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Extracting Information from a Superradiant Burst Using Simple Measurements
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It is well known that superradiant decay of an ensemble of N spins generates a complex non-classical
state of light. Here, we consider the estimation of a phase encoded in the initial spin state from a
superradiant burst of photons: how is information about this phase distributed among the emitted photons
and can the phase be estimated using simple measurements? Despite the complexity of the photonic burst
state, we show that a simple homodyne measurement combined with an optimized filter and linear
estimator recovers the N-scaling of the quantum Fisher information of the initial spin state (including cases

exhibiting N> Heisenberg scaling). Even more surprising, the temporal mode with optimal information
content contains a vanishing fraction of the total emitted photons in the large-N limit, suggesting an
effective compression of phase information. Our results and setup represent a new approach to quantum
metrology for spin systems, in that they enable cavity-based readout of solid-state spin ensembles that

utilizes resonant spin-photon interactions.

DOI: 10.1103/1m4s-kky2

L. INTRODUCTION

Dicke superradiance, the sudden and bright burst of
radiation from an ensemble of N coherently emitting atoms,
is perhaps the most paradigmatic example of a collective
many-body phenomenon in quantum optics [1-3]. It has
seen a recent resurgence of interest, spurred by new
theoretical developments (see, e.g., Refs. [4-10]), as well
as experiments (see, e.g., Refs. [11-16]). There is consid-
erable interest in trying to understand and even harness the
properties of the complex light field generated by this
emission process. Recent work has studied how photons in
the burst field are non-trivially distributed across multiple
temporal modes [17-19], and how its non-classical proper-
ties could be used to drive an interferometer, enabling
quantum-enhanced phase estimation [20-23].

From a quantum-metrology perspective, information in
a spin ensemble is conventionally extracted either by a
direct projective measurement of a spin observable or, for a
continuously driven sensor, from a continuous measure-
ment record of the environment [24,25]. In this work, we
turn to another aspect of superradiant emission that has
both fundamental and practical relevance: what is the
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information content of the superradiant burst of photons
and can this information be extracted using simple linear
measurements? We imagine the generic situation sketched
in Fig. 1: a fully excited spin ensemble in a cavity has an
infinitesimal parameter ¢ imprinted upon it (e.g., via a
standard Ramsey protocol), before decaying superra-
diantly through the cavity into a waveguide. The initial
information content of the spin ensemble (as quantified by
the quantum Fisher information) must necessarily be
transferred to the output N-photon waveguide state [26].
We ask how this information is distributed between the
emitted photons and corresponding temporal modes, and
whether a simple measurement can be used to extract it.

Our work provides a comprehensive study of how
information in the initial spin state becomes encoded in
the photons of the superradiant burst. It reveals several
surprises. Despite the non-classical and inherently multi-
mode nature of the superradiant emission burst, we show
that one can extract almost half of the quantum Fisher
information of the initial state using an extremely simple
measurement protocol: a homodyne measurement that
isolates a single temporal mode via an optimized filter,
combined with a simple linear estimator. The resulting
filtering problem 1is the finite-duration, nonstationary
analogue of a generalized matched filter. In a scenario
where the noise is stationary, the optimal frequency-
domain filter weights each signal component by the
inverse noise spectrum, whereas here the temporal corre-
lations of the burst require the inverse time-domain
fluctuation kernel [27-30]. This result remains true even
for cases where the Fisher information exhibits Heisenberg
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FIG. 1. (a) Generic setup and initial state: spin ensemble (with
collective angular momentum operators J,) in a cavity, where the
spins have been infinitesimally perturbed from the fully excited
state by a parameter-dependent unitary ll,,. In the picture, the
rotation angle ¢ ~ 0 has been enhanced for clarity. This initial spin
state has a quantum Fisher information 7. (b) Long-time state:
the spin ensemble decays superradiantly, with a ¢-dependent
photonic burst state generated in multiple temporal modes of the
cavity’s input-output waveguide. We show that for a variety of
cases, a simple homodyne measurement that targets a single
temporal mode of the output field can recover a constant fraction
of ¥, in the large-N limit, even in cases where one has Heisenberg
scaling.

scaling with the number of spins (via the so-called twist-
untwist protocol [31,32]). Equally surprising, we find
that the temporal mode with optimal information content
is not the same as the mode that has the maximum number
of photons. While for large N it is known that greater
than 90% of emitted photons occupy a single temporal
mode [19], we find that the temporal mode optimizing
information in a homodyne measurement contains a van-
ishing fraction of the emitted photons: in the simplest case,
the number of photons in this mode scales only as ~N?/3.
If the encoding of the spin system happens through a
Ramsey protocol, with no spin squeezing involved, we
show that one can extract all of the information with
time-resolved photon counting or homodyne measurement
if one goes beyond a linear estimator and makes use of
higher moments. We show this by making a connec-
tion between our setup and the problem of continuous
metrology [25,33], and extending the recently derived
results of Ref. [34].

Note that while the basic question we ask is of
fundamental interest, it also has relevance to a variety
of leading platforms that are being pursued for quan-
tum metrology applications. There is growing interest in
pursuing quantum metrology using solid-state spin ensem-
bles (e.g., NV center defect spins in diamond) coupled to
microwave or nanophotonic cavities, as well as studies of
superradiance in such platforms (see, e.g., Refs. [35-37]).
While the standard approach to cavity-based readout in

such cases would be to use a non-resonant dispersive
interaction [38], in some cases resonant approaches could
be beneficial as they make use of the full cavity-spin
coupling strength and hence could work considerably
faster. Our analysis exactly describes such a resonant
protocol where information is resonantly transferred from
the spin ensemble to an outgoing photonic or microwave
field via a superradiant decay. We also analyze cases where
one uses a non-resonant spin-cavity interaction (still far
from the dispersive regime) in order to slow down the
superradiant burst; even in this case, we show that our
basic approach is effective. A homodyne measurement
using an optimal filter is still able to extract almost half of
the initial state’s quantum Fisher information, despite the
increased complexity of the dynamics.

The rest of this manuscript is organized as follows. In
Sec. I we introduce the physics of the superradiant
ensemble of spins and our metrological spin-readout
problem. In Sec. III we define temporal modes of the
output field and apply homodyne detection to the estima-
tion problem. In Sec. IV we derive the optimal temporal
mode to measure in homodyne detection with a linear
estimator (i.e., the mode that maximizes the signal-to-
noise ratio) and discuss its properties. In Sec. V we discuss
how our results change when including collective spin-spin
interactions (arising from a non-zero spin-cavity detun-
ing). Finally, in Sec. VI we discuss the achievability of the
ultimate quantum limit going beyond the use of filters and
linear estimators.

Note that our setting is distinct from works studying
metrology with SR lasers [11,39-41], which focus on
continuous estimation of the coherence of a pumped spin
ensemble; in contrast, our goal is to read out information
initially encoded in an ensemble without the use of any
driving. Our setting, where we study the transient light
emitted by the superradiant ensemble, is also very different
from driven steady-state realizations of collective fluores-
cence or superradiance, where the emitted field probes a
nonequilibrium steady state rather than a finite burst carry-
ing information from an initially encoded spin state
[11,42,43]. Our problem also has minimal overlap with
other works studying superradiance for metrology, includ-
ing non-classical input states for interferometers [18,20,21],
readout using spin amplifiers [44,45], and readout using
disordered superradiance [46].

II. MODEL AND GENERIC QUANTUM
METROLOGY PROTOCOL WITH A
SPIN-ENSEMBLE SENSOR

A. Basic model

We consider a generic setup (as sketched in Fig. 1)
where an ensemble of N identical spin-1/2 systems acts as
a sensor and is coupled to a single bosonic mode (a cavity
or resonator mode) that will ultimately be used for readout.
Working in a rotating frame set by the spin Larmor
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frequency, the Hamiltonian of the system takes the form of
a Tavis-Cummings model:

H=Ad"a+g(J.a+J_a"), (1)

where A is the detuning between the cavity and the spins,
and g is the strength of the collective coupling of the spins
and the cavity. a is the cavity mode annihilation operator,
while the spin ensemble is described by collective angular
momentum raising and lowering operators, J and J_. We
will use |m) to denote standard Dicke states, i.e., states
with a maximum total angular momentum j,,, = N/2 and
al . eigenvalue m. We focus throughout on fully collective
dynamics that conserves the total angular momentum of
the spin ensemble.

We write the evolution of the system in a frame of
reference corotating with the spins, and we work in the
standard regime where the coupling between the spins and
the cavity is sufficiently weak compared to the loss of the
cavity (“bad-cavity” regime), such that the cavity can be
adiabatically eliminated [47]. In this limit, the density
matrix p of the spin ensemble obeys a Lindblad-style
master equation that has cavity-mediated collective inter-
actions and collective decay:

PO i o) + DVTI ). @
with T" = 4¢%«/ (4A% + k%) and y = 4¢°A/(4A% + «?), and
DIVTT_)(-)=T(J_-J, —3{J.J_.-}). The coherent term
generated by eliminating a detuned cavity can equivalently
be written in terms of J,J_: in the symmetric manifold,
J.J_ = jiuljor + 1) = J? + J.. The constant term is irrel-
evant, and the linear J, term is absorbed into the rotating

frame, leaving the J % interaction in Eq. (2). The collective
bad-cavity condition is Ng?/[A% + (x/2)?] < 1 [48]. The

time-scale of the superradiant burst is fgg ~ IM, which is

AN
independent of the detuning y, as we discuss in detail in
Sec. V, where we study the performance of our metro-
logical strategy in the presence of detuning. Note that
Eq. (2) has already been realized experimentally (see,

e.g., Ref. [49]).

B. Encoding information in the initial spin state

The basic sensing protocol we study corresponds to a
local parameter estimation problem and is depicted sche-
matically in Fig. 1: a fully excited spin ensemble has an
infinitesimal parameter ¢ encoded in it, after which it
decays superradiantly, with information transferred to the
photonic state (collected in a waveguide). Our goal is to
understand how information on ¢ is distributed between
the photons and temporal modes of the emitted photonic
field, and whether it can be simply extracted using a linear
homodyne measurement.

We start our analysis by discussing the first information-
imprinting step in the protocol. We assume that the initial
state of the spin enserrAlble lyr,,) is given by the action of an
infinitesimal unitary U, acting on a fully excited product
state |m = mg) with my = N/2:

lw,)=U,me), with U, =eC. 3)

We restrict our attention to cases where the parameter
generator G is also a collective spin operator (i.e., it
commutes with jz), e.g., G=17 y- The information content
of the initial spin state is quantified by the quantum Fisher
information (QFI), given by

F o)) = 4({mo|G?|mo) — (mo|Glmg)?).  (4)

The most celebrated result of quantum metrology is
the possibility of achieving Heisenberg scaling [50], i.e.,
F,(lw,)) = N?, by using an entangled state of N probes
(e.g., spins), instead of F,(|y,)) « N, which is the stan-
dard quantum limit (SQL) and arises when a separable state
is used with a collective generator, acting identically on
every spin [50,51]. Note that when all emitted photons are
collected and there are no unobserved loss channels, it
necessarily follows that at long times (after the superradiant
decay is over), the QFI of the photonic state will be identical
to the QFI of the initial spin state. Equivalently, the Cramér-
Rao bound associated with this QFI is identical for
measurements on the encoded spin state and on the total
emitted light, provided all emitted modes are included.

In what follows, we will focus on two specific, exper-
imentally relevant choices for G. The first corresponds to

A

U, performing a rotation of the spin ensemble around the
y-axis, i.e., G = ]y. In this scenario the encoded state is

lws)=U,|my), with U, = eivdy, 5)

which is separable and has F,(|y;)) = N. We stress that
the spin coherent state |y;) is exactly the kind of state
generated by a standard Ramsey sensing protocol [52]; the
only difference here is that a final rotation is performed so
that the spin ensemble is almost perfectly polarized in the
+z direction.

The second special generator we consider originates
from the celebrated twist-untwist strategy for Heisenberg-
limited metrology [31,32,53,54]. This strategy makes use
of squeezing and anti-squeezing and is known to allow one
to reach Heisenberg scaling with simple (even imperfect)
projective measurements of the spin ensemble. We show
that it is also useful when combined with the superradiant
readout strategy sketched in Fig. 1. The twist-untwist
protocol makes use of a unitary squeezing operator U/, =

ei®/N generated by a one-axis twisting Hamiltonian.
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It involves three stages: (i) squeeze an initial product
state, (ii) perform a ¢-dependent rotation of the spin
ensemble, e.g., via a Ramsey sequence, (iii) perform an
anti-squeezing operation corresponding to the unitary U,
The resulting ¢-dependent state (upon suitable rotation)
thus takes the form

WE) =e#Clmg), with G=0U[J,0,. (6

This state has the same QFI as the entangled state
U,|my) (with respect to a parameter generator jy). The
exact expression for this QFI, together with the generator
matrix element that controls the homodyne SNR, is given
in Appendix A. In that appendix, we see that, as a function
of the squeezing parameter Q, the signal-to-noise ratio
(SNR) of a projective measurement of j), (corresponding
to a simple linear estimator) is maximized at Q = Q. =

N arctan[1/+/N — 2] = N arccotv/N —2 [31]. For this
same choice, the QFI approaches (1—e 2)N?/2 at
large N. For this choice of Q, both the SNR and QFI
exhibit Heisenberg scaling with N (although with different
prefactors, see Appendix A). As our homodyne strategy
seeks to replicate the information available in a direct jy
measurement, we will also set O = Q, in our analysis.

III. PHOTONIC OUTPUT FIELD: TEMPORAL
MODES AND HOMODYNE MEASUREMENT

We return to Fig. 1 and now discuss the readout aspect
of our generic metrology protocol, where the superradiant
decay of the spin ensembles creates a propagating photonic
state (the superradiant burst) whose quantum state depends
on the parameter ¢ that was originally encoded in the
spin ensemble. Our goal is to understand the information
content of these photons, and whether a simple linear
homodyne measurement is sufficient to capture this
information. To set the stage for this discussion, we review
homodyne measurement in our setup, as well as the
temporal mode description of the output field.

