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Fermionic non-Gaussianity is an essential resource for unlocking the full computational power of
fermionic quantum platforms. In this work we develop monotones and efficient quantum algorithms for
fermionic non-Gaussianity, all built on the eigenvalue structure of the operator A = Zfﬁl Y ®v;
defined on two copies of an n-mode fermionic state, accessible via Bell sampling. In particular, we
introduce the bridge degree of even pure states, a novel non-Gaussianity monotone defined as the largest
eigenvalue of A whose eigenspace is populated by two copies of the state. Our key technical result is that
the bridge degree is non-increasing under post-selected Gaussian protocols, which yields no-go
theorems for Gaussian conversion beyond the reach of previously known monotones and shows that the
resource theory of fermionic non-Gaussianity is irreversible in the exact-conversion setting. Beyond
this, the bridge degree exhibits several further features: it (i) is easy to compute, (ii) is efficiently
witnessed through Bell sampling, (iii) lower bounds the non-Gaussian gate complexity of state
preparation, (iv) controls the non-Gaussian gate complexity of producing quantum state designs, and
(v) naturally extends to mixed states via the Choi-Jamiotkowski isomorphism. We further develop an
approximate variant together with an efficiently measurable lower bound, yielding an experimentally
certifiable lower bound on the non-Gaussian cost of approximately preparing any state, based directly
on Bell-sampling data. Finally, the same eigenvalue structure underlies two Bell-sampling-based
algorithmic primitives, both with polynomial sample complexity: a two-copy Gaussianity test with
perfect completeness, optimal among two-copy tests sharing this property, and a test for the state
2-design property of matchgate-invariant ensembles.
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I. INTRODUCTION

Quantum computers hold the promise of solving prob-
lems beyond the reach of any classical computer—a notion
known as quantum advantage [1,2]. Establishing this
advantage requires preparing quantum states that no
classical computer can efficiently simulate. Identifying
the boundary between classical simulability and quantum
advantage is therefore a central challenge, both theoretically
and practically. A natural strategy is to study families of
quantum-computation models that admit efficient classical
simulation and to characterize the additional resources
required to promote them to universality [3,4].
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Quantifying these resources is essential for evaluating
the computational potential of any quantum information-
processing platform.

Within fermionic quantum computation, the natively
free operations are the fermionic Gaussian unitaries [5]—
also called matchgates, or fermionic linear optics—which
act linearly on the Majorana operators and are generated
by Hamiltonians quadratic in fermion operators. They are
efficiently simulable on a classical computer [6—11], and
the states they generate—the fermionic Gaussian states
(FGSs)—form an important class of quantum states
ubiquitous across physics, including BCS superconducting
states [12], mean-field Hartree-Fock states [13], and the
ground states of Kitaev’s honeycomb lattice model [14].
Promoting matchgate circuits to universal quantum com-
putation requires non-Gaussian resources, which can be
supplied by injecting non-Gaussian magic states [15].
Quantifying how much non-Gaussianity a state contains
is therefore both a structural question about fermionic
complexity and a practical question about the cost of
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fermionic computation. This question is of high exper-
imental relevance: fermionic degrees of freedom are now
directly controllable across platforms such as ultracold
atoms in optical lattices [16-21] and digital quantum
simulators of fermionic systems [22-24].

The importance of non-Gaussian resources has
prompted a growing body of work proposing monotones
for the resource theory of fermionic non-Gaussianity
[25-31], chief among them the Gaussian extent, the
Gaussian rank, the Gaussian fidelity [25-27], and the
relative entropy of non-Gaussianity [28-31]. However,
every existing monotone suffers from at least one of two
shortcomings: it is either (i) not efficiently computable,
requiring optimization over Gaussian decompositions, or
(i1) not known to carry an operational interpretation. The
Gaussian rank, for instance, directly controls classical
simulability but is defined through an optimal Gaussian
decomposition that is not known to be efficiently obtain-
able; the relative entropy of non-Gaussianity, by contrast,
is easy to compute from the covariance matrix but lacks an
operational meaning tied to state complexity. A range of
further quantifiers has been proposed [32-37], but they are
not known to be monotones in the resource-theoretic sense.
As a result, a fermionic non-Gaussianity monotone that is
simultaneously computable and operationally meaningful
is still lacking—in stark contrast to the situation for other
prominent resource theories such as entanglement [38],
coherence [39], non-stabilizerness [40], and bosonic non-
Gaussianity [41].

We address this gap by introducing a new quantity, the
bridge degree. The central object is the bridge operator A,
originally introduced by Bravyi [9,42] as a Gaussianity
witness on two copies of a fermionic state: Ay)®? = 0 if
and only if y is an FGS. We elevate the role of A from a
binary test to a functional of the state by analyzing its full
eigenvalue distribution on |y)®2. Crucially, this distribu-
tion is directly sampled by Bell sampling—a protocol that
measures two copies of the state in the Bell basis,
implementable as a depth-1 Clifford circuit on qubit
platforms or as a single matchgate beam-splitter layer
on fermionic platforms. Bell sampling is a powerful tool
for quantum information tasks [43-51], often providing a
substantial advantage over single-copy measurements
[44,45,52] and has been demonstrated experimentally
[44,46,53-57] as well as employed in numerical simu-
lations of quantum systems [58-63].

The bridge degree of an even pure state y is defined as
the largest (in magnitude) eigenvalue of A whose eigen-
space is occupied by |y)®? and is therefore both easy to
read off from a state description and easy to witness
experimentally via Bell sampling. Our central technical
result is that the bridge degree is non-increasing under
pure-state post-selected Gaussian protocols, which
immediately yields lower bounds on the non-Gaussian
cost of state preparation. As a structural consequence,

we use it to establish the irreversibility of the resource
theory of fermionic non-Gaussianity in the exact-conver-
sion setting. As an operational consequence, the bridge
degree lower bounds the non-Gaussian resources required
to generate quantum state designs—ensembles of pure
states that reproduce the first few statistical moments of the
Haar measure.

We further introduce an approximate variant of the
bridge degree, which retains monotonicity under Gaussian
protocols and is lower-bounded by an efficiently measur-
able quantity—the bridge fidelity—accessible directly
from Bell sampling. We then extend the framework to
mixed states via a Choi-state construction. The resulting
mixed-state bridge degree inherits the structural properties
of its pure-state counterpart and is a monotone under
postselected Gaussian operations.

Finally, building on the same eigenvalue structure of
the bridge operator, we develop two concrete algorithmic
primitives, both efficient and experimentally accessible.
First, we construct a sample-efficient Gaussianity test
with perfect completeness, optimal among all two-copy
tests sharing this property, together with a tolerant
variant that distinguishes states close to Gaussian from
states far from it. This is directly relevant for verifica-
tion: it allows an experimentalist to certify, from mea-
surements alone, whether the state produced by a
quantum device is close to or far from Gaussian.
Second, for matchgate-invariant ensembles, we show
that the state 2-design property is efficiently certifiable
from polynomially many Bell samples. State designs
underpin many protocols—including randomized bench-
marking [64], classical shadows [65], quantum cryptog-
raphy [66—68], and random circuit sampling [69,70]—so
certifying that a candidate ensemble achieves the design
property is a prerequisite for trusting them. Our result
also addresses the recently introduced complexity-
theoretic question of design certification [71], for which
no efficient quantum algorithm is known in general:
matchgate-invariant ensembles provide a structurally
natural class on which the 2-design property becomes
efficiently testable.

A. Overview of main results

This section provides an overview of our key findings;
the main quantities and the efficient protocols that we
introduce are summarized in Tables I and II. Our results
fall under six themes: (i) the bridge degree as a fermionic
non-Gaussianity monotone, (ii) no-go theorems and irre-
versibility of the resource theory, (iii) lower bounds on
non-Gaussian gates for state designs, (iv) the approximate
bridge degree and approximate conversion, (v) the mixed-
state extension via the Choi-Jamiotkowski isomorphism,
and (vi) algorithmic primitives from Bell sampling. We
summarize each below; formal statements and proofs are
provided in the subsequent sections.
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TABLE L.

Summary of the non-Gaussianity monotones and related quantities introduced in this work. The “monotone under” column

specifies the class of free operations under which the quantity is provably non-increasing. See Definitions 1 and 2 for the definition of
Gaussian operations and Gaussian protocols. The “computable” column marks (v') quantities accessible from a state description
without optimization and (X) those whose definition requires an optimization not known to be efficient.

Quantity Symbol Monotone under Computable
Bridge degree (Sec. IV) Aq(y) Pure-state post-selected Gaussian protocols v
Approximate bridge degree (Sec. VI) Age(y) Pure-state Gaussian protocols X
Approximate bridge fidelity (Sec. VI) F(w) — (Lower bound for Ay,) v
Mixed-state bridge degree (Sec. VII) Ad(p) Post-selected Gaussian operations v
Convex-roof extended bridge degree (Sec. IV) A§(p) Post-selected Gaussian protocols X

TABLE II.

Sample-efficient Bell-sampling protocols. All bounds hold with success probability at least 1 — §; the

explicit log(1/8) dependence is suppressed. Fg denotes the Gaussian fidelity [see Eq. (35)]. D(E) denotes the
approximation error of the state 2-design [see Eq. (45)]. A denotes the gap between the cumulative bridge spectral
distribution and the threshold (1 — 6)2 [see Eq. (159)]. The notation O hides additional logarithmic factors.

Task Sample complexity References
Estimate F () O(A 2 1og(1/A)) Lemma 25
One-sided Gaussianity test (Fg =1 vs <1 —¢) O(n?/e) Theorem 9
For t-doped Gaussian states O(/e) Theorem 10
Tolerant Gaussianity test (Fg > 1—a vs <1— /) O(n*/ (B — 2an?))* Theorem 11
Estimate D(&) to additive accuracy e O(/n/e?) Lemma 42
Approximate 2-design test (D(E) < a vs > a +¢€) O(/n/e?)° Theorem 12
Exact 2-design test (D(E) =0 vs > ¢) O(n'/4/e2) Theorem 13

*Valid for a = O(B/n* — 2a).

Requires the ensemble £ to be matchgate-invariant.

(i) The bridge degree as a fermionic non-Gaussianity
monotone (Sec. IV). We introduce a fermionic non-
Gaussianity monotone for even pure states called the
bridge degree, built around the bridge operator,

2n
A=Y "7 ®7) (1
j=1

introduced by Bravyi [9] as a tool to detect Gaussian states
on two copies of an n-mode fermionic system.

We develop the theory first in the pure-state setting and
extend it to mixed states via the Choi-Jamiotkowski
isomorphism in Sec. VII [theme (v) below]. Here, we
consider the convex resource theory of fermionic non-
Gaussianity [28], where the free operations are Gaussian
protocols (Definition 2), consisting of Gaussian unitaries,
composition with Gaussian states, partial tracing, occu-
pation-number measurements, and conditioned operations.
We also consider post-selected Gaussian protocols, which
further allow post-selection on measurement outcomes.
Since Gaussian protocols become universal when aug-
mented with magic-state injection [15], they provide the
natural class of free operations for studying the resource
cost of universal fermionic quantum computation.

As a sum of 2n commuting Hermitian operators y; ® y;
with eigenvalues +1, the spectrum of A is {—2n,
—2n+2,...,2n}; we denote the corresponding eigenspa-
ces and projectors by V; and I1;. For an even pure state i,
the bridge spectral distribution

py(A) = (w|®T1, ) ®2, (2)

records how the two-copy state |y)®? decomposes across
the eigensectors of A and serves as the unifying object of
the entire framework. We show in Sec. III that p, is
supported on the set A =8Z N [—2n,2n|, symmetric
about zero, and invariant under matchgate unitaries, and
that it is directly measurable via Bell sampling on two
copies of .
From this distribution, we define the bridge degree for
an even pure state y as
Ag(y) = max{a 2 0: p,(2a) # 0}, (€)
that is, the largest eigenvalue sector of A that |y)®?
occupies. We show that Ay: (i) takes discrete values in
{0,4,8,---,4|n/4|}; (i) vanishes if and only if y is a
pure FGS; (iii) is additive under tensor products,
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FIG. 1. A t-doped Gaussian protocol. Blue boxes &, &, ..
orange boxes W, W,, ..

., &; denote arbitrary Gaussian protocols, possibly with post-selection;
., W, are non-Gaussian gates. Here, ¢ counts the total number of non-Gaussian gates. Although the four

Majorana modes on which W; acts are in principle arbitrary, we take them without loss of generality to be y, 75, 73, 74 (the first two
qubits), since any quadruple of Majorana modes can be mapped to these by a matchgate unitary that can be absorbed into the

neighboring &;.

Aa(y ® ) = Ag(w) + Ag(¢); and, most importantly,
(iv) is non-increasing under post-selected Gaussian
protocols.

Theorem (monotonicity of the bridge degree, see Theo-
rem 1). For any even pure state |y) and any post-selected
Gaussian protocol £ such that E(|y) (y|) = |¢) (] is pure,

Aa() < Agw). @)

This is the first central result of the paper: the bridge
degree is a bona fide non-Gaussianity monotone in the
sense of resource theory [3,4] and leads to a number of key
applications discussed in the following. As an immediate
consequence, the bridge degree lower bounds the number
of non-Gaussian gates required for state preparation by a
t-doped Gaussian protocol (Fig. 1): a circuit built from
arbitrary post-selected fermionic Gaussian protocols inter-
leaved with 7 non-Gaussian gates, each acting on at most
four Majorana modes.

Corollary (non-Gaussian gate lower bound for state
preparation; see Corollary 4). If an even pure state y can be
prepared from the vacuum by a -doped Gaussian protocol,
then it must hold that

)

In particular, any state with Agq(w) = Q(n) requires
Q(n) non-Gaussian gates to prepare on any fermionic
platform with probabilistic protocols.

A particularly appealing feature of this lower bound is
that the bridge degree can be witnessed directly from the
Bell-sampling primitive (Algorithm 1). Given N i.i.d.
samples 4, ..., 4y ~ p,, obtained from Bell sampling on
pairs of copies of y, the empirical estimator

" 1
Ag= 35 m]?X|/1k| (6)

is, by construction, always a lower bound on Ay(y), and
via Corollary 4 on the non-Gaussian gate count f. In
particular, even a single Bell sample already certifies
t > |41|/8 non-Gaussian gates.

We remark that the bridge degree admits a mixed-state
extension via the standard convex-roof construction,

Agr(p) = min maxAq(y;). ™
{piwi}: =) pwi

which is automatically monotone under post-selected
Gaussian protocols [38,72] but generally intractable to
compute. As explained below in theme (v), we develop
a computationally tractable mixed-state extension—
monotone under a smaller class of operations—via the
Choi-Jamiotkowski isomorphism.

(ii) No-go theorems and irreversibility of the resource
theory (Sec. V). The monotonicity of the bridge degree is a
powerful tool for proving no-go theorems for Gaussian
conversion. In particular, additivity of Ay under tensor
products immediately implies that no Gaussian protocol
can map an n-qubit non-Gaussian pure state to a tensor
product of m four-qubit non-Gaussian pure states with
nonzero success probability whenever 4m > n (note that
all even pure states on < 3 qubits are Gaussian [73], so four
qubits is the smallest non-trivial block size). Remarkably,
this impossibility holds even when the input state is
arbitrarily far from the set of Gaussian states, while each
output factor is arbitrarily close to it. This phenomenon
closely parallels a recent no-go theorem for bosonic
Gaussian state conversion [41].

Corollary (impossibility of splitting non-Gaussianity by
post-selected Gaussian protocols; see Corollary 5). Let
n < 4m, let w be an n-qubit even non-Gaussian pure
state, and let ¢y, ..., ¢,, be four-qubit even non-Gaussian
pure states. Then no post-selected Gaussian protocol can
map y to @ ¢, with nonzero success probability.
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Beyond such no-go theorems for state conversions, the
next natural question is whether the resource theory is
reversible: can the resources spent in converting p to o be
fully recovered by converting ¢ back to p? For instance,
entanglement theory is reversible for pure states [74] but
irreversible for mixed states [75]. We investigate this
question for the asymptotic-conversion rate n +— m of
p®" — ¢®™ under probabilistic Gaussian protocols (i.e.,
where the conversion is required to succeed exactly with
some non-zero probability) and prove the following:

Theorem (Irreversibility of the resource theory of
fermionic non-Gaussianity; see Theorem 2). The resource
theory of fermionic non-Gaussianity is irreversible under
post-selected Gaussian protocols in the exact-conversion
setting.

These results mirror the irreversibility theorem for
bosonic non-Gaussianity [41], with the bridge degree
playing the role of the symplectic rank.

(iii) Lower bounds on non-Gaussian gates for state
designs (Sec. V C). A further operational consequence of
bridge degree monotonicity is a lower bound on the non-
Gaussian resources required to generate state designs—
ensembles of pure states that reproduce or approximate the
first k statistical moments of the Haar measure [76].
Formally, an ensemble £ of even pure states is an exact
state k-design if its kth moment matches the Haar-averaged
kth moment, E,,.£[y®*] = E 10 [¢®*], and an e-approxi-
mate state k-design if the two ensembles are e-close in
trace distance:

DW(E) == D(Eye[w® . Eportaa[#®F]) < €. (8)

Operationally, an e-approximate k-design is indistin-
guishable from a truly Haar-random ensemble by any
quantum algorithm that makes k queries to the state.
Combining the bridge degree with a quantitative analysis
of the Haar bridge spectral distribution yields:

Theorem (non-Gaussian gate count for state 2-designs;
see Corollary 6 and Theorem 4). The number ¢ of non-
Gaussian gates required for a state k-design for k > 2
grows with system size:

(i) Exact k-designs must contain at least one state

requiring 7 > |n/4] = Q(n) non-Gaussian gates.

(ii) e-approximate k-designs require t = Q(+/nlog(1/¢))

non-Gaussian gates with non-negligible probability
over the ensemble (valid for € > C,/+/n, with C, an
absolute constant).

This stands in sharp contrast to the qubit setting, where
random Clifford circuits alone form an exact state
3-design, and approximate state k-designs are generated
with a constant (independent of n) number of non-Clifford
gates [77-79]. On the matchgate side, a growing number
of non-Gaussian gates are required already at the state
2-design—the first nontrivial design. The bound has an
equivalent implication for a single state: any even pure

state y with Aq(y) = o(y/nlog(1/¢€)) has its matchgate

orbit at trace distance > ¢ from the Haar-random state.

(iv) Approximate bridge degree and approximate con-
version (Sec. VI). The bridge degree, being a discrete
quantity, is fragile under perturbation: an arbitrarily small
non-Gaussian perturbation of a Gaussian state can drive Aq4
to its maximum value. We address this by introducing an
e-approximate bridge degree

Age(w) = min  Aq(eh). 9

Tt 1—F(pg)<e

the minimum of A4 over even pure states in a fidelity-e¢
ball around . We show that A4, inherits monotonicity
from Ay:

Theorem (monotonicity of the e-approximate bridge
degree; see Theorem 5). For any even pure state y,
any € € [0, 1], and any Gaussian protocol £ such that £(y)
is pure,

The approximate bridge degree is not directly
measurable—its definition involves an optimization over
the full set of even pure states, which is intractable. We
circumvent this by introducing the bridge fidelity

Fry) = > p, ), (11)
|4 <k

the square root of the cumulative bridge spectral distri-
bution at threshold k. The e-approximate bridge fidelity

Fey):=min{fa>0: FA (y)>1—¢} (12

provides a computable lower bound on A4, (Lemma 24).
As a corollary, this result yields a mixed-state non-
Gaussianity witness based on fidelity: if an experimentally
prepared state p has fidelity at least 1 — ¢ with a known
even pure target |¢), then A§"(p) is lower-bounded by
F.(¢p) (Corollary 8). Thus, a fidelity estimate with respect
to a target state admitting a known classical description not
only certifies the non-Gaussianity of the actual mixed
laboratory state whenever F,(¢) > 0 but also quantita-
tively witnesses it by providing a lower bound on the
mixed-state non-Gaussianity monotone Aj".
Furthermore, F () is efficiently estimable from Bell
sampling using O(A~2(log(1/A) + log(1/8))) samples,
where A is the gap between the cumulative bridge spectral
distribution and the threshold (1—¢)?> (Lemma 25,
Algorithm 2). Together with the monotonicity of A4,
this yields efficient bounds on approximate Gaussian
conversion. In particular, applied to the canonical four-
qubit magic state |M) = 3(|0000) 4 [0101) + [1010) +
[1111)) as a unit of non-Gaussian resource, they lower
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bound the single-shot magic-state cost of approximately
preparing an arbitrary non-Gaussian state:

Theorem (magic-state cost lower bound; see Theorem 7).
For any even pure state y and any ¢ > 0, the number of
canonical magic states |M) required to prepare y within
trace distance e by any post-selected Gaussian protocol
satisfies

Naclw) | Foly).

Costé () >
ost(y) 2 — 2,

(13)

The lower bound F,(y)/4 is efficiently estimable from
Bell-sampling data.

Since |M) is the resource state for the gadget con-
struction of the swAP gate [15], Theorem 7 equivalently
lower bounds the minimum number of gates needed to
prepare y approximately. This result provides an exper-
imentally certifiable lower bound on the non-Gaussian cost
of state preparation in the approximate setting.

