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A key process during animal morphogenesis is oriented tissue deformation, which is often driven by internally
generated active stresses. Yet, such active oriented materials are prone to well-known instabilities, raising the
question of how oriented tissue deformation can be robust during morphogenesis. Here we study under which
conditions active oriented deformation can be stabilized by the concentration pattern of a signaling molecule,
which is secreted by a localized source region, diffuses across the tissue, and degrades. Consistent with earlier
results, we find that oriented tissue deformation is always unstable in the gradient-contractile case, i.e., when
active stresses act to contract the tissue along the direction of the signaling gradient, and we show that this is
true even in the limit of large diffusion. However, active deformationcan be stabilized in the gradient-extensile
case, i.e., when active stresses act to extend the tissue along the direction of the signaling gradient. Specifically,
we show that gradient-extensile systems can be stable when the tissue is already elongated in the direction of the
gradient. We moreover point out the existence of a formerly unknown, additional instability of the tissue shape
change. This instability results from the interplay of active tissue shear and signal diffusion, and it indicates
that some additional feedback mechanism may be required to control the target tissue shape. Taken together,
our theoretical results provide quantitative criteria for robust active tissue deformation and explain the lack of
gradient-contractile systems in the biological literature, suggesting that the active matter instability acts as an

evolutionary selection criterion.
DOI: 10.1103/yqls-p2z1

I. INTRODUCTION

Oriented tissue deformation is a key process during animal
morphogenesis [1], including, for instance, body axis elon-
gation [2-4] and organ formation [5—10]. In many cases, such
tissue deformation is at least in part driven by internally gener-
ated active stresses [8,10-13], and in recent years, deforming
tissues have successfully been described as active materials
[8,14-21]. Moreover, to achieve persistent large-scale ori-
ented deformation, tissues need some kind of tissue-wide
orientational information, which can be represented for in-
stance by a polar or a nematic field [8,15,19,22,23]. However,
active polar or nematic materials are subject to the well-known
Simha-Ramaswamy instability, where an initially globally or-
dered orientational field loses this order due to active flows
[24-26]. This raises the question of how oriented tissue defor-
mation can be stable during animal development.

In animals, oriented tissue deformation can be affected
by tissue-scale concentration patterns of signaling molecules.
Such patterns of signaling molecules are known to coordi-
nate developmental processes on the tissue or even organism
scale [1]. Signaling molecules can provide positional infor-
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mation, in which case they are called morphogens [3,27—
31]. Yet, in some cases, concentration gradients of signaling
molecules also provide orientational information that defines
the axis of active stresses driving oriented tissue deformation
[5-7,12,32], typically by guiding cellular polarity and cell
rearrangements [2,4,6,12,33]. Such alignment of orientational
information with signaling gradients has recently also been
discussed theoretically [34].

In a recent publication [35], we theoretically showed that
oriented tissue deformation can be stabilized by signaling
gradients. We used a hydrodynamic model for an active polar
material, and showed that the gradient of a scalar signaling
field can stabilize the otherwise unstable material. We showed
that if the scalar field advects with the material flows [36,37],
the stability of oriented material deformation depends on the
coupling between scalar field gradient direction and deforma-
tion axis. In the gradient-extensile case, i.e., when anisotropic
active stresses act to extend the material along the gradient di-
rection, the scalar field can stabilize the active material defor-
mation. However, in the gradient-contractile case, i.e., when
anisotropic active stresses act to contract the material along
the gradient direction, the deformation is unstable. Yet one
could always stabilize even a gradient-contractile system by
sufficiently increasing the diffusion of the signaling molecule.

In our past publication [35], we have created a uniform
scalar field gradient in a simple way through appropriate
boundary conditions. While providing advantages for an-
alytical calculations, this is quite different from the real
mechanism creating signaling gradients in developing biolog-
ical tissues [1,28,29,38—40]. Signaling molecules are typically
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FIG. 1. (a) Hydrodynamic model. A spatially varying source
field s(r, t) secretes a signaling molecule with concentration c(r, t),
which also diffuses and degrades. The gradient of ¢ creates exten-
sile/contractile active anisotropic stresses, which drive viscous flows
with velocity v(r, t). These flows affect both source and signaling
fields through advection. (b) Typical orders of magnitude for tissue
deformation rates ¥, (top), signal diffusion rates D/L?, where D is
the diffusion coefficient and L is the linear dimension of the corre-
sponding tissue (middle), and signal degradation rates k4 (bottom)
from the biological literature. Blue marks are data from the fruit fly
Drosophila melanogaster, and orange marks are data from zebrafish,
Danio rerio. Tissue deformation rates in the fruit fly were estimated
from image time series of egg chamber [46,47], dorsal thorax [12],
pupal wing [8], hindgut [5,48], renal tubules [7], and germ band [11]
and in zebrafish from mesodermal explants [49] and the tailbud [50].
Signaling molecules are Decapentaplegic in the fruit fly [38,40,51]
and Cyclops, Squint, Lefty1, and Lefty2 in zebrafish [29,42].

produced by some source region, diffuse across the tissue, and
degrade [40,41]. As a consequence, depending on the source
region, this can lead to approximately exponentially decaying
[38,39,42,43] or periodic [44,45] concentration profiles. How-
ever, it is not known how such signaling molecule dynamics
would affect stability of active oriented tissue deformation.
In this article, we study the stability of active tissue defor-
mation when accounting for more realistic signaling dynamics
[Fig. 1(a)]. We consider an active viscous tissue with local
flow velocity v(r, ), where active stresses are defined by the

gradient of a signaling molecule concentration field c(r, ).
The signaling field c(r, ¢) is in turn secreted by a source region
that is defined by a field s(r, ¢), which is conserved and only
advects with tissue flows. The signaling field c(r, ) not only
advects with tissue flows, but also diffuses and degrades at
constant rates everywhere.

Using linear stability analysis, we find that gradient-
contractile tissues are always unstable, consistent with our
earlier findings [35]. Yet, we also show that for our more
realistic signaling dynamics, a gradient-contractile system
can never be stabilized by diffusion. We further show that
gradient-extensile systems can be stable, in particular if the
tissue is longer in the direction of the gradient than transversal
to it. Finally, we find that an additional instability can ap-
pear for both gradient-extensile and gradient-contractile cases,
arising from the interaction between overall tissue shear and
diffusion. This instability may point to the necessity of an
additional control mechanism for the final tissue dimensions.

In the following, we first introduce the model in Sec. II.
We then study the case of a uniform gradient in both s(r, 1)
and c(r,t) for fixed system size in Sec. III, for which the
linear stability can be computed analytically. Next, in Sec. IV,
still for fixed system size, we study the more realistic case of
a localized source s(r, t), which gives rise to a nonuniform
signaling gradient c(r,¢). We then discuss the stability of
freely deforming systems in Sec. V. Finally, in Sec. VI, we
discuss our findings in the context of the biological literature.

II. MODEL

A. Hydrodynamic fields and bulk dynamics

We describe the tissue as a 2D active material, where
we consider three interacting hydrodynamic fields: a scalar
field s(r,t), which describes the source, i.e., cells in the
tissue which secrete the signaling molecule; a scalar field
c(r, t), which describes the signaling molecule concentration;
and a vector field v(r, ), which describes the tissue flows
[Fig. 1(a)]. We find that literature values for the respective
rates of tissue deformation ° , signaling molecule diffusion
D/LZ, where D is the diffusion coefficient and L denotes
the linear dimension of the tissue, and signaling molecule
degradation kq are of roughly similar orders of magnitude
[Fig. 1(b)]. This suggests that none of them can be easily
neglected, and we thus include all three effects in our model.

The source field s(r, t), which describes signaling molecule
secretion, only advects with material flows:

as
ot

where 0; denotes the partial derivative with respect to the
spatial dimension i € {x,y}. Here and in the following, we
label spatial dimensions by Latin indices i, j, ... and adopt
the Einstein notation of summing over repeated indices.

The signaling field c(r, ¢) follows a generalized conserva-
tion equation:

+ 9i(vis) = 0, ey

dc
ot

Here we have introduced production rate kp, degradation rate
kg, and diffusion coefficient D. Note that there are several

+ 8;(vic) = kps — kac + Dd}c. 2)
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intra- and extra-cellular mechanisms of signaling molecule
transport [29]; here we describe the emergent effective trans-
port on large length scales by advection and diffusion.

