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Optimal Control of Stochastic Reaction Networks with Entropic Control Cost
and Emergence of Mode-Switching Strategies

Shuhei A. Horiguchi *,† and Tetsuya J. Kobayashi ‡,§

Department of Mathematical Informatics, Graduate School of Information Science and Technology,
The University of Tokyo, Tokyo, Japan

(Received 27 September 2024; accepted 18 August 2025; published 26 September 2025)

Controlling the stochastic dynamics of biological populations is a challenge that arises across various biologi-
cal contexts. However, these dynamics are inherently nonlinear and involve a discrete state space, i.e., the number
of molecules, cells, or organisms. Additionally, the possibility of extinction has a significant impact on both
dynamics and control strategies, particularly when the population size is small. These factors hamper the direct
application of conventional control theories to biological systems. To address these challenges, we formulate
the optimal control problem for stochastic population dynamics by utilizing control cost functions based on the
f -divergence, which naturally accounts for population-specific factors. If Kullback-Leibler divergence is adopted
for the cost function, the complex nonlinear Hamilton-Jacobi-Bellman equation is simplified into a linear form,
facilitating efficient computation of optimal solutions. We demonstrate the effectiveness of our approach by
applying it to the control of interacting random walkers, Moran processes, and SIR models, and observe the
mode-switching phenomena in the control strategies. Our approach provides new opportunities for applying
control theory to a wide range of biological problems.
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I. INTRODUCTION

Optimal control problems for a population of stochasti-
cally interacting particles arise in diverse fields of biology
[1,2]. In intracellular chemical reactions, molecules interact
stochastically and nonlinearly to generate complex dynamics,
whose control is essential for medical and bioengineering
applications [3]. In cellular or animal populations, cells or
organisms with different phenotypic and genetic traits interact
and compete for survival and reproduction. Strategic control
of such populations into either extinction, survival, or ampli-
fication leads to cancer therapy [4–6], stem cell culturing [7],
manipulating gut microbiota [8], maintenance of immunolog-
ical memory [9,10], biodiversity conservation [11–13], and
control of evolving population [14,15]. In human populations,
control of epidemic outbreaks, spurred by individual interac-
tions, poses a significant public health challenge [16–19].

All these phenomena can be effectively formulated using
the theoretical framework of reaction networks (RNs), making
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stochastic RN theory a firm foundation for devising optimal
control strategies across these areas. (Hereafter, we use RN to
designate this class of dynamics including chemical reactions,
population dynamics, and epidemic dynamics.)

Despite its broad applicability, the optimal control of RNs
remains underexplored. This oversight is largely due to the
unique characteristics of stochastic RNs, which deviate from
the setup of conventional optimal control for diffusion pro-
cesses. The major deviations include the inherent nonlinearity
of RNs, the discrete nature of state variables (representing
counts of particles like molecules or organisms), and their
stochastic dynamics, which are better modeled by Markov
jump processes with Poissonian randomness rather than
Gaussian diffusion [1,20,21]. Additionally, the nonnegativity
constraint of control parameters, i.e., kinetic rate constants,
requires a natural measure for cost other than conventional
quadratic ones, which presume the constraint-free Euclidian
parameter space. Finally, the zero count states act as intrinsic
absorbing boundaries, reaching them can dramatically alter
system’s dynamics through the extinction of particles (Fig. 1).

These distinct properties of RNs necessitate (1) a departure
from the common control setup based on diffusion processes,
such as the linear-quadratic-Gaussian (LQG) model, (2) an
establishment of alternative theoretical framework tailored to
the unique requirements of RN optimal control, and (3) its
applications to biologically relevant control problems.

In this work, we establish that all these issues can be
resolved by integrating optimal control of jump processes
and stochastic RN with cost functions based on f -divergence
[22–24], which includes relative entropy or Kullback-Leibler
(KL) divergence. The optimal control with KL cost was
originally proposed for diffusion processes in relation to the
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FIG. 1. Examples of biological phenomena described as reaction networks. (a) Movement of molecular motors on a microtubule with
mutual interference. (b) Competing dynamics of populations in population genetics or ecology. (c) Spread of infectious diseases in a population.
Purple thick lines represent the absorbing states in each phenomenon.

duality of control and inference [25–27]. We demonstrate
that f -divergence, as it is designed for nonnegative probabil-
ity measures, can naturally accommodate the nonnegativity
constraints and the nature of stochastic RNs as counting pro-
cesses. Moreover, KL cost allows for the linearization of the
nonlinear Hamilton-Jacobi-Bellman (HJB) equations through
the Cole-Hopf transformation. This linearization facilitates
the efficient derivation of optimal solutions in a similar
manner to previously identified solvable control problems
[28–30].

By leveraging the sound properties of optimal control for
stochastic RN with KL cost, we demonstrate the effectiveness
of our theory for different biological phenomena: an optimal
transport by mutually excluding molecular motors, mainte-
nance of cellular heterogeneity in populations, and epidemic
outbreak control (Fig. 1). For molecular motors, we derive an-
alytic solutions owing to the linearization. In the maintenance
of heterogeneity and epidemic outbreak control, we identify
mode-switching phenomena of population control that hinge
on the transition in controllability of exponentially growing
populations.

Thus, our new results can substantially broaden the scope
of optimal control applications in stochastic chemical reac-
tions, population dynamics, and epidemics.

II. OPTIMAL CONTROL OF STOCHASTIC
REACTION SYSTEMS

A. Stochastic reaction systems

Let us consider a population of particles that evolve
through stochastic events, i.e., the occurrence of reactions.
Each particle is assigned one of discrete-type set X . The
number of particles of type x ∈ X at time t is denoted as
nx(t ) ∈ Z�0. The number distribution n(t ) ∈ Z|X |

�0 = N com-
pletely characterizes the state of the system at time t . The
number distribution changes when a reaction occurs. There
are |R| kinds of reactions, where R is the set of reactions. Once
a reaction r ∈ R occurs, s−

r,x ∈ Z�0 particles are consumed and
s+

r,x ∈ Z�0 particles are produced. The net change in the num-
ber of particles sr,x := s+

r,x − s−
r,x ∈ Z is called stoichiometric

coefficient and sr = (sr,x )x∈X ∈ Z|X | is the stoichiometric vec-
tor for reaction r. Thus, when the reaction r occurs at time t ,

the number distribution changes from n(t−) to

n(t ) = n(t−) + sr . (1)

The timing of reaction events is random, which follow
an inhomogeneous Poisson process with rate jr (t ) � 0 for
reaction r at time t . It could vary over time and depends on the
current number distribution n(t ). We write the rate of reaction
r ∈ R, or the reaction flux, as the product of the reaction rate
coefficient kr (t ) � 0 and the propensity function hr (n) � 0:

jr (t ) = kr (t )hr (n(t )). (2)

When we assume the law of mass action kinetics, kr (t ) is
a kinetic rate constant, and the function hr (n) is given by
hr (n) = N1−∑x∈X s−

r,x
∏

x∈X
nx!

(nx−s−
r,x )! , where N is a constant pa-

rameter that describes the system size, e.g., the volume or
total number of the particles in the system. We do not assume
the mass action kinetics in the following so that our results
become applicable to any propensity function. Instead, we
presume only the situations that make the process well defined
up to time T or up to exit time Texit . For example, hr (n) should
be 0 when the reaction pushes the state out of the domain, i.e.,
n + sr �∈ N .

The stochastic reaction system defined in this way can be
characterized by either the counting process representation
or the Markov process representation. The counting process
representation [21] is useful for characterizing the stochas-
tic process (n(t ))0�t�T and simplifies the derivation of KL
control cost. Let ξr (t ) ∈ Z�0 denote the total number of occur-
rences of reaction r from time 0 to t . The number distribution
n(t ) is a linear transformation of the reaction count ξ (t ), i.e.,
for any 0 � t � T ,

n(t ) = n(0) +
∑
r∈R

srξr (t ). (3)

The probability law of ξ (·) is given by the Poisson
process. Using the time change of independent unit Pois-
son processes Yr (t ), the reaction count can be written as
ξr (t ) = Yr[

∫ t
0 kr (τ )hr (n(τ ))dτ ].

The stochastic process n(·) is a Markov process defined on
the nonnegative and infinite integer lattice N . The transition
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rate from n ∈ N to n′ ∈ N is given by

ωn,n′ (t ) =
∑
r∈R

kr (t )hr (n)δn+sr ,n′ , (4)

where δn,n′ is the Kronecker delta. Let Pt (n′) :=
E[δn(t ),n′ |n(0) = n0] denote the probability of being the
state n′ ∈ N at time t given the initial state n0 ∈ N . Then
Pt (n′) satisfies the Kolmogorov forward equation (chemical
master equation) for any 0 < t < T and n ∈ N :

∂

∂t
Pt (n) =

∑
n′∈N \{n}

[
Pt (n

′)ωn′,n(t ) − Pt (n)ωn,n′ (t )
]

=
∑
r∈R

kr (t )[hr (n − sr )Pt (n − sr ) − hr (n)Pt (n)]

=: L†
kPt (n). (5)

B. General formulation of optimal control problems
for stochastic RNs

We assume that the controller can observe the current state
n(t ) and adjust the reaction rate coefficients kr (t ) � 0 to any
desired value at any time while the function hr (n) remains
unchanged, i.e., the controller can modulate only the speeds
of reactions. This is a feedback control problem so that the
reaction rate coefficients kr (t ) can depend on the current
state n(t ). We would like to find the optimal reaction rate
coefficients (k(t ))0�t<T which drive the population to take
a desirable trajectory (n(t ))0�t<T while minimizing the cost
of modulating the reaction rate coefficients. Let us define
the utility function U (n(·)) := UT (n(T )) + ∫ T

0 Uτ (n(τ )) dτ as
the sum of the terminal utility function UT (n) ∈ R and the
time integral of instantaneous utility function Uτ (n) ∈ R.
The control cost function is also defined as C(n(·), k(·)) :=∫ T

0 C(n(τ ), k(τ ))dτ . Then, we consider the following con-
strained optimization problem:

E (n0, u) := min
k(·)

Ek(·)[C(n(·), k(·))]

s. t. Ek(·)[U (n(·))] � u, (6)

or corresponding Lagrange dual problem [31], which is given
by the following unconstrained optimization:

V (n0, β ) := max
k(·)

Ek(·)[βU (n(·)) − C(n(·), k(·))], (7)

where the expectation Ek(·) is taken over trajectories n(·)
generated under the designated reaction rate coefficients k(·)
and initial condition n(0) = n0. A scalar β is the Lagrange
multiplier or a parameter to adjust the importance of the utility
relative to the control cost. Once we could find the optimal
reaction rate coefficient (k†(t ))0�t<T that solves one of these
problems for all u or for all β such that the solution exists,
the solution to the other problem is readily obtained by the
Legendre transformation:

E (n, u) = max
β

[uβ − V (n, β )], (8)

V (n, β ) = max
u

[uβ − E (n, u)], (9)

where the relationship between β and u is given by the ex-
pected utility under the optimal control

u = U†(n, β ) := Ek†(·)[U (n(·))] = ∂

∂β
V (n, β ). (10)

See Appendix A for the derivation. Note that the formulation
can be easily extended to the case with multiple constraints,
e.g., Ek(·)[U j (n(·))|n(0) = n] � u j for j = 1, . . . , J or the
equality constraint Ek(·)[U (n(·))|n(0) = n] = u. In the follow-
ing, we focus on solving the unconstrained problem, Eq. (7).

