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Fermionic non-Gaussianity is an essential resource for unlocking the full computational power of
fermionic quantum platforms. In this work we develop monotones and efficient quantum algorithms for
fermionic non-Gaussianity, all built on the eigenvalue structure of the operator Λ ¼P2n

j¼1 γj ⊗ γj
defined on two copies of an n-mode fermionic state, accessible via Bell sampling. In particular, we
introduce the bridge degree of even pure states, a novel non-Gaussianity monotone defined as the largest
eigenvalue of Λwhose eigenspace is populated by two copies of the state. Our key technical result is that
the bridge degree is non-increasing under post-selected Gaussian protocols, which yields no-go
theorems for Gaussian conversion beyond the reach of previously known monotones and shows that the
resource theory of fermionic non-Gaussianity is irreversible in the exact-conversion setting. Beyond
this, the bridge degree exhibits several further features: it (i) is easy to compute, (ii) is efficiently
witnessed through Bell sampling, (iii) lower bounds the non-Gaussian gate complexity of state
preparation, (iv) controls the non-Gaussian gate complexity of producing quantum state designs, and
(v) naturally extends to mixed states via the Choi-Jamiołkowski isomorphism. We further develop an
approximate variant together with an efficiently measurable lower bound, yielding an experimentally
certifiable lower bound on the non-Gaussian cost of approximately preparing any state, based directly
on Bell-sampling data. Finally, the same eigenvalue structure underlies two Bell-sampling-based
algorithmic primitives, both with polynomial sample complexity: a two-copy Gaussianity test with
perfect completeness, optimal among two-copy tests sharing this property, and a test for the state
2-design property of matchgate-invariant ensembles.
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I. INTRODUCTION

Quantum computers hold the promise of solving prob-
lems beyond the reach of any classical computer—a notion
known as quantum advantage [1,2]. Establishing this
advantage requires preparing quantum states that no
classical computer can efficiently simulate. Identifying
the boundary between classical simulability and quantum
advantage is therefore a central challenge, both theoretically
and practically. A natural strategy is to study families of
quantum-computation models that admit efficient classical
simulation and to characterize the additional resources
required to promote them to universality [3,4].

Quantifying these resources is essential for evaluating
the computational potential of any quantum information-
processing platform.
Within fermionic quantum computation, the natively

free operations are the fermionic Gaussian unitaries [5]—
also called matchgates, or fermionic linear optics—which
act linearly on the Majorana operators and are generated
by Hamiltonians quadratic in fermion operators. They are
efficiently simulable on a classical computer [6–11], and
the states they generate—the fermionic Gaussian states
(FGSs)—form an important class of quantum states
ubiquitous across physics, including BCS superconducting
states [12], mean-field Hartree-Fock states [13], and the
ground states of Kitaev’s honeycomb lattice model [14].
Promoting matchgate circuits to universal quantum com-
putation requires non-Gaussian resources, which can be
supplied by injecting non-Gaussian magic states [15].
Quantifying how much non-Gaussianity a state contains
is therefore both a structural question about fermionic
complexity and a practical question about the cost of
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fermionic computation. This question is of high exper-
imental relevance: fermionic degrees of freedom are now
directly controllable across platforms such as ultracold
atoms in optical lattices [16–21] and digital quantum
simulators of fermionic systems [22–24].
The importance of non-Gaussian resources has

prompted a growing body of work proposing monotones
for the resource theory of fermionic non-Gaussianity
[25–31], chief among them the Gaussian extent, the
Gaussian rank, the Gaussian fidelity [25–27], and the
relative entropy of non-Gaussianity [28–31]. However,
every existing monotone suffers from at least one of two
shortcomings: it is either (i) not efficiently computable,
requiring optimization over Gaussian decompositions, or
(ii) not known to carry an operational interpretation. The
Gaussian rank, for instance, directly controls classical
simulability but is defined through an optimal Gaussian
decomposition that is not known to be efficiently obtain-
able; the relative entropy of non-Gaussianity, by contrast,
is easy to compute from the covariance matrix but lacks an
operational meaning tied to state complexity. A range of
further quantifiers has been proposed [32–37], but they are
not known to be monotones in the resource-theoretic sense.
As a result, a fermionic non-Gaussianity monotone that is
simultaneously computable and operationally meaningful
is still lacking—in stark contrast to the situation for other
prominent resource theories such as entanglement [38],
coherence [39], non-stabilizerness [40], and bosonic non-
Gaussianity [41].
We address this gap by introducing a new quantity, the

bridge degree. The central object is the bridge operator Λ,
originally introduced by Bravyi [9,42] as a Gaussianity
witness on two copies of a fermionic state: Λjψi⊗2 ¼ 0 if
and only if ψ is an FGS. We elevate the role of Λ from a
binary test to a functional of the state by analyzing its full
eigenvalue distribution on jψi⊗2. Crucially, this distribu-
tion is directly sampled by Bell sampling—a protocol that
measures two copies of the state in the Bell basis,
implementable as a depth-1 Clifford circuit on qubit
platforms or as a single matchgate beam-splitter layer
on fermionic platforms. Bell sampling is a powerful tool
for quantum information tasks [43–51], often providing a
substantial advantage over single-copy measurements
[44,45,52] and has been demonstrated experimentally
[44,46,53–57] as well as employed in numerical simu-
lations of quantum systems [58–63].
The bridge degree of an even pure state ψ is defined as

the largest (in magnitude) eigenvalue of Λ whose eigen-
space is occupied by jψi⊗2 and is therefore both easy to
read off from a state description and easy to witness
experimentally via Bell sampling. Our central technical
result is that the bridge degree is non-increasing under
pure-state post-selected Gaussian protocols, which
immediately yields lower bounds on the non-Gaussian
cost of state preparation. As a structural consequence,

we use it to establish the irreversibility of the resource
theory of fermionic non-Gaussianity in the exact-conver-
sion setting. As an operational consequence, the bridge
degree lower bounds the non-Gaussian resources required
to generate quantum state designs—ensembles of pure
states that reproduce the first few statistical moments of the
Haar measure.
We further introduce an approximate variant of the

bridge degree, which retains monotonicity under Gaussian
protocols and is lower-bounded by an efficiently measur-
able quantity—the bridge fidelity—accessible directly
from Bell sampling. We then extend the framework to
mixed states via a Choi-state construction. The resulting
mixed-state bridge degree inherits the structural properties
of its pure-state counterpart and is a monotone under
postselected Gaussian operations.
Finally, building on the same eigenvalue structure of

the bridge operator, we develop two concrete algorithmic
primitives, both efficient and experimentally accessible.
First, we construct a sample-efficient Gaussianity test
with perfect completeness, optimal among all two-copy
tests sharing this property, together with a tolerant
variant that distinguishes states close to Gaussian from
states far from it. This is directly relevant for verifica-
tion: it allows an experimentalist to certify, from mea-
surements alone, whether the state produced by a
quantum device is close to or far from Gaussian.
Second, for matchgate-invariant ensembles, we show
that the state 2-design property is efficiently certifiable
from polynomially many Bell samples. State designs
underpin many protocols—including randomized bench-
marking [64], classical shadows [65], quantum cryptog-
raphy [66–68], and random circuit sampling [69,70]—so
certifying that a candidate ensemble achieves the design
property is a prerequisite for trusting them. Our result
also addresses the recently introduced complexity-
theoretic question of design certification [71], for which
no efficient quantum algorithm is known in general:
matchgate-invariant ensembles provide a structurally
natural class on which the 2-design property becomes
efficiently testable.

A. Overview of main results

This section provides an overview of our key findings;
the main quantities and the efficient protocols that we
introduce are summarized in Tables I and II. Our results
fall under six themes: (i) the bridge degree as a fermionic
non-Gaussianity monotone, (ii) no-go theorems and irre-
versibility of the resource theory, (iii) lower bounds on
non-Gaussian gates for state designs, (iv) the approximate
bridge degree and approximate conversion, (v) the mixed-
state extension via the Choi-Jamiołkowski isomorphism,
and (vi) algorithmic primitives from Bell sampling. We
summarize each below; formal statements and proofs are
provided in the subsequent sections.
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(i) The bridge degree as a fermionic non-Gaussianity
monotone (Sec. IV). We introduce a fermionic non-
Gaussianity monotone for even pure states called the
bridge degree, built around the bridge operator,

Λ ≔
X2n
j¼1

γj ⊗ γj; (1)

introduced by Bravyi [9] as a tool to detect Gaussian states
on two copies of an n-mode fermionic system.
We develop the theory first in the pure-state setting and

extend it to mixed states via the Choi-Jamiołkowski
isomorphism in Sec. VII [theme (v) below]. Here, we
consider the convex resource theory of fermionic non-
Gaussianity [28], where the free operations are Gaussian
protocols (Definition 2), consisting of Gaussian unitaries,
composition with Gaussian states, partial tracing, occu-
pation-number measurements, and conditioned operations.
We also consider post-selected Gaussian protocols, which
further allow post-selection on measurement outcomes.
Since Gaussian protocols become universal when aug-
mented with magic-state injection [15], they provide the
natural class of free operations for studying the resource
cost of universal fermionic quantum computation.

As a sum of 2n commuting Hermitian operators γj ⊗ γj
with eigenvalues �1, the spectrum of Λ is f−2n;
−2nþ 2;…; 2ng; we denote the corresponding eigenspa-
ces and projectors by Vλ and Πλ. For an even pure state ψ ,
the bridge spectral distribution

pψðλÞ ≔ hψ j⊗2Πλjψi⊗2; (2)

records how the two-copy state jψi⊗2 decomposes across
the eigensectors of Λ and serves as the unifying object of
the entire framework. We show in Sec. III that pψ is
supported on the set A ¼ 8Z ∩ ½−2n; 2n�, symmetric
about zero, and invariant under matchgate unitaries, and
that it is directly measurable via Bell sampling on two
copies of ψ .
From this distribution, we define the bridge degree for

an even pure state ψ as

ΛdðψÞ ≔ maxfα ≥ 0 ∶ pψð2αÞ ≠ 0g; (3)

that is, the largest eigenvalue sector of Λ that jψi⊗2

occupies. We show that Λd: (i) takes discrete values in
f0; 4; 8; � � � ; 4bn=4cg; (ii) vanishes if and only if ψ is a
pure FGS; (iii) is additive under tensor products,

TABLE I. Summary of the non-Gaussianity monotones and related quantities introduced in this work. The “monotone under” column
specifies the class of free operations under which the quantity is provably non-increasing. See Definitions 1 and 2 for the definition of
Gaussian operations and Gaussian protocols. The “computable” column marks (✓) quantities accessible from a state description
without optimization and (✗) those whose definition requires an optimization not known to be efficient.

Quantity Symbol Monotone under Computable

Bridge degree (Sec. IV) ΛdðψÞ Pure-state post-selected Gaussian protocols ✓

Approximate bridge degree (Sec. VI) Λd;ϵðψÞ Pure-state Gaussian protocols ✗

Approximate bridge fidelity (Sec. VI) F ϵðψÞ — (Lower bound for Λd;ϵ) ✓

Mixed-state bridge degree (Sec. VII) Λ̃dðρÞ Post-selected Gaussian operations ✓

Convex-roof extended bridge degree (Sec. IV) Λcr
d ðρÞ Post-selected Gaussian protocols ✗

TABLE II. Sample-efficient Bell-sampling protocols. All bounds hold with success probability at least 1 − δ; the
explicit logð1=δÞ dependence is suppressed. FG denotes the Gaussian fidelity [see Eq. (35)]. DðEÞ denotes the
approximation error of the state 2-design [see Eq. (45)]. Δ denotes the gap between the cumulative bridge spectral
distribution and the threshold ð1 − ϵÞ2 [see Eq. (159)]. The notation Õ hides additional logarithmic factors.

Task Sample complexity References

Estimate F ϵðψÞ OðΔ−2 logð1=ΔÞÞ Lemma 25
One-sided Gaussianity test (FG ¼ 1 vs ≤ 1 − ϵ) Oðn2=ϵÞ Theorem 9
For t-doped Gaussian states Oðt2=ϵÞ Theorem 10
Tolerant Gaussianity test (FG ≥ 1 − α vs ≤ 1 − β) Oðn2=ðβ − 2αn2ÞÞa Theorem 11
Estimate DðEÞ to additive accuracy ϵ Õð ffiffiffi

n
p

=ϵ2Þb Lemma 42
Approximate 2-design test (DðEÞ ≤ α vs ≥ αþ ϵ) Õð ffiffiffi

n
p

=ϵ2Þb Theorem 12
Exact 2-design test (DðEÞ ¼ 0 vs ≥ ϵ) Oðn1=4=ϵ2Þb Theorem 13

aValid for α ¼ Oðβ=n2 − 2αÞ.
bRequires the ensemble E to be matchgate-invariant.
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Λdðψ ⊗ ϕÞ ¼ ΛdðψÞ þ ΛdðϕÞ; and, most importantly,
(iv) is non-increasing under post-selected Gaussian
protocols.
Theorem (monotonicity of the bridge degree, see Theo-

rem 1). For any even pure state jψi and any post-selected
Gaussian protocol E such that Eðjψihψ jÞ ¼ jϕihϕj is pure,

ΛdðϕÞ ≤ ΛdðψÞ: (4)

This is the first central result of the paper: the bridge
degree is a bona fide non-Gaussianity monotone in the
sense of resource theory [3,4] and leads to a number of key
applications discussed in the following. As an immediate
consequence, the bridge degree lower bounds the number
of non-Gaussian gates required for state preparation by a
t-doped Gaussian protocol (Fig. 1): a circuit built from
arbitrary post-selected fermionic Gaussian protocols inter-
leaved with t non-Gaussian gates, each acting on at most
four Majorana modes.
Corollary (non-Gaussian gate lower bound for state

preparation; see Corollary 4). If an even pure state ψ can be
prepared from the vacuum by a t-doped Gaussian protocol,
then it must hold that

t ≥
ΛdðψÞ

4
: (5)

In particular, any state with ΛdðψÞ ¼ ΩðnÞ requires
ΩðnÞ non-Gaussian gates to prepare on any fermionic
platform with probabilistic protocols.
A particularly appealing feature of this lower bound is

that the bridge degree can be witnessed directly from the
Bell-sampling primitive (Algorithm 1). Given N i.i.d.
samples λ1;…; λN ∼ pψ obtained from Bell sampling on
pairs of copies of ψ , the empirical estimator

Λ̂d ≔
1

2
max
k

jλkj (6)

is, by construction, always a lower bound on ΛdðψÞ, and
via Corollary 4 on the non-Gaussian gate count t. In
particular, even a single Bell sample already certifies
t ≥ jλ1j=8 non-Gaussian gates.
We remark that the bridge degree admits a mixed-state

extension via the standard convex-roof construction,

Λ cr
d ðρÞ ≔ min

fpi;ψ ig∶ ρ¼
P
i

piψ i

max
i
Λdðψ iÞ; (7)

which is automatically monotone under post-selected
Gaussian protocols [38,72] but generally intractable to
compute. As explained below in theme (v), we develop
a computationally tractable mixed-state extension—
monotone under a smaller class of operations—via the
Choi-Jamiołkowski isomorphism.
(ii) No-go theorems and irreversibility of the resource

theory (Sec. V). The monotonicity of the bridge degree is a
powerful tool for proving no-go theorems for Gaussian
conversion. In particular, additivity of Λd under tensor
products immediately implies that no Gaussian protocol
can map an n-qubit non-Gaussian pure state to a tensor
product of m four-qubit non-Gaussian pure states with
nonzero success probability whenever 4m > n (note that
all even pure states on≤ 3 qubits are Gaussian [73], so four
qubits is the smallest non-trivial block size). Remarkably,
this impossibility holds even when the input state is
arbitrarily far from the set of Gaussian states, while each
output factor is arbitrarily close to it. This phenomenon
closely parallels a recent no-go theorem for bosonic
Gaussian state conversion [41].
Corollary (impossibility of splitting non-Gaussianity by

post-selected Gaussian protocols; see Corollary 5). Let
n < 4m, let ψ be an n-qubit even non-Gaussian pure
state, and let ϕ1;…;ϕm be four-qubit even non-Gaussian
pure states. Then no post-selected Gaussian protocol can
map ψ to ⨂m

i¼1ϕi with nonzero success probability.

FIG. 1. A t-doped Gaussian protocol. Blue boxes E0; E1;…; Et denote arbitrary Gaussian protocols, possibly with post-selection;
orange boxes W1;W2;…;Wt are non-Gaussian gates. Here, t counts the total number of non-Gaussian gates. Although the four
Majorana modes on which Wi acts are in principle arbitrary, we take them without loss of generality to be γ1; γ2; γ3; γ4 (the first two
qubits), since any quadruple of Majorana modes can be mapped to these by a matchgate unitary that can be absorbed into the
neighboring Ei.
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Beyond such no-go theorems for state conversions, the
next natural question is whether the resource theory is
reversible: can the resources spent in converting ρ to σ be
fully recovered by converting σ back to ρ? For instance,
entanglement theory is reversible for pure states [74] but
irreversible for mixed states [75]. We investigate this
question for the asymptotic-conversion rate n ↦ m of
ρ⊗n → σ⊗m under probabilistic Gaussian protocols (i.e.,
where the conversion is required to succeed exactly with
some non-zero probability) and prove the following:
Theorem (Irreversibility of the resource theory of

fermionic non-Gaussianity; see Theorem 2). The resource
theory of fermionic non-Gaussianity is irreversible under
post-selected Gaussian protocols in the exact-conversion
setting.
These results mirror the irreversibility theorem for

bosonic non-Gaussianity [41], with the bridge degree
playing the role of the symplectic rank.
(iii) Lower bounds on non-Gaussian gates for state

designs (Sec. V C). A further operational consequence of
bridge degree monotonicity is a lower bound on the non-
Gaussian resources required to generate state designs—
ensembles of pure states that reproduce or approximate the
first k statistical moments of the Haar measure [76].
Formally, an ensemble E of even pure states is an exact
state k-design if its kth moment matches the Haar-averaged
kth moment, Eψ∼E½ψ⊗k� ¼ Eϕ∼Haar½ϕ⊗k�, and an ϵ-approxi-
mate state k-design if the two ensembles are ϵ-close in
trace distance:

DðkÞðEÞ ≔ DðEψ∼E½ψ⊗k�;Eϕ∼Haar½ϕ⊗k�Þ ≤ ϵ: (8)

Operationally, an ϵ-approximate k-design is indistin-
guishable from a truly Haar-random ensemble by any
quantum algorithm that makes k queries to the state.
Combining the bridge degree with a quantitative analysis
of the Haar bridge spectral distribution yields:
Theorem (non-Gaussian gate count for state 2-designs;

see Corollary 6 and Theorem 4). The number t of non-
Gaussian gates required for a state k-design for k ≥ 2
grows with system size:

(i) Exact k-designs must contain at least one state
requiring t ≥ bn=4c ¼ ΩðnÞ non-Gaussian gates.

(ii) ϵ-approximate k-designs require t¼Ωð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nlogð1=ϵÞp Þ

non-Gaussian gates with non-negligible probability
over the ensemble (valid for ϵ ≥ C�=

ffiffiffi
n

p
, with C� an

absolute constant).
This stands in sharp contrast to the qubit setting, where

random Clifford circuits alone form an exact state
3-design, and approximate state k-designs are generated
with a constant (independent of n) number of non-Clifford
gates [77–79]. On the matchgate side, a growing number
of non-Gaussian gates are required already at the state
2-design—the first nontrivial design. The bound has an
equivalent implication for a single state: any even pure

state ψ with ΛdðψÞ ¼ oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logð1=ϵÞp Þ has its matchgate

orbit at trace distance > ϵ from the Haar-random state.
(iv) Approximate bridge degree and approximate con-

version (Sec. VI). The bridge degree, being a discrete
quantity, is fragile under perturbation: an arbitrarily small
non-Gaussian perturbation of a Gaussian state can driveΛd
to its maximum value. We address this by introducing an
ϵ-approximate bridge degree

Λd;ϵðψÞ ≔ min
ϕ∶ 1−Fðψ ;ϕÞ≤ϵΛdðϕÞ; (9)

the minimum of Λd over even pure states in a fidelity-ϵ
ball around ψ . We show that Λd;ϵ inherits monotonicity
from Λd:
Theorem (monotonicity of the ϵ-approximate bridge

degree; see Theorem 5). For any even pure state ψ ,
any ϵ∈ ½0; 1�, and any Gaussian protocol E such that EðψÞ
is pure,

Λd;ϵðEðψÞÞ ≤ Λd;ϵðψÞ: (10)

The approximate bridge degree is not directly
measurable—its definition involves an optimization over
the full set of even pure states, which is intractable. We
circumvent this by introducing the bridge fidelity

FΛ
k ðψÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
jλj≤k

pψðλÞ
s

; (11)

the square root of the cumulative bridge spectral distri-
bution at threshold k. The ϵ-approximate bridge fidelity

F ϵðψÞ ≔ minfα ≥ 0 ∶ FΛ
2αðψÞ ≥ 1 − ϵg (12)

provides a computable lower bound on Λd;ϵ (Lemma 24).
As a corollary, this result yields a mixed-state non-
Gaussianity witness based on fidelity: if an experimentally
prepared state ρ has fidelity at least 1 − ϵ with a known
even pure target jϕi, then Λ cr

d ðρÞ is lower-bounded by
F ϵðϕÞ (Corollary 8). Thus, a fidelity estimate with respect
to a target state admitting a known classical description not
only certifies the non-Gaussianity of the actual mixed
laboratory state whenever F ϵðϕÞ > 0 but also quantita-
tively witnesses it by providing a lower bound on the
mixed-state non-Gaussianity monotone Λ cr

d .
Furthermore, F ϵðψÞ is efficiently estimable from Bell

sampling using OðΔ−2ðlogð1=ΔÞ þ logð1=δÞÞÞ samples,
where Δ is the gap between the cumulative bridge spectral
distribution and the threshold ð1 − ϵÞ2 (Lemma 25,
Algorithm 2). Together with the monotonicity of Λd;ϵ,
this yields efficient bounds on approximate Gaussian
conversion. In particular, applied to the canonical four-
qubit magic state jMi ¼ 1

2
ðj0000i þ j0101i þ j1010i þ

j1111iÞ as a unit of non-Gaussian resource, they lower
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bound the single-shot magic-state cost of approximately
preparing an arbitrary non-Gaussian state:
Theorem (magic-state cost lower bound; see Theorem 7).

For any even pure state ψ and any ϵ ≥ 0, the number of
canonical magic states jMi required to prepare ψ within
trace distance ϵ by any post-selected Gaussian protocol
satisfies

CostϵðψÞ ≥ Λd;ϵðψÞ
4

≥
F ϵðψÞ

4
: (13)

The lower bound F ϵðψÞ=4 is efficiently estimable from
Bell-sampling data.
Since jMi is the resource state for the gadget con-

struction of the SWAP gate [15], Theorem 7 equivalently
lower bounds the minimum number of gates needed to
prepare ψ approximately. This result provides an exper-
imentally certifiable lower bound on the non-Gaussian cost
of state preparation in the approximate setting.
(v) Mixed-state extension via the Choi-Jamiołkowski

isomorphism (Sec. VII). We extend the pure-state machi-
nery of themes (i), (ii), and (iv) to arbitrary even mixed
states ρ via the Choi-Jamiołkowski isomorphism, in
which an operator or density matrix is encoded in a pure
quantum state on a doubled Hilbert space through its
action on half of a maximally entangled Bell state jρ⟫ ¼
ðρ ⊗ IÞPi jii ⊗ jii. The bridge operator Λ is lifted to a
new operator

Λ̃ ≔ Λ ⊗ I − I ⊗ Λ; (14)

on the doubled Choi space H⊗4
n , whose spectrum is again

integer-valued. The resulting mixed-state bridge spectral
distribution

p̃ρðλÞ ≔ ⟪ρ⊗2jΠ̃λjρ⊗2⟫; (15)

plays the same role as pψðλÞ in the pure-state theory, and
the mixed-state bridge degree,

Λ̃dðρÞ ≔ maxfα ≥ 0 ∶ p̃ρð4αÞ ≠ 0g; (16)

is the natural extension ofΛd to mixed states. It inherits the
full set of structural properties: it is integer-valued, faithful
on the set of mixed FGSs (Lemma 35), additive under
tensor products (Lemma 36), and reduces to the pure-state
bridge degree on pure inputs (Lemma 37). Crucially, it
remains a monotone under the (smaller) class of post-
selected Gaussian operations (Definition 1)—those built
from Gaussian unitaries, composition with Gaussian
states, occupation-number measurements with post-
selection and partial tracing.
Theorem (monotonicity of the mixed-state bridge

degree; see Theorem 8). For any even state ρ and any

post-selected Gaussian operation E with EðρÞ ¼ σ,

Λ̃dðσÞ ≤ Λ̃dðρÞ: (17)

The Choi-based extension makes the application to
Gaussian-conversion bounds, including in the approximate
case, directly applicable to mixed states, with Λd replaced
by Λ̃d. Unlike the pure-state case, however, the mixed-state
bridge spectral distribution is not directly accessible from
copies of ρ via Bell sampling, since the Choi state is not
directly preparable from copies of ρ alone. For the
important special case in which mixedness arises from
global depolarizing noise acting on an underlying pure
state, we nevertheless show that error mitigation enables
certification of the bridge degree of the ideal state
(Proposition 1, Algorithm 5).
(vi) Algorithmic primitives from Bell sampling

(Secs. VIII and IX). Many quantities introduced in the
previous themes are functionals of pψ and are therefore
efficiently estimable from a single Bell-sampling primitive
(Algorithm 1). Building on this, we develop two concrete
algorithmic primitives addressing central tasks in fer-
mionic non-Gaussianity.
The first is a Gaussianity test, addressing the property-

testing question [80]: given black-box access to copies
of an unknown state ψ , can one decide whether ψ is
Gaussian using as few samples as possible? The analogous
question has been extensively studied across resource
theories [48,81,82]. Bell sampling realizes this test with
a two-copy structure:
Theorem (Gaussianity testing; see Theorem 9). There

exists a Bell-sampling-based algorithm that distinguishes,
with high probability:

(i) any pure FGS, which is always accepted (i.e., the
test has perfect completeness); from

(ii) any pure state with Gaussian fidelity at most 1 − ϵ,
using Oðn2=ϵÞ copies. The protocol achieving this sample
complexity consists of repeatedly performing Bell mea-
surements on two copies of the state and accepting if and
only if every observed Bell outcome corresponds to the
Λ-eigenvalue λ ¼ 0.
For comparison with prior works, several fermionic

Gaussianity tests have been proposed. The test of Ref. [82]
uses only single-copy measurements and has Õðn5=ϵ2Þ
sample complexity but does not satisfy perfect complete-
ness. The test of Ref. [31] satisfies perfect completeness
but requires three copies of the state at a time and has no
explicit sample-complexity bound. The test of Ref. [83]
achieves Oðn2=ϵÞ sample complexity but requires a
collective measurement on an unbounded number of
copies and does not satisfy perfect completeness. Our
test, by contrast, satisfies perfect completeness, uses only
two copies at a time, and has polynomial sample complex-
ity Oðn2=ϵÞ. It can thus be seen as the fermionic counter-
part of the stabilizer property test of Ref. [48] and the
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bosonic Gaussianity test of Ref. [81], both of which share
these properties. Moreover, it is optimal among all two-
copy tests with perfect completeness: it minimizes the
false-acceptance probability on every non-Gaussian state.
We further show that the n2 scaling above can be

replaced by the number of non-Gaussian gates used to
prepare the state:
Theorem (Gaussianity testing for t-doped Gaussian

states; see Theorem 10). The same test distinguishes the
two cases above for any state prepared by a t-doped
Gaussian protocol, using Oðt2=ϵÞ copies—a sample com-
plexity independent of the system size n.
Since the non-Gaussian gates may be arbitrarily weak,

this already covers states arbitrarily close to the Gaussian
set, which should intuitively be the most difficult to
distinguish from Gaussian. We are thus led to conjecture
that a system-size-independent sample complexity holds
for general states.
We also develop a tolerant variant that distinguishes

states with FGðψÞ ≥ 1 − α from states with FGðψÞ ≤ 1 − β
in the regime α ¼ Oðβ=n2 − 2αÞ, using the same Bell-
sampling primitive.
Theorem (tolerant Gaussianity test; see Theorem 11).