Tissue flows v(r, t) are governed by overdamped, incom-
pressible, viscous dynamics:

0i0;; =0, 3
div; =0, 4)

where the stress tensor is given by
oij = 2nv;; — I8 + 6. Q)

Here 7 is the shear viscosity, ¥;; := (0;v; + 9;v; — 9 Vxd;;)/2
is the shear rate tensor, and IT is the hydrostatic pressure, and
we use the following expression for the active stress &;7:

&5 = af(3;0)(0jc) — 5 (0ke)*8y;]- (6)
This expression for the active anisotropic stress is the same
as in Active Model H [52,53]. Its direction is determined
by the sign of the coefficient «: for o < 0, the activity is
gradient-extensile, i.e., it acts to extend the material along the
local ¢ gradient direction and contract perpendicularly, while
for o« > 0, the activity is gradient-contractile, i.e., it acts to
contract the material along the ¢ gradient direction and extend
perpendicularly [Fig. 1(a)].

The expression for the active stress, Eq. (6), is motivated
by what is known about developing biological tissues. Specif-
ically, anisotropic internal stresses are usually generated by
an anisotropic distribution of cytoskeletal elements within
cells. Such an anisotropic distribution is created by cell po-
larity, which in turn can be controlled by signaling gradients
[7,12,33,54,55]. Rather than explicitly including cell polarity
as polar field [35], we assume here for simplicity a direct
coupling of active stresses to the signaling gradient. This cor-
responds to the limit where the coupling of active stresses to
the signaling gradient is fast compared to the other timescales
of the system. While this is clearly a simplification, we do not
expect the fundamental results of the analysis to differ much
in this limit, as suggested by our earlier work [35]. Note that
Eq. (6) represents the lowest-order term for a coupling of an
active, anisotropic stress to a scalar field [52].

B. Boundary conditions

We use periodic boundary conditions, where the periodic
box has generally time-dependent dimensions L.(t) x Ly(t)
and constant area, L, (¢)Ly(t) = const. Throughout this article,
we always use one of the following two boundary conditions:

(1) We fix the system dimensions L, and L, or

(2) We allow the system to freely deform by fixing the
externally applied stress to zero, which results in a pure shear
deformation of the periodic box. Integration of Eq. (5) implies
that the instantaneous box shear rate is

L e [leer-aonan @
— =— c)” — (9yc ,
L, dt 4nL,L, Y

where the integral is over the whole periodic box.

We apply fixed system dimensions in Secs. III and IV, and
study a freely deforming system in Sec. V.

We investigate the stability of two stationary states:
(i) a state where a linear source profile s gives rise to a linear

signaling profile ¢ and (ii) a state where a localized source s
generates a spatially decaying signaling field c. In both cases,
the amplitude of the source field is defined by a constant s,. In
case (i), which we study in Sec. III, the boundary conditions
are periodic with the exception of the vertical boundaries for
the scalar fields s and ¢, where we set for all y € [0, L,):

5(0,y) = s(Ly, y) — s, (8)
kp

c(0,y) =clLy,y) — s ()]
d

with fixed s;,. These modified conditions remove the disconti-
nuity that would otherwise appear for linear profiles in s and
c at the boundary, and thus ensure that linear s and ¢ profiles
can be stationary [35]. In case (ii), which we study in Secs. IV
and V, we use standard periodic boundary conditions without
offset.

C. Dimensionless equations

We nondimensionalize the set of equations Eqgs. (1)—(9) in
the following way:

(1) We choose the unit of length such that the system area
isone, L,L, = 1.

(2) We choose the unit of the signaling field ¢ such that
kp = kq.

(3) We choose the units of time and of the source field s,
such that the free deformation rate of a squared system is 1. To
this end, we set |«|/4n = 1, and in case (i) of a linear gradient,
we also set s, = 1, while in case (ii) of a nonuniform gradient,
we fix s, as described in Sec. IV (Appendix E 1).

The last condition allows to compare the linear stability of
systems with different source profiles, because the reference
timescale is always the respective free deformation rate.

Rescaled accordingly, the dimensionless equations read

05 s =0 (10)
o, T viois =Y,
ot

d
8_j + Uiaic = (Dal2 — kd)c + de, (1 1)

Loz, — o, 4 sgn@) al@o0@01  (12)

0= -9
4

oiv; = 0. (13)

Here we have introduced the sign function, sgn(«) := o/|«],
and have set IT :=1TII +sgn(oz)(8kc)2/2. The offset intro-
duced at the boundary conditions in Egs. (8) and (9) is
rescaled to 1 for both scalar fields.

III. LINEAR SOURCE PROFILE

To build intuition, we study for fixed box dimensions L, =

L, =1 the linear stability of a stationary state with linear
spatial profiles in s and ¢ [Fig. 2(a)], given by

Sso=x, co=x, vy9=0. (14)

There are no flows in the stationary state, because the gradient

of ¢ is homogeneous, and thus the active stress is homoge-
neous across the system of fixed dimensions.
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FIG. 2. Stability of a fixed-size system with a linear source
profile: gradient-extensile systems are marginally stable, whereas
gradient-contractile systems are unstable. (a) The linear source pro-
file, so(x) = x in dimensionless units. In the stationary state, co(x) =
So(x). (b) Maximal perturbation growth rates wy,, in the D—ky pa-
rameter space show that gradient-extensile systems are marginally
stable, i.e., Wmax = 0, highlighted in light gray. (¢) wm.x as a function
of signaling molecule diffusion D for a gradient-contractile system
with k4 = 1, plotted in log-log scaling. (d) @,y in the D—ky parame-
ter space show that gradient-contractile systems are always unstable.
The dashed gray line corresponds to the kg4 = 1 curve plotted in panel
(c). Panels (b)—(d) were created from the result in Appendix D2,
where the perturbation wave vector ¢,,;, = (0, 2 ) in dimensionless
units was used to maximize the perturbation growth rate.

In this case, linear stability can be computed analytically.
When we add a small perturbation around this state,

s=x+d8s, c=x+68c, v=74dv, (15)

and linearize the dynamics, only constant prefactors occur. As
a consequence the solutions in (§s, §c, §v) are spatial Fourier
modes with wave vectors ¢ = g(cos ¢, sin ¢), whose ampli-
tudes grow or shrink exponentially with time ¢ (Appendix D).
We first discuss the limit without diffusion, D = 0. When
we subtract the linearized versions of source and signaling
dynamics, Eqgs. (10) and (11), we obtain (Appendix C)

%(& — 85) = —kq(8c — 85). (16)

Thus, any difference between signaling field ¢ and source field
s decays at rate k4. In addition, the combination of signaling
dynamics and generated active flows, Eqgs. (11)-(13), leads
to the same results as for a single scalar field discussed in
earlier publications [35,53] (Appendix D 1). Specifically, for
the combined perturbation field Scer := 8¢ + kq/w@aeds, We
obtain [Eq. (D8) in Appendix D]

00 Cef
dt

where wq 1= 4 sgn(o) sin® ¢ is the perturbation growth rate
created by the active flows. It takes the same form with-

= Wyet SCeft, a7

out source field [35]. Thus, without diffusion, the system
is marginally stable in the gradient-extensile case, i.e., the
maximal perturbation growth rate is zero, and unstable in the
gradient-contractile case.

In the presence of diffusion, D > 0, gradient-extensile sys-
tems remain marginally stable [Fig. 2(b)]. However, gradient-
contractile systems can not be stabilized by diffusion, even
though the maximal perturbation growth rate decreases with
diffusion [Figs. 2(c) and 2(d)]. This is in contrast to ear-
lier findings for a system with a boundary-imposed signaling
gradient, where we found that diffusion can stabilize gradient-
contractile systems [35]. To understand where the difference
comes from, we consider the limit of very large D (the general
case is discussed in Appendix D). The linearized version of
the signaling dynamics, Eq. (11), in Fourier space reads

% + 8v, = —(Dg* + kq)dc + kgbs. (18)
The flow field dv enters on the left-hand side due to advection,
where d,cp = 1 in dimensionless units. The flow dv is actively
created by the signaling field itself through Eqgs. (12) and (13),
and its x component in Fourier space reads §v, = —w,dc,
with the active flow timescale w,y introduced before.
Denoting the minimal nonzero wave vector magnitude in our
system by gmin, we take the limit where inﬁn is much larger
than all other relevant timescales in the system. In this case,
according to Eq. (18), the Fourier amplitude §¢ for each wave
vector relaxes adiabatically fast towards

kq

S¢c >~ —
Dq?