We will calculate the optimal reaction rate coefficient
(k†(t ))0�t<T that attains the optimum V (n0, β ). The standard
protocol for solving the problem is to consider the value
function Vt (n, β ), which is defined as the maximum of the ex-
pectation in Eq. (7) from t to T under the condition n(t ) = n:

Vt (n, β ) := max
k(·)

Ek(·)[βUt (n(·)) − Ct (n(·), k(·))|n(t ) = n],

(11)

where Ut (n(·)) and Ct (n(·), k(·)) are the utility and control
cost functions from time t to T , e.g., Ut (n(·)) := UT (n(T )) +∫ T

t Uτ (n(τ )) dτ . The value function is equal to the termi-
nal utility function at time T , VT (n, β ) = βUT (n), and also
provides the optimum for the original problem at time 0,
V0(n, β ) = V (n, β ). Thus, the reaction rate attaining Eq. (11)
is identical to the optimal reaction rates k† in the original
control problem.

To obtain the value function, we usually apply the
dynamic programming principle to derive the Hamilton-
Jacobi-Bellman (HJB) equation, a system of differential
equations that Vt (n, β ) satisfies: for t ∈ (0, T ),

− ∂

∂t
Vt (n, β ) = βUt (n) + max

k∈R|R|
�0

[LkVt (n, β ) − C(n, k)],

(12)

with the terminal condition VT (n, β ) = βUT (n). Lk is the
Kolmogorov backward operator (generator), which is given
by, for any scalar function f (n),

Lk f (n) =
∑
r∈R

krhr (n)∇sr f (n), (13)

where ∇sr f (n) := f (n + sr ) − f (n) is the discrete directional
derivative of f along sr . The optimal reaction rate coefficient
is given by

k†(t, n, β ) = arg max
k∈R|R|

�0

[LkVt (n, β ) − C(n, k)], (14)

which explicitly depends on the current time t , state n, and β.

C. First exit optimal control problems

We have focused on the problem with a finite and fixed
terminal time T . One can extend our approach to the problem
with infinite time length T → ∞. Since a stochastic reaction
system often has absorbing states Nabs ⊂ N , the stochas-
tic process often reaches one of these absorbing states after
some time Texit := min{t � 0|n(t ) ∈ Nabs}. For example, in
the birth-death processes

A
k1−→ 2A, A

k2−→ ∅, (15)
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the extinction state nA = 0 is absorbing. The extinction events
are particularly important in biological problems because the
extinction of some species in a chemical, organismal, or
human population could alter the dynamics of the system
qualitatively. Thus, controlling species into either survival or
extinction has many applications, as mentioned in Introduc-
tion. Moreover, biological control problems may not always
have a prescribed end time T because the goal of control is
usually to achieve something rather than to do something until
T . Thus, the first exit control is more essential than fixed-time
control for biological problems.

We can consider the optimal control problem with such a
random terminal time Texit . The utility function is replaced
with the sum of the terminal utility function Uexit (n) de-
fined on the absorbing states Nabs, and the instantaneous
utility function U (n) defined on the nonabsorbing states
Nnon := N \Nabs:

U (n(·)) = Uexit(n(Texit )) +
∫ Texit

0
U (n(τ ))dτ. (16)

Then the value function becomes time-independent
V (n, β ) = Vt (n, β ), and the HJB equation can be derived as

0 = βU (n) + max
k∈R|R|

�0

[LkV (n, β ) − C(n, k)], (17)

with the boundary condition V (n, β ) = βUexit (n) for n ∈
Nabs. Once we have the value function V (n, β ), the optimal
reaction rate is given by

k†(n, β ) = arg max
k∈R|R|

�0

[LkV (n, β ) − C(n, k)], (18)

which depends on the current state n and β but not time t .
If there are no absorbing states, the terminal time and the

time accumulated objective function could diverge. For such
cases, the time-averaged formulation is useful:

maximize
k(·)

lim
T →∞

1

T
Ek(·)[βU (n(·)) − C(n(·), k(·))]. (19)

We will not delve into details in this work, but we briefly
discuss the formulation in Appendix D.

D. Choice of the control cost function

To obtain the value function, we usually leverage the HJB
equation, a differential equation that Vt (n, β ) satisfies. How-
ever, solving the HJB equation is generally intractable both
analytically and even numerically because it is a nonlinear
differential equation on a possibly infinite domain. This dif-
ficulty is the major obstacle to optimal control in applications.
To address the difficulty, people are conventionally forced
to restrict or approximate the original problem to a linear-
quadratic-Gaussian (LQG) problem, in which only the linear
dynamics on a continuous Euclidean space with Gaussian
noise and a quadratic control cost function can be considered.
However, all these restrictions of the LQG problem conflict
with the essential properties of stochastic RN control, i.e.,
the nonlinearity of hr (n), the discreteness and nonnegativity
of state n ∈ Z|X |

�0, the nonnegativity of the control parameter
kr � 0, and Poissonian nature of stochasticity. Several studies
attempted to overcome some of these difficulties [32–37].

Nonetheless, optimal control was not practical for biological
problems described by RN.

In this work, we demonstrate that the difficulty can be
resolved by designing the control cost function appropriately
for RN. The natural way to measure control costs would
vary depending on the context. However, we find some basic
assumptions that may be applied to the control cost function
in most practical situations. Noting the similarity of these
assumptions to the properties of the divergence, which is the
dissimilarity measure between a pair of probability measures
or nonnegative measures in information theory, we propose
using the divergence to formulate the control cost.

First, the control cost C should be a function of the incre-
ment in reaction counts ξr or the reaction flux jr = d

dt E[ξr] =
krhr (n), by which the control cost function depends on the
state n and control input k. This is a natural assumption, for
instance, when the control of the reaction network is imple-
mented by intermittent interventions activated at every chance
of a reaction event.

Second, the instantaneous control cost function C(n, k)
should have a unique minimizer k0(n) = arg mink C(n, k) for
each n ∈ N . Without loss of generality, the minimum con-
trol cost can be set to be zero, C(n, k0(n)) = 0. Note that
in conventional control problems such as LQG problems,
the control cost function is given by a quadratic function,
which is minimized when the control input is zero, k0

r = 0.
However, the nonzero (positive) uncontrolled input k0

r > 0 is
common in controlling reaction networks, for instance, when
the controller can suppress reactions that otherwise lead to
undesirable outcomes.

The dynamics with vanishing control cost can be inter-
preted as the uncontrolled dynamics. Thus, the control cost
function C(n, k) measures the deviation of the current control
input k from the uncontrolled one k0(n). Combined with the
first assumption, the control cost function can be interpreted as
the control of reaction flux from the uncontrolled one j0

r (n) :=
k0

r (n)hr (n) to the controlled one jr [Fig. 2(a)]. Noting that the
reaction fluxes j and j0 can be seen as nonnegative measures
on the set of reactions R, the divergence in information theory
may serve as a control cost function.

Specifically, we propose to use f -diverngence-like
function

C(n, k) =
∑
r∈R

j0
r fr

(
jr
j0
r

)
=
∑
r∈R

hr (n)k0
r fr

(
kr

k0
r

)
, (20)

where fr : [0,+∞) → [0,+∞] is a convex function sat-
isfying fr (1) = 0 and f ′

r (1) = 0 for r ∈ R. Note that the
standard definition of the f -divergence in the information
theory [22,24] adopts a reaction-independent function fr = f
in Eq. (20) to ensure permutation invariance, but we extend it
to allow reaction dependence. For example, using a quadratic
function fr (x) = 1

2 (x − 1)2, we obtain χ2-divergence-like
control cost function

Cquad(n, k) =
∑
r∈R

hr (n)

(
kr − k0

r

)2

2k0
r

. (21)

Quadratic cost functions weighted by the propensity hr (n)
have been used in quantifying the biological cost of cellular
reactions [38].
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(a) Nonnegativity (b) Subadditivity (c) Positive homogeneity

FIG. 2. Diagram showing the properties of the control cost. The control of reaction fluxes is visualized as the control of flow speed in
channels. j0

r and jr are the uncontrolled (input) and the controlled (output) reaction fluxes, respectively. a, b ∈ [0, 1] are the ratios of dividing
the input and output fluxes.

In fact, f -divergence is the only class of divergences with
(1) decomposability, (2) subadditivity, and (3) positive homo-
geneity, all of which are reasonable assumptions as the control
cost. The decomposability means that the total control cost is
a sum of the control cost for each reaction r ∈ R so that the
control cost function can be written as C = ∑

r∈R Dr ( jr, j0
r ),

which implies the independence of the control mechanisms or
flow-controlled channels for each reaction. The subadditivity
and positive homogeneity mean that

Dr
(

jr, j0
r

)
� Dr

(
a jr, b j0

r

)+ Dr
(
(1 − a) jr, (1 − b) j0

r

)
,

(22)

Dr
(
ρ jr, ρ j0

r

) = ρDr
(

jr, j0
r

)
(23)

hold, respectively, for any jr, j0
r , ρ � 0 and a, b ∈ [0, 1].

The subadditivity implies that the control cost increases if
the input and output fluxes of a channel are divided into
those of two independent channels [Fig. 2(b)]. However, pos-
itive homogeneity implies that if the division ratios for input
and output fluxes are the same, a = b, the two channels are
identical, and control can be done efficiently without increas-
ing the control cost [Fig. 2(c)]. In Appendix B, we prove that
the class of control cost functions satisfying the above as-
sumptions is exactly f -divergence-like functions in Eq. (20).

Furthermore, provided an admissible control exists, we
can guarantee the existence of a unique optimal reaction rate
coefficient by imposing 1-coercivity and strict convexity on
the function fr . The 1-coercivity,

lim
x→+∞

fr (x)

x
= +∞, (24)

and the strict convexity,

fr (ax + (1 − a)x′) < a fr (x) + (1 − a) fr (x′) (25)

for any a ∈ (0, 1) and x, x′ � 0, guarantee the existence and
uniqueness of the optimum, respectively.