For any 0 ≤ α < β ≤ 1 such that ε ≔ β=n2 − 2α > 0 and
α ¼ OðεÞ, there is a Bell-sampling-based algorithm
that distinguishes case (a) FGðψÞ ≥ 1 − α from case (b)
FGðψÞ ≤ 1 − β with success probability at least 1 − δ
using N ¼ Oðn2=ðβ − 2αn2Þ logð1=δÞÞ copies of ψ .
The second primitive is a Bell-sampling-based certifier

for state 2-designs. Complementing the gate-count
lower bounds of theme (iii), we ask: given a candidate
ensemble, can one verify from experimental data that it
actually forms a state 2-design? For matchgate-invariant
ensembles—those whose distribution is invariant under
conjugation by every matchgate, including in particular
every matchgate orbit of an underlying ensemble—we
show that the approximation errorDðEÞ≡Dð2ÞðEÞ reduces
to a total variation distance between the ensemble-aver-
aged and Haar bridge spectral distributions,

pEðλÞ ≔ Eψ∼E½pψðλÞ�; DðEÞ ¼ TVðpE; pHÞ; (18)

and is directly accessible from ensemble Bell sampling
(Algorithm 3), which draws a fresh ψ ∼ E at each round
and runs Bell sampling on ψ⊗2.
Theorem (Bell-sampling certification of state 2-designs;

see Lemma 42 and Theorems 12 and 13). For any
matchgate-invariant ensemble E:

(i) Approximate design testing. Whether DðEÞ ≤ α or
DðEÞ ≥ αþ ϵ is testable from Õð ffiffiffi

n
p

=ϵ2Þ Bell
samples; in particular, DðEÞ is estimable to additive
accuracy ϵ at the same cost.

(ii) Exact design testing.Whether DðEÞ¼0 or DðEÞ≥ ϵ
is testable from Oðn1=4=ϵ2Þ Bell samples.

This is striking: the corresponding decision problem for
arbitrary ensembles is not known to admit an efficient
quantum algorithm in general [71], whereas matchgate
invariance makes the 2-design property efficiently testable
from Bell sampling.

B. Organization

The remainder of the paper is organized as follows.
Section II sets notation and reviews the preliminary
concepts that will be used throughout the paper. In
Sec. III, we analyze the eigenvalue and eigenspace
structure of the bridge operator Λ—a critical component
of our approach. In Sec. IV, we introduce the bridge
degree, establish its basic structural properties, and prove
its monotonicity under post-selected Gaussian protocols.
In Sec. V, we develop the operational consequences of this
monotonicity: no-go theorems for Gaussian conversion
(Sec. VA), irreversibility of the resource theory of fer-
mionic non-Gaussianity (Sec. V B), and lower bounds on
the non-Gaussian gate count required to generate state
designs in both the exact and approximate settings
(Sec. V C). In Sec. VI, we develop the ϵ-approximate
theory, including a computable and efficiently measurable
lower bound. In Sec. VII, we extend the framework to
mixed states via the Choi representation and introduce a
mixed-state version of the bridge degree, with structural
properties analogous to those of the pure-state version. In
Sec. VIII, we turn to algorithmic applications, presenting a
sample-efficient Bell-sampling protocol for Gaussianity
testing in both one-sided and tolerant forms. In Sec. IX, we
present a sample-efficient Bell-sampling protocol to cer-
tify matchgate-invariant state 2-designs, complementing
the structural lower bounds of Sec. V C. We conclude in
Sec. X with a discussion and open problems.

II. PRELIMINARIES

We consider a system of n qubits with an associated
Hilbert space Hn ≃ Cd, where d ¼ 2n is the dimension of
the n-qubit space. The set of Hermitian operators on a
vector space V is denoted by BðVÞ. The set of quantum
states is defined as DðHnÞ ≔ fρ∈BðHnÞjρ ≥ 0;
TrðρÞ ¼ 1g. We denote the set of integers from 1 to n
by ½n� ≔ f1; � � � ; ng.
The trace distance between two quantum states

ρ; σ∈DðHnÞ is defined as half the trace norm of their
difference:

Dðρ; σÞ ¼ 1

2
kρ − σk1; (19)

where the trace norm of an operator A is given by
kAk1 ≔ Trð

ffiffiffiffiffiffiffiffiffi
A†A

p
Þ. The Hilbert-Schmidt inner product

is defined as

hA; BiHS ≔ TrðA†BÞ: (20)
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A. Majorana operators

A system of n qubits is equivalent to a system of n
fermionic modes via the Jordan-Wigner transformation.
Throughout this paper, we use the qubit and fermionic
representations interchangeably. In this mapping, the
Majorana operators are defined in terms of Pauli oper-
ators as

γ2j−1 ≔
 Yj−1

k¼1

Zk

!
Xj; (21)

γ2j ≔

 Yj−1
k¼1

Zk

!
Yj; (22)

for j∈ ½n�.
The Majorana operators are Hermitian and traceless,

and they satisfy the canonical anticommutation relations,

fγj; γkg ¼ 2δj;kI; (23)

for all j; k∈ ½2n�.
Given an ordered subset A ⊂ ½2n�, we define the

associated Majorana monomial by

γA ≔ ijAjðjAj−1Þ=2
Y
j∈A

γj; (24)

where jAj denotes the cardinality of A, and the product is
taken in increasing order. We also define γ∅ ≔ I. The 4n

operators fγAg are Hermitian and form an orthogonal basis
of BðHnÞ with respect to the Hilbert-Schmidt inner
product, referred to as the Majorana basis. Accordingly,
any operator O∈BðHnÞ admits the expansion

O ¼
X
A

OAγA; OA ¼ 2−nTrðOγAÞ: (25)

An operatorO is said to be even ifOA ¼ 0 for all subsets
A with odd cardinality. This property is characterized by
the parity operator

P ≔
Yn
j¼1

Zj; (26)

with respect to which an operator is even if and only if it
commutes with P.
The parity operator induces a decomposition of the

Hilbert space Hn ¼ Hþ
n ⊕ H−

n , where H�
n ≔ fjψi∈

Hn∣Pjψi ¼ �jψig. Namely, a pure state ψ ¼ jψihψ j is
even if and only if jψi∈Hþ

n or jψi∈H−
n .

B. Fermionic Gaussian states and matchgates

Let Oð2nÞ denote the group of real orthogonal 2n × 2n
matrices. For any Q∈Oð2nÞ, a matchgate unitary, or
equivalently a fermionic Gaussian unitary, UQ is defined
through its action on the Majorana operators as

UQγiU
†
Q ¼

X2n
j¼1

Qijγj; (27)

for all i∈ ½2n�. The unitary UQ is uniquely determined by
Q up to a global phase. Matchgates are generated by two-
qubit XjXjþ1 rotations, single-qubit Zj rotations, and the
operator Xn acting on the last qubit. The set of all
matchgates on n qubits forms a group, which we denote
by Mn.
Fermionic Gaussian states are even states of the form

ρ ¼ UQ

 
⨂
n

j¼1

I þ rjZj

2

!
U†

Q; (28)

where UQ ∈Mn and frjgnj¼1 are real numbers which
satisfy jrjj ≤ 1. A pure FGS corresponds to the case
rj ¼ �1 for all j∈ ½n� and can always be written as
jψi ¼ UQj0i⊗n. Any mixed FGS arises as the reduced
state of a pure FGS. We denote the set of FGSs as GF.
Finally, we introduce the bridge operator Λ, defined in

Ref. [9], as

Λ ≔
X2n
j¼1

γj ⊗ γj: (29)

This operator plays a central role in characterizing
FGSs. In particular, a pure state jψi is an FGS if and
only if [25,84]

Λjψi⊗2 ¼ 0. (30)

More generally, a mixed state ρ is an FGS if and only
if [9]

½Λ; ρ⊗2� ¼ 0. (31)

Another crucial property of Λ is its invariance under
matchgate unitaries: ½Λ; U⊗2� ¼ 0 for any U∈Mn [9].

C. Resource theory of fermionic non-Gaussianity

Quantum resource theories provide a systematic frame-
work for quantifying the usefulness of quantum states for
information-processing tasks [3,4]. A resource theory is
specified by two ingredients: a set of free states and a set of
free operations. Free states are those preparable without
consuming the resource, while free operations are physical
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transformations that cannot generate the resource from
free states. Prominent examples include the resource
theories of entanglement [38], coherence [39], non-stabi-
lizerness [85], and bosonic non-Gaussianity [86].
In this work we focus on the resource theory of

fermionic non-Gaussianity. The choice of free operations
admits two natural variants, which we now make precise.
Definition 1. (Gaussian operations). A Gaussian oper-

ation is any composition of:
(a) applying a fermionic Gaussian (matchgate) unitary;
(b) composition with an FGS;
(c) taking a partial trace.
A post-selected Gaussian operation additionally allows

(d) performing an occupation-number measurement with
post-selection on a specific outcome.

Gaussian operations are precisely the completely pos-
itive trace-preserving Gaussian channels [9,87]; they
map FGSs to FGSs and have the FGSs themselves as
free states. Post-selection of (d) also maps FGSs to FGSs,
so the set of free states is unchanged. Crucially, however,
the set of FGSs is not convex—a probabilistic mixture of
distinct FGSs is generally not Gaussian—so the corre-
sponding resource theory falls outside the standard convex
framework [3,4].
Augmenting Gaussian operations with operations con-

ditioned on classical randomness or measurement out-
comes yields the protocol versions [28].
Definition 2. (Gaussian protocols). A Gaussian protocol

is any composition of (a)–(c) of Definition 1 together with:
(d) performing an occupation-number measurement;
(e) applying any of the above operations conditioned on

classical randomness or measurement outcomes.
A post-selected Gaussian protocol additionally allows

post-selection on the outcome in (d).
Unlike Gaussian operations, Gaussian protocols allow

classical mixing and can therefore produce probabilistic
mixtures of FGSs. Such mixtures are generally non-
Gaussian, since the set of FGSs is not convex [87].
This places fermionic non-Gaussianity within the convex
resource-theory framework [4,28], whose free states are
the convex hull of the FGSs,

convðGFÞ¼
�Z

dμðνÞσνjσν∈GF;μa probabilitymeasure
�
;

(32)

the so-called convex-Gaussian states [84]. Equivalently,
convðGFÞ is the convex hull of the pure FGSs, since any
state σν ∈GF is itself a convex combination of pure FGSs.
These states can be simulated efficiently [84], as long as
one can efficiently sample from the probability measure
dμ. The resulting convex resource theory of fermionic
non-Gaussianity parallels the convex resource theories of
entanglement [38], non-stabilizerness [85], and bosonic

non-Gaussianity [86,88]. Like Clifford circuits, Gaussian
protocols become universal upon injection of a canonical
magic state [15], making them the natural class for
studying the resource cost of universal fermionic quantum
computation.

D. Fermionic non-Gaussianity monotones

Given a function M defined on the set of states, we say
that M is a fermionic non-Gaussianity monotone if it is
non-increasing under any Gaussian protocol E,

M½EðρÞ� ≤ MðρÞ: (33)

One important use of a resource monotone is to
constrain state conversion under the free operations—
here, Gaussian protocols. Since monotonicity implies that
a conversion ρ → σ is impossible wheneverMðσÞ > MðρÞ,
the monotone immediately yields no-go theorems for
Gaussian state conversion. A central question in a resource
theory is how many copies of a target state σ can be
produced per copy of a resource state ρ under the free
operations. In this context, a key property is additivity
under tensor products, Mðρ ⊗ σÞ ¼ MðρÞ þMðσÞ, which
turns a monotone into a quantitative tool for analyzing
resource conversion: any additive non-Gaussianity mono-
tone yields a bound on the conversion rate [3,4],

rðρ → σÞ ≤ MðρÞ
MðσÞ ; (34)

where rðρ → σÞ denotes the largest ratio m=n at which
ρ⊗n can be converted into σ⊗m using the Gaussian
protocol. Additivity is thus essential in reducing the
many-copy problem to single-copy values, avoiding the
difficult evaluation of M on many copies of a state. If, in
addition, M is non-increasing under the larger class of
post-selected Gaussian protocols, these no-go theorems
and conversion bounds extend to probabilistic Gaussian
conversions, i.e., those succeeding with any nonzero
probability.
We now survey some known fermionic non-Gaussianity

monotones and review some of their properties.
Throughout, we focus on monotones defined on pure
states jψi, as this is the main focus of our work.
The Gaussian fidelity [25,26] is

FGðjψiÞ ¼ max
jϕi∈GF

jhϕjψij2; (35)

the maximal overlap between jψi and any pure FGS. The
quantity − logFG is a monotone under pure-state
Gaussian protocols and sub-additive under tensor prod-
ucts, becoming additive for tensor products of 4-qubit
GHZ states [89].
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The Gaussian rank is [25,26]

χGðjψiÞ ¼ min
�
χ ∈Nj ∃ fjϕjigχj¼1 ⊂ GF; xj ∈C s:t: jψi ¼

Xχ
j¼1

xjjϕji
�
; (36)

the minimal number of (not necessarily orthogonal) pure
FGSs needed to express jψi as a superposition; it upper
bounds the cost of exact classical simulation. Closely
related is the Gaussian extent [25,26],

ξGðjψiÞ ¼ inf
M∈N

inf
fjϕjig⊂GF

�
kxk21jjψi ¼

XM
j¼1

xjjϕji
�
; (37)

where kxk1 ¼
P

j jxjj; it is the squared l1-norm of the
coefficients, minimized over all finite FGS superpositions
of jψi; it upper bounds the classical complexity of
approximately simulating near-Gaussian fermionic cir-
cuits [25,27]. Both the Gaussian rank and the Gaussian
extent are monotones under Gaussian protocols, and the
Gaussian rank is additionally a monotone under post-
selected Gaussian protocols. They are sub-additive under
tensor products, and the Gaussian extent becomes additive
for tensor products of 4-qubit states [89].
The relative entropy of fermionic non-Gaussianity

[28–31] reads, for pure states,

MRðjψiÞ ¼ SðGðψÞÞ; (38)

where GðψÞ is the unique FGS with the same covariance
matrix as jψi and S is the von Neumann entropy.
Equivalently, it is the minimum quantum relative entropy
from jψi to the set of FGSs [31]. It is a monotone under
pure-state Gaussian protocols [28] and additive under
tensor products.

Finally, the second moment of Λ [28,36,37] is

MΛðψÞ ≔
1

2
hψ j⊗2Λ2jψi⊗2; (39)

which is a special case of occupation number entropy [28]
and fermionic anti-flatness [37]. It is likewise a monotone
under pure-state Gaussian protocols [28] and additive
under tensor products.
We summarize these monotones and their properties in

Table III. The bridge degree introduced in this work stands
out as the only quantity that is simultaneously monotone
under post-selection, additive, and computable from the
state description.

E. Haar measure and state designs

Let UPð2nÞ denote the group of parity-preserving
unitary operators acting on n qubits, and let Un ⊆
UPð2nÞ be a (continuous or discrete) subgroup. The
Haar measure on Un is the unique probability measure
that is both left- and right-invariant under the group action.
For a positive integer k, we define the k-fold twirling
channel over Un by

T ðkÞ
Un
ðOÞ ≔

Z
Un

dμHðUÞU⊗kOðU†Þ⊗k; (40)

for any operator O∈BðH⊗k
n Þ.

The kth order commutant of Un consists of all operators
O∈BðH⊗k

n Þ that commute with U⊗k for every U∈Un:

TABLE III. Comparison of fermionic non-Gaussianity monotones for pure states. The “Post-sel. monotone”
column marks (✓) monotones provably non-increasing under post-selected Gaussian protocols. The “Additive”
column marks (✓) monotones additive under tensor products. The “Computable” column marks (✓) quantities
accessible from the state description without optimization and (✗) those whose definition requires optimization not
known to be efficient. The bridge degree is the only monotone that is simultaneously monotone under post-
selection, additive, and computable.

Monotone Symbol Post-sel. monotone Additive Computable

Gaussian fidelity − logFG ✗ ✗ ✗

Gaussian rank log χG ✓ ✗ ✗

Gaussian extent log ξG ✗ ✗a ✗

Relative entropy of non-Gaussianity MR ✗ ✓ ✓
Second moment of Λ MΛ ✗ ✓ ✓

Bridge degree (this work) Λd ✓ ✓ ✓

aAdditive for tensor products of 4-qubit states [89].
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ComkðUnÞ≔fO∈BðH⊗k
n ÞjðU†Þ⊗kOU⊗k¼O; ∀U∈Ung:

(41)

This object is central to the analysis of twirling channels
over a unitary group, since the twirling channel acts as the
orthogonal projector onto the commutant with respect to
the Hilbert-Schmidt inner product [90,91]. Concretely, if
fP1; � � � ; PdimðComÞg is an orthonormal basis of Comk, then
for any O∈BðH⊗k

n Þ,

T ðkÞ
Un
ðOÞ ¼

XdimðComÞ

j¼1

TrðPjOÞPj: (42)

This provides a practical recipe for computing the action
of the twirling channel associated with a given unitary
group.
We also introduce the notion of state k-designs, also

known as spherical k-designs. Throughout this work, all
notions of state design are framed on the fermionic Hilbert
space, i.e. restricted to even states, unless stated otherwise.
Given an ensemble of even pure states equipped with a
probability measure, define the kth moment

ΨðkÞ
E ≔ Eψ∼E½ψ⊗k�: (43)

The ensemble E ¼ fψg is a state k-design if

ΨðkÞ
E ¼ ΨðkÞ

Haar; (44)

where ΨðkÞ
Haar ¼ T ðkÞ

UPðnÞðψÞ is the kth Haar moment (inde-
pendent of the reference even pure state ψ). It is an
ϵ-approximate state k-design in trace distance if

DðkÞðEÞ ≔ DðΨðkÞ
E ;ΨðkÞ

HaarÞ ≤ ϵ: (45)

An ϵ-approximate k-design in trace distance carries a
clean operational meaning via the Holevo-Helstrom theo-
rem: It cannot be distinguished from a Haar-random state
with success probability exceeding 1þϵ

2
by any quantum

experiment that makes at most k queries to the state. In
what follows, for k ¼ 2 we will write DðEÞ ≔ Dð2ÞðEÞ.

F. Pauli operators and Bell sampling

We define the single-qubit Pauli operators as
σrzrx ≔ ir

zrxXrxZrz , where rz; rx ∈ f0; 1g. The Bell states
are defined by jσrzrxi ≔ ir

zrxðσrzrx ⊗ IÞjΦþi, where
jΦþi ≔ 1ffiffi

2
p ðj00i þ j11iÞ. Explicitly, the four Bell states

are

jσ00i ¼
1ffiffiffi
2

p ðj00i þ j11iÞ; jσ01i ¼
1ffiffiffi
2

p ðj10i þ j01iÞ;
(46)

jσ10i ¼
1ffiffiffi
2

p ðj00i − j11iÞ; jσ11i ¼
1ffiffiffi
2

p ðj01i − j10iÞ:
(47)

For an n-qubit system, we define the tensor product of
Pauli operators by σr ≔ ⨂n

j¼1σrzjrxj and the tensor product

of Bell states by jσrzrxi ≔ ⨂n
j¼1jσrzjrxj i.

For two quantum states ρA and ρB, a measurement in the
Bell basis can be implemented by preparing the tensor-
product state ρA ⊗ ρB, applying a unitary UBell that maps
the Bell basis to the computational basis, and measuring in
the computational basis. As an important special case,
performing a Bell measurement on two identical copies of
a pure state jψi produces an outcome rz; rx ∈ f0; 1gn with
probability

PðrÞ ¼ hψjhψjOrjψijψi ¼
1

2n
jhψ jσrjψ�ij2; (48)

where Or is the projector onto a tensor product of Bell
states and jψ�i is the complex conjugate of jψi.
The unitary UBell admits two physically distinct imple-

mentations. On qubit-encoded platforms, the standard
implementation is the depth-1 Clifford circuit

UBell ¼ ⨂
n

i¼1

ðH ⊗ I2ÞCNOTi;nþi; (49)

where H is the Hadamard gate and CNOTi;nþi is the
controlled-NOT gate with qubit i (from the first copy) as
the control and qubit nþ i (from the second copy) as the
target. On fermionic platforms, UBell can be realized as a
depth-1 matchgate circuit consisting of a layer of fer-
mionic beam splitters between corresponding modes of the
two copies,

UBell ¼ exp

 
π

4

Xn
j¼1

γ2j γ2nþ2j−1

!
: (50)

Note that this operation is also a Clifford operation,
corresponding to swapping the modes γ2j and γ2nþ2j−1.
This second implementation is more natural in fermionic
platforms, where matchgate operations (fermionic linear
optics) are the native free operations. In either case, the
operational cost is the same—two copies of the state and
a constant-depth Gaussian-or-Clifford circuit—and the
outcome distribution is identical [92], given by Eq. (48).
We refer to either implementation as Bell sampling
throughout this work, with the understanding that the
choice of implementation is hardware-dependent but in
both cases efficient.
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III. EIGENSTRUCTURE OF THE BRIDGE
OPERATOR

The bridge operator Λ is the central object of this
work. In this section, we analyze its spectral structure in
detail and identify the constraints that the physics of
fermionic states imposes on it. First, we identify the
spectrum of Λ and construct an explicit eigenbasis in
terms of tensor products of Bell states; this is the key fact
that makes Bell sampling the natural measurement
protocol for characterizing fermionic non-Gaussianity.
Then, we use the exchange symmetry of jψi⊗2 and the
parity symmetry of even states to narrow down the
eigenvalue sectors that can actually be occupied.
Finally, using that the spectral projectors of Λ form an
orthonormal basis for the second-order matchgate com-
mutant, we introduce a matchgate-invariant probability
distribution that records the weight of the two-copy state
jψi⊗2 on each eigenspace of Λ. This distribution is the
foundational object underlying the non-Gaussianity
quantifiers developed in subsequent sections.

A. Spectrum and Bell-state eigenbasis

Since Λ is a sum of 2n mutually commuting Hermitian
operators γj ⊗ γj, each with eigenvalues μj ∈ f�1g, its
spectrum is λ ¼P2n

j¼1 μj ∈ f−2n;−2nþ 2;…; 2ng. We
denote by Vλ the eigenspace with the eigenvalue λ and
by Πλ the corresponding orthogonal projector. The dimen-
sion of Vλ is ð 2n

nþλ=2Þ.
For later convenience, we introduce the binary variables

sj ≔
� ð1 − μjÞ=2; if j is odd;

ð1þ μjÞ=2; if j is even;
(51)

so that sj ∈ f0; 1g for all j.
The following lemma shows that the eigenspaces

of Λ admit an explicit basis in terms of tensor products
of Bell states.
Lemma 1. (Bell-state eigenbasis). Each eigenspace Vλ of

Λ is spanned by tensor products of Bell states of the form
jΨμi ≔ jσrzrxi, where μ∈ f�1g2n satisfies

P
2n
j¼1 μj ¼ λ,

and rz; rx ∈ f0; 1gn are defined by

rzj ¼
�
⨁
2j−2

k¼1

sk

�
⊕ s2j−1; rxj ¼ s2j−1 ⊕ s2j; (52)

with fsjg2nj¼1 defined in Eq. (51). In particular, jΨμi is a
simultaneous eigenstate of all operators γj ⊗ γj with
eigenvalues μj.
Proof. Using the definition of the Majorana operators

[cf. Eq. (21)], the operators γ2j−1 ⊗ γ2j−1 and γ2j ⊗ γ2j
can be written as tensor products of operators Z ⊗ Z,
X ⊗ X, and Y ⊗ Y acting on the first j pairs of qubits.
Since jΨμi is a tensor product of Bell states, the action of

these operators can be evaluated factor by factor using the
identities

Z ⊗ Zjσrzrxi ¼ ð−1Þrx jσrzrxi;
X ⊗ Xjσrzrxi ¼ ð−1Þrz jσrzrxi;
Y ⊗ Yjσrzrxi ¼ ð−1Þrzþrxþ1jσrzrxi:

(53)

Hence, we verify that jΨμi is an eigenstate of γ2j−1 ⊗
γ2j−1 with eigenvalue

Yj−1
k¼1

ð−1Þrxk ð−1Þrzj ¼ ð−1Þs2j−1 ¼ μ2j−1: (54)

Similarly, it is an eigenstate of γ2j ⊗ γ2j with eigenvalue

Yj−1
k¼1

ð−1Þrxk ð−1Þrzjþrxjþ1 ¼ ð−1Þs2jþ1 ¼ μ2j: (55)

This shows that jΨμi is a simultaneous eigenstate of
γj ⊗ γj with eigenvalue μj for all j, and thus an eigenstate
of Λ with eigenvalue λ ¼Pj μj. Finally, since fjΨμig
forms an orthonormal basis ofH⊗2

n , the subset with fixed λ
spans Vλ. ▪
Lemma 1 is the foundation of our measurement proto-

col: it establishes an explicit dictionary between the
eigenvalue λ of Λ and the bitstring ðrz; rxÞ produced by
a Bell measurement on two copies of jψi. Inverting
Eq. (52) gives

s2j−1 ¼
�
⨁
j−1

k¼1

rxk

�
⊕ rzj; s2j ¼

�
⨁
j

k¼1

rxk

�
⊕ rzj; (56)

from which the eigenvalue is recovered as

λ ¼ 2
X2n
j¼1

ð−1Þjsj: (57)

Consequently, the probability of observing λ in a single
Bell sample on two copies of ψ is

pψðλÞ ≔ hψ j⊗2 Πλ jψi⊗2: (58)

This distribution pψ is the foundational object of the
framework, formally introduced and analyzed in Sec. III C
as the bridge spectral distribution. The full Bell-sampling
algorithm, which draws N i.i.d. samples from pψ , is
summarized in Algorithm 1.

