglement bond per step. In contrast,
below we will elaborate on methods that allow the cre-
ation of two all-photonic entanglement bonds per step;
as we will show, this is sufficient to natively implement
hierarchical generation.

Here, we harness a series of novel methods for designing
an efficient protocol, that achieves top-to-bottom genera-
tion in the paradigm described above. We then analyze
the performance in loss-correction and long-distance quan-
tum communication, assuming common quantum repeater
schemes [17]; our results are summarized in Fig. 1(c),
where we report several improvements with respect to cur-
rent approaches (note that, in the figure, the improvements
due to top-to-bottom generation are combined with those
discussed in the following paragraph). We broadly present
these results in a later section.

B. Optimization of loss-tolerant codes via asymmetric
graphs

Coming back to the analogy between LTCs and tree-
graphs, we find it useful to divide the underlying tree in
“principal branches” k = 0, 1, . . . (counting from left) as
shown in Fig. 1(a). We now recall the following impor-
tant feature of loss-correction procedures. At the repeater
stations, the recovery protocol [17,19] prescribes that one
considers the branches hierarchically, starting from the
left; to each branch, we apply one among two possible
procedures, dubbed by X and Z , which we will summa-
rize later on. Whether procedure X or Z is applied to

branch k, it depends on the losses detected in the preced-
ing branches k′ = 0, 1, . . . , k − 1. Crucially, the probabil-
ity that we apply X to branch k reads pX (k) = (1 − ε)εk,
where ε is the loss rate, while naively pZ(k) = 1 − pX (k);
that is, the probability of applying X is exponentially
suppressed for the rightmost branches. This introduces a
strong asymmetry in the tree-graph, as different branches
will play (on average) drastically different roles during the
recovery; noteworthy, typically the geometry of one branch
can be optimized for either the X or the Z operation,
but not for both at the same time. However, so far only
symmetric tree-graphs were considered in the literature
[17,19,27].

In contrast, here we take advantage of these asymmetries
in the recovery protocol to design optimized underlying
graphs for LTCs; specifically, by carefully selecting the
geometry of each branch as function of k, we demon-
strate higher recovery probabilities and repeater rates. This
asymmetric design benefits the rate of secret-bit transmis-
sion of Eq. (2) in multiple ways. Most importantly, high-
performance loss-correction can be achieved with fewer
photons per LTC, resulting in faster generation times, fur-
ther boosting the transmission efficiency. Consequently,
the improved recovery probability also allows for greater
spacing between repeater stations, extending the reach of
communication. In the next sections, we provide an in-
depth theoretical understanding of why asymmetric trees
yield higher communication performance. We also show
how this can lead to considerable improvements in the rate
as a function of length, compared to protocols that utilize
symmetric designs.

C. Performance results: Overview

Before entering the details of the hierarchical gener-
ation and optimization in the sections below, we now
anticipate a first comparison of our results with current
state-of-the-art methods. Specifically, Fig. 1(d) shows the
behavior of the rate R for a fixed transmission line span-
ning L = 300 km, as a function of the number m of repeater
stations employed. The pink curve displays our results,
while the blue and yellow ones are obtained via the gen-
eration method of Ref. [17]; here we specifically consider
LTCs featuring a maximum number of photons Nph ≤ 150
[51] for the blue curve, and we do not set any maxi-
mum value Nph [52] for the yellow one. We restrict to
m ≤ 800 signal repetitions (thus placing repeater stations
not closer than 375 m). From the numerical analysis, we
see that in this setting our combined protocols achieve con-
siderably higher communication rates, up to the regime
of R � 0.1 kHz secret bits per repeater and employed
photons [53]. These numerical results are obtained for
an emitter operating at rates in the range γ ∼ 1 GHz,
corresponding to a physical setup featuring, e.g., a silicon-
vacancy color center coupled with a crystal cavity—a
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setup that has already been demonstrated in pioneering
quantum repeater experiments [39]. In a dedicated section
we also explore alternative regimes and setups. Moreover,
we will also discuss the robustness against finite coherence
times of the emitter, which unavoidably reduces the fidelity
of the LTC.

III. LOSS-TOLERANT CODES: DEFINITIONS

Loss-tolerant codes can be understood as quantum
graph codes—a class of stabilizer codes with an imme-
diate interpretation in terms of graphs [54]. To introduce
them, let G = (V, E) be a graph, i.e., a set of vertices v ∈ V
and a set of edges E between them. Then, the graph state
|�G〉 on G is (constructively) defined as follows: (i) to each
vertex v ∈ V we assign a qubit qv; (ii) we initialize each
qubit in the state |+〉 = [|0〉 + |1〉] /√2; (iii) we apply a
CZi,j = 1 − 2 |1i1j 〉 〈1i1j | gate on each pair of vertices
connected by an edge. Formally,

|�G〉 =
⎡

⎣
∏

(i,j )∈E

CZi,j

⎤

⎦
⊗

v∈V

|+〉q . (4)

Graph states are thus manifestly stabilizer states, similarly
to common quantum error-correcting codes; indeed, an
alternative definition can be given by specifying the stabi-
lizers. Note that, to be more precise, we can define a group
of graph states, which is generated from |�G〉 by applying
local Zv operators on the vertices; these have the very same
entanglement properties of |�G〉 and are equivalent to our
scope. For this reason, we will always ignore corrections
consisting of the application of Z operators on the vertices
[55].

A graph code based on the graph state |�G〉 formally
encodes a logical qubit as follows. Let q and |ψ〉q be
the qubit and the state we want to encode, respectively.
Let also Vq ⊂ V be a subset of the vertices of the associ-
ated graph G. Then, the encoding proceeds by (i) apply-
ing a CZq,v gate between q and each vertex in Vq, and
subsequently (ii) measuring q in the X basis. Essentially,

|ψ |�G〉 = 1 ± Xq

2

[
∏

v∈Ve

CZv,q

]

|ψ〉q ⊗ |�G〉 (5)

is a state with support on the graph G [56], containing the
whole information about the original state |ψ〉; however,
the information is now spread over the graph and stored
nonlocally in the correlations between the vertices. Then,
the information can be retrieved by adequately measur-
ing the graph. Crucially, for certain appropriate choices
of G, the information |ψ〉 can be retrieved even in pres-
ence of losses in the graph; specifically, even if a subset
Vlost ⊂ V of the vertices is lost after the encoding, still one
can restore the original state |ψ〉, given that Vlost is not

too large [19,20]. This requires to perform measurements,
which progressively reveal the locations of the losses, and
to adapt the measurement bases with respect to these loca-
tions: in this sense, such protocols for loss correction are
often called counterfactual. Graph codes with this property
are a suitable choice for a LTC.

A. Loss-tolerance via tree-graph codes

The paradigmatic example of LTC is given when the
underlying graph G is a tree-graph. These LTCs were
proposed in the seminal work by Varnava and colleagues
[19], where the loop-free structure of tree-graphs was first
shown to be suitable for counterfactual loss correction.
After that, tree-graph codes have been used, e.g., as a
fundamental underlying component for the design of all-
optical (two-way) quantum repeaters [16], and as the key
building block for one-way repeaters (where the tree-graph
is the true main protagonist of the repeater scheme) [17].

We now introduce a convenient notation for describing
the tree-graphs of interest. Specifically, here we consider
tree-graphs composed by a root vertex, v0, plus a set of K
subsequent layers; we label the layers by k ∈ {0, 1, . . . , K},
where layer k = 0 contains only the root. For the encod-
ing, we set Vq ≡ {v0}. We refer to K as the depth of the
tree-graph throughout the paper. Moreover, a symmetric
tree-graph is fully characterized by a branching vector
b = {b0, b1, . . . , bK−1}, with bK = 0 by definition; bk is
the number of “sons” attached to each vertex of layer
k. We denote by Bk the number of vertices of layer k,
which thus satisfies Bk = bk−1Bk−1, with B0 = 1. We can
address each vertex v of the tree-graph by three coor-
dinates, v = (k, p , a): therein, k identifies the level of v,
p ∈ {0, . . . , Bk−1 − 1} identifies the position of its parent
inside level k − 1, and a ∈ {0, . . . , bk−1 − 1} the position
of v among all the children of p (counting from left to
right). We set (0, 0, 0) to be the root by definition. It is use-
ful to note that, with this notation, the position of (k, p , a)
inside layer k is given by bk−1p + a, meaning that its
children (k + 1, p ′, a′) will have

p ′ = bk−1p + a, (6)

with a′ being the free parameter. In the following, we will
be particularly interested in binary-tree LTCs; these trees
are such that bk = 2 for each layer, except the last one,
bK = 0. Then, one has Bk = 2k, and the total number of
vertices is 2K+1 − 1.

The formalism above is well suited for addressing the
vertices of any tree-graph; however, in the case of asym-
metric graphs, the tree-graph can no longer be character-
ized by a branching vector b, and an exponential number
of parameters are necessary in the most general case. We
come back to this in a dedicated section, where asymmetric
graphs play an important role.
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IV. HIERARCHICAL GENERATION OF
LOSS-TOLERANT CODES

We now enter the details of our first set of results, which
concern the hierarchical generation of LTCs. This section
is divided in parts as follows. We start with an introduc-
tion to the quantum-optical setup considered, giving an
overview on the main features and on the basic operations
that can be implemented; then, we present a novel series
of parallel entangling gates based on the built-in feedback
mechanism of our physical setting; finally, we leverage this
to develop our hierarchical generation protocols.

A. Physical setup

The central ingredient of our setting is a quantum
emitter Q coupled to a waveguide; moreover, due to a
feedback mechanism any emitted photon interacts again
with Q once after the emission, with a time delay τ .
In all our protocols, we control directly only Q; pho-
tons are never directly manipulated. In the next paragraph,
we give a detailed account of the main features of the
setup. Specifically, we first introduce the physical system,
and then we discuss how the laser-driving E(t) can be
employed for emitting photonic qubits; finally, we review
how photons can deterministically interact with Q. We
postpone to Sec. VII the discussion of possible physical
implementations.

1. Quantum emitter and photonic qubits

We consider an emitter Q with the level structure shown
in Fig. 1(a). Two metastable states, |g0〉 and |g1〉, compose
a matter qubit; by tuning the field E(t) close to reso-
nance to this transition, we can drive Rabi oscillations
between them with Rabi frequency �01(t). In addition,
|g1〉 can be coupled with a third state |g2〉 with frequency
�12(t); in turn, |g2〉 can be excited to an excited state |e〉.
The latter decays to |g1〉 with rate γ ; we can drive the
excitation |g2〉 → |e〉 with frequency �2e(t). We define
the Pauli algebra of the matter qubit with the convention
Z = |g0〉 〈g0| − |g1〉 〈g1|, X = |g1〉 〈g0| + |g0〉 〈g1|.

We define logical photonic qubits via time-bin encoding,
as in Fig. 2(c): to each qubit q we assign two time slots
(early and late) and define the logical states accordingly
to the presence of one photon in the early (|1〉 state) or late
bin (|0〉 state). Note that a photon must always be present in
one of the two bins—thus the absence of the photon (e.g.,
during a measurement) heralds the loss of the qubit. Graph-
ically, we represent a time-bin qubit as in Fig. 2(c), bottom
line.

2. Emission sequences

Photonic qubits can be prepared in arbitrary states by
manipulating the emitter; the main scheme is composed
by (i) a preparation operation P , which initializes Q

(a) (c)

(d)
(b)

FIG. 2. (a) The emission sequences which enable to prepare
logical photonic qubits via the emitter: E entirely transmits the
quantum state from Q to the photonic degree of freedom, while
Ē generates a light-matter entangled state. (b) The definition of
the logical photonic time-bin qubit; below, we show how we
represent graphically a generic qubit. (c) A fed-back photon on
resonance with the |g1〉 ↔ |e〉 transition couples with Q if the
latter is in |g1〉; thus the conditional scattering phase triggers a
logical ZQ gate.

in a desired state [57], and (ii) a pulse sequence on Q
which transfers the information to the photonic degrees of
freedom. We now introduce two such sequences, E and Ē,
which are displayed in Fig. 2(a): the former completely
transfers the state to a photonic qubit while resetting Q;
the latter keeps the two entangled.

