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We co-design a family of quantum eigenvalue transformation oracles that can be efficiently imple-
mented on hybrid discrete- or continuous-variable (qubit or qumode) hardware. To illustrate the oracle’s
representation-theoretic power and near-term experimental accessibility, we encode a Gaussian imagi-
nary time-evolution spectral filter. As a result, we define a continuous linear combination of unitaries
block encoding. Due to the ancillary qumode’s infinite-dimensional nature, continuous-variable qumodes
constitute a powerful compilation tool for encoding continuous spectral functions without discretization
errors while minimizing resource requirements. We then focus on the ubiquitous task of preparing eigen-
states in quantum spin models. For completeness, we provide an end-to-end compilation which expresses
high-level oracles in terms of an experimentally realizable instruction set architecture in both 1D and 2D.
Finally, we examine the leading-order effects of physical errors and highlight open research directions. Our
algorithms scale linearly with the spatial extent of the target system and are applicable to both near-term
and large-scale quantum processors.
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I. INTRODUCTION

Can algorithmic and physical co-design overcome cur-
rent challenges to establish a near-term quantum com-
putational advantage? From a computer science per-
spective, to unleash exponential quantum speedups, one
wishes to compile opaque quantum oracles exemplified
by singular-value transformations [1,2] and eigenvalue
filters [3]. On the other hand, from experimental and co-
design perspectives, one wishes to maximize a physical
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platform’s computational reach by judiciously leveraging
physical features. For example, expanding the compilation
space from qubit to qudit on mixed-radix superconducting
hardware was shown to minimize the total effective gate
cost [4].

This work takes advantage of quantum harmonic oscil-
lators (also called qumodes [5,6]), which are a manifestly
continuous quantum computational type, to co-design a
novel family of quantum eigenvalue transformation ora-
cles. Qumodes are ubiquitous and, working as an ancillary
degree of freedom, already implicitly leveraged to compile
two-body and multi-qubit entangling gates in supercon-
ducting and trapped-ion machines [7–9]. Furthermore, by
using instruction sets based on natively encoded qumodes,
recent works have optimized the quantum simulation of
simple lattice gauge theories [10,11]. Qumodes are fun-
damentally different from finite-dimensional qudits due to
their infinite Hilbert space dimension. It has therefore been
conjectured that qumode quantum registries could radi-
cally expand computational capabilities [12]. For example,
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using a continuous-variable (CV) ancilla, Ref. [13] pro-
posed an opaque quantum algorithm to prepare quantum
spin systems at finite temperatures. However, end-to-end
compilation strategies for arbitrary many-body interacting
models that lower abstract spectral filters all the way down
to the hardware layer have yet to be realized.

We therefore focus on general architectures that com-
prise a lattice of CV oscillators and an associated lattice
of discrete-variable (DV) qubits. An example of a phys-
ical hardware realization, with all necessary native gates
and the connectivity used in our co-design, is provided by
the popular lattice of superconducting cavities and trans-
mon qubits [6,14,15]. The individual quantum operations
necessary for our approach—qubit-conditioned oscillator
displacements [16] followed by high-fidelity measurement
of the boson number—were efficiently performed in recent
experiments using boson sampling to simulate Franck-
Condon factors in triatomic molecules [17] and simulating
molecular dynamics near a conical intersection [18].

Within this setting, we propose a constructive algorithm
for CV-controlled time-evolution oracles for filtering the
spectral weight of spin- 1

2 (qubit) systems interacting under
a target Hamiltonian. Utilizing a concrete instruction set
architecture (ISA) [6], we provide existence theorems as
well as a practical end-to-end compilation of paradigmatic
singular-value transformation oracles which spectrally fil-
ter quantum spin chains.

Our protocol emphasizes the algorithmic utility of the
oscillators in compilations which now concretely repre-
sent a powerful tool for resource-efficient quantum signal
processing. This goes beyond previous work where con-
tinuous variables were used to efficiently and naturally
simulate U(1) gauge fields. To show how our formalism
efficiently compiles subroutines that usually lack efficient
(or even explicit) implementations, we provide concrete
algorithms for eigenstate preparation based on Gaussian
filtering. As a result of compiling spectral-filtering contin-
uous transformations via CV ancillary degrees of freedom,
our proposed quantum imaginary time evolution (QITE)
with the squared Hamiltonian as the generator simultane-
ously minimizes hardware resource requirements, saturates
optimality bounds, and is embarrassingly parallelizable
given multiple ancillary qumodes.

II. MAIN RESULTS AND OUTLINE

This section provides an outline of this work and sum-
marizes our main results. Readers are encouraged to first
read this section as a high-level guide to our work and
then proceed to the sections they are most interested in.
To provide a unified theoretical framework, while also giv-
ing concrete examples, we (i) provide a high-level picture
and the intuition for the power and utility of CV-DV quan-
tum computation, (ii) describe a gate set which enables

hardware compilation, (iii) present one detailed paradig-
matic example (this can be used as a template to compile
to other generalized tasks or for software automation), and
(iv) discuss physical errors.

Before delving into the technical details, we present an
informal, high-level outline of the scheme. For pedagogi-
cal purposes, let us consider for now only a single qumode
which can interact with a spin chain via a series of hybrid
qubit-qumode gates. Express the input state of the spin
chain as a superposition of eigenenergy basis states of the
target qubit Hamiltonian Ĥ (or the scaled-shifted Ĥ ′), and
let the qumode be in the vacuum (ground) state,

|�in〉 =
∑

n

ψn |En〉 ⊗ |0〉 . (1)

The key primitive of our protocol is a parameterized circuit
[denoted as a unitary operator DĤ ′(α) and to be described
in detail later] which displaces the qumode coherent state
away from the origin by a distance proportional to each
of the energy components comprising the spin chain wave
function. Ideally, the protocol maps the initial state to

|�out〉 = DĤ ′(α) |�in〉 =
∑

n

ψn |En〉 ⊗ |αn〉 , (2)

where |αn〉 is a qumode coherent state with amplitude pro-
portional to the nth energy eigenvalue of the spin system
αn = α(En − Es). The constant parameter α will depend
on the details of the circuit, and the energy shift (or off-
set) Es will be set by the user as a target energy for filtered
states. The final step is to measure the photon number in
the qumode. Post-selecting on obtaining zero, the measure-
ment disentangles the spin chain from the oscillator. This
leaves the oscillator in the final state,

|�final〉 ∝
∑

n

ψn |En〉〈0|αn〉, (3)

where we have ignored the normalization factor. Upon
measuring the qumode to be in the vacuum state, Gaus-
sian QITE energy filtering arises from the overlap 〈0|αn〉 =
exp(−|αn|2/2) = exp(−α2|En − Es|2/2).

The components of this protocol are introduced in detail
in Sec. III where we rigorously formulate the spectral fil-
ter, provide further intuition, and prove the equivalence
of the CV-DV protocol with Gaussian QITE. To do so,
we first describe the unitary D(j )

Ĥ ′ (α) and the initialization
and measurement of the j th auxiliary qumode. Lemma
1 highlights CV-DV phase-kickback, which is the key
to qubit-controlled-displacements that are proportional to
the spin system’s energetics. This result is then lever-
aged to perform a CV-DV encoding of continuous linear
combinations of unitaries. Our fundamental theorem of
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CV-DV co-design (Theorem 1) proves 〈0| D(j )
Ĥ ′ (α) |0〉 =

e− 1
2 Ĥ ′2α2

, i.e., an equivalence between Gaussian QITE

filters e− 1
2 Ĥ ′2α2

and a block-encoded CV-DV circuit
〈0| D(j )

Ĥ ′ (α) |0〉.
Since success probability is a grand challenge that lim-

its the realization of qubitization-based and block-encoded
algorithms, the remainder of Sec. III provides alterna-
tives to the typical block-encoding analysis, which relies
on success probabilities or amplitude amplification. As
part of this, we describe the intriguing generalized fil-
tering block encodings which are realized by measuring
nonvacuum states. For photon number-resolving measure-
ments we uncover Gauss-Hermite spectral filter transfor-
mations [Eq. (18)], while homodyne measurement leads to
complex-time evolutions [Eq. (22)]. Both are potentially
useful in their own right, but we leave further analysis as an
open research topic. We then proceed to our main goal of
detailing the compilation of the previously opaque spectral
filter to a specific hardware instruction set.

To achieve our main goal, Sec. IV then provides a
review of CV-DV terminology, existing hardware archi-
tectures, and a concrete gate set (summarized in Table I).
While our methodology is generally applicable to a variety
of platforms that control matter qubits using continuous
degrees of freedom (e.g., trapped ions [19]), for the sake
of concreteness, we explicitly compile to superconducting

TABLE I. Native continuous variable–discrete variable gate set
corresponding to the “phase-space instruction set architecture” in
Ref. [6]. Note that �σj = (Xj , Yj , Zj ) is the Pauli operator basis
for a spin oriented along an arbitrary axis m̂j = (mx, my , mz) on
the j th Bloch sphere. The hybrid continuous variable–discrete
variable gates are natively available for the case j = k. For j �= k,
the state of cavity j must be swapped into cavity k to perform the
gate controlled by qubit k, and then swapped back to cavity j [see
Eq. (30)].

Qumode (CV) gates

R(j )(θ) exp
(
−iθ â†

j âj

)
= exp

(−iθ n̂j
)

F (j ) R(j )(π/2)

D(j )(α) exp
(
αâ†

j − α∗âj

)
≡ exp

(̃
αj
)

BS(j ,k)(θ ,ϕ) exp
[
−i
θ

2

(
eiϕ â†

j âk + e−iϕ âj â†
k

)]

Qubit (DV) gates

Rm̂j (θ) exp
(

−i
θ

2
m̂ · �σj

)

Hybrid (CV-DV) gates

R(j )Zk
(θ) exp

(−iθZk ⊗ n̂j
)

P(j )Zk
R(j )Zk

(π/2)

D(j )
Zk
(α) exp

[
Zk ⊗

(
αâ†

j − α∗âj

)]
= eZk⊗α̃j

qubits coupled to high-Q resonators (considered for exam-
ple in Refs. [6,11]) and leave compilation to additional
platforms as open research. We imagine that such compila-
tion can be automated in existing software workflows, and
we note that the CV-DV gate sets considered in this work
are implemented in BOSONIC QISKIT [20].

Section V selects the Heisenberg model spin Hamil-
tonian as a paradigmatic example [21] to demonstrate
how an end-to-end compilation (i.e., mapping a specific
but opaque oracle to hardware-level gates) is performed.
By judiciously constructing SWAP networks, that compile
k-local (k ≥ 2) interaction Hamiltonians between neigh-
boring and non-neighboring lattice sites, the compilation
techniques for this algorithm can be straightforwardly gen-
eralized (following the logic in Fig. 3) to more exotic spin
models. For example, the Lipkin-Meshkov-Glick model
will incur an additional polynomial N 2 overhead due to
the all-to-all, but 2-local, spin-spin interactions. In addi-
tion, leveraging locality-preserving fermion-to-spin map-
pings [22–25], our algorithm could also spectrally fil-
ter fermionic systems such as the (geometrically 2-local)
Fermi-Hubbard model, (4-local) quantum chemistry prob-
lems, and (typically 4- or 8-local) Sachdev-Ye-Kitaev
models.

Compilation to hardware requires constructively
approximating the time evolution under a target Hamilto-
nian. As such, Theorem 2 generalizes Theorem 1 to the
approximate case and provides bounds on the precision
errors that arise via Trotter-synthesizing a spectral filter.
For the Heisenberg model, we first compile the individ-
ual local Hamiltonian terms (this compilation can again be
generalized to arbitrary k-local Hamiltonians) and then, as
illustrated by Fig. 3, approximate the global Hamiltonian
dynamics. This results in an approximated spectral filter
R̂Ĥ ′(α), such that

∥∥∥R̂Ĥ ′(α)− P̂Ĥ ′(α)
∥∥∥ ≤ ε where P̂Ĥ ′(α) is

the ideal filter and ε is a precision chosen by the program-
mer. To the best of our knowledge, this constitutes the first
rigorous error bound analysis, without assuming a finite
Fock space cutoff, and compilation of an opaque continu-
ous energy-filtering oracle to hardware-level instructions.

While a single oscillator is sufficient to compile the
spectral filter, we generalize this result and describe how
additional oscillators, which are present in supercon-
ducting and trapped-ion hardware architectures, can be
leveraged in parallel to achieve a quadratic speedup in
the filtering process. Specifically, Lemma 2 proves the
oscillator resources-time trade-off in the exact filter. The
key insight is that, as a parallelized compilation, the cir-
cuit depth of the SWAP network used in a multioscillator
compilation is the same depth as in the original com-
pilation. Theorem 3 then combines parallelization with
the ε-approximate filter to give precision bounds for the
quadratically sped-up scaling that can be achieved in real-
istic multioscillator hardware. Figures 7 and 10 provide
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explicit examples of how SWAP networks are utilized in
multioscillator compilation.

To complement our analytical results, we verify and val-
idate our findings with numerical simulations in Sec. V F.
Importantly, this result details the regimes at which numer-
ical errors are well behaved (meaning vanishingly small ε)
and describes the Floquet case. Here one shifts perspec-
tive to see that Trotterization filters into the Trotter-Floquet
eigenstates which, for small Trotter steps, are many-body
localized to the original time-independent eigenstates [26].
Since the Floquet eigenstates share symmetries with the
original eigenstates, this regime is proposed as a boot-
strapping technique to first project into the appropriate
symmetry sectors before later applying either more refined
energetic filters (small ε case), defined by our algorithm,
or subgroup symmetry projectors. Table II in Appendix C
provides details of the example we have chosen, but we
conjecture that this holds for more general models. Finally,
in Sec. V G, the algorithm is compiled to a 2D hardware
layout, re-emphasizing our filter’s generality with respect
to a target model’s dimensionality.

