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A complex but important challenge in understanding quantum mechanical phenomena is the simulation
of quantum many-body dynamics. Although quantum computers offer significant potential to accelerate
these simulations, their practical application is currently limited by noise and restricted scalability. In this
work, we address these problems by introducing a hybrid ansatz combining the strengths of quantum
and classical computational methods. Using Trotterization, we propose to evolve an initial state on the
quantum computer according to a simplified Hamiltonian, focusing on terms that are difficult to simulate
classically. A classical model then corrects the simulation by including the terms omitted in the quantum
circuit. While the classical ansatz is optimized during the time evolution, the quantum circuit has no
variational parameters. Derivatives can thus be calculated purely classically, avoiding challenges arising
in the optimization of parametrized quantum circuits. We demonstrate three applications of this hybrid
method. First, our approach allows us to avoid SWAP gates in the quantum circuit by restricting the quantum
part of the ansatz to hardware-efficient terms of the Hamiltonian. Second, we can mitigate errors arising
from the Trotterization of the time-evolution unitary. Finally, we can extend the system size while keeping
the number of qubits in the quantum circuit constant by including additional degrees of freedom in the

classical ansatz.
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I. INTRODUCTION

Solving the time-dependent Schrodinger equation for
quantum many-body systems is an important piece in the
puzzle of understanding nature at a microscopic scale
[1-6]. While analytical solutions quickly become unreach-
able as the number of particles increases, a plethora
of computational methods are available to simulate the
dynamics of such quantum systems up to a certain size
[7—14]. However, as the Hilbert space scales exponentially
in the number of particles, classical simulation methods are
limited to relatively small system sizes. Quantum comput-
ers comprise a promising tool for this application, as the
resources required for the simulation of quantum time evo-
Iution scale polynomially with the number of particles, in
theory allowing for an advantage over classical algorithms
[15-20].

In practice, quantum simulations using noisy
intermediate-scale quantum (NISQ) devices [21] are
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restricted by limited scale and the effects of noise [22-25].
As a consequence, the simulation of quantum dynam-
ics through Trotterization of the time-evolution unitary
[26,27] is effectively only approximate. Due to the lim-
ited coherence time, only a small number of Trotter steps
can be implemented on digital quantum computers, leading
to significant Trotter errors. Further, the restricted con-
nectivity of near-term quantum devices prohibits direct
implementation of the time evolution of nonlocal Hamilto-
nians without additional SWAP gates further increasing the
circuit depth. Finally, the small number of qubits available
on current devices constrains the system sizes that can be
simulated.

In recent years, variational quantum algorithms have
been proposed to address the problem of limited coher-
ence time [28]. By keeping the circuit depth constant,
longer simulation times can be reached compared to a
Trotterized time evolution at the cost of optimizing cir-
cuit parameters [29—37]. The circuit ansatz can further
be chosen to be hardware efficient, avoiding SWAP gates
in the simulation of nonlocal Hamiltonians. The vari-
ational parameters are either updated using the time-
dependent variational principle (TDVP) [29-32,38—41]
or by minimizing a loss function at every time step
[33-36]. These methods often rely on gradients com-
puted via the parameter-shift rule [42,43], which prohibits
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back-propagation scaling [44]. While derivative-free opti-
mizers exist, gradient-based approaches are more com-
monly used in practice. Other notable classical-assisted
quantum simulation approaches developed for near-
term devices include (variational) fast-forwarding [45,46],
subspace methods [47,48], and adaptive Trotterization
[49,50].

On the other hand, to overcome the restrictions imposed
by the limited number of available qubits on near-term
devices, a range of quantum-classical hybrid algorithms
has been proposed to split a large quantum system into
smaller partitions [51-55] for applications in ground-state
problems [56—66] and, more recently, also for dynamics
[35,67]. Crucially, the quantum circuits for the individual
partitions remain parametrized and hence the challenges
with computing derivatives remain. This is also the case
for another class of hybrid algorithms, where a classical
ansatz is combined with a parametrized quantum circuit to
reach lower energies in discrete [68,69] or continuous [70]
space ground-state problems.

In contrast, we propose a quantum-classical hybrid
algorithm for the simulation of quantum dynamics that
requires no optimization of parameters on the quantum
circuit. Instead, we use Trotterized time evolution accord-
ing to a simplified Hamiltonian containing terms that
are difficult to simulate classically but can be efficiently
implemented on the hardware. We then employ an opti-
mizable classical ansatz to correct for the errors arising
from the Trotterization as well as from the simplification
of the Hamiltonian. As the quantum circuit is no longer
parametrized, any derivatives can be computed purely
classically using back-propagation. In fact, we show that
all relevant quantities required for the optimization of the
classically corrected quantum dynamics (CQD) ansatz can

be obtained by sampling the time-evolved quantum circuit
in different bases and evaluating the classical part of the
ansatz at those samples.

The remainder of the paper is structured as follows. In
Sec. II, we define the ansatz, show how expectation values
are computed, and derive the equations of motion for the
classical parameter updates. In Sec. 111, we showcase three
applications of the method, demonstrating how the hybrid
ansatz allows us to (i) correct Trotter errors [Sec. 111 A], (ii)
avoid the use of SWAP gates by evolving with a hardware-
efficient approximation of the Hamiltonian [Sec. 111 B],
and (iii) extend the system size by treating additional
degrees of freedom purely classically [Sec. III C]. Finally,
in Sec. IV, we discuss the results and provide an outlook
with regard to possible future applications of the method.

II. METHODS

Our goal is to simulate the time evolution of an initial
state |1) with respect to a time-independent Hamilto-
nian H. Ideally, we want to evolve the quantum state
directly with H on the quantum device, i.e., [Y?(?)) =
e~ 40). However, consider the situation in which the
time evolution on the hardware can only be simulated with
an approximate Hamiltonian . This problem naturally
occurs when, e.g., the time-evolution unitary is Trotterized.
In these cases, we propose to use a classical parametrized
function ¥, (z) to correct the dynamics (see Fig. 1) and
optimize it using an extended version of the TDVP [41].
Specifically, we sample the time-evolved quantum state at
incremental time steps to obtain the appropriate equations
of motion for the parameters 6 (¢), which are then updated
accordingly.
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FIG. 1.

A sketch of the classically corrected quantum dynamics (CQD) ansatz. In order to evolve the ansatz in time according to

a Hamiltonian H, a quantum circuit (on the left) is evolved with an approximate time-evolution unitary U(f). At every time step, the
circuit is measured in multiple bases given by the Pauli decomposition of H and the effective Hamiltonian A underlying U(¢). Those
samples, together with the classical ansatz (on the right) are used to obtain the equations of motion that are integrated in order to update

the classical parameters 6 iteratively.
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A. Hybrid ansatz

We define the Classically Corrected Quantum Dynamics
(CQD) ansatz at time ¢ in the computational basis spanned
by bit strings z as

Vo (1,2) = VT D)W, @) = ¥, V5@, (1)

where |9(f)) = U(¥) |y) is a quantum state implemented
as a quantum circuit, with U(¢) a time-evolution unitary
to be specified later, and ¢ is the classical correction,
such as a mean-field, Jastrow, or a neural-network ansatz.
Importantly, the classical contribution to the wave func-
tion is parametrized with time-dependent parameters 6 (¢),
while the time dependence of the quantum contribution is
given explicitly through a deterministic time evolution of
the initial state. Thus, the quantum circuit contains no opti-
mizable parameters. Note that, in general, the hybrid wave
function ¥y, (t,z) is not required to be normalized.