First, let us consider E. Let the emitter be in an arbi-
trary qubit state |ψ〉 = α |g0〉 + β |g1〉; we can understand
the effect of E by linearity. If Q is initially in |g1〉, the
first pair of π pulses excites it as |g1〉 → |g2〉 → |e〉, with
subsequent decay back to |g1〉 and emission of a photon
in the early time-bin (i.e., the |1〉 state); the subsequent
π pulse on the |g0〉 ↔ |g1〉 coupling then flips the atomic
populations, bringing Q in |g0〉. The emitter is therefore
unaffected by the subsequent pulse on the |g1〉 → |g2〉 cou-
pling; then, the �01(t) pulse brings it in |g1〉, where it is
again unaffected by the last driving. The only overall effect
is therefore the emission of a photon in the early time-bin;
vice versa, if Q is initially in |g0〉, with similar arguments
one can see that a photon is emitted in the late time-bin
(|0〉 state), but Q again ends up in |g1〉. Altogether, by lin-
earity any emitter’s state |ψ〉 is entirely transferred to the
photonic degree of freedom, with Q deterministically reset
to |g1〉,

E
[|ψ〉Q |∅〉q

] = |g1〉Q |ψ〉q = SWAP
[|ψ〉Q |1〉q

]
; (7)

therein, by |∅〉q we denote the photonic vacuum, and we
interpret the operation as a SWAP gate with the photonic
qubit initialized in |1〉. In the following, we will represent
this type of emission in a circuit form as in Fig. 2(b).
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We can therefore emit any (factorized) state |ψ1ψ2 · · ·
ψN 〉 with the following protocol: starting with Q in |g1〉,
we apply the operation EPN · · · EP2EP1, where Pk maps
|g1〉Q → |ψk〉Q. Formally, we have

|g1〉Q
N⊗

k=1

|ψk〉qk
= EPN · · · EP1 |g1〉Q

N⊗

k=1

|∅〉qk
, (8)

where q1, . . . , qN label the photonic logical qubits in con-
sideration. This effectively realizes a so-called quantum
machine gun for product states; we represent it as shown
in Fig. 2(d).

Second, we consider the Ē sequence. The difference with
E is that we avoid the second π pulse on the |g0〉 ↔ |g1〉
transition before the last excitation pulse. Thus, Q is not
reset at the end of the sequence, but remains entangled
with the photonic qubit; specifically, any emitter’s state
|ψ〉 = α |g0〉 + β |g1〉 is mapped to the entangled state
α |g1〉 |0〉 + |g0〉 |1〉. This can be written as

Ē
[|ψ〉Q |∅〉q

] = XQ ◦ CX
[|ψ〉Q |0〉q

]
, (9)

which is locally equivalent to a CX = |g0〉 〈g0| +
|g1〉 〈g1| ⊗ Xq gate with the photonic qubit initialized in
|0〉q. Adding the sequence Ē to the machine gun enlarges
the family of achievable states to a wide class of entangled
states with 1D entanglement connectivity; this includes,
for instance, GHZ states and linear cluster states [58].
We will represent emissions through Ē analogously as for
Fig. 2(b), by simply writing Ē in place of E.

3. Feedback mechanism

In our architecture, we realize a time-delayed feedback
of the emitted photons to Q; specifically, each photon, after
the emission, enters a delay line and then interacts with
Q after a fixed time delay τ , before being injected in the
main waveguide. The delay τ is therefore a fixed parameter
in our setup. The trajectory of a photon after the emis-
sion is sketched in the space-time diagram in Fig. 1(b); we
use different colors (blue, pink, orange) for representing
the three stages a photon goes through: respectively, after
the emission, before the feedback, after the feedback. We
remark that (i) each photon is fed-back exactly once, (ii)
the delay τ of the feedback is fixed for every photon, and
(iii) no operation is executed directly on the photon except
the feedback. Graphically, we insert a component M in
the waveguide in Fig. 1(c) for representing the feedback
operation.

Under the lens of fundamental physics, this paradigm
has been studied extensively, highlighting nontrivial
effects arising due to the non-Markovian character of the
resulting dynamics of the radiation field [59–61]. Cru-
cially, this non-Markovianity in fact equips a simple sys-
tem with a natural memory, that can be leveraged to

prepare nontrivial 2D entangled states [62,63], includ-
ing bottom-to-top LTCs [23]. We finally remark that this
setup has recently been demonstrated in the microwave
regime, where an additional qubit was controlled to act as
a switchable mirror [34].

4. Emitter-photon interactions

When a photon is fed-back, interactions allow for engi-
neering entanglement between photonic qubits and Q. To
understand this, let us consider the situation displayed in
Fig. 2(e): an incident photon is fed-back to Q, which can
be in any qubit state |ψ〉 = α |g0〉 + β |g1〉. In the follow-
ing, we consider unidirectional coupling and thus neglect
mode losses during the coupling (i.e., we assume that the
emission rate γ in the guided mode is larger than the emis-
sion rate γelse in any other mode). We assume the photon is
resonant with the |g1〉 ↔ |e〉 transition and does not cou-
ple to |g0〉; this occurs, e.g., if it was emitted via the decay
|e〉 → |g1〉 as in the previous protocols. Then, the photon
interacts with Q only if the latter is in |g1〉. Remarkably,
if the photon wave packet has narrow bandwidth B with
respect to the coupling strength, i.e., B � γ , then the sys-
tem picks up a −1 phase due to the interaction [64,65]; this
occurs if and only if Q is in |g1〉, effectively resulting in the
following unitary gate applied to the emitter:

ZQ = 1 − 2 |g1〉 〈g1| . (10)

With the assumption that Q is initially in the qubit sub-
space {|g0〉 , |g1〉}, this effectively implements a “logical”
Z gate to the qubit. By exploiting this phenomenon, in the
following we will engineer effective all-photonic entangle-
ment by subsequently transferring the state to the photonic
degrees of freedom.

Importantly, the deterministic −1 phase is only trig-
gered when the condition B � γ is met; otherwise, the
wave packet is distorted during the scattering. However,
a photon naively emitted during the |e〉 → |g1〉 decay does
not satisfy this requirement, as the wave packet would be
Lorentzian with bandwidth B ∼ γ . In order to realize nar-
row bandwidth wave packets, when required we drive the
excitation |g2〉 → |e〉 by turning on and off �2e(t) adia-
batically; this allows to shape the temporal profile of the
emitted photon, and particularly to control its bandwidth
B [62].

Due to adiabaticity, the duration of the sequence
becomes longer; it is thus important to distinguish the cases
in which this slower protocol is employed: we label by S
and S̄, respectively, the “slow” versions of E and Ē. All the
graphical notations, such as in Fig. 2(b), are straightfor-
wardly adapted for these emissions, by simply writing the
correct symbol in place of E. As a figure of merit, we con-
sider the ratio between the duration of a slow emission, τS,
and the duration of a fast emission, τE � 1/γ , and quan-
tify it by the factor β = τS/τE; for the fidelity of the gates
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to be high (i.e., above the 99% range), this factor must be
of order β � 500 [27]: thus, the amount of slow emissions
employed drastically affects the rates of the protocols and
must be taken in account.

B. Parallel entangling gates

We now move to the design of parallel entangling gates:
specifically, we engineer the feedback in such a way that
all-photonic logical gates emerge naturally. We are inter-
ested in the main situation displayed in Fig. 3(a): while the
machine-gun driving,

· · · ◦ P ◦ E ◦ P ◦ E ◦ · · · , (11)

is applied to Q, which thus keeps on emitting photonic
qubits (in blue), a string of previously emitted qubits
(in red) is fed-back to it, interacting with Q during the
emission process. We show below that, depending on the
relative timing between the emission of one qubit and
the feedback events, effective entangling gates emerge; in
particular, we identify two relative timings, between the
emission sequence of a qubit qe and the feedback of a
previously emitted qubit qf , which give rise to CZ − like
gates between the two. For convenience, we will refer to
these crucial timings as “methods” (for entanglement gen-
eration), and we label them as CZ�f ,e and CZ•

f ,e. The two
methods are only defined by the relative timings and do
not require additional operations during the driving; impor-
tantly they do not exclude each other. Crucially, during the
feedback of qf , we can use both methods simultaneously

(a)

Driving

Qubit Qubit

Qubit
Qubit

Qubit

Time

Time

Time

Qubit
Qubit

(b)

(d)

(f )

(e)

(g)

(c)

FIG. 3. (a) While the driving triggers the emitter Q to emit
photonic qubits (in blue), previously emitted qubits are fed-back
to it (in red). (b) and (d) Circuit representation of the entangling
gates CZ• and CZ�. (c) and (e) The relative timings between
the emitted qubit qe and the fed-back one qf which enable the
gates. (f) The two gates can be merged together in parallel, entan-
gling one fed-back qubit qf with two emitted qubits q1 and q2.
(g) The explicit timing which enables the gates to work in
parallel.

for entangling qf in parallel with two sequentially emitted
photonic qubits, q1 and q2, thus realizing a gate of the form
CZ•

f ,1CZ�f ,2. Below, we explain these methods in detail, and
how they can be combined.

1. First method for entanglement generation

In order to illustrate the idea for the first method, con-
sider the situation displayed in Fig. 3(c), where we repre-
sent the events occurring at Q in time: here the feedback of
a time-bin qubit qf is nested during the sequence E ◦ Pe,
designed to emit a qubit qe [66]. We assume the condition
B � γ is met for qf ; thus, the resonant coupling of qf with
the |g1〉 ↔ |e〉 transition triggers conditional phases, which
have different logical impacts depending on the timing.
Specifically, for the first method we choose the following
timing [see Fig. 3(c)]: (i) Pe is applied in between the feed-
back of the two time-bins of qf (i.e., after the early bin has
interacted with Q, but before the late one has), and (ii) E
is executed only after the feedback of the late bin of qf .
This way, Q is in the state |ψe〉 only during the interaction
with the late bin of qf . Then, we have a coupling to the
|g1〉 ↔ |e〉 transition if and only if both the following con-
ditions are realized: (i) a photon is present in the late bin
of qf (i.e., the logical qubit is in |0〉f ) and (ii) the emitter
is in |g1〉 during the feedback of the late bin of qf , which
in turn happens if and only if qe is emitted in |1〉e. Since
the scattering provides a −1 phase, the overall operation
can be written as an effective all-photonic two-qubit gate
between qf and qe,

CZ•
f ,e = |1〉f 〈1| + |0〉f 〈0| ⊗ Ze = ZeCZf ,e, (12)

which is a CZ up to a local Z byproduct on qe. Thus, this
reciprocal timing between the feedback of qf and the emis-
sion of qe provides a first method to effectively entangle
the two. In fact, the emitter Q, during the emission pro-
cess, mediates an entangling gate between photonic qubits,
thanks to the feedback; we represent this concept in a
circuit form as in Fig. 3(b).

2. Second method for entanglement generation

For the second method, we consider the same situation,
but now with a different timing [see Fig. 3(e)]: (i) Pe is
applied, and E begins, before the feedback of qf ; (ii) the
feedback is such that the early bin of qf interacts with Q
before the emission of the late bin of qe, but after the emis-
sion of the early one. This way, the −1 phase is provided
if and only if qf is in |1〉f and qe is emitted in |0〉e, leading
to another phase gate,

CZ�f ,e = |0〉f 〈0| − |1〉f 〈1| ⊗ Ze = Zf CZf ,e, (13)
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which is locally equivalent to the previous one. In sum-
mary, this other timing provides a second method to effec-
tively entangle qf and qe. Similarly, we represent it as a
circuit as shown in Fig. 3(d).