After a detailed accounting for algorithmic errors,
Sec. VI then analyzes the effects of leading-order physical
errors. Specifically, we consider the effects of photon loss.
In addition, we outline randomized benchmarking-inspired
protocols to provide routes to experimentally disentan-
gle algorithmic and physical errors. Last, we conclude in
Sec. VII by discussing the next steps required to experi-
mentally realize our algorithms, as well as the new algo-
rithmic and compilation research avenues which our work
introduces.

III. METHODS

We now discuss the components needed to realize the
spectral filter. In later sections we will see how to compile
it using an experimentally available instruction set. Specif-
ically, Sec. III A outlines spectral filters and how they
are, via Hubbard-Stratonovic transformation, represented
via continuous linear superpositions of time evolutions.
Section III B then details how the complex-time evolution
oracle is physically encoded via a controlled displacement
and measurement in a hybrid CV-DV system. Considering
both continuous and discrete CV measurements, Sec. III C
further generalizes the spectral and singular-value filters to
those with Hamiltonian-Hermite polynomials or additional
real-time evolutions.

A. Gaussian imaginary-time evolution

Given a target Hamiltonian Ĥ , denote its eigenenergy-
eigenvector pairs, in the order of ascending energy,
as {(En, |En〉)}N

n=0. A spectrum-shifted Hamiltonian Ĥ ′ =
Ĥ − Es, has the same eigenstates as Ĥ . When shifting
by the ground-state energy, Es := E0, the generator Ĥ ′ is
positive semidefinite Ĥ ′ ≥ 0, meaning that its spectrum is

non-negative. For the remainder of the article for simplic-
ity, we assume a closed (Es ∈ R) principal system. Define
a Gaussian QITE propagator,

P̂Ĥ ′(τ ) = e− 1
2 Ĥ ′2τ2 =

∑
n

e− 1
2 (En−Es)2τ2 |En〉〈En| (4)

= |E0〉〈E0| +
∑
n�=0

e− 1
2 (En−E0)

2τ2 |En〉〈En| . (5)

Equation (4) indicates that P̂Ĥ ′(τ ) filters a quantum state
by Gaussian weights, centered around Es, on its compo-
nents in terms of the Hamiltonian eigenbasis (common
basis for both Ĥ and Ĥ ′). In Eq. (5) Es := E0. If En > E0
for all n �= 0, meaning the shift is with respect to a non-
degenerate ground state [27]). In the same limit but with
Es := En, we obtain an eigenstate projector |En〉 〈En|, while
for arbitrary Es it results in an energy filter near Es. For tar-
geting a ground state, recent works investigated iteratively
learning E0 when a spectral gap exists but the energy itself
is a priori unknown [28]. We note that spectral filtering
and eigenstate preparation are related, but distinct, tasks. In
the limit that the spectral filter’s variance is much smaller
than the spectral gap between the desired and its neighbor-
ing eigenstates spectral, as in the limit τ → ∞, filtering
becomes eigenstate preparation with, e.g., P̂Ĥ ′(τ → ∞) =
|E0〉〈E0| being a ground-state projector. Since eigenstate
preparation is in the worst case Quantum Merlin Arthur
(QMA)-hard (for a very small spectral gap) but coarse
spectral filtering need not be so challenging, our protocol
offers new pathways to explore the complexity of this task
in a controlled but approximate setting.

Instead of naively compiling Eq. (4) in terms of an
exponential of the unwieldy generator Ĥ ′2, we simplify
compilation with the Hubbard-Stratonovich (HS) integral
transformation. Begin with the Gaussian integral iden-
tity 1 = √

a/π
∫

dp exp
[
−a(p1 + K̂)2

]
, where Re a ≥ 0

for a �= 0, K̂ is any operator, and 1 is the corresponding
identity operator. Multiplying both sides of the Gaussian
integral identity with eaK̂2

results in

eaK̂2 =
√

a
π

∫ +∞

−∞
dp e−ap2

e−2aK̂p . (6)

The next step is to interpret Eq. (6) as a HS integral
transformation encoding a Hamiltonian-generated QITE
propagator, as in Eq. (5), in terms of a continuous lin-
ear combination of unitaries. To see this, select K̂ =
iĤ

′
τ/2 and define tensor product space time-evolution

operators as

U(B̂)
Q̂
(t) ≡ e−i2tB̂⊗Q̂. (7)
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Then, letting N (μ, σ) denote a normal distribution and
setting a = 2 (see Appendix A), we arrive at

P̂Ĥ ′(τ ) =
√

2
π

∫ +∞

−∞
dp e−2p2

e−2iτ Ĥ ′p (8)

=
∫ +∞

−∞
dp N (0, 1/2)U(p)

Ĥ ′ (τ ). (9)

The next section outlines how compilation in terms of
CV-DV real-time evolution unitaries and bosonic measure-
ments is more resource-efficient than factorizing the QITE
propagator directly in the qubit’s Hilbert space.

B. Block-encoding eigenvalue transformation oracles

Block encoding is a powerful tool for encoding gen-
eral purpose, non-unitary operations [1,2] within quantum
computations. An efficient realization of block encodings
is crucial for achieving general purpose linear-algebraic
advantages, e.g., in quantum singular value transform-
based algorithms. It has previously been shown that DV
quantum resources (ancillary qubits) can be used to con-
struct efficient block encodings of both DV [29–31] and
CV operators [6,32,33]. By “bosonizing” the continuous
linear combination of unitaries oracle, we simultaneously
remove discretization errors and minimize the ancillary
resources required by effectively carrying out the Gaussian
integral exactly rather than approximating it by a Riemann
sum. Further, the nontrivial Prepare and Select [lin-
ear combinations of unitaries (LCU)] or iterate circuits
(qubitization) are dramatically simplified and replaced by a
single CV-DV unitary. The remainder of this section intro-
duces the components of this protocol. Later, in Sec. IV,
we detail a particular hybrid architecture which consists
of (i) a qubit-sublattice and (ii) a qumode-sublattice and
discuss the hardware-level synthesis of the protocol. The
native interactions between the pair of sublattices are
denoted by pairs of arrows in the top panel of Fig. 1.

1. Constructing block encodings using continuous linear
combination of unitaries

In DV-only methodologies, the continuous integral in
Eq. (8) is necessarily expressed as a Riemann summa-
tion over d terms. For example, in the LCU algorithm, a
log(d) sized qubit ancilla bank is required to encode the
discretized Gaussian integral weights N (0, 1/2). Follow-
ing this discretization strategy in the context of the LCU
algorithm [34,35], an ε-approximation of P̂τ was recently
proposed [36]. Doing so involved storing the Gaus-
sian weights as amplitudes on multiple ancillary qubits
(PREP), which was followed by ancillary-qubit-controlled
real-time evolutions (SELECT). This method matched the
asymptotically optimal precision errors and query com-
plexity bounds (see Table I of [36]) from Refs. [28,37]

FIG. 1. Top panel: Schematic illustration of a displacement
α controlled on a local interaction Hij . Middle panel: The spin
spectrum decays as a result of spectrum-conditioned oscillator
translations and measurement which results in the bottom panel’s
approximate ground state.

which operate within a DV qubitization-based setting, for
which the algorithmic optimality is proved [28]. Qubiti-
zation, described further below, makes d calls to an iter-
ate which applies the desired functional (real-time evo-
lution in this case). In contrast, as will be explained
below, our method is continuous and alleviates the need
for discretization. To achieve this, we encode Eq. (8)’s
continuous distribution over real-time evolutions directly
onto the modulus squared (probabilities) of a CV oscil-
lator’s wave function. In addition to improving accuracy
by removing discretization errors, our method matches
resource minimization seen in qubitization while it dra-
matically simplifies the compilation and reduces the gate
depth.

Note that in our algorithm, the block encoding is essen-
tially a controlled time evolution of the target many-body
system. The cost for block encoding will be similar in our
case as compared to typical DV ancilla, because every
term in the target many-body Hamiltonian H has to be
entangled with either an ancillary qubit (in the typical
DV ancilla case) or the ancillary qumode (in our case).
This means that the number of single-qubit-controlled dis-
placement gates in our case should roughly be similar
to the number of CNOT gates when using DV ancilla to
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construct the block encoding. In qubitization methods,
recall that the overall gate cost for performing a polyno-
mial transformation is proportional to the product between
the polynomial transform degree d and the gate cost for
constructing the block encoding. This is because the block
encoding has to be queried roughly d times to realize a
degree-d polynomial transformation of the block encod-
ing (see Refs. [28,37]). In contrast, in our case, only a
single call to the block-encoded time evolution is needed,
because the polynomial transformation is realized by the
continuous-variable wave function ψ0(x) = 〈x|0〉 of the
qumode’s initial state |0〉. Thus, highlighting the benefit of
naturally encoding continuous functions without breaking
them up into a discrete polynomial basis, the computa-
tional complexity is reduced from O(d) to O(1). Finally,
in addition to reducing errors and resource requirements
as compared to qubitization, compilation is also conceptu-
ally simpler than LCU because we do not need the separate
PREPARE and SELECT operations. In contrast, as described
below, our protocol only requires a qubit-qumode inter-
action. This simplification enables us to shed layers of
abstraction and deliver a concrete end-to-end compilation
of the time evolution.

Last, in addition to block-encoding, near-term e−τH ,
QITE strategies have also been investigated. Refer-
ence [38] and follow-on works suggest finding the shortest
depth unitary minimizing the ε-error from a target QITE.
However, applying this approach to genuine many-body
systems generically suffers from exponential resource
costs stemming from either the original tomography or
later derivative-based variational methods [39]. The guid-
ing rationale of this work is that such issues can be avoided
by judiciously pairing algorithmic tasks with hardware that
is best suited to accomplish them.

To realize Eq. (8) as a circuit, we must specify the
quantum mechanical operations that are required. The first
component is a unitary relying on a controlled interac-
tion between the ancilla qumode and principal system. The
second component is the ability to initialize the ancilla
CV system into the vacuum state |n = 0〉, as well as
to measure the projector onto the |n = 0〉 〈n = 0| state.
Let us now examine how such initializations, unitaries,
and measurements serve to define families of nonunitary,
block-encoded operators spectrally filtering the principal
system.

To begin, Eq. (8) can be encoded by a single ancillary
qumode. This is because the CV, first quantized dimen-
sionless position x̂ := 1

2 (a + a†) and momentum p̂ :=
i/2(a† − a) operators obey the canonical commutation
relation (CCR) [x̂, p̂] = (i/2)1 [40] and have continuous
eigen-spectrum x, p ∈ R = (−∞, ∞) [41]. The operators
â† and â are the bosonic creation and annihilation opera-
tors (see Appendix A for more details) for a photon of a
superconducting circuit cavity’s electromagnetic mode or
a phonon of a mechanical vibration mode. Representing

Eq. (8) on a single qumode will enable us to later paral-
lelize QITE and reduce the required resources.

Before entangling with DV qubits, recall the j th
qumode’s (unconditional) displacement gate [6],

D(j )(α) = eαâ†
j −α∗âj ≡ eα̃j (10)

= eαâ†
j e−α∗âj e−|α|2/2 (11)

= e2i[(−Reα)p̂j +(Imα)x̂j ]

= e−2i(Reα)p̂j e2i(Imα)x̂j ei(Reα)(Imα)

= D(p̂j )(Reα)D(x̂j )(iImα)ei(Reα)(Imα). (12)

Coherent states are then defined as phase-space dis-
placements |α〉 ≡ D(α) |0〉. While usually defined in terms
of the anti-Hermitian generator −2iαp̂j ≡ αâ†

j − α∗âj =
−2i[(Reα)p̂j − (Imα)x̂j ], it is also useful to examine
the Hermitian generators 2(Reα)p̂j and −2(Imα)x̂j . The
former (latter), defined in terms of p̂j (x̂j ), generates
spatial (momentum) translations displacing the oscilla-
tor’s position (momentum) 〈α| x̂j |α〉 = Reα (〈α| p̂j |α〉 =
Imα). For simplicity, and without loss of generality, we
take α ∈ R such that D(j )(α ∈ R) = D(pj )(α) = e−2iαp̂j ,
for the remainder of this work.

2. Controlled displacements and measurement

CV bosonic oscillators (indexed with superscript j ∈ B)
and DV qubits (indexed with subscript k ∈ Q) are coupled
in the hybrid architecture under consideration. The native
entangling gate, displacing the oscillator conditioned on a
qubit’s σ Z

k := Zk degree of freedom, is

D(j )
Zk
(α) = e−2iαZk⊗p̂j . (13)

From a qubit perspective, Eq. (13) block-encodes a
position boost e−2iαp̂B = 〈0|Q D(B)

ZQ
(α) |0〉Q in the upper-

left block of a qubit’s SU(2). Exchanging the role of
qubit and the oscillator, Eq. (13) block-encodes a qubit
operator within the vacuum transition amplitude (VTA)
of the oscillator subspace, i.e., 〈0|B D(B)

ZQ
(α) |0〉B = |0〉〈0|Q

⊗ 〈0|B e2iαλ0p̂ |0〉B + |1〉〈1|Q ⊗ 〈0|B e−2iαλ1p̂ |0〉B = e−α2/2

(|0〉〈0|Q + |1〉〈1|Q). In this case both qubit levels
{|0〉k , |1〉k} are equally projected since their energies are
λ0,1 = ±1 and equal in absolute distance from Es = 0.