We now show how expectation values of observables
can be computed within the general CQD ansatz of Eq. (1),
while the time-evolution algorithm and parameter opti-
mization will be discussed in the next section. As any
observable can be decomposed into a sum of Pauli strings
P e {l,X,Y,Z}®", it suffices to consider a single arbitrary
Pauli string P, the expectation value of which yields

(Wl Plrg) =) 99(6,2)" Y5 ()" ¥ (.25 (2) (| P |2).

’ @)

For diagonal Pauli strings P |z) = S(z) |z), this can be
immediately written as

Wol P o) = > 1Y) PS@IY5 )

= Lo (z1yp9)2 [S(Z)W’g(zﬂz]

1
%M Z S(Z)I%(Z)Iz, (3)
"z~ |(zy?))?

where we have dropped the time dependence for read-
ability. The expectation value can hence be estimated by
evaluating S(z)|y§ (2)|? classically at N, configurations z
sampled from the quantum circuit | 9).

For nondiagonal observables, Zhang et al. [68] have
shown how a more intricate measurement scheme can be
exploited to similarly sample bit strings z from a quantum
circuit and evaluate the classical correction accordingly. In
Appendix A, we discuss the sampling procedure in detail.
We show that for any Pauli string P and classical function

f, expressions of the form

D VI YE) I P2 (2,2 ©)

z,z

can be computed by sampling configurations z from |[17)
in at most two bases. Evaluating the expectation value of a
Pauli string for the CQD ansatz given in Eq. (2) is a special
case of this result, with f'(#,2,2) = (Y5, (2))* Y5, (z) in
Eq. (4).

B. Derivation of the equations of motion

Our goal is to optimize the CQD ansatz at incremental
time steps such that the resulting hybrid wave function fol-
lows the desired time evolution according to a Hamiltonian
H. For an infinitesimal time step 8¢, we define

WF)(HBI) (t+ét,z) = WQC(;).;.,S@(Z) (z] e_iatﬁ |W(t)> 5 (5)

where 80 is the update to the classical parameters that
is to be determined. To that end, we apply McLachlan’s
variational principle [40,41],

86" = argmin " [y (0) = Warsa (t+80)[. (6)

The main steps to solve this minimization problem are
outlined below, assuming that the ansatz is normalized
((¥|¥) = 1). The results are later generalized to the case
of unnormalized wave functions.

Using the shorthand notation d; = d/ds,, we note that
the derivative with respect to time can be expanded as

d

Aoy .
— =90 — 0y =20 0, 0y. 7
7 t+2k:dt 3 ﬁ—Xk: Ok @)

Next, we Taylor expand both the time-evolution unitary
e P =1 — istH + O(8F) (8)

and the ansatz
d
[Voys0 (t+ 81)) = (1 + 5ld—[> Ve () + OGF).  (9)

Inserting these expressions into Eq. (6) and using 86 =
0,5t, we obtain
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0* = argmin
6

= argmin | [¥) + ) 6 0c) + 100)
k

= argmin } 6 [z’ (kW H ) + (00100) + Y (0w o) + c.c.)} :
k I

where we use the shorthand |{) = |4 (¢)) and all terms
not depending on € have been dropped, as they do not
contribute to the arg min.

To perform the minimization, we set the derivative of
the objective function with respect to 6 to zero and obtain
the equations of motion for the parameter changes 6

> ORel (@ 09)} =Tm{(3r| H |¥)} — Re{ (3 |9,17)).
i
an

The generalized equations of motion for an unnormalized
ansatz are given by (for the derivation, see Appendix C)

ZSklél = Cy — Ty, (12)
1
where
Sy = Re { (O lopr) <3ktﬁ|1/f)(1/f2|311ﬁ>} (13)
(V1) (Vly)
is the quantum geometric tensor (QGT),
C o m{<akx/f|H|w> @yl <1/f|2H|w>} (14
(V1Y) (vly)

are the forces usually appearing in the equations of TDVP
[40], and

I Re { (@109 _
W)

(Y [¥) (W 0:)
(wiy)®

} (15)

are additional forces arising from the explicit time depen-
dence of the ansatz.

The equations of motion given in Eq. (12) can be solved
using any numerical ODE integrator, such as the Euler
method, to compute the parameter updates 6 (¢ + 5¢). The
TDVP time-step size 8¢ and the choice of integrator are
hyperparameters of the optimization and must be selected
to balance computational cost and simulation stability.

(1 — istH) |¢) — (1 + 813, + atZékak> 1)
k

2

2

(10)

(

C. Calculating the forces and the quantum geometric
tensor

In Appendix B, we show that all quantities appearing
in the equations of motion Egs. (13)+15) can be written
in the form of Eq. (4). Each term can thus be computed
by sampling configurations from quantum circuits (poten-
tially in different bases) and evaluating classical functions
on said samples.

As an example, the term containing the explicit time
derivative appearing in the forces T} is calculated as

(Wlo) =Y vt 2)* @ (6 2) 5 (@) Prs (2)

=" w2 el (i) [Y0) W)

z

= —iy V(62" CH )Y@

=—iy we ) YD) E P 5@,
k

’ (16)

where we have decomposed H = >« WkPr. This fits into
the form of Eq. (4) with f(4,z,2") = |¥§(2)|*. The cor-
responding results for all other terms appearing in the
expressions of the QGT and forces are summarized in
Table I.

At every time step, the circuit |9(¢)) has to be sampled
in a number of bases,

Nbases = 2Nnd(H +H) + 15 (17)

where N,;(H + H) are the numbers of nondiagonal Pauli
strings in the Pauli decomposition of H and H, respec-
tively. The factor of 2 appears as different bases have to be
chosen to obtain the real and imaginary parts of the expec-
tation values. Note that if Pauli strings are contained in
both Hamiltonians, the samples can be reused and, hence,
Nua(H + H) < Nya(H) + Nya(H).
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TABLE I. All the quantities appearing in the equations of
motion can be recast to expressions of the form given in Eq. (4).
Here, we list the Pauli strings according to which the time-
evolved circuit has to be sampled and the classical functions that
have to be evaluated on those samples to compute each expres-
sion. We write P(H) to denote the set of Pauli strings appearing
in the decomposition of H.