3. Engineering parallel entangling gates

The crucial point is that the two methods above can be
applied to the same fed-back qubit qf in parallel. Specifi-
cally, let q1 and q2 be two qubits to be emitted sequentially
in this order; then, we can set the timing of the feedback of
qf in such a way that both methods apply, realizing respec-
tively CZ�f ,1 and CZ•

f ,2. This is achieved by the following
timing (let |ψ1〉 and |ψ2〉 be the target states for q1 and
q2 respectively); see Fig. 3(g) for a detailed reference. (i)
First, apply P1 and start E; (ii) the early time-bin of qf
interacts with Q after the emission of the early bin of q1;
(iii) P2 is applied after the emission of the late bin of q1;
(iv) then the late bin of qf interacts with Q; (v) finally, E
is applied again to emit q2. Altogether, the resulting gate is

CZ•
f ,2CZ�f ,1 = Z2Zf CZf ,1CZf ,2, (14)

effectively realizing two controlled-phase gates in parallel.
As we explain in the next section, this parallel execution of
entangling gates during the feedback is exactly the build-
ing block which was missing for unlocking top-to-bottom
generation of LTCs. At the circuit level, we merge the pre-
vious notations as shown in Fig. 3(f) for representing the
combination CZ•

f ,2CZ�f ,1.
Since the entangling gates emerge as a consequence of

the feedback during an emission sequence, it is conve-
nient to introduce the following notation, which captures
the effects at the logical level. We will denote by E�f ,e the
case in which the first timing of the feedback of qf occurs,
while qe is emitted through E; specifically, we write

E�f ,e

[|ψ〉f |φ〉Q |∅〉e
] = |g1〉Q ⊗ CZ�f ,e

[|ψ〉f |φ〉e
]

. (15)

Similarly, we define E∗
f ,e, Ē�/•f ,e , and the corresponding slow

versions when S or S̄ are employed.
Note that entanglement is generated if and only if the

correct time-bin concatenations are realized: one can also
design the timings in such a way that no entanglement is
generated at all. A nontrivial example is the following:
suppose qf is fed-back during the emission of qe in such
a way that (i) Pe is executed before qf interacts with Q,
but (ii) the E sequence emitting the early bin of qe is exe-
cuted after the first bin of qf has interacted with Q. Then,
one essentially obtains both entangling gates between qf
and qe, resulting in the local phases,

CZ•
f ,eCZ�f ,e = ZeZf ; (16)

effectively, when this other timing of the feedback is
employed, the two entangling gates annihilate. Similarly,

other timings can be engineered, such that effectively
no interaction occurs. These observations, in addition to
stressing the importance of the proposed time-bin con-
catenation, also provide an important degree of freedom
while designing protocols for the parallel generation of
large graph states; indeed, in specific circumstances one
might need to avoid generating determinate bonds during
the feedback.

Finally, we remark that the timing is only set by the
control on Q, i.e., by executing the pulse sequences at the
correct times; specifically, given the times of the feedback
of the two bins of qf , one can always adapt the emission
of qe in such a way that the desired reciprocal timing is
realized. This allows to execute all the protocols described
below with a static architecture, were the time-delay of the
feedback τ (i.e., the length of the delay line) is fixed, with-
out the need of introducing further delays or operations
on the photons: all the steps are executed by adequately
driving Q. Moreover, as discussed above, one can also set
the reciprocal timings in such a way that no entanglement
arises at all; thus, our protocols are compatible with a sce-
nario in which all photons are fed-back, thus not requiring
to exclude some of them from the delay line.

C. Pilot protocol for top-to-bottom generation

We now employ the methods introduced above to design
efficient protocols to generate LTCs; most importantly,
these protocols are hierarchical, i.e., they proceed in a top-
to-bottom fashion, thus following the logic of the recovery
protocol. In the following, we outline a pilot protocol,
which illustrates our generation method on the simplest
(yet significant) example; building on this, we discuss how
the pilot protocol is modified to generate more generic
LTCs.

1. Code generation: Pilot protocol

The pilot protocol straightforwardly generates LTCs
whose underlying graph structure is a binary tree; crucially,
the emission proceeds naturally from top to bottom, i.e.,
emitting the root v0 = (0, 0, 0) of the tree-graph first, and
then proceeding for increasing layers k until the last layer
K , which is emitted last. We can summarize it in the fol-
lowing points (also refer to Fig. 4). (i) We sequentially
emit the layers of the tree, starting from the top layer (i.e.,
from the root); each qubit in each layer is fed-back exactly
once after the same, fixed delay τ . (ii) Each qubit is pre-
pared in |+〉 through the emission sequence S; thus, the
machine-gun driving on the emitter takes the form

· · · S ◦ H ◦ S ◦ H ◦ S ◦ H · · · , (17)

with Q initialized in |g1〉. (iii) While layer k + 1 is being
emitted, layer k is fed-back, interacting with Q during the
emission process; the timing is engineered by controlling
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(a) Emission of level
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Time

Feedback

Emission

Feedback

Feedback of level

(e)
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(d)
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Levels k – 1, k – 2,... already trasmitted

(k + 1,2p + a,0)

(k + 1,2p + a,1)

FIG. 4. (a) The main concept of the pilot protocol: one layer of the tree (k + 1 in the picture) is emitted while the layer above (k)
is fed-back to the emitter; the scattering happens simultaneously with the emission process, triggering parallel entangling gates, such
that each fed-back qubit of level k is entangled with two qubits of level k + 1. (b)–(d) Details of the protocol. (b) One layer is emitted
(in blue) while the previous one is fed-back (in red). (c) The fed-back level (now in green, as the feedback has already occurred) is
entangled with the blue one; the latter hits the mirror M, thus preparing for being fed-back (and becoming red). (d) Now the next
layer is emitted, and the process restarts. (e) Circuit representation of the pilot protocol. (f) Detailed picture of the timings required
for the tree-loss-tolerant code to emerge; in the picture, the feedback of (k, p , 0) and (k, p , 1) are represented, triggering the unitaries
U(p , k, 0) and U(p , k, 1). For a detailed labeling of the vertices according to the emission order, we direct to Fig. 8 in Appendix B.

the driving, i.e., by judiciously setting the emissions via
the shape of E(t). (iv) Each qubit of layer k is fed-back
in such a way to become entangled with two consecutive
qubits of layer k + 1, by employing in parallel the two
methods presented above. Specifically, consider a qubit
(k, p , a); then, we set the feedback in such a way that
it gets entangled with its two children, (k + 1, 2p + a, 0)
and (k + 1, 2p + a, 1), through CZ• and CZ� respectively,
thereby realizing

CZ•
(k,p ,a),(k+1,2p+a,0)CZ�(k,p ,0),(k+1,2p+a,1), (18)

which is nested in the process (17). This is achieved by
employing the overall timing displayed in Fig. 3(f), which
ensures the desired timing for each feedback.

We can formally describe the pilot protocol as follows.
First, for each qubit in layers k ≤ K − 2 we define

U(k, p , a) =S�(k,p ,a),(k+1,2p+a,1)HQ

× S•
(k,p ,a),(k+1,2p+a,0)HQ for k ≤ K − 2,

(19)

which describes the feedback of (k, p , a) during the emis-
sion of its children. Essentially, U(k, p , a) captures the

action of the gates (18) nested in the sequence (17).
Differently, for layer k = K − 1, we set

U(k, p , a) = E�(k,p ,a),(k+1,2p+a,1)HQ

× E•
(k,p ,a),(k+1,2p+a,0)HQ for k = K − 1;

(20)

this is because the last layer qubits do not need to interact
again with Q, so we can generate them through E. The last
layer, K , does not need to be fed-back, so we do not need
to define a unitary U(K , p , a). Then, the overall operation
is described by

Upilot =
K−1∏

k=0

2k−1−1∏

p=0

1∏

a=0

U(k, p , a); (21)

by initializing Q in |g1〉, application of this leads to

Upilot |g1〉 ⊗ |∅〉tree = |g1〉 ⊗ |�〉tree , (22)

where the equality is intended up to local Z corrections,
which we ignore, as mentioned above, since they do not
change the properties of the state.
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In conclusion, the pilot protocol generates binary-tree
LTCs from top to bottom in the proposed static setting.
These are the simplest type of LTC; while they are not
optimal in general, due to their simplicity they are mostly
appealing for experimental realizations, especially in the
near-term.

2. Generic generation protocols and optimizations:
Summary

In addition to the simple example of binary-tree LTCs,
our methods can be employed to generate a broader fam-
ily of tree-graph LTCs, by suitably modifying the pilot
protocol presented above. Specifically, several branching
parameters can be adjusted to hierarchically construct a
wide range of tree structures. The family of LTCs that
can be generated in this way is not universal, yet it is
sufficiently rich to allow for substantial improvements in
practical applications—e.g., in quantum repeater proto-
cols, as we will show in the following sections. More
precisely, our top-to-bottom approach allows for gener-
ating trees with arbitrary depth, and arbitrary number of
photons in the final layer. The main structural constrain
lies in the middle layers of the trees, where the branch-
ing element is limited to bk ≤ 4 for the internal branches
and to bk ≤ 3 for the external ones. Importantly this class
of tree-graph LTCs gives us enough freedom to optimize
various figures of merit, e.g., the generation rate (i.e., the
time needed for preparing a LTC). These modified methods
are based on the very same concepts presented here, but
require rather technical explanations; we therefore detail
them extensively in Appendix B.

V. OPTIMIZING THE LOSS-TOLERANCE VIA
ASYMMETRIC CODES

We now present the second key contribution of our
work, which concerns the optimization of LTCs via asym-
metric tree-graphs. In the following, by “asymmetric”
tree-graph we mean the following concept. First, recall
that a symmetric tree-graph is fully characterized by the
branching vector b = (b0, b1, . . . , bK−1), where K + 1 is
the depth of the tree-graph, and bk is the number of “son”
vertices attached to each vertex of layer k. In contrast, an
asymmetric tree-graph can be specified via a collection
B = (B0, B1, . . . , Bb−1). Herein, b is the branching param-
eter of the root vertex v0; the parameter Bk specifies the
geometry of the branch k. Note that each of these branches
has again the shape of a tree-graph; thus, the entire graph
can be specified by iterating this formalism. We note that,
clearly, in the most general case the number of parame-
ters eventually becomes exponentially larger than in the
symmetric case. Moreover, the tree-graph is symmetric if
the branches are all equal: B0 = B1 = · · · = Bb−1; in any
other case, the graph is referred to as asymmetric.

The recovery protocol performed at each repeater sta-
tion has been discussed extensively in previous literature
for the case of symmetric tree-graphs [17,19]; there, the
success probability Prec takes the compact form

Prec/(1 − ε) = PX
1 − ε

[
PN
Z − (

εPZind

)N
]

, (23)

where ε denotes the probability that one single photon is
lost in the channel. Therein, PZ and PX depend on both
ε and the specific choice of LTC; moreover, the relation
PZ = 1 − ε + εPZind holds.

In Appendix C we show in detail how the equation
above generalizes for generic LTCs, resulting in the fol-
lowing expression for the success probability:

Prec/(1 − ε) =
N−1∑

k=0

εkPX (k)

⎡

⎣
k−1∏

i=0

PZind(i)
N−1∏

j =k+1

PZ(j )

⎤

⎦ .

(24)

We now analyze the parameters herein, leaving the deriva-
tion to Appendix C. First, note that we can characterize
any generic tree-graph by specifying (i) the number N of
branches attached to the root vertex, and (ii) all the tree-
sub-graphs identifying each branch, which we label by
k = 0, 1, . . . , N − 1. A depiction is provided in Fig. 1(a).
Then, to each of these branches we can associate the
probabilities PX (k), PZind(k) and PZ(k), which gener-
alize the terms in (23). Still, the relation PZ(k) = 1 −
ε + εPZind(k) holds, so that we can consider only PX (k)
and PZ(k) to characterize branch k. These quantities are
calculated starting from the graph structure with the meth-
ods in Appendix C. One can straightforwardly verify that
Eqs. (24) and (23) coincide for symmetric tree-graphs, i.e.,
if the dependences on k are dropped. Thus, any argument
in what follows recovers the case of symmetric tree-graphs
studied in the previous literature, upon considering the
asymmetric case.

We now inspect Eq. (24) to give an intuition as to why
asymmetric tree-graphs improve the LTC performance. To
this end, we argue as follows. Recall that the goal is to
optimize the branches k = 0, 1, . . . one by one, so to maxi-
mize Prec. From the explicit form in Eq. (24), we note that
the factor εk generally causes terms with small k to give
the most important contributions to the overall summation;
this is particularly true for small values of ε � 1. In view
of optimizing the LTC, we therefore heuristically expect
that the key requirement for optimal LTCs is that PX (k) is
high for small k, while PZs(k) is high for large k.