We are now in a position to generalize Eq. (13), with
a qubit-controlled translation, to a many-body-spectrum-
controlled translation. A precise example is presented later
in Sec. V. By promoting single-qubit su(2) generators to
many-body Hamiltonians, as Zk → Ĥ ′, we see:

Lemma 1 (CV-DV phase kick-back). An oscillator posi-
tion displacement weighted by the spectrum of a spin chain
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Ĥ ′ is, by interchanging the role of spin chain and oscillator
(see Fig. 1), equivalent to a real-time dynamics of Ĥ ′ with
the evolution time weighted by the oscillator’s momentum,

D(j )
Ĥ ′ (α ∈ R) := e−2iαĤ ′⊗p̂j =: U

(p̂j )

Ĥ ′ (α). (14)

We will use the left hand side expression when dis-
cussing hardware compilation and the right hand side
expression in an algorithmic context. This leads to our first
result:

Theorem 1 (CV-DV-HS Transformation Oracle). The
eigenvalue transformation oracle in Eq. (4) can be block-
encoded as a vacuum transition amplitude (VTA),

〈0|D(j )
Ĥ ′ (α)|0〉 =

∫
dp 〈0|p〉〈p|D(j )

Ĥ ′ (α)|0〉 (15)

=
∫

dp 〈0|p〉〈p|0〉 e−i2αpĤ ′
(16)

= P̂Ĥ ′(α). (17)

Proof. Insert the momentum-space resolution of iden-
tity to derive the first line, act in the momentum basis
in the second line, and use 〈0|p〉〈p|0〉 = (2/π)1/2e−2p2

(Appendix A) to encode the continuous normal distribution
N (0, 1/2) in the last step. �

Equation (17) offers a bosonically block-encoded rep-
resentation of Eq. (5). In this interpretation, the final
oscillator state after the controlled displacement is a func-
tion of En as in the middle panel of Fig. 1. Projecting
the ancillary qumode onto the vacuum state then reveals a
diagonal qubit ensemble ρQ = ∑

n pn |En〉〈En| with proba-

bility pn = e− 1
2 (En−Es)2α2

/
∑

n e− 1
2 (En−Es)2α2

. With α and Es
parametrically tuning the filter strength and target energy,
this corresponds to the Gibbs ensemble for Hamiltonian
Ĥ ′2 and the inverse temperature β = α2/2.

C. Generalized integral transformations oracles

For completeness, we now highlight the extended fam-
ily of block encodings appearing as vacuum to nonvacuum
transition amplitudes. Recall that in a DV block encoding
one prepares initial DV ancilla state (|0〉) and, depend-
ing on the final measured state (|j 〉), has subsequently
applied a (possibly non-unitary) Â0,j . Deterministic quan-
tum algorithms [42] typically consider only the j = 0
sector. Consider first the positive operator-valued measure
(POVM) {|m〉〈m|} associated with a microwave photon
detector measuring the final state of the oscillator in the
m-photon Fock state basis |m〉 with m ∈ {0, 1, . . .} ≡ N0.

Using Hm(p) to denote the mth Hermite polynomial and
m-photon wave function ψm(p) = 〈p|m〉 given at the end

of Appendix A, we have

P̂Ĥ ′(m, τ) =
∫ +∞

−∞
dp〈m|p〉U(p)

Ĥ ′ (τ )〈p|0〉

= im√
π2m−1m!

∫ +∞

−∞
dp e−2p2

Hm(
√

2p)e−iĤ ′τ2p

= (τ Ĥ ′)m√
m!

e− τ2
2 Ĥ ′2

. (18)

An additional simplified proof of Eq. (18) using operator
calculus [43] appears in Eq. (A4).

The integral in the last step can be viewed as Her-
mite integral transform which reduces to the HS transform
when m = 0. The corresponding Hermite transform pair of
the time-evolution oracle e−itĤ can be looked up in a stan-
dard mathematical table. In Eq. (8), the number dependent
prefactor 〈m|z〉 = zm/

√
m! 〈0|z〉 simplified to unity. For

m = 0, Eq. (18) reduces Eq. (4) and for τ = 0 this expres-
sion reduces to the Fock-basis delta function 〈m|0〉 = δm,0.
For τ > 0 we complete the square and integrate. Changing
to variable p ′ = p + iH ′τ , and using Hm(p) to denote the
mth Hermite polynomial, gives us

P̂Ĥ ′(m, τ) = e− 1
2 Ĥ ′2τ2

√
2π

∫ +∞+iĤ ′τ

−∞+iĤ ′τ
dp ′e− p ′2

2 Hm(p − iH ′τ).

(19)

Next use Hm(p − iHt) = ∑m
k=0

(m
k

)
Hk(p)(−2iH ′τ)m−k.

Note that the contribution from k = 0 is just a phase shift
of the original projector. In this way we can bound the
additive error by considering the expansion over k ≥ 1.

The calculation above shows that detecting a photon
number m acts as a symmetrized Hamiltonian polynomial.
Complementary to Ref. [44] which investigated inverse
Hamiltonian polynomials, factors of (τ Ĥ ′)m can also be
investigated as an algorithmic resource, a research direc-
tion left for future work. Also note that Eq. (18)’s Her-
mite basis [45] complements the Chebyshev basis use in
quantum signal processing [46].

Alternatively, consider projecting the oscillator to a final
CV coherent state |β〉 = D(β) |0〉. A weighted summation
of Eq. (18) leads to

P̂Ĥ ′(β ∈ C,α) = 〈β|U(B)
Ĥ ′ (α)|0〉B (20)

= e−iαβĤ ′
PĤ ′(α) (21)

=
∑

n

e− (αEn+iβ)2
2 |En〉 〈En| , (22)

which reduces to Eq. (4) when β = 0. The above pro-
jection onto Gaussian coherent states corresponds to the
POVM {1/π |β〉〈β|} that can be performed with a hetero-
dyne detector [47–49]. Note the nonorthogonality 〈α|β〉 �=
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δα,β for complex α and β. This POVM satisfies the over-
complete resolution of the identity 1/π

∫
C

dβ2 |β〉〈β| = 1

where dβ2 = dR(β)dI(β).
Comparing Eq. (22) with (17), the general |0〉〈β|B block

is a potentially powerful oracle, as it not only introduces
a global damping factors for all pn of the mixed state
but also produces a complex shift i(β/α) for each eigen-
state. This shift can be interpreted as a real-time evolution
e−itĤ ′

with t = αβ, which commutes with the imaginary-
time evolution low-energy filter. Thus, Eqs. (22) and (17)
unify (imaginary-time) state preparation and (real-time)
dynamical evolution into a single complex-time functional.

Equations (18) and (22) both generalize the VTA
scattering process and also recover our initial Gaus-
sian spectral filter Eq. (5), for example through
the m = 0 measurement. For m ≥ 1, in the eigen-
basis, the wave function spectral weight is mapped
as |cλ|2 → ((αĤ)2m/m!)e−(αĤ)2 |cλ|2 which provides a
higher energy filter, compared with Es. Last, note
that TrB(|〈m| Up(α) |0〉|2)= ∑∞

m=0 P̂(m, τ)†P̂(m, τ)=1Q.
This means the filters expressed in Eq. (18) are also Kraus
operators, with each representing a distinct spectral filter
path. Further, they satisfy the necessary completeness rela-
tion. One implication is that, by stochastically tracing over
all photon numbers, or phase space, we recover the logical
identity 1Q. This provides a mechanism to construct the
identity operator using the oracle-level operations. Later,
in Sec. VI, we will discuss how this enables protocols
which quantify physical error rates.

IV. HARDWARE ARCHITECTURE AND
COMPILATION

Discovering new strategies for compilation and auto-
mating known compilation strategy via a compiler are two
separate, but complementary, research goals. The compi-
lation strategy we present below, building on the technical
details of this section, is new and, therefore, addresses the
former question. We emphasize that our strategy is scalable
and general. On trapped-ion systems, both in linear traps
and in individual trapping zones such as in Quantinuum’s
machine, one key gate is the Molmer-Sorenson (MS) gate.
At its core this is a hybrid CV-DV compilation strategy
that entangles two ions (qubits) using motional CV modes,
where the modes return to their original state after the
gate (and therefore do not appear explicitly in the compu-
tation). From this perspective, the compilation strategies
introduced below can be viewed as extensions of the MS
gate. That is, we explicitly exposing the CV degrees of
freedom and use them to perform a broader class of oper-
ations on DV systems which go beyond entangling gates,
e.g., eigenstate filtering.

Regarding automating known compilation strategies,
this has been partially addressed by one of the author’s
recent works [50]. Here, compilation is algorithmically

encoded using a rule-based template matching that auto-
mates compilation of Hamiltonian simulation on hybrid
systems. This work discovers new compilation strategy
for state preparation, which complements the Hamiltonian
simulation tasks that Ref. [50] describes. In future work,
we can encode the newly discovered compilation rules into
Ref. [50] to grow it into a systematic and more optimized
CV-DV compiler.

A. Layout and connectivity

We now compile our eigenvalue transformation oracle
with respect to the hardware architecture and ISA detailed
in Ref. [6]. As illustrated in Fig. 2, the architectural lay-
out consists of a pair of two-dimensional (2D) sublattices
resulting in a 2D + 1 spatiotemporal architecture. Super-
conducting transmon qubits (Q) comprise the first sub-
lattice. Each qubit is directly coupled to a bosonic (B)
harmonic oscillator, which is itself embedded within the
second sublattice. The 2D qubit coordinates are indexed as
(0, 0) ≤ Q := (Qx, Qy) ≤ (Nx − 1, Ny − 1) and, following
Eq. (7), appear in the subscript of hybrid CV-DV oper-
ations. Bosonic qumodes are indices go as (0, 0) ≤ B :=
(Bx, By) ≤ (Nx − 1, Ny − 1) and appear in the superscript.
For one-dimensional problems, we omit the y index.

Table I outlines the gates used in our proposed architec-
ture. The DV qubit gates are already well known and do
appear below. The CV gates are also well studied and will,

FIG. 2. Hardware layout of 2D superconducting quantum pro-
cessor (left panel), illustrating the microwave (green) and trans-
mon qubit (purple) sublattices. See Fig. 2 of [6] for additional
trapped-ion and neutral-atom CV-DV architectures. The right
column indicates embedding 1D geometries with open and
periodic boundary conditions and a 2D generalization. Links
between lattice sites are highlighted in green to emphasize that
all spin-spin interactions are mediated via the oscillators.
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for example, involve beam splitters at the edges connect-
ing the vertices in Fig. 1. The CV-DV gates are discussed
in detail below. When oscillator j is dispersively coupled
to qubit k, R(j )Zk

(θ) and D(j )
Zk
(α) are native hardware opera-

tion. If spatially separated, the gate may be accomplished
with the overhead of a SWAP network which exchanges the
cavity mode from j to the mode physically coupled with
qubit k.

B. CV-DV compilation

Denote the CNOT gate with control on qubit j and target
on qubit k gate as CXjk. Two-body phase rotations can be
factorized into the product of a one-body phase rotation
and a pair of CNOT gates as

RZj Zk (θ) ≡ e−i θ2 Zj Zk = CX†
jkRZk (θ)CXjk. (23)

In this work the qubit-controlled (photon occupation
number [6]) parity operator, defined as

P(j )Zk
= e−i π2 Zk⊗â†

j âj = e−i π2 Zk⊗n̂j , (24)

will be analogous to the CNOT in how it compiles
oscillator-controlled two-body interactions. The photon
number operator is n̂j = â†

j âj = x̂2
j + p̂2

j − 1
2 , so the

bosonic part of Eq. (24) is generated by the stan-
dard quantum Harmonic oscillator interactions, includ-
ing displacement. Note that P(j )Zk

= R(j )Zk
(π/2). Under the

qubit-controlled rotation, R(j )Zk
(t) = exp(−itZk ⊗ n̂j ), the

Heisenberg-picture (i.e., time-shifted) operators are

1k ⊗ âj (t) ≡ R(j )†Zk
(t)1k ⊗ âj R(j )Zk

(t)

= e−itZk ⊗ âj , (25a)

1k ⊗ x̂j (t) = cos(t)1k ⊗ x̂j + sin(t)Zk ⊗ p̂j , (25b)

1k ⊗ p̂j (t) = cos(t)1k ⊗ p̂j − sin(t)Zk ⊗ x̂j . (25c)

From now on we will omit “1k⊗” when there is no confu-
sion. As a special case of the equations above, conjugation
by a controlled-parity operator then adjoins a qubit’s Zk =
±1 operator to the photon destruction operator,

P(j )†Zk
âj P(j )Zk

= −iZk ⊗ âj , (26a)

while such conjugation performs Fourier transform on
quadrature operators in addition to the Zk factor,

P(j )†Zk
x̂j P(j )Zk

= Zk ⊗ p̂j , (26b)

P(j )†Zk
p̂j P(j )Zk

= −Zk ⊗ x̂j , (26c)

as if the phase space is rotated by π/2 counterclockwise.
Finally we can see that, in direct analogy with Eq. (23),

the P(j )Zk
gate maps single-qubit-controlled displacements

to two-qubit (Ising-interaction) controlled displacements,

D(n)
Zj Zk

(α) = e−2iαZj Zk⊗p̂n = P(n)
†

Zj
D(n)

Zk
(α)P(n)Zj

. (27)

The P(n)Zj
gate also enables us to compile single-qubit-

controlled displacements (not a native primitive in Fock
space ISA) with uncontrolled displacements conjugated
by the P(j )Zk

(Fock space ISA) [6]. Local qubit rota-
tions then complete the Heisenberg-interaction gate set
(see Fig. 4 and Sec. V B for details). As illustrated in
Fig. 6, we may then stroboscopically apply such gates to
Trotter-approximate real-time evolution. Note that such a
cavity-mediated-interaction compilation strategy removes
the need for two-qubit entangling gates.

