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Hydrodynamic Stability and Pattern Formation in Hexatic Epithelial Layers
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We investigate the hydrodynamic stability and the formation of patterns in a continuum model of epithelial lay-
ers, able to account for the interplay between mechanical activity, lateral adhesion, and the sixfold orientational
order originating from the hexagonal morphology of the cells. Unlike in other models of active liquid crystals,
the balance between energy injection and dissipation can here involve multiple length scales, resulting in a large
spectrum of dynamical behaviors. When kinetic energy is dissipated by the cells’ adhesive interactions at a rate
higher than at which is injected by active stresses, the quiescent state of the cellular layer is generically stable:
i.e., hydrodynamically stable regardless of its size. However, as the cellular layer becomes progressively more
active, this homeostatic condition is altered by a hierarchy of pattern-forming instabilities, where the system
organizes in an increasingly large number of counterflowing lanes of fixed width. In two-dimensional periodic
domains, the latter organization is itself unstable to the proliferation of vortices and the dynamics of the cellular
layer becomes eventually chaotic and yet different from the more common active turbulence.

DOI: 10.1103/zqx9-t89j

I. INTRODUCTION

Among the avenues to a continuum mechanics of multicel-
lular systems, liquid crystals hydrodynamics is one the most
actively pursued. In addition to the great deal of physical
intuition and theoretical machinery already at hand, the rich
phenomenology of flowing liquid crystals provides de facto
a paradigm for rationalizing the interplay between spatial
organization and collective motion: a pivotal mechanism in
living matter. Examples include the dynamics of topological
defects in confluent cell layers [1–6] and their possible role in
tissue morphogenesis [7], cancer progression [8] and wound
healing [9], as well as a vast spectrum of pattern-forming
instabilities leading to migratory behaviors [10–14]. Much of
these models, in turn, revolves around the notion of polar or
nematic order: i.e., the property of elongated building blocks,
such as bacteria or mesenchymal cells, to form bulk phases
with local one- or twofold rotational symmetry, respectively.
The central idea behind this approach is that uniaxial align-
ment focuses the microscopic forces actively generated by the
cells, thus giving rise to contractile or extensile stresses at the
mesoscopic length scale. The latter, then, conspire with other
forces, such as those originating from the frictional interac-
tions of the cells between each other and with a substrate,
thereby leading to collective motion.
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Migratory epithelia differ from the above in that orienta-
tional order is not strictly uniaxial, thus eluding the standard
classification in terms of polar (i.e., onefold) or nematic (i.e.,
twofold) liquid crystals. An alternative strategy, built upon
preliminary evidence from several cell-resolved models of
epithelia [15–18], was proposed in Refs. [19,20] and revolves
around the notion of multiscale order (MsO), i.e., the coexis-
tence of different ordered structures at different length scales.
While this hierarchical form of organization is not limited
to orientational order [21,22] nor to cellular matter [23], the
notion of epithelia as multiscale active liquid crystals has
naturally emerged as a possible framework to relate the spatial
structure and the mechanical behavior of a class of active
materials whose organization is too complex to be described
in terms of a single order parameter.

The simplest continuum model of epithelial layer based
on MsO comprises only two layers of orientational order,
that is hexatic and nematic [20]. The former stems from the
local sixfold symmetry resulting from the close-packing of
naturally isotropic, but deformable, building blocks, while the
latter reflects the typical uniaxial organization of collectively
migrating cell clusters [19]. It follows that hexatic order is
dominant at small length scales, while the large scale behavior
is mainly determined by the nematic order emerging among
cell clusters, with the average cluster size marking the length
scale at which such a hexanematic crossover take place [24].

Now, because of its historical importance and its connec-
tion with active polar- and nematohydrodynamics, much of
the literature on flowing epithelia has so far been limited
to large scale collective phenomena, where hexatic order is
negligible or nearly so. These include the chaotic motion
observed in cultures of spindlelike cells (e.g., HT1080, RPE1,
etc.), in open domains [1,25], under confinement [6,11], or
in vivo [26], the formation of vortices in freely expanding
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epithelia [27], as well as various other examples of pattern for-
mation involving integer and semi-integer topological defect
[1,3–5,25] (see also Ref. [28] for an overview). By contrast,
our understanding of the role of hexatic order in epithelia has
only recently started to bloom and the questions still outnum-
ber the answers by far. In Ref. [29], for instance, some of the
authors showed how the unbinding of ±1/6 hexatic defects
can account for the small-scale dynamics observed in epithelia
during cell intercalation: i.e., the process that allows conflu-
ent cells to move by remodeling the network of intercellular
junctions in their surrounding. The interplay between hexatic
order and cell division has also emerged as a potentially
relevant mechanism during morphogenesis [30], while the
connection between the onset of collective migration and the
Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) melt-
ing scenario has been now convincingly demonstrated by
different cell-resolved models [15–18], although its implica-
tions in the spatiotemporal organization of epithelia is still
entirely elusive.

In this article, we provide the first analysis of the hydro-
dynamic stability in a theoretical model of hexatic epithelial
layers, both under confinement and in periodic domains. Af-
ter a brief overview of hexatic hydrodynamics (Sec. II), we
focus on energy dissipation and show how the small-scale
hydrodynamic stability of the system crucially demands a
scale-dependent balance between energy injection and dissi-
pation mechanisms, with the latter naturally arising from the
cells lateral interactions (Sec. III). To illustrate this concept,
we specifically investigate two different realizations of epithe-
lia under channel confinement and demonstrate the existence
of a variety of instabilities leading to collective migration
(Sec. IV). While the simplest of these recapitulates all the
essential aspects of the classic spontaneous flow transition
of active liquid crystals [31,32], the availability of multiple
inherent length scales, originating from the scale-dependent
balance between energy injection and dissipation, results
into a cascade of further instabilities. These allow cells to
partition the confining channels in an arbitrary number of
oppositely flowing lanes. In Sec. V we show how much of
the intuition developed for the quasi-one-dimensional flows
spontaneously arising under channel confinement carries over
to two-dimensional periodic flows and anticipate the emer-
gence of a new class of “active turbulence,” whose spatial
organization is reminiscent of the herringbone patterns ob-
served in certain kind of malignant mesenchymal tumors such
as fibrosarcoma [33].