Importantly, for a branch k, it is not possible to optimize
the geometry so to maximize both PX (k) and PZ(k) simul-
taneously; more specifically, it turns out that if one wishes
PX (k) to be high, then PZ(k) will automatically be penal-
ized, and vice versa. This is illustrated in Fig. 5(a): there,

020346-11



CESA, FERI, and BASSI PRX QUANTUM 7, 020346 (2026)

(a) (b)

Optimal

R
at

e 
(H

z)

Distance (Km)

FIG. 5. (a) In the main plot, every point represents a possible branch of a tree-graph loss-tolerant code, positioned according to
the coordinates (1 − PX , 1 − PZ). Here we consider tree-graphs with maximum branching number 15 and depth 2 (corresponding to
loss-tolerant codes of depth 3). Although apparently small, we remark that these loss-tolerant codes have been identified as optimal for
several specific implementations in previous works [17,27]. The color indicates the number of photons composing the graph (i.e., of
photons in the loss-tolerant code branch). The circled point corresponds to the optimal symmetric loss-tolerant code, which minimizes
1 − Prec for ε = 0.3. Inset: the success probability of PX and PZ , with ε = 0.3, for loss-tolerant codes with constant branching vector
(picked to be 5 here), as a function of the depth of the related tree-graph. (b) In the main plot the maximized rate R, for m and the tree-
graph geometry, in terms of the communication length L. The markers denote: main plot upper magenta line: optimized rate obtained
with our protocol, main plot lower aqua line: optimized rate obtained with the protocol of Ref. [17], considering symmetric LTCs of
depth 3 and with maximum branching parameter set to 20.

for generic branch geometries, we display the quantities
1 − PX and 1 − PZ . From the resulting plot, it is manifest
that indeed they have opposite behavior, in that one is only
large when the other is small.

An optimization over symmetric tree-graphs, where
PX ,Z(k) = PX ,Z are uniform over the branches, thus
searches for a compromise that balances this tension; as
an example, in the main plot in Fig. 5(a) we mark the
optimal symmetric tree-graph across the ones considered
(i.e., the one that maximizes Prec) for a specific case-
study (see figure caption). In sharp contrast, if we optimize
over asymmetric tree-graphs, we can explore configura-
tions where, e.g., the branches with small k are of the form
which maximizes PX (top-left points in the plot), while
for large k we can pick branches from the bottom-right
part of the plot, which instead maximize PZ . This suggests
that the optimal solution is not a symmetric one, where
all branches k are equal, but rather one that combines dif-
ferent types of branches, which are judiciously placed for
increasing k.

For these reasons, here we consider generally asym-
metric LTCs. We note, however, that optimizing over all
possible tree-graphs is exponentially more costly than only
optimizing over symmetric tree-graphs (specifically, the
number of graph-parameters is exponentially larger). Our
optimization is thus also based on heuristic methods, where
we employ Ansätze for the geometry of each branch based
on its position within the tree-graph. More precisely, we
first search for the branches which display unbalanced
performance toward PX or PZ , and then we feed them

as starting Ansätze to the optimization of the entire LTC.
While this approach does not guarantee global optimal-
ity, still it is sufficient to drastically outperform previ-
ous approaches based on (globally) optimized asymmetric
tree-graphs.

As a final note, we remark that, as shown in the inset
of Fig. 5(a), the effect of these asymmetries is progres-
sively reduced when one considers larger tree-graphs (e.g.,
with deeper branches or larger branching parameters). For
this reason, previous work focused on relatively large-
sized graphs [17,19,27]. However, the graph size impacts
dramatically the communication rate, as it increases con-
siderably both the total number of photons required and
the complexity involved in generating the LTCs them-
selves. Instead, our proposed optimization does not require
to increase the number of photons; in fact, we actually
find that our method generally reduces systematically the
number of photons composing the LTCs, and consequently
many other important parameters, such as the generation
rate.

VI. RESULTS: QUANTUM REPEATER
PERFORMANCE

We now evaluate the employment of our generation
protocol, as well as our code optimizations, for quantum
repeater schemes. For this, we consider the one-way quan-
tum repeater scheme of Ref. [17], which builds upon the
generation methods first introduced in Ref. [22] and is
entirely based on tree-graph LTCs.
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A. Figures of merit and parameters

We consider a transmission line of length L, which is
divided in m smaller parts of length L/m by repeater sta-
tions; at each station, the signal is purified from losses
(decoding-encoding). Similarly, e.g., to Refs. [17,27], we
specifically consider the well-known six-state variant of
the BB84 protocol for QKD [5]. In the asymptotic limit
of infinitely long keys, the secret-bit rate f appearing in
Eq. (2) takes the form

f = 1 − h(Q)− Q − (1 − Q)h
(

1 − 3Q/2
1 − Q

)
, (25)

where h(x) = −x log(x)− (1 − x) log(1 − x) is the binary
Shannon entropy. The parameter Q quantifies the potential
operational errors in the encoding-decoding at the repeater
stations, as well as decoherence and depolarization of the
photonic qubit during the transmission. It is evaluated as
Q = 2εtrans/3, where εtrans is the probability of an error
occurring at any of the m stations; this is calculated as
εtrans = 1 − (1 − εr)

m+1, where εr is the local operational
error. Finally, the probability Psucc in Eq. (2) is calcu-
lated as the overall probability that the transmission of a
single bit of information succeeds through the communi-
cation line; thus, it is given by Psucc = Pm+1

rec , where Prec is
the loss-corrected recovery probability given by Eq. (24).
The loss probability ε appearing in expression (24) for Prec
is defined as ε = 1 − ηd exp (−Leff/Latt). Herein, ηd is the
overall detection efficiency at the repeater stations, Latt is
the attenuation length of the optical fiber, and Leff is the
physical distance effectively traveled by each photon. The
latter quantity is calculated by also considering any delay
line needed for the generation of the LTC; thus, it reads
Leff = τdelc + L/m, where c denotes the speed of photons
in the waveguide and τdel is the total delay time.

B. Improved quantum repeater rates

We now elaborate on our numerical analysis. In Fig. 1(c)
we fix the transmission distance L = 300 km, and we plot
the achieved rate R as a function of the number of repeater
stations m. Specifically, for any m we optimize the LTC
so to maximize R. These results are already discussed in
Sec. II. Comparing with previous proposals, this show-
cases how one main advantage of our protocol is that we
can achieve considerably higher rates with much fewer
repeater stations.

The numerical results in Fig. 1(c) are obtained as fol-
lows. For each m, we consider separately our optimized
LTCs generated with the hierarchical protocol outlined in
Sec. IV, and the original codes and generation protocols
of Refs. [17,22]. For the latter case, the optimization is
straightforward and exact due to the limited parameters
involved: we search through all possible symmetric tree-
graphs of depth up to K = 3 and with potentially very

large branching parameters, limited by a cutoff that we
set at bk ≤ 20. This allows us to optimize over symmetric
LTCs containing up to approximately 103 photons. Instead,
for asymmetric LTCs we follow a nonexact approach,
where we restrict to heuristically convenient geometries
as discussed in Sec. V; note that this does not necessarily
guarantee to find the optimal solution. Moreover, the pro-
posed top-to-bottom generation scheme imposes several
restrictions on the achievable tree-graphs. For the opti-
mization loop, among the allowed geometries, we only
consider asymmetric tree-graphs with up to 75 photons,
thus orders of magnitude smaller than the accepted sym-
metric ones. Specifically we take into account asymmetric
tree-graphs with a maximum of four branches attached to
the root vertex; moreover, a series of requirements arising
from the generation protocol further restrict the achievable
LTCs. We characterize more in detail the restricted family
of asymmetric tree-graphs our optimization runs through
in Appendix B.

Remarkably, even though the considered asymmetric
tree-graphs have a significantly more restricted number
of total photons with respect to the considered symmetric
ones, our results show that still much higher communica-
tion rates are possible. This is in line with expectations on
hierarchically generated tree-graphs, which were indeed
conjectured to allow better correction rates [27]. In addi-
tion, these results also strongly benefit of the asymmetries
introduced in the graphs: indeed, we note that in many
cases asymmetries can be understood as simply “remov-
ing” vertices from a symmetric graph, thus automatically
lowering the photon count. This highlights that previous
works based on symmetric LTCs were to all effects penal-
ized by the presence of many photons in the graph, which
actually contributed negatively to the loss-correction per-
formance, and whose employment was unavoidable just
because of the imposed symmetry.

Next, in Fig. 5(b) we report the achievable repeater
rates R for varying distances L across transmission lines
extending up to 600 km. Again, we compare our results
with state-of-the-art methods. For each value of L, we now
optimize the rate as a function of the number of repeater
stations m and the tree-graph geometry. The geometric
constraints on the graph are the same as discussed above
for Fig. 1(c). Interestingly, we note that in the regime
considered and under the constraints imposed, the opti-
mizer for asymmetric tree-graphs always chooses the same
LTC, which is depicted in the inset and has the form
B = ((4, 3), (4, 2), (3, 1)); differently, the optimal tree-
graph for symmetric LTCs varies significantly with L.
From the plot, we observe remarkably higher repeater rates
for our protocols, with improvements up to an order of
magnitude at considerable distances.

As we also discuss more in detail in the section below,
our improved rates are largely facilitated by the fact that
typically our LTCs feature significantly less photons than
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previously considered symmetric tree-graphs. This is high-
lighted in the inset of Fig. 5(b), where we plot the number
of photons contained in the chosen optimal LTCs. Therein,
we can appreciate how symmetric LTCs need very large
numbers of photons for achieving modest rates, as opposed
to the optimized asymmetric LTC, which maintains a good
performance without the need of increasing the photon
number.

C. Impact of asymmetric encoding

To evaluate the impact of our asymmetric optimization,
we now isolate the sole effect of employing asymmetric
tree-graph structures for LTCs. For this, it is useful to con-
sider the most basic task of loss correction. Specifically,
we study the paradigmatic situation where each physical
qubit (photon) has a probability ε to be lost, and for a given
LTC we compute the logical loss rate of the error-corrected
LTC,

Prec = fLTC(ε). (26)

This is calculated as in Eq. (24). Our results are shown in
the main plot of Fig. 6(a), which is obtained as follows.
For both, symmetric and asymmetric tree-graphs, we fix
a maximal number of photons in the LTC, that is, we set
Nph ≤ 100. For each ε we optimize the tree-graph under
the constraint that it never exceeds Nph vertices, and we
identify the one with the highest Prec. Note that in the plot
we display εeff = 1 − Prec. We thus certify that asymmet-
ric LTCs achieve lower or comparable effective losses, and

a higher break-even point than symmetric ones. But most
importantly, we find that, typically, to achieve a specific
εeff, using asymmetric tree-graphs significantly fewer pho-
tons per LTC are needed, as shown in the inset plot. In the
latter, we now fix a raw loss rate ε = 0.1, and we plot the
needed number of photons for achieving a desired effective
rate εeff. In Appendix D we explain how this is evalu-
ated numerically. Despite the optimization not covering the
entire configuration space of asymmetric tree-graphs, our
results show that they always achieve comparable correc-
tion with a significant reduction in the total photon number.
For instance, for εeff ≤ 10−4 the asymmetric tree-graphs
require less than half the number of photons, compared to
the symmetric ones.

To summarize, the benefit of using asymmetric LTCs
becomes mostly marked when applied to quantum repeater
protocols, as they offer two key advantages in improv-
ing the communication rate in Eq. (2). First, the reduced
photon number directly decreases the LTC generation
time, Trep. Second, as demonstrated in previous plots,
they enhance the recovery probability while minimizing
resource usage.