3s. (19)
This effectively corresponds to a system where we again just
have a single scalar field s, which advects with active tissue
flows v, but does not diffuse. The active tissue flows are
generated by the perturbations of ¢, and their x component
is given by vy = —wqact6C = —(Wactky /Dq2)8s. Inserting this
into the linearized version of the source dynamics in Fourier
space, we obtain [compare to Eq. (17)]

s _ 5y, = Puctkag (20)
ot Dq?
Thus, the perturbation growth rate is given by the growth rate
without diffusion, w,e, multiplied by k4 /Dq2 [Fig. 2(c)]. As a
consequence, gradient-contractile systems are unstable even
in the limit of a large diffusion constant. The reason for this
is that the source field itself advects with the active flows
but does not diffuse. For the same reason, gradient-extensile
systems remain only marginally stable even in the presence
of signaling molecule diffusion.

IV. LOCALIZED SOURCE PROFILE

We next discuss how the linear stability changes when the
source profile is not linear but is instead localized to some
region of finite width w. This is motivated by what we know
about developing biological tissues [1,38,41,45]. In this sec-
tion, we discuss a fixed-size system L, = L, = 1, while in the
next one (Sec. V) we discuss a freely deforming system.

As the initial state, we use a source profile defined by a von
Mises distribution, which is a generalization of a Gaussian to
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FIG. 3. Stability of a fixed-size system with a localized source profile. (a) The localized source profile so(x) from Eq. (21) for different
values of the source width w. (b) The localized signaling profile for different values of diffusion D. Here w = 1/27 in all cases. (c), (d)
Snapshots of the source profile from numerical simulations of the perturbed stationary state (with w = 1/27, D = 1072, kg = 1). While the
source profile appears to be maintained in the (c) gradient-extensile case, it gets distorted in the (d) gradient-contractile case. (e) Effect of aspect
ratio L, /L, on maximal perturbation growth rates wp,, for different source widths. Gradient-contractile systems (orange) are always unstable,
while gradient-extensile systems (green) have in some regions an wp,y that can numerically not be distinguished from zero. Parameter values:
ks = 1 and D = 1. (f) Effect of the source width w/L, on maximal perturbation growth rate for different box aspect ratios. Parameter values:
ks =1 and D = 1. (g, h) Color plots of maximal perturbation growth rates for gradient-extensile (g) and gradient-contractile (h) couplings
with varying source widths (horizontal axis) and aspect ratios (vertical axis). Marginally stable regions (wm,x = 0) are highlighted in light
gray. Solid black curves represent contours, whereas dashed gray lines corresponds to solid curves in panels (e) and (f). Parameter values:
ks = 1 and D = 1. (i), (j) Maximal perturbation growth rates in the D—ky parameter space for gradient-extensile (i) and gradient-contractile
(j) couplings. Numerically marginally stable regions are highlighted in light gray. Parameter values: L,/L, = 1 and w/L, = 0.05.

periodic boundary conditions: with qo := 2n /L,. Here w is a parameter that adjusts the
width of the source region, the second term in Eq. (21) ensures

c0s (qgox) 1 that sQ(r) is zero at its minimum, and Sh is a pre:factor whose

so(r) = sp |: exp <—2> —exp (_ > )] 21 value is fixed such that the box deformation rate is normalized
(qoW) (qow) to one [Eq. (E1) in Appendix E 1]. As initial signaling field,
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FIG. 4. Instability in a gradient-extensile system with fixed size
and a localized source profile. (a) Snapshots of the late-time dynam-
ics of the system in Fig. 3(c), showing the source profile at = 150
(left) and + = 1500 (right). (b) Perturbation mode with maximum
growth rate for system from Fig. 3(c) and panel (a). The color plot
shows the signaling molecule perturbation, dc, and white arrows
show the flow field perturbation, §v.

we choose the c field that is stationary in the absence of flows
for the source given by Eq. (21). In Fourier space,

k
colg) = Z s0(q)- (22)
d

4

+ Dg?
Thus, for D = 0, signaling and source profiles coincide, and
examples for so(x) = co(x) for different w values are shown
in Fig. 3(a). Meanwhile, finite diffusion D > 0 smoothens the
signaling profile cy(x) as compared to the source profile sq(x)
[Fig. 3(b)].

In this initial state, there are no flows in the system, vy = 0.
This is because the active stress in this case is parallel to
the x axis and homogeneous along the y axis, because of
incompressibility, and because of the fixed system size, which
together imply that there are no Stokes flows (Appendix B 2).

Numerical simulations of the full dynamics, Eqgs. (10)—
(13), are shown in Figs. 3(c) and 3(d) and in Movies Sl
and S2 (shown is the source field) [56]. We find that with
chosen parameters (w = 1/2m, kg =1, and D = 1072), the
gradient-extensile system appears to be stable until simulation
time ¢ = 3 [Fig. 3(c)], yet an instability becomes apparent at
much later times [Fig. 4(a) and Movie S1 [56]]. Meanwhile,
the gradient-contractile system shows an instability already
early on [Fig. 3(d) and Movie S2 [56]].

For a more systematic characterization of the system’s
stability, we perform again a linear stability analysis. While
the eigenmodes of the linearized dynamics still grow or shrink
exponentially with time, they can only be represented by a su-
perposition of several spatial Fourier modes (Appendix C 2).
We thus compute the perturbation eigenmodes and their re-
spective growth rates numerically (Appendix C 3). Note that
due to the numerical Fourier-space convolutions, we also
find an aliasing effect arising from a finite spatial discretiza-
tion, which we treat using standard methods in the field
(Appendix C 3).

We find again that gradient-contractile systems are always
linearly unstable [Figs. 3(e), 3(f), 3(h), and 3(j)]. Specifically,
systems are more unstable when the source width is below
w < 0.06L, [Figs. 3(f) and 3(h)]. Moreover, increasing the
diffusion coefficient D decreases the perturbation growth rate,
but it never reaches zero. Instead, in contrast to the linear
gradient (Sec. III), the maximum growth rate converges to a
finite constant in the limit of large diffusion, D — oo (Ap-
pendix E2). It converges to a finite constant, because we
nondimensionalize rates with respect to the free deformation
rate, which also decreases as diffusion D becomes larger
due to an increased smoothing of ¢ (Appendix E2). This is
different from the linear-gradient scenario (Sec. III), where a
constant signaling gradient and thus a constant free deforma-
tion rate are imposed by the boundary conditions.

For gradient-extensile systems, the situation is more com-
plex than for a linear gradient. Specifically, we find that the
stability depends on the aspect ratio of the system. For as-
pect ratios L, /L, < 2... 3, the system can be unstable, while
it is numerically marginally stable for aspect ratios above
[Figs. 3(e) and 3(g)]. Here, by “numerically marginally sta-
ble,” we mean that we numerically cannot distinguish between
marginally stable and numerically small, but finite growth
rates—indeed, this distinction is also irrelevant in practice
for a real biological system. For aspect ratios between &1
and 2...3, the system is effectively unstable at intermediate
source widths w/L, between 0.04 and 0.2 and otherwise nu-
merically marginally stable [light gray regions in Fig. 3(g)].
For even lower aspect ratios, we only observe numerical
marginal stability for very narrow sources with w/L, < 0.04
[Figs. 3(f) and 3(g)]. The type of perturbation creating the
most unstable mode appears to be qualitatively always the
same: recirculating active flows create spatial variations of the
source region width, which create corresponding modulations
in the signaling field, leading to the recirculating active flows
[Figs. 4(a) and 4(b)]. Finally, for given aspect ratio and source
width, the system is generally more stable for small signaling
length scales /D/kq [Fig. 3(1)]. In the large-diffusion limit,
the maximum perturbation growth rate converges to a con-
stant for the same reason as in the gradient-contractile case
(Appendix E 2).

Note that even if gradient-extensile systems are formally
unstable in a substantial part of the parameter space, for aspect
ratios close to one the maximal perturbation growth rates can
be several orders of magnitude smaller as compared to the
gradient-contractile case. For instance, the maximal growth
rate for the example simulation in Figs. 3(c), 4(a), and Movie
S1 [56] is positive, but very small, wpna = 1.9 x 1073 [as
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compared to wy,x = 4.2 in the gradient-contractile example
in Fig. 3(d)].

Taken together, the gradient-extensile system is effectively
stable when it is more elongated in the direction of the gradi-
ent, or when the signaling length scale v/D/kq is small.