(v) Mixed-state extension via the Choi-Jamiotkowski
isomorphism (Sec. VII). We extend the pure-state machi-
nery of themes (i), (ii), and (iv) to arbitrary even mixed
states p via the Choi-Jamiotkowski isomorphism, in
which an operator or density matrix is encoded in a pure
quantum state on a doubled Hilbert space through its
action on half of a maximally entangled Bell state |p)) =
(p®I)> ;i) ® |i). The bridge operator A is lifted to a
new operator

A=AQRI-IT®A, (14)

on the doubled Choi space HE*, whose spectrum is again
integer-valued. The resulting mixed-state bridge spectral
distribution

P,(4) = (p®* 11, p®2)), (15)

plays the same role as p,,(4) in the pure-state theory, and
the mixed-state bridge degree,

Aq4(p) == max{a >0: p,(4a) # 0}, (16)

is the natural extension of A4 to mixed states. It inherits the
full set of structural properties: it is integer-valued, faithful
on the set of mixed FGSs (Lemma 35), additive under
tensor products (Lemma 36), and reduces to the pure-state
bridge degree on pure inputs (Lemma 37). Crucially, it
remains a monotone under the (smaller) class of post-
selected Gaussian operations (Definition 1)—those built
from Gaussian unitaries, composition with Gaussian
states, occupation-number measurements with post-
selection and partial tracing.

Theorem (monotonicity of the mixed-state bridge
degree; see Theorem 8). For any even state p and any

post-selected Gaussian operation £ with £(p) = o,

Ay(o) < Ag(p). (17)

The Choi-based extension makes the application to
Gaussian-conversion bounds, including in the approximate
case, directly applicable to mixed states, with A4 replaced
by Ag. Unlike the pure-state case, however, the mixed-state
bridge spectral distribution is not directly accessible from
copies of p via Bell sampling, since the Choi state is not
directly preparable from copies of p alone. For the
important special case in which mixedness arises from
global depolarizing noise acting on an underlying pure
state, we nevertheless show that error mitigation enables
certification of the bridge degree of the ideal state
(Proposition 1, Algorithm 5).

(vi) Algorithmic primitives from Bell sampling
(Secs. VIII and IX). Many quantities introduced in the
previous themes are functionals of p, and are therefore
efficiently estimable from a single Bell-sampling primitive
(Algorithm 1). Building on this, we develop two concrete
algorithmic primitives addressing central tasks in fer-
mionic non-Gaussianity.

The first is a Gaussianity test, addressing the property-
testing question [80]: given black-box access to copies
of an unknown state y, can one decide whether y is
Gaussian using as few samples as possible? The analogous
question has been extensively studied across resource
theories [48,81,82]. Bell sampling realizes this test with
a two-copy structure:

Theorem (Gaussianity testing; see Theorem 9). There
exists a Bell-sampling-based algorithm that distinguishes,
with high probability:

(1) any pure FGS, which is always accepted (i.e., the

test has perfect completeness); from

(i1) any pure state with Gaussian fidelity at most 1 — €,
using O(n?/e) copies. The protocol achieving this sample
complexity consists of repeatedly performing Bell mea-
surements on two copies of the state and accepting if and
only if every observed Bell outcome corresponds to the
A-eigenvalue 1 = 0.

For comparison with prior works, several fermionic
Gaussianity tests have been proposed. The test of Ref. [82]
uses only single-copy measurements and has (~9(n5 /€?)
sample complexity but does not satisfy perfect complete-
ness. The test of Ref. [31] satisfies perfect completeness
but requires three copies of the state at a time and has no
explicit sample-complexity bound. The test of Ref. [83]
achieves O(n?/e) sample complexity but requires a
collective measurement on an unbounded number of
copies and does not satisfy perfect completeness. Our
test, by contrast, satisfies perfect completeness, uses only
two copies at a time, and has polynomial sample complex-
ity O(n?/e). It can thus be seen as the fermionic counter-
part of the stabilizer property test of Ref. [48] and the
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bosonic Gaussianity test of Ref. [81], both of which share
these properties. Moreover, it is optimal among all two-
copy tests with perfect completeness: it minimizes the
false-acceptance probability on every non-Gaussian state.

We further show that the n? scaling above can be
replaced by the number of non-Gaussian gates used to
prepare the state:

Theorem (Gaussianity testing for z-doped Gaussian
states; see Theorem 10). The same test distinguishes the
two cases above for any state prepared by a #-doped
Gaussian protocol, using O(#*/e) copies—a sample com-
plexity independent of the system size n.

Since the non-Gaussian gates may be arbitrarily weak,
this already covers states arbitrarily close to the Gaussian
set, which should intuitively be the most difficult to
distinguish from Gaussian. We are thus led to conjecture
that a system-size-independent sample complexity holds
for general states.

We also develop a tolerant variant that distinguishes
states with Fg(y) > 1 — a from states with Fg(y) < 1 —f
in the regime a = O(f/n? — 2a), using the same Bell-
sampling primitive.

Theorem (tolerant Gaussianity test; see Theorem 11).
For any 0 < @ < # < 1 such that ¢ := /n> — 2a > 0 and
a = 0O(e), there is a Bell-sampling-based algorithm
that distinguishes case (a) Fg(y) > 1 —a from case (b)
Fg(y) < 1—p with success probability at least 1 —&
using N = O(n?/(p — 2an?)1log(1/8)) copies of .

The second primitive is a Bell-sampling-based certifier
for state 2-designs. Complementing the gate-count
lower bounds of theme (iii), we ask: given a candidate
ensemble, can one verify from experimental data that it
actually forms a state 2-design? For matchgate-invariant
ensembles—those whose distribution is invariant under
conjugation by every matchgate, including in particular
every matchgate orbit of an underlying ensemble—we
show that the approximation error D(£) = D) (&) reduces
to a total variation distance between the ensemble-aver-
aged and Haar bridge spectral distributions,

pe(d) = Eyelpy (A)], D(&) = TV(pe, pu), (18)

and is directly accessible from ensemble Bell sampling
(Algorithm 3), which draws a fresh y ~ £ at each round
and runs Bell sampling on y®2,

Theorem (Bell-sampling certification of state 2-designs;
see Lemma 42 and Theorems 12 and 13). For any
matchgate-invariant ensemble &:

(i) Approximate design testing. Whether D(E) < a or
D(E)>a+e is testable from O(,/n/e*) Bell
samples; in particular, D(E) is estimable to additive
accuracy € at the same cost.

(ii) Exact design testing. Whether D(£)=0or D(€) >¢
is testable from O(n'/*/e?) Bell samples.

This is striking: the corresponding decision problem for
arbitrary ensembles is not known to admit an efficient
quantum algorithm in general [71], whereas matchgate
invariance makes the 2-design property efficiently testable
from Bell sampling.

B. Organization

The remainder of the paper is organized as follows.
Section II sets notation and reviews the preliminary
concepts that will be used throughout the paper. In
Sec. III, we analyze the eigenvalue and eigenspace
structure of the bridge operator A—a critical component
of our approach. In Sec. IV, we introduce the bridge
degree, establish its basic structural properties, and prove
its monotonicity under post-selected Gaussian protocols.
In Sec. V, we develop the operational consequences of this
monotonicity: no-go theorems for Gaussian conversion
(Sec. VA), irreversibility of the resource theory of fer-
mionic non-Gaussianity (Sec. V B), and lower bounds on
the non-Gaussian gate count required to generate state
designs in both the exact and approximate settings
(Sec. VC). In Sec. VI, we develop the e-approximate
theory, including a computable and efficiently measurable
lower bound. In Sec. VII, we extend the framework to
mixed states via the Choi representation and introduce a
mixed-state version of the bridge degree, with structural
properties analogous to those of the pure-state version. In
Sec. VIII, we turn to algorithmic applications, presenting a
sample-efficient Bell-sampling protocol for Gaussianity
testing in both one-sided and tolerant forms. In Sec. IX, we
present a sample-efficient Bell-sampling protocol to cer-
tify matchgate-invariant state 2-designs, complementing
the structural lower bounds of Sec. V C. We conclude in
Sec. X with a discussion and open problems.

II. PRELIMINARIES

We consider a system of n qubits with an associated
Hilbert space H,, ~ C?, where d = 2" is the dimension of
the n-qubit space. The set of Hermitian operators on a
vector space V is denoted by B(V). The set of quantum
states is defined as D(H,):={peB(H,)|p >0,
Tr(p) = 1}. We denote the set of integers from 1 to n
by [n]={1,---, n}.

The trace distance between two quantum  states
p.6€D(H,) is defined as half the trace norm of their
difference:

1
D(p.c) =7 llp —alls. (19)

where the trace norm of an operator A is given by

|Al|, := Tr(VATA). The Hilbert-Schmidt inner product
is defined as

(A, B)ys = Tr(A"B). (20)
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A. Majorana operators

A system of n qubits is equivalent to a system of n
fermionic modes via the Jordan-Wigner transformation.
Throughout this paper, we use the qubit and fermionic
representations interchangeably. In this mapping, the
Majorana operators are defined in terms of Pauli oper-
ators as

j—1
Yoj—1 = (H Zk) X;, (2D
k=1
j—1
v2j = (H Zk> Y. (22)
k=1

for j € [n].
The Majorana operators are Hermitian and traceless,
and they satisfy the canonical anticommutation relations,

{7 vy = 26,41, (23)

for all j, k€ [2n].
Given an ordered subset A C [2n], we define the
associated Majorana monomial by

Y4 = i‘Al(lAlil)/ZHyj’
i€

(24)

where |A| denotes the cardinality of A, and the product is
taken in increasing order. We also define y, := I. The 4"
operators {4} are Hermitian and form an orthogonal basis
of B(H,) with respect to the Hilbert-Schmidt inner
product, referred to as the Majorana basis. Accordingly,
any operator O € B(H,,) admits the expansion

0=Y Oura
A

0, =27"Tr(0y,).  (25)

An operator O is said to be even if O, = 0 for all subsets
A with odd cardinality. This property is characterized by
the parity operator

(26)

with respect to which an operator is even if and only if it
commutes with P.

The parity operator induces a decomposition of the
Hilbert space H, = H,f @ H,, where H; :={|ly)e
H,|Ply) = £|w)}. Namely, a pure state y = |w)(y]| is
even if and only if [w) € H,} or |y) €H,,.

B. Fermionic Gaussian states and matchgates

Let O(2n) denote the group of real orthogonal 2n X 2n
matrices. For any Q € O(2n), a matchgate unitary, or
equivalently a fermionic Gaussian unitary, U is defined
through its action on the Majorana operators as

2n
UQyiUTQ = Z Qijyj’ (27)
j=1

for all i € [2n]. The unitary Uy, is uniquely determined by
O up to a global phase. Matchgates are generated by two-
qubit X ;X rotations, single-qubit Z; rotations, and the
operator X, acting on the last qubit. The set of all
matchgates on n qubits forms a group, which we denote
by M,,.

Fermionic Gaussian states are even states of the form

p=Ug <® #) Up. (28)

J=1

where Uy €M, and {r;}"_, are real numbers which

J=1
satisfy |r;| < 1. A pure FGS corresponds to the case
r; ==l for all j€[n] and can always be written as
ly) = Upl0)®". Any mixed FGS arises as the reduced
state of a pure FGS. We denote the set of FGSs as Gr.

Finally, we introduce the bridge operator A, defined in
Ref. [9], as

2n
A= Z}’j 7 (29)
=1

This operator plays a central role in characterizing
FGSs. In particular, a pure state |y) is an FGS if and
only if [25,84]

Aly)®? = 0. (30)

More generally, a mixed state p is an FGS if and only
if [9]

A, p®?] = 0. (31)

Another crucial property of A is its invariance under
matchgate unitaries: [A, U®?] = 0 for any U € M,, [9].

C. Resource theory of fermionic non-Gaussianity

Quantum resource theories provide a systematic frame-
work for quantifying the usefulness of quantum states for
information-processing tasks [3,4]. A resource theory is
specified by two ingredients: a set of free states and a set of
free operations. Free states are those preparable without
consuming the resource, while free operations are physical
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transformations that cannot generate the resource from
free states. Prominent examples include the resource
theories of entanglement [38], coherence [39], non-stabi-
lizerness [85], and bosonic non-Gaussianity [86].

In this work we focus on the resource theory of
fermionic non-Gaussianity. The choice of free operations
admits two natural variants, which we now make precise.

Definition 1. (Gaussian operations). A Gaussian oper-
ation is any composition of:

(a) applying a fermionic Gaussian (matchgate) unitary;
(b) composition with an FGS;
(c) taking a partial trace.

A post-selected Gaussian operation additionally allows
(d) performing an occupation-number measurement with

post-selection on a specific outcome.

Gaussian operations are precisely the completely pos-
itive trace-preserving Gaussian channels [9,87]; they
map FGSs to FGSs and have the FGSs themselves as
free states. Post-selection of (d) also maps FGSs to FGSs,
so the set of free states is unchanged. Crucially, however,
the set of FGSs is not convex—a probabilistic mixture of
distinct FGSs is generally not Gaussian—so the corre-
sponding resource theory falls outside the standard convex
framework [3,4].

Augmenting Gaussian operations with operations con-
ditioned on classical randomness or measurement out-
comes yields the protocol versions [28].

Definition 2. (Gaussian protocols). A Gaussian protocol
is any composition of (a)—(c) of Definition 1 together with:
(d) performing an occupation-number measurement;

(e) applying any of the above operations conditioned on
classical randomness or measurement outcomes.

A post-selected Gaussian protocol additionally allows
post-selection on the outcome in (d).

Unlike Gaussian operations, Gaussian protocols allow
classical mixing and can therefore produce probabilistic
mixtures of FGSs. Such mixtures are generally non-
Gaussian, since the set of FGSs is not convex [87].
This places fermionic non-Gaussianity within the convex
resource-theory framework [4,28], whose free states are
the convex hull of the FGSs,

conv(Gg) = { / du(v)o,|o,€Gg,uaprobability measure} ,
(32)

the so-called convex-Gaussian states [84]. Equivalently,
conv(Gy) is the convex hull of the pure FGSs, since any
state o, € G is itself a convex combination of pure FGSs.
These states can be simulated efficiently [84], as long as
one can efficiently sample from the probability measure
du. The resulting convex resource theory of fermionic
non-Gaussianity parallels the convex resource theories of
entanglement [38], non-stabilizerness [85], and bosonic

non-Gaussianity [86,88]. Like Clifford circuits, Gaussian
protocols become universal upon injection of a canonical
magic state [15], making them the natural class for
studying the resource cost of universal fermionic quantum
computation.

D. Fermionic non-Gaussianity monotones

Given a function M defined on the set of states, we say
that M is a fermionic non-Gaussianity monotone if it is
non-increasing under any Gaussian protocol &,

MIE(p)] < M(p). (33)

One important use of a resource monotone is to
constrain state conversion under the free operations—
here, Gaussian protocols. Since monotonicity implies that
aconversion p — ¢ is impossible whenever M (s) > M(p),
the monotone immediately yields no-go theorems for
Gaussian state conversion. A central question in a resource
theory is how many copies of a target state o can be
produced per copy of a resource state p under the free
operations. In this context, a key property is additivity
under tensor products, M(p ® ) = M(p) + M(c), which
turns a monotone into a quantitative tool for analyzing
resource conversion: any additive non-Gaussianity mono-
tone yields a bound on the conversion rate [3.4],

rp — o) < M) (34)

(o)

where r(p — o) denotes the largest ratio m/n at which
p®" can be converted into ¢®" using the Gaussian
protocol. Additivity is thus essential in reducing the
many-copy problem to single-copy values, avoiding the
difficult evaluation of M on many copies of a state. If, in
addition, M is non-increasing under the larger class of
post-selected Gaussian protocols, these no-go theorems
and conversion bounds extend to probabilistic Gaussian
conversions, i.e., those succeeding with any nonzero
probability.

We now survey some known fermionic non-Gaussianity
monotones and review some of their properties.
Throughout, we focus on monotones defined on pure
states |y), as this is the main focus of our work.

The Gaussian fidelity [25,26] is

Folly)) = max [(dly)P. (35)

the maximal overlap between |y) and any pure FGS. The
quantity —logFg; is a monotone under pure-state
Gaussian protocols and sub-additive under tensor prod-
ucts, becoming additive for tensor products of 4-qubit
GHZ states [89].
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The Gaussian rank is [25,26]

2a(v)) = min{x€N|3{|¢j>

the minimal number of (not necessarily orthogonal) pure
FGSs needed to express |y) as a superposition; it upper
bounds the cost of exact classical simulation. Closely
related is the Gaussian extent [25,26],

M
cotlw)) = jutint { Il = ;x,|¢j>}, a7

where [|x|[; = 37, |x;[; it is the squared #'-norm of the
coefficients, minimized over all finite FGS superpositions
of |y); it upper bounds the classical complexity of
approximately simulating near-Gaussian fermionic cir-
cuits [25,27]. Both the Gaussian rank and the Gaussian
extent are monotones under Gaussian protocols, and the
Gaussian rank is additionally a monotone under post-
selected Gaussian protocols. They are sub-additive under
tensor products, and the Gaussian extent becomes additive
for tensor products of 4-qubit states [89].

The relative entropy of fermionic non-Gaussianity
[28-31] reads, for pure states,

Me(ly)) = S(GWw)), (38)

where G(y) is the unique FGS with the same covariance
matrix as |p) and S is the von Neumann entropy.
Equivalently, it is the minimum quantum relative entropy
from [y) to the set of FGSs [31]. It is a monotone under
pure-state Gaussian protocols [28] and additive under
tensor products.

TABLE IIL

X
CQF,ijCS.t. |U/>:ij|¢]>}, (36)
=1
|
Finally, the second moment of A [28,36,37] is
1
Malw) = 5 WIS A2w)®2, (39)

which is a special case of occupation number entropy [28]
and fermionic anti-flatness [37]. It is likewise a monotone
under pure-state Gaussian protocols [28] and additive
under tensor products.

We summarize these monotones and their properties in
Table III. The bridge degree introduced in this work stands
out as the only quantity that is simultaneously monotone
under post-selection, additive, and computable from the
state description.

E. Haar measure and state designs

Let Up(2") denote the group of parity-preserving
unitary operators acting on n qubits, and let U, C
Up(2") be a (continuous or discrete) subgroup. The
Haar measure on U, is the unique probability measure
that is both left- and right-invariant under the group action.
For a positive integer k, we define the k-fold twirling
channel over U, by

79(0) = / Ay (UYUBFO(UTBE, (40

n

for any operator O € B(H®").
The kth order commutant of I/, consists of all operators

Oe B(H?k) that commute with U®* for every U €U,,:

Comparison of fermionic non-Gaussianity monotones for pure states. The “Post-sel. monotone”

column marks (v") monotones provably non-increasing under post-selected Gaussian protocols. The “Additive”
column marks (v") monotones additive under tensor products. The “Computable” column marks (v') quantities
accessible from the state description without optimization and (X) those whose definition requires optimization not
known to be efficient. The bridge degree is the only monotone that is simultaneously monotone under post-

selection, additive, and computable.

Monotone Symbol Post-sel. monotone Additive Computable
Gaussian fidelity —log Fg X X X
Gaussian rank logxg 4 X X
Gaussian extent log &g X X X
Relative entropy of non-Gaussianity My X v v
Second moment of A My X v v
Bridge degree (this work) Ay v v v

*Additive for tensor products of 4-qubit states [89].
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Comy(U,)={0eBHE")|(UN®* OU® =0,V Uel,}.

(41)

This object is central to the analysis of twirling channels
over a unitary group, since the twirling channel acts as the
orthogonal projector onto the commutant with respect to
the Hilbert-Schmidt inner product [90,91]. Concretely, if
{P1. -, Pdim(com) } is an orthonormal basis of Comy, then

for any O € B(H$"),

L dim(Com)
0= Ti(P,0)P, 42)
=1

This provides a practical recipe for computing the action
of the twirling channel associated with a given unitary
group.

We also introduce the notion of state k-designs, also
known as spherical k-designs. Throughout this work, all
notions of state design are framed on the fermionic Hilbert
space, i.e. restricted to even states, unless stated otherwise.
Given an ensemble of even pure states equipped with a
probability measure, define the kth moment

v = E,c[w®. 43)
The ensemble £ = {y} is a state k-design if

Pl — gl

Haar>

(44)

_’T

pendent of the reference even pure state y). It is an
e-approximate state k-design in trace distance if

where WV (W) is the kth Haar moment (inde-

Haar

DW(E) = DY Wip,,) <e. (45)

Hddl'

An e-approximate k-design in trace distance carries a
clean operational meaning via the Holevo-Helstrom theo-
rem: It cannot be distinguished from a Haar-random state
with success probability exceeding = Lr¢ by any quantum
experiment that makes at most k querles to the state. In
what follows, for k = 2 we will write D(&) := D?)(E).

F. Pauli operators and Bell sampling
We define the single-qubit Pauli operators as
G =177 X" Z", where r*,r*€{0, 1}. The Bell states
are defined by |6.n)=i"" (6,0 @ I)|®"), where

|OF) = \/%(|OO) + |11)). Explicitly, the four Bell states
are
lo00) = 7(|00> +11),  loor) = \/—(|10> +101)),

(46)

(100) = [11)), (l01) —[10)).

|0'10>:7 |0'11>:7-

(47)

For an n-qubit system, we define the tensor product of
Pauli operators by o, := ®;?:]J,]z_ " and the tensor product
of Bell states by |6,:x) = ®;‘:1|0,;r);>.

For two quantum states p, and pg, a measurement in the
Bell basis can be implemented by preparing the tensor-
product state p4 ® pp, applying a unitary Ugg that maps
the Bell basis to the computational basis, and measuring in
the computational basis. As an important special case,
performing a Bell measurement on two identical copies of
a pure state |y) produces an outcome r*, r* € {0, 1}" with
probability

P(r) = (w|(w|Ow) ) = = [(wlowlw*) |, (48)

27!
where O, is the projector onto a tensor product of Bell
states and |y*) is the complex conjugate of |y).