II. SMALL-SCALE HYDRODYNAMICS
OF HEXATIC EPITHELIA

The hydrodynamic equations of an epithelial layer fea-
turing multiscale hexanematic order have been derived in
Ref. [20] upon extending the hydrodynamic theory of passive
p-atic liquid crystals [34,35]. A central quantity in this formu-
lation is the p-atic order parameter tensor Qp = Qi1i2··· ipei1 ⊗
ei2 · · · eip , with in ∈ {x, y} and n = 1, 2 . . . p, expressing the
local average configuration of the p-atic mesogens. This is
given by

Qp =
√

2p−2[[〈ν⊗p〉]] =
√

2p−2 |�p|[[n⊗p]], (1)

FIG. 1. Pictorial cartoon of a two-dimensional channel of migrat-
ing epithelial cells. The hexatic order field, defined by the angle θ , is
illustrated with sixfold symmetric stars. The order field is determined
through a coarse-graining procedure over the hexatic orientation
ϑ of the individual cells (top-right panel), a process symbolically
represented by the smooth transition from the cells on the left to the
stars on the right. The channel extends infinitely in the x direction
and has a width of L in the y direction.

where ν = cos ϑ ex + sin ϑ ey is the orientation of the indi-
vidual building blocks, as depicted in Fig. 1(a), 〈· · · 〉 the
ensemble average and the operator [[. . .]] has the effect of
rendering its argument to be symmetric and traceless. The
quantity |�p| is the magnitude of the complex p-atic order pa-
rameter and, together with its phase θ , is obtained upon taking
the ensemble average of the p-fold orientation field ψp = eipϑ ,
i.e., �p = 〈ψp〉 = |�p|eipθ . The unit vector, n = cos θ ex +
sin θ ey, finally, is the p-atic director, marking the average
orientation at the scale of a volume element [see Fig. 1(b)].
By construction, |Qp|2 = Qi1i2··· ipQi1i2··· ip = |�p|2/2.

In the following, we assume an epithelial layer that is con-
fined at length scales well below the hexanematic crossover
scale, so that its dynamics results solely from the interplay
between hexatic order and the contractile or extensile forces
generated at the cellular scale, while nematic order is assumed
negligible. The hydrodynamic equations are then given in
terms of the mass density ρ, momentum density ρv and the
rank-6 order parameter tensor Q6, by

Dρ

Dt
+ ρ∇ · v = (kd − ka )ρ, (2a)

ρ
Dv

Dt
= ∇ · (σ (p) + σ (a) ) + f , (2b)

DQ6

Dt
= �6H6 + 6[[Q6 · ω]] + λ6[[∇⊗4u]]

+ λ6tr(u)Q6 + ν6[[u⊗3]], (2c)

with D/Dt = ∂t + v · ∇ the material derivative. In Eq. 2(a),
kd and ka are the rates of cell division and apoptosis. In
Eq. (2b), the tensors σ (p) and σ (a) embody the passive and
active stresses driving the cellular flow, whereas f is an ex-
ternal body force. In Eq. (2c), �−1

6 is the rotational viscosity,
u = [(∇v) + (∇v)ᵀ]/2 and ω = [(∇v) − (∇v)ᵀ]/2, with ᵀ
indicating transposition, are the strain rate and vorticity tensor
expressing the feedback of the flow on the configuration of the
hexatic order parameter, with λ6, λ6, and ν6 phenomenological
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constants and (∇⊗n)i1i2··· ip = ∂i1∂i2 . . . ∂in . The rank-6 tensor
H6 = −δF/δQ6 is the analog of the molecular tensor in ne-
matic liquid crystals and drives the relaxational dynamics
toward the minimum of the free energy

F =
∫

d2r

(
L6

2
|∇Q6|2 + A6

2
|Q6|2 + B6

4
|Q6|4

)
. (3)

Here L6 is the order parameter stiffness and A6 and B6 phe-
nomenological constants setting the magnitude of the order
parameter at equilibrium: i.e., |� (0)

6 | = √−2A6/B6. The pas-
sive stress tensor in Eq. (2b) is routinely decomposed as
σ (p) = −P1 + σ (e) + σ (v) + σ (r), where P is the pressure and
σ

(e)
i j = −L6 ∂iQ6 � ∂ jQ6, with � indicating a contraction of

all the matching indices of the two operands, the elastic
stress arising in response to a static deformation of a fluid
patch. Last, the tensors σ (r) = −λ6 Q6 � H6 1 − λ6∇⊗4 �
H6 + 3(Q6 · H6 − H6 · Q6) and σ (v) convey the reactive (i.e.,
energy preserving) and dissipative (i.e., entropy producing)
stresses originating from the interplay between hexatic order
and flow.

The active stress σ (a) was constructed in Ref. [20] on the
basis of phenomenological and microscopic arguments and,
in the specific case of active hexatics, takes the form

σ (a) = α6 ∇⊗4 � Q6, (4)

where the activity coefficient α6 ∼ −Fa5 reflects the force
per unit area, F , arising from the tension imbalance at the
vertices of the cellular network at the length scale of the
typical cell size a. Although the microscopic tension is mainly
contractile, the resulting force density can be either contractile
(i.e., F < 0 and α6 > 0) or extensile (i.e., F > 0 and α6 < 0)
depending on the specific tension distribution and cellular
geometry [20].