V. FREELY DEFORMING SYSTEM

Here we study the linear stability of a system with a local-
ized source sy, Eq. (21), under free deformation of the periodic
box.

Even for homogeneous shear deformation, the source pro-
file sq is not stationary, but becomes distorted due to advection
with the box deformation [Fig. 5(a)]. To address this, fol-
lowing our earlier work [35], we define the codeforming
coordinates, 7 = (X, y), based on the laboratory-frame coor-
dinates r = (x, y) by rescaling both axes:

L)

_ -1

X = Lx(t)x =1_"(), (23)
L LO)

= Ly(t)y = L)y, (24)

where [,(¢t) := L,(t)/L:(0) is the box shear. Moreover, we
also introduce a flow field in codeforming coordinates, v(7),
which corresponds to nonaffine flows that may occur in ad-
dition to the pure shear deformation of the periodic box
(Appendix A 3). Thus, for ¥ = 0 the system deforms affinely,
and the source field so(¥) is stationary with respect to the
codeforming coordinates [Fig. 5(b)].

Yet, in the general case of a finite diffusion constant,
the signaling field ¢ does not reach a stationary state—not
even in codeforming coordinates. This is because diffusion as
observed in codeforming coordinates depends on box shear
I, through the transformation rules in Egs. (23) and (24).
Thus, as a consequence of the permanently changing /., there
is no stationary state in the freely deforming case. Hence,
no standard linear stability analysis is possible—we instead
analyze the local Lyapunov exponents of the system.

To compute the local Lyapunov exponents, we consider
the system state by combining source and signaling pro-
files in codeforming coordinates with box shear, Z(¢) =
[s(F, 1), c(¥, 1), (¢)]. This state constantly evolves through
Egs. (7) and (10)—(13), which we summarize here as dZ/dt =
F (7). As initial condition, we use the source profile sy from
Eq. (21), and the corresponding signaling profile ¢, that would
be stationary in a fixed system, Eq. (22). To simplify our
discussion here, we will focus on the limit w — 0o, where the
source so(r) given by Eq. (21) corresponds to a cosine profile,
so(r) ~ cos (2mwx/L,) + 1. The corresponding signaling pro-
file is then also a cosine profile. We discuss the unperturbed
box dimension dynamics, /,(¢), in Appendix F 1, and focus
here only on the perturbation dynamics.

Local Lyapunov exponents characterize whether and how
quickly two slightly different solutions, 7 and 7', converge or
diverge. The difference between both, §7 := 7' — Z, follows
the dynamics déz/dt = J(Z) - §Z, where J(Z) is the Jacobian
of F (). The local Lyapunov exponents at Z are then given by
the eigenvalue spectrum of J(Z). When applied to a stationary
state, this approach coincides with linear stability analysis.

(a) Lab-frame coordinates
initial condition

deformed system

1y

Ly (1)

s(x, 1) # s(x,0)

X
Ly(0)
(b) Codeforming coordinates
_initial condition d_eformed system
(4 4y
L,(0) L,(0)
s(%,0)
- >
L(0) Ly(0)
(©) Affine diffusion-shear instability
~ a
L,
5> 0 P 5Ly > 0

(d) grad. extensile ‘-—» (e) grad. contractile (—o(
50.8 f/ \ 4

= ¥

8 ﬁ,»’" e

%04 et " 2 =

% +:’:..:l " b D" ‘DD

% ot ‘:t::: o ;@%ﬁ‘;,j‘i???wa&u,nu
kS '

0 8 12 0 4 8 12
time, t

FIG. 5. Stability of a freely deforming system with a diffu-
sive signaling molecule, studied in codeforming coordinates. (a) In
laboratory-frame coordinates, a localized source s(r,t) is not sta-
tionary when the system deforms affinely, since its width changes
proportionally with the system dimension L, due to advection.
(b) However, in codeforming coordinates, Eqs. (23) and (24), the
localized source s(F, ) remains stationary under affine deformation.
(c) Hlustration of the affine diffusion-shear instability: diffusion re-
duces the amplitude ¢ of the signaling field, but a larger L, decreases
the effective diffusion coefficient observed in codeforming coordi-
nates. Thus, a larger L, leads to a larger ¢, which in turn increases
active shear and thus L,. (d) Local Lyapunov exponents (LLE) for
the gradient-extensile system over time. Blue crosses indicate the
numerically computed LLE of the affine diffusion-shear perturbation
with the largest growth rate, and the light blue curve displays the
analytical prediction according to Eq. (F9) in Appendix F2 a. Green
squares denote the maximal LLE of all other perturbations. (e) The
same results as in panel (d), but for the gradient-contractile system.
Specifically, black crosses indicate the LLE of the affine diffusion-
shear perturbation with the largest growth rate, and orange squares
denote the maximal LLE of all other perturbations.

In the limit of no diffusion, D =0 (previous section,
Sec. IV), the linearized dynamics of source and signaling,
Egs. (C4) and (C5) (Appendix C 1), do not depend on the
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perturbation of the box shear, /. Thus, the perturbation dy-
namics of s and ¢ decouples from that of /,, and most of the
Lyapunov spectrum corresponds to the eigenvalue spectrum
of the fixed system (Sec. IV). The remaining eigenvalue of
the local Lyapunov spectrum is given by the system size
perturbation dynamics:

dol, __sen(@) (25)
dr 12(t)L%(0)

The prefactor in this equation is positive for gradient-
contractile systems and negative for gradient-extensile sys-
tems. Hence, for D = 0, the gradient-contractile system has
positive local Lyapunov exponents, i.e., the system dynamics
strongly depends on the initial conditions. Meanwhile, for
gradient-extensile systems, the maximal local Lyapunov ex-
ponent is given by the maximal eigenvalue for the fixed-size
system (Sec. IV).

A. Affine diffusion-shear instability

For finite diffusion, D > 0, the equations defining the lin-
earized dynamics, Eqs. (C4)—(C6), are all coupled to each
other and the full Jacobian needs to be diagonalized in order
to obtain the local Lyapunov exponents. At each time point of
the trajectory Z(t), we plot the maximal Lyapunov exponent in
Figs. 5(d) and 5(e).

We first discuss the gradient-extensile case, where we find
that initially, perturbation growth rates can be positive [blue
crosses and green squares in Fig. 5(d)]. However, at later
times, as the system shears and I, grows sufficiently, all per-
turbation growth rates become maximally zero [Fig. 5(d)].
Initially, i.e., at low [, we found that the fastest-growing
perturbation mode corresponds to a new kind of instability
that we call “affine diffusion-shear instability” [blue crosses
in Fig. 5(d)]. The nature of this instability is quite different
from the active scalar matter instability [35,53]—specifically,
it affects neither the nonaffine part of the flow field ¥ nor
the source field s. Moreover, the signaling profile keeps its
cosine shape, and only its amplitude ¢ and the box shear I,
are affected by the perturbation. The instability arises because
diffusion diminishes the amplitude of the signaling cosine
profile, ¢. Thus, increasing [, by some positive amount &1,
decreases the effect of diffusion, which acts to increase ¢,
which in turn increases the active stresses making I, grow
further [Fig. 5(c)]. In Appendix F2a, Eq. (F9), we obtain
an analytical prediction for the growth rate of this instability
[light blue curve in Fig. 5(d)], which matches our numerical
results (blue crosses). From our analytical prediction, we find
that this instability appears as long as the diffusion length A :=
DJkq is larger than L., or more precisely A > L,/(27+/3)
(Appendix F 2 a). Remarkably, this instability does not disap-
pear even when introducing an arbitrary nonlinearity into the
active stress (Appendix G).

For the gradient-contractile case, we find several modes
with a positive growth rate [orange squares in Fig. 5(e)].
Moreover, we again have an eigenmode of the Jacobian that
is an affine diffusion-shear perturbation (black crosses in
Fig. 5(e); compare to the predicted growth rate marked by the
light blue curve).

Finally, in Appendix F2b we study the affine diffusion-
shear instability for the general case of a finite source width
w. We find a positive growth rate whenever the order of mag-
nitude of the diffusion length becomes larger than the source
width, » > w (Appendix F2Db).