A. Input-output theory and homodyne measurement

The photonic output field in the cavity is described by
the operator IA)out(t), as determined by standard quantum-
optical input-output theory [55,56]. As we are working in
the regime where the cavity mode a has been adiabatically
eliminated, the basic input-output equation for the setup in
Eq. (2) takes the form:

bou(t) = —iVTI_(1) + bin (). (7)

Both input and output fields satisfy [b,(t), b} (7)) =
&(t — 1), with @ = out/in, and the input field is taken to be
vacuum noise (there is no driving of the cavity), implying
(b ()b, (7)) = 0. We denote the initial joint state of spins

and input radiation by |¥,) = |y,,) ® |Q), where |Q) is
the vacuum of the input field. Whenever expectation values
of spin-only operators with respect to |¥,,) are calculated,
we omit the vacuum state Q) and write only the spin

state |yr,,).
At least some information on the parameter ¢ will be

A~

available in (b, (¢)) for times ¢ > 0. We thus define the
signal function a;(t) by the parametric derivative of this
average value with respect to ¢:

Wy |bou (1) ¥,)

o0 ®)

(1) =

p=0

Using the input-output relation in Eq. (7) one finds that
the signal function is given by

a(t) = =0

" = VT (m|[T_(2). G]|mo).

=0

©)

This relation directly follows from the definition of the
average and reflects the structure of Kubo linear-response
susceptibility (i.e., how J_ responds to an initial pertur-
bation involving G). In Appendix B, we compute the
signal a;(t) at resonance, y = 0, for the superradiant decay
described by Eq. (2).

One might expect that the full time-dependence of
a;(t) would have a strong sensitivity to the form of G.
Surprisingly, this is not the case. The dynamics in Eq. (2)
has a weak U(1) symmetry generated by J, [57], which
gives the Lindbladian a block-diagonal structure, greatly
constraining dynamics. A consequence is that for any
collective generator G, we have (see Appendix C):

a(1) = —(mg|Glmg — 1) - VT(mg — 11T_(1)|my)  (10)
= (mo|Glmy — 1) - @, (¢). (11)

We see that the time dependence of the signal function
has a “universal” dependence on time, in that its shape
does not depend on the choice of generator. The generator
only sets an overall scale via the prefactor. The role of G is
to seed the initial coherence that carries the encoded
parameter ¢; the subsequent decay dynamics are indepen-
dent of the encoding generator. Furthermore, the one-point
output amplitude probes only the single-coherence sector
connecting |mg) and |my — 1); all other coherences gen-
erated by G are orthogonal to this amplitude and therefore
do not contribute to the linear signal.

This result continues to hold for the full collective
dynamics described by Eq. (2) (which has collective decay
as well as spin-spin interactions), and even holds if we do
not adiabatically eliminate the cavity and work with the
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cavity in Eq. (1), with collective spin-spin interactions
whose Hamiltonian preserves J..

The information in the average output field can be
captured by a homodyne measurement, a simple and
ubiquitous linear measurement that yields a current ()
that is proportional to one quadrature of the output field.
Using a time-dependent homodyne angle 6(z), the homo-
dyne current operator is

1(1) = Db (1) + H.c. (12)

If one takes 6(7) = —arg a;(1), the average homodyne-
current response is maximized, and 0¢<7 (1)) = 2|a;(1)].
Homodyne measurements are standard in quantum optical
setups (where they are realized using local oscillators,
beam-splitters, and photocounting [58]), as well as in
microwave circuit QED setups, where they can be directly
implemented using an IQ mixer.

To analyze the information available from a homodyne
measurement, we also need to understand the fluctuations
of 1(1). As we are always considering an infinitesimal
parameter ¢, we can calculate these fluctuations at ¢ = 0.
Further, our main focus will be to use a simple linear
estimator for ¢, i.e., the estimate of ¢ will be proportional
to the (optimally weighted) time-integrated homodyne
current. See Appendix D for the definition of the estimator
and its precision. The estimation error will then be
determined by the signal-to-noise ratio (SNR), and we
only need to understand the homodyne current fluctuations
at the level of their auto-correlation function (evaluated
at ¢ = 0):

Sulr'.1) = (I()1(0) = (1()){1(1)). (13)

B. Temporal modes

Our goal will be to find an optimal filter for the
homodyne current that maximizes the resulting SNR.
This filtering naturally corresponds to a temporal mode
decomposition of the output field. We briefly review this
notion here. We introduce a mode function u () (chosen to
have unit L,[0,c0) norm), and an associated bosonic
operator

b, = /oo ()b (1)d1. (14)
0

This is a canonical bosonic annihilation operator sat-
isfying [b,, b!,] = 1; it corresponds to removing photons
from the chosen temporal mode. By picking a set of mode
functions that form a complete orthogonal basis, we can
describe the output field using a set of commuting

temporal mode operators {ZBMj};g]. This gives a decom-

position of the output field in a discrete basis of wave-
packets [55].

There is a long history of analyzing the output field
produced by superradiant decay in terms of temporal
modes and their correlations (see, e.g., [19,59]). The
standard focus has been to find an orthogonal mode basis
where there are no first-order coherences between the
modes. This corresponds to diagonalizing the g¢,(z,7')
correlation matrix:

g1 (7, 1) = Tmg| T (£)T_(1)|mg). (15)

Given some mode u(¢), the most basic question is the
computation of its average photon number 7,

i, = (bib,) = / T ardewr (g (¢, Du(r).  (16)
0

Of particular interest is the temporal mode wy,(7) that
has a maximum average photon number:

Wpop (1) = a:rgmax/00 dedru* () g, (7, u(r). (17)
u(t) 0

This mode is the eigenvector of ¢, (¢, #) with the largest
eigenvalue. The photon number distribution between
temporal modes has been extensively studied in the case
of pure superradiant decay, i.e., the resonant-cavity limit of
Eq. (2) where y = 0 and there is only collective decay. As
discussed in Ref. [19], the radiation emitted in super-
radiance is multimodal, but for large N, the most populated
mode carries ~90% of the photons, and the fraction of the
photons carried by the other orthogonal modes decreases
rapidly with the index of the mode. In Fig. 2 we plot
Wpop () for a superradiant ensemble of spins with N = 512.
The SNRs reported in the figure for w, (¢) and wg,(#) are
obtained by substituting the mode functions defined in
Egs. (17) and (21), respectively, into the general SNR
expression in Eq. (22).

C. Linear estimators based on photon
counting have no information

While the total average number of photons emitted in
the superradiant process is fixed, 71, = N, the distribution
of photons across different modes changes with the initial
state. One might therefore expect photon counting in a
selected mode to provide a useful linear estimator for ¢. In
Appendix E, we show that this is not the case for a fully
excited initial state: for any Hermitian collective generator
G, the leading change in the mode photon number is
O(¢?), so its linear sensitivity vanishes. It follows that
the total photon number sensitivity, being the sum of the
sensitivities from all the modes, is also quadratic in the
parameter. This result follows from the U(1) symmetry of
the dynamics and the initial state |m() = |j). This analysis
does not rule out the possibility that the noise is also
vanishing, so that the SNR of the measurement is finite.
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(a) Optimal mode shapes (N = 512) (b) SNR vs. N for different modes
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00 05 1.0 1.5 20 25 30 35
Time (log N/TN)
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FIG. 2. (a) Mode profiles w(¢) for the maximum-photon mode [Eq. (17)], the maximum-signal mode [Eq. (21)] and the maximum-
SNR mode [Eq. (26)]. Results are shown for pure superradiant decay dynamics [i.e., y = 0 in Eq. (2)], in which case these modes are
real and independent of the generator G (up to an overall time-independent phase). We take N = 512. Each curve is labeled by the
fractional photon number occupation of each mode p, = 71,,/N; for the maximum-SNR mode this ratio vanishes in the large-N limit.

The vertical line indicates t = fqg ~ IOFgNN , the time associated with the peak intensity of the superradiant burst. (b) For a simple Ramsey
encoding of a rotation angle, as described in Eq. (5), we evaluate the ratio of the SNR to the quantum Fisher information (which has the

value N) as a function of N. For each mode shape this ratio converges to a constant as N — oo; in particular, for the maximum-SNR

mode [Eq. (26)], the ratio converges to 0.5. The inset shows convergence to this value as a power law, % — % ~0.30 - N~066 The line

styles and colors label the three modes in the same manner as in panel (a). The maximum-photon and maximum-signal modes converge

to an SNR lower than the SNR of wgr (), as expected.

Nevertheless, a zero-signal-over-zero-noise measurement
strategy is considered impractical in an experimental
context. This motivates homodyne detection as a practical
linear readout strategy for the initial-value problem. In
Appendix K we compute the classical Fisher information
of time-resolved photon counting, which achieves the QFI
in the resonant case, but this measurement is harder to
realize than integrating the current of the homodyne
measurement.

IV. MAIN RESULTS: INFORMATION CONTENT
OF AN OPTIMAL HOMODYNE MEASUREMENT

Having established the basic description of our system,
the sensing protocol, and the photonic output field, we now
turn to our central question: how much information on ¢
can be extracted from an optimized homodyne measure-
ment? We further restrict attention to the simplest and most
experimentally friendly scenario, where the estimator for
@ 1is proportional to some weighted time integral of the
measured homodyne current. The question then becomes
one of filtering: how do we filter the homodyne current to
optimize the SNR of the measurement? This is equivalent
to finding the optimal temporal mode u(r) whose asso-
ciated integrated homodyne current maximizes the SNR. A
natural guess is that, since photons carry information on ¢,
more photons should yield better performance; hence, one
should use the same temporal mode that maximizes the
average photon number, cf. Eq. (17). Surprisingly, we now
show that this guess is incorrect. In this section, we focus
on the case of a resonant cavity, where y =0 in the

dynamics described by Eq. (2) (i.e., there is just collective
superradiant decay, and no additional Hamiltonian spin-
spin interactions). We address the impact of such inter-
actions in the next section.

A. Optimal modes for maximum signal
and maximum SNR

We first define the filtered homodyne current for a
specific temporal mode u(¢) to be

1,(1) = u(t)boy (1) + Hec., (18)

where the homodyne phase (i.e., local-oscillator phase)

(1) has been absorbed into the definition of the complex

mode function u(¢). Given a choice of mode function, the

measured quantity will be the integrated and filtered
homodyne current

M, = del,(z). (19)
0
Our estimate of ¢ will be proportional to the measured

value of Mu; hence, we define the net signal associated
with this mode to be

5, =0,(i1,) = 2Re/°° dr u(t)ay ().
0

(20)

We can now easily identify the temporal mode that
maximizes the net signal S,,. Denoting this mode as wy, (7),
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we have:

W () = argmax 2Re /OO dru(r)oy(1)
u(t) 0

_ a0 o

N

Not surprisingly, the maximum-signal mode has the
same shape and conjugate phase as «;(¢), and the mode-
optimized value of the signal S, is twice the L,-norm
of a;(1).

While identifying the maximum-signal mode is straight-
forward and perhaps somewhat obvious, our goal is more
involved: we want the mode u(t) that optimizes the signal-
to-noise ratio associated with a measurement of M .- Fora
given mode function u(z), the power SNR is defined as

SNR[u(1)] = , (22)

where both the denominator and numerator are evaluated
at ¢ = 0. The numerator is the square of the signal,
while the denominator is the variance of the observable,
ie., Var(M,).

In Appendix G, we show how the fluctuations of the
observable M, can be computed from the correlation
function for the filtered current, i.e.,

St 1) = (L") 1,(1) — (L, (1") (1. (0)) (23)

defined in direct analogy with Eq. (13). The U(1) weak
symmetry of our dynamics under J . Totations implies that
there are no squeezing correlations in the output field.
Using these symmetries and Eq. (7), we can introduce the
fluctuation matrix

F(t, 1) = 20 (mo|T (£)T_(1)|mo) + 6(¢ —1).  (24)

As above, the spin-only expectation value is shorthand
for the expectation value in |¥,) = |mg) ® |Q). The first
term represents the contribution of the spin dynamics to
the homodyne noise, whereas the second term is the usual
shot-noise floor (stemming from vacuum fluctuations).

We can now define the temporal mode that maximizes
the SNR, WSNR(t), as

4|Re [ dt u(t)a(1)]?
1) = '
wsnr (1) ar%ax feodr [ dt u () F(t, 1 )u(t)

(25)

In Appendix G, we perform the optimization analyti-
cally and find

Jedi F7 (1, /)a; (1)
wsnr (1) = .
\/f0°° dr [ dt a;(1)F (2, 1)} (1)

(26)

Note crucially that the maximum SNR mode wgyg (7) is
in general not identical to the maximum-signal mode
Wsig (7). A special case is when the homodyne noise is
white noise, i.e., F(¢,1") &« (¢t — t'). For the more general
case of temporally correlated noise, the maximum-
SNR mode will be a tradeoff between optimizing the
integrated signal and minimizing noise by making use of
correlations [60].

For our superradiant decay dynamics, we have an even
more striking result. By using the factorized expression
for a;(r) given in Eq. (11), we see that the form of the
maximum-SNR mode wgng(#) is universal, i.e., it is
independent of the specific form of the parameter gen-
erator G (up to an overall constant phase factor). We
stress that while our derivation is fully quantum mechani-
cal, the final result in Eq. (26) matches a well-known
result in classical signal processing: it corresponds to the
optimal ‘“generalized matched filter” for extracting a
signal waveform from a background of Gaussian noise
(see, e.g., [27-30]). In a stationary-noise limit, this filter
would weight each frequency component by the inverse
noise spectrum; for a finite superradiant burst, the ana-
logous operation is the time-domain kernel F~!(z, ).