The unitary Ug.; admits two physically distinct imple-

mentations. On qubit-encoded platforms, the standard
implementation is the depth-1 Clifford circuit

Ugen = QH ® I,)CNOT, .., (49)

i=1

where H is the Hadamard gate and CNOT;, ,; is the
controlled-NOT gate with qubit i (from the first copy) as
the control and qubit n + i (from the second copy) as the
target. On fermionic platforms, Ug can be realized as a
depth-1 matchgate circuit consisting of a layer of fer-
mionic beam splitters between corresponding modes of the
two copies,

Ps n
Ugen = exp (Z Z 12 72n+2j—1> . (50)
=

Note that this operation is also a Clifford operation,
corresponding to swapping the modes y,; and y;, 2.
This second implementation is more natural in fermionic
platforms, where matchgate operations (fermionic linear
optics) are the native free operations. In either case, the
operational cost is the same—two copies of the state and
a constant-depth Gaussian-or-Clifford circuit—and the
outcome distribution is identical [92], given by Eq. (48).
We refer to either implementation as Bell sampling
throughout this work, with the understanding that the
choice of implementation is hardware-dependent but in
both cases efficient.
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ITI. EIGENSTRUCTURE OF THE BRIDGE
OPERATOR

The bridge operator A is the central object of this
work. In this section, we analyze its spectral structure in
detail and identify the constraints that the physics of
fermionic states imposes on it. First, we identify the
spectrum of A and construct an explicit eigenbasis in
terms of tensor products of Bell states; this is the key fact
that makes Bell sampling the natural measurement
protocol for characterizing fermionic non-Gaussianity.
Then, we use the exchange symmetry of |y)®? and the
parity symmetry of even states to narrow down the
eigenvalue sectors that can actually be occupied.
Finally, using that the spectral projectors of A form an
orthonormal basis for the second-order matchgate com-
mutant, we introduce a matchgate-invariant probability
distribution that records the weight of the two-copy state
ly)®? on each eigenspace of A. This distribution is the
foundational object underlying the non-Gaussianity
quantifiers developed in subsequent sections.

A. Spectrum and Bell-state eigenbasis

Since A is a sum of 2n mutually commuting Hermitian
operators y; ® y;, each with eigenvalues y; € {+1}, its
spectrum is A = ?Zluje{—Zn, —2n+2,...,2n}. We
denote by V, the eigenspace with the eigenvalue A and
by I, the corresponding orthogonal projector. The dimen-
sion of V, is (nff/z).

For later convenience, we introduce the binary variables

(1—p;)/2, if jis odd,
5= { CO 51)
(14p;)/2, if jis even,
so that s; € {0, 1} for all j.

The following lemma shows that the eigenspaces
of A admit an explicit basis in terms of tensor products
of Bell states.

Lemma 1. (Bell-state eigenbasis). Each eigenspace V, of
A is spanned by tensor products of Bell states of the form
W) = |oyp), where pe {1} satisfies 33", u; = 4,
and r*,r* € {0, 1}" are defined by

2j-2
= ( = sk) @5yt F=sy. @5y (52)

with {s; 1221 defined in Eq. (51). In particular, [¥,) is a
simultaneous eigenstate of all operators y; ® y; with
eigenvalues y;.

Proof. Using the definition of the Majorana operators
[cf. Eq. (21)], the operators y,;_; ® 72— and y,; ® 7»;
can be written as tensor products of operators Z @ Z,
X ® X, and Y ® Y acting on the first j pairs of qubits.
Since |¥,) is a tensor product of Bell states, the action of

these operators can be evaluated factor by factor using the
identities

z ® Z‘Grzr‘> = (_l)rx Gr"'r‘>’
X® Xlo-r7r‘> = (_])rz|0rzr‘>’ (53)
re Y’Grzr‘> = (_1>r’+rx+l|o-rlr">'

Hence, we verify that |¥,) is an eigenstate of y,; ; ®
¥2j—1 with eigenvalue

(=1)%(=D)7 = (=1 =g (59)
Similarly, it is an eigenstate of y,; ® y,; with eigenvalue

(=1 (=17 =
1

(—1)sit! = ppj.  (55)

»
I

This shows that |'¥,) is a simultaneous eigenstate of
v; ® v; with eigenvalue y; for all j, and thus an eigenstate
of A with eigenvalue 1=} u;. Finally, since {|'¥,)}
forms an orthonormal basis of H?Z, the subset with fixed A
spans V. [

Lemma 1 is the foundation of our measurement proto-
col: it establishes an explicit dictionary between the
eigenvalue 4 of A and the bitstring (r?,r") produced by
a Bell measurement on two copies of |y). Inverting
Eq. (52) gives

j—1 J
Sojo1 = (@ ”Z) Dri, s = (@ ”f{) @i, (56)
k=1 =1

from which the eigenvalue is recovered as
(57)

Consequently, the probability of observing 4 in a single
Bell sample on two copies of y is

py(A) = (w|® 11, [y)®2. (58)

This distribution p,, is the foundational object of the
framework, formally introduced and analyzed in Sec. III C
as the bridge spectral distribution. The full Bell-sampling
algorithm, which draws N ii.d. samples from p,, is
summarized in Algorithm 1.

B. Symmetry constraints from the two-copy structure

We now identify which eigenvalues of A can actually
appear when |y) is an even pure state. There are two
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ALGORITHM 1. Bell sampling for bridge spectral distribution.

Input: N > 1, and access to 2N identical copies of an even pure
state y on n qubits.
Output: eigenvalues (4;, ..., 4y) drawn ii.d. from p,.
The empirical bridge spectral distribution is
Py(A) = N7 300 Ay = 2}
1: fork=1,...,N do
2: Prepare two copies of y on registers A, B of n qubits
each.
3: Apply Ugq [Eq. (49) or Eq. (50)] across corresponding
qubits of A and B.

4: Measure all 2n qubits in the computational basis,
obtaining (r*,r*) €{0,1}" x {0, 1}".

5: Compute s € {0, 1}2" from (r,r¥) via the inverse map of
Eq. (56).

6: Set A < 233" (—1)/s;.

7:  end for

8:  return (A, ..., Ay).

independent constraints at work, both arising from sym-
metries of |y)®2.

The first constraint comes from exchange symmetry. For
any pure state |y), the two-copy state |y)®? lies in the
symmetric subspace Sym,(H,) = {|v) e H?: S|v) =
|v)} under the swAP operator S = &)}_;S;, where S;
exchanges the two copies of qubit j. Since A commutes
with S (each term y; ® y; is SWAP-invariant), each eigen-
space V,; decomposes into symmetric and antisymmetric
components. The next lemma shows that, in fact, each
eigenspace is contained entirely in one or the other, with
membership determined by Amod8.

Lemma 2. (Exchange-symmetry constraint). For each
integer k, the eigenspaces of A satisfy: V, C Sym,(H,,)
for 12=0,2 (mod8), and V,C Asym,(H,) for
A=4,6 (mod 8).

Proof. Consider the eigenbasis {|¥,)} of Lemma 1. A
Bell state |o,-,+) is antisymmetric under copy exchange if
and only if (7%, 7) = (1,1). Hence |¥,) is symmetric if
and only if the number of |6;) factors is even.

Only the two Bell states |o;) and |o};) give nontrivial
contributions to A=) u;, whereas |oy) and |oy)
contribute zero at each site. We encode each eigenstate
by a binary sequence xy, ..., x,, where x; = 0 for |5(;) and
x; = 1 for |6y;), listed in the order in which these Bell
states appear among the n sites. Let mg,m; be the
respective counts, with m = my + m;. Define the alter-
nating sum

T := Zm:(—l)fﬂxj, (59)
j=1

which satisfies 7 = m; (mod 2).

We now group the sequence into runs of equal bits, that
is, consecutive sequences of (at least) one 0 and 1,
respectively. A run of bit b€ {0, 1} starting at position
s with length # contributes to A if and only if £ is odd, in
which case the contribution is ¢ = 2(—1)***1, Let A be
the sum of (—1)**! over all odd-length O-runs and B the
sum of (—1)**! over all odd-length 1-runs. Then A = 2a
with a = A — B.

Grouping the sum in Eq. (59) over runs shows that only
odd-length 1-runs contribute, giving 7 = B. Similarly,

A= Z?L](‘UHIU —Xx;) = %— T. Therefore

1= (=1)"

“ 2

—2T. (60)

We can now determine ¢ mod 4 from the parities of m,,
and my:
(i) m; even, m, even: then m even and T even,
so a=0 (mod 4);

(i) m; even, my odd: then m odd and T even,
soa=1 (mod 4);

(iii)) m; odd, my even: then m odd and T odd,
so a=3 (mod 4);

(iv) m; odd, my odd: then m even and T odd,
so a=2 (mod 4).

Since A = 2a and |¥,,) is symmetric if and only if m, is
even, the claim immediately follows. m

The consequence for Bell sampling is immediate: since
ly)®? always lies in the symmetric subspace, Lemma 2
rules out support on any eigenvalue 1 =4 or 6 (mod 8).
This narrows the candidates to A =0 or 2 (mod 8).

The second constraint comes from parity symmetry: if
lw) is an even state, then P|y) = £|y). The next lemma
describes the action of the parity operator on the Bell
eigenbasis.

Lemma 3. (Parity reversal). Let P(!) = [1,Z;®1; be
the parity operator acting on the first copy. Then,

P(1)|l}’ﬂ><‘{lﬂ|P(1) = |‘P*ﬂ><‘~P*ﬂ|' (61)

Proof. P acts on the Bell states by flipping rj —
rs@ 1 (up to a sign) for all j€ [n], which by Eq. (52)
corresponds to g — —pu. n

Corollary 1. PWIL,P) =TI_,.

Combining the exchange-symmetry  constraint
(Lemma 2) with the parity-reversal constraint
(Lemma 3) pins down the allowed eigenvalues to a subset
of the integers, as we show in the next subsection.

C. Bell-state weights and eigenvalue restriction

We now define the two probability distributions that will
play a central role throughout the paper and use the
symmetry constraints of the previous subsection to
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establish their key properties. For a given pure state |y),
the Bell-state weights are

Py (1) = [(Luly)®*] = 27" (wloly)

where r = {r®,r*} is defined from y as in Eq. (52).
Moreover, the bridge spectral distribution is

> w63
ney o ui=h

By Lemma 1, p,(4) is the probability of observing
eigenvalue 4 when performing a Bell measurement on two
copies of |w). The parity constraint immediately yields the
following reflection symmetry.

Lemma 4. (Symmetry of the Bell-state weights). Let y
be an even pure state. For any g € {4-1}?", it holds that

Py() = py(—p). (64)

(62

Py () = (| |w)®* =

Proof. Since |y) is an even pure state, we have
P |y)®2 = £|y)®2 (depending on whether |y) € H;
or |w) € H;,). Therefore,

Py (=) = [(Y_,[p)®2)> = [(W, [PV ]y) 8%
= (W) ®** = p, (). (65)

where we have used Lemma 3. This concludes the
proof. L]

Corollary 2. Let y be an even pure state. It holds that
py/(i) = py/(_i)'

We now combine the two constraints—exchange sym-
metry (Lemma 2) and parity symmetry (Lemma 4)—to pin
down the set of allowed eigenvalues to 8Z.

Lemma 5. (Eigenvalue restriction). Let y be an even
pure state. If p,(4) # 0, then 4 = 8k for some integer k.

Proof. Since |y)®? lies in the symmetric subspace,
Lemma 2 implies that any eigenvalue 4 for which p,, (1) #0
must be of the form 1€ {8k, 8k + 2} for some integer k.

On the other hand, by Corollary 2, if p,,(4) # 0, then
py(—4) # 0 as well. Hence, —4 must also belong to the
same set of admissible eigenvalues, i.e., —A€{8k,8k +2}.
The only values of 4 consistent with both conditions are
those of the form A = 8k. [

Combining Lemma 5 with the spectrum bound || < 2n
identifies the support of the bridge spectral distribution as

A = 8Z n [-2n,2n]. (66)

In particular, |A| =2[n/4] + 1.

D. The second-order matchgate commutant

Having established the spectral structure of A and the
constraints on the bridge spectral distribution, we now

connect these results to the second-order commutant of the
matchgate group. The key observation is that the spectral
projectors {II;} provide an orthogonal basis for the
second-order matchgate commutant [93,94]. This allows
us to express the matchgate twirling channel in closed
form, where the resulting coefficients are precisely given
by the weights {p,(4)}, which is accessible by Bell
sampling. These weights capture the entire second moment
of the matchgate orbit and therefore form a complete set of
invariants at second order.

Lemma 6. (Basis for the second-order matchgate com-

mutant, [93,94]). The operators 11,/ (nf;‘/z) form an

orthonormal basis of Com,(M,,).

With an orthonormal basis of Com,(M,,) in hand, we can
immediately write down the matchgate twirling channel
’]'](VZI) in closed form using Eq. (42).

Lemma 7. (Matchgate twirling channel). Let O €
B(H®?). 1t holds that

T3 (0) = 3" Te[1L,0] # (67)
’ r€2z (nH/z)

In addition, if O€D(H®?), then Tr[I1,0] >0 and
> a2z THILO] = 1.

Proof. Equation (67) follows from Eq. (42) by expand-
ing in the orthonormal basis of Lemma 6. Since each I, is
a projector, Tr[IT,0] > 0 for any positive operator O and
> 1e2z Tr[I;0] = Tr[O] = 1. u

This representation has a simple but powerful conse-
quence for distances: since the commutant is spanned by
the orthogonal projectors {I1, }, the trace distance between
positive operators in the commutant reduces to the total
variation distance between their coefficients.

Corollary 3. (Trace distance in the commutant). Let
01, 02 (S C0m2 (Mn) with 01, 02 S D<H®2) Then,

D(0y, 0,) = TV{Tr[I1,0,]},, {Tr[IT;0,]},).  (68)

Specializing Lemma 7 to an even pure state gives the
following explicit form of the matchgate-twirled two-
copy state.

Lemma 8. (Twirled two-copy state). Let y be an even
pure state. It holds that

IT
2
Ty ) = p, (), (69)
re A (n+i/2)
Proof. Applying Lemma 7 with O = w®? gives
T (%) = 3 p, (1) 52 (70)
M, v - p 4 ( 2n )
A n+i/2
Lemma 5 restricts the sum to 1€ A. n
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Lemma 8 shows that the entire matchgate-averaged
second moment of a state is determined solely by
the weights {p,(4)}. A first consequence is that the
bridge spectral distribution is invariant under matchgate
unitaries:

Lemma 9. (Matchgate invariance of the bridge spectral
distribution). Let y be an even pure state, and let
|¢p) = Ulw) for a matchgate U. Then, for any eigenvalue
A of A,

Pr/)(’l) :py/(l)' (71)

Proof. This follows from the definition of p,, and the
fact that II, is in the second-order matchgate commutant
(Lemma 6). =

A second consequence is an explicit characterization
of Gaussian states: they are precisely the states for
which all bridge spectral distribution is concentrated
at 1 =0.

Lemma 10. (Twirl of Gaussian states). Let |0) denote the
fermionic vacuum. Then

1T
T3 (10)(0/%2) = ﬁ (72)

Conversely, let w be an even pure state. If

T (y®?) = Iy/(%"), then y is an FGS.
P”roof. Since the vacuum state is an FGS, the
Gaussianity condition in Eq. (30) immediately implies
that [0)®2 € V,, and hence py(0) = 1. Substituting into
Lemma 8 gives the first claim. Conversely, p,(0) =1
implies Aly)®? = 0, so y is an FGS by Eq. (30). "
Since any two states related by a matchgate share the
same weights {p, (1)} (Lemma 9), the bridge spectral
distribution is a genuine invariant of the Gaussian equiv-
alence class of y. In particular, a pure state is an FGS if and
only if all weight is concentrated at A = 0 (Lemma 10); any
weight at 4 #0 is a direct, experimentally accessible
signature of non-Gaussianity. To summarize, the distribu-
tion {p,, (1)}, enjoys the following properties on even
pure states y:
1. It is directly measurable via Bell sampling on two
copies of y;
2. itis supported on at most 2| n/4| + 1 integer values
for any even pure state;
3. it is symmetric around zero: p, (1) = p,(—4);
4. it is invariant under matchgate unitaries; and
5. it is a complete second-moment invariant. two
states have the same matchgate-twirled two-copy
state if and only if they have the same bridge
spectral distribution.
These properties make { p,,(4)} a natural foundation for
quantifying non-Gaussianity, and we now turn to formal-
izing this in the next section.

IV. THE BRIDGE DEGREE

The spectral theory of the previous section has revealed
that, for every even pure state, the bridge spectral dis-
tribution {p,(4)},c4 provides a natural language for
quantifying fermionic non-Gaussianity. This motivates
the definition of the bridge degree, defined as the largest
eigenvalue of the bridge operator whose eigenspace is
occupied by the two-copy state. We devote this section to
showing that it is a genuine non-Gaussianity monotone.
In particular, we shall establish that the bridge degree:

(i) takes discrete integer values in {0,4,8,---};

(i1) is faithful: it vanishes precisely on pure FGSs;

(iii) is additive under tensor products of even pure
states; and

(iv) is non-increasing under pure-state post-selected

Gaussian protocols;

Unlike most known non-Gaussianity monotones [25,26],
which are typically computed via optimization procedure,
bridge degree is determined directly from the support of
the bridge spectral distribution. Operational consequences
of these properties are developed in Sec. V.

A. Definition and basic properties

We begin with a formal definition.

Definition 3. (Bridge degree). Let |w) be an even pure
state of n qubits. The bridge degree Aq(y) is defined as the
largest @ > 0 such that p,,(2a) # 0.

Writing V; = @‘ ji<2Vj» an equivalent formulation is
that Aq(y) is the smallest @ > 0 such that [y)®2 € V,,.

The first thing to note is that the bridge degree is an
integer-valued quantity. This is a direct consequence of the
eigenvalue structure of A.

Lemma 11. (Discreteness and boundedness). For any
n-qubit even pure state v, the bridge degree Aq4(y) takes
values of the form 4k for some integer k and satisfies

0 < Ag(y) <4[n/4]. (73)

Proof. By Lemma 5, p,,(4) # 0 implies 2 = 8k for some
integer k. Since Ay(w) = 4/2 for nonzero weight, we
obtain A4(y) = 4k. The upper bound follows by noting
that the largest eigenvalue of A is 2n. (]

A key property is that the bridge degree vanishes if and
only if the state is an FGS, as proven in the follow-
ing lemma.

Lemma 12. (Faithfulness). Ay(w) = 0 if and only if y is
a pure FGS.

Proof. This is a restatement of the pure-state
Gaussianity condition Aly)®> =0 from Eq. (30):
Aq(y) = 0 iff all weight is concentrated at A = 0 iff
is an FGS. (]

An immediate consequence of the interplay between
discreteness and faithfulness is that non-Gaussianity can-
not exist on fewer than four qubits. Indeed, for n < 3,
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the upper bound in Lemma 11 immediately yields
Aq(y) = 0. By faithfulness, this implies that y is an
FGS. This is consistent with the known fact that all even
pure states of n < 3 qubits are FGSs [73].

Additionally, the bridge degree exhibits particularly
simple behavior for systems with up to seven qubits: it
takes only two possible values.

Lemma 13. (Bridge degree on <7 qubits). Any even
non-Gaussian pure state y on 4 < n <7 qubits satisfies
Aa(y) = 4.

Proof. By Lemma 11, the bridge degree for states in the
range 4 < n <7 can only take the values O and 4. By
faithfulness (Lemma 12), any non-Gaussian state must
therefore have Aq(y) = 4. "

Moreover, the forthcoming lemma establishes that the
bridge degree is additive under the tensor product of even
pure states.

Lemma 14. (Additivity). For any even pure states v, ¢,

Ay ® ¢) = Aa(w) + Na(). (74)

Proof. Expanding (Jy) ® |¢))®? in the tensor-product
eigenbasis of A, each component lives in V; ® V, C
V,.». The maximal A+ 4 with nonzero weight is
Aq(y) + Ag(@), which is attained by the fact that weights
come in +4 pairs (Lemma 4). [

We also record a bound relating bridge degree to the
Gaussian nullity v(y) of Ref. [95], defined as the smallest
number of qubits to which the non-Gaussianity of y can be
compressed via a matchgate unitary.

Lemma 15. (Relation between bridge degree and
Gaussian nullity). For any n-qubit even pure state v,

Aa(w) < 4lu(y)/4]. (75)

Proof. By definition of the Gaussian nullity, there exists
a matchgate U with Uly) = [0)®"*")) @ |¢) for some
v(w)-qubit state ¢ [95]. Invariance under matchgates
(Lemma 9) and additivity under tensor products
(Lemma 14) give Agq(y) = Aq(¢), and the bound Ay(¢) <
4|v(w)/4| follows from Lemma 11. L]

Finally, we remark that the bridge degree can be
witnessed directly from the Bell-sampling primitive
(Algorithm 1): given N 1i.i.d. samples /11,...,/1N~p,,,,
the empirical estimator

1
Ad = E mI?X|/1k| (76)

is, by construction, always a lower bound on Ay(y).
It saturates the true bridge degree once the extremal
sector is observed—which happens with probability
1—(1—-2p,(2A4))". This empirical estimator is tight
when p,, has appreciable mass at its extremal value but
can require exponentially many samples for states whose

extremal sector carries only exponentially small weight,
motivating the e-approximate variant developed in Sec. VI.

B. Monotonicity under post-selected
Gaussian protocols

We now come to the central result of this section: the
bridge degree is non-increasing under the post-selected
Gaussian protocols of Definition 2.

More precisely, since the bridge degree is naturally
defined for pure states, we consider a pure state |w)
together with a post-selected Gaussian protocol £ for
which the output state is pure,

E(lw) wl) = #) (- 7

This is a pointwise condition on the pair (&, ) rather
than a global property of £: we do not demand that £ map
every pure input to a pure output, only that the specific
input |y) does so.