VI. DISCUSSION

In developing animals, biological tissues can undergo ac-
tive anisotropic deformation [1]. However, classical active
matter results predict that such deformations are unstable
under certain conditions [24,25,53]. In several systems, the
local direction of active tissue deformation is controlled by the
gradient of a signaling molecule concentration field [7,12,33].
Such signaling molecules are typically produced by the cells
in a localized source region of the tissue, and they can form
gradients through diffusion and degrade [1]. However, both
signaling pattern and source region are also advected by the
flows generated by the active deformation [36]. Here we
study the stability of a system which includes source field,
signaling field, and signaling-gradient-controlled active tissue
deformation. We find that systems where the active stresses
are gradient-contractile are always unstable, while gradient-
extensile systems can be marginally stable under certain
conditions. Our findings are consistent with, and potentially
explain, an observed abundance of gradient-extensile systems
in the biological literature [3,5,7,32,44,47,49,54,57,58] and
the virtual absence of gradient-contractile systems (also dis-
cussed in [59]), suggesting that the instability discussed here
may act as an evolutionary selection criterion.

In our previous work, we studied a simplified signaling
dynamics, where the overall gradient was imposed by the
boundary conditions [35]. Here, we show that more realistic
signaling dynamics, including secretion, diffusion, and degra-
dation, lead to a number of important differences. First, in
the gradient-contractile case, neither degradation nor diffusion
can stabilize the system. While diffusion can decrease the
growth rates of perturbations, we find that it never suffices
to fully stabilize the system. This is because both signal and
source fields are advected with the active flows, while only
the signal diffuses. In the case of a linear source profile, the
maximal perturbation growth rate could become arbitrarily
small for a sufficiently large diffusion coefficient. However,
in the case of a localized source, the maximal perturbation
growth rate converges to a finite multiple of the active shear
rate in the limit of a large diffusion coefficient (Appendix E 2).

Second, we show that for a localized source region,
gradient-extensile systems can become unstable whenever the
tissue is too short in the direction of the gradient as compared
to the transversal direction. Conversely, we numerically obtain
marginal stability whenever the tissue is more elongated in
the direction of the gradient or when the signaling length
scale, /D/kq, is small. However, we also find that even in
the unstable regime, the maximum growth rate of gradient-
extensile systems are often orders of magnitude smaller than
the active shear rate, in particular for aspect ratios close to one
[Figs. 3(e)-3(j)]. It is not impossible that during development,
biological tissues transiently accept an instability with a small
growth rate until entering a stable regime once they become
more elongated.
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Finally, in deforming systems, an “affine diffusion-shear
instability” can appear. Different from the other instabil-
ities discussed here, which are all related to the Simha-
Ramaswamy instability, the affine diffusion-shear instability
does not require nonaffine tissue flows. Instead, it is only re-
flected in an interplay between the amplitude of the signaling
molecule and the overall tissue shear rate. This instability
appears in tissues with a localized source whose width is
smaller than the signaling diffusion length «/D/kq4. It occurs
even when adding any nonlinearity in the dependence of ac-
tive stress on the signaling gradient (Appendix G). In many
developing tissues, the signaling profile has a larger extent
than the source region [1,5,38], and our work suggests that
this instability should occur. Although this instability does not
perturb the patterns of source, signaling molecule, or flow,
it perturbs their amplitude and, most importantly, leads to a
lack of control of the final tissue dimensions. This points to
an additional feedback mechanism not included in our model
that may be required to control the final tissue shape.

Our study further motivates experiments, and a key ques-
tion is whether there are any gradient-contractile biological
systems at all. There are many systems where signaling
molecules are known to be necessary for active anisotropic
tissue deformation. However, in most systems, it is not yet
known whether the signal controls the directionality or only
the magnitude of the active stresses. For instance, there are
still open debates about what controls the directionality of
active stresses in what is probably the best-studied anisotropic
tissue deformation process, which is germ band extension
(GBE) in the fruit fly Drosophila melanogaster. Recent work
on GBE proposed that a dorso-ventral signaling gradient mod-
ulates the magnitude of junctional myosin, which plays the
role of active stresses [60]. Yet, different mechanisms have
been proposed for the control of the myosin anisotropy and
its directionality. Classically, these include anterior-posterior-
oriented gradients [13,44], which would correspond to a
gradient-extensile coupling. But more recently, a group has
proposed that a dorso-ventrally aligned tissue tension could
provide a global mechanical orienting signal [36,60]. Thus, in
many cases, more experiments are needed to cleanly disentan-
gle the signals that merely modulate the amplitude of active
stresses from those that control their direction. For instance,
to modify the direction of the signaling pattern while keeping
a similar overall magnitude, one could combine null-mutants
with a graded over-expression [33] or the external supply
of a gradient, e.g. through signaling-molecule-soaked beads
[1,27]. We believe that systematically combining insights
from active matter theory with experiments in this way will
help decode the biological mechanisms underlying oriented
tissue deformation and its robustness.
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APPENDIX A: CODEFORMING COORDINATES
1. Definition

Following Ref. [35], we introduce the codeforming co-
ordinate system, (¥,7) = (X, y,7), to analytically solve the
linearized dynamics of systems under pure shear deformation.

The codeforming coordinates map to the laboratory coor-
dinates (r, t) = (x, y, t) in the following way:

I‘iZS,‘j(lT)fj, (Al)
t=1, (A2)
where s(7) is a time-dependent shear tensor, given by
_ L(7) 0
s() = _ ). (A3)
0 7'

Thus, while at some time ¢, laboratory coordinates range from
0<x <L) and 0 <y < Ly(t), codeforming coordinates
map these affinely to the box dimensions at time 0, with
0<x<Li(0)and 0 < § < L(0).

Note that for fixed system dimensions, where L.(t) =
L(0), and thus [,(t) = 1, both, codeforming and laboratory
coordinates coincide, 7 = r.

2. Partial derivatives

As a direct consequence of Egs. (Al) and (A2), partial
derivatives of some quantity f transform as

_ of(F, t
s = LD sy, (A4)
J
O f = 8f(7'_, ) = 0. f + (0;f)si;T, (AS)

ot
where 0,f :=0f(r,t)/0r;, 0, f:=0f(r,t)/0t, and §;; :=
ds;j/dt = ds;;/di. Thus, the partial time derivative in code-
forming coordinates, 0,f, i.e., for fixed 7, includes a term
related to the box shear rate as compared to the partial time
derivative with respect to laboratory coordinates.

3. Velocity and velocity gradient

To obtain the mapping for the velocity field, we consider a
tracer particle that is perfectly advected with the flows. The
velocity of that tracer particle corresponds to a total time
derivative v; = dr;/dt, for which we obtain by insertion of
Eq. (Al):

(A6)

vi = 8ijTj + 8ijv),
where v; := dF;/dt = dF;/df is the codeforming velocity, with
7(f) being the tracer trajectory in codeforming coordinates.

The first term in Eq. (A6) corresponds to a motion due to

the affine transformation according to box coordinates. Thus,
v; can be interpreted as the nonaffine component of the flow
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field. This can also be seen more explicitly by computing the
velocity gradient from Eq. (A6):

0 —1, 7=
jv; = v+ 8y S 1 0y Uy, (A7)
where v?j = sk_ilj jk is the average box deformation rate ten-
sor. For s;; as defined in Eq. (A3), the box deformation rate

tensor is
I/l 0 L./L 0
v?j _ x/x . _ x/ X ' ) (A8)
0 =1/l 0 —L/Ly

4. Total derivative

To obtain a transformation formula for the convective
derivative, we consider again our tracer and the presence of
some spatiotemporal field f. The convective derivative cor-
responds to the total derivative of the value of f that the
tracer locally sees. Thus, we expect analogous expressions for
the convective derivative in both laboratory and codeforming
systems, f := df/df = df/dr. Indeed, using Eqs. (A4)—(A6),
we obtain

f=0f +v@f)=df + ) (A9)

5. Fourier transform

Moreover, we define the codeforming Fourier transforma-
tion of a quantity f such that
f®=)_f@er, (A10)
q
where the sum is over all codeforming wave vectors q =
(gx, gy) with g; = 2mn;/L;i(0), where n; € Z and i € {x, y}.
A codeforming Fourier mode with wave vector g is distorted
over time by the overall system deformation:

4@, 1) = 17" (g, (Al1)

qy(ést) = lx(t)q_y‘ (A12)

As in Eq. (A10), we have the usual derivation rule, where the
Fourier transform of 9, f(F, 7) is ilgjf(q, 1). From Egs. (A10)
and (Al), it also follows that a given codeforming Fourier
mode with wave vector g corresponds to a laboratory-frame
Fourier mode with wave vector ¢ with components

i = q;s5; (A13)

because then we have g - 7 = ¢

APPENDIX B: DYNAMICS IN CODEFORMING
COORDINATES

Using Appendix A, we can express the dimensionless dy-
namic equations, Egs. (10)—(13), in codeforming coordinates:

s + 0;(9is) =0, (B1)

dic + 0:(9ic) = (Ds;;70;9; — ka)c + kas, (B2)
0= 15,1970 — 9;T1 + 9,67, (B3)
s5i10;0; = 0, (B4)

where i is given by Eq. (6). Equations (B3) and (B4) are
still expressed using laboratory-frame derivatives, because
this will allow for a more convenient solution of the nonaffine
flows in the next section.