We also stress another nice feature of our optimal-mode
result: for the resonant cavity setup [cf. Eq. (2)], one finds
that a;(t)e™" is real at all times, where v is a time-
independent phase determined by the choice of generator
G lie., v = arg(mo|G|my — 1), cf. Eq. (11)]. As a result,
the phase of the maximum SNR mode is constant (modulo
x) for all times. This yields a significant experimental
simplification: the optimal information mode involves
measuring the same output field quadrature at all times
and does not require time-dependent control of the local-
oscillator phase () in Eq. (12).

Using our knowledge of the maximum-SNR mode, we
can also directly compute the optimized value of the SNR,
i.e., the maximum SNR possible with a linear estimator
obtained from the integrated homodyne measurement of a
single mode. We find:

SNR[weng (1)] = 4 / " dr / P A g ()F (1.0 (1)
C 27)
= |[(mo|Glmo — 1)
X 4/oo dt/oo dr’ a;())F~' (¢, )& (7).
0 0 (28)

Figure 2 shows plots of the three different “optimized”
modes we have discussed here (optimized either for
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maximum photon number, maximum net signal, or maxi-
mum SNR), for a large value of N. Several points are in
order. First, note that the maximum-signal and maximum-
photon modes have a similar shape: they exhibit no nodes
and have a single peak at a time close to the time associated
with the superradiant burst. While the mode shapes are
similar, they are not identical. Second, and more impor-
tantly, the maximum-SNR mode has a shape completely
different from the max-photon number mode. It changes
sign and has a node slightly before the time of the super-
radiant burst. This sign change is a direct consequence
of temporally correlated photonic noise produced by the
superradiant burst: the maximum SNR mode is creating
destructive interference from these correlations by having
its sign change. Thus, the comparable resonant-case
performance of wg, and wgnr shows that the two modes
balance signal and correlated noise in different ways.
Measuring wyg, is close to a classical strategy that keeps the
largest mean response, whereas measuring wgyg deliber-
ately sacrifices part of this mean response so that different
temporal portions of the output amplitude interfere destruc-
tively in the measured quadrature. The resulting noise
cancellation is a property of the quantum temporal corre-
lations generated by the superradiant decay, and it is also
what allows the optimal mode to contain only a vanishing
fraction of the emitted photons. In Appendix J, we compute
explicitly the Fisher information of the homodyne meas-
urement on the optimal mode and quantum Fisher infor-
mation of the quantum state of the maximum SNR mode,
and we show that these quantities are only slightly above the
SNR of the linear measurement reported in this plot.

While it was suggested numerically in Ref. [19] that the
asymptotic shape of the max-photon mode (and all other
eigenfunctions of ¢,(#,7) defining a canonical orthonor-
mal basis) converges in the large-N limit when the time is
appropriately rescaled to the superradiant-burst timescale,
we find no evidence for such convergence for the SNR-
maximizing mode (see Fig. 3). This is consistent with the
fact that the number of photons in the optimal mode scales
sublinearly with N. If an asymptotic shape existed, there
would be a stable asymptotic decomposition onto the
eigenfunctions of g, (¢, r), implying an asymptotic value
for the fractional occupation number, which contradicts
the scaling law found in Fig. 2. Since the number of
photons in the higher-order modes of the canonical basis
decreases exponentially fast with the mode index, while
the fractional occupation number only scales as a power
law in N, these higher-order modes, with an increasing
number of nodes each, emerge very slowly in wgng (£) as N
increases. This explains the slowly varying shape of the
modes in Fig. 3. The most striking observation from this
picture is that while the main maximum of the modes
seems to have converged, the first negative lobe and the
second positive lobe do not seem to be converging,
indicating that they might be controlled by a timescale
different from the one that controls the burst.

Maximum SNR modes vs. N

— N =256

0.2_ _N = 512
. — N = 1024
]
o 0.1
!
=}
=

0.0+

0.0 05 1.0 1.5 20 25 30 35
Time (log N/TN)
FIG. 3. Temporal modes maximizing the SNR, as computed in

Eq. (26), for different values of the spin number N. We do not see
any sign of convergence for the shape of the modes, when
rescaled by the timescale of the superradiant burst.

We stress that the expressions in Egs. (17), (21), and
(25) can be used to analyze the information content of a
homodyne measurement of a photonic field produced by
arbitrary dynamics, as long as the output light has no
squeezing correlations. When squeezing is present, one
must instead use the generalized optimization derived in
Appendix G.

B. Optimal homodyne measurement with a linear
estimator allows Heisenberg-limited scaling

We are now in a position to state the main key result of
our paper (again focusing initially on the resonant-cavity,
x = 0 case): once we optimize the choice of mode (i.e.,
filter function), a simple homodyne measurement with a
linear estimator achieves the same error scaling with N as
the QFI of the original spin state [y,,) at t = 0. Further, in
the large-N limit, the optimized homodyne SNR converges
to half the SNR of an idealized projective measurement of
J,, on the initial spin state. This is true for both an initial
state corresponding to a simple Ramsey measurement
(in which case we obtain SQL scaling, Ap ~ 1/v/N)
and an initial state produced by an optimal twist-untwist
spin-squeezing protocol (in which case we obtain HL
scaling, Ap ~ 1/N).

We can state these results more precisely by combining
the exact generator-dependent factors in Appendix A with
a numerical large-N evaluation of the universal fluctuation
integral in Eq. (28) in the limit N — oo, for which we have

0 S 1
/ dt/ dr a;()F~'(t,)a;(f') - =,  (29)
0 0 2
in the resonant scenario y = 0. For the case of an initial

state produced by a Ramsey sequence [i.e., a parameter
generator G = jy, cf. Eq. (5)], we find:
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N

SNRlwswr (1] ~ 5 = 5 7, (7))

1 n
= ESNR(|1//§,);JX) for N = co. (30)

In contrast, for an initial state produced by an optimal
twist-untwist sequence [cf. Eq. (6)], we obtain:

1 1

N? = = x Fo(lwy))

SNR[wsnr (1)] ~ % (1=

= %SNR(h//ﬁ);Jy) for N > c0.  (31)
Here, SNR(|y3);J,) and SNR(|yE);J,) denote the
SNRs of ideal projective measurements of the correspond-
ing initial spin states; see Appendix A. Table 1 summarizes
the asymptotic SNRs of ideal spin measurements and
optimized homodyne measurements for both encoding
protocols. We show the asymptotic convergence of the
optimal mode SNR for the Ramsey encoding to its limiting
value in Fig. 2. Note that if one instead performs a
homodyne measurement using the maximum-photon
mode wpo,(2) [cf. Eq. (17)], one obtains the same scaling
behavior in N, with a slightly worse prefactor (see Fig. 2
again). The same is true if one uses the maximum-signal
mode wy, () [cf. Eq. (21)]. However, these conclusions
change dramatically if one now considers the case where
the cavity is detuned from the spin ensemble (something
that might be necessary to slow down the superradiant
decay to a reasonable timescale). As we discuss in the next
section, the differences in the SNR for the maximum-SNR
mode and the maximum-photon mode become much larger
in this case. The only numerically evaluated ingredient in
Egs. (30) and (31) is the universal fluctuation-dependent
integral in Eq. (28). The Ramsey spin-measurement SNR,
the twist-untwist jy SNR, the generator matrix element,
and the QFI prefactors are analytical. Thus, the N? scaling
in Eq. (31) follows analytically from the generator matrix
element. Together, the universal factorization in Eq. (11),
the analytical generator-dependent prefactors, and the
numerical results in Fig. 2 provide a combined analytical
and numerical validation of the asymptotic SNR expres-
sions in Egs. (30) and (31).

C. Effective information concentration: Optimal-
information mode throws away most photons

We now discuss another remarkable feature of our
optimized homodyne protocol: the optimized homodyne
measurement involves a temporal mode whose average
photon number scales sublinearly with the number of
spins N. The implication is that for large N, even though
we measure a tiny fraction of the emitted photons, we
retrieve almost all of the information on ¢ in the initial
state. An equivalent statement is that almost all of the
output field can be discarded without degrading the
precision of the estimation of ¢.

TABLE I. Summary comparing the signal-to-noise ratio of
ideal spin-ensemble measurements, which are experimentally
challenging because of inefficient readout, with the SNR of the
integrated homodyne current measured on the optimal temporal
mode wgnr(7) in Eq. (26). The table lists the large-N forms.
These results, which hold asymptotically in N, are already
approached for N ~ O(10?).

Asymptotic SNR J . meas.

Standard Ramsey, Eq. (5) N, Eq. (A4)
Twist-untwist, Eq. (6) Nj’ Eq. (A6)

Optimized homodyne

¥, Eq. (30)
¥ Eq. (31)

We can make the above statement more precise. Using
Eq. (16), we compute the average photon number in the
maximum-SNR temporal mode given in Eq. (26). We use
this to define the fractional occupation of the maximum-
SNR mode, pp, which varies from 0 to 1:

n

1 )
P ww__/ drdr wing (091 (1 ) wem ().

N NJ
(32)

As shown in Fig. 4 (right panel), we find that the
fractional occupation of the maximum-SNR mode decays
as a power law with increasing N; numerical fits suggest
a power law decay po, & N~°37, implying that the maxi-
mum SNR mode has an average photon number
flope ~ N%03. We stress that this is also a “universal” result,
as this scaling does not depend on the choice of the para-

meter generator G.

We note that the small photon number (and hence
power) associated with the optimal information mode
could be advantageous in some experimental platforms,
where one is perhaps worried about possible detector
saturation effects associated with the large total photon
number and power of the full superradiant burst. It is also
worth stressing that there are many classical analogues of
the behavior we find here, i.e., situations with structured
Gaussian noise where the optimal matched filter yields a
form that throws away most of the power in the detected
field in order to exploit the presence of correlated noise.
The difference in our setup is that this cancellation happens
at the level of amplitudes and it stems from temporal
correlations in the evolution of the system of spins, making
this an effect of destructive quantum interference.

See Appendix I for more details about the interpretation
of the optimal temporal mode of the radiation wgng (7).

D. Practical considerations

Here we briefly discuss the practical considerations
relevant to potential experimental realizations of our
general scheme. We first clarify what sets the phase
reference for our optimal homodyne measurement. For
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() SNR/N for different modes (b) Fractional occupation of wsngr(t) vs. N
0.500 e
RN
0.375+ 7 P
= .
2 0.250 — Max SNR 3
c% Max photons = 10714
— = Max signal 1
0.125-
0.000+—= . . . - .
0 1 2 3 4 5
One-axis twisting x (1/T) Number of spins N

FIG. 4. (a) Homodyne SNR scaled by N for the three temporal modes wgng () (solid line), wp,,(#) (short dashed line), wg,(f) (long
dashed line) as a function of the spin-spin interaction y produced by a detuned cavity; we consider the unentangled Ramsey-protocol
initial state in Eq. (5). For large values of y, there is a large difference between the SNR of the maximum-SNR mode and the naive
maximum-photon mode. The opacity of the lines corresponds to different values of N (N = 32, 64, 128 for increasing opacity). Note
that apart from an overall common scale factor, these curves are the same for any generator G, and hence the figure also applies to the
twist-untwist protocol which achieves Heisenberg scaling. (b) We plot the fractional occupation number in Eq. (32), for the maximum
SNR mode in Eq. (26), for an ensemble of spins coupled to a detuned cavity. We fit the power law r = aN” to the results of the
numerical computations, finding a consistent result for the exponent b ~ —0.37 as the detuning is varied, and therefore the OAT term y
changes. The detuning through the OAT term has the effect of making the compression of the information in the few photons of the
maximum-SNR mode even more evident.

standard homodyne protocols, one works with a coherently nlS.|?
driven system, and hence there are natural amplitude and SNR, [u(1)] = nVar(M,) + (1 —n)
phase quadratures that are defined relative to the phase of !

the average input field amplitude (b, ). In such situations,
the local oscillator reference is typically derived from the

same laser (or source) used to generate the coherent drive

A

(33)

In our case, the maximum SNR mode has an average
photon number 72, ~ N7 and has no squeezing correla-
tions. As such, the fluctuations of the max-SNR mode
bi,?. .In contrast, in our setup there is no coherent. photonic Var( Mu) also scale as ~N3, and for N > 1 will completely
driving, and hence no naturally defined amplitude and  g,minate over the vacuum noise term in the denominator.

phase quadratures. Instead, the phase reference for the  Tpic jeads to SNR. ~ SNR _, if 17 is not too small.
local oscillator will be determined by the same laser (or ! "~

microwave source) used to encode information in the
initial spin state. This encoding step is phase-sensitive, and
the same drives that determine this encoding phase could
be used to set the local-oscillator phase. Formally, the
choice of the encoding phase is expressed in Eq. (11): the
overall phase of the signal is determined by the phase

Finally, we note that for large N, one does not need
phase-sensitive detection schemes: a simple heterodyne
scheme is also almost ideal (easily implemented in micro-
wave systems using a standard /Q mixer). This would
correspond to the above imperfect homodyne SNR expres-
sion with an efficiency # = 0.5. For large N, the same
" > reasoning as above holds: the fluctuations of the max-SNR
of the matrix element (m|G|m — 1) of the generator G.  mode completely dominate the vacuum noise contribution
Note that, while photon counting has a vanishing linear  agsociated with 7 < 1, and hence the heterodyne SNR
sensitivity to a small rotation (since the mean photon g nearly the same as the homodyne SNR. A mismatch
number changes only quadratically with the rotation  petween the implemented temporal mode and the target
angle), it has the benefit that it does not require a shared  filter reduces the SNR and changes the average photon

phase reference. number. In Appendix H, we show representative pertur-

Next, we would like to show that our scheme is robust  pation tests indicating that both the large SNR and the
against finite detection efficiency 7. As is standard,  reduced photon number of the optimal mode are even more
we model a finite efficiency via an imbalanced beam-  gtaple than expected against moderate timing offsets and

splitter, afld the field eAntering hoAmodyne detection by errors in the assumed value of N. We have studied a
baet = \/Mbou + /1 — nby,e, with by, the vacuum noise  representative metrological example for an N = 128 spin
entering the second input port of the beam-splitter. Using  ensemble, and we have considered shifts in the applied
this expression in the power SNR formula given in  mode of £10% of the superradiant timescale, accompa-
Eq. (22), we obtain nied by perturbations AN ~ +30 in the number of spins.
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The simulations indicated reductions from the optimal
SNR of only a few percent. The number of photons
measured also remains well below that of the most
populated mode.