It will also be useful to exchange the qumodes within the
B sublattice. To do so, we employ the native beam-splitter
gate acting on neighboring oscillators j and k,

BS(j ,k)(θ ,ϕ) = e−i θ2
[
eiϕ â†

j âk+e−iϕ â†
k âj
]
. (28)

This couples cavity modes and defines the bosonic (canon-
ical commutation preserving) SWAP(j ,k) := BS(j ,k)(π , 0)
F (j ,k) [51], where the inverse Fourier transform gate
(Sec. III.B.2 in Ref. [6]) is F (j ,k) = exp[i(π/2)(n̂j +
n̂k)] = F (j )F (k). Explicitly,

SWAP(j ,k)†âj SWAP(j ,k)

= F (j ,k)†BS(j ,k)†(π , 0)âj BS(j ,k)(π , 0)F (j ,k)

= F (j ,k)†(−iâk)F (j ,k)

= F (k)†F (j )†(−iâk)F (j )F (k)

= F (k)†(−iâk)F (k) = âk. (29)

We now see that SWAP(k,j ) enables us to convert a non-
native CV-DV gate D(j )

Zk
(α) for j �= k in Table I into a

sequence of native gates as

SWAP(j ,k)†D(j )
Zk
(α)SWAP(j ,k) = D(k)

Zk
(α). (30)

In Sec. V C 1 the SWAP gate is used to couple a single
qumode to the entire spin lattice. Afterward, using M
qumodes in Sec. V D, we will parallelize the QITE filter.

V. HEISENBERG MODEL COMPILATION

A. Synthesizing time evolution

With Sec. IV B describing the required gate set, we pro-
ceed to constructively synthesize ε-approximations to the
spectral filter P̂τ . One possible explicit construction of
Eq. (14) could be based on Lie-Trotter product formulas
(LTPFs). Such LTPFs, based on convergence with respect
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to the Euler-Trotter identity limr→∞(eA/reB/r)r = eA+B, are
useful to approximate exponential functions which are
difficult to analytically express due to the exponential’s
noncommuting generators [52,53]. Our goal is to now
systematically ε-approximate Eq. (5)’s ideal eigenvalue
transformation oracle with a block-encoded LTPF R̂Ĥ ′(τ )
using the Lie-Trotter Hubbard-Stratonovich (LTHS) for-
mula P̂Ĥ ′(τ ).

Theorem 2 (LTHS formula). Using U(p)
Ĥ ′ (τ ) as in

Eq. (14), and V(p)
Ĥ ′ (τ ) as an ε-approximate LTPF suffices

to ε-approximate P̂Ĥ ′(τ ) in Eq. (5) with R̂Ĥ ′(τ ) as
∥∥∥R̂Ĥ ′(τ )− P̂Ĥ ′(τ )

∥∥∥ =
∥∥∥〈0| V(p)

Ĥ ′ (τ )− U(p)
Ĥ ′ (τ ) |0〉

∥∥∥ ≤ ε.

(31)

To begin the proof, consider arbitrary 2-local Hamilto-
nian interaction graph with partitions � = χ ′(G), where
χ ′(G) is the chromatic index of the simple graph G =
(V, E) with the vertices V being the lattice sites and the
edges E the spin-spin (magnetic exchange) couplings.
Using χ ′ partitions is necessary to ensure that for any γ ,
all weight-2 Pauli strings in Ĥγ mutually commute. Since
�(G) ≤ χ ′(G) ≤ �(G)+ 1 (Vizing’s theorem), where
�(G) is the maximum degree of G (largest coordina-
tion numbers for all lattice sites), � = χ ′(G) = O(d) for
physics relevant lattices in d dimensions, instead of scaling
with system size.

Writing the mutually commuting Hamiltonian partitions
as Ĥ = ∑�

γ=1 ĥγ , we use U(p̂)
Ĥ
(α) = limr→∞[

∏
γ D(j )

ĥγ

(α/r)]r ≡ limr→∞ Vp̂
Ĥ

as the first-order limiting formula
before taking r finite. Recall the vacuum wave function
in momentum basis is ψ0(p) = 〈p|0〉 = (2/π)1/4e−p2

, we
can then bound the Trotter error as

ε =
∥∥∥∥∥∥
〈0|

�∏
γ=1

e−2iαp̂ ĥγ |0〉 − 〈0| e−2iαp̂
∑�
γ=1 ĥγ |0〉

∥∥∥∥∥∥
(32)

=
∥∥∥∥∥∥

∫ +∞

−∞
dp|ψ0(p)|2

⎛
⎝

�∏
γ=1

e−2iαpĥγ − e−2iαp
∑�
γ=1 ĥγ

⎞
⎠
∥∥∥∥∥∥

≤
√

2
π

∫ +∞

−∞
dp e−2p2

∥∥∥∥∥∥
�∏
γ=1

e−2iαpĥγ − e−2iαp
∑�
γ=1 ĥγ

∥∥∥∥∥∥

≤
√

2
π

∫ +∞

−∞
dp e−2p2 (2αp)2

2

∥∥∥∥∥∥
�−1∑
γ=1

�∑
δ=γ+1

[ĥδ , ĥγ ]

∥∥∥∥∥∥
(33)

= α2

2

∥∥∥∥∥∥
�−1∑
γ=1

�∑
δ=γ+1

[ĥδ , ĥγ ]

∥∥∥∥∥∥
, (34)

where Eq. (33) used Proposition 9 from Ref. [52].

We will now discuss the circuitry required to condition-
ally displace an oscillator mode by the energy eigenvalues
of a single Hamiltonian interaction between a pair of sites.
Note that this Hamiltonian, and commutators between such
Hamiltonians, preserve Eq. (35)’s symmetries. We will
then provide minimal � = 2 and � = 4 examples in 1D
and 2D respectively. To go beyond Theorem 2’s ana-
lytic result, we also examine a non-color-ordered Trotter
sequence which we then numerically simulate.

B. 2-local gadget

Consider the Heisenberg model Hamiltonian

Ĥ =
∑
〈j ,k〉

Ĥj ,k ≡
∑
〈j ,k〉

JxXj Xk + JyYj Yk + JzZj Zk, (35)

where 〈j , k〉 indicates nearest-neighbor couplings on a lat-
tice (i.e., a grid graph; for general graph, 〈j , k〉 denotes
the set of edges). Without loss of generality, we target
the XXZ spin model Hamiltonian by choosing Jx = Jy = 1
and Jz = �Jx = �.

Using the native gates in Table I and compilation prim-
itives in Sec. IV B, we compile a displacement gate on
qumode n, controlled by the energy of a single bond Ĥj ,k =
Xj Xk + Yj Yk +�Zj Zk, as

D(n)
Ĥj ,k
(α) = D(n)

Xj Xk
(α)D(n)

Yj Yk
(α)D(n)

Zj Zk
(�α). (36)

This equality leverages the su(4) Cartan subalgebra’s
({Xj Xk, Yj Yk, Zj Zk}) pairwise commutativity. The first gate
required to synthesize Eq. (36) is the conditional displace-
ment controlled by the joint parity Zj Zk given in Eq. (27).
Using transversal local qubit rotations V = ei(π/4)Yj ei(π/4)Yk

and W = e−i(π/4)Xj e−i(π/4)Xk , we compile displacements
weighted by the Heisenberg model’s off-diagonal interac-
tions,

D(n)
Xj Xk

(α) = V†D(n)
Zj Zk

(α)V, (37)

D(n)
Yj Yk

(α) = W†D(n)
Zj Zk

(α)W. (38)

Together with Eq. (27), these gates enable the implemen-
tation of one round of Eq. (36)’s Heisenberg real-time-
evolution operator in a three-stroke clock cycle which will
be employed as a building block to synthesize controlled
approximations to Eq. (35)’s global energy filter.

C. Parallelizing compilation in 1D

Our Hamiltonian is a sum of two-local interactions,

Ĥ =
N ′∑

j =0

Ĥj ,j +1. (39)

For open boundary conditions, N ′ = N − 2, while for peri-
odic boundary conditions, N ′ = N − 1 with N ′ + 1 ≡ 0
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(i.e., indices are modulo N ). Now consider an additive fac-
torization of Eq. (39) into the two terms corresponding
interactions on even (Â) and odd (B̂) edges, Ĥ = Â + B̂.
Without loss of generality we take N even, such that

Â =
N
2 −1∑
j =0

Ĥ2j ,2j +1 ≡
∑

j

Âj , (40a)

B̂ =
N
2 −1∑
j =0

Ĥ2j +1,2j +2 ≡
∑

j

B̂j . (40b)

The 2-coordinated nearest-neighbor Hamiltonian interac-
tion can be additively factorized, in that each equation in
Eq. (40) is a sum over terms with disjoint support which
was not the case in Eq. (39). This proves that

[
Âj, Âk

]
=[

B̂j, B̂k

]
= 0, a fact that will be used to parallelize a con-

trolled operation over the global operator Â or B̂. Recalling
that Ĥj ,j +1 = Xj Xj +1 + Yj Yj +1 +�Zj Zj +1 was compiled
in Sec. V B, our task is now to (i) explain how a single
oscillator may play the role of the block encoding ancilla
qumode and (ii) explain how this sequence can be embar-
rassingly parallelized using a lattice of qumodes. We now
examine (i), before outlining (ii) in 1 and 2 dimensions.

1. One-oscillator compilation

Before proceeding to the fully parallelized compilation,
let us first compile dynamics of Eq. (35) controlled on a
single (M = 1) qumode. Following the color ordering pre-
sented above, we displace the oscillator by Â and then
subsequently by B̂. This is achieved by serially displacing
by each bond in Â. To do so, a pair of SWAPs will route the
bosonic mode around the spin chain, displacing by each
term in Â along the way. Repeating for each of the terms in
B̂ then realizes a first-order LTPF eB̂eÂ of Eq. (35). Using
N SWAPs to evolve by each colored partition, the resulting
Trotter formula VĤ (α) = e−i2αp̂B̂e−i2αp̂Â is related to our
target dynamics through VĤ (α) = U(p)

Ĥ
(α)+ A(α) where

the additive error is bounded in Theorem 2.

2. Two-oscillator compilation

The next step in our progression is to parallelize the
compilation sequences of adjacent oscillators. We will
return to formally generalize this result in Sec. V E. The
high-level idea is to displace the second oscillator, indexed
as k, conditioned on the commuting disjoint components
of Â (and subsequently B̂). Crucially, this occurs in parallel
with the displacements of the first oscillator.

Note that an Ising interaction can, since [D(j )
Zj Zk

(α), D(k)
Zj Zk

(α)] = 0, control the displacements the involved oscilla-
tors in any order. Since the Ising generators commute, both

FIG. 3. Compilation workflow where each object represents
a relevant quantum operation. The arrows transform the opera-
tions, corresponding to the labeled equations, in the Heisenberg
picture.

adjacent oscillators can then be simultaneously displaced
using the P(j )Zk

and P(k)Zj
gates as illustrated in Fig. 3 which

results in

D(j ,k)
Zj Zk

(α) = D(j )
Zj Zk

(α)× D(k)
Zj Zk

(α)

= e−2iαZj Zk⊗(p̂j +p̂k). (41)

The same is true when compiling the two-qumode dis-
placement conditioned on a single bond’s Heisenberg-
interaction spectra as

D(n,m)
Ĥjk

(α) = D(n,m)
Xj Xk

(α)× D(n,m)
Yj Yk

(α)× D(n,m)
Zj Zk

(�α)

= e−2iα(Xj Xk+Yj Yk+�Zj Zk)⊗(p̂n+p̂m)

= e−2iαĤjk⊗(p̂n+p̂m). (42)

In addition to a color-ordered-decomposition which is
helpful in simplifying the proof of Theorem 2, to minimize
entangling gate-count pre-factors it will also be useful
to consider controlled displacements made up of terms
such as D(j +1)

B̂j
(α)D(j )

Âj
(α). Here, conditioned on different

colored interactions within the same time step, adjacent
oscillators are displaced. In this case, for each oscilla-
tor, N SWAPs are used in order to conditionally displace
each of the modes on the individual terms comprising
Â and B̂ in an alternating series. That is, each oscillator
sweeps around the spin chain and is displaced by each bond
in series. This is in contrast to the color ordering above
where the number of SWAPs acting on each mode is dou-
ble the length of the chain. To get a picture for how the
two Trotter orderings compare, see Figs. 7 and 10 where
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panels (a) and (b) correspond to the color-ordered and Â-B̂
alternating-ordered Trotterizations respectively.

Importantly, we note that the two-oscillator compilation
requiring N SWAPS, when implemented on the architecture
in Fig. 2, requires the same total SWAP-depth as the single-
oscillator compilation (as the oscillator must “visit” every
spin in order to be displaced by all terms comprising Â
and B̂). Thus, there is no overhead in depth for such par-
allelization. In Sec. V D we will concretely specify how,
with the same overall SWAP-depth, we can realize an M -
oscillator compilation that enables a

√
M -reduction in each

conditional displacement length over the single-oscillator
implementation, thus reducing the overall runtime of the
algorithm through parallelization.

D. Multioscillator compilation

In Fig. 1 the number of conditional displacements (and
by extension, the protocol’s total duration) scales exten-
sively with the principal system’s size. To remedy this, we
can reduce the overall time by parallelizing the total dis-
placement of a single oscillator into the product of many
shorter displacements of many oscillators.

For the hardware where each qubit is directly controlled
by an associated oscillator, i.e., with M = N oscillators,
we fully parallelize the energy filter over the many oscilla-
tor modes. To do so we must synthesize a ε-approximation
where all oscillators are displaced by Ĥ . Since our filter
is a quadratic function of Ĥ ′α, P̂Ĥ ′(α)1/M = P̂Ĥ ′(α/

√
M ).

Thus, assigning the re-scaled time α/
√

M to each of the M
distinct spatial oscillators, one may parallelize τ = α in the
imaginary time-evolution operator in Theorem 2 (LTHS
formula).

Since the native gate time depends on the magni-
tude of the displacement, displacing individual oscil-
lators by α/

√
M reduces the physical execution time

of our algorithm while maintaining the same scaling
of Trotter error as in the single-oscillator case. Note
that the first-order Trotter error per oscillator becomes
O(N (α/

√
M )2), but the total Trotter error of M -factors

scales as M · O(N (α/√M )2) = O(Nα2), the same as the
single-oscillator case. As a result, we now see how paral-
lelizing over hardware-native oscillators reduces the abso-
lute algorithmic runtime by a factor

√
M . Generalizing

a single-oscillator variable p̂0 block encoding, to an M
oscillator {p̂j }M−1

j =0 block encoding, we have:

Lemma 2 (Spacetime parallelization).