Theorem 1. (Monotonicity of the bridge degree). Let |y)
be an even pure state and let £ be a post-selected Gaussian
protocol such that E(|y)(w|) = |¢)(¢| is pure. Then

Ad(9) < Aa(w). (78)

Proof. 1t suffices to prove the claim for each elementary
operation in Definition 2. In particular, since the output |¢)
is pure, every Kraus branch of a Gaussian protocol £ maps
|l//> to the same state, which can be seen as follows
(see, e.g., [96]). Writing £(-) = 3, K((-)K], the identity
S (Kelw) (Kilwr))' = I6h) (@] expresses a rank-one oper-
ator as a sum of positive semidefinite operators. Hence,
each nonzero branch K;|y) must be proportional to |¢),
i.e., Ki|w) «|¢) for every k. Therefore, every nonzero
branch of € produces the same pure output state |¢), so it is
sufficient to consider a single branch, corresponding to
post-selecting on the measurement outcomes. It therefore
suffices to verify monotonicity under (i) applying a
fermionic Gaussian unitary, (ii) appending or discarding
a pure FGS, and (iii) performing an occupation-number
measurement with post-selection.

(1) Fermionic Gaussian unitaries. This is immediate
from the matchgate invariance of the bridge spectral
distribution (Lemma 9).

(il) Appending/discarding a pure FGS. It is immediate
by additivity under tensor product (Lemma 14) and
faithfulness (Lemma 12).

(ili) Occupation-number measurement with  post-
selection. Without loss of generality, consider
the measurement of Z;, with projector P, = (I +
uZ,)/2 for y = +1. The post-measurement state is
|¥,) = P,ulw)/ /P, where p, = (y|P,[y). One can
verify that the operator P, ® P, commutes with A;
consequently, each eigenspace V, admits a decom-
position V,; = Vg (a5} Vi, where V! denotes the
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subspace of V, with eigenvalue v € {0, 1} of P, ® P,. Expanding |y)®? in this common eigenbasis gives

|W>®2 = ch,m”lp/l.m) = Z(

Amy i

Applying P; ® P, selects only the components in V!:

PP =" > W) (80

A omy: Yev]

After renormalization, the post-measurement state
|1 )w,) therefore has support only on those eigenvalues
whose eigenvectors lie in the subspace V), i.e., a subset
of those present in the original state. It follows that the
largest eigenvalue with nontrivial support cannot increase,
that is, Aq(y) < Agq(y). Therefore, A4 is non-increasing
under occupation-number measurements with post-
selection. [

An immediate consequence of monotonicity is that
bridge degree lower bounds the number of non-
Gaussian gates required to prepare a state. In the fermionic
setting, it is natural to consider -doped Gaussian protocols
[95,97] in which at most 7 non-Gaussian gates are
interspersed with Gaussian protocols. Here we consider
4-local non-Gaussian operations, which are generated by
at most 4 Majorana operators.

Definition 4. (t-doped Gaussian protocols). A ¢-doped
Gaussian protocol is a protocol

E=EW, - E W &, (1)

where each &; is an arbitrary fermionic Gaussian protocol,
possibly with post-selection, and each W; is a 4-local
non-Gaussian gate.

We refer to states that can be prepared from the vacuum
by a t-doped Gaussian protocol as t-doped Gaussian
states. The protocol is illustrated in Fig. 1. This model
is universal: any quantum computation can be imple-
mented by injecting SWAP gates—a 4-local non-
Gaussian operation—on top of Gaussian circuits [8,98],
and each SWAP can in turn be realized via a Gaussian
protocol consuming one copy of the magic state [15]

|M) = = (|0000) + [0101) + [1010) + [1111)).  (82)

N =

Corollary 4. (Non-Gaussian gate lower bound for state
preparation). If an even pure state y can be prepared from
the vacuum by a 7-doped Gaussian protocol, then

Ag(y) < 41, (83)

Z C/Lm/1|lP/1,m/1> + Z Cl.mzlpl.m)) . (79)

my: ‘PEVE

my: YeV)

Proof. Any 4-local non-Gaussian gate W can be imple-
mented by injecting a four-qubit magic state My via a
Gaussian protocol [15]. By monotonicity (Theorem 1) and
additivity (Lemma 14),

Ad(WyWT) < Ag(y ® My) = Ag(w) + Aa(My). (84)

By Lemma 13, Ay(My,) = 4 for any non-Gaussian My, .
Iterating over the # non-Gaussian gates, starting from the
vacuum (for which Ay = 0), gives Aq(y) < 4r. =

Furthermore, the bridge degree induces a natural hier-
archy of even pure states through the nested sets
Fr=A{y: Ag(w) <k}, with Fy the pure FGSs and
F 4nsa) the full even Hilbert space. A structurally similar
hierarchy has been introduced in the particle-preserving
setting by Ref. [99] through the generalized Pliicker
relations, naturally defining a particle-preserving counter-
part of the bridge degree, which we call the Pliicker
degree. A proof strategy similar to the above yields an
analogous monotonicity result there: the Pliicker degree is
a monotone under particle-preserving Gaussian protocols.
We discuss this connection in Appendix A.

Before leaving this section, we note that the bridge
degree extends to mixed states by the standard convex-roof
construction: for any even state p, define the convex-roof
extended bridge degree

AFGY = omin maAg), @9
{piwiy: p=  pilwi)(wil

where the minimum runs over all pure-state decomposi-
tions of p. This is the smallest r such that p admits a pure-
state decomposition into states all with bridge degree at
most 7. On pure y, A" (y) = Aq(w). By the general theory
of convex-roof monotones [38,72], A" is automatically a
non-Gaussianity monotone under post-selected Gaussian
protocols and reduces to A4 on pure states. While it yields
a valid monotone, its computation requires optimization
over all decompositions and is generally intractable. In
Sec. VII we develop a different mixed-state extension
based on the Choi representation, which is computation-
ally tractable at the cost of being monotone only under
a smaller class of post-selected Gaussian operations
(Definition 1).
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V. CONSEQUENCES OF BRIDGE DEGREE
MONOTONICITY

The monotonicity of the bridge degree under post-
selected Gaussian protocols, established in Sec. IV B,
has several operational consequences that we develop in
turn. First, in Sec. VA, we derive explicit no-go theorems
for state conversion under Gaussian protocols. Then, in
Sec. V B, we establish that the resulting resource theory
is irreversible in the exact-conversion setting. Finally, in
Sec. V C, we use the bridge degree to derive lower bounds
on the number of non-Gaussian gates required by any
circuit to generate a state design.

A. no-go theorems for Gaussian conversion

In this section, we show that the bridge degree yields
no-go theorems for state conversion under Gaussian
protocols. Since it is monotone under post-selected
Gaussian protocols (Theorem 1), any Gaussian conversion
p — o achievable with nonzero probability requires
A4(p) = Ag(o) and is therefore impossible whenever
A4(p) < A4(o) (see Sec. IID).

As an illustration, consider the family of n-qubit GHZ
states

1

GHZ,) =
| ) 7

(10)®" +[1)®"), (86)

for even n (the state is not even for odd n). It is worth
noting that |GHZ,) is matchgate-equivalent to the canoni-
cal magic state |M) in Eq. (82). We compute the bridge
degree of |[GHZ,) in the following lemma.

Lemma 16. (Bridge degree of GHZ states). For any even
n>4,

n, n = 4k,
Aa(GHZ,) = {n—2 n=4k+2 ®7)

Proof. For n =4k, the largest eigenvalue of A is
A =2n = 8k, whose eigenspace is one-dimensional and
spanned by (|oy;)|o1,))®%. The overlap with |GHZ,)®? is

(<0'01 | <611 |)®2k‘GHZn>®2
= (-1)5GHZ,|X,Y, - X, Y,|GHZ,),  (88)

which is nonzero because X,Y,---X,_ Y, stabilizes
|GHZ,,). Hence Aq(GHZ,) = n.

For n=4k+2, Lemma 5 forbids support at
A =2n = 8k + 4, so the largest admissible eigenvalue is
A = 8k. Consider the state (|6g;)|01;))®* ®|0g,)®? € V.
Similarly as above, we have

((o01l(o11])®* & (00:/®*|GHZ,)|GHZ,)
= (=D"GHZ,|X, Y5 - - Xyy_1 Y X1 X a2 |GHZ,, ).
(89)

The operator XY, -+ Xy 1 Y43 X1 Xaryo 1 again a
stabilizer of |GHZ,), so the overlap is nonzero. Thus the
largest occupied eigenvalue is 8k = 2(n — 2), which gives
A¢(GHZ,) = n—2. m

As an immediate application, we consider Gaussian
conversions between tensor products of GHZ states.
The bridge degree detects that two copies of |GHZg)
cannot be converted into three copies of |GHZ,), since
2A4(GHZg) = 8 < 12 = 3A4(GHZ,). This no-go cannot
be obtained, for example, from the relative entropy of non-
Gaussianity My, [Eq. (38)]. We have that M (GHZ,) = n
for even n > 4 [28]. Therefore, a deterministic Gaussian
conversion above cannot be ruled out by My since
2My(GHZg) = 3Mp(GHZ,) (here we have used that
My is additive under tensor products). For the Gaussian
rank, certifying the no-go would require computing
26(GHZE?) and ;(g(GHZ?z) and showing the former to
be larger, but the Gaussian rank is not known to be
efficiently computable on these tensor-product states.

Notably, with the bridge degree we can obtain no-go
theorems for larger GHZ states as easily. Consider now
four copies of |GHZg) and three copies of |GHZg). The
bridge degree rules out the conversion GHZQ")z>4 - GHZQ‘;373 ,
since 4 Ay(GHZg) = 16 < 24 =3 Ay(GHZg), whereas
neither My nor yg can. For the relative entropy,
Mg (GHZE®*) = 24 = M(GHZY®) as before. For the
Gaussian rank, certifying the no-go is again obstructed
by the difficult optimization in its computation.

The remaining monotones similarly fail to provide
no-go theorems: the second moment of A, like My, is
additive and computable but gives no obstruction, since
M, (GHZ,) = n implies M, (GHZ®*) = M, (GHZE),
whereas the Gaussian extent and fidelity, like the Gaussian
rank, are not known to be efficiently computable on these
tensor-product states. This no-go statement can therefore
be reliably certified only by the bridge degree, which
does so efficiently. It is straightforward to construct further
no-go theorems involving larger GHZ states that can
likewise be certified only by the bridge degree.

More fundamentally, the bridge degree is, to our knowl-
edge, the first known non-Gaussianity monotone that is
both additive and monotone under the strictly larger class
of post-selected Gaussian protocols [100]. Additivity
yields the bridge degree of the tensor-product states from
single-copy values, as used throughout the examples
above, while monotonicity under post-selection further
extends all these no-go theorems to probabilistic conver-
sions. Among previously known monotones, the Gaussian
rank is monotone under post-selection but not additive,
whereas the relative entropy of non-Gaussianity and the
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second moment of A are additive but not monotone under
post-selection (Table III); the no-go theorems from the lat-
ter two therefore apply only to deterministic conversions.

Beyond such specific conversions, the bridge degree
yields a general no-go theorem: no probabilistic Gaussian
protocol can transform an n-qubit non-Gaussian pure state
into a tensor product of m4-qubit non-Gaussian pure states
when n < 4m, even when post-selection is allowed. This
mirrors a recent analogous result for bosonic Gaussian
conversion [41].

Corollary 5. (Impossibility of separately spreading non-
Gaussianity via post-selected Gaussian protocols). Let
n < 4m, and let p be an n-qubit even non-Gaussian pure
state. Let ¢y, ..., ¢,, be 4-qubit even non-Gaussian pure
states. Then no post-selected Gaussian protocol can
exactly map p to @, ¢;.

Proof. This follows directly from three facts: (i) the
monotonicity of the bridge degree (Theorem 1); (ii) the
additivity of the bridge degree for tensor products
(Lemma 14), together with the fact that each 4-qubit
non-Gaussian pure state has bridge degree 4 (Lemma 13),
implying a total of 4m; and (iii) the upper bound that the
bridge degree of any state on n modes is at most n
(Lemma 11). Combining these, the initial state has bridge
degree at most n, while the target state has bridge degree
exactly 4m. When n < 4m, this violates monotonicity, and
the conversion is therefore impossible. [

Remarkably, this impossibility persists even when the
initial state is arbitrarily far from the set of Gaussian states
while each of the m target factors is arbitrarily close to it.
This robustness places the no-go beyond the reach of any
previously known non-Gaussianity monotone. As the
proof shows, the bridge degree achieves this through
two properties: it assigns every 4-qubit non-Gaussian state
the discrete value 4, however close that state is to the
Gaussian set, and it is additive. No previously known
monotone combines these two features. The relative
entropy of non-Gaussianity, the second moment of A,
the Gaussian extent, and the Gaussian fidelity are con-
tinuous and can take arbitrarily small values on near-
Gaussian 4-qubit states, so the target value can be driven
below that of the input, leaving no obstruction. The
Gaussian rank, by contrast, is discrete, taking the value
2 on every 4-qubit non-Gaussian state [101], but it lacks
additivity, so its value on tensor products of 4-qubit states
cannot be inferred from the single-factor values.

B. Irreversibility of the resource theory

The no-go theorems above rule out individual state
conversions. A fundamental question in the manipulation
of quantum resources is whether the resource theory itself
is reversible [3,102]: given two states p and o, can one
always convert n copies of p into m copies of ¢ at the same
rate as the reverse transformation? In this section, we show

that the resource theory of fermionic non-Gaussianity is,
in fact, irreversible under exact post-selected Gaussian
protocols.

To make this precise, define the exact asymptotic
distillation rate and exact cost rate [3]:

Distill(p — ) = sup {ﬂ :AE€G,E(P®) = 0®”’},

mneN 1

(90)

Cost(p —» ) = inf {E : 3E€GEP®) = 0'®’"},

mneN | m

oD

where G denotes the set of post-selected Gaussian proto-
cols. These rates are related by Distill(p — o) =
1/Cost(p — o) [3]. A resource theory is said to be
reversible if

Distill(p — o) = Cost(c — p), (92)

for all states p, 0. Otherwise, the resource theory is called
irreversible.

We stress that here we are considering the exact setting
where free operations map p®”" into 6®™ exactly, which
differs from the approximate setting, where free operations
map p®" into 6®" approximately with an error that
vanishes in the asymptotic limit of many copies [3].

In the following theorem, we prove that the resource
theory of fermionic non-Gaussianity is irreversible under
the set of all post-selected Gaussian protocols G in the
exact setting.

Theorem 2. (Irreversibility of the resource theory of
fermionic non-Gaussianity). The resource theory of fer-
mionic non-Gaussianity is irreversible under exact post-
selected Gaussian protocols. That is, there exist two states
p and o such that the exact distillable rate and exact cost
rate satisfy

Distill(p — o) # Cost(c — p). (93)

Proof. If there exists a post-selected Gaussian protocol
which maps n copies of p to m copies of o, then for
any non-Gaussianity monotone M under post-selected
Gaussian protocols, it must hold that

M(p®") > M(c®™). (94)

Now, consider the states p = |GHZ4) and 6 = |GHZy).
We will give bounds for the distillation rate and cost rate of
the two states.

We will first bound the distillation rate of p — ¢ using
the bridge degree. Because A, is (i) non-increasing under
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post-selected Gaussian protocols and (ii) additive on tensor
products of pure states, Eq. (94) gives

m_ Aa(p)

n = Ay(o

. 95)

~—

Since Aq(GHZg) = Aq(GHZ,) =4 (Lemma 16), we
obtain

Aq(GHZg)

Distill(GHZ GHZ,) < ———=
istill( 6 = 4) < A, (GHZ,)

=1. (96)

Next, we bound the cost rate of ¢ — p using the
Gaussian nullity v [95], which is also non-increasing
under post-selected Gaussian protocols [103] and additive
under tensor products. The Gaussian nullity of |GHZ;) is
v(GHZ,) = k [28]. Applying Eq. (94) to v therefore gives

IJ(GHZ6) 3
Cost(GHZ, — GHZ,) > 22046) _ 2 7
ost(GHZ, —~ GHZg) 2 V(GHZ,) 2 D

Combining Eqgs. (97) and (96), we obtain
Distill(GHZs —» GHZ,) < Cost(GHZ, — GHZg), (98)

which concludes the proof. n

Theorem 2 establishes a strict gap between the exact
distillable rate and the exact cost rate. In particular, the gap
in the proof above is given by

Distill(p — o) < g 99)
Cost(c » p) 3

Our next result shows that this ratio can be made
arbitrarily small, i.e., the irreversibility of the resource
theory of non-Gaussianity is arbitrarily strong. We first
prove a preliminary lemma, showing that the bridge degree
is also constrained by the particle number, independently
of the system size.

Lemma 17. (Bound from particle number). Let y be an
even pure state of n qubits with definite particle number N.
Then

1

Ag(y) <4 bmin(N, n— N)J . (100)
Proof. Writing y,;_ = a; + aj and yy; = —i(a; — aj.)

on each copy, the bridge operator becomes
A=2)"T; (101)

j=1
where

T ::aj®aj+aj®aj. (102)

The canonical anticommutation relations imply that the
operators 7; mutually commute. Moreover,

Ti=n;® (1 —n))+(1—n;)®n;=:0Q;, (103)

where n; = ajfaj. Thus Q; is the projector onto the
subspace in which mode j is occupied in exactly one of
the two copies. Consequently, the eigenvalues of T'; are
0, 1.

Let N; and N, denote the particle-number operators
of the two copies. Both A and every T; commute with
the total particle number N; + N, In the sector
N + N, = M, the number of modes occupied in exactly
one copy is bounded both by the total number of particles
and by the total number of holes. Equivalently,

Yo <M, >0, <2m-M. (104
=1 =1

Since the T; commute, they admit a simultaneous
eigenbasis. If #; € {0, =1} are their eigenvalues on a joint
eigenvector, then [1,] is the corresponding eigenvalue of
Q;. Hence every eigenvalue 4 of A in the Ny + N, =M

sector satisfies

n
o

J=1

<2 |t;| <2 min(M,2n — M). (105)
j=1

4] =2

Since |y) has particle number N, the state |y)®? belongs
to the particle-number sector M = 2N. Therefore
every eigenvalue in the support of p, satisfies
|A] <4 min(N,n — N). Combining with the restriction
A = 8k for an integer k (Lemma 5) gives Eq. (100). =

Theorem 3. (The irreversibility of the resource theory of
fermionic non-Gaussianity is arbitrarily strong). For any
€ > 0, there exist even pure states p, o such that

Distill(p — o) e (106)
Cost(e — p)

Proof. The argument follows the proof of Theorem 2
by bounding the distillable rate with the bridge degree and
the cost rate with the Gaussian nullity. For any two even
non-Gaussian pure states p and o,

Adlp) v(o)
=) Alo)

As in the proof of Theorem 2, we take 6 = |GHZ,) for
which v(c) = Ag(c) =4 so that the right-hand side
reduces to Ag(p)/v(p).

GHZ states cannot serve as p to prove the claim here,
since by Lemma 16 together with v(GHZ,) = n they

Distill(p — o)
Cost(o — p)

(107)
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satisfy Aq(GHZ,,)/v(GHZ,)) > 1 — 2/n, which tends to 1.
What is needed instead is a state whose bridge degree
grows much slower than the nullity.

To this end, consider the two-fermion pairing state on
n = 2L modes,

P) = Zazj 1a3;[0). (108)

Direct computation shows that its single-particle den-
sity matrix has all n eigenvalues equal to 1/L, so for
L >?2 none lies in {0,1} and the Gaussian nullity is
maximal, v(P;) = n = 2L. On the other hand, since the
state has a definite particle number N =2, Lemma 17
gives Ay(P;) <4 and since it is non-Gaussian,

Ag(Py) =4 forall L >2. (109)
Setting p = |P;) in Eq. (107),
Distill(P;, — GHZ,) < Aq(Pp) _ z (110)
Cost(GHZy - P;) ~ v(Py) L
which is smaller than any ¢ > 0 for L > 2/e. [

These results establish this phenomenon in the fer-
mionic setting, in direct analogy with the recent result for
bosonic non-Gaussianity in Ref. [41], and in contrast with
entanglement theory, which is reversible under exact post-
selected LOCCs for pure states, where both the exact
distillable entanglement and the exact entanglement cost
are given by the logarithm of the Schmidt rank [3].

C. Lower bounds for state designs

We now apply the bridge degree framework to obtain
lower bounds on the non-Gaussian gate count required to
generate state k-designs. First, we compute the Haar bridge
spectral distribution py explicitly and establish its char-
acteristic property. Then, we use this to derive lower
bounds on the non-Gaussian gate count to generate state
k-designs in both the exact and approximate settings.

1. The Haar bridge spectral distribution

Consider the second Haar moment ¥\>) By the left-

is invariant

Haar*

right invariance of the Haar measure, ‘ngar

under the matchgate 2-twirl. Consequently, ‘I’Hzaar admits a
spectral decomposition over the eigenspaces of A

(Lemma 8):

Haar ZPH

(111
re A (n+,1/2)

Here, py(4) denotes the probability of obtaining eigen-
value A when performing Bell sampling on two copies of a

Haar-random pure even state. We refer to py(4) as the
Haar bridge spectral distribution. The goal of this section
is to compute this distribution in closed form and to
analyze its characteristic shape.

Lemma 18. (Haar bridge spectral distribution). The
Haar-averaged bridge spectral distribution is
4(nj;?/2)

2"(2" +2)° (112)

pu(d) =
supported on A.