Finally, the system size dynamics for the freely deforming
system, Eq. (7), becomes

dl, - _
5 = —sgn(a)l, / f [17%(8c0)* — [7(3yc)*] dxdy, (BS)
where the integral is over the box at time point 0, i.e., the
integration variables are the codeforming coordinates X and .

1. Nonaffine flows

For deforming systems, we will generally consider the
dynamics of source and signaling fields in codeforming co-
ordinates, Egs. (B1) and (B2). To obtain the nonaffine flows,
we solve Egs. (B3) and (B4) by taking the laboratory-frame
Fourier transform, which yields after some transformations

4isflql qiq;
D o— k I Lo ) P
= (5"’ 7 )0163

(B6)

with 6}; given by Eq. (6).

Note that Eq. (B6) is undefined for ¢ = 0. Indeed, any
constant homogeneous velocity can always be added to the
flow field. Here and in the following, we will ignore this,
because it does not affect the physics in any way.

2. Absence of nonaffine flows for d,c = 0

If the signaling field ¢ is homogeneous in y direction, i.e.,
dyc = dyc = 0, then there are no nonaffine flows, i.e., there are
no flows in codeforming coordinates, ¥ = 0. For fixed system
dimensions, this corresponds to a complete absence of flows,
v=0.

Formally, the absence of nonaffine flows follows from
Eq. (B6), which links v in Fourier space to the stress tensor
in Fourier space. From Eq. (6) we obtain for d,c = 0, that
6¢, = 0 everywhere, and &y, is independent of y. Thus, in
Fourier space, 6, is nonzero only for wave vectors ¢ that have
a vanishing y component, g, = 0. Insertion in Eq. (B6) yields
indeed v = 0.

APPENDIX C: LINEARIZED DYNAMICS

1. In codeforming real space coordinates

We perturb the system around the dynamic state zp =
(so(F), co(7), Ly0) to linear order, where sy and c( only depend
on x:

s(F) = so(x) + 6s(r), (C1)
c(F) = co(x) + Sc(r), (C2)
L, = Ly + 81,. (C3)

Because ¢y only depends on X, we also have in the state Zp

that 67, = 0 and there are no nonaffine flows, v =0 (Ap-

pendix B 2).
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Combining Egs. (C1)—~(C3) with Egs. (B1), (B2), and (B5)
yields the following linearized dynamics:

0,85 = —5,80y, (C4)
08¢ = —c(8Vx + ka(8s — 8¢)
8l
+ Ds;;*8;0;6¢ — 2D(3;co) e (C5)
x0
ddL(t)  2sen(e = o dly 5l
= = [f (3%co)dc dxdy — 2 = (Co)

where we have introduced the notation s;, := 9,50 and cp =
dxco, and we used a partial integration in the linearized [,
dynamics.

2. In codeforming Fourier space coordinates

In codeforming Fourier space, the linearized dynamics read

0,85 = —s( * 80, (C7)

&8¢ = —cpy * 80, + ka(8s — 8¢)
8l
— Ds;;qig;8¢ + 2Dq§c017, (C8)
dol(e) _
dt

2sgn(a) 7 o dlxo 8l
08¢ . 9
2 W@

Here s, and ¢, represent the codeforming Fourier transforms
of 0,50 and 0,cg, respectively. Furthermore, to rewrite the 81,
dynamics, we have used Parseval’s identity, where the dagger,
T, denotes the complex conjugate. We have moreover used
the following definition of the convolution operator, *, in
codeforming Fourier space:

f@ 2@ =) f@eq—-q), (C10)
q/

where the sum is over all codeforming wave vectors §' =
(qy, Gy) with g; = 27n}/L;(0), where n; € Z and i € {x, y}.
For a fixed system size, we ignore the §/, dynamics and the
81, term in the §c dynamics.

To close Egs. (C7)—(C9), we still need to insert the x
component of nonaffine flow field perturbation, §v,. For con-
venience, we will use laboratory-frame Fourier modes to
compute 5v,. Specifically, we use Eq. (B6), which expresses
v in terms of the active stress tensor 6;;. We obtain to linear
order

53,(q. ) = 4isin ¢

x0

[sin 2¢ 86, — cos2¢ 86;;], (C11)
where g and ¢ denote the amplitude and orientation,
respectively, of the laboratory-frame wave vector ¢q =
q(cos ¢, sin ¢).

We further express §6;; in terms of dc using Eq. (6). To
linear order, in laboratory-frame Fourier space:

zsgn(a)
le

~da
86, =

co * (g;8c) for j € {x, y}. (C12)
The other two components of the symmetric traceless ten-
sor §6; are obtained through the relations 86y, = —86y, and

Gy,
86y, = 86,,. The convolution operator in laboratory- frame

Fourier coordinates in Eq. (C12) is defined analogously to
Eq. (C10) as

f@ @) =) fg)eg—q). (C13)
-

where the sum is over all laboratory-frame wave vectors ¢’ =
(4> qy) with g; = 2rn;/Li(t), where n; € Z and i € {x, y}.
Combining (C11) and (C12), we obtain
4sgn(o) sin ¢
qlg
— c0s 2¢[cq * (gy80)]}. (C14)

The system of equations, Egs. (C7)-(C9), and (C14), is now
closed.

8, = — {sin 2¢[cq * (gx8¢)]

3. Numerical solution

In the special case of a linear source profile, we can solve
the linearized dynamics analytically, because the gradients of
so and ¢ are constant, and thus the convolutions in Egs. (C7),
(C8), and (C14) collapse to a simple scaling factor. However,
in general this is not the case, and we need to solve the
linearized dynamics numerically.

To numerically compute the convolutions in Egs. (C7),
(C8), and (C14), we need to take into account that the
numerical real-space representations of our fields are spa-
tially discretized. To discuss the main ideas, we will discuss
here the case of a single spatial dimension, X, in code-
forming coordinates. The generalization to laboratory frame
coordinates and/or several dimensions will be straightfor-
ward. Specifically, we consider the periodic interval X €
[—L,(0)/2,+L,(0)/2) to be discretized by N, equal-length
steps Ax = L,(0)/N,, where N, is an even integer. Any
function f(x) is represented by a set of numbers f; with
k=—N,/2,—-N,/2+1,...,0,...,N,/2 — 1,such that f; =
f(kAX). As a consequence, the Fourier series are not infi-
nite any more as in Eq. (A10), but instead cut off at some
finite wave vectors. In particular, the numerical codeforming
Fourier transform of f is represented by a set of complex
numbers f; with j = —N,/2, =N, /2 +1,...,0,...,N;/2 —

1, where f] = f(gx = jgqo) with gy := 27 /L,(0). Eq. (A10)
then becomes
Ny/2-1
fi = Z f}ehi(jk/Nx)’ (C15)
J=—Nx/2

where we used that goAx = 27 /N;. 3
We define the convolution of two Fourier transforms, f;
and g; as follows:

Ny/2—1

Z fJgJJ

J'=—N./2

for j = —N,/2,—N,/2+1,...,0,...,N;/2 — 1. Yet we see
that the index j— j/ of g can get outside of the range
—N,/2,—N,/2+1,...,N;/2 —1. To prevent aliasing ef-
fects, weset g; =0 whenever] < —N,/2 or j > N,/2. Note
that this technique for dealiasing is akin to the zero-padding
method [62,63], frequently used for spectral solvers.

(f*8); = (Cl16)
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To numerically solve the linearized dynamics, Eqs. (C7)—
(C9), we use an exponential ansatz for the time dependence of
the perturbations:

8s(q, 1) = 83(q)e™, (C17)
8c(g, 1) = 8¢(g)e”, (C18)
8L.(1) = 8l.e™. (C19)

Inserting this in Egs. (C7)—(C9) yields an eigenvalue problem:

wsZ =M - 8%, (C20)

where the components of 87 are 81, and the values of 85(g) and
8é(g) for all NN, discrete values of the codeforming wave
vector g. Thus, 8% has 2NN, + 1 components. The matrix M
usually couples not only §§ and §¢ components for the same
wave vector g to each other, but due to the convolutions in
Egs. (C7), (C8), and (C14), there is also mixing occurring
across different wave vectors.