B. Symmetry constraints from the two-copy structure

We now identify which eigenvalues of Λ can actually
appear when jψi is an even pure state. There are two
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independent constraints at work, both arising from sym-
metries of jψi⊗2.
The first constraint comes from exchange symmetry. For

any pure state jψi, the two-copy state jψi⊗2 lies in the
symmetric subspace Sym2ðHnÞ ¼ fjvi∈H⊗2

n ∶ Sjvi ¼
jvig under the SWAP operator S ¼ ⨂n

j¼1Sj, where Sj

exchanges the two copies of qubit j. Since Λ commutes
with S (each term γj ⊗ γj is SWAP-invariant), each eigen-
space Vλ decomposes into symmetric and antisymmetric
components. The next lemma shows that, in fact, each
eigenspace is contained entirely in one or the other, with
membership determined by λmod8.
Lemma 2. (Exchange-symmetry constraint). For each

integer k, the eigenspaces of Λ satisfy: Vλ ⊆ Sym2ðHnÞ
for λ≡ 0; 2 ðmod 8Þ, and Vλ ⊆ Asym2ðHnÞ for
λ≡ 4; 6 ðmod 8Þ.
Proof. Consider the eigenbasis fjΨμig of Lemma 1. A

Bell state jσrzrxi is antisymmetric under copy exchange if
and only if ðrz; rxÞ ¼ ð1; 1Þ. Hence jΨμi is symmetric if
and only if the number of jσ11i factors is even.
Only the two Bell states jσ01i and jσ11i give nontrivial

contributions to λ ¼Pj μj, whereas jσ00i and jσ10i
contribute zero at each site. We encode each eigenstate
by a binary sequence x1;…; xm where xj ¼ 0 for jσ01i and
xj ¼ 1 for jσ11i, listed in the order in which these Bell
states appear among the n sites. Let m0; m1 be the
respective counts, with m ¼ m0 þm1. Define the alter-
nating sum

T ≔
Xm
j¼1

ð−1Þjþ1xj; (59)

which satisfies T ≡m1 ðmod 2Þ.

We now group the sequence into runs of equal bits, that
is, consecutive sequences of (at least) one 0 and 1,
respectively. A run of bit b∈ f0; 1g starting at position
s with length l contributes to λ if and only if l is odd, in
which case the contribution is c ¼ 2ð−1Þsþbþ1. Let A be
the sum of ð−1Þsþ1 over all odd-length 0-runs and B the
sum of ð−1Þsþ1 over all odd-length 1-runs. Then λ ¼ 2α
with α ¼ A − B.
Grouping the sum in Eq. (59) over runs shows that only

odd-length 1-runs contribute, giving T ¼ B. Similarly,
A ¼Pm

j¼1ð−1Þjþ1ð1 − xjÞ ¼ 1−ð−1Þm
2

− T. Therefore

α ¼ A− B ¼ 1 − ð−1Þm
2

− 2T: (60)

We can now determine α mod 4 from the parities of m0

and m1:
(i) m1 even, m0 even: then m even and T even,

so α≡ 0 ðmod 4Þ;
(ii) m1 even, m0 odd: then m odd and T even,

so α≡ 1 ðmod 4Þ;
(iii) m1 odd, m0 even: then m odd and T odd,

so α≡ 3 ðmod 4Þ;
(iv) m1 odd, m0 odd: then m even and T odd,

so α≡ 2 ðmod 4Þ.
Since λ ¼ 2α and jΨμi is symmetric if and only if m1 is

even, the claim immediately follows. ▪
The consequence for Bell sampling is immediate: since

jψi⊗2 always lies in the symmetric subspace, Lemma 2
rules out support on any eigenvalue λ≡ 4 or 6 ðmod 8Þ.
This narrows the candidates to λ≡ 0 or 2 ðmod 8Þ.
The second constraint comes from parity symmetry: if

jψi is an even state, then Pjψi ¼ �jψi. The next lemma
describes the action of the parity operator on the Bell
eigenbasis.
Lemma 3. (Parity reversal). Let Pð1Þ ¼Qj Zj ⊗ Ij be

the parity operator acting on the first copy. Then,

Pð1ÞjΨμihΨμjPð1Þ ¼ jΨ−μihΨ−μj: (61)

Proof. Pð1Þ acts on the Bell states by flipping rzj ↦
rzj ⊕ 1 (up to a sign) for all j∈ ½n�, which by Eq. (52)
corresponds to μ ↦ −μ. ▪
Corollary 1. Pð1ÞΠλPð1Þ ¼ Π−λ.
Combining the exchange-symmetry constraint

(Lemma 2) with the parity-reversal constraint
(Lemma 3) pins down the allowed eigenvalues to a subset
of the integers, as we show in the next subsection.

C. Bell-state weights and eigenvalue restriction

We now define the two probability distributions that will
play a central role throughout the paper and use the
symmetry constraints of the previous subsection to

ALGORITHM 1. Bell sampling for bridge spectral distribution.

Input: N ≥ 1, and access to 2N identical copies of an even pure
state ψ on n qubits.

Output: eigenvalues ðλ1;…; λNÞ drawn i.i.d. from pψ .
The empirical bridge spectral distribution is
p̂ψðλÞ ≔ N−1PN

k¼1 1fλk ¼ λg.
1: for k ¼ 1;…; N do
2: Prepare two copies of ψ on registers A; B of n qubits

each.
3: Apply UBell [Eq. (49) or Eq. (50)] across corresponding

qubits of A and B.
4: Measure all 2n qubits in the computational basis,

obtaining ðrz; rxÞ∈ f0; 1gn × f0; 1gn.
5: Compute s∈ f0; 1g2n from ðrz; rxÞ via the inverse map of

Eq. (56).
6: Set λk ← 2

P
2n
j¼1ð−1Þjsj.

7: end for
8: return ðλ1;…; λNÞ.
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establish their key properties. For a given pure state jψi,
the Bell-state weights are

pψðμÞ ≔ jhΨμjψi⊗2j2 ¼ 2−njhψjσrjψ�ij2; (62)

where r ¼ frz; rxg is defined from μ as in Eq. (52).
Moreover, the bridge spectral distribution is

pψðλÞ ≔ hψj⊗2Πλjψi⊗2 ¼
X

μ∶
P

j
μj¼λ

pψðμÞ: (63)

By Lemma 1, pψðλÞ is the probability of observing
eigenvalue λ when performing a Bell measurement on two
copies of jψi. The parity constraint immediately yields the
following reflection symmetry.
Lemma 4. (Symmetry of the Bell-state weights). Let ψ

be an even pure state. For any μ∈ f�1g2n, it holds that

pψðμÞ ¼ pψð−μÞ: (64)

Proof. Since jψi is an even pure state, we have
Pð1Þjψi⊗2 ¼ �jψi⊗2 (depending on whether jψi∈Hþ

n
or jψi∈H−

n ). Therefore,

pψð−μÞ ¼ jhΨ−μjψi⊗2j2 ¼ jhΨμjPð1Þjψi⊗2j2
¼ jhΨμjψi⊗2j2 ¼ pψðμÞ; (65)

where we have used Lemma 3. This concludes the
proof. ▪
Corollary 2. Let ψ be an even pure state. It holds that

pψðλÞ ¼ pψð−λÞ.
We now combine the two constraints—exchange sym-

metry (Lemma 2) and parity symmetry (Lemma 4)—to pin
down the set of allowed eigenvalues to 8Z.
Lemma 5. (Eigenvalue restriction). Let ψ be an even

pure state. If pψðλÞ ≠ 0, then λ ¼ 8k for some integer k.
Proof. Since jψi⊗2 lies in the symmetric subspace,

Lemma 2 implies that any eigenvalue λ for which pψðλÞ≠0

must be of the form λ∈ f8k; 8kþ 2g for some integer k.
On the other hand, by Corollary 2, if pψðλÞ ≠ 0, then

pψð−λÞ ≠ 0 as well. Hence, −λ must also belong to the
same set of admissible eigenvalues, i.e., −λ∈f8k;8kþ2g.
The only values of λ consistent with both conditions are
those of the form λ ¼ 8k. ▪
Combining Lemma 5 with the spectrum bound jλj ≤ 2n

identifies the support of the bridge spectral distribution as

A ≔ 8Z ∩ ½−2n; 2n�: (66)

In particular, jAj ¼ 2bn=4c þ 1.

D. The second-order matchgate commutant

Having established the spectral structure of Λ and the
constraints on the bridge spectral distribution, we now

connect these results to the second-order commutant of the
matchgate group. The key observation is that the spectral
projectors fΠλg provide an orthogonal basis for the
second-order matchgate commutant [93,94]. This allows
us to express the matchgate twirling channel in closed
form, where the resulting coefficients are precisely given
by the weights fpψðλÞg, which is accessible by Bell
sampling. These weights capture the entire second moment
of the matchgate orbit and therefore form a complete set of
invariants at second order.
Lemma 6. (Basis for the second-order matchgate com-

mutant, [93,94]). The operators Πλ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 2n
nþλ=2Þ

q
form an

orthonormal basis of Com2ðMnÞ.
With an orthonormal basis of Com2ðMnÞ in hand, we can

immediately write down the matchgate twirling channel

T ð2Þ
Mn

in closed form using Eq. (42).
Lemma 7. (Matchgate twirling channel). Let O∈

BðH⊗2Þ. It holds that

T ð2Þ
Mn
ðOÞ ¼

X
λ∈ 2Z

Tr½ΠλO� Πλ

ð 2n
nþλ=2Þ

: (67)

In addition, if O∈DðH⊗2Þ, then Tr½ΠλO� ≥ 0 andP
λ∈ 2Z Tr½ΠλO� ¼ 1.
Proof. Equation (67) follows from Eq. (42) by expand-

ing in the orthonormal basis of Lemma 6. Since each Πλ is
a projector, Tr½ΠλO� ≥ 0 for any positive operator O andP

λ∈ 2Z Tr½ΠλO� ¼ Tr½O� ¼ 1. ▪
This representation has a simple but powerful conse-

quence for distances: since the commutant is spanned by
the orthogonal projectors fΠλg, the trace distance between
positive operators in the commutant reduces to the total
variation distance between their coefficients.
Corollary 3. (Trace distance in the commutant). Let

O1; O2 ∈Com2ðMnÞ with O1; O2 ∈DðH⊗2Þ. Then,

DðO1; O2Þ ¼ TVðfTr½ΠλO1�gλ; fTr½ΠλO2�gλÞ: (68)

Specializing Lemma 7 to an even pure state gives the
following explicit form of the matchgate-twirled two-
copy state.
Lemma 8. (Twirled two-copy state). Let ψ be an even

pure state. It holds that

T ð2Þ
Mn
ðψ⊗2Þ ¼

X
λ∈A

pψðλÞ
Πλ

ð 2n
nþλ=2Þ

: (69)

Proof. Applying Lemma 7 with O ¼ ψ⊗2 gives

T ð2Þ
Mn
ðψ⊗2Þ ¼

X
λ

pψðλÞ
Πλ

ð 2n
nþλ=2Þ

: (70)

Lemma 5 restricts the sum to λ∈A. ▪
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Lemma 8 shows that the entire matchgate-averaged
second moment of a state is determined solely by
the weights fpψðλÞg. A first consequence is that the
bridge spectral distribution is invariant under matchgate
unitaries:
Lemma 9. (Matchgate invariance of the bridge spectral

distribution). Let ψ be an even pure state, and let
jϕi ¼ Ujψi for a matchgate U. Then, for any eigenvalue
λ of Λ,

pϕðλÞ ¼ pψðλÞ: (71)

Proof. This follows from the definition of pψ and the
fact that Πλ is in the second-order matchgate commutant
(Lemma 6). ▪
A second consequence is an explicit characterization

of Gaussian states: they are precisely the states for
which all bridge spectral distribution is concentrated
at λ ¼ 0.
Lemma 10. (Twirl of Gaussian states). Let j0i denote the

fermionic vacuum. Then

T ð2Þ
Mn
ðj0ih0j⊗2Þ ¼ Π0

ð2nn Þ
: (72)

Conversely, let ψ be an even pure state. If

T ð2Þ
Mn
ðψ⊗2Þ ¼ Π0=ð2nn Þ, then ψ is an FGS.

Proof. Since the vacuum state is an FGS, the
Gaussianity condition in Eq. (30) immediately implies
that j0i⊗2 ∈V0, and hence p0ð0Þ ¼ 1. Substituting into
Lemma 8 gives the first claim. Conversely, pψð0Þ ¼ 1

implies Λjψi⊗2 ¼ 0, so ψ is an FGS by Eq. (30). ▪
Since any two states related by a matchgate share the

same weights fpψðλÞg (Lemma 9), the bridge spectral
distribution is a genuine invariant of the Gaussian equiv-
alence class of ψ . In particular, a pure state is an FGS if and
only if all weight is concentrated at λ ¼ 0 (Lemma 10); any
weight at λ ≠ 0 is a direct, experimentally accessible
signature of non-Gaussianity. To summarize, the distribu-
tion fpψðλÞgλ∈A enjoys the following properties on even
pure states ψ :

1. It is directly measurable via Bell sampling on two
copies of ψ ;

2. it is supported on at most 2bn=4c þ 1 integer values
for any even pure state;

3. it is symmetric around zero: pψðλÞ ¼ pψð−λÞ;
4. it is invariant under matchgate unitaries; and
5. it is a complete second-moment invariant: two

states have the same matchgate-twirled two-copy
state if and only if they have the same bridge
spectral distribution.

These properties make fpψðλÞg a natural foundation for
quantifying non-Gaussianity, and we now turn to formal-
izing this in the next section.

IV. THE BRIDGE DEGREE

The spectral theory of the previous section has revealed
that, for every even pure state, the bridge spectral dis-
tribution fpψðλÞgλ∈A provides a natural language for
quantifying fermionic non-Gaussianity. This motivates
the definition of the bridge degree, defined as the largest
eigenvalue of the bridge operator whose eigenspace is
occupied by the two-copy state. We devote this section to
showing that it is a genuine non-Gaussianity monotone.
In particular, we shall establish that the bridge degree:

(i) takes discrete integer values in f0; 4; 8; � � �g;
(ii) is faithful: it vanishes precisely on pure FGSs;
(iii) is additive under tensor products of even pure

states; and
(iv) is non-increasing under pure-state post-selected

Gaussian protocols;
Unlike most known non-Gaussianity monotones [25,26],

which are typically computed via optimization procedure,
bridge degree is determined directly from the support of
the bridge spectral distribution. Operational consequences
of these properties are developed in Sec. V.

A. Definition and basic properties

We begin with a formal definition.
Definition 3. (Bridge degree). Let jψi be an even pure

state of n qubits. The bridge degree ΛdðψÞ is defined as the
largest α ≥ 0 such that pψð2αÞ ≠ 0.
Writing Vλ ≔ ⨁jjj≤λVj, an equivalent formulation is

that ΛdðψÞ is the smallest α ≥ 0 such that jψi⊗2 ∈V2α.
The first thing to note is that the bridge degree is an

integer-valued quantity. This is a direct consequence of the
eigenvalue structure of Λ.
Lemma 11. (Discreteness and boundedness). For any

n-qubit even pure state ψ , the bridge degree ΛdðψÞ takes
values of the form 4k for some integer k and satisfies

0 ≤ ΛdðψÞ ≤ 4bn=4c: (73)

Proof. By Lemma 5, pψðλÞ ≠ 0 implies λ ¼ 8k for some
integer k. Since ΛdðψÞ ¼ λ=2 for nonzero weight, we
obtain ΛdðψÞ ¼ 4k. The upper bound follows by noting
that the largest eigenvalue of Λ is 2n. ▪
A key property is that the bridge degree vanishes if and

only if the state is an FGS, as proven in the follow-
ing lemma.
Lemma 12. (Faithfulness). ΛdðψÞ ¼ 0 if and only if ψ is

a pure FGS.
Proof. This is a restatement of the pure-state

Gaussianity condition Λjψi⊗2 ¼ 0 from Eq. (30):
ΛdðψÞ ¼ 0 iff all weight is concentrated at λ ¼ 0 iff ψ
is an FGS. ▪
An immediate consequence of the interplay between

discreteness and faithfulness is that non-Gaussianity can-
not exist on fewer than four qubits. Indeed, for n ≤ 3,
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the upper bound in Lemma 11 immediately yields
ΛdðψÞ ¼ 0. By faithfulness, this implies that ψ is an
FGS. This is consistent with the known fact that all even
pure states of n ≤ 3 qubits are FGSs [73].
Additionally, the bridge degree exhibits particularly

simple behavior for systems with up to seven qubits: it
takes only two possible values.
Lemma 13. (Bridge degree on ≤ 7 qubits). Any even

non-Gaussian pure state ψ on 4 ≤ n ≤ 7 qubits satisfies
ΛdðψÞ ¼ 4.
Proof. By Lemma 11, the bridge degree for states in the

range 4 ≤ n ≤ 7 can only take the values 0 and 4. By
faithfulness (Lemma 12), any non-Gaussian state must
therefore have ΛdðψÞ ¼ 4. ▪
Moreover, the forthcoming lemma establishes that the

bridge degree is additive under the tensor product of even
pure states.
Lemma 14. (Additivity). For any even pure states ψ ;ϕ,

Λdðψ ⊗ ϕÞ ¼ ΛdðψÞ þ ΛdðϕÞ: (74)

Proof. Expanding ðjψi ⊗ jϕiÞ⊗2 in the tensor-product
eigenbasis of Λ, each component lives in Vλ ⊗ Vλ0 ⊂
Vλþλ0 . The maximal λþ λ0 with nonzero weight is
ΛdðψÞ þ ΛdðϕÞ, which is attained by the fact that weights
come in �λ pairs (Lemma 4). ▪
We also record a bound relating bridge degree to the

Gaussian nullity νðψÞ of Ref. [95], defined as the smallest
number of qubits to which the non-Gaussianity of ψ can be
compressed via a matchgate unitary.
Lemma 15. (Relation between bridge degree and

Gaussian nullity). For any n-qubit even pure state ψ ,

ΛdðψÞ ≤ 4bνðψÞ=4c: (75)

Proof. By definition of the Gaussian nullity, there exists
a matchgate U with Ujψi ¼ j0i⊗ðn−νðψÞÞ ⊗ jϕi for some
νðψÞ-qubit state ϕ [95]. Invariance under matchgates
(Lemma 9) and additivity under tensor products
(Lemma 14) give ΛdðψÞ ¼ ΛdðϕÞ, and the bound ΛdðϕÞ ≤
4bνðψÞ=4c follows from Lemma 11. ▪
Finally, we remark that the bridge degree can be

witnessed directly from the Bell-sampling primitive
(Algorithm 1): given N i.i.d. samples λ1;…; λN ∼ pψ ,
the empirical estimator

Λ̂d ≔
1

2
max
k

jλkj (76)

is, by construction, always a lower bound on ΛdðψÞ.
It saturates the true bridge degree once the extremal
sector is observed—which happens with probability
1 − ð1 − 2pψð2ΛdÞÞN. This empirical estimator is tight
when pψ has appreciable mass at its extremal value but
can require exponentially many samples for states whose

extremal sector carries only exponentially small weight,
motivating the ϵ-approximate variant developed in Sec. VI.

B. Monotonicity under post-selected
Gaussian protocols

We now come to the central result of this section: the
bridge degree is non-increasing under the post-selected
Gaussian protocols of Definition 2.
More precisely, since the bridge degree is naturally

defined for pure states, we consider a pure state jψi
together with a post-selected Gaussian protocol E for
which the output state is pure,

Eðjψihψ jÞ ¼ jϕihϕj: (77)

This is a pointwise condition on the pair ðE;ψÞ rather
than a global property of E: we do not demand that E map
every pure input to a pure output, only that the specific
input jψi does so.
Theorem 1. (Monotonicity of the bridge degree). Let jψi

be an even pure state and let E be a post-selected Gaussian
protocol such that Eðjψihψ jÞ ¼ jϕihϕj is pure. Then

ΛdðϕÞ ≤ ΛdðψÞ: (78)

Proof. It suffices to prove the claim for each elementary
operation in Definition 2. In particular, since the output jϕi
is pure, every Kraus branch of a Gaussian protocol E maps
jψi to the same state, which can be seen as follows
(see, e.g., [96]). Writing Eð·Þ ¼Pk Kkð·ÞK†

k, the identityP
kðKkjψiÞðKkjψiÞ† ¼ jϕihϕj expresses a rank-one oper-

ator as a sum of positive semidefinite operators. Hence,
each nonzero branch Kkjψi must be proportional to jϕi,
i.e., Kkjψi ∝ jϕi for every k. Therefore, every nonzero
branch of E produces the same pure output state jϕi, so it is
sufficient to consider a single branch, corresponding to
post-selecting on the measurement outcomes. It therefore
suffices to verify monotonicity under (i) applying a
fermionic Gaussian unitary, (ii) appending or discarding
a pure FGS, and (iii) performing an occupation-number
measurement with post-selection.

(i) Fermionic Gaussian unitaries. This is immediate
from the matchgate invariance of the bridge spectral
distribution (Lemma 9).

(ii) Appending/discarding a pure FGS. It is immediate
by additivity under tensor product (Lemma 14) and
faithfulness (Lemma 12).

(iii) Occupation-number measurement with post-
selection. Without loss of generality, consider
the measurement of Z1, with projector Pμ ¼ ðI þ
μZ1Þ=2 for μ ¼ �1. The post-measurement state is
jΨμi ¼ Pμjψi= ffiffiffiffiffiffipμ

p where pμ ¼ hψ jPμjψi. One can
verify that the operator Pμ ⊗ Pμ commutes with Λ;
consequently, each eigenspace Vλ admits a decom-
position Vλ ¼ V0

λ ⊕ V1
λ , where Vν

λ denotes the
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subspace of Vλ with eigenvalue ν∈ f0; 1g of Pμ ⊗ Pμ. Expanding jψi⊗2 in this common eigenbasis gives

jψi⊗2 ¼
X
λ;mλ

cλ;mλ
jΨλ;mλ

i ¼
X
λ

 X
mλ∶ Ψ∈V0

λ

cλ;mλ
jΨλ;mλ

i þ
X

mλ∶ Ψ∈V1
λ

cλ;mλ
jΨλ;mλ

i
!
: (79)

Applying P1 ⊗ P1 selects only the components in V1
λ:

ðP1 ⊗ P1Þjψi⊗2 ¼
X
λ

X
mλ∶ Ψ∈V1

λ

cλ;mλ
jΨλ;mλ

i: (80)

After renormalization, the post-measurement state
jψ1ijψ1i therefore has support only on those eigenvalues
whose eigenvectors lie in the subspace V1

λ , i.e., a subset
of those present in the original state. It follows that the
largest eigenvalue with nontrivial support cannot increase,
that is, Λdðψ1Þ ≤ ΛdðψÞ. Therefore, Λd is non-increasing
under occupation-number measurements with post-
selection. ▪
An immediate consequence of monotonicity is that

bridge degree lower bounds the number of non-
Gaussian gates required to prepare a state. In the fermionic
setting, it is natural to consider t-doped Gaussian protocols
[95,97] in which at most t non-Gaussian gates are
interspersed with Gaussian protocols. Here we consider
4-local non-Gaussian operations, which are generated by
at most 4 Majorana operators.
Definition 4. (t-doped Gaussian protocols). A t-doped

Gaussian protocol is a protocol

E ¼ EtWt � � � E1W1E0; (81)

where each Ei is an arbitrary fermionic Gaussian protocol,
possibly with post-selection, and each Wi is a 4-local
non-Gaussian gate.
We refer to states that can be prepared from the vacuum

by a t-doped Gaussian protocol as t-doped Gaussian
states. The protocol is illustrated in Fig. 1. This model
is universal: any quantum computation can be imple-
mented by injecting SWAP gates—a 4-local non-
Gaussian operation—on top of Gaussian circuits [8,98],
and each SWAP can in turn be realized via a Gaussian
protocol consuming one copy of the magic state [15]

jMi ¼ 1

2
ðj0000i þ j0101i þ j1010i þ j1111iÞ: (82)

Corollary 4. (Non-Gaussian gate lower bound for state
preparation). If an even pure state ψ can be prepared from
the vacuum by a t-doped Gaussian protocol, then

ΛdðψÞ ≤ 4t: (83)

Proof. Any 4-local non-Gaussian gate W can be imple-
mented by injecting a four-qubit magic state MW via a
Gaussian protocol [15]. By monotonicity (Theorem 1) and
additivity (Lemma 14),

ΛdðWψW†Þ ≤ Λdðψ ⊗ MWÞ ¼ ΛdðψÞ þ ΛdðMWÞ: (84)

By Lemma 13, ΛdðMWÞ ¼ 4 for any non-GaussianMW .
Iterating over the t non-Gaussian gates, starting from the
vacuum (for which Λd ¼ 0), gives ΛdðψÞ ≤ 4t. ▪
Furthermore, the bridge degree induces a natural hier-

archy of even pure states through the nested sets
F k ≔ fψ∶ ΛdðψÞ ≤ kg, with F 0 the pure FGSs and
F 4bn=4c the full even Hilbert space. A structurally similar
hierarchy has been introduced in the particle-preserving
setting by Ref. [99] through the generalized Plücker
relations, naturally defining a particle-preserving counter-
part of the bridge degree, which we call the Plücker
degree. A proof strategy similar to the above yields an
analogous monotonicity result there: the Plücker degree is
a monotone under particle-preserving Gaussian protocols.
We discuss this connection in Appendix A.
Before leaving this section, we note that the bridge

degree extends to mixed states by the standard convex-roof
construction: for any even state ρ, define the convex-roof
extended bridge degree

Λ cr
d ðρÞ ≔ min

fpi;ψ ig∶ ρ¼
P

i
pi jψ iihψ ij

max
i

Λdðψ iÞ; (85)

where the minimum runs over all pure-state decomposi-
tions of ρ. This is the smallest r such that ρ admits a pure-
state decomposition into states all with bridge degree at
most r. On pure ψ , Λ cr

d ðψÞ ¼ ΛdðψÞ. By the general theory
of convex-roof monotones [38,72], Λ cr

d is automatically a
non-Gaussianity monotone under post-selected Gaussian
protocols and reduces to Λd on pure states. While it yields
a valid monotone, its computation requires optimization
over all decompositions and is generally intractable. In
Sec. VII we develop a different mixed-state extension
based on the Choi representation, which is computation-
ally tractable at the cost of being monotone only under
a smaller class of post-selected Gaussian operations
(Definition 1).
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V. CONSEQUENCES OF BRIDGE DEGREE
MONOTONICITY

The monotonicity of the bridge degree under post-
selected Gaussian protocols, established in Sec. IV B,
has several operational consequences that we develop in
turn. First, in Sec. VA, we derive explicit no-go theorems
for state conversion under Gaussian protocols. Then, in
Sec. V B, we establish that the resulting resource theory
is irreversible in the exact-conversion setting. Finally, in
Sec. V C, we use the bridge degree to derive lower bounds
on the number of non-Gaussian gates required by any
circuit to generate a state design.