Proof. By Schur-Weyl duality, ‘I’Haar is proportional to
the projector onto the symmetric subspace of the parity-
even sector, P, =(0+0S)/2withQ = (I+ P ® P)/2
and S the SWAP operator, with normalization Tr[Pg,,| =

2"(2" +2)/4. Using QII, =11, and SII; =TI, for
/16.,4 we compute pg(4) = Tr[Pg,I1]/Tr[PZ,,] =
2,,(2,,+2) Tr[I1, + STI,], which yields Eq. (112). "

The closed form of pp is binomial in 4 and peaked
at 1 =0, with support extending to the full range
|A] < 8|n/4]. More quantitatively, the distribution is
well-approximated by a Gaussian of width /n:

Lemma 19. (Concentration of pH ) For each n > 2, let
X, be a random variable distributed according to the Haar

(n)

bridge spectral distribution py;” on n modes. Then

2n(2n—1)

Var(X,) =2n— T

(113)

Moreover, the rescaled variable X, /v/2n converges in
distribution to a standard Gaussian:

X
LAz ZAN(0,1) asn— oco. (114)
o (0.1)
Proof. The mean vanishes by the symmetry (, ) =

() of p;) about 4 = 0. The second moment, for n > 2,

is given by

\ 2n(2n—1

(115)
re A +1

where we used the expression in Eq. (112) and computed
the resulting binomial sum over the restricted range
A =87 n [—2n,2n] with a roots-of-unity filter technique
[104, Sec. 1.2.9D] and otherwise standard algebra.

A similar technique can be used to compute the
characteristic function gy (1) == E[¢"*:], which we use
for the limit theorem:

2n

7\ 2n
=513 <cos(t)2” + sin(#)*" + cos <t + 4)

P 2n
r—-— 5
+cos< 4) )

»x, (1)

(116)
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where the four terms correspond to the fourth roots

of unity. The characteristic function of X/v2n is
®xvam(t) = @x, (t/V2n). We have
lim gy, (1) = €2 =gz (1) ViER.  (117)

Pointwise convergence of characteristic functions to the
characteristic function of Z~AN(0,1) implies conver-
gence in distribution by Lévy’s continuity theorem, estab-
lishing Eq. (114). [

Beyond convergence in distribution, the Haar bridge
spectral distribution satisfies a quantitative Berry-Esseen-
type bound for the Kolmogorov distance:

Lemma 20. (Berry-Esseen bound for py). There exists
an absolute constant C > 0 such that, for every n > 1,

< < (118)

Pr( g <x) -] < 77

where @ denotes the standard normal CDF.
Proof. We apply Esseen’s smoothing inequality [105] to

Y, =X,/v2n: for any T > 0,

sup
xeR

sup |Fy, (x) — @(x)]
L [Tl Vo = e (119
_ﬂ/T |7| T’

where Fy (x) denotes the cumulative distribution of Y,
and mg = (27)~/2. We choose T = Z /2, so the residual
contributes O(1/4/n). Decompose the characteristic func-
tion Eq. (116) as gy (s) = A(s) + B(s) with

n

2" 42

A(s) = (cos(s)" +21-m),

n

2 . » T 2n
B(s) 1= ST |:Sln(s) " + cos (S + Z) (120)

bia 2n
_ - _ 21—n .
+ cos <s 4> ]

By construction, A(0) =1 and B(0) = 0, so the inte-
grands |A(1/v/2n) — e "/2|/|t| and |B(t/\/2n)|/|t| are
each integrable at t = 0.

We bound the two contributions in turn, beginning with
the dominant term. Writing

At/V/2n) = e = = feos(t/v/2n) " — ]
+ 2n2+ EG! (121)

the bound cos(s)** < e’ (from logcoss < —s2/2 for
|s| <7/8) gives cos(t/vV2n)* <e /2 for |t <T.

Combining with the Taylor remainder logcos s + s%/2 =
—s*/12 + O(s°) yields

|cos(1/V2n)" — e 12| < Ky e "2 ¢*/n for |t] < T,

(122)

for an absolute constant K; > 0. Moreover, the second
bracket in Eq. (121) satisfies |1 — e~"/2| < min(1, 2/2).
Integrating,

7

<&/|Z|3e_t2/2dt+ > /Tmin(l’tz/z)d
=0 Ja 12) .,
(123)

=O(1/n).

For the subdominant terms, the identity cos(s + z/4) =
(cos s F sins)//2 together with sin? 4+ cos? = 1 gives

Js 2n Js 2n
cos (s + Z) + cos (s — Z) —pl=n

=27"[(1 +sin2s)" + (1 —sin2s)" — 2], (124)
in which the bracket admits
(14 sin2s)" + (1 —sin2s)" —2
[n/2] n ©
=2 Z <2k> sin 2s k<2 kg (nsin 2s
z(cosh(n\ sin2s|) —1) <8 n (125)

for |s| <1/(2n) (in which range n|sin2s| <1). The
first inequality uses (;) < n?/(2k)!, while the second
uses cosh(x)—1<x*> on x€[0,1] together with
|sin2s| <2|s|]. Combined with |sins|*" < |s|*" <
2720=12 for |s| < 1/(2n), we obtain

|B(s)| < K,n?>27"s>  for |s| < 1/(2n), (126)

with K, > 0 absolute. A uniform bound on |s| < z/8
follows from |sins|,|cos(s £ z/4)| < r:=cos(z/8) so
that |B(s)| < K5 r*" with K5 > 0 absolute. Splitting the
integration range at || = 1/v/2n,
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dl’ < K2 I’l2 2_n
- 2n

/T |B(t/V2n)|

/ |t|dt
T /1] f|<1/v2n

+K3 r2"/ ﬂ
1Van<li<r 1]

= 002" 4+ O(P"logn).  (127)

Combining the two contributions with the residual in
Eq. (119) yields sup,|Fy (x) — ®(x)| = O(1/+/n), which
is Eq. (118). =

The rate in Eq. (118) is sharp in Kolmogorov distance,
as seen by evaluating at x = 0: the symmetry py(4) =
pu(—4) gives Fy (0) =1+1py(0), while ®(0) =4,
s0 |Fy (0) —®(0)| =3 pu(0) =©(1/y/n) by Stirling’s
approximation applied to Eq. (112).

Lemma 21. (Tail bound of py). For every 7 > 0 and
every n > 1, the Haar bridge spectral distribution satisfies

2
(] > T) < (4 +22-">exp(—8T—n). (128)

Proof. The moment generating function My (1) =
Ele™] is obtained by analytic continuation of the char-
acteristic function in Eq. (116) through the substitution
t— —it:

n

My (1) = I (coshz”(t) + (—1)"sinh?"(z)

2
+ 5 M[(cosh  + i sinh 1)2"]). (129)

The last term has modulus |(cosht+ isinht)?"| =
cosh(2¢)", since |cosh?+isinht|> =cosh(2¢). Combined
with the elementary inequality sinh(s) < cosh(s) < e%/2,

My (1) < (2+2"")e*"  for all t€R. (130)
By Markov’s inequality applied to ¢’X», for any ¢ > 0,
Pr(X, > T) <" My (1) < (2421727, (131)

The exponent 2nt> — T is minimized at t* = T/(4n),
where it takes the value —72/(8n). Hence

2
Pr(X, >T) < (2+2!"")exp (—;—n> (132)

The symmetry py(4) = pu(—4) (Lemma 19) finally
yields Eq. (128). u

2. Non-Gaussian gate lower bounds

We now state the central result of this section: a lower
bound on the number of non-Gaussian gates any 7-doped
Gaussian protocol must contain to form state designs.

We begin with the exact-design case, where 7-doped
Gaussian protocols must contain 1 = Q(n) non-Gaussian
gates.

Corollary 6. (Non-Gaussian gate lower bound for exact
2-designs). Any family of #-doped Gaussian protocols that
prepares an exact state 2-design must contain at least one
state requiring 7 > [n/4] non-Gaussian gates.

Proof. Any state y prepared by a t-doped Gaussian
protocol has A4(w) <4t (Corollary 4), and therefore
py(4) =0 for [1] > 8t An exact 2-design satisfies
E,[p,(4)] = pu(4) for all A. In particular, the state
ensemble must populate A=+8|n/4], where py(4) >0
but p,(8|n/4]) = 0 whenever ¢ < [n/4]. Hence at least
one state in the ensemble requires 7 > |n/4] non-Gaussian
gates. ]

Corollary 6 is an existence statement: there exists at
least one state in the ensemble that attains maximum
bridge degree and hence requires Q(n) non-Gaussian
gates, while leaving open the possibility that such “hard”
states comprise an exponentially small fraction of £. The
approximate-design analysis below replaces this existen-
tial conclusion with a high-probability statement for
approximate state design.

Theorem 4. (Bridge degree lower bound on approximate
2-designs). Let £ be an e-approximate state 2-design of
even pure states.

(a) Constant-e regime. For every e € (0, 1), there exist
constants ¢, p. > 0 (depending only on ¢) such that,
for n sufficiently large,

Pr [Ag(y) > cov/n] > pe. (133)

y~E

(b) Decaying-e¢ regime. There exist absolute constants
C.,c,eg >0 with ¢y < 1/4 such that, for every
€€ (0, ¢y with € > C,//n,

Pr [Aq(y) > c/n log(1/e)] > 2e.

y~E

(134)

Proof. Let ® denote the standard normal CDF and fix
any a > 0 to be chosen later.
For any even pure state y, the support of p,, is contained

in [=2A4(y), 2A4(w)], so
Aa(w)<a\/n/2= p,(2)=0 forall|A|>aV2n. (135)

Define the tail probabilities

ras= PiA(w) > a2, so= D7 pe(d). (136)

[A|>av2n
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so that (135), and let s(aH) =

>_li[>av3n Pu(4) denote the Haar tail. The e-approximate
2-design condition yields

s, <r, by Eq.

50— s < D(TY(E) <DE) <e. (137

In the first inequality, we used the variational definition
of trace distance applied to the two-outcome POVM
{Pol—P} with Po=3%7, 5010, as well as
Eq. (237); the second inequality uses monotonicity of

trace distance under quantum channels.
(H)

In particular, Eq. (137) implies s, > s, ' — €, and hence
Ty > s,(lm —e€. (138)
(H)

The two regimes differ in how the Haar tail s, ' is

controlled and how a is chosen.

(a) Constant-¢ regime. For any fixed e € (0, 1), choose
a.€(0,®71(1 —e€/2)) so that 2(1 — ®(a,)) — e > 0.
By the qualitative convergence s 2(1 —®(a))
from Lemma 19, the relation Ta, 2 sgf) — ¢ from
Eq. (138) yields r, >2(1 —®(a.)) —e—o(l) as
n — co. Hence, for n sufficiently large, r, > p. =
2(1-®(a.)) —e—6.>0 for any 6.€(0,
2(1 — ®(a.)) —€), and the threshold is a.\/n/2 =
cey/n with ¢, = a./+/2. This is Eq. (133).

(b) Decaying-e¢ regime. We use the Berry-Esseen-type
bound: by Lemma 20,

2C
s >2(1—®(a)) ===, YV a>0,

Jn

with C the absolute constant of Lemma 20. Combin-
ing with Eq. (138),

(139)

ro > 2(1 — ®(a)) — e — 2—\/; > 2(1 — ®(a)) - 2e,

(140)

where the last inequality uses the assumption € >
C./\/n with C,:=2C. Setting a*:=® (1 —2¢)
gives r, > 2e. It remains to bound a* in terms of

¢. The Mills-ratio lower bound 1 —®(a) > —&=(; —

%)e’“z/2 for a > 0 [105], applied at a = a* with
1 —®(a*) =2, gives a* > cy/log(l/e) for an
absolute ¢, > 0, provided € < ¢, for some absolute
€y < 1/4 (so that a* > 0). Setting ¢ = cj,/+/2, the
threshold is  a*\/n/2 > cy/nlog(1/e), which
is Eq. (134).

Combining the theorem above with Corollary 4 yields
the following corollary.

Corollary 7. (Non-Gaussian gate lower bound for
approximate 2-designs). Let C, > 0 be the absolute con-
stant from Theorem 4. For any C, /\/n < ¢ < 1, any family
of t-doped Gaussian protocols preparing an e-approximate
state 2-design satisfies

oV Toa7e])

with non-negligible probability over the ensemble.
Theorem 4 is the central structural result of this section.
It shows that a size-dependent number of non-Gaussian

gates—at least Q(y/nlog(1/e))—is required of any

ensemble approximately reproducing Haar statistics.
This stands in sharp contrast to the qubit case (where
the relevant designs are on the full qubit Hilbert space):
random Clifford circuits already form an exact state
3-design and need only an n-independent number of
non-Clifford gates to generate an approximate state
k-design for any k > 3 [77-79]. On the matchgate side,
a growing number of non-Gaussian gates is required
already at the state 2-design, the first nontrivial design
(the matchgate orbit forms an exact state 1-design).
Restated at the single-state level, the bridge degree itself
controls randomness generated from the matchgate orbit of
a state: any state y with Ay(y) = o(y/nlog(1/¢)) has its
matchgate orbit at trace distance > e¢ from the Haar-
random state.

(141)

VI. THE ¢-APPROXIMATE BRIDGE DEGREE

The bridge degree introduced in Sec. IV is, by con-
struction, a discrete quantity that reflects the support of the
bridge spectral distribution {p,, (1)}, ¢ 4. While this yields
a clean theory, it comes at a cost. Consider, for instance, an
arbitrarily small non-Gaussian perturbation of a fermionic
Gaussian state, |y,) « |wrgs) + €|¢) with € — 0. In this
case, each previously unoccupied eigenvalue sector
acquires non-zero weight, and the bridge degree jumps
to its maximal value irrespective of how small € is. Yet, for
all practical purposes, the perturbed state remains opera-
tionally indistinguishable from a Gaussian state for suffi-
ciently small e.

We address this by introducing an e-approximate
version of the bridge degree, which tolerates a fidelity
error € in the target state. Crucially, this approximate
variant inherits the monotonicity of its exact counterpart,
albeit under the smaller class of Gaussian protocols that
excludes post-selection on measurement outcomes. This
monotonicity translates into concrete bounds on approxi-
mate Gaussian conversion, extending the exact-conversion
bounds of Sec. V A to the approximate setting. The price is
that the approximate bridge degree is, in general, hard to
compute—its definition involves an optimization over the
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full set of even pure states within fidelity e of the target.
We circumvent this by constructing an efficiently com-
putable lower bound, again built from the bridge spectral
distribution and therefore directly estimable from Bell-
sampling data. This lower bound in turn renders the
conversion bounds experimentally accessible, and in
particular establishes an efficiently computable, single-
shot lower bound on the non-Gaussian magic-state cost of
preparing any even pure state.

A. Monotonicity under Gaussian protocols

We begin with the formal definition.

Definition 5. (e-approximate bridge degree). Let y be an
even pure state and ¢ € [0, 1]. The e-approximate bridge
degree is

Ad.e(l//) = min

A )
19) : 1-F(y.d)<e a(9)

(142)

where F(y, ¢) = |(y)¢|* and the minimum runs over all
even pure states |¢).

Since A4 is integer-valued and bounded by 4|n/4 |, the
minimum is attained, and we may write min rather than
inf. The quantity Ay () answers the question: what is the
lowest bridge degree of any pure state within fidelity 1 — €
of w?

We now show that Ay inherits monotonicity from the
exact bridge degree, under the (smaller) class of
Gaussian protocols (Definition 2). We first introduce
an intermediate quantity: for any even pure state y and
e €10, 1], define

A (w) = min

A (7),
71 F(y,r)>1—e d (T)

(143)

where, for pure y and an arbitrary (possibly mixed) state
7, F(y,7) = (p|ely) denotes the fidelity, A{, is the
convex-roof extended bridge degree [defined in
Eq. (85)], and the minimum runs over all even states
on n qubits.

The next lemma shows that the optimization in AJ, is
always achieved on pure states:

Lemma 22. (Pure-state achievability). For every even
pure state y and e € [0, 1],

AZeW) = Age(w). (144)

Proof. The “<” direction is immediate: restricting the
outer minimization to pure 7 recovers the definition of Ay .,
since A§"(¢) = Ay(¢) for pure ¢.

For the “>” direction, let z* attain the minimum in
A (w) and let 7° = 3 ; p; |£;)(&;| be a pure-state decom-
position attaining the inner minimum in A§"(z*), so that

max A(&) = AJ() = AL W) (145)

Since y is pure, the fidelity constraint expands as

I=e S Fly.) = wlc'lw) =D _pi Fy. &), (146)

so there exists i* with F(y,&x) > 1 —e. Hence, &« is
admissible in the optimization defining Ay . (w). Combined
with Eq. (145),

Ade(y) < Ag(Er) < A (w). (147)

|
We can now state and prove the main result of this
subsection.
Theorem 5. (Monotonicity of the e-approximate bridge
degree). For every even pure state y, every € € [0, 1], and
every Gaussian protocol £ such that () is pure,

Ad,e <E(V/)) < Ad.e (W) .

Proof. Let 7, be a pure state achieving the minimum
in Ad,e(y/)’ SO F(W9 Te) = I —¢ and Ad(Ts) = Ad,e(l//)'
By monotonicity of the fidelity under any quantum
channel [51],

(148)

F(5<W>’E<Te)> > F(Wv Te) > - €, (149)

and by monotonicity of A§" under Gaussian protocols

A§'(E(ze)) S AJ'(re) = Aalte) = Agey). (150)
Thus &(z,.) is admissible in the optimization defining
A (E(y)). Combining with the pure-state equivalence

(Lemma 22) applied at E(y),

A e(EW)) = AGe(E(w)) < AGT(E(ze)) < Agelw).
(151)

B. A computable lower bound from
the bridge spectral distribution

Recall that the bridge degree is naturally defined in
terms of the bridge spectral distribution. Here, we general-
ize the relation between the bridge spectral distribution and
the bridge degree in the approximate setting. This also
provides an efficient way to bound the approximate bridge
degree, where taking an extremum over all even pure states
|p) with F(y, ¢) > 1 — e makes it not obviously tractable,
unlike in the exact setting. The main idea is to simply
restrict attention to states that already live in a low-
eigenvalue sector of A and ask how much of |y)®?
overlaps with such sectors.

033065-25



POETRI SONYA TARABUNGA

PRX QUANTUM 7, 033065 (2026)

Recall from Sec. III that V, = @‘ ji<2V; 1s the span of
the A-eigenspaces with eigenvalue at most A in absolute
value, and an even pure state ¢ satisfies Aq(¢) < a if and
only if |$)®*> €V),,. In particular, the closest low-bridge
degree state to y in terms of fidelity is closely tied to the
overlap of |y)®? with V,,. This is exactly what the
following quantity measures.

Definition 6. (Bridge-fidelity). Let y be an even pure
state, and let k be an integer satisfying 0 < k <4|n/4].
The bridge fidelity is

Fi(y) = max F(y®2,¥). (152)

W) € Vot (W)P=1

Notably, the bridge fidelity admits a simple closed-form
expression in terms of the bridge spectral distribution.

Lemma 23. (Closed form for the bridge fidelity). For
any even pure state yw and any integer k satisfying

0<k<4ln/4l,
Fry) = | > py ().
\ i<

Proof. For a subspace V C C? with projector IIy
and a unit vector |v), the standard identity
mMaxj, e v: gow=t|(W)v|* = (v|Iy|v) holds. Applying this
with V = V,, and |v) = |y)®? gives

(153)

max

b4 ®2|12 — ®2H ®2
|¥) €V : <~y>~y:1|< >l// | Z <‘/’| ;|l//>

|il<2k

=Y p, () (154)
|il<2k

|

We now extend the bridge fidelity to the approximate
setting, analogously to the bridge degree.

Definition 7. (Approximate bridge fidelity). Let y be
an even pure state and € > 0. The e-approximate bridge
fidelity is the smallest integer @ > 0 such that there exists a

normalized state |¥) € V,, with \/F(y®*, ¥) > 1 —e:

Fely):= min{a>0: FMy)>1—¢}. (155)

Intuitively, F.(y) is the smallest a such that a fraction
(1 —¢€)? or more of the bridge spectral distribution is
concentrated within |4| < 2a. Importantly, F . (w) provides
an efficient lower bound to the approximate bridge degree,
as proven in the following lemma.

Lemma 24. (Approximate bridge fidelity lower bounds
the approximate bridge degree). For any even pure state
and any € > 0,

Proof. By definition of the approximate bridge degree,
there exists an even pure state |¢) with F(y,¢p) > 1—¢
and Ag(¢) = Age(w). Since [$)®> € Voy, ()» We obtain

Fyn®) 2 \/W = F(y.¢) > 1—e¢, (157)

and the conclusion follows from the definition of the
e-approximate bridge fidelity. (]

The lower bound of Lemma 24 naturally extends to
arbitrary mixed states through the convex-roof extension
AS" [Eq. (85)]. This yields a fidelity witness, which
certifies the non-Gaussianity of a mixed state from its
fidelity with a known pure state.

Corollary 8. (Fidelity witness for mixed states). Let |¢)
be an even pure state and let p be an even state with fidelity
F(¢,p) > 1 —¢. Then

A§'(P) 2 Nge(@) 2 Fe(9). (158)

Proof. Consider the approximate convex-roof extended
bridge degree Aﬁfg(qb) [Eq. (143)]. Since F(¢,p) > 1 —¢,
the state p is feasible in the optimization of A{,(¢), so
Af(p) 2 AT (¢). Lemma 22 gives Af (@) = Agc(dh),
and Lemma 24 gives Ay .(¢) > F.(). "

Operationally, Corollary 8 witnesses the mixed-state
non-Gaussianity A'(p) from two ingredients: the fidelity
F(¢, p) to the target |¢), which is directly measurable [65],
and the approximate bridge fidelity F.(¢), computed from
the classical description of ¢. An experimentalist prepar-
ing a state intended to be |¢) and measuring F(¢,p) >
1 —e may thus certify A§'(p) > F.(¢) for the actual
laboratory state. This strategy of estimating the fidelity
to a classically described target and using it to certify a
resource of the laboratory state has been demonstrated
experimentally for entanglement in Ref. [106].