D. Impact of hierarchical generation: Neutral atom
implementation

We now discuss the advantages of hierarchical gener-
ation. The key concept is as in Eq. (3). In our protocols,
not reordering the photons after the generation avoids an
enhancement of the loss probability (exponential in system

(a) (b)

R
at

e 
(H

z)

FIG. 6. In Fig. (a) every point of the main plot is obtained minimizing εeff as a function the tree-graph geometry. With the lower
magenta line we denote the results for the asymmetric tree-graph case, while with the upper aqua line, the symmetric one. In both
scenarios we take into account LTCs with a maximum number of photons Nph = 100. In the inset, we fix ε = 0.1 and plot the number
of photons which is needed for achieving a desired effective loss rate εeff; our results highlight how asymmetric loss-tolerant codes
allow significantly lower photon numbers at comparable loss-correction regimes. In Fig. (b) the rate R as function of the optical
line width γ and the coherence time of the quantum emitter tcoh, for L = 100 km is reported. The markers correspond to different
technological implementations for the emitters. Upper green diamond: a single semiconductor quantum dot coupled with a nanocavity,
middle blue diamond: a single silicon-vacancy (SiV) color center coupled with a photonic crystal cavity, and lower orange diamond:
a single neutral atom coupled with a fiber Fabry-Perot cavity.
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size), that would otherwise be enforced [27]. In practice,
this is mostly significant in systems where the emission
rate γ is low: if subsequent photons are separated in time
by a scale 1/γ , very long delay lines (of length ∼ c/γ )
must be employed for the recording, resulting in very high
losses. A clear example of this are neutral atom systems:
here, the long coherence time (tcoh � 1 s, much larger than
1/γ � 10−9 s) would in principle allow high-fidelity oper-
ations, with the generation of very large LTCs before
any error occurring with non-negligible probability; but
the long emission time, combined with the reordering,
results in most of the photons being lost at the repeater
station, rather than in the main channel. Indeed, previous
work analyzing bottom-to-top schemes has found that neu-
tral atoms, for long distances (L � 1000 km), could not
surpass the fundamental secret-bit rate threshold of f �
0.89, under which no secure communication is possible. In
Fig. 7 we compare the rate for top-bottom and bottom-top
generation with neutral atom parameters. For top-bottom
generation we employ our protocol using the methods of
Sec. IV, while for bottom-top generation we consider the
methods of Refs. [17,22]; we optimize over the number
of stations m and all possible tree-graph LTC geometries
generable with our single emitter protocol. In the figure
we show that bottom-top generation soon descends below

Ra
te

 (H
z)

Distance (km)

FIG. 7. In the main plot we show the optimized rate of Eq. (2),
over all the possible tree geometries generable with our single
emitter top-to-bottom protocol, and over the number of repeating
station m, for different distances. With the upper magenta line
we denote the results for top-to-bottom generation, while with
the lower aqua line the results for bottom-to-top generation. The
points shown with dashed lines and a lighter color correspond
to cases where it is not possible to extract any secret key, due
to the fidelity being below threshold. In the inset we show the
fidelity relative to the optimal configuration that maximizes the
key rate in both generation schemes. We also indicate the thresh-
old below which secret key extraction is no longer possible. Here
we consider explicitly neutral atom hardware parameters.

the fidelity threshold, as was also found in Ref. [27]; below
this threshold, it is no longer possible to distill a secret key,
resulting in a communication rate R = 0. In contrast, our
top-to-bottom generation avoids the exponential fidelity
suppression of Eq. (3), resulting in a clear fidelity improve-
ment, which directly translates to significantly higher rates
and a considerable shift of the threshold point.

VII. HARDWARE CONSIDERATIONS

Several physical systems are well suited for imple-
menting our generation scheme, including quantum dots
[30,67], silicon-vacancy color centers [68] and single
atoms in cavities [69]. Specific designs are envisioned
in Appendix A. In Fig. 6(b) we evaluate the achievable
repeater rates in realistic scenarios, considering the depen-
dence on the decay rate γ , and also taking into account
the limited coherence time tcoh of the emitter. Our cal-
culations span across several regimes to cover this wide
range of physical implementations. In the figure, the rate
is optimized over a fixed distance of L = 100 km, and
the maximum photon number in a code is constrained to
relatively small sizes, Nph � 100 [70].

Current technologies are theoretically capable of achiev-
ing significant rates with remarkably small LTCs. For
instance, by employing as emitter a semiconductor quan-
tum dot coupled to a microcavity, with emission rates in
the range γ ∼ 2π × 100 GHz [41] (and coherence times
tcoh ∼ 4 µs [40]), one can achieve R ∼ 117.3 kHz with
a hierarchically emitted asymmetric LTC containing only
Nph = 35 photons. In this construction, the number of
needed repeater stations is m = 44, resulting in one every
∼2 km. To fairly compare with other studies [17,27], it
is also useful to multiply our cost function by Nph, so to
retrieve the same figure of merit R′ ≡ NphR; in this case,
we get R′ ∼ 4.1MHz. We also find favorable numbers
when the emitter is compatible, e.g., with a silicon-vacancy
color center coupled to photonic crystal cavities, where
smaller emission rates γ ∼ 2π × 2 GHz [39] are well
compensated by much longer coherence times in the range
tcoh ∼ 13 ms [38]; here, we find an achievable rate in the
range of R′ ∼ 136.5 kHz with repeaters positioned every
∼1.75 km, and by employing LTC with only Nph = 32
photons.

We finally highlight that neutral atoms in Fabry-Perot
cavities, which feature remarkably high coherence times
in the range tcoh ∼ 1 s [42], can also achieve valuable
rates R′ ∼ 9.59 kHz with a similar repeater spacing. We
remark that the latter fact is in contrast, e.g., with the
results in Ref. [27], where standard bottom-to-top gener-
ation methods were employed; therein, this same setup
was found to be impracticable for feedback-assisted one-
way protocols—even if the tree-graphs considered were
much larger. Indeed, there the main limitation was the
slow emission of neutral atom systems, with rates in the
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range of γ ∼ 2π × 170 MHz [43]; due to the consequently
large time-spacing between sequentially emitted photons,
this resulted in the need for extremely long delay lines
for implementing both the feedback loop and the photon
reordering, eventually introducing more losses than the
LTC could correct. In contrast, here our methods allow
to both avoid the reordering and to drastically reduce
the number of fed-back photons, resulting in considerably
reduced loss during the decoding-encoding procedure, and
thereby allowing for efficient error-correction.

VIII. CONCLUSION

In summary, we have proposed and analyzed a novel
class of protocols for efficiently preparing LTCs, focus-
ing on their integration in quantum repeater schemes.
As opposed to current proposals [17,22,23,27], with our
method the generation proceeds hierarchically, i.e., the
error-correcting code (the tree-graph state) is prepared
from top to bottom; this allows substantial savings at the
repeater stations, e.g., by avoiding to reorder the pho-
tons during the recovery. Importantly, we showed that this
allows for much shorter delay lines for implementing the
feedback loop. Together, these advances reduce the pho-
ton loss during the decoding-encoding procedure at the
repeater stations. In addition, we have also shown that,
contrary to the main belief, loss correction is enhanced
by asymmetric encodings, especially at low code sizes—a
direct effect of the intrinsic asymmetry in the “counterfac-
tual” recovery protocol [17,19]. Our setup employs a static
hardware layout, where the entire dynamics is regulated by
just controlling the laser driving on a single emitter, which
is subjected to a simple time-delayed feedback mechanism;
this can be realized, e.g., by employing a mirror or chiral
couplings between the emitter and the waveguide.

In agreement with the main intuition, numerical analy-
ses show that our method is capable of competitive loss
correction and high-rate communication with significantly
lower photon numbers per error-correcting code; this sug-
gests that near-term implementations might especially ben-
efit from our results. Emitters such as quantum dots [30]
and silicon-vacancy [68] centers are suitable candidates
for implementing our scheme, allowing for high secret-
bit rates across hundreds of kilometers and with minimal
resources, by employing loss-tolerant quantum codes fea-
turing few tens of photons and repeater stations at typical
distances of ∼2 km. We have also discussed that, in con-
trast with similar proposals [27], our methods are also well
suited for neutral atoms in cavities [69], as (because of
the relatively low emission rate in the MHz regime) they
especially benefit from the loss-saving in our hierarchical
protocols.

We remark that state-of-the-art platforms are now
closing the gap toward the hardware requirements nec-
essary for implementing our scheme, with improved

emitter-waveguide cooperativities [71,72] and impor-
tant advances in emitter-photon and (emitter-mediated)
photon-photon gate engineering [73,74]. Building on the
simplified setup considered here, together with the much
lower photon numbers required, our work potentially
opens the door for near-term demonstrations of scalable
quantum repeater schemes and paves the way for future
loss-tolerant quantum communications.
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APPENDIX A: PHYSICAL IMPLEMENTATIONS

Here, we elaborate on concrete physical implementa-
tions of our proposed generation protocols.

1. Neutral atom in a Fabry-Perot cavity

For neutral atoms in cavities, as demonstrated in exper-
iments [42,76,77], we envision using the standard hyper-
fine qubits to realize the states |g0〉 and |g1〉, while a
third ground-manifold (hyperfine/Zeeman) sublevel can be
used for |g2〉 to enable slow, narrowband Raman emission
when required. For the excited state |e〉, one can use the
D-line. For concreteness, considering the standard
example of 87Rb, a natural choice is to encode
the ground-state qubit through the clock pair |g0〉 ≡
|5S1/2, F = 1, mF = 0〉 and |g1〉 ≡ |5S1/2, F = 2, mF = 0〉,
while for the excited state we can use the D2 line via |e〉 ≡
|5P3/2, F ′ = 3, m′

F = 1〉. A sound choice for the intermedi-
ate state can be |g2〉 ≡ |5S1/2, F = 1, mF = +1〉.

We note that the choice of the mF = 0 clock states
for the ground-state qubit is strongly motivated by first-
order Zeeman insensitivity, which makes them robust,
e.g., against magnetic field noise. Crucially, the � 6.8GHz
hyperfine gap separates the two levels enough, such that
scattering photons can be considered off-resonant with
respect to |g0〉, and the scattering phase necessary for
our entangling gates is only acquired by |g1〉, as desired.
Finally, choosing a different manifold F for |g2〉 allows a
well-resolved � system for the slow emission protocols.
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2. Semiconductor quantum dots

We encode the matter qubit in the ground electron-spin
Zeeman states and use a spin-selective trion transition for
the conditional scattering; a shelved (dressed) ground state
provides the auxiliary level for Raman emission. Specifi-
cally, we set |g0〉 ≡ |↑〉, |g1〉 ≡ |↓〉. For the excited state,
we can encode it as |e〉 ≡ |T↓〉, choosing a spin-selective
trion addressed from |↓〉. For |g2〉, we can use an auxil-
iary long-lived dressed/sheld=ved ground-manifold state,
forming a � system with |e〉.

Here the feedback photon is resonant with the cavity-
enhanced |g1〉 ↔ |e〉 transition, yielding the conditional
phase on reflection. When slow, narrowband emission is
required, we drive a Raman process on the |g2〉 → |e〉 leg;
all entangling scatterings still address |g1〉 ↔ |e〉. (Fara-
day geometry with circular polarization gives the usual
selection rules.)

3. Silicon-vacancy centers in diamond (SiV− in a
nanocavity/waveguide)

We use two spin sublevels in the lower orbital branch
of the ground 2Eg manifold, such that the ground qubit is
encoded through ms = ±1/2. For |e〉, we address an opti-
cal line into 2Eu, providing a spin-/orbit-selective line from
|g1〉. Finally, an upper-branch ground sublevel acts as the
shelving state, thereby encoding |g2〉.

To implement our protocol, the feedback photon is tuned
to the |g1〉 ↔ |e〉 transition, realizing the state-dependent
phase, while the� system |g2〉 ↔ |e〉 ↔|g1〉 enables slow,
narrowband Raman emission when needed.