Expression Pauli strings f(tzz2)
(Vi) Identity G
(0| 0kpr) Identity (g (2))* g (2)
(O 1Y) Identity Ok (2)* g (2)
(VIH |y) P e P(H) (Ws @) Y5 (2)
(O [ H ) PePH) Ok (2))*Yg ()
(W1dy) PeP(H) FAGIE

(O 10:Y) P eP(H) (O (2))" g (2)

III. APPLICATIONS

In this section, we present three use cases that illustrate
how the CQD ansatz can be leveraged to correct or extend
Trotterized quantum dynamics. First, we demonstrate its
ability to mitigate Trotter errors. Second, we show how
the CQD framework enables hardware-efficient time evo-
lution on a quantum computer, even for Hamiltonians with
nonlocal terms. Finally, we explore how additional degrees
of freedom can be incorporated entirely within the classi-
cal component of the ansatz, eliminating the need for extra
qubits on the quantum device. Note that these examples are
not exhaustive but highlight the versatility and potential of
the CQD ansatz for quantum dynamics simulations.

A. Correcting Trotter errors

In order to implement the time-evolution unitary U(f) =
exp(—iHt) for general Hamiltonians as a quantum cir-
cuit, we usually employ a Trotterization of U(¢). For a
Hamiltonian with noncommuting terms [H, H;] # 0, we
can expand to, e.g., first order

t/ At
exp(—th):(l_[exp(—inAt)> +O0(tAD, (18)

k

which is a good approximation for small Trotter steps At.
The benefit of this Trotterization is that individual terms
can now be efficiently implemented as a quantum circuit
through a product of locally acting quantum gates. In prac-
tice, on noisy devices we only have access to a limited
number of Trotter steps due to the restricted coherence
time. This leads to a trade-off between Trotter error and
hardware noise.

Here, we demonstrate how our hybrid method can be
used to address this problem. To this end, we can interpret
Trotterized time evolution as exact quantum evolution with
an effective piecewise constant Hamiltonian (see Fig. 2).

FIG. 2. A quantum circuit representing two first-order Trot-
ter steps of a Hamiltonian H = H, + H,, where H, and H, are
two noncommuting terms. To correct for the error arising from
the large Trotter steps Az, we update the classical ansatz at a
smaller timescale 8¢. Within this timescale, the unitary e~/
can be seen as a time evolution according to an effective Hamil-
tonian H = 2H; for a time A#/2. Note that we show a first-order
Trotter step here to simplify the visualization. In practice, we
employ second-order Trotterization in our experiments to obtain
a higher-order approximation at the cost of a constant-depth
unitary transformation.

For example, the first-order Trotter decomposition for a
Hamiltonian H = H; + H, is written as

Wt + AD) = exp(—iH AD) ¥ (1))
~ exp(—iHh Af) exp(—iHi AD) [ (1)

At At
= exp(—2iH27> exp(—2iH17) v (@) .
(19)

A Trotter step can thus be described within our framework
by setting H = 2H, for the first half of the time step Az and
H = 2H, during the second half. This generalizes for mul-
tiple Trotter steps, Hamiltonians with more than two terms,
and higher-order Trotter decompositions. Given an expres-
sive enough classical ansatz 1§ and a TDVP timescale
8t < At, we can thus correct errors arising from coarse
Trotterization.

As an example, we simulate the transverse-field Ising
model (TFIM) on a chain of L =10 spins with open
boundary conditions, described by the Hamiltonian

L L
H=-hY X,—JY ZZ, (20)
i=1 i=1

where we set the local field 4 = 1 and the coupling strength
J = 2. X; and Z; denote the corresponding Pauli operators
acting on the ith qubit. We start in the +1 eigenstate of the
X basis |Yy) = |[+)®L and evolve it in time using Trotter-
ization to second order with a Trotter step size At = 0.25.
The TDVP time step is set to 6 = 0.005 and we integrate
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FIG. 3. Correcting Trotter errors in the simulation of the TFIM on a chain of ten spins with open boundary conditions. (a) The fidelity

of the simulated quantum states with respect to the exact solution. We compare a purely classical simulation based on a Jastrow ansatz
(blue line) as defined in Eq. (21) with the CQD ansatz combining the Jastrow with the Trotterized quantum circuit for both a noiseless
(red line) and a shot-based simulation (dashed brown line). The uncorrected quantum simulation is displayed for reference (yellow
line). (b),(c) The ZZ correlation (b) between the first two qubits and (c) between an edge and a central qubit. The exact expectation
values are shown in black. The Trotterization is chosen at second order with time-step size At = 0.25 (full Trotter steps are indicated

with dots).

the equations of motion using the Euler method. Note that
here we can in fact split the Hamiltonian into two noncom-
muting terms, H = H, + H., where H, contains the local
fields whereas H, consists of the couplings.

As the classical model, we choose a simple Jastrow
ansatz [71] given by

Vi@ =exp | Y Ozt ) Oyzz | 2D

7

where all parameters are complex and the two-body param-
eters are symmetric: 6; = ;. For L spins, we count a total
of L + [L(L — 1)/2] complex parameters. The parameters
are initialized to 6(0) = 0, such that 1//5(0) (z) = 1.

In Fig. 3(a), we plot and compare the fidelities of quan-
tum states simulated by different means with respect to the
exact solution

F(o®) s Wewe)) = | (s Ol e 1y} (22)

Simulating the evolution using solely the Trotterized
quantum circuit approximation without the classical model
(yellow line) gives rise to oscillating nonsmooth fidelities.
Cusps appear whenever the piecewise constant evolution is
switched between H, and H,. The points in time at which
a full Trotter step is completed are marked with dots. In
contrast, simulating the system purely with a classical Jas-
trow ansatz without the help of the quantum circuit (blue
line) results in a smooth fidelity curve, which, however,
quickly drops for times ¢ 2> 0.3. Hence, the Jastrow ansatz
alone is not expressive enough to capture the dynamics of
the system at large times.

Finally, we combine the Trotterized circuit and the Jas-
trow ansatz within our CQD framework. We show both
an ideal state-vector simulation (solid red line) and a shot-
based simulation (dashed brown line) with 2000 shots per
evaluated circuit [72]. In each case, we obtain fidelities
superior to the purely quantum and purely classical sim-
ulation for # 2> 0.3. Hence, the CQD ansatz allows for an
accurate simulation using a classical ansatz with fewer
parameters that would otherwise not be sufficient to cap-
ture the full dynamics of the system alone (this point
is further investigated in Appendix D). Furthermore, the
nonsmooth oscillating behavior stemming from the Trot-
terization is washed out, also resulting in high fidelities of
the simulated CQD state at intermediate times in between
Trotter steps.

To obtain a better understanding of the expressibility
of the ansatz, we additionally plot two observables. In
Fig. 5(b), we show the correlator (ZyZ;) of two neigh-
boring spins. For this local observable, the Jastrow ansatz
alone is able to capture the dynamics faithfully for the
entire evolution. However, when we examine the correla-
tor (ZyZs) between an edge and a central spin, we observe
that only the CQD ansatz provides an accurate prediction
over the entire time window [see Fig. 5(c)]. This indi-
cates that the quantum circuit is required for the simulation
of long-range correlations, whereas the Jastrow ansatz is
needed to correct the arising Trotter error and interpolate
the dynamics between the discrete Trotter steps. The latter
is apparent for both observables; the Trotterized evolu-
tion without the classical correction gives rise to piecewise
constant expectation values whenever the state is evolved
according to the Hamiltonian H, (as this Hamiltonian
commutes with the observable). However, even at times
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that match a full Trotter step (yellow dots), the simulated
expectation values are less accurate than those predicted by
the CQD ansatz due to the Trotter error. Note that the sta-
tistical noise apparent in the shot-based simulation could
be alleviated by increasing the number of shots.