We next describe how the approximate bridge fidelity
F. can be estimated from Bell-sampling data on a pure
state . Concretely, F.(y) is the smallest a € . A/2 for
which the bridge fidelity F3(y)? crosses the threshold
(1 —¢)?, and the sample complexity of locating this
crossing point from Bell-sampling data is governed by
the gap

A= min{F/}L(w (w)?—(1—¢€)%,(1—¢)? —F’}éw)_l(w)z}
(159)

between the bridge fidelity and the threshold at the two
adjacent values of a. Since A is not known a priori, we
adopt an adaptive stopping rule based on the Dvoretzky-
Kiefer-Wolfowitz (DKW) inequality [107,108], summa-
rized as Algorithm 2. The following lemma certifies its
sample complexity.

Lemma 25. (Sample complexity of F.). Let y be an
even pure state with F.(y) = a. There is a Bell-sampling-
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ALGORITHM 2. Adaptive estimation of F, ().

Input: threshold e € (0, 1), failure probability 6 (0, 1).

Output: & = F (w) (with probability at least 1 — §).

1: N<«O

2: repeat

3 N« N+1

4: Run Algorithm 1 once to obtain Ay ~

5 Update the empirical CDF F(a) <—N‘1 Z ({4 £2a}
for all a€ A/2.

G ok = 6/(NY): < Vioe(2/5}1/(N).

7: untll 3 o’ € A/2 such that F(a/) —ny > (1 —€)* and

Fla 1) +ny < (1—¢)?
8: return & <« o'.

based algorithm that outputs & = F,(y) with probability
at least 1 — 6 using

N = O(l (log(l/A)+log(1/6))> (160)

Bell samples, where A is defined in Eq. (159). The
algorithm requires no a priori knowledge of A.

Proof. Write F(a) = Fi(y)* = > j1<2 py(4) for the
squared  bridge fidelity, and let Fi (o) =
k~USK 1{|A;] <2/} for o €.A/2 denote the algo-
rithm’s empirical CDF estimate of F(a’), with confidence
half-width

ne = \/log(2/6;)/(2k), O = 65/(7r2k2),

and stopping criterion: stop at the first £ for which some
a € A/2 satisfies

(1—e)?

(161)

A

Fi(d) —m 2 and  Fi(a' =1)+m < (1—-e)?,

(162)

returning @ := a’. The DKW inequality states that for any
fixed k,

F(d)| > m) < 0. (163)

Pr(ma}x|f7k(a’) -

a
With §; chosen so that ), §; = &, the union bound
over k ensures that Eq. (163) holds for all k, with
probability at least 1 —4. Call this event E. Suppose
now that the algorithm stops at some round k with output
o, so the stopping conditions Eq. (162) hold; on E we have

F(d)e[F(a) —ny. F(d') + iy, and Eq. (162) therefore
implies
F(d) > Fi(a 1—¢€)* and
(@) > Fule) > (1= e
Fla' —1) < F(od = 1)+ < (1 —¢)*.

Since F is non-decreasing, o is the smallest value
with F(a') > (1 —€)?, which by definition equals
F.(y) = a. The algorithm therefore returns the correct
value whenever it stops. To bound the stopping time,
observe that Eq. (159) gives F(a) > (1 —¢€)*>+ A and
Fla—1)<(1—¢€)?—A; on E this implies Fy(a)>
F(a) —niand Fi(a — 1) < F(a — 1) + 5, so the stopping
conditions at & = a are satisfied as soon as 7, < A/2.
Substituting Eq. (161) and solving self-consistently for the
smallest such k yields

k= O(%(log(l/A)+log(l/6))), (165)

which is Eq. (160). -

C. Approximate Gaussian conversion

We have discussed in Sec. V how the monotonicity of
the bridge degree translates into concrete bounds on
Gaussian conversion. In this section, we show that the
monotonicity of the approximate bridge degree allows us
to extend these bounds to the case of approximate
Gaussian conversion.

Before stating the main theorem, we record two
elementary perturbation bounds relating the trace distance
and the fidelity that will be used in the proof.

Lemma 26. For a density matrix p and a pure state y,
we have

1= F(y,p) <D(y.p). (166)

Proof. We make use of the variational definition of the

trace distance:

(167)

D(p. o) = maxTr(P(p — o)),

where the maximization is over all projectors P. Taking
P =y, we have

(w.p),
(168)

D(y.p) 2 Tr(y(y —p)) =1 = (wlply) =1-F

which concludes the proof. n
Lemma 27. For density matrices p, ¢ and a pure state y,

we have

(169)

|F(p.w) — F(o.y)| < D(p, o).

and

|F(y.0) = F(p.o)| < /D(y.p). (170)
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Proof. We again make use of the variational definition of
the trace distance in Eq. (167), setting P =y,

D(p.o) 2 Tr(y(p — o))
= (ylply) — (wloly)

=F(p.y) — Fo.y). (171)
Then, exchanging p and o, we arrive at
D(p,o) 2 |F(p,w) — F(o.y)|. (172)
To show the second inequality, we have [109]
|Fy.0) = F(p.0o)| < /1= F(w.p). (173)

which, combined with Lemma 26, concludes the proof. =

Theorem 6. (Gaussian-conversion bounds from the
approximate bridge degree). Let y, ¢ be even pure states.
If there exists a Gaussian protocol £ such that E(y) is
o-close in trace distance to ¢, then for all € > 0:

Agyers(@) < Age(y), (174)

Agery5(®) < Aae(w). (175)

Moreover, if post-selected Gaussian protocols are
allowed and E(y) is 6-close to ¢ with any non-zero
probability, then

Ags(d) < Na(w). (176)

Proof. For a given ¢, let 7, be an even pure state such that
F(y,7z.) > 1 —¢€ and A4(z,) = Ag.(y). We have

F(¢,E(z)) 2 F(o, E(w)) — D(E(w), E(zc))
> F(¢,E(w)) —D(y,7.) 21 =5 —e.
(177)
We used Lemma 27 in the first inequality. In the second

inequality, we used that the trace distance does not increase
under quantum channels. In the third inequality, we used

D(y.7,)=\1-Fly.z,) < e  (178)
since both y and 7, are pure states, and
F(p.Ew) 2 1-D($.Ey)) 2 1-6. (179

where we used Lemma 26. Equation (177) implies

Aders(B) =G o1 5(D) SAG(E(7)) SAF (7e) = Aae (W),
(180)

where we used the pure-state equivalence (Lemma 22) at ¢
in the first equality and the definition of the approximate
bridge degree in the first inequality. In the second inequal-
ity, we used that the convex-roof extension Aj§" is non-
increasing under Gaussian protocols. The final equality
uses A§'(z.) = Aq4(z.) on the pure state 7. This estab-
lishes Eq. (174).
Now, for Eq. (175),

F($,E(ze)) 2 F(E(w), E(z.)) — v/ D(9. E(w))

> F
> F(y,7.) = V/D($.E)) 2 1 —e— V5.
(181)

We used Lemma 27 in the first inequality. In the second
inequality, we used that the fidelity does not decrease
under quantum channels. Thus, using the same steps as
Eq. (180) shows Eq. (175).

Finally, setting ¢ = 0 in Eq. (174) gives Eq. (176), with
the same proof. As the monotonicity of trace distance
under quantum channels is not required in this case, the
Gaussian protocol & also allows post-selection. This
concludes the proof. [

As an immediate application, we obtain lower bounds
on the e-single-shot cost of preparing a non-Gaussian state
from the canonical magic state |M) of Eq. (82). Defining
the e-single-shot distillation and cost resources [3]

Distillé(p) = max{meN: IEe€ G, D(E(p), M®™") < €},
(182)

Cost’(p) = min{meN: IE€G, D(EM®™),p) < ¢},
(183)

we have the following.
Theorem 7. (Approximate cost lower bound). For any
even pure state y and any € > 0,

Ad,e (l//) > fe (l//) .

Coste () >
ost¢(y) > 1 2 g

(184)

Proof. If a post-selected Gaussian protocol £ maps M®™
to a state e-close to y in trace distance, then by Theorem 6
and additivity under tensor product (Lemma 14),
Age(y) < Ag(M®) = m Ag(M) = 4m, (185)
where we used Ag(M) =4 (Lemma 13). This directly
establishes the first inequality in Eq. (184). The second
inequality follows from Lemma 24. [
Theorem 7 has a direct operational significance: it says
that the number of magic states required to prepare y
within € in trace distance is at least F.(y)/4. Crucially,
F.(w)/4 is efficiently estimable from Bell sampling data
via Algorithm 2.
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VII. MIXED-STATE EXTENSION

The bridge degree introduced in Sec. IV and its
approximate variant of Sec. VI are defined on even pure
states. In this section we extend the framework to mixed
states. First, we recast the mixed-state Gaussianity con-
dition of Ref. [9]—originally a commutator condition
[A, p®2] = 0—as a kernel condition on the doubled
Hilbert space, by introducing the operator

A=AQI-I®A, (186)
and derive the analogs of the pure-state spectral and
symmetry results for it. Then, we define the mixed-state
bridge degree as the largest eigenvalue of A whose
eigenspace is occupied by the two-copy Choi state, and
we prove that it is non-increasing under the smaller class of
post-selected Gaussian operations (Definition 1).

A. The bridge operator on the doubled Hilbert space

We work with the Choi representation of density
matrices. Let [Q) = 37", |j) ® |j) be the unnormalized
maximally entangled state on two copies of H,. For any
operator A € B(H,), we define its Choi state |A)) :=
(A ® I)|Q). The inner product {A|B)) = Tr(ATB) is the
Hilbert-Schmidt inner product on operators, and we record
the standard ABC-rule:

|ABC) = (A ® CT)|B)). (187)

The first observation is that the mixed-state Gaussianity
condition of Eq. (31) is equivalent to a kernel condition on
the Choi space:

Lemma 28. (Mixed-state Gaussianity via Choi kernel).
An even state p is an FGS if and only if

Alp®?) = 0. (188)

Proof. By the ABC-rule, [Ap®? —p®2A) =
(A®I—1® AT)|p®2). Since AT =A (as A is real
symmetric in the computational basis), the commutator
condition [A, p®%] = 0 is equivalent to A[p®?) =0. =

The invariance of A under matchgates, which will be
essential in what follows, follows from the analogous
property of A:

Lemma 29. (Matchgate invariance of A). For any
matchgate UeM,, let U :=U @ U ® U* @ U*. Then

[A,U] = 0. (189)

Proof. The ABC-rule gives |UpU') = U ® U*|p)), so
the action of U/ on the two-copy Choi space corresponds to
matchgate conjugation on the two copies of p. The claim
then follows from [A, U®?] = 0. u

We now turn to the spectrum of A. Since A is a
difference of two copies of A (each acting on a different
factor of the Choi space), its spectrum is easily read off
from those of A. The spectrum of A ranges over
A€{—4n,—4n +2,...,4n}; note in particular that the
range of allowed eigenvalues is now 4n rather than 2n,
reflecting the doubled Hilbert space on which A acts. We
denote by V; the eigenspace with eigenvalue A and by IT,
the corresponding projector. In analogy with the pure-state
case, the eigenspaces of A admit an explicit basis.

Lemma 30. (Eigenstructure of A). The eigenstates of A
are tensor products of two Bell-state vectors,

¥, ,0) = [P,0) ® [¥,0), (190)
with eigenvalue
2n : 2n .
DRI (190
= =

Moreover, the states with fixed 4 span the corresponding
eigenspace V. ~
Proof. Using Lemma 1 and the definition of A,

Al%,0) ® 9,0 <Zu, Zﬂ,) )@ 9,0,

(192)

Hence, ) is an eigenstate of A with

‘P”m) ® |‘Pﬂ(z>
eigenvalue 1 =), /t;” —
states {|¥,m 4 )} form an orthonormal basis of HP*, the
subset with fixed A spans the eigenspace. (]

The central observation now is that the symmetries that
constrained the pure-state bridge spectral distribution to A

have natural analogues in the mixed-state setting. Define
the mixed-state Bell-state weights

Do y§2>, as claimed. Since the

Py 1 ®) = (B0 [P NP = (B |02 [¥ ) .

(193)

Moreover, the mixed-state bridge spectral distribution is

pp(A) = (22 p®) = >
e Zﬂﬁ-” =2

B u®).

(194)

The weight p,(1) is the mixed-state analog of p,,(4) and
will play the same role in the mixed-state theory.
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Lemma 31. (Parity symmetry of the mixed-state Bell-
state weights). For any even state p,

pp(ﬂ(l),,ﬂ)) - pp(_”(l), _”(2)). (195)
Proof. For an even state p, the ABC-rule gives
(P ® P1)[p®2) = |PpP ® p) = [p®*).  (196)

since PpP = p for an even state. The proof now follows the
steps of the proof of Lemma 4, combined with Lemma 3
applied to each Bell state |‘Pﬂ(1)) and \‘Pﬂ@). n

Corollary 9. For any even state p, p,(4) = p,(—4).

The exchange symmetry has an analog here as well, this
time coming from the symmetry of |[p®2)) under swapping
the two copies of the Choi state. Unlike the pure-state case,
however, the exchange-symmetry sector is not determined
by 4 mod 8 [110]. We therefore impose the exchange and
parity symmetries directly on the Bell-state factors to
restrict the possible eigenvalues, deviating from the pure-
state strategy of Lemma 5, which simply combines two
separate results from the parity and exchange symmetries.

Lemma 32. (Eigenvalue restriction (mixed-state)). For
any even state p, p,(4) # 0 implies 1 € 8Z.

Proof. Consider the expansion of [p®2) in the eigen-
basis of Bell states (Lemma 30). The state [p®2) is
symmetric under the SwApP of the two copies of the
Choi state, S ® S[p®?)) = [p®?)). This symmetry condi-
tion forces the total number of |6;) factors to be even.
Furthermore, Lemma 31 forces the number of |6y, ) factors
to be even as well.

We can now apply the run-length counting argument of
Lemma 2 separately to each of the two factors. We encode
each eigenstate by two binary sequences

Xiy s X, €40, 1}, Vis oo Y €{0, 1} (197)
where x; = 0 corresponds to |oy;) and x; = 1 to |oy;).

Let mg,m; be the numbers of 0 s and 1 s in the
x-sequence, and my,, m} the corresponding numbers for the
y sequence. Define

T=> (=1,
=

Let A be the sum of (—1)**! over odd-length O-runs
and let B be the sum of (—1)**! over odd-length 1-runs in
the x sequence, and A’, B’ the analogous sums for the
y sequence. Then the total eigenvalue is

m’

T = (=1)7*y;.

J=1

(198)

A =2a, a=A—-—B—-A'"+PB. (199)

As in Lemma 30, we have
T = B,

T' =B, (200)

and
1— (=" 1— (=)™
_T—A T =A. (01
) 3 (201)
Therefore,
a=A—B—A"+B
1— (=)™ 1—(=)"
= — —2(T-T 202
Since m; + m/, is even, we have
T—T =m —m, (mod2)=0 (mod 2). (203)

Furthermore, since m + my, is also even, we get m + m’
even, and therefore

L= (=" 1—(=1)"
22

=0 (204)

Combining these, we obtain a =0 (mod 4), and there-
fore 1 =2a =0 (mod 8), as claimed. n

Furthermore, the mixed-state bridge spectral distribu-
tion is invariant under matchgate unitaries, in exact
analogy with the pure-state case.

Lemma 33. (Matchgate invariance of the mixed-state
bridge spectral distribution). For any matchgate U and any
even state p, let 6 = UpU". Then p,(4) = p,(4) for all .

Proof. By Lemma 29, U/ commutes with A, hence with
each spectral projector IT,. Since |o) = U ® U*|p)), we
have

Po(2) = (o= IL,]0®*) = (| (U )TLU|p®*)

= (p®*[,1p®*) = p,(2). (205)
|
Finally, we remark on the experimental accessibility of
the mixed-state bridge spectral distribution. By construc-
tion, p,, is the bridge spectral distribution of the pure Choi
state |p)) on a doubled Hilbert space; whenever |p)) can be
experimentally prepared, Algorithm 1 extends directly and
yields p, from two copies of |p)). Preparing |p)) from
copies of p alone is, however, generally not possible, and
consequently the mixed-state bridge spectral distribution
P, 1s not directly accessible via Bell sampling on p.
Nevertheless, in many experimental settings, the mixed-
ness of p arises from noise acting on an underlying pure
state. In this case, error-mitigation techniques can be used
to reconstruct the bridge spectral distribution of the
underlying pure state, rather than the mixed-state distri-
bution p,. In Appendix B, we present such a protocol for
global depolarizing noise and show how the reconstructed
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distribution can be used to certify the bridge degree of the
ideal state.

B. Definition and basic properties

With the mixed-state bridge spectral distribution in
hand, we can define the mixed-state bridge degree in
complete analogy with its pure-state counterpart.

Definition 8. (Mixed-state bridge degree). Let p be an
even state of n qubits. The mixed-state bridge degree
Aq4(p) is the largest @ > 0 such that py(4a) #0.

Writing V, = ) /'|S/1‘7" an equivalent formulation is

that Ay(p) is the smallest & > O such that [p®2) € V.

The mixed-state bridge degree inherits the structural
features of the pure-state one. Specifically:

(i) it takes discrete integer values in {0,2,4,---};

(i1) it is faithful on the set of mixed FGSs;

(iii) it is additive under tensor products of even states;

(iv) on pure states, it reduces to the pure-state bridge

degree;

(v) is non-increasing under post-selected Gaussian

operations.

We now establish each of these properties.

Lemma 34. (Discreteness and boundedness (mixed-
state)). For any n-qubit even state p, the mixed-state
bridge degree A4 (p) takes values of the form 2k for some
integer k and satisfies

0 < Aglp) <2[n/2]. (206)
Proof. By Lemma 32, p,(4) # 0 requires 1 = 8k, so
a = A/4 = 2k. The upper bound follows from the largest
eigenvalue of A being 4n. m
Lemma 35. (Faithfulness (mixed-state)). Ay(p) = 0 if
and only if p is a mixed FGS.

Proof. This is immediate from Lemma 28: Ay(p) = 0 iff
all mixed-state bridge spectral distribution is concentrated
at A = 0 iff A[p®2) = 0 iff p is an FGS. .

Lemma 36. (Additivity (mixed-state)). For all even
states p, o,

Aa(p ® 0) = Au(p) + Aa(0). (207)

Proof. The argument is parallel to the pure-state case
(Lemma 14). Expanding |(p ® ¢)®?)) in the eigenbasis of
A, each component has eigenvalue equal to the sum of the
component eigenvalues. The symmetry p,(4) = p,(—4)
(Corollary 9) ensures that the maximal eigenvalue com-
ponent of the tensor product state p @ o is attained as the
sum of the corresponding maximal eigenvalue component
of each state. [

Notably, the mixed-state bridge degree reduces to the
pure-state one when applied to pure states.

Lemma 37. (Reduction to pure states). For any even pure
state v,

Aa(y) = Ag(y).

Proof. A direct calculation using Eq. (193) shows that
the mixed-state Bell-state weights factorize for a pure
state:

Py(D, p?)= (P00 [y) B2 P[P [y) &
= pw(ﬂ<l>)py/(ﬂ(2>)

Therefore, if p, (uV,u?) #0, then both pure-state
weights  p, (V) and p,(u®) are nonzero.
Consequently, the corresponding mixed-state eigenvalue

2= 30! =3 satisties [ < |A0)|+[2C)| <4Aq(w),
12 P
where 4112 =37, ,u} 2 This gives Aq(y) < Ag(w).
For the reverse inequality, let u* with p, (u*) #0
achieve the maximum pure-state eigenvalue, > M=

(208)

(209)

2A4(y). Hence, the state |¥,- ) is an eigenstate of A
with eigenvalue 4A4(y), and Eq. (209) gives p,,(u*,
—p*) = p,(u)* #0 (using the symmetry p,(—p)=
Py (p) from Lemma 4). Hence Ay(y) > Aq(y). "

Lemma 37 guarantees that the pure-state theory of

Sec. IV is recovered as a special case of the general
mixed-state theory.

C. Monotonicity under post-selected
Gaussian operations

Having established that A is a natural extension of Ay
to mixed states, we now show that it is a valid non-
Gaussianity monotone under the smaller class of post-
selected Gaussian operations of Definition 1. We note that
A4 cannot be a monotone under the full class of Gaussian
protocols, since it is faithful only on the FGSs (Lemma 35)
and not on the larger set of convex-Gaussian states.

Theorem 8. (Monotonicity of the mixed-state bridge
degree). For any even state p and any post-selected
Gaussian operation £ with £(p) = o,

Aq(0) < Ag(p). (210)

Proof. 1t suffices to check each elementary operation
(a)—(d) in Definition 1.

(a) Fermionic Gaussian unitaries. This is immediate
from the matchgate-invariance of the mixed-state bridge
spectral distribution (Lemma 33).

(b) Composition with an FGS. This is immediate from
additivity under tensor product (Lemma 36) and faithful-
ness (Lemma 35).

(c) Partial trace. It suffices to prove monotonicity under
tracing out a single fermionic mode, which we may take
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without loss of generality to be the first mode, since any
mode can be brought there by a matchgate—under which
A4 is invariant by (a). Under the Jordan—Wigner trans-
formation, this is equivalent to tracing out the first qubit.