A. no-go theorems for Gaussian conversion

In this section, we show that the bridge degree yields
no-go theorems for state conversion under Gaussian
protocols. Since it is monotone under post-selected
Gaussian protocols (Theorem 1), any Gaussian conversion
ρ → σ achievable with nonzero probability requires
ΛdðρÞ ≥ ΛdðσÞ and is therefore impossible whenever
ΛdðρÞ < ΛdðσÞ (see Sec. II D).
As an illustration, consider the family of n-qubit GHZ

states

jGHZni ¼
1ffiffiffi
2

p ðj0i⊗n þ j1i⊗nÞ; (86)

for even n (the state is not even for odd n). It is worth
noting that jGHZ4i is matchgate-equivalent to the canoni-
cal magic state jMi in Eq. (82). We compute the bridge
degree of jGHZni in the following lemma.
Lemma 16. (Bridge degree of GHZ states). For any even

n ≥ 4,

ΛdðGHZnÞ ¼
�
n; n ¼ 4k;
n − 2; n ¼ 4kþ 2:

(87)

Proof. For n ¼ 4k, the largest eigenvalue of Λ is
λ ¼ 2n ¼ 8k, whose eigenspace is one-dimensional and
spanned by ðjσ01ijσ11iÞ⊗2k. The overlap with jGHZni⊗2 is

ðhσ01jhσ11jÞ⊗2kjGHZni⊗2

¼ ð−1ÞkhGHZnjX1Y2 � � �Xn−1YnjGHZni; (88)

which is nonzero because X1Y2 � � �Xn−1Yn stabilizes
jGHZni. Hence ΛdðGHZnÞ ¼ n.
For n ¼ 4kþ 2, Lemma 5 forbids support at

λ ¼ 2n ¼ 8kþ 4, so the largest admissible eigenvalue is
λ ¼ 8k. Consider the state ðjσ01ijσ11iÞ⊗2k⊗ jσ01i⊗2∈V8k.
Similarly as above, we have

ðhσ01jhσ11jÞ⊗2k ⊗ hσ01j⊗2jGHZnijGHZni
¼ ð−1ÞkhGHZnjX1Y2 � � �X4k−1Y4kX4kþ1X4kþ2jGHZni:

(89)

The operator X1Y2 � � �X4k−1Y4kX4kþ1X4kþ2 is again a
stabilizer of jGHZni, so the overlap is nonzero. Thus the
largest occupied eigenvalue is 8k ¼ 2ðn − 2Þ, which gives
ΛdðGHZnÞ ¼ n − 2. ▪
As an immediate application, we consider Gaussian

conversions between tensor products of GHZ states.
The bridge degree detects that two copies of jGHZ6i
cannot be converted into three copies of jGHZ4i, since
2ΛdðGHZ6Þ ¼ 8 < 12 ¼ 3ΛdðGHZ4Þ. This no-go cannot
be obtained, for example, from the relative entropy of non-
GaussianityMR [Eq. (38)]. We have thatMRðGHZnÞ ¼ n
for even n ≥ 4 [28]. Therefore, a deterministic Gaussian
conversion above cannot be ruled out by MR since
2MRðGHZ6Þ ¼ 3MRðGHZ4Þ (here we have used that
MR is additive under tensor products). For the Gaussian
rank, certifying the no-go would require computing
χGðGHZ⊗3

4 Þ and χGðGHZ⊗2
6 Þ and showing the former to

be larger, but the Gaussian rank is not known to be
efficiently computable on these tensor-product states.
Notably, with the bridge degree we can obtain no-go

theorems for larger GHZ states as easily. Consider now
four copies of jGHZ6i and three copies of jGHZ8i. The
bridge degree rules out the conversion GHZ⊗4

6 → GHZ⊗3
8 ,

since 4 ΛdðGHZ6Þ ¼ 16 < 24 ¼ 3 ΛdðGHZ8Þ, whereas
neither MR nor χG can. For the relative entropy,
MRðGHZ⊗4

6 Þ ¼ 24 ¼ MRðGHZ⊗3
8 Þ as before. For the

Gaussian rank, certifying the no-go is again obstructed
by the difficult optimization in its computation.
The remaining monotones similarly fail to provide

no-go theorems: the second moment of Λ, like MR, is
additive and computable but gives no obstruction, since
MΛðGHZnÞ ¼ n implies MΛðGHZ⊗4

6 Þ ¼ MΛðGHZ⊗3
8 Þ,

whereas the Gaussian extent and fidelity, like the Gaussian
rank, are not known to be efficiently computable on these
tensor-product states. This no-go statement can therefore
be reliably certified only by the bridge degree, which
does so efficiently. It is straightforward to construct further
no-go theorems involving larger GHZ states that can
likewise be certified only by the bridge degree.
More fundamentally, the bridge degree is, to our knowl-

edge, the first known non-Gaussianity monotone that is
both additive and monotone under the strictly larger class
of post-selected Gaussian protocols [100]. Additivity
yields the bridge degree of the tensor-product states from
single-copy values, as used throughout the examples
above, while monotonicity under post-selection further
extends all these no-go theorems to probabilistic conver-
sions. Among previously known monotones, the Gaussian
rank is monotone under post-selection but not additive,
whereas the relative entropy of non-Gaussianity and the
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second moment of Λ are additive but not monotone under
post-selection (Table III); the no-go theorems from the lat-
ter two therefore apply only to deterministic conversions.
Beyond such specific conversions, the bridge degree

yields a general no-go theorem: no probabilistic Gaussian
protocol can transform an n-qubit non-Gaussian pure state
into a tensor product ofm4-qubit non-Gaussian pure states
when n < 4m, even when post-selection is allowed. This
mirrors a recent analogous result for bosonic Gaussian
conversion [41].
Corollary 5. (Impossibility of separately spreading non-

Gaussianity via post-selected Gaussian protocols). Let
n < 4m, and let ρ be an n-qubit even non-Gaussian pure
state. Let ϕ1;…;ϕm be 4-qubit even non-Gaussian pure
states. Then no post-selected Gaussian protocol can
exactly map ρ to ⊗m

i¼1 ϕi.
Proof. This follows directly from three facts: (i) the

monotonicity of the bridge degree (Theorem 1); (ii) the
additivity of the bridge degree for tensor products
(Lemma 14), together with the fact that each 4-qubit
non-Gaussian pure state has bridge degree 4 (Lemma 13),
implying a total of 4m; and (iii) the upper bound that the
bridge degree of any state on n modes is at most n
(Lemma 11). Combining these, the initial state has bridge
degree at most n, while the target state has bridge degree
exactly 4m. When n < 4m, this violates monotonicity, and
the conversion is therefore impossible. ▪
Remarkably, this impossibility persists even when the

initial state is arbitrarily far from the set of Gaussian states
while each of the m target factors is arbitrarily close to it.
This robustness places the no-go beyond the reach of any
previously known non-Gaussianity monotone. As the
proof shows, the bridge degree achieves this through
two properties: it assigns every 4-qubit non-Gaussian state
the discrete value 4, however close that state is to the
Gaussian set, and it is additive. No previously known
monotone combines these two features. The relative
entropy of non-Gaussianity, the second moment of Λ,
the Gaussian extent, and the Gaussian fidelity are con-
tinuous and can take arbitrarily small values on near-
Gaussian 4-qubit states, so the target value can be driven
below that of the input, leaving no obstruction. The
Gaussian rank, by contrast, is discrete, taking the value
2 on every 4-qubit non-Gaussian state [101], but it lacks
additivity, so its value on tensor products of 4-qubit states
cannot be inferred from the single-factor values.

B. Irreversibility of the resource theory

The no-go theorems above rule out individual state
conversions. A fundamental question in the manipulation
of quantum resources is whether the resource theory itself
is reversible [3,102]: given two states ρ and σ, can one
always convert n copies of ρ intom copies of σ at the same
rate as the reverse transformation? In this section, we show

that the resource theory of fermionic non-Gaussianity is,
in fact, irreversible under exact post-selected Gaussian
protocols.
To make this precise, define the exact asymptotic

distillation rate and exact cost rate [3]:

Distillðρ → σÞ ¼ sup
m;n∈N

�
m
n
∶ ∃ E ∈G; Eðρ⊗nÞ ¼ σ⊗m

�
;

(90)

Costðρ → σÞ ¼ inf
m;n∈N

�
n
m
∶ ∃ E∈G; Eðρ⊗nÞ ¼ σ⊗m

�
;

(91)

where G denotes the set of post-selected Gaussian proto-
cols. These rates are related by Distillðρ → σÞ ¼
1=Costðρ → σÞ [3]. A resource theory is said to be
reversible if

Distillðρ → σÞ ¼ Costðσ → ρÞ; (92)

for all states ρ; σ. Otherwise, the resource theory is called
irreversible.
We stress that here we are considering the exact setting

where free operations map ρ⊗n into σ⊗m exactly, which
differs from the approximate setting, where free operations
map ρ⊗n into σ⊗m approximately with an error that
vanishes in the asymptotic limit of many copies [3].
In the following theorem, we prove that the resource

theory of fermionic non-Gaussianity is irreversible under
the set of all post-selected Gaussian protocols G in the
exact setting.
Theorem 2. (Irreversibility of the resource theory of

fermionic non-Gaussianity). The resource theory of fer-
mionic non-Gaussianity is irreversible under exact post-
selected Gaussian protocols. That is, there exist two states
ρ and σ such that the exact distillable rate and exact cost
rate satisfy

Distillðρ → σÞ ≠ Costðσ → ρÞ: (93)

Proof. If there exists a post-selected Gaussian protocol
which maps n copies of ρ to m copies of σ, then for
any non-Gaussianity monotone M under post-selected
Gaussian protocols, it must hold that

Mðρ⊗nÞ ≥ Mðσ⊗mÞ: (94)

Now, consider the states ρ ¼ jGHZ6i and σ ¼ jGHZ4i.
We will give bounds for the distillation rate and cost rate of
the two states.
We will first bound the distillation rate of ρ → σ using

the bridge degree. Because Λd is (i) non-increasing under

FERMIONIC NON-GAUSSIANITY VIA BELL... PRX QUANTUM 7, 033065 (2026)

033065-19



post-selected Gaussian protocols and (ii) additive on tensor
products of pure states, Eq. (94) gives

m
n
≤
ΛdðρÞ
ΛdðσÞ

: (95)

Since ΛdðGHZ6Þ ¼ ΛdðGHZ4Þ ¼ 4 (Lemma 16), we
obtain

DistillðGHZ6 → GHZ4Þ ≤
ΛdðGHZ6Þ
ΛdðGHZ4Þ

¼ 1. (96)

Next, we bound the cost rate of σ → ρ using the
Gaussian nullity ν [95], which is also non-increasing
under post-selected Gaussian protocols [103] and additive
under tensor products. The Gaussian nullity of jGHZki is
νðGHZkÞ ¼ k [28]. Applying Eq. (94) to ν therefore gives

CostðGHZ4 → GHZ6Þ ≥
νðGHZ6Þ
νðGHZ4Þ

¼ 3

2
: (97)

Combining Eqs. (97) and (96), we obtain

DistillðGHZ6 → GHZ4Þ < CostðGHZ4 → GHZ6Þ; (98)

which concludes the proof. ▪
Theorem 2 establishes a strict gap between the exact

distillable rate and the exact cost rate. In particular, the gap
in the proof above is given by

Distillðρ → σÞ
Costðσ → ρÞ ≤

2

3
: (99)

Our next result shows that this ratio can be made
arbitrarily small, i.e., the irreversibility of the resource
theory of non-Gaussianity is arbitrarily strong. We first
prove a preliminary lemma, showing that the bridge degree
is also constrained by the particle number, independently
of the system size.
Lemma 17. (Bound from particle number). Let ψ be an

even pure state of n qubits with definite particle number N.
Then

ΛdðψÞ ≤ 4

�
1

2
minðN; n − NÞ

�
: (100)

Proof. Writing γ2j−1 ¼ aj þ a†j and γ2j ¼ −iðaj − a†jÞ
on each copy, the bridge operator becomes

Λ ¼ 2
Xn
j¼1

Tj; (101)

where

Tj ≔ a†j ⊗ aj þ aj ⊗ a†j : (102)

The canonical anticommutation relations imply that the
operators Tj mutually commute. Moreover,

T2
j ¼ nj ⊗ ð1 − njÞ þ ð1 − njÞ ⊗ nj ¼: Qj; (103)

where nj ¼ a†jaj. Thus Qj is the projector onto the
subspace in which mode j is occupied in exactly one of
the two copies. Consequently, the eigenvalues of Tj are
0;�1.
Let N1 and N2 denote the particle-number operators

of the two copies. Both Λ and every Tj commute with
the total particle number N1 þ N2. In the sector
N1 þ N2 ¼ M, the number of modes occupied in exactly
one copy is bounded both by the total number of particles
and by the total number of holes. Equivalently,

Xn
j¼1

Qj ≤ M;
Xn
j¼1

Qj ≤ 2n −M: (104)

Since the Tj commute, they admit a simultaneous
eigenbasis. If tj ∈ f0;�1g are their eigenvalues on a joint
eigenvector, then jtjj is the corresponding eigenvalue of
Qj. Hence every eigenvalue λ of Λ in the N1 þ N2 ¼ M
sector satisfies

jλj ¼ 2

				Xn
j¼1

tj

				 ≤ 2
Xn
j¼1

jtjj ≤ 2 minðM; 2n −MÞ: (105)

Since jψi has particle number N, the state jψi⊗2 belongs
to the particle-number sector M ¼ 2N. Therefore
every eigenvalue in the support of pψ satisfies
jλj ≤ 4 minðN; n − NÞ. Combining with the restriction
λ ¼ 8k for an integer k (Lemma 5) gives Eq. (100). ▪
Theorem 3. (The irreversibility of the resource theory of

fermionic non-Gaussianity is arbitrarily strong). For any
ϵ > 0, there exist even pure states ρ; σ such that

Distillðρ → σÞ
Costðσ → ρÞ < ϵ: (106)

Proof. The argument follows the proof of Theorem 2
by bounding the distillable rate with the bridge degree and
the cost rate with the Gaussian nullity. For any two even
non-Gaussian pure states ρ and σ,

Distillðρ → σÞ
Costðσ → ρÞ ≤

ΛdðρÞ
νðρÞ ·

νðσÞ
ΛdðσÞ

: (107)

As in the proof of Theorem 2, we take σ ¼ jGHZ4i for
which νðσÞ ¼ ΛdðσÞ ¼ 4 so that the right-hand side
reduces to ΛdðρÞ=νðρÞ.
GHZ states cannot serve as ρ to prove the claim here,

since by Lemma 16 together with νðGHZnÞ ¼ n they
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satisfy ΛdðGHZnÞ=νðGHZnÞ ≥ 1 − 2=n, which tends to 1.
What is needed instead is a state whose bridge degree
grows much slower than the nullity.
To this end, consider the two-fermion pairing state on

n ¼ 2L modes,

jPLi ¼
1ffiffiffiffi
L

p
XL
j¼1

a†2j−1a
†
2jj0i: (108)

Direct computation shows that its single-particle den-
sity matrix has all n eigenvalues equal to 1=L, so for
L ≥ 2 none lies in f0; 1g and the Gaussian nullity is
maximal, νðPLÞ ¼ n ¼ 2L. On the other hand, since the
state has a definite particle number N ¼ 2, Lemma 17
gives ΛdðPLÞ ≤ 4 and since it is non-Gaussian,

ΛdðPLÞ ¼ 4 for all L ≥ 2. (109)

Setting ρ ¼ jPLi in Eq. (107),

DistillðPL → GHZ4Þ
CostðGHZ4 → PLÞ

≤
ΛdðPLÞ
νðPLÞ

¼ 2

L
; (110)

which is smaller than any ϵ > 0 for L > 2=ϵ. ▪
These results establish this phenomenon in the fer-

mionic setting, in direct analogy with the recent result for
bosonic non-Gaussianity in Ref. [41], and in contrast with
entanglement theory, which is reversible under exact post-
selected LOCCs for pure states, where both the exact
distillable entanglement and the exact entanglement cost
are given by the logarithm of the Schmidt rank [3].

C. Lower bounds for state designs

We now apply the bridge degree framework to obtain
lower bounds on the non-Gaussian gate count required to
generate state k-designs. First, we compute the Haar bridge
spectral distribution pH explicitly and establish its char-
acteristic property. Then, we use this to derive lower
bounds on the non-Gaussian gate count to generate state
k-designs in both the exact and approximate settings.

1. The Haar bridge spectral distribution

Consider the second Haar moment Ψð2Þ
Haar. By the left-

right invariance of the Haar measure, Ψð2Þ
Haar is invariant

under the matchgate 2-twirl. Consequently, Ψð2Þ
Haar admits a

spectral decomposition over the eigenspaces of Λ
(Lemma 8):

Ψð2Þ
Haar ¼

X
λ∈A

pHðλÞ
Πλ

ð 2n
nþλ=2Þ

: (111)

Here, pHðλÞ denotes the probability of obtaining eigen-
value λ when performing Bell sampling on two copies of a

Haar-random pure even state. We refer to pHðλÞ as the
Haar bridge spectral distribution. The goal of this section
is to compute this distribution in closed form and to
analyze its characteristic shape.
Lemma 18. (Haar bridge spectral distribution). The

Haar-averaged bridge spectral distribution is

pHðλÞ ¼
4ð 2n

nþλ=2Þ
2nð2n þ 2Þ ; (112)

supported on A.
Proof. By Schur-Weyl duality, Ψð2Þ

Haar is proportional to
the projector onto the symmetric subspace of the parity-
even sector, P2n

sym¼ðQþQSÞ=2 with Q ¼ ðI þ P ⊗ PÞ=2
and S the SWAP operator, with normalization Tr½P2n

sym� ¼
2nð2n þ 2Þ=4. Using QΠλ ¼ Πλ and SΠλ ¼ Πλ for
λ∈A, we compute pHðλÞ ¼ Tr½P2n

symΠλ�=Tr½P2n
sym� ¼

2
2nð2nþ2ÞTr½Πλ þ SΠλ�, which yields Eq. (112). ▪
The closed form of pH is binomial in λ and peaked

at λ ¼ 0, with support extending to the full range
jλj ≤ 8bn=4c. More quantitatively, the distribution is
well-approximated by a Gaussian of width

ffiffiffi
n

p
:

Lemma 19. (Concentration of pðnÞ
H ). For each n ≥ 2, let

Xn be a random variable distributed according to the Haar

bridge spectral distribution pðnÞ
H on n modes. Then

E½Xn� ¼ 0; VarðXnÞ ¼ 2n − 2nð2n − 1Þ
2n−1 þ 1

: (113)

Moreover, the rescaled variable Xn=
ffiffiffiffiffiffi
2n

p
converges in

distribution to a standard Gaussian:

Xnffiffiffiffiffiffi
2n

p ⃗ d Z; Z ∼N ð0; 1Þ as n → ∞: (114)

Proof. The mean vanishes by the symmetry ð 2n
nþkÞ ¼

ð 2n
n−kÞ of pðnÞ

H about λ ¼ 0. The second moment, for n ≥ 2,
is given by

E½X2
n� ¼

X
λ∈A

λ2 pðnÞ
H ðλÞ ¼ 2n − 2nð2n − 1Þ

2n−1 þ 1
: (115)

where we used the expression in Eq. (112) and computed
the resulting binomial sum over the restricted range
A ¼ 8Z ∩ ½−2n; 2n� with a roots-of-unity filter technique
[104, Sec. 1.2.9D] and otherwise standard algebra.
A similar technique can be used to compute the

characteristic function φXn
ðtÞ ≔ E½eitXn �, which we use

for the limit theorem:

φXn
ðtÞ ¼ 2n

2n þ 2

�
cosðtÞ2n þ sinðtÞ2n þ cos

�
tþ π

4

�
2n

þ cos
�
t − π

4

�
2n
�
; (116)
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where the four terms correspond to the fourth roots
of unity. The characteristic function of X=

ffiffiffiffiffiffi
2n

p
is

φX=
ffiffiffiffi
2n

p ðtÞ ¼ φXn
ðt= ffiffiffiffiffiffi

2n
p Þ. We have

lim
n→∞

φX=
ffiffiffiffi
2n

p ðtÞ ¼ e−t2=2 ¼ φZðtÞ ∀ t∈R: (117)

Pointwise convergence of characteristic functions to the
characteristic function of Z ∼N ð0; 1Þ implies conver-
gence in distribution by Lévy’s continuity theorem, estab-
lishing Eq. (114). ▪
Beyond convergence in distribution, the Haar bridge

spectral distribution satisfies a quantitative Berry-Esseen-
type bound for the Kolmogorov distance:
Lemma 20. (Berry-Esseen bound for pH). There exists

an absolute constant C > 0 such that, for every n ≥ 1,

sup
x∈R

				Pr� Xnffiffiffiffiffiffi
2n

p ≤ x
�
−ΦðxÞ

				 ≤ Cffiffiffi
n

p ; (118)

where Φ denotes the standard normal CDF.
Proof. We apply Esseen’s smoothing inequality [105] to

Yn ≔ Xn=
ffiffiffiffiffiffi
2n

p
: for any T > 0,

sup
x∈R

jFYn
ðxÞ −ΦðxÞj

≤
1

π

Z
T

−T
jφXn

ðt= ffiffiffiffiffiffi
2n

p Þ − e−t2=2j
jtj dtþ 24 mΦ

πT
;

(119)

where FYn
ðxÞ denotes the cumulative distribution of Yn,

andmΦ ¼ ð2πÞ−1=2. We choose T ¼ π
8

ffiffiffiffiffiffi
2n

p
, so the residual

contributes Oð1= ffiffiffi
n

p Þ. Decompose the characteristic func-
tion Eq. (116) as φXn

ðsÞ ¼ AðsÞ þ BðsÞ with

AðsÞ ≔ 2n

2n þ 2
ðcosðsÞ2n þ 21−nÞ;

BðsÞ ≔ 2n

2n þ 2



sinðsÞ2n þ cos

�
sþ π

4

�
2n

þ cos
�
s − π

4

�
2n − 21−n

�
:

(120)

By construction, Að0Þ ¼ 1 and Bð0Þ ¼ 0, so the inte-
grands jAðt= ffiffiffiffiffiffi

2n
p Þ − e−t2=2j=jtj and jBðt= ffiffiffiffiffiffi

2n
p Þj=jtj are

each integrable at t ¼ 0.
We bound the two contributions in turn, beginning with

the dominant term. Writing

Aðt=
ffiffiffiffiffiffi
2n

p
Þ − e−t2=2 ¼ 2n

2n þ 2
½cosðt=

ffiffiffiffiffiffi
2n

p
Þ2n − e−t2=2�

þ 2

2n þ 2
½1 − e−t2=2�; (121)

the bound cosðsÞ2n ≤ e−ns2 (from log cos s ≤ −s2=2 for
jsj ≤ π=8) gives cosðt= ffiffiffiffiffiffi

2n
p Þ2n ≤ e−t2=2 for jtj ≤ T.