The role of substrate friction is twofold, depending on the
specific type of substrate and the nature of its interaction with
the cells. A liquid substrate, such as the egg cytoplasm in
the morphogenesis of Drosophila or other in vivo models,
is expected to produce a simple Stokesian drag force of the
form f drag = −ζv, with ζ a drag coefficient and v the velocity
of the moving tissue. This type of cell-substrate interaction
(considered in [3,11]) affects the dynamics by introducing an
additional length scale �drag = √

η2/ζ . At length scales larger
than �drag, frictional dissipation overweights viscous dissipa-
tion, thereby leading to an exponential damping of the flow.
At length scales smaller than �drag, momentum dissipation is
predominantly viscous. Furthermore, the interaction with a
solid substrate is more complex. While it inevitably causes
a drag force due to protein friction [36], the substrate also
generates a distinct effect by acting as a mechanical lever.
This mechanism allows cells to convert traction forces into
intercellular tension—much like in a tug-of-war [37]—with
substrate stiffness serving as a key control parameter [38].
This effect, which leads to force generation rather than dis-
sipation, is effectively captured within the active stress tensor
σ (a) via the coefficient α6.

III. MULTISCALE ENERGY DISSIPATION

Integrating Eqs. (2) requires specifying how kinetic energy
is dissipated as a consequence of the viscous stress. In the

following, we demonstrate that the presence of a small-scale
energy injection mechanism, such as that embodied by the
hexatic active stress in Eq. (4), demands dissipation to occur
at equally fine length scales to prevent the accumulation of
energy. The latter gives rise to a multiscale energy dissipa-
tion mechanism, with crucial consequences on hydrodynamic
stability and pattern formation. To this end, we assume the
system enclosed in a two-dimensional channel, whose length
is much larger than the width L (see Fig. 1), so to render
the configuration of the cell layer invariant under transla-
tions along the longitudinal direction, say ex. Furthermore, we
assume the system at homeostasis, so that kd = ka, and homo-
geneous, from which ρ = const and ∇ · v = ∂yvy = 0. Thus,
θ = θ (y), v = vx(y)ex, having taken into account that vy(0) =
vy(L) = 0 because of the lateral confinement. To further iso-
late the interplay between energy injection and dissipation,
which serves as running engine of collective migration, we
simplify our treatment of flow alignment by retaining only
the corotational term in Eq. (2c) and ignore passive backflow
effects, the latter playing a secondary role for the hydrody-
namic stability of active liquid crystals [32]. As we will show
in Sec. V, both these simplifications only affect the details
of the problem, without changing the general picture. Under
these assumptions, Eqs. (2) reduce to the following coupled
equations for the angle θ and the longitudinal velocity vx:

∂tθ = D6∂
2
y θ − 1

2 ∂yvx, (5a)

ρ ∂tvx = ∂y
(
σ (v)

xy + 1
8 α6∂

4
y sin 6θ

)
, (5b)

where D6 = �6L6 is the rotational diffusion coefficient of the
hexatic phase.

Equations (5) provide a minimal continuum model of col-
lective epithelial migration under strong confinement and
are now amenable to a thorough analytical investigation. In
a regime of steady laminar flow (i.e., Stokesian regime),
Eqs. (5) imply

vx = v0 + 2D6∂yθ, (6a)

σ0 = σ (v)
xy + 1

8 α6∂
4
y sin 6θ, (6b)

with v0 and σ0 integration constants, whose specific expres-
sion is determined by the boundary conditions. Equations (6)
demand the collective cellular flow to be directed by the
pattern of spatial variations of the cells’ average orientation,
while the stress delivered by the active term (associated to the
actin cytoskeleton) is instantaneously dissipated by viscosity.
This, in turn, originates from the cell lateral interactions and,
as suggested by recent numerical studies of the vertex model
[39,40], can lead to a rich landscape of exotic rheological
phenomena.

Crucially, Eqs. (5) entail intrinsic length scales, originating
from the dynamical equilibrium between energy injection and
dissipation at the rate imposed by the relaxation of the internal
structure of the epithelial layer, here embodied in the hexatic
orientation θ . To illustrate this concept, let us first consider the
standard linear constitutive equation relating shear stress and
rate, that is

σ (v)
xy = η2∂yvx, (7)

where η2 is the shear viscosity. In this case, Eqs. (5) always
admit the trivial solution θ (y, t ) = θ0, vx(y, t ) = v0, with θ0 a
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FIG. 2. One-dimensional dispersion relation and stationary
states. (a) Graphical representation of the dispersion relation deduced
in Eq. (16) for three different cases of σ (v): η2 
= 0, η4 = η6 = 0 (blue
curve); η2 = η4 = 0, η6 
= 0 (red curve); η4 = 0, η2 
= 0, η6 
= 0
(black curve). The label qmin = 2π/L marks the lowest wave number
available in the system. Upon increasing the size L of the channel,
qmin moves toward smaller and smaller values, until the quiescent
state becomes unstable when qmin = q+. (b), (c) Examples of the
stationary configuration of the local hexatic orientation δθ (green)
and velocity vx (black) when (b) η2 = 0, η6 
= 0 and (c) η2 
= 0,
η6 
= 0.

constant. To assess the stability of this solution with respect to
an infinitesimal perturbation, we substitute Eqs. (6b) and (7)
in Eq. (6a), to obtain

∂tθ = D6∂
2
y θ + α6

16η2
∂4

y sin 6θ. (8)

Next, we decompose θ (y, t ) = θ0 + δθ (y, t ) and express the
perturbations in terms of Fourier-Laplace components: i.e.,
δθ (y, t ) = ∑∞

n=−∞
∫

dω θ (qn, ω) eiqny+ωt , with qn = 2πn/L
and ω ∈ C [41]. In the following, we will omit the index n
to avoid clutter. Substituting this in Eq. (8) yields

ω = −D6q2 + 3α6 cos 6θ0

8η2
q4. (9)

Now, if α6 = 0, then we recover the standard diffusive mode,
for which ω = −D6q2. As D6 > 0, R{ω} < 0 and the ampli-
tude of an arbitrary infinitesimal perturbation vanishes at short
length scales, that is in the limit q → ∞. In the presence of
hexatic activity, however, ω ∼ α6 q4 for large q values and the
same behavior is no longer guaranteed. Specifically, given an
initial orientation θ0, there is always a range of activities for
which a perturbation of sufficiently large wave number will
give rise to a unstable branch [see blue curve in Fig. 2(a)]. For
instance, in the presence of contractile activity (i.e., α6 > 0)
and for θ0 = 0, the dispersion relation given by Eq. (9) de-
mands the homogeneous state of a confined epithelial layer to

be unstable to perturbations whose wave number is larger than

q− =
√

8η2D6

3α6
. (10)

Such a scenario is obviously unphysical as it would imply
instability already at the cellular scale, thereby preventing the
formation of structures of any kind. Accounting for passive
backflow effects, via the reactive stress σ (r)

xy = 9L6|�6|2∂2
y θ ,

contributes to the numerator of Eq. (9) with an additional
quadratic term, but this does not influence the structure of
hydrodynamic modes at neither large nor small length scales.