APPENDIX D: FIXED-SIZE SYSTEM
WITH LINEAR SOURCE

For linear source and signaling fields, the active flows,
Eq. (C14), simplify to

(D)

SVy = —wydC
with

Waet = 4sgn(a) sin® ¢, (D2)

where @, is the perturbation growth rate for the case
of a boundary-provided gradient without source field [35].
With this, the linearized dynamics, Eqs. (C7) and (C8)
become

(D3)

0,08 = wyidC,

38¢ = [waet — DG* — kal8c + kys. (D4)

Thus, the convolutions in Egs. (C7), (C8), and (C14) collapse
to a constant prefactor. As a consequence, the solutions of the
system are Fourier modes. In the following, we first discuss
the limiting case of no diffusion before presenting the general
solution.

1. No diffusion, D = 0

To solve the eigenvalue problem in this case, we define

8A = 8¢ — 3s, (D5)
kq
Sceff = 8¢ + 8s. (D6)
Wact
Inserting this into Egs. (D3) and (D4), we obtain
88A = —kg8A, (D7)
0;8Ceff = WaetOCeit- (D8)

Hence, the difference between both signaling and source,
8A, decays at rate kg, while a superposition of both, dces,

grows with the same growth rate as the system without
source [35].

2. General case

With an exponential Ansatz, where 8s ~ 8¢ ~ ¢, we ob-
tain an eigenvalue problem, whose solutions in w are

ws = 3T £ VT2 + 4kg wuell,

where T = w,o — Dg?> — kq. The corresponding eigenvectors
in (s, §c) are

w w_
vio=("T) and v_= ,
Wact Wact

respectively.

(D9)

(D10)

APPENDIX E: FIXED-SIZE SYSTEM
WITH LOCALIZED SOURCE

1. Value of s; in dimensionless units

As we discussed in Sec. IIC, we set the value of s;, such
that the magnitude of the deformation rate of a system with
L, = L, = 1is one. This means that we set

—1/2
k3lm(q.)I?
sp = d—‘12 , (E1)
4x (kd + Dq)zc)
where m(q,) is the Fourier transform of the function
m(x) = exp (M) (E2)
(gow)

which is defined on the interval x € [—1/2, 1/2), and where
qo = 27 /L,. Indeed, using Egs. (7) and (22), one obtains that
with the value of s;, from Eq. (E1), a von Mises source profile,
Eq. (21),and L, = L, = 1, the absolute value of the shear rate
is one.

2. Convergence to a finite perturbation growth rate for D — oo

The large-diffusion limit can be understood similarly to
Sec. III, where we assume that quznin is faster than any
other rate to eliminate the signaling perturbation dynamics.
Specifically, only the source perturbation dynamics, Eq. (C7),
remains, where the signaling perturbation ¢ depends directly
on the source perturbation through Eq. (19), which implies
8¢ ~ D'8s. Moreover, for large D, Eq. (22) implies that
co ~ D7 'sg, and thus ¢, ~ D™ s},

In dimensionless units, we set s, such that the free de-
formation rate is one, which implies so ~ s, ~ D [compare
Eq. (E1)]. Thus, we have ¢, ~ DY As a consequence, the
perturbation of active stresses and active flows scale as §v, ~
865 ~ code ~ D~ [compare Eqgs. (C12) and (C14)]. The ac-
tive flows enter in the advective term of the source field,
Eq. (C7), where they are multiplied with the stationary source
field, which scales as s; ~ s, ~ D. Hence, in the large-D
limit, the source dynamics does not depend on D any more. As
a consequence, the largest perturbation growth rate is constant
(Fig. 6).

In dimensionful units, i.e., if we imposed a constant source
magnitude s, ~ D°, we would have co ™~ D™!'. Hence, the
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FIG. 6. Largest perturbation growth rates wp, of a fixed-size
system as a function of the signaling molecule diffusion. Parameter
values, kg =1land L, =L, = 1.

perturbation growth rate would scale as ¢ydc ~ D72, and the
free deformation rate would scale as ~6¢% ~ (c;)*> ~ D72
Hence, the perturbation growth rate decreases with D in the
same way as the free deformation rate.

APPENDIX F: DEFORMING SYSTEM
WITH LOCALIZED SOURCE

1. System dimension dynamics

The dynamics of system dimension L,, and thus box shear
L., is given by Eq. (7).

We first discuss the case without diffusion, D = 0, where
source and signaling fields, s(¥) and c(¥), are stationary in
codeforming coordinates. In this case, the shear rate is essen-
tially given by the integral over (d,co). Because the signaling
profile, ¢y, is stationary in codeforming coordinates, we have
that for varying system size, (dyco)> ~ 1/12(dxco)* ~ 1/12.
So, using dimensionless units (Sec. II C), we can write

1 dl,  sgn(@)

S P -t Fl
o dt — L20)2 &

The solution of this is

_ _ 2sgn(a)t
L) =]1 T2 (F2)

Thus, gradient-extensile systems (o < 0) deform more and
more slowly over time due to the widening of the signaling
profile [green curves in Fig. 7(a)]. Meanwhile, gradient-
contractile systems (o > 0) deform faster and faster over time
due to the compression of the signaling profile, until the defor-
mation rate diverges at some critical time point #.,j; = Lf(O) /2
[orange curves in Fig. 7(a)].

This box dimension dynamics is changed when allowing
for finite diffusion, D > O [Fig. 7(b)]. Specifically, the shear
rate of gradient-extensile systems first increases, before it

l— grad. extensile grad. contractile ]

g

No diffusion, D =0

o 10? 102

2 °

£ &

- 0 0

9]

&10 510

g <

1020 4 8 12 "’1020 4 8 12
time, 7 t

(b)  Finite diffusion, D = 1072

-
o
™

aspect ratio
50
shear rate

<
o

o
I
®
N

FIG. 7. System size dynamics of a freely deforming system in
the limit w — oo, where the source has a cosine shape. Here ky = 1.
(a) Aspect ratios (left) and shear rates (right) over time for the
gradient-extensile (green) and contractile (orange) systems, starting
at initial aspect ratios of L(0)/L,(0) = 1/225 and L.(0)/L,(0) =
25, respectively. Here the signaling molecule is nondiffusive, D =
0. (b) The same data as in panel (a) shown for a system with
diffusive signaling molecule with D = 1072, Here the gradient-
extensile (green) and gradient-contractile (orange) systems start
from L,(0)/L,(0) = 0.04 and L,(0)/L,(0) = 25, respectively. Inset:
Zoomed around the sharp drop in the gradient-contractile case.

decreases like in the case without diffusion [compare green
curves in Figs. 7(a) and 7(b), right panels]. In gradient con-
tractile systems, the shear rate first increases, like in the case
without diffusion before it rather abruptly drops [compare
orange curves in Figs. 7(a) and 7(b), right panels and Fig. 7(b),
inset].