APPENDIX B: MODIFICATIONS TO THE PILOT
PROTOCOL

Figure 8 shows the exact emission ordering of photons
in our pilot protocol. As we anticipated, there are sev-
eral modifications that we can make to the pilot protocol.
These have essentially two purposes: First, to generate a

FIG. 8. Tree-graph state generated using the nonoptimized
version of the pilot protocol, whose emission scheme is illus-
trated in Fig. 4. Here, the numbers inside the circled vertices
denote the photon emission order, and the labels on the side indi-
cate the indices (k, p , a) specify the qubit position within the tree,
as explained in the main text.

wider class of LTSs, i.e., to go beyond the simplest case
of binary tree-graphs; Second, to speed up the generation,
i.e., to generate LTSs at a higher rate. The first purpose
is motivated by the fact that, in general, nonbinary trees
can achieve higher performances in loss correction. The
second is mostly relevant when the LTS is employed for
loss-tolerant quantum communications: indeed, in this case
an important figure of merit is the communication rate,
which is clearly affected in first place by the rate of the
LTS generation; for instance, the efficiency of quantum
repeater schemes strongly depends on the rate of the local
operations at the intermediate repeater stations.

a. Modification 1

The first modification enables to raise the last branching
parameter, bK−1, to any arbitrary number, and comes with
two main improvements to the pilot protocol: on the one
hand, it allows to enhance the loss-correction capability by
generating a larger class of trees; on the other hand, it dras-
tically lowers the amount of feedback needed (by ∼50%),
thus enhancing the performance also by reducing the addi-
tional losses in the delay line. In addition, we will see that
also the LTS generation rate is strongly enhanced, lead-
ing to more favorable repeater rates when the protocol is
employed for quantum repeater schemes.

Let bK−1 be the desired last branching parameter. Then,
after the emission of level K − 2 has been completed, we
proceed as shown in the circuit in Fig. 9(a). Instead of
continuing with the pilot protocol, now we switch from a
machine-gun emission like in Eq. (17) to the following:

· · · H ◦ ĒbK−1 ◦ E ◦ H ◦ ĒbK−1 ◦ E ◦ · · · , (B1)

where essentially we employ several fast emissions like
E and Ē in place of one slow emission S. This can be
understood as follows. As usual, the Hadamard H pre-
pares the emitter in the superposition |+〉Q; this can be
regarded as the preparation P for emitting a qubit of layer
K − 1 [say, (K − 1, 2p + a, a′), such that (K − 2, p , a) is
its parent]. However, before emitting (K − 1, 2p + a, a′),
we quickly apply Ē for bK−1 times, in order to actually
emit its sons. Note that, since we are employing Ē, during
this operation Q remains entangled with all these qubits,
never being reset; this is shown in Fig. 9(b). Finally, we
employ E for emitting (K − 1, 2p + a, a′), also resetting
Q [see Fig. 9(c)].

During the sequence (B1), layer K − 2 is fed-back as
in the pilot protocol; the timing is set in such a way that
each fed-back qubit gets indeed entangled with its chil-
dren. This is achieved by the timing displayed in Fig. 9(d):
(i) the feedback of the early time-bin of (K − 2, p , a) is
nested in between the two bins of (K − 1, 2p + a, 0), and
(ii) the late time-bin of (K − 2, p , a) is fed-back to Q right
before the emission of (K , 4p + 2a + 1, 0), i.e., the first
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FIG. 9. (a) Modification 1 to the pilot protocol, which enables to generate LTSs with arbitrary last branching parameter bK−1, while
also speeding up the generation rate by ∼50%. (b) The machine-gun driving in Eq. (B1) prepares a GHZ state between Q and the
emitted qubits; (c) a final E emission disentangles Q and leaves an all-photonic GHZ state. (d) The timing of the feedback of layer
K − 2 allowing modification 1 to work. (f) The machine-gun driving in Eq. (B5) prepares a linear graph state with Q at one extreme;
(g) again Q is disentangled. (e) Circuit representation of modification 2; specifically, we show the example of bk = 4. (h) The timing
for modification 2.

son of (K − 1, 2p + a, 1). This timing seems counterintu-
itive, as it suggests that (K − 2, p , a) undergoes a CZ with
(K , 4p + 2a + 1, 0); however, it is equivalent to our pri-
mary goal of entangling it with (K − 1, 2p + a, 1) through
a CZ (Fig. 10).

Formally, we can describe this modification by introduc-
ing the unitary

Ū(k, p , a) = E�(k,p ,a),(k+1,2p+a,1)Ē
bK−1HQ

× E∗
(k,p ,a),(k+1,2p+a,0)Ē

bK−1HQ, (B2)

which describes the feedback of (k, p , a) while the opera-
tion detailed above is executed [Fig. 9(a)]; we are specif-
ically interested in Ū(K − 2, p , a). The modified protocol
then reads

Ufast =
⎡

⎣
2K−2−1∏

p=0

1∏

a=0

Ū(K − 2, p , a)

⎤

⎦
K−3∏

k=0

2k−1−1∏

p=0

1∏

a=0

U(k, p , a)

(B3)

FIG. 10. An example of optimized generation of the LTS
b = {2, 2, 2}.

in place of Eq. (21). Applying this unitary generates a state
which is equivalent to |�G〉 up to a local change of basis
in the last layer qubits,

Ufast |g1〉 ⊗ |∅〉tree = |g1〉 ⊗
⎡

⎣
2K−1⊗

p=0

1⊗

a=0

H(K ,p ,a)

⎤

⎦ |�G〉tree ;

(B4)

this local change of basis does not affect the loss-correction
capabilities, which are ensured by the local equivalence
with |�G〉. Note that, on top of this local change of basis,
the equation above is still intended to hold up to local Z
corrections.

One important improvement coming with this modifica-
tion is that now also level K − 1 must not be fed-back to
the emitter; this allows to essentially halve the length Ldelay
of the delay line with respect to the original pilot protocol,
thus drastically reducing the additional losses during the
generation.

We finally remark that this modification, while bringing
several improvements discussed above, does not add any
complexity to the protocol: in fact, there is no price to pay
for executing this modified version of the pilot protocol in
place of the original. Thus, from now on we will always
study the pilot protocol in this modified version.

b. Modification 2

We are now interested in modifying the pilot protocol
in such a way to allow the generation of larger classes
of LTSs, especially nonbinary tree-graphs. It is indeed
widely known that, in principle, optimal performances
can be achieved by more general trees b rather than the
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binary ones considered so far. For top-to-bottom genera-
tion, generic trees are clearly harder to generate; however,
here we show that some simple modifications to the pilot
protocol enable to generate a wide class of LTS from top-
to-bottom, and still efficiently. While other modifications
might be possible, here we only focus on those which are
reasonably not harder than the pilot protocol itself.

The idea here is strictly related to the linear graph-state
generation presented in Ref. [58]. Specifically, consider
now a machine-gun protocol of the form

· · · H ◦ Ē ◦ H ◦ Ē ◦ H ◦ Ē ◦ H · · · , (B5)

with the emitter initially prepared in |g1〉. Then, the output
of this driving is a linear graph state, with the emitter Q at
one extreme. More precisely, if we define Glin(a,b,...) to be
the linear graph with support on the vertices {a, b, . . .} in
this order, one has

HQ
(
ĒHQ

)N |g1〉Q
N⊗

k=1

|∅〉qk
= |�〉Glin(Q,q) , (B6)

with q = {q1, . . . , qN }, and therefore

|�〉Glin(Q,q) =
[

CZQ,qN

N−1∏

k=1

CZk,k+1

]

|+〉Q
N⊗

k=1

|+〉qk

(B7)

according to the definition (4); this is displayed in Fig. 9(f).
In addition, we can prepare an all-photonic linear graph
state by ending the machine-gun above with an E sequence
instead, thus disentangling Q from the rest; this therefore
reads

EHQ
(
ĒHQ

)N−1 |g1〉Q
N⊗

k=1

|∅〉qk
= |g1〉Q ⊗ |�〉Glin(q) ,

(B8)

such that the linear graph state only has support on the pho-
tonic degrees of freedom [see Fig. 9(g)]. We now show
that, developing on this new building block, we can indeed
enhance the branching of the LTS.

To explain the idea, suppose we target bk = 4 for some
layer k. Then, we proceed as follows; also refer to Fig. 9(e)
for a circuit representation. After the emission of layer k −
1 has been completed, in place of the driving (17) for layer
k, we proceed with

· · · ◦ (SH)(S̄H)2 ◦ (SH)(S̄H)2 ◦ (SH)(S̄H)2 ◦ · · · , (B9)

which is essentially the repetition of the term SH( ¯SH )2,
i.e., the one in Eq. (B8) with N = 3. Thus, the output of
this term is an all-photonic linear graph state featuring

three time-bin qubits. We shall regard these qubits to be
(k + 1, 2p + a, 0), (k, p , a) and (k + 1, 2p + a, 3) respec-
tively, in this order; i.e., the central one is the parent,
which is part of layer k, and the two others are two of
its bk = 4 children, part of layer k + 1. One can indeed
check that the entanglement connectivity is the desired
one. Then, the timing of the feedback of layer k − 1 is set
as displayed in Fig. 9(h): this allows to entangle the parent
with its children as desired, while not generating unwanted
entanglement with the qubits of layer k + 1.

c. Optimizing the generation

The above ideas can be combined to generate more
general graph states and optimize tree-graph generation.
This is achieved by judiciously applying the two machine-
gun drivings in Eqs. (B1) and (B5). Here we report the
specific driving proposed to generate the trees that we
use in the rate optimization. With this generation, we can
emit trees with four branches, two of them can be of the
type b = {4, n} and the other two of the type b = {3, n},
where n can be arbitrary. The fundamental building block
of our generation scheme is the graph state, illustrated in
Fig. 11(a). This state can be generated by following the
emission sequence shown on the right side of the figure.
A general tree cluster state can then be created by connect-
ing these building blocks using the feedback implemented
CZ gates. In Fig. 11(b), the three steps needed to emit
the cluster state are shown, the photons highlighted in red
are the ones that need to be emitted with the slow emis-
sion process, in order to ensure the successful interaction
between the photon and the emitter during the feedback
process. The length of the delay line must be calculated
such that all the photons generated in the longest of the
two first steps can fit within it. Defining τn the time needed
for the emissions in step n, the delay time τdel must be

τdel = max(τ1, τ2). (B10)

(a)

(b)

Step

Step

Step

FIG. 11. The three steps for the top-bottom emission of a
general depth 3 tree-graph state, with a single quantum emitter.
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The total emission time of the tree-graph Ttree is then
given by

Ttree = 2τdel + τ2 + τ3. (B11)

In conclusion, the described method enables the efficient
top-bottom generation of depth-3 tree-graph states, follow-
ing the branch limitations outlined above, thus optimizing
emission times and minimizing the required delay line.

APPENDIX C: RECOVERY PROTOCOL

Here we show how Eq. (23) for the success probability
of the recovery protocol is obtained, and how it general-
izes to the case of general asymmetric tree-graphs, i.e.,
Eq. (24).

1. Symmetric case

Given a symmetric tree-graph, made by N branches
that share the same geometry and are described by the
branching vector b = (b1, . . . , bn), the probability of suc-
cessfully recovering the information after losses occur,
with a certain loss probability ε is given by

Ps =
N∑

k=1

Rk−1
0 εk−1(1 − ε)(1 − ε + εR1)

b1

× (1 − ε + εR0)
N−k, (C1)

where Rm [Eq. (C2)] is the probability of performing an
indirect Z measurement in the mth level of the tree,

Rm = 1 − [1 − (1 − ε)(1 − ε + εRm+2)
bm+1 ]bm ,

Rm+1 ≡ 0, bm+1 ≡ 0.
(C2)

We recall that in order to recover the information the goal
is to find a branch where the root qubit is not lost, and
then detach this root qubit from all the others, i.e., its chil-
dren qubits and the root of the other branches, by means of
direct or indirect Z measurements. The first tree pieces of
Eq. (C1), Rk−1

0 εk−1(1 − ε), give the probability of losing
all the first k − 1 roots, measure them indirectly along Z
(in order to detach them from the rest of the tree) and get-
ting instead the kth root, the fourth piece (1 − ε + εR1)

b1

gives the probability of detaching the root that was not lost
from all its b1 children qubits by measuring them along Z
directly or indirectly, and the final piece (1 − ε + εR0)

N−k

gives the probability of detaching the remaining N − k
branches by means of direct or indirect Z measurements
of their roots. In this case where we are dealing with sym-
metric trees, because all branches share the same geometry,
we can evaluate the sum of Eq. (C1),

Ps = [(1 − ε + εR0)
N − (εR0)

N ](1 − ε + εR1)
b1 . (C3)

In Eq. (C3) only the branching vector element b0 and
b1 appear, however, the dependencies from all the other

branching vector elements are enclosed in R0 and R1. By
defining PX = (1 − ε + εR1)

b1 , PZ = (1 − ε + εR0), and
PZind = R0, we recover the expression present in the main
text Eq. (23).