B. Hardware-efficient time evolution

Qubit connectivity in near-term quantum hardware, such
as for superconducting qubits, is often restricted by the
topology given by the device. For example, IBM Quan-
tum hardware follows a heavy-hex topology [73] and
Google’s Willow processor is connected in a square lat-
tice [74]. Applying two-qubit gates between qubits that are
not connected with native hardware connections requires
additional SWAP gates, which greatly increases the circuit
depth and thus the required coherence time to successfully
run the circuit. This problem arises when, e.g., evolving
a quantum state in time with respect to a Hamiltonian
that does not follow the hardware topology. Here, we pro-
pose to evolve the quantum state with a hardware-efficient
approximation of the Hamiltonian. We only include those
terms of H that respect the topology of the device in H,
where A again denotes the effective Hamiltonian that gov-
erns the dynamics on the quantum computer. We then use
a classical ansatz to correct for the nonlocal terms in A that
have been omitted in the approximation H.

As an example, we consider a two-dimensional TFIM
with nearest-neighbor coupling J; and next-nearest-
neighbor coupling J, in a grid of 3 x 3 spins (see Fig. 4)

) S S
i (i) (i)

=H-h)Y 7. (23)
i)

We assume that the nearest-neighbor interaction is much
stronger, J; > J;, such that the part of the Hamiltonian
that only includes the local field and nearest-neighbor cou-
plings, H, is a good approximation of the total Hamiltonian
H. In this case, we can employ a simple classical model
(such as a Jastrow ansatz [71]) to correct the total dynam-
ics with the hybrid CQD scheme. In Fig. 4, we show
how the exclusion of nonlocal terms (yellow lines and
gates) reduces the circuit depth significantly even given
an all-to-all qubit connectivity. For a quantum device with
nearest-neighbor interactions, the benefit would be even
greater as SWAP gates would be required to implement all
the next-nearest-neighbor interacting terms not included
in A.

The initial state is chosen as |o) = |+)®° and the clas-
sical parameters are initialized at zero. To implement the
dynamics as a quantum circuit, the time evolution is Trot-
terized to second order with A¢f = 0.1, where the CQD

0) ———

J1 |o>=7-? [ s
0) I re
et

—» [0 L —— 99— A

10) 3

i ieei—

0 A

0) ll—e

FIG. 4. The two-dimensional spin system with strong nearest-
neighbor (J;) and weak next-nearest-neighbor interaction (J3).
The left panel shows the topology of the system, where the nodes
indicate individual spins with a local field /# and the edges rep-
resent the couplings J;; Z; ® Z;. The right panel shows the circuit
implementing a single second-order Trotter step for such a sys-
tem, with boxes representing the Ry rotations and lines between
qubits the Rz gates. Even without including the required SWAP
gates, the circuit depth can be significantly reduced when omit-
ting the next-nearest-neighbor couplings (yellow lines and gates).

ansatz is additionally tasked with correcting the Trotter
error as described in Sec. III A. We use the Euler method
with §¢ = 0.005 to integrate the equations of motion.

In Fig. 5, we show the fidelities and two correlated
observables of the simulation with the CQD ansatz com-
pared to a purely quantum simulation (ignoring next-
nearest-neighbor terms) and a purely classical version. The
hardware-efficient circuit alone (yellow line) is not able to
capture the full dynamics. This is to be expected given that
the next-nearest-neighbor terms are completely neglected
in that case. Additionally, the effect of the Trotterization
is apparent through an oscillating fidelity and piecewise
continuous expectation values of the correlated observ-
ables (Z,Zy) [Fig. 5(b)] and (X1Xy) [Fig. 5(c)]. On the
other hand, the Jastrow ansatz optimized purely classi-
cally (blue line) performs better but also fails to provide
a faithful simulation for longer times due to its limited
expressivity.

Finally, the CQD ansatz combining the quantum circuit
with the Jastrow ansatz achieves the highest fidelity. We
plot the state-vector simulation (red line) and compare it to
shot-based simulations (brown lines) with different num-
bers of shots per evaluated circuit. Note that while in these
cases the ansatz is optimized with shot noise, the fidelity
is always computed using the full state. As expected, the
quality of the simulation improves as the number of shots
increases. However, already for a modest number of 1000
shots, we observe an improvement in fidelity at later times
over the classical Jastrow ansatz and the hardware-efficient
circuit alone. These results suggest that we are indeed able
to correct the quantum circuit evolution for missing terms
in the Hamiltonian and, consequently, reduce the circuit
depth as well as avoid SWAP gates.
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FIG. 5. Reducing the circuit depth by simulating the TFIM setup displayed in Fig. 4 with the CQD ansatz, where the quantum circuit

only includes nearest-neighbor couplings and the classical correction is chosen as a Jastrow ansatz. The Hamiltonian parameters are
J1 =0.5,J, =0.1, and & = 1. The Trotter decomposition is chosen at second order with Az = 0.1. (a) The fidelity of the quantum
simulation neglecting next-nearest-neighbor terms (yellow line), of the purely classical simulation (blue line), and of the CQD ansatz
for different numbers of shots (red and brown lines). (b),(c) The (b) ZZ and (c) XX correlation between the top-left and bottom-right
spins in Fig. 4. For visibility, we only include the simulation with 5000 shots.

C. Extending the system size

In this section, we discuss how the hybrid ansatz can
be employed to expand the system size by including addi-
tional degrees of freedom in the classical model. This
is particularly useful if the system can be split into two
subsystems, where one subsystem is highly correlated
and benefits from the simulation on a quantum computer,
whereas the second subsystem is only weakly correlated
and can be simulated classically. The extended CQD ansatz
takes as input configurations of both the highly correlated
part z, and the weakly correlated bath z. and is defined as

Voon (1 + 81,2, 24)
= 1/fec(t)-o-se (2es2g) (Zq| e—iBtH |lﬂq(l‘))

= 1!’5(,)+59 (Zc, Zq)\//q(t + 6t, Zq)’ (24)

where H is a Hamiltonian that only acts on the highly cor-
related subsystem simulated on the quantum device. For
a general Hamiltonian of the form H = H, + H, + Hy,
where H, (H,) acts on the classically treated bath (quan-
tum) degrees of freedom and H,. acts on both systems, a
straightforward choice is H = H,.

When computing expectation values of observables with
the extended CQD ansatz, we can no longer sample the
full configurations over the whole system on the quantum
device. Instead, we sample only z, from the quantum cir-
cuit and use alternative classical ways of sampling the bath
configurations z.. To this end, we redefine the classical
contribution of the wave function as

w(;(ZCan) = 961 (Zq)wgcz (anzc)a (25)

where the factor depending on z. is constrained to be
normalized according to

Y WGzl =1,

Zc

Vz,. (26)

Using this ansatz, z. can be directly sampled from
|¥52 (2, 24)|* given z,. Further, to calculate the total nor-
malization appearing in Egs. (13)—(15), no sampling of the
classical configuration z. is required, since

(Wolve) = D Wa (g, 20

Zq.Z¢
=Y WICHPIVE C)IP Y W5 ez

=Y W)l Gl 27)

q

In Appendix B 1, we show how these properties allow us
to compute all the quantities in the TDVP equations of
motion in a similar fashion, as discussed in Sec. II C.