Combining with the Taylor remainder log cos sþ s2=2 ¼
−s4=12þOðs6Þ yields

j cosðt=
ffiffiffiffiffiffi
2n

p
Þ2n − e−t2=2j ≤ K1 e−t

2=2 t4=n for jtj ≤ T;
(122)

for an absolute constant K1 > 0. Moreover, the second
bracket in Eq. (121) satisfies j1 − e−t2=2j ≤ minð1; t2=2Þ.
Integrating,

Z
T

−T
jAðt= ffiffiffiffiffiffi

2n
p Þ − e−t2=2j

jtj dt

≤
K1

n

Z
R
jtj3e−t2=2dtþ 2

2n þ 2

Z
T

−T
minð1; t2=2Þ

jtj dt

¼ Oð1=nÞ: (123)

For the subdominant terms, the identity cosðs� π=4Þ ¼
ðcos s ∓ sin sÞ= ffiffiffi

2
p

together with sin2 þ cos2 ¼ 1 gives

cos
�
sþ π

4

�
2n

þ cos
�
s − π

4

�
2n − 21−n

¼ 2−n½ð1þ sin 2sÞn þ ð1 − sin 2sÞn − 2�; (124)

in which the bracket admits

ð1þ sin 2sÞn þ ð1 − sin 2sÞn − 2

¼ 2
Xbn=2c
k¼1

�
n
2k

�
ðsin 2sÞ2k ≤ 2

X∞
k¼1

1

ð2kÞ! ðn sin 2sÞ
2k

¼ 2ðcoshðnj sin 2sjÞ − 1Þ ≤ 8 n2s2; (125)

for jsj ≤ 1=ð2nÞ (in which range nj sin 2sj ≤ 1). The
first inequality uses ð n

2kÞ ≤ n2k=ð2kÞ!, while the second
uses coshðxÞ − 1 ≤ x2 on x∈ ½0; 1� together with
j sin 2sj ≤ 2jsj. Combined with j sin sj2n ≤ jsj2n ≤
2−2ðn−1Þs2 for jsj ≤ 1=ð2nÞ, we obtain

jBðsÞj ≤ K2 n2 2−n s2 for jsj ≤ 1=ð2nÞ; (126)

with K2 > 0 absolute. A uniform bound on jsj ≤ π=8
follows from j sin sj; j cosðs� π=4Þj ≤ r ≔ cosðπ=8Þ so
that jBðsÞj ≤ K3 r2n with K3 > 0 absolute. Splitting the
integration range at jtj ¼ 1=

ffiffiffiffiffiffi
2n

p
,
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Z
T

−T
jBðt= ffiffiffiffiffiffi

2n
p Þj
jtj dt ≤

K2 n2 2−n
2n

Z
jtj≤1= ffiffiffiffi2np jtjdt

þ K3 r2n
Z
1=
ffiffiffiffi
2n

p
≤jtj≤T

dt
jtj

¼ Oð2−nÞ þOðr2n log nÞ: (127)

Combining the two contributions with the residual in
Eq. (119) yields supxjFYn

ðxÞ −ΦðxÞj ¼ Oð1= ffiffiffi
n

p Þ, which
is Eq. (118). ▪
The rate in Eq. (118) is sharp in Kolmogorov distance,

as seen by evaluating at x ¼ 0: the symmetry pHðλÞ ¼
pHð−λÞ gives FYn

ð0Þ ¼ 1
2
þ 1

2
pHð0Þ, while Φð0Þ ¼ 1

2
,

so jFYn
ð0Þ −Φð0Þj ¼ 1

2
pHð0Þ ¼ Θð1= ffiffiffi

n
p Þ by Stirling’s

approximation applied to Eq. (112).
Lemma 21. (Tail bound of pH). For every T ≥ 0 and

every n ≥ 1, the Haar bridge spectral distribution satisfies

pHðjλj > TÞ ≤ ð4þ 22−nÞ exp
�
− T2

8n

�
: (128)

Proof. The moment generating function MXn
ðtÞ ¼

E½etXn � is obtained by analytic continuation of the char-
acteristic function in Eq. (116) through the substitution
t ↦ −it:

MXn
ðtÞ ¼ 2n

2n þ 2

�
cosh2nðtÞ þ ð−1Þnsinh2nðtÞ

þ 2

2n
ℜ½ðcosh tþ i sinh tÞ2n�



: (129)

The last term has modulus jðcosh tþ i sinh tÞ2nj ¼
coshð2tÞn, since jcoshtþ isinhtj2¼ coshð2tÞ. Combined
with the elementary inequality sinhðsÞ ≤ coshðsÞ ≤ es

2=2,

MXn
ðtÞ ≤ ð2þ 21−nÞe2nt2 for all t∈R: (130)

By Markov’s inequality applied to etXn , for any t > 0,

PrðXn > TÞ ≤ e−tT MXn
ðtÞ ≤ ð2þ 21−nÞe2nt2−tT: (131)

The exponent 2nt2 − tT is minimized at t� ¼ T=ð4nÞ,
where it takes the value −T2=ð8nÞ. Hence

PrðXn > TÞ ≤ ð2þ 21−nÞ exp
�
−T2

8n

�
: (132)

The symmetry pHðλÞ ¼ pHð−λÞ (Lemma 19) finally
yields Eq. (128). ▪

2. Non-Gaussian gate lower bounds

We now state the central result of this section: a lower
bound on the number of non-Gaussian gates any t-doped
Gaussian protocol must contain to form state designs.
We begin with the exact-design case, where t-doped

Gaussian protocols must contain t ¼ ΩðnÞ non-Gaussian
gates.
Corollary 6. (Non-Gaussian gate lower bound for exact

2-designs). Any family of t-doped Gaussian protocols that
prepares an exact state 2-design must contain at least one
state requiring t ≥ bn=4c non-Gaussian gates.
Proof. Any state ψ prepared by a t-doped Gaussian

protocol has ΛdðψÞ ≤ 4t (Corollary 4), and therefore
pψðλÞ ¼ 0 for jλj > 8t. An exact 2-design satisfies
Eψ ½pψðλÞ� ¼ pHðλÞ for all λ. In particular, the state
ensemble must populate λ¼�8bn=4c, where pHðλÞ > 0
but pψð8bn=4cÞ ¼ 0 whenever t < bn=4c. Hence at least
one state in the ensemble requires t ≥ bn=4c non-Gaussian
gates. ▪
Corollary 6 is an existence statement: there exists at

least one state in the ensemble that attains maximum
bridge degree and hence requires ΩðnÞ non-Gaussian
gates, while leaving open the possibility that such “hard”
states comprise an exponentially small fraction of E. The
approximate-design analysis below replaces this existen-
tial conclusion with a high-probability statement for
approximate state design.
Theorem 4. (Bridge degree lower bound on approximate

2-designs). Let E be an ϵ-approximate state 2-design of
even pure states.
(a) Constant-ϵ regime. For every ϵ∈ ð0; 1Þ, there exist

constants cϵ; pϵ > 0 (depending only on ϵ) such that,
for n sufficiently large,

Pr
ψ∼E

½ΛdðψÞ ≥ cϵ
ffiffiffi
n

p � ≥ pϵ: (133)

(b) Decaying-ϵ regime. There exist absolute constants
C�; c; ϵ0 > 0 with ϵ0 < 1=4 such that, for every
ϵ∈ ð0; ϵ0� with ϵ ≥ C�=

ffiffiffi
n

p
,

Pr
ψ∼E

½ΛdðψÞ ≥ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logð1=ϵÞ

p
� ≥ 2ϵ: (134)

Proof. Let Φ denote the standard normal CDF and fix
any a > 0 to be chosen later.
For any even pure state ψ , the support of pψ is contained

in ½−2ΛdðψÞ; 2ΛdðψÞ�, so

ΛdðψÞ≤a
ffiffiffiffiffiffiffiffi
n=2

p
⇒pψðλÞ¼0 for all jλj>a

ffiffiffiffiffiffi
2n

p
: (135)

Define the tail probabilities

ra ≔ Pr
ψ∼E

½ΛdðψÞ>a
ffiffiffiffiffiffiffiffi
n=2

p
�; sa ≔

X
jλj>a

ffiffiffiffi
2n

p
pEðλÞ; (136)

FERMIONIC NON-GAUSSIANITY VIA BELL... PRX QUANTUM 7, 033065 (2026)

033065-23



so that sa ≤ ra by Eq. (135), and let sðHÞ
a ≔P

jλj>a
ffiffiffiffi
2n

p pHðλÞ denote the Haar tail. The ϵ-approximate
2-design condition yields

jsa − sðHÞ
a j ≤ DðT ð2Þ

Mn
ðEÞÞ ≤ DðEÞ ≤ ϵ; (137)

In the first inequality, we used the variational definition
of trace distance applied to the two-outcome POVM
fP≤; I − P≤g with P≤ ≔

P
jλj≤a ffiffiffiffi2np Πλ, as well as

Eq. (237); the second inequality uses monotonicity of
trace distance under quantum channels.

In particular, Eq. (137) implies sa ≥ sðHÞ
a − ϵ, and hence

ra ≥ sðHÞ
a − ϵ: (138)

The two regimes differ in how the Haar tail sðHÞ
a is

controlled and how a is chosen.
(a) Constant-ϵ regime. For any fixed ϵ∈ ð0; 1Þ, choose

aϵ ∈ ð0;Φ−1ð1 − ϵ=2ÞÞ so that 2ð1 −ΦðaϵÞÞ − ϵ > 0.

By the qualitative convergence sðHÞ
a → 2ð1 −ΦðaÞÞ

from Lemma 19, the relation raϵ ≥ sðHÞ
aϵ − ϵ from

Eq. (138) yields raϵ ≥ 2ð1 −ΦðaϵÞÞ − ϵ − oð1Þ as
n → ∞. Hence, for n sufficiently large, raϵ ≥ pϵ ≔
2ð1 −ΦðaϵÞÞ − ϵ − δϵ > 0 for any δϵ ∈ ð0;
2ð1 −ΦðaϵÞÞ − ϵÞ, and the threshold is aϵ

ffiffiffiffiffiffiffiffi
n=2

p ¼
cϵ

ffiffiffi
n

p
with cϵ ≔ aϵ=

ffiffiffi
2

p
. This is Eq. (133).

(b) Decaying-ϵ regime. We use the Berry-Esseen-type
bound: by Lemma 20,

sðHÞ
a ≥ 2ð1 −ΦðaÞÞ − 2Cffiffiffi

n
p ; ∀ a > 0; (139)

with C the absolute constant of Lemma 20. Combin-
ing with Eq. (138),

ra ≥ 2ð1 −ΦðaÞÞ − ϵ − 2Cffiffiffi
n

p ≥ 2ð1 −ΦðaÞÞ − 2ϵ;

(140)

where the last inequality uses the assumption ϵ ≥
C�=

ffiffiffi
n

p
with C� ≔ 2C. Setting a� ≔ Φ−1ð1 − 2ϵÞ

gives ra� ≥ 2ϵ. It remains to bound a� in terms of
ϵ. The Mills-ratio lower bound 1 −ΦðaÞ ≥ 1ffiffiffiffi

2π
p ð1a −

1
a3Þe−a

2=2 for a > 0 [105], applied at a ¼ a� with

1 −Φða�Þ ¼ 2ϵ, gives a� ≥ c00
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð1=ϵÞp

for an
absolute c00 > 0, provided ϵ ≤ ϵ0 for some absolute
ϵ0 < 1=4 (so that a� > 0). Setting c ≔ c00=

ffiffiffi
2

p
, the

threshold is a�
ffiffiffiffiffiffiffiffi
n=2

p
≥ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logð1=ϵÞp

, which
is Eq. (134).

▪

Combining the theorem above with Corollary 4 yields
the following corollary.
Corollary 7. (Non-Gaussian gate lower bound for

approximate 2-designs). Let C� > 0 be the absolute con-
stant from Theorem 4. For anyC�=

ffiffiffi
n

p
≤ ϵ < 1, any family

of t-doped Gaussian protocols preparing an ϵ-approximate
state 2-design satisfies

t ¼ Ω
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞ
p 


(141)

with non-negligible probability over the ensemble.
Theorem 4 is the central structural result of this section.

It shows that a size-dependent number of non-Gaussian
gates—at least Ωð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞp Þ—is required of any
ensemble approximately reproducing Haar statistics.
This stands in sharp contrast to the qubit case (where
the relevant designs are on the full qubit Hilbert space):
random Clifford circuits already form an exact state
3-design and need only an n-independent number of
non-Clifford gates to generate an approximate state
k-design for any k > 3 [77–79]. On the matchgate side,
a growing number of non-Gaussian gates is required
already at the state 2-design, the first nontrivial design
(the matchgate orbit forms an exact state 1-design).
Restated at the single-state level, the bridge degree itself
controls randomness generated from the matchgate orbit of
a state: any state ψ with ΛdðψÞ ¼ oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞp Þ has its
matchgate orbit at trace distance > ϵ from the Haar-
random state.

VI. THE ϵ-APPROXIMATE BRIDGE DEGREE

The bridge degree introduced in Sec. IV is, by con-
struction, a discrete quantity that reflects the support of the
bridge spectral distribution fpψðλÞgλ∈A. While this yields
a clean theory, it comes at a cost. Consider, for instance, an
arbitrarily small non-Gaussian perturbation of a fermionic
Gaussian state, jψϵi ∝ jψFGSi þ ϵjϕi with ϵ → 0. In this
case, each previously unoccupied eigenvalue sector
acquires non-zero weight, and the bridge degree jumps
to its maximal value irrespective of how small ϵ is. Yet, for
all practical purposes, the perturbed state remains opera-
tionally indistinguishable from a Gaussian state for suffi-
ciently small ϵ.
We address this by introducing an ϵ-approximate

version of the bridge degree, which tolerates a fidelity
error ϵ in the target state. Crucially, this approximate
variant inherits the monotonicity of its exact counterpart,
albeit under the smaller class of Gaussian protocols that
excludes post-selection on measurement outcomes. This
monotonicity translates into concrete bounds on approxi-
mate Gaussian conversion, extending the exact-conversion
bounds of Sec. VA to the approximate setting. The price is
that the approximate bridge degree is, in general, hard to
compute—its definition involves an optimization over the

POETRI SONYA TARABUNGA PRX QUANTUM 7, 033065 (2026)

033065-24



full set of even pure states within fidelity ϵ of the target.
We circumvent this by constructing an efficiently com-
putable lower bound, again built from the bridge spectral
distribution and therefore directly estimable from Bell-
sampling data. This lower bound in turn renders the
conversion bounds experimentally accessible, and in
particular establishes an efficiently computable, single-
shot lower bound on the non-Gaussian magic-state cost of
preparing any even pure state.

A. Monotonicity under Gaussian protocols

We begin with the formal definition.
Definition 5. (ϵ-approximate bridge degree). Let ψ be an

even pure state and ϵ∈ ½0; 1�. The ϵ-approximate bridge
degree is

Λd;ϵðψÞ ≔ min
jϕi ∶ 1−Fðψ ;ϕÞ≤ϵΛdðϕÞ; (142)

where Fðψ ;ϕÞ ¼ jhψiϕj2 and the minimum runs over all
even pure states jϕi.
Since Λd is integer-valued and bounded by 4bn=4c, the

minimum is attained, and we may write min rather than
inf. The quantity Λd;ϵðψÞ answers the question: what is the
lowest bridge degree of any pure state within fidelity 1 − ϵ
of ψ?
We now show that Λd;ϵ inherits monotonicity from the

exact bridge degree, under the (smaller) class of
Gaussian protocols (Definition 2). We first introduce
an intermediate quantity: for any even pure state ψ and
ϵ∈ ½0; 1�, define

Λcr
d;ϵðψÞ ≔ min

τ ∶ Fðψ ;τÞ≥1−ϵΛ
cr
d ðτÞ; (143)

where, for pure ψ and an arbitrary (possibly mixed) state
τ, Fðψ ; τÞ ¼ hψ jτjψi denotes the fidelity, Λcr

d;ϵ is the
convex-roof extended bridge degree [defined in
Eq. (85)], and the minimum runs over all even states τ
on n qubits.
The next lemma shows that the optimization in Λcr

d;ϵ is
always achieved on pure states:
Lemma 22. (Pure-state achievability). For every even

pure state ψ and ϵ∈ ½0; 1�,

Λcr
d;ϵðψÞ ¼ Λd;ϵðψÞ: (144)

Proof. The “≤” direction is immediate: restricting the
outer minimization to pure τ recovers the definition ofΛd;ϵ,
since Λ cr

d ðϕÞ ¼ ΛdðϕÞ for pure ϕ.
For the “≥” direction, let τ� attain the minimum in

Λcr
d;ϵðψÞ and let τ� ¼Pi pi jξiihξij be a pure-state decom-

position attaining the inner minimum in Λ cr
d ðτ�Þ, so that

max
i

ΛdðξiÞ ¼ Λ cr
d ðτ�Þ ¼ Λcr

d;ϵðψÞ: (145)

Since ψ is pure, the fidelity constraint expands as

1 − ϵ ≤ Fðψ ; τ�Þ ¼ hψ jτ�jψi ¼
X
i

pi Fðψ ; ξiÞ; (146)

so there exists i⋆ with Fðψ ; ξi⋆Þ ≥ 1 − ϵ. Hence, ξi⋆ is
admissible in the optimization definingΛd;ϵðψÞ. Combined
with Eq. (145),

Λd;ϵðψÞ ≤ Λdðξi⋆Þ ≤ Λcr
d;ϵðψÞ: (147)

▪
We can now state and prove the main result of this

subsection.
Theorem 5. (Monotonicity of the ϵ-approximate bridge

degree). For every even pure state ψ , every ϵ∈ ½0; 1�, and
every Gaussian protocol E such that EðψÞ is pure,

Λd;ϵðEðψÞÞ ≤ Λd;ϵðψÞ: (148)

Proof. Let τϵ be a pure state achieving the minimum
in Λd;ϵðψÞ, so Fðψ ; τϵÞ ≥ 1 − ϵ and ΛdðτϵÞ ¼ Λd;ϵðψÞ.
By monotonicity of the fidelity under any quantum
channel [51],

FðEðψÞ; EðτϵÞÞ ≥ Fðψ ; τϵÞ ≥ 1 − ϵ; (149)

and by monotonicity of Λ cr
d under Gaussian protocols

Λ cr
d ðEðτϵÞÞ ≤ Λ cr

d ðτϵÞ ¼ ΛdðτϵÞ ¼ Λd;ϵðψÞ: (150)

Thus EðτϵÞ is admissible in the optimization defining
Λcr

d;ϵðEðψÞÞ. Combining with the pure-state equivalence
(Lemma 22) applied at EðψÞ,

Λd;ϵðEðψÞÞ ¼ Λcr
d;ϵðEðψÞÞ ≤ Λ cr

d ðEðτϵÞÞ ≤ Λd;ϵðψÞ:
(151)

▪

B. A computable lower bound from
the bridge spectral distribution

Recall that the bridge degree is naturally defined in
terms of the bridge spectral distribution. Here, we general-
ize the relation between the bridge spectral distribution and
the bridge degree in the approximate setting. This also
provides an efficient way to bound the approximate bridge
degree, where taking an extremum over all even pure states
jϕi with Fðψ ;ϕÞ ≥ 1 − ϵ makes it not obviously tractable,
unlike in the exact setting. The main idea is to simply
restrict attention to states that already live in a low-
eigenvalue sector of Λ and ask how much of jψi⊗2

overlaps with such sectors.
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Recall from Sec. III that Vλ ¼ ⨁jjj≤λVj is the span of
the Λ-eigenspaces with eigenvalue at most λ in absolute
value, and an even pure state ϕ satisfies ΛdðϕÞ ≤ α if and
only if jϕi⊗2 ∈V2α. In particular, the closest low-bridge
degree state to ψ in terms of fidelity is closely tied to the
overlap of jψi⊗2 with V2α. This is exactly what the
following quantity measures.
Definition 6. (Bridge-fidelity). Let ψ be an even pure

state, and let k be an integer satisfying 0 ≤ k ≤ 4bn=4c.
The bridge fidelity is

FΛ
k ðψÞ ≔ max

jΨi∈V2k∶ hΨiΨ¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðψ⊗2;ΨÞ

q
: (152)

Notably, the bridge fidelity admits a simple closed-form
expression in terms of the bridge spectral distribution.
Lemma 23. (Closed form for the bridge fidelity). For

any even pure state ψ and any integer k satisfying
0 ≤ k ≤ 4bn=4c,

FΛ
k ðψÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
jjj≤2k

pψðjÞ
s

: (153)

Proof. For a subspace V ⊂ Cd with projector ΠV
and a unit vector jvi, the standard identity
maxjwi∈V∶ hwiw¼1jhwivj2 ¼ hvjΠV jvi holds. Applying this
with V ¼ V2k and jvi ¼ jψi⊗2 gives

max
jΨi∈V2k∶ hΨiΨ¼1

jhΨiψ⊗2j2 ¼
X
jjj≤2k

hψj⊗2Πjjψi⊗2

¼
X
jjj≤2k

pψðjÞ: (154)

▪
We now extend the bridge fidelity to the approximate

setting, analogously to the bridge degree.
Definition 7. (Approximate bridge fidelity). Let ψ be

an even pure state and ϵ > 0. The ϵ-approximate bridge
fidelity is the smallest integer α ≥ 0 such that there exists a
normalized state jΨi∈V2α with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðψ⊗2;ΨÞ

p
≥ 1 − ϵ:

F ϵðψÞ ≔ minfα ≥ 0 ∶ FΛ
α ðψÞ ≥ 1 − ϵg: (155)

Intuitively, F ϵðψÞ is the smallest α such that a fraction
ð1 − ϵÞ2 or more of the bridge spectral distribution is
concentrated within jλj ≤ 2α. Importantly, F ϵðψÞ provides
an efficient lower bound to the approximate bridge degree,
as proven in the following lemma.
Lemma 24. (Approximate bridge fidelity lower bounds

the approximate bridge degree). For any even pure state ψ
and any ϵ > 0,

F ϵðψÞ ≤ Λd;ϵðψÞ: (156)

Proof. By definition of the approximate bridge degree,
there exists an even pure state jϕi with Fðψ ;ϕÞ ≥ 1 − ϵ
and ΛdðϕÞ ¼ Λd;ϵðψÞ. Since jϕi⊗2 ∈V2Λd;ϵðψÞ, we obtain

FΛ
Λd;ϵðψÞðψÞ ≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðψ⊗2;ϕ⊗2Þ

q
¼ Fðψ ;ϕÞ ≥ 1 − ϵ; (157)

and the conclusion follows from the definition of the
ϵ-approximate bridge fidelity. ▪
The lower bound of Lemma 24 naturally extends to

arbitrary mixed states through the convex-roof extension
Λ cr

d [Eq. (85)]. This yields a fidelity witness, which
certifies the non-Gaussianity of a mixed state from its
fidelity with a known pure state.
Corollary 8. (Fidelity witness for mixed states). Let jϕi

be an even pure state and let ρ be an even state with fidelity
Fðϕ; ρÞ ≥ 1 − ϵ. Then

Λ cr
d ðρÞ ≥ Λd;ϵðϕÞ ≥ F ϵðϕÞ: (158)

Proof. Consider the approximate convex-roof extended
bridge degree Λcr

d;ϵðϕÞ [Eq. (143)]. Since Fðϕ; ρÞ ≥ 1 − ϵ,
the state ρ is feasible in the optimization of Λcr

d;ϵðϕÞ, so
Λ cr

d ðρÞ ≥ Λcr
d;ϵðϕÞ. Lemma 22 gives Λcr

d;ϵðϕÞ ¼ Λd;ϵðϕÞ,
and Lemma 24 gives Λd;ϵðϕÞ ≥ F ϵðϕÞ. ▪
Operationally, Corollary 8 witnesses the mixed-state

non-Gaussianity Λ cr
d ðρÞ from two ingredients: the fidelity

Fðϕ; ρÞ to the target jϕi, which is directly measurable [65],
and the approximate bridge fidelity F ϵðϕÞ, computed from
the classical description of ϕ. An experimentalist prepar-
ing a state intended to be jϕi and measuring Fðϕ; ρÞ ≥
1 − ϵ may thus certify Λ cr

d ðρÞ ≥ F ϵðϕÞ for the actual
laboratory state. This strategy of estimating the fidelity
to a classically described target and using it to certify a
resource of the laboratory state has been demonstrated
experimentally for entanglement in Ref. [106].
We next describe how the approximate bridge fidelity

F ϵ can be estimated from Bell-sampling data on a pure
state ψ . Concretely, F ϵðψÞ is the smallest α∈A=2 for
which the bridge fidelity FΛ

α ðψÞ2 crosses the threshold
ð1 − ϵÞ2, and the sample complexity of locating this
crossing point from Bell-sampling data is governed by
the gap

Δ≔ minfFΛ
F ϵðψÞðψÞ2−ð1−ϵÞ2;ð1−ϵÞ2−FΛ

F ϵðψÞ−1ðψÞ2g
(159)

between the bridge fidelity and the threshold at the two
adjacent values of α. Since Δ is not known a priori, we
adopt an adaptive stopping rule based on the Dvoretzky-
Kiefer-Wolfowitz (DKW) inequality [107,108], summa-
rized as Algorithm 2. The following lemma certifies its
sample complexity.
Lemma 25. (Sample complexity of F ϵ). Let ψ be an

even pure state with F ϵðψÞ ¼ α. There is a Bell-sampling-
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based algorithm that outputs α̂ ¼ F ϵðψÞ with probability
at least 1 − δ using

N ¼ O
�

1

Δ2
ðlogð1=ΔÞ þ logð1=δÞÞ

�
(160)

Bell samples, where Δ is defined in Eq. (159). The
algorithm requires no a priori knowledge of Δ.
Proof. Write FðαÞ ≔ FΛ

α ðψÞ2 ¼
P

jλj≤2α pψðλÞ for the
squared bridge fidelity, and let F̂kðα0Þ ≔
k−1

Pk
i¼1 1fjλij ≤ 2α0g for α0 ∈A=2 denote the algo-

rithm’s empirical CDF estimate of Fðα0Þ, with confidence
half-width

ηk ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð2=δkÞ=ð2kÞ

p
; δk ≔ 6δ=ðπ2k2Þ; (161)

and stopping criterion: stop at the first k for which some
α0 ∈A=2 satisfies

F̂kðα0Þ− ηk ≥ ð1− ϵÞ2 and F̂kðα0 − 1Þ þ ηk < ð1− ϵÞ2;
(162)

returning α̂ ≔ α0. The DKW inequality states that for any
fixed k,

Prðmax
α0

jF̂kðα0Þ − Fðα0Þj > ηkÞ ≤ δk: (163)

With δk chosen so that
P

k≥1 δk ¼ δ, the union bound
over k ensures that Eq. (163) holds for all k, with
probability at least 1 − δ. Call this event E. Suppose
now that the algorithm stops at some round k with output
α0, so the stopping conditions Eq. (162) hold; on Ewe have
F̂kðα0Þ∈ ½Fðα0Þ − ηk; Fðα0Þ þ ηk�, and Eq. (162) therefore
implies

Fðα0Þ ≥ F̂kðα0Þ − ηk ≥ ð1 − ϵÞ2 and

Fðα0 − 1Þ ≤ F̂kðα0 − 1Þ þ ηk < ð1 − ϵÞ2: (164)

Since F is non-decreasing, α0 is the smallest value
with Fðα0Þ ≥ ð1 − ϵÞ2, which by definition equals
F ϵðψÞ ¼ α. The algorithm therefore returns the correct
value whenever it stops. To bound the stopping time,
observe that Eq. (159) gives FðαÞ ≥ ð1 − ϵÞ2 þ Δ and
Fðα − 1Þ ≤ ð1 − ϵÞ2 − Δ; on E this implies F̂kðαÞ ≥
FðαÞ − ηk and F̂kðα − 1Þ ≤ Fðα − 1Þ þ ηk, so the stopping
conditions at α0 ¼ α are satisfied as soon as ηk ≤ Δ=2.
Substituting Eq. (161) and solving self-consistently for the
smallest such k yields

k ¼ O
�

1

Δ2
ðlogð1=ΔÞ þ logð1=δÞÞ

�
; (165)

which is Eq. (160). ▪

C. Approximate Gaussian conversion

We have discussed in Sec. V how the monotonicity of
the bridge degree translates into concrete bounds on
Gaussian conversion. In this section, we show that the
monotonicity of the approximate bridge degree allows us
to extend these bounds to the case of approximate
Gaussian conversion.
Before stating the main theorem, we record two

elementary perturbation bounds relating the trace distance
and the fidelity that will be used in the proof.
Lemma 26. For a density matrix ρ and a pure state ψ ,

we have

1 − Fðψ; ρÞ ≤ Dðψ; ρÞ: (166)

Proof. We make use of the variational definition of the
trace distance:

Dðρ; σÞ ¼ max
P

TrðPðρ − σÞÞ; (167)

where the maximization is over all projectors P. Taking
P ¼ ψ , we have

Dðψ ; ρÞ ≥ Trðψðψ − ρÞÞ ¼ 1 − hψ jρjψi ¼ 1 − Fðψ ; ρÞ;
(168)

which concludes the proof. ▪
Lemma 27. For density matrices ρ, σ and a pure state ψ ,

we have

jFðρ;ψÞ − Fðσ;ψÞj ≤ Dðρ; σÞ; (169)

and

jFðψ ; σÞ − Fðρ; σÞj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðψ ; ρÞ

p
: (170)

ALGORITHM 2. Adaptive estimation of F ϵðψÞ.
Input: threshold ϵ∈ ð0; 1Þ, failure probability δ∈ ð0; 1Þ.
Output: α̂ ¼ F ϵðψÞ (with probability at least 1 − δ).
1: N ← 0
2: repeat
3: N ← N þ 1
4: Run Algorithm 1 once to obtain λN ∼ pψ .
5: Update the empirical CDF F̂ðαÞ←N−1PN

i¼11fjλij≤ 2αg
for all α∈A=2.