Using the f -divergence-like control cost function, the HJB
Eq. (12) can be rewritten as

− ∂

∂t
Vt (n, β ) = βUt (n) +

∑
r∈R

k0
r hr (n) f ∗

r (∇srVt (n, β )), (26)

where f ∗
r (y) := maxx[xy − fr (x)] is the Legendre transform

of fr (x). The optimal reaction rate coefficient k†
r (t, n, β )

is given by the following time-dependent state-feedback
controller:

k†
r (t, n, β ) = k0

r ∂ f ∗
r

(∇srVt (n, β )
)
. (27)

As for the first exit problems, HJB Eq. (17) becomes

0 = βU (n) +
∑
r∈R

k0
r hr (n) f ∗

r

(∇srV (n, β )
)
, (28)

and the optimal reaction rate is given by

k†
r (n, β ) = k0

r ∂ f ∗
r

(∇srV (n, β )
)
. (29)

In the case of quadratic control cost, the Legendre trans-
form of fr (x) = 1

2 (x − 1)2 is given by

f ∗
r (y) = 1

2 ([y + 1]2
+ − 1), ∂ f ∗

r (y) = [y + 1]+, (30)

where [a]+ = max{a, 0} is the positive part of a scalar a.
The positive part operation [·]+ comes from the nonnegativity
constraint on k.

Therefore, the f -divergence-like control cost functions
are intuitive and mathematically convenient in formulating
stochastic RN control problems.

E. Optimal control with KL cost

Among a variety of f -divergence-like control cost func-
tions, we found that the following Kullback-Leibler (KL)
divergence-like control cost function is exceptionally useful:

CKL(n, k) =
∑
r∈R

hr (n)

(
kr log

kr

k0
r

− kr + k0
r

)
, (31)

which is given by setting fr (x) = x log x − x + 1 in Eq. (20).
The value at x = 0 is defined by the limit fr (0) :=
limx→0 fr (x) = 1.

The optimal reaction coefficient for r ∈ R at time t is
given by

k†
r (t, n, β ) = k0

r exp
[∇srVt (n, β )

]
(32)

(see Appendix A for the derivation). As the slope of CKL goes
to infinity, ∂

∂kr
CKL(n, k) → −∞ for kr → 0, the nonnegativity
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constraint over k is automatically satisfied. In fact, the expo-
nential function in Eq. (32) ensures that the optimal coefficient
k†

r is nonnegative.
For the KL cost function, the HJB equation becomes

− ∂

∂t
Vt (n, β )

= βUt (n) +
∑
r∈R

k0
r hr (n)

{
exp

[∇srVt (n, β )
]− 1

}
, (33)

which is yet a nonlinear differential equation. However, by
the Cole-Hopf transformation (logarithmic transformation),
Zt (n, β ) := exp[Vt (n, β )], the HJB equation is linearized as

− ∂

∂t
Zt (n, β ) = βUt (n)Zt (n, β ) +

∑
r∈R

k0
r hr (n)∇sr Zt (n, β )

=: βUt (n)Zt (n, β ) + Lk0 Zt (n, β ), (34)

with the terminal condition ZT (n, β ) = exp[βUT (n)].
Although it is still an ordinary differential equation on a

possibly infinite domain, the linearity allows us to calculate
the value function efficiently. Note that the second term on
the right-hand side is the Kolmogorov backward operator Lk ,
which is the adjoint of the Kolmogorov forward operator L†

k in
the chemical master equation [Eq. (5)]. Moreover, the special
form of Eq. (34) allows us to have the following probabilistic
representation for Zt (n, β ):

Zt (n, β ) = Ek0 [exp {βUt [n(·)]}|n(t ) = n], (35)

which is called the Feynmann-Kac formula; cf. Appendix 1,
Prop. 7.1 of [39]. Thus, the value function is given by

Vt (n, β ) = logEk0 [exp {βUt [n(·)]}|n(t ) = n]. (36)

This representation enables us to compute the value func-
tion by evaluating the expectation of the utility function with
respect to the uncontrolled reaction rate coefficient k0. As
demonstrated in the following sections, for simple reaction
systems, we can obtain the analytical expression of the value
function. Even if an analytical expression is inaccessible,
efficient Monte Carlo sampling techniques can be used to
estimate the expectation. It is worth noting that this represen-
tation of the value function can be evaluated in a time-forward
manner, whereas the usual optimal control problem requires
the time-backward calculation of the HJB equation due to the
dynamic programming principle.

The linearization of the HJB equation and efficient com-
putation of the optimal control problems for certain control
cost functions was reported by Kappen [28] for diffusion pro-
cesses and by Todorov [30] for discrete-time Markov chains.
As Theodorou and Todorov [40] discussed, the linearization
of the HJB equation is possible if the control cost function
is given by KL divergence between path measures. In this
case, the optimal control problem is related to an estima-
tion (filtering) problem. Similar mathematical properties had
been found in relation to the duality of control and inference
[25–27]. Similar properties for Markov jump processes are
identified in recent studies [41–43] as well as one of the
earliest studies by Fleming [25]. In this paper, we develop
the optimal control framework for stochastic RN inspired by
these previous studies. In Appendix C we elaborate on the

path measure perspective and why the KL cost function in
Eq. (31) works. See Appendix E for further comparison with
existing literature.

The same trick applies to the first exit problems. The Cole-
Hopf transformation Z (n, β ) := exp[βV (n, β )] yields

0 = βU (n)Z (n, β ) + Lk0 Z (n, β ), (37)

for n ∈ Nnon, and Z (n, β ) = exp[βUexit (n, β )] for n ∈ Nabs.
The equations can be written in the matrix-vector form:

0 = (
β diagU + 
0

non,non

)
Znon + 
0

non,absZabs, (38)

where U = {U (n)} is a |Nnon|-dimensional vector and the
matrices 
0

non,non ∈ R|Nnon|×|Nnon| and 
0
non,abs ∈ R|Nnon|×|Nabs|

are given by the uncontrolled transition rate ω0
n,n′ :=∑

r∈R k0
r hr (n)δn+sr ,n′ as in Eq. (4). From the boundary con-

dition, Zabs is known. We can solve the above equation for
Znon. Thus, the first exit optimal control problem is reduced
to a linear algebraic problem. Similar results have been ob-
tained for discrete-time Markov chains [30]. The probabilistic
representations in Eqs. (35) and (36) are also applicable.

If there are no absorbing states, the terminal time and the
time accumulated objective function could diverge. For such
cases, the time-averaged formulation is useful:

maximize
k(·)

lim
T →∞

1

T
Ek(·)[βU (n(·)) − C(n(·), k(·))]. (39)

Via the Cole-Hopf transformation, the optimal solution could
be cast into an eigenvalue problem (see Appendix D).

F. Controlling a random walker

We demonstrate the effectiveness of our method by apply-
ing it to several control problems. The first example is the
jump processes on discrete states X . We consider N particles
walking on a directed graph (X, R), where the set of directed
edges R represents the allowed transitions between types X .
For any x, y ∈ X , (x, y) ∈ R implies that the particle can jump
from x to y. The stoichiometric coefficients are given by
s(x,y),z = δy,z − δx,z and the kinetics is the mass action type
h(x,y)(n) = nx for x, y, z ∈ X .

For X = Z and N = 1, the process is reduced to a simple
one-dimensional random walk by a single walker. Such a pro-
cess has been used as a simple model of intracellular transport
of macromolecules along intracellular filaments [44]. Molec-
ular motors such as dynein and kinesin consume energy and
move in one direction. Since the step length is fixed, the
position of a molecular motor on a filament can be modeled
as a one-dimensional discrete grid. For this case, we can have
analytical solutions for some optimal control problems owing
to the sound properties of KL control.

Consider the situation where a particle is required to reach
a goal x∗ ∈ Z as soon as possible. The position of the particle
at time t is denoted as x̂(n(t )) ∈ X . We can formulate the
situation as the following minimum exit time problem:

minimize
k(·)

Ek(·)

[
βTexit +

∫ Texit

0
C(n(t ), k(t )) dt

]
, (40)

where the absorbing states are given by Nabs = {n ∈
N |x̂(n) = x∗}. By setting Uexit (n) = 0 and U (n) = −1 in
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Eq. (16), we have the following maximization problem, which
is equivalent to Eq. (40) having the same form as Eq. (7):

maximize
k(·)

Ek(·)[−βTexit − C(n(·), k(·))]. (41)

If we adopt the KL control cost function, Eq. (36) shows
that the value function V (n, β ) = V (x̂(n), β ) is equal to the
cumulant-generating function of the exit time with parameter
−β and given by

V (x, β ) = logEk0 [exp(−βTexit )|x(0) = x]. (42)

Assuming the symmetric uncontrolled transition rates k0
r =

κ for all r ∈ R and using the analytical expression of the
cumulant-generating function [45], we obtain the value func-
tion analytically:

V (x, β ) = −γ (β )|x∗ − x|, (43)

where a scalar γ (β ) � 0 is defined as

γ (β ) := − log

⎡
⎣1 + β

2κ
−
√(

1 + β

2κ

)2

− 1

⎤
⎦. (44)

The conjugate value function can be calculated for x∗ �= x and
u < 0 as

E (x, u) = 2κ|u| −
√


2 + 4κ2u2 − 
 sinh−1

(



2κ|u|
)

,

(45)

where 
 := x∗ − x. Since the value function is linear in |x∗ −
x|, we have the piecewise constant optimal transition rates by
using Eqs. (32) and (43):

k†
(x,x+1)(n, β ) =

{
κeγ (β ) if x < x∗,
κe−γ (β ) if x > x∗,

k†
(x,x−1)(n, β ) =

{
κe−γ (β ) if x < x∗,
κeγ (β ) if x > x∗. (46)

When x < x∗, the transition rate k†
(x,x+1) in the positive direc-

tion is higher than the uncontrolled one κ , while the transition
rate k†

(x,x−1) in the negative direction is lower than κ . We
can also obtain the analytic solution for the standard control
problem to maximize the average speed of the walker (see
Appendix F).

G. Controlling interacting random walkers

Next, we consider the case where N = 2 and X = Z. Let
us consider the minimum time problem with exclusion inter-
action, i.e., all the particles should reach the goal x∗ ∈ X as
soon as possible while they are not allowed to occupy the
same site. This is a model of two molecular motors moving on
the same filament on which they cannot overtake [Fig. 1(a)].
Noncolliding random walks and diffusion processes have been
studied persistently [46–48].