To better understand these effects of diffusion, we
first note that without any nonaffine flows (ie., v =
0), both signaling and source profiles keep their co-
sine profiles, s(r,t) = §[cos 2wx/L,)+ 1] and c(r,t) =
C(t)cos (2mx/Ly) + coftset (), while only the signaling ampli-
tude ¢(t) and offset cofsec(f) vary over time. We can thus
simplify the dynamics to

de ka(¢ —8) — 4n>D ¢ (F3)
— = —kg(c —5)—4n ,
dt ¢ L2(0)12
l % _ _2nzsgn(oc)627 (F4)
I, dt L2(0)[2

where § is constant since ¥ = 0, and the offset cye;(f) does
not matter for the box dimension dynamics. Equation (F4)
implies that the shear rate scales as Néz/lf. Further, the
diffusion term in Eq. (F3) can be neglected as long as [, 2>
/DJk4/L.(0), and consequentially &2~ 3. In other words,
the box shear rate for large [/, is the same as in the case
without diffusion, where the shear rate scales as ~I_ 2 for
both gradient-extensile and gradient-contractile systems, con-
sistent with Figs. 7(a) and 7(b). Conversely, taking Eq. (F3)
to the adiabatic limit of large diffusion D and/or small box
shear I, we have ¢ ~ (kq/D)L*(0)I25 ~ [2. Thus, in the limit
of small box shear I, the shear rate scales as ~¢2/12 ~ [2,i.e.,
it increases with /., again consistent with Figs. 7(a) and 7(b).
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2. Affine diffusion-shear instability

To discuss the affine diffusion-shear instability, we start
from the linearized dynamics in Fourier space, Eqs. (C7)—
(C9), where we set nonaffine flows to zero, v = 0, we ignore
any variations of the source field, s = 0, and we ignore any
y dependence of the perturbations. We obtain from Egs. (C8)
and (C9) with an exponential Ansatz for the time dependency,
8c(Gy, 1) = 8(gy)e™ and 81,(1) = 8l.e™:

s8I,
w88(gx) = —ka(1 + 1°q7)88(gy) + 2kar’qrco(G)— = (F3)
X
81, 2 o e —
0 = =25n(@) D 41 (d:)8%(q)
* 7

Sl ~
+ sgn(oe)l—: quﬂco(qx)F. (F6)

Here we also substituted the diffusion length scale A =
/D/ky and the laboratory-frame wave vector g, = g, /l,. If
and only if this linear system of equations has a positive
eigenvalue w, then there is an instability.

a. Cosine source profile

For the case of a cosine profile, the only nonzero values of
co(gy) are co = co(£go) with go = 27 /L,(0). Then Eqgs. (F5)
and (F6) become

. 2 20, 80
wd& = —kq(1 + A%q5)8¢ + 2kg 2> q5c0— l (F7)

X

81, 81,
a)l— = —4sgn(o¢)q(2)c855 + ZSgn(a)q(z)|co|21—, (F8)
where qo(t) := Go/Il:(t) = 2w /L,(¢). There are two eigenval-
ues, w; and wy with w; < w,, and the largest is given by

wy = NT + VT2 - 4D, (F9)

where 7T := —kq(1 + Azq(z)) + 252<:f,n(01)c](2)|co|2 and D :=
—2sgn(a)kaqilcol*(1 — 34%q3) are trace and determinant,
respectively, of the matrix on the right-hand side of Egs. (F7)
and (F8).

In the gradient-extensile case, sgn(a) = —1, we obtain that
w1 4+ wy =T < 0. Thus, at least one eigenvalue is negative.
In addition, the sign of the product, w;w, = D, will indicate
whether both eigenvalues are negative or at least one is pos-
itive. The product is given by wjwy = D = 2kaqjlcol*(1 —

2g%). Hence, there is a positive eigenvalue if and only
if wjwy < 0, which is equivalent to 3A%g3 > 1, and thus to

27 A3 > L,.

b. Arbitrary source profile

For the case of an arbitrary source profile so, we focus
on the gradient-extensile case, sgn(e) = —1. We discuss the
existence of positive solutions w by first expressing §¢(gy) in
terms of 87, and w using Eq. (F5):

22q2co(gy) Sl

§6(g,) = ——dx€004) O
C0) = T ke 2 1

(F10)

Insertion into Eq. (F6) yields

» = Zqﬂco(mz

= qu|co<qx)|

To solve this self-consistent equation for w, we look for the
zeros of the function

qu|co(qx>|

(F11)

1+ /k +AZ

—1 —a)/kd
1+ /kd+A2qx '

322 — 1 —w/k

fk(a)) = I a)/kd T )qu?c .

—o+ Y qrlco(@n)) (F12)
Gx

Specifically, we now show that iff f;(0) > 0, there exists a
positive solution in w, i.e., an @ > 0 for which f;(w) =
This means that there is an affine diffusion-shear instability
iff £,(0) > 0. To show this, we first assume that there is an
w > 0 for which f; (w) = 0. Then we have

O<w
Z ol = 1= elk
- co(d
CAOEIN T kg + 222
3027 — 1
2 = \[2 X
<Y qleo(@)] T8

Gx
= £1(0).

In these transformations, we have subsequently used w > 0,
filw) =0, w > 0, and the definition of f; (w). Thus, if there
is an w > 0 for which f; (w) = 0, then £, (0) > 0.

Second, we assume that f5(0) > 0. To show that there is a
positive zero of f;, we need to show that there is a positive
@ > 0 for which fi(®) < 0. Then, the Intermediate Value
Theorem implies that there is an @ with 0 < w < & such that
fi(@) =0.Indeed, ford> =33 q21co(gx)I?, we find that

=3t leo(@n)’
qx

(F13)

file) =
332q; — 1 — &/kg
1+ &/ka + 22¢2

=201 + &/kq)
1+ &/kg + 22¢2

+ qu|CO(QX)|

=" qleo(@)P
Gx

< 0. (F14)

Thus, if £, (0) > O then f; has a positive zero and the affine
diffusion-shear instability exists. Taken together, the sign of
£1.(0) directly indicates the existence of an instability.

Finally, we discuss the sign of f;(0). Using Eq. (22), we
can express f;(0) in terms of the source profile:

g3 (3177 — 1)

(14+222)°
Choosing for s( the von Mises profile in Eq. (21) with finite
width w, we numerically obtain f5(0) > 0 iff A > gw with

g~ 0.639 in the limit where w < L, (i.e., where the von
Mises profile becomes a Gaussian with standard deviation w).

1
£.0)= = D lso(@) (F15)
qx
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However, the precise value of g depends on the shape of the
profile sy. For a rectangular profile of s, we numerically even
find that the instability always occurs.

APPENDIX G: NONLINEARITY IN THE ACTIVE STRESS

We consider the system of equations, Eqs. (1)—(6), where
we introduce a nonlinearity into the active stress, Eq. (6):

&% = a h([9c)[(Bic)(3j¢) — 5(3kc)*8;5]. (G1)

where z — h(z) is some real function expressing the nonlin-
earity. In the following, we assume that 4(z) > 0 for any real
z, and that the function z — zh(z) is monotonously increasing,
i.e., the magnitude of the active stress increases monotonously
with the magnitude of scalar field gradient.

Then the dimensionless, linearized dynamics become

3,85 = —s)87s, (G2)
08¢ = —cydv, + ka(8s — 8¢)

o= = =2 Ol

+ Ds;;70;0;8¢ — 2D(afco)ﬁ, (G3)
désl (¢ L€y,
N / / [h() + 2 ()1 2 8¢’ dxdy

dr le

+ sgn(a)(ly + 2A1) 81, (G4)
where 8¢’ := 9,8¢, and

I = // zh(z) dxdy, (G5)
Al = / f 2*H (z) didy (G6)

with z(F) := (c)(X)/1x0)>.

We further focus on the gradient-extensile case, sgn(o) =
—1, without nonaffine flows, v = 0, and, for simplicity, we
consider the limit w — oo, such that so(X) ~ cos (goX), and
thus also co(X) = &y cos (Gox) with go = 27 /L,(0) and some
constant prefactor ¢y. As a consequence, based on Eq. (G3),
all Fourier modes of dc decay except for ¢ = ¢ cos (gox).
Hence, dc(x) = (8¢/Co)co(x). As a consequence, Eqs. (G3)
and (G4) simplify to

dse 8l
—— = —(ka + Dg3)8¢ + 2Dgq3eo—, (G7)
dr Lo
dsl (1) Yo
= 2o + ADLoy— — (Iy + 2A1) 8. (G8)
Co

This is a linear system of differential equations with constant
coefficients. It is linearly stable if both eigenvalues, w; and
ws, of the coefficient matrix are negative. This implies that
the trace of the matrix needs to be negative: 0 > w| + w; =
—kg — Dq% — Iy — 2Al, and that the determinant of the matrix
needs to be positive: 0 < wjwy = (kq + Dqé)([o +2AI) —
4Dg3(ly + AI) = ka(ly + 2AI) — Dg3(3ly + 2AI). For the
system to be stable also for large diffusion, i.e., for kg < Dq(z),
the latter condition implies —3Iy — 2AI > 0. However, we
have assumed that A(z) > 0, implying [y > 0, and that z —
zh(z) increases monotonically, implying that h(z) + zh'(z) >
0 and thus Iy + Al > 0. This contradicts determinant condi-
tion for a stable system. Taken together, this means that the
diffusion-shear instability arises for large diffusion for any
nonlinearity 4 in the active stress. We expect this result to
generalize also to finite source widths w; higher-order Fourier
modes in ¢y would increase prefactor of the first term in
Eq. (G8) and thus make the system more unstable.
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