P̂Ĥ ′(α) = 〈0| U(p0)

Ĥ ′ (α) |0〉 = 〈0|
M−1∏
j =0

U
(pj )

Ĥ ′

(
α/

√
M
)

|0〉

(43)

=
M−1⊗
j =0

〈
0j
∣∣U(pj )

Ĥ ′

(
α/

√
M
) ∣∣0j

〉
. (44)

In the top line, one oscillator and
√

M serial time
resources are utilized. The second line uses M oscilla-
tors as spatial resources to control spin dynamics and
requires an M -fold tensor product measurement to gen-
eralize Eq. (31) to the multioscillator limit. Upon mea-
suring the vacuum configuration |0〉 = |0〉⊗M , after the
application of

∏M−1
j =0 U

(pj )

Ĥ ′

(
α/

√
M
)

, we have Eq. (4).
The last step, to complete end-to-end compilation [54],

is the synthesis of a ε-approximate of Lemma 2. While
block-encoded ε-approximations of unitaries offer scaling
advantages, keeping near-term applications in mind, we
synthesize a Trotter approximation.

Theorem 3 (Parallelized LTHS formula). Consider a
general 2-local spin (spectrum-shifted) Hamiltonian Ĥ =∑�

γ=1 Ĥγ partitioned into � parts {Ĥγ | Ĥ1 = Â, Ĥ2 =
B̂, Ĥ3 = Ĉ, . . .} according to a proper edge coloring of the
interaction graph of Ĥ so that all weight-2 Pauli strings
mutually commute in each Ĥγ . There exists a coloring so
that � − 1 is less than or equal to the largest coordination
number of any site in the system (Vizing’s theorem), and
thus the number of partitions is bounded by the system
size. With controlled displacement U

(pj )

Ĥ
(τ = α/

√
M ) as in

Eq. (14) for M oscillators respectively in parallel, an exact
ground-state projection operator is given by the vacuum
transition probability (VTA),

P̂Ĥ (α) = 〈0|
M−1∏
j =0

U
(pj )

Ĥ

(
α√
M

)
|0〉 = e−α2Ĥ2/2. (45)

The LTHS synthesized approximation is given by

R̂Ĥ (α) = 〈0|
�∏
γ=1

⎡
⎣

M−1∏
j =0

U
(pj )

Ĥγ

(
α√
M

)⎤
⎦ |0〉 (46a)

= Tγ e−α2
(∑

γ Ĥγ
)2
/2, (46b)

where the γ (color) ordering Tγ is analogous to Feynman’s
time order operator. The Lie-Trotter series’ commutator-
scaling additive error is

ε =
∥∥∥R̂Ĥ (α)− P̂Ĥ (α)

∥∥∥ ≤ α2

2

∑
γ1<γ2

∥∥∥
[
Ĥγ1, Ĥγ2

]∥∥∥ . (47)
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If Ĥ is a Heisenberg spin model, Eq. (46) can be simplified
to the following form:

R̂Ĥ (α) =
∑

{bi,j }∈{0,1}|E|
e−α2

[
Es+

∑
(i,j )∈E(4bi,j −1)

]2
/2

× Tγ
∏
(i,j )∈E

(3 − 2bi,j )+ (1 − 2bi,j )Ĥi,j

4
, (48)

where the color ordering is trivial for the product of triplet
(singlet) projectors (3 + Ĥi,j )/4 for bi,j = 0 ((1 − Ĥi,j )/4
for bi,j = 1) over the edge set E = {(i, j ) | Ĥi,j = XiXj +
YiYj + ZiZj �= 0} with Heisenberg interactions.

The proof of Eqs. (46)–(48) is given in Appendix B. The
analytical expression of R̂Ĥ (α) in Eq. (48) for the 1D chain
colored as in Fig. 5(a) is given in Appendix C.

In this scheme, the circuit depth scales extensively with
the system size, similar to a single oscillator, and R̂Ĥ (α) is
compiled by parallelized gate sequences which are copies
of the single-oscillator circuitry. However, assuming that
the gate duration for D(j )

Ĥ
(τ ) on real hardware is propor-

tional to τ [6], the time complexity is reduced by a factor√
M from the single-oscillator case.
Importantly, with the connectivity of the architecture

(Fig. 2), realization of this reduced time complexity
in practice requires that the multioscillator compilation
incurs no additional oscillator SWAP-depth over its single-
oscillator counterpart; in the next section, we show this to
be the case. In particular, we describe a concrete imple-
mentation of a multioscillator SWAP network requiring total
SWAP depth of N—equivalent to the single-oscillator case.
Crucially, the time duration of a single-oscillator SWAP is
roughly an order of magnitude shorter than that of the dou-
bly conditioned conditional displacements (∼100 ns vs.
∼2 µs [6]). Thus, while the multioscillator parallelization
reduces only the displacement duration and not the SWAP-
depth, this enables an approximate

√
M -reduction in total

runtime in practice.

E. 1D SWAP networks

We now describe the role that SWAP networks (SNs) for
qumodes consisting of beam splitters play in parallelized
multioscillator compilation. In particular, the SNs spatially
cycle all oscillators while synchronizing their controlled-
time-evolution gates. As illustrated in Fig. 1 by the two
boxes with arrows, each oscillator is displaced conditioned
on a two-body interaction localized at an edge connect-
ing two qubits on a graph, and this primitive operation is
implemented by the circuit in Fig. 4(c) for Eq. (40).

Now, exploiting Lemma 2’s freedom and our hard-
ware’s ability to parallelize displacements of nonadjacent

(a)

(b)

(c)

FIG. 4. Compiled circuits for (a) D(1)
Z1Z2

, (b) D(1,2)
Z1Z2

, and (c)
D(1,2)

Ĥ1,2
= D(1,2)

Z1Z2
D(1,2)

Y1Y2
D(1,2)

X1X2
, where Ĥ1,2 is defined in Eq. (36).

Thicker wires denote two oscillators (need not be adjacent) in
the respective quantum state |�1〉 and |�2〉; |ψ1〉 and |ψ2〉 denote
the respective states of two qubits linked to their corresponding
oscillator.

oscillators, we use Eqs. (42) and (40) to define two edge-
colored displacement operators,

DÂ(α) =
N
2 −1∏
j =0

D(2j ,2j +1)
Aj

(α), (49a)

DB̂(α) =
N
2 −1∏
j =0

D(2j +1,2j +2)
Bj

(α). (49b)

This pair of operators displaces pairs of oscillators by sin-
gle pieces of the Â or B̂ Hamiltonian partition. Therefore,
oscillators at even (odd) cavities must be routed to even
(odd) cavities if they are to be displaced by the next term
of the same colored interaction at the next step. Define the
transversal (T) bosonic SWAP operators as

TÂ =
N
2 −1⊗
j =0

SWAP(2j ,2j +1), (50a)

TB̂ =
N
2 −1⊗
j =0

SWAP(2j +1,2j +2). (50b)
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(a)

(b)

FIG. 5. Trotter orderings for 1D (a) and 2D (b) spin models.
Each color denotes spin-spin interaction terms for which condi-
tional oscillator displacements can be parallelized. (a) In 1D, this
results in alternating sequence of displacements corresponding to
red (Â) and blue (B̂) links. In 2D, interaction terms are grouped
by red (Â), blue (B̂), green (Ĉ), and purple (D̂) links.

Acting along the bonds illustrated in Fig. 5, these gates
permute bosonic modes on all bonds of a given color. The
global effect is to exchange all modes along the edges of
one color, equivalent to a total translation of one lattice
constant for A-sublattice and B-sublattice, respectively,
in the opposite direction. Since T2

Â
= T2

B̂
= 1, we instead

define the back-to-back execution of Eqs. (50a) and (50b)
as the composite permutation,

TÂB̂ = TB̂TÂ. (51)

TÂB̂ translates the oscillators by two lattice sites for A-B-
sublattices in the opposite directions as

T
ÂB̂
(âj ) ≡ T†

ÂB̂
âj TÂB̂ =

{
âj +2 if j is even,
âj −2 if j is odd,

(52)

such that p iterations of TÂB̂ shifts by 2p sites.

Tp
ÂB̂
(âj ) =

{
âj +2p if j is even,
âj −2p if j is odd.

(53)

Assuming even N , we see that TN/2
ÂB̂

= 1, which implies
that N/2 applications return each mode to its original
cavity,

T
N
2

ÂB̂
(âj ) = âj . (54)

Naturally, these relations lead us to assign a group struc-
ture for these permutations. We define an element of the

symmetric group τ ∈ SN that, after p iterations of TÂB̂,
maps oscillator indices to cavity indices as

τ p(j ) =
{

j + 2p (mod N ) if j is even,
j − 2p (mod N ) if j is odd.

(55)

By interspersing the translation operators with Eq. (49)
we are able to use each oscillator to control the time evo-
lution of each color partition. Using this, the two steps
comprising the 1D Trotter-factorized approximation are

(
TÂB̂DB̂(α)

)N
2

=
N
2 −1∏
p=0

exp

⎧
⎨
⎩−2iα

N∑
j

Bj ⊗ (
p̂τp (j ) + p̂τp (j +1)

)
⎫
⎬
⎭ ,

(56a)
(
TÂB̂DÂ(α)

)N
2

=
N
2 −1∏
q=0

exp

⎧⎨
⎩−2iα

N∑
j

Aj ⊗ (
p̂τq(j ) + p̂τq(j +1)

)
⎫⎬
⎭ .

(56b)

Together, these two operators are composed to construct
the Trotterized global Hamiltonian displacement. This pro-
vides an end-to-end compilation of the expressions in
Theorems 2 and 3. In Fig. 6 we present a quantum circuit
that realizes

(
TÂB̂DB̂(α)

)N
2 × (

TÂB̂DÂ(α)
)N

2 = VĤ ′(α). (57)

(a)

(b)

FIG. 6. Quantum realization of the color-ordered Trotter-
approximated Hamiltonian displacement in (a) 1D equation (57)
and (b) 2D equation (80). The initial state of the continuous vari-
able–discrete variable system is |0〉 ⊗ |ψi〉 with M qumodes in
the all-vacuum state |0〉 = |0〉⊗M = |0 . . . 0〉 and N qubits in the
state |ψi〉. We assume M = N . The slash symbol denotes the
bundle of quantum wires (thicker bundled wires for continuous-
variable system). In (b) L̂ is substituted with Â, B̂, Ĉ, or D̂ for
each of the four repetitions of the circuit part enclosed in the
dashed-dotted orange box.
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F. Numerical results

To demonstrate and verify our algorithm, we con-
sider the case of the antiferromagnetic Heisenberg model
with N = 4 sites and give numerical simulation results
below, with some additional analytical results included
in Appendix C. In Fig. 7 the two panels present visual
representations of the color-ordered (a) and alternating-
ordered (b) Trotter scheme compilations. In addition, to
help build further intuitive understanding of the use of
SNs in each clock cycle, Fig. 10 in Appendix D presents
visual representations of the two compilations for a 6-
site chain. It is easy to see that, in the 1D case with a

(a)

(b)

FIG. 7. Visual representations of the compilations for N = 4
site Heisenberg model. Purple circular nodes are qubits and light
green square nodes are qumodes. The panel (a) strictly follows
the sequence of gate operations illustrated in Fig. 6(a), while
the panel (b) gives an alternative ordering of the sequence to
couple Ĥγ terms of the same color to respective qumodes, result-
ing in a shortened circuit compared to Fig. 6(a). Wavy-line
arrows indicate that only qumode SWAP network operations are
applied; straight-line arrows indicate that the circuit in Fig. 4(c)
are applied in parallel to all edges of one color [including in step
(i)]. For colored edges representing Ĥγ terms, dashed line means
coupling Ĥγ to a half of the qumodes and solid line all qumodes.
The final SWAP network is not necessary in panel (b).

� = 2 colorable chain, the number of SNs (i.e., TÂB̂) is
�(Nx/2 − 1) = Nx − 2 for the (a)-compilation sequence
and Nx/2 − 1 for the (b)-compilation sequence. Note that
the (a)-compilation sequence strictly follows Fig. 6(a),
except that the final layers of TÂ and TB̂ in each dashed
box in Fig. 6(a) are dropped without affecting the result
since −2iα

∑
j p̂j is permutation invariant.

1. α � 1 LTPF regime

Using β = α(1 − (Es/N )), we approximately displace
all oscillators by the spectrum-shifted Hamiltonian Ĥ ′ via
the first-order product formula

N−1∏
p=0

e−2iαB̂′⊗p̂p ×
N−1∏
q=0

e−2iαÂ′⊗p̂q

= exp

⎛
⎝−2iαB̂′ ⊗

∑
j

p̂j

⎞
⎠ exp

⎛
⎝−2iαÂ′ ⊗

∑
j

p̂j

⎞
⎠.

(58)

Recalling the ground-state energy shift, define

Â′ =
⎛
⎝

N
2 −1∑
j =0

Ĥ2j ,2j +1

⎞
⎠− Es

2
≡
∑

j

Âj − Es

N
, (59a)

B̂′ =
⎛
⎝

N
2 −1∑
j =0

Ĥ2j +1,2j +2

⎞
⎠− Es

2
≡
∑

j

B̂j − Es

N
, (59b)

such that Ĥ ′ = Â′ + B̂′ = Ĥ − Es. In one-dimension we
partition the interactions into two sets of generators Ĥ =∑j =L

j =1 Hj ,j +1 = Â + B̂. For such a system, the first-order
Trotter expansion

eiτ Ĥ =
(

eiτ Â/r · eiτ B̂/r
)r

+ O
(∥∥∥
[
Â, B̂

]∥∥∥ τ 2/r
)

. (60)

When
∥∥∥[Â, B̂]

∥∥∥ τ 2/r ≤ 1 this expansion is valid, and bound
to the ideal dynamics up by the above additive error. Next
we apply the interaction for each set controlled on the
qumode. The interactions are stroboscopically repeated
to realized a bounded Lie-Trotter expansion of the target
Hamiltonian’s real-time evolution.