Now, the standard approach toward regularizing this be-
havior consists of manipulating the energy dissipation rate
across length scales by including in the expression of the
viscous stress, Eq. (7), higher-order velocity gradients. This
strategy, which has been previous used to investigate the be-
havior of active suspensions [42] and as a possible source of
turbulence in self-driven systems [43], amounts to the follow-
ing expression of the viscous stress:

σ (v) = 2
kmax∑
k=1

(−1)k−1η2k∇2(k−1)[[u]], (11)

where η2k is a generalized viscosity coefficient, often referred
to as hyperviscosity, and ∇2(k−1) stands for the (k − 1)th re-
cursive application of the Laplace operator ∇2. However, the
spectral density E = E (q) of the kinetic energy stored in a unit
mass, i.e., 〈v2/2〉 = ∫

dq E (q), changes in time at the rate

dE (q)

dt
= 〈F−q{v} · Fq{∇ · (−v ⊗ v + ρ−1∇ · σ)}〉, (12)

where 〈· · · 〉 denotes a statistical average and Fq{· · · } =∫
d2r e−iq·r(· · · ) Fourier transformation (see, e.g.,

Refs. [44–47]). Taken together, Eqs. (11) and (12) implies
dE (q)/dt ∼ −ν2q2 − ν4q4 − ν6q6 + · · · , with ν2k = η2k/ρ is
the kinematic hyperviscosity. This scaling behavior, however,
must reflect that of energy injection for the system to be
thermodynamically stable and avoid the accumulation of
energy at a given scale or range of scales. The latter provides
a criterion for the truncation of the expansion in Eq. (11).
That is

kmax � p, (13)

for generic active p-atic liquid crystals. Thus, for the specific
case of p = 6, Eq. (11) can be cast in the form

σ (v) = 2(η2 − η4∇2 + η6∇4)[[u]]. (14)

Notice that, while η4 could be either positive or negative,
indicating a sink or source of energy, respectively, η6 > 0 for
thermodynamic stability. Including those corrections in the
momentum balance relation given in Eq. (6) yields

σxy = η2∂yvx − η4∂
3
y vx + 1

8 α6∂
4
y sin 6θ + η6∂

5
y vx, (15)

from which one can again derive a dispersion relation in the
form

ω = −D6q2 + 3α6 cos 6θ0 q4

8(η2 + η4q2 + η6q4)
. (16)

In the q → ∞ limit, the second term on the right-hand side of
this equation converges to a constant, indicating that energy
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is now dissipated at the same rate at which it is injected,
whereas the first term guarantees hydrodynamic stability at
small length scales, as ω → −∞ for D6 > 0.

Finally, extending this approach to generic active p-atics,
for which [20]

σ (a) = αp∇⊗(p−2) � Qp, (17)

highlights the existence of two fundamental timescales, asso-
ciated with the relaxation of linear momentum (i.e., τv) and
p-atic order (i.e., τθ ), respectively. These are given by

τv = ρ�p

ηp
, τθ = �2

Dp
, (18)

with � the characteristic length scale of the flow. Multiplying
these for the shear rate ε̇ yields, in turn, the classic Reynolds
number, Re = ε̇τv , expressing the ratio between the magni-
tude of inertial and viscous forces, and the Deborah number,
De = ε̇τθ , quantifying the rate of the flow in units of the
inherent relaxation rate of the fluid [48]. In the case of a
laminar active p-atic flow, the same reasoning behind Eq. (16)
implies

ε̇ ∼ αp

ηp
, (19)

from which

Re = ρ|αp|�p

η2
p

, De = |αp|�2

ηpDp
. (20)

In the following, we will assume that Re 
 1 at any length
scale, as typical of cellular motion, and will show how De
determines the hydrodynamic stability of the quiescent state,
as well as the structure of the migratory flow resulting from
the persistent injection and dissipation of energy.

IV. PATTERN FORMATION IN PERIODIC DOMAINS

Hereafter, we will assume v0 = 0 and σ0 = 0 in Eq. (6)
to highlight the role of activity, rather than externally ap-
plied mechanical work, and we will separately investigate the
case in which dissipation is solely hyperviscous (i.e., η2 = 0,
Sec. IV A) and both viscous and hyperviscous (i.e., η2 
= 0,
Sec. IV B). Furthermore, to set aside any undesired complex-
ity and isolate the essential physical mechanisms at play, we
hereafter set η4 = 0 and focus on the ideal case of an infinite
channel with periodic boundaries, so that θ (0, t ) = θ (L, t )
and vx(0, t ) = vx(L, t ). In practice, this implies restricting an
infinitesimal perturbation of the quiescent state to be periodic
in space, so that its wave number is an integer multiple of
qmin = 2π/L.

In the following, we will see how decreasing qmin, i.e., by
progressively increasing the size of the width of the channel,
and increasing the Deborah number De, i.e., by increasing ac-
tivity or decreasing the rate of momentum dissipation, results
into a hierarchy of hydrodynamic instabilities, which allows
our model epithelial layer self-organizing in an arbitrary num-
ber of oppositely flowing lanes.

A. Pure hyperviscous dissipation

We start our analysis from the simple case in which η2 = 0
so that

σ (v)
xy = η6∂

4
y (∂yvx ), (21)

which is sufficient to resolve unphysical effects caused by
small-scale instability. In this case, and for α6 > 0 and θ0 = 0,
Eq. (16) demands the amplitude of linear perturbation to
decrease monotonically with the wave number and change
in sign at a specific activity-dependent wave number q+, as
shown by the red curve in Fig. 2. The latter implies that, for
small activities and narrow channels, that is when qmin > q+,
the quiescent state is linearly stable to infinitesimal perturba-
tions. By contrast, increasing activity or the channel’s width,
that is for qmin < q+, the stationary and uniformly oriented
configuration becomes unstable to a state of spontaneous dis-
tortion and flow.