Since so far we provided only the definition of Rm in
Eq. (C2), here we report how to derive this expression.
Rm as stated, is the probability of measuring a qubit in
the mth level along Z indirectly. The requirement for doing
this indirect measure is to measure at least one of its chil-
dren qubits (m + 1 level) directly along X and all the
children qubits of the latter (m + 2 level) along Z directly
or indirectly. Starting from the bottom, the probability of
measuring a qubit in Z directly or indirectly in the m + 2
level is 1 − ε + εRm+2. Each qubit in the m + 1 level has
bm+1 children qubits, and hence the probability of mea-
suring along Z all the qubits of a branch in the m + 2
level is

(1 − ε + εRm+2)
bm+1 . (C4)

The probability of not losing a given qubit in the m + 1
level and measuring all its children qubit in Z is then
given by

(1 − ε)(1 − ε + εRm+2)
bm+1 . (C5)

We want the probability that at least one of the bm qubits of
the m + 1 level is measured in X and all its children qubits
are measured in Z; to compute this we first calculate the
probability that none of the qubits satisfies this requirement
that is

[1 − (1 − ε)(1 − ε + εRm+2)
bm+1 ]bm , (C6)

and then taking the inverse, we arrive precisely at Eq. (C2).

2. Asymmetric case

We now look at the case of a general asymmetric tree-
graph, i.e., a tree-graph where the N branches can have
different geometries. The recovery scheme is the same, and
the expression for Ps can be extended by adding an index
that labels the different branches, becoming

Ps =
N∑

k=1

k−1∏

i=1

R(i)0 (1 − ε)εk−1(1 − ε + εR(k)1 )
b(k)1 (C7)

N∏

j =k+1

(1 − ε + εR(j )0 ), (C8)

where b(k) is the branching vector describing the kth
branch, and consequently R(k)m is the probability of per-
forming an indirect Z measurement on the mth level of the
kth branch. In this case, unlike before, since the branches
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are different one from each other, we cannot further sim-
plify this expression. By introducing the definition for PX ,
PZ and PZind we recover the expression present in the main
text Eq. (24)

APPENDIX D: NUMERICAL METHODS

1. Numerical optimization of asymmetric tree-graphs

The set of possible asymmetric tree-graphs, made by
combining N symmetric branches, with maximum branch-
ing vector bmax, and depth d is given by (bd

max)
N . Exploring

all these possible configurations is computationally expen-
sive, especially since the functions we want to calculate
for these LTCs, like the rate of Eq. (2), are recursive and
resource-intensive. On top of this, we need to perform a
maximization for the rate over a wide range of parame-
ter values, further increasing the computational demand.
To address this, we employ an ansatz that narrows the
set of asymmetric trees under consideration. The proce-
dure we follow to find this reduced set is the following.
Assume we want to find the optimal asymmetric tree-
graph in terms of the rate for a certain communication
distance L and a fixed number of repeating stations m.
We first find the best-performing symmetric tree-graph,
by running the optimization over all possible symmetric
tree-graphs bounded by a certain bmax, and depth d. After
identifying the optimal symmetric tree-graph, we introduce
slight modifications to specific branches of it, to gener-
ate asymmetric tree-graphs. This involves incrementing
or decrementing branch elements by small values (e.g., 1
or 2) in all possible ways, generating a diversified set. Then

FIG. 12. The number of photons Nph for the optimal tree-
graphs of Fig. 1(d) obtained maximizing the rate in terms of
tree-graph geometry for a fixed communication distance L =
300 km across different numbers of repeating stations m. With the
upper aqua line we denote the symmetric tree-graphs with maxi-
mum branching vector set to 20, with the middle orange line the
symmetric tree-graphs with maximum branching vector equal to
5 and with the lower magenta line the asymmetric trees generable
with our protocol.

TABLE I. The optimal symmetric tree-graphs of the plot in
Fig. 1(d), obtained by maximizing the rate in terms of tree-
graph geometry (with a maximum branching vector equal to 20)
for a fixed communication distance L = 300 km across differ-
ent numbers of repeating stations m. Each tree represents the
best-performing symmetric configuration for the given fixed L
and m.

Tree-graph Nph m

[2, 1, 15] 35 10
[2, 14, 4] 143 30
[3, 20, 4] 304 50
[3, 17, 4] 259 70
[3, 15, 4] 229 90
[3, 13, 4] 199 110
[3, 12, 4] 184 130
[3, 11, 4] 169 150–170
[3, 10, 4] 154 190–230
[3, 9, 4] 139 250
[3, 7, 3] 88 270–550
[3, 6, 3] 76 570–590

we can finally run the optimization for the rate over the so
obtained reduced set of asymmetric tree-graphs. For small
tree-graphs (i.e., small values of bmax and d), we observe
that our method successfully spans the optimal asymmet-
ric LTCs identified through exhaustive optimization across
the full set of possibilities. This consistency suggests that
this ansatz effectively captures the optimal solutions while
significantly reducing the computational overhead.

2. Optimal LTCs

We present here the optimal LTCs found for the opti-
mizations across different parameters presented in the main
text. In Fig. 12 we report the number of photons of the
optimal tree-graphs obtained for the maximization of the
rate shown in Fig. 1. The used parameters in this case
are: ηd = 0.95, Latt = 20 km , εr = 10−4, τph = 1 ns and
τCZ = 10τph. In Tables I, II, and III, the specific geometry
of these tree-graphs is indicated. In Fig. 13, on the right
y-axes the geometries of the symmetric LTCs obtained
in the optimization of Fig. 5(b) are specified. Also for

TABLE II. The optimal symmetric tree-graphs of the plot in
Fig. 1(d), obtained by maximizing the rate in terms of tree-
graph geometry (with a maximum branching vector equal to 5)
for a fixed communication distance L = 300 km across differ-
ent numbers of repeating stations m. Each tree represents the
best-performing symmetric configuration for the given fixed L
and m.

Tree-graph Nph m

[2, 1, 5] 15 10
[2, 5, 3] 43 30–110
[3, 5, 3] 64 130–590
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TABLE III. The optimal asymmetric tree-graphs of the plot in
Fig. 1(d), obtained maximizing the rate in terms of tree-graph
geometry for a fixed communication distance L = 300 km across
different numbers of repeating stations m. Each tree represents
the best-performing asymmetric tree-graph, generable with our
single emitter top-bottom generation, for the given fixed L and m.

Tree-graph Nph m

[(4, 4), (4, 1), (3, 1)] 38 10–20
[(4, 3), (4, 1), (3, 1)] 34 30
[(4, 3), (4, 2), (3, 1)] 38 30–590

the latter optimization the parameters appearing in the
rate are the same used in the optimization of Fig. 1 and
Table IV lists the optimal symmetric and asymmetric LTCs
obtained from the optimization of εeff shown in Fig. 6(a).
In Table V the rates displayed in Fig. 6(b) for different
physical implementations, the optimal tree-graphs and the
optimal number of repeating stations are reported.

3. Average photon number

We now explain how the inset plot of Fig. 6(a) is
obtained. For a fixed loss probability (ε = 0.1 in this case),
we compute, for all symmetric trees, with Nph < 103 and
maximum depth 3, the effective loss rate εeff. For each
value of Nph we select the tree-graph with the best recov-
ery performance. The optimal tree-graphs are then grouped
based on εeff, where the range of εeff is divided in loga-
rithmic intervals. Finally, within each group, we compute
the average Nph. The same procedure is made also for the
asymmetric case, with the set of asymmetric tree-graphs
obtained from the optimal symmetric ones as described in
Appendix D 1.

Distance (km)

FIG. 13. The optimal tree-graphs, obtained by maximizing the
rate shown in Fig. 5(b), for every distance. The left y-axis the
photon number, while the right y-axis lists the tree geometry for
the symmetric case. For the asymmetric case the optimal tree-
graph is the same for every distance and is represented in the
figure.

TABLE IV. Optimal symmetric and asymmetric tree-graphs
obtained from the optimization of εeff, shown in the main plot
of Fig. 6(a). Each optimal tree is obtained by fixing a value of ε
and determining the geometry that minimizes the value of εeff.

sym tree-graph asym tree-graph ε

[4, 5, 3] [(6, 4), (6, 4), (6, 3), (5, 1)] 0.01
[4, 5, 3] [(7, 4), (6, 3), (6, 2), (6, 2)] 0.03
[4, 5, 3] [(7, 4), (7, 3), (6, 2), (6, 1)] 0.05
[4, 5, 3] [(7, 4), (7, 3), (7, 2), (5, 1)] 0.07
[3, 7, 3] [(9, 4), (8, 3), (6, 2)] 0.09–0.23
[3, 8, 3] [(10, 4), (9, 3), (5, 1)] 0.25–0.27
[3, 8, 3] [(10, 4), (9, 3), (5, 1)] 0.29–0.33
[2, 10, 3] [(10, 3), (10, 3)] 0.35
[2, 10, 3] [(11, 4), (10, 3)] 0.37–0.41
[2, 9, 3] [(11, 5), (10, 2)] 0.43–0.45
[2, 9, 4] [(9, 3), (9, 3)] 0.47
[2, 9, 4] [(10, 5), (11, 2)] 0.49

APPENDIX E: LONG-RANGE QUANTUM
COMMUNICATION

Here, we present the results for the communication
rate at high distances achieved using our protocol and
an extended version of it, consisting in two quantum
emitters arranged sequentially along the same waveguide.
This modification expands the range of tree-graph geome-
tries that can be generated top-bottom, enhancing the
loss-tolerance capabilities and hence the rate in the case
of long-range quantum communication. Specifically, with
this setup we can emit trees with eight branches, two of
them can be of the form b = {7, n}, and six of the form
b = {8, n}.

Figure 14 displays the rate as a function of the communi-
cation distance for the protocol using symmetric trees [17],
and our protocol with 1 and 2 emitter. In Table VI we also
report the optimized tree-graphs for every distance. We
see that the protocol utilizing top-bottom generation with
two emitters ensures high communication rates, even at

TABLE V. We report the maximum rates reached, the optimal
tree-graph used, and the optimal number of repeating stations,
for different physical implementations, over a communication
distance of 100 km.

Physical
implementation Rate Tree-graph m

Quantum dot ◆ 117.3 kHz [(4, 2), (4, 2), (4, 1)] 44
Silicon vacancy ◆ 3.9 kHz [(3, 2), (4, 2), (4, 1)] 57
Neutral atom ◆ 273.9 Hz [(4, 2), (4, 2), (4, 1)] 57

Quantum dot (green diamond): γ = 2π × 100 GHz [41], tcoh =
4 µs [40].
Silicon vacancy (blue diamond): γ = 2π × 2 GHz [39], tcoh =
13 ms [38].
Neutral atom (orange diamond): γ = 2π × 170 MHz [43], tcoh =
1 s [42].
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Distance (km)

Ra
te

 (H
z)

FIG. 14. In the main plot the maximized rate R, for m and the
tree-graph geometry, in terms of the communication length L.
The markers denote: main plot middle magenta line: optimized
rate obtained with our protocol with one emitter, main plot upper
orange line: optimized rate obtained with our protocol with two
emitters, main plot lower aqua line: optimized rate obtained with
the protocol of Ref. [17], taking into account symmetric trees
of depth 3 with maximum branching element equal to 20. The
constants appearing in R are the same in all tree cases, and are:
ηd = 0.95, Latt = 20 km , εr = 10−4, τph = 1, and τCZ = 10τph.
The inset displays the number of photons of the optimized tree-
graphs for the rate, for every distance.

distances where the other two methods yield rates that are
nearly zero. In Fig. 15, we show the rate as a function of the
parameters γ and tcoh for a distance L = 1000 km, for our
protocol with one and two emitters. With different mark-
ers, we highlight various technological implementations.
Here, we also consider a quantum dot (aqua diamond)
with enhanced coherence time [78], which could offer a

TABLE VI. The optimal tree-graphs of Fig. 14, obtained by
maximizing the rate for various communication distances L. We
report the so obtained optimal tree-graphs generable with our
protocol with 1 and 2 emitters, and for the protocol of Ref. [17]
with maximum branching vector set to 20.