Inserting the product formula (60) into Eq. (8) generates
a formula for the error in approximating (Fig. 8) the target
imaginary-time spectral projection given by Eq. (4). The
Hubbard-Stratonovich transformation in Eq. (8) synthe-
sizes an imaginary-time evolution as a linear superposition
over real-time evolutions. This connection provides a use-
ful tool to analyze imaginary-time propagation errors from
the existing theory on Trotter errors established for real-
time evolution [52]. For example, for composite Hamilto-
nian Ĥ ′ as a sum of many terms, a pth order Trotterization
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FIG. 8. Comparison of the additive Trotter error
εN (α) =

∥∥∥R̂H ′(α)− P̂H ′(α)
∥∥∥ and the scaling bound

BN (α) = α2/2
∑

γ1<γ2

∥∥∥
[
Ĥγ1, Ĥγ2

]∥∥∥ for a target system of
N = 4 sites with � = 2 partitions. For these simulations we use

the spectral norm
∥∥∥M̂

∥∥∥
2

≡ σmax(M̂ ) =
√
λmax(M̂ †M̂ ), i.e., the

largest singular value of M̂ . These results agree with Eq. (47) in
Theorem 3 since εN (α) ≤ BN (α) ∀α ≥ 0.

of e−iĤ ′τx on the RHS of Eq. (8) for small τ effectively pro-
duces a 2pth order imaginary-time evolution on the LHS
(due to τ 2) via the integral transformation with the weight

e− 1
2 x2

.
As we demonstrated in Sec. V, given qubit-oscillator

hardware connectivity, Trotterization suffices to compile
the real-time evolution of a Hamiltonian Ĥ ′ comprised of
noncommuting terms. The HS transform provides a con-
crete way to analyze the error in our projection scheme
using existing error analysis for real-time evolution. We
note that the synthesis of real-time evolution with high-
order Trotter errors from a linear combination of low-order
product formulas via error cancellation has been explored
to construct effective multiproduct formulas for efficient
Hamiltonian simulation [34,55–57]. From this perspec-
tive, the HS transform, as a linear combination of real-
time evolution, is a Gaussian multiproduct formula for
imaginary-time propagation.

2. α � 1 Floquet-regime

Since the Trotterized time evolution is a stroboscopic
evolution, the real-time dynamics can be understood as
time evolution under an effective Floquet propagator. In
the limit of small displacement, the Trotter error bounds
may be viewed as the Floquet propagator being local-
ized to the ideal Hamiltonian propagator [26]. However,
in the large displacement limit a perturbative analysis is
not useful. Rather, it is relevant to think about the Floquet
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(a)

(b)

(s, En) = (0, −8)×1 (s, En) = (0, 0)×1

(s, En) = (1, −4)×3 (s, En) = (1, 0)×6

(s, En) = (2, 4)×5 sin2 θ

FIG. 9. The normalized eigenvalues of (a) exact projector P̂α
and (b) Trotter-approximate projector R̂α for N = 4 site antifer-
romagnetic Heisenberg model. The insets show the unnormalized
values. Here, λn(Ô) denotes the nth (right-)eigenvalue for the
(non-)Hermitian operator (Ô = R̂α) Ô = P̂α . The value of nor-
malization factor λ0(Ô) is shown by the red solid curve with
circles in the insets. Since P̂α and Ĥ share common eigenvectors,
P̂α = ∑

n λn(P̂α) |En〉 〈En| and thus eigenvalues of P̂α are filter-
ing weights of each individual eigenvector projector |En〉 〈En|,
where |E0〉 denotes the ground state of Hamiltonian. In gen-
eral the ground-state projector has larger relative weight as α
increases and λn�=0 decreases (except that for the red dotted curve
with squares in panel (b), the maximal ratio λ0(R̂α)/λn(R̂α) is
at α ∼ 0.2). The symbols are from numerical simulation and
the lines are from analytical expressions. In the legend differ-
ent curves are labeled by the corresponding conserved quantum
number s (total spin) and En (energy) and the degeneracy dg
is marked by “×dg” superscript. However, in (b), the two red
curves (circles and squares) of R̂α have slightly hybridized En
eigenvectors and the degree of mixtures is shown by the orange
curve for sin2 θ (see main text). At α ∼ 0.15, sin2 θ = 0, so the
energy is conserved and the α value is optimal for projection.

process in terms of the underlying symmetries which are
preserved and to realize that the energy eigenstates within
these symmetry sectors will be hybridized in the Floquet
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limit. In this case, one wishes to find a sweet spot where the
displacement magnitude is maximized while the hybridiza-
tion between energy eigenstates is minimized. Below, in
Sec. V F 3, we will provide a relevant example optimizing
the displacement factor α. This is illustrated in Fig. 9 for a
4-site XXZ model (� = 1) with a single Trotter step r = 1.
We see that both the total (a) and Trotter (b) rates of spec-
tral projection converge to a constant in the α � 1 limit.
Thus, the bottom panel highlights how Floquet spectrum
converges to a fixed point in the large α limit. Crucially,
the spectra share similar features, partially enforced by the
unbroken S2 and SZ

tot symmetries. One may therefore ask,
which displacement magnitude is optimal?

3. Optimization

We now present numerical simulations for the energy
filter. To analyze cases which are most amenable to exper-
iments, i.e., which minimize all prefactors in the resource
overhead, we analyze a filter realized by the alternating-
color controlled displacement Trotterization as illustrated
in panel (b) of Fig. 7. Here the number of SNs is half the
spatial extent of the system, whereas the number of SNs is
directly proportional to the spatial extent of the system in
the color ordering. While both display the same asymptotic
scaling, removing this extra pre-factor of 2 may prove use-
ful in experimental implementations where physical errors
dominate over algorithmic errors. We defer a more detailed
discussion of experimental errors to Sec. VI.

The rate at which spectral operations, including R̂α’s
ground-state projection, transform depends on spectral
features. First, the magnitude of the projector’s small-
est eigenvalue λ0, and its proximity to Es, quantifies the
preservation of the ground state (|λ0〉) after oscillator
measurement. Second, QITE projection depends on the
proximity of eigenvalues. Denote the first-excited synthe-
sized eigenvalue as λ1. A large low-energy multiplicative
condition number, κ0,1 = λ0/λ1, implies efficient ground-
state preparation. In terms of the additive spectral gap
�0,1 = λ1 − λ0, has previously been analyzed [28,36,37].
This begs the question of whether there exists an optimal
α, i.e., one that optimizes state preparation.

In our numerical simulations, of the 4-site XXZ model
consisting of four qubits and the low-photon number sub-
space of four qumodes, we now describe convolution of
the aforementioned spectral competitions with couplings
between states within the projector’s spin-0 sector. The
detailed analytical results are given in Appendix C. One
can analytically show that R̂α is block diagonal in the
eigenbasis of Ĥ4 [58] and can be decomposed as

R̂α = R̂(0)α ⊕
(

R̂(1)α ⊕ R̂(2)α
)

, (61)

where R̂(1,2)
α = R̂(1)α ⊕ R̂(2)α is a 14-dimensional diagonal

matrix containing the spin-1 and spin-2 eigenstates and

R̂(0)α = r00 |λ0〉〈λ0| + r01 |λ0〉〈λ1| (62)

+ r10 |λ1〉〈λ0| + r11 |λ1〉〈λ1| (63)

=
(

r00 r01
r10 r11

)
(64)

is a nondiagonal matrix containing the two spin-0 eigen-
states. The off-diagonal entries in R̂(0)α correspond to the
state transfer terms that mix the ground state |λ0〉 (Es =
−8) and the higher energy state |λ1〉 (Es = 0) with a
coupling strength governed by r01 = −r10.

If |r01| were minimized at some αoptimal, then R̂α would
be approximately, if not actually, diagonal, and hence an
ideal projector. As shown in Fig. 9, we successfully decou-
ple |λ0〉 and |λ1〉 by numerically finding that r01 = r10 =
0 when α ≈ 0.1546. We posit the existence of αoptimal
for larger spin chains, where such an α can be numeri-
cally identified, as demonstrated in the 4-site model, by
minimizing the vector containing all off-diagonal matrix
elements coupling the ground state to higher energy states.

G. Algorithm in 2D

As illustrated in the bottom right panel of Fig. 2, in two
dimensions Eq. (35)’s nearest-neighbor (〈i, j 〉) interactions
still run over the horizontal ((i, j ), (i ± 1, j )) lattice sites,
as in the prior 1D case, and now additionally run over the
vertical ((i, j ), (i, j ± 1)) edges. As illustrated in Fig. 5,
the nearest-neighbor interaction graph can be partitioned
into four (as in 1D, equal to the spin coordination number)
components,

Â =
j =N−1,i= N

2 −1∑
j =0,i=0

Ĥ(2i,j ),(2i+1,j ), (65)

B̂ =
j =N−1,i= N

2 −1∑
j =0,i=0

Ĥ(2i+1,j ),(2i+2,j ), (66)

Ĉ =
i=N−1,j = N

2 −1∑
i=0,j =0

Ĥ(i,2j ),(i,2j +1), (67)

D̂ =
i=N−1,j = N

2 −1∑
i=0,j =0

Ĥ(i,2j +1),(i,2j +1). (68)

Note that for a given value of j , Â, and B̂ reduce to the one-
dimensional case that we have already analyzed above. Ĉ
and D̂ likewise tile the vertical edges. Subsequently, the
scheme to time evolve is similar to the prior 1D case.
The only difference is that each spin variable is involved
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in four interactions as colored. Taken together, this gate
sequence constitutes a 2D Trotterized time-evolution clock
cycle, which is stroboscopically applied until the desired
propagation time.

The 2D model’s logical displacement operators are

D(n)
Â

=
j =N−1,i= N

2 −1∏
j =0,i=0

D(n)
Ĥ(2i,j ),(2i+1,j )

, (69)

D(n)
B̂

=
j =N−1,i= N

2 −1∏
j =0,i=0

D(n)
Ĥ(2i+1,j ),(2i+2,j )

, (70)

D(n)
Ĉ

=
i=N−1,j = N

2 −1∏
i=0,j =0

D(n)
Ĥ(i,2j ),(i,2j +1)

, (71)

D(n)
D̂

=
i=N−1,j = N

2 −1∏
i=0,j =0

D(n)
Ĥ(i,2j +1),(i,2j +1)

. (72)

The transversal bosonic SWAP operators, which inter-
change modes along bonds tiling the 2D lattice, now
read

TÂ =
j =N−1,i= N

2 −1⊗
j =0,i=0

SWAP(2i,j ),(2i+1,j ), (73)

TB̂ =
j =N−1,i= N

2 −1⊗
j =0,i=0

SWAP(2i+1,j ),(2i+2,j ), (74)

TĈ =
i=N−1,j = N

2 −1⊗
i=0,j =0

SWAP(i,2j ),(i,2j +1), (75)

TD̂ =
i=N−1,j = N

2 −1⊗
i=0,j =0

SWAP(i,2j +1),(i,2j +1). (76)

We define the back-to-back execution of Eqs. (73)–(76)
as the permutation operators,

TÂB̂ = TB̂TÂ, (77)

TĈD̂ = TD̂TĈ. (78)

The Trotterized unitary displacing the oscillator controlled
on the 2D spin spectrum (see Fig. 6) then reads

V(2D)
Ĥ ′ (α) =

∏

L̂∈{Â,B̂,Ĉ,D̂}

[
TĈD̂

(
TÂB̂DL̂(α)

)N
2

]N
2

(79)

=
N−1∏
p=t

e−2iαD̂⊗p̂t ×
N−1∏
s=0

e−2iαĈ⊗p̂s

×
N−1∏
q=0

e−2iαB̂⊗p̂q ×
N−1∏
p=0

e−2iαÂ⊗p̂p . (80)

This is the desired expression used in the 2D versions of
Theorems 2 and 3. A visual quantum circuit representation
of this algorithm appears in the bottom panel of Fig. 6.

VI. PHYSICAL ERROR ANALYSIS

A complete understanding of algorithmic and physical
errors together in quantum computations is an open prob-
lem. In developing this new framework, we first derived an
algorithm in which hardware errors were considered to be
vanishingly small. While a complete analysis of the effect
of physical hardware errors on the Gaussian energy pro-
jection protocol is beyond the scope of this work, here
we briefly discuss the dominant error processes and their
relevance to our oracles.

The important errors to consider in the experimental
implementation of our Gaussian projection protocol are the
(weak) amplitude damping of the oscillators at rate κ , and
bit-flip and phase-flip errors in the qubits [6]. For short
times, δt, the Kraus operators associated with amplitude
damping in a given oscillator are

K0 =
√

1 − κδta†a ≈ e− κ
2 δtâ

†â, (81)

K1 =
√
κδtâ. (82)

Here K1 is the photon loss “jump operator” and K0 is the
“no-jump” operator describing the Bayesian update that
reduces the amplitude of large photon number states when
no photon escapes into the environment [59].