We split the n-qubit bridge operator as

A=A +GAj, G=72 7, (211)
where A, is the bridge operator of qubit 1 and Aj the
bridge operator of the remaining n — 1 qubits. One can
verify that A; and G commute. Let {|a)} be a joint
eigenbasis of (A, G),

Aila) = mgla).  Gla) = gila), g, ==£1. (212

Then for any eigenvector |u) of Aj with eigenvalue 7, the
product |a) ® |u) is an eigenvector of A with eigen-
value m, + g,t.

By Eq. (194), the value 4 is populated for p (i.e.
P,(2) # 0) if and only if p®* has a nonzero matrix element
between two eigenvectors of A whose eigenvalues differ
by A. Applied to Tryp (with A in place of A), this implies
that for any 1 € supppr,, ,» there exist eigenvectors |u), |v)
of Aj with eigenvalues 7,7 satisfying 1t —¢ =21 and
(u| (Tr;p)®? |v) # 0. Expanding the partial trace over
qubit 1 of both copies in the basis {|a)},

(ul (Trip)®2 o) =) ({a]® (u)p®* (ja) ® |v)),  (213)

[24

we see that at least one summand is nonzero. It is a matrix
element of p®2 between eigenvectors of A with eigenval-
ues s=m,+g,t and s =m,+ g,/ We have
s — s =g, (t—1), which implies |s — §'| = |t — 7| = |4]
since g, = 1. Therefore +1 is populated for p, and
the symmetry p,(4) = p,(—4) (Corollary 9) then shows
that A is populated for p. As this holds for any
A € supp py, ,, We have supppry, , € suppp,, which implies
Ag(Trip) < Ag(p)-

(d) Occupation-number measurement with post-
selection. The argument follows the pure-state case.
Consider measurement of Z; with projector P, =
(I +puZz,)/2, yielding p, = P,pP,/Tr(P,p). In the Choi
representation, |p,) « (P, ® PL)|p), so the two-copy
post-measurement Choi state is related to [p®*) by
applying the operator P, ® P, ® P ® P}, which com-
mutes with A. By the same argument as in the pure-state
case, the post-measurement Choi state has support only on
a subset of the eigenvalues originally populated, giv-
ing Ag(py) < Aalp).

Composing these bounds yields the theorem. [

Theorem 8 completes the mixed-state extension of our
framework. In particular, it implies that all the no-go

theorems for Gaussian conversion developed in Sec. VA
extend straightforwardly to mixed states with Ay replaced
by Ag4. Likewise, an approximate version can be developed
by closely following the construction of Sec. VL.

VIII. GAUSSIANITY TESTING

In this section, we develop sample-efficient Bell-
sampling protocols for testing whether an unknown state
is an FGS. We first derive two-sided bounds relating the
bridge fidelity F/ g—which is directly accessible from Bell
sampling—to the Gaussian fidelity F'g of an arbitrary even
pure state. We then use these bounds to construct two
Gaussianity tests: a one-sided test which is optimal among
all two-copy tests with perfect-completeness; and a toler-
ant test that distinguishes states close to Gaussian from
states far from it.

A. Bounds on Gaussian fidelity

A key ingredient for the Gaussianity test is a quantitative
bound relating the bridge fidelity F5(y) to the Gaussian
fidelity F'g [Eq. (35)], which quantifies the distance of a
state to its closest Gaussian state. We derive this bound via
the second moment of A [Eq. (39)], which can be
expressed in terms of the bridge spectral distribution as

1
Ma(w) =5 Py ()2 (214)
A

The first step is to bound Fg in terms of M,:
Lemma 38. (Gaussian fidelity bounds from M, [28]).
For any even pure state y,

1—MAT(‘”)5FQ(W)§1—%<1_ 1_MAT(‘”)> .

(215)

This bound can then be converted into the analogous one
for FJ}, which is what we use in the Gaussianity test.

Lemma 39. (Gaussian fidelity bounds from F2). For any
n-qubit even pure state vy,

L= n2(1 = (FAW))?) < Foly) < F(w).

Proof. To show the upper bound, let ¢ be the FGS
achieving Fg(y) = F(w,¢). Since ¢ is Gaussian,
|)®2 € V,, it is an admissible state in the optimization
defining F) (y):

(216)

FO) = max \JF®.0) > \/F®. %)

= Fly.¢) = Fg(w). (217)
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To show the lower bound, using 4 < 2n we have

221)”, N2 < 2n22p

420
=2n*(1 = (Fy(w))?).

using Y, p, (1) = 1 and (F))* = p,(0). Combining with
the lower bound of Lemma 38 gives the claim. [

Although it does not enter the Gaussianity test, the
auxiliary quantity M, is itself an efficiently estimable
function of the Bell-sampling outcomes, which may be of
independent interest:

Lemma 40. (Estimation of M,). Let y be an even
pure state. M, (w) can be estimated to accuracy e with
probability at least 1 — J using

wofd )

Bell samples from two copies of .

Proof. Run Algorithm 1 for N rounds to obtain i.i.d.
eigenvalues /11, .+-» Ay ~ py,, and form the unbiased esti-
mator M =N~ ZmX with X,, = 42,/2. Since |4,,| < 2n,

the random variables X,, satisfy X,, <2n2 so X2, < 2n?X,,
and

(218)

(219)

Var(X,,) < E[X2] < 2n*E[X,,] = 2n> M (w) < 2n°.

(220)

Thus, by Bernstein’s inequality

Ne?
— ). (221
4n® + % nz€> (221)

Pr((ft = My €) < 2exp -
Requiring the right-hand side to be at most o, it follows
that M, (y) can be estimated within ¢ accuracy using

12n3 + 4n’e 2
with probability at least 1 — 6. L]
This worst-case bound can be improved adaptively
when either Ayq(y) or M, (w) is small:
Lemma 41. (Adaptive estimation of M ). Let i be an
even pure state. M, (w) can be estimated to accuracy €
with high probability using

2 2
N O (M . ’%) (223)

by an adaptive algorithm, without requiring prior knowl-
edge of Ayq(y).

Proof. The algorithm runs Algorithm 1 sequentially,
computing after each round k the running empirical mean

Moy = (2k)7! > i<k A7 and empirical variance 67 of the
i.i.d. random variables X; := 1?/2. Each sample X; takes
values in [0, R] with R := 2n?, since the bridge eigenvalues
satisfy |4, < 2n (Lemma 5).

The empirical Bernstein inequality [111] states that, for
any fixed sample size k and confidence parameter
§€(0,1),

Pr(Mpp = Ma(w)| > HW(k; &) < &',

267 log(2/8) TR log(2/s) ~**Y)

Wik &) = k 3(k—1)

To apply Eq. (224) at an adaptive stopping time, set
8y =65/ (n°k?) so that >,5, 6; = ; by a union bound,
Eq. (224) then holds simultaneously for all k with
probability at least 1 — §. The algorithm stops at the first
k for which HW(k;§;) < e and outputs M, = My,
which by Eq. (224) satisfies |[Mj — M (y)| < e with
probability at least 1 — o.

It remains to bound the stopping time. The empirical

variance 67 is upper bounded by the true variance ¢” :=

Var(X;) as 87 <o +2,/730800 - log(1/6)/(k — 1)

[111]. The variance itself is controlled by the bound
4] < 2A4(w),

o® <E[X7] < (2A§(w)) - E[Xi] = 2A5(y) M (w). (225)
Substituting into Eq. (224) and solving for the smallest k
yields the stopping time of Eq. (223). L]

B. A Gaussianity test via Bell sampling

We now derive the central operational result of this
section: a sample-efficient Bell-sampling protocol that
decides whether an unknown fermionic pure state is
Gaussian. The test exploits the symmetry characterization
of FGSs: a pure state |y) is Gaussian if and only if its
bridge spectral distribution is supported entirely at eigen-
value 4 = 0.

A two-copy Gaussianity test is characterized by a
POVM acceptance operator P with 0 < P <[ acting on
H®?, with acceptance probability p,..(p) = Tr(p®*P) on
input p. The test has perfect completeness if p,..(¢p) =1
for every pure FGS ¢, which (since 0 < P <) is equiv-
alent to P|¢)®? = |)®? for all FGS ¢.

We first consider the one-sided version of the testing
problem.

Definition 9. (Gaussianity testing). Given copies of an
even pure state y promised to be either
(a) an FGS, or
(b) a state with Gaussian fidelity at most 1 — €,
the Gaussianity testing problem asks to distinguish the two
cases with high probability.
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The testing algorithm is a simple protocol:

Perform Bell sampling on two copies of .
Accept if every observed eigenvalue is O; reject
if any nonzero eigenvalue is observed.

The sample complexity of this protocol is the content of
the next theorem.

Theorem 9. (Gaussianity test). There exists a quantum
algorithm that solves the fermionic Gaussianity testing
problem (Definition 9) using

e

copies of y with success probability at least 1 —§. The
algorithm has perfect completeness: it always accepts
Gaussian states.

Proof. If y is an FGS, then by Eq. (30) all Bell sample
outcomes have eigenvalue A = 0, and the algorithm always
accepts: the test satisfies perfect completeness.

In case (b), we have Fg(y) <1 —e¢, and by the lower
bound of Lemma 39 together with p,,(0) = (Fj))?,

(226)

P, (0) = (FAW))? <1 -, 227)

n
so each Bell sample produces a nonzero eigenvalue with
probability at least €/n>. The probability that all N samples
yield 4 = O (causing the algorithm to incorrectly accept) is
therefore at most (1 — e/n?)N < e=N¢/7 which is smaller
than § for N > (n?/e)log(1/5). n

Theorem 9 is the fermionic counterpart of the bosonic
Gaussianity test of Ref. [81]. It has the advantage of being
experimentally accessible, since Bell sampling is imple-
mentable by a constant-depth two-copy Clifford or match-
gate circuit, whereas the bosonic test is not known to admit
a practical implementation.

Moreover, the test is optimal among all two-copy tests
with perfect completeness, in the following sense: for any
perfectly complete acceptance operator P and any even
pure state v,

Tr(y®2 Tly) < Tr(y®2 P). (228)

This follows from a general fact established in Ref. [81,
Lemma 2.1]: in a k-copy property-testing setting with
perfect completeness on a class P of pure states, the
optimal acceptance operator is the projection onto the span
of {|¢)®*: ¢ € P}. In our case (k = 2, with P the set of
pure FGSs), this span equals V,: by Lemma 10,

Tﬁz(|¢><¢|®2) =1Il,/dimV, for any pure FGS ¢, so
the span of |¢)®? equals V,. The optimal acceptance
operator is therefore Il,, which is precisely the POVM
implemented by one round of Bell sampling on y®? since
the latter accepts with probability p,,(0) = Tr(y®I1).

The factor n? in Theorem 9 originates from the worst-
case bound of Lemma 9. A particularly intriguing question
is whether Gaussianity testing is possible with a sample
complexity independent of the system size. Using the
bridge degree, we next show that this is the case for states
generated by few non-Gaussian gates.

Theorem 10. (Gaussianity testing for #-doped Gaussian
states). Let y be an even pure t-doped Gaussian state. Then
the Gaussianity testing problem (Definition 9) can be
solved with success probability at least 1 — § using

2 1
N=0(— log| -
(< ve(3)
copies of y, independently of the system size n. The
algorithm has perfect completeness.

Proof. By Corollary 4 we have Ay(y) < 4t, so p,, is
supported on |4| < 2A4(y) < 8t. Hence, using Eq. (214),

(229)

2
M) =23 1) < 85, )

A#0 A#0

— 32 2(1 - p, (0)), (230)
while the lower bound of Lemma 38 reads M, (y) >
2(1 — Fg(y)). Combining the two inequalities,

L - Fgly)

62 (231)

1-p,(0)>

In case (b) of Definition 9 we have Fg(y) <1 —¢, so
each Bell sample yields a nonzero eigenvalue with prob-
ability at least ¢/(16¢%). Thus the testing algorithm of
Theorem 9, which has perfect completeness, applies
verbatim with n replaced by 4+, yielding the stated sample
complexity. n

Note that since the non-Gaussian gates can be chosen to
be “weak,” Theorem 10 covers states arbitrarily close to
the set of Gaussian states, which should intuitively be the
most difficult to distinguish from Gaussian. We therefore
conjecture that the restriction to few non-Gaussian gates is
not necessary. This would make the sample complexity of
the test independent of the system size in general, as is the
case for stabilizer testing [48], and would yield a corre-
spondingly improved version of Theorem 9. An analogous
statement has been established in the bosonic setting for
states close to the Gaussian set in fidelity [81].

We next consider the tolerant version of the testing
problem:

Definition 10. (Tolerant Gaussianity testing). Given
parameters 0 < a < <1 and copies of an even pure
state y promised to be either
(@) Fg(y)>1—a, or
(b) Fgly) <1-4,
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the tolerant Gaussianity testing problem asks to distinguish
the two cases with high probability.

Theorem 11. (Tolerant Gaussianity test). For any 0 <
a < B <1 such that €:=f/n>—2a >0 and a = O(e),
there exists a quantum algorithm that solves the tolerant
Gaussianity testing problem (Definition 10) with success
probability at least 1 — &, using

n?
N=0O(——— log(1/6
(ﬂ—Zan2 og( / )>
copies of y.

Proof. Run Algorithm 1 for k rounds and let X; :=
1{4; = 0} €{0, 1} be the indicator of observing A = 0 in
round i. The X; are i.i.d. with E[X;] = p,(0) = (F}(y))*
By Lemma 39, case (a) of Definition 10 forces p,,(0) >
(1—-a)* > 1 —2a=:p,, while case (b) forces p,(0) <
1 — B/n*>=: py. By assumption, the gap p, — pp = € is
positive, and 1 — p, = 2a = O(¢), placing the test in the
high-acceptance regime. The test outputs accept if and
only if po:=k"1>,X;> (ps+ ps)/2. Lemma 9 of
Ref. [81] then gives that

oft ()

samples suffice for success probability at least 1 — J;
substituting & = f#/n* — 2a gives Eq. (232). u
We note that an alternative tolerant Gaussianity test can
be constructed using the second moment M, (y) in place
of p,,(0), by combining the two-sided bound of Lemma 38
with the adaptive estimator of Lemma 41. The M ,-based
variant, however, requires the stricter promise gap
a < [*/(4n?) rather than @ < f8/(2n?). Finally, we remark
that the sample complexity of either variant could be
further improved by sharpening the underlying inequalities
relating M, or p,,(0) to the Gaussian fidelity Fy.

(232)

(233)

IX. CERTIFYING MATCHGATE-INVARIANT
STATE 2-DESIGNS

The lower bounds of Sec. V C tell us how many non-
Gaussian gates must be present in any state design.
The complementary question is whether, given a candi-
date ensemble, one can certify from experimental data that
it is in fact an approximate 2-design. In general the
corresponding decision problem is not known to admit
an efficient quantum algorithm; partial complexity-
theoretic characterization in this direction is provided in
Ref. [71]. In this section we show that, for a natural class of
structured ensembles—the matchgate-invariant ones—the
certification problem reduces to an efficient task, solvable
from poly(n) Bell samples. The key technical object is the
ensemble-averaged bridge spectral distribution

pe(4) = Eyelpy (A)], (234)

which encodes the second-order matchgate-invariant con-
tent of £ and is directly sampled by ensemble Bell
sampling.

Definition 11. (Matchgate-invariant ensemble). An
ensemble £ of even pure states on n qubits is match-
gate-invariant if its ensemble-averaged two-copy state is
invariant under the matchgate twirl:

T (€, -elw®)) = E,elw®). (235)

A natural and broad family of matchgate-invariant
ensembles is given by matchgate orbits: starting from
any ensemble &, of even pure states, draw y ~ &, and
conjugate by an independent Haar-random matchgate. The
resulting ensemble is matchgate-invariant by construction,
since averaging over Haar-random matchgates is precisely

the matchgate twirl 7 5‘3) applied to E,, ¢, [y&”].

For any matchgate-invariant ensemble, Definition 11
together with Lemma 8 gives the expansion

= Tsl/zl)( 1//~S pr

reA n+/1/2)
(236)

ﬂEt//~5 [l//®2}

Combining with the analogous decomposition of the
Haar-twirled state in Eq. (111) yields D(&) in closed form:

Z|P£ u(4)|-

,leA

D(E) = TV (pe. py) (237)

Certifying that £ is an e-approximate 2-design therefore
reduces to estimating TV(pg, py) from Bell-sampling
data. The corresponding measurement primitive is the
natural ensemble extension of Algorithm 1: at each round,
draw a fresh w ~& and run Bell sampling on w®?;
marginalizing over the ensemble draw, the outcome is
distributed as pg.

From this protocol we address two complementary
certification tasks. The first is approximate 2-design
testing: deciding whether D(§) <a or D(E) > a+e.
The second is exact 2-design testing: deciding whether
D(E) =0 or D(€) > e, which admits a tighter sample
bound. For the approximate task, our route is to first
estimate D (&) to additive accuracy ¢; the resulting sample
complexity is the content of the next lemma.

Lemma 42. (Efficient estimation of D(&)). For any
matchgate-invariant ensemble £ of even pure states, D(E)
can be estimated to additive accuracy e with probability at
least 1 — o using
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ALGORITHM 3.
spectral distribution.

Ensemble Bell sampling for the bridge

Input: N > 1, and oracle access to an ensemble £ of even pure
states.

Output: eigenvalues (1, ...,Ay) € (8Z)" drawn i.i.d. from pg.
The empirical ensemble-averaged bridge spectral distribution

is pe(d) = N"U YN | 1, = 4).

1 for k=1,...,N do

2 Draw y, ~ £ and prepare two fresh copies of ;.

3: Run Algorithm 1 once on 1//,?2 to obtain an eigenvalue 4.
4:  end for

5:  return (4, ...,4y).

2 (238)

N — O(\/nlog(l/e) + 10g(1/5)>
runs of Algorithm 3.

The estimation procedure underlying Lemma 42 is
summarized as Algorithm 4.

Proof. Algorithm 3 provides i.i.d. samples from pg,
suggesting an immediate strategy by estimating D(&) =
TV (pe, py) from its empirical version. By a standard
result on learning discrete distributions in total variation
distance [112], this naive estimator has sample complexity
O(n/e€?), due to the support size | A| = O(n). We improve
this to O(y/nlog(1/€)/€?) by exploiting the concentration
of py on an interval of width O(y/n) around the origin, as
established in Lemma 19. It thus suffices to estimate the
empirical distribution accurately only on this much
smaller bulk.

From the tail bound of Lemma 21,

pu(|A] > T) < (4 + 22 m)e /6, (239)

ALGORITHM 4. Estimator for D().

Input: accuracy ¢ € (0, 1), failure probability 6 € (0, 1), oracle
access to a matchgate-invariant ensemble £.
Output: D satisfying |D — D(E)| < e with probability at least
1-—24.
1:  Set bulk threshold T « [y/4nlog(9/¢)] and partition
Abulk «~An [—T, T], A[ail «— A\Abulk’ with bulk size
K < [Apu| =2|T/8] + 1.
2:  Set sample count N « [(2K + 9log(4/5))/€*].
Run Algorithm 3 for N rounds to obtain A, ...,y ~ pg¢.
Form the empirical distribution p, < N~' "V  1{1; = 2}
for 2€ Ay and p(Ai) < N7 Zyﬂ 1{4; € At}
5. Compute the bulk estimate Dy, « I e |Pa— pu(d)]
using the closed form Eq. (112) for py.

6:  Compute the tail upper bound DpF) « L (p(Au) +
Pu(Agir)) using the closed form Eq. (112) for py.
7:  return D « Dy, + D!®

tail

s w

we fix the truncation threshold

T = +/4nlog(9/e), (240)
so that py(|A| > T) < ¢/2 for sufficiently large n.
Partition the support into
Apu = AN [-T,T], At = A\ Apui,
K = Ay = O(v/nlog(1/e)). (241)

This partition decomposes the total variation distance as
D(E) = Dyy + Dyyjj, where

Dy ==% > 1pe(d) = pu(A),

A€ Apu

D=3 3 Ipetd) — pu()l.

A€ Ain

(242)

The bulk piece Dy, will be estimated directly from
the empirical distribution; the tail piece D,,; admits,
via the identity |a — b| = (a + b) — 2 min(a, b), the exact
decomposition

Dy = %(pE(Atail) + pu(Aain)) — R,
R:= )" min(pg(d), pu(2)),

AE Ay

(243)

with 0 < R < py(Ayi) < €/2. The strategy is therefore to
estimate the explicit upper bound Dy :=1(pe(Ayy) +
pu(Awi)) from the empirical distribution, leaving a
deterministic bias given by the residual R of at most ¢/2.

Concretely, we run Algorithm 3 for N rounds to obtain
Ay ooy Ay~ pe, form  the empirical distribution

py=N"1 > {4; = 4}, and define the estimator

D = Dy + DEEI,
Dbulk = Z |Pi— pu(A)],
A€ Apuic
. 1.
Dy =5 (p(Aui) + pu(Aar)).-  (244)

Note that py(Ay,; ) is a deterministic quantity, computed
from Eq. (112) [or upper bounded via Eq. (128)]; only p
depends on the sampling data. We have the error decom-
position

D — D = (Dyux — Dyu) + (Do) — Dif) + R, (245)

which we bound term by term.
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For the bulk, the triangle inequality yields

) 1 .
| Douik = Druik| < 3 Z Py —
A€ Apuik

Pe(A)| = TV (P, Pe).
(246)

We bound the expected value of each summand as
pe(4))]

_ ﬁpgu)a — pe() < V/pe(W/N.