6: δ0N ← 6δ=ðπ2N2Þ; ηN ←
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð2=δ0NÞ=ð2NÞ

p
.

7: until ∃ α0 ∈A=2 such that F̂ðα0Þ − ηN ≥ ð1 − ϵÞ2 and
F̂ðα0 − 1Þ þ ηN < ð1 − ϵÞ2

8: return α̂ ← α0.
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Proof. We again make use of the variational definition of
the trace distance in Eq. (167), setting P ¼ ψ ,

Dðρ; σÞ ≥ Trðψðρ − σÞÞ
¼ hψ jρjψi − hψ jσjψi
¼ Fðρ;ψÞ − Fðσ;ψÞ: (171)

Then, exchanging ρ and σ, we arrive at

Dðρ; σÞ ≥ jFðρ;ψÞ − Fðσ;ψÞj: (172)

To show the second inequality, we have [109]

jFðψ ; σÞ − Fðρ; σÞj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fðψ ; ρÞ

p
; (173)

which, combined with Lemma 26, concludes the proof. ▪
Theorem 6. (Gaussian-conversion bounds from the

approximate bridge degree). Let ψ ;ϕ be even pure states.
If there exists a Gaussian protocol E such that EðψÞ is
δ-close in trace distance to ϕ, then for all ϵ > 0:

Λd;
ffiffi
ϵ

p þδðϕÞ ≤ Λd;ϵðψÞ; (174)

Λd;ϵþ ffiffi
δ

p ðϕÞ ≤ Λd;ϵðψÞ: (175)

Moreover, if post-selected Gaussian protocols are
allowed and EðψÞ is δ-close to ϕ with any non-zero
probability, then

Λd;δðϕÞ ≤ ΛdðψÞ: (176)

Proof. For a given ϵ, let τϵ be an even pure state such that
Fðψ ; τϵÞ ≥ 1 − ϵ and ΛdðτϵÞ ¼ Λd;ϵðψÞ. We have

Fðϕ; EðτϵÞÞ ≥ Fðϕ; EðψÞÞ −DðEðψÞ; EðτϵÞÞ
≥ Fðϕ; EðψÞÞ −Dðψ ; τϵÞ ≥ 1 − δ − ffiffiffi

ϵ
p

:

(177)

We used Lemma 27 in the first inequality. In the second
inequality, we used that the trace distance does not increase
under quantum channels. In the third inequality, we used

Dðψ ; τϵÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fðψ ; τϵÞ

p
≤

ffiffiffi
ϵ

p
; (178)

since both ψ and τϵ are pure states, and

Fðϕ; EðψÞÞ ≥ 1 −Dðϕ; EðψÞÞ ≥ 1 − δ; (179)

where we used Lemma 26. Equation (177) implies

Λd;
ffiffi
ϵ

p þδðϕÞ¼Λcr
d;
ffiffi
ϵ

p þδ
ðϕÞ≤Λcr

d ðEðτϵÞÞ≤Λcr
d ðτϵÞ¼Λd;ϵðψÞ;

(180)

where we used the pure-state equivalence (Lemma 22) at ϕ
in the first equality and the definition of the approximate
bridge degree in the first inequality. In the second inequal-
ity, we used that the convex-roof extension Λ cr

d is non-
increasing under Gaussian protocols. The final equality
uses Λ cr

d ðτϵÞ ¼ ΛdðτϵÞ on the pure state τϵ. This estab-
lishes Eq. (174).
Now, for Eq. (175),

Fðϕ; EðτϵÞÞ ≥ FðEðψÞ; EðτϵÞÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðϕ; EðψÞÞ

p
≥ Fðψ ; τϵÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðϕ; EðψÞÞ

p
≥ 1 − ϵ − ffiffiffi

δ
p

:

(181)

We used Lemma 27 in the first inequality. In the second
inequality, we used that the fidelity does not decrease
under quantum channels. Thus, using the same steps as
Eq. (180) shows Eq. (175).
Finally, setting ϵ ¼ 0 in Eq. (174) gives Eq. (176), with

the same proof. As the monotonicity of trace distance
under quantum channels is not required in this case, the
Gaussian protocol E also allows post-selection. This
concludes the proof. ▪
As an immediate application, we obtain lower bounds

on the ϵ-single-shot cost of preparing a non-Gaussian state
from the canonical magic state jMi of Eq. (82). Defining
the ϵ-single-shot distillation and cost resources [3]

DistillϵðρÞ ¼ maxfm∈N∶ ∃ E∈G; DðEðρÞ;M⊗mÞ ≤ ϵg;
(182)

CostϵðρÞ ¼ minfm∈N∶ ∃ E∈G; DðEðM⊗mÞ; ρÞ ≤ ϵg;
(183)

we have the following.
Theorem 7. (Approximate cost lower bound). For any

even pure state ψ and any ϵ ≥ 0,

CostϵðψÞ ≥ Λd;ϵðψÞ
4

≥
F ϵðψÞ

4
: (184)

Proof. If a post-selected Gaussian protocol E mapsM⊗m

to a state ϵ-close to ψ in trace distance, then by Theorem 6
and additivity under tensor product (Lemma 14),

Λd;ϵðψÞ ≤ ΛdðM⊗mÞ ¼ mΛdðMÞ ¼ 4m; (185)

where we used ΛdðMÞ ¼ 4 (Lemma 13). This directly
establishes the first inequality in Eq. (184). The second
inequality follows from Lemma 24. ▪
Theorem 7 has a direct operational significance: it says

that the number of magic states required to prepare ψ
within ϵ in trace distance is at least F ϵðψÞ=4. Crucially,
F ϵðψÞ=4 is efficiently estimable from Bell sampling data
via Algorithm 2.
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VII. MIXED-STATE EXTENSION

The bridge degree introduced in Sec. IV and its
approximate variant of Sec. VI are defined on even pure
states. In this section we extend the framework to mixed
states. First, we recast the mixed-state Gaussianity con-
dition of Ref. [9]—originally a commutator condition
½Λ; ρ⊗2� ¼ 0—as a kernel condition on the doubled
Hilbert space, by introducing the operator

Λ̃ ≔ Λ ⊗ I − I ⊗ Λ; (186)

and derive the analogs of the pure-state spectral and
symmetry results for it. Then, we define the mixed-state
bridge degree as the largest eigenvalue of Λ̃ whose
eigenspace is occupied by the two-copy Choi state, and
we prove that it is non-increasing under the smaller class of
post-selected Gaussian operations (Definition 1).

A. The bridge operator on the doubled Hilbert space

We work with the Choi representation of density
matrices. Let jΩi ¼P2n

j¼1 jji ⊗ jji be the unnormalized
maximally entangled state on two copies of Hn. For any
operator A∈BðHnÞ, we define its Choi state jA⟫ ≔
ðA ⊗ IÞjΩi. The inner product ⟪AjB⟫ ¼ TrðA†BÞ is the
Hilbert-Schmidt inner product on operators, and we record
the standard ABC-rule:

jABC⟫ ¼ ðA ⊗ CTÞjB⟫: (187)

The first observation is that the mixed-state Gaussianity
condition of Eq. (31) is equivalent to a kernel condition on
the Choi space:
Lemma 28. (Mixed-state Gaussianity via Choi kernel).

An even state ρ is an FGS if and only if

Λ̃jρ⊗2⟫ ¼ 0. (188)

Proof. By the ABC-rule, jΛρ⊗2 − ρ⊗2Λ⟫ ¼
ðΛ ⊗ I − I ⊗ ΛTÞjρ⊗2⟫. Since ΛT ¼ Λ (as Λ is real
symmetric in the computational basis), the commutator
condition ½Λ; ρ⊗2� ¼ 0 is equivalent to Λ̃jρ⊗2⟫ ¼ 0. ▪
The invariance of Λ̃ under matchgates, which will be

essential in what follows, follows from the analogous
property of Λ:
Lemma 29. (Matchgate invariance of Λ̃). For any

matchgate U∈Mn, let U ≔ U ⊗ U ⊗ U� ⊗ U�. Then

½Λ̃;U� ¼ 0. (189)

Proof. The ABC-rule gives jUρU†⟫ ¼ U ⊗ U�jρ⟫, so
the action of U on the two-copy Choi space corresponds to
matchgate conjugation on the two copies of ρ. The claim
then follows from ½Λ; U⊗2� ¼ 0. ▪

We now turn to the spectrum of Λ̃. Since Λ̃ is a
difference of two copies of Λ (each acting on a different
factor of the Choi space), its spectrum is easily read off
from those of Λ. The spectrum of Λ̃ ranges over
λ∈ f−4n;−4nþ 2;…; 4ng; note in particular that the
range of allowed eigenvalues is now 4n rather than 2n,
reflecting the doubled Hilbert space on which Λ̃ acts. We
denote by Ṽλ the eigenspace with eigenvalue λ and by Π̃λ

the corresponding projector. In analogy with the pure-state
case, the eigenspaces of Λ̃ admit an explicit basis.
Lemma 30. (Eigenstructure of Λ̃). The eigenstates of Λ̃

are tensor products of two Bell-state vectors,

jΨμð1Þ;μð2Þ i ≔ jΨμð1Þ i ⊗ jΨμð2Þ i; (190)

with eigenvalue

λ ¼
X2n
j¼1

μð1Þj −X2n
j¼1

μð2Þj : (191)

Moreover, the states with fixed λ span the corresponding
eigenspace Ṽλ.
Proof. Using Lemma 1 and the definition of Λ̃,

Λ̃ jΨμð1Þ i ⊗ jΨμð2Þ i¼
�X

j

μð1Þj −X
j

μð2Þj

�
jΨμð1Þ i ⊗ jΨμð2Þ i:

(192)

Hence, jΨμð1Þ i ⊗ jΨμð2Þ i is an eigenstate of Λ̃ with

eigenvalue λ ¼Pj μ
ð1Þ
j −Pj μ

ð2Þ
j , as claimed. Since the

states fjΨμð1Þ;μð2Þ ig form an orthonormal basis of H⊗4
n , the

subset with fixed λ spans the eigenspace. ▪
The central observation now is that the symmetries that

constrained the pure-state bridge spectral distribution to A
have natural analogues in the mixed-state setting. Define
the mixed-state Bell-state weights

p̃ρðμð1Þ; μð2ÞÞ ≔ jhΨμð1Þ;μð2Þ jρ⊗2⟫j2 ¼ jhΨμð1Þ jρ⊗2jΨμð2Þ ij2:
(193)

Moreover, the mixed-state bridge spectral distribution is

p̃ρðλÞ ≔ ⟪ρ⊗2jΠ̃λjρ⊗2⟫ ¼
X

μ∶
P
j

μð1Þj −μð2Þj ¼λ

p̃ρðμð1Þ; μð2ÞÞ:

(194)

The weight p̃ρðλÞ is the mixed-state analog of pψðλÞ and
will play the same role in the mixed-state theory.
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Lemma 31. (Parity symmetry of the mixed-state Bell-
state weights). For any even state ρ,

p̃ρðμð1Þ; μð2ÞÞ ¼ p̃ρð−μð1Þ;−μð2ÞÞ: (195)

Proof. For an even state ρ, the ABC-rule gives

ðPð1Þ ⊗ Pð1ÞÞjρ⊗2⟫ ¼ jPρP ⊗ ρ⟫ ¼ jρ⊗2⟫; (196)

sincePρP ¼ ρ for an even state. The proof now follows the
steps of the proof of Lemma 4, combined with Lemma 3
applied to each Bell state jΨμð1Þ i and jΨμð2Þ i. ▪
Corollary 9. For any even state ρ, p̃ρðλÞ ¼ p̃ρð−λÞ.
The exchange symmetry has an analog here as well, this

time coming from the symmetry of jρ⊗2⟫ under swapping
the two copies of the Choi state. Unlike the pure-state case,
however, the exchange-symmetry sector is not determined
by λ mod 8 [110]. We therefore impose the exchange and
parity symmetries directly on the Bell-state factors to
restrict the possible eigenvalues, deviating from the pure-
state strategy of Lemma 5, which simply combines two
separate results from the parity and exchange symmetries.
Lemma 32. (Eigenvalue restriction (mixed-state)). For

any even state ρ, p̃ρðλÞ ≠ 0 implies λ∈ 8Z.
Proof. Consider the expansion of jρ⊗2⟫ in the eigen-

basis of Bell states (Lemma 30). The state jρ⊗2⟫ is
symmetric under the SWAP of the two copies of the
Choi state, S ⊗ Sjρ⊗2⟫ ¼ jρ⊗2⟫. This symmetry condi-
tion forces the total number of jσ11i factors to be even.
Furthermore, Lemma 31 forces the number of jσ01i factors
to be even as well.
We can now apply the run-length counting argument of

Lemma 2 separately to each of the two factors. We encode
each eigenstate by two binary sequences

x1;…; xm ∈ f0; 1g; y1;…; ym0 ∈ f0; 1g (197)

where xj ¼ 0 corresponds to jσ01i and xj ¼ 1 to jσ11i.
Let m0; m1 be the numbers of 0 s and 1 s in the

x-sequence, andm0
0; m

0
1 the corresponding numbers for the

y sequence. Define

T ¼
Xm
j¼1

ð−1Þjþ1xj; T0 ¼
Xm0

j¼1

ð−1Þjþ1yj: (198)

Let A be the sum of ð−1Þsþ1 over odd-length 0-runs
and let B be the sum of ð−1Þsþ1 over odd-length 1-runs in
the x sequence, and A0; B0 the analogous sums for the
y sequence. Then the total eigenvalue is

λ ¼ 2α; α ¼ A − B − A0 þ B0: (199)

As in Lemma 30, we have

T ¼ B; T0 ¼ B0; (200)

and

1 − ð−1Þm
2

− T ¼ A;
1 − ð−1Þm0

2
− T0 ¼ A0: (201)

Therefore,

α ¼ A − B − A0 þ B0

¼ 1 − ð−1Þm
2

− 1 − ð−1Þm0

2
− 2ðT − T0Þ (202)

Since m1 þm0
1 is even, we have

T − T0 ≡m1 −m0
1 ðmod 2Þ≡ 0 ðmod 2Þ: (203)

Furthermore, sincem0 þm0
0 is also even, we getmþm0

even, and therefore

1 − ð−1Þm
2

− 1 − ð−1Þm0

2
¼ 0 (204)

Combining these, we obtain α≡ 0 ðmod 4Þ, and there-
fore λ ¼ 2α≡ 0 ðmod 8Þ, as claimed. ▪
Furthermore, the mixed-state bridge spectral distribu-

tion is invariant under matchgate unitaries, in exact
analogy with the pure-state case.
Lemma 33. (Matchgate invariance of the mixed-state

bridge spectral distribution). For any matchgate U and any
even state ρ, let σ ¼ UρU†. Then p̃σðλÞ ¼ p̃ρðλÞ for all λ.
Proof. By Lemma 29, U commutes with Λ̃, hence with

each spectral projector Π̃λ. Since jσ⟫ ¼ U ⊗ U�jρ⟫, we
have

p̃σðλÞ ¼ ⟪σ⊗2jΠ̃λjσ⊗2⟫ ¼ ⟪ρ⊗2jðU†ÞΠ̃λUjρ⊗2⟫

¼ ⟪ρ⊗2jΠ̃λjρ⊗2⟫ ¼ p̃ρðλÞ: (205)

▪
Finally, we remark on the experimental accessibility of

the mixed-state bridge spectral distribution. By construc-
tion, p̃ρ is the bridge spectral distribution of the pure Choi
state jρ⟫ on a doubled Hilbert space; whenever jρ⟫ can be
experimentally prepared, Algorithm 1 extends directly and
yields p̃ρ from two copies of jρ⟫. Preparing jρ⟫ from
copies of ρ alone is, however, generally not possible, and
consequently the mixed-state bridge spectral distribution
p̃ρ is not directly accessible via Bell sampling on ρ.
Nevertheless, in many experimental settings, the mixed-
ness of ρ arises from noise acting on an underlying pure
state. In this case, error-mitigation techniques can be used
to reconstruct the bridge spectral distribution of the
underlying pure state, rather than the mixed-state distri-
bution p̃ρ. In Appendix B, we present such a protocol for
global depolarizing noise and show how the reconstructed
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distribution can be used to certify the bridge degree of the
ideal state.

B. Definition and basic properties

With the mixed-state bridge spectral distribution in
hand, we can define the mixed-state bridge degree in
complete analogy with its pure-state counterpart.
Definition 8. (Mixed-state bridge degree). Let ρ be an

even state of n qubits. The mixed-state bridge degree
Λ̃dðρÞ is the largest α ≥ 0 such that p̃ρð4αÞ ≠ 0.
Writing Ṽλ ≔ ⨁jjj≤λṼj, an equivalent formulation is

that Λ̃dðρÞ is the smallest α ≥ 0 such that jρ⊗2⟫∈ Ṽ4α.
The mixed-state bridge degree inherits the structural

features of the pure-state one. Specifically:
(i) it takes discrete integer values in f0; 2; 4; � � �g;
(ii) it is faithful on the set of mixed FGSs;
(iii) it is additive under tensor products of even states;
(iv) on pure states, it reduces to the pure-state bridge

degree;
(v) is non-increasing under post-selected Gaussian

operations.
We now establish each of these properties.
Lemma 34. (Discreteness and boundedness (mixed-

state)). For any n-qubit even state ρ, the mixed-state
bridge degree Λ̃dðρÞ takes values of the form 2k for some
integer k and satisfies

0 ≤ Λ̃dðρÞ ≤ 2bn=2c: (206)

Proof. By Lemma 32, p̃ρðλÞ ≠ 0 requires λ ¼ 8k, so
α ¼ λ=4 ¼ 2k. The upper bound follows from the largest
eigenvalue of Λ̃ being 4n. ▪
Lemma 35. (Faithfulness (mixed-state)). Λ̃dðρÞ ¼ 0 if

and only if ρ is a mixed FGS.
Proof. This is immediate from Lemma 28: Λ̃dðρÞ ¼ 0 iff

all mixed-state bridge spectral distribution is concentrated
at λ ¼ 0 iff Λ̃jρ⊗2⟫ ¼ 0 iff ρ is an FGS. ▪
Lemma 36. (Additivity (mixed-state)). For all even

states ρ; σ,

Λ̃dðρ ⊗ σÞ ¼ Λ̃dðρÞ þ Λ̃dðσÞ: (207)

Proof. The argument is parallel to the pure-state case
(Lemma 14). Expanding jðρ ⊗ σÞ⊗2⟫ in the eigenbasis of
Λ̃, each component has eigenvalue equal to the sum of the
component eigenvalues. The symmetry p̃ρðλÞ ¼ p̃ρð−λÞ
(Corollary 9) ensures that the maximal eigenvalue com-
ponent of the tensor product state ρ ⊗ σ is attained as the
sum of the corresponding maximal eigenvalue component
of each state. ▪
Notably, the mixed-state bridge degree reduces to the

pure-state one when applied to pure states.

Lemma 37. (Reduction to pure states). For any even pure
state ψ ,

Λ̃dðψÞ ¼ ΛdðψÞ: (208)

Proof. A direct calculation using Eq. (193) shows that
the mixed-state Bell-state weights factorize for a pure
state:

p̃ψðμð1Þ; μð2ÞÞ¼ jhΨμð1Þ jψi⊗2j2jhΨμð2Þ jψi⊗2j2
¼ pψðμð1ÞÞpψðμð2ÞÞ: (209)

Therefore, if p̃ψðμð1Þ; μð2ÞÞ ≠ 0, then both pure-state
weights pψðμð1ÞÞ and pψðμð2ÞÞ are nonzero.
Consequently, the corresponding mixed-state eigenvalue

λ¼Pjμ
ð1Þ
j −Pjμ

ð2Þ
j satisfies jλj≤ jλð1Þjþjλð2Þj≤4ΛdðψÞ,

where λð1;2Þ ¼Pj μ
ð1;2Þ
j . This gives Λ̃dðψÞ ≤ ΛdðψÞ.

For the reverse inequality, let μ� with pψðμ�Þ ≠ 0

achieve the maximum pure-state eigenvalue,
P

j μ
�
j ¼

2ΛdðψÞ. Hence, the state jΨμ�;−μ� i is an eigenstate of Λ̃
with eigenvalue 4ΛdðψÞ, and Eq. (209) gives p̃ψðμ�;
−μ�Þ ¼ pψðμ�Þ2 ≠ 0 (using the symmetry pψð−μÞ ¼
pψðμÞ from Lemma 4). Hence Λ̃dðψÞ ≥ ΛdðψÞ. ▪
Lemma 37 guarantees that the pure-state theory of

Sec. IV is recovered as a special case of the general
mixed-state theory.

C. Monotonicity under post-selected
Gaussian operations

Having established that Λ̃d is a natural extension of Λd
to mixed states, we now show that it is a valid non-
Gaussianity monotone under the smaller class of post-
selected Gaussian operations of Definition 1. We note that
Λ̃d cannot be a monotone under the full class of Gaussian
protocols, since it is faithful only on the FGSs (Lemma 35)
and not on the larger set of convex-Gaussian states.
Theorem 8. (Monotonicity of the mixed-state bridge

degree). For any even state ρ and any post-selected
Gaussian operation E with EðρÞ ¼ σ,

Λ̃dðσÞ ≤ Λ̃dðρÞ: (210)

Proof. It suffices to check each elementary operation
(a)–(d) in Definition 1.
(a) Fermionic Gaussian unitaries. This is immediate

from the matchgate-invariance of the mixed-state bridge
spectral distribution (Lemma 33).
(b) Composition with an FGS. This is immediate from

additivity under tensor product (Lemma 36) and faithful-
ness (Lemma 35).
(c) Partial trace. It suffices to prove monotonicity under

tracing out a single fermionic mode, which we may take
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without loss of generality to be the first mode, since any
mode can be brought there by a matchgate—under which
Λ̃d is invariant by (a). Under the Jordan–Wigner trans-
formation, this is equivalent to tracing out the first qubit.
We split the n-qubit bridge operator as

Λ ¼ Λ1 þGΛ1̄; G ≔ Z1 ⊗ Z1; (211)

where Λ1 is the bridge operator of qubit 1 and Λ1̄ the
bridge operator of the remaining n − 1 qubits. One can
verify that Λ1 and G commute. Let fjαig be a joint
eigenbasis of ðΛ1; GÞ,

Λ1jαi ¼ mαjαi; Gjαi ¼ gαjαi; gα ¼ �1. (212)

Then for any eigenvector jui ofΛ1̄ with eigenvalue t, the
product jαi ⊗ jui is an eigenvector of Λ with eigen-
value mα þ gαt.
By Eq. (194), the value λ is populated for ρ (i.e.

p̃ρðλÞ ≠ 0) if and only if ρ⊗2 has a nonzero matrix element
between two eigenvectors of Λ whose eigenvalues differ
by λ. Applied to Tr1ρ (with Λ1̄ in place of Λ), this implies
that for any λ∈ suppp̃Tr1ρ, there exist eigenvectors jui; jvi
of Λ1̄ with eigenvalues t; t0 satisfying t − t0 ¼ λ and
huj ðTr1ρÞ⊗2 jvi ≠ 0. Expanding the partial trace over
qubit 1 of both copies in the basis fjαig,

hujðTr1ρÞ⊗2 jvi¼
X
α

ðhαj⊗ hujÞρ⊗2 ðjαi⊗ jviÞ; (213)

we see that at least one summand is nonzero. It is a matrix
element of ρ⊗2 between eigenvectors of Λ with eigenval-
ues s ¼ mα þ gαt and s0 ¼ mα þ gαt0. We have
s − s0 ¼ gα ðt − t0Þ, which implies js − s0j ¼ jt − t0j ¼ jλj
since gα ¼ �1. Therefore �λ is populated for ρ, and
the symmetry p̃ρðλÞ ¼ p̃ρð−λÞ (Corollary 9) then shows
that λ is populated for ρ. As this holds for any
λ∈ suppp̃Tr1ρ, we have suppp̃Tr1ρ ⊆ suppp̃ρ, which implies
Λ̃dðTr1ρÞ ≤ Λ̃dðρÞ.
(d) Occupation-number measurement with post-

selection. The argument follows the pure-state case.
Consider measurement of Z1 with projector Pμ ¼
ðI þ μZ1Þ=2, yielding ρμ ¼ PμρPμ=TrðPμρÞ. In the Choi
representation, jρμ⟫ ∝ ðPμ ⊗ PT

μ Þjρ⟫, so the two-copy
post-measurement Choi state is related to jρ⊗2⟫ by
applying the operator Pμ ⊗ Pμ ⊗ PT

μ ⊗ PT
μ , which com-

mutes with Λ̃. By the same argument as in the pure-state
case, the post-measurement Choi state has support only on
a subset of the eigenvalues originally populated, giv-
ing Λ̃dðρμÞ ≤ Λ̃dðρÞ.
Composing these bounds yields the theorem. ▪
Theorem 8 completes the mixed-state extension of our

framework. In particular, it implies that all the no-go

theorems for Gaussian conversion developed in Sec. VA
extend straightforwardly to mixed states with Λd replaced
by Λ̃d. Likewise, an approximate version can be developed
by closely following the construction of Sec. VI.