For simplicity, we will analyze the effect of the Kraus
operators within the simple model of the protocol given at
the beginning of Sec. III in Eqs. (1) and (2). Interestingly,
the no-jump errors associated with K0 deterministically
shrink the coherent amplitudes, but this simply yields a
decrease in the effective value of β, so that the only effect
is to lower the strength of the projection. If a jump error
occurs, the photon loss re-weights the relative amplitudes
of the states. In the simplest case of a single photon loss,
the (unnormalized) state is approximately given by

DĤ ′(β − β̃)aDĤ ′(β̃)|�in〉 =
∑

n

β̃nDĤ ′(β)|En〉 ⊗ |0〉

=
∑

n

β̃nψn|En〉 ⊗ |βn〉, (83)

where β̃n = β̃(En − Es) is the value of the coherent state
amplitude of the oscillator at the time of the photon jump
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partway through the protocol. Therefore, the resulting state
is identical to |�out〉 up to the prefactors β̃n that rescale
the relative weight of each eigenstate |En〉. This rescal-
ing reduces the effectiveness of projection into states with
energy eigenvalues close to Es, but is not fatal to the pro-
tocol in the sense that eigenstates with energy eigenvalues
far from Es are still strongly projected.

We note that in writing the above, we have made the
simplifying assumption that the protocol can be approxi-
mated as a continuous displacement of the qumode at a rate
proportional to the spin eigenvalue. In practice, compli-
cations can arise from photon loss during the compilation
steps needed to produce the weight-2 Pauli strings in the
spin Hamiltonian. In particular, photon loss during a con-
ditional displacement or beam-splitter gate will manifest
similarly to the rescaling effect above; in contrast, pho-
ton loss during a controlled-parity gate will produce errors
that propagate in a more complicated and generally fatal
fashion.

Qubit decay and dephasing will produce additional
errors, which will require modeling, beyond the scope of
this work, for quantitative error emulation. However, one
can obtain a sense of the circuit depths that are achiev-
able by considering the relevant time scales. In current
hardware, beam-splitter BS(j ,k)(θ ,ϕ) (e.g., cavity SWAP)
gates have durations on the order of ∼100 ns [15,60,61],
controlled-parity operations, P(j )Zk

, require of order ∼1 µs
[15,17,62,63], and controlled displacements require of
order ∼0.25–1 µs [16]. These times are to be compared
to state-of-the-art transmon lifetimes of ∼300–500 µs [64,
65], and superconducting resonator lifetimes of ∼1–1000
ms [66–70].

Last, we outline a protocol to disentangle algorithmic
errors from the physical errors that appear due to hard-
ware and control imperfections. To do so, we consider a
randomized benchmarking (RB) protocol at the oracular
level. The main idea in RB of qubit unitaries is to apply
“typical Haar random” circuits which are logical identity
operators. The circuits should also be representative of the
random gate set being benchmarked. The physical errors
lead to exponentially decaying observables, with respect to
the logical identity’s depth, which are efficient to evaluate.
Consequently, RB provides a simple and useful estimate
of physical gate errors. RB algorithms addressing bosonic
operations have recently appeared [71].

In addition to physical-level RB, one may, using
TrB(| 〈m| Ux(α) |0〉 |2) = ∑∞

m=0(P̂
m
τ )

†P̂m
τ = 1Q, also con-

sider a logical-level oracular RB (ORB). The bold letters
denote the composite space of all bosons or qubits. This
means that our filters expressed in Eq. (A4) are Kraus
operators, each representing a distinct spectral filter, sat-
isfying the above completeness relation. One implication
is that, by tracing over all photon numbers, we stochas-
tically apply 1Q. The spectral ORB protocol therefore
will measure an important domain-specific function of an

easy-to-prepare input state. The above trace is simply eval-
uated in a stochastic manner by iteratively sampling over
all photon numbers measured.

VII. CONCLUSION

In this work, we explicitly constructed a spectral fil-
ter (imaginary-time propagating) that propagates a target
quantum system to, for example, a ground state. We par-
titioned this task into the compilation and application of
block-encoded quantum oracles, which take advantage of
analog features such as (i) the infinite-dimensional support
of bosonic field variables and (ii) the ease of manipulating
Gaussian states. In doing so, our protocol lifts unitary DV
circuits to a popular CV-DV architecture, where transmon
qubits are interspersed (Fig. 2, [6]) with microwave cavity
oscillators.

To develop our framework, we first provided a theory of
block-encoding functions using both qubit and Gaussian
CV variables. These CV-DV operators were then used to
compile circuits that approximate the desired spectral filter
functions, that is, acting with respect to a parent Hamil-
tonian. In addition to considering the ideal filter, we have
also derived the contributions of algorithmic errors within
the block-encoding procedure, with both heterodyne detec-
tion and photon-based block encodings analyzed. Overall,
our framework defines a stochastic process that can be
taken as a semicoherent process [72] with lower coher-
ence requirements and can be augmented by the use of
amplitude amplification as needed. Finally, we note that
spectral filtering is an easier task than eigenstate prepara-
tion. More work is required to precisely relate these two
tasks to one another and to also clarify how the spectral
gap affects overall scaling. The complexity of preparing an
input state with constant overlap with a desired output state
is likewise still an open question.

The middle part of this work was dedicated to synthe-
sizing CV-DV circuits which ε-approximate the Gaussian
spectral transformation oracles. We first outlined the gate
set for the base interactions that the Trotter product for-
mula employs, and how these gates are themselves synthe-
sized in terms of physical interactions between qubits and
qumodes. Afterward, we derived the base Trotter factor-
izations, as well as the associated error scaling, in which
imaginary time scaling is a convolution of the real-time
errors. By analytically and numerically analyzing a mini-
mal example, we optimized the displacement strength and
discussed the success probabilities of the protocol. Last,
we demonstrate that the projection is highly paralleliz-
able for M = N bosonic modes, and we generalized the
spectral-filtering algorithm to 2D. A future open research
direction is to encode the newly discovered compilation
routines as rules, similarly to Ref. [50], to develop a
systematic, automated, and optimized CV-DV compiler for
hybrid systems.
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Our work demonstrates how complex oracular func-
tions can be optimally encoded by a judicious selection of
physical degrees of freedom and Gaussian CV-DV unitary
gates and measurements. Future work may also gener-
alize the class of integral-based, block-encoded oracles.
In principle, our work can be straightforwardly general-
ized to simulate non-Heisenberg models. For example,
one may examine spin models residing on tri-coordinated
lattices or those with next-nearest-neighbor spin interac-
tions.

By enabling nonlinear analytic transformations on
block-encoded operators, this computational model’s
utility as a powerful resource for efficiently compiling
quantum algorithms is highlighted. Notably, the nonlin-
ear transformations enacted by the CV qumode register
form a broader class of analytic functions (for example,
Gaussians inherited from the CV wave functions) beyond
what a DV ancilla register can do (only polynomials) and
thus constitute a potentially more powerful computation
model. As a paradigmatic example of continuous eigen-
value transformation oracles, we specifically focused on
spectral filtering. It will be of interest to explore the set of
nonlinear transformations which can be efficiently encoded
with our protocol.

We note that the hybrid qubit-oscillator operations
required for the implementation of our protocol are exper-
imentally feasible with high quality and have already been
demonstrated at small scales [16,17]. This begs the ques-
tion of what their role is in the grand scheme of quantum
computation. Looking beyond direct implementations in
the near term, we note that there are a variety of ways in
which our algorithm may be generalized to be compatible
with quantum error correction. In addition to qubit-only
fault-tolerant implementations, where the continuous field
is discretized [36], one may consider a paradigm where, in
order to minimize the overall resource cost, error-corrected
logical qubits are combined with low-error oscillators.
This approach is well suited to the hierarchy of error
rates in the proposed hybrid CV-DV architecture, where
qubit errors are the dominant source of error [6]. Further-
more, the compilation techniques discussed in this work
can be extended to realize controlled displacements condi-
tioned on logical spin operators. That is, given the trade-off
between the number and quality of logical qubits encoded
from physical qubits, we conjecture that a semi-fault-
tolerant paradigm, using high-quality-factor qumodes, can
minimize overall resources by maximizing the number
and fault tolerance of the encoded logical qubits. In addi-
tion, oscillator encodings may also be combined with our
framework to partially suppress the noise on the oscillators
and the Gaussian gates they utilize [73]. In general, more
research is required to holistically analyze and optimize the
experimentally available resources.

Finally, we provided a preliminary analysis of physi-
cal errors. In particular, we discussed how native error

channels both contribute and can be characterized at var-
ious algorithmic levels. To quantify these effects, we pro-
vided physical error rates and examined their leading-order
contribution to our target propagator. We then examined
the bosonic variants of physical-level-randomized bench-
marking and outlined a logical-level ORB, a variant of
randomized benchmarking which naturally emerges by
treating all nonvacuum block-encoded operations equally
and sampling over all outcomes. Reference [74], which
encodes diagrammatically defined operators in terms of
the VTA with similar architecture, appeared during the
completion of this manuscript.

ACKNOWLEDGMENTS

We thank P. Lotshaw for helpful comments. L.B. was
supported by DOE ASCR funding under the Quantum
Computing Application Teams program, FWP ERKJ347.
Y.W. was supported by the U.S. Department of Energy,
Office of Science, National Quantum Information Sci-
ence Research Centers, Quantum Science Center, and
DOE ASCR funding under the Accelerated Research in
Quantum Computing Program, FWP ERKJ445. E.D. was
supported by the U.S. Department of Energy, Office of Sci-
ence, Advanced Scientific Research Program, Early Career
Award under Contract No. ERKJ420. K.S. was supported
by the U.S. Department of Energy, Office of Science,
National Quantum Information Science Research Centers,
Co-design Center for Quantum Advantage under Contract
No. DE-SC0012704. Y.L. acknowledges the support by the
U.S. Department of Energy, Office of Science, Advanced
Scientific Computing Research, under Contract No. DE-
SC0025384. S.M.G. acknowledges additional support for
research sponsored by the Army Research Office (ARO),
and accomplished under Grant No. W911NF-23-1-0051.

ORNL is managed by UT-Battelle, LLC, under Con-
tract No. DE-AC05-00OR22725 for the U.S. Department
of Energy. The United States Government retains, and
the publisher, by accepting the article for publication,
acknowledges that the United States Government retains
a nonexclusive, paid-up, irrevocable, worldwide license to
publish or reproduce the published form of this manuscript,
or allow others to do so, for the United States Government
purposes. The Department of Energy will provide public
access to these results of federally sponsored research in
accordance with the DOE Public Access Plan.

The views and conclusions contained in this document
are those of the authors and should not be interpreted
as representing the official policies, either expressed or
implied, of the Army Research Office (ARO), or the
U.S. Government. The U.S. Government is authorized to
reproduce and distribute reprints for Government purposes
notwithstanding any copyright notation herein.

040359-20



CO-DESIGNING SPECTRAL TRANSFORMATION ORACLES. . . PRX QUANTUM 6, 040359 (2025)

S.M.G. is a consultant for, and equity holder in, Quan-
tum Circuits, Inc.

E.D., Y.L., Y.W., and S.M.G. conceptualized initial
methodologies. K.C.S., L.B., S.M.G., and Y.L. developed
the instruction set architecture and provided hardware-
specific details. K.C.S., L.B., and Y.W. contributed to
visualization as well as numerical and analytical valida-
tion. E.D., K.C.S., S.M.G., and Y.L. analyzed physical
errors. All authors contributed to original writing, review
and editing, and formulating the compilation presented.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [75].

APPENDIX A: BRIEF REVIEW OF CONTINUOUS
VARIABLES

First set � = 1 [e.g., in the time-evolution operator
exp(−itĤ/�) → exp(−itĤ)]. Recall that the bosonic field
operators for the j th mode create, acting as â†

j |n〉j =√
n + 1 |n + 1〉j , or annihilate, acting as âj |n〉j = √

n
|n − 1〉j , a photon excitation. The field operators are sub-
ject to the bosonic commutation relations [âi, â†

j ] = δi,j .
Focusing on a single CV mode, and dropping the mode

index, we define the Hermitian quadrature operators (anal-
ogous dimensionless position and momentum operators),

x̂ = λx(â + â†), (A1a)

p̂ = −iλp(â − â†), (A1b)

where λx,p ∈ R. The choice of λx = λp = 1/2 defines
Wigner units and corresponds to

â = x̂ + ip̂ , (A2a)

â† = x̂ − ip̂ . (A2b)

It is straightforward to verify [x̂, p̂] = (i/2)[â, â†] = i/2,
which is as if � = 1/2 in the canonical commutation rela-
tion [x̂, p̂] = i� where x̂ and p̂ are dimensional position and
momentum operators, respectively.

Wigner units subsequently define the width of the
momentum-space Gaussian wave function for the vac-
uum state |0〉 as ψ0(p) = 〈p|0〉 = 〈p| (∫ |x〉 〈x| dx) |0〉 =∫ 〈p|x〉〈x|0〉dx = ∫

ψ∗
p (x)ψ0(x)dx = (2/π)1/4e−p2

, where
the position space vacuum wave function in Wigner
unites is ψ0(x) = 〈x|0〉 = (2/π)1/4e−x2

[6] and the plane-
wave function ψp(x) = 〈x|p〉 = π−1/2e2ipx [π−1/2 factor
so that orthogonality reads 〈p|p ′〉 = ∫

ψp(x)ψ∗
p ′(x)dx =

δ(p − p ′)]. In this way, Eq. (17) has the physical inter-
pretation of being the expectation value of the operation

U(p̂)
Ĥ ′ (α) = e−2iαĤ ′⊗p̂ , with respect to the cavity electro-

magnetic field’s vacuum state |0〉.
Equation (17) is derived by setting K → ±τ Ĥ

′
in the

expression for the position boosted state in Eq. (36) of
Ref. [6], multiplying by 〈p|0〉 and integrating over posi-
tion coordinates. That is the same as setting Â = iK =
±iτ Ĥ ′ in Eq. (6). As a result of Wigner units, and the
factor of two coming with iα, the “expectation value” (an
operator in fact) of the position displacement conditioned
on the principal system’s Hamiltonian, 〈0| U(p̂)

Ĥ ′ (α) |0〉 =∫
dp〈0|p〉U(p)

Ĥ ′ (α)〈p|0〉, becomes

=
√

2
π

∫
dpe−2p2

e−2iαĤ ′p

=
√

2
π

∫
dpe−2(p21+iαpĤ ′)

=
√

2
π

∫
dpe−2(p1+i α2 Ĥ ′)2+2(i α2 Ĥ ′)2

= e2(i α2 Ĥ ′)2 = e−(αĤ ′)2/2 = P̂Ĥ ′(α). (A3)

For the interested reader, note that Eq. (12) indicates
eiθD(α) forms a group (Heisenberg group) with a geomet-
ric phase ei(Reα)(Imα), where (Reα)(Imα) is twice the area
enclosed by vectors z1 = iImα, z2 = Reα, and z3 = −α in
the complex plane. In addition, any complex displacement
D(α) can be factorized into a momentum boost D(iImα)

followed by a position displacement D(Reα), together
with a geometric phase [6].