Distance (km) Tree-graph

500 [(4, 3), (4, 2), (3, 1)]
[(8, 4), (8, 3), (7, 2), (7, 1)]

[3, 11, 4]

600–700 [(4, 3), (4, 2), (3, 1)]
[(8, 4), (8, 3), (7, 2), (7, 1)]

[4, 12, 4]

800–1500 [(4, 3), (4, 2), (3, 1), (3, 1)]
[(8, 4), (8, 3), (7, 2), (7, 2)]

[4, 13, 4]

significant advantage in terms of rate, particularly in the
context of long-range communication scenarios. Finally in
Table VII the rate, the optimal tree-graphs and the opti-
mal number of repeating stations for the two cases are
presented.

APPENDIX F: CORRECTING QUBIT ERRORS
WITH MAJORITY VOTE STRATEGIES

Here, we study more in depth the impact of errors in
our generation protocol. For this, we now employ a more
detailed error model, originally introduced for symmetric
tree-graph LTCs [16,27], and we extend it to asymmet-
ric codes. Similarly to Refs. [16,27], we also incorpo-
rate a majority vote strategy: this makes explicit use of
the abundant redundancy in the tree-graph encoding, to

(a) (b)

Ra
te

 (H
z)

FIG. 15. The rate R in function of the optical line width γ and the coherence time of the quantum emitter tcoh, for L = 1000 km is
reported, for (a) our protocol with a single emitter and (b) our protocol with two emitters. The markers correspond to different techno-
logical implementations for the emitters. Upper left green diamond: a single semiconductor quantum dot coupled with a nanocavity,
upper right aqua diamond: a single semiconductor quantum dot coupled with a nanocavity with enhanced coherence time, middle
blue diamond: a single silicon-vacancy (SiV) color center coupled with a photonic crystal cavity, and lower orange diamond: a single
neutral atom coupled with a fiber Fabry-Perot cavity.
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TABLE VII. We report the maximum rates reached, the opti-
mal used tree-graph, and the optimal number of repeating sta-
tions, for different physical implementations, over a communica-
tion distance of 1000 km, for the single, and the double emitter
protocol.

Single emitter

Physical
implementation Rate Tree-graph m

Quantum dot ◆ 3.5 kHz [(4, 3), (4, 2), (3, 1), (3, 1)] 1000
Quantum dot ◆ 0 kHz – –
Silicon vacancy ◆ 76.1 Hz [(4, 3), (4, 2), (3, 1), (3, 1)] 1000
Neutral atom ◆ 1.7 Hz [(4, 3), (4, 2), (3, 1)] 1000

Double emitter

Physical
implementation Rate Tree-graph m

Quantum dot ◆ 26.1 kHz [(7, 4), (8, 3), (8, 2), (7, 1)] 805
Quantum dot ◆ 0 kHz – –
Silicon vacancy ◆ 582.7 Hz [(7, 4), (8, 3), (8, 2), (7, 1)] 855
Neutral atom ◆ 34.3 Hz [(7, 4), (8, 3), (8, 2), (7, 2)] 1000

Quantum dot (aqua diamond): γ = 2π × 100 GHz [41], tcoh =
113 µs [78].
Quantum dot (green diamond): γ = 2π × 100 GHz, tcoh = 4 µs
[40].
Silicon vacancy (blue diamond): γ = 2π × 2 GHz [39], tcoh =
13 ms [38].
Neutral atom (orange diamond): γ = 2π × 170 MHz [43], tcoh =
1 s [42].

also correct qubit errors (that is, errors which are not
losses).

The secret key fraction in Eq. (25) is not only affected
by losses but also by errors in the photonic qubits.
Specifically, we assume that each photon undergoes an
independent depolarization channel, described as

�μ(ρ) = (1 − μ)ρ + μ

3
(X ρX + YρY + ZρZ) , (F1)

where ρ is the density matrix of a single photon. The prob-
ability of an error for a single photon measurement under
any basis is then μsp = 2

3μ. We are now interested in the
dependence of the transmission fidelity F on the parame-
ter μsp in the case of asymmetric trees. The fidelity can be

expressed as

F = (1 − ēdecoding)
m+1, (F2)

where m is the number of repeater stations and ēdecoding is
the error probability of having a logical error in a decoded
qubit conditioned on the fact that all adaptive mea-
surements in the recovery protocol apparently succeeds
(i.e., we are able to consistently complete the decoding-
encoding), but the output is actually incorrect due to errors
in the measurement process; the latter is given by

ēdecoding = ēincorrect

Ps
. (F3)

Here, Ps is the probability of successfully performing all
the adaptive measurements, as given in Eq. (C8) for asym-
metric graphs, and ēincorrect is the probability of decoding an
incorrect result at a repeater node. To determine ēincorrect, it
is useful to remember that to successfully decode a result
(either correct or incorrect) at each repeater node, one pho-
ton in the first level of the tree needs to be measured in
the X basis, whereas all its leaf photons in the second
level, together with all other photons in the first level,
need to be measured in the Z basis, either directly or indi-
rectly. Hence, correct decoding requires three conditions
to be fulfilled: (1) The first-level photon measured in the X
basis must be errorless; (2) the parity of all Z measurement
outcomes from the remaining first-level photons, whether
measured directly or indirectly, must be errorless; (3) The
parity of all Z measurement outcomes from the second-
level photons connected to the first-level photon, measured
in the X basis, either directly or indirectly, must also be
errorless.

In the following, let l be the number of photons in the
first level which are lost and need to be measured indi-
rectly, n the number of photons which are not lost and
are measured directly, and the remaining photons that are
not lost but can be measured indirectly are labeled as b′ =
b0 − n − l. We now account for all possible scenarios. i.e.,
all possible combinations of n,l and b′. For symmetric
graphs, this can be achieved as discussed in Refs. [16,27].
In the asymmetric case, we have to explicitly compute
different permutation scenarios, because in general every
branch of the tree has a different geometry. Thus, ēincorrect
in the case of asymmetric tree-graphs reads

ēincorrect =
b0−1∑

l=0

b0−l∑

n=0

∏

p∈P(b0,l,n)

⎡

⎣
∏

l′∈p

εR(l
′)

0

∏

n′∈p

(1 − ε)R(n
′)

0

∏

b′∈p

(1 − ε)R(b
′)

0

⎤

⎦

×
b0∑

q=0

εq(1 − ε)

(1 − εb0)

b(q)0∑

m=0

[
(1 − ε)(1 − R(q)1 )

]m [
R(m)1

]b(q)0 −m
ēn,m, (F4)
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where P(b0, l, n) indicates the set of all possible com-
binations of the b0 indices of an asymmetric tree-graph
(each index labeling a different branch), divided in three
groups: l′ with l elements, n′ with n elements, and b′ with
b0 − l − n elements. Let now R(i)n be the probability of suc-
cessfully performing an indirect Z measurement, on the nth
level of the ith branch, and denote by ēn,m the error prob-
ability of the decoded qubit, in the case where n of the Z

measurements in the first level, and m of the second level,
are performed through direct measurement, while all the
others are performed indirectly. Then, one has

ēn,m = 1 − (1 − μsp)
(
1 − P̃n

) (
1 − P̃m(q)

)
, (F5)

where we defined

P̃n =
n∑

i=0

⎡

⎢⎢
⎣

(
n
i

)
(1 − μsp)

n−i
b0−1−n∑

j =0
mod2[i+j]=1

∑

k,k′∈B(b0−1−n,j )

∏

k

ē(k)I1

∏

k′
(1 − ē(k

′)
I1
)

⎤

⎥⎥
⎦ , (F6)

P̃m(q) =
m∑

i=0

⎡

⎢⎢
⎣

(
m
i

)
μi

sp(1 − μsp)
m−i

b(q)0 −m∑

j =0
mod2[i+j]=1

(
b(q)0 − m

j

)
ē(q)I2

⎤

⎥⎥
⎦ , (F7)

where k, k′ are sets of indexes (of the branches) of j and
b0 − 1 − n − j elements, and B(b0 − 1 − n, j ) contains all
the possible combinations of groups of indexes with that
length. ē(q)Is

is the error probability of guessing a wrong
Z measurement outcome on a level s photon of the qth
branch, by doing an indirect measurement using the major-
ity vote strategy. Since our asymmetric tree is made by
branches that are symmetric trees, the expression for ē(q)Is

, is
the one derived in the Supplementary Material of Ref. [16].
To relate μsp to experimental parameters, we denote by
μdep the depolarization rate, and set

μdecoh = 3
4

[
1 − exp

(−Tgraph

tcohNph

)]
. (F8)

We then finally estimate the resulting depolarization rate

μsp = 2
3

(
μdecoh + μdep − 4

3
μdecohμdep

)
. (F9)

APPENDIX G: EMITTER FAULTS AND
CORRELATED ERRORS

Finally, we also include a more detailed analysis of
emitter errors, which can potentially result in corre-
lated errors across the LTC, which would potentially be
beyond the correction capabilities of the majority vote
strategy; by considering a worst-case scenario (where
any correlated error completely corrupts the transmis-
sion fidelity), we show that for most of the relevant

physical implementations our protocol features remarkable
resilience against such correlated errors. Specifically, we
assume that any single error occurring during the gener-
ation of a LTC leads to an uncorrectable correlated error.
Considering a scenario with m repeating stations, the prob-
ability of having at least one error in the generation of
LTCs across the entire repeater chain is

Perror = 1 −
(

e
−Tgraph

tcoh

)m

. (G1)

The mean fidelity can then be estimated as

F = (1 − Perror)F0 + 1
2

Perror, (G2)

where F0 is the fidelity discussed so far, which comprises
both losses and uncorrelated Pauli errors, the latter being
corrected though the majority vote strategy discussed in
Appendix F.

In Fig. 16 we report the optimized rate of Eq. (2) as
a function of distance, for different physical platforms
and under two distinct error models. Solid lines corre-
spond to the case where only single-qubit Pauli errors are
considered, while dashed lines include the effect of corre-
lated errors during the generation, assuming a worst-case
scenario as described above. We find that the impact of
correlated errors from emitter faults depends heavily on
the specific platform considered, with the most detrimen-
tal effects affecting systems where the decoherence rate is
fast with respect to the operation rate at the repeater sta-
tions. On the other hand, systems where the generation
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FIG. 16. The rate for our top-bottom single emitter protocol,
optimized for different distances, over asymmetric tree geome-
tries. The solid lines represent the rate considering the single
Pauli error model and error correction based on the majority vote
strategy. The dashed lines consider also the possibility of corre-
lated errors, assuming a worst-case scenario where every error
in the generation of the tree cluster leads to a correlated error
that is uncorrectable. Different colors correspond to different
hardware implementations. Quantum dot (aqua diamond): γ =
2π × 100 GHz [41], tcoh = 113 µs [78]. Quantum dot (green dia-
mond): γ = 2π × 100 GHz, tcoh = 4 µs [40]. Silicon vacancy
(blue diamond): γ = 2π × 2 GHz [39], tcoh = 13 ms [38]. Neu-
tral atom (orange diamond): γ = 2π × 170 MHz [43], tcoh = 1 s
[42].

of the LTCs is fast enough with respect to the error rate
of the emitter do not suffer tremendously of such faults.
More specifically, our simulations show that for platforms
such as neutral atoms and vacancy centers in diamond,
where the emitter coherence time is sufficiently long com-
pared to the emission time, the effect of correlated errors
is negligible, even in the pessimistic worst-case model that
we considered. In contrast, quantum dots, which typically
have shorter coherence times, appear to be much more
sensitive to such errors.

In conclusion, under correlated errors the ratio between
the emission time and the coherence time of the emitter
plays a critical role. In the case of neutral atoms, where
the coherence time is significantly longer than the emission
time, the impact of correlated errors is virtually negligible.
In contrast, quantum dots, which typically exhibit shorter
coherence times, appear to be highly susceptible to this
type of error. We stress that in practice not every error
during generation would result in a correlated and uncor-
rectable error, and that in principle, even correlated errors
can be corrected depending on their structure. Moreover,
it is worth noting that modest improvements in the coher-
ence time can be sufficient to shift the system into a regime
where it becomes resilient to correlated errors. This is illus-
trated by the cyan curve in Fig. 16, which corresponds to a
quantum dot with enhanced coherence time.
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