To gain insight into this instability and the post-transitional
scenario, we use Eq. (21) to recast Eqs. (6) in the form of a
single stationary equation: i.e.,

L4∂4
y

(
L2∂2

y θ + De

16
sin 6θ

)
= 0, (22)

with De = |α6|L2/(η6D6) the Deborah number, as defined in
Eqs. (20) for p = 6, at the length scale of the channel width.
Next, taking θ (y) = θ0 + δθ (y) and expanding the left-hand
side at the linear order in δθ gives

∂4
y

(
∂2

y + q2
+
)
δθ = 0, (23)

where, for simplicity, we have set θ0 = 0 and

q+ =
√

3
8 De

L
. (24)

Equation (23) admits now a simple solution of the form

δθ (y) = ε cos(q+y + φ), (25)

where ε and φ real constants. Now, for qmin > q+, that is for
De < De∗ = 32π2/3, Eq. (25) does not satisfy the periodic
boundary conditions unless ε = 0, so that θ = θ0 = 0. As
soon as De = De∗, however, qmin = q+ and the channel is
sufficiently wide to accommodate a full wavelength of the
distorted configuration. As a consequence, the quiescent state
becomes linearly unstable to a state of collective migration. In
proximity of the transition, the configuration of the local ori-
entation δθ and velocity δvx can be obtained upon expanding
Eq. (22) up to third order in δθ . Then, taking φ = 0 in Eq. (25)
and isolating ε at y = 0, one finds

δθ (y) ≈ ±
√

De − De∗

6De
cos(q+y), (26a)

δvx(y) ≈ ∓4πD6

L

√
De − De∗

6De
sin(q+y). (26b)

In Eq. (26b), the configuration of the velocity field has
been obtained by imposing a vanishing net velocity: i.e.,∫

dy vx(y) = 0. A comparison between Eqs. (26) and a nu-
merical solution of Eq. (22) is shown in Fig. 3.

This instability is analogous to the spontaneous flow tran-
sition investigated by Voituriez et al. in active nematics [31]
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FIG. 3. Effect of activity on the amplitude and critical mode
of the stationary states. (a) Maximal angular distortion δθmax =
maxθ (θ − θ0 ) obtained from a numerical integration of Eqs. (22)
and (30) for for different cases: η2 = 0, η6 
= 0 (brown diamonds);
η2 
= 0, η6 
= 0, and n0 = 3 (orange dots); η2 
= 0, η6 
= 0, and n0 =
1 (beige squares). All curves are obtained as stationary solutions of
Eqs. (5).

and, because of the generality of its derivation, provides fur-
ther insight on how the injection and dissipation of energy
in active liquid crystals compete to give rise to a nonequilib-
rium steady state, where the system spontaneously partitions
in two “lanes” of cells flowing in opposite directions along
the channel. Crucially, for this competition to select a single
strain rate, energy must be injected and dissipated at the same
length scale, so that ε̇ ∼ αp/ηp (see Sec. III), regardless of
the specific p-fold symmetry. In this case, the instability first
sets at the largest length scale available in the system, which
in this case corresponds to the channel width, hence q ∼ L−1.
As we will show in the next subsection, the availability of
a multiscale dissipation mechanism, as that embodied in the
stress tensor in Eq. (14), elicits a flux of energy across scales,
thereby giving rise to more complex spontaneously flowing
patterns.

B. General case

A more general and possibly more realistic case involves
a viscous stress with finite η2 and η6 values. Kinetic energy
is now dissipated at a rate that grows like q6 at small length
scales and like q2 at large length scales, while these two
dissipation regimes crossover at the length scale

�× =
(

η6

η2

) 1
4

. (27)

Crucially, in circumstances that we will next discuss, this
additional length scale can replace the channel width L in
dictating the hydrodynamic stability of the cellular fluid, as
well as the size of the coherent structures emerging in the
post-transitional scenario. To illustrate this concept, we start
by noticing that the black curve in Fig. 2, corresponding to the
dispersion relation of Eq. (16) with η4 = 0 and finite η2 and
η6 values, attains negative ω values only in the range q < q−
and q > q+, while modes with q− < q < q+ are unstable to

spatial variations. The zeros q± can be readily found from
Eq. (16). That is

q± =

√
3

16 De× ±
√(

3
16 De×

)2 − 1

�×
, (28)

where the quantity

De× = |α6|�2
×

η6D6
= |α6|√

η2η6 D6
(29)

denotes again the Deborah number, but now expressed at the
crossover length scale �×, rather than the channel width L.
Now, when De× < 16/3, q± are complex and the quiescent
state is always hydrodynamically stable, regardless of the
channel width. Conversely, for De× > 16/3, q± are real and
the quiescent state can become unstable to a state of collective
migration, provided the channel is sufficiently large.

This ability of controlling hydrodynamic stability through
viscosity, independently on the system size, is a remarkable
feature of the system, which, as in Refs. [19,20], highlights
the profound connection between p-atic order and multiscale
organization in active liquid crystals. This feature appears
especially powerful in the context of epithelial layers, where
shear viscosity is believed to be associated with the cadherin-
mediated lateral interactions between cells. Thus, increasing
lateral dissipation, i.e., by incrementing η2, η6, or both, results
in a stabilization of the quiescent state irrespective of channel
width. In epithelia, this can be achieved by increasing the
expression of E-cadherin, whose loss is widely recognized
as a hallmark of epithelial–mesenchymal transition [49]. Al-
ternative stabilization mechanisms have been discussed in
Refs. [50,51], where viscoelasticity, on the one hand, and
antagonist active forces, on the other hand, can shift the tran-
sition to spontaneous flow at finite activity even in infinite
systems.