V. INCLUDING COLLECTIVE SPIN-SPIN
INTERACTIONS FROM CAVITY DETUNING

We now extend our analysis to cover collective dynam-
ics that has the full form described by Eq. (2), i.e., both the
collective superradiant decay dynamics and a cavity-
mediated spin-spin interaction y that has the form of a
one-axis twisting Hamiltonian. This detuned regime is not
just a theoretical curiosity: in many systems with large N,
the resonant case would produce a collective decay rate I
that is too fast to be experimentally accessed. In such
cases, a small detuning A could be used to slow down the
superradiant decay to be more compatible with accessible
timescales. While a detuning will reduce the value of T, it
also modifies the dynamics as there is now a Hamiltonian
spin-spin interaction. We study here whether this modifi-
cation degrades our basic homodyne measurement
strategy. As we show, the answer is no: an optimized
homodyne measurement (using a simple linear estimator)
still achieves excellent performance. The OAT interaction
does not modify the characteristic timescale of the burst,
defined by the rapid inversion of (J_). Because of the weak

U(1) symmetry under rotations about J, the Dicke-state
populations obey a set of differential equations that is
decoupled from the coherences. The interaction propor-
tional to y affects only the coherences and therefore
does not modify the population dynamics or the timing
of the burst. We have verified this independence from y
numerically.

We repeat the generic mode analysis of the previous
sections for dynamics thatincludes a non-zero interaction y.
One finds changes already at the level of how photons are
distributed in the output field. As y/T" becomes appreciable,
the photon population becomes less concentrated on just a
single mode. We can again use Egs. (17), (21), and (26) to
compute the modes that optimize the average photon
number, the net integrated signal, and, most interestingly,
the homodyne SNR. The results for how the SNRs of these
modes behave are shown in Fig. 4, for an initial unentangled
spin state corresponding to a Ramsey protocol [cf. Eq. (5)].
While the SNRs of the maximum-signal and maximum-
SNR modes are comparable, the SNR of the most populated
mode rapidly drops when the detuning is increased.
Because of the factorization in Eq. (28), the same functional
dependence of the SNR on y reported in Fig. 4 would be
valid for every generator G, when appropriately rescaled
by [(mo|Glmo — 1)

We can also study the “concentration” effect we found
for the resonant-cavity case, where the maximum-SNR
mode contains a vanishing fraction of the total emitted

photons. We compute numerically the ratio in Eq. (32) for
multiple values of the OAT interaction strength y, each
time fitting the decay of the fractional occupation p,p, with
N to a power law. We observe that the decay exponent
varies weakly with the value of y, with a steeper decay with
increasing y. This implies that the “concentration” effect is
even more pronounced in the case where there are non-
zero spin-spin interactions.

While the optimized modes Wy, (1), Wy (£), and weng ()
are all real for y =0, they become complex functions
when the detuning is increased, i.e., y # 0. This implies
that the quadrature to measure in the optimal homodyne
detection changes non-trivially with time, on the timescale
of the (slowed) superradiant emission, making the exper-
imental realization more challenging.

VI. BEYOND LINEAR ESTIMATION:
RECOVERING THE FULL QUANTUM FISHER
INFORMATION USING HOMODYNE
MEASUREMENT

Our analysis of homodyne measurement has focused so
far exclusively on the simplest experimental protocol,
where the estimate of the parameter ¢ is proportional to
the measured, filtered homodyne current associated with
a given temporal mode. As discussed, the shape of the
maximum-SNR mode we found in Eq. (26) and the
corresponding maximum value of the SNR are given by
expressions that match the theory of classical generalized
matched filters. One can easily show that if the homo-
dyne current could be accurately modeled as a Gaussian
stochastic process (i.e., its fluctuations involve no higher-
order cumulants), then the linear estimator we use would
be optimal, and the SNR we calculate would be the full
Fisher information associated with the homodyne current
I(1). This then raises an interesting question: is there an
appreciable non-Gaussian character to the fluctuations of
the homodyne current? If there are higher cumulants, can
these be used to improve the parameter estimation beyond
what is possible with a simple linear estimator? We show
that, surprisingly, the answer to both these questions is
positive.

In particular, for the resonant-cavity setup (y = 0), the
classical Fisher information of the homodyne current
saturates the QFI of the initial spin-ensemble state. This
can only happen if the current has appreciable non-
Gaussianity; otherwise, it would be limited to half of
the QFI. We show this result by introducing a novel
equivalence between the light emitted by the ensemble in
our setup (where the parameter is encoded in the initial
state of the spins) and a continuous-metrology protocol
[61], where the parameter ¢ controls the form of the
Lindbladian that governs dynamics. This rigorous equiv-
alence allows us to employ a modified version of the
conditions recently formulated in Ref. [34] to show that
the full information content of a homodyne measurement
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(its CFI) saturates the bound set by the QFI of the output
field. While in Ref. [34] the saturation of the QFI for a
Hamiltonian encoding is studied, we deal with the case of
a parameter encoded by the dissipative part of the spin
evolution.

Comparing this result with our results for the SNR, we
conclude that non-Gaussian correlations in the homodyne
current remain metrologically relevant as N — oo. In
fact, we can define a Gaussian stochastic process with
average p,(t) = (I(r)) »» having covariance matrix given
by Eq. (13). We restrict to the resonant scenario, so that
both the signal «;(7) and the fluctuation matrix are real. To
define the Gaussian process, we fix a time-independent
quadrature for the homodyne detection, i.e., @ = const in
Eq. (12). In this scenario the CFI of the Gaussian process is
exactly the SNR of the linear measurement reported in
Eq. (27). In summary, the optimal estimator that considers
the fluctuations of the current as Gaussian achieves half
of the QFI, but we know that considering the full set of
correlations in the trajectories would give the full QFIL
This means that there are non-Gaussian correlations in the
current.

While this result on the full CFI of the homodyne
current is both interesting and surprising, making use
of it experimentally would require potentially complex
processing of the full time-dependent homodyne current.
We stress that the much simpler protocol studied in the
main text (based on a simple linear estimator) already
comes within a factor of two of the full output-field QFIL.

VII. CONCLUSIONS

We can summarize the results of our work with two key
take-home points:

(1) Filtered homodyne detection with a simple linear
estimator is almost optimal for extracting informa-
tion from a superradiant burst generated by a spin
ensemble whose initial state encodes a parameter of
interest. The signal-to-noise ratio of such an estima-
tor is only a factor ~2 away from the fundamental
bound set by the quantum Fisher information. This
result holds for a surprisingly broad class of param-
eter generators; in particular, it holds for cases where
there is Heisenberg scaling in the number of spins N.

(2) Avanishingly small fraction of all the photons in the
photonic output field generated by superradiance
carries almost all the information encoded in the
initial spin state (implying an effective kind of
compression of information).

While our work emphasizes the fundamental aspects of
our general setup, we stress that our results could enable a
new method for using cavities to read out information
stored in a spin ensemble. Compared to a conventional
dispersive readout, the superradiant readout we describe
does not require any detuning and hence makes use of the
full spin-photon coupling. This could be advantageous in

sensing platforms where solid-state spin ensembles couple
to microwave cavities. Because coupling strengths are
weak in these systems, a resonant approach could be
highly beneficial.

Our work also suggests many additional intriguing
theory investigations. For example, could control opera-
tions be applied to the spins to influence and perhaps
enhance the information of the output state? Could similar
ideas to what we describe be employed in superradiant
decay phenomena involving ordered arrays of emitter
spins, in the absence of a cavity? It would also be
interesting to develop a more complete understanding of
our surprising finding that the maximum SNR mode
contains a vanishing fraction of the emitted photons. Can
one identify an underlying mechanism and perhaps gen-
eralize it to a broader class of systems where this effective
compression might be useful?

VIII. CODE AVAILABILITY

All the code used to perform the simulations will be
made available in a repository upon publication of the
manuscript.
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APPENDIX A: ANALYTICAL
SPIN-MEASUREMENT BENCHMARKS
AND GENERATOR PREFACTORS

In this appendix, we collect the quantum Fisher infor-
mation for the Ramsey and twist-untwist protocols,
together with the generator matrix elements entering the
factorized homodyne SNR in Eq. (28).

For Ramsey encoding, Gg = J y» and the pure-state QFI is

Fywrf) = 4| (mol3lmo) — (mo|J, mo)?|

=N. (AD)

For the twist-untwist state, let p=Q/N and
GE = IAJZ}_V(A]X. The QFI can be evaluated exactly for
arbitrary Q:
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N(N —1)

*7:(/7(|l//5>> =N+ B

[1—cosV2(2u)]. (A2)

For the value Q,, used in the main text, this becomes

Follwy)) = N+N(N_ 1) [1 _ <N—3>N2:|

2 N-—1
1—e2

3 N2, (A3)

~

for large N. For the unentangled state |y), a simple
projective measurement and linear estimator are optimal.
This can be seen explicitly by computing the signal-to-
noise ratio associated with a projective J, measurement:

[(mo| 7. ] lmo)

. —N.  (Ad
(mo|J3|mo)

SNR(lw3):J,) =

The SNR coincides with the full QFI of the state,
indicating that projective measurements with a linear
estimator are ideal.

We contrast this result with the case of the twist-untwist
state [w5). In this case, the optimal spin component to
measure is J y» and we find that the SNR for a projective
measurement is

SNR(|yE);J,) = N(N — 1)?sin® u cos® . (AS)

Maximizing Eq. (A5) gives tan? yo, = 1/(N —2), ie.,
Qope = Narctan[1/vN —2]. For Q = Q. this gives the
exact finite-N result

A N —2\N-2
SNR(|yy): Jy) = N(N — 1) (m)
N? z
~—=085 F,(ly,)) as N — co.
e

(A6)

The asymptotic regime is achieved already for
N ~ O(10%). In Ref. [31], it has been proven that this is
indeed the maximum SNR for the twist-untwist strategy
with a linear estimator. Hence, we see that, in this case, a
simple projective measurement (and a linear estimator)
allows one to achieve Heisenberg scaling, but it does not
saturate the QFI. If we were to consider the full statistics of
the outcomes of the measurement on jy, then we could
saturate the QFI asymptotically in the number of spins. The
optimal measurement can be computed from the theory of
quantum metrology as the projector onto the eigenvectors of
the symmetric logarithmic derivative; see Ref. [62].

Finally, we give the generator prefactors that multiply
the universal fluctuation integral in Eq. (28). For Ramsey
encoding,

<m0|65|m0 - 1> =

« N
[(mo|Gsmo — 1)|* = R

iv/N
R
(A7)

For twist-untwist encoding at Q = @, the correspond-
ing squared matrix element is

. NN2—N—1/N-=-2\N2
oGy ~ 1) =52 (F7)
NZ
~ e (A8)

Combining these analytical prefactors with the universal
fluctuation-dependent integral in Eq. (28) gives the homo-
dyne results quoted in Eqgs. (30) and (31).

APPENDIX B: COMPUTATION OF THE
HOMODYNE SIGNAL FOR
THE SPIN ENSEMBLE

Throughout this appendix, we restrict the explicit signal
evolution to the resonant case y = 0. Let us start with the
definition of a;(z) in Eq. (9),

a(t) = =VT(mo|[G, T_(1)]|m). (B1)

We reformulate the expectation value of the commutator:

(6.9 (0] = Tr(p[G. (1)) (B2)
=Te(pGI_(1) — GpI_(1)) (B3)
=Te([p. 617-(1)) (B4)
e (pa). w

We assume that the generator G of the signal is
collective, i.e., it is entirely defined as an operator by
its matrix elements in the symmetric subspace:

my

(m!|Glm)|m") (m] =G |’} (m

m' ,m=—m m',m

(B6)

with m =%. The commutator [p,G] can therefore be
expressed as
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6] = |m0><m0|< 3 Gm/,m|m'><m|)

m' ,m=—my

_< Z Gmcmlm’><ml>|mo><mol, (B7)

m' ,m=—m

which yields

my
X(t=0)=[p.Gl= > Guyulmo)(m|
m=—my
mo
= > Gumglm)(mg|.  (BY)
m=—my
This operator admits the matrix representation
i 0 0 0 _G—mo,mo_
Xt=0=| 0o o0 0 L —Gyom
_Gmofl,mo
_Gmo.—mo Gmo,mO—Z Gmo,mo—l 0 _
(B9)
We define the time-evolved commutator
o O
m 0O - :
() =PV (p.G)= |0 m 0 . O (BIO)
DR
O -0 m 0

This evolution does not introduce any extra coherence
in the system, which also implies that the operator X(r)
has zeros on the diagonal. Note that the presence of a
Hamiltonian term A = yJ?, which may originate from
detuning the spins from the cavity, has the effect of adding
a time-dependent phase to all off-diagonal matrix ele-
ments. However, this does not change the structure of
Eq. (B10) and it will not change our conclusions in this
section. The explicit evolution in Eq. (B12) below is
nevertheless restricted to the resonant case y = 0. The
multiplication by

J_= ZO: Vmo(mg + 1) —m(m — 1) |m — 1) (m|

m=—nmy

(B11)

selects only the subdiagonal elements of the time-evolved
commutator as the terms that contribute to the homodyne
signal a;(r); these terms have been indicated by the black

boxes in Eq. (B10). Therefore, we only need to track
the evolution of the N elements of the subdiagonal of
the commutator, which we denote by X,(7) for
m = —mgy, —mg+ 1,---,my— 1. These elements satisfy
the differential equation

dx,,(1) 1
=— (T, + T, )X
dt 2( m + m+1) m(t)

+ Fm«FZI_‘erl)(m+l (t)’

(B12)

with T, = T'(m + mg)(mg —m + 1), and X,, () =0, V ¢
by definition. The initial condition is

= 5m,mo—1GmO,mo—1- (B13)

The final expression for the homodyne signal is
my—1

() = =T 3 X, (0)/lm + mg + 1) (o — m).

m=—nmy

(B14)

APPENDIX C: PROOF OF THE
SEPARATION THEOREM

1. Separation theorem without cavity

We will now prove that the homodyne signal for an
ensemble of spins starting in the fully excited state is
factorized, as written in Eq. (11). This statement follows
from Eq. (B14) in Appendix B: The expression for the
signal involves X, (¢), which evolves linearly in time from
an initial condition proportional to a single entry of the
signal generator G, see Eqs. (B13) and (B12); we can
indeed write
= Gmg.mo—lxm(t = 0)7 (Cl)
with Xm(t: 0) = 5m,m0—1 and Gmo.mo—l = <mO|G|m0 - 1>'
The renormalized vector X(¢) evolves according to the
same equation of motion reported in Eq. (B12) for X(#). By
linearity we can write the expression for the homodyne
signal as a function of X,,(¢):

a(1) = VTG o1

my—1

X Y X/ (m+mo+1)(mg—m), (C2)
which proves the theorem with
my—1
&)= —vT > X, (0)y/(m + mo + D)(mg —m).
(C3)

043029-14



EXTRACTING INFORMATION FROM A SUPERRADIANT...