Last, we calculate the m-photon wave function
in momentum basis ψm(p) = 〈p|m〉 that is used in
Sec. III C. Using |m〉 = (1/

√
m!)(â†)m |0〉 and â† = x̂ −

ip̂ = ep̂2
x̂e−p̂2

[76] and plugging in x̂ → (i/2)∂p , we have
ψm(p) = 〈p|m〉 = (1/

√
m!) 〈p| ep̂2

x̂me−p̂2 |0〉 = (1/
√

m!)
[ep2

((i/2)∂p)
m(e−p2〈p|0〉)] = ((−i)m /

√
2mm!)ψ0(p)Hm

(
√

2p), where 〈p|0〉 = ψ0(p) = (2/π)1/4e−p2
, Hm(p) =

(−1)mep2
(∂p)

me−p2 = (2p − ∂p)
m · 1 is the mth Hermite

polynomial.
Alternatively, a simplified proof of Eq. (18) goes

as follows [similar to the derivation to Eq. (38) in
Ref. [43]]. Denoting ξ̂ = τ Ĥ ′ and using U(p̂)

Ĥ ′ (τ ) =
e−iτ Ĥ ′2p̂ = eξ̂ â†−ξ̂ â = e−ξ̂2/2eξ̂ â†

e−ξ̂ â and âmeξ̂ â† = (â +
ξ̂ )m, we find the matrix element

P̂Ĥ ′(m, τ) = 〈m| U(p̂)
Ĥ ′ (τ ) |0〉

= 1√
m!

〈0| âmeξ̂ â†−ξ̂ â |0〉
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= e−ξ̂2/2

√
m!

〈0| eξ̂ â†
(â + ξ̂ )me−ξ̂ â |0〉

= e−ξ̂2/2

√
m!

〈0| (â + ξ̂ )m |0〉

= e−ξ̂2/2ξ̂m

√
m!

= (τ Ĥ ′)m√
m!

e− τ2
2 Ĥ ′2

. (A4)

APPENDIX B: PROOF OF THEOREM 3

We give a brief proof of Eqs. (46)–(48) in Theorem 3.
After expressing the LTHS operator R̂Ĥ (α) = 〈0| · |0〉 in
the integral form

∫
dp 〈0| · |p〉〈p|0〉 /πM (in Wigner units)

and using the vacuum wave function in the momentum
basis ψ0(p) = 〈p|0〉 = (2π)M/4e−p·p = (2π)M/4∏M−1

j =0

e−p2
j , Eq. (46a) becomes

(2/π)
M
2

∫
dp

�∏
γ=1

M−1∏
j =0

e−2p2
j e−2i(α/

√
M )Ĥγ pj (B1)

= (2/π)
M
2

∫
dpTγ

M−1∏
j =0

e−2p2
j −2i(α/

√
M )(

∑
γ Ĥγ )pj (B2)

= Tγ
M−1∏
j =0

√
2/π

∫
dpj e−2p2

j −2i(α/
√

M )(
∑
γ Ĥγ )pj (B3)

= Tγ
M−1∏
j =0

e−α2(
∑
γ Ĥγ )2/(2M ) (B4)

= Tγ e−α2(
∑
γ Ĥγ )2/2. (B5)

This gives Eq. (46b).
To prove Eq. (47) we again apply the HS transformation

with a variable k to P̂Ĥ and R̂Ĥ respectively,

P̂Ĥ (α) =
√

2
π

∫
dk e−2k2

e−2iαĤk, (B6a)

R̂Ĥ (α) = Tγ
√

2
π

∫
dk e−2k2

e−2iα
(∑

γ Ĥγ
)

k

=
√

2
π

∫
dk e−2k2

�∏
γ=1

e−2iαĤγ k. (B6b)

As shown by the integral form (B6b), the LTHS synthe-
sized R̂Ĥ (α) operator by displacing M oscillators with
α/

√
M in parallel is identical to the LTHS synthesized

operator by displacing a single oscillator with α, given our
choice of parallel gate sequences (a different choice may
result numerically similar LTHS approximation for R̂Ĥ but
more complicated analytical expression).

Using triangle inequality for integrals, we have

∥∥∥R̂Ĥ (α)− P̂Ĥ (α)

∥∥∥

≤
√

2
π

∫
dk e−2k2

∥∥∥∥∥∥
�∏
γ=1

e−2iαĤγ k − e−2iα(
∑
γ Ĥγ )k

∥∥∥∥∥∥

≤
√

2
π

∫
dk e−2k2

2α2k2
�∑

γ1=1

∥∥∥∥∥∥
�∑

γ2=γ1+1

[
Hγ2, Hγ1

]
∥∥∥∥∥∥

≤ α2

2

∑
γ1<γ2

∥∥[Hγ1, Hγ2

]∥∥ . (B7)

In Eq. (B7) we used Proposition 9 from Ref. [52].
Finally, to obtain Eq. (48) for Heisenberg interac-

tions, we begin with the integral form Eq. (B6b). First,
by definition, each Ĥγ = ∑�γ

δ=1 Ĥγ ,δ consists of mutually
commuting Heisenberg coupling bonds Ĥγ ,δ = Xj1Xj2 +
Yj1Yj2 + Zj1Zj2 , where the qubit indices (j1, j2) are uniquely
determined by the indices (γ , δ) and δ ∈ {1, . . . ,�γ }
labels the edges of the same color indexed by γ . Ĥγ ,δ
has the eigenvalue +1 (−3) on the local triplet (sin-
glet) subspace span{|00〉, |11〉, |01〉 + |10〉} (span{|01〉 −
|10〉}), resulting in the triplet (singlet) projector π0

γ ,δ =
(3 + Ĥγ ,δ)/4 and π1

γ ,δ = (1 − Ĥγ ,δ)/4. Since the pro-
jectors are idempotent, (π0

γ ,δ)
2 = π0

γ ,δ and (π1
γ ,δ)

2 =
π1
γ ,δ , and orthogonal, π0

γ ,δπ
1
γ ,δ = 0, the exponential fac-

tor e−2iαkĤγ = ∏�γ

δ=1 e−2iαkĤγ ,δ = ∏�γ

δ=1 e−2iαk(π0
γ ,δ−3π1

γ ,δ) =∏�γ

δ=1(e
−2iαkπ0

γ ,δ + e6iαkπ1
γ ,δ), which can then be expanded

as homogeneous polynomial of degree �γ . Thus, with an
explicit constant spectrum shift

∑
γ Ĥγ → (

∑
γ Ĥγ )− Es,

Eq. (B6b) becomes

√
2
π

∫
dk e−2k2+2iαEsk

�∏
γ=1

�γ∏
δ=1

(e−2iαkπ0
γ ,δ + e6iαkπ1

γ ,δ)

=
∑

{bγ ,δ}∈{0,1}|E(G)|
w(α; {bγ ,δ})

�∏
γ=1

�γ∏
δ=1

π
bγ ,δ
γ ,δ , (B8)

where the sum runs through all |E(G)| bit-variables bγ ,δ
[one for each edge of Heisenberg interaction graph G =
(V, E)] and the Gaussian weight factors,

w(α; {bγ ,δ})

=
√

2
π

∫
dk e−2k2+2iαEsk+∑γ ,δ [6iαkbγ ,δ−2iαk(1−bγ ,δ)]

= e−α2
[
Es+

∑
γ ,δ(4bγ ,δ−1)

]2
/2. (B9)
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Considering the indices (γ , δ) ↔ (j1, j2) labeling the
same set of edges with Heisenberg interactions, and the
explicitly color-ordered product

∏
γ can be indicated with

color-ordering operator Tγ , Eqs. (B8) and (B9) prove
Eq. (48).

APPENDIX C: ANALYTICAL RESULTS FOR 1D
CHAIN

For 1D chain colored as in Fig. 5(a), we write out the
specific analytical forms for R̂Ĥ (α) given by Eqs. (B8)
and (B9) [equivalently, Eq. (48)].

For an even N -site chain with periodic boundary con-
dition, label the N sites 0, 1, . . . , N − 1 and color the
edges {(2j , 2j + 1)}N/2−1

j =0 red and the edges {(2j + 1, 2j +
2)}N/2−1

j =0 blue (index N also labels the site 0), as shown in
Fig. 5(a). Using Eqs. (B8) and (B9), we find

R̂Ĥ (α) =
∑

b∈{0,1}N

e−α2
(

Es−N+4
∑N−1

j =0 bj
)2
/2

×
⎛
⎝

N
2 −1∏
j =0

π
b

j + N
2

2j +1,2j +2

⎞
⎠
⎛
⎝

N
2 −1∏
j =0

π
bj
2j ,2j +1

⎞
⎠ . (C1)

Here, the bit-variables define a vector b = (b0, b1, . . . ,
bN−1) ∈ {0, 1}N and, equivalently, a bit string b =
bN−1 · · · b1b0 ∈ {0, . . . , 2N − 1}.

For N = 4, Eq. (C1) becomes

R̂Ĥ (α) =
∑

b∈{0,1}4

e−α2
(

Es−4+4
∑

j bj
)2
/2
π

b3
3,0π

b2
1,2π

b1
2,3π

b0
0,1.

(C2)

Since we use the 4-site example to illustrate our
algorithm, it is desirable to have more detailed analyt-
ical results in energy eigenbasis {|En〉}16

n=0 so that the
eigenstate projection action by the LTHS operator R̂Ĥ ′(α),
where Ĥ ′ = Ĥ − Es, can be understood more easily with
respect to the parameters α and Es. For all degenera-
cies, it is sufficient to use simultaneous eigenstates for
the following conserved symmetry (i.e., commuting with
Ĥ ) operators (S2, Sz, SWAP1,3), where Sz = ∑

j Zj /2, S2 =
S2

x + S2
y + S2

z , and SWAP1,3 = (Ĥ1,3 + 1)/2.
In this energy eigenbasis listed in Table II, Eq. (C2)

becomes

R̂Ĥ ′(α) =
∑

i,j ∈{0,4}
gi,j (α; Es) |Ei〉

〈
Ej
∣∣

+ gt(α; Es)

3∑
k=1

|Ek〉〈Ek|

TABLE II. Eigenbasis for 4-site Heisenberg chain, labeled
by energies and conserved quantum numbers (s, sz , σ1,3) corre-
sponding to total S, total Sz , and parity under SWAP1,3 (symmetry
with respect to the mirror axis connecting site 0 and 2).

n En s sz σ1,3

0 −8 0 0 1
1 −4 1 −1 1
2 −4 1 0 1
3 −4 1 1 1
4 0 0 0 −1
5 0 1 −1 −1
6 0 1 −1 1
7 0 1 0 −1
8 0 1 0 1
9 0 1 1 −1
10 0 1 1 1
11 4 2 −2 1
12 4 2 −1 1
13 4 2 0 1
14 4 2 1 1
15 4 2 2 1

+ gs(α; Es)

10∑
k=5

|Ek〉〈Ek|

+ gq(α; Es)

15∑
k=11

|Ek〉〈Ek| , (C3)

where gt, gs, and gq are weights for the triple-, sextuple-,
and quintuple-rank projectors, and the expressions for
these weights are

g00 = −e0 + 6e2 + 3e4

8
, (C4a)

g44 = 3e0 + 6e2 − e4

8
, (C4b)

g04 =
√

3 (e0 − 2e2 + e4)

8
, (C4c)

g40 = −g04, (C4d)

gt = e2, gs = e1

2
, gq = e0, (C4e)

where

ek = e−α2(Es−4+4k)2/2, k ∈ {0, 1, 2, 3}. (C4f)

Note that g04 < 0, ∀α �= 0 [77]. So for any finite α, the
excited state |E4〉 will be mixed in the projection of ground
state |E0〉 regardless of the choice of Es or α. From the
symmetry point of view, the eigenstates |E0〉 and |E4〉 in
Table II have the same spin symmetry s = sz = 0 despite
large energy difference, so |E4〉 is usually not fully filtered

040359-23



LUKE BELL et al. PRX QUANTUM 6, 040359 (2025)

(a)

(b)

FIG. 10. Visual representations of the compilations for N = 6
site Heisenberg model. See Fig. 7 caption for notations.

out by R̂Ĥ ′(α) operator that preserves the spin symme-
try. One solution is to apply a projector 1

2 (SWAP1,3 + 1) =
1
4 (Ĥ1,3 + 3) to select the ground state with even symmetry
σ1,3 = +1.

However, for infinitesimal α, it is easy to verify that

R̂Ĥ ′(α)

=
15∑

k=0

[
1 − α2 (Ek − Es)

2 /2
] |Ek〉 〈Ek| + O(α4) (C5)

=
15∑

k=0

e−α2(Ek−Es)2/2 |Ek〉〈Ek| + O(α4) (C6)

= P̂Ĥ ′(α)+ O(α4), (C7)

where P̂Ĥ ′(α) is the exact ground-state projector for a shift
Es = E0. Thus, the LTHS is always a valid ground (eigen-)
state filter with controllable error for small α.

APPENDIX D: VISUAL COMPILATIONS FOR
6-SITE HEISENBERG CHAIN

This appendix highlights the circuit compilation, via
SNs, for an N = 6 1D lattice with periodic boundary
conditions.
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