As in Sec. IV A, a deeper understanding of the post-
transitional scenario can be achieved by casting Eqs. (6) in
the form of a single differential equation. This gives

L4∂4
y

(
L2∂2

y θ + De

16
sin 6θ

)
+ L6

�4×
∂2

y θ = 0. (30)

Then, taking again θ (y) = θ0 + δθ (y), linearizing about θ0 =
0 and solving the resulting equation with periodic boundary
conditions give

δθ (y) = ε+ cos (q+y) + ε− cos (q−y), (31)

with ε± constants and q± as given in Eq. (28). When q± are
real-valued and qmin > q±, the quiescent steady state is sta-
ble to infinitesimal perturbations. Decreasing qmin eventually
drives a spontaneous flow transition such as that discussed in
Sec. IV A. In this case, however, the transition is followed by
a hierarchy of additional pattern-forming instabilities origi-
nating at an intermediate length scale, corresponding to the
maximum of the black curve in Fig. 2(a) and whose specific
wave number q0 is obtained upon differentiating Eq. (16). This
yields the following algebraic equation:

[(�×q0)4 + 1]2

(�×q0)2
= 3

4
De×. (32)
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FIG. 4. Pattern formation under channel confinement. (a) Num-
ber of counterflowing lanes versus Deborah number for the same
parameter values as in Fig. 3. In the presence of both viscous and
hyperviscous dissipation (i.e., η2 
= 0), the system partitions in n0 =
2�q0/qmin� lanes, provided De× > 16/3. (b) When q0 < qmin < q+,
n0 = 1 and each lane occupies half of the channel width. Increasing
the channel width causes the number of lanes to increase and their
width to converge toward the scale-independent limit 2π/q0 ∼ �×
(dashed line).

Thus, for q0 < qmin < q+, the channel is sufficiently large to
accommodate an entire wave length of the perturbation δθ and
the epithelial layer partitions in two lanes of cells flowing in
opposite directions (see Fig. 3). For qmin < q0, however, the
system further partitions in n0 = 2�q0/qmin� lanes [Fig. 4(a)],
whose width is now proportional to �× and independent on L
in the limit L � �× [Fig. 4(b)]. Both these properties of the
lanes pattern appear sufficiently simple to be well suited to be
tested in in vitro experiments.

Repeating the analysis of Sec. IV A one obtains again
Eqs. (26), but the critical Deborah number is in this case given
by

De∗ = 32π2n2
0

3
+ 2

3π2n2
0

(
L

�×

)4

. (33)

Consistent with the previous discussion, reducing the
crossover length scale �× has the effect of stabilizing the qui-
escent state by shifting the spontaneous flow transition toward
larger and larger De value, until, in the limit �× → 0, De∗ →

∞ and the transition is completely suppressed. Finally, while
the specific magnitude of q0 requires solving Eq. (32), a sim-
pler expression can be found when De× � 16/3. In this case,
the maximum q0 and the zeros q± coalesce and from Eq. (28)
one finds

q0 ≈
√

3
16 De×

�×
. (34)

In summary, in the generic case in where both η2 and η6 are
finite, the availability of a scale-dependent energy dissipation
rate renders the hydrodynamic behavior of model hexatic ep-
ithelial layers remarkably versatile and tunable. Specifically,
when kinetic energy is mainly dissipated across a range of
length scales comparable to that at which is injected, i.e.,
corresponding to De× ≈ 1, the cellular fluid is hydrodynam-
ically stable, irrespective of the length scale at which it is
confined. Such a generic stability is in stark contrast with the
generic instability found in bulk active nematics [52], where
an infinitesimal mechanical activity is sufficient to drive a
spontaneous flow. By contrast, when kinetic energy can flux
to large length scales before being dissipated—corresponding
to De× � 1—the quiescent state of the epithelial layer is
unstable to the formation of lanes of counterflowing cells.
In sufficiently large systems, the width of the lanes is inde-
pendent on the system size an approximatively equal to �×,
thereby providing collectively migrating cellular hexatics with
a mechanism to dissipate an arbitrarily activity by partitioning
in an increasing number of lanes. In the following section, we
will nevertheless see that this mechanism too becomes unsta-
ble once the system is released from its quasi-one-dimensional
spatial confinement.

V. TWO-DIMENSIONAL INSTABILITIES

Most of the phenomenology encountered so far in model
hexatic epithelia under channel confinement, carries over to
bulk monolayers. In this case, the orientation θ , the flow
velocity v and the pressure P depends on both coordinates
and must be computed by solving Eqs. (2) subject to the
incompressibility constraint: i.e., ∇ · v = 0.

As in Sec. IV, we start our analysis by investigating the
linear stability of the stationary and homogeneously aligned
configuration: i.e., θ (x, y) = θ0 and v(x, y) = 0. Next, pre-
ceding as in Sec. IV, yields the following linear growth rate
for an angular perturbation of wave vector q = q(cos φ ex +
sin φ ey). That is

ω = −D6q2 − 3 α6q4 cos 6(φ − θ0)

8(η2 + η6q4)
. (35)

Notice also that ω is invariant under rotations by 2π/6,
so the reciprocal space is now partitioned into six identical
lobe-shaped regions as shown in Fig. 5. This symmetry con-
siderably facilitates the stability analysis. Taking, e.g., φ =
(π/6)(1 + 2k), with k an integer, and solving R{ω} = 0 with
respect to q gives again the zeros q± defined in Eq. (28). As il-
lustrated in Fig. 5, these wave numbers set the radii of the two
concentric circles setting the upper and lower bounds of the
regions of reciprocal space where the unstable modes are con-
centrated. Close to the instability, repeating the calculations
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FIG. 5. Two-dimensional dispersion relation. Example of the
shapes defined by positive linear growth rate derived in Eq. (35)
with De× � 16/3 and θ0 = 0. The unstable modes are delimited
in the region between the concentric circles given by wave vectors
with modulus q− < q < q+ and its phase is periodic with respect to
rotations by π/3. White regions of the plane correspond to ω < 0.