Let us denote the position of the left particle as x̂1(n) and
the right particle as x̂2(n), i.e., x̂1(n) < x̂2(n). Due to the exclu-
sive interaction, the first particle cannot overtake the second.
Thus, the particles are identifiable for all t � 0. The absorbing
states are given by

Nabs = {n ∈ N |x̂1(n) = x̂2(n)}. (47)

Among the abosrbing states above, we are interested in the
single state n∗ ∈ Nabs such that the particles reach the goal
x̂1(n∗) = x̂2(n∗) = x∗. We can formulate the problem as a first
exit problem with the instantaneous utility U (n) = −1, and
the terminal utility

Uexit (n) =
{

0 if n = n∗,
−∞ otherwise. (48)

Assuming that each particle stops when it reaches the goal,
the time-integrated instantaneous utility is given by

Texit = max
{
T 1

exit, T 2
exit

}
, (49)

where T i
exit := inf{t � 0|x̂i(n(t )) = x∗} is the first exit time of

the ith particle (i = 1, 2). Then the value function V (n, β ) =:
V (x̂1(n), x̂2(n), β ) can be calculated as

V (x1, x2, β ) = Ek0 [exp(−βTexit )|n(0) = n, n(Texit ) = n∗]

= Ek0

[
Ek0

[
exp

(−β max
{
T 1

exit, T 2
exit

})
|x1(0) = x1, x1

(
T 1

exit

) = x∗]
|x2(0) = x2, x2

(
T 2

exit

) = x∗]
� min{V (x1, β ),V (x2, β )}
= −γ (β ) max{|x∗ − x1|, |x∗ − x2|}, (50)

where V (xi, β ) is the value function in Eq. (43) for a single
random walker. When the first particle is close to the goal x1 ≈
x∗ while the second particle is still away from it, |x2 − x∗| �
1, the upper bound becomes tight and we have

V (x1, x2, β ) ≈ −γ (β )|x∗ − x2|. (51)

Using the upper bound, the conjugate value function
E (x1, x2, u) satisfies

E (x1, x2, u) � max{E (x1, u), E (x2, u)}, (52)

where E (xi, u) is the conjugate value function in Eq. (45).
Analytical estimates are compared with numerical solu-

tions in Fig. 3. Numerical solutions are obtained by solving
the linear equation in Eq. (37) where the infinite space Z
is truncated to the finite interval X = {0, 1, . . . , M − 1}. The
goal position is set to x∗ = 0.

When the first particle has already reached the goal x1 =
0 = x∗, the problem is equivalent to the minimum time prob-
lem for the second particle only. Then the value function
satisfies V (x∗, x2, β ) = −γ (β )|x∗ − x2|, which is consistent
with Eq. (51) [Fig. 3(b), upper panel]. Then the derivative of
V (x∗, x2, β ) is constant [Fig. 3(c), upper panel], which results
in the constant optimal control.

When the first particle is at x1 = 10, the value V (10, x2, β )
as a function of x2 has a gentle slope than γ (β ) to avoid colli-
sion with the first particle [Fig. 3(b), lower panel]. Especially
when β is small, collision avoidance is more important than
early arrival. In this case, the derivative of the value can be
positive, and the second particle moves away from the first
particle, as seen in Fig. 3(c), lower panel. On the other hand,
when β is large, the exit time becomes more important than
the collision. Thus, the derivative is always negative except at
the collision point, i.e., at x2 = 10.
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(a)

(b) (c)

FIG. 3. The results of the minimum exit time problem for interacting random walkers on one-dimensional space. (a) The value function
V (x1, x2, β ) plotted by color in the state space (x1, x2) with different β. The dashed curves are its contours. The blue zigzag lines are the
trajectories of 100 independent simulations starting from (10, 11). (b) The value function V (x1, x2, β ) for fixed x1 = 0 (the upper panel) and
x1 = 10 (the lower panel) with different β indicated by the dots. The dashed lines are calculated with Eq. (43). The color code represents the
value of β. (c) The directional derivative ∇2V (x1, x2, β ) = V (x1, x2 + 1, β ) − V (x1, x2, β ) of the value function in x2 direction for fixed x1 = 0
and x1 = 10. The dashed lines correspond to Eq. (43). The format of the panels is the same as in (b). The parameters are M = 31, N = 2,
k0 = 0.1.

H. Controlling survival in birth and death processes

In the control of birth and death processes of cells or
organisms without immigration, the extinction state n = 0 is
a natural absorbing state. In the context of biodiversity con-
servation, one has to avoid extinction. Furthermore, a single
species should not dominate the ecosystem. To address this
population control problem, let us consider the following birth
and death reactions involving two species A and B [Fig. 1(b)]:

A → 2A, A → ∅,

B → 2B, B → ∅. (53)

Assume that every dying individual is replaced by a duplicated
individual of either A or B, and that the size N of the popula-
tion is constant. This is the continuous-time Moran process
studied in population genetics [49–51]. Since birth and death
reactions occur simultaneously, we can summarize the four
reactions into two:

A + B
k1→ 2A, A + B

k2→ 2B, (54)

where the propensity functions are given by h1(n) = h2(n) =
nAnB/N . We denote the ratio between the rate coefficient by
γ := k0

1/k0
2 , which means that type A has a selective advantage

over type B when γ > 1 and vice versa. The case with γ =
1 is the neutral situation. In any case, the system eventually
reaches one of two extinction boundaries (nA, nB) = (N, 0) or

(0, N ) due to the random drift. We formulate the maintenance
of the population coexistence as the maximization of the exit
time problem from coexisting states:

maximize
k(·)

Ek(·)[βTexit − C(n(·), k(·))]. (55)

Assuming the KL control cost, we can derive an analytical
solution. Using the fact that the terminal state nA(Texit ) is
either 0 or N , the value function, i.e., the cumulant-generating
function of the extinction time, can be decomposed as

V (n, β ) = logEk0 [exp(βTexit )|n(0) = n]

= logEk0

[
exp(βTexit )

× (
δnA(Texit ),0 + δnA(Texit ),N

)∣∣n(0) = n
]

= log
(
eK0(n,β ) + eKN (n,β )), (56)

where

K0(n, β ) := logEk0

[
exp(βTexit )δnA(Texit ),0

∣∣n(0) = n
]
,

KN (n, β ) := logEk0

[
exp(βTexit )δnA(Texit ),N

∣∣n(0) = n
]

(57)

are the cumulant-generating functions of the first hitting time
at 0 and N , respectively. They have an explicit expression
[52] using the eigenvalues of submatrices of the transition rate
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(a) (b) (c)

(d)

(e)

(f)

FIG. 4. Results of the maximum exit time problem for Moran processes with N = 100. (a) Dependence of the value function V (n, β ) on β

at nA = N/2 with varying γ , the selective advantage of A over B. γ = 1 is the neutral case. Both the linear algebraic solution (colored points)
and the analytical solution (colored curves) show divergence at β = βc (black dashed lines). (b) The relationship E (n, u) between the expected
first exit time u and the control cost starting from the state nA = N/2. The format of the plot is the same as in (a). (c) The relationship E (n, u)/u
between the expected first exit time and the control cost rate starting from the state nA = N/2. The black dashed lines represent βc for each γ .
The format of the plot is the same as in (a). (d), (e) Dependence of the value function V (n, β ) (d) and its derivative ∇s1V (n, β ) (e) on the initial
state nA for different values of β and γ . In each panel, the values of β are sampled at equal intervals between 0 to βc and color coded. (f) The
optimally controlled stochastic trajectories from time 0 to T = 100 for different β and γ . In each panel there are 100 trajectories with initial
conditions nA(0) = 1 for different values of β, which are color coded. The parameters are k0

1 = γ , k0
2 = 1.0.

matrix M := (−ωn,n′ )nA,n′
A �=0,N ∈ R(N−1)×(N−1) as follows:

K0(n, β ) =
nA∑

a=1

log d0(a) +
N−nA−1∑

i=1

log[xi(nA) − β]

−
N−1∑
k=1

log(λk − β ) (58)

and

KN (n, β ) =
N−1∑
a=nA

log b0(a) +
nA−1∑
j=1

log[y j (nA) − β]

−
N−1∑
k=1

log(λk − β ), (59)

where b0(a) := k0
1h1(a, N − a) and d0(a) := k0

2h2(a, N − a).
In the equations, xi(nA) > 0, y j (nA) > 0, and λk > 0 are the
eigenvalues of the bottom-right submatrix of size (N − nA −
1), top-left submatrix of size (nA − 1), and full matrix M,
respectively [52]. Due to the interlacing property [53], the
smallest eigenvalue λ1 of the full matrix is smaller than the
smallest eigenvalues, x1(n) and y1(n), of the submatrices.

Therefore, the value function diverges V (n, β ) → +∞ as
β → λ1. The expected extinction time U†(n, β ) under the
optimal control also diverges as β → λ1 because it is the
derivative of V (n, β ) by β [Eq. (10)]. This critical βc := λ1

is the same for all initial conditions n.
We numerically calculated the value function in two ways:

by solving the linear algebraic Eq. (37) and by using the
analytical formula in Eqs. (56)–(59). Two solutions exactly
match, and the value function V (n, β ) diverges as β ap-
proaches the smallest eigenvalue β → βc = λ1 [Fig. 4(a)].
The cost-exit time tradeoff curves E (n, u) in Fig. 4(b) ap-
proach lines with slope βc in the long exit time regime. Thus,
the cost rate per unit time E (n, u)/u is upper bounded by βc

as shown in Fig. 4(c). The result indicates that a finite amount
of control cost per time is sufficient to prevent the ultimate
extinction on average. As γ = k0

1/k0
2 increases, the extinction

tends to happen earlier, resulting in the increased control cost
rate βc for preventing extinction.

As a function of nA, the value function V (n, β ) for each β

and γ has a single peak, which we designate by n∗
A [Fig. 4(d)].

The optimal control steers the system to stay around n∗
A. As β

increases, the derivative of the value function becomes steep
around n∗

A [Fig. 4(e)] so that the controlled trajectories do not
leave there even after a long time [Fig. 4(f)].
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(a) (b) (c)

(d)

(e)

(f)

Quadratic KL KL KL

FIG. 5. Comparison of maximum exit time solution for Moran processes with different control cost functions. (a)–(c) The value functions
with the quadratic control cost function Cquad are shown as in Figs. 4(a)–4(c). (d)–(f) The value functions and optimally controlled trajectories
with the quadratic Cquad, weighted KL CwKL (w1 = ∞, w2 = 1), KL CKL , and weighted KL CwKL (w1 = 1, w2 = ∞) control cost functions.
The parameters are N = 100, k0

1 = 1.5, k0
2 = 1.0.

When β is close to βc, the width of the peak around n∗
A

decreases as γ increases, and there emerges a region with
a shallow slope ∇s1V (n, β ) ≈ 0. In this region, the optimal
control k†

r (n) = k0
r exp[∇srV (n, β )] become close to the un-

controlled rate k0
r . The emergence of the shallow slope region

indicates that the optimal control strategy switches between
ON and OFF modes depending on the current state.

The OFF mode region appears if γ is high and N is
moderately large (see Appendix G), implying that the OFF
mode is attributed to the difficulty of controlling an expo-
nentially growing population. If both γ and N are large, the
uncontrolled system has a stronger and less stochastic driv-
ing force towards nA = N as nA increases. Thus, the optimal
control keeps the population away from nA = N by forcing it
close to 0, which is the ON mode around the peak n∗

A. Once
a large fluctuation drives the population to leave the peak,
the additional cost of bringing it back to the peak does not
compensate for its success rate, leading to the OFF mode,
i.e., doing nothing, in the intermediate region. Finally, the
control turns ON again near nA = N to hang on there. Such
a spontaneous emergence of hierarchical control may not be
identifiable within the LQG approximation, highlighting the
importance of considering the unique properties of RN.