To test the extended CQD ansatz, we simulate a TFIM
on a line partitioned into two subsystems (see Fig. 6).
Four central spins, referred to as the quantum partition, are
connected with nearest-neighbor coupling strength J, = 1.
Both ends of the chain are further connected to a bath
chain of n./2 spins with an interaction strength J,. = 0.25.
The bath spins themselves are connected with a nearest-
neighbor coupling of J. = 0.1 and can thus be regarded as
only weakly correlated. The local fields are set to & = 1
over the whole system. On the quantum device, we evolve
the central spins according to A, which contains the terms
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FIG. 6. A spin chain in a TFIM split into four strongly correlated spins in the middle (blue), which are treated on a quantum device.
The remaining (bath) spins (yellow) are weakly correlated and treated purely classically.

of H that only act on this partition (excluding the coupling
between quantum and bath subsystems).

We choose the same Jastrow ansatz, given in Eq. (21), as
in the previous sections for the classical ansatz v, (z,) act-
ing only on the strongly correlated spins. The bath chains
are represented by a mean-field ansatz ¥, defined as

ete (Zq)iZE‘])

WQCZ (Zq’zc) = 1_1

i=1

(28)

eRRelhg Gl | o= 2Relig )il

where Ay is a function parametrized by 6 and taking a
quantum configuration z, as input. As a consequence, the
parameters of the mean-field ansatz are no longer fixed but
depend on the configurations sampled from the quantum
circuit z, through the function A4. This dependence serves
as a backaction between the two subsystems and is essen-
tial to allow for correlations between them. Indeed, in our
framework, the classical ansatz is the only way in which
the bath can influence the dynamics of the spins simulated
on the quantum device, as this evolution is kept unitary and
performed independently of the bath.

We choose a neural network with one hidden layer
with 2n,. neurons and a tanh activation function to map
z, > Ag(z4). During the time evolution, we hence have to

update both the parameters in the Jastrow ansatz v,' and
the weights and biases of this neural network.

The mean-field ansatz allows for exact sampling of
z. given z, by sampling each spin individually from the
normalized distribution

e?Relhg (Zq)izg) }

pi(zél)) = e2Relho(zg)i} | p=2Refro(zg)i} " (29)

The initial state is once again chosen as |yg) =
|4)®atme) We set the parameters of ;' as well as the
weights and biases of the final layer of the neural network
to zero to ensure that 1//90(0) (2e,zg) = 1 at time t = 0. The
remaining parameters are initialized randomly to avoid
vanishing forces. We use second-order Trotterization with
At = 0.1 and integrate the equations of motion using the
Euler method with 67 = 0.001.

In Fig. 7(a), we plot the fidelity of the CQD simulation
with respect to the exact solution for different numbers
of bath spins n. (red and brown lines). In addition, we
include the fidelity obtained by optimizing the same classi-
cal ansatz v (z., z,) without the help of a quantum circuit
using TDVP provided by the NetKet PYTHON library [75]
(blue lines). The purely classical simulation achieves high
fidelities up to ¢ < 0.5, when the fidelity starts to signifi-
cantly drop for all considered system sizes. In contrast, for

@) g - (©) fle=4
0.2 - Exact
>
5 0.95 0.1 _/
ie] S
[ Z 0.0 . :
0.901 3] ne=6
@ 0.2 .
b 5
( )1‘00- E 01
" (o))
g M S 0.01; — .
[0} < =
= —— CQD (state vector) ne = ] <
L0951 oo (500shots) - — 02 g
= Pure Classical —= n.=8 0.1 7
o Pure Quantum
0.90 A 0.0 g
0.0 0.2 0.4 0.6 0.8 1.0 00 05 1.0
Time Time

FIG. 7.

Extending the system size by simulating the TFIM on two subsystems as portrayed in Fig. 6 using a Jastrow ansatz on the

quantum partition and a mean-field ansatz for the classical spins. We compare how the CQD ansatz (state vector in red and shot-based
in brown) performs compared to a purely classical (in cyan) simulation with the same classical ansatz for different numbers of bath
spins #n.. (a) The global fidelity compared to the exact solution. (b) The fidelity of the reduced states, where the bath spins have been
traced out. Here, we also include the fidelity of the Trotterized quantum circuit without the classical correction (yellow line). (c) A plot
of the entanglement entropy between the two subsystems, compared to the exact solution (in black).
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the CQD ansatz, the fidelity stays high for the whole evo-
lution. These results again demonstrate that incorporating
the quantum circuit into a simple classical ansatz increases
its expressivity, allowing for more accurate simulations at
longer times.

In addition to the state-vector simulation, we perform a
shot-based simulation with the CQD ansatz (brown lines).
To that end, we sample 500 configurations z, from every
circuit. Given z,, we then sample ten classical configura-
tions z, from the mean-field ansatz. In Fig. 7, we show that
the shot-based optimization is able to reach a comparable
fidelity to the state-vector results, indicating that a modest
number of shots (and, similarly, a small number of classi-
cal samples) is sufficient for the system sizes considered
here.

Note that we observe a slight decrease in the accuracy of
the simulation for increasing bath sizes n.—which, how-
ever, is to be expected, as the classical bath partition is
modeled using a mean-field ansatz and thus the many-body
fidelity naturally decreases with the bath size. Hence, to
further study the system-size dependency and simulation
accuracy on the quantum partition alone, we compute the
partial fidelity of the evolved quantum state [see Fig. 7(b)],
where we trace out the bath spins

Fyp.0) =Te[\[Vowon /]

where p, = Tr.[p] = Tr.[|) {(¥]] is the reduced state.
The partial fidelity of the purely classical simulation drops
after ¢+ ~ 0.5, similar to the global fidelity. The purely
quantum evolution that ignores the bath spins (yellow line)
shows the usual oscillatory behavior due to the Trotter-
ization with a partial fidelity that slowly decreases on
average but already obtains superior results compared to
the classical simulation. Finally, the CQD ansatz yields the
highest partial fidelities throughout the time evolution. In
contrast to the global fidelity, the partial fidelity reached
by CQD remains unaffected by the number of bath spins
included in the simulation, both for the state-vector and
shot-based simulations. Moreover, the improved accuracy
of the hybrid CQD ansatz compared to the purely quan-
tum evolution demonstrates that the classical ansatz allows
for information to propagate back from the bath into the
quantum partition and thus is able to capture correlations
between the subsystems.

To further study this correlation, in Fig. 7(c), we plot
the von Neumann entanglement entropy between the quan-
tum and classical partition defined on the reduced density
matrix p, [76]

(30)

E[pg] = —Tr[pglog(pg)]- 3D

We find that the backaction between the bath and quan-
tum partitions introduced with the neural network indeed

allows us to recover the entanglement between the two
subsystems, independent of the size of the bath.