PRX QUANTUM 7, 043029 (2026)

2. Separation theorem with cavity

In this subsection, we prove the same separation state-
ment on «,(¢) for a system with a cavity that has not been
adiabatically eliminated. We are able to prove the sepa-
ration theorem for any collective spin Hamiltonian H,
satisfying [H,J.] = 0. We assume the interaction term
between the cavity and the spins to be that of the Tavis-
Cummings model in Eq. (1), while the cavity loss is
described by the superoperator

Dlvxa|(X) = K<ax5ﬁ — % {A*&,X}). (C4)

We will use the shortened notation |m)=|j=
N/2,m), because the spin ensemble remains in the
symmetric subspace during the evolution, since the inter-
action with the cavity is collective and we assume a
collective Hamiltonian. We denote by |n) the Fock state of
the cavity, and by |m, n) the joint state of the spins and the
cavity containing n photons. We start by analyzing the
evolution of an operator X (1 = 0) = |[M, N)(M’, N'|, under
the Tavis-Cummings model. If the total energy of the spins
and the cavity is conserved, in the evolved operator X (1),
which we write as

X(1) = Xutwr (D). n) (' 0|, (C5)
only those terms satisfying
m+n=M+N, m +n =M+ N, (C6)

can have a non-zero coefficient. We now consider also the
loss term and we evolve X (7) under the master equation for
the decaying ensemble of spins. The anticommutator with
the photon number in Eq. (C4) acts on each operator
|m,n)(m',n’| by sending it to (n + n')|m, n)(m’,n’| and
therefore does not create new non-zero terms in the
evolution of X(7), and in particular it is energy preserving.
On the other hand, aXa' is not energy preserving and it
destroys quanta of energy on both the kets and bras of
|m,n)(m',n'|. The application of the Hamiltonian term
again exchanges energy between the cavity and the spins,
so that as a whole the energy of the system (ensemble and
cavity) can only decrease, but separately for the kets and
the bras of the generic operator X (7). We conclude that in
evolving X(7) we can have only non-zero coefficients
Xy nm # 0 if the indices satisfy
m+n<M+N, m +n <M +N. (C7)
The final key observation is that in the photon loss
process described by Eq. (C4), two quanta of energy are
annihilated at the same time on the left and on the right of

|m,n)(m’,n’|, which implies that the difference in the
number of excitations (between cavity and spins) on the
bras and the kets must remain constant. We have therefore
the additional constraint
m+n—m+m)=M+N— (N +M). (C8)
We now introduce an expression for the homodyne
signal (1), analogous to Eq. (9), but without the adiabatic
elimination of the cavity. Starting from the input-output
relation

Bout(t> = \/E&(t) + l;in(t)’ (C9)

we can write

a(t) = —iv([G ® L a(1))). (C10)

The generator of the encoding G acts only on the spins,
while a(t) is the evolved decay operator acting both on the
spins and the cavity mode. We focus on the computation of

([G ® T, a(1)]), from which the full homodyne signal a; ()
can be obtained. This term can be rewritten as

(G ®La(r)]) = Tr(f((z)a), (Cl11)
where the operator X (7) is the evolution of the commutator

[» ®10)(0], G ® T, with the Lindbladian evolution e for
the dissipative Tavis-Cummings model, constructed with

the Hamiltonian in Eq. (1) together with I:Is satisfying
[A,,J.] =0, and the dissipator in Eq. (C4), i.e.,

Xy =et(po 0.6 e1). (€12

We work under the assumption that the initial state of
the spins is p = |m)(my|, and that the cavity is initially in
the vacuum state, so that we can specify the commutator:

my

P ®0)(0.GRT = > [m.0)(M.0[G, ar

4
M'=—my

I

mo
= > Guu M. 0)(mo. 0.

M=—m

I

(C13)

We also write the lowering operator of the cavity in the
Fock basis, while adding explicitly the identity on the
spins:
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D>

19— ( 3 Initnl) & (3 viln— ().

m=—nmy

(Cl14)

Let us consider the evolved version of the operator in
Eq. (C13). We will focus only on those matrix elements
that produce a non-zero value when contracted with I @ a.
We divide this analysis into the elements of summands I
and II in Eq. (C13).

(i) m+n—m'—n"=j—M. In order for |m,n)
(m',n'| to give a non-zero signal in Tr(|m,n)
(m',n'|a), we need n —n’ = 1 and m = m’, which
fixes M’ = j — 1, i.e., only a single operator in the
first summation is non-zero.

(i) m+n—m' —n = M — j. The same analysis gives
M = j+1, which is out of the range of the
summation, and it means that the contribution of II
to the homodyne signal is zero.

We conclude that the homodyne signal is

a;(t) = =iv/kG -1 Tr[e" (Imo. 0) (mg — 1.0]) - ],

which proves the separation theorem.

APPENDIX D: DEFINITIONS OF THE
ESTIMATOR AND ITS PERFORMANCE

In this appendix, we define the relevant local infor-
mation quantities we use to establish the metrological
performance of our homodyne detection protocol. We
consider measuring a Hermitian observable M =
Juen duplp)(u| on the state p%(t) of the output field at

time ¢, which carries a dependence on ¢. We denote by
u €M the different possible measurement outcomes,
which are observed with probability

p(ule) = Tr(pi(1)|u)(ul).-

We omit the time dependence in the probability dis-
tribution p(u|p) to make the notation easier. The value of
the parameter ¢ that is encoded in the state of the spins by
the unitaries in Egs. (5) and (6) is ¢ = ¢,. Since we work
in the regime of local estimation, we will study the
estimation of small deviations of the parameter ¢ from
the reference value ¢,. For clarity, we distinguish between
the encoded parameter ¢ and its value ¢ in this section.
In the rest of the manuscript, however, we drop the sub-
script in ¢, and use the symbol ¢ also for the actual value
encoded in the spin ensemble. While in this section we
consider observables measured on the state of the radiation
field, it is always possible to reexpress them as expectation
values measured on the state of the spins by means of the
input-output theory, as we do throughout the manuscript
and in the appendix (see also [59]). The expectation value

of an arbitrary Hermitian observable A with respect to

(D)

Pa(t) is (A), = Tr(Ap4(r)) (where, again, we omit the
time dependence for the sake of clarity). The average of the
observable M and its square M? can then be expressed as

i), = [ duupllo). (D2)
neM
(M), = / dupi® pule). (D3)
ueM
The variance of the observable is defined as
Var(M), = (M?), — (M)? (D4)
=E,[1*] — (E,[u])*, (D5)
where the expectation value over p(u|gp) is
E,[] = / du - p(ule). (D6)
neM

In the following, we explicitly restrict to a single
measurement of M and denote the corresponding random
outcome by p. A locally unbiased estimator [63] for the
parameter of interest at the position ¢, can then be
constructed directly from g, i.e.,

v=(=5, > (u— (M),,) + @o.

D7)

P=Po

which is sensitive to deviations from the reference value
@o- It is easy to verify

v

JE,[¢]
Eyyl#] = @0 and —

o] =1,
op

P=Po

which are the conditions for local unbiasedness. For the
single-shot estimator considered here, the variance at ¢, is
the inverse of the signal-to-noise ratio:

‘ air), |2
1

o9 |,—
Var(p), =-—), SNR=— "%
@, = SRR Var(A),,

(D8)

Upper bounds on the SNR are the classical Fisher
information (CFI, computed from the classical probability
distribution p(u|@)) and the quantum Fisher information
(QFI) of p%(t) (obtained by maximizing the CFI over all
possible measurements), both evaluated at ¢, [51]. The
QFT will be our reference value for the maximum amount
of information that can be extracted from the radiation.
Note that the joint evolution of the spins, the cavity, and the
radiation field is unitary and the encoding happens entirely
before the decay. Therefore, in the absence of unobserved
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decay channels, the QFI of the state of the radiation field
long after the decay has ended must be equal to the QFI of
the spin ensemble right after the encoding, i.e., the QFI of
the state given in Eq. (3). The corresponding Cramér-Rao
bound is therefore the same whether it is expressed for
measurements on the initially encoded spin state or for
measurements on the full emitted field.

For a homodyne detection measurement, we have

M = M, as defined in Eq. (19).

APPENDIX E: DERIVATION OF THE
PHOTON NUMBER SENSITIVITY

In this appendix we calculate the sensitivity of a
photon counting measurement applied to a single mode
of the radiation emitted by the spin ensemble. The
expressions derived in this section are applicable to
every generator G of the parameter ¢. The temporal-
mode formalism allows us to classify the temporal modes
of the radiation field according to their sensitivity under
a photon-counting measurement. We show that for a
superradiant ensemble of spins initialized in the fully
excited state, the sensitivity of the photon number is
always zero for any metrological generator G. Our
analysis mirrors the derivation in Ref. [59].

Parametric derivative of the correlation function. We
compute the sensitivity of the photon number in a
generic mode. We introduce explicitly the dependence
of the photon number on ¢, and we write the average
number of photons in a temporal mode of the output
field:

(9) = (blb), = [ ardre (0)g, (¢ rpuln. @D
0

Here, g¢,(7.1;¢) EF(?+(I/)3_(t)>(/,. The expectation
value is (), = (¥,|-[¥,), or equivalently <m0|lA];,-
lA],ﬂ|m0> after suppressing the vacuum input field. The

sensitivity of the photon number to variations of ¢ is
gauged by the derivative

on o g, (7, 1;
=0 0 0(p

u(t). (E2)

()(p »=0

mg

J_X(t) = ( Z Vmo(mg 4+ 1) —m" (m” — 1) |m" — 1><m”|> : ( ZO

which, simplified, leaves us with

It contains the parametric derivative of the correlation
function with respect to ¢,

dg, (7', t; )

0y =il ([G. 1, (1)] (1),

(E3)

with the expectation value taken in the unencoded initial
state |Wy). This expression has the form of a linear-
response function for the operator J,(¢)J_(t) under a
small perturbation generated by G. Let us denote by p =
|mg) (myg| the initial, unencoded state of the spins. Then we
can rewrite the derivative as follows.

a9, (7, t; )

- _ —iFTr(ﬁ[G, L(t’)}_(t)}) (E4)

=0

— T Tr([ﬁ, G}L(r’)}_(z)). (E5)

We will use this expression in the following paragraph
to prove that the sensitivity of the mode photon-number
measurement with linear estimators is always zero. This
result tells us that, with the exception of pathological cases
where both the signal and the noise tend to zero at the same
rate (which are not practical from an experimental point of
view), the photon counting measurement with a linear
estimator is never useful in superradiant metrology.

Sensitivity of the photon counting measurement. We can
compute the expression in Eq. (B10) by evaluating the
evolution of the commutator [, G], which is given by the
expression in Eq. (B8). Given the time-evolved operator
X(7) and J_,

I = S Vmalm 1) =

m,m'=—my

X(t)= > Xyult)|m')(m| (E6)
J_ = Z mg(mg + 1) —m(m — 1) |m — 1)(m|,
(E7)
we evaluate J_X(7'),
xm/m<ﬂ>|m/><m|>, (ES)
m'(m' — 1) X, (t)|m — 1)(m|. (E9)

043029-17



BELLIARDO, CHU, KOPPENHOFER, and CLERK

PRX QUANTUM 7, 043029 (2026)

This operator then must be evolved until time 7. Because X,,,,, (1) = 0, the sub-diagonal with m’ = m of J_X (') remains

zero. We can therefore write the evolved state as

V- eD[\/I:?,](t—t’)(j_j((t/))

J

= 2

m,m'=—m,

Ym’m|m/><m|’

(E10)

(E11)

with Y,,,, = 0 for m’ = m — 1. To complete the computation of the correlation function, we multiply by j+, defined by

ZO Vmg(mg+1) —

m=—my

and we obtain

= (3 v

m'’'=—my

We then take the trace of the above expression. Two
delta functions appear: 0,,_1 0y 7, Which give m' =
m — 1. Since we had previously established that Y/, = 0,
we conclude that the whole expression is zero. We thus
found the result

VN
agl<t 2 L §0) — O, (E14)

which means that time-integrated mode photon counting
has zero linear sensitivity. Note that it is sufficient to show
that the signal is zero to conclude that a linear estimator
based on the mean photon number is not useful. If one
wanted to compute the photon-number fluctuations as
well, one would need to evaluate the four-time correlation
function of the spin ensemble, too.