The result explained so far used the KL control cost prob-
lem. The existence of a finite cost rate to prevent ultimate
extinction and the emergence of the mode-switching con-
trol strategy could be attributed to either the special choice
of the control cost function, the problem itself (maximizing

extinction time for Moran processes), or both. To reveal the
effect of the control cost function, we numerically solved the
optimal control problem with two types of non-KL control
cost functions. The first control cost function is the quadratic
control cost Cquad given by Eq. (21). While the quadratic and
KL control cost functions are the same up to the second order
in k − k0 around k = k0, they behave differently in regions
far from k0. The second class of control cost functions is the
weighted KL control cost given by

CwKL(n, k) =
∑
r∈R

wrhr (n)

(
kr log

kr

k0
r

− kr + k0
r

)
, (60)

where wr > 0 is the weighting factor for each reaction. When
the weighting factor for reaction r is infinite, i.e., wr = +∞,
the reaction rate coefficient kr is constrained to be k0

r .
We obtained the optimal solutions by numerically solving

the nonlinear HJB Eq. (28). As shown in Figs. 5(a)–5(c), the
value function V (n, β ) as a function of β and the cost-exit
time tradeoff curves E (n, u) for the quadratic control cost are
qualitatively similar to that of KL control cost. The existence
of a critical cost rate, βc, that prevents ultimate extinction
can be confirmed. Furthermore, as shown in Figs. 5(d)–5(f),
the value functions as a function of nA with the various non-
KL control costs are qualitatively similar to those of the KL
control cost. Despite the quantitative difference, the derivative
of the value function always exhibits the OFF mode region.
Consequently, the simulated controlled trajectories show the
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(a)

(b)

(c)

(e)

(d)

FIG. 6. The solution of the minimum total infection problem for stochastic SIR model for different values of R0 ∈ {2, 4, 8}. (a) Heat
maps of the value function V (n, 1) plotted on the nS–nI plane with β = 1 for varying R0. Light color represents a large value. (b) The
directional derivative ∇s1V (n, 1) of the value function in the infection direction s1, which determines the optimally controled infection rate as
k†

1 (n) = k0
1 exp[∇s1V (n, 1)]. (c) The directional derivative ∇s2V (n, 1) of the value function in the recovery direction s2, which determines the

optimally controled recovery rate as k†
2 (n) = k0

2 exp[∇s2V (n, 1)]. (d) The value function V (n, 1) on the line nS = 20. (e) The derivative of the
value function ∇s2V (n, 1). The parameters are N = 50, β = 1, k0

2 = 0.01, k0
1 = R0k0

2 .

mode-switching behavior. Therefore, the emergence of the
mode-switching strategy is not due to the nature of the KL
control cost, but rather an intrinsic feature of the control
problem for Moran processes.

I. Controlling epidemic outbreak

Last, we apply our framework to epidemic problems. We
use the stochastic SIR model [Fig. 1(c)] in which the popu-
lation is divided into three classes: susceptible (S), infected
(I), and recovered (R), i.e., X = {S, I, R}. The uncontrolled
process is described by the following infection and recovery
reactions:

S + I
k1−→ 2I, I

k2−→ R, (61)

and we assume mass-action-type kinetics, i.e., h1(n) =
N−1nSnI and h2(n) = nI . The total population size N :=
nS (t ) + nI (t ) + nR(t ) is a conserved quantity of the system.
This model has absorbing states Nabs = {n ∈ N |nI = 0} and
any stochastic solution n(t ) eventually reaches one of these
states as t → ∞. When the ratio R0 := k0

1/k0
2 between re-

action rate coefficients is high, the infection spreads rapidly
in the population, and the state n(Texit ) at the terminal time
tends to have a small number nS (Texit ) of susceptible and
a large number nR(Texit ) of recovered people. The number
of recovered people at the end is equal to the total number
of infections during the epidemic, which is known as the size
of the epidemic [54].

The goal of control is then to minimize the size of the epi-
demic or, equivalently, to maximize the number of susceptible
people at the end of the epidemic. Let us formulate it as the
first exit problem where Uexit (n) = nS and U (n) ≡ 0:

maximize
k(·)

βEk(·)[nS (Texit ) − C(n(·), k(·))]. (62)

To begin, we assumed the KL control cost and numerically
calculated the value function and the optimal reaction rate
using Eqs. (37) and (32) for N = 50. The results are shown in
Fig. 6. The value decreases as the number of susceptible peo-
ple decreases and as the number of infected people increases
[Fig. 6(a)]. The optimal control of infection and recovery rates
plotted in Figs. 6(b) and 6(c) indicates that strong control
to reduce the infection rate and to boost the recovery rate
is encouraged when the number of susceptibles is large and
the number of infected is small. However, if many people
are already infected, strong control is no longer encouraged.
Instead, almost no control over the infection and recovery
rates becomes optimal, as indicated by the white regions in
Figs. 6(b) and 6(c). This means that almost the entire pop-
ulation will eventually become infected in this situation, no
matter how optimally the rates are controlled, and that further
investment in the control cost is not worth the potential gains.

In particular, we can observe a sharp transition between
strong control and no control when R0 is high. Figures 6(d)
and 6(e) show the value function V (n, 1) and its derivative
∇s2V (n, 1) on the line nS = 20, which determines the optimal
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(a)

(b)

(c)

Quadratic KL KL KL

FIG. 7. Comparison of the minimum total infection solution for the stochastic SIR model with different control cost functions. (a) The
value function V (n, 1) (b), (c) its derivative ∇s1V (n, 1) and ∇s2V (n, 1) with the quadratic Cquad, weighted KL CwKL (w1 = ∞, w2 = 1), KL
CKL , and weighted KL CwKL (w1 = 1, w2 = ∞) control cost functions. Parameters are N = 50, β = 1, k0

2 = 0.01, k0
1 = R0k0

2 , R0 = 8.

recovery rate k†
2 (n) = k0

2 exp[∇s2V (n, 1)]. The value func-
tions are approximately piecewise-linear functions V (n, 1) ≈
max{0, a0nS + a1nI + a2}, so the derivatives and the optimal
rates are approximately piecewise-constant. This transition
leads to the mode switching of optimal control, which is
similar to the case of the problem of maintaining diversity.

As in the previous section, we then calculated the optimal
solutions with the quadratic and weighted KL control cost
functions with high R0 = 8. Figure 7 demonstrates the mode
switching of the optimal strategies with the quadratic and
weighted KL control cost functions, as is observed with the
KL control cost. Therefore, the mode switching of the optimal
control is also an intrinsic feature of the minimum infection
problems rather than the artifact of the KL control cost.

III. DISCUSSION

In this paper we propose a new framework for formulating
optimal control problems of stochastic reaction networks. We
show that the f -divergence possesses desirable properties as
a control cost for reaction networks. In particular, when the
control cost is given by the Kullback-Leibler (KL) divergence,
the associated Hamilton-Jacobi-Bellman (HJB) equation can
be linearized via the Cole-Hopf transformation, yielding both
analytical insight and computational efficiency. We demon-
strate the effectiveness of our framework through applications
to three classes of biological control problems involving ab-
sorbing states.

There are several potential directions worth investigating.
First, our framework can be extended to risk-sensitive con-
trol problems [55,56], where not only the expectation of

performance but also its variance and higher-order moments
are considered. For instance, as the concentration of intracel-
lular molecules inevitably fluctuates, it is vital to suppress
fluctuations and variability when robust homeostasis is re-
quired [57]. As studied for diffusion processes [58], risk
sensitivity can be incorporated into the current framework.

Second, more realistic models of reaction networks may
involve many species or large population sizes, as seen in
complex ecological systems and stage-structured epidemic
models [59–62]. The optimal control of such large-scale
systems leads to high-dimensional equations. Although the
HJB equation becomes linear under KL control, solving it
remains computationally demanding. The development of
fast and scalable numerical algorithms is therefore essential.
Sampling-based techniques [28,63] may offer efficient solu-
tions in such high-dimensional settings.

Third, the computational advantages afforded by the Cole-
Hopf transformation do not extend to general f -divergence
control costs beyond the KL control cost. This limitation
is analogous to the condition in diffusion control problems,
where efficient solutions require the control cost weight to
be inversely proportional to the noise intensity [28,30]. For
stochastic reaction networks, the noise strength is linked
to the propensity function hr (n), which should be used
as the weight in the control cost. As demonstrated in
our examples involving the Moran and SIR models with
non-KL control costs, solving the nonlinear HJB equa-
tions numerically is tractable for small-scale problems. For
large-scale problems, iterative methods with local approxi-
mation, as in [64,65], might provide a way to overcome this
limitation.
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Finally, the assumption of full observability of the current
state does not hold in realistic scenarios. When the feedback
controller does not have direct access to the true state, the
optimal control problem must be reformulated to include state
estimation via a filtering equation, followed by control based
on the resulting belief state. Not only control but also filtering
for the stochastic reaction networks is challenging due to their
nonlinearity and non-Gaussian randomness [66–68]. Mean-
while, a study [69] investigated a partially observable optimal
control problem for Markov jump processes with Gaussian
observation noise, demonstrating that the KL control cost can
be useful in deriving the optimal solution even in the par-
tially observable setting. Developing practical algorithms for
filtering and control in general stochastic reaction networks
remains a promising direction for future work.
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APPENDIX A: DETAILS OF OPTIMAL
CONTROL PROBLEM

In this Appendix we present the general formulation of the
optimal control problems in detail and then show it when the
Kullback-Leibler (KL) control cost is employed.

First, we summarize the functions that specify the problem.
The terminal utility function UT (n) and the instantaneous util-
ity function Ut (n) are scalar functions of the state n ∈ N . The
instantaneous control cost function C(n, k) is a scalar function
of the state n ∈ N and the reaction rate coefficient k ∈ R|R|

�0.
Moreover, the instantaneous control cost function C(n, k) is
assumed to be continuous, strictly convex, and 1-coercive with
respect to k for each n ∈ N ,

C(n, ak + (1 − a)k′) < aC(n, k) + (1 − a)C(n, k′) (A1)

for any a ∈ (0, 1) and k, k′ ∈ R|R|
�0, and

lim
a→+∞

C(n, ak)

a
= +∞ (A2)

for any k ∈ R|R|
�0\{0}. The control cost function with these

assumptions is general enough in practical situations, and they
guarantee that the optimal reaction rate coefficients uniquely
exist. Furthermore, since adding a constant does not affect
the optimal solution, we assume that the instantaneous con-
trol cost function is nonnegative, C(n, k) � 0. Since C(n, k)
defined above always has a unique minimizer k0(n) for each
n ∈ N , we assume that C(n, k0(n)) = 0.