Overall, these results demonstrate that the CQD ansatz
enables an extension of the system size through a simple
classical ansatz, which alone would lack the expressive-
ness required for accurately simulating the dynamics over
longer timescales. We expect this to be the case whenever
a part of the system can be efficiently simulated classi-
cally. If both partitions behave highly nonclassically or if
the entanglement between the two partitions is too large,
a quantum device might be required for the full system to
obtain faithful simulations. In that case, the CQD method
could still be employed to correct for Trotter errors or
simplify the Hamiltonian by omitting long-range gates, as
discussed in the previous subsections.

IV. DISCUSSION AND OUTLOOK

In this work, we introduce a method that leverages
classical simulation techniques to correct and extend Trot-
terized dynamics of quantum many-body systems on near-
term quantum hardware. By exploiting the strengths of
quantum computers, such as their ability to capture grow-
ing entanglement during time evolution, while relying on
classical methods to mitigate their limitations, such as
restricted connectivity and limited coherence time, we pro-
vide a new near-term quantum-classical algorithm for the
simulation of quantum dynamics.

The key principle of our method is that the quantum
circuit is evolved with respect to an approximation of the
full Hamiltonian. This approximation is then corrected by
iteratively updating the parameters of a classical ansatz
using TDVP. To obtain the correct equations of motion,
we extend TDVP to the case in which the ansatz contains
an explicit time dependence. Crucially, the subroutine run
on the quantum computer only consists of Trotterized time
evolution and sampling configurations in easily preparable
bases. Since the quantum circuit has no variational param-
eters, the forces and the quantum geometric tensor required
for TDVP can be evaluated purely classically, given sam-
ples from the quantum device. This eliminates the need
for computationally demanding tasks such as calculating
complex overlaps (e.g., using the Hadamard test) or gra-
dients (e.g., using the parameter-shift rule) on a quantum
computer.

We demonstrate that incorporating a simple Jastrow
ansatz in a coarsely Trotterized dynamics simulation
of the TFIM significantly improves the quantum state
fidelity. This shows that our CQD framework can be
employed to correct Trotter errors often arising in digital
quantum simulations with near-term hardware. Further-
more, we show that the ansatz allows for the simulation
of long-range Hamiltonians while keeping the quantum
circuit hardware efficient. To that end, we simulate a
two-dimensional TFIM with strong nearest-neighbor and
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weaker next-nearest-neighbor coupling strengths. Finally,
the CQD ansatz allows to increase the system size beyond
the available qubits of the quantum device. We demon-
strate this by using a classical mean-field ansatz to incor-
porate additional spins that are treated purely classically.
Each of these applications highlights the capability of
the hybrid CQD ansatz in enhancing the accuracy of
approximate dynamics simulation on quantum hardware.

Moreover, we show that the CQD ansatz leverages the
approximate simulation on the quantum device to increase
the expressivity compared to a purely classical ansatz.
This enables the use of simpler classical ansatz with fewer
parameters to simulate highly entangled systems, where
such ansatz would otherwise fail. Reducing the number
of variational parameters is particularly beneficial, as the
inversion of the quantum geometric tensor is prone to
instabilities when employing complex ansatz with a large
number of parameters [77].

In this paper, we touch upon three applications of the
method. However, these are by no means exhaustive. On
the contrary, the proposed ansatz opens the door to any
system in which the time evolution can only be imple-
mented approximately on the quantum device. As long
as the effective Hamiltonian acting on the quantum parti-
tion is known, our framework can be used to correct the
dynamics with a sufficiently expressive classical ansatz.
Furthermore, the ability of the CQD ansatz to extend sys-
tem sizes—provided that the additional degrees of freedom
are efficiently classically simulable—suggests its appli-
cability to a variety of physically interesting systems.
Examples include molecular systems that can be parti-
tioned into active and inactive orbitals [78,79] or quantum
impurity models [80,81]. Finally, note that our derivation
of TDVP with an explicit time dependence is general and
can be employed in any dynamics simulation—classical or
quantum—and with any parametrized ansatz that contains
an explicit time dependence.

There are numerous potential extensions and improve-
ments to the CQD ansatz. The framework itself is kept
deliberately general, particularly with regard to the choice
of classical ansatz. While we primarily discuss the Jas-
trow ansatz, alternative classical wave functions—such as
tensor networks [82] or neural-network quantum states
[83}——could also be considered. Additionally, a scaling
analysis using near-term quantum hardware would be valu-
able in assessing the performance of the method under
realistic noise conditions.

We would also like to note that our method presents a
framework to correct quantum dynamics in postprocess-
ing. In contrast, prior works [84—86] have aimed to reduce
Trotter errors by optimizing the quantum circuit imple-
menting the time-evolution unitary. This can be achieved
by minimizing a loss function based on a perturbative
expansion of the Trotter error [84] or by preoptimizing
circuits using tensor-network approaches [85,86]. While

we focus on Trotterized time evolution in this paper,
the method is in principle agnostic to how the unitary
U= exp(—itfl ) is implemented on the quantum device.
Therefore, the CQD method could be combined with arbi-
trary preprocessing methods to further reduce the depth
of U.

The fact that the time evolution does not necessarily
have to be implemented using Trotterization also implies
that the method could still be of relevance in an early
fault-tolerant era. In particular, the application presented
in Sec. Il C remains important. As the number of logi-
cal qubits will still be limited in the coming decades, it
remains crucial to only employ quantum resources where
they are necessarily required. If part of a system can be
treated effectively classically, our method allows for the
efficient simulation of such a system using reduced quan-
tum resources. In this case, the time-evolution unitary
could also be implemented using fault-tolerant techniques
such as qubitization [87].

Currently, the main bottleneck of the CQD framework
is the fact that quantum circuits have to be sampled fre-
quently, as the TDVP time step has to be chosen small
enough to allow for a stable and accurate numerical inte-
gration of the equations of motion. We note that this
is a problem that arises similarly in variational quan-
tum time-evolution algorithms, where the circuit not only
needs to be sampled at each time step, but complex over-
laps have to be computed [29-32,41] or loss functions
have to be optimized [33—36]. Therefore, our algorithm
comes at a smaller cost in terms of quantum resources
compared to other near-term quantum time-evolution algo-
rithms. Nevertheless, exploring alternative ways of sam-
pling the quantum circuits is an interesting direction for
future research.