In Appendix K, we show that a photon-counting
measurement saturates the quantum Fisher information
if the arrival times of the photons are taken into account.

APPENDIX F: FLUCTUATIONS OF THE
FILTERED INTEGRATED HOMODYNE
CURRENT

We compute the fluctuations of the integrated current

M «» Which appear in the formula for the SNR in Eq. (22).
We can write

Var(M,) =

u

)?
dr Sy, (1. 1), (F1)

e

m(m— 1) |m)(m— 1|, (E12)
J
m"(m" — 1) |m")(m" — 1) . Z Y pom|m') (m. (E13)
mm'=—j

with the correlation function defined in Eq. (23). We can
break down the computation of this quantity by starting
from the average of the observable, which is zero:

(M,) = A a1, (1) = 0, (F2)

due to the fact that the expectation values of both J . () and
J_(f) vanish under weak symmetry. When the state is
omitted, the expectation value is assumed to be computed
with respect to |¥y) = |my) ® |Q). Consequently, we only
need to compute (M2). We proceed by expressing it as a
function of the current operator:

(1) = / ~ar / ® a1, (1)1,(0)
/ ar / Qe (Yo (1) + (¢l (1)]
(i >bzm< ). (F3)

Due to the rotational symmetry of the initial state,
we can neglect the squeezing terms (b, (#')byy (7)) and

(b!, (£)b],(1)). We are then left with the expression:
ity = [ ar [ a0 ot
/ ar / dru (1)u(r) (bl (1) bou (). (F4)

We observe that the integration domain over ¢ and ¢ is
symmetric under variable exchange. This implies that only

(")bou (1))
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the component of the integrand that is symmetric in time
contributes to the total integral. Thus, we can exchange the
time variables 7 <> ¢ in the second summand of Eq. (F4),
yielding:

iy — / ar / a1 ()" (1) (Do () Bl (1))

/ ar / a1t ()u(t) (Bl (Db ().
(F5)

By applying the commutation relations, we obtain the
final formula for the fluctuations:

(M3 /dr/ dr u*(

2(bu(t Aout(t )u(t')

/dt/ dtu*(0)F(t,7)u(t)
_ /0 dr /0 drus (OF(F, (), (F6)

where in the second-to-last step we have used the defi-
nition of the fluctuation function F, and in the final step we
have exchanged the time variables via symmetrization.
There is also a second, more direct approach to the
proof which involves the introduction of the operator
N, = [°d drT5(r). This is the integral of the current
operator I () = —i[u(t)boy (1) — u* (1)}, (1)], which cor-
responds to the quadrature orthogonal to 1,. A direct
computation using the commutation relations yields:

[6(t—1)

(M) + (N7) =227, + 1), (F7)

where 71, is the average photon number of the mode u(r),
as defined in Eq. (16). Due to the weak symmetry, the
fluctuations of the two orthogonal quadratures are iden-

tical, i.e., (M?) = (N2). This implies:

/ dt/ deu*(7)[2g,(7, 1)

+ (¢ — 0)]u(t), (F8)

which, by virtue of the definition in Eq. (15) for the two-
point correlation function g, (¢, ), gives the fluctuations as
a function of F, noting that F(¢', 1) = 2g, (¢, t) + 6(¢' —1).

APPENDIX G: ANALYTICAL COMPUTATION
OF THE MAXIMUM SIGNAL-TO-NOISE
RATIO MODE

In this appendix, we apply the Lagrange-multiplier
formalism to optimize the SNR of the homodyne meas-
urement, as it is defined in Eq. (25). The goal is to find the
expression for the temporal mode wgngr(#) reported in
Eq. (26). We indicate by f the fluctuations of the mode
wgnr (1), computed according to Eq. (24):

/= Am dt’A‘” dewing (1) F (1, 1)wsnr (7). (G1)

We can reduce the minimization over u(¢) to the space
of functions that have a fixed level of fluctuations f. We
will see that we do not need to know the value of f to solve
the optimization problem; we only need to assume that it
exists. Let us write the Lagrangian for the maximization of
the signal, given the fluctuations:

2

Llul=4 Re/oo dtu(t)a (1)
0

—A<A°° dt’/)oo dru* (1) F(

The mode wgnr(#) that maximizes the signal for fixed
fluctuations is the solution to

= (1) <4Re A " dr u(T)a,(T)>

- /1/00 df F(t, ¢ )u(f) = 0.
0

', )u(r) —f).
(G2)

oL ul
ou*(t)

(G3)

The scalar product [§° d u(t)a; (1) is a constant in time,
albeit dependent on u(t), so that we can write

u(f) o / * 4 F(, 1)l ().

0

(G4)

After normalization, Eq. (G4) is the mode that optimizes
the SNR.

An analytical expression for the maximum-SNR mode
wgnr () can be computed also when squeezing correlations
are present in the state of the spins (and the emitted
radiation), i.e., (boy(f')bow(t)) # 0, by using the same
Lagrange-multiplier formalism. This expression is never
needed throughout the manuscript, but we nevertheless
report a derivation of this optimized mode here. The
Lagrangian with the fluctuations of the integrated homo-
dyne current L,, for a mode u(t), in the presence of
squeezing correlations in the output field (originating from
spin squeezing in the ensemble), can be written as

2
Llu]=4

Re /  dru(t)ay (1)
0

—i(Am dt’A<>o dru*(¢)F(¢

+A°° dz’/)m dru(f)B(, t)u(t)

(G5)

u(1)
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Here, B(?', 1) =

—(J_(¢)J_(t)). We take the derivative
with respect to u*(r)

to find the optimal mode u(?):

oL[u]

ou* (G6)

— (1) <4Re A * 4 u(f)a,(f)>
—/IAOO de' F(1, )u(f) —AAOO de Bi (1, ) () (GT)

2 / ¥ dr B (1, )ur (1) = 0. (G8)

0

We define C = 4Re [° dt u(r)a;(t) € R. This equation
for u(r) can be solved by decomposing all the objects into
real and imaginary parts, e.g., F(t,1') =ReF(t,7)+
ilmF(t,¢'), B(t,t') =ReB(t,')+ ilmB(t, 1), u(t)=
ug(t) + iu;(t), and a;(t) = Rea; () + ilma;(t), obtaining
the following equations

— Im(xl — ImFMR — ReFM[ + (ImB)TMR + (RCB)TMI
+ (ImB)*ug + (ReB)*u; = 0,
Re(xl — RCFMR + ImFMI — (RCB)TMR + (ImB)}I/lI

— (ReB)*ug + (ImB)*u; = 0, (G9)

where we have simplified the notation for the integrals to a
product, and we have absorbed 4 and C into the definition
of u(t), which need not be normalized at this stage. This is
a system of linear equations with two unknown functions
up(t) and u,;(t), which we can write as follows

—Ima; + [-ImF + (ImB)" + (ImB)*ug
+ [-ReF + (ReB)" + (ReB)*|u; = 0,
Req; + [-ReF — (ReB)" — (ReB)*|ug

+ [ImF + (ImB)" + (ImB)*]u; = 0. (G10)
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Number of spins error AN

Robustness of the optimized homodyne mode against representative mode mismatch. (a) The SNR and average photon

number obtained when the optimal temporal mode is shifted by a time offset A¢. On the x axis we plot the time shift At as a percentage
of the superradiant timescale tgg. (b) The same quantities when the implemented temporal mode is computed for an assumed spin

number N + AN, but applied to a system with true spin number N =

128. The left plot shows the SNR normalized to its zero-mismatch

value, while the right plot shows the absolute average photon number 7. Dashed lines indicate the unperturbed reference values.
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We define

Xg = —ImF + (ImB)" + (ImB)*,
X; = —ReF + (ReB)" + (ReB)*,
Zr = —ReF — (ReB)" — (ReB)",
Z; =ImF + (ImB)" + (ImB)*, (G11)
and write the solution as

up = (Zp—Z,;X7'Xg) ' (=2, X7 'Tma; —Reqy),
u1:(ZI—ZRXEIXI)_I(—ZRXEIImal_ReaI). (GIZ)

This concludes the derivation of the optimal mode.

APPENDIX H: ROBUSTNESS TO
TEMPORAL-MODE MISMATCH

Here we provide representative numerical tests of the
sensitivity of the optimized homodyne strategy to imper-
fections in the implemented temporal mode. We consider
the resonant case and use the SNR-maximizing mode for
N = 128 as the reference mode. In the first test, the
implemented local-oscillator mode is shifted in time and
then renormalized. The time shift is £10% of the super-
radiant time-scale. In the second test, the implemented
mode is the SNR-maximizing mode computed for a
different assumed spin number, N 4+ AN.

The results are shown in Fig. 5. In both tests, the SNR
remains within a few percent of its optimal value over the
range shown. The average photon number in the imple-
mented mode changes more strongly, but remains much
smaller than N. These results indicate that the improve-
ment associated with wgng (7) is not a fine-tuned conse-
quence of an exactly implemented mode shape, but follows
from a robust destructive-interference mechanism in the
temporally correlated output field.

APPENDIX I: INTUITION FOR WHY THE MAX-
SNR MODE HAS ALMOST NO PHOTONS IN IT

In this appendix, we discuss the interpretation of the
maximum-SNR mode wgng (¢), and how it can be informa-
tionally optimal while containing a vanishingly small
fraction of the total photons. This section is not a
derivation of the scaling law for the photon number in
Fig. 4, and the results we derive rely heavily on assump-
tions that are not exactly satisfied by the superradiant
system. Nevertheless, the toy models of this section clarify
how it is plausible that the number of photons in wgng (7)
scales sublinearly in the number of spins. We have not
been able to find an analytical derivation of the scaling law
that we empirically present in Fig. 4.

Generic conditions for having a max-SNR mode with
almost no power and no signal. In Eq. (12), we have
defined a homodyne current operator, from which we

derive the signal «;(f), and the mode of the output
radiation which maximizes the signal, i.e., wg,(#) defined
in Eq. (21). A trivial, uncorrelated, white-noise back-
ground would imply that the best mode to filter in the
homodyne detection is the (conjugated and normalized)
signal mode itself. However, in our scenario, the non-
trivial structure of the noise means that the optimal mode
to measure is not simply the signal mode, as we see
in Fig. 2.

To provide some intuition into the structure of the
optimal max-SNR mode, we decompose it into a sum
of two orthogonal terms: the first term involves the max-
signal mode wy;,(?), while the second term involves an
orthogonal normalized mode z(7). For some 0 < s < 1,
we have:

wenr (1) = VI — 5w (1) + /5 2(1). (I1)

Note that any mode orthogonal to wg;, () has zero signal,
so z(¢) has no signal (it is pure noise). See Fig. 6 for an
example of a decomposition.

We now derive a formula for the coefficient s, which
controls how much signal there is in the max-SNR mode.
We denote the noise (the fluctuations of the homodyne
current) of the signal mode wy;, () by f,,, while we denote
by f. the noise associated with z(z). We write the
covariance between these fluctuations as y+/f, f,, where
—1 <y <1 is the correlation constant. The SNR can be
written as a function of s, f,, f, and y; up to a prefactor,
it is

SNR L=s )
(l_s)fw+sfz+2y S(l_s>fwfz

Optimal SNR mode decomposition

0.2 1 —Signal wsig(t)
———Noise z(t)

f‘:\ 01 T
El
< 0.01
[}
=

—0.14

_02_ T T T T T

00 01 02 03 04 05 06
Time (1/T)

FIG. 6. Decomposition of the maximum SNR mode in Eq. (26)
into a signal mode [Eq. (21)], and a zero-signal mode, for a small
number N = 16.
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By maximizing this expression over s, we get

1
SNR o« ———~. I3)
fw(l - },2)
The optimal value of s* is given by
2
5= ’ - (14)
ot

The above expression has an interesting limit that is of
relevance to our system: when f, < f,, and the corre-
lation constant y is non-zero, the mode wgyg becomes
very close to the zero-signal mode z(z), since s*
approaches one.

We can try to use these generic results to understand
why in our superradiant setup the max-SNR mode has a
vanishing fraction of the total photon number. We can do

(a) Quantum state mode ‘u'pop(t) - fpop
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FIG. 7.

this by using the above expressions and making three mild
assumptions:
1. The correlation constant y tends to a non-zero

constant in the large-N limit.
The signal mode fluctuations scale like N in the
large-N limit, i.e., f,, = O(N).
The fluctuations in the no-signal mode z(z) grow
sublinearly with N in the large-N limit, implying
f:/fw— 0for N - .

Note that point (2) above is rigorously true for our setup.

Given these conditions, the variance of the max-SNR
mode reduces to:

2.

£(1-p)
SNRETnywzfz

w

1—;/2

, 15
- a1s)

where we have simplified ;— because of assumption (3).
Assumptions (2) and (3) now imply that the noise in the

(b) Quantum state mode wsnr(t) - psnnr
Wigner function gsng
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(a) The picture represents the population of the most populated mode w,, (#) for N = 16; the inset is its Wigner function; see

Eq. (17). (b) Population and Wigner function of the mode that optimizes the SNR; see Eq. (26). Unlike wyq,(2), wsng (f) has no Wigner
negativity. We observe that the uncertainty in the number of photons in the mode wgng () is larger than the uncertainty for the most
populated mode. (c) Wigner function of the derivative of the state of the optimal mode (used to compute the QFI). (d) Probability
density (and its derivative) of the integrated homodyne current. The density function is not normalized for better visualization in

comparison with its derivative.
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max-SNR mode will grow sublinearly with N, in the same
manner as the noise f, grows with N.

The upshot of this analysis is to provide an intuitive
way of understanding how one could obtain a max-SNR
mode that has almost no photons in it. We need the
existence of a no-signal mode that has very few photons
in it, but whose noise is correlated with the max-signal
mode. In this case, the above optimization shows that the
optimal strategy is to primarily measure the few-photon,
no-signal mode, with just a tiny bit of the signal mode
thrown in.