of Sec. IV B yields

q0 = q0

[
sin

(mπ

3
+ θ0

)
ex + cos

(mπ

3
+ θ0

)
ey

]
, (36)

where q0 is the same as in Eq. (34) ands m = 0, 1 . . . 5.
The validity of this prediction for the general dynamics of

model hexatic epithelia monolayers can be tested by numeri-
cally solving Eqs. (2) on a two-dimensional periodic domain,
using De× as control parameter and assuming incompress-
ibility of the flow. Applying a small random perturbation on
a uniformly oriented ground state at De× � 16/3, we can
observe that, even reintroducing the passive backflow effects
and the possibility to have |�6| < 1 neglected in the analytic
computations, we have the emergence of a stationary pattern
(Fig. 6), characterized by uniform bands with wavelength
2π/q0 ∼ �×. The orientation of the bands, however, depends
on the initial conditions and, for sufficiently large systems,
satisfies the condition φ − θ0 = mπ/6. The bands are evident
both in the hexatic director orientation and in the geometry of
the flow, constituted by alternated rectilinear laminar flows.

Increasing activity, thus De×, the importance of nonlinear
effects increases, and the phenomenology changes. The pat-
tern is no longer stationary: the strips start to bend, to interact
and to oscillate, giving rise to more complicated structures.
The complexity of the dynamics increases with activity, even-
tually leading, for De× � 16/3, toward a state characterized
by spatiotemporal chaos (see Fig. 7), where we can clearly
notice clusters of different sizes in the average orientation,
along with vortical irregular structures in the flow. The regime
resulting from this further instability is reminiscent of a phe-
nomenon observed in active nematics and usually referred

FIG. 6. Stationary pattern at low activity (α6 = 6.4). (a) Orienta-
tion θ of the hexatic director field, characterized by ordered bands,
with an orientation φ − θ0 = mπ/6 with respect the orientation θ0 =
0 of the initial ordered state. (b) Magnification of the yellow square
in the bottom left corner of (a), with superimposed the corresponding
velocity field (white arrows). The bands in the orientation correspond
to laminar alternated rectilinear flows, that, in regions of intersection
between pattern of different orientation, give rise to small stationary
vortices. All numerical values of the material parameters are given in
the Appendix.

to as “active turbulence” [53–55]. Nevertheless, we observe
that, even in this regime, at small scale the system keeps the
memory of the linear instability, as we can still observe the
presence of the bands corresponding to Eq. (36).

A thorough investigation of the statistical properties of the
chaotic flow resulting from the instability of the lane structure
is outside of the scope of this article and will be carried on
in a dedicated study. To conclude our analysis of multiscale
dissipation in our theoretical model of hexatic epithelia, we

FIG. 7. Spatiotemporal chaos at large activity (α6 = 12.6).
(a) Orientation θ of the hexatic director, exhibiting patterns of dif-
ferent scales. (b) Magnification of the yellow square in the bottom
left corner of (a), with superimposed the corresponding velocity field
(black arrows). The disordered pattern in the orientation is reflected
in the disordered motion of vortices and jets of different sizes, corre-
sponding to the phenomenology of active turbulence. All numerical
values of the material parameters are given in the Appendix.
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FIG. 8. Scale-by-scale kinetic energy budget. (a) Time-averaged spectral kinetic energy budget [defined by Eq. (12)] from numerical
simulations of Eqs. (2) in the incompressible, large-activity regime (α6 = 12.6). Red and blue curves correspond to energy injection (positive
values) and dissipation (negative values), respectively. The contribution from advection (light blue) is negligible and obscured by the elastic
stress curve (sky blue). (b) Time-averaged kinetic energy spectra E (q) for various activity levels α6, illustrating the energy distribution across
scales. All spectra exhibit a peak at q�× ≈ 1, supporting a strong link between the crossover length scale �× and the typical flow scale �v

(see Conclusions for further discussion). Furthermore, the peak position depends on activity, shifting toward smaller wave numbers as activity
increases; this corresponds to the development of coherent flows over larger length scales.

nonetheless explore how spatiotemporal chaos affects the in-
jection and dissipation of kinetic energy across length scales.
Using Eq. (12), we numerically compute the scale-dependent
energy budget shown in Fig. 8(a), where each curve corre-
sponds to an individual contribution to the right-hand side of
the equation. We observe how the dynamics remains mostly
dominated by the linear viscous σ (v) and active σ (a) stresses,
mostly focused on a range of wave numbers centered around
q0, suggesting that important hints on the phenomenology of
the system can be obtained from a linear stability analysis.
Nevertheless, the nonlinear antisymmetric component of the
reactive stress σ (r) becomes relevant in this chaotic regime
and, from the spectra E (q) in Fig. 8(b), we conclude that,
even at large length scales, the flow retains a nonnegligible
amount of kinetic energy. A similar analysis of different mod-
els of active fluids can be found, e.g., in Refs. [45–47,54,56].
Figure 8(b) also shows that the peak in the kinetic energy spec-
trum E (q) moves toward larger energies and length scales,
consistently with our interpretation of the velocity correlation
length �v as a proxy for the crossover length scale �× and un-
like in active nematics, where increasing activity decreases the
average size of the vortices: i.e., �a = √

L2/|α2| [20,31,53].

Comparison with in vitro experiments

Predictions from our theory can be now compared with
data from experimental realizations. Figure 7 shows that the
characteristic length scale �×, setting the typical size of coher-
ent structures (left panel), is comparable to the typical length
scale �v of velocity correlations (right panel). The latter, in
turn, has been measured in vitro in epithelia monolayers from
different cell lines, both of human and nonhuman provenance,
being usually of the order of 10−4 m (see Table I). From
these experimental data it is not possible to disentangle the
role of viscous and hyperviscous dissipation, as both concur
to a scale-dependent effective viscosity: i.e., ηeff = η2 + η6q4.
Nevertheless, the data from Fig. 8 suggest the two components
of σ (v) to be comparable in magnitude, implying ηeff ≈ η2 ≈