While we do not present results from current NISQ
hardware in this work, our method is designed with near-
term devices in mind and we expect it to be imple-
mentable within existing experimental constraints. While
our scheme does not explicitly incorporate error mitiga-
tion, the hybrid architecture offers a potential form of
implicit error mitigation. By allowing a classical model
to correct errors introduced by coarse Trotterization or
simplified dynamics, we can limit quantum evolution to
shallow circuits, possibly just a few Trotter steps. In this
regime, Trotter error, rather than hardware noise, could
become the dominant source of inaccuracy, which is then
directly corrected by the classical model.
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APPENDIX A: MEASURING NONDIAGONAL
OBSERVABLES AND FORCES

In Sec. II, we show how all the quantities required for
the time evolution with the CQD ansatz as well as the
measurement of observables can be written in the form

EP,f) =) v (42) I P|Z)f(6,2,2). (AD)

z,z'

For diagonal Pauli strings, recasting this sum as a sampling
problem is straightforward (see the discussion in Sec. Il A).
For off-diagonal Pauli strings, we employ the strategy pro-
posed by Zhang et al. [68]. First note that a Pauli string
P maps every computational basis state z to another com-
putational basis state z up to a phase S(z) € {1, £i}. We
thus write Pz = S(2)z, which allows us to eliminate the
sum over z’ as

EP,f) =) 9@ () EIS@ |Z)f @.2)

= Z Vi) *v1(2)S@)f (z,2)

= 2 W) EYIHSES @.2)

J

I+, z10-1) = (10) (O] ® L,y + |1
I=z1n-1) = (10) (O] ® [, + |1
|+i,Z10-1) = (

|=i,z1:0-1) = (10} (O] ® [,,-1 + |1

=(Wﬂ[§:S@VTLEHﬂ(ﬂ}|¢ﬂ, (A2)

where we have dropped the time dependence for readabil-
ity and used S(z)* = S(z). We now reorder the qubits such
that the Pauli acting on the first qubit Py is nondiagonal,
1.e., either X or Y. As such, if zo = 0 we have zy = 1 and
vice versa, which allows us to rewrite the sum by fixing
zo=0as

EP,.f)y={| Y Sef (D) ¢

z,8.t.z0=0

+ 8@ z,2) 12) (] (A3)

|ve).
Each term in this sum can be written as

[ @280 |2) 2l +f (2,2)82) |2) (2]
1
=5 &)+ (E2) 86 l2) E+SE) [2) (=)

1
t5 0 &) -fE2) 8@ I2) & - 5G) 12) )

1
=3 (f (z,2) +f(2)

(|+:len—1> (+azlzn—1| - |_,len—l> <_aZl:n—l|)
+3 @D~ E2)
(I, z10—1) (i zin—1] — | =1, 210—1) (=1, Z10-11)
(A4)
where
1
£, zi—1) = —= S@) 10, z10—1) £ 11, Z1:0-1)) »
\? (AS)
|:|:i7211n—1> = ﬁ (S(Z) |Oozlzn—1> + i|1a21:n—1>) .

Note that these states can easily be prepared using con-
trolled Pauli operations. In the case in which Py = X and
hence S(z9) = 1, we find

) ( ) (1 & Pryp—1) (H®TL,-1) (10) @ |z1:0-1))

) ( ) (1 ® Prou—1) (H @ L—1) (I1) ® |z1:0-1))
10) (0] ® Ly + [1) (1] ® Prop—1) (SH @ L,—1) (10) ® |z1:0-1)) ,

) ( ) (11 ® Prp—1) (SH @ I,_1) (I1) ® |z1:0-1)) ,

(A6)
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where H is the Hadamard and S is the phase gate. For Py = Y with S(zy) = i, we need an extra —S gate, resulting in

I+, z1—1) = (10) (O @ L1 + [1) (
|=sZt—1) = (10) (0] @ Ly + [1) (
[+, 21:0-1) = (10) (0] ® Ly + 1) ¢
| =1, 210—1) = (10) (0] @ Ly + 1) ¢

In summary, we are able to rewrite

1
EP.f) =5 3 W+ z00)P (@5 +1 G.2)

Zl:n—1

1
=5 2 W =zn) P @2 +f G.2)

Zl:n—1

3 Yz P @D +f G2

Zl:n—1

=3 Y iz PO @D +f G2,
Z1:n—1

(A8)

which allows us to evaluate the expectation value by
sampling z from the time-evolved circuit in the basis corre-
sponding to either Eq. (A6) or Eq. (A7) and evaluating the
classical function f (z,z) accordingly on those samples.

APPENDIX B: DERIVATION OF TABLE I

In this appendix, we provide the derivations for Table I,
which describes how all the terms appearing in the equa-
tions of motion Eq. (12) can be written in the form of
Eq. (4).

We start with the norm

Wiy) =Y WP @R (B1)

which corresponds to Eq. (4) for P =1 and f(t,z,2') =
[Vrg (z)|>. Moving on to the quantum geometric tensor, we
find

@) = 3 WD PO ) dvs@),  (B)

which again corresponds to the identity Pauli with
f(t,z,2') = ()Y (2))*0x¥5(z). Similarly, the results for
(0| ¥r) and (|9 can be found.

1 ® Pryu-1) (=)H @ I,-1) (10) ® |z1:0-1)) ,
1 ®Pry-1) (=H @ L,—1) (I11) ® |z1:4-1)) »
1 ® Prp—1) (H®L,1) (10) ® |z1:4-1))
1 ® Pry-1) (HQRL—1) (I1) @ |z1:0-1)) -

(AT)

(

Moving on to the forces, we now have to decompose the
Hamiltonian into Pauli strings H = ), w;P; to find

(O | H ) =D wi (9| Pi )

=Y wi Y Yl W2 (] Py |2) ks () Y @),

(B3)

corresponding to Eq. (4), where the circuit needs to
be sampled for every Pauli string in the decomposition
of H and the function to be evaluated is f(¢,z,2') =
(Y5 (2))* g5 (2'). Similarly, the results for (| H |/) can
be found.

The derivation for (|0,4) is given in the main text and
the results for (9;|0,¢) are found equivalently.

1. Derivation for the case of two subsystems

In this section, we provide the same calculations as
above for the case in which additional degrees of free-
dom are added purely classically. As in the main text, we
assume that the global ansatz is given as

1>09(t+51) (t + 8t,zc,zq) = Wq(f + (Sl, Zq)wg(;).l,_ae (anzq)
=yt + 6t, Zq)‘//gcét”gg (Zq)llfgf,mg (ze, Zq)’ (B4)

with

1= 152 ez Yz, (B5)

In addition to the challenge of sampling z. described in
the main text, we have to consider Pauli strings that act on
either or both partitions. We write P = P° ® P? for Pauli
strings appearing in the decomposition of H. Note that,
in contrast, 4 only acts on the quantum partition. We use
the notation P |z) = S(Z) |z) introduced in Appendix A to
denote the connected elements of a Pauli string P. We fur-
ther assume that the classical functions are given in the
form
ng (Zq) = CXp((p;l (Zq)): wgz (Zes Zq) = €Xp (‘P;z (Zc:Zq)):

(B6)

030361-13



GENTINETTA, METZ, and CARLEO PRX QUANTUM 6, 030361 (2025)

such that the derivatives can be written as
3k¢§(zc, Zq) = 0 eXp (‘/’;1 (Zq) + (P;Z (Zc> Zq)) = Wg(zc, Zq)ak ((P;I (Zq) + §0;2 (Zc> Zq)) = Wg(zc, Zq)ak(pg (an Zq)a (B7)

where we have defined ¢§(zc,z,) = @' (z4) + @5 (Ze» 24)-
With this notation, we can now write the force for H = ), w;P; as