While this discussion provides some intuition, it of
course leaves many things unanswered (e.g., why a low-
photon-number, no-signal mode whose fluctuations are
correlated with the max-signal mode exists).

APPENDIX J: COMPUTATION OF THE
QUANTUM STATES

Computing nonlinear functions of the state of the
radiation, like the Fisher information and the quantum
Fisher information, requires the simulation of the state of
the radiation itself [64]. This can be accomplished for a
handful of modes through the cascaded master equation
formalism [65-68].

In Fig. 7 we compare the states for the most populated
mode in Eq. (17), called py,,, and for the mode that
maximizes the SNR in Eq. (26), called psnr- The fact that
both these states are mixed is an indication of the
entanglement between the modes. Because of the U(1)
symmetry we can say a priori that the density matrix of the
quantum state of the light has zero off-diagonal elements.

From the mode state, we compute two information
quantities that we compare with the QFI of the spin
ensemble and with the SNR obtained from the homodyne
measurement on the radiation. We compute the classical
Fisher information associated with the measurement of the
integrated homodyne current, i.e., the measurement of the
observable M, in Eq. (19). We denote this measurement-
dependent CFI by F,, (M,), reserving F »(p) for the QFI of
a state p. This precision is achievable with an optimized
estimator that goes beyond Eq. (D7). The second infor-
mation quantity we compute is the QFI of the mode, which
is the ultimate precision limit in the estimation of ¢
associated with the most general measurement on the
reduced state of the mode only. We evaluate these
quantities for the encoding of the rotation angle in
Eq. (5), where the QFTI of the spin ensemble is the standard
quantum limit, i.e., 7, (|y5)) = N, for small values of the
number of spins N. We report these results in Table II. This
table shows that, even if we were able to extract the full
QFI from the state of the mode pgngr, the improvement
over the linear estimation would be marginal. This is
because the mode in Eq. (26) is optimized to maximize the
SNR and not the QFI. We cannot exclude the existence of a

TABLE II.  QFI and CFI for the mode wqyg (2) in Eq. (26), for
small values of the number of spins in the ensemble. These
information quantities are to be compared with the SNR
achievable by the linear estimator; see Fig. 2.

N

Num. spins (N) -7:¢(ﬁSNR)/N Fw(MwSNR)/N
4 0.77 0.53
g 0.54 0.45
16 0.47 0.46

QFI-optimal mode that achieves the full QFI of the spin
ensemble. The computation of these modes, which we
think can only be done numerically, goes beyond the scope
of this paper.

APPENDIX K: OPTIMALITY OF THE
HOMODYNE AND PHOTON COUNTING
MEASUREMENTS

In this appendix, we prove the optimality of homodyne
detection and photon counting for the estimation of the
rotation angle imprinted on the initial state of the spin
ensemble in Eq. (5). This proof is valid if the cavity is
exactly on resonance with the spin ensemble, and if the
spins are initially fully excited. This result concerns the
full time-resolved measurement record, not the single-
mode linear estimator analyzed in the main text. For
photon counting, it assumes access to photon arrival times
with arbitrarily fine time resolution. The proof first maps
the initial-value problem to an equivalent continuous-
encoding description in which the parameter appears in
the collective jump operator and then applies the Fisher-
information conditions of Ref. [34] to the resulting
continuous-measurement trajectories.

First, we observe that the state of light emitted by a spin
ensemble whose initial state encodes the parameter ¢ is
identical to that emitted by an initially fully polarized
ensemble subject to ¢-dependent dissipation. This map-
ping, which is itself a novel result concerning the dynamics
of a decaying spin ensemble, connects the initial encoding
to a continuous-encoding problem. We can then prove that
time-resolved measurements saturate the QFI of the spin
ensemble using techniques analogous to those of Ref. [34].
That work studies a Hamiltonian encoding of the param-
eter, whereas we consider dissipative encoding.

1. Mapping to a dissipative
continuous-encoding problem

Equivalence with a continuous encoding problem.
Recently, there has been progress in the effort to define
the maximum achievable precision in the estimation of
continuously encoded parameters, together with the effort
to find the measurement that achieves this maximum
[64,69,70]. We show in this section how the initial-value
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problem codified by Eq. (5) can be transformed into a
continuous encoding scenario with a dissipator that
depends on ¢, the parameter to be estimated. This allows
us to exploit the results of Ref. [34] and to prove that the
Fisher information of the continuous measurements (pho-
ton counting and homodyne detection) achieves exactly
the quantum Fisher information in Eq. (4). The estimator
for ¢, needed to saturate the QFI, involves in principle all
complex higher-order temporal correlation functions of the
homodyne current. This proof does not extend to the case
where there is detuning between the cavity and the spins,
or to the use of twist-untwist encoding. Therefore, it does
not extend to the achievability of the Heisenberg scaling. It
is surprising that the QFI of the entangled and multimodal
state of the light is exactly achievable with local mea-
surements on the output field.

New reference frame for the spin ensemble. In the
following, we give an equivalent description of the state of
the light emitted by the spins in superradiance, which is
based on a continuous encoding scenario instead of the
initial-value problem. We denote by p,, the pure state in
Eq. (5). At time ¢ = O the initial state of the spin ensemble
and the waveguide is p, ® |0)(0], with the waveguide

being in the vacuum state. We call (S(;:') the joint unitary
evolution of the ensemble of spins and the infinitely many
modes of the waveguide, such that we can write the state of
the radiation field at time ¢ by tracing out the spins:

P =Tes | UG (@ 10)ODTG]. (D)

We apply a change of reference frame for the ensemble
of spins by acting with the inverse of the unitary in Eq. (5),
which is just a rotation around the y axis that undoes the
encoding of the spins:

[ OG0, 0y (5, ® [0)(0])

x 0,0 UT“’*”UT] (K2)

Inserting the unitary f],,/,, which is acting only on the
spins, leaves the trace unchanged. The joint initial state of
the spins and the waveguide becomes independent of ¢ in
the new frame:

U0, ®10)(0DTT, =p @ [0)(0,  (K3)
where p = |mg)(my| is the fully excited state of the spins.

As for the action of the change of reference on the

interaction unitary U<SR Y we can start from the explicit

definition of Ug;;t), which involves the spins and the

radiation modes of the waveguide while the cavity has
been adiabatically eliminated. The definition of this
unitary is

Ugg:’) = exp [—i(I:IR + I:IS

+ (gl by + g,j?@i)) t} , (K4)
k

where H r 1s the free Hamiltonian of the radiation, H g 18
the Hamiltonian of the spins, and the interaction term
features the lowering and raising operators of the spin
ensemble coupled to the bosonic operators of the wave-
guide modes in the momentum basis, b r and B,T( The action
of U_
of the spins becomes Hg — lA],(/, UL,. Similarly, the
angular momentum operators in the interaction term
become J_ — U_(pj_fﬁ_(l, and J, — U_¢j+IAJT_¢. We
now define the unitary operator for the superradiant
evolution in the new reference frame as

o leaves H r unchanged, while the free Hamiltonian

UG =005, (K5)
so that the state of the light at time ¢ is described by
tracing out the spins subject to the ¢-dependent evolution

"(O—)t) .
USR.(/) , 1.e.,

ph() = Trs [ UG ® 00U, | (k6

In order to describe the reduced dynamics of the spins
only, we can trace out the degrees of freedom of the
radiation field to obtain the master equation for the spins.
For the Hamiltonian part we can assume H s =0, 1i.e., we
choose the original frame of reference to be rotating with

the frequency of the spins. Starting from Eq. (KS5), we

write explicitly the form of the interaction U(S(;_") as

A 0 A
U5 = exp [—z (HR + Z g b_, 1.0 b,

+g;0_,J U b*))] (K7)

Comparing this expression with Eq. (K4), we see that
the superradiant decay of the ensemble can be described by
the superoperator D[U _(/,J Ut »)- To be explicit, in the new
frame, the dynamics of the spin ensemble is described by
the @-dependent Lindbladian:

0,p(1) =

This describes a superradiant decay process along an
axis tilted from z by an angle ¢. At the same time, the
initial state of the spins is p(0) = |mg)(my.

A related mapping was established in Ref. [22]: a
unitary parameter encoding imposed by linear-optical

o, U",)p). (K8)
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elements on the output field of a general Markovian light
source, including a superradiant source, can be represented
by parameter-dependent source jump operators.

Note that a byproduct of this transformation is an
alternate, but equivalent way to look at the main results
of our work. It also describes the measurement physics of a
particular class of continuous metrology setups where the
parameter of interest modulates a collective spin dissipator.
Our results are also striking in this setting: we show a
simple way of achieving Heisenberg-limited scaling in N
using a simple homodyne measurement of the output field.
This should be contrasted against schemes where achiev-
ing optimal scaling requires a second physical system to
process the output field before measurement, e.g., a
coherent quantum absorber [71,72].

2. Fisher information of the full measurement record

Information analysis of the continuous encoding sce-
nario. In the previous paragraphs, we have constructed a
conceptually different encoding process for the rotation
angle ¢, which gives us an alternative and completely
equivalent way to compute the state of the light during
the superradiant decay. We define two scenarios, called
scenario I and scenario II. The first one is an initial-value
problem, where the rotation angle is encoded in the initial
state of the spin ensemble, and the decay operator on the
spins is D[J_]. This is the scenario of the main text.
Scenario II is a continuous encoding scheme, where the
decay operator is D[U_(pj_ U T_,/,], and was introduced
above. We are interested in working in the limit t — oo,
where the state of the radiation and the spins is separable.
While the state of the radiation is the same in both
scenarios, the state of the spins is different. In scenario I,
the spins are in the lower energy state |—my), while in
scenario II, the final state of the spins is the rotated state
U —_y|—mg). This makes a difference for the computation of
the total asymptotic quantum Fisher information of the
joint system. In scenario I, the spins have no information
on ¢ because their state is completely decayed, while
the radiation contains the full quantum Fisher information
of the initial state of the ensemble of spins, i.e.,
F,(pk(t = o)) = N. If we consider instead scenario II,
we find that the spins have been encoded with the
parameter g, so that the final QFI is F,(U_,|—my)) +
F,(pp(t = o)) = 2N, i.e., twice that of scenario I. This
also underlines how these two scenarios are not equivalent
in terms of the metrological analysis; only the state of the
light produced is the same.

Continuous measurements. We now consider the use of
continuous measurements, measuring the radiation as it is
generated by the decaying spins. We use the term trajec-
tory to indicate the full list of observed results of the
continuous measurement. We denote by F"“(py,) the
classical Fisher information we can extract from the full

trajectory of outcomes from these measurements, where
Puaj 18 the probability distribution for the trajectories. We
use the notation F¢ for the CFI of photon counting, while
F" is the CFI of homodyne detection.

In general, after the continuous measurement, the spin
ensemble will be in a conditional state that depends on the
trajectory, which we denote by ,bt,;aj . A final measurement is
performed on this state of the spins, with the optimal
measurement saturating the QFI. From Ref. [25], we write
the total Fisher information extracted from the continuous
measurement as

F1¢ = F'(pyyy) + Eu[F (P5)]- (K9)

In scenario I (initial-value encoding), the final state of
the spins long after the decay is independent of the
trajectory and of ¢, so that we have

h,c __ rhec
Fy© = F{(Piaj)- (K10)

In scenario II (continuous encoding), the final state of

the spins is also independent of the trajectory, and we have

FIi* = Flf (pu) + Fp(U_,| — mg)) (K11)

= th(ptraj) +N. (K12)

We will prove in the next paragraph that homodyne
detection and photon counting both saturate the joint QFI
of the spins and the radiation field, so that we can write
F}i*(pusj) + N = 2N, which implies F};°(py,j) = N. The
final observation to connect this result to scenario I is
that F75° ( Puaj) depends only on the state of the radiation,
which is the same in scenarios I and II, which implies
FI () = FUi (), 50 that we have

FI(Puy) = F (W), (K13)
since F,(|w5)) = N. The continuous measurement on the
state of the radiation field is sufficient to achieve the QFI in
the initial-value problem, when the full statistics deriving
from the outcome trajectories are accounted for. In the rest
of this section, we prove that the continuous measurements
in scenario II are optimal. We start by computing a simple
formula for the global QFI of the spins and the radiation
field, and we conclude by proving that F ;}h achieves it for
both measurements.

Continuous measurements from a collisional model.
Within a collisional model description of the environment
of the spins [73], we compute the joint evolution of the
system and the environment by discretizing time into small
steps At, and introducing a new instance of the Hilbert
space of a single mode of the radiation field for each time
step. The same reduced dynamics on the system of spins
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can be described by different Kraus operators according to
the continuous measurement performed on the radiation
modes (photon counting or homodyne detection). The
outcome of the measurement on the environment at each
time step is i;, with j being the index of the time step.
These outcomes are also the indices of the Kraus operators
for each instantaneous measurement, and each can take a
continuous value, i.e., Jj = ij € R, or a binary value, i.e.,
i;€{0,1}. We now define the Kraus operators for photon
counting and homodyne detection, for a single time step,
so that we can suppress the subscript j for simplicity. Let
us define the rotated jump operator lA,(/, =TU ,,ﬂj _ UL/,.
Then the Kraus operators corresponding to photon count-
ing in scenario II are

KY = emsbolosr, (K14)

IA((IP = AtlA,(ﬂ.

These two operators correspond to no photon detected
(K), and a single photon collected (K?). The Kraus
operators satisfy K§ K% + K?"K? =1 to leading order
in At. We now discuss the form of the Kraus operators for
homodyne detection. In order to describe homodyne
detection on the quadrature L e + L' e ? we need a

continuous set of Kraus operators 1ndexed by the value of
the homodyne current measured at each time step, i.e.