From these three functions, the utility function U (n(·)), a
scalar function of the state trajectory (n(t ))0�t�T from time 0
to T is defined as

U (n(·)) := UT (n(T )) +
∫ T

0
Ut (n(t )) dt . (A3)

Note that we denote the trajectory (n(t ))0�t�T as n(·) when the
time interval [0, T ] is evident from the context. The control

cost function C(n(·), k(·)) is defined similarly as

C(n(·), k(·)) :=
∫ T

0
C(n(t ), k(t )) dt . (A4)

First, we consider a constrained optimization problem

E (n, u) := min
k(·)

Ek(·)[C(n(·), k(·))|n(0) = n]

s. t. Ek(·)[U (n(·))|n(0) = n] � u, (A5)

where the expectation Ek(·) is taken over the trajectories n(·)
generated by the stochastic RN with k(t ) as the reaction rate
coefficients at time t . The problem is to find the optimal
trajectory of reaction rate coefficient k(·) that minimizes the
expected control cost such that the expected utility is equal to
the given value u ∈ R.

Introducing the Lagrange multiplier β � 0, the above
problem is equivalent to the following unconstrained opti-
mization problem:

V (n, β ) := max
k(·)

Ek(·)[βU (n(·)) − C(n(·), k(·))|n(0) = n].

(A6)

Once we can solve this problem, the solution to the original
problem can be obtained. Thus, we focus on solving the un-
constrained problem, Eq. (A6).

We can derive the HJB equation to find the optimal reac-
tion rates (k†(t ))0�t<T and the maximum value V (n, β ) by
following the standard procedure in the control theory; cf.
[70]. Let the value function Vt (n, β ) for 0 � t � T , n ∈ N
and β > 0 be defined as the above objective function from t
to T conditioned on the state n(t ) at time t :

Vt (n, β ) := max
k(·)

Ek(·)[βUt (n(·)) − Ct (n(·), k(·))|n(t ) = n],

(A7)

where Ut (n(·)) and Ct (n(·), k(·)) are the utility and control
cost functions from time t to T , i.e., Ut (n(·)) := UT (n(T )) +∫ T

t Uτ (n(τ )) dτ and Ct (n(·), k(·)) := ∫ T
t Cτ (n(τ ), k(τ )) dτ .

By applying the dynamic programming principle, the HJB
equation can be derived as, for t ∈ (0, T ),

− ∂

∂t
Vt (n, β ) = βUt (n) + max

k∈R|R|
�0

[LkVt (n, β ) − C(n, k)],

(A8)

with the terminal condition VT (n, β ) = βUT (n). Lk is the
backward operator which is given by, for any scalar function
f (n),

Lk f (n) =
∑
r∈R

krhr (n)∇sr f (n), (A9)

where ∇sr f (n) := f (n + sr ) − f (n) is the discrete directional
derivative. Due to the strict convexity and coercivity of
the instantaneous control cost function, Eq. (A8), can be
rewritten as

− ∂

∂t
Vt (n, β ) = βUt (n) + C∗(n, h(n)∇sVt (n, β )), (A10)

where C∗(n, φ) := maxk[
∑

r∈R krφr − C(n, k)] is the Legen-
dre transform of C(n, k) with respect to k. The optimal

033027-13



SHUHEI A. HORIGUCHI AND TETSUYA J. KOBAYASHI PRX LIFE 3, 033027 (2025)

reaction rate coefficient k†(t, n, β ) is given by the following
time-dependent state-feedback controller

k†(t, n, β ) = ∂φC∗(n, h(n)∇sVt (n, β )), (A11)

where ∂φC∗(n, φ) ∈ R|R| is the derivative of C∗(n, φ) with
respect to φ ∈ R|R|.

Plugging the optimal reaction rate coefficient into Eq. (A7)
and taking the derivative with respect to β, one obtains the
expected utility under the optimal control k† as

U†
t (n, β ) := Ek†(·,β )[Ut (n(·))|n(t ) = n]

= ∂βVt (n, β ). (A12)

The optimal expected utility U†
t (n, β ) is an increasing func-

tion of β because the value function is convex with respect
to β. The convexity can be confirmed as follows: for any
0 � a � 1 and β1, β2 ∈ R,

Vt (n, aβ1 + (1 − a)β2)

= max
k(·)

Ek(·)[(aβ1 + (1 − a)β2)Ut (n(·)) − Ct (n(·), k(·))]

= max
k(·)

[aEk(·)[β1Ut (n(·)) − Ct (n(·), k(·))]

+ (1 − a)Ek(·)[β2Ut (n(·)) − Ct (n(·), k(·))]]
� a max

k(·)
Ek(·)[β1Ut (n(·)) − Ct (n(·), k(·))]

+ (1 − a) max
k(·)

Ek(·)[β2Ut (n(·)) − Ct (n(·), k(·))]

= aVt (n, β1) + (1 − a)Vt (n, β2). (A13)

On the other hand, the expected cost under the optimal
control is given by

C†
t (n, β ) := Ek†(·,β )[Ct (n(·), k†(·, β ))|n(t ) = n]

= βU†
t (n, β ) − Vt (n, β ). (A14)

These formulations imply that the optimal expected cost
C†

t (n, β ) and the optimal expected utility U†
t (n, β ) are tightly

related by the Legendre transform of the value function
Vt (n, β ) with respect to β. For u ∈ R, we define conjugate
value function as

Et (n, u) := sup
β�0

[βu − Vt (n, β )]. (A15)

Then

Et (n, u) = sup
β�0

inf
k(·)

[βu − Ek(·)[βUt (n(·))

− Ct (n(·), k(·))|n(t ) = n]]

= sup
β�0

inf
k(·)

L(β, k(·)), (A16)

where the Lagrange function L(β, k(·)) is defined as

L(β, k(·)) :=β(u − Ek(·)[Ut (n(·))|n(t ) = n])

+ Ek(·)[Ct (n(·), k(·))|n(t ) = n]. (A17)

If the target expected utility u is achievable by β = β∗, i.e.,
there exists β∗ � 0 such that

Ek†(·,β∗ )[Ut (n(·))|n(t ) = n] = u (A18)

holds, then (β∗, k†(·, β∗)) is the saddle point of the function
L, i.e, for any β and k(·),

L(β, k†(·, β∗)) � L(β∗, k†(·, β∗)) � L(β∗, k(·)). (A19)

The second inequality holds because of the definition of the
optimal control k† and the first inequality holds because

L(β, k†(·, β∗)) − L(β∗, k†(·, β∗))

= (β − β∗) (u − Ek†(·,β∗ )[Ut (n(·))|n(t ) = n])︸ ︷︷ ︸
=0[∵Eq. (A18)]

� 0. (A20)

The saddle point property in Eq. (A19) justifies exchang-
ing the order of maximization and minimization [31], and
Eq. (A16) becomes

Et (n, u) = sup
β�0

inf
k(·)

L(β, k(·))

= inf
k(·)

sup
β�0

L(β, k(·))

= inf
k(·)

[
Ek(·)[Ct (n(·), k(·))|n(t ) = n]

+ sup
β�0

β(u − Ek(·)[Ut (n(·))|n(t ) = n])
]

= inf
k(·)

[
Ek(·)[Ct (n(·), k(·))|n(t ) = n] + ιKu [k(·)]]

= inf
k(·)∈Ku

Ek(·)[Ct (n(·), k(·))|n(t ) = n], (A21)

where the indicator function ιA(a) of a set A is defined as
ιA(a) = 0 when a ∈ A and ιA(a) = +∞ otherwise, and Ku

is the set of reaction rate coefficients k(·) which satisfies
Ek(·)[Ut (n(·))|n(t ) = n] � u.

Therefore, the conjugate value function gives the minimum
expected cost under the constraint on the expected utility,

Et (n, u) = min
k(·)

Ek(·)[Ct (n(·), k(·))|n(t ) = n]

s. t. Ek(·)[Ut (n(·))|n(t ) = n] � u. (A22)

The solution to the original constrained optimization problem
in Eq. (A5) can be obtained as E (n, u) = E0(n, u). In other
words, once we have the value function for all β, we can
calculate the relation between the optimal expected utility and
the optimal expected cost.

The conjugate value function gives an intuitive picture of
the relation between performance and required cost, which of-
ten yields a tradeoff relation. For instance, the conjugate value
function is minimized in the uncontrolled situation β = 0
and maximized in the strongly controlled situation β → +∞.
This is because the Legendre duality between the value func-
tion Vt (n, β ) and the conjugate value function Et (n, u) induces
the correspondence between the weight β and the constraint u
which is given by the following equation:

u = ∂βVt (n, β ) = U†
t (n, β ) (A23)

and its inverse

β = ∂uEt (n, u) (A24)

if the conjugate value function is differentiable. The min-
imizer u0 of the conjugate value function has a vanishing
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derivative ∂uEt (n, u0) = 0, which is equivalent to u0 =
∂βVt (n, 0) = U†

t (n, 0) meaning that the uncontrolled case
β = 0 corresponds to the minimizer of the conjugate value
function.

In some cases, there exists a maximum βc such that the
value function V (n, β ) diverges to +∞ as β → βc. In this
case, the conjugate value function E (n, u) has an asymptotic
slope βc as u → ∞. On the other hand, the value function can
have a finite asymptotic slope uc as β → ∞. This is when the
conjugate value function diverges to +∞ at u = uc.

Finally, let us apply the formulations above when the in-
stantaneous control cost function C(n, k) is of KL type as
defined in Eq. (31). It is a continuous, strictly convex, 1-
coercive, and nonnegative function minimized at k = k0. The
Legendre transform of the KL control cost function CKL(n, k)
with respect to k is given by

C∗
KL(n, φ) =

∑
r∈R

k0
r hr (n)

{
exp

(
φr

hr (n)

)
− 1

}
, (A25)

where the summand is understood to be zero when hr (n) = 0.
Thus, the HJB Eq. (A10) becomes

− ∂

∂t
Vt (n, β ) = βUt (n)+

∑
r∈R

k0
r hr (n)

{
exp

[∇srVt (n, β )
]−1

}
,

(A26)

which is stated in Eq. (33). The optimal reaction rate coeffi-
cient in Eq. (A11) becomes

k†
r (t, n, β ) = k0

r exp
[∇srVt (n, β )

]
(A27)

because ∂φrC
∗
KL(n, φ) = k0

r exp[φr/hr (n)].
Furthermore, as we discussed in the main text, we can

obtain the probabilistic representation of the value function

Vt (n, β ) = logEk0 [exp{βUt (n(·))}|n(t ) = n]. (A28)

This is the cumulant generating function of Ut (n(·)). In the
context of large deviation theory, the conjugate value function
Et (n, u) is related to the rate function.

APPENDIX B: DERIVATION OF THE f -DIVERGENCE
CONTROL COST

In this section, we briefly prove that the f -divergence is
the only class of divergences with decomposability, positive
homogeneity, and subadditivity. It has been shown in [71,72],
which is reproduced here with our notation.