O H W) = wiy i) e, (2| P

DI CACHEN I ICREAYCAN ALY

1 zq,z(/l ZCaZé
DD AR CALA VA EAVITENEA) (BS)
i 24,74

where the classical functions to be evaluated can be written as

[tz 2) = U5 G U ) YW enzg) Wi 2l z)) (8005 (zev 2)) (2l P |2L)

’
ZesZe

= %Ll (Zq)*wgl (Z(;) Z Wgz (anzq)*wacz (ZCBZ;) (akQDg (Zc>Zq))* Si(Zc)

C ~

gz (ZC, Zq) (ak¢; (Zm Zq))>k Si(Zc)

=5 (2) V' @) Y W2 (2en2y)|

Ccy ,~
92 (an Z;)

C
92 (207 Zq)

= U5 OV CE, g [ (30 260 29)) &(z»] . (B9)

For each sampled z,, we thus have to estimate an expectation value by sampling z, from |y? (z., z,)|*. The remaining
terms can be found similarly and are listed in Table II.

TABLE II.  All the expressions appearing in the equations of motion can be computed using the form provided in Eq. (4) for the
case of two subsystems described in Sec. III C. Here, we list the Pauli strings according to which the circuit has to be sampled and the
classical functions that have to be evaluated to compute each expression. We write P (H) to denote the set of Pauli strings appearing
in the decomposition of H. We use the shorthand z. ~ z, for z. sampled from |;? (z., z,)|* given z,.

Expression Pauli strings Sf(t,z4,2;)
(Wh&) Identity |w901 (Zq)|2
(0|0 Identity W' @) P Bz, [(01905 (25 24)) 0505 (2 24) |
(@MW) Identity hhgcl (Zq)|2EzC~zq [(81((;05 (Zm Zq))*]
. . 3 Ge,z))
(WIH |y) P{® P e P(H) V' @)y @Bz, [wiz “o% S,»(zc)i|
6 (207Zq)
c c wcz (~Cs : ) *
Oy H [) PE® P! & P(H) ) Y () B, ["éj’) (005 zer2,) S,-(z»}
0 \“cr4q
(W 1o:y) Pl e P(H) ' (2)?
GRVARRTS) Pl e P(H) 1! ) PEas, [(3k905 (Zes2))*]
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APPENDIX C: TDVP FOR UNNORMALIZED
WAVE FUNCTIONS

The derivation of the TDVP equations in the main text
assumes that the ansatz remains normalized over time.
To generalize this to unnormalized classical wave func-
tions and to address the problem of the global phase being
ignored in McLachlan’s principle, we add two additional
virtual parameters to the ansatz, which will modify the
equations of motion. We add the parameter Q(If to encode
the normalization and 6} to fix the global phase. The total
ansatz now takes the form

Vo (,2) = 0ROy yi(2),  (Cl)

where the classical ansatz 5, still only depends on the
original parameters 6. To derive the new equations of
J

motion for 6.1, we first observe that

1089) = 3 80 (62) 12) = Y Yo (62) 12) = )
V4 V4 (C2)
and, similarly,
0 9) = 1) (C3)

The equations of motion in Eq. (11) for the virtual param-
eters kK = 0 are thus given by

X (1) + D ORe((dp1¥)} = —Rel(W[d))

>0

Oy (W) = 6Im{(dy|v))

>0

(C4)

— (Y H [y) — Im{(y[9,¥)}.

We can now plug these results into the equation of motions for £ > 0 to obtain, for the left-hand side,

> ORe{(0y |0ky)} = 6FRe{(W13:9)} + 65 Im{(W 139} + Y OiRe{(0y |0xy)}

/

- Y lRe{ YY) IRe{(V[9x)}

>0

_ Re{(y[9,y))Re{ (¥ [3k¥)}

>0

(Wly)
Am{ (@ [Y) Hm{(y |0 y)}

(Wly)
(W[ H |y) Im{(yr|0x )}

—1—291

>0

(i)
_ Im{(y ]9,y ) Im{(V |9/ )}

(i)

(Wly)

>0

~ Re{{y 1Y) (o))

= Zez( (O 10y )} —

+ ) ORe{(0y |0k ))
>0
Re{(azwxwakwn)
%)

(i)

Setting this equal to the right-hand side of Eq. (11),
dividing both sides by (y/|y), and rearranging yields the
equations of motion for an unnormalized ansatz,

Z Subi = C — Ti (C6)
>0
where
Sy = Re { (O |okr) (311/f|1ﬁ>(W|23k1/f) } ©7)
(V) (Y1)

Im{(xr |y) ([ H )}

C5
(i) ©

is the geometric tensor,

Cr =

{(3kW|H|W)
m f—

(rld) <1/f|H|1ﬂ)} (C8)
(Wly)

(Wly)?

are the usual forces, and

@vlay)
W)

(Y Y ) (W 19,¢)
(Wly)?

T; = Re { } (C9)
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are additional forces arising from the explicit time depen-
dence of the ansatz.

APPENDIX D: SIMPLIFYING CLASSICAL
OPTIMIZATION BY ENHANCING QUANTUM
SIMULATION ACCURACY

In this appendix, we provide an additional experiment
to showcase how the accuracy of the simulation increases
as the Hamiltonian acting on the quantum device A
approaches the target Hamiltonian H. The Hamiltonian
setup is the same as in Sec. I A, where we choose the
quantum time evolution to be exact, i.e., without any Trot-
ter error. Instead, we fix the approximation of the Hamilto-
nian on the quantum device to be proportional to the true
Hamiltonian through H = «H. In particular, the simula-
tion is purely classical for « = 0 and purely quantum for
oa=1.

In Fig. 8, we vary « from 0.75 to 1 and plot the fidelity as
a function of time. We use the same Jastrow ansatz given
by Eq. (21) throughout all experiments. Additionally, we
compare the simulations to the edge case « = 0 (dashed
black line). It is apparent that the fidelity of the simulation
improves as H approaches H.

This experiment demonstrates how increasing the accu-
racy of the quantum simulation simplifies the classical
optimization task. For o < 1, the Jastrow ansatz is not
expressive enough to capture the full dynamics. As «o
increases, this manifests in the forces 7} appearing in the
equations of motion given in Eq. (12), which are directly
proportional to « [see Eq. (16)]. These heuristics support
the intuition that including the forces 7 arising from a
good approximation H of H makes the problem posed by
the equations of motion easier to solve. This allows for
simple classical ansatz with a small number of parameters
to effectively capture the dynamics.

1.00
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\\
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N
\
0.95 A
\
AY
> 0.90 \ fist)
© \ I
° \, 3
T 085 N °
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\\ o
\\
0.80 R
— cap T
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0.0 0.2 0.4 0.6 0.8 1.0
Time ¢
FIG. 8. The time evolution of the transverse-field Ising model

for J =2, h = 1 using the CQD ansatz, in which the Hamilto-
nian acting on the quantum device is varied as # = «H. From
the purely classical case o = 0, the fidelity of the simulation
gradually improves as « approaches 1.
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