P

LiL .
K9=1- % At +L,e"JAt. (K15)

We introduce the normalized Gaussian ostensive prob-
ability density g,,(J) = \/At/(2x) exp(—AtJ?/2), which
is needed to normalize the continuous-outcome Kraus
operators properly [74]. The Kraus operators for homo-
dyne detection then satisfy

+oo PR
/ dJ qp (KT KT =1+ 0O(Ar). (K16)

(s

In this section, unless otherwise specified, we will
always assume 6 = 0. We denote by (ij)y:l the tuple
containing the full set of outcomes, i.e., the trajectory.
Given a certain trajectory, the unnormalized state of the
ensemble of spins is

|l/~/traj((p)> K(ﬂ K?M T kzki/)] |W> (K17)

The state of the copy of the environment at the time step
Jj is |i;), so that |ij,---,iy) is the full state of the
environment. Summing over all possible trajectories gives
the full entangled state of the spins and the radiation:

EZK?’MK?’M,“ KPKD ) ® liv, -+ ing)-

(K18)

Expression for the joint QFI. The quantum Fisher
information of the joint state |¥,(¢)) is

Fo([¥y(1))) = 4((9,'¥, (1)]9,'¥, (1))
- |< @ t)la(p @ t)>| ) (K19)
where we have used the notation [d,%¥,(1)) =

0¥, (1))/0p. We first write the expression for |a ‘P(ﬂ( )
in terms of the Kraus operators

_ ® o yde £
|aw\P - Z Z KMKIM o i,‘+1 (a(/)Ki./-)
=Ly,
x KC ROl @ lirsin, i) (K20)
M
(/’ a4
- Sk o)
/‘1 i—=1
in”l"' KOW) ® liroin, i), (K21)

where in the second equation we have swapped the
summations. We can compute the norm of the derivative
|0,%,(t)) by observing that states of the environment
corresponding to different trajectories are orthogonal to
each other, so that the total norm of the derivative is the
sum of the norms of the derivatives of the unnormalized
states of the spins:

(0,¥,(1)[0,'¥, (1))

M A A
Sk 7 (0,R7)RT-
=1

2
K |y)

(il)ﬁl
(K22)

We now consider the second term of the QFI in
Eq. (K19), and we write explicitly the expression for
the scalar product of |¥,(7)) and its derivative, by
introducing the Kraus operators and the summation over
the trajectories:

L1t

(¥ (010, %, (1)) =D > (wlKf - KT KT

a4
LK), (K23)

We will prove in the next paragraphs that this term is
zero, both for homodyne detection and for photon count-
ing, so that we can simplify the expression for the QFI to
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the term in Eq. (K22) only. The state of the environment
and the spins at a certain time is independent of the choice
of the measurement; therefore, we need to prove the
statement for only one of photon counting and homodyne
detection. That is, both unravellings of the dynamics with
different Kraus operators must give the same results for
|¥, (7)) and its derivatives. Nevertheless, in the following,
we report both proofs in order to introduce the two
different expressions for the Fisher information for the
two different continuous measurements.

Joint QFI of the spins and the radiation for photon
counting. We commute the summations over the time
index and over the trajectories and write two separate
families of trajectories, according to the value of i;:

(W (1)]0,¥, (1))

M
A T A T A A
=33 kYK (0,K8) - K2y
=
M A~ -+ A A
DS WIRY - RY(0,KT) RO (K24)
J=1 (l/ 1
if:l
We write explicitly the term
cha s o
LiL,=10_,3,3.0°,
=T (mo(mo +1) = 0,207, + U, 0.0, ).

This lets us compute the derivative

i a sy s
0= —EFAI[Jy,JE —7]
FAI(

K§o,KY),
A J)+(9(At2). (K26)

The first summand of Eq. (K24) is proportional to the
expectation value of the operator {J,,J.} —J, evaluated
on the unnormalized state of the spins evolved up to time
t = jAt, summed over all possible trajectories. Because
of the sum over all trajectories, we can turn this term into
the weighted expectation value over the normalized state
conditioned on the trajectory, which is simply the expect-
ation value over the reduced state of the spins. In other
words, the first summand evaluates to the integral of
({7:(1),7.(1)} = T (1)), where J(¢) and J_(z) are the spin
operators in the Heisenberg representation and the expect-
ation value is computed over the initial state of the spins
|mg). It can be verified numerically that this expectation
value is identically zero, because of the rotational sym-
metry of the initial state around the z axis. We now focus
on the second summand of Eq. (K24). We write the

innermost product as

A

K70,k «7,10,,0_ 1 =73, 0] 7,7, (K27

which, because of rotational symmetry, also has zero
expectation value. We conclude that the expression in
Eq. (K24) is identically zero, i.e., (¥,()[9,¥,(t)) = 0.
We finally write the expression for the total QFI of the joint
system of spins and radiation, valid for every time t:

Fo([¥y(1))
:4<a¢lp ()| @ tp( )>

% 244 ( 44
in ”Kij+1<aK> fj-1 "K[1|l//>

2

(K28)

Joint QFI of the spins and the radiation for homodyne
detection. Because of the different normalization of the
Kraus operators for homodyne detection, the joint state of
the ensemble of spins and the radiation is written as

W (1)) = / W an )

[Se]

x / A )

'K?MK?M—I "'K(;j e K?I |ll/>

Q [J1 o Typ)- (K29)

We evaluate the derivative of this state as a function of
the parameter ¢:

19,%(1)) =

/ Wy /g -
x/+md11\/m

-K§ - (0,K7) - K] w)
® |1, Tug). (K30)

As in the photon counting case, we write

((1)[0,¥(1)) / Ay i) -

—+o0
X/ dJy ga(Jy)

S ot Aot A A
< RS - Ry 0,K7) - KG w).

(K31)

We next average the innermost product over this
Gaussian ~ weight. Using  [dJg,,(J)J =0 and

043029-27



BELLIARDO, CHU, KOPPENHOFER, and CLERK

PRX QUANTUM 7, 043029 (2026)

JdJ qx,(J)J? = 1/At, we obtain

(K32)

The term I:Z,()(/,ﬁ(/,At originates from the product of the
two terms proportional to JA7 in K%' and 9,K. At ¢ = 0
and 0 = 0, the initial Dicke state and all preceding Kraus
operators are real in the Dicke basis, whereas the order-At
part of the operator above is real and antisymmetric.
Consequently, for every measurement record, its expect-
ation value immediately before the current measurement
step vanishes. Integrating the later outcomes leaves a
contribution of order O(A#?) from each time step; summing
over M = t/At steps gives O(tAr), which vanishes in the
continuous-time limit. Hence, (‘¥,,(1)|0,'¥,,(1))[,,_, — Oas
At — 0. We conclude that, as in photon counting, the joint
quantum Fisher information, in terms of the Kraus oper-
ators, can be expressed as

Fo([¥ (1)) = 4(9, ¥, (1)[9, %, (1))

+o0 +00
=4 dJMCIAt(JM)"'/ dJy g (J1)

—o0
2

M
> KG, - (9,K7) - KT y)
j=1

(K33)

Fisher information of the continuous measurements.
Let us focus on the Fisher information that can be
extracted from observing the continuous-measurement
trajectories. The probability of observing a certain trajec-

tory (il, iz, LN lM) is

Praj ((ﬂ> & ||kji,,f((p

e a4 2
e KK lw) || (K34)

Having defined the unnormalized state [fy,i(¢))
associated with a certain observed trajectory in
Eq (K17), we can write ptraj((p) & <¢’traj(¢)|¢’traj<§0)>’
where we have omitted the dependence on the time t.
The definition of the Fisher information obtainable from
the trajectories is

o1 . 2
Feb = Eyy K 0g py aj(<ﬂ)) ]

% (K35)

We can evaluate the derivative of 10g py,; (@) as follows:

alogptraj((p)i 1 o T
o e @@ PP

+ (T ()10, P () ).

(K36)

We define |a(pl/7traj ((ﬂ)> = \/ ptraj (§0>|¢traj ((,0)> and write

the classical Fisher information as

Feh = Zptraj ((p)(<l//traj((p)|¢traj ((ﬂ)>

traj

+ (i (@) W0 (@) (K37)

FOHOWing [34]a we define Atraj = <¢traj (Qo) |l//traj ((p)>’ and
we write the Fisher information in Eq. (K37) under the
assumption A,; € R, which we will prove to be satisfied in
the scenario we consider for photon counting and homo-
dyne detection. With this simplification, we can write
Eq. (K37) as

Feh = 4Zptraj ((p)Atzra]

traj

(K38)

Fisher information of the spins. From Eq. (K9), we see
that in order to complete the assessment of how much
information is retrievable through continuous measure-
ments, we need to compute the quantum Fisher informa-
tion for the last measurement on the spin ensemble in
addition to the Fisher information from the continuous
measurements. Although we will always be interested in
the asymptotic case where the final state of the ensemble is
independent of the trajectory, in this paragraph we work at
a generic time t. Consider the expectation value of the
Fisher information of the spins over the trajectory,

[Etraj [f(/)(h//traj ((ﬂ)>)} = 4Zptraj ((,0)
traj
: (<a(pl//traj ((p>|a¢Wtraj (90)> + ((aq)l//traj (go)ll//traj ((P)>)2)
(K39)

Introducing again the states |¢,j(¢)), we can obtain an
alternative expression for the QFI through the use of the
identity

|a(pl//traj ((/7)> = |¢traj ((/’)> - Atraj‘l//traj (§0)>, (K4O)

and, assuming Ay,; is real, we see that we can rewrite the
quantum Fisher information of the system of spins as
]:(p(|Wtraj (§0>>) = 4(<¢traj (§0)|¢traj ((ﬂ)> _A[ij)’ (K41)

as already shown in Ref. [34]. Since we are in the regime
of single-parameter estimation, this QFI is achievable
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through the optimal measurement on the spin ensemble.
Combining the Fisher information of the continuous meas-
urement with that of the spin-ensemble measurement
(averaged over trajectories), we get the following expression

(|V/traj ((ﬂ)>)}
0)) (P2 ()| Puuaj ().

Fh'c = Fh'c(ptrdj) + [Etraj[

= 42 l//traj |l//traj

traj

(K42)

Fisher information of photon counting. Writing explic-
itly the expression for |¢py,i(@)), we easily see that
Eq. (K42) is identical to Eq. (K28). It remains to prove
that A, is real. This is easily done by considering the
explicit expression for the unnormalized evolved state in
the Dicke basis. The initial state |mg), expressed in this
basis, has only real components. The operators K| ¢ and IA(‘I”
in Eq. (K14), expressed in the Dicke basis, are real
matrices for ¢ = 0, so that the state [y,j(¢ = 0)) is also
real. Consider now the derivatives of the Kraus operators,
which are necessary to compute |gy,i(¢)):

ok 1 o(LiL,) .
0= A RE 4 O(AF

1 SN .

= EFAt({Jx, J.}—J,) +0O(Ar), (K43)

and

oK? oL .

—L = VAt = /AT, (K44)

o o '

Both these operators, when expressed as matrices in the
canonical Dicke basis, have real entries. Therefore, we
conclude that A, = (Pyaj (@) Wi (@) ER, and that the
Fisher information computed from the trajectories of the
photon-counting measurements achieves the quantum
Fisher information.

Fisher information of homodyne detection. We now
repeat the same argument for homodyne detection.
Starting from Eq. (K15), we see that, with H =0, the
operator K is real if we assume 6 = 0. When taking the

(LL)

derivative, we have that both and are real, as

proved in the previous paragraph. Therefore the condition
Ay ER also holds for homodyne detection, and this
measurement saturates the QFI.

Limitations of the proof. This proof, based on the fact
that A,; has no imaginary part, fails when H # 0 (which
happens when the cavity is detuned) or when the generator
of the rotation has imaginary components, as happens for
the twist-untwist encoding in Eq. (6), which uses squeez-
ing in the initial state of the ensemble. This does not
necessarily mean that homodyne detection and photon
counting cannot achieve the QFI in this case, but it means

that the achievability of the QFI through continuous
measurement cannot be proven within the framework
developed in this appendix.

APPENDIX L: CONTINUOUS ENCODING

In this appendix, we extend the formalism of matched
filtering to continuous encoding. We again assess the
capabilities of the homodyne and photon counting mea-
surements. We consider sensing the parameter ¢ encoded
by the Hamiltonian term (pG acting continuously on
the spin ensemble. We denote by £ the Lindbladian oper-
ator describing the superradiant decay of the spin ensem-
ble, so that by adding the continuous encoding we can
write £, = L — ip[G. ). The corresponding Heisenberg-
picture generator is £, = L + ip[G,-]. We consider the
Heisenberg-evolved jump operator J(¢), and we are
interested in evaluating its parametric derivative to plug
it into Eq. (9), in order to obtain the output-field signal. To
achieve this, the parametric derivative of the evolution
operator is useful and can be computed from the following
integral:

9 eLot = t/l dsel=9)L" ﬁ es Lt (L1)
op 9=0 0 op

The parametric derivative of the Heisenberg-picture
oLy A

= FilG.].
Applying this formula to the jump operator gives the final
formula for the derivative of the lowering operator J? (¢):

generator is the commutator, i.e.,

0J% (1)
dp

1 . N PoA
:+it/ ds e =9 (|G e (T)]).  (L2)
=0 0

From the above expression we can evaluate the output-
field signal
(/}O>

o =10
:t\/l:/olds <e<1—s>£'*f([€; e )]>>. (1L3)

op

The corresponding homodyne-current response is
2Re[ea,(1)], consistent with the definition in Eq. (12).

The correlation function of the outcomes is still given by
Eq. (24), since the infinitesimally small perturbation
caused by ¢ does not change the state of the system to
zeroth order in ¢. The result for the mode maximizing the
SNR in Eq. (26) is still valid for continuous encoding. In
the photon counting scenario, we can derive a similar
expression by computing the parametric derivative of the
correlation function g, (7, ; ).
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