η6�
4
×. Since measured values of ηeff are in the 102–104 Pa s

range [66,67], we can estimate η6 ≈ 10−14–10−12 Pa s m4.
To verify the consistency of our theory, we compare the

estimated viscous stress with measurements of intercellular
adhesion strength, as the latter constitutes one of the micro-
scopic mechanisms contributing to the effective viscosity of
epithelial monolayers [66,68]. Combining our estimate of η6

with a typical velocity scale of v ∼ 10−9 m/s [4,57–59,63]
and a typical cell radius of R ∼ 10−5 m [4,63], we estimate
a characteristic viscous stress of 102–104 Pa. This range is
consistent with adhesion strengths reported in Refs. [68,69],
as well as with traction stresses reported in Refs. [4,59,70,71]
Although traction stresses are primarily active in origin, the
zero-Reynolds number dynamics implies that viscous and
active stresses must be comparable in magnitude. Based on
this force balance, we also estimate an activity coefficient
α6 ≈ 10−16–10−18 Pa m4. Overall, the quantitative agreement
between theoretical and experimental scales supports the in-
ternal consistency of our model and its ability to provide a

TABLE I. In vitro estimates of the velocity correlation length �v

from different cellular lines, reflecting the crossover length scale �×
from our theory.

Cell line �v (µm) Ref.

MDCK 100–200 [4,57–59]
HBEC 100 [25,60]
NRK 40 [58]
HUVEC 200 [61,62]
HaCat 200 [59]
HCE-S 100 [63]
BAEC 200 [62]
BCE 200 [62]
MCF10-A 200–250 [64]

50–1100 [65]
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coherent physical description of the multiscale dynamics of
epithelial monolayers.

VI. CONCLUSIONS

In this article we have investigated the hydrodynamic sta-
bility and the formation of patterns in a continuum model of
epithelial layers, with special emphasis on the role of spatial
confinement. Our model, built upon recent observations of
hexatic order in vitro [19,24] and in silico [15–18], aims at
capturing the sixfold symmetry of the stress field actively
generated by the cells by virtue of their hexagonal geome-
try, and how the propagation of the latter affects epithelial
organization at mesoscopic length scales. In this respect, the
analysis presented here is not sufficiently elaborate to ac-
count for the full-fledged hexanematic behavior reported in
Refs. [19,20,24], but provides a simpler setting to conceptual-
ize the essential physics originating from mechanical activity
and small-scale hexatic order. Despite this simplification, the
multiscale structure of epithelial layers inevitably emerges
from the interplay between energy injection and dissipation,
which, in epithelia as well as in any active p-atic liquid crystal
with p > 2, could occur with different rates at different length
scales. In active hexatics, specifically, the energy injected at
the scale of the cells is dissipated at the same length scale at
rate ∼η6q6 and at larger length scales at rate ∼η2q2, with η2

and η6 generalized viscosities. The latter entails an intermedi-
ate crossover length scale, i.e., �× = (η6/η2)1/4, where these
two dissipation regimes are equally prominent, also setting the
characteristic scale of the flow.

Whether in a channel or on the plane, the existence of a
nontrivial dissipative structure across length scales has two
main consequence for the hydrodynamic stability and the
formation of patterns in a hexatic model of confined epithelial
layers. First, for small �× values, corresponding to strong
adhesive forces among the cells, the system is generically
stable. That is, the quiescent and uniformly oriented con-
figuration of the cellular layer is stable against infinitesimal
perturbations regardless of the specific length scale L at which
it is confined. This property is in strike contrast with the
generic instability of active nematics [52], where any finite
activity can destabilize the quiescent state, provided the sys-
tem is sufficiently large. Second, when lateral adhesion is
too weak to prevent active shearing, the hexatic cell layer
self-organize in a hierarchy of “lanes” of size ∼�×. In this
regime, increasing the confining length scale increments the
number of lanes (i.e., ∼L/�×), without affecting their width.
When confined in infinite channels, where the system is trans-
lational invariant along the channel’s longitudinal direction,
this hierarchy of pattern forming instabilities continue holding
for arbitrarily large activities and system sizes. By contrast,
when confined in a two-dimensional periodic domain, the
presence of vortices compromises the hydrodynamic stabil-
ity of the lane structure at large activities and the dynamics

of hexatic cell layers becomes eventually chaotic. Yet, the
configuration of the orientation field in Fig. 7—whose her-
ringbone pattern is reminiscent of fibrosarcoma or similar
tumors [33]—anticipates a wealth of interesting phenomena
to be explored in the near future.
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APPENDIX: NUMERICAL METHODS

Equations (5) are solved using the open-source frame-
work Dedalus v3 [73], which is specialized on the integration
of spectrally representable domains with the possibility of
adding boundary conditions. More precisely, we use Fourier
and Chebyshev basis to implement periodic and finite bound-
aries, respectively. The specific conditions on the walls are
imposed using the tau method, which consists of adding de-
grees of freedom to the problem and make it solvable over
polynomials.

The numerical integration of the complete incompressible
model [Eqs. (2) with ∇ · u = 0], as shown in Figs. 6–8, has
been performed with an in-house pseudospectral code, em-
ploying Fourier basis to implement periodicity along both of
the spatial directions. A fourth-order Runge-Kutta scheme,
with implicit integration of the viscous and diffusive terms,
has been adopted, along with a velocity-vorticity formulation
of Eq. (2b) to assure the incompressibility of the flow. We con-
sidered a 256 × 256 periodic grid with lattice step �x = 0.5
(corresponding to a domain size of L2 = 1282) and timestep
�t = 0.01. The values of the parameters we used are �6 =
η2 = η6 = 1, L6 = 0.5, A6 = −2B6 = −0.2, λ6 = 1.1, and
ν6 = λ6 = 0. Activity α6 is set equal to 6.4 in the simulation
corresponding to Fig. 6, and to 12.8 in the simulation corre-
sponding to Fig. 7, bringing to a root-mean-square velocity
scale ∼0.025 and ∼0.09, respectively. The root-mean-square
velocity in the simulation with α6 = 7.6 [corresponding to the
intermediate curve in Fig. 8(b)] is equal to 0.08. The area
of the magnified regions in Figs. 6(b) and 7(b) is equal to
(L/8)2 = 162.
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