From the decomposability, the divergence D[ j‖ j0] is
written as

D[ j‖ j0] =
∑
r∈R

Dr
[

jr, j0
r

]
. (B1)

Due to positive homogeneity, when j0
r > 0,

Dr
[

jr, j0
r

] = j0
r Dr

[
jr
j0
r

, 1

]

=: j0
r fr

(
jr
j0
r

)
. (B2)

The function fr (x) := Dr[x, 1] satisfies fr (1) = 0 and
∂x fr (1) = 0 due to the properties of the divergence.

Equation (B2) also holds when j0
r = 0 since we interpret the

right-hand side being 0.
Finally, subadditivity implies, for a, b ∈ [0, 1],

Dr
[

jr, j0
r

]
� Dr

[
a jr, b j0

r

]+ Dr
[
(1 − a) jr, (1 − b) j0

r

]
.

(B3)

Substituting Eq. (B2), we get

j0
r fr

(
jr
j0
r

)
� b j0

r fr

(
a jr
b j0

r

)
+ (1 − b) j0

r fr

(
(1 − a) jr
(1 − b) j0

r

)
.

(B4)

Setting x := a jr
b j0

r
, and y := (1−a) jr

(1−b) j0
r
, we obtain

f [bx + (1 − b)y] � b f (x) + (1 − b) f (y). (B5)

Since this inequality holds for any x, y � 0 and b ∈ [0, 1], f
is a convex function.

APPENDIX C: PATH MEASURE PERSPECTIVE AND THE
KL CONTROL COST

In this section, we introduce the concept of path probability
measures, from which the KL control cost can be derived
naturally.

Let us denote probability measure on the space of reaction
count process (ξ (t ))0�t�T by P (ξ (·)). When we consider the
reaction count process generated with a reaction rate coeffi-
cient function (k(t ))0�t�T , we denote the probability measure
by Pk(·)(ξ (·)). The KL divergence between two probability
measures P and P 0 is defined as

DKL[P‖P 0] := EP

[
log

dP

dP 0
[ξ (·)]

]
, (C1)

where dP
dP 0 [ξ (·)] is the Radon-Nikodým derivative and EP is

the expectation under the probability measure P .
When the probability measures P and P 0 are given by

a reaction rate coefficient function k(·) and the uncontrolled
reaction rate coefficient k0(·) = (k0)0�t�T , respectively, then
we can show that the KL divergence between them is equal
to the expected KL control cost given by Eq. (31) integrated
from time 0 to T :

DKL[Pk(·)‖Pk0 ] = Ek(·)[C(n(·), k(·))]

= Ek(·)

[∫ T

0
C(n(t ), k(t )) dt

]
. (C2)

See Appendix C 1 for derivation. Note that we use the proba-
bility measure on the space of the reaction count process ξ (·)
rather than the number process n(·). The probability measure
on the space of the number process has less information
than that on the space of the reaction count process because
the number process can be calculated by the reaction count
process as in Eq. (3), not vice versa. The KL divergence for
measures on number process space does not have a simple
expression as in Eqs. (C2) and is not compatible with the
linear HJB equation.

Now let us consider the following optimization problem
with respect to the path probability measure P on the space of
reaction counts ξ (·):

V (n0, β ) := max
P

βEP [U (n(·))] − DKL[P‖Pk0 ], (C3)
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where the initial condition is n(0) = n0 almost surely. This
optimal measure problem (C3) is equivalent to the opti-
mal control problem Eq. (A6) with KL control cost if the
maximization with respect to P is restricted to the class of
probability measures Pk(·) generated by some reaction rate
coefficient k(·). Thus, in general, the maximum V (n0, β )
is greater than the maximum V (n0, β ), i.e., V (n0, β ) �
V (n0, β ). Nonetheless, we can prove that the equality

V (n0, β ) = V (n0, β ) = logEk0{exp(βU (n(·))}] (C4)

holds in general and that the optimal probability measure P †

of Eq. (C3) coincides with the probability measure Pk†(·) with
the optimal reaction rate coefficient k†(·), i.e., P † = Pk†(·),
which is given by

dP †(ξ (·)) = 1

Z exp{βU (n(·))}dPk0 (ξ (·)), (C5)

where Z = logV (n0, β ) is the normalizing constant. See
Appendix C 2 for proof. The equivalence to the optimal
probability measure problem is the reason why the optimal
control problem with KL control cost can be solved effi-
ciently, especially in a time-forward manner without resorting
to the dynamic programming principle [40]. The equivalence
originates from the special property of the logarithm in KL
divergence and does not hold for general divergences.

1. KL divergence between two stochastic reaction networks

Here we prove Eq. (C2) by calculating the Radon-Nikodým
derivative and KL divergence between two path measures
Pk(·)(ξ (·)) and Pk0 (ξ (·)).

Let us consider the filtered probability space
(
,F , P, {Ft }t∈[0,T ] ). Let

ξ̃r (t ) := ξr (t ) −
∫ t

0
kr (τ )hr (nτ )dτ. (C6)

If Ek(·)[ξr (t )] is finite for all r and t , ξ̃t (r) is a martingale with
respect to {Ft } [21], which means that for any t,
t � 0,

Ek(·)[ξ̃r (t + 
t )|Ft ] = ξ̃r (t ). (C7)

In the differential form, we have

dξr (t ) = d ξ̃r (t ) + kr (t )hr (nt )dt, (C8)

where dξr (t ) = ∑∞
i=1 δ(τi − t ) if we write the time of the ith

jump as τi and δ(x) is the Dirac delta function. Moreover, for
any bounded function f (n), the integral∫ T

0
f (ξ (t−))d ξ̃r (t ) (C9)

is also a martingale, where ξ (t−) is the reaction count just
before the possible jump at time t .

The Radon-Nikodým derivative restricted to FT is given by

dPk(·)
dPk0

(ξ (·)) = exp

(
−
∫ T

0

∑
r∈R

[
kr (t ) − k0

r

]
hr (n(t ))dt

+
∫ T

0

∑
r∈R

log
kr (t )hr (n(t−))

k0
r hr (n(t−))

dξr (t )

)
. (C10)

The derivation of the Radon-Nikodým derivative for Markov
jump processes can be found in Appendix 1, Prop. 2.6 of
[39]. Substituting Eq. (C8), the log of the Radon-Nikodým
derivative can be written with the martingale ξ̃r (t ) as follows:

log
dPk(·)
dPk0

= −
∫ T

0

∑
r∈R

[
kr (t ) − k0

r

]
hr (n(t ))dt

+
∫ T

0

∑
r∈R

log
kr (t )

k0
r

d ξ̃r (t )

+
∫ T

0

∑
r∈R

kr (t )hr (n(t )) log
kr (t )

k0
r

dt . (C11)

Thus, taking the expectation, the integral term of the martin-
gale vanishes and we get

DKL[Pk(·)‖Pk0 ] = Ek(·)

[
−
∫ T

0

∑
r∈R

[
kr (t ) − k0

r

]
hr (n(t ))dt

+
∫ T

0

∑
r∈R

kr (t )hr (n(t )) log
kr (t )

k0
r

dt

]

= Ek(·)

[∫ T

0
C(n(t ), k(t )) dt

]
. (C12)

We can get the same expression by evaluating the KL diver-
gence in small time intervals as in [69,73].

It should be noted that the reaction count ξ (t ) contains
more information than the number n(t ). For any t , the filtration
Fn

t = σ ({n(τ )}0�τ<t ) generated by n(·) is the subset of the
filtration F ξ

t = σ ({ξ (τ )}0�τ<t ), i.e., Fn
t ⊂ F ξ

t ⊂ Ft . This is
because n(t ) can be calculated as a deterministic function
of ξ (t ), specifically n(t ) = n(0) +∑

r srξr (t ). In general, it
is not possible to invert this function. More precisely, if the
stoichiometric matrix S has a nontrivial right kernel, i.e.,
Ker S �= {0}, then n(t ) contains strictly less information than
ξ (t ), meaning that Fn

t is a proper subset of F ξ
t .

In addition, by the data processing inequality, the KL di-
vergence calculated for n(·) is smaller than the one calculated
for ξ (·). Thus, the minimum control cost or minimum KL
divergence problem for ξ (·) provides the upper bound for the
minimum KL divergence problem for n(·).

2. Solution of the optimal measure problem

In this section, we present the proof of Eqs. (C4) and (C5),
that is, the optimal probability measure problem has the same
solution as the optimal control problem.

Assuming that P is absolutely continuous with respect to
Pk0 and the KL divergence is finite, then we have

βEP [U (n(·))] − DKL[P‖Pk0 ]

= EP

[
βU (n(·)) − log

dP

dPk0
[ξ (·)]

]

=
∫

log

(
exp[βU (n(·))]dPk0

dP
[ξ (·)]

)
dP [ξ (·)]

� log

(∫
exp[βU (n(·))]dPk0

dP
[ξ (·)]dP [ξ (·)]

)
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= log

(∫
exp[βU (n(·))]dPk0 [ξ (·)]

)
= logEk0 [exp{βU (n(·))}], (C13)

where we used Jensen’s inequality for the concave function
log. The equality holds if and only if exp[βU (n(·))] dPk0

dP [ξ (·)]
is constant with probability one with respect to P , which is
given by the following P = P †:

dP †[ξ (·)] = 1

Z exp[βU (n(·))]dPk0 (ξ (·)), (C14)

where Z = Ek0 [exp{βU (n(·))}] is the normalizing constant.
Therefore, the optimum of the objective function is given by

V (n0, β ) = max
P

[βEP [U (n(·))] − DKL[P‖Pk0 ]]

= logEk0 [exp{βU (n(·))}], (C15)

which is equal to the optimum V (n0, β ) of the optimal control
problem.

Furthermore, we can confirm that the optimally controlled
process with k†(t, n, β ) has the probability law given in
Eq. (C14). Let us denote the set of times at which jumps
occur as {τi}i=1,...,I where τ0 := 0 � τ1 < τ2 < · · · < τI−1 <

τI � T =: τI+1 and I = ∑
r∈R ξr (T ) � 0 is the total number

of jumps in the time interval [0, T ]. We further denote the
reaction count and the state after the ith jump as ξ i := ξ (τi )
and ni := n(τi ), where we set ξ 0 := ξ (0) and n0 := n(0) for
convenience. Since no two reactions occur simultaneously, the
reaction that occurs at time τi is denoted by ri ∈ R, so that
ξ i

ri
= ξ i−1

ri
+ 1 and ni = ni−1 + sri hold.

Using Eq. (C10), the Radon-Nikodým derivative is
given by

log
dPk†(·)
dPk0

(ξ (·)) = −
∫ T

0

∑
r∈R

[
k†

r (t, n(t ), β ) − k0
r

]
hr (n(t ))dt

+
∫ T

0

∑
r∈R

log
k†

r (t, n(t−), β )
k0

r

dξr (t ).