(247)

E|pr— pe(A)] </ E[(Pr—

where we used Jensen’s inequality in the first inequality.
By the Cauchy-Schwarz inequality,

E[TVouk (P, pe)] Z Vpe()/N <5 \/K/N
’1€~Abulk
(248)
The map (A4, ...,4y) = TVyu(P, pe) has bounded

differences < 1/N, so McDiarmid’s inequality [113] gives,
with probability at least 1 — §/2,

. 1 log(4/6)

Dy — D <-+K/N —_— 249

| Dpuik — Dpuik| < 5 VK/N + N (249)
For the tail, the deviation D%, — D =1 (p(Aw) —

pe(Awir)) can be bounded by Hoeffding’s inequality,
yielding

D log(4/9)

1
|Dta11 taill = 5 N

(250)

with probability at least 1 — /2. The residual term R in

Eq. (245) is deterministic and satisfies 0 < R < ¢/2.
Combining Egs. (249) and (250), by the triangle

inequality, we obtain that with probability at least 1 — 6,

|D — D| <—\/K/N

Requiring the right-hand side to be at most € and

applying /x 4+ /y < /2(x +y) to the two square-root

terms yields the sufficient condition

N 2K +91og(4/5) _ O(\/nlog(l/e) + log(1/5)>’

€? €?

M—f—;. (251)

2N

(252)

which is Eq. (238). L]

Exploiting the estimator from Lemma 42 immediately
yields a tolerant tester for the approximate 2-design
property, with the same O(+/n/€?) scaling.

Theorem 12. (Testing of approximate 2-design). Let &
be a matchgate-invariant ensemble of even pure states,
where it is promised that

either (a) D(E) < a, or (b) D(E) > B,
for 0 <a < f < 1. Then, there exists a Bell-sampling-
based algorithm that, using

N_@( n log(1/(f — ))2+10g(1/5)>, (253)

(f—a)

runs of Algorithm 3, distinguishes case (a) and (b) with
probability at least 1 — 6.

Proof. Set € = (f —a)/2 and run the estimator from
Lemma 42 at additive accuracy ¢ and failure probability J;
this requires N runs of Algorithm 3 as in Eq. (253). Let D
denote the resulting estimate. We then make the following
decision: if D < (a+ f)/2 then we output (a), other-
wise (b).

By Lemma 42, |[D — D| < e = (f— a)/2 with proba-
bility at least 1 — 6. Condltlonlng on this event:

(i) D <a,thenD < a +/ = “;ﬁ, so the algorithm

outputs (a);
(i) IfD > p, then D > f — /% = “erﬁ , so the algorithm
outputs (b).

This completes the proof. =

For the exact 2-design test, we obtain a tighter bound, as
shown below.

Theorem 13. (Testing of exact 2-design). Let £ be a
matchgate-invariant ensemble of even pure states where it
is promised that

either (a) D(E) =0, or (b) D(E) >,
for € > 0. Then, there exists a Bell-sampling-based algo-
rithm that uses

/4
N = (’)(? log(1 /5)) (254)

runs of Algorithm 3 to distinguish case (a) and (b) with
probability at least 1 — 4.

Proof. Algorithm 3 provides i.i.d. samples from pg, so we
can directly invoke the optimal identity tester of Ref. [114],
which distinguishes pe = py from TV(pg, py) = € with
probability at least 1 —& using O(||pull,/; €* log(1/6))
samples. It therefore suffices to bound || pyl|,/3 = O(n'/*),
which we do in Lemma 43 below. [

Lemma 43. (£*3 norm of the Haar bridge spectral
distribution). There is an absolute constant C > 0 such
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that, for sufficiently large n,

2/3
lpullas = > pu(d)

reA

23 < cnl/e, (255)
1/4

and consequently || pyll /3
Proof. Set w :=2+/2n and partltlon the support of py
into intervals

By:={1€8Z: |} < w},
By:={1€8Z: kw < A < (k+ 1w} fork>1,
(256)

which form a disjoint cover of 8Z N [—2n,2n]. Each
interval contains at most |By|<Z41=1/n/2+1<\/n
points for n > 12.

By Lemma 21,

(4422 e*  fork > 1,

(257)

pu(By) < pu(|A] > kw) <

while py(Bg) < 1 trivially. By Holder’s inequality,

Z pu(4)

1EB,

23 < |By|'3 pu(By)*? < n'/6 pu(By)*5.

(258)

Summing over k > 0,

ZPH(MzB Snl/G (1 +(4+22—n)2/3ze_2k2/3> SCI’ll/é,
A

k1
(259)

since the series converges to an absolute constant. This
proves Eq. (255). [

These results, together with those of Sec. V C, give a
complete operational picture of fermionic state designs in
both the exact and approximate cases.

Exact designs. Any t-doped Gaussian protocol generat-
ing an exact state 2-design must produce at least one state
requiring Q(n) non-Gaussian gates (Corollary 6), and the
property of being an exact 2-design can be certified from
O(n'/*/€?) Bell samples (Theorem 13).

Approximate designs. Any t-doped Gaussian protocol
generating an e-approximate state 2-design requires
Q(4/nlog(1/€)) non-Gaussian gates with probability at
least 2¢ over the ensemble (Theorem 4, valid for
€ > C,/+/n); equivalently, any state y with Ay(y) =
o(y/nlog(1/€)) has its matchgate orbit at trace distance
> ¢ from the Haar-random state. On the certification
side, D(E) can be estimated to additive accuracy € from
O(y/n/€*) Bell samples (Lemma 42), with a correspond-
ing tolerant testing procedure (Theorem 12).

X. DISCUSSION AND OPEN PROBLEMS

A. Discussion

We have developed a unified resource-theoretic and
operational framework for fermionic non-Gaussianity,
organized around two structural pillars: the bridge spectral
distribution p,, (1), which encodes the matchgate-invariant
content of the two-copy state |w)®2, and Bell sampling,
which gives direct experimental access to this distribution
from a constant-depth two-copy Clifford or matchgate
circuit. Every empirically accessible non-Gaussianity
quantifier in this framework is a closed-form functional
of p,, and each of our operational applications follows
from a structural property of this single object. The
second-order matchgate commutant, accessed through
Bell sampling, thereby reduces a host of structural and
computational questions about fermionic non-Gaussianity
to statistical questions about p,,.

The main results of this work can be summarized as
follows. We introduce the bridge degree and prove that it is
a bona fide non-Gaussianity monotone under post-selected
Gaussian protocols. The resulting structural constraints
yield strong no-go theorems for Gaussian conversion and
establish that the resource theory of fermionic non-
Gaussianity is strictly irreversible in the exact-conversion
setting. As a concrete operational consequence, we obtain
non-Gaussian gate-count lower bounds for fermionic state
designs: any exact state 2-design contains a state requiring
Q(n) non-Gaussian gates, and any e-approximate state

2-design contains states requiring Q(+/nlog(1/¢)) non-
Gaussian gates with high probability over the ensemble.
We further develop an approximate variant of the bridge
degree that is robust under perturbation and admits an
efficiently computable lower bound, through which the
single-shot magic-state cost of any non-Gaussian state can
be lower-bounded directly from Bell-sampling data. We
then extend the framework to mixed states via a Choi-
based construction, with structural properties analogous to
those of the pure-state version. Finally, Bell sampling
alone yields two concrete algorithmic protocols, both with
polynomial sample complexity: (i) a Gaussianity test
with perfect completeness, optimal among two-copy tests
with this property; and (ii) a certification protocol for the
state 2-design property of matchgate-invariant ensembles,
in both the exact and approximate cases.

B. Open problems

Our work opens several research directions.

Connections to classical simulability. A natural direc-
tion concerns the connection of the bridge degree to
classical simulability. We have shown that the bridge
degree lower bounds the number of non-Gaussian gates
required to prepare a state, but whether this gives an
efficient simulation cost remains open. Establishing that a
small bridge degree implies efficient classical simulation
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would identify the bridge degree as the unifying complex-
ity parameter of fermionic non-Gaussian computation.

Experimental applications. On the experimental side,
the bridge degree is a compelling candidate for bench-
marking and comparing the non-Gaussianity of fer-
mionic platforms—an area that has so far lacked such
a tool. The hardware efficiency of Bell sampling makes
the methods developed here directly applicable across a
wide range of fermionic architectures, and we expect
them to enable the first experiments witnessing non-
Gaussianity on near-term fermionic devices, such as
ultracold atoms in optical lattices [16-21] and digital
quantum computers [22-24].

Mixed-state algorithm. While our results provide a clean
pure-state theory with efficient measurement protocols,
the mixed-state counterpart is comparatively limited: the
mixed-state bridge spectral distribution is not directly
accessible from copies of the state via Bell sampling.
Nevertheless, for global depolarizing noise, we show that
error mitigation can reconstruct the ideal bridge spectral
distribution from Bell-sampling data. Extending this
approach to broader and more realistic noise models—
or developing an efficient quantum algorithm that samples
from or estimates the mixed-state bridge spectral
distribution—would extend the experimental reach of
the framework to noisy quantum devices.

Mixed-state monotones and witnesses. A central open
question is to develop mixed-state non-Gaussianity monot-
ones and witnesses, particularly ones that are experimen-
tally accessible. On the monotone side, no efficiently
computable mixed-state monotone is currently known.
A related question is whether membership in the con-
vex-Gaussian set can be decided efficiently; a negative
answer would rule out any efficiently computable faithful
monotone for this set. On the witnessing side, our fidelity
witness applies to mixed states, but it requires prior
knowledge of a state with which the experimentally
prepared state is expected to have high fidelity, for
example an intended pure target with an efficient classical
description. Constructing state-agnostic witnesses that
certify mixed-state non-Gaussianity without such prior
information would therefore be especially valuable,
following recent developments in non-stabilizerness
[57,115,116] and entanglement [117-120].

Sample-optimal Gaussianity testing. A natural question
in property testing is whether constant-copy (independent
of n) Gaussianity testing is possible. A hint in this
direction comes from the parallel with stabilizer-state
testing: a similar Bell-sampling-based strategy is known
to test stabilizer states with a constant number of copies
[48]. Theorem 10 provides partial evidence that the same
holds here, achieving such a rate for states generated by
few non-Gaussian gates, and motivates the conjecture of
that a system-size-independent sample complexity holds
for general states. Whether this conjecture holds—or

whether some dependence on n is unavoidable—remains
open. For the tolerant variant, an analogous question
concerns the regime of validity: our test is applicable
under the assumption that the input state is within O(1/n)
trace distance of an FGS in the accept case. Whether the
test can be extended to a constant-gap regime is an
intriguing direction.

Extensions of design properties. Our state-design results
concern ensembles of states produced by 7-doped Gaussian
circuits; a natural extension is to study the unitary-design
property of -doped Gaussian circuits themselves, as well as
alternative notions of approximation such as relative error.
A further direction is to extend the analysis to higher-order
matchgate commutants Comy(M,,) for k > 3, whose struc-
ture has only recently been characterized [93,94,121]; a
natural question is a k-copy analogue of the bridge spectral
distribution, which would open the door to a structural
analysis of higher-order state and unitary designs.

Note added. While completing this manuscript, we became
aware of the independent work of Ref. [122], which
considers the same two-copy Bell-sampling Gaussianity
test with perfect completeness and establishes O(n?/¢)
sample complexity, with the bound subsequently improved
to O(n/e) in v3 of their preprint. We additionally establish
that this test is optimal among two-copy tests with perfect
completeness, give system-size-independent bound for
states generated by few non-Gaussian gates, and extend
it to the tolerant regime. Beyond this overlap, the two

works address different aspects of fermionic
non-Gaussianity.
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APPENDIX A: CONNECTION TO
GENERALIZED PLUCKER HIERARCHIES

The bridge degree induces a natural hierarchy of even
pure states through the nested sets F := {y: Aq(y) < k},
with F the pure FGSs and Fy /4| the full even Hilbert
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space. A structurally similar hierarchy has been introduced
in the particle-preserving setting by Ref. [99], which we
now recall and connect to our framework. Defining the
operator [123]

Q= v, @y (A1)
r=1

acting on two copies, a pure state |w) is a Slater
determinant if and only if it satisfies the Pliicker
relations [123,124]
Qfy)®2 = 0. (A2)
Reference [99] introduces the generalized Pliicker
relations
QF|y)®? = 0, k>1, (A3)
whose solution sets G, form a nested chain G, C G, C - -,
recovering the Slater determinants at k = 1 and exhausting
the particle-preserving Hilbert space at k = n + 1.
Motivated by the parallel with the bridge-degree hier-
archy, we define the Pliicker degree of |y) as the smallest k
for which |w) € G, ;. Adapting the techniques developed
here for the bridge degree (Theorem 1), the Pliicker degree
can be shown to be a monotone under particle-preserving
Gaussian protocols. In particular, monotonicity under
post-selected occupation-number measurements follows
from the commutativity [Q, P, ® P,] = 0, which implies
that the post-selected state is always in G; whenever
|} € G,—the particle-preserving counterpart of the rela-
tion driving the bridge-degree monotonicity proof. This
endows the hierarchy of Ref. [99] with a resource-theoretic
interpretation.

APPENDIX B: CERTIFYING THE BRIDGE
DEGREE UNDER GLOBAL
DEPOLARIZING NOISE

As discussed in the main text, the mixed-state bridge
spectral distribution is not directly accessible from Bell
sampling on copies of a mixed state p. Nevertheless, when
the mixedness arises from global depolarizing noise acting
on an underlying pure state, the bridge spectral distribution
of the ideal state can be recovered by error mitigation.
Global depolarizing noise is a standard and experimentally
well-motivated model, as it captures the effective noise of
many noisy quantum processors [46,125—127]. In this
appendix, we first show that Bell sampling on the noisy
state yields a convex combination of the ideal bridge
spectral distribution and a known noise contribution. This
decomposition can then be inverted to reconstruct the ideal
bridge spectral distribution from the measured data.
Finally, we present a certification algorithm that uses

the error-mitigated distribution to obtain a lower bound
on the bridge degree of the underlying pure state.

1. Error mitigation of the bridge spectral distribution

We consider the globally depolarized state

1
p=0=plwn)yl+p-. (BD)
where |y) is an even pure state and p € [0, 1]. Our goal is to
recover the bridge spectral distribution of the noise-free
state |y) from measurements on the noisy state p. The
Bell-sampling primitive (Algorithm 1) applied to two
copies of p produces outcome A with probability

p,(4) = Tr[II, p®]. (B2)
We emphasize that p,(4) is the probability distribution
associated with the physical two-copy measurement and
should not be confused with the mixed-state bridge
spectral distribution p, defined in Eq. (194).
We now show that, for every even A € [—2n, 2n],
pp(A)=np,(A)+ (1 =n)p,(2). n=(1—p)*. (B3)
where p; is the bridge spectral distribution of the max-
imally mixed state 7/d,

1

pi(4) = Tr[Il, (I/d)®?] = <

2n
=1 ) . (B4)

n—+21/2

To show this, we expand

11
p&=(1-p)y®* +(1-p)p <w®3+3®w>

2 (1)\®

+p (a) ;

and take the overlap with II;. The first term gives
Tr[IT, w®* = p, (1) and the last term gives p;(4) by

definition, while the two cross terms are equal by the
exchange symmetry of I1; and reduce to Tr[IT;(y ® £)] =

(B5)

L{(w|(Tr,IT,) ). Since the eigenbasis of A consists of
tensor products of Bell states (Lemma 1), each of which is
maximally entangled across the two copies with single-
copy reduced state I/d, thus yielding Tr,I1; = (dimV;/d)I

where dimV, = (2" ). Hence, the cross term equals

n+4/2
dimV,/d* = p;(4). Collecting the three contributions
then gives Eq. (B3) with n = (1 — p)2.

Inverting Eq. (B3), the bridge spectral distribution of the
ideal state |w) can be reconstructed from the measured
distribution p,, yielding the error-mitigated distribution
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mtg o - (1 _ﬂ)pl(l)
Py (’1) = 7 )

(B6)

for every A€ .A. The parameter  can also be estimated
directly from the same Bell-sampling data. Since the
purity of the noisy state satisfies Trp> =5+ (1 —1n)/d,
we obtain

dTrp? — 1
=—0_1 (B7)

The purity can be written as Trp? = Tr[Sp®?], with S
the SwAP operator, whose expectation value is directly
accessible through Bell sampling. Alternatively, # can be
extracted from any “forbidden” sector with A & 8Z.
Indeed, for an even state, p,(4) = 0 in these sectors by
Lemma 5, and Eq. (B3) simplifies to p,(1) = (1—1)p;(4),
giving n = 1—p,(4)/p;(4). Thus, the entire mitigation
procedure consists solely of classical post-processing of
the Bell-sampling data. The resulting error-mitigated
version of Algorithm 1 is therefore straightforward:
perform Bell sampling on two copies of p, estimate p,
and 5, and reconstruct the mitigated distribution
using Eq. (B6).

2. Error-mitigated lower bound
on the bridge degree

We now show how to witness the bridge degree in the
presence of global depolarizing noise via error mitigation.
Under depolarizing noise, every eigenvalue sector acquires
a nonzero contribution from p;(4), including sectors that
are unpopulated in the ideal distribution p,,. Nevertheless,
the support of the noise-free distribution can still be
identified from the measured distribution through the
criterion

(1 =n)ps(2).

It follows that the bridge degree of the underlying noise-
free state is given by

py(4) > 0&=p,(4) > (BY)

natw) =max{ 5 > (- f. - 8)

This provides the error- mitigated analog of the empiri-
cal bridge-degree estimator Ay = Tmax;|4;| [Eq. (76)].
Specifically, the occupied sectors of the noise-free state can
be identified by checking whether p,(1) > (1 —n)p,(4).
We introduce a statistically robust finite-sample procedure,
summarized in Algorithm 5, which yields a certified lower
bound on the bridge degree with high probability.

The key quantity is the empirical residual

=) pi(4). (B10)

ALGORITHM 5. Error-mitigated bridge degree lower bound
under global depolarizing noise.

Input: N > 1, access to 2N identical copies of an even state p on
n qubits, and confidence level a € (0, 1).
Output: A", which under the global depolarizing model of
Eq. (B1) satisfies A]"® < A4(y) with probability at least 1 — a.
1:  Run Algorithm 1 on 2N copies of p to obtain (1, ..., dy),
and form the empirical distribution
Pp(A) = N7UHTL {Ay = 2}
2:  Compute the maximally-mixed distribution p;(1) <
4-n (nM ») [Eq. (B4)] for all even A€ [—2n, 2n].
3:  From the forbidden sectors form Qf — D gz pp (1) and

the known Qf < D sgsz Pi(4), and set fj < 1 — Qf/Q.())"

4:  Set S « | A

5: Initialize the certified set C < @.
6: for Ae A do

7 Set the certification margin

8, < (1+ pi(2)/QF)\/log(S/a)/ (2N).

8: if i)p( )—(1=7)p;(4) > &, then
9: C+< CuU{i}.

10: end if

11:  end for

12:  return A} < Imax{|A]: A€C}, or 0 if C = @.

which  estimates the ideal contribution r(1) =

py(4) = (1 =n)p;(4) = np, (). A sector 2 € Alis certified
as populated whenever 7(1) exceeds a confidence
threshold. The error-mitigated bridge-degree estimator
A is then defined as the largest certified sector, which
provides a lower bound on the true bridge degree. The
following proposition proves the correctness of the
procedure.

Proposition 1. (Validity of the error-mitigated bridge
degree lower bound). Under the global depolarizing model
of Eq. (B1) with p < 1, the output of Algorithm 5 satisfies
A" < Ag(w) with probability at least 1 — a.

Proof. Define the residual

r(A) = p,(4) — (B11)

(1 =n)p;(2) =np,(4),

where the second equality follows from Eq. (B3). Hence,
r(4) > 0, with equality if and only if p,(1) =0 (since
=(1-p)*>0).
Applying the Bell-sampling primitive (Algorithm 1) N
times to two copies of p produces eigenvalues
Als....Ay, whose empirical distribution is p,(1) =

N='S"N  1{4, = 4}. For each outcome 4, define

D= 1{3 =2} — p’Q(f) 1{\ ¢82),  (B12)

f
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where 0% =37 ).57 ps(4). Then 7(2) =N~! QJZIX,(C'U is an
unbiased estimator for r(4), since [E[X,(f)] =p,(4)—
Pl(i)Qf/Q(} =r(4), where Q=2 igszPp(A)=

(1-1) 0. X €l-p/(2)/Qf.1].  so
Hoeffding’s inequality yields

Moreover,

7 a
P = r(0) > ) S exp (~ oy ) =5
!
(B13)

with 8, = (1 + p,(4)/0%)
union bound over the S = |.A| sectors, we obtain 7(1) <
r(4) + &, simultaneously for all 1€ .4 with probability of
at least 1 —a.

Therefore, whenever #(1) >35;, we have r(1)>
#(4) — 6, > 0, implying p,,(4) > 0. Hence every certified
sector belongs to the support of p,,, and therefore

log(S/a)/(2N). Applying a

Ag® = %r;lgglil < Aa(w) (B14)
with probability at least 1 — a. =

The above confidence statement also implies a finite-
sample complexity bound. Let 1 be a sector with
Py (4) > 0. Since certification requires 7(4) > &, a suffi-
cient condition is r(4) > 26,. Using r(4) = np,,(4), this
gives the requirement

214 p(1)/Q) s
n*p,(1)? '

Thus, resolving a sector with weight p,(4) requires
N =0O((1 - p)~*p,(4)~?1log(S/a)) Bell samples. For the
purpose of estimating the bridge degree, it is sufficient to
certify only the sector with the largest magnitude of 1
among the occupied sectors. Hence, the relevant sample
complexity is determined by the weight of this extremal
value 4, and scales as

N = O((1 = p)~*p,(4x) " log(S/a)).

(B15)

(B16)

The use of Hoeffding’s inequality in Algorithm 5 is
for simplicity and provides a distribution-independent
confidence guarantee. The finite-sample bound can, in
principle, be improved by employing sharper inequalities
that exploit the variance of the estimator, such as the
Bernstein inequality, potentially reducing the required
sample complexity.
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