VIII. GAUSSIANITY TESTING

In this section, we develop sample-efficient Bell-
sampling protocols for testing whether an unknown state
is an FGS. We first derive two-sided bounds relating the
bridge fidelity FΛ

0—which is directly accessible from Bell
sampling—to the Gaussian fidelity FG of an arbitrary even
pure state. We then use these bounds to construct two
Gaussianity tests: a one-sided test which is optimal among
all two-copy tests with perfect-completeness; and a toler-
ant test that distinguishes states close to Gaussian from
states far from it.

A. Bounds on Gaussian fidelity

A key ingredient for the Gaussianity test is a quantitative
bound relating the bridge fidelity FΛ

0 ðψÞ to the Gaussian
fidelity FG [Eq. (35)], which quantifies the distance of a
state to its closest Gaussian state. We derive this bound via
the second moment of Λ [Eq. (39)], which can be
expressed in terms of the bridge spectral distribution as

MΛðψÞ ¼
1

2

X
λ

pψðλÞλ2: (214)

The first step is to bound FG in terms of MΛ:
Lemma 38. (Gaussian fidelity bounds from MΛ [28]).

For any even pure state ψ ,

1 −MΛðψÞ
2

≤ FGðψÞ ≤ 1 − 1

4

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −MΛðψÞ

n

r !
2

:

(215)

This bound can then be converted into the analogous one
for FΛ

0 , which is what we use in the Gaussianity test.
Lemma 39. (Gaussian fidelity bounds from FΛ

0 ). For any
n-qubit even pure state ψ ,

1 − n2ð1 − ðFΛ
0 ðψÞÞ2Þ ≤ FGðψÞ ≤ FΛ

0 ðψÞ: (216)

Proof. To show the upper bound, let ϕ be the FGS
achieving FGðψÞ ¼ Fðψ ;ϕÞ. Since ϕ is Gaussian,
jϕi⊗2 ∈V0, it is an admissible state in the optimization
defining FΛ

0 ðψÞ:

FΛ
0 ðψÞ ¼ max

Φ∈V0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðψ⊗2;ΦÞ

q
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðψ⊗2;ϕ⊗2Þ

q
¼ Fðψ ;ϕÞ ¼ FGðψÞ: (217)
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To show the lower bound, using λ ≤ 2n we have

MΛðψÞ ¼
1

2

X
λ

pψðλÞλ2 ≤ 2n2
X
λ≠0

pψðλÞ

¼ 2n2ð1 − ðFΛ
0 ðψÞÞ2Þ; (218)

using
P

λ pψðλÞ ¼ 1 and ðFΛ
0 Þ2 ¼ pψð0Þ. Combining with

the lower bound of Lemma 38 gives the claim. ▪
Although it does not enter the Gaussianity test, the

auxiliary quantity MΛ is itself an efficiently estimable
function of the Bell-sampling outcomes, which may be of
independent interest:
Lemma 40. (Estimation of MΛ). Let ψ be an even

pure state. MΛðψÞ can be estimated to accuracy ϵ with
probability at least 1 − δ using

N ¼ O
�
n3

ϵ2
log
�
1

δ

��
(219)

Bell samples from two copies of ψ .
Proof. Run Algorithm 1 for N rounds to obtain i.i.d.

eigenvalues λ1;…; λN ∼ pψ , and form the unbiased esti-
mator M̂¼N−1P

m X̂m with X̂m ¼ λ2m=2. Since jλmj ≤ 2n,
the random variables X̂m satisfy X̂m≤2n2, so X̂2

m ≤ 2n2 X̂m
and

VarðX̂mÞ ≤ E½X̂2
m� ≤ 2n2 E½X̂m� ¼ 2n2 MΛðψÞ ≤ 2n3:

(220)

Thus, by Bernstein’s inequality

Pr ðjM̂ −MΛðψÞj ≥ ϵÞ ≤ 2 exp
�
− Nϵ2

4n3 þ 4
3
n2ϵ

�
: (221)

Requiring the right-hand side to be at most δ, it follows
that MΛðψÞ can be estimated within ϵ accuracy using

N ≥
12n3 þ 4n2ϵ

3ϵ2
log
�
2

δ

�
; (222)

with probability at least 1 − δ. ▪
This worst-case bound can be improved adaptively

when either ΛdðψÞ or MΛðψÞ is small:
Lemma 41. (Adaptive estimation of MΛ). Let ψ be an

even pure state. MΛðψÞ can be estimated to accuracy ϵ
with high probability using

N ¼ Õ
�
Λ2

dðψÞMΛðψÞ
ϵ2

þ n2

ϵ

�
(223)

by an adaptive algorithm, without requiring prior knowl-
edge of ΛdðψÞ.
Proof. The algorithm runs Algorithm 1 sequentially,

computing after each round k the running empirical mean

dMΛk ¼ ð2kÞ−1Pi≤k λ
2
i and empirical variance σ̂2k of the

i.i.d. random variables Xi ≔ λ2i =2. Each sample Xi takes
values in ½0; R� with R ≔ 2n2, since the bridge eigenvalues
satisfy jλij ≤ 2n (Lemma 5).
The empirical Bernstein inequality [111] states that, for

any fixed sample size k and confidence parameter
δ0 ∈ ð0; 1Þ,

PrðjdMΛk −MΛðψÞj > HWðk; δ0ÞÞ ≤ δ0;

HWðk; δ0Þ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ̂2k logð2=δ0Þ

k

s
þ 7R logð2=δ0Þ

3ðk − 1Þ :
(224)

To apply Eq. (224) at an adaptive stopping time, set
δk ≔ 6δ=ðπ2k2Þ so that

P
k≥1 δk ¼ δ; by a union bound,

Eq. (224) then holds simultaneously for all k with
probability at least 1 − δ. The algorithm stops at the first

k for which HWðk; δkÞ ≤ ϵ and outputs dMΛ ≔ dMΛk,

which by Eq. (224) satisfies jdMΛ −MΛðψÞj ≤ ϵ with
probability at least 1 − δ.
It remains to bound the stopping time. The empirical

variance σ̂2k is upper bounded by the true variance σ2 ≔

VarðXiÞ as σ̂2k ≤ σ2 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 logð1=δÞ
2ðk−1Þ

q
þ logð1=δÞ=ðk − 1Þ

[111]. The variance itself is controlled by the bound
jλij ≤ 2ΛdðψÞ,

σ2 ≤ E½X2
i � ≤ ð2Λ2

dðψÞÞ · E½Xi� ¼ 2Λ2
dðψÞMΛðψÞ: (225)

Substituting into Eq. (224) and solving for the smallest k
yields the stopping time of Eq. (223). ▪

B. A Gaussianity test via Bell sampling

We now derive the central operational result of this
section: a sample-efficient Bell-sampling protocol that
decides whether an unknown fermionic pure state is
Gaussian. The test exploits the symmetry characterization
of FGSs: a pure state jψi is Gaussian if and only if its
bridge spectral distribution is supported entirely at eigen-
value λ ¼ 0.
A two-copy Gaussianity test is characterized by a

POVM acceptance operator P with 0 ≤ P ≤ I acting on
H⊗2

n , with acceptance probability paccðρÞ ¼ Trðρ⊗2PÞ on
input ρ. The test has perfect completeness if paccðϕÞ ¼ 1
for every pure FGS ϕ, which (since 0 ≤ P ≤ I) is equiv-
alent to Pjϕi⊗2 ¼ jϕi⊗2 for all FGS ϕ.
We first consider the one-sided version of the testing

problem.
Definition 9. (Gaussianity testing). Given copies of an

even pure state ψ promised to be either
(a) an FGS, or
(b) a state with Gaussian fidelity at most 1 − ϵ,
the Gaussianity testing problem asks to distinguish the two
cases with high probability.
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The testing algorithm is a simple protocol:

Perform Bell sampling on two copies of ψ .
Accept if every observed eigenvalue is 0; reject
if any nonzero eigenvalue is observed.

The sample complexity of this protocol is the content of
the next theorem.
Theorem 9. (Gaussianity test). There exists a quantum

algorithm that solves the fermionic Gaussianity testing
problem (Definition 9) using

N ¼ O
�
n2

ϵ
log
�
1

δ

��
(226)

copies of ψ with success probability at least 1 − δ. The
algorithm has perfect completeness: it always accepts
Gaussian states.
Proof. If ψ is an FGS, then by Eq. (30) all Bell sample

outcomes have eigenvalue λ ¼ 0, and the algorithm always
accepts: the test satisfies perfect completeness.
In case (b), we have FGðψÞ ≤ 1 − ϵ, and by the lower

bound of Lemma 39 together with pψð0Þ ¼ ðFΛ
0 Þ2,

pψð0Þ ¼ ðFΛ
0 ðψÞÞ2 ≤ 1 − ϵ

n2
; (227)

so each Bell sample produces a nonzero eigenvalue with
probability at least ϵ=n2. The probability that allN samples
yield λ ¼ 0 (causing the algorithm to incorrectly accept) is
therefore at most ð1 − ϵ=n2ÞN ≤ e−Nϵ=n2 , which is smaller
than δ for N ≥ ðn2=ϵÞ logð1=δÞ. ▪
Theorem 9 is the fermionic counterpart of the bosonic

Gaussianity test of Ref. [81]. It has the advantage of being
experimentally accessible, since Bell sampling is imple-
mentable by a constant-depth two-copy Clifford or match-
gate circuit, whereas the bosonic test is not known to admit
a practical implementation.
Moreover, the test is optimal among all two-copy tests

with perfect completeness, in the following sense: for any
perfectly complete acceptance operator P and any even
pure state ψ ,

Trðψ⊗2Π0Þ ≤ Trðψ⊗2 PÞ: (228)

This follows from a general fact established in Ref. [81,
Lemma 2.1]: in a k-copy property-testing setting with
perfect completeness on a class P of pure states, the
optimal acceptance operator is the projection onto the span
of fjϕi⊗k∶ ϕ∈Pg. In our case (k ¼ 2, with P the set of
pure FGSs), this span equals V0: by Lemma 10,

T ð2Þ
Mn
ðjϕihϕj⊗2Þ ¼ Π0= dimV0 for any pure FGS ϕ, so

the span of jϕi⊗2 equals V0. The optimal acceptance
operator is therefore Π0, which is precisely the POVM
implemented by one round of Bell sampling on ψ⊗2 since
the latter accepts with probability pψð0Þ ¼ Trðψ⊗2Π0Þ.

The factor n2 in Theorem 9 originates from the worst-
case bound of Lemma 9. A particularly intriguing question
is whether Gaussianity testing is possible with a sample
complexity independent of the system size. Using the
bridge degree, we next show that this is the case for states
generated by few non-Gaussian gates.
Theorem 10. (Gaussianity testing for t-doped Gaussian

states). Let ψ be an even pure t-doped Gaussian state. Then
the Gaussianity testing problem (Definition 9) can be
solved with success probability at least 1 − δ using

N ¼ O
�
t2

ϵ
log
�
1

δ

��
(229)

copies of ψ , independently of the system size n. The
algorithm has perfect completeness.
Proof. By Corollary 4 we have ΛdðψÞ ≤ 4t, so pψ is

supported on jλj ≤ 2ΛdðψÞ ≤ 8t. Hence, using Eq. (214),

MΛðψÞ ¼
1

2

X
λ≠0

λ2 pψðλÞ ≤
ð8tÞ2
2

X
λ≠0

pψðλÞ

¼ 32 t2ð1 − pψð0ÞÞ; (230)

while the lower bound of Lemma 38 reads MΛðψÞ ≥
2ð1 − FGðψÞÞ. Combining the two inequalities,

1 − pψð0Þ ≥
1 − FGðψÞ

16 t2
: (231)

In case (b) of Definition 9 we have FGðψÞ ≤ 1 − ϵ, so
each Bell sample yields a nonzero eigenvalue with prob-
ability at least ϵ=ð16t2Þ. Thus the testing algorithm of
Theorem 9, which has perfect completeness, applies
verbatim with n replaced by 4t, yielding the stated sample
complexity. ▪
Note that since the non-Gaussian gates can be chosen to

be “weak,” Theorem 10 covers states arbitrarily close to
the set of Gaussian states, which should intuitively be the
most difficult to distinguish from Gaussian. We therefore
conjecture that the restriction to few non-Gaussian gates is
not necessary. This would make the sample complexity of
the test independent of the system size in general, as is the
case for stabilizer testing [48], and would yield a corre-
spondingly improved version of Theorem 9. An analogous
statement has been established in the bosonic setting for
states close to the Gaussian set in fidelity [81].
We next consider the tolerant version of the testing

problem:
Definition 10. (Tolerant Gaussianity testing). Given

parameters 0 ≤ α < β ≤ 1 and copies of an even pure
state ψ promised to be either
(a) FGðψÞ ≥ 1 − α, or
(b) FGðψÞ ≤ 1 − β,
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the tolerant Gaussianity testing problem asks to distinguish
the two cases with high probability.
Theorem 11. (Tolerant Gaussianity test). For any 0 ≤

α < β ≤ 1 such that ε ≔ β=n2 − 2α > 0 and α ¼ OðεÞ,
there exists a quantum algorithm that solves the tolerant
Gaussianity testing problem (Definition 10) with success
probability at least 1 − δ, using

N ¼ O
�

n2

β − 2αn2
logð1=δÞ

�
(232)

copies of ψ .
Proof. Run Algorithm 1 for k rounds and let Xi ≔

1fλi ¼ 0g∈ f0; 1g be the indicator of observing λ ¼ 0 in
round i. The Xi are i.i.d. with E½Xi� ¼ pψð0Þ ¼ ðFΛ

0 ðψÞÞ2.
By Lemma 39, case (a) of Definition 10 forces pψð0Þ ≥
ð1 − αÞ2 ≥ 1 − 2α≕pA, while case (b) forces pψð0Þ ≤
1 − β=n2≕pB. By assumption, the gap pA − pB ¼ ε is
positive, and 1 − pA ¼ 2α ¼ OðεÞ, placing the test in the
high-acceptance regime. The test outputs accept if and
only if p̂0 ≔ k−1

P
i Xi ≥ ðpA þ pBÞ=2. Lemma 9 of

Ref. [81] then gives that

k ¼ O
�
1

ε
log
�
1

δ

��
(233)

samples suffice for success probability at least 1 − δ;
substituting ε ¼ β=n2 − 2α gives Eq. (232). ▪
We note that an alternative tolerant Gaussianity test can

be constructed using the second moment MΛðψÞ in place
of pψð0Þ, by combining the two-sided bound of Lemma 38
with the adaptive estimator of Lemma 41. The MΛ-based
variant, however, requires the stricter promise gap
α < β2=ð4n2Þ rather than α < β=ð2n2Þ. Finally, we remark
that the sample complexity of either variant could be
further improved by sharpening the underlying inequalities
relating MΛ or pψð0Þ to the Gaussian fidelity FG.

IX. CERTIFYING MATCHGATE-INVARIANT
STATE 2-DESIGNS

The lower bounds of Sec. V C tell us how many non-
Gaussian gates must be present in any state design.
The complementary question is whether, given a candi-
date ensemble, one can certify from experimental data that
it is in fact an approximate 2-design. In general the
corresponding decision problem is not known to admit
an efficient quantum algorithm; partial complexity-
theoretic characterization in this direction is provided in
Ref. [71]. In this section we show that, for a natural class of
structured ensembles—the matchgate-invariant ones—the
certification problem reduces to an efficient task, solvable
from polyðnÞ Bell samples. The key technical object is the
ensemble-averaged bridge spectral distribution

pEðλÞ ≔ Eψ∼E½pψðλÞ�; (234)

which encodes the second-order matchgate-invariant con-
tent of E and is directly sampled by ensemble Bell
sampling.
Definition 11. (Matchgate-invariant ensemble). An

ensemble E of even pure states on n qubits is match-
gate-invariant if its ensemble-averaged two-copy state is
invariant under the matchgate twirl:

T ð2Þ
Mn
ðEψ∼E½ψ⊗2�Þ ¼ Eψ∼E½ψ⊗2�: (235)

A natural and broad family of matchgate-invariant
ensembles is given by matchgate orbits: starting from
any ensemble E0 of even pure states, draw ψ ∼ E0 and
conjugate by an independent Haar-random matchgate. The
resulting ensemble is matchgate-invariant by construction,
since averaging over Haar-random matchgates is precisely

the matchgate twirl T ð2Þ
Mn

applied to Eψ0∼E0 ½ψ⊗2
0 �.

For any matchgate-invariant ensemble, Definition 11
together with Lemma 8 gives the expansion

Eψ∼E½ψ⊗2� ¼ T ð2Þ
Mn
ðEψ∼E½ψ⊗2�Þ ¼

X
λ∈A

pEðλÞ
Πλ

ð 2n
nþλ=2Þ

:

(236)

Combining with the analogous decomposition of the
Haar-twirled state in Eq. (111) yieldsDðEÞ in closed form:

DðEÞ ¼ TVðpE; pHÞ ¼
1

2

X
λ∈A

jpEðλÞ − pHðλÞj: (237)

Certifying that E is an ϵ-approximate 2-design therefore
reduces to estimating TVðpE; pHÞ from Bell-sampling
data. The corresponding measurement primitive is the
natural ensemble extension of Algorithm 1: at each round,
draw a fresh ψ ∼ E and run Bell sampling on ψ⊗2;
marginalizing over the ensemble draw, the outcome is
distributed as pE.
From this protocol we address two complementary

certification tasks. The first is approximate 2-design
testing: deciding whether DðEÞ ≤ α or DðEÞ ≥ αþ ϵ.
The second is exact 2-design testing: deciding whether
DðEÞ ¼ 0 or DðEÞ ≥ ϵ, which admits a tighter sample
bound. For the approximate task, our route is to first
estimate DðEÞ to additive accuracy ϵ; the resulting sample
complexity is the content of the next lemma.
Lemma 42. (Efficient estimation of DðEÞ). For any

matchgate-invariant ensemble E of even pure states, DðEÞ
can be estimated to additive accuracy ϵ with probability at
least 1 − δ using
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N ¼ O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞp þ logð1=δÞ
ϵ2

�
(238)

runs of Algorithm 3.
The estimation procedure underlying Lemma 42 is

summarized as Algorithm 4.
Proof. Algorithm 3 provides i.i.d. samples from pE,

suggesting an immediate strategy by estimating DðEÞ ¼
TVðpE; pHÞ from its empirical version. By a standard
result on learning discrete distributions in total variation
distance [112], this naive estimator has sample complexity
Oðn=ϵ2Þ, due to the support size jAj ¼ OðnÞ. We improve
this toOð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞp
=ϵ2Þ by exploiting the concentration

of pH on an interval of width Oð ffiffiffi
n

p Þ around the origin, as
established in Lemma 19. It thus suffices to estimate the
empirical distribution accurately only on this much
smaller bulk.
From the tail bound of Lemma 21,

pHðjλj > TÞ ≤ ð4þ 22−nÞe−T2=ð4nÞ; (239)

we fix the truncation threshold

T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n logð9=ϵÞ

p
; (240)

so that pHðjλj > TÞ ≤ ϵ=2 for sufficiently large n.
Partition the support into

Abulk ≔ A ∩ ½−T; T�; Atail ≔ AnAbulk;

K ≔ jAbulkj ¼ Oð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logð1=ϵÞ

p
Þ: (241)

This partition decomposes the total variation distance as
DðEÞ ¼ Dbulk þDtail, where

Dbulk ≔
1

2

X
λ∈Abulk

jpEðλÞ − pHðλÞj;

Dtail ≔
1

2

X
λ∈Atail

jpEðλÞ − pHðλÞj: (242)

The bulk piece Dbulk will be estimated directly from
the empirical distribution; the tail piece Dtail admits,
via the identity ja − bj ¼ ðaþ bÞ − 2 minða; bÞ, the exact
decomposition

Dtail ¼
1

2
ðpEðAtailÞ þ pHðAtailÞÞ − R;

R ≔
X

λ∈Atail

minðpEðλÞ; pHðλÞÞ; (243)

with 0 ≤ R ≤ pHðAtailÞ ≤ ϵ=2. The strategy is therefore to
estimate the explicit upper bound Dup

tail ≔
1
2
ðpEðAtailÞ þ

pHðAtailÞÞ from the empirical distribution, leaving a
deterministic bias given by the residual R of at most ϵ=2.
Concretely, we run Algorithm 3 for N rounds to obtain

λ1;…; λN ∼ pE, form the empirical distribution
p̂λ ≔ N−1P

j 1fλj ¼ λg, and define the estimator

D̂ ≔ D̂bulk þ D̂up
tail;

D̂bulk ≔
1

2

X
λ∈Abulk

jp̂λ − pHðλÞj;

D̂up
tail ≔

1

2
ðp̂ðAtailÞ þ pHðAtailÞÞ: (244)

Note that pHðAtailÞ is a deterministic quantity, computed
from Eq. (112) [or upper bounded via Eq. (128)]; only p̂
depends on the sampling data. We have the error decom-
position

D̂ −D ¼ ðD̂bulk −DbulkÞ þ ðD̂up
tail −Dup

tailÞ þ R; (245)

which we bound term by term.

ALGORITHM 3. Ensemble Bell sampling for the bridge
spectral distribution.

Input: N ≥ 1, and oracle access to an ensemble E of even pure
states.

Output: eigenvalues ðλ1;…; λNÞ∈ ð8ZÞN drawn i.i.d. from pE.
The empirical ensemble-averaged bridge spectral distribution
is p̂EðλÞ ≔ N−1PN

k¼1 1fλk ¼ λg.
1: for k ¼ 1;…; N do
2: Draw ψk ∼ E and prepare two fresh copies of ψk.
3: Run Algorithm 1 once on ψ⊗2

k to obtain an eigenvalue λk.
4: end for
5: return ðλ1;…; λNÞ.

ALGORITHM 4. Estimator for DðEÞ.
Input: accuracy ϵ∈ ð0; 1Þ, failure probability δ∈ ð0; 1Þ, oracle
access to a matchgate-invariant ensemble E.

Output: D̂ satisfying jD̂ −DðEÞj ≤ ϵ with probability at least
1 − δ.

1: Set bulk threshold T ← ⌈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n logð9=ϵÞp

⌉ and partition
Abulk ← A ∩ ½−T; T�, Atail ← AnAbulk, with bulk size
K ← jAbulkj ¼ 2bT=8c þ 1.

2: Set sample count N ← ⌈ð2K þ 9 logð4=δÞÞ=ϵ2⌉.
3: Run Algorithm 3 for N rounds to obtain λ1;…; λN ∼ pE.
4: Form the empirical distribution p̂λ ← N−1PN

j¼1 1fλj ¼ λg
for λ∈Abulk, and p̂ðAtailÞ ← N−1PN

j¼1 1fλj ∈Atailg.
5: Compute the bulk estimate D̂bulk ←

1
2

P
λ∈Abulk

jp̂λ − pHðλÞj
using the closed form Eq. (112) for pH.

6: Compute the tail upper bound D̂up
tail ←

1
2
ðp̂ðAtailÞ þ

pHðAtailÞÞ using the closed form Eq. (112) for pH.

7: return D̂ ← D̂bulk þ D̂up
tail.
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For the bulk, the triangle inequality yields

jD̂bulk −Dbulkj ≤
1

2

X
λ∈Abulk

jp̂λ − pEðλÞj ¼: TVbulkðp̂; pEÞ:

(246)

We bound the expected value of each summand as

Ejp̂λ − pEðλÞj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E½ðp̂λ − pEðλÞÞ2�

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N
pEðλÞð1 − pEðλÞÞ

r
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pEðλÞ=N

p
;

(247)

where we used Jensen’s inequality in the first inequality.
By the Cauchy-Schwarz inequality,

E½TVbulkðp̂; pEÞ� ≤
1

2

X
λ∈Abulk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pEðλÞ=N

p
≤
1

2

ffiffiffiffiffiffiffiffiffiffi
K=N

p
:

(248)

The map ðλ1;…; λNÞ ↦ TVbulkðp̂; pEÞ has bounded
differences≤ 1=N, so McDiarmid’s inequality [113] gives,
with probability at least 1 − δ=2,

jD̂bulk −Dbulkj ≤
1

2

ffiffiffiffiffiffiffiffiffiffi
K=N

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð4=δÞ

2N

r
: (249)

For the tail, the deviation D̂up
tail −Dup

tail ¼ 1
2
ðp̂ðAtailÞ −

pEðAtailÞÞ can be bounded by Hoeffding’s inequality,
yielding

jD̂up
tail −Dup

tailj ≤
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð4=δÞ

2N

r
; (250)

with probability at least 1 − δ=2. The residual term R in
Eq. (245) is deterministic and satisfies 0 ≤ R ≤ ϵ=2.
Combining Eqs. (249) and (250), by the triangle

inequality, we obtain that with probability at least 1 − δ,

jD̂ −Dj ≤ 1

2

ffiffiffiffiffiffiffiffiffiffi
K=N

p
þ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð4=δÞ

2N

r
þ ϵ

2
: (251)

Requiring the right-hand side to be at most ϵ and
applying

ffiffiffi
x

p þ ffiffiffi
y

p ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðxþ yÞp

to the two square-root
terms yields the sufficient condition

N ≥
2K þ 9 logð4=δÞ

ϵ2
¼ O

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logð1=ϵÞp þ logð1=δÞ

ϵ2

�
;

(252)

which is Eq. (238). ▪

Exploiting the estimator from Lemma 42 immediately
yields a tolerant tester for the approximate 2-design
property, with the same Õð ffiffiffi

n
p

=ϵ2Þ scaling.
Theorem 12. (Testing of approximate 2-design). Let E

be a matchgate-invariant ensemble of even pure states,
where it is promised that

either ðaÞ DðEÞ ≤ α; or ðbÞ DðEÞ ≥ β;

for 0 ≤ α < β ≤ 1. Then, there exists a Bell-sampling-
based algorithm that, using

N ¼ O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ðβ − αÞp Þ þ logð1=δÞ
ðβ − αÞ2

�
; (253)

runs of Algorithm 3, distinguishes case (a) and (b) with
probability at least 1 − δ.
Proof. Set ϵ ¼ ðβ − αÞ=2 and run the estimator from

Lemma 42 at additive accuracy ϵ and failure probability δ;
this requires N runs of Algorithm 3 as in Eq. (253). Let D̂
denote the resulting estimate. We then make the following
decision: if D̂ ≤ ðαþ βÞ=2 then we output (a), other-
wise (b).
By Lemma 42, jD̂ −Dj ≤ ϵ ¼ ðβ − αÞ=2 with proba-

bility at least 1 − δ. Conditioning on this event:
(i) If D ≤ α, then D̂ ≤ αþ β−α

2
¼ αþβ

2
, so the algorithm

outputs (a);
(ii) If D ≥ β, then D̂ ≥ β − β−α

2
¼ αþβ

2
, so the algorithm

outputs (b).
This completes the proof. ▪
For the exact 2-design test, we obtain a tighter bound, as

shown below.
Theorem 13. (Testing of exact 2-design). Let E be a

matchgate-invariant ensemble of even pure states where it
is promised that

either ðaÞ DðEÞ ¼ 0; or ðbÞ DðEÞ ≥ ϵ;

for ϵ > 0. Then, there exists a Bell-sampling-based algo-
rithm that uses

N ¼ O
�
n1=4

ϵ2
logð1=δÞ

�
(254)

runs of Algorithm 3 to distinguish case (a) and (b) with
probability at least 1 − δ.
Proof. Algorithm 3 provides i.i.d. samples frompE, sowe

can directly invoke the optimal identity tester of Ref. [114],
which distinguishes pE ¼ pH from TVðpE; pHÞ ≥ ϵ with
probability at least 1 − δ using OðkpHk2=3 ϵ−2 logð1=δÞÞ
samples. It therefore suffices to bound kpHk2=3 ¼ Oðn1=4Þ,
which we do in Lemma 43 below. ▪
Lemma 43. (l2=3 norm of the Haar bridge spectral

distribution). There is an absolute constant C > 0 such
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that, for sufficiently large n,

kpHk2=32=3 ≔
X
λ∈A

pHðλÞ2=3 ≤ Cn1=6; (255)

and consequently kpHk2=3 ¼ Oðn1=4Þ.
Proof. Set w ≔ 2

ffiffiffiffiffiffi
2n

p
and partition the support of pH

into intervals

B0 ≔ fλ∈ 8Z ∶ jλj ≤ wg;
Bk ≔ fλ∈ 8Z ∶ kw < jλj ≤ ðkþ 1Þwg for k ≥ 1;

(256)

which form a disjoint cover of 8Z ∩ ½−2n; 2n�. Each
interval contains at most jBkj≤ 2w

8
þ1¼ ffiffiffiffiffiffiffiffi

n=2
p þ1≤

ffiffiffi
n

p
points for n ≥ 12.
By Lemma 21,

pHðBkÞ ≤ pHðjλj > kwÞ ≤ ð4þ 22−nÞe−k2 for k ≥ 1;

(257)

while pHðB0Þ ≤ 1 trivially. By Hölder’s inequality,X
λ∈Bk

pHðλÞ2=3 ≤ jBkj1=3 pHðBkÞ2=3 ≤ n1=6 pHðBkÞ2=3:

(258)

Summing over k ≥ 0,

X
λ

pHðλÞ2=3≤n1=6
�
1þð4þ22−nÞ2=3

X
k≥1

e−2k2=3
�
≤Cn1=6;

(259)

since the series converges to an absolute constant. This
proves Eq. (255). ▪
These results, together with those of Sec. V C, give a

complete operational picture of fermionic state designs in
both the exact and approximate cases.
Exact designs. Any t-doped Gaussian protocol generat-

ing an exact state 2-design must produce at least one state
requiring ΩðnÞ non-Gaussian gates (Corollary 6), and the
property of being an exact 2-design can be certified from
Oðn1=4=ϵ2Þ Bell samples (Theorem 13).
Approximate designs. Any t-doped Gaussian protocol

generating an ϵ-approximate state 2-design requires
Ωð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞp Þ non-Gaussian gates with probability at
least 2ϵ over the ensemble (Theorem 4, valid for
ϵ ≥ C�=

ffiffiffi
n

p
); equivalently, any state ψ with ΛdðψÞ ¼

oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logð1=ϵÞp Þ has its matchgate orbit at trace distance

> ϵ from the Haar-random state. On the certification
side, DðEÞ can be estimated to additive accuracy ϵ from
Õð ffiffiffi

n
p

=ϵ2Þ Bell samples (Lemma 42), with a correspond-
ing tolerant testing procedure (Theorem 12).

X. DISCUSSION AND OPEN PROBLEMS

A. Discussion

We have developed a unified resource-theoretic and
operational framework for fermionic non-Gaussianity,
organized around two structural pillars: the bridge spectral
distribution pψðλÞ, which encodes the matchgate-invariant
content of the two-copy state jψi⊗2, and Bell sampling,
which gives direct experimental access to this distribution
from a constant-depth two-copy Clifford or matchgate
circuit. Every empirically accessible non-Gaussianity
quantifier in this framework is a closed-form functional
of pψ , and each of our operational applications follows
from a structural property of this single object. The
second-order matchgate commutant, accessed through
Bell sampling, thereby reduces a host of structural and
computational questions about fermionic non-Gaussianity
to statistical questions about pψ .
The main results of this work can be summarized as

follows. We introduce the bridge degree and prove that it is
a bona fide non-Gaussianity monotone under post-selected
Gaussian protocols. The resulting structural constraints
yield strong no-go theorems for Gaussian conversion and
establish that the resource theory of fermionic non-
Gaussianity is strictly irreversible in the exact-conversion
setting. As a concrete operational consequence, we obtain
non-Gaussian gate-count lower bounds for fermionic state
designs: any exact state 2-design contains a state requiring
ΩðnÞ non-Gaussian gates, and any ϵ-approximate state
2-design contains states requiring Ωð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n logð1=ϵÞp Þ non-
Gaussian gates with high probability over the ensemble.
We further develop an approximate variant of the bridge
degree that is robust under perturbation and admits an
efficiently computable lower bound, through which the
single-shot magic-state cost of any non-Gaussian state can
be lower-bounded directly from Bell-sampling data. We
then extend the framework to mixed states via a Choi-
based construction, with structural properties analogous to
those of the pure-state version. Finally, Bell sampling
alone yields two concrete algorithmic protocols, both with
polynomial sample complexity: (i) a Gaussianity test
with perfect completeness, optimal among two-copy tests
with this property; and (ii) a certification protocol for the
state 2-design property of matchgate-invariant ensembles,
in both the exact and approximate cases.

B. Open problems

Our work opens several research directions.
Connections to classical simulability. A natural direc-

tion concerns the connection of the bridge degree to
classical simulability. We have shown that the bridge
degree lower bounds the number of non-Gaussian gates
required to prepare a state, but whether this gives an
efficient simulation cost remains open. Establishing that a
small bridge degree implies efficient classical simulation
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would identify the bridge degree as the unifying complex-
ity parameter of fermionic non-Gaussian computation.
Experimental applications. On the experimental side,

the bridge degree is a compelling candidate for bench-
marking and comparing the non-Gaussianity of fer-
mionic platforms—an area that has so far lacked such
a tool. The hardware efficiency of Bell sampling makes
the methods developed here directly applicable across a
wide range of fermionic architectures, and we expect
them to enable the first experiments witnessing non-
Gaussianity on near-term fermionic devices, such as
ultracold atoms in optical lattices [16–21] and digital
quantum computers [22–24].
Mixed-state algorithm.While our results provide a clean

pure-state theory with efficient measurement protocols,
the mixed-state counterpart is comparatively limited: the
mixed-state bridge spectral distribution is not directly
accessible from copies of the state via Bell sampling.
Nevertheless, for global depolarizing noise, we show that
error mitigation can reconstruct the ideal bridge spectral
distribution from Bell-sampling data. Extending this
approach to broader and more realistic noise models—
or developing an efficient quantum algorithm that samples
from or estimates the mixed-state bridge spectral
distribution—would extend the experimental reach of
the framework to noisy quantum devices.
Mixed-state monotones and witnesses. A central open

question is to develop mixed-state non-Gaussianity monot-
ones and witnesses, particularly ones that are experimen-
tally accessible. On the monotone side, no efficiently
computable mixed-state monotone is currently known.
A related question is whether membership in the con-
vex-Gaussian set can be decided efficiently; a negative
answer would rule out any efficiently computable faithful
monotone for this set. On the witnessing side, our fidelity
witness applies to mixed states, but it requires prior
knowledge of a state with which the experimentally
prepared state is expected to have high fidelity, for
example an intended pure target with an efficient classical
description. Constructing state-agnostic witnesses that
certify mixed-state non-Gaussianity without such prior
information would therefore be especially valuable,
following recent developments in non-stabilizerness
[57,115,116] and entanglement [117–120].
Sample-optimal Gaussianity testing. A natural question

in property testing is whether constant-copy (independent
of n) Gaussianity testing is possible. A hint in this
direction comes from the parallel with stabilizer-state
testing: a similar Bell-sampling-based strategy is known
to test stabilizer states with a constant number of copies
[48]. Theorem 10 provides partial evidence that the same
holds here, achieving such a rate for states generated by
few non-Gaussian gates, and motivates the conjecture of
that a system-size-independent sample complexity holds
for general states. Whether this conjecture holds—or

whether some dependence on n is unavoidable—remains
open. For the tolerant variant, an analogous question
concerns the regime of validity: our test is applicable
under the assumption that the input state is within Oð1=nÞ
trace distance of an FGS in the accept case. Whether the
test can be extended to a constant-gap regime is an
intriguing direction.
Extensions of design properties. Our state-design results

concern ensembles of states produced by t-doped Gaussian
circuits; a natural extension is to study the unitary-design
property of t-doped Gaussian circuits themselves, as well as
alternative notions of approximation such as relative error.
A further direction is to extend the analysis to higher-order
matchgate commutants ComkðMnÞ for k ≥ 3, whose struc-
ture has only recently been characterized [93,94,121]; a
natural question is a k-copy analogue of the bridge spectral
distribution, which would open the door to a structural
analysis of higher-order state and unitary designs.

Note added.While completing this manuscript, we became
aware of the independent work of Ref. [122], which
considers the same two-copy Bell-sampling Gaussianity
test with perfect completeness and establishes Oðn2=ϵÞ
sample complexity, with the bound subsequently improved
toOðn=ϵÞ in v3 of their preprint. We additionally establish
that this test is optimal among two-copy tests with perfect
completeness, give system-size-independent bound for
states generated by few non-Gaussian gates, and extend
it to the tolerant regime. Beyond this overlap, the two
works address different aspects of fermionic
non-Gaussianity.
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APPENDIX A: CONNECTION TO
GENERALIZED PLÜCKER HIERARCHIES

The bridge degree induces a natural hierarchy of even
pure states through the nested sets F k ≔ fψ∶ ΛdðψÞ ≤ kg,
with F 0 the pure FGSs and F 4bn=4c the full even Hilbert
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space. A structurally similar hierarchy has been introduced
in the particle-preserving setting by Ref. [99], which we
now recall and connect to our framework. Defining the
operator [123]

Ω ≔
Xn
r¼1

ψr ⊗ ψ†
r (A1)

acting on two copies, a pure state jψi is a Slater
determinant if and only if it satisfies the Plücker
relations [123,124]

Ωjψi⊗2 ¼ 0. (A2)

Reference [99] introduces the generalized Plücker
relations

Ωkjψi⊗2 ¼ 0; k ≥ 1; (A3)

whose solution sets Gk form a nested chain G1 ⊆ G2 ⊆ � � �,
recovering the Slater determinants at k ¼ 1 and exhausting
the particle-preserving Hilbert space at k ¼ nþ 1.
Motivated by the parallel with the bridge-degree hier-

archy, we define the Plücker degree of jψi as the smallest k
for which jψi∈Gkþ1. Adapting the techniques developed
here for the bridge degree (Theorem 1), the Plücker degree
can be shown to be a monotone under particle-preserving
Gaussian protocols. In particular, monotonicity under
post-selected occupation-number measurements follows
from the commutativity ½Ω; Pμ ⊗ Pμ� ¼ 0, which implies
that the post-selected state is always in Gk whenever
jψi∈Gk—the particle-preserving counterpart of the rela-
tion driving the bridge-degree monotonicity proof. This
endows the hierarchy of Ref. [99] with a resource-theoretic
interpretation.

APPENDIX B: CERTIFYING THE BRIDGE
DEGREE UNDER GLOBAL
DEPOLARIZING NOISE

As discussed in the main text, the mixed-state bridge
spectral distribution is not directly accessible from Bell
sampling on copies of a mixed state ρ. Nevertheless, when
the mixedness arises from global depolarizing noise acting
on an underlying pure state, the bridge spectral distribution
of the ideal state can be recovered by error mitigation.
Global depolarizing noise is a standard and experimentally
well-motivated model, as it captures the effective noise of
many noisy quantum processors [46,125–127]. In this
appendix, we first show that Bell sampling on the noisy
state yields a convex combination of the ideal bridge
spectral distribution and a known noise contribution. This
decomposition can then be inverted to reconstruct the ideal
bridge spectral distribution from the measured data.
Finally, we present a certification algorithm that uses

the error-mitigated distribution to obtain a lower bound
on the bridge degree of the underlying pure state.

1. Error mitigation of the bridge spectral distribution

We consider the globally depolarized state

ρ ¼ ð1 − pÞjψihψ j þ p
I
d
; (B1)

where jψi is an even pure state and p∈ ½0; 1�. Our goal is to
recover the bridge spectral distribution of the noise-free
state jψi from measurements on the noisy state ρ. The
Bell-sampling primitive (Algorithm 1) applied to two
copies of ρ produces outcome λ with probability

pρðλÞ ≔ Tr½Πλ ρ
⊗2�: (B2)

We emphasize that pρðλÞ is the probability distribution
associated with the physical two-copy measurement and
should not be confused with the mixed-state bridge
spectral distribution p̃ρ defined in Eq. (194).
We now show that, for every even λ∈ ½−2n; 2n�,
pρðλÞ¼ηpψðλÞþð1−ηÞpIðλÞ; η≔ ð1−pÞ2; (B3)

where pI is the bridge spectral distribution of the max-
imally mixed state I=d,

pIðλÞ ≔ Tr½Πλ ðI=dÞ⊗2� ¼ 1

4 n

�
2n

nþ λ=2

�
: (B4)

To show this, we expand

ρ⊗2¼ð1−pÞ2ψ⊗2þð1−pÞp
�
ψ⊗

I
d
þ I
d
⊗ψ

�
þp2

�
I
d

�
⊗2

; (B5)

and take the overlap with Πλ. The first term gives
Tr½Πλ ψ

⊗2� ¼ pψðλÞ and the last term gives pIðλÞ by
definition, while the two cross terms are equal by the
exchange symmetry of Πλ and reduce to Tr½Πλðψ ⊗ I

dÞ� ¼
1
d hψ jðTr2ΠλÞjψi. Since the eigenbasis of Λ consists of
tensor products of Bell states (Lemma 1), each of which is
maximally entangled across the two copies with single-
copy reduced state I=d, thus yielding Tr2Πλ¼ðdimVλ=dÞI
where dimVλ ¼ ð 2n

nþλ=2Þ. Hence, the cross term equals

dimVλ=d2 ¼ pIðλÞ. Collecting the three contributions
then gives Eq. (B3) with η ¼ ð1 − pÞ2.
Inverting Eq. (B3), the bridge spectral distribution of the

ideal state jψi can be reconstructed from the measured
distribution pρ, yielding the error-mitigated distribution
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pmtg
ψ ðλÞ ¼ pρðλÞ − ð1 − ηÞpIðλÞ

η
; (B6)

for every λ∈A. The parameter η can also be estimated
directly from the same Bell-sampling data. Since the
purity of the noisy state satisfies Trρ2 ¼ ηþ ð1 − ηÞ=d,
we obtain

η ¼ dTrρ2 − 1

d − 1
: (B7)

The purity can be written as Trρ2 ¼ Tr½Sρ⊗2�, with S
the SWAP operator, whose expectation value is directly
accessible through Bell sampling. Alternatively, η can be
extracted from any “forbidden” sector with λ ∉ 8Z.
Indeed, for an even state, pψðλÞ ¼ 0 in these sectors by
Lemma 5, and Eq. (B3) simplifies to pρðλÞ¼ð1−ηÞpIðλÞ,
giving η ¼ 1 − pρðλÞ=pIðλÞ. Thus, the entire mitigation
procedure consists solely of classical post-processing of
the Bell-sampling data. The resulting error-mitigated
version of Algorithm 1 is therefore straightforward:
perform Bell sampling on two copies of ρ, estimate pρ

and η, and reconstruct the mitigated distribution
using Eq. (B6).

2. Error-mitigated lower bound
on the bridge degree

We now show how to witness the bridge degree in the
presence of global depolarizing noise via error mitigation.
Under depolarizing noise, every eigenvalue sector acquires
a nonzero contribution from pIðλÞ, including sectors that
are unpopulated in the ideal distribution pψ . Nevertheless,
the support of the noise-free distribution can still be
identified from the measured distribution through the
criterion

pψðλÞ > 0⟺pρðλÞ > ð1 − ηÞpIðλÞ: (B8)

It follows that the bridge degree of the underlying noise-
free state is given by

ΛdðψÞ ¼ max
�jλj
2

∶ pρðλÞ > ð1 − ηÞpIðλÞ
�
: (B9)

This provides the error-mitigated analog of the empiri-
cal bridge-degree estimator Λ̂d ¼ 1

2
maxkjλkj [Eq. (76)].

Specifically, the occupied sectors of the noise-free state can
be identified by checking whether pρðλÞ > ð1 − ηÞpIðλÞ.
We introduce a statistically robust finite-sample procedure,
summarized in Algorithm 5, which yields a certified lower
bound on the bridge degree with high probability.
The key quantity is the empirical residual

r̂ðλÞ ¼ p̂ρðλÞ − ð1 − η̂ÞpIðλÞ; (B10)

which estimates the ideal contribution rðλÞ ¼
pρðλÞ − ð1 − ηÞpIðλÞ ¼ ηpψðλÞ. A sector λ∈A is certified
as populated whenever r̂ðλÞ exceeds a confidence
threshold. The error-mitigated bridge-degree estimator
Λ̂mtg

d is then defined as the largest certified sector, which
provides a lower bound on the true bridge degree. The
following proposition proves the correctness of the
procedure.
Proposition 1. (Validity of the error-mitigated bridge

degree lower bound). Under the global depolarizing model
of Eq. (B1) with p < 1, the output of Algorithm 5 satisfies
Λ̂mtg

d ≤ ΛdðψÞ with probability at least 1 − α.
Proof. Define the residual

rðλÞ ≔ pρðλÞ − ð1 − ηÞpIðλÞ ¼ ηpψðλÞ; (B11)

where the second equality follows from Eq. (B3). Hence,
rðλÞ ≥ 0, with equality if and only if pψðλÞ ¼ 0 (since
η ¼ ð1 − pÞ2 > 0).
Applying the Bell-sampling primitive (Algorithm 1) N

times to two copies of ρ produces eigenvalues
λ1;…; λN, whose empirical distribution is p̂ρðλÞ ¼
N−1PN

k¼1 1fλk ¼ λg. For each outcome λk, define

XðλÞ
k ¼ 1fλk ¼ λg − pIðλÞ

Q0
f

1fλk ∉ 8Zg; (B12)

ALGORITHM 5. Error-mitigated bridge degree lower bound
under global depolarizing noise.

Input: N ≥ 1, access to 2N identical copies of an even state ρ on
n qubits, and confidence level α∈ ð0; 1Þ.

Output: Λ̂mtg
d , which under the global depolarizing model of

Eq. (B1) satisfies Λ̂mtg
d ≤ ΛdðψÞwith probability at least 1 − α.

1: Run Algorithm 1 on 2N copies of ρ to obtain ðλ1;…; λNÞ,
and form the empirical distribution
p̂ρðλÞ ← N−1PN

k¼1 1fλk ¼ λg.
2: Compute the maximally-mixed distribution pIðλÞ ←

4−nð 2n
nþλ=2Þ [Eq. (B4)] for all even λ∈ ½−2n; 2n�.

3: From the forbidden sectors form Q̂f ←
P

λ∉8Z p̂ρðλÞ and
the known Q0

f ←
P

λ∉8Z pIðλÞ, and set η̂ ← 1 − Q̂f=Q0
f.

4: Set S ← jAj.
5: Initialize the certified set C ← ∅.
6: for λ∈A do
7: Set the certification margin

δλ ← ð1þ pIðλÞ=Q0
fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðS=αÞ=ð2NÞp

.
8: if p̂ρðλÞ − ð1 − η̂ÞpIðλÞ > δλ then
9: C ← C ∪ fλg.
10: end if
11: end for
12: return Λ̂mtg

d ← 1
2
maxfjλj∶ λ∈ Cg, or 0 if C ¼ ∅.
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where Q0
f¼
P

λ∉8ZpIðλÞ. Then r̂ðλÞ¼N−1PN
k¼1X

ðλÞ
k is an

unbiased estimator for rðλÞ, since E½XðλÞ
k �¼pρðλÞ−

pIðλÞQf=Q0
f¼ rðλÞ, where Qf¼

P
λ∉8Zpρðλ0Þ¼

ð1−ηÞQ0
f. Moreover, XðλÞ

k ∈ ½−pIðλÞ=Q0
f;1�, so

Hoeffding’s inequality yields

Pr ðr̂ðλÞ − rðλÞ > δλÞ ≤ exp
�
− 2Nδ2λ
ð1þ pIðλÞ=Q0

fÞ2
�

¼ α

S
;

(B13)

with δλ ¼ ð1þ pIðλÞ=Q0
fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðS=αÞ=ð2NÞp

. Applying a
union bound over the S ¼ jAj sectors, we obtain r̂ðλÞ ≤
rðλÞ þ δλ simultaneously for all λ∈A with probability of
at least 1 − α.
Therefore, whenever r̂ðλÞ > δλ, we have rðλÞ ≥

r̂ðλÞ − δλ > 0, implying pψðλÞ > 0. Hence every certified
sector belongs to the support of pψ , and therefore

Λ̂mtg
d ¼ 1

2
max
λ∈ C

jλj ≤ ΛdðψÞ (B14)

with probability at least 1 − α. ▪
The above confidence statement also implies a finite-

sample complexity bound. Let λ be a sector with
pψðλÞ > 0. Since certification requires r̂ðλÞ > δλ, a suffi-
cient condition is rðλÞ > 2δλ. Using rðλÞ ¼ ηpψðλÞ, this
gives the requirement

N >
2ð1þ pIðλÞ=Q0

fÞ2
η2pψðλÞ2

log
S
α
: (B15)

Thus, resolving a sector with weight pψðλÞ requires
N ¼ Oðð1 − pÞ−4pψðλÞ−2 logðS=αÞÞ Bell samples. For the
purpose of estimating the bridge degree, it is sufficient to
certify only the sector with the largest magnitude of λ
among the occupied sectors. Hence, the relevant sample
complexity is determined by the weight of this extremal
value λ⋆ and scales as

N ¼ Oðð1 − pÞ−4pψðλ⋆Þ−2 logðS=αÞÞ: (B16)

The use of Hoeffding’s inequality in Algorithm 5 is
for simplicity and provides a distribution-independent
confidence guarantee. The finite-sample bound can, in
principle, be improved by employing sharper inequalities
that exploit the variance of the estimator, such as the
Bernstein inequality, potentially reducing the required
sample complexity.
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[38] Gé Vidal, Entanglement monotones, J. Mod. Opt. 47, 355
(2000).

[39] T. Baumgratz, M. Cramer, and M. B. Plenio, Quantifying
coherence, Phys. Rev. Lett. 113, 140401 (2014).

[40] L. Bittel and L. Leone, Operational interpretation of the
stabilizer entropy, Quantum 10, 2069 (2026).

[41] F. A. Mele, S. F. E. Oliviero, V. Upreti, and U. Chabaud,
Symplectic rank of non-Gaussian quantum states, PRX
Quantum 7, 020366 (2026).

[42] The name bridge operator was coined later in Ref. [93].
[43] D. Hangleiter and M. J. Gullans, Bell sampling from quan-

tum circuits, Phys. Rev. Lett. 133, 020601 (2024).
[44] H.-Y. Huang, M. Broughton, J. Cotler, S. Chen, J. Li, M.

Mohseni, H. Neven, R. Babbush, R. Kueng, J. Preskill,
and J. R. McClean, Quantum advantage in learning from
experiments, Science 376, 1182 (2022).

[45] H.-Y. Huang, R. Kueng, and J. Preskill, Information-
theoretic bounds on quantum advantage in machine
learning, Phys. Rev. Lett. 126, 190505 (2021).

[46] T. Haug and M. S. Kim, Scalable measures of magic
resource for quantum computers, PRX Quantum 4,
010301 (2023).

[47] A. Montanaro, Learning stabilizer states by Bell sampling,
arXiv:1707.04012.

[48] D. Gross, S. Nezami, and M. Walter, Schur–Weyl duality
for the Clifford group with applications: Property testing,
a robust Hudson theorem, and de Finetti representations,
Commun Math. Phys. 385, 1325 (2021).

[49] S. Grewal, V. Iyer, W. Kretschmer, and D. Liang, Efficient
learning of quantum states prepared with few non-Clifford
gates, Quantum 9, 1907 (2025).

[50] R. King, D. Gosset, R. Kothari, and R. Babbush, Triply
efficient shadow tomography, PRX Quantum 6, 010336
(2025).

[51] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information: 10th Anniversary Edition
(Cambridge University Press, Cambridge, England, 2010).

[52] S. Chen, J. Cotler, H.-Y. Huang, and J. Li, Exponential
separations between learning with and without quantum
memory , in 2021 IEEE 62nd Annual Symposium on
Foundations of Computer Science (FOCS) (IEEEComputer
Society, Los Alamitos, CA, USA, 2022), pp. 574–585.

[53] D. Bluvstein, S. J. Evered, A. A. Geim, S. H. Li, H. Zhou,
T. Manovitz, S. Ebadi, M. Cain, M. Kalinowski, D.
Hangleiter et al., Logical quantum processor based on
reconfigurable atom arrays, Nature (London) 626, 58
(2024).

[54] R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M.
Rispoli, and M. Greiner,Measuring entanglement entropy
in a quantum many-body system, Nature (London) 528, 77
(2015).

[55] A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R.
Schittko, P. M. Preiss, and M. Greiner, Quantum thermal-
ization through entanglement in an isolated many-body
system, Science 353, 794 (2016).

[56] N. M. Linke, S. Johri, C. Figgatt, K. A. Landsman, A. Y.
Matsuura, and C. Monroe,Measuring the Rényi entropy of
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