(C16)

For the first term of Eq. (C16), we get

−
∫ T

0

∑
r∈R

[
k†

r (t, n(t ), β ) − k0
r

]
hr (n(t ))dt

= −
∫ T

0

∑
r∈R

k0
r

{
exp

[∇srVt (n(t ), β )
]− 1

}
hr (n(t ))dt

=
∫ T

0

(
∂

∂t
Vt (n(t ), β ) + βUt (n(t ))

)
dt

= β

∫ T

0
Ut (n(t ))dt +

I∑
i=0

∫ τi+1

τi

∂

∂t
Vt (n

i, β )dt

= β

∫ T

0
Ut (n(t ))dt +

I∑
i=0

[
Vτi+1 (ni, β ) − Vτi (n

i, β )
]
,

(C17)

where we used the HJB (A26) in the second line.

For the second term of Eq. (C16), we get∫ T

0

∑
r∈R

log
k†

r (t, n(t−), β )
k0

r

dξr (t )

=
I∑

i=1

log
k†

ri
(t, ni−1, β )

k0
ri

=
I∑

i=1

∇sri
Vτi (n

i−1, β )

=
I∑

i=1

[
Vτi (n

i−1 + sri , β ) − Vτi (n
i−1, β )

]

=
I∑

i=1

[
Vτi (n

i, β ) − Vτi (n
i−1, β )

]
. (C18)

Summing up both terms, the Radon-Nikodým derivative
becomes

log
dPk†(·)
dPk0

[ξ (·)]

= β

∫ T

0
Ut (n(t ))dt +

I∑
i=0

[
(Vτi+1 (ni, β ) − Vτi (n

i, β )
]

+
I∑

i=1

[
Vτi (n

i, β ) − Vτi (n
i−1, β )

]

= β

∫ T

0
Ut (n(t ))dt + VτI+1 (nI , β ) − Vτ0 (n0, β )

= β

∫ T

0
Ut (n(t ))dt + βUT (n(T )) − V0(n0, β )

= βU (n(·)) − V (n0, β ), (C19)

where we used the terminal condition VτI+1 (nI , β ) =
VT (n(T ), β ) = βUT (n(T )). Therefore, the probability law
Pk†(·) for the optimal control has the same expression

dPk†(·)[ξ (·)] = 1

Z exp[βU (n(·))]dPk0 (ξ (·)), (C20)

as the optimal probability measure P † in Eq. (C14).

APPENDIX D: INFINITE HORIZON AVERAGE
COST PROBLEMS

In this section we consider the following optimal control
problem:

V∗(n0, β ) := max
k(·)

lim
T →∞

1

T
Ek(·)

[ ∫ T

0
{βU (n(t ))

− C(n(t ), k(t ))}dt

∣∣∣∣n(0) = n0

]
. (D1)

We can derive the following optimality equation [74]: for all
n ∈ N ,

χ (β ) = max
k

[βU (n) − C(n, k) + Lkv(n, β )], (D2)
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where χ (β ) ∈ R and a scalar function v(n, β ) on N × R. If
the instantaneous control cost function C(n, k) is assumed to
be continuous, strictly convex, and 1-coercive, we have

χ (β ) = βU (n) + C∗(n, h(n)∇sv(n, β )). (D3)

The optimum V∗(n0, β ) is given by V∗(n0, β ) = χ (β ) inde-
pendently of the initial condition n0. The optimal control
k†(n, β ) is given by

k†(n, β ) = ∂φC∗(n, h(n)∇sv(n, β )). (D4)

When we further assume the KL control cost, the optimal-
ity equation becomes

χ (β ) = βU (n) +
∑
r∈R

k0
r hr (n)

{
exp

[∇sr v(n, β )
]− 1

}
. (D5)

Applying the Cole-Hopf transformation z(n, β ) :=
exp v(n, β ), we obtain

χ (β )z(n, β ) = βU (n)z(n, β ) + Lk0 z(n, β ). (D6)

Thus, it is reduced to the eigenvalue problem, which is evident
in the following matrix-vector representation:

χ (β )z = (β diag u + 
0)z, (D7)

where (z)n = z(n, β ), (u)n = U (n), and (
0)n,n′ =∑
r∈R k0

r hr (n)δn+sr ,n′ . Here χ (β ) is the maximum eigenvalue
and z is the corresponding eigenvector. The eigenvectors
z can have arbitrary scale, which is consistent with the
fact that the constant shift of the function v(n, β ) does not
affect the optimal control k†

r (n, β ) = k0
r exp[∇sr v(n, β )]. The

eigenvalue problem can be solved efficiently if the state space
N is bounded and finite.

Finally, we briefly mention another infinite horizon prob-
lem with the following discounted objective function:

Vα (n0, β ) := max
k(·)

Ek(·)

[ ∫ ∞

0
e−αt [βU (n(t ))

− C(n(t ), k(t ))]dt

∣∣∣∣n(0) = n0

]
, (D8)

where α > 0 is the discount factor. The value function
Vα (n, β ) satisfies

αVα (n, β ) = βU (n) + C∗(n, h(n)∇sVα (n, β )). (D9)

When we assume the KL control cost, it becomes

αVα (n, β ) = βU (n) +
∑
r∈R

k0
r hr (n)

{
exp

[∇srVα (n, β )
]− 1

}
.

(D10)

Applying the transformation Zα (n, β ) := exp[Vα (n, β )], we
obtain

αZα (n, β ) log[Zα (n, β )] = βU (n) + Lk0 Zα (n, β ), (D11)

which is not a linear equation with respect to Zα . Therefore,
the discounted cost problem cannot be solved efficiently, un-
like the first exit problem or the average cost problem. The
previous study by Todorov reported the analogous conclusion
about solvability for diffusion processes and discrete-time
Markov chains [30].

APPENDIX E: PREVIOUS STUDIES

Here we compare our results with existing literature. Al-
though the diffusion process is the most extensively studied
continuous-time Markov process in optimal control problems,
the problems for Markov jump processes have also been
formulated in [70,75–77], where the optimality conditions
and existence and uniqueness of the solution were estab-
lished. General results and historical remarks can be found in
[29,78].

Thereafter, many studies worked on the optimal con-
trol problems in complex settings like stochastic re-
action networks in the context of chemical reactions
[35–37,79,80], jump diffusions [33,34], ecology [14], epi-
demiology [32,81,82], and economics [43]. However, there
were no widely applicable efficient methods to solve the prob-
lems in complex settings like stochastic reaction networks.

Note that while the stochastic reaction network is a special
class of Markov jump processes, stochastic reaction networks
have several unique features that call attention to their optimal
control problems. First, it has special algebraic constraints in
the jump size imposed by stoichiometry. If the stoichiometric
matrix is not full rank, the reachability among the states is
limited by the stoichiometric subspace [21,83]. Second, in
controlling stochastic reaction networks, the propensity func-
tion, which can have a nonlinear dependence on the state,
governs how the control input affects the process. If all the
reactions are unimolecular with mass action kinetics, the
propensity function is linear. In this case, the optimal control
problems with quadratic control cost can be solved analo-
gously to linear quadratic problems [35–37], which cannot
be applied to reaction networks with nonlinear propensity
functions. Third, the size of the state space can be infinite
and grow exponentially as the number of types increases. In
the context of epidemics, for example, the number of types
can be very large in order to capture the complex dynam-
ics arising from heterogeneity in the population [61]. Prior
techniques for solving optimal control problems are limited in
applicability to complex situations or efficiency in large-scale
problems.

Path integral control and KL control concepts were found
to be effective in solving optimal control problems only for
diffusion processes and discrete-time Markov chains [28,30]
in physics and computational neuroscience. As pointed out
in [40], a mathematically nice property of KL divergence on
path probability measures is fundamental in path integral con-
trol for diffusion processes and KL control for discrete-time
Markov chains. The same discussion applies to continuous-
time Markov jump processes, and several recent studies
[41–43] have presented similar theories. It is noteworthy that
basically the same mathematical structure was introduced by
Fleming [84] and Holland [85] in 1977, and its application in
Markov jump process can be found in Fleming’s 1982 paper
[29,86].

APPENDIX F: MAXIMUM SPEED PROBLEM FOR A
RANDOM WALKER IN A FIXED DURATION

In this section, we present another analytically solvable
optimal control problem with a random walker on a line. We
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FIG. 8. Results of the maximum exit time problem for Moran processes with different N and γ . Each panel shows the dependence of the
derivative ∇s1V (n, β ) of the value function on the initial state nA for different β. The values of β are sampled at equal intervals between 0 and
βc and color coded. The optimally controlled stochastic trajectories from time 0 to T = 100 with initial condition nA(0) = 1 for different β are
shown in the inset.

consider the following problem:

maximize
k(·)

βEk(·)[x(T )] − DKL[Pk(·)‖Pk0 ], (F1)

where x(t )=x̂(n) ∈ X represents the position of the parti-
cle at time t . For simplicity, we assume the uncontrolled

reaction rate coefficients or the uncontrolled transition rates
are the same k0

r = κ > 0 for all r ∈ R. Setting UT (n)=x̂(n)
and Ut (n) ≡ 0 and using the probabilistic representation,
Eq. (36), the value function Vt (n, β )=:Vt (x̂(n), β ) is given by

Vt (x, β ) = logEk0 [exp{βx(t )}|x(0) = x]. (F2)
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From the analytical expression of the probability distribution
[87], we obtain

Vt (x, β ) = βx + 2κ (T − t )[cosh(β ) − 1]. (F3)

Since the value function is an affine function in x, the optimal
reaction rate coefficients are independent of the position x and
time t ,

k†
(x,x+1)(t, n, β ) = κeβ,

k†
(x,x−1)(t, n, β ) = κe−β. (F4)

Under this optimal control, the expected position at the termi-
nal time can be calculated using Eq. (A12):

U†
t (x, β ) := Ek† [x(t )|x(0) = x] = x + 2κ (T − t ) sinh(β ).

(F5)

The first term x is the expected utility for uncontrolled pro-
cesses U†

t (x, 0) = x. The second term 2κ (T − t ) sinh(β ) is
gained by consuming the control cost

C†
t (x, β ) = 2κ (T − t )[β sinh(β ) − cosh(β ) + 1], (F6)

which can also be represented by the conjugate value function

Et (x, u) = 2κ (T − t )[û sinh−1(û) −
√

1 + û2 + 1], (F7)

where û = (u − x)/[2κ (T − t )].

APPENDIX G: ADDITIONAL RESULTS ON
CONTROLLING MORAN PROCESSES

In the main text, we calculated the results of the maximum
exit time problem for Moran processes with population size
N = 100. Here we show additional results with smaller and
larger population sizes N = 50, 100, 200, and 500 in Fig. 8.

When N or γ is small, the derivative of the value function
does not have the plateau region (OFF mode region), and the
controlled trajectories can maintain an intermediate size of
nA. On the other hand, when N and γ are large, the OFF
mode region emerges, and the controlled trajectories show
bimodality.

Focusing on the size of the ON mode region around nA =
0, its relative size decreases as N increases. However, the
absolute size of the ON region remains unchanged. Therefore,
we expect that the optimal control law becomes singular in the
large population limit N → ∞ where the ON mode region
appears only at the boundary